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Abstract

Information matrices that contain information about the curvature and noise have played

a key role in mathematical optimization, statistical learning theory, and Bayesian statis-

tics. In classical machine learning, principled matrix-based algorithms inspired by these

fields have been developed for fast and robust learning and better model selection. In

Deep Learning (DL), however, these information matrices are often approximated under

strong assumptions that are not well-justified, as the underlying deep neural networks

contain far more parameters than traditional machine learning models, and the matrix

computations are expensive. When such approximations are used without quantitative

analysis of the errors they introduce, it could lead to erroneous conclusions and paint

only a limited part of the whole picture. Therefore, understanding the real benefits and

approximability of the matrix-based algorithms has great potential for gaining insights

on developing more principled and efficient learning methods in deep learning.

The primary goal of this research is to overcome the infeasibility of evaluating accurate

information using High-Performance Computing (HPC) and realize principled matrix-

based algorithms for DL. This thesis describes the advantages and computational difficul-

ties of optimization methods with information matrices (i.e., second-order optimization

methods) for “large-scale” DL involving a massive number of neurons and data, and

proposes efficient algorithms and implementations in GPU supercomputers. We demon-

strate that second-order optimization can leverage more parallelism than widely-used

optimization methods (e.g., stochastic gradient descent). The research also explores this

space based on different approaches to parallelism and data partitioning in distributed

memory for fast and robust training. We also discuss generalization measures, that quan-

tify the generalization error of deep neural network models, and approximate Bayesian

inference using information matrices for better model selection in DL. For this purpose,

an extension of second-order optimization methods for Bayesian DL and fast computation

of information matrices in large-scale DL will be discussed. Experiments are conducted

in a wide range of practical DL settings (e.g., ImageNet classification). The research

aims to find a novel way to utilize HPC for DL research and generate a broad impact

on both theoretical understanding and the development of practical and reliable learning

methods in DL.
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Notation

a,A scalar
a (column) vector
[a]i, ai i-th element of a vector a
A matrix
[A]i,j (i, j)-th element of a matrix A

A tensor
[A]i,j,k,... (i, j, k, . . . )-th element of a tensor A
diag (A) vector consisting of diagonal elements of a matrix A
diag (a) diagonal matrix A satisfying [A]i,i = [a]i
a� b element-wise (Hadamard) product between vectors (or matrices) a and b
a⊗ b Kronecker product between a vector (or a matrix) a and a vector (or a matrix) b
R the real numbers
D data distribution
S training set drawn i.i.d. from D
B ⊂ S mini-batch
N (NB) number of data points in S (B)
〈·〉 average over the S (or B, depending on the context)
L number of layers in a neural network
P number of parameters of a neural network
Pl number of parameters in the l-th layer
M0 (C0) input dimensionality (number of input channels) of a neural network
Ml (Cl) number of units (number of output channels) in the l-th layer
K output dimensionality of a neural network
θ ∈ RP parameters of a neural network
θl ∈ RPl parameters in the l-th layer
θ(t) parameters after t updates
X ⊂ RM0 input space of a neural network
Z ⊂ RK output space of a neural network
Y space in which a ground truth label exists
x ∈ X input data point
y (or y) ∈ Y label data point
f : X → Z function mapping a neural network’s input to its output (pre-softmax)
` : X × Y × RP → R≥0 per-example loss
L objective function
∇ah gradient of a scalar function h w.r.t. a (= θ if not specified)
Jh,a Jacobian of a vector-valued function h w.r.t. a (= θ if not specified)
∇2
ah Hessian of a scalar function h w.r.t. a (= θ if not specified)

H := ∇2L Hessian of L w.r.t. θ
F Fisher information matrix (FIM) of a neural network
Fmmc FIM estimated by m Monte-Carlo samples from the predictive distribution
C covariance of per-example gradient ∇`
Id identity matrix of shape d× d
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Chapter 1

Introduction

Our theoretical understanding of Deep Learning (DL) [LeCun et al., 2015] – how to train deep

neural networks (DNNs) fast and stably for a given number of samples; how to select DNN models

(combination of DNN architecture and trained parameters) that better generalize – is limited. Thus,

research and development of DL require extensive trial and error of DNN architectures, training

algorithms, and hyperparameters. Moreover, data to be observed and problems to be solved are

increasing and changing day by day, and therefore, the realization of a fast and reliable learning

method which does not rely on heuristics or “craftsmanship” for specific problems is a challenging

open problem.

1.1 Information matrices in deep learning

Information matrices [Thomas et al., 2019], such as the Hessian matrix, Gauss-Newton matrix,

Fisher information matrix (FIM), and gradient covariance matrix, have played a key role in math-

ematical optimization, statistical learning theory, and Bayesian statistics. Principled matrix-based

methods for fast and robust training and better model selection have been developed in classical

machine learning [Nocedal and Stephen, 2006, Hastie et al., 2009, Mohri et al., 2018] and have great

potential in DL [Thomas et al., 2019]. For a DNN, the information matrix is a symmetric block

matrix, where each diagonal block represents the correlation between parameters in a layer, and each

off-diagonal block represents the correlation between two different layers of the DNN (Figure 1.1).

Since the number of parameters in a DNN (P ) is significant, it is impractical to handle the “full”

information matrix (a P × P matrix). A simple and common strategy for handling this is to ignore

the correlation between different layers and approximate it with a layer-wise block-diagonal matrix.

Yet, each diagonal block is still large for most DNNs. Therefore, it is a common practice to ap-

proximate each diagonal block under even stronger assumptions (e.g., low-rank, Kronecker-factored,

sparse-factored, and diagonal) for practical computation (Figure 1.1). However, even with these ap-

proximations, few studies have tested the effectiveness of matrix-based algorithms in practical and

“large-scale” DL involving a massive number of DNN parameters and training data. This is due to

1



Figure 1.1: Information matrix of a deep neural network and its approximations

the fact that standard DL software libraries, such as PyTorch [Paszke et al., 2019], TensorFlow

[Abadi et al., 2016], and JAX [Bradbury et al., 2018], do not support matrix calculation and that

the cost of matrix calculation is quite high for large-scale DL.

High-Performance Computing (HPC) has made significant contributions to the advancement of

DL. For example, distributed-memory training with multiple accelerators (e.g., GPUs, TPUs) speeds

up DNN training (e.g., data-parallelism, model-parallelism) [Ben-Nun and Hoefler, 2019]; out-of-

core and recomputation scale up DNN models and tasks by making better use of accelerator and

CPU memory [Rajbhandari et al., 2019]; and large-scale computing clusters realize a comprehensive

hyperparameter and DNN architecture search [Shallue et al., 2019].

1.2 Research direction and contributions

In this thesis, we mainly discuss the effectiveness of second-order optimization methods (information

matrices as preconditioners) for large-scale DL and its efficient implementation with HPC. In order

to realize fast information matrix calculations and practical matrix-based methods in large-scale DL,

we propose novel uses of HPC in DL that differ from the conventional approaches (Figure 1.2).

Figure 1.2: Research direction in this thesis: Novel use of HPC in DL.

2



1.2.1 Distributed parallel second-order optimization

Large-scale distributed training of deep neural networks results in models with worse generalization

performance as a result of the increase in the effective mini-batch size. Previous approaches attempt

to address this problem by varying the learning rate and batch size over epochs and layers, or ad hoc

modifications of batch normalization. We propose Scalable and Practical Natural Gradient Descent

(SP-NGD), a principled approach for training models that allows them to attain similar general-

ization performance to models trained with first-order optimization methods, but with accelerated

convergence. Furthermore, SP-NGD scales to large mini-batch sizes with a negligible computational

overhead as compared to first-order methods. We evaluated SP-NGD on a benchmark task where

highly optimized first-order methods are available as references: training a ResNet-50 model for

image classification on ImageNet. We demonstrate convergence to a top-1 validation accuracy of

75.4% in 5.5 minutes using a mini-batch size of 32,768 with 1,024 GPUs, as well as an accuracy of

74.9% with an extremely large mini-batch size of 131,072 in 873 steps of SP-NGD.

1.2.2 Distributed parallel second-order optimization for approximate Bayesian
inference in deep learning

Bayesian methods promise to fix many shortcomings of deep learning, but they are impractical

and rarely match the performance of standard methods, let alone improve them. In this paper,

we demonstrate practical training of deep networks with natural-gradient variational inference. By

applying techniques such as batch normalisation, data augmentation, and distributed training, we

achieve similar performance in about the same number of epochs as the Adam optimizer, even on

large datasets such as ImageNet. Importantly, the benefits of Bayesian principles are preserved:

predictive probabilities are well-calibrated, uncertainties on out-of-distribution data are improved,

and continual-learning performance is boosted. This work enables practical deep learning while

preserving benefits of Bayesian principles.

Our contributions are:

• Extremely large mini-batch training. We were able to show for the first time that

approximate Natural Gradient Descent (NGD) can achieve similar generalization capability

compared to highly optimized SGD, by training ResNet-50 on ImageNet classification as a

benchmark. We converged to over 75% top-1 validation accuracy for large mini-batch sizes

of 4,096, 8,192, 16,384, 32,768 and 65,536. We also achieved 74.9% with an extremely large

mini-batch size of 131,072, which took only 873 steps.

• Scalable natural gradient. We propose a distributed NGD design using data and model

hybrid paralelism that shows superlinear scaling up to 64 GPUs.

3



• Practical natural gradient. We propose practical NGD techniques based on analysis of the

FIM estimation in large mini-batch settings. Our practical techniques make the overhead of

NGD compare to SGD almost negligible. Combining these techniques with our distributed

NGD.

• Training ResNet-50 on ImageNet in 5.5 minutes. Using 1024 NVIDIA Tesla V100, we

achieve 75.4 % top-1 accuracy with ResNet-50 for ImageNet in 5.5 minutes (1760 steps = 45

epochs, including a valida- tion after each epoch).

• Large-scale Bayesian deep learning. We successfully train deep neural networks with

a Natural Gradient Variational Inference method, VOGN [Khan et al., 2018], on a variety

of architectures and datasets, even scaling up to ImageNet for the first time. This is made

possible due to the similarity of VOGN to Adam [Kingma and Ba, 2015], enabling us to boost

performance by borrowing deep learning techniques and the application of our distributed

NGD while preserving the benefits of the Bayesian principles.

1.3 Overview of this thesis

Chapter 2 gives notations and basics on supervised learning, neural networks and backpropagation

that are used in Chapter 3.

Chapter 3 summarizes the information matrices in DL and their approximations. We discuss the

difference in the time/space complexities of calculating matrices of various types/shapes and how

they are used in DL research.

Chapter 4 reviews existing second-order optimization methods, Natural Gradient method, and

its approximations in DL.

Chapter 5 describes an efficient implementation of distributed-memory DNN training by second-

order optimization on a large-scale GPU cluster.

Chapter 6 extends the distributed second-order optimization implementation proposed in Chap-

ter 5 to DL with Bayesian principles.

Chapter 7 proposes a software library for calculating the information matrices in large-scale DL

and investigates the behaviors of the information matrices of various types/shapes when they are

used as generalization measures.
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Chapter 2

Fundamentals of deep learning

2.1 Training objective

In a supervised learning task, the goal is to minimize the population loss:

LD(θ) := E(x,y)∼D [`(x, y,θ)] , (2.1)

where D is the data distribution we want to fit a model parameterized by θ ∈ RP . ` : X ×Y×RP →

R≥0 is the per-example loss:

`(x, y,θ) = h(y, f(x)) ,

where f : X → Z is the function mapping a model’s input x ∈ X to its output in Z, and h : Y×Z →

R≥0 measures the “difference” between the output f(x) ∈ Z and the ground truth label y ∈ Y. h

(“difference”) is defined for each task (e.g., regression, classification).

Regression. In a regression task, Y = Z = RK , and

h(y, z) :=
1

2
‖y − z‖22 (2.2)

is the mean-squared-error (MSE) loss. This h can be replaced with

h(y, z) = − log p(y|z) ,

where y ∼ N (z, σ2IK) (for an arbitrary σ > 0), without changing the minimal solution of (2.1).

Classification. In a K-class classification task, Y = {1, 2, . . . ,K} ,Z = RK , and

h(y,z) := − log p(y|z) (2.3)

is the softmax cross-entropy loss, where p(k|z) (k ∈ Y) is given by the softmax activation:

p(k|z) = exp ([z]k) /

K∑
k′=1

exp ([z]k′) .
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Usually, we do not know the true distribution D . We are given a training set S =
⋃N
n=1 {(xn, yn)}

drawn i.i.d. from distribution D , and minimize the empirical loss1:

LS(θ) :=
1

|S|
∑

(xn,yn)∈S
`(xn, yn,θ) = 〈`(xn, yn,θ)〉 , (2.4)

where 〈·〉 is the average over S.

2.2 Deep neural networks

We consider to train a L-layered feed-forward deep neural network parameterized by θ:

θ =
[
θ>1 θ>2 . . . θ>L

]> ∈ RP ,

where θl ∈ RPl (l = 1, . . . , L) is the parameters for the l-th layer and
∑L
l=1 Pl = P .

Given an input x ∈ X ⊂ RM0 , we get the model’s output by a forward pass (Figure 2.1):

h0 = x ∈ RM0 ,

ul = Wlhl−1 + bl ∈ RMl (l = 1, . . . , L− 1) ,

hl = φl(ul) ∈ RMl (l = 1, . . . , L− 1) ,

f(x) = WLhL−1 + bL ∈ RK ,

where Wl ∈ RMl×Ml−1 and bl ∈ RMl are the weights and bias in the l-th layer, respectively (l =

1, . . . , L, ML = K), and

θl =

[
vec (Wl)
bl

]
∈ RPl ,

where we define:

vec (A) := vec
([
a1 a2 · · · ad

])
=


a1

a2

...
ad

 ∈ Rd
2

for a matrix A ∈ Rd×d. ul ∈ RMl is the pre-activation, and hl ∈ RMl is the activation calculated by

the element-wise activation function φl : RMl → RMl (l = 1, . . . , L− 1). The number of operations

(additions and multiplications) of a forward pass is:

F :=
L−1∑
l=1

Ml(Ml−1 + 1)︸ ︷︷ ︸
Wlhl−1+bl

+ Ml︸︷︷︸
φl(ul)

+K(ML−1 + 1)︸ ︷︷ ︸
WLhL−1+bL

+ O(K)︸ ︷︷ ︸
h(y,f(x))

=
L∑
l=1

Pl +
L−1∑
l=1

Ml +O(K)

= P +
L−1∑
l=1

Ml +O(K) .

(2.5)

1Although the objective LS is often defined with regularization terms, we ignore them for simplicity.
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Figure 2.1: Feed-forward neural network and its forward/backward pass

2.3 Backpropagation

To minimize the objective LS(θ), the parameters θ are often updated iteratively by the gradient

descent:

θ(t+1) = θ(t) − η∇LS(θ(t)) , (2.6)

where θ(t) is the parameters after t updates, θ(0) is the initial parameters, η > 0 is the learning rate,

and

∇LS(θ) = ∇〈`(xn, yn,θ)〉 = 〈∇`(xn, yn,θ)〉 .

The gradient w.r.t. θl (l = 1, . . . , L) is calculated by backward pass (a.k.a. backpropagation, Fig-

ure 2.1). For l = L,

∇θL`(x, y,θ) =

[
vec (∇WL

`(x, y,θ))
∇bL`(x, y,θ)

]
=

[
∇zh(y,z)

∣∣∣
z=f(x)

⊗ h+
L−1

]
∈ RPL ,

where we define h+
l :=

[
h>l 1

]> ∈ RMl+1. For l = 1, . . . , L− 1,

∇θl`(x, y,θ) =
[
∇ul` (x, y,θ)⊗ h+

l−1

]
∈ RPl .

For A ∈ Rd1×d2 and B ∈ Rd3×d4 , the Kronecker product between them is defined as:

A⊗B :=

 [A]1,1B · · · [A]1,1B
...

. . .
...

[A]d1,1B · · · [A]d1,d2 B

 ∈ Rd1d3×d2d4 .

By defining Jf,ul := ∂f
∂ul
∈ RK×Ml , the gradient w.r.t. the pre-activation ul can also be written as

a transposed Jacobian-vector product:

∇ul` (x, y,θ) = Jf,ul(x)>∇zh(y,z)
∣∣∣
z=f(x)

∈ RMl .
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We can get this transposed Jacobian-vector product efficiently by using automatic-differentiation

libraries, such as JAX [Bradbury et al., 2018], TensorFlow [Abadi et al., 2016], and PyTorch

[Paszke et al., 2019]. For a vector v ∈ RK , an automatic-differentiation library calculates the

transposed Jacobian-vector product Jf,ul(x)>v by backpropagating v:

Jf,hL−1
(x)>v = W>

L v ∈ RML−1 ,

Jf,hl(x)>v = W>
l+1Jf,ul+1

(x)>v ∈ RMl (l = 1, . . . , L− 2) ,

Jf,ul(x)>v = φ′l(ul)� Jf,hl(x)>v ∈ RMl (l = 1, . . . , L− 1) .

Note that there is no need to explicitly construct the Jacobian matrices Jf,ul(x) ∈ RK×Ml

and Jf,hl(x) ∈ RK×Ml (l = 1, . . . , L− 1) during the backpropagation, and we can calculate the gra-

dient ∇LS(θ) in a memory-efficient way. The number of operations (additions and multiplications)

of a backward pass is:

B := Bhidden +Bparams , (2.7)

where we define

Bhidden :=

L−1∑
l=1

Ml︸︷︷︸
φ′l(ul)�Jf,hl (x)>v

+

L−2∑
l=1

MlMl+1︸ ︷︷ ︸
W>l+1Jf,ul+1

(x)>v

+ML−1K︸ ︷︷ ︸
W>L v

+ O(K)︸ ︷︷ ︸
v:=∇zh(y,z)

∣∣∣
z=f(x)

=
L∑
l=2

Pl +O(K) = P − P1 +O(K) ,

(2.8)

and

Bparams :=
L−1∑
l=1

Ml(Ml−1 + 1)︸ ︷︷ ︸
Jf,ul (x)>v⊗h+

l−1

+K(ML−1 + 1)︸ ︷︷ ︸
v⊗h+

L−1

=
L∑
l=1

Pl = P . (2.9)
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Chapter 3

Information matrices of deep
neural networks

Matrices that contain information about the curvature and noise play a key role in predicting optimal

hyper-parameters [McCandlish et al., 2018, Lorraine et al., 2019], estimating the generalization gap

[Thomas et al., 2020, Maddox et al., 2020], preconditioning the optimizers [Amari, 1998], Bayesian

inference [Zhang et al., 2018a, Osawa et al., 2019a], continual learning [Kirkpatrick et al., 2017,

Ritter et al., 2018a], and meta learning [Rajeswaran et al., 2019].

3.1 Matrix types

The Hessian matrix of the empirical loss w.r.t. the parameter θ ∈ RP is defined as:

H(θ) := ∇2LS(θ) =
1

|S|
∑

(xn,yn)∈S
∇2`(xn, yn,θ) =

〈
∇2`(xn, yn,θ)

〉
∈ RP×P , (3.1)

where

[
∇2`(x, y,θ)

]
i,j

=
∂2`(x, y,θ)

∂θi∂θj
=

∂

∂θj

K∑
k=1

∂zk
∂θi

∂h(y,z)

∂zk

∣∣∣
z=f(x)

=
K∑
k=1

K∑
k′=1

∂zk
∂θi

∂2h(y,z)

∂zk∂zk′

∂zk′

∂θj

∣∣∣
z=f(x)

+
K∑
k=1

∂2zk
∂θi∂θj

∂h(y,z)

∂zk

∣∣∣
z=f(x)

.

By ignoring the second term, we get the generalized Gauss-Newton approximation of the Hessian

matrix [Schraudolph, 2002]:

G(θ) :=

〈
Jf (xn)>∇2

zh(yn, z)
∣∣∣
z=f(xn)

Jf (xn)

〉
≈H(θ) , (3.2)

where ∇2
zh(y,z) ∈ RK×K and Jf := ∂f

∂θ ∈ RK×P .

For the MSE loss (Equation 2.2) and softmax cross-entropy loss (Equation 2.3), G is equivalent

to the Fisher information matrix:

F (θ) :=
〈
Ek∼pθ(k|xn)

[
∇ log pθ(k|xn)∇ log pθ(k|xn)>

]〉
, (3.3)
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where pθ(k|x) := p(k|f(x)). For a K-class classification task, the expectation in (3.3) can be

evaluated through the backpropagation of log pθ(k|x) for each k ∈ Y = {1, 2, . . . ,K} (K-times

loop):

F (θ) =

〈
K∑
k=1

pθ(k|xn)∇ log pθ(k|xn)∇ log pθ(k|xn)>
〉
.

However, this becomes infeasible when K is large (e.g., K = 100, 1000 for CIFAR-100, ImageNet).

Hence, it is a common strategy to estimate it by Monte-Carlo samplings:

Fmmc(θ) :=

〈
1

m

m∑
i=1

∇ log pθ(k(i)|xn)∇ log pθ(k(i)|xn)>
〉
≈ F (θ) , (3.4)

where m ≥ 1 is the number of the samples and i-th sample k(i) ∼ pθ(k|x) is a label in Y. When m is

small enough, Fmmc can be practically computed, and m = 1 is often chosen [Martens and Grosse,

2015, Martens, 2017, Zhang et al., 2018a].

The uncentered gradient covariance (a.k.a. empirical Fisher [Martens, 2017]) is defined as:

C(θ) :=
〈
∇`(xn, yn,θ)∇`(xn, yn,θ)>

〉
=
〈
∇ log pθ(yn|xn)∇ log pθ(yn|xn)>

〉
∈ RP×P .

(3.5)

The computation of (3.5) is very similar to those of (3.3) and (3.4) because they all involve the

average of the (expected) outer product of ∇ log pθ, but the statistical features are different, i.e., C

is not a good approximation of F nor Fmmc [Kunstner et al., 2019, Thomas et al., 2020]. Having

said that, it is worth noting that we can compute C at the lowest cost (lower than that for F1mc)

because we can get ∇ log pθ(yn|xn) during the calculation of the gradient of the objective ∇LS(θ) =

〈∇ log pθ(yn|xn)〉 while the others require additional backpropagation. This makes difference in

second-order optimization [Osawa et al., 2020].

3.1.1 Generalized Gauss-Newton matrix and Fisher information matrix

For the standard training objectives in deep learning, G is equivalent to F [Martens, 2020].

Regression. For the MSE loss (Equation 2.2),

∇2
zh(y, z) = ∇2

z

1

2
‖y − z‖22 = IK .

Hence

G(θ) =

〈
Jf (xn)>∇2

zh(y, z)
∣∣∣
z=f(x)

Jf (xn)

〉
=
〈
Jf (xn)>IKJf (xn)

〉
=
〈
Jf (xn)>Jf (xn)

〉
.

On the other hand, by assuming that y ∼ N (f(x), IK) (σ2 = 1),

∇ log p(y|f(x)) = Jf (x)>(f(x)− y) ,
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and

F (θ) =
〈
Ey∼pθ(y|xn)

[
∇ log pθ(y|xn)∇ log pθ(y|xn)>

]〉
=
〈
Ey∼N (f(xn),IK)

[
∇ log p(y|f(xn))∇ log p(y|f(xn))>

]〉
=
〈
Ey∼N (f(xn),IK)

[
Jf (xn)> (f(xn)− y) (f(xn)− y)

>
Jf (xn)

]〉
=
〈
Jf (xn)>Ey∼N (f(xn),IK)

[
(y − f(xn)) (y − f(xn))

>
]
Jf (xn)

〉
=
〈
Jf (xn)>IKJf (xn)

〉
=
〈
Jf (xn)>Jf (xn)

〉
= G(θ) .

Classification. For the softmax cross-entropy loss (Equation 2.3),

[∇zh(y,z)]k =
∂ − log p(y|z)

∂zk
= − 1

p(y|z)

∂p(y|z)

∂zk
,

and

∂p(y|z)

∂zk
=
∂ exp(zy)/

∑K
k′=1 exp(zk′)

∂zk
=

{
p(y|z)(1− p(y|z)) if k = y,
−p(y|z)p(k|z) otherwise.

Therefore,

[∇zh(y,z)]k =

{
p(y|z)− 1 if k = y,
p(k|z) otherwise,

[
∇2
zh(y,z)

]
k,k′

=

{
p(k|z)(1− p(k|z)) = p(k|z)− p(k|z)2 if k = k′,

−p(k|z)p(k′|z) otherwise,
.

and

∇2
zh(y,z) = diag (p)− pp> ∈ RK×K ,

where p ∈ RK is a vector satisfying [p]k = p(k|z) (k = 1, . . . ,K). Using this Hessian, we get

G(θ) =

〈
Jf (xn)>∇2

zh(yn, z)
∣∣∣
z=f(xn)

Jf (xn)

〉
=
〈
Jf (xn)>

(
diag (p)− pp>

)
Jf (xn)

〉
.

Whereas

F (θ) =
〈
Ek∼pθ(k|xn)

[
∇ log pθ(k|xn)∇ log pθ(k|xn)>

]〉
=

〈
Ek∼p(k|z)

[
Jf (xn)>∇z log p(k|z)∇z log p(k|z)>Jf (xn)

]∣∣∣
z=f(xn)

〉
=
〈
Jf (xn)>F(f(xn))Jf (xn)

〉
,

where

F(z) := Ek∼p(k|z)

[
∇z log p(k|z)∇z log p(k|z)>

]
=

K∑
k=1

p(k|z)∇z log p(k|z)∇z log p(k|z)> ∈ RK×K .
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Figure 3.1: Illustration of information matrix shapes for feed-forward deep neural networks.

By using the partial derivatives of h(y,z) = − log p(y|z), we get

[F(z)]k,k = p(k|z)(p(k|z)− 1)2 +
∑
k′ 6=k

p(k′|z)p(k|z)2

= p(k|z)− 2p(k|z)2 +
K∑
k′=1

p(k′|z)p(k|z)2

= p(k|z)− p(k|z)2 ,

and for k 6= k′,

[F(z)]k,k′ = p(k|z)(p(k|z)− 1)p(k′|z) + p(k′|z)(p(k′|z)− 1)p(k|z) +
∑

k′′ 6=k,k′
p(k′′|z)p(k|z)p(k′|z)

= −p(k|z)p(k′|z)− p(k′|z)p(k|z) +
K∑

k′′=1

p(k′′|z)p(k|z)p(k′|z)

= −p(k|z)p(k′|z) .

Finally, we get

F(z) = diag (p)− pp> = ∇2
zh(y|z) ,

and

F (θ) = G(θ) .

3.2 Matrix shapes

Full. Since the number of parameters P of a deep neural network is significant (e.g., P = 26M

for the ResNet-50 [He et al., 2016] on ImageNet), it is impractical to handle “full” information

matrices M ∈ RP×P (e.g., 2.7 Petabytes memory for the ResNet-50 if it is stored with 32-bit). For

analyzing the eigenvalues of such matrices, we can use the power method or the Lanczos algorithm

without explicitly constructing the matrices [Yao et al., 2020]. For second-order optimization where
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we need the preconditioned gradients M−1∇LS(θ), we can avoid evaluating M−1 explicitly by

using the conjugate gradient algorithm [Martens, 2010]. However, these approaches tend to be

computationally heavy in many deep neural networks as they require iterative processing depending

on the number of parameters P .

By definition, all the information matrices H,F ,Fmmc, and C are symmetric and block matrices

that have L× L blocks (Figure 3.1):

M =

 M1,1 · · · M1,L

...
. . .

...
ML,1 · · · ML,L

 .
The (i, j)-th block Mi,j ∈ RPi×Pj represents the correlation between the i-th and j-th layer.

Layer-wise. A simple and common strategy for handling these matrices is to ignore the correla-

tion between different layers and to approximate to a layer-wise block-diagonal matrix (Figure 3.1):

M ≈

 M1,1 0
. . .

0 ML,L

 .
Yet, each diagonal block Ml,l ∈ RPl×Pl is still large for most of practical deep neural networks, e.g.,

the largest block of Fully Connected on MNIST requires 4.4 Terabytes.

Kronecker-factored. Kronecker-factored Approximate Curvature (K-FAC) [Martens and Grosse,

2015] is an approximate method of F (Fmmc) for an efficient natural-gradient learning [Amari, 1998]:

θ(t+1) = θ(t) − ηF (θ(t))−1∇LS(θ(t)) . (3.6)

Recently, K-FAC is also widely used in deep learning research to approximate various information

matrices (including H and C), not only for the natural-gradients [Botev et al., 2017, Ritter et al.,

2018a, Wang et al., 2019]. K-FAC approximates each diagonal block Ml,l to a Kronecker product.

For F ,F1mc, and C:

Ml,l =
〈
E
[
∇θl`∇θl`>

]〉
=
〈
E
[(
∇ul`⊗ h

+
l−1

) (
∇ul`⊗ h

+
l−1

)>]〉
=
〈
E
[
∇ul`∇ul`> ⊗ h

+
l−1h

+
l−1

>]〉
≈ Bl ⊗Al−1 ,

Bl :=
〈
E
[
∇ul`∇ul`>

]〉
∈ RMl×Ml ,

Al :=
〈
h+
l h

+
l

>〉 ∈ R(Ml+1)×(Ml+1)

(Figure 3.1). Note that E[·] and ` in Ml,l and Bl depend on the definition of matrix type (F (3.3),

Fmmc (3.4), or C (3.5)) while Al is the same for all matrix types. K-FAC for H and its variants

were proposed by Botev et al. [2017] that also have the same Al. K-FAC for convolutional layers was
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proposed by Grosse and Martens [2016]. A Kronecker product has preferable features for inverting

it and analyzing its eigenvalues efficiently:

(B ⊗A)−1 = B−1 ⊗A−1 and

eig(B ⊗A) = eig(B)⊗ eig(A) ,

where eig(X) is the eigenvalues of the matrix X. When a Kronecker-factored matrix is used for

preconditioning a vector v ∈ R(Ml−1+1)Ml ,

(Bl ⊗Al−1)
−1
v = B−1

l ⊗A
−1
l−1v = vec

(
A−1
l−1V B

−1
l

)
,

where V ∈ R(Ml−1+1)×Ml and vec(V ) = v. Hence, we need not to construct the matrixB−1
l ⊗A

−1
l−1 ∈

RPl×Pl , which is often too large to put on memory, explicitly for evaluating the natural-gradient

(3.6).

Unit-wise. The i-th element of the pre-activation ul = Wlhl−1 + bl ∈ RMl is evaluated as:

ul,i = w>l,ih
+
l−1 ,

where

[
Wl bl

]
=

 w>l,1
...

w>l,Ml

 ∈ RMl×(Ml−1+1) ,

and wl,i ∈ RMl−1 is the weight in the i-th unit (i = 1, . . . ,Ml). By assuming that the units are

independent to each other, each (layer-wise) diagonal block Ml,l is further approximated with a

unit-wise block diagonal matrix (Figure 3.1):

Ml,l ≈

 Dl,1 0
. . .

0 Dl,Ml

 ,
where we define

Dl,i :=
〈
E
[
∇wl,i`∇wl,i`>

]〉
=
〈
E
[(
∇ul,i`

)2
h+
l−1h

+
l−1

>]〉 ∈ R(Ml−1+1)×(Ml−1+1) .

The unit-wise approximation of F has been studied for evaluating the natural-gradient practically

[Amari et al., 2019].

Diagonal (element-wise). Although the Kronecker-factored approximation and the unit-wise

approximation significantly reduce the time/space complexity of constructing and inverting matrices,

they are not implemented in standard deep learning software libraries (e.g., JAX, TensorFlow,

and PyTorch). This is because they require non-trivial implementations on top of the automatic-

differentiation framework and the time/space complexity can be still significant for large-scale deep

neural networks such as the ResNet. Therefore, a crude approximation that extracts only the
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diagonal elements diag(M) ∈ RP has often been used in deep learning research (Figure 3.1). The

diagonal elements of the (uncentered) covariance (empirical Fisher) can be calculated as the average

of the squared per-example gradient :

diag (C) = 〈∇`(xn, yn,θ)�∇`(xn, yn,θ)〉 .

On the other hand, the value used by the Adam [Kingma and Ba, 2015] is the square of the averaged

gradient :

g2 := 〈∇`(xn, yn,θ)〉 � 〈∇`(xn, yn,θ)〉 .

We can get g2 by simply taking the square of the gradient calculated by an automatic-differentiation

library while we need to access the per-example gradient for diag (C).

3.3 Deep learning research with the information matrices

There has been an increased attention to information matrices in recent deep learning research.

Information matrices are often used for DNN training and generalization performance analysis.

Eigenvalue analysis of various types (H,F ,Fmmc, and C) of information matrices is also studied.

In this section, we review some of those studies on information matrices in deep learning.

Training. F is used for the natural-gradient descent [Amari, 1998], an approximate second-

order optimization as a gradient descent in the Riemannian space. This is often estimated by Fmmc

[Martens and Grosse, 2015, Zhang et al., 2018a]. Osawa et al. [2020] further approximated it with C

and showed empirically that the convergence of the second-order optimization for ImageNet training

is maintained while reducing the computational cost. Jastrzebski et al. [2020] observed the effect of

the initial learning rate selection on the condition of H and C at each phase of training. McCandlish

et al. [2018] proposed the gradient noise scale: Bnoise := Tr {HC} /∇L>H∇L − 1 , for predicting

the critical batch size, the largest batch size at which we can train a model without sacrificing data

efficiency. This is useful for large-batch training [Goyal et al., 2017].

Generalization. Numerous generalization measures using H,F and C to predict the gener-

alization gap of deep models have been revisited in recent years [Jiang et al., 2020, Thomas et al.,

2020, Maddox et al., 2020]. The “sharpness” of the loss surface [Keskar et al., 2017] is thought to

correlate with the generalization, which is evaluated by measures using H [Tsuzuku et al., 2019, He

et al., 2019, Jiang et al., 2020]. Wen et al. [2020] showed empirically that adding C-derived noise

to the update vector of the large-batch SGD increased the variance of gradients and improved the

generalization performance of the converged model. Interestingly, they reported that the diagonal

C maintained the original convergence speed of the large-batch SGD while the full C did not.

Analyses of the information matrices. Thomas et al. [2020] discussed the similarities and

differences between the information matrices, such as the Hessian matrix (H), the Fisher information

15



matrices (F ), and the uncentered covariance of the gradients (C), in cases where they are used for

second-order optimization and generalization measures. Kunstner et al. [2019] argued that C (a.k.a

empirical Fisher) can not approximate F in second-order optimization.

Others. F ,F1mc and C are used for the variational Bayesian inference [Zhang et al., 2018a,

Osawa et al., 2019a], the precision of the weights’ posterior distribution, and for continual learning

[Kirkpatrick et al., 2017, Ritter et al., 2018a]. Inverse of H on training samples naturally appear

in influence function, which is one of the well-known methods for improving the interpretation of

black-box models [Koh and Liang, 2017]. The inverse of H attracts broader interests in hyper-

parameter estimation. As is reviewed in Table 1 of [Lorraine et al., 2019], various hyper-parameters

search methods are based on the implicit function theorem, and it requires the inverse of H. Then

computation of H also naturally appears in meta-learning. For example, iMAML depends on the

inverse of H and solves it by the conjugate gradient method [Rajeswaran et al., 2019]. Although

the information matrices show advantages in these topics, most studies use only approximations or

are only tested on small settings due to the heavy computational costs. The results provided are

not comprehensive enough to claim their effects and their approximability in practical settings.

Since the computation of different type/shape matrices requires different time/space complexity

(discussed in Section 3.4), it is important to be aware of which type/shape information matrix and

what size DNN/task each study is targeting. Typically, for practical computations, experiments are

often restricted to very small DNNs or diagonal approximations of matrices are made.

3.4 Complexities of information matrices

In this section, we discuss the time/space complexities of the information matrices of various

types/shapes for constructing them, solving the inverses, and evaluating the matrix-vector prod-

ucts.

3.4.1 Complexities of various shapes

First, we discuss the number of elements (space complexity) and time complexity of solving the

inverse of the different shapes of the matrix. Table 3.1 lists the number elements and complexity

for a fully-connected feed-forward neural network. We can see that, asymptotically, a Kronecker

factorized matrix requires only the same amount of space as a diagonal matrix. Although Kronecker

factor decomposed matrices require a higher computational cost than diagonal matrices for inversion,

this cost can be greatly reduced by distributing the inversion for each Kronecker factor using multiple

GPUs (see Chapter 5). For the BatchNorm layer [Ioffe and Szegedy, 2015], a unit-wise matrix takes

a very simple form, so the inverse of this is fast (see Chaper 5).
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Table 3.1: The number elements (=: S) and space complexity of a matrix (storage) and the time
complexity of solving the inverse (inverse) for a fully-connected neural network. For a Kronecker-
factored matrix (kron), S = Skron,A + Skron,B . To evaluate the complexities, we assume that P1 =

· · · = PL = P/L and M0 = · · · = ML−1 = K =
√
P/L.

shape # elements (=: S) storage inverse

full P 2 O(P 2) O(P 3)

layer-wise
∑L
l=1 P

2
l O(P 2/L) O(P 3/L2)

unit-wise
∑L−1
l=1

(
Ml(Ml−1 + 1)2

)
+K(ML−1 + 1)2 O(P

√
P/L) O(P 2/L)

diagonal P O(P ) O(P )

kron
L∑
l=1

(Ml−1 + 1)2

︸ ︷︷ ︸
=:Skron,A

+
L−1∑
l=1

M2
l +K2

︸ ︷︷ ︸
=:Skron,B

O(P ) O(P
√
P/L)

3.4.2 Complexities of various types/shapes

Next, we discuss the computational costs associated with constructing a matrix of different types

and shapes. First, we consider the number of operations for H of various shapes.

Diagonal block of Hessian. The gradient of per-example loss w.r.t. the parameters in layer l

is a Kronecker product of two vectors:

∇θl` = ∇ul`⊗ h
+
l−1 ,

and the diagonal block of H in layer l is a (averaged) Kronecker product of two matrices:

H l,l =
〈
∇2
θl
`
〉

=
〈
∇2
ul
`⊗ h+

l−1h
+
l−1

>〉
.

Hence, the Kronecker-factored form of H l,l [Botev et al., 2017] will be

H l,l ≈
〈
∇2
ul
`
〉
⊗
〈
h+
l−1h

+
l−1

>〉
,

where
〈
h+
l−1h

+
l−1

>〉 ∈ RMl−1×Ml−1 is the same matrix as Al−1 in K-FAC for F ,Fmmc, and C. Here,

we assume that the activation function φl (l = 1, . . . , L− 1) is an element-wise and piecewise linear

(φ
′′
l = 0) function. For example, the ReLU function falls into this category:

hl = φl(ul) ,

[hl]i = max([ul]i, 0) .

This makes the calculation of H l,l simpler:

∂zk
∂ [ul]m

=

Ml∑
m′=1

∂zk
∂ [hl]m′

∂ [hl]m′

∂ [ul]m
=

∂zk
∂ [hl]m

φ′l([ul]m) ,

∂2zk
∂ [ul]m ∂ [ul]m′

= φ′l([ul]m)
∂2zk

∂ [hl]m ∂ [hl]m′
φ′l([ul]m′)

=

M1+1∑
n=1

M1+1∑
n′=1

φ′l([ul]m)
∂ [ul+1]n
∂ [hl]m

∂2zk
∂ [ul+1]n ∂ [ul+1]n′

∂ [ul+1]n′

∂ [hl]m′
φ′l([ul]m′) ,
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where zk is the k-th elements of z = f(x) ∈ RK , and we get a recursion:

∇2
ul
zk = D>l W

>
l+1∇2

ul+1
zkWl+1Dl ∈ RMl×Ml ,

for l = 1, . . . , L− 1, where Dl is a diagonal matrix which m-th diagonal element is φ′l([ul]m) and we

define

∇2
uLzk := ∇2

zzk = 0 ∈ RK×K .

Hence, for l = 1, . . . , L− 1,

∇2
ul
zk = 0 ,

∂zk
∂ [θl]i ∂ [θl]j

=

Ml∑
m=1

Ml∑
m′=1

∂ [ul]m
∂ [θl]i

∂2zk
∂ [ul]m ∂ [ul]m′

∂ [ul]m′

∂ [θl]j
= 0 ,

and

∂2`(x, y,θ)

∂ [θl]i ∂ [θl]j
=

K∑
k=1

K∑
k′=1

∂zk
∂ [θl]i

∂2h(y,z)

∂zk∂zk′

∂zk′

∂ [θl]j

∣∣∣
z=f(xn)

+
K∑
k=1

∂2zk
∂ [θl]i ∂ [θl]j

∂h(y,z)

∂zk

∣∣∣
z=f(x)︸ ︷︷ ︸

=0

=
K∑
k=1

K∑
k′=1

∂zk
∂ [θl]i

∂2h(y,z)

∂zk∂zk′

∂zk′

∂ [θl]j

∣∣∣
z=f(xn)

.

Therefore, the diagonal block H l,l is equivalent to that of the GGN G (and the FIM F ):

H l,l = Gl,l = F l,l ,

when the activation function φl (l = 1, . . . , L − 1) is an element-wise and piecewise linear function

(e.g., ReLU).

Table 3.2 summarizes the number of operations and time complexity for constructing a matrix

of various types/shapes. Basically, the complexity for construction depends on the number of data

(N), the number of parameters (P ), and the number of matrix elements (S; defined in Table 3.1).

F requires backpropagations depending on the number of outputs of DNN (K), and Fmmc requires

backpropagations depending on the number of MC samples (m). F , Bhidden, and Bparams (colored

in gray) appear during the evaluation of ∇LS . Therefore, if ∇LS has already been evaluated, C

can be calculated at a lower cost than F (even if K = 1) and Fmmc (even if m = 1). Chapter 5

discusses how to take advantage of this to speed up second-order optimization.

3.4.3 Complexities of matrix-vector products

We now discuss the computational cost required for (full) matrix-vector products. Since matrix-

vector products are frequently used in the power method and Lanczos algorithm for eigenvalue

analysis of information matrices in deep learning [Ghorbani et al., 2019, Yao et al., 2020], and the
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Table 3.2: The number of operations (additions and multiplications) and time complexity for con-
structing a matrix (construction) for a fully-connected neural network. F , Bhidden, and Bparams

are defined at (2.5), (2.8), and (2.9), respectively. S and storage (for each shape) and Skron,A and
Skron,B (for kron) are defined in Table 3.1. F , Bhidden, and Bparams (colored in gray) appear during
the evaluation of ∇LS . Therefore, if ∇LS has already been evaluated, C can be calculated at a
lower cost than F (even if K = 1) and Fmmc (even if m = 1). To evaluate the complexities, we
assume that P1 = · · · = PL = P/L and M0 = · · · = ML−1 = K =

√
P/L. We assume that the

activation function φl (l = 1, . . . , L−1) is an element-wise and piecewise linear function that ensures
that the diagonal blocks of H are equivalent to those of G (and F ).

shape type # operations per example construction

- ∇LS F +Bhidden +Bparams O(NP )

lw, uw, diag H F +K(Bhidden +Bparams + S) O (NK(P + storage))

full, lw, uw, diag
F F +K(Bhidden +Bparams + S) O (NK(P + storage))

Fmmc F +m(Bhidden +Bparams + S) O(Nm(P + storage))
C F +Bhidden +Bparams + S O(N(P + storage))

kron
H,F F + Skron,A +K(Bhidden + Skron,B) O(NKP )
Fmmc F + Skron,A +m(Bhidden + Skron,B) O(NmP )
C F + Skron,A +Bhidden + Skron,B O(NP )

conjugate gradient method for second-order optimization [Martens, 2010], it is useful to understand

the computational cost per type (H,F ,Fmmc, and C). In this section, we discuss the computational

cost of the fast matrix-vector product calculation method introduced by Schraudolph [2002]. Table

3.3 lists the number of operations and time complexity for a matrix-vector product. The Hessian

vector product can be computed efficiently on top of the auto-differentiation framework without the

need to compute the full Hessian H explicitly:

H(θ)v = ∇2LS(θ)v = ∇
(
∇LS(θ)>v

)
.

Therefore, the Hessian vector product can be calculated with a backpropagation of the inner product

∇LS(θ)>v (a scalar value). With the definitions of F , Fmmc, and C, the matrix-vector product

can also be calculated without constructing the full matrix:

Mv =
〈
E
[
∇`∇`>

]〉
v =

〈
E
[
∇`
(
∇`>v

)]〉
.

Once we get the per-example gradient ∇`, we can calculate the inner product ∇`>v (a scalar value)

and ∇`(∇`>v) (a vector), each costs P operations. E[·] and ` depend on the definition of matrix

type (F (3.3), Fmmc (3.4), or C (3.5)).
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Table 3.3: The number of operations (additions and multiplications) and time complexity for evalu-
ating a matrix-vector product (mvp) for an L-layered fully-connected neural network. v ∈ RP ,u ∈
RNK . To estimate the complexity, we assume that Pl = P/L for l = 1, . . . , L for simplicity.

type # operations per example mvp

Fv F +K(Bhidden +Bparams + 2P ) O(NKP )
Fmmcv F +m(Bhidden +Bparams + 2P ) O(NmP )
Cv F +Bhidden +Bparams + 2P O(NP )

J>J v F + 2(Bhidden +Bparams −O(K)) +
∑L
l=1

∑L
l′=l Pl′ O(NLP )

JJ>u F +Bhidden +Bparams −O(K) +
∑L
l=1

∑L
l′=l Pl′ O(NLP )

3.5 GGN/FIM-vector product by standard auto-differentiation
libraries

3.5.1 GGN/FIM-vector product

Given a vector v ∈ RP , we consider to evaluate the GGN/FIM-vector product:

Gv = Fv =
〈
Jf (xn)>Jf (xn)

〉
v = J>J v ∈ RP ,

where we define

J :=
1√
N

[
Jf (x1) · · · Jf (xN )

]
∈ RNK×P .

First, the Jacobian-vector product J v ∈ RNK is obtained as the partial derivative of u>J v (a

scalar) w.r.t. a vector u ∈ RNK :

(J v)
>

= v>J> =
∂

∂u
v>J>u ∈ RNK . (3.7)

For u ∈ RNK , we can calculate the transposed Jacobian-vector product J>u by a backward-pass

on the neural network. Then, we get the GGN/FIM-vector product J>J v = J> (J v) (transposed

Jacobian-vector product) by another backward-pass.

Now we discuss the number of operations required for evaluating the (per-examples) Jacobian-

vector product Jf (x)v, where

v =
[
v>1 · · · v>L

]> ∈ RP ,

vl =
[
v>l,1 · · · v>l,Ml

]> ∈ RPl (l = 1, . . . , L) ,

vl,i ∈ RMl−1+1 (i = 1, . . . ,Ml), and

Jfv = Jf,θv =
L∑
l=1

Jf,θlvl ∈ RK .

For layer l,

Jf,θlvl︸ ︷︷ ︸
K×1

= Jf,hL−1︸ ︷︷ ︸
K×ML−1

JhL−1,uL−1︸ ︷︷ ︸
ML−1×ML−1

· · · Jul+1,hl︸ ︷︷ ︸
Ml+1×Ml

Jhl,ul︸ ︷︷ ︸
Ml×Ml

Jul,θl︸ ︷︷ ︸
Ml×Pl

vl︸︷︷︸
Pl×1

,
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and we can calculate Jf,θlvl by forward-propagating vl:

[Jul,θlvl]i = h+
l−1

>
vl,i (i = 1, . . . ,Ml) ,

Jhl′ ,θlvl = φ′l′(ul′)� Jul′ ,θlvl ∈ RMl′ (l′ = l, · · · , L− 1) ,

Jul′ ,θlvl = Wl′Jhl′−1,θlvl ∈ RMl′ (l′ = l + 1, · · · , L− 1) ,

Jf,θlvl = WLJhL−1,θlvl ∈ RK .

The number of operations (additions and multiplications) for this is:

(Ml−1 + 1)Ml︸ ︷︷ ︸
Jul,θlvl

+
L−1∑
l′=1

Ml′︸︷︷︸
φ′
l′ (ul′ )�Jul′ ,θlvl

+
L∑

l′=l+1

Ml′Ml′−1︸ ︷︷ ︸
WLJhL−1,θl

vl

= Pl +
L∑

l′=l+1

Pl′ =
L∑
l′=l

Pl′ ,

and the total number of operations for Jfv is:

L∑
l=1

L∑
l′=l

Pl′ .

Hence, the number of operations for the GGN/FIM-vector product J>J v =
〈
Jf (xn)>Jf (xn)v

〉
is:

Cggn−vec = N

(
F + 2(Bhidden +Bparams −O(K)) +

L∑
l=1

L∑
l′=l

Pl′

)
.

By assuming that Pl = P/L for l = 1, . . . , L,

L∑
l=1

L∑
l′=l

Pl′ =
L∑
l=1

L∑
l′=l

P/L

=
1

L

L∑
l=1

(L+ 1− l)P

= LP + P − L+ 1

2
P

=
L+ 1

2
P ,

and

Cggn−vec = N

(
F + 2(Bhidden +Bparams −O(K)) +

L+ 1

2
P

)
.

3.5.2 NTK-vector product

Using the property of the eigenvalues of the product of two matrices

eig (AB) = eig (BA) ,
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where A ∈ Rm×n and B ∈ Rn×m, we get

eig
(
J>J

)
= eig

(
JJ>

)
.

The matrix JJ> ∈ RNK×NK is known as the Neural Tangent Kernel (NTK) [Jacot et al., 2018],

which is used for theoretical analysis of training dynamics and generalization performance of infinite-

width neural networks. Hence, the eigenvalues of the GGN/FIM are equivalent to that of the NTK,

and we can use the NTK-vector product JJ>u in iterative methods (e.g., power method, Lanczos

algorithm) for evaluating the eigenvalues of the GGN/FIM. In this section, we show that the NTK-

vector product is faster than the GGN/FIM-vector product.

First, we evaluate the transposed Jacobian-vector product J>u ∈ RP by a backward-pass. Then

we replicate the resulting vector as g:

g ← J>u ,

where g is a constant vector and does not hold the computational graphs constructed at the time of

backward-pass. Since only J>u holds the computational graph, computing the partial derivative of

gJ>u w.r.t. u gives us the NTK-vector product:

∂

∂u
g>J>u = g>J> = u>JJ> =

(
JJ>u

)>
. (3.8)

Therefore, the NTK-vector product JJ>u can be calculated with one less backward-pass than the

GGN/FIM-vector product J>J v. Hence, the number of operations for the NTK-vector product

JJ>u is:

Cntk−vec = N

(
F +Bhidden +Bparams −O(K) +

L∑
l=1

L∑
l′=l

Pl′

)
.

By assuming Pl = P/L for l = 1, . . . , L,

Cntk−vec = N

(
F +Bhidden +Bparams −O(K) +

L+ 1

2
P

)
.
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Chapter 4

Second-order optimization in deep
learning

4.1 Second-order optimization

In second-order optimization, the function is approximated using up to the second-order terms of

the Taylor expansion. Then, the next update step is chosen to minimize the quadratic function

within the specific step size:

min
‖ε‖2≤const

LS(θ + ε) ≈ min
‖ε‖2≤const

LS(θ) + ε>∇LS(θ) +
1

2
ε>H(θ)ε .

This leads to the second-order optimization:

θ(t+1) ← θ(t) − ηH(θ(t))−1∇LS(θ(t)) , (4.1)

where η > 0 is the learning rate (η = 1 for the Newton method). In deep learning, H is know

to have the negative eigenvalues [Dauphin et al., 2014]. So the generalized Gauss-Newton matrix

G, which is positive semidefinite, is often used for approximate second-order optimization in deep

learning Martens [2010], Botev et al. [2017]:

θ(t+1) ← θ(t) − ηG(θ(t))−1∇LS(θ(t)) . (4.2)

4.2 Natural gradient descent

Natural Gradient Descent (NGD)[Amari, 1998] is an optimizer which updates the parameters using

the first-order gradient of the loss function preconditioned by the Fisher information matrix (FIM)

of the probabilistic model. NGD can also be referred to as first-order optimization in the Riemannian

space. In NGD, we use the steepest descent method (using up to the first-order terms of the Taylor

expansion) to find the solution that minimizes the objective within a range that the KL divergence

between the prediction distributions before and after the parameter update does not exceed a specific
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value.

min
KL(pθ ‖ pθ+ε)≤const

LS(θ + ε) ≈ min
KL(pθ ‖ pθ+ε)≤const

LS(θ) + ε>∇LS(θ) . (4.3)

When we define pθ as following:

pθ(y|x) = p(y|f(x;θ)) ,

the Kullback-Leibler (KL) divergence will be:

KL(pθ ‖ pθ+ε) := Ey∼pθ(y|x) [log pθ(y|x)− log pθ+ε(y|x)] .

Assuming ε→ 0,

E [log pθ+ε] ≈ E [log pθ] + ε>E [∇ log pθ] +
1

2
ε>E

[
∇2 log pθ

]
ε ,

and

KL(pθ ‖ pθ+ε) ≈ −ε>E [∇ log pθ]− 1

2
ε>E

[
∇2 log pθ

]
ε

=
1

2
ε>E

[
−∇2 log pθ

]
ε

=
1

2
ε>F (θ)ε

the last equation comes from the fact that the expected Hessian is equivalent to the FIM [Pascanu

and Bengio, 2014]. Using this approximation of the KL divergence, the NGD finds the solution

which minimizes the linear function within the range specified by ‖ · ‖F :

min
‖ε‖F≤const

LS(θ) + ε>∇LS(θ) ,

where we define

‖v‖M := v>Mv ,

for a vector v ∈ Rd and a matrix M ∈ Rd×d. This minimization results in the following NGD

update rule:

θ(t+1) ← θ(t) − ηF (θ(t))−1∇L(θ(t)) , (4.4)

Hence, F is the curvature matrix in the Riemannian space [Amari, 1998]. As discussed in Chapter

3, the generalized Gauss-Newton matrix G is equivalent to the FIM F for the MSE loss and softmax

cross-entropy loss. This allows us to interpret the NGD as an approximate second-order method

[Martens, 2020].
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4.2.1 Common approaches to approximate natural gradient in deep learn-
ing

To realize a practical NGD training for deep neural networks, it is common to make the following

approximations to the F [Martens and Grosse, 2015, Botev et al., 2017, Zhang et al., 2018a]:

• Layer-wise block-diagonal approximation. We assume that the correlation between pa-

rameters in different layers is negligible and can be ignored. Hence, F is approximated as a

layer-wise block diagonal matrix:

F ≈

 F 1 0
. . .

0 FL

 .
This assumption significantly reduces the computational cost of inverting F especially when

the number of parameters P is large (See also Chapter 3).

• Stochastic natural gradient. We approximate the average over the entire dataset 〈·〉S
using the average over a mini-batch 〈·〉B. This enables calculation of F and evaluation of NGD

during mini-batch stochastic learning.

• Monte Carlo estimation. We approximate the expectation over the model predictive distri-

bution Ek∼pθ(k|xn)[·] using a single Monte Carlo sample (a single backward-pass): F ≈ F1mc.

We note that for a K-class classification model, K backward-passes are required to calculate

F , while F1mc requires one backward-pass (See also Chapter 3).

Using these approximations, we estimate the FIM F l ∈ RPl×Pl for the l-th layer using a Monte

Carlo sample k ∼ pθ(k|x) for each input x in a mini-batch B:

F l(θ) ≈ F1mcl(θ) :=
〈
∇θl log pθ(k|x)∇θl log pθ(k|x)>

〉
B . (4.5)

With this F1mc,l, the parameters θl ∈ RPl for the l-th layer are then updated using the FIM

preconditioned gradients:

θ
(t+1)
l ← θ

(t)
l − η

(
F1mc

(t)
l (θ(t)) + λI

)−1

∇θlL(t)(θt) , (4.6)

where the damping value λ > 0 is added to the diagonal of the matrix to avoid the divergence of

the gradient. Osawa et al. [2020] proposed to further approximate this F1mcl with the gradient

covariance Cl, which can be evaluated in a cheaper cost (See also Chapter 3).
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4.3 Conjugate gradient method for second-order optimiza-
tion

Given a positive semidefinite matrix M ∈ RP×P (M � 0), we consider to update the parameters

θ ∈ RP of a deep neural network with the preconditioned gradient:

θ(t+1) ← θ(t) − η
(
M−1 + λI

)
∇L(θ(t)) ,

where λ > 0 is the damping value. To do this, we need to solve the following system of linear

equations w.r.t. x ∈ RP :

(M + λI)x = ∇L(θ) .

Since the number of parameters of deep neural networks, P , is huge, it is infeasible to solve the inverse

matrix explicitly (O(P 3)). One of the common approaches to solve this problem in deep learning is

to use the conjugate gradient (CG) method. Martens [2010] adopted the CG method with M = G

for optimizing deep auto-encoders. The CG method is an iterative method and requires matrix-

vector product calculation at each iteration. See Chapter 3 for matrix-vector product calculations

for various information matrices (H,F ,Fmmc, and C). Taking into about the damping value λ, the

matrix-vector product is calculated as:

(M + λI)v = Mv + λv .

The calculations for the CG is described in Algorithm 1. At the beginning of the algorithm, we

calculate the gradient of loss ∇L. Note that because the matrix-vector product calculation for

the information matrix of a neural network involves backpropagation, the computation graphs con-

structed during the gradient calculation must be retained for reuse. The advantage of the CG

method is that it relies only on the matrix-vector product and thus saves memory without the need

to explicitly build the matrix or solve the inverse. However, it is known that the information matrix

of a neural network has a long tail eigenvalue distribution [Amari et al., 2019], i.e. all but the upper

eigenvalues take almost zero values, and the condition number of M (the maximum eigenvalue di-

vided by the minimum eigenvalue), which determines the speed of convergence of the CG method,

is large and it takes a lot of iterations until the convergence. Since matrix-vector product calcula-

tions require higher computational costs than the usual backpropagation (see Chapter 3), realizing

second-order optimization by CG methods during training is not practical in most cases.

4.4 Kronecker-factored Approximate Curvature (K-FAC)

In deep learning, instead of CG methods, the predominant method is to approximate the matrix

to make it easier to compute the inverse matrix [Roux et al., 2008, Pascanu and Bengio, 2014,

26



Algorithm 1: Conjugate gradient method for second-order optimization

input: input data X ∈ RN×M0

forward and backward ∇L(θ) ∈ RP ; // computational graph has to be retained

x(0) ← 0 ∈ RP ;

p(0), r(0) ← ∇L(θ) ∈ RP ;

r(0) ← r(0)>r(0);
k ← 0;
repeat

u←Mp ∈ RP ;

u← u+ γp(k); // damping

m← p(k)>u;

α← r(k)/m;

x(k+1) ← x(k) + αp(k);

r(k+1) ← r(k) − αu;

r(k+1) ← r(k+1)>r(k+1);

β ← r(k+1)/r(k);

p(k+1) ← r(k+1) + βp(k);
k ← k + 1;

until r(k+1) is small enough;

return x(k+1)

Thomas, 2014, Grosse and Salakhutdinov, 2015, Martens and Grosse, 2015, Grosse and Martens,

2016, Botev et al., 2017, Mishkin et al., 2018, George et al., 2018, Martens and Johnson, 2018].

Kronecker-Factored Approximate Curvature (K-FAC) Martens and Grosse [2015] is one of the most

poputer second-order optimization method in today’s deep learning research, that is based on an

approximation of F1mc. K-FAC further approximates the layer-wise FIM F1mcl as a Kronecker

product of two matrices:

F1mcl ≈ Bl ⊗Al−1 =: F̃l . (4.7)

This is called Kronecker factorization and Bl and Al−1 are called Kronecker factors. Bl is computed

from the gradient of the loss w.r.t. the output of the l-th layer, and Al−1 is computed from the

activation of the (l−1)-th layer (the input of l-th layer). The definition and the sizes of the Kronecker

factors Bl/Al−1 depend on the dimension of the output/input and the type of layer [Martens and

Grosse, 2015, Grosse and Martens, 2016, Martens and Johnson, 2018, Zhang et al., 2019a].

4.4.1 K-FAC for fully-connected layers

In a fully-connected (FC) layer of a feed-forward DNN, the output sl ∈ Rdl is calculated as

ul ←Wlhl−1, (4.8)

where al−1 ∈ Rdl−1 is the input to this layer (the activation from the previous layer), and Wl ∈

Rdl×dl−1 is the weight matrix (the bias is ignored for simplicity). The Kronecker factors for this FC
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layer are defined as

Bl :=
〈
∇ul log pθ(k|x)∇ul log pθ(k|x)>

〉
,

Al−1 :=
〈
hl−1h

>
l−1

〉
,

(4.9)

and Bl ∈ Rdl×dl ,Al−1 ∈ Rdl−1×dl−1 [Martens and Grosse, 2015]. From this definition, we can

consider that K-FAC is based on an assumption that the input to the layer and the gradient w.r.t.

the layer output are statistically independent.

4.4.2 K-FAC for convolutional layers

In a convolutional (Conv) layer of a feed-forward DNN, the output Sl ∈ Rcl×hl×wl is calculated as

MHl−1
← im2col(Hl−1) ∈ RCl−1F

2
l ×HlWl ,

MUl ←WlMHl−1
∈ RCl×HlWl ,

Ul ← reshape(MUl) ∈ RCl×Hl×Wl ,

(4.10)

where Hl ∈ RCl×Hl−1×Wl−1 is the input to layer l, and Wl ∈ RCl×Cl−1F
2
l is the weight matrix (the

bias is ignored for simplicity). cl, cl−1 are the number of output, input channels, respectively, and kl

is the kernel size (assuming square kernels for simplicity). For each example in the mini-batch, the

im2col operator1 converts the input tensor to a matrix so that we can get the result of a convolution

by a matrix multiplication. The Kronecker factors for this Conv layer are defined as

Bl :=
〈
∇MUl

log pθ(k|xn)∇MUl
log pθ(k|xn)>

〉
,

Al−1 :=
1

HlWl

〈
MHl−1

M>
Hl−1

〉
,

(4.11)

and Bl ∈ RCl×Cl ,Al−1 ∈ RCl−1F
2
l ×Cl−1F

2
l [Grosse and Martens, 2016].

4.4.3 Inverting Kronecker-factored FIM

By the property of the Kronecker product and the factored Tikhonov damping technique used in

[Martens and Grosse, 2015], the inverse of F̃l +λI is approximated by the Kronecker product of the

inverse of each Kronecker factor(
F̃l + λI

)−1

= (Bl ⊗Al−1 + λI)
−1

≈
(
Bl +

1

πl

√
λI

)−1

⊗
(
Al−1 + πl

√
λI
)−1

,

(4.12)

where π2
l is the average eigenvalue of Al−1 divided by the average eigenvalue of Bl (which can be

computed using the trace). π > 0 because both Bl and Al−1 are positive-semidefinite matrices as

defined above.

1See Chainer documentation (https://docs.chainer.org/en/stable/reference/generated/chainer.functions.
im2col.html) for detail.
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4.5 Natural gradient and neural tangent kernels

The Neural Tangent Kernel (NTK) [Jacot et al., 2018] is used for theoretical analysis of training

dynamics and generalization performance of infinite-width neural networks, which is defined as:

Θ := JJ> ∈ RNK×NK ,

where we define

J =
1√
N

[
J(x1)> · · · J(xN )>

]> ∈ RNK×P .

Using this J , the FIM can be written as:

F = J>ΛJ ∈ RP×P ,

where

Λ = diag
(
Hf (x1) · · · Hf (xN )

)
∈ RNK×NK

Hf (x) := ∇2
zh(y,z)

∣∣∣
z=f(x)

= diag(p)− pp> ∈ RK×K .

Using the Sherman-Morrison-Woodbury identity [Petersen and Pedersen, 2012]:

(AB + I)
−1
A = A(BA+ I)−1 ,

we can get the natural gradient descent (NGD) by the NTK:

(F (θ) + γIP )
−1 ∂

∂θ
L(θ) =

(
1

N
J>ΛJ + γIP

)−1

︸ ︷︷ ︸
P×P

J> ∂

∂f
L(θ)

= J>
(

1

N
ΛJJ> + γINK

)−1

︸ ︷︷ ︸
NK×NK

∂

∂f
L(θ) .

This “NGD-by-NTK” transforms the time and space complexity of standard NGD – from depending

on the number of DNN parameters P to depending on the number of input samples N and number

of classes K – enabling a faster evaluation of NGD for a DNN with massive parameters. NGD-

by-NTK is especially useful in situations where the number of data N per iteration is small (e.g.,

mini-batch learning) and therefore can be practically evaluated. This idea has already adopted by

some work for a practical second-order gradient computation [Ren and Goldfarb, 2019], for model

compression [Singh and Alistarh, 2020], and for theoretical analysis of convergence of NGD in wide

neural networks [Bernacchia et al., 2018, Zhang et al., 2019b, Cai et al., 2019, Karakida and Osawa,

2020].

29



4.5.1 Distributed NGD-by-NTK

Algorithm 2 describes how to realize the CG method for NGD-by-NTK using multiple processes

(p processes) in a data-parallel fashion. As we will discuss in Chapter 5, distributed training using

multiple accelerators (GPUs) speedup a DNN training by enabling processing a large number (N)

of data in one update step. This approach has the potential to realize the exact natural gradients in

large-scale deep learning using multiple accelerators. Due to the iterative nature of the CG method, it

is unlikely that this approach will be used directly to speed up the DNN training, but it is expected

to be used for the purpose of verifying the accuracy of existing natural gradient approximations

(e.g., Layer-wise NGD, K-FAC). Fast implementation of this method and the exact natural gradient

analysis is the future work of this study.
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Algorithm 2: Distributed CG for NGD-by-NTK

input: rank i, global mini-batch size N , local mini-batch Xi ∈ RB×M0 , N = Bp
(i = 1, . . . , p)

forward propagation (pre-softmax) f = f(Xi;θ) ∈ RBK ;

calculate the Hessian of cross-entropy loss Λ(Xi;θ) = ∂2

∂f∂f> `(Xi;θ) ∈ RBK×BK ;

x
(0)
i ← 0 ∈ RBK ;

p
(0)
i , r

(0)
i ← 1

N
∂
∂f `(Xi;θ) ∈ RBK ;

r(0) ← r
(k)
i

>
r

(k)
i ;

AllReduce
(
n(0)

)
;

k ← 0;
repeat

g ← J (Xi)>p(k)
i︸ ︷︷ ︸

backprop

∈ RP ;

Detach g from the computational graph;
AllReduce(g);

ui ← 1
NΛ(Xi,θ)J (Xi)g = 1

NΛ(Xi,θ)
∂p

(k)
i

>
J (Xi)g

∂p
(k)
i︸ ︷︷ ︸

forward−prop

∈ RBK ;

ui ← ui + γp
(k)
i ; // damping

m← p
(k)
i

>
ui;

AllReduce(m);

α← r(k)/m;

x
(k+1)
i ← x

(k)
i + αp

(k)
i ;

r
(k+1)
i ← r

(k)
i − αui;

r(k+1) ← r
(k+1)
i

>
r

(k+1)
i ;

AllReduce
(
n(k+1)

)
;

β ← r(k+1)/r(k);

p
(k+1)
i ← r

(k+1)
i + βp

(k)
i ;

k ← k + 1;

until r(k+1) is small enough;

G ← J (Xi)>x(k+1)
i︸ ︷︷ ︸

backprop

∈ RP ;

AllReduce(G);
return G
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Chapter 5

Scalable and practical natural
gradient for large-scale deep
learning

Large-scale distributed training of deep neural networks results in models with worse generalization

performance as a result of the increase in the effective mini-batch size. Previous approaches attempt

to address this problem by varying the learning rate and batch size over epochs and layers, or ad hoc

modifications of batch normalization. We propose Scalable and Practical Natural Gradient Descent

(SP-NGD), a principled approach for training models that allows them to attain similar general-

ization performance to models trained with first-order optimization methods, but with accelerated

convergence. Furthermore, SP-NGD scales to large mini-batch sizes with a negligible computational

overhead as compared to first-order methods. We evaluated SP-NGD on a benchmark task where

highly optimized first-order methods are available as references: training a ResNet-50 model for

image classification on ImageNet. We demonstrate convergence to a top-1 validation accuracy of

75.4% in 5.5 minutes using a mini-batch size of 32,768 with 1,024 GPUs, as well as an accuracy of

74.9% with an extremely large mini-batch size of 131,072 in 873 steps of SP-NGD.

5.1 Distributed deep learning

5.1.1 Mini-batch training

When the size of the training dataset |S| is large, it is a common strategy to use a mini-batch B ⊂ S

for estimating LS(θ):

LS(θ) ≈ LB(θ) :=
1

|B|
∑

(xi,yi)∈B
`(xi, yi,θ) .

In a stochastic mini-batch gradient descent, we refresh the mini-batch B every step and update the

parameters using the mini-batch gradient ∇LB:

θ(t+1) ← θ(t) − η∇LB(t)(θ(t)) . (5.1)

32



Figure 5.1: (Left) training w/ a single GPU. (Right) distributed data parallel training w/ multiple
(p) GPUs.

Figure 5.2: Distributed mini-batch stochastic gradient descent.

With this strategy, we can easily increase the number of updates t and speed up the training. The

largest mini-batch size |B| we can use is often limited by the memory capacity of an accelerator

(e.g., GPU), and the optimal mini-batch size is determined based on the throughput (the number

of examples processed per specific time). For instance, |B| = 32 (32 images per step) is often chosen

for training a deep neural network on the ImageNet-1K [Deng et al., 2009] with a single NVIDIA

GPU (e.g., Tesla P100/V100).

It is also a common strategy to choose mini-batches so that the model looks at all examples in

the dataset S equally:

S = B(t) ∪ B(t+1) ∪ · · · ∪ B(t+|S|/|B|−1) .

Hence, it takes |S|/|B| steps to process all the examples once (i.e., an epoch). Processing an epoch

with a mini-batch size |B| = 32 takes about 40K steps for the ImageNet-1K (about 1.28M examples).

5.1.2 Distributed data parallel training

Now we consider to utilize multiple accelerators (e.g., GPUs) to speedup the mini-batch training. A

simple and common strategy is to divide the mini-batch into multiple subsets and let the different

processes handle the different subsets (distributed data parallel training, Figure 5.1):

B = B1 ∪ B2 ∪ · · · ∪ Bp ,
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where p is the number of processes (accelerators), and |Bi| = |B|/p (i = 1, . . . , p). We can get the

global mini-batch gradient ∇LB as the average of the local mini-batch gradients:

∇LB(θ) =
1

p

(
∇LB1(θ) +∇LB2(θ) + · · ·+∇LBp(θ)

)
Therefore, the p processes can calculate the local mini-batch gradients ∇LSi independently, and,

as depicted in Figure 5.1, we can process p-times larger number of examples in a step if we have p

accelerators. Note that all the processes need to have the same model. To ensure this, the initial

parameters θ(0) is synchronized among all the process at the beginning of the training. Also, the

global mini-batch ∇LB needs to be synchronized every time we apply the update rule (Equation 5.1).

This can be realized by calling AllReduce collective (illustrated in Figure 5.6). The distributed

fashion of stochastic mini-batch gradient descent is illustrated in Figure 5.2.

5.1.3 Large-batch training

As the size of deep neural network models and the data which they are trained on continues to

increase rapidly, the demand for distributed parallel computing is increasing. A common approach

for achieving distributed parallelism in deep learning is to use the data-parallel approach, where the

data is distributed across different processes while the model is replicated across them. When the

mini-batch size per process is kept constant to increase the ratio of computation over communication,

the effective mini-batch size over the entire system grows proportional to the number of processes.

Keskar et al. [2017] report that when the mini-batch size is “large”, generalization performance

is worse than when a smaller mini-batch is used. Hoffer et al. [2018] attribute this generalization gap

to the limited number of updates, and suggest to train longer. Goyal et al. [2017] adopt strategies

such as scaling the learning rate proportional to the mini-batch size, while using the first few epochs

to gradually warmup the learning rate. Such methods have enabled the training for mini-batch sizes

of 8K, where ImageNet [Deng et al., 2009] with ResNet-50 [He et al., 2016] could be trained for 90

epochs with little reduction in generalization performance (76.3% top-1 validation accuracy) in 60

minutes. They also report that when the mini-batch size is increased beyond a certain point (>8K,)

the generalization performance starts to degrade even with their strategies. Shallue et al. [2019],

with thorough hyper-parameter tuning for various models and datasets, empirically show that there

is no evidence that larger mini-batch sizes degrade the generalization performance. However, for

training ResNet-50 on ImageNet, their results agree that larger mini-batch sizes (>8K) degrade the

generalization performance without the use of label smoothing [Szegedy et al., 2015].

Since Goyal et al. [2017]’s results were presented, there have been many attempts to train ResNet-

50 on ImageNet with mini-batch sizes larger than 16K. Combining the learning rate scaling with

other techniques such as RMSprop [Tieleman and Hinton, 2012] warm-up, BatchNorm [Ioffe and

Szegedy, 2015] without moving averages, and a slow-start learning rate schedule, Akiba et al. [2017]
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Table 5.1: Training time and top-1 single-crop validation accuracy of ResNet-50 for ImageNet re-
ported by related work and this work.

Hardware Software Batch size Optimizer # Steps Time/step Time Accuracy

Goyal et al. [2017] Tesla P100 × 256 Caffe2 8,192 SGD 14,076 255 ms 1 hr 76.3 %
You et al. [2017b] KNL × 2048 Intel Caffe 32,768 SGD 3,519 341 ms 20 min 75.4 %
Akiba et al. [2017] Tesla P100 × 1024 Chainer 32,768 RMSprop/SGD 3,519 255 ms 15 min 74.9 %
You et al. [2017b] KNL × 2048 Intel Caffe 32,768 SGD 2,503 335 ms 14 min 74.9 %
Jia et al. [2018] Tesla P40 × 2048 TensorFlow 65,536 SGD 1,800 220 ms 6.6 min 75.8 %

Ying et al. [2018] TPU v3 × 1024 TensorFlow 32,768 SGD 3,519 37 ms 2.2 min 76.3 %
Mikami et al. [2018] Tesla V100 × 3456 NNL 55,296 SGD 2,086 57 ms 2.0 min 75.3 %

Yamazaki et al. [2019] Tesla V100 × 2048 MXNet 81,920 SGD 1,440 50 ms 1.2 min 75.1 %

This work

Tesla V100 × 128

Chainer

4,096

SP-NGD

10,948 178 ms 32.5 min 74.8 %
Tesla V100 × 256 8,192 5,434 186 ms 16.9 min 75.3 %
Tesla V100 × 512 16,384 2,737 149 ms 6.8 min 75.2 %
Tesla V100 × 1024 32,768 1,760 187 ms 5.5 min 75.4 %

n/a 65,536 1,173 n/a n/a 75.6 %
n/a 131,072 873 n/a n/a 74.9 %
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Figure 5.3: Top-1 validation accuracy vs the number of steps to converge (left) and vs training time
(right) of ResNet-50 on ImageNet (1000 class) classification by related work with SGD and this work
with Scalable and Practical NGD (SP-NGD).

were able to train the same dataset and model with a mini-batch size of 32K to achieve 74.9%

accuracy in 15 minutes.

More complex approaches for manipulating the learning rate were proposed, such as LARS [You

et al., 2017a], where a different learning rate is used for each layer by normalizing them with the

ratio between the layer-wise norms of the weights and gradients. This enabled the training with a

mini-batch size of 32K without the use of ad hoc modifications, which achieved 74.9% accuracy in

14 minutes (64 epochs) [You et al., 2017b]. It has been reported that combining LARS with counter

intuitive modifications to the batch normalization, can yield 75.8% accuracy even for a mini-batch

size of 65K [Jia et al., 2018].

The use of small batch sizes to encourage rapid convergence in early epochs, and then progres-

sively increasing the batch size is yet another successful approach. Using such an adaptive batch

size method, Mikami et al. [2018] were able to train in 122 seconds with an accuracy of 75.3%, and

Yamazaki et al. [2019] were able to train in 75 seconds with a accuracy of 75.1%. The hierarchical

synchronization of mini-batches have also been proposed [Lin et al., 2020], but such methods have

not been tested at scale to the extent of the authors’ knowledge.
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5.2 Natural gradient descent for large-batch training

While first-order stochastic gradient descent (SGD) has been the dominant approach for train-

ing deep neural networks, we explore the potential for second-order optimization methods such as

Natural Gradient Descent (NGD) [Amari, 1998] that leverage curvature information to accelerate

optimization in large mini-batch settings. We found that NGD enables training with a fewer number

of steps than what was previously thought to be possible with SGD, while retaining competitive

generalization performance with the help of stronger data augmentation i.e. mixup [Zhang et al.,

2018c]. Note that this kind of data augmentation helps NGD much more than it does SGD, so

we are not simply increasing the baseline accuracy. We minimize the extra per-step computational

overhead associated with inverting the curvature matrices using an efficient distributed layer-wise

NGD design that scales to massively parallel settings and large mini- batch sizes. In particular, we

demonstrate scalability to batch sizes of 32,768 over 1024 GPUs across 256 nodes.

We adopt the Kronecker-Factored Approximate Curvature (K-FAC) method [Martens and Grosse,

2015] for its ability to efficiently approximate the curvature, in contrast to iterative approaches like

Hessian-free optimization [Martens, 2010], even though these may yield more accurate curvature

approximation. The two main characteristics of K-FAC are that it converges faster than first-order

stochastic gradient descent (SGD) methods, and that it can tolerate relatively large mini-batch sizes

without any ad hoc modifications. K-FAC has been successfully applied to convolutional neural

networks [Grosse and Martens, 2016], distributed memory training of ImageNet [Ba et al., 2017],

recurrent neural networks [Martens and Johnson, 2018], Bayesian deep learning [Zhang et al., 2018a],

reinforcement learning [Wu and Ma, 2018] , and Transformer models [Zhang et al., 2019a].

Our contributions are:

• Extremely large mini-batch training. We were able to show for the first time that ap-

proximated NGD can achieve similar generalization capability compared to highly optimized

SGD, by training ResNet-50 on ImageNet classification as a benchmark. We converged to over

75% top-1 validation accuracy for large mini-batch sizes of 4,096, 8,192, 16,384, 32,768 and

65,536. We also achieved 74.9% with an extremely large mini-batch size of 131,072, which took

only 873 steps.

• Scalable natural gradient. We propose a distributed NGD design using data and model

hybrid parallelism that shows superlinear scaling up to 64 GPUs.

• Practical natural gradient. We propose practical NGD techniques based on analysis of the

FIM estimation in large mini-batch settings. Our practical techniques make the overhead of

NGD compare to SGD almost negligible. Combining these techniques with our distributed

NGD, we see an ideal scaling up to 1024 GPUs as shown in Figure 5.7.
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• Training ResNet-50 on ImageNet in 5.5 minutes. Using 1024 NVIDIA Tesla V100, we

achieve 75.4 % top-1 accuracy with ResNet-50 for ImageNet in 5.5 minutes (1760 steps = 45

epochs, including a validation after each epoch). The comparison is shown in Figure 5.3 and

Table 5.1.

5.3 Related work

With respect to large-scale distributed training of deep neural networks, there have been very few

studies that use second-order methods. At a smaller scale, there have been previous studies that used

K-FAC to train ResNet-50 on ImageNet [Ba et al., 2017]. However, the SGD they used as reference

was not showing state-of-the-art Top-1 validation accuracy (only around 70%), so the advantage of

K-FAC over SGD that they claim was not obvious from the results. In the present work, we compare

the Top-1 validation accuracy with state-of-the-art SGD methods for large mini-batches mentioned

in the introduction (Table 5.1).

The previous studies that used K-FAC to train ResNet-50 on ImageNet Ba et al. [2017] also were

not considering large mini-batches and were only training with mini-batch size of 512 on 8 GPUs.

In contrast, the present work uses mini-batch sizes up to 131,072, which is equivalent to 32 per GPU

on 4096 GPUs, and we are able to achieve a much higher Top-1 validation accuracy of 74.9%. Note

that such large mini-batch sizes can also be achieved by accumulating the gradient over multiple

iterations before updating the parameters, which can mimic the behavior of the execution on many

GPUs without actually running them on many GPUs.

The previous studies using K-FAC also suffered from large overhead of the communication since

they used a parameter-server approach for their TensorFlow Abadi et al. [2016] implementation of

K-FAC with a single parameter-server1. Since the parameter server requires all workers to send

the gradients and receive the latest model’s parameters from the parameter server, the parameter

server becomes a huge communication bottleneck especially at large scale. Our implementation uses

a decentralized approach using MPI/NCCL2 collective communications among the processes. The

decentralized approach has been used in high performance computing for a long time, and is known

to scale to thousands of GPUs without modification. Although, software like Horovod3 can alleviate

the problems with parameter servers by working as a TensorFlow wrapper for NCCL, a workable

realization of K-FAC requires solving many engineering and modeling challenges, and our solution

is the first one that succeeds on a large scale task.

1The current version of the TensorFlow K-FAC implementation (https://github.com/tensorflow/kfac) supports
other methods for distributing computations, including a decentralized approach for TPUs.

2https://developer.nvidia.com/nccl
3https://github.com/horovod/horovod
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Figure 5.4: Estimate the interval (steps) ∆ until the next step tXnext
to refresh the statistics X.

5.4 Practical natural gradient

5.4.1 Fast Estimation with Empirical Fisher

Instead of using an estimation by a single Monte Carlo sampling (F1mcl), we adopt the empirical

Fisher [Martens and Grosse, 2015] to estimate the layer-wise FIM F l:

F l ≈ Cl :=
〈
∇θl log pθ(y|x)∇θl log pθ(y|x)>

〉
. (5.2)

We implemented an efficient Cl computation on top of the Chainer framework [Tokui et al., 2019]

that allows us to compute Cl during the forward-pass and the backward-pass for the loss L(θ)4

Therefore, we do not need an extra backward-pass to compute Cl, while an extra backward-pass is

necessary for computing F1mcl. This difference is critical especially for a deeper network which takes

longer time for a backward-pass. Although it is insisted that C is not a proper approximation of the

FIM, and F1mc is better estimation in the literature Thomas et al. [2019], Kunstner et al. [2019],

we do not see any difference in the convergence behavior nor the final model accuracy between

NGD with C and that with F1mc in training deep ConvNets for ImageNet classification as shown

in Section 5.7. This could be because C is effectively being used as a pre-conditioning matrix to

accelerate optimization, which only requires it to capture aspects of the FIM; in particular it also

leads to parameterization invariant updates as discussed in [Martens, 2020].

5.4.2 Practical FIM Estimation for BatchNorm Layers

It is often the case that a deep ConvNet has Conv layers that are followed by BatchNorm layers [Ioffe

and Szegedy, 2015]. The l-th BatchNorm layer after the (l − 1)-th Conv layer has scale γl ∈ RCl−1

and bias βl ∈ RCl−1 to be applied to the normalized features. When we see these parameters as

learnable parameters, we can define

θl :=
(
γl,1 βl,1 · · · γl,Cl−1

βl,Cl−1

)> ∈ R2Cl−1 , (5.3)

where γl,i and βl,i are the i-th element of γl and βl, respectively (i = 1, . . . , Cl−1). For this

BatchNorm layer, the FIM F l is a 2Cl−1×2Cl−1 matrix, and the computation cost of inverting this

4The same empirical Fisher computation can be implemented on PyTorch [Paszke et al., 2019]
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matrix can not be ignored when Cl−1 (the number of output channels of the previous Conv layer)

is large (e.g. Cout = 1024 for a Conv layer in ResNet-50 [He et al., 2016]).

5.4.2.1 Unit-wise Natural Gradient

We approximate this FIM by applying unit-wise natural gradient [Amari, 1998] to the learnable

parameters of BatchNorm layers. A ”unit” in a neural network is a collection of input/output nodes

connected to each other. The ”unit-wise” natural gradient only takes into account the correlation

of the parameters in the same node. Hence, for a BatchNorm layer, we only consider the correlation

between γl,c and βl,c of the same channel c:

F l ≈ F̃l = Fl,unit BN

:= diag
(
F

(1)
l . . .F

(i)
l . . .F

(Cl−1)
l

)
∈ R2Cl−1×2Cl−1 ,

(5.4)

where

F
(i)
l =

〈
E

 ∇(i)
γl

2
∇(i)
γl ∇

(i)
βl

∇(i)
βl
∇(i)
γl ∇(i)

βl

2

〉 ∈ R2×2 . (5.5)

∇(i)
γl , ∇(i)

βl
are the i-th element of ∇γl log pθ(y|x), ∇βl log pθ(y|x), respectively. The number of the

elements to be computed and communicated is significantly reduced from 4c2l−1 to 4cl−1, and we can

get the inverse (Fl,unit BN + λI)
−1

with little computation cost using the inverse matrix formula:[
a b
c d

]−1

=
1

ad− bc

[
d −b
−c a

]
. (5.6)

We observed that the unit-wise approximation on Fl of BatchNorm does not affect the accuracy of

a deep ConvNet on ImageNet classification as shown in Section 5.7.

5.4.3 Natural Gradient with Stale Statistics

To achieve even faster training with NGD, it is critical to utilize stale statistics in order to avoid

re-computing the matrices Al−1,Bl and Fl,unitBN at every step. Previous work on K-FAC [Martens

and Grosse, 2015] used a simple strategy where they refresh the Kronecker factors only once in 20

steps. However, as observed in [Osawa et al., 2019b], the statistics rapidly fluctuate at the beginning

of training, and this simple strategy causes serious defects to the convergence. It was also observed

that the degree of fluctuation of the statistics depends on the mini-batch size, the layer, and the

type of the statistics (e.g., statistics with a larger mini-batch fluctuates less than that with a smaller

mini-batch). Although the previous strategy [Osawa et al., 2019b] to reduce the frequency worked

without any degradation of the accuracy, it requires the prior observation on the fluctuation of the

statistics, and its effectiveness on training time has not been well studied.
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Algorithm 3: Natural gradient with the stale statistics.

input : set of the statistics S (damped inverses)
input : initial parameters θ
output: parameters θ

t← 1
foreach X ∈ S do

tX ← 1
end
while not converge do

foreach X ∈ S do
if t == tX then

refresh statistics X
∆,∆−1 ← Algorithm 4(X,X−1, X−2,∆,∆−1)
tX ← tX + ∆
X−1, X−2 ← X,X−1

end
update θ by natural gradient (3.6) using S
t← t+ 1

end
return θ

5.4.3.1 Adaptive Frequency To Refresh Statistics

We propose an improved strategy which adaptively determines the frequency to refresh each statistics

based on its staleness during the training. Our strategy is shown in Algorithm 3. We calculate

the timing (step) to refresh each statistics based on the acceptable interval (steps) estimated in

Algorithm 4 (Figure 5.4). In Algorithm 4, matrix A is considered to be similar to matrix B when

‖A − B‖F /‖B‖F < α, where ‖ · ‖F is Frobenius norm, and α > 0 is the threshold5. We tuned

α by running training for a few epochs to check if the threshold is not too large (preserves the

same convergence). And it aims to find the acceptable interval ∆ where the statistics X calculated

at step t = tX + ∆ is similar to that calculated at step t = tX . With this strategy, we can

estimate the acceptable interval for each statistics and skip the computation efficiently — it keeps

almost the same training time as the original, while reducing the cost for constructing and inverting

Al−1,Bl and Fl,unitBN as much as possible. Note that S in Algorithm 1 is the set of the inverses of

damped matrices Al−1,Bl and Fl,unitBN. That is, we observe the staleness of the inverse matrices.

This significantly reduces the overhead of NGD. We observe the effectiveness of our approach in

Section 5.76.
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Algorithm 4: Estimate the acceptable interval until next refresh based on the staleness of
statistics.

input : statistics X, X−1 (last), X−2 (before the last)
input : last interval ∆−1, interval before the last ∆−2

output: next interval ∆, last interval ∆−1

if X is not similar to X−1 then
∆← max {1, b∆−1/2c}

else if X is not similar to X−2 then
∆← ∆−1

else
∆← ∆−1 + ∆−2

end
return ∆, ∆−1

Figure 5.5: Distributed layer-wise approximate natural gradient.

Figure 5.6: Illustrations of AllReduce, ReduceScatter(V), and AllGather(V) collective. Different
colors correspond to data from different batches Bi.

5.5 Scalable natural gradient

Based on the practical estimation of the FIM proposed in the previous section, we designed a

distributed parallelization scheme among multiple GPUs so that the overhead of NGD compare to

SGD decreases as the number of GPUs (processes) is increased.
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Algorithm 5: Distributed Natural Gradient

while not converge do
// Stage 1

foreach l = 1, · · · , L do
forward in l-th layer
if l-th layer is Conv or FC then

compute Al−1

end

// Stage 2

ReduceScatterV(A0:L−1)
foreach l = L, · · · , 1 do

backward in l-th layer
if l-th layer is Conv or FC then

compute Bl

else if l-th layer is BatchNorm then
compute Fl,unitBN

end

// Stage 3

ReduceScatterV(B1:L/F1:L,unitBN and ∇θ1:LL)

// Stage 4

for l = 1, · · · , L do in parallel
update θl by natural gradient (3.6)

end

// Stage 5

AllGatherV(θ1:L)

end

return θ =
[
θ>1 · · · θ>L

]>
5.5.1 Distributed Natural Gradient

Figure 5.5 shows the overview of our design, which shows a single step of training with our distributed

NGD. We use the term Stage to refer to each phase of computation and communication, which is

indicated at the top of the figure. Algorithm 5 shows the pseudo code of our distributed NGD

design.

In Stage 1, each process (GPU) receives a different part of the mini-batch and performs a

forward-pass in which the Kronecker factor Al−1 is computed for the received samples, if l-th layer

is a Conv layer or a FC layer.

In Stage 2, two procedures are performed in parallel — communication among all the processes

and a backward-pass in each process. Since Stage 1 is done in a data-parallel fashion, each process

computes the statistics only for the different parts of the mini-batch. In order to compute these

statistics for the entire mini-batch, we need to average these statistics over all the processes. This

5α = 0.1 for all the experiments in this work.
6For each mini-batch size, we do not use the decayed average of the FIM (Kronecker factors) as opposed to the

previous K-FAC papers [Martens and Grosse, 2015, Grosse and Martens, 2016, Ba et al., 2017]. When training with
extremely large batches, we observed that the decayed average has little effect.
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is performed using a ReduceScatterV collective communication, which transitions our approach

from data-parallelism to model-parallelism by reducing (taking the sum of) Al−1 for different l to

different processes. This collective is much more efficient than an AllReduce , where Al−1 for all

l are reduced to all the processes (Figure 5.5). While Al−1 is communicated, each process also

performs a backward-pass to get the gradient ∇θlL, the Kronecker factor Bl for Conv, FC layers,

and Fl,unitBN for BatchNorm layer, for each l.

In Stage 3, Bl,Fl,unitBN and ∇θlL are communicated in the same way asAl by ReduceScatterV

collective. At this point, only a single process has the FIM estimation F̂l and the gradient ∇θlL

with the statistics for the entire mini-batch for the l-th layer. In Stage 4, only the process that has

the FIM computes the matrix inverse and applies the NGD update (3.6) to the weights θl of the l-th

layer. Hence, these computations are performed in a model-parallel fashion. When the number of

layers is larger than the number of processes, multiple layers are handled by a process.

Once the weights θl of each l are updated, we synchronize the updated weights among all the

processes by calling an AllGatherV (Figure 5.5) collective, and we switch back to data-parallelism.

Combining the practical estimation of the FIM proposed in the previous section, we are able to reduce

a significant amount of communication required for the Kronecker factors Al−1,Bl and Fl,unitBN.

Therefore, the amount of communication for our distirbuted NGD is similar to distributed SGD,

where the AllReduce for the gradient ∇θlL is implemented as a ReduceScatter+AllGather.

5.5.2 Further acceleration

Our data-parallel and model-parallel hybrid approach allows us to minimize the overhead of NGD

in a distributed setting. However, NGD still has a large overhead compared to SGD. There are two

hotspots in our distributed NGD design. The first is the construction of the statistics Al−1,Bl,

and Fl,unitBN, that cannot be done in a model-parallel fashion. The second is the communication

(ReduceScatterV) for distributing these statistics. In this section, we discuss how we accelerate

these two hotspots to achieve even faster training time.

Mixed-precision computation. We use the Tensor Cores in the NVIDIA Volta Architecture 7.

This more than doubles the speed of the calculation for this part. One might think that this low-

precision computation affects the overall accuracy of the training, but in our experiments we do not

find any differences between training with half-precision floating point computation and that with

full-precision floating point computation.

Symmetry-aware communication. The statistics matrices Al−1,Bl, and Fl,unitBN are symmet-

ric matrices. We exploit this property to reduce the amount of communication without loss of

information. To communicate a symmetric matrix of size N × N , we only need to send the upper

triangular matrix with N(N + 1)/2 elements.

7https://www.nvidia.com/en-us/data-center/tensorcore/
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In addition to these two optimizations, we also adopted the performance optimizations done by

[Tsuji et al., 2019]:

• Explicitly use NHWC (mini-batch, height, width, and channels) format for the input/output

data (tensor) of Conv layers instead of NCHW format. This makes cuDNN API to fully benefit

from the Tensor Cores.

• Data I/O pipeline using the NVIDIA Data Loading Library (DALI) 8.

• Hierarchical AllReduce collective proposed by Ueno and Yokota [2019], which alleviates the

latency of the ring-AllReduce communication among a large number of GPUs.

• Half-precision communication for AllGatherV collective.

5.6 Training for ImageNet Classification

The behavior of NGD on large models and datasets has not been studied in depth. Also, there

are very few studies that use NGD (K-FAC) for large mini-batches (over 4K) using distributed

parallelism at scale [Ba et al., 2017]. Contrary to SGD, where the hyperparameters have been

optimized by many practitioners even for large mini-batches, there is very little insight on how to

tune hyperparameters for NGD. In this section, we have explored some methods, which we call

training schemes, to achieve higher accuracy in our experiments. In this section, we show those

training schemes in our large mini-batch training with NGD for ImageNet classification.

5.6.1 Data augmentation

To achieve good generalization performance while keeping the benefit of the fast convergence that

comes from NGD, we adopt the data augmentation techniques commonly used for training networks

with large mini-batch sizes. We resize all the images in ImageNet to 256× 256 ignoring the aspect

ratio of original images and compute the mean value of the upper left portion (224 × 224) of the

resized images. When reading an image, we randomly crop a 224× 224 image from it, randomly flip

it horizontally, subtract the mean value, and scale every pixel to [0, 1].

Running mixup. We extend mixup [Zhang et al., 2018c] to increase its regularization effect. We

synthesize virtual training samples from raw samples and virtual samples from the previous step

(while the original mixup method synthesizes new samples only from the raw samples):

x̃(t) = λ · x(t) + (1− λ) · x̃(t−1) , (5.7)

ỹ(t) = λ · y(t) + (1− λ) · ỹ(t−1) . (5.8)

8https://developer.nvidia.com/DALI
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x(t),y(t) is a raw input and label (one-hot vector), and x̃(t), ỹ(t) is a virtual input and label for t th

step. λ is sampled from the Beta distribution with the beta function

B(α, β) =

∫ 1

0

tα−1(1− t)β−1 dt . (5.9)

where we set α = β = αmixup.

Random erasing with zero value. We also implemented Random Erasing [Zhong et al., 2017].

We set elements within the erasing region of each input to zero instead of a random value as used in

the original method. We set the erasing probability p = 0.5, the erasing area ratio Se ∈ [0.02, 0.25],

and the erasing aspect ratio re ∈ [0.3, 1]. We randomly switch the size of the erasing area from

(He,We) to (We, He).

5.6.2 Learning rate and momentum

The learning rate used for all of our experiments is scheduled by polynomial decay. The learning

rate η(e) for e th epoch is determined as follows:

η(e) = η(0) ·
(

1− e− estart

eend − estart

)pdecay
. (5.10)

η(0) is the initial learning rate and estart, eend is the epoch when the decay starts and ends. The

decay rate pdecay guides the speed of the learning rate decay.

We use the momentum variant [Goyal et al., 2017] for NGD updates. Because the learning rate

decays rapidly in the final stage of the training with the polynomial decay, the current update can

become smaller than the previous update. We adjust the momentum rate m(e) for e th epoch so

that the ratio between m(e) and η(e) is fixed throughout the training:

m(e) =
m(0)

η(0)
· η(e) , (5.11)

where m(0) is the initial momentum rate. The weights are updated as follows:

θ
(t+1)
l ← θ

(t)
l − η

(e)
(
F̃

(t)
l + λI

)−1

∇θlL(t) +m(e)v(t) , (5.12)

where v(t) = θ
(t)
l − θ

(t−1)
l .

5.6.3 Weights rescaling

We found that the choice of learning rate is very sensitive to the ratio of the (approximate) natural

gradient norm to the weight norm. Although it is argued that weight decay regularization helps to

control the effective damping value for NGD [Zhang et al., 2018b], tuning the learning rate with

weight decay is difficult because it indirectly controls the weight norm. To alleviate this difficulty, we
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Table 5.2: The hyperparameters of the training with large mini-batch size (BS) used for our schemes
in Section 5.6 and top-1 single-crop validation accuracy of ResNet-50 for ImageNet. reduction and
speedup correspond to the reduction rate of the communication amount and the speedup comes
from that, respectively, for emp+unitBN+stale compare to emp+unitBN in Figure 5.7.

BS αmixup pdecay estart eend η(0) m(0) λ # steps top-1 accuracy reduction ↓ speedup ↑
4K 0.4 11.0 1 53 8.18 · 10−3 0.997 2.5 · 10−4 10,948 75.2 % → 74.8 % 23.6 % × 1.33
8K 0.4 8.0 1 53.5 1.25 · 10−2 0.993 2.5 · 10−4 5,434 75.5 % → 75.3 % 15.1 % × 1.32
16K 0.4 8.0 1 53.5 2.5 · 10−2 0.985 2.5 · 10−4 2,737 75.3 % → 75.2 % 5.4 % × 1.68
32K 0.6 3.5 1.5 49.5 3.0 · 10−2 0.97 2.0 · 10−4 1,760 75.6 % → 75.4 % 7.8 % × 1.40
65K 0.6 2.9 2 64.5 4.0 · 10−2 0.95 1.5 · 10−4 1,173 75.6 % n/a n/a
131K 1.0 2.9 3 100 7.0 · 10−2 0.93 1.0 · 10−4 873 74.9 % n/a n/a

adopt the Normalizing Weights [van Laarhoven, 2017] technique, which directly controls the weight

norm, to the θl of FC and Conv layers. We rescale the θl to have a norm
√

2 · Cout after (5.12):

θ
(t+1)
l ←

√
2 · Cout ·

θ
(t+1)
l

‖θ(t+1)
l ‖+ ε

. (5.13)

where we use ε = 1 · 10−9 to stabilize the computation. Cout is the output dimension or channels of

the layer.

5.7 Experiments

We train ResNet-50 [He et al., 2016] for ImageNet [Deng et al., 2009] in all of our experiments. We

use the same hyperparameters for the same mini-batch size. The hyperparameters for our results

are shown in Table 5.2. We implement all of our methods using Chainer [Tokui et al., 2019]. Our

Chainer extenstion is available at https://github.com/tyohei/chainerkfac. We initialize the weights

by the HeNormal initializer of Chainer 9 with the default parameters.

5.7.1 Experiment Environment

We conduct all experiments on the ABCI (AI Bridging Cloud Infrastructure) 10 operated by the

National Institute of Advanced Industrial Science and Technology (AIST) in Japan. ABCI has 1088

nodes with four NVIDIA Tesla V100 GPUs per node. Due to the additional memory required by

NGD, all of our experiments use a mini-batch size of 32 per GPU. We were only given a 24 hour

window to use the full machine so we had to tune the hyperparameters on a smaller number of nodes

while mimicking the global mini-batch size of the full node run. For large mini-batch size experiments

which cannot be executed directly (BS=65K, 131K requires 2048, 4096 GPUs, respectively) ,we used

an accumulation method to mimic the behavior by accumulating the statistics Al−1,Bl,Fl,unitBN,

and ∇θlL over multiple steps.

9https://docs.chainer.org/en/stable/reference/generated/
chainer.initializers.HeNormal.html

10https://abci.ai/
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Figure 5.7: Time per step for trainig ResNet-50 (107 layers in total) on ImageNet with our scalable

and practical NGD. Each GPU processes 32 images. 1mc and emp correspond to NGD with F̂l,1mc

and that with F̂l,emp, respectively. fullBN and unitBN correspond to NGD and unit-wise NGD on
BatchNorm parameters, respectively. stale corresponds to NGD with the stale statistics.

5.7.2 Extremely Large Mini-batch Training

We trained ResNet-50 for ImageNet classification task with extremely large mini-batch size BS={4,096,

8,192, 16,384, 32,768, 65,536, 131,072} and achieved a competitive top-1 validation accuracy (≥

74.9%) compared to highly-tuned SGD training. The summary of the training is shown in Table 5.1.

For BS={4K, 8K, 16K, 32K, 65K}, the training converges in much less than 90 epochs, which is the

usual number of epochs required by SGD-based training of ImageNet [Akiba et al., 2017, Goyal et al.,

2017, You et al., 2017b, Jia et al., 2018, Mikami et al., 2018]. For BS={4K,8K,16K}, the required

epochs to reach higher than 75% top-1 validation accuracy is 35 epochs. Even for a relatively large

mini-batch size of BS=32K, NGD still converges in 45 epochs, half the number of epochs compared to

SGD. Note that the calculation time is still decreasing while the number of epochs is less than double

when we double the mini-batch size, assuming that doubling the mini-batch corresponds to doubling

the number of GPUs (and halving the execution time). When we increase the mini-batch size to

BS={32K,65K,131K}, we see a significantly small number of steps it takes to converge. At BS=32K

and 65K, it takes 1760 steps (45 epochs) and 1173 steps (60 epochs), respectively. At BS=131K,

there are less than 10 iterations per epoch since the dataset size of ImageNet is 1,281,167, and it

only takes 873 steps to converge (90 epochs). None of the SGD-based training of ImageNet have

sustained the top-1 validation accuracy at this mini-batch size. Furthermore, this is the first work

that uses NGD for the training with extremely large mini-batch size BS={16K,32K,65K,131K} and

achieves a competitive top-1 validation accuracy.
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Figure 5.8: The communication amount (bytes) for the statistics (Al−1,Bl,Fl,unitBN) in each step
in training ResNet-50 on ImageNet with BS={4K,8K,16K,32K} (stacked graph — the amount for
G/F is stacked on the amount for A). A and G/F correspond to the communication amount for Al−1

and Bl/Fl,unitBN, respectively. The reduction rate (smaller is better) of the communication amount
for all the statistics throughout the training is shown with the percentage (%).

5.7.3 Scalability

We measure the scalability of our distributed NGD implementation for training ResNet-50 on Ima-

geNet. Figure 5.7 shows the time for one step with different number of GPUs and different techniques

proposed in Section 5.4. Note that since we fix the number of images to be processed per GPU (=32),

doubling the number of GPUs means doubling the total number of images (mini-batch size) to be

processed in a step (e.g., 32K images are processed with 1024 GPUs in a step). In a distributed

training with multiple GPUs, it is considered ideal if this plot shows a flat line parallel to the x-

axis, that is, the time per step is independent of the number of GPUs, and the number of images

processed in a certain time increases linearly with the number of GPUs. From 1 GPU to 64 GPUs,

however, we observed a superlinear scaling. For example, the time per step with 64 GPUs is 300%

faster than that with 1 GPU for emp+fullBN. This is the consequence of our model-parallel design

since ResNet-50 has 107 layers in total when all the Conv, FC, and BatchNorm layers are accounted

for. With more than 128 GPUs, we observe slight performance degradation due to the communica-

tion overhead comes from ReduceScatterV and AllGatherV collective. Yet for emp+unitBN+stale,

we see almost the ideal scaling from 128 GPUs to 1024 GPUs. Moreover, with 512 GPUs, which

corresponds to BS=16K, we see a superlinear scaling, again. We discuss this in the next sub-section.

5.7.4 Effectiveness of Practical Natural Gradient

We examine the effectiveness of our practical NGD approaches proposed in Section 5.4 for training

ResNet-50 on ImageNet with extreamely large mini-batch. We show that our practical techniques

makes the overhead of NGD close to a negligible amount and improves training time significantly.

The summary of the training time is shown in Table 5.1 and Figure 5.3.

Natural Gradient by Empirical Fisher. We compare the time and model accuracy in training by

NGD with empirical Fisher and that with a Fisher estimation by a single Monte Carlo sampling (C

vs F1mc) . In Figure 5.7, the time per a step by each training is labeled as emp and 1mc, respectively.

Due to the extra backward-pass required for constructing F1mc, 1mc is slower than emp at any number
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of GPUs. We do not see any difference in the convergence behavior (accuracy vs steps) and the final

accuracy for training ResNet-50 on ImageNet with BS={4K,8K,16K,32K,65K,131K}. Note that we

used the same hyperparameters tuned for emp for each BS (shown in Table 5.2) for the limitation of

computational resource to tune for 1mc.

Unit-Wise Natural Gradient. We also compare training with natural gradient and that with

unit-wise natural gradient on BatchNorm parameters (Fl vs Fl,unitBN) . In Figure 5.7, the time per

step for each method is labeled as fullBN and unitBN, respectively. From 1 GPU to 16 GPUs, we can

see that unitBN effectively accelerates the time per step compare to fullBN. For more than 32 GPUs,

we can see only a slight improvements since inverting statistics (Al−1,Bl and Fl) for all the layers

are already distributed among enough number of processes, and inverting Fl is no longer a bottleneck

of processing a step. We do not see any difference in the convergence behavior (accuracy vs steps)

and the final accuracy for training ResNet-50 on ImageNet with BS={4K,8K,16K,32K,65K,131K}.

Natural Gradient with Stale Statistics. We apply our adaptive frequency strategy described in

Section 5.4 to training ResNet-50 on ImageNet with BS={4K,8K,16K,32K}. In Figure 5.7, the time

per a step with all the practical techniques is labeled as emp+unitBN+stale. The model accuracy

before and after applying this technique, reduction rate (smaller is better) of the communication

volume for the statistics, and speedup (emp+unitBN vs emp+unitBN+stale) is shown in Table 5.2.

The communication amount (bytes) in the ReduceScatterV collective in each step during a training

and the reduction rate are plotted in Figure 5.8. With BS=16K,32K, we can reduce the commu-

nication amount for the statistics (Al−1,Bl and Fl) to 5.4%,7.8%, respectively. We might be able

to attribute this significant reduction rate to the fact that the statistics with larger BS (16K,32K)

is more stable than that with smaller BS (4K,8K). Note that though we show the reduction rate

of the amount of communication, this rate is also applicable to estimate the reduction rate of the

amount of computation for the statistics, and the cost for inverting them is also removed. With

these improvements on NGD, we see almost an ideal scaling from 128 GPUs to 1024 GPUs, which

corresponds to BS=4K to 32K.

5.7.5 Training ResNet-50 on ImageNet with NGD in 5.5 minutes

Finally, we combine all the practical techniques — empirical Fisher, unit-wise NGD and NGD with

stale statistics. Using 1024 NVIDIA Tesla V100, we achieve 75.4 % top-1 accuracy with ResNet-50

for ImageNet in 5.5 minutes (1760 steps = 45 epochs, including a validation after each epoch). We

used the same hyperparameters shown in Table 5.2. The training time and the validation accuracy

are competitive with the results reported by related work that use SGD for training (the comparison

is shown in Table 5.1). We refer to our training method as Scarable and Practical NGD (SP-NGD).
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5.8 Discussion

In this work, we proposed a Scalable and Practical Natural Gradient Descent (SP-NGD), a frame-

work which combines i) a large-scale distributed computational design with data and model hybrid

parallelism for the Natural Gradient Descent (NGD) [Amari, 1998] and ii) practical Fisher informa-

tion estimation techniques including Kronecker-Factored Approximate Curvature (K-FAC) [Martens

and Grosse, 2015], that alleviates the computational overhead of NGD over SGD.

Using our SP-NGD framework, we showed the advantages of the NGD over first-order stochastic

gradient descent (SGD) for training ResNet-50 on ImageNet classification with extremely large mini-

batches. We introduced several schemes for the training using the NGD with mini-batch sizes up

to 131,072 and achieved over 75% top-1 accuracy in much fewer number of steps compared to the

existing work using the SGD with large mini-batch. By using strong data augmentation (i.e., mixup

[Zhang et al., 2018c]), we were able to show that solutions found by a second-order method generalize

as well as that of SGD, even for extremely large mini-batches. Note that this data augmentation

helps second-order methods more than they do SGD, so it is not a matter of simply increasing the

baseline accuracy through data augmentation. Our SP-NGD framework allowed us to train on 1024

GPUs and achieved 75.4% in 5.5 minutes. This is the first work which observes the relationship

between the FIM of ResNet-50 and its training on large mini-batches ranging from 4K to 131K.

More accurate and efficient FIM estimation. We showed that NGD using the empirical Fisher

matrix (emp) is much faster than that with an estimation using a single Monte Carlo (1mc), which is

widely used by related work on the approximate natural gradient. Although it is stated that emp is

not a good approximation of the NGD in the literature [Kunstner et al., 2019, Thomas et al., 2019],

we observed the same convergence behavior as 1mc for training ResNet-50 on ImageNet. We might

be able to attribute this result to the fact that emp is a good enough approximation to keep the

behavior of the true NGD or that even 1mc is not a good approximation. To know whether these

hypotheses are correct or not and to examine the actual value of the true NGD, we need a more

accurate and effcient estimation of the NGD with less computational cost.

Towards Bayesian deep learning. NGD has been applied to Bayesian deep learning for estimat-

ing the posterior distribution of the network parameters. For example, K-FAC [Martens and Grosse,

2015] has been applied to Bayesian deep learning to realize Noisy Natural Gradient [Zhang et al.,

2018a], and our distributed NGD has been applied to that at ImageNet scale [Osawa et al., 2019a].

We similarly expect that our SP-NGD framework will accelerate Bayesian deep learning research

using natural gradient methods.

50



Chapter 6

Practical deep learning with
Bayesian principles

Bayesian methods promise to fix many shortcomings of deep learning, but they are impractical

and rarely match the performance of standard methods, let alone improve them. In this paper,

we demonstrate practical training of deep networks with natural-gradient variational inference. By

applying techniques such as batch normalisation, data augmentation, and distributed training, we

achieve similar performance in about the same number of epochs as the Adam optimizer, even on

large datasets such as ImageNet. Importantly, the benefits of Bayesian principles are preserved:

predictive probabilities are well-calibrated, uncertainties on out-of-distribution data are improved,

and continual-learning performance is boosted. This work enables practical deep learning while

preserving benefits of Bayesian principles. A PyTorch implementation1 is available as a plug-and-

play optimizer.

6.1 Bayesian inference in deep learning

Deep learning has been extremely successful in many fields such as computer vision [Krizhevsky

et al., 2012], speech processing [Hinton et al., 2012], and natural-language processing [Mikolov et al.,

2013], but it is also plagued with several issues that make its application difficult in many other

fields. For example, it requires a large amount of high-quality data and it can overfit when dataset

size is small. Similarly, sequential learning can cause forgetting of past knowledge [Kirkpatrick et al.,

2017], and lack of reliable confidence estimates and other robustness issues can make it vulnerable

to adversarial attacks [Bradshaw et al., 2017]. Ultimately, due to such issues, application of deep

learning remains challenging, especially for applications where human lives are at risk.

Bayesian principles have the potential to address such issues. For example, we can represent

uncertainty using the posterior distribution, enable sequential learning using Bayes’ rule, and reduce

overfitting with Bayesian model averaging Hoeting et al. [1999]. The use of such Bayesian principles

1The code is available at https://github.com/team-approx-bayes/dl-with-bayes.
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for neural networks has been advocated from very early on. Bayesian inference on neural networks

were all proposed in the 90s, e.g., by using MCMC methods [Neal, 1995], Laplace’s method [Mackay,

1991], and variational inference (VI) [Hinton, 1993, Barber and Bishop, 1998, Saul et al., 1996,

Peterson and Anderson, 1987]. Benefits of Bayesian principles are even discussed in machine-learning

textbooks [Mackay, 2003, Bishop, 2006]. Despite this, they are rarely employed in practice. This is

mainly due to computational concerns, unfortunately overshadowing their theoretical advantages.

The difficulty lies in the computation of the posterior distribution, which is especially challenging

for deep learning. Even approximation methods, such as VI and MCMC, have historically been

difficult to scale to large datasets such as ImageNet [Deng et al., 2009, Russakovsky et al., 2015].

Due to this, it is common to use less principled approximations, such as MC-dropout [Gal and

Ghahramani, 2016], even though they are not ideal when it comes to fixing the issues of deep

learning. For example, MC-dropout is unsuitable for continual learning [Kirkpatrick et al., 2017]

since its posterior approximation does not have mass over the whole weight space. It is also found to

perform poorly for sequential decision making [Riquelme et al., 2018]. The form of the approximation

used by such methods is usually rigid and cannot be easily improved, e.g., to other forms such as a

mixture of Gaussians. The goal of this paper is to make more principled Bayesian methods, such as

VI, practical for deep learning, thereby helping researchers tackle its key limitations.

We demonstrate practical training of deep networks by using recently proposed natural-gradient

VI methods. These methods resemble the Adam optimizer, enabling us to leverage existing tech-

niques for initialization, momentum, batch normalisation, data augmentation, and distributed train-

ing. As a result, we obtain similar performance in about the same number of epochs as Adam when

training many popular deep networks (e.g., LeNet, AlexNet, ResNet) on datasets such as CIFAR-10

and ImageNet (see Fig. 6.1). The results show that, despite using an approximate posterior, the

training methods preserve the benefits coming from Bayesian principles. Compared to standard deep-

learning methods, the predictive probabilities are well-calibrated, uncertainties on out-of-distribution

inputs are improved, and performance for continual-learning tasks is boosted. Our work shows that

practical deep learning is possible with Bayesian methods and aims to support further research in

this area.

Related work. Previous VI methods, notably by Graves [2011] and Blundell et al. [2015],

require significant implementation and tuning effort to perform well, e.g., on convolution neural

networks (CNN). Slow convergence is found to be especially problematic for sequential problems

[Riquelme et al., 2018]. There appears to be no reported results with complex networks on large

problems, such as ImageNet. Our work solves these issues by applying deep-learning techniques to

natural-gradient VI [Khan et al., 2018, Zhang et al., 2018a].

In their paper, Zhang et al. [2018a] also employed data augmentation and batch normalisation

for a natural-gradient method called Noisy K-FAC (see Section 6.5) and showed results on VGG
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Figure 6.1: Comparing VOGN [Khan et al., 2018], a natural-gradient VI method, to Adam and
SGD, training ResNet-18 on ImageNet. The two left plots show that VOGN and Adam have similar
convergence behaviour and achieve similar performance in about the same number of epochs. VOGN
achieves 67.38% on validation compared to 66.39% by Adam and 67.79% by SGD. Run-time of
VOGN is 76 seconds per epoch compared to 44 seconds for Adam and SGD. The rightmost figure
shows the calibration curve. VOGN gives calibrated predictive probabilities (the diagonal represents
perfect calibration).

on CIFAR-10. However, a mean-field method called Noisy Adam was found to be unstable with

batch normalisation. In contrast, we show that a similar method, called Variational Online Gauss-

Newton (VOGN), proposed by Khan et al. [2018], works well with such techniques. We show results

for distributed training with Noisy K-FAC on Imagenet, but do not provide extensive comparisons

since tuning it is time-consuming. Many of our techniques can speed-up Noisy K-FAC, which is

promising.

Many other approaches have recently been proposed to compute posterior approximations by

training deterministic networks [Ritter et al., 2018b, Maddox et al., 2019, Mandt and Hoffman,

2017]. Similarly to MC-dropout, their posterior approximations are not flexible, making it difficult

to improve the accuracy of their approximations. On the other hand, VI offers a much more flexible

alternative to apply Bayesian principles to deep learning.

6.2 Deep learning with Bayesian principles and its challenges

The success of deep learning is partly due to the availability of scalable and practical methods for

training deep neural networks (DNNs). Network training is formulated as an optimization problem

where a loss between the data and the DNN’s predictions is minimised. For example, in a supervised

learning task with a dataset S of N inputs xi and corresponding outputs yi of length K, we minimise

a loss of the following form:

LS(θ) + δθ>θ,
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where

LS(θ) :=
1

N

∑
(xn,yn)∈S

`(xn,yn,θ) =
1

N

∑
(xn,yn)∈S

h(yn, f(xn)) ,

f(x) ∈ RK denotes the DNN outputs with weights θ, h(y, z)) denotes a differentiable loss function

between a label y ∈ RK and the output z ∈ RK , and δ > 0 is the L2 regularizer.2 Deep learning

relies on stochastic gradient (SG) methods to minimize such loss functions. The most commonly

used optimizers, such as stochastic gradient descent (SGD), RMSprop [Tieleman and Hinton, 2012],

and Adam [Kingma and Ba, 2015], take the following form3 (all operations below are element-wise):

θ(t+1) ← θ(t) − αt
ĝ(θ(t)) + δθ(t)

√
s(t+1) + ε

,

s(t+1) ← (1− βt)s(t) + βt

(
ĝ(θ(t)) + δθ(t)

)2

,

(6.1)

where t is the number of iteration, αt > 0 and 0 < βt < 1 are learning rates at t, ε > 0 is a small

scalar, and ĝ(θ) is the stochastic gradients at θ defined as follows:

ĝ(θ) :=
1

|Bt|
∑

(xn,yn)∈Bt
∇θ`(xn,yn,θ)

using a minibatch Bt ⊂ S. This simple update scales extremely well and can be applied to very

large problems. With techniques such as initialization protocols, momentum, weight-decay, Batch

Normalization [Ioffe and Szegedy, 2015], and data augmentation, it also achieves good performance

for many problems.

In contrast, the full Bayesian approach to deep learning is computationally very expensive. The

posterior distribution can be obtained using Bayes’ rule:

p(θ|S) = exp (−NLS(θ)/τ) p(θ)/p(S) ,

where 0 < τ ≤ 1.4 This is costly due to the computation of the marginal likelihood p(S), a high-

dimensional integral that is difficult to compute for large networks. Variational inference (VI) is

a principled approach to more scalably estimate an approximation to p(θ|S). The main idea is to

employ a parametric approximation, e.g., a Gaussian q(θ):

p(θ|S) ≈ q(θ) := N (θ|µ,Σ)

with mean µ and covariance Σ. The parameters µ and Σ can then be estimated by maximising the

evidence lower bound (ELBO):

L(µ,Σ) := −NEq [LS(θ)]− τKL(q(θ) ‖ p(θ)) , (6.2)

2This regularizer is sometimes set to 0 or a very small value.
3Alternate versions with weight-decay and momentum differ from this update [Loshchilov and Hutter, 2019]. We

present a form useful to establish the connection between SG methods and natural-gradient VI.
4This is a tempered posterior [Vovk, 1990] setup where τ is set 6= 1 when we expect model misspecification and/or

adversarial examples [Vaart and Ghosal, 2017]. Setting τ = 1 recovers standard Bayesian inference.

54



where KL(· ‖ ·) denotes the Kullback-Leibler divergence. By using more complex approximations, we

can further reduce the approximation error, but at a computational cost. By formulating Bayesian

inference as an optimization problem, VI enables a practical application of Bayesian principles.

Despite this, VI has remained impractical for training large deep networks on large datasets.

Existing methods, such as Graves [2011] and Blundell et al. [2015], directly apply popular SG

methods to optimize the variational parameters in the ELBO, yet they fail to get a reasonable

performance on large problems, usually converging very slowly. The failure of such direct applications

of deep learning methods to VI is not surprising. The techniques used in one field may not directly

lead to improvements in the other, but it will be useful if they do, e.g., if we can optimize the

ELBO in a way that allows us to exploit the tricks and techniques of deep learning and boost the

performance of VI. The goal of this work is to do just that. We now describe our methods in detail.

6.3 Practical deep learning with natural gradient variational
inference

We propose Natural Gradient VI (NGVI) methods for practical deep learning with Bayesian princi-

ples. The Natural Gradient [Amari, 1998] update takes a simple form when estimating exponential-

family approximations [Khan and Nielsen, 2018, Khan and Lin, 2017]. When p(θ) := N (θ|0, I/δ),

the update of the natural-parameter λ is performed by using the stochastic gradient of the expected

regularised-loss:

λ(t+1) = (1− τρ)λ(t) − ρ∇µEq
[
L(θ) +

1

2
τδθ>θ

]
, (6.3)

where ρ > 0 is the learning rate, and we note that the stochastic gradients are computed with

respect to µ, the expectation parameters of q. The moving average above helps to deal with the

stochasticity of the gradient estimates, and is very similar to the moving average used in deep

learning (see equation 6.1). When τ is set to 0, the update essentially minimises the regularised loss

(see Section 5 in Khan et al. [2018]). These properties of NGVI makes it an ideal candidate for deep

learning.

Recent work by Khan et al. [2018] and Zhang et al. [2018a] further show that, when q is Gaussian,

the update equation 6.3 assumes a form that is strikingly similar to the update equation 6.1. For

example, the Variational Online Gauss-Newton (VOGN) method of Khan et al. [2018] estimates a

Gaussian with mean µ(t) and a diagonal covariance matrix Σ(t) using the following update:

µ(t+1) ← µ(t) − αt
ĝ(θ(t)) + δ̃µ(t)

s(t+1) + δ̃
,

s(t+1) ← (1− τβt)s(t) + βt
1

|Bt|
∑
n∈Bt

(
gn(θ(t))

)2

,
(6.4)
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where

gn(θ) := ∇θ`(xn,yn,θ) ,

θ(t) ∼ N (θ|µ(t),Σ(t))

with Σ(t) := diag(1/(N(s(t) + δ̃))), δ̃ := τδ/N , αt, βt > 0 are learning rates, and v2 := v � v.

Operations are performed element-wise. Similarly to equation 6.1, the vector s(t) adapts the learning

rate and is updated using a moving average. A major difference in VOGN is that the update of s(t)

is now based on a Gauss-Newton approximation [Graves, 2011] which uses

1

|Bt|
∑
n∈Bt

(
gn(θ(t))

)2

= diag
(
C(θ(t))

)
.

This is fundamentally different from the SG update in equation 6.1 which instead uses the gradient-

magnitude [Bottou et al., 2018]. (
1

|Bt|
∑
n∈Bt

gn(θ(t)) + δθ(t)

)2

.

The first approach uses the sum outside the square while the second approach uses it inside. VOGN

is therefore an approximate second-order method (diagonal C as the preconditioner) and, similarly

to Newton’s method, does not need a square-root over s(t). Implementation of this step requires an

additional calculation (see Section 6.6) which makes VOGN a bit slower than Adam, but VOGN is

expected to give better variance estimates (see Theorem 1 in Khan et al. [2018]).

The main contribution of this paper is to demonstrate practical training of deep networks using

VOGN. Since VOGN takes a similar form to SG methods, we can easily borrow existing deep learning

techniques to improve performance. We will now describe these techniques in detail. Pseudo-code

for (distributed-memory version of) VOGN is shown in Algorithm 6.

Batch Normalization. Batch Normalization (BatchNorm) [Ioffe and Szegedy, 2015] has been

found to significantly speed up and stabilize training of neural networks, and is widely used in deep

learning. BatchNorm layers are inserted between neural network layers. They help stabilize each

layer’s input distribution by normalizing the running average of the inputs’ mean and variance. In

our VOGN implementation, we simply use the existing implementation with default hyperparameter

settings. We do not apply L2 regularisation and weight decay to BatchNorm parameters, like in

Goyal et al. [2017], or maintain uncertainty over the BatchNorm parameters. This straightforward

application of batch normalization works for VOGN.

Data Augmentation. When training on image datasets, data augmentation (DA) techniques

can improve performance drastically [Goyal et al., 2017]. We consider two common real-time data

augmentation techniques: random cropping and horizontal flipping. After randomly selecting a

minibatch at each iteration, we use a randomly selected cropped version of all images. Each image

in the minibatch has a 50% chance of being horizontally flipped.

56



We find that directly applying DA gives slightly worse performance than expected, and also

affects the calibration of the resulting uncertainty. However, DA increases the effective sample size.

We therefore modify it to be ρN where ρ ≥ 1, improving performance (see step 10 in Algorithm

6). The reason for this performance boost might be due to the complex relationship between the

regularization δ and N . For the regularized loss LS(θ) + δθ>θ, the two are unidentifiable, i.e., we

can multiply δ by a constant and reduce N by the same constant without changing the minimum.

However, in a Bayesian setting (like in equation 6.2), the two quantities are separate, and therefore

changing the data might also change the optimal prior variance hyperparameter in a complicated

way. This needs further theoretical investigations, but our simple fix of scaling N seems to work

well in the experiments.

We set ρ by considering the specific DA techniques used. When training on CIFAR-10, the

random cropping DA step involves first padding the 32x32 images to become of size 40x40, and

then taking randomly selected 28x28 cropped images. We consider this as effectively increasing the

dataset size by a factor of 5 (4 images for each corner, and one central image). The horizontal

flipping DA step doubles the dataset size (one dataset of unflipped images, one for flipped images).

Combined, this gives ρ = 10. Similar arguments for ImageNet DA techniques give ρ = 5. Even

though ρ is another hyperparameter to set, we find that its precise value does not matter much.

Typically, after setting an estimate for ρ, tuning δ a little seems to work well (see Section 6.9).

Momentum and initialization. It is well known that both momentum and good initialization

can improve the speed of convergence for SG methods in deep learning [Sutskever et al., 2013]. Since

VOGN is similar to Adam, we can implement momentum in a similar way. This is shown in step

25 of Algorithm 6, where β1 is the momentum rate. We initialize the mean µ in the same way

the parameters are initialized in Adam (we use init.xavier normal [Glorot and Bengio, 2010] in

PyTorch [Paszke et al., 2019]). For the momentum term m, we use the same initialization as Adam

(initialized to 0). VOGN requires an additional initialization for the variance σ2. For this, we first

run a forward pass through the first minibatch, calculate the average of the squared gradients and

initialize the scale s0 with it (see step 9 in Algorithm 6). This implies that the variance is initialized

to σ2
0 = τ/(N(s0 + δ̃)). For the tempering parameter τ , we use a schedule where it is increased

from a small value (e.g.., 0.1) to 1. With these initialization protocols, VOGN is able to mimic the

convergence behaviour of Adam in the beginning.

Learning rate scheduling. A common approach to quickly achieve high validation accuracies

is to use a specific learning rate schedule [Goyal et al., 2017]. The learning rate (denoted by α in

Algorithm 6) is regularly decayed by a factor (typically a factor of 10). The frequency and timings

of this decay are usually pre-specified. In VOGN, we use the same schedule used for Adam, which

works well.
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Distributed-memory training. We also employ distributed-memory training for VOGN to

perform large experiments quickly. We can parallelize computation both over data and Monte-Carlo

(MC) samples. Data parallelism is useful to split up large minibatch sizes. This is followed by

averaging over multiple MC samples and their losses on a single GPU. MC sample parallelism is

useful when minibatch size is small, and we can copy the entire minibatch and process it on a single

GPU. Algorithm 6 illustrates our distributed-memory scheme. We use a combination of these two

parallelism techniques with different MC samples for different inputs. This theoretically reduces the

variance during training (see Equation 5 in Kingma and Ba [2015]), but sometimes requires averaging

over multiple MC samples to get a sufficiently low variance in the early iterations. Overall, we find

that this type of distributed-memory training is essential for fast training on large problems such as

ImageNet.

Implementation of the Gauss-Newton update in VOGN. As discussed earlier, VOGN uses

the Gauss-Newton approximation, which is fundamentally different from Adam. In this approxi-

mation, the gradients on individual data examples are first squared and then averaged afterwards

(see step 20 in Algorithm 6 which implements the update for s(t) shown in equation 6.4). We need

extra computation to get access to individual gradients, due to which, VOGN is slower Adam or

SGD (e.g., in Fig. 6.1). However, this is not a theoretical limitation and this can be improved if a

framework enables an easy computation of the individual gradients. Details of our implementation

are described in Section 6.6. This implementation is much more efficient than a naive one where

gradients over examples are stored and the sum over the square is computed sequentially. Our im-

plementation usually brings the running time of VOGN to within 2-5 times of the time that Adam

takes.

Tuning VOGN. Currently, there is no common recipe for tuning the algorithmic hyperparam-

eters for VI, especially for large-scale tasks like ImageNet classification. One key idea we use in

our experiments is to start with Adam hyperparameters and then make sure that VOGN training

closely follows an Adam-like trajectory in the beginning of training. To achieve this, we divide the

tuning into an optimization part and a regularization part. In the optimization part, we first tune

the hyperparameters of a deterministic version of VOGN, called the online Gauss-Newton (OGN)

method. This method, described in Section 6.7, is more stable than VOGN since it does not require

MC sampling, and can be used as a stepping stone when moving from Adam/SGD to VOGN. After

reaching a competitive performance to Adam/SGD by OGN, we move to the regularization part,

where we tune the prior precision δ, the tempering parameter τ , and the number of MC samples

K for VOGN. We initialize our search by setting the prior precision δ using the L2-regularisation

parameter used for OGN, as well as the dataset size N . Another technique is to warm-up the pa-

rameter τ towards τ = 1 (also see the “momentum and initialization” part). Setting τ to smaller

values usually stabilizes the training, and increasing it slowly also helps during tuning. We also add
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an external damping factor γ > 0 to the moving average s(t). This increases the lower bound of the

eigenvalues of the diagonal covariance Σ(t) and prevents the noise and the step size from becoming

too large. We find that a mix of these techniques works well for the problems we considered.

Algorithm 6: Distributed-memory Variational Online Gauss Newton (VOGN)

1: Learning rate α
2: Momentum rate β1

3: Exp. moving average rate β2

4: Prior precision δ
5: External damping factor γ
6: Tempering parameter τ
7: # MC samples for training K
8: Data augmentation factor ρ
9: Initialize µ, s, m.

10: N ← ρN , δ̃ ← τδ/N .
11: repeat
12: Sample a minibatch B ⊂ S of size M .
13: Split B into each GPU (local minibatch Blocal).
14: for each GPU in parallel do
15: for k = 1, 2, . . . ,K do
16: Sample ε ∼ N (0, I).
17: θ(k) ← µ+ εσ with σ ← (1/(N(s+ δ̃ + γ)))1/2.

18: Compute g
(k)
n ← ∇θ`(xn,yn,θ(k)),∀i ∈ Blocal using the method described in

Section 6.6.
19: ĝk ← 1

M

∑
n∈Blocal g

(k)
n .

20: ĝ2
k ← 1

M

∑
i∈Blocal(g

(k)
n )2 .

21: end for
22: ĝ ← 1

K

∑K
k=1 ĝk and ĝ2 ← 1

K

∑K
k=1 ĝ

2
k.

23: end for
24: AllReduce ĝ and ĝ2.
25: m← β1m+ (ĝ + δ̃µ).
26: s← (1− τβ2)s+ β2ĝ

2.
27: µ← µ− αm/(s+ δ̃ + γ).
28: until stopping criterion is met

6.4 Experiments

In this section, we present experiments on fitting several deep networks on CIFAR-10 and ImageNet.

Our experiments demonstrate practical training using VOGN on these benchmarks and show per-

formance that is competitive with Adam and SGD. We also assess the quality of the posterior

approximation, finding that benefits of Bayesian principles are preserved.

CIFAR-10 [Krizhevsky and Hinton, 2009] contains 10 classes with 50,000 images for training and

10,000 images for validation. For ImageNet, we train with 1.28 million training examples and validate

on 50,000 examples, classifying between 1,000 classes. We used a large minibatch size |B| = 4, 096

and parallelise them across 128 GPUs (NVIDIA Tesla P100). We compare the following methods

on CIFAR-10: Adam, MC-dropout [Gal and Ghahramani, 2016]. For ImageNet, we also compare
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(a) Effect of momentum and Batch Normalization.
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(b) Continual Learning

Figure 6.2: Figure (a) shows that momentum and Batch Normalization improve the performance
of VOGN. The results are for training ResNet-18 on CIFAR-10. Figure (b) shows comparison for a
continual-learning task on the Permuted MNIST dataset. VOGN performs at least as well (average
accuracy) as VCL over 10 tasks. We also find that, for each task, VOGN converges much faster,
taking only 100 epochs per task as opposed to 800 epochs taken by VCL (plots not shown).

to SGD, K-FAC [Martens and Grosse, 2015], and Noisy K-FAC [Zhang et al., 2018a]. We do not

consider Noisy K-FAC for other comparisons since tuning is difficult. We compare 3 architectures:

LeNet-5 [LeCun et al., 1998a], AlexNet [Krizhevsky et al., 2012], ResNet-18 [He et al., 2016]. We

only compare to Bayes by Backprop (BBB) [Blundell et al., 2015] for CIFAR-10 with LeNet-5 since

it is very slow to converge for larger-scale experiments. We carefully set the hyperparameters of all

methods, following the best practice of large distributed training [Goyal et al., 2017] as the initial

point of our hyperparameter tuning. The full set of hyperparameters is in Section 6.8.

6.4.1 Performance on CIFAR-10 and ImageNet

We start by showing the effectiveness of momentum and BatchNorm for boosting the performance of

VOGN. Figure 6.2a shows that these methods significantly speed up convergence and performance

(in terms of both accuracy and log likelihoods).

Figures 6.1 and 6.3 compare the convergence of VOGN to Adam (for all experiments), SGD (on

ImageNet), and MC-dropout (on the rest). VOGN shows similar convergence and its performance

is competitive with these methods. We also try BBB on LeNet-5, where it converges prohibitively

slowly, performing very poorly. We are not able to successfully train other architectures using this

approach. We found it far simpler to tune VOGN because we can borrow all the techniques used

for Adam. Figure 6.3 also shows the importance of DA in improving performance.

Table 6.1 gives a final comparison of train/validation accuracies, negative log likelihoods, epochs

required for convergence, and run-time per epoch. We can see that the accuracy, log likelihoods,

and the number of epochs are comparable. VOGN is 2-5 times slower than Adam and SGD. This

is mainly due to the computation of individual gradients required in VOGN (see the discussion in

Section 6.3). We clearly see that by using deep learning techniques on VOGN, we can perform

practical deep learning. This is not possible with methods such as BBB.
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Figure 6.3: Validation accuracy for various architectures trained on CIFAR-10 (DA: Data Augmen-
tation). VOGN’s convergence and validation accuracies are comparable to Adam and MC-dropout.

Due to the Bayesian nature of VOGN, there are some trade-offs to consider. Reducing the prior

precision (δ in Algorithm 6) results in higher validation accuracy, but also larger train-test gap

(more overfitting). This is shown in Section 6.9 for VOGN on ResNet-18 on ImageNet. As expected,

when the prior precision is small, performance is similar to non-Bayesian methods. We also show

the effect of changing the effective dataset size ρ in Section 6.9: note that, since we are going to

tune the prior variance δ anyway, it is sufficient to set ρ to its correct order of magnitude. Another

trade-off concerns the number of Monte-Carlo (MC) samples, shown in Section 6.10. Increasing the

number of training MC samples (up to a limit) improves VOGN’s convergence rate and stability,

but also increases the computation. Increasing the number of MC samples during testing improves

generalisation, as expected due to averaging.

Finally, a few comments on the performance of the other methods. Adam regularly overfits

the training set in most settings, with large train-test differences in both validation accuracy and

log likelihood. One exception is LeNet-5, which is most likely due to the small architecture which

results in underfitting (this is consistent with the low validation accuracies obtained). In contrast

to Adam, MC-dropout has small train-test gap, usually smaller than VOGN’s. However, we will see

in Section 6.4.2 that this is because of underfitting. Moreover, the performance of MC-dropout is

highly sensitive to the dropout rate (see Section 6.11 for a comparison of different dropout rates).

On ImageNet, Noisy K-FAC performs well too. It is slower than VOGN, but it takes fewer epochs.

Overall, wall clock time is about the same as VOGN.

6.4.2 Quality of the Predictive Probabilities

In this section, we compare the quality of the predictive probabilities for various methods. For

Bayesian methods, we compute these probabilities by averaging over the samples from the posterior

approximations (see Section 6.12 for details). For non-Bayesian methods, these are obtained using

the point estimate of the weights. We compare the probabilities using the following metrics: val-

idation negative log-likelihood (NLL), area under ROC (AUROC) and expected calibration curves

(ECE) [Naeini et al., 2015, Guo et al., 2017]. For the first and third metric, a lower number is
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Table 6.1: Performance comparisons on different dataset/architecture combinations. Out of the 15
metrics (NLL, ECE, and AUROC on 5 dataset/architecture combinations), VOGN performs the
best or tied best on 10 ,and is second-best on the other 5. Here DA means ‘Data Augmentation’,
NLL refers to ‘Negative Log Likelihood’ (lower is better), ECE refers to ‘Expected Calibration Error’
(lower is better), AUROC refers to ‘Area Under ROC curve’ (higher is better). BBB is the Bayes By
Backprop method. For ImageNet, the reported accuracy and negative log likelihood are the median
value from the final 5 epochs. All hyperparameter settings are in Section 6.8. See Table 6.3 for
standard deviations. † BBB is not parallelized (other methods have 4 processes), with 1 MC sample
used for the convolutional layers (VOGN uses 6 samples per process).

Dataset/
Architecture

optimizer
Train/Validation

Accuracy (%)
Validation

NLL
Epochs

Time/
epoch (s)

ECE AUROC

CIFAR-10/
LeNet-5
(no DA)

Adam 71.98 / 67.67 0.937 210 6.96 0.021 0.794
BBB 66.84 / 64.61 1.018 800 11.43† 0.045 0.784
MC-dropout 68.41 / 67.65 0.99 210 6.95 0.087 0.797
VOGN 70.79 / 67.32 0.938 210 18.33 0.046 0.8

CIFAR-10/
AlexNet
(no DA)

Adam 100.0 / 67.94 2.83 161 3.12 0.262 0.793
MC-dropout 97.56 / 72.20 1.077 160 3.25 0.140 0.818
VOGN 79.07 / 69.03 0.93 160 9.98 0.024 0.796

CIFAR-10/
AlexNet

Adam 97.92 / 73.59 1.480 161 3.08 0.262 0.793
MC-dropout 80.65 / 77.04 0.667 160 3.20 0.114 0.828
VOGN 81.15 / 75.48 0.703 160 10.02 0.016 0.832

CIFAR-10/
ResNet-18

Adam 97.74 / 86.00 0.55 160 11.97 0.082 0.877
MC-dropout 88.23 / 82.85 0.51 161 12.51 0.166 0.768
VOGN 91.62 / 84.27 0.477 161 53.14 0.040 0.876

ImageNet/
ResNet-18

SGD 82.63 / 67.79 1.38 90 44.13 0.067 0.856
Adam 80.96 / 66.39 1.44 90 44.40 0.064 0.855
MC-dropout 72.96 / 65.64 1.43 90 45.86 0.012 0.856
OGN 85.33 / 65.76 1.60 90 63.13 0.128 0.854
VOGN 73.87 / 67.38 1.37 90 76.04 0.029 0.854
K-FAC 83.73 / 66.58 1.493 60 133.69 0.158 0.842
Noisy K-FAC 72.28 / 66.44 1.44 60 179.27 0.080 0.852
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better, while for the second, a higher number is better. See Section 6.12 for an explanation of these

metrics. Results are summarised in Table 6.1. VOGN’s uncertainty performance is more consistent

and marginally better than the other methods, as expected from a more principled Bayesian method.

Out of the 15 metrics (NLL, ECE and AUROC on 5 dataset/architecture combinations), VOGN per-

forms the best or tied best on 10, and is second-best on the other 5. In contrast, both MC-dropout’s

and Adam’s performance varies significantly, sometimes performing poorly, sometimes performing

decently. MC-dropout is best on 4, and Adam is best on 1 (on LeNet-5; as argued earlier, the small

architecture may result in underfitting). We also show calibration curves [DeGroot and Fienberg,

1983] in Figures 6.1 and 6.16. Adam is consistently over-confident, with its calibration curve be-

low the diagonal. Conversely, MC-dropout is usually under-confident. On ImageNet, MC-dropout

performs well on ECE (all methods are very similar on AUROC), but this required an excessively

tuned dropout rate (see Section 6.11).

We also compare performance on out-of-distribution datasets. When testing on datasets that

are different from the training datasets, predictions should be more uncertain. We use experimental

protocol from the literature [Hendrycks and Gimpel, 2017, Lee et al., 2018, DeVries and Taylor,

2018, Liang et al., 2018] to compare VOGN, Adam and MC-dropout on CIFAR-10. We also borrow

metrics from other works [Hendrycks and Gimpel, 2017, Lakshminarayanan et al., 2017], showing

predictive entropy histograms and also reporting AUROC and FPR at 95% TPR. See Section 6.13

for further details on the datasets and metrics. Ideally, we want predictive entropy to be high

on out-of-distribution data and low on in-distribution data. Our results are summarised in Figure

6.4 and Section 6.13. On ResNet-18 and AlexNet, VOGN’s predictive entropy histograms show

the desired behaviour: a spread of entropies for the in-distribution data, and high entropies for

out-of-distribution data. Adam has many predictive entropies at zero, indicating Adam tends to

classify out-of-distribution data too confidently. Conversely, MC-dropout’s predictive entropies are

generally high (particularly in-distribution), indicating MC-dropout has too much noise. On LeNet-

5, we observe the same result as before: Adam and MC-dropout both perform well. The metrics

(AUROC and FPR at 95% TPR) do not provide a clear story across architectures.

6.4.2.1 Performance on a Continual-learning task

The goal of continual learning is to avoid forgetting of old tasks while sequentially observing new

tasks. The past tasks are never visited again, making it difficult to remember them. The field

of continual learning has recently grown, with many approaches proposed to tackle this problem

[Kirkpatrick et al., 2017, Lopez-Paz and Ranzato, 2017, Nguyen et al., 2018, Rusu et al., 2016,

Schwarz et al., 2018]. Most approaches consider a simple setting where the tasks (such as classifying

a subset of classes) arrive sequentially, and all the data from that task is available. We consider the

same setup in our experiments.
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Figure 6.4: Histograms of predictive entropy for out-of-distribution tests for ResNet-18 trained on
CIFAR-10. Going from left to right, the inputs are: the in-distribution dataset (CIFAR-10), followed
by out-of-distribution data: SVHN, LSUN (crop), LSUN (resize). Also shown are the FPR at 95%
TPR metric (lower is better) and the AUROC metric (higher is better), averaged over 3 runs. We
clearly see that VOGN’s predictive entropy is generally low for in-distribution and high for out-of-
distribution data, but this is not the case for other methods. Solid vertical lines indicate the mean
predictive entropy. The standard deviations are small and therefore not reported.

We compare to Elastic Weight Consolidation (EWC) [Kirkpatrick et al., 2017] and a VI-based

approach called Variational Continual Learning (VCL) [Nguyen et al., 2018]. VCL employs BBB for

each task, and we expect to boost its performance by replacing BBB by VOGN. Figure 6.2b shows

results on a common benchmark called Permuted MNIST. We use the same experimental setup as

in Swaroop et al. [2019]. In Permuted MNIST, each task consists of the entire MNIST dataset (10-

way classification) with a different fixed random permutation applied to the input images’ pixels.

We run each method 20 times, with different random seeds for both the benchmark’s permutations

and model training. See Section 6.8.2 for hyperparameter settings and further details. We see

that VOGN performs at least as well as VCL, and far better than a popular approach called EWC

[Kirkpatrick et al., 2017]. Additionally, as found in the batch learning setting, VOGN is much

quicker than BBB: we run VOGN for only 100 epochs per task, whereas VCL requires 800 epochs

per task to achieve best results [Swaroop et al., 2019].

6.5 Noisy K-FAC algorithm

Noisy K-FAC [Zhang et al., 2018a] attempts to approximate the structure of the full covariance

matrix, and therefore the updates are a bit more involved than VOGN (see Equation 6.4). Assuming

a fully-connected layer, we denote the weight matrix of layer by W . The Noisy K-FAC method

estimates the parameters of a matrix-variate Gaussian distribution qt(W ) =MN (W |M (t),Σ
(t)
2 ⊗

Σ
(t)
1 ) by using the following updates:

M (t+1) ←M (t) − αt
[
A(t+1)
γ

]−1 (
∇WE

[
`(xn,yn,θ

(t)
]

+ δ̃W (t)
) [
B(t+1)
γ

]−1

, (6.5)

A(t+1) ← (1− β̃t)A(t) + β̃tE
[
h(t)h(t)>

]
, B(t+1) ← (1− β̃t)B(t) + β̃tE

[
g(t)g(t)>

]
, (6.6)
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where W (t) ∼ qt(W ), g(t) := ∇u`(xn,yn,θ(t)) with u = u(t) := W (t)>h(t), h(t) is the input

vector (the activation of the previous layer), E [·] is the average over the minibatch. β̃ := βτ/N ,

and γ := γ̃ + γex with some external damping factor γex. The covariance parameters are set to

Σ
(t)
2

−1
:= τA

(t)
γ /N and Σ

(t)
1

−1
:= B

(t)
γ , where A

(t)
γ := A(t) + πt

√
γI and B

(t)
γ := B(t) + 1

πt

√
γI.

π2
t (πt > 0) is the average eigenvalue of A(t) divided by that of B(t). Similarly to the VOGN update

in Equation 6.4, the gradients are scaled by matricesA(t) andB(t), which are related to the precision

matrix of the approximation.

6.6 Details on fast implementation of the Gauss-Newton ap-
proximation

Current deep learning codebases are only optimized to directly return the average of gradients over

the minibatch. In order to efficiently compute the Gauss-Newton (GN) approximation, we modify

the backward-pass to efficiently calculate the gradient per example in the minibatch, and extend the

solution in Goodfellow [2015] to both convolutional and Batch Normalization layers.

6.6.1 Convolutional layer

Consider a convolutional layer with a weight matrix W ∈ RCout×CinF 2

(ignore bias for simplicity)

and an input tensor H ∈ RCin×Hin×Win , where Cout, Cin are the number of output, input channels,

respectively, Hin,Win are the spatial dimensions, and F is the filter size. For any stride and padding,

by applying torch.nn.functional.unfold function in PyTorch5, we get the extended matrixMH ∈

RCinF 2×HoutWout so that the output tensor S is calculated by a matrix multiplication:

MH ← unfold (H) ∈ RCinF
2×HoutWout , (6.7)

MU ←WMH ∈ RCout×HoutWout , (6.8)

U← reshape (MU) ∈ RCout×Hout×Wout , (6.9)

where Hout,Wout are the spatial dimensions of the output feature map. Using the matrix MH, we

can also get the gradient per example by a matrix multiplication:

∇MU`(xn,yn,θ)← reshape (∇U`(xn,yn,θ)) ∈ RCout×HoutWout , (6.10)

∇W `(xn,yn,θ)← ∇MU`(xn,yn,θ)M>
H ∈ RCout×CinF

2

. (6.11)

Note that in PyTorch, we can access to the inputs H and the gradient ∇U`(xi,yi,θ) per example

in the computational graph during a forward-pass and a backward-pass, respectively, by using the

Function Hooks 6. Hence, to get the gradient ∇W `(xi,yi,θ) per example, we only need to perform

(6.7), (6.10), and (6.11) after the backward-pass for this layer.

5https://pytorch.org/docs/stable/nn.functional.html#torch.nn.functional.unfold
6https://pytorch.org/tutorials/beginner/former_torchies/nnft_tutorial.html#

forward-and-backward-function-hooks
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6.6.2 Batch Normalization layer

Consider a Batch Normalization layer follows a fully-connected layer, which activation is h ∈ Rd,

with the scale parameter γ ∈ Rd and the shift parameter β ∈ Rd, we get the output of this layer

s ∈ Rd by,

µ← E [h] ∈ Rd , (6.12)

σ2 ← E
[
(h− µ)

2
]
∈ Rd , (6.13)

â← h− µ√
σ2
∈ Rd , (6.14)

u← γĥ+ β ∈ Rd , (6.15)

where E [·] is the average over the minibatch and ĥ is the normalized input. We can find the gradient

with respect to parameters γ and β per example by,

∇γ`(xn,yn,θ)← ∇u`(xn,yn,θ) ◦ ĥ , (6.16)

∇β`(xn,yn,θ)← ∇u`(xn,yn,θ) . (6.17)

We can obtain the input h and the gradient ∇u`(xn,yn,θ) per example from the computational

graph in PyTorch in the same way as a convolutional layer.

6.6.3 Layer-wise block-diagonal Gauss-Newton approximation

Despite using the method above, it is still intractable to compute the Gauss-Newton matrix C (and

its inverse) with respect to the weights of large-scale deep neural networks. We therefore apply

two further approximations. First, we view the C as a layer-wise block-diagonal matrix. This

corresponds to ignoring the correlation between the weights of different layers. Hence for a network

with L layers, there are L diagonal blocks, and Cl is the diagonal block corresponding to the l-th

layer (l = 1, . . . , L). Second, we approximate each diagonal block Cl with C̃l, which is either a

Kronecker-factored or diagonal matrix. Using a Kronecker-factored matrix as C̃l corresponds to K-

FAC; a diagonal matrix corresponds to a mean-field approximation in that layer. By applying these

two approximations, the update rule of the Gauss-Newton method can be written in a layer-wise

fashion:

θ
(t+1)
l = θ

(t)
l − αtC̃l(θ

(t))
−1
∇θlL(θ(t)) (l = 1, . . . , L) , (6.18)

where θl ∈ RPl is the parameters in l-th layer,

θ =
[
θ>1 · · · θ>L

]> ∈ RP , (6.19)

and P =
∑
l Pl. Since the cost of computing C̃

−1

l is much cheaper compared to that of computing

C−1, our approximations make Gauss-Newton much more practical in deep learning.
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Table 6.2: The approximation used for each layer type’s diagonal block C̃l for the different optimizers
tested this paper.

optimizer convolution fully-connected BatchNorm

OGN diagonal diagonal diagonal
VOGN diagonal diagonal diagonal
K-FAC Kronecker-factored Kronecker-factored diagonal

Noisy K-FAC Kronecker-factored Kronecker-factored diagonal

In the distributed setting, each parallel process (corresponding to 1 GPU) calculates the GN

matrix for its local minibatch. Then, one GPU adds them together and calculates the inverse. This

inversion step can also be parallelized after making the block-diagonal approximation to the GN

matrix. After inverting the GN matrix, the standard deviation σ is updated (line 9 in Algorithm 6),

and sent to each parallel process, allowing each process to draw independently from the posterior.

In the Noisy K-FAC case, we use the same distributed K-FAC strategy as proposed in Chapter 5.

When using K-FAC approximations to the Gauss-Newton blocks for other layers, Osawa et al. [2020]

empirically showed that the BatchNorm layer can be approximated with a diagonal matrix without

loss of accuracy, and we find the same. We therefore use diagonal C̃` with K-FAC and Noisy K-FAC

in BatchNorm layers (see Table 6.2). For further details on how to efficiently parallelise K-FAC in

the distributed setting, please see Osawa et al. [2019b, 2020] or Chapter 5.

6.7 OGN: A deterministic version of VOGN

To easily apply the tricks and techniques of deep-learning methods, we recommend to first test them

on a deterministic version of VOGN, which we call the online Gauss-Newton (OGN) method. In

this method, we approximate the gradients at the mean of the Gaussian, rather than using MC

samples7. This results in an update without any sampling, as shown below (we have replaced µ(t)

by θ(t) since there is no distinction between them):

θ(t+1) ← θt − αt
ĝ(θ(t)) + δ̃θ(t)

s(t+1) + δ̃
, (6.20)

s(t+1) ← (1− τβt)s(t) + βt
1

|Bt|
∑
n∈Bt

(
gn(θ(t))

)2

. (6.21)

At each iteration, we still get a Gaussian N (θ|θ(t), Σ̂(t)) with Σ̂(t) := diag(1/(N(s(t) + δ̃))). It is

easy to see that, like SG methods, this algorithm converges to a local minima of the loss function,

thereby obtaining a Laplace approximation instead of a variational approximation. The advantage

of OGN is that this can be used as a stepping stone, when switching from Adam to VOGN. Since it

does not involve sampling, the tricks and techniques applied to Adam are easier to apply to OGN

7This gradient approximation used here is referred to as the zeroth-order delta approximation where Eq [ĝ(θ)] ≈
ĝ(µ) (see Appendix A.6 in Khan [2012] for details).
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Figure 6.5: LeNet-5 on CIFAR-10 (no DA)
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Figure 6.6: AlexNet on CIFAR-10 (no DA)

than VOGN. However, due to the lack of averaging over samples, this algorithm is less effective to

preserve the benefits of Bayesian principles, and gives slightly worse uncertainty estimates.

6.8 Hyperparameter settings

Hyperparameters for all results shown in Table 6.1 are given in Table 6.4. The settings for distributed

VI training are given in Table 6.5. Please see Goyal et al. [2017], Osawa et al. [2020], and Chapter 5

for best practice on these hyperparameter values.

6.8.1 Bayes by Backprop for CIFAR-10/LeNet-5 training

We use hyperparameter settings and training procedure for Bayes by Backprop (BBB) [Blundell

et al., 2015] as suggested by Swaroop et al. [2019]. This includes using the local reparameterization
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Figure 6.7: AlexNet on CIFAR-10
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Figure 6.8: ResNet-18 on CIFAR-10
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Figure 6.9: ResNet-18 on ImageNet

Table 6.4: Hyperparameters for all results in Table 6.1

Dataset/
Architecture

optimizer αinit α Epochs to decay α β1 β2
Weight
decay

L2 reg

CIFAR-10/
LeNet-5
(no DA)

Adam - 1e-3 - 0.1 0.001 1e-2 -
BBB - 1e-3 - 0.1 0.001 - -
MC-dropout - 1e-3 - 0.9 - - 1e-4
VOGN - 1e-2 - 0.9 0.999 - -

CIFAR-10/
AlexNet
(no DA)

Adam - 1e-3 [80, 120] 0.1 0.001 1e-4 -
MC-dropout - 1e-1 [80, 120] 0.9 - - 1e-4
VOGN - 1e-4 [80, 120] 0.9 0.999 - -

CIFAR-10/
AlexNet

Adam - 1e-3 [80, 120] 0.1 0.001 1e-4 -
MC-dropout - 1e-1 [80, 120] 0.9 - - 1e-4
VOGN - 1e-4 [80, 120] 0.9 0.999 - -

CIFAR-10/
ResNet-18

Adam - 1e-3 [80, 120] 0.1 0.001 5e-4 -
MC-dropout - 1e-1 [80, 120] 0.9 - - 1e-4
VOGN - 1e-4 [80, 120] 0.9 0.999 - -

ImageNet/
ResNet-18

SGD 1.25e-2 1.6 [30, 60, 80] 0.9 - - 1e-4
Adam 1.25e-5 1.6e-3 [30, 60, 80] 0.1 0.001 1e-4 -
MC-dropout 1.25e-2 1.6 [30, 60, 80] 0.9 - - 1e-4
OGN 1.25e-5 1.6e-3 [30, 60, 80] 0.9 0.9 - 1e-5
VOGN 1.25e-5 1.6e-3 [30, 60, 80] 0.9 0.999 - -
K-FAC 1.25e-5 1.6e-3 [15, 30, 45] 0.9 0.9 - 1e-4
Noisy K-FAC 1.25e-5 1.6e-3 [15, 30, 45] 0.9 0.9 - -

70



Table 6.5: Settings for distributed VI training

optimizer
Dataset/

Architecture
M # GPUs K τ ρ Norig δ δ̃ γ

VOGN

CIFAR-10/
LeNet-5
(no DA)

128 4 6 0.1 → 1 1 50,000 100 2e-4 → 2e-3 1e-3

CIFAR-10/
AlexNet
(no DA)

128 8 3 0.05 → 1 1 50,000 0.5 5e-7 → 1e-5 1e-3

CIFAR-10/
AlexNet

128 8 3 0.5 → 1 10 50,000 0.5 5e-7 → 1e-5 1e-3

CIFAR-10/
ResNet-18

256 8 5 1 10 50,000 50 1e-3 1e-3

ImageNet/
ResNet-18

4096 128 1 1 5 1,281,167 133.3 2e-5 1e-4

Noisy K-FAC
ImageNet/
ResNet-18

4096 128 1 1 5 1,281,167 133.3 2e-5 1e-4

trick, initializing means and variances at small values, using 10 MC samples per minibatch during

training for linear layers (1 MC sample per minibatch for convolutional layers) and 100 MC samples

per minibatch during testing for linear layers (10 MC samples per minibatch for convolutional

layers). Note that BBB has twice as many parameters to optimize than Adam or SGD (means and

variances for each parameter in the deep neural network). The fewer MC samples per minibatch for

convolutional layers speed up training time per epoch while empirically not reducing convergence

rate.

6.8.2 Continual learning experiment

Following the setup of Swaroop et al. [2019], all models are run with two hidden layers, of 100 hidden

units each, with ReLU activation functions. VCL is run with the same hyperparameter settings as

in Swaroop et al. [2019]. We perform a grid search over EWC’s λ hyperparameter, finding that

λ = 100 performs the best, exactly like in Nguyen et al. [2018].

VOGN is run for 100 epochs per task. Parameters are initialized before training with the default

PyTorch initialization for linear layers. The initial precision is 1e6. A standard normal initial prior

is used, just like in VCL. Between tasks, the mean and precision are initialized in the same way as

for the first task. The learning rate α = 1e− 3, the batch size M = 256, β1 = 0, β2 = 1e− 3, 10 MC

samples are used during training and 100 for testing. We run each method 20 times, with different

random seeds for both the benchmark’s permutation and for model training.

6.9 Effect of prior variance and dataset size reweighting fac-
tor

We show the effect of changing the prior variance (δ−1 in Algorithm 6) in Figures 6.10 and 6.11.

We can see that increasing the prior variance improves validation performance (accuracy and log

likelihood). However, increasing prior variance also always increases the train-test gap, without
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Figure 6.10: Effect of prior variance on VOGN training ResNet-18 on ImageNet.

exceptions, when the other hyperparameters are held constant. As an example, training VOGN on

ResNet-18 on ImageNet with a prior variance of 7.5e− 4 has train-test accuracy and log likelihood

gaps of 2.29 and 0.12 respectively. When the prior variance is increased to 7.5e− 3, the respective

train-test gaps increase to 6.38 and 0.34 (validation accuracy and validation log likelihood also

increase, see Figure 6.10).

With increased prior variance, VOGN (and Noisy K-FAC) reach converged solutions more like

their non-Bayesian counterparts, where overfitting is an issue. This is as expected from Bayesian

principles.

Figure 6.12 shows the combined effect of the dataset reweighting factor ρ and prior variance.

When ρ is set to a value in the correct order of magnitude, it does not affect performance so much:

instead, we should tune δ. This is our methodology when dealing with ρ. Note that we set ρ for

ImageNet to be smaller than that for CIFAR-10 because the data augmentation cropping step uses

a higher portion of the initial image than in CIFAR-10: we crop images of size 224x224 from images

of size 256x256.

6.10 Effect of number of Monte Carlo samples on ImageNet

In the paper, we report results for training ResNet-18 on ImageNet using 128 GPUs, with 1 in-

dependent Monte-Carlo (MC) sample per process during training (mc=128x1), and 10 MC samples

per validation image (val mc= 10). We now show that increasing either of training or testing

MC samples improves performance (validation accuracy and log likelihood) at the cost of increased

computation time. See Figure 6.13.

Increasing the number of training MC samples per process reduces noise during training. This

effect is observed when training on CIFAR-10, where multiple MC samples per process are required

to stabilise training. On ImageNet, we have much larger minibatch size (4,096 instead of 256) and
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Figure 6.11: Effect of prior variance on Noisy K-FAC training ResNet-18 on ImageNet.
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Figure 6.12: Effect of changing the dataset size reweighting factor ρ and prior variance on VOGN
training ResNet-18 on ImageNet.
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Figure 6.13: Effect of number of training and testing Monte Carlo samples on validation accuracy
and log loss for VOGN on ResNet-18 on ImageNet.

more parallel processes (128 not 8), and so training with 1 MC sample per process is still stable.

However, as shown in Figure 6.13, increasing the number of training MC samples per process to

from 1 to 2 speeds up convergence per epoch, and reaches a better converged solution. The time

per epoch (and hence total runtime) also increases by approximately a factor of 1.5. Increasing the

number of train MC samples per process to 3 does not increase final test performance significantly.

Increasing the number of testing MC samples from 10 to 100 (on the same trained model)

also results in better generalization: the train accuracy and log likelihood are unchanged, but the

validation accuracy and log likelihood increase. However, as we run an entire validation on each

epoch, increasing validation MC samples also increases run-time.

These results show that, if more compute is available to the user, they can improve VOGN’s

performance by improving the MC approximation at either (or both) train-time or test-time (up to

a limit).

74



0 20 40 60 80
epoch

3.0

2.5

2.0

1.5

lo
g 

lik
el

ih
oo

d

0 20 40 60 80
epoch

30

40

50

60

70

ac
cu

ra
cy

 [%
]

dropout_rate=0.3
dropout_rate=0.2
dropout_rate=0.1
dropout_rate=0.01

Figure 6.14: Effect of changing the dropout rate in MC-dropout, training LeNet-5 on CIFAR-10.
When p = 0.01, the train-test gap on accuracy and log likelihood is very high (10.3% and 0.34
respectively). When p = 0.1, gaps are 1.4% and 0.04 respectively. When p = 0.2, the gaps are -
7.71% and -0.02 respectively. We therefore choose p = 0.1 as it has high accuracy and log likelihood,
and small train-test gap.

6.11 MC-dropout’s sensitivity to dropout rate

We show MC-dropout’s sensitivity to dropout rate, p, in this section. We tune MC-dropout as best

as we can, finding that p = 0.1 works best for all architectures trained on CIFAR-10 (see Figure 6.14

for the dropout rate’s sensitivity on LeNet-5 as an example). On ResNet-18 trained on ImageNet,

we find that MC-dropout is extremely sensitive to dropout rate, with even p = 0.1 performing

badly. We therefore use p = 0.05 for MC-dropout experiments on ImageNet. This high sensitivity

to dropout rate is an issue with MC-dropout as a method.

6.12 Uncertainty metrics

We use several approaches to compare uncertainty estimates obtained by each optimizer. We follow

the same methodology for all optimizers: first, tune hyperparameters to obtain good accuracy on

the validation set. Then, test on uncertainty metrics. For multi-class classification problems, all

of these are based on the predictive probabilities. For non-Bayesian approaches, we compute the

probabilities for a validation input xi as p̂ik := p(yi = k|xi,θ∗), where θ∗ is the weight vector of the

DNN whose uncertainty we are estimating. For Bayesian methods, we can compute the predictive

probabilities for each validation example xn as follows:

p̂nk :=

∫
p(yn = k|xn,θ)p(θ|S)dθ ≈

∫
p(yn = k|xn,θ)q(θ)dθ ≈ 1

m

m∑
i=1

p(yn = k|xn,θ(i)),

where θ(i) ∼ q(θ) are samples from the Gaussian approximation returned by a variational method.

We use 10 MC samples at validation-time for VOGN and MC-dropout (the effect of changing number
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Figure 6.15: Effect of changing the dropout rate in MC-dropout, training Resnet-18 on ImageNet.
We use p = 0.05 for our results.

of validation MC samples is shown in Section 6.10). This increases the computational cost during

testing for these methods when compared to Adam or SGD.

Using the estimates p̂nk, we use three methods to compare uncertainties: validation log loss,

AUROC and calibration curves. We also compare uncertainty performance by looking at model

outputs when exposed to out-of-distribution data.

Validation log likelihood. Log likelihood (or log loss) is a common uncertainty metric. We

consider a validation set of NV a examples. For an input xn, denote the true label by yn, a 1-of-K

encoded vector with 1 at the true label and 0 elsewhere. Denote the full vector of all validation

outputs by y. Similarly, denote the vector of all probabilities p̂nk by p, where k ∈ {1, ...,K}. The

validation log likelihood is defined as L(y, p̂) := 1
NV a

∑NV a
n=1

∑K
k=1 ynk log p̂nk.

Tables 6.1 and 6.3 show final validation (negative) log likelihood. VOGN performs very well on

this metric (aside from on CIFAR-10/AlexNet, with or without DA, where MC-dropout performs the

best). All final validation log likelihoods are very similar, with VOGN usually performing similarly

to the other best-performing optimizers (usually MC-dropout).

Area Under ROC curves (AUROC). We consider Receiver Operating Characteristic (ROC)

curves for our multi-way classification tasks. A potential way that we may care about uncertainty

measurements would be to discard uncertain examples by thresholding each validation input’s pre-

dicted class’ softmax output, marking them as too ambiguous to belong to a class. We can then

consider the remaining validation inputs to either be correctly or incorrectly classified, and calculate

the True Positive Rate (TPR) and False Positive Rate (FPR) accordingly. The ROC curve is sum-

marised by its Area Under Curve (AUROC), reported in Table 6.1. This metric is useful to compare

uncertainty performance in conjunction with the other metrics we use. The AUROC results are very

similar between optimizers, particularly on ImageNet, although MC-dropout performs marginally

better than the others, including VOGN. On all but one CIFAR-10 experiment (AlexNet, without
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DA), VOGN performs the best, or tied best. Adam performs the worst, but is surprisingly good in

CIFAR-10/ResNet-18.

Calibration Curves. Calibration curves [DeGroot and Fienberg, 1983] test how well-calibrated

a model is by plotting true accuracy as a function of the model’s predicted accuracy p̂nk (we only

consider the predicted class’ p̂nk). Perfectly calibrated models would follow the y = x diagonal line

on a calibration curve. We approximate this curve by binning the model’s predictions into M = 20

bins, as is often done. We show calibration curves in Figures 6.1 and 6.16. We can also consider the

Expected Calibration Error (ECE) metric [Naeini et al., 2015, Guo et al., 2017], reported in

Table 6.1. ECE calculates the expected error between the true accuracy and the model’s predicted

accuracy, averaged over all validation examples, again approximated by using M bins. Across all

datasets and architectures, with the exception of LeNet-5 (which we have argued causes underfitting),

VOGN usually has better calibration curves and better ECE than competing optimizers. Adam is

consistently over-confident, with the calibration curve below the diagonal. Conversely, MC-dropout

is usually under-confident, with too much noise, as mentioned earlier. The exception to this is on

ImageNet, where MC-dropout performs well: we excessively tuned the MC-dropout rate to achieve

this (see Section 6.11).

6.13 Out-of-distribution experimental setup and additional
results

We use experiments from the out-of-distribution tests literature [Hendrycks and Gimpel, 2017, Lee

et al., 2018, DeVries and Taylor, 2018, Liang et al., 2018], comparing VOGN to Adam and MC-

dropout. Using trained architectures (LeNet-5, AlexNet and ResNet-18) on CIFAR-10, we test on

SVHN, LSUN (crop) and LSUN (re-size) as out-of-distribution datasets, with the in-distribution

data given by the validation set of CIFAR-10 (10,000 images). The entire training set of SVHN

(73,257 examples, 10 classes) [Netzer et al., 2011] is used. The test set of LSUN (Large-scale Scene

UNderstanding dataset [Yu et al., 2015], 10,000 images from 10 different scenes) is randomly cropped

to obtain LSUN (crop), and is down-sampled to obtain LSUN (re-size). These out-of-distribution

datasets have no similar classes to CIFAR-10.

Similar to the literature [Hendrycks and Gimpel, 2017, Lakshminarayanan et al., 2017], we use

3 metrics to test performance on out-of-distribution data. Firstly, we plot histograms of predictive

entropy for the in-distribution and out-of-distribution datasets, seen in Figure 6.4, 6.17, 6.18 and

6.19. Predictive entropy is given by
∑K
k=1−p̂nk log p̂nk. Ideally, on out-of-distribution data, a model

would have high predictive entropy, indicating it is unsure of which class the input image belongs

to. In contrast, for in-distribution data, good models should have many examples with low entropy,

as they should be confident of many input examples’ (correct) class. We also compare AUROC

and FPR at 95% TPR, also reported in the figures. By thresholding the most likely class’ softmax
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Figure 6.16: Calibration curves comparing VOGN, Adam and MC-dropout for final trained models
trained on CIFAR-10. VOGN is extremely well-calibrated compared to the other two optimizers
(except for LeNet-5, where all optimizers peform well). The calibration curve for ResNet-18 trained
on ImageNet is in Figure 6.1.
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output, we assign high uncertainty images to belong to an unknown class. This allows us to calculate

the FPR and TPR, allowing the ROC curve to be plotted, and the AUROC to be calculated.

We show results on AlexNet in Figure 6.17 and 6.18 (trained on CIFAR-10 with DA and without

DA respectively) and on LeNet-5 in Figure 6.19. Results on ResNet-18 is in Figure 6.4. These results

are discussed in Section 6.4.2.

Figure 6.17: Histograms of predictive entropy for out-of-distribution tests for AlexNet trained on
CIFAR-10 with data augmentation. Going from left to right, the inputs are: the in-distribution
dataset (CIFAR-10), followed by out-of-distribution data: SVHN, LSUN (crop), LSUN (resize).
Also shown are the AUROC metric (higher is better) and FPR at 95% TPR metric (lower is better),
averaged over 3 runs. The standard deviations are very small and so not reported here.

Figure 6.18: Histograms of predictive entropy for out-of-distribution tests for AlexNet trained on
CIFAR-10 without data augmentation. Going from left to right, the inputs are: the in-distribution
dataset (CIFAR-10), followed by out-of-distribution data: SVHN, LSUN (crop), LSUN (resize).
Also shown are the AUROC metric (higher is better) and FPR at 95% TPR metric (lower is better),
averaged over 3 runs. The standard deviations are very small and so not reported here.

6.14 Discussion

We successfully train deep networks with a Natural Gradient Variational Inference method, VOGN,

on a variety of architectures and datasets, even scaling up to ImageNet. This is made possible due

to the similarity of VOGN to Adam, enabling us to boost performance by borrowing deep learning

techniques. Our accuracies and convergence rates are comparable to SGD and Adam. Unlike them,
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Figure 6.19: Histograms of predictive entropy for out-of-distribution tests for LeNet-5 trained on
CIFAR-10 without data augmentation. Going from left to right, the inputs are: the in-distribution
dataset (CIFAR-10), followed by out-of-distribution data: SVHN, LSUN (crop), LSUN (resize).
Also shown are the AUROC metric (higher is better) and FPR at 95% TPR metric (lower is better),
averaged over 3 runs. The standard deviations are very small and so not reported here.

however, VOGN retains the benefits of Bayesian principles, with well-calibrated uncertainty and

good performance on out-of-distribution data. Better uncertainty estimates open up a whole range

of potential future experiments, for example, small data experiments, active learning, adversarial

experiments, and sequential decision making. Our results on a continual-learning task confirm this.

Another potential avenue for research is to consider structured covariance approximations.
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Chapter 7

Information matrix in large-scale
deep learning

The information matrices of neural networks, such as the Hessian matrix (H), the Fisher information

matrix (F ), and the covariance of the gradients (C), play a key role in analysis and understanding

of the training and generalization in deep learning. Recent developments in approximation methods

and software libraries have made practical computation of these matrices possible. However, few

empirical studies have exhaustively tested the characteristics and approximability of these matrices.

The reason for this is that existing libraries do not widely support various types of matrices in both

exact and approximate form. Moreover, the huge computational cost of preparing a large number

of neural network models, especially in large-scale setups, prevents the realization of comprehensive

comparisons and limits our understanding of these matrices.

Comprehensive empirical studies with various neural network architectures, data sets, and train-

ing settings (e.g., mini-batch size, hyper-parameters) are becoming increasingly popular for analysis

and understanding of deep learning [Shallue et al., 2019, McCandlish et al., 2018, Choi et al., 2019,

Jiang et al., 2020, Metz et al., 2020]. We believe it would be of interest to the community if such

comprehensive empirical studies were performed for the various information matrices and their ap-

proximations. Libraries such as BACKPACK [Dangel et al., 2020] and PyHessian [Yao et al.,

2020] offer the capability to compute such matrices, but provide support for a limited set of matrix

and neural network types. The present work extends those capabilities and performs a comprehen-

sive empirical study for various networks, data sets, and training settings. The target tasks, deep

networks, and matrices are described in Table 7.1.

7.1 Software libraries for information matrices analysis

. Table 7.2 lists existing software libraries for information matrix analysis in deep learning built

on top of PyTorch [Paszke et al., 2019]. While most libraries only support the computation of

1BackPACK does not support Ckron. Its (averaged) SumGradSquared extension corresponds to Cdiag.
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Table 7.1: Models and matrices of deep neural networks for image classification tasks. 4k represents
that only the top-k eigenvalues are stored. Matrix types and shapes are defined in chapter 3. H of
shape blk-diag, kron, and diag are not evaluated because they are equivalent to those of F in case of
piecewise linear activation functions (e.g., ReLU) [Botev et al., 2017]. F-MNIST : Fashion-MNIST.
bn: Batch Normalization. See section 7.3 for more information.

Data set Networks
# params Matrix types Matrix shapes

P H F F1mc/C full/blk-diag kron/diag

MNIST
Fully Connected 13K - 54M

X X X 415 X
Simple CNN 6K - 13M

F-MNIST
Fully Connected 0.1M - 54M

X X X 415 X
Simple CNN 13M

SVHN Simple CNN 17M X X X 415 X

CIFAR-10
VGG-11 w/o bn 9.8M

X X X 415 XResNet-18 11M
WideResNet-50 67M

CIFAR-100
VGG-11 9.8M

X - X 415 XResNet-18 11M
WideResNet-50 67M

ImageNet
VGG-11/19 133M / 143M

X - X 41 XResNet-18/50 12M / 26M

EfficientNet-B0/3 5.3M / 12M

the eigenvalues of the Hessian (H), BackPACK [Dangel et al., 2020] was the first to support the

computation of the generalized Gauss-Newton approximation of H, which is equivalent to the Fisher

information matrix (F ), with user-friendly interfaces. The novelty of BackPACK lies in its original

back-propagation implementation exploiting an efficient Jacobian matrix (J) computation which is

useful for computing F . However, BackPACK limits the range of networks it supports and creates

unnecessary computational overhead due to its original back-propagation.

In this work, we propose Automatic & Scalable Differentiation Library (ASDL), an extension

library of PyTorch, which supports computation of matrices of various types and shapes (described

Table 7.2: Software libraries for the information matrices analysis. 4 represents that only the
eigenvalues computation is supported. Res: the library can be used for networks with residual
connections [He et al., 2016]. Dist : the library supports distributed run with multiple CPU/GPUs.

Software library
Matrices supports

Res Dist
H F Fmmc C shapes J

GPyTorch [Gardner et al., 2018] 4 - - - full - X -
MLRG DC [Granziol et al., 2019] 4 - - - full - X -
PyHessian [Yao et al., 2020] 4 - - - full - X X
BackPACK [Dangel et al., 2020] - X X X1 kron, diag X - -

This work X X X X all shapes - X X
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Figure 7.1: Left: Top-10 eigenvalues of H,F ,F1mc and C of various shapes of Fully Connected
at each phase (training accuracy (%)) of training on MNIST classification with batch size of 256.
Note that each matrix is evaluated using the entire training set. Right: Averaged computation
time (100 trials by a NVIDIA Tesla P100) by ASDL for the same model using the entire training
set with batch size of 64. The times in parentheses () are measured using BackPACK [Dangel
et al., 2020]. X · v: a matrix-vector product. X: computation of an approximate matrix. eig(X):
computation of sorted eigenvalues. ASDL can efficiently compute Xkron and Xdiag at the same time.
eig(Xkron) = eig(B ⊗A) = eig(B) ⊗ eig(A), and eig(Xdiag) is just sorting diagonal elements. Due
the huge size of Xfull and Xblk-diag, their eigenvalues are evaluated by the power method using X · v
(about 10-20 iterations for each eigenvalue). Hence, the eigenvalues of Xkron, Xdiag are much easier
to calculate than those of Xfull, Xblk-diag.

in Chapter 3) and extends the standard automatic-differentiation library (ADL). ASDL support the

widest range of matrix types and shapes. We found that, in practical deep learning setups, an

estimation of F by Monte-Carlo samplings (Fmmc) reproduces F ’s eigenspectrum well and can

be computed efficiently without J computation (Figure 7.1). ASDL also supports networks with

residual connections [He et al., 2016] and distributed GPUs run that are essential for analyses in

practical setups.

7.2 Experiments

7.2.1 Matrices and eigenvalues computation

In Figure 7.1, we compare the eigenspectrum and computation time of the matrices of each type

and shape for Fully Connected models trained on MNIST. Since the sizes of full and block-diagonal

matrices are immense, it cannot be constructed on memory. Thus, we calculate their eigenvalues

by the power method. The eigenvalues of block-diagonal, Kronecker-factored, and diagonal H are

not evaluated as they are equivalent to those of F in case of piecewise linear activation functions

(e.g., ReLU) [Botev et al., 2017]. In the middle of the training (i.e., training accuracy = 70%), the

matrices of types other than C have almost identical eigenspectrum in each shape. At the end of the
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Figure 7.2: Left: Correlation between λmax(F1mc,blk-diag), λmax(Cblk-diag) and accuracy gap (train
vs test) of 2,568 converged (training accuracy ≥ 99.9%) MNIST models (left clusters: Simple CNN,
right clusters: Fully Connected). Right: Kendall’s rank coefficient τ [Jiang et al., 2020] for each
measure of the same models. A larger value indicates a stronger positive correlation. Tr(·): trace.
Neff(·): effective dimensions [Maddox et al., 2020]. λmax(·): top eigenvalue.

training (i.e., training accuracy = 99.9%), the eigenvalue of C decays compared to the others. The

Kronecker-factored matrices reproduce the eigenvalues of the block-diagonal matrices well. Also,

F1mc reproduces those of F well. Both of them can be calculated at a relatively small cost. The

eigenvalues of the diagonal matrices are very small compared to the other shapes.

7.2.2 Matrix eigenvalues as generalization measures

We analyze the generalization performance of the models based on the trace, the top eigenvalue

and the effective dimensions [Maddox et al., 2020]. To evaluate the quality of such measures, we

used Kendall’s rank coefficient [Jiang et al., 2020]: τ := 2
n(n−1)

∑
i<j sign(µi − µj)sign(gi − gj) ,

where µi is the calculated metric and gi is the generalization gap (accuracy gap in our experiments)

of the i-th model in the n models trained on the same task. A larger value indicates a stronger

positive correlation. In Figure 7.2, we compare τ for the matrices of various types and shapes of

2,568 converged (training accuracy ≥ 99.9%) models trained on MNIST. The top eigenvalue of F1mc

shows the strongest correlation with the gap. On the other hand, the measures by the diagonal

matrices and C are generally weakly correlated.

7.3 Training settings

In this section, we describe the detail training settings, i.e., data sets, neural network architectures,

search space for the grid search, and the steps taken to record checkpoints during training.

7.3.1 Grid search

MNIST [LeCun et al., 1998b] contains 60,000 training images of 10 classes. Each pixel in an image

is normalized. We train the Fully Connected and Simple CNN, that are adopted by Shallue et al.
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Figure 7.3: Hyper-parameters search space for training Simple CNN on MNIST with
SGD/Momentum colored by the last column value (test accuracy). optim args represent ar-

guments to torch.optim.SGD of PyTorch [Paszke et al., 2019]. This plot has been exported

from the public project of W&B [Biewald, 2020] for this work.

[2019], with the following hyper-parameters search space:

• mini-batch size: {20, 21, . . . , 212}

• optimizer: SGD / Momentum ( torch.optim.SGD )

• LR schedule: Constant

• optim args.lr : {1, 3, 5} × {10−1, 10−2, 10−3, 10−4}

• optim args.momentum : {0, 0.9}

• optim args.weight decay : {0, 10−3, 10−4}

optim args represent the arguments passed to a PyTorch [Paszke et al., 2019] optimizer class

(e.g. torch.optim.SGD ) . For Fully Connected, we scale the width by {0.125, 0.25, 0.5, 1, 2, 4} and

set the number of fully-connected layers 3 or 5. Figure 7.3 visualizes the hyper-parameters search

space for Simple CNN.

Fashion-MNIST [Xiao et al., 2017] contains 60,000 training images of 10 classes. Each pixel

in an image is normalized. We train the Fully Connected and Simple CNN with the same hyper-

parameters as MNIST.

SVHN [Goodfellow et al., 2014] contains 73,257 training images of 10 classes. Each pixel in

an image is normalized for each channel (RGB). We train Simple CNN with the following hyper-

parameters search space:

• mini-batch size: {20, 21, . . . , 212}

• LR schedule: Constant
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• optimizer:

– Momentum ( torch.optim.SGD )

∗ optim args.lr : {1, 3} × {10−1, 10−2, 10−3, 10−4}

∗ optim args.momentum : 0.9

∗ optim args.weight decay : 10−3

– Adam [Kingma and Ba, 2015] ( torch.optim.Adam )

∗ optim args.lr : {1, 3, 5} × {10−1, 10−2, 10−3, 10−4}

∗ optim args.weight decay : {0, 10−3, 10−4}

CIFAR-10 [Krizhevsky and Hinton, 2009] contains 50,000 training images of 10 classes. Each

pixel in an image is normalized for each channel (RGB). To systematically create models with

various learning speed, we adopt the Linear decay learning rate scheduling [Shallue et al., 2019].

The learning rate at t-th step (η(t)) is given as:

η(t) =

{
η(0) + (1− α)η(0) t

T if t ≤ T ,
αη(0) otherwise,

(7.1)

where η(0) is optim args.lr . We train VGG-11 [Simonyan and Zisserman, 2015] (without Batch

Normalization [Ioffe and Szegedy, 2015]), ResNet-18 [He et al., 2016], and WideResNet-50 [Zagoruyko

and Komodakis, 2016] with the following hyper-parameter search space:

• mini-batch size: {22, 23, . . . , 212}

• optimizer: Momentum ( torch.optim.SGD )

• LR schedule: Linear decay

– α: 0.01

– T : {300000, 400000, 500000, 600000}

• optim args.lr : {1, 3, 5} × {1, 10−1, 10−2, 10−3, 10−4}

• optim args.momentum : 0.9

• optim args.weight decay : {0, 10−3, 10−4}

CIFAR-100 [Krizhevsky and Hinton, 2009] contains 50,000 training images of 100 classes. Each

pixel in an image is normalized for each channel (RGB). We train VGG-11 with Batch Normalization,

ResNet-18, and WideResNet-50 with the same hyper-parameters search space as CIFAR-10 except:

• mini-batch size: {25, 26, . . . , 212}

Also, we train models with and without the following data augmentation:
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• torchvision.transforms.RandomCrop ( size : 32, padding : 4) of TorchVision 2.

• torchvision.transforms.RandomHorizontalFlip ( p : 0.5) of TorchVision.

ImageNet [Deng et al., 2009] contains 1,281,167 images of 1000 classes. Each pixel in an image is

normalized for each channel (RGB). We train VGG-11/19 [Simonyan and Zisserman, 2015], ResNet-

18/50 [He et al., 2016], and EfficientNet-B0/B3 [Tan and Le, 2019]. Due to the computational

budget limitations, we do not perform a detail grid search. We only change the mini-batch size:

• mini-batch size (BS): {210, 211, 212, 213, 214}

• VGG-11/19:

– optimizer: Nesterov ( torch.optim.SGD , nesterov=True )

– LR schedule: Linear decay

∗ α: 0.003

∗ T : 1.36 · 105 · 210/BS

– optim args.lr : 0.00125 · BS/210

– optim args.momentum : 0.99

– optim args.weight decay : 10−4

• ResNet-18/50:

– optimizer: Nesterov ( torch.optim.SGD , nesterov=True )

– LR schedule: Linear decay

∗ α: 0.003

∗ T : 1.04 · 105 · 210/BS

– optim args.lr : 0.025 · BS/210

– optim args.momentum : 0.99

– optim args.weight decay : 10−4

• EfficientNet-B0/B3: We use the hyper-parameters described by [Tan and Le, 2019]. We apply

the fixed data augmentation policies created by the Fast AutoAugment [Lim et al., 2019]. We

adopt the PyTorch implementation 3 provided by the authors of the Fast AutoAugment.

Note that we do not apply weight decay to the parameters (γ, β) of Batch Normalization layers. For

VGG-11/19 and ResNet-18/50, we apply the Gradual warmup of learning rate [Goyal et al., 2017]

for the first 5 epochs of training. Also, we apply the following data augmentation:

2https://github.com/pytorch/vision
3https://github.com/kakaobrain/fast-autoaugment
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Table 7.3: The range of mini-batch size, the values of training accuracy to save checkpoints, and
the number of models for each data set and neural network. Once the moving average m(t) (7.2) of
top1-accuracy reaches a checkpoint accuracy, we save the parameters/status of models and optimizer
(e.g. the moving average of squared gradients for Adam [Kingma and Ba, 2015]).

Data set Networks Batch size Checkpoint accuracy [%] # models

MNIST
Fully Connected

[20, 212] 70, 90, 95, 97, 99.3, 99.9
6894

Simple CNN 1038

F-MNIST
Fully Connected

[20, 212] 70, 90, 95, 97, 99.3, 99.9
6431

Simple CNN 681

SVHN Simple CNN [20, 212] 80, 90, 95, 97.5, 99.6 731

CIFAR-10
VGG-11 w/o bn

[22, 212]
50, 70, 90, 95, 97 3558

ResNet-18
50, 70, 90, 95, 97, 98

2878
WideResNet-50 792

CIFAR-100
VGG-11

[25, 212] 50, 70, 90, 95, 97
2785

ResNet-18 2147
WideResNet-50 1832

ImageNet

VGG-11

[210, 214]

20, 30, 40, 50, 55, 56, 57, 58, 59, 60 8
VGG-19 20, 30, 40, 50, 60, 64, 65, 66, 67, 68 9
ResNet-18 30, 40, 50, 60, 65, 66, 67, 68, 69, 70 10
ResNet-50 30, 50, 70, 73, 75, 76, 77, 78, 79, 80 18
EfficientNet-B0 30, 50, 70, 73, 75, 76, 77, 78, 79, 80 7
EfficientNet-B3 30, 50, 70, 73, 75, 76, 77, 78, 79, 80 9

• torchvision.transforms.RandomResizedCrop ( scale : (0.08, 1.0), ratio : (3/4, 4/3)) of

TorchVision.

• torchvision.transforms.RandomHorizontalFlip ( p : 0.5) of TorchVision.

7.3.2 Checkpointing

We analyze information matrices at each phase of training for analyses and understanding of neural

network training. Because the importance of the number of steps depends on several factors (e.g.

batch size, learning rate, and model size), it is preferable to save models based on the metric to

minimize/maximize (e.g. training accuracy) rather than the number of epochs or steps. Therefore,

to obtain only desideratum information, we chose multiple checkpoints during training that depend

on top-1 training accuracy for image classification problems. As we do a broad search of batch sizes

(e.g. varying from as small as 20 = 1 to as big as 212 = 4096 for MNIST, Fashion-MNIST, and

SVHN), we cannot simply compare the results, as they are noisier for smaller batch sizes. Hence it

is essential to take care of the criteria by taking the moving average. To smooth the training loss

and accuracy, we applied the exponential smoothing algorithm:

m(t) = (1− β) ·m(t−1) + β · E(t) , (7.2)
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where 0 < β < 1 and E(t) is the loss / accuracy over the mini-batch at t-th step. The hyper-

parameter β can affect the results greatly, hence we chose the parameter based on the noisiness of

the performance, which tends to be proportional to the batch sizes. Therefore we chose the β as

follows:

β = |B|/ (|Strain| · α) , (7.3)

where α is a smoothing factor, B is a mini-batch, and Strain is the training set. In our experiments,

α = 0.5 is used for CIFAR-10/100 and α = 0.1 is used for the other data sets. Table 7.3 lists the

values of checkpoint accuracy.

7.4 Additional experiments

7.4.1 Eigenvalue spectrum analyses

In Figure 7.4, we show the top eigenvalues ofH,F ,F1mc and C for various data sets and networks at

each phase of the training. Unlike models trained on MNIST, in case of VGG-11 on CIFAR-10/100,

the Kronecker-factored matrices do not reproduce the eigenvalues of the block-diagonal matrices very

well. The eigenvalues of VGG-11 with Batch Normalization on CIFAR-100 are small. This agrees

with the analysis by Karakida et al. [2019]. For ResNet-18 on ImageNet, there is little difference in

the eigenvalues of the Kronecker-factored and diagonal F1mc and C.

7.4.2 Eigenvalues as generalization measures

In Figure 7.6, we summarize the correlation between the generalization gap (accuracy gap) and

measures by the eigenvalues ofH,F ,F1mc andC. For MNIST, Fully Connected and Simple CNN are

trained using the dropout. For CIFAR-10/100, VGG-11 are trained without any data augmentation

nor dropout. This difference probably makes a difference in the accuracy gap, i.e. accuracy gaps for

MNIST models are around 0.2-1.6% while those for CIFAR-10/100 models are around 15-80%. The

top eigenvalue λmax(·) for each plot shows relatively stronger positive correlation to the accuracy

gap. Moreover, the measures by F1mc tend to show the storongest correlation.

7.4.3 Pareto fronts

We show the Pareto fronts [McCandlish et al., 2018], that represent the trade-off between the

minimum optimization steps and minimum examples processed required to achieve each checkpoint,

and top eigenvalues of H of models trained with batch size of 32 and 4096 for each data set and

networks (Figure 7.8-7.17). Note that each eigenvalues are calculated using the entire training set.

For each checkpoint of each plot, the eigenvalues of H of the model trained with a large-batch (batch

size = 4096) are generally larger than those of models trained with a small-batch (batch size = 32).

We do not show the plot for ImageNet as it requires many models for each batch size to calculate the
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Figure 7.4: Top-15 eigenvalues of H,F ,F1mc and C of various shapes at each phase of training.
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Figure 7.5: Top-15 eigenvalues of H,F ,F1mc and C of various shapes at each phase of training. We
only evaluate the Kronecker-factored and diagonal F1mc and C due to the huge computational cost
for the ImageNet models.

minimum steps and examples while the number of ImageNet models is small due to the limitation

of computational budget.
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Figure 7.6: Left: Correlation between λmax(F1mc,blk-diag), λmax(Cblk-diag) and accuracy gap (train
vs test). Right: Kendall’s rank coefficient τ [Jiang et al., 2020] for each measure of the same models.
A larger value indicates a stronger positive correlation. Tr(·): trace. Neff(·): effective dimensions
[Maddox et al., 2020]. λmax(·): top eigenvalue.
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Figure 7.8: Fully Connected on MNIST.
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Figure 7.9: Simple CNN on MNIST.
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Figure 7.10: Fully Connected on Fashion-MNIST.
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Figure 7.11: Simple CNN on Fashion-MNIST.
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Figure 7.12: Simple CNN on SVHN.
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Figure 7.13: VGG-11 (Momentum) on CIFAR-10
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Figure 7.14: WideResNet-50 (Momentum) on CIFAR-10
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(b) Momentum w/ data augmentation

Figure 7.15: VGG-11 on CIFAR-100
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(b) Momentum w/ data augmentation

Figure 7.16: ResNet-18 on CIFAR-100
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Figure 7.17: WideResNet-50 on CIFAR-100.
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Chapter 8

Conclusion

This thesis discussed information matrices of deep neural networks and their applications in large-

scale deep learning and efficient methods of approximation and computation. Information matrices

and matrix-based algorithms have a lot of potential in various aspects of deep learning research.

Still, their empirical effectiveness in large-scale deep learning settings has been largely unknown

due to their computational difficulties. This thesis proposed the efficient realization of second-order

optimization methods (information matrices as preconditioners) and validated its effectiveness by a

fast implementation on a large GPU cluster. Also, we extended the resulting implementation to a

realization of approximate Bayesian inference (i.e. variational inference) in large-scale deep learning

settings. These lead to a demonstration of the empirical effectiveness of the matrix-based algorithm

(i.e. second-order optimization and variational inference) on an unprecedented scale.

Our empirical findings are:

1. We proposed a distributed parallel Natural Gradient Descent (NGD) [Amari, 1998], an ap-

proximate second-order optimization method, to train ResNet-50 [He et al., 2016] for the clas-

sification of a large image dataset ImageNet [Deng et al., 2009] in 5.5 min. This is the first time

to experimentally demonstrate second-order optimization’s effectiveness in such a large-scale

deep learning setting and has motivated subsequent research on second-order optimization and

distributed training.

2. By extending this result, we showed that the distributed NGD could accelerate variational

Bayesian inference (Bayesian inference by mathematical optimization) on the probability dis-

tribution of DNN parameters to acquire well-calibrated prediction and better generalization

performance in large-scale computer vision tasks scaling up to ImageNet classification. This

is the first work which gives an empirical result that an approximate Bayesian inference works

in a large-scale deep learning setting.
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8.1 Future work

This thesis’s results use approximated information matrices and do not bring out the full potential

of the principled matrix-based methods. There is a lot of room for improving information matrix

computation performance by exploiting distributed parallel algorithms; optimized collective com-

munication; low numerical precision operations and quantization; fast solvers for linear systems;

and data-centric parallel programming that have long been studied in the HPC field. Once one can

evaluate a principled method with accurate information in a broad range of DL settings, it facilitates

both theoretical understanding and the development of practical methods in deep learning.

More accurate and efficient FIM estimation. We showed that NGD using he empirical

Fisher matrix [Martens, 2020] (emp) is much faster than that with an estimation using a single Monte

Carlo (1mc), which is widely used by related work on the approximate natural gradient. Although

it is stated that emp is not a good approximation of the NGD in the literature [Thomas et al., 2019,

Kunstner et al., 2019], we observed the same convergence behavior as 1mc for training ResNet-50

on ImageNet. We might be able to attribute this result to the fact that emp is a good enough

approximation to keep the behavior of the true NGD or that even 1mc is not a good approximation.

To know whether these hypotheses are correct or not and to examine the actual value of the exact

NGD, we need a more accurate and efficient estimation of the NGD with less computational cost.

Better uncertainty estimation. Better uncertainty estimates open up a whole range of po-

tential future experiments, for example, small data experiments, active learning, adversarial ex-

periments, and sequential decision making. Our results on a continual-learning task confirm this.

Another potential avenue for research is to consider structured covariance approximations.

Comprehensive studies of information matrices in various deep learning settings. We

investigated the properties of the eigenvalues of the information matrix of various types/shapes. In

the experiments, we only observed the correlation between eigenvalue-based metrics and deep neural

networks’ generalization performance. Future studies should observe the effects of types/shapes in

various matrix-based algorithms.
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