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Conventional topological insulators have anomalous surface states due to the bulk-edge 
correspondence. In recent years, new kind of topological insulators with unconventional bulk-
boundary correspondence are found. They are called second-order topological insulators 
(SOTIs). Three-dimensional SOTIs are insulating in bulk and surfaces, but they have 
anomalous gapless hinge states at the hinges, which are intersections of two surfaces. Two-
dimensional SOTIs are insulating in bulk and edges, but they have excess fractional charges 
on the corners and often corner states as well. In this thesis, we study the second-order bulk-
boundary correspondence from a general standpoint for two important types of SOTIs: three-
dimensional SOTIs protected by inversion symmetry and two-dimensional SOTIs protected 
by rotational symmetry. 
 
Firstly, we show that a slab of a 3D inversion-symmetric SOTI in class A is a 2D Chern 
insulator. We prove it by considering a process of cutting the 3D inversion-symmetric SOTI 
along a plane, and study the spectral flow in the cutting process. We show that the indicators, 
which characterize 3D inversion-symmetric SOTIs in class A is directly related to the 
indicators for the corresponding two-dimensional slabs with inversion symmetry, i.e. the 
Chern number parity. The existence of the gapless hinge states is understood from the 
conventional bulk-edge correspondence between the slab system and the hinge states. We 
have also obtained similar results for 3D inversion-symmetric SOTIs with time-reversal 
symmetry (class AII). 
 
Secondly, we derive a general formula for the quantized fractional corner charge in 2D Cn-
symmetric SOTIs. We assume that the edges are charge-neutral, but we do not assume 
vanishing bulk electric polarization. We expand the scope of the corner charge formula by 
considering more general surface conditions, such as surfaces with higher Miller index and 
surfaces with surface reconstruction. Our theory applies to insulators with non-vanishing bulk 
polarization, and we find that in such cases the value of the corner charge depends on the 
surface termination even for the same bulk crystal, via a difference in the Wyckoff position of 
the center of the Cn-symmetric crystal. Our results can be helpful in finding new candidate 
materials with corner charges. 


