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Abstract

In this thesis, we enhance unified framework for optimization/learning and eigen-
value problems in hypercomplex domain. We first present a systematic algebraic
translation of Cayley-Dickson (C-D) hypercomplex valued linear systems into a real
vector valued linear model. This translation is designed by using jointly two new
isomorphisms between real vector spaces. As an example of many potential al-
gorithms through the proposed algebraic translation, we present A,,,-adaptive pro-
jected subgradient method (A,,-APSM). We next propose novel definitions of sin-
gular value decomposition and low rank approximation in C-D domain. We then
derive algorithmic solutions to hypercomplex tensor completion problem and hy-
percomplex principal component pursuit based on a proximal splitting technique.
Numerical examples show the effectiveness of the proposed methods.
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Introduction

ULTIDIMENSIONAL information arises naturally in many areas of engineering
M and science since almost all observations have many attributes. Utilizing
hypercomplex number system for representing such multidimensional information
is one of the most effective ways because we can express multidimensional in-
formation not in terms of vectors but in terms of numbers among which we can
define the four basic arithmetic operations. Indeed, it has been used in many areas
such as computer graphics [CFO4] and robotics [Cho92; Yua88] wind forecasting
[MGO09; Goh+06; Too+10] and noise reduction in acoustic systems [Ben+10].
In the statistical signal processing field, effective utilization of the m-dimensional
Cayley-Dickson number system (C-D number system) [KS89; Alf06], which is a
standard class of hypercomplex number systems [BaeO1], including, e.g., real R,
complex C, quaternion H, octonion O and sedenion S etc., have been investigated
[BBO6; V+10; MB10; V+111].

A hypercomplex number has one real part and possibly many imaginary parts, and
it can represent multidimensional data as a number for which the four arithmetic
operations including multiplication and division are available. It can fulfill the four
arithmetic operations for multidimensional information, which are not available
with ordinary real multidimensional vectors. Moreover, based on the nontrivial
algebraic structure, the multiplication of hypercomplex numbers can enjoy algeb-
raically interactions among real and imaginary parts. For example, in 3D object
modeling, each point in 3-dimensional space can have multiple attribute such as
color, material, intensity, etc., and each attribute may have correlation with other
attributes. Modeling of the correlations among attributes in multidimensional data
will be more and more important by the popularization of 3D printer [Fral4], vir-
tual reality, medical imaging etc. Algebraically natural operations in hypercomplex
number system has great potential for such modelings of various correlations (see
e.g., [Ada+11; SE99; BS03; Mir+06; ES07; GA18] for color image processing ap-
plications). However, because of the “singularity” of higher dimensional C-D num-
ber systems (see e.g., Example 1), few mathematical tools have been maintained
[Wol36; Wie55; Zha97; DM98].
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To overcome this situation, in this thesis, we construct some mathematical frame-
works for utilizing hypercomplex number system for signal processing applica-
tions.

1.1 Algebraic Real Translations of Cayley-Dickson
Linear Systems

In these signal processing applications of C-D number system, we often need to
evaluate the derivative of a certain cost function for a computational strategy in the
hypercomplex optimization framework. However, even if the system is represented
by hypercomplex number, such a cost function should be real valued, hence not ana-
lytic as a univariate hypercomplex valued function, e.g., Cauchy-Riemann equation
[Hen88] is not satisfied in the complex domain. As a systematic use of real differen-
tiability of the cost function in the hypercomplex domain, a certain special calculus
has been established for each hypercomplex domain. For example, the Wirtinger
calculus (CR-calculus) [Wir27; KD09] has been used for design of complex adaptive
algorithms [AH09; Ada+11; Din08; Xia+10] and the HR-calculus [Man+11] was
proposed specially to design quaternion adaptive algorithms [Man+11; Jah+12;
Jah+13]. However, observing CR-calculus and HR-calculus, we see that the com-
plexity for such a special calculus tends to increase w.r.t. the dimension of A,,, (see,
(2.1)). Moreover, such a special calculus has not yet been established for the gen-
eral C-D number systems A,,. This situation could be a burden to create further
advanced algorithms in the C-D number systems because the higher the dimen-
sions of the hypercomplex domain, the more “singular” becomes the hypercomplex
domain, e.g. quaternions losing their product commutativity, octonions their asso-
ciativity, etc (see Example 1).

In this thesis, to clarify the relation between C-D linear systems and real vector
valued linear systems, first we newly define two isomorphisms (/\) and 6 between
real vector spaces (see Remark 4). Then, by using these isomorphisms jointly, we
present an algebraic real translation (see (3.10)) of C-D linear models and show
that any C-D linear model can be translated into a real one. These are based on
useful as well as nontrivial algebraic properties (Theorem 1) of the proposed iso-
morphisms. Thanks to these properties, the proposed translation enables us to
immediately obtain equivalent real models for C-D linear models as well as to fulfill

almost all missions for the C-D model without requiring any special calculus.

Chapter 1 Introduction



1.1.1 Application to Online Learning

Motivated by the discussion in [Yam+02; NN11; NN12] of the bijection between
C-D numbers and multi dimensional real vectors, we present an adaptive algorithm
named A,,-APSM by extending the adaptive projected subgradient method (APSM)
[Yam03; YOO04; The+11; SY13] through the proposed algebraic translation. A,,-
APSM covers a wide range of the projection based adaptive filtering algorithms
in the C-D domain such as A,,,-normalized least mean square (A,,-NLMS), A,,-affine
projection algorithm (A,,-APA) and A,,,-adaptive parallel subgradient projection (A,,-
APSP). Moreover, the proposed algorithm can be extended to nonlinear adaptive
filtering scenarios by applying the kernel trick.

Numerical examples are performed in the context of many C-D (e.g., C, H and Q)
valued linear system identification and nonlinear channel equalization problems
and show that the effectiveness of the A,,,-APSM.

1.2 Hypercomplex Singular Value Decomposition

Our next target is the eigenvalue problem and the singular value decomposition
(SVD) in C-D domain. Similar to the situation in optimization and learning, the SVD
has not yet been well-established in general C-D domain since eigenvalue problems
are known to be hard problems [Zha97; HSO1]. In C-D domain, left and right
scalar multiplications are distinct since commutativity of product does not hold
in general. Therefore, we have to treat two kinds of eigenvalues, left and right
eigenvalues separately. For example, quaternion right eigenvalue problems can
be solved by reducing them to the equivalent complex eigenvalue problems with
quaternion-complex matrix translations (complex adjoints) [Lee49; Bre51; Zha97].
However, this procedure cannot to be applied to the left eigenvalue problems and
hard to be generalized for higher dimensional C-D domain. Moreover, because of
these difficulties of generalization, the rank of hypercomplex matrices, which have
to been discussed carefully (see Section 2.1.4), have not yet been established in
general C-D domain. This situation could be a burden not only to establish low
rank approximation frameworks but also to design further advanced algorithms,
e.g., tensor completion which would utilize eigenvalues and SVD in C-D domain.

In this thesis, first, we propose a computational framework for Cayley-Dickson sin-
gular value decomposition. To achieve it, we introduce a new notion R-eigenvalue
for clarifying the relation between the eigenvalues of C-D matrices and real ones.
The R-eigenvalue is defined based on the algebraic real translation of C-D linear
systems proposed in [MY14] and can be calculated for general C-D matrices. We

1.2 Hypercomplex Singular Value Decomposition
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also clarify the relation between the R-eigenvalues and existing well-defined qua-
ternion right eigenvalues [Lee49]. Then, we propose a definition of hypercomplex
singular value decomposition (SVD) based on the R-eigenvalues. We also clarify
the relation between the proposed SVD, ranks and the known results [BM04] in
well-studied quaternion case.

1.3 Hypercomplex Matrix Recovery via Convex
Optimization

1.3.1 Hypercomplex Principal Component Pursuit

One of standard approximation methods utilizing simpler structure of matrices is
the robust principal component analysis (RPCA) [Can+11], which separates an input
matrix into a low-rank and sparse ones:

minimize rank(L)+ \|S|, st. M =L+S, 1.1)

L,SERMxN
where ||-||, denotes the ¢y-norm, which counts the number of non-zero entries of
S. The RPCA has been successfully used for various signal processing applications
such as source separation [Hua+12], face recognition [Pen+12] and so on. Un-
fortunately, the formulation (1.1) is NP-hard, so its convex relaxation called the
principal component pursuit [Can+11] is often considered instead of the RPCA.
Recently, the PCP is extended to simpler hypercomplex domains C and H using the
complex matrix isomorphism [CY16]. However, it can be only applied up to four
dimensional data and hard to be generalized to octonion and higher dimensional
C-D domain only with this isomorphism.

In this thesis, to establish a RPCA framework in hypercomplex domain, first, we
present Cayley-Dickson principal component analysis (C-D PCP) as a convex relax-
ation of the C-D extension of RPCA. This relaxation is based on the R-rank pro-
posed in [MY18b] and a new sparsity measure, ¢/;-norm of C-D matrices. This
sparsity measure can be interpreted as evaluating a group sparsity of real matrices,
so the proximity operator can be easily calculated. Hence, the C-D PCP is a con-
vex optimization in real domain which can be solved by applying proximal splitting
techniques to a certain structured convex optimization problem. We finally pro-
pose an hypercomplex PCP algorithm in A,,, based on the Douglas-Rachford splitting
(DRS) [CPO7]. The proposed algorithm is a C-D generalization of a PCP algorithm
(DR-PCP) proposed in [GY10] and can be applied to general C-D domains.

Chapter 1 Introduction



Numerical experiments are performed in the context of recovering sparsely corrup-
ted low rank matrices in octonion domain and show that the proposed algorithm
successfully utilizes algebraically natural correlations of real and all imaginary parts
to recover much more faithfully the original matrices, corrupted randomly by noise,
than a part-wise real, complex and quaternion PCP “algorithms”.

1.3.2 Hypercomplex Low Rank Matrix Completion

In real world applications, the range of each attribute is often restricted. For ex-
ample, the observations of color images are intensities of RGB color spaces and
thus they are always non-negative. In an audio context, it is typical to consider only
the non-negative magnitudes without taking care about phases [SM18]. Moreover,
in both cases, the low rank assumption is typically justified by the fact that natural
images have certain patterns and audio signals are superpositions of relatively few
component signals. As seen in these applications, therefore, recovering hypercom-
plex low-rank matrix with non-negative constraint is expected to play an important
role in many applications.

In this thesis, to establish a matrix completion framework with input restriction,
first, we formulate hypercomplex matrix completion problem with non-negative
constraint. To achieve it, we introduce a part-wise non-negativeness of hypercomplex
numbers. Thanks to the simple definition of general hypercomplex non-negativeness,
the hypercomplex non-negative matrix completion problem can be recasted to equi-
valent to a structured convex optimization problem in real domain by utilizing al-
gebraic translations proposed in [MY14]. We then propose an algorithmic solution
to hypercomplex non-negative low rank completion completion algorithm based on
a proximal splitting method, Douglas-Rachford splitting (DRS) [CPO7]. The pro-
posed algorithm is a C-D generalization of the dual of non-negative matrix comple-
tion algorithm proposed in [SM18] and can be applied to general C-D domains.

Numerical experiments including a scenario of high-dimensional hypercomplex non-
negative matrix completion problem shows that the proposed algorithm successfully
utilizes algebraically natural correlations of each attribute to recover much more
faithfully the original information, masked randomly by noise, than a part-wise
state-of-art non-negative matrix completion algorithm.

1.3 Hypercomplex Matrix Recovery via Convex Optimization
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1.4 Hypercomplex Low Rank Tensor Completion
via Convex Optimization

The benefits from the algebraically natural operations of C-D number systems can
be inherited as well in hypercomplex multi-way arrays, i.e., tensors (see Appendix
A.7.1). In the areas of signal, image processing, and data science, representing
huge volume of multi-relational datasets by tensors has achieved remarkable res-
ults in many applications [SB0O; KB09; Cic+09; Cic+17; Cic+15]. In the contexts
of such applications, although all entries in the tensors have been real otherwise at
most complex numbers, canonical polyadic decomposition (CPD) is typically used
to decompose a data tensor into the sum of rank one tensors for maximum inter-
pretability. Computation of CPD of a given tensor has been reduced to simultaneous
matrix diagonalization [Lat06; DL14] based on matrix eigenvalue analysis [HJ12].
Therefore, to extend existing tensor data analysis to tensors of hypercomplex data
for broader applications, we have to consider certain eigenvalue problems of hyper-
complex matrices.

Unfortunately, since complete data tensors are not always available in real world
applications, estimation of entire information from observed real or complex data
tensors is crucial and it has been achieved by utilizing simpler structures such as
low-rankness.

As an application of the proposed frameworks, we next formulate hypercomplex
low N-rank tensor completion problem as a convex optimization, which can be
solved by applying proximal splitting techniques to a certain structured convex op-
timization problem. We finally propose an hypercomplex low rank tensor comple-
tion algorithm based on Douglas-Rachford splitting (DRS) [CP07]. The proposed
algorithm is a C-D generalization of a tensor completion algorithm (DR-TR) pro-
posed in [Gan+11] and can be applied to general C-D domains.

Numerical experiments including a scenario of color tensor completion problem in
quaternion domain show that the proposed algorithm successfully utilizes algebra-
ically natural correlations of each color space to recover much more faithfully the
original color information, masked randomly by noise, than a part-wise real tensor
completion algorithm.

Chapter 1 Introduction



1.5 Organization

The rest of this thesis is organized as follows. In Chapter 2, we first introduce ba-
sic definitions and properties of a standard class of hypercomplex number systems,
Cayley-Dickson (C-D) number systems. Throughout this thesis, we will discuss al-
most everything in this number system. We also in this chapter briefly review two
optimization methods, the adaptive projected subgradient method (APSM) and the
Douglas-Rachford splitting (DRS) technique. These techniques will be utilized for
designing further advanced hypercomplex algorithms in Chapter 4-7.

In Chapter 3, we will introduce two kinds of isomorphisms, which map C-D matrices
and vectors to real ones and clarify their algebraic properties. By utilizing these two
isomorphisms jointly, we will then propose algebraic real translations of Cayley-
Dickson linear systems and show that by these translations any C-D linear systems
can be translated into the equivalent real linear systems. These techniques will be
key ideas throughout this study.

In Chapter 4, we formulate a hypercomplex online parameter estimation (adaptive
filtering) problem in C-D domain and show that any parameter estimation problems
in C-D linear systems can be reduced to the equivalent ones in real linear systems
by utilizing the algebraic real translations proposed in Chapter 3. We then propose
a new hypercomplex adaptive algorithm named A,,-adaptive projected subgradient
method (A,,-APSM) by applying the APSM to the translated real problem. The
proposed algorithm is C-D generalization of the APSM and inherits the powerful
properties of the original APSM such as monotone approximation and asymptotic
optimality. Moreover, similar to the real case, the proposed algorithm includes
wide hypercomplex algorithm such as the C-D counterparts of the normalized least
mean squares (A,,,-NLMS), the affine projection (A,,,-APA) and the adaptive parallel
subgradient projection (A,,,-APSP) as special cases of A,,,-APSM.

In Chapter 5, we show that nonlinear online learning problem in C-D domain can
be reduced to linear one in read domain by combining the algebraic real transla-
tion proposed in Chapter 3 and the kernel trick. We then propose a new hyper-
complex kernelized online learning algorithm named A,,-kernel adaptive projec-
ted subgradient projection (A,,-KAPSP) by applying the APSM to the reduced real
linear online learning problem. Similar to the linear case, the proposed method
includes wide hypercomplex nonlinear online learning algorithms such as the C-D
counterparts of the kernel normalized least mean squares (A,,,-KNLMS), the kernel
affine projection (A,,-APA) as special cases.

1.5 Organization
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In Chapter 6 we will introduce a new notion R-eigenvalue, which can be defined
and calculated for any C-D square matrices, and show that the R-eigenvalue is
a natural extension of the original eigenvalues keeping consistency with known
results. Moreover, we also newly define the C-D singular value decomposition (C-D
SVD) and R-rank of general C-D matrices based on the R-eigenvalue, and clarify
their properties and the relations to known results.

In Chapter 7, we focus on two practical hypercomplex matrix recovery problems,
hypercomplex robust principal component analysis (RPCA) and hypercomplex non-
negative low rank matrix completion. For hypercomplex RPCA, we relax it by util-
izing a new sparsity measure, /; norm of C-D matrices to formulate the C-D coun-
terpart of principal component pursuit (PCP). We then show that the PCP in C-D
domain can be reduced to the equivalent structured convex optimization problem
in real domain and propose a new PCP algorithm for general C-D domain based on
the Douglas-Rachford splitting (DRS). For hypercomplex matrix completion with
non-negative constraints, we propose part-wise non-negativeness of hypercomplex
matrices. It enables us to recast this problem to equivalent structured convex op-
timization problem in real domain. We then propose an algorithmic solution to
hypercomplex non-negative low rank matrix completion algorithm based on the
DRS.

In Chapter 8, we show that a hypercomplex low rank tensor completion problem
can be reduced to the equivalent structured convex optimization problem in real
domain, and by applying the DRS technique to the reduced problem we propose
a new hypercomplex low rank tensor completion algorithm, which is available for
general C-D domain.

Chapter 9 concludes this study.

Chapter 1 Introduction



Preliminaries

2.1 Cayley-Dickson Number Systems

2.1.1 Definitions

All notations necessary to deal with hypercomplex number systems are summarized
in TABLE 2.1. Let N and R be respectively the set of all non-negative integers and

Table 2.1.: Notations related to hypercomplex number systems

Symbol | Definition

Set of all non-negative integer

Set of all real numbers

Set of all complex numbers

Set of all quaternions

Set of all octonions

Set of all m-dimensional C-D numbers

Set of all M x N C-D matrices/vectors

¢th imaginary unit in A,, (¢ € {1,...,m})

¢th imaginary part of C-D numbers/vectors/matrices
Imaginary unit in C

Second imaginary unit in H \ C

Third imaginary unit in H \ C defined as x := 13
Conjugate of C-D numbers/vectors/matrices
Transpose of C-D vectors/matrices

Hermitian of C-D vectors/matrices

g3
X
z

?9@@@%2

@&

*

ju

NOIOIOE: i
SO
4‘

—
~

Trivial mapping of C-D matrices/vectors
Inverse mapping of (-)
Non-trivial mapping of C-D matrices/vectors

(

—
~

l

—~
NN

Inverse mapping of (-)

Ga, (M, N) | Image of AM*N by ()

L%I) Real matrix for non-trivial mapping (see (3.6))
6};’; Value determined by the result of i.ig (see (3.7))
X() Complex adjoint of quaternion matrices (see (6.1))

the set of all real numbers. An m-dimensional hypercomplex number A,, (m €
N\ {0}) can be defined as [KS89]

a:=a1i1 +agig + -+ amim € Ay, a1, ..., 0, €ER 2.1

based on imaginary units iy, ...,i,, where iy = 1 represents the vector identity
element. Any hypercomplex number is expressed uniquely in the form of (2.1). For
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a € A, the coefficient a; ({ = 1,...,m) of each imaginary unit iy € A,, is repres-
ented as ay = Sy(a). A multiplication table defines the products of any imaginary
unit with each other or with itself (e.g., i = 1,i3 = —1 and iyiy = izi; = iy for
Ay(=: C)). The addition and the subtraction of two hypercomplex numbers are
defined as commutative binomial operations:

atb:= (a1 + bl)il + (CL2 + bg)ig + -+ (am + bm)lm

for a,b € A,,, where b := byiy + bois + - -+ + binim, b1, ..., by € R. From the unique
expression of (2.1), the multiplication of two hypercomplex numbers

ab = (a111 4+ agisg + - + amim)(b1i1 4+ boig +--- + bmim) 2.2)
= Z Z arpbeigip € Ay, (2.3)
k=1/¢=1

is determined uniquely according to the multiplication table. The conjugate of hy-
percomplex number a as

a’ = aii] — aois — - - — amim. 2.4)

In this thesis, we consider the hypercomplex number systems which are constructed
recursively by the so-called Cayley-Dickson construction (C-D construction or C-D
doubling procedure) [KS89; Bae01]. The C-D construction is a standard method
for extending a number system. This method has been used in extending R to C,
C to H, H to O and O to S. By using the C-D construction, an m-dimensional
hypercomplex number A,, is extended to As,, as

z:=a+bipt1 € Ao, a,b € Ay,

where i,,11 € A,, is the additional imaginary unit for doubling the dimension of
Ay, satisfying 12, = —1, f1ipt1 = ipg1it = i1 and i1 = —iptie =t o
for all v = 2, ..., m. Moreover, the multiplication in A,,, is defined with use of the
multiplication rule in A,, as

(a + bip41)(c+ dipyy1) := (ac — d*b) + (ad + bc™ )im41
€Ay a,bc,d e Ay, (2.5)

which determines the unique multiplication table (e.g., see Remark 1-4)). As an
example of C-D construction, the real number system R (= A1) is extended to the
complex number system C (= A,) by the C-D construction with iy := 1 (2 € C,? =
—1). Note that the value m in A,, is restricted to the form of 2" (n € N). The
hypercomplex number systems constructed inductively from the real number by

Chapter 2 Preliminaries



the C-D construction are called in this thesis Cayley-Dickson number system' (C-D
number system).

Fact 1. According to the C-D construction, imaginary units of C-D number system A,
have the following properties (some results are found explicitly or implicitly, e.g., in

[Alfo6]):
1. aip =igaforalla e R, a € {1,...,m}.
2. i =-1foralla€{2,...,m}.
3. ipig = —igia (v # B) forall o, B € {2,...,m}.
4. ia(iadg) = —igforalla € {2,...,m},B € {1,...,m}.

5. For all o, € {1,...,m}, there exists unique v € {1,...,m} s.t. izig =i, or

—lry.
Remark 1. 1. Fact 1-1) is verified by (2.2) as follows: i,a = liy X ai; =a x 1 x

inl = ai,.
2. Fact 1-3) shows the anti-commutativity of A,, (m > 4).

3. Fact 1-4) is verified straightforwardly by the definition of multiplication (2.5).
Note that this property for A4 (= H) can also be checked by the associativity
of H. Moreover, this property for Ag (= Q) can also be checked because of
the fact that Q is an alternative algebra [Zhe01].

4. Fact 1-5) is verified straightforwardly by the definition of multiplication (2.5).
For simplicity, consider for is,is € A4. In this case, by substituting iy = isi3
into (2.5), we have igiy = (0 x 0 — (—i2) x 1) + (0 x iz + 1 x 0)iz = ia.

5. Fact 1 ensures aa® = > )%, a% > 0 for any a € A,, in (2.1) and a* € A,, in
(2.4), so we can define the absolute value of the hypercomplex number « as

la| := Vaa*.

'One of the other well-known hypercomplex number systems is the Clifford algebra [Cli78]. The
dimension of the Clifford algebra is also the form of 2", but the products of two imaginary unit
are different from that of the C-D number system since this algebra is constructed by a different
way (see e.g., [Bae01]). R, C and H are also examples of the Clifford algebra. However, O and
higher dimensional C-D number systems are not.

2.1 Cayley-Dickson Number Systems

11
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Example 1. 1. A representative example of hypercomplex number is the qua-
ternion H. A quaternion number is a 4-dimensional hypercomplex number
which is defined as

=g +er+@it+tauscH, ¢,90,0,4€R

with the multiplication table:
(2.6)

by letting m = 4, iy = 1, iy = 1, i3 = j and iy = . From (2.6), quaternions
are not commutative, i.e., pq = qp or pq # qp for p, g € H in general.

2. The octonion O can be constructed from the quaternion H by the C-D con-
struction. Note that the multiplication in O is neither commutative nor asso-
ciative, i.e., neither pg = gp nor (pq)r = p(qr) for p,q,r € O holds in general
[Bae01]. For the octonion multiplication table, see, e.g., [Bae01].

The C-D number system can be seen as an algebraically natural higher dimensional
generalization of our familiar fields, i.e., R and C.

2.1.2 Hypercomplex Vectors and Matrices

Let AN = {[z1,...,2n5]"|2¢e € Ay (¢ = 1,...,N)} for VN € N\ {0}, where
()7 stands for the transpose. Define <m,y)A% = xMy € A, Ve,y € AN and
] pn = <m,w>}£, Vx € AN, where ()" denotes the Hermitian transpose of vec-
tors or matrices (e.g., " = [z%,..., 2] for © := [z1,...,on5]" € AL, where
Z1....,xN € A,,). We also define the addition of two hypercomplex vectors x+y :=
[x1 + y1,-,an +yn]" € AN for &, y(:= [y1,...,yn]") € AN. Let S := R,
S :=CorS = A, (m > 4), and call the element of S scalar. If we define
the left scalar multiplication as ax = [ax1,...,axy]’ € AN for a € S and
x ¢ AN, we have ax + By € AY, Va,B € S,Vx,y € AY. We can also define
the right scalar multiplication xa € AY in a similar way. More generally, by letting
AMXN = L@y, .. 2]l € AM (£ =1,...,N)}, we can define, in the same way,
the addition of two hypercomplex matrices A + B € AM*N and the left (right)
scalar multiplication aA (Aa) € AM*N (VA,B € AM*N va € S). If S := R,
the space A% *N js a vector space over S (:= R). On the other hand, in the case
where S := A, (m > 4), S is non-commutative and A,, (m > 8) is distributive

(non-associative) algebra [Hjg66], so the space AM*N over S (:= A,,) is not a vec-
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tor space in the standard sense. For any nonempty closed convex set? C C A the

projection operator Pgm : AN — C assigns a vector € A} to the unique vector
A?n “o— m — 1

PAm(x) € C'st. dy, (x,C) = H;c oy (m)HM = mingec @ =yl -

2.1.3 Hypercomplex Eigenvalue Problems

Similar to the real and complex case, we can formally consider the eigenvalue prob-
lems in C-D domain. However, as seen in the quaternion case, the multiplication
in C-D number systems A,,, (m > 4) is not commutative, that is, the left and right
scalar multiplications are different, so we have to treat them separately.

In this thesis, we respectively call a C-D valued scalar \* (\") € A,,, and a C-D valued
vector ' (") € AN aleft (right) eigenvalue and a left (right) eigenvector provided
that Az’ = Maf (Az” = 2" \"). Note that both left eigenvalue and eigenvector are
distinct from right ones for a common C-D matrix A € AY*¥ in general.

Unfortunately, there has been known few cases where hypercomplex eigenvalues
can be computed systematically. In almost all cases, even the existences of them
have not been explained explicitly to the best of the author’s knowledge. In the
quaternion domain, it is known that right eigenvalues always exist and indeed a
well-defined method is available for computing quaternion right eigenvalues by
reducing the quaternion right eigenvalue problem to the equivalent complex one
[Lee49; Bre51; Zha97]. Therefore, the singular valued decomposition over the
quaternion domain is based on the right eigenvalue. On the other hand, the method
used in the right eigenvalue problem cannot be used in the left one because of the
lack of commutativity of multiplication. Wood proved that any N x N quaternion
matrix has at least one left eigenvalue [Woo85] but even for small size matrices
the left eigenvalues are still open problem in spite of many previous studies [HS01;
Zha07; Chel0]. For example, it was proved that a 2 x 2 quaternion matrix may have
one, two, or an infinite number of left eigenvalues [HS01] but the proof seems to be
difficult to generalize for N > 2. For octonion and higher dimensional C-D domain,
the general solution is available for very limited cases [DM98]. Moreover, it seems
that there have not been reported any systematic solution even for right eigenvalue
problem since the method for solving quaternion right eigenvalue problem cannot
be generalized for higher dimensional cases because of the lack of associativity of
multiplication.

2A set C C AY is said to be convex provided that Va, y € C,Vv € (0,1), va + (1 — v)y € C.

2.1 Cayley-Dickson Number Systems
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2.1.4 Rank of Hypercomplex Matrices

We finally discuss the rank of hypercomplex matrices. In real and complex do-
mains, the rank of a matrix is defined as the maximum number of column vectors
of it which are linearly independent. In quaternion and higher dimensional C-D do-
main, we can consider left and right linearly independence since left and right scalar
multiplications are distinct, so we have to define carefully the rank over A,,. In
quaternion domain, by convention, the rank is defined as the maximum number of
columns which are right linearly independent [Zha97], since if we define so, the
rank becomes equal to the number of positive singular values with the right eigen-
values. For octonion and higher dimensional C-D domain, the concrete definition
of the rank has not yet been established to the best of the author’s knowledge.

If we consider the low-rank approximation of hypercomplex matrices, we have to

be careful about the set of low-rank matrices. Since a C-D matirx A € AM*N

can
be represented as A := Y7, Asip (A, € RMXN ¢ = 1,...,m), we can immedi-
ately consider low-rank approximating A, ..., A,, separately. However, consider-
ing low-rank approximation of one hypercomplex matrix and those of separated
real matrices mentioned above are completely different. This can be verified with

the simplest C2*? case by the following proposition:

Proposition 1 (Inclusion relation does not hold between the sets of low-rank matrices

2%2
r:nk§(1,1) the set
of all complex matrices whose real and imaginary parts are of rank less than 1 as real
matrices, i.e., (Ci:ni<(1 1) = {A] + Ay € C?*?frank(A;) < 1,rank(Ay) < 1}. We
also denote by C2X] _, the set of all complex matrices whose ranks are less than 1 in

the sense of complex vector space, i.e., Coil .| := {A € C*?[rank(A) < 1}. Then,

and the set of separately low-rank matrices in C). We denote by C

: : : : 2x2 2x2 :
there is no inclusion relation between C_\ _ ;) and C. 5y, Le.,

2x2 2x2 2x2 2x2
Crankg(l,l) ¢ (Crank§1 and (Crank§1 Crankg(l,l)'

Proof. See Appendix A.1. O

Proposition 1 suggests that by establishing mathematically sound low-rank approx-
imation techniques for hypercomplex matrices or tensors, we could obtain great
potential to have variety of novel formulations to approximate multidimensional
information in terms of matrices or tensors of algebraically simple structures.
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2.2 Optimization Methods

In this section, we briefly review powerful optimization methods, the adaptive pro-
jected subgradient method (APSM) and Douglas-Rachford splitting (DRS) utilized in
this thesis. All methods can be discussed in general Hilbert space. Let H be a
(possibly infinite dimensional) real Hilbert space equipped with the inner product

(x,Y)4, Vx,y € H, and its induced norm ||z||,, := (=, m>%2, Ve € H.

2.2.1 Adaptive Projected Subgradient Method

Here, we review the adaptive projected subgradient method (APSM) [YamO03; YO04].
The APSM will be applied for designing hypercomplex linear adaptive algorithms in
Chapter 4 and kernelized hypercomplex nonlinear adaptive algorithms in Chapter
5.

For any closed convex set C' C #, the projection operator Po : H — C' can be
defined as a mapping to a unique point Po(x) := arg mingcc || — y|ly,.

Fact 2 (Adaptive projected subgradient method (APSM) [YamO03; YOO04]). Let Oy :
H — [0,00) (k € N) be a sequence of functions and K C H a nonempty closed convex
set. For an arbitrarily given hy € K, the APSM produces a sequence (hy)ren by

. Ok (hk) i
Pk (hk >\k||@,k(hk)||i@k(hk)>

ot = (i O () £ 0),
Pk (hy) (otherwise),

2.7)

where O (hy) € 90(hi), 0 < Ay < 2. Then the sequence (hy)ren satisfies the
following properties:

(1) (Monotone approximation) Suppose that

hi & . == {h € K|Oy(h) = inf Oy(x)} # 2.
Then, by using V)i € (O, 2 (M))’ we have

O (hk)

e

2.2 Optimization Methods
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(2) (Asymptotic optimality) Suppose

inf, O(x), Vk > Npand

(2.8)
Q= Mz, e 7 2

dNy € Ns.t. {

Then (hy)ien is bounded. Moreover, if we use A, € [e1,2 — e39] C (0,2) for all k,

we have
lim Oy (hx) =0 2.9)
k—o0

provided that (©},)ken is bounded. O

The APSM is highly generalized framework of adaptive algorithm, which includes
many useful algorithms such as normalized least square (NLMS) [NN67], affine
projection algorithm (APA) [OU84] and adaptive parallel subgradient projection
(APSP) [Yam+02] as special cases.

2.2.2 Douglas-Rachford Splitting

Here, we briefly review a classical optimization algorithm, the Douglas-Rachford
splitting (DRS), which we will subsequently utilize for solving two optimization
problems, hypercomplex low rank tensor completion (Chapter 8) and hypercom-
plex principal component pursuit (Chapter 7). The DRS itself has a long history
[DR56; CP07; EB92]. It solves the minimization of the sum of two functions

f(x) + g(x), (2.10)

where f and g are assumed to be elements of the class, denoted by I'g(#), of
proper lower semicontinuous convex functions from a real Hilbert space H to R U
{+0o0}. For given v € (0,+0c0), the DRS approximates a minimizer of (2.10) with
(proxw(xu))u>0 by generating the following sequence (z,),>0:

Tyy1 ¢ Ty + tu{prox. ¢[2 prox.  (x,) — @] — prox. (zu)}, (2.11)

where (t,)u>0 C [0,2] satisfies 3°, >t (2 — t,) = +o0o and the proximity operator
[Mor62] of index v of f € I'g(H) is defined as

1
prox,;: H — H : x +— arg min {f(y) +5s |z — yll?q}
yeH Y

with the norm on H denoted by ||-||,,. The Douglas-Rachford splitting is also iden-
tified as an example of a Mann iteration in[Yam+11]. Indeed, if dim(H) < oo,
(prox,yg(fvu)> - converges to a minimizer of (2.10) (see e.g., [Yam+11]).
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2.3 Summary

In this chapter, we first have introduced the basic definitions of Cayley-Dickson
number systems and their algebraic properties. C-D number systems is an algebra-
ically natural higher dimensional generalization of our familiar fields R and C.

If a C-D number system is extended to the next higher number system, it may lose
a useful algebraic property. For example, the quaternion loses the commutativity
of multiplication and furthermore the octonion loses the associativity of multiplica-
tion.

Eigenvalue problems in C-D number systems also can be considered but we have
to treat them carefully since the left and the right eigenvalue problems can be con-
sidered because of the lack of commutativity of multiplication in quaternion or
higher dimensional C-D number systems.

The rank of hypercomplex matrices are well-defined in at most quaternion. We have
shown that inclusion relation does not hold between the sets of low-rank matrices
and the set of separately low-rank matrices in C-D domain.

It suggests that by establishing mathematically sound low-rank approximation tech-
niques for hypercomplex matrices or tensors, we could obtain great potential to
have variety of novel formulations to approximate multidimensional information in
terms of matrices or tensors of algebraically simple structures.

We next have reviewed powerful optimization methods, the adaptive projected sub-
gradient method (APSM) and Douglas-Rachford splitting (DRS).

All methods can be discussed in general Hilbert space and all algorithm in this thesis
are based on these algorithms.

2.3 Summary
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Cayley-Dickson Linear Systems
and Algebraic Translations

In this chapter, we present algebraic translations of hypercomplex vectors or matrices.
These translations are designed by taking advantage of the isomorphism between
hypercomplex numbers A,,, and real valued vectors R™. We also clarify useful al-
gebraic properties of this translation. Lastly, we present the relation to prior work
in the complex case.

3.1 Hypercomplex Linear System

We consider the following Cayley-Dickson linear system:
y=Ax+b, (3.1

where y,b € A%[, T = Eglzl xpip € A% (x, € RN) and A := Eglzl Ajiy € A%[XN
(A, € RMXNy,

Remark 2 (Complex widely linear model). Suppose that the relation between z €
CN and y € CM can be expressed in terms of ®, ¥ ¢ CV*M as

y=®z+P¥2"+0
= [®,¥][z", 2" +b (3.2)

where z* = (zH)T. The form of (3.2) is often called the complex widely linear
system [MG09; AHO09; Ada+11; PC95; Ada+09; Ben+10] which has been used as
a convenient expression for utilizing complex second-order statistics. Obviously the
second expression of (3.2) can be interpreted as an example of (3.1) by letting x =
T _H

]

[2T,2M]7. A natural extension of complex widely linear system to the quaternion

case is found, e.g., in [TM10].
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3.2 Proposed Translations

We propose an algebraic translation of hypercomplex valued linear systems into real
systems. For the system (3.1), A trivial correspondence (mapping) of hypercomplex
vectors or matrices to real ones is

Ay
(/-\):A%[XN%RT”MXN:A»—)A:: 2o (3.3
Am
where A = Ajiy + -+ + Apin € AM*N and A4, ..., A, € RM*N_ This corres-

pondence is just concatenating a real and all imaginary parts in the hypercomplex
matrices. Obviously, this mapping is invertible and thus we can also define

(1) RMMAN _y A\MXN . 3y 4 (3.4)

Only in terms of the mappings (-) and (-), it is hard to obtain the correspondence
of matrix-vector product Ax, so we also introduce the following non-trivial map-

ping:

() : AMXN _y gmMxmN . g A4 . [L(A?TA, o L‘A’})Tﬁ] : (3.5)
where the matrix L) € RmMxmM (1 =1, m) is defined for the m-dimensional

hypercomplex number A,, as

Y0 SYRRNN Y SYRENRTRRN I oY1
L0 — —5(?1M —5§f;1M _5§f2,11M7 56
60Ty 60Dy e 60T
with the M -dimensional identity matrix I, and
1 (if inig = i),
0% =14 <1 (ifiaig = —iy), (3.7)

0 (otherwise).

By (3.5), the degree of freedom of A is at most that of A € R™MxN More precisely,
() is a mapping onto

S, (M,N) :={A € R"M>xmN| g ¢ AMXN}
_ { {L%?TB, . .,L(A’})TB} ‘ B¢ RmeN} . (3.8)
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The set &4, (M, N) will play important roles in Chapter 7 and 8. Using the ima-
ginary unit vector i := [iy,ia,...,in]' € AT, LS\? is also compactly represented

as
L) = 5,6 @ 1),

where ‘®’ is the Kronecker product. Similar to the trivial mapping, 6 is also invert-
ible and thus we can define

(1) : Gp, (M,N) = AN . A s A

Example 2. Consider the quaternion H, Lg\? (¢ € {1,2,3,4}) are given as follows:

I,y O 0 0 0 I,y O 0
L(l) . 0 I]V[ 0 0 L(Q) . —I]\/[ 0 0 0
M — > M — bl
0 0 Iy O 0 0 0 Iy
0 0 0 Iy 0 0 Iy 0
0 0 Iy O] [0 o o Iy
L(3) _ 0 0 0 Iy L(4) o 0 0 Iy O
M = »HEM T ’
—I, 0 0 0 0 Iy 0 0
0 —I, O 0 —I,y O 0 0

where 0 € RM*M js the M x M zero matrix.

3.3 Algebraic Properties

For the translations (/.\)’ 6, the matrix LS\? defined in (3.6), and 6&% in (3.7), we
have the following properties.

Lemma 1. For all A, 5&723 satisfies the following:

1. 89) =6\ forall o, 8 € {1,...,m}.
1 (ifa=p),
0 (ifa#p).

a,l —

2. Foralla,B € {1,...,m}, 5(5)—{

3 0 =1, 600 =108k =6) =65 =0foralla, B € {2,...,m}.

4. 00) = i) = —8\°) = ~60) if a, 8,7 € {2,...,m} are distinct.

,Q

3.3 Algebraic Properties
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5. For all o, 8 € {1,...,m}, there exists unique v € {1,...,m} s.t. (5(05 =0

+1
(V¢ # ) and 5&7% =S or andhenceinig =371, (527/)317.
_1,

6. 8, =0(a#p) forala,fe{l,. .. mh.

Proof. We prove only 4) and 6) because it is not difficult to verify other properties
by using Fact 1.

e (Proof of 4))
(v _

Without loss of generality, we only prove 6. 3 =

case: 5(()7% =: 0 € {1,—1}, which implies i,ig = oi, . If we multiple i, to

5&% Let us consider the

both sides from left and by using Fact 1-4), we have —ig = i,(inig) = oiani,
(by Fact 1-1)). Then we have i i, = —oig which is equivalent to 5&B % =
—0 = —65;%. On the other hand, consider the remaining case: 5((1’% =0. If
58) = 5 € {1,+1}, we have 5(7) = —0 # 0 and this is contradict to 5&7;3 =0,
and thus 5&? % =0=-4, O ) . Therefore, 5&% 5% % holds in all cases.
e (Proof of 6))

If « = 1or 3 =1, itis trivial. Suppose that « > 2 and 8 > 2. Assume
68% = 1 or —1, which implies i,ig = 1 or —1. In this case, if we multiple i,
to both sides from left and by using Fact 1-4), we have —ig = i, (inig) = i, or
—i,. This result contradicts the independence of each imaginary unit. Hence

0% =0(a#p) foralla,fe {1,...,m}.

Lemma 2. (Properties of Lg\? )

1. For any A, Lg\}) =I,.N.

2. For any A,,, Lg\?T = Lg\?_l (¢=1,...,m).

3. Suppose that A, is associative, i.e., (ab)c = a(bc) for all a, b, c € A, (Associative
C-D number systems are only R, C and H). Then for any «, 5 € {1,2,...,m},

we have
LOL® - {Lﬂ) (if lads = 1y),
M =M () yeps s .
—Ly;  (fladg = —1y).
Proof. See Appendix A.2. O
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Remark 3. For A,,, = O, we observe that LE\?LE\Z) #* Lg\? (¢ =1,...,8) as a counter
example of Lemma 2-3) for non-associative C-D number.

The following theorem collects useful algebraic properties of the proposed transla-
tions (-) and (+). In particular, by using these two translations jointly, we can deduce
nontrivial but very useful algebraic relation for multiplication of two hypercomplex

matrices (see 3)-5)).

Theorem 1 (Algebraic correspondence between real and hypercomplex vectors/matrices).
If the hypercomplex number system A,, is constructed by the C-D construction, the fol-
lowing relations hold true:
1. Forall A,B € AMN gqnd o € R, (A+B) = A + B, @ = aA and
(A+B)=A+ B, (0A) = aA.

2. (A" = A forall A € AM*N, where (S, At = ATi; — Y7, Al

W

. (AB) = AB forall A € AM*N and B € AN*L,
4. (Az) = Az forall A € AM*N and x € AN,

cHa

5 (xMy) =z g forall x,y € A,

o))

Nl = @l for all @ € AY.

m

—

7. Pim(x) = P%(&c) for any closed convex set C C AN and any = € ALY, where
C:={zecR™zecC).

8. If m <4ie., A, =R,C or H, the following holds

(AB) = AB forall A,B € AM*VN, (3.9)

Proof. See Appendix A.3. O

Remark 4 (Isomorphism between real vector spaces). Let us regard AM*V as a
vector space over R, i.e., a real vector space (see Section 2.1.2). Then, Theorem 1-

—

1) implies (-) is an isomorphism [HJ85] between the real vector spaces An]‘f *N and

R™M*N “Moreover, Lemma 2-2) and Theorem 1-1) guarantee () is an isomorphism
between the real vector spaces AM*N and Sy, (M, N).

3.3 Algebraic Properties 23
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Figure 3.1.: A utilization of proposed translation

Remark 5. The relation (3.9) does not hold for the octonion O and higher dimen-
sional hypercomplex number systems. Suppose contrary that (3.9) holds for A,,
(m > 8). Then we have (AT]??E’)) = A(BC) = (AB)C = ((A/\)/C) because of
the associativity of real matrices, and thus A(BC') = (AB)C for all hypercomplex
valued matrices A € AM*N B ¢ AN*L and C ¢ AL*X. This contradicts the
non-associativity of the octonion O [Bae01] and higher dimensional hypercomplex

number systems.

Based on Theorem 1, we propose an algebraic translation of hypercomplex linear
model (3.1) into the following real vector valued linear model:

J=AZ +beR™, (3.10)

Fig. 3.1 illustrates a utilization of the proposed translation. A hypercomplex linear
system (3.1) is once translated into an equivalent real vector valued linear model

(3.10) by the mapping (-). Suppose that we obtain a real vector z°** € R™M by
applying some computations to (3.10). Then we also obtain the corresponding hy-

percomplex vector z°P* € AM by applying the inverse mapping (\5 to z°P"

. By these
steps, the proposed translation enables us to obtain desired estimate x°P* without

using any calculus designed specially for each hypercomplex number system.

Moreover, we also remark that the proposed translations also enable us to calcu-
late linear system (3.1) without using any packages for computing hypercomplex
numbers such as quaternion toolbox for MATLAB® [SB13].

3.4 Computational Complexity

The computational complexity for the mapping (-) can be evaluated by the com-
plexity for L%?TA (¢ =1,...,m). As observed in the definition of Lgé), all block
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elements of LE\? are Oy« or £1,. Moreover, only one block matrix of each

block column in L%I) is £1, so the complexity for L%?T;l is O(mM N) real-scalar-
multiplications. Therefore, the computational complexity for the mapping (-) is

O(m?MN) for A € AMXN,

We compare the computational complexities for Az and Az, where A € AM*N
and x € A%. According to (2.2), multiplication ab (a,b € A,,) requires O(m?) real-
scalar-multiplications. Hence Ax requires O(m?M N) real-scalar-multiplications.
On the other hand, AZ requires O(m2M N) real-scalar-multiplications. Therefore,
the computational complexity of the matrix multiplication is unchanged by the pro-
posed translation.

3.5 Relation to Wirtinger calculus

The Wirtinger calculus' (CR-calculus) [Wir27; KD09] have been established for a
systematic use of real differentiability of the cost function which is not analytic as a
univariate complex valued function, i.e., Cauchy-Riemann equation is not satisfied,
and has been applied widely in the complex valued signal processing [AH09; SS10;
MGO09; Hjpll]. We present a relation between the proposed translation and the
Wirtinger calculus.

Fact 3 (Wirtinger (CR-) calculus [Bra83]). Let f : R x R — C be a function of real
variables z and y, and g : C x C — C be a function of two complex variables z and
z* such that g(z,z*) = f(z,y), where z = z + 1wy, 2* = x —wy and that g(z,z") is
analytic w.r.t. z* and z independently. Then,

(a) The partial (Wirtinger) derivatives [Wir27]

23 (8- 2 ()

ox Z@y 6w+16y

can be computed by treating z* and z as a constant in f(z, z*) respectively; and
(b) If f is a real valued function, a necessary and sufficient condition for f to have

a stationary point is that dg/0z = 0. Similarly, 0g/0z* = 0 is also a necessary
and sufficient condition for f to have a stationary point.

'Wirtinger is the name of an Austrian mathematician. In the engineering literature, the Wirtinger
calculus was rediscovered in [Bra83] and then extended to the complex valued gradient/Hessian,
and the general complex Hilbert space in [Bos94] and [Bou+12], respectively.

3.5 Relation to Wirtinger calculus
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Definition 1 (Wirtinger subgradient). Let € CV and f : R* — R be a continu-
ous convex function. Let

V() = [Vf«f(i)]

Vif(z)
€ {s e R*N|(x —y, 8)pen + f(y) < f(x),Vx € R} (3.11)

be a subgradient of f at € RN, where V:if(z),Vi(2) € RY. Due to the
isomorphism between CV and R?V, the function f can also be identified with
g:CN - R:x— f(2). Then, the Writinger subgradient of f at x is given by
[Bou+12]

V(@) = 5 (V@) V(@)

and the conjugate Wirtinger subgradient of f at x is given by

b (@) = 5 (Vif(@) 41V (@)).

The set of all conjugate Wirtinger subgradients of f at x is called the Wirtinger
subdifferential of f at «. These are natural extensions of the Wirtinger derivative.

Here, we show a relation between the proposed translation and Wirtinger calculus.
Letx € CN and f : R?N — R : Z — f(Z) be a continuous convex? function.
Let V*f(2) € R?N be the subgradient of f at & € R?Y. Due to the isomorphism
between C and R?V, the function f can also be regarded as g : CV — R : x —
g(x) = f(x). Then, we have the following facts:

Fact 4 (Relation between the proposed algebraic translation and Wirtinger calculus
[Yuk+13]). Let Vi, g(x) € CN and V5,.g(x) € CV respectively be the Wirtinger and
conjugate Wirtinger subgradient of f at x € CV. Then, the following relations hold.

o —

1. 2(Vsg(x))* = Vof(@),

o —

2. 2AVig(@)) = V*f(@).

This fact indicates that applying the Wirtinger calculus to real valued complex func-
tion can be corresponded to applying the ordinary real calculus to the isomorphic
real function. Therefore, this special calculus and the ordinary real calculus are
essentially the same operator.

2A function f : RY — R is said to be convex if Yo,y € RY and Vv € (0,1), f(ve + (1 — v)y) <
vi(@)+ (1 —v)f(y).
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3.6 Summary

We have presented algebraic translations of hypercomplex vectors or matrices. These
translations are designed by taking advantage of the isomorphism between hyper-
complex numbers A,, and real vectors R™. We also have clarified many useful
algebraic properties of this translation and relation to prior work in the complex

case.

3.6 Summary
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Hypercomplex Online Learning
with Algebraic Translations

In Chapter 3, we have proposed an algebraic translation of hypercomplex linear
systems and shown that any C-D linear system in the form of (3.1) can be reduced
to the equivalent real model (3.10). In this section, as an application to adaptive
filtering problem, we propose a new hypercomplex adaptive algorithm.

4.1 Adaptive Filtering Problem

Let us elaborate on the following hypercomplex adaptive filtering estimation prob-
lem. Let uyp := [up,up_1,...,ur_n41] € AN be the input vector and Uj, :=
[Wg, Up_1,. .., up_rr1] € ANX" be the input matrix at time k. Let also nj, € A,
denote the noise process. If h* := [hf,h3,...,h%]" € AN be the unknown sys-
tem to be estimated, and ny := [ng,ng_1,...,70_r11] € AT, be the noise at
time k, we introduce the following hypercomplex linear model for the data pro-

cess dy = [dy,dg_1,...,dn_ri1]| € AT :
dp = UIh* 4+ ny. (4.1)

A diagram of the adaptive filtering problem is drawn in Fig. 4.1. By using Theorem
1, we immediately obtain the following real valued data process d; € R™:

ak = /U/gﬁ* + M. “4.2)

Noise 72,

¢ Data dk
Estimation Residual

Ui'h — d;

Unknown System h™ >

/

Adaptive Filter

Figure 4.1.: Adaptive filtering scheme
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Hence the goal of hypercomplex adaptive filtering problem is reduced to approxim-
ating the real valued unknown system R e RmN by the real valued adaptive filter
h, € R™N with the knowledge on (Uy, dj,) € R™N*m" x R™" Vk < n. Note that at
any time we can obtain the corresponding hypercomplex adaptive filter h,, € AY to
B by (3.4). This is completely the same form as the real valued adaptive filtering
problem, so we can directly apply fairly general methods established in the real
domain.

4.2 Proposed Adaptive Algorithms

Here, we propose adaptive algorithms based on the adaptive projected subgradient
method (APSM). The APSM has been proposed as an efficient algorithm for asymp-
totic minimization of a certain sequence of nonnegative convex functions.

Let ©4 : AN — [0,00) (k € N) be a sequence of continuous convex! functions
and 00y (y) be the subdifferential®> of ©) at y € AN. The A,,-APSM provides a
vector sequence which minimizes asymptotically the sequence of functions ©, over
a closed convex set C C AlY.

Definition 2 (A,,-adaptive projected subgradient method (A,,-APSM)). For an ar-
bitrarily given hg € C, the A,,-APSM produces a sequence (hy)xen by

PAm h _)\ ®k(hk) @l h
O e e L

(if ©},(hx) # 0),
Pgm (hg) (otherwise),

hp =

where @;C(hk) € 00k (hg), 0 < A\, < 2.

Theorem 2 (Properties of A,,,-APSM). Similar to the real valued case [Yam03; YO04],
the sequence (hy)recn produced by A,,-APSM satisfies the following properties:

1. (Monotone approximation)

[Rrs1 — RO oy < i — B*O|

) e Q; .= {h € C|O(h) = inf O(z)}.

'A function © : AY — R is said to be convex if Va,y € AY and Vv € (0,1), O(vx + (1 — v)y) <
vO(z) + (1 —v)O(y).

2Similar to the real case in (3.11), we define the subdifferential of © at y is the set of all the sub-
gradient of © at y; 909(y) := {s € A)| (T — Y, 8)p + O(y) < O(z),Vx € A}
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2. (Asymptotic optimality) Suppose

inf; ©(x), Vk > Nyand

dNy € Ns.t. {
Q= Mz, S 7 2

Then (hy)ken is bounded. Moreover, if we use Ay, € [e1,2 — &3] C (0, 2) for all k,

we have
lim Of(hg) =0
k—oo
provided that (©},)xen is bounded. O

Proof. By using Theorem 1, the A,,-APSM is reduced to the ordinary APSM, so
these properties hold according to the ordinary properties of the APSM. O

As a class of the A,,-APSM, we present the following scheme.

Scheme 1 (A,,-adaptive parallel projection (A,,-APP)). Let Si(k) C Aﬁvn, 1€l CZ
be closed convex sets. Define the sequence of convex function by

E Sier, 0Mdy,, (e, SP)dy,, (2, 5)
O(x) = (if Ly # 0),
0 (otherwise),

where Z is the set of all integers, Ly := > ,c7, wi(k)dAm(hk, SZ-(k)), > ieT, wfk) =1,
{wfk)}iezk C (0, 1]. In this case, we have

T Sier, " (@ = Pl (@)
90k (x) > O (x) = (if Ly, # 0),
0 (otherwise).

By applying (1) to ©,, with C ¢ A, we deduce a following scheme:

A,
hk+1 = PC

hi, + pu, (Z W@(k)Pﬁ%(hk) - hk)] :

€Ty, i
where hg € C, py, € [0,2M,,] and

2

Py (i) —hs

Zielk i

Ay
2

(k) pAm
My = Zielk w; Py (he) —hi
5 Al

(if by & Niez, sy,
1 (otherwise).

4.2 Proposed Adaptive Algorithms
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This is a generalization of Algorithm 1 in [Yam+02], hence it includes many useful
adaptive algorithms shown as the following examples.

Example 3. If we set Zj, = {k}, C = AY, and

SZ-(k) =V} := argmin HU,?h — dkHAT ,

heAl m
Scheme 1 reproduces the A,,-affine projection algorithm (A,,,-APA) as an extension
of the APA [HM75; OU84], in particular, A,,-NLMS if »r = 1 as an extension of
the NLMS [NN67]. As the simplest examples, consider the complex case, i.e., the
case where A,, = C. Then we obtain algorithm which agrees with the complex
affine projection algorithm (C-APA) [Din08]. Note that the complex widely linear
model can be expressed in the form of (4.1) (see Remark 2), so this algorithm
also covers widely linear complex affine projection algorithm (WL-C-APA) [Xia+10]
for noncircular input signals. This algorithm is summarized in Algorithm 1. Note
that multiplication of hypercomplex valued matrices and vectors are computed by
using Theorem 1 in practice. From the discussion in Section 3.4, the computational
complexities of A,,,-APA and its real translation counterpart described in Algorithm
1 are same.

Example 4. Scheme 1 reproduces the A,,-adaptive parallel subgradient projection
(A,,-APSP) if we set 7, = {k,k — 1,...,k —q+ 1}, C = A and

S®) = H-(hy) := {@ € AN|(@ — hy) " Vgi(hr) + gi(he) < 0},

where ¢ is the number of parallel processors and g;(x) = |[Ufx — di”f\% - D
Vp > 0. Similar to the real valued case, the A,,-APSP uses weighted average of
multiple subgradient projection to keep low computational cost of A,,-NLMS as
well as to achieve fast and stable convergence even in severely noisy environment.
This algorithm is summarized in Algorithm 2. Note that the function gi(x), its
gradient Vg («) and the projection P?g) (h) are computed by using Theorem 1 in

practice. Therefore, the stochastic anallysis of Scheme 1 is reduced to the analysis,
e.g., in [Cho+13].

Algorithm 1: Summary of the A,,,-APA (A,,,-NLMS for r = 1)
Input : Uy € ANX" dy € A7, Vk €N, hy

m

Initialize & < 0;
repeat

L =T

e, < U, h—d;

Choose 1y, € [0,2];

~ ~ ~ ~T~ R

hii1 < hy — U (U Uy + el )
until convergence;
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Algorithm 2: Summary of the A,,,-APSP

Input :Uj € AN, dp € AT, Th,, w¥, Vie T VE €N, p € R, hy
Initialize & < 0;

repeat

for each parallel processor i € T;, do

~ T~ —~ 12
gi(hy) < HUi h, —d; e P

_— ~ ~T~ ~
Vgl(hk) «— 2U1(U1 hk - dz);

(M (f i) < 0)
P (hi) = 4§ hyp— %) Go(h,) (otherwise) >
i (| vaiol],
end
1 (lfgz(hk) <0, Vi € Ik)
2
®) || phm oy —T
My — Zielk “i PSUC) (hi)=hy, .
: N (otherwise) ’
() phm by
sz‘ezk WPy (i)~ N
i pm

Choose i1, € [0,2M}];

fALkH — hy, + (Ziel’k "%(k)PAm (hi) — f’«k);

5"
k+—k+1;
until convergence;

Remark 6. Note that by using the proposed translation, we can reproduce in a
unified way the A,,,-LMS if we compute the gradient VJ; at h = hy, of the following
time-varying cost function:

Ji(h) = (uf'h — di)(ull b — d},)* (4.3)

by passing through the proposed translation. This algorithm includes the C-LMS
[Wid75] and the H-LMS (iQLMS in [Jah+12]). However, since the exact steepest
descent direction —V Ji(hy) is not used in the original QLMS in [Man+11] but used
in the iQLMS, the original QLMS cannot be derived even through the proposed
translation. Indeed, [Jah+12] reported that the iQLMS outperforms the original
QLMS. On the other hand, by applying the proposed translation based on (3.2) and
its quaternion version, we can reproduce the WL-C-LMS [PC95; Ada+11] and the
WL-iQLMS [Jah+12].

4.3 Numerical Examples

In this section, we examine the efficiency of the new algorithms we proposed in
Section 4 and 5 in the context of Cayley-Dickson valued linear system identification
and nonlinear channel equalization problems, respectively.
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First, we examine the efficiency of the algorithms proposed in Section 4 in the
context of simple C-D valued linear system identification scenarios. The proposed
methods are designed in a unified way for the general C-D number systems, so
we performed not only complex and quaternion cases but also octonion case as a
higher dimensional hypercomplex example.

We use the C-D valued system h* € AY (N := 200) with coefficients

m B 27 (k — 100)
* /-1 .
k= Qo Z(—l) [1 + cos ()] iy 4.4)
et 200¢
(k=1,...,200), a,, € R is fixed to ensure unit weight norm., e.g., (oo, a4, a5) =

(0.0684,0.0422,0.0274). This setting is an extension of [AH09] to the general C-D
domain. If we set m = 2 or m = 4 or m = 8 we have a complex or quaternion or
octonion system, respectively. For each domain, the input signal u; (¢ C or H or
Q) is generated as follows:

Up = mzlkil + 0.1227ki2 eC,
U 1= 21 ki1 + 22d2 + 23 ki3 + 24514 € H,

8 :
U 1= 2521 Zp k1o € @,

where 2z, € R (¢ = 1,...,8) is i.i.d. from real valued Gaussian distribution
with mean 0 and variance 1. The noise n, € A,, is zero mean C-D (in this
case, complex or quaternion or octonion) valued circular white Gaussian noise,
ie, n:= > nyriy,, where nyy € R (¢ = 1,...,m) follows the white Gaussian.
The signal-to-noise ratio SNR = 30 dB, where SNR := 10log,((E|ul h*|?/E|ns|?)
and E(-) denotes expectation.

In the complex case, we compare the existing C-LMS [Wid75], C-APA [Din08] and
A,,,-APSP in the complex domain, that is, C-APSP. In the quaternion case, We com-
pare the existing H-LMS (iQLMS in [Jah+12]), H-APA [Jah+13] and A,,,-APSP in
the complex domain, that is, H-APSP. The H-LMS and H-APA are implemented by
using quaternion toolbox for MATLAB® [SB13]. In the octonion case, there is no
existing adaptive algorithms in this domain to the best of our knowledge, so we
employ the element-wise H-LMS, which estimates independently a half elements
of octonion valued system, as an existing method. We compare this method with
new octonion valued adaptive algorithms® Q-LMS and Q-APA, which can be easily
derived by using the proposed translations. The set of parameters employed in this
experiment is listed in Table 4.1. For each domain, the step-sizes of these methods
are fixed so that their initial convergence speeds are same.

3MATLAB codes are available by request.
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Table 4.1.: Parameter settings for experiments in Section 4.3

r=1 r=2
C-LMS A(step-size) = 0.06 N/A
C-APA e = 1.0 wr = 1.0
C-APSP ur =2.0,¢q=10.0 | up =2.0,¢=10.0
H-LMS A(step-size) = 0.001 N/A
H-APA pe = 1.0 pe = 1.0
H-APSP pe =2.0,¢g=10.0 | pxr=2.0,q=10.0
element-wise H-LMS || A(step-size) = 0.001 N/A
O-LMS A(step-size) = 0.001 N/A
0-APA we = 0.5 we = 0.25

- - -C-LMS (»=0.006)
== C-APA (u=1, r=1)(=C-NLMS)
—— Proposed (C-APSP,u=2, r=1, q=10)

- = C-APA (1=1, r=2)
—— Proposed (C-APSP,p=2, r=2, g=10)

N~ e e e e m e e e —em—

System mismatch [dB]
System mismatch [dB]

_40 I I I I i _40
0 0

Iteration number (x103) Iteration number (x103)

Figure 4.2.: Comparison of the performances of existing and proposed adaptive algorithms
in the complex case with r = 1 (left figure) and r = 2 (right figure).

Fig. 4.2, 4.3 and 4.4 depicts the comparisons of the complex, quaternion and octo-
nion valued adaptive algorithms in the sense of the system-mismatch. The system-
mismatch of Cayley-Dickson valued system at k-th iteration sysmiss, (k) is given
by

Ih* — hu3n

sysmiss, (k) := 10logy 2
AR

(4.5)
and averaged over 300 trials. This measure is a very natural extension of the or-
dinary (real valued) system mismatch found in many literatures (e.g., [GB0O]). In
the complex case (Fig. 4.2), the proposed C-APSP achieves the best steady-state
performance thanks to complex valued parallel projection which is extended by
proposed translations. Similar to this case, the proposed H-APSP achieves the best
performance in the quaternion domain (Fig. 4.3). In this case the existing H-LMS
achieves better performance than the existing H-APA. This is because the accelera-
tion of convergence speed in the APA affects the steady-state performance. In the
octonion case (Fig. 4.4), the newly proposed O-LMS and O-APA reach to steady-
state while the element-wise H-LMS, which does not approximate the true system,
does not converge. The O-APA with r» = 2 achieves better steady-state performance
than that with » = 1 and O-LMS by taking advantage of previous inputs.

4.3 Numerical Examples
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= = -H-LMS (2=0.001)
- = H-APA (u=1, r=1)(=H-NLMS)
—— Proposed (H-APSP,u=2, r=1, q=10)

- = H-APA (u=1, r=2)
—— Proposed (H-APSP, u=2, r=2, g=10)

System mismatch [dB]
System mismatch [dB]

| I I i
4 6 8 10
Iteration number (x103) Iteration number (x103)

Figure 4.3.: Comparison of the performances of existing and proposed adaptive algorithms
in the quaternion case with » = 1 (left figure) and r = 2 (right figure).

B - . s .
RN W A L ’._-.: -y ,“I e
A L .
.

= = = element-wise H-LMS (»=0.001)
== Proposed1 (O-LMS, .=0.001)

<1+ Proposed2 (O-APA, u=0.5, r=1)(=0-NLMS)
ose

System mismatch [dB]

Iteration number (x103)

Figure 4.4.: Comparison of the performances of existing and proposed adaptive algorithms
in the octonion case with r = 1 (dotted) and r = 2 (solid).

4.4 Summary

In this chapter, we have formulated a hypercomplex online parameter estimation
(adaptive filtering) problem in C-D domain. We then have showed that any para-
meter estimation problems in C-D linear systems can be reduced to the equivalent
ones in real linear systems by utilizing the algebraic real translations proposed in
Chapter 3. We next have proposed a new hypercomplex adaptive algorithm named
A,,-adaptive projected subgradient method (A,,-APSM) by applying the APSM to
the translated real problem. We also have shown that the proposed algorithm
is a C-D generalization of the APSM and that it inherits the powerful properties
of the original APSM such as monotone approximation and asymptotic optimality.
Moreover, similar to the real case, the proposed algorithm includes wide hypercom-
plex algorithm such as the C-D counterparts of the normalized least mean squares
(A,,-NLMS), the affine projection (A,,-APA) and the adaptive parallel subgradient
projection (A,,-APSP) as special cases of A,,-APSM. Numerical examples are per-
formed in the context of linear system identification in many C-D domains includ-
ing complex, quaternion and octonion and shows the effectiveness of the proposed
methods.

Chapter 4 Hypercomplex Online Learning with Algebraic Translations



Hypercomplex Nonlinear
Estimation with Kernels

5.1 Reproducing Kernel Hilbert Space

Assume a real Hilbert space (#, (-, ), , |||l3;) whose elements are functions defined
on X (C RM), e.g., f : X — R. The Hilbert space H is called a reproducing kernel
Hilbert space (RKHS) [SSO01; Aro50] if there exists a function K : X x X — R,
called a reproducing kernel of H, satisfying the following conditions:

1. For every « € X, the kernel function K (-,x) : X — R is defined as a point is
H. The mapping ¢ : X — H : @ — K (-, x), translates a sample in data space
into a higher dimensional feature space.

2. The reproducing property holds:

flx)={f,K(.z))y, YZeX Vfech.

These properties gurantees (¢(x;), d(x;)),, = (K(- @), K(-,x5)), = (K(-,x;),
K(,z;)u = K(x;,x;), Ve, x; € X, which is widely known as the kernel trick.
In the following, we assume K is positive definite i.e., ijzl cic; K(xi, ;) > 0
(Vei,cj € R, Vaj,x; € X and any L € N). The symmetricity of the reprodu-
cing kernel, i.e., K(xz;,z;) = K(xj,x;) Vx;,z; € X holds automatically from
the kernel trick. The Gaussian kernel K (z,y) := exp(— ||z — y||* /02) Y&,y € X
(X = RY) is a well-known positive definite kernel. The kernel trick has been widely
used to transform algorithms expressed in terms of inner products into nonlinear
ones. In the studies of machine learning, for example, the support vector machine
[Vap95], the principal component analysis [Sch+98], the Fisher discriminant ana-
lysis [Mik+99] and so on. Recently, kernel-based online predictions of time series
are attracting strong attention [Eng+04; Liu+08].

5.2 Reproducing kernel for C-D domain

Several extensions of RKHS to complex domain are found, e.g., [Pau06; BT11].

37



38

In this thesis, we extend this technique to the general C-D domain by using the
proposed translation. Let X C RY, define ™ ¢ R™" and X}, := {x1i1 + z2is +
ot Tpim|T, T2, . B € X} C AN Letalso (H, (-, ), ||-]l;,) be a real RKHS
whose elements are real valued functions defined on X™ and associated with a
real kernel K : X™ x X™ — R. Note that the dimension of data space is m
times of that in Section 5.1. Then, every f € H can be regarded as a function
defined on either X™ or X, , ie., for & = x1i; + @22 + -+ + Tpiy € X,
f(x) = f(x1i1 + x2iz + - - - + i) == f(Z), where (A) is the mapping introduced
in (3.3).

Next, we define H™ = H x H x --- x H. It is easy to verify that H™ is also a real

m
Hilbert space with inner product

(fag>Hm = Z <ffa.g@>’}-[7
/=1

for f = [f1,fo,..., fm]' € H™and g = [g1,92,...,9m] € H™ and its induced

norm || f|[3m := \/(f, f)ym. Our objective is to enrich H with a hypercomplex
product structure defined by the multiplication table. Here, we define the space

Ha,, = {f = frii + feia + -+ fdml|f1, fo, ..., fm € H}. Note that H,,, is not
a vector space over A,, in general since octonion O and higher dimensional hyper-
complex number systems are not fields!. For this space, we define the following
A,,-valued function like an inner product.

(F ), =2 (£ LOTg),, i (5.1)
=1

for f = fii1 + foip + - -+ finin and g = g1i1 + goiz + - - - + giiy, (Note: f,g: X, (C
AN)Y — A,). In (5.1), we introduce, in analogy with Section 3.2,

TR VY
14 14 14
L0 . T A SRR S |

with the identity operator I : H — H and 5((323 (o, 8,7 € {1,...,m}) defined in
(3.7). Then following proposition holds:

Proposition 2. The function (-, -),,, defined in (5.1) satisfies the following axioms
of inner product:

1L Af N, 20and (f, fly, =0 < f=0VfecHy,,

%, (m = 1,2) can be seen as vector spaces over R or C, respectively.

Chapter 5 Hypercomplex Nonlinear Estimation with Kernels



2. <f7 g>HAm = <g’f>;‘lAm vfag € HAm;

3. <O[f+ﬁgah’>’}-[Am = <f7 h>HAm +/B <gvh’>’}-[Am \V/O[)B € Am: vf7gah € HAm'

Moreover, H,, satisfies the following reproducing property:

~ o~

N(@)i + fo(@)iz + - + fi(@)im = (fili + folo + - + fodi, K5, Z))yy,

(5.2)
Proof. See Appendix A.4. O
Remark 7 (on Proposition 2). * Since H,,, is not a vector space over A, (m >

4), so (-, '>HAm is not an inner product in the strictly sense even if the above
properties hold. For the same reason, #,, is not a Hilbert space in the strictly
sense. Fortunately, Proposition 2 guarantees that (H,4, , (-, '>HAm) becomes a
Hilbert-like space and posseses the essential properties of RKHS. Therefore,
the real kernel K can be used to kernel learning in the C-D domain.

* Ifweregard H,,, as a vector space over R, we can define its norm by || f||3;, =

(fs f)y, forf € Hay,,. Since this norm is exactly same as the norm | - [|m,
the real normed space (Ha,,, || - [|%,,, ) satisfies completeness, hence a Banach
space.

5.2.1 Nonlinear Regression with real Kernels

We consider a nonlinear regression problem with kernels in a C-D domain. Let
uy € Uy, be the input sample, where U, denotes the input space which is a
compact subset, i.e., a closed bounded subset of the finite dimensional normed
space (AN, ||-lly ). Let U™ := {tGlu € Uy, } C R™ and K : U™ x U™ — R be
a real kernel function, where (A) is the mapping introduced in (3.3). Let also H,,,
be the C-D extension of real RKHS H associated with a real kernel K as defined
in Section 5.2. Consider the empirical risk minimization approach, the problem is
to determine a function () := ¥1iy + -+ + Ypim € Ha,, e € H (U =1,...,m)
that minimizes the sum of squared errors between desired outputs dj, := d; ;i1 +
ot dpi € A, dgr, € R (0 =1,...,m) and the corresponding output samples of
lug) = (6(), K (7, 1))y, , namely

minimize wy) — dy|? 5.3a
Uiz ;W( k) — dil (5.3a)

5.2 Reproducing kernel for C-D domain
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which is equivalent to

n

s —d 2_|_..._|_ m —dn, 2) . 5.3b
ﬁln}ﬁlge kzzzl (\lm (ug) 1,k] [9m (ug) k| ) ( )

By applying the representer theorem [KW71; Sch+01] for each ¢ = 1,...,m, the
function ¢ € H,,, minimizing (5.3a) can be written as a kernel expansion in terms
of data

n

() =Y K(7,tj)a;. (5.4)
j=1
Let K € R™*" be the kernel (Gram) matrix whose (i, j)-th entry is K (u;, u;), o :=
iy + -+ Qpim = a1, .., a0]T €AY, 0 € R? (0 =1,...,m) and d = dyi; +
oot dpiy = [dy,...,d,]T € A?, dy € R" (£ = 1,...,m) then the problem (5.3a)
becomes

minimize ||[Ka —d|3, , (5.5a)
acArn,
which is equivalent to
minimize  [|[Kaq — di||zn + -+ | Kam — dml/zn - (5.5b)
ag,...,aem ER?

The solution « of (5.5b) is obtained by solving the normal equations K ' Koy =
K'd,foreach¢=1,...,m.

5.3 Kernel Adaptive Filtering on A,

Next, we formalize the C-D nonlinear adaptive filtering problem. In this section,
we reuse the notations introduced in Section 5.2.1. Let u; € U,,, be the input
vector at time k. As observed in (5.4), the main problem with adaptive learning
is increasing number of observations with time and the model (5.4) becomes more
and more complex. To avoid this problem, a certain sparsification technique. Let
T = {j%k),jék), . .jgf)} C {1,2,...,k — 1} be the index set at time k. The set of
kernel functions { K (-, u;)},cz, is called dictionary. Note that the dictionary is not
always updated when the new data is observed. If we consider the data process
d, = Y(uy), where ¢ € Hy,, is to be estimated. The kernel adaptive filtering

problem is to approximate the nonlinear function 1 by

o) = Y K(7,a5)a,, (5.6)

JETk

where «a;;, € A,,. The estimate of the data process dj, := ¢ (uj) can be written in
a vector form as follows:
d% = ka(uk) = K;ak, (57)
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where Kk = [K(ajik) y ak), K(ﬁjém,’ak), - ,K(ﬁj(k),ﬁk)]T € R and ap = [@jy@) &
Sk 7

SHORSREES O‘jg’”,k]T € A%k, Note that this form is linear w.r.t. a;. Suppose for sim-
plicity that the real kernel K has a unit norm, i.e., K(u,u) = 1, Yu € U; the
Gaussian kernel satisfies this condition. For updating the index set 7, we employ
the coherent-based criterion [Ric+09], that is, we add k into [} if the following
condition is satisfied:

K(ug,uj)| <mn, 5.8
Jrrg}};\ (g, uj)| <n (5.8)

where 7 > 0 is the threshold. Similar to the real valued case [Ric+09], the compact-
ness of the input space U, ensures the finite dictionary even for infinite number
of input samples. Note that, if 7, = &, then ¢ (u) := 0, Yu € U, and the condition
(5.8) is regarded to be satisfied automatically.

5.4 Proposed Nonlinear Adaptive Algorithms

If we adjust Scheme 1 for this formulation, we obtain the following scheme.

Scheme 2 (A,,-kernel adaptive parallel projection (A,,,-KAPP)). Let Si(k) C Ak and
51@) C Agrtl (Vi € Ty, C Z) be closed convex sets, and 3,7, wgk) =1, {wz(k)}iezk -
(0,1]. The update rules are given as follows:

(1) If (5.8) is unsatisfied, Jx11 = Jx and

Qg1 = o + fig (Z w; )PA(;@( k) — ak) ; (5.9

1€Ty S

(2) If (5.8) is satisfied, Jx+1 = Jx U {k} and

Qi1 = ay + [ig (Z w; )PAm (ag) — 5%) ; (5.10)

‘ 5
1€Ty

where & = [ ,0]T € ASHY, € [0,2My (o, SU)], fir € [0, 2My(6u, 517

)

and
2

PAT”(w)—m

Zielk w

A
2

(k) Am
Mk(il?,sz) = HZ””GIk Wy (z)—z .
(if & & Niez, Si(C A%)),
1 (otherwise).

5.4 Proposed Nonlinear Adaptive Algorithms
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Similar to Scheme 1, this scheme includes the following useful algorithms as simple
examples.

Example 5 (A,,-kernel affine projection (A,,,-KAPA)). Let Hj € R%*" is the s; x r

matrix whose (p, g)-th entry (Hy)p, = K(ﬁjw),ﬁk,qﬂ). In (5.9) and (5.10), if we
p

set 7, = {k} and

Sl-(k) = argmin ‘HZa — dk‘ . (5.11)
achyk A
gi(k) := argmin | H] & — dk‘ , (5.12)
acAkT A
where d;, = [d,d;_1,....d_,.4]" € AL, Hy = [H] h]T € RE-+DX" =
[K (ug,ur), K(ug, uk—1), ..., K (U, Ug—rt1)], the A,,-kernel affine projection al-

gorithm (A,,-KAPA) is derived. This algorithm is an extension to A, of the kernel
affine projection (KAPA) proposed in [Ric+09]. In particular, the A,,,-KAPA repro-
duces the A,,,-NLSM similar to the real valued KAPA. The A,,,-KAPA is summarized
in Algorithm 3.

Algorithm 3: Summary of the A,,,-KAPA (A,,,-KNLMS for r» = 1)
Input :u € AN di, € AT ,VkeN,n>0
Initialize k <+ 0, a; + 0 and Jj, + {0};
repeat

Compute K (uy, u;) Vj € Ji;

if max;e 7, |K(ﬁk, ’l/ij)| < n then

Tit1 — T U{k};

i)
else

| Trr1 — T

end
until convergence;

- ~ Vp€{1,2778k 1}.

(Hk)p,q < K (W00, Up—q+1) Vg € {1,2,...,:} ’
—~T ~

/ék — Hk ak - dk';

Choose ;. € [0,2];

R N — T ~

Oyl — O — /J/ka(Hk Hk +€Imr)ek;

k< k+1;

5.5 Numerical Examples

In this section, we examine the performance of the proposed nonlinear adaptive
algorithm in both complex and quaternion domains.
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Consider the following complex or quaternion valued nonlinear channel equaliza-
tion problem. The input signal sy, is given as

s :=0.70 (\/1 — ,B,Zlykil + ﬁZQ’kiQ) e C,
Sk 1= 0.1217ki1 + 0.5227ki2 + 0.3237ki3 + 0.324,ki4 € H,

where 2z, (¢ =1,...,4) is ii.d. from real valued Gaussian distribution with mean
0 and variance 1. For each domain, the signal observed at a receiver is given as
follows:

Y = o + (0.2i1 + 0.25iz)x7 + (0.12i; + 0.09iz)z} + ny € C,
xr = (—0.91; 4 0.8iz)sx + (0.6i; — 0.7iz)s_1 € C,
Y == ok + (0.2i; + 0.25iy + 0.2i3 + 0.15i4)x7
+ (0.12i1 + 0.09iz + 0.06i3 + 0.03i4)2} + ny, € H,
xp = (—0.9i; 4 0.8iy — 0.7i3 + 0.6i4) s
+ (0.6i; — 0.7i + 0.6i3 — 0.7iy)sp_1 € H.

Namely, the channel is modeled by a nonlinear model consisting of a serial connec-
tion of a linear time-invariant system and a memoryless nonlinearity, followed by
the additive C-D valued circular white Gaussian noise n; € A,, (= C or H) with
SNR := 10log;o(E |wg|?> /E|ng|*) = 18 dB, where wy := y; — ny € C or H. The
problem of channel equalization is to construct an inverse filter, that is, to recover
the signal s, from the received signal (yy, ), <. The diagram of this problem is drawn
in Fig. 5.1. We let uy := [YniD,YniD-1s-- YniD-N4+1] € CN or HY for N = 5
and dj, := s, where D = 2 represents the equalization time lag. This is a standard
models that has been extensively used in the literature for such tasks [Liu+08].

Linear |Lk[ Nonlinear [Wk Ny
Fiter || Fiter [ LT

S =. dk;

_q 7 N Yk
4 Adaptive Filter

Estimation Residual

di, —dy. | A

Figure 5.1.: Nonlinear channel equalization task

In the complex case, we compare the exiting nonlinear complex adaptive algorithms,
the complex valued multilayer perceptron (C-MLP) [AH09], and the complex non-
linear gradient descent (C-NGD) [MGO09], and the proposed A,,,-KAPA for the com-
plex case, C-KAPA with » = 1 (that is, C-NLMS) as the simplest example. We employ
the activation function fully complex hyperbolic tangent tanh(-) for the C-MLP and

5.5 Numerical Examples



44

C-NGD, and employ the real valued Gaussian kernel K (x, y) := exp(— ||z — 9|3 /5%),
Va,y € CV for C-KAPA.

In the quaternion case, we compare the exiting nonlinear quaternion adaptive al-
gorithms, the quaternion nonlinear gradient descent (H-NGD) (QNGD in [Uja+11]),
and the proposed A,,-KAPA for the quaternion case, H-KAPA with » = 1 (H-NLMS)
as the simplest example. The H-NGD is implemented by using quaternion toolbox
for MATLAB® [SB13]. We employ the activation function fully quaternion hyper-
bolic tangent tanh(-) for the C-NGD this is the same setting as [Uja+11]. We em-
ploy the real valued Gaussian kernel K (z,y) := exp(— || — g|3 /02), Y&,y € HY,
where 0% = 7.0 for H-KAPA.

For each domain, the set of parameters employed in this experiment is listed in
Table 5.1. The step-sizes are chosen to be the best steady-state performance.

Table 5.1.: Parameter settings for experiments in Section 5.5

C-MLP A(step-size) = 0.01

(# of hidden layers) = 40
C-NGD A(step-size) = 0.01
C-KAPA || pu, =05,r=1.0,7=0.7
H-NGD A(stepsize) = 0.01
H-KAPA || px =1.0,»=1.0,7=0.01

10log, MSE [dB]
I

!
o

Proposed (H-KAPA)

I I | | | | | | i
0 2 4 6 8 10 0 2 4 6 8 10
Iteration Number (x103) Iteration Number (x103)

Figure 5.2.: Comparison of the performances of existing and proposed adaptive al-
gorithms. From left to right, figures are the comparisons of MSE in the com-
plex and quaternion domain.

Fig. 5.2 depicts the comparison of the proposed and existing nonlinear adaptive
algorithms. It indicates that the proposed C-KAPA achieves better performance
than the existing C-MLP and C-NGD in the complex domain. Moreover, it shows
that the proposed H-APA achieves better performance than the existing H-NGD.

5.6 Summary

In this chapter, we have shown that nonlinear online learning problem in C-D do-
main can be reduced to linear one in real domain by combining the kernel trick
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and the algebraic real translation proposed in Chapter 3. We then have proposed
a new hypercomplex kernelized online learning algorithm named A,,-kernel ad-
aptive projected subgradient projection (A,,-KAPSP) by applying the APSM to the
reduced real linear online learning problem. Similar to the linear case, the proposed
method includes wide hypercomplex nonlinear online learning algorithms such as
the C-D counterparts of the kernel normalized least mean squares (A,,-KNLMS),
the kernel affine projection (A,,-APA) as special cases. Numerical examples are
performed in the context of nonlinear channel equalization problem in several C-
D domains including complex and quaternion and shows the effectiveness of the
proposed methods.

5.6 Summary
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Hypercomplex Singular Value
Decomposition

6.1 R-eigenvalues and Their Properties

In this section, we introduce a new notion R-eigenvalue which can be defined for
general C-D matrices.

Definition 3 (R-eigenvalues of C-D matrices). For a C-D matrix A € AN*VN we
respectively call a complex-valued scalar A € C and a complex vector x € C™V\ {0}
an R-eigenvalue and R-eigenvector of A provided that Az = Az, where A €
R™NxmN is defined in (3.5).

The R-eigenvalue has very strong relation with eigenvalues of complex (i.e., m = 2)
square matrices.

Lemma 3 (R-eigenvalues of complex matrices). Suppose that a complex square mat-
rix A € CN*N has an eigenvalue \ € C, then A also has R-eigenvalues \ and \*. If
A is Hermitian, it has real-valued R-eigenvalues \ with multiplicity 2.

Proof. Letx (:= x1+x91 € CV, 1, x5 € RY) be the eigenvector of A (:= A; + Ay,
A, Ay € RVXN) corresponding to ), i.e., x satisfies Az = \x. Then, with [ r ] €
— X

C?N, we have

[ (A1 + An)x ]
—(Al + AQ’L)$Z

!
&8
I
PN
[N
|
hNS
> e
_ 1
|
8 8
"
I

|l

Hence, ) is also an R-eigenvalue of A. Since A is a real matrix, its non-real ei-
genvalues occurs in conjugate pairs, so A\* is also an eigenvalue of A, that is,
an R-eigenvalue of A. This can be easily verified by multiplying an eigenvector

x*y

[x ] € C?N to A from the right.
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If A is Hermitian, all eigenvalues of A is real-values, so we have Az = A% by

applying (-) to both sides to Az = Ax. From Theorem 1-1) and 1-8), we have
A% = )%, ie.,

A [1131 —iﬂﬂ — [331 —51321 .
o T ] I

This implies that A has eigenvalues A with multiplicity 2. O

Here, we discuss hypercomplex cases (m > 4). As explained in Section 2.1.3,
the difficulties for computing hypercomplex eigenvalues is mainly due to the lack
of commutativity and associativity of hypercomplex multiplications. On the other
hand, any C-D matrix can be translated into a real matrix without losing any in-
formation by the algebraic translation introduced in Section 3.2. Once the trans-
lated real matrix is obtained from a C-D matrix, we are completely freed from any
computational difficulty in C-D number system. Moreover, since the translated real
matrix is just a real matrix, any C-D square matrix A € AN*N always has mN
number of R-eigenvalues in C.

The most well-studied hypercomplex eigenvalue problem has been the quaternion
right eigenvalue problem. In general, the quaternion square matrix A € HV*" has
an infinite number of right eigenvalues in H [Zha97]. It is also well-known that
any N x N quaternion matrix A has exactly N right eigenvalues in C with non-
negative imaginary parts [Lee49; Bre51]. These eigenvalues are called the standard
eigenvalues of A. The standard eigenvalues can be systematically computed by
calculating eigenvalues of the complex adjoint matrix

A, A
XA = [_A* A*] € CPVeN (6.1)

of A:= A, + A;5 (A,, A; € CNVXN) [Lee49; Bre51]. The standard eigenvalue is
defined only up to quaternion since the complex adjoints can be defined only for
quaternion matrices.

For quaternion matrices, we have the following relation between the R-eigenvalues
and the standard eigenvalues of quaternion matrices.

Theorem 3 (R-eigenvalue of quaternion matrices). Suppose that a quaternion square
matrix A € HY*Y has a standard eigenvalue \ € C. Then A also has R-eigenvalues
A and \* with multiplicity 2. If A is Hermitian, it has real-valued R-eigenvalues \
with multiplicity 4.
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Proof. Since )\ is a standard eigenvalue of A, \ is an eigenvalue of the complex
adjoint matrix y 4. From Lemma 3 and Lemma A.5.1 (See Appendix A.5), x4 and
A have eigenvalues A and A\*. On the other hand, 4 is similar! to its conjugate
X1, S0 A* is also an eigenvalue of x4, so x4 and A also have eigenvalues \* and
(A\*)* = \. Hence A has R-eigenvalues A and A* with multiplicity 2.

If A is Hermitian, its complex adjoint is also Hermitian [Zha97], so all standard
eigenvalues of A is real. Hence, we have Az = &\ by applying (+) to both sides of
Az = z)\. From Theorem 1-1) and 1-8), we have A% = \%, i.e.,

r1 —XILy —XTL3 —IT4 L1 —XLy3 —L3 —T4
~ (T2 L1 —T4 I3 L2 L1 —T4 I3
A =A

I3 T4 ry —I2 T3 T4 ry —x2

ry —I3 L9 T Ly —I3 i ) L1

if we write « := 1 + o1 + 37 + T4k (21, T2, T3, 4 € RY) as before. This implies
that A has eigenvalues A with multiplicity 4. O

From Lemma 3 and Theorem 3, eigenvalues of three equivalent matrices A €
ANXN v 4 € C2V*2N and A € R*V*4N can be summarized in TABLE 6.1.

Table 6.1.: Eigenvalues of three equivalent matrices in H, C and R

Domain Matrix Eigenvalues
HN XN A by

(CQNX 2N XA Y 2

R4NX4N A(<:> XVA) Y ‘ A A A

6.2 Singular Value Decompositions and Ranks

In this section, we introduce useful definitions of singular value decomposition
(SVD), rank and best low-rank approximation of C-D matrices and clarify their
properties.

Definition 4 (C-D singular value decomposition and rank evaluation). For any C-
D matrix A € AM*N | there exist orthogonal real matrices U € R™M*mM and
V € R™VxmN gych that

A=UxV', (6.2)

!Two quaternions (including complex numbers) X and ¢ *\q are said to be similar for non-zero
quaternion ¢. If the real part of ) is zero and |q| = 1 then ¢~'\q becomes the rotation of .
Moreover, it is known that any quaternion is similar to a certain complex number (for detail, see
Lemma 2.1 in [Zha97]).

6.2 Singular Value Decompositions and Ranks
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where ¥ := diag(oy,...,0,,0,...,0) € R™M*mN ig 3 rectangular diagonal matrix
with positive singular values o; > --- > ¢,(> 0) of A on the diagonal. We call
it C-D singular value decomposition (C-D SVD) and evaluate the rank of A by r =

rank(A) < max(mM, mN).

Note that the mapping: (-) : AM*N _, RmMxnN js defined in Section 3.2. It is
clear that the C-D SVD and the rank evaluation is always available for any C-D
matrix A € AM*N since A € R™M*mN 5 no longer hypercomplex but just a real
matrix. Similar to the eigenvalue problem, the SVDs have not been well-established
for almost C-D number systems. However, in the quaternion case, both the SVD
and the rank of quaternion matrix are well-established [Zha97]. Moreover, the
rank evaluation of C-D matrices has very strong relation to well-established original
ranks [Zha97] in C-D domain.

Lemma 4 (Relation between the rank evaluation and the original ranks in C-D
domain). For complex (m = 2) or quaternion (m = 4) cases,

rank(A) = m - rank(A)

holds for all A € AM*N,

Proof. Suppose that A is of rank r (< min(M, N)) then A has r positive singular

2. In this case, the Hermitian matrix A" A has r positive eigenvalues and

values
from Lemma 3 (m = 2) or Theorem 3 (m = 4) it has r positive R-eigenvalues with
m/u\lgplicity m, i.e., it has mr positive R-eigenvalues. From Theorem 1-8), we have

(AHA) = AT}L so A has mr positive singular values and thus rank(A) = mr. [

Lemma 4 implies that the rank evaluation of C-D matrices is equivalent to the
product of the dimension of C-D number and the original rank. Therefore, min-
imizing the evaluated rank is equivalent to minimizing the original rank at least in
well-established complex and quaternion case. In this section, by passing through
the Schmidt-Eckart-Young theorem [Ste93; BIGO3], we propose a new best low-
rank approximation technique of C-D matrices.

Lemma 5 (Low rank approximation of hypercomplex matrices). For a C-D matrix
A € AMXN of rank(A) = r, a best p rank approximation is achieved by

r
min A—XH :HA—A H = o?
XeRm]WXmN H F P F 'Z-‘rl v’
~ 1=
rank (X)<p P

2It also holds for the quaternion case, for detail, see e.g., [Zha97]
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where ||-||  is the Frobenius norm, A = USV ', A, = UZ, V" and & = diag(1, . . .
,0p, 0,...,0) € RmMMxmN

Proof. It can be straightforwardly verified by applying Schmidt-Echkart-Young the-
orem to A. 0

Remark 8. Note that this lemma does not always provide A, in &, (M, N) (see
Section 3.2) but just in R™M>*™N " that is, A, does not always enjoy the special
structure of non-trivial mapping 6 and the existence of the equivalent C-D matrix
to A, is not guaranteed in general. However, the following theorem insists that
A,, inherits this special structure from A if we choose the reduced rank p to be a

multiple of m.

Theorem 4 (Equivalence to the known low-rank approximations in C and H).
Consider complex (m = 2) or quaternion (m = 4) cases. If A,,, € RmMxmN
achieves the best low mp rank approximation of A € AM*N (p < rank(A)), then
Ay € Gy, (M, N). Moreover, the C-D reverted matrix A,,, € AM*N also achieves

the best low p rank approximation of A in [BM04].
Proof. See Appendix A.6. O

This theorem implies that Lemma 5 is the generalization of the known result in
[BMO4].

As seen in Definition 4, the rank of matrices, even in C-D domain, is well-defined
as a discrete valued function. However, its numerical evaluation requires reliable
counting of non-zero singular values, which is certainly not easy especially for large-
scale matrices. Moreover, minimization of the rank function under constraints often
turns out to be NP-hard. To suppress the rank of matrix under constraints, many
powerful computational strategies become available if we use nuclear norm of real
matrix A in (6.2),1i.e.,

|4

=Y (6.3)
=1

as a best convex relaxation of rank function rank(A)(Note: It is well known that
the nuclear norm is a greatest convex minorant of the rank function [Faz+01]) For
convex optimization problems defined with nuclear norm function, the following

shrinkage operator has been playing as a key player (see, e.g., Section 8.1):

shrink(A, 1) := U, VT (6.4)

6.2 Singular Value Decompositions and Ranks
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for (6.2) and the shrunk diagonal matrix ¥, := diag(max{o; — 7,0}, ..., max{o, —
7,0},0,...,0). For the shrinkage operator, we have the following theorem:

Theorem 5 (Inheritance of special structure of non-trivial mapping with the shrink-
age operator). Consider the case where m < 4. For any A € AM*N and 7 > 0,
the shrinkage operator keeps the special structure of non-trivial mapping 6, ie.,
shrink(A, 7) € S, (M, N).

Proof. See Appendix A.6. O

Remark 9. Neither Theorem 4 nor Theorem 5 holds in general for the octonion or
higher dimensional C-D domains. This can be easily verified with simple counter
examples. Let A = UZV € 6,,(2,2) C R'©*16 be the C-D singular value de-
1+i5 ia+ie
i3 +ir is+is
that its best low 8 rank approximation Ag € R16%16\ &, (2,2) and shrink(A, 2.0) €
R16><16 \ GAg (2’ 2)'

composition of A := € AZ*? = 0%*2. Then it is easy to verify

Remark 5 implies that we need additional idea to utilize best low rank approxim-
ation in Lemma 5 and shrinkage operator in (6.4) while keeping the consistency
with &4, (M, N). The concrete idea will be discussed in Section 8.2 (Note: In this
paper, the projection onto the special subspace M, in Section 8.2 is introduced for
such a purpose).

6.3 Summary

In this chapter, we have introduced a new notion R-eigenvalue, which can be
defined and calculated for any C-D square matrices, and show that the R-eigenvalue
is a natural extension of the original eigenvalues keeping consistency with known
results. Moreover, we have also newly defined the C-D singular value decompos-
ition (C-D SVD) and rank evaluation method for general C-D matrices based on
the R-eigenvalue, and have clarified their properties and the relations to known
results.

Chapter 6 Hypercomplex Singular Value Decomposition



Hypercomplex Matrix Recovery
via Convex Optimization

7.1 Convex Relaxation of Hypercomplex Robust
Principal Component Analysis

In this section, we formulate the robust principal component analysis (RPCA) in
C-D domain. Since the rank evaluation of C-D matrices defined in 2.1.4 is available
for general C-D domain, we can formulate it in C-D domain as follows:

minimize rank(L) + X||S]|,, st. M =L+S, (7.1)
L,SeAM*N e

where A > 0 and ||Al|, , is the number of non-zero entries in A € A**N. Obvi-
ously from Lemma 4, this is a C-D generalization of RPCA in real domain. Similar

to the real case [Can+11], (7.1) is NP-hard. For relaxing (7.1) to a convex optim-
ization problem, we first introduce newly the ¢;-norm of a C-D matrix as follows:

M,N
Al ,, =D [Aijl, AeANN, (7.2)
ij=1

For any C-D matrix A € AM*N 'we can consider the following real matrix:

A - AN

)

A=| : - i | eRmMxN (7.3)
Ayi - Aun

= = —~

with the mapping (-) : A;/*" — R™ Y Note that (-) is just a permutation of (-)

>~

in (3.3) and we can define its inverse () : R™M*N _, AMXN . 4 .y A Then, we

have

MN A
|4, = 3 A, = 4],
ij=1
where |-||, is the ¢>-norm of real vectors and note that Ai,j eR" (G =1,...,M,

j =1,...,N). This implies that the /;-norm of a C-D matrix A can be regarded
as a convex function H-H‘f’" of the real matrix A € R™*N and it evaluates the
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group sparsity (structured sparsity) [WR07] of A’. Therefore, we have the following
theorem:

Theorem 6 (Proximity operator of ||-||+™). For any A € AM*N | the proximity oper-
ator (see Appendix 2.2.2) of |- ||‘f’” with index 7 > 0 can be easily calculated group-wise

as
|:pI'OX A (Z)] = :41'7] max(O A 1 ‘ - T) (7 4)
/y”Hlm 27‘7 HA,LJ ‘ i 2y 2 b .
112
=: [ST(A, 7)]i, (7.5)

where the indices [|;; (i = 1,...,M, j = 1,...,N) stand for the (i, j)-th group of

size m x 1 in prox (A") € RMMXN,

A
’Y”'H1m

If we note that Hﬁm ‘2 = |A; ;| and by applying Z/) defined in (3.4) to the right
hand side of (7.4), we formally obtain the following entry-wise soft-thresholding

function of C-D matrices:

A;;
[ST(A, 7)) = o max (0, |A; ;| — 7).
|Ai

This is obviously equivalent to (7.5) and a C-D generalization of real, complex and
quaternion soft-thresholding functions.

By using /; norm we have discussed above and approximating R-rank with nuclear
norm, we have the following convex optimization problem:

minimize || L]« + A||S||, , st. M =L+S§, (7.6)

L,SeAM N o
where ||-||, is the nuclear norm of real matrices i.e., the sum of positive singular
values. In this thesis, we call the problem (7.6) Cayley-Dickson principal component
pursuit (C-D PCP). Obviously, if we set A,, =R (m =1) and A,, = Cor H (A,, = 2
or 4), (7.6) is respectively identical to the original PCP in real domain [Can+11],
and the complex and quaternionic PCP in [CY16]. Therefore, the C-D PCP is a
natural generalization of these problems. Moreover, the C-D PCP can be regarded
as a convex optimization problem in real domain since the /;-norm of C-D matrices
A can be regarded as a convex function of real matrices, and can be solved by
proximal splitting techniques.
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7.2 Hypercomplex Principal Component Pursuit
Algorithm via Convex Optimization

In this section, we derive a new algorithm based on the Douglas-Rachford splitting
technique [CPO7] to solve the C-D PCP (7.6) efficiently. Denote the 2-fold Cartesian
product of the spaces of real matrices by Hg := R™M*mN  RmMxN ' By defining
the inner product (X, V), = 3 tr(X[ Y1)+ 5 tr(X3Y3) = $ (X1, Y1) gmarsmn +
% <X2, Y2>]RmM><N; where X := [Xl,XQ] € Ho and ) = [Yl, YQ] € Ho, ()(17 Y, €
RMMXmN X9, Yy € R™>N) and induced norm || X[, = /(X,X)y,, Ho be-
comes a real Hilbert space. First, we reformulate the problem (7.6) as an uncon-
strained the sum of two functions as follows:

mipimize  f(Z) + g(2), 7.7)

where

F(2) = f(Z1) + fo(Z2) = | Z1 |, + || Za|l}™,

0(2) = 10y (2) = {0 (2 € D),

+oo  (otherwise),

Z :Z[Zl,Zg] € Ho,
D1 ={(Z1, 21| € D2 |M = 21+ Z,} < Dy,
Dy :=8 x R™M*N < 34,

S ::SAm(Mv N) C RmNXmM.

Note that the subspace D, represents the constraint that the observation M is from
the sum of low rank and sparse matrices. This requests that both Z; belong to S,

so we need the subspace Ds.

Apparently, this reformulation (7.7) is equivalent to (7.6), so all we need is to
identify the concrete calculation of the proximity operators of f and g. In the same
way as [GY10], the proximity operator of f is given by

prox, ¢(X) = [proxz,yf(Xl), ProXo., s (Xg)} )
The proximity operator of f1, i.e., the nuclear norm with index 2~ is given by

proxy. s, (X1) = shrink(X7y, 2).

7.2 Hypercomplex Principal Component Pursuit Algorithm via Convex Optimization
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By Theorem 6, the proximity operator of fs, reduces to the group-wise soft-thresholding
(7.5) of a real matrix:

proxy. r, (X2) = S/'\I’()(g7 29). (7.8)

For the function g, the proximity operator of the indicator function ¢p, is the ortho-
gonal projection Pp, onto the subspace Dy, i.e.,

prox,,(X) = Pp, (X) := argmin | X — V||, -

Y9
yYeDy

Since D1 C Dy C Hy, we have by [Deu01, 5.14, Reduction principle]
Pp,(X) = Pp,|D2 o Pp,(X).

Note that ‘| Dy’ in Pp,|D2 stands for the restriction of the domain to the subspace
D,. The orthogonal projection Pp, : Hy — D2 and Pp,|D2 : D2 — D; respectively
can be calculated as

Pp,(X) = [Ps(X1), X2]
and

Pp, |Day(X) = [M+X1 f;,J\A/I—XTJer},

1
2
where X7 = X, € AM*N and X3 = X, ¢ AMXN " For Ps(X1), let B, ¢ =
Epqip € AN (0 =1,...,m), where E,, € RM*N is the matrix only whose
(p,q)-thentry (p =1,...,M,q=1,...,N) is 1 and all other entries are 0. Then,
we can easily verify that

<E ¢ E ’K’)RWMX"”N -
A 0 (otherwise).

L {m (if (p,q.0) = (0, ¢, 1)),

and therefore, {ﬁﬁpvw}ﬁif[ 2;21 ¢s— is an orthonormal basis of S and thus Ps(X )

can be easily calculated as:

M N m

1 ~
~m ZZZ X, E pa ) RmIxmN By g g

p=1g=1/¢=1

Now, we can calculate

prox.,(X) = Pp,|Da o Pp,(X)

= Pp,|D2[Ps(X1), X2

9

1 r— e~
=5 [ M+ Ps(X1) - X0, M — X" + X,
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where X1 := Pg(X1) € AM*N_ Since all ingredients are identified, we can sum-
marize the proposed hypercomplex principal component pursuit algorithm in Al-
gorithm 4. Here, (tx)r>0 C [0,2] satisfied > ;> tk(2 — tx) = +00, v € (0, +00).

Algorithm 4: A,,,-Douglas-Rachford splitting for hypercomplex principal
component pursuit (A,,-DRS-PCP)
Input : M, t;, A
Output: Low R-rank L and sparse S
Initialize k «+ 0, L™ « 0, S + 0;
repeat
L™ + PM)), S E'(k);
L* « (M + Ps(L™) — 87 /2;
S*« (M —L" + 8®)/2;
Lt k) gy (shrink(2L* —L®) 24) — L*);
SUHD ¢ §®) 41, (ST(25" - 8®,29)) - 87);
k+ k+1;
until convergence;
L** « Ps(L™)), 8 « S,
L* « (M + Ps(L™W) - §7)/2;
S*« (M- L + 8®)/2;
(L, 8]« [L*,5";

Note that the shrinkage operator does not keep the special structure of (-), i.e.,
shrink(A,2v) ¢ S in general, so we need the projection onto the structure Ps.
However, in complex and quaternion domain, it keeps the structure as shown in
Fact 5, so L'®) ¢ S and thus Ps(L™*) = L™ for all k > 0. Especially if m = 1
(i.e., A,, = R), Algorithm 4 is identical to the original DRS for the PCP (DR-PCP)
proposed in [GY10]. Lastly, we state the convergence of the proposed algorithm.

Theorem 7 (Convergence of A,,-DRS-PCP). Let parameters of Algorithm 4 be chosen
so that v € (0,+00), (tx)r>0 C [0,2] satisfying >y~ tr(2 — tr) = +oo. Then, the
output of Algorithm 1 converges to a minimizer of (7.6).

Remark 10. In this thesis, we employ the DRS for solving (7.6) but it can be also
solved by other advanced convex optimization techniques such as the alternating
direction method of multipliers (ADMM) [Boy+11] and the primal-dual splitting
(PDS) [Con13; Viil3].

7.3 Numerical Examples

In this section, we perform some numerical experiments for examining the effect-
iveness of the proposed method. Following the settings in [Lin+09; GY10], we

7.3 Numerical Examples
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randomly generate an input pairs (L, S) as follows: L := X X% ¢ AM*N where
X € AM*mand Xp € ANX" (r < min(M, N)) with the all real and imaginary
parts of each entry of X, X i being i.i.d from N(0,1). Note that r is not always
agree to mrank™ since Lemma 4 does not hold for m > 4 in general. We choose the
support set of S uniformly at random from all support set of size pM N (p € (0, 1)).
All real and imaginary parts of the non-zero entries are independently drawn form
U(—256,256). We fixed \ = 1/y/max(M, N) in the experiments. We perform ex-
periments in the case where A,, = O (m = 8).We compare the proposed method
A,,,-DRS-PCP and three part-wise DRS-PCP method, H?-DRS-PCP, C*-DRS-PCP and
R8-DRS-PCP. These part-wise methods split O into H?, C* and R® estimate all parts
separately.

Table 7.1.: Performance comparison

L,S c 0332 p=0.2,rank®(L) =29 L,S € 0%**32 p=0.2,rank™(L) = 58

Algorithm error # iter. Algorithm error # iter.
A,,-DRS-PCP  2.0e-6 2,044 A,,-DRS-PCP  6.5e-2 2,971
H?-DRS-PCP 1.0 3,009 H?-DRS-PCP  11.9 2,553
C*-DRS-PCP  8.2e-1 2,265 C*DRS-PCP 9.6 1,894
R8-DRS-PCP  37.5 2,990 R8-DRS-PCP  78.7 1,924

32 10

16

16

1 1 1 1

1 16 32 1 16 32 1 16 32 1 16 32

Figure 7.1.: Difference between the original matrix L°"" and the estimated low rank matrix
L with A,,,-DRS-PCP

Table 7.1 shows the performance comparisons of all four algorithms. Figure 7.1
and Figure 7.2 show the differences of all real and parts between the estimated
low rank matrices and original matrices for the right case of Table 7.1 for A,,-
DRS-PCP (Figure 7.1) and H?-DRS-PCP (Figure 7.2). They show that the proposed
method A,,-DRS-PCP outperforms all part-wise methods by exploiting all correla-
tions among real and imaginary parts. H-DRS-PCP and C-DRS-PCP much better
than R-DRS-PCP since it may utilize these correlations in part.
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32
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1 16 32 1 16 32 1 16 32 1 16 32

Figure 7.2.: Difference between the original matrix L°P" and the estimated low rank matrix
L with H?-DRS-PCP

7.4 Non-negative Matrix Completion in
Hypercomplex Domain

In this section, we first formulate non-negative hypercomplex matrix completion
problem and then propose an algorithmic solution to it.

7.4.1 Formulation

First of all we have to define the non-negativeness of hypercomplex number. For
simplicity, in this paper, we consider the following non-negativeness:

Apy ={a€ Ay |Se(a) >0,Y0=1,...,m} C A. (7.9)
We call an element in A, a part-wise non-negative C-D number.

By using this definition, the non-negative low rank hypercomplex matrix comple-
tion can be formulated as the following optimization problem:

minimize rank(X) st. Xq=Yq, (7.10)

Xea) N

where X denotes the restriction of the matrix on the entries given by {2 and
Y, contains the values of those entries of X. With the sampling operator L, :
AMXN 5 AP extracting p observed entries into a vector b € AP, and the convex

7.4 Non-negative Matrix Completion in Hypercomplex Domain
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relaxation with the nuclear norm and Lagrange multiplier, we obtain the following
unconstrained formulation:

o - A
minimize HXH + 2 LX) = b|3s (7.11)
XeAN XN * 2 ™
where ||-]|, is the nuclear norm of real matrices i.e., the sum of positive singular

values. In this paper, we call the problem (7.11) Cayley-Dickson non-negative matrix
completion (C-D NNMC).

7.4.2 Algorithm based on Douglas-Rachford Splitting

In this section, we derive a new algorithm based on the Douglas-Rachford splitting
technique [CPO7] to solve the C-D NNMC (7.11) efficiently. The DRS is briefly
summarized in Appendix. Denote the 2-fold Cartesian product of the spaces of real
matrices by Ho := R™MxmN  RmMxmN - Define the inner product (X,Y),, =
1tr(X{ Y1) + L tr(X,Y5), where X = [X1,X3] € Hoand Y = [Y1,Y2] € Ho
(X1, X2,Y1,Yy € R™M*mN) and induced norm [|X|,,, := /(X, X)y,, then Hg
becomes a real Hilbert space.

We recast the problem (7.11) into an unconstrained minimization of the sum of two
functions f and g:

minimize f(Z) + g(2), (7.12)

ZeHo
where

F(2) = Fi(22) + Fo(Z2) = | 2] + | Ea(Z2) - B,

0 (ifZe D),

92 = i) = +oo  (otherwise),

Z = [Z1,Z2) € Ho, D := {[Z,2Z] € D\|Zi; >0,%(i,j) €T} C Dy, Dy :=
{(Z1,Z3) € D3| Z1 = Zy} C Dy, Dy = &4, (M,N) x &y, (M,N) C Ho, T =
{1,...,M} x {1,...,N} and g, satisfies £(X) = Lo(X) for all X € AM*N_ Ap-
parently this formulation (7.12) is equivalent to (7.11), so we only have to provide
the concrete calculation of the proximity operators of f and g. The proximity oper-
ator of f is given by

prox. ¢(X') = [proxa, s, (X1), proxa, s, (X2)].
The proximity operator of f; with index 7 := 2+ is given by

prox,p, (X1) = shrink(X, 7)
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and

S MLL(0)} + 1 Xa| (i (4,4) € ),
|:prOX7—f2 (XQ):| = [)\ +1 Q L,]
I [Xal; (otherwise),

where L}, : R — R™M*mN is the adjoint operator of Lq, satisfying (Lo (X), v)gmr =
(X, L(v))gmusmn for all X € R™M>mN and ¢ € R™, Note that the shrinkage
operator shrink(+) is the soft-thresholding w.r.t. singular value vector.

For g, the proximity operator of the indicator function ¢, is the orthogonal projec-
tion Pp onto the subspace D, i.e.,

prox,,(X) = Pp(X) := argmin || X — V|4, -
yeD
Since D C Dy C Dy C Hy, we have by [Deu01, 5.14, Reduction principle]
Pp(X) = Pp|Dy o Pp,(X) = Pp|D; o Pp,| D30 Pp,(X).

Note that | D;’ (i = 1,2) stands for the restriction of the domain to the subspace D;.
The orthogonal projections Pp|Dy : Dy — D, Pp,|D2 : Dy — D; and Pp, : Ho —
Ds respectively can be calculated as
Pp,(X) = [Ps(X1), Ps(X?2)],
1
PD1|D2(X) = §[X1 + X9, X1+ XQ],

Pp|D1(X) = [max®m (X 1,0), max* (X 1,0)],

where & := &y, (M, N) and

m
[max®m(A,0)];, := Z max(S3e(A; ), 0)ip.
(=1

For Ps(X;) (i = 1,2), let B, 40 := Ep4ip € AYN (0 =1,...,m), where E, , €
RM>*N is the matrix only whose (p,q)-thentry (p =1,...,M,q=1,...,N) is 1 and
all other entries are 0. Then, we can easily verify that

<Ep,q,£’ Ep’,q',@’>RmMX""N =

L {m(ﬁm%azw@%w,

0 (otherwise).

7.4 Non-negative Matrix Completion in Hypercomplex Domain
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Algorithm 5: A,,-Douglas-Rachford splitting for hypercomplex non-
negative matrix completion (A,,-DRS-NNMC)

Input : M, t;, A

Output: Recovered matrix X € ANV
1 k<0, X9« 0i=1,2);
2 while not converged do
3 | X* e g {Pe(X)Y) + P(XY)):
4 X%+ max®n(X*,0);

x* (k) - x> (k) )

5 proxs. s (2X ; — X7) « shrink(2X, — X, 27);
6 {pronWcO (QX:_ - ng))}

irj
52 B + X - X
— (if (i, 5) € Q) T
[2?: — ng)]m (otherwise)
7 fori=1,2do

8 X(]c+l)
— Xz(k) + i [prox%fi(2§: - ng)) - Xﬂ,
end
9 k+k+1
end

10 X* — LPs(XM) + Ps(X));
11 X < max®m(X* 0);

and therefore, {ﬁEpquf}ﬁiJIV 21721 ¢—1 is an orthonormal basis of & and thus Pgs(X;)

can be easily calculated as:

1 M N m
%ZZZ pqe RmJMXmNE

p=1g=1/¢=1

Now, we can calculate

prox.,(X) = Pp|D;y o Pp,|Ds o Pp,(X)
= Pp|D1 o Pp,|Ds[Ps(X 1), Ps(X2)]
= PD‘Dl[X*,X*]

= [maxA’" (X*,0), max?m (X™,0)],

Y9

where X* := 1{Ps(X1) + Ps(X>)}. Since all ingredients are identified, we
can summarize the proposed matrix completion algorithm in Algorithm 5. Here,
(te)rk>0 C [0,2] satisfied >°4~q tx(2 — tx) = +00, v € (0, +00). Note that the shrink-
age operator shrink(-) does not keep the special structure of 6, i.e., shrink(A, 2y) &
G in general, so we need the projection onto the structure Pg. However, in complex
and quaternion domain, it keeps the structure [MY18a]. Especially if m = 1 (i.e.,
A,, = R), Algorithm 5 is identical to the dual of the non-negative matrix comple-
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tion in real domain proposed in [SM18]. Lastly, we state the convergence of the
proposed algorithm.

Theorem 8 (Convergence of A,,-DRS-NNMC). Let parameters of Algorithm 5 be
chosen so that v € (0, +0o0), (tr)k>0 C [0, 2] satisfying >y~ tr(2 — tx) = +oc. Then,
the output of Algorithm 5 converges to a minimizer of (7.11).

Remark 11. In this paper, we employ the DRS for solving (7.11) but it can be
also solved by other advanced convex optimization techniques such as the alternat-
ing direction method of multipliers (ADMM) [Boy+11] and the primal-dual splitting
(PDS) [Con13; Viil3].

7.5 Numerical Examples

In this section, we perform some numerical experiments for examining the effect-
iveness of the proposed method. Following the settings in [Lin+09; GY10], we ran-
domly generate part-wise non-negative C-D matrices as follows: X := X X! ¢
AMXN “where X, € AM*" and X € ANX" (r < min(M, N)) with all real and
imaginary parts of each entry of X, X r being i.i.d. from ¢/(0,1). Only with this
procedure, X is not always part-wise non-negative, so we add an absolute value of
minimum negative value for each imaginary part. Note that r is not always agree

to mrank(X) (for detail, see [MY18b]). In these experiments, we fix r = 2 and
rank()N( ) becomes 66 (of full rank 8 x 32 = 256). For investigating the limitation of
recovery, we try various percentage p of the entries to be known and randomly chose
the support of the known entries. The value and the locations of the known entries
of X, are used as inputs for the algorithms. For the parameters, we set A = 2 and
trx = 1. We perform experiments in the case where A,, = O (m = 8). Since hyper-
complex non-negative matrix completion is itself completely a new, so we compare
the proposed method A.,,,-DRS-NNMC and three quaternion part-wise methods, H?-
DRS-NNMC, C*-DRS-NNMC and R*-DRS-NNMC. These part-wise methods split O

into H?, C* etc. and estimate separately. Table 7.2 shows the performance com-

Table 7.2.: Performance comparison

X € 032%32 p=04,rank(X) =66 X € 032%32 p=0.1,rank(X) = 66

Algorithm error  # iter. Algorithm error  # iter.
A,,-DRS-NNMC 3.0e-2 1,628  A,,-DRS-NNMC 1.3 44,867
H2-DRS-NNMC  5.0e-1 1,530 HZ2-DRS-NNMC 1.0e+1 43,327
C*-DRS-NNMC 1.le+1 1,272 C*DRS-NNMC 2.6e+1 64,137
R%-DRS-NNMC  7.8e-1 1,155 RS3-DRS-NNMC 1l.le+1 42,340

parisons of all four algorithms. It shows that the proposed method A,,,-DRS-NNMC
outperforms part-wise methods by exploiting all correlations among real and ima-
ginary parts for both case. In the case where p = 0.4, R*-DRS-NNMC outperforms

7.5 Numerical Examples
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C*-DRS-NNMC. It indicates that the performance can be worse if we consider wrong
correlations. If p is less than 0.1, even A,,-DRS-NNMC cannot recover the original
matrix accurately so the recovery limitation is around here but it still better than
the part-wise method.

7.6 Summary

We focused on two applicable hypercomplex matrix recovery problems, hypercom-
plex robust principal component analysis and hypercomplex matrix completion with
non-negative constraints.

For hypercomplex robust principal component analysis, we first have introduced
a sparsity measure of hypercomplex matrices. We have shown that evaluating
this sparsity measure of hypercomplex matrix is equivalent to evaluate the group
sparsity of translated real matrix. By jointly utilized this measure and rank evalu-
ation introduced in Chapter 6 and through a convex relaxation, we have shown that
the hypercomplex robust principal component analysis can be relaxed and reduced
to structured convex optimization problem in real domain. We then have proposed
an algorithmic solution to this reduced problem based on a proximal splitting tech-
nique.

For hypercomplex matrix completion with non-negative constraints, we have pro-
posed part-wise non-negativeness of hypercomplex matrices. Thanks to the simple
definition of general hypercomplex non-negativeness, the hypercomplex non-negative
matrix completion problem can be recasted to equivalent structured convex optim-
ization problem in real domain. We then have proposed an algorithmic solution
to hypercomplex non-negative low rank matrix completion algorithm based on a
proximal splitting method.

Numerical experiments the proposed algorithms successfully utilized algebraically

natural correlations of each attribute to recover much more faithfully the original
information.
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Hypercomplex Tensor Completion
with Convex Optimization

8.1 Hypercomplex Extensions of Tensor Basics

In this section, we extend the fundamental tensor algebra to hypercomplex domain.
Original tensor basics in real domain are summarized in Appendix A.7.1. We ba-
sically adopt the nomenclature of [KB09]. Basic tensor notations in hypercomplex
domain are summarized in TABLE 8.1.

A tensor is a generalization of a matrix to higher dimension. In this paper we denote
it by a calligraphic letter e.g., X € AN *xNo —. 7An _The order (also called ways
or modes) n of tensor is the number of dimensions. Fibers are the higher-order
analogue of matrix rows and columns. A fiber is defined by fixing every index but
one. The mode-k (k = 1,...,n) fibers are all vectors x;,. ;,_,.i,.,..., which are
obtained by fixing the value of {i,...,i,} \ i. The mode-k unfolding (also called
matricization or flattening) of a tensor X € .7 denoted by the corresponding bold
upper case X () € ATk is a Ny, x I, (I, = [T}=; 4, N¢) matrix and obtained by
concatenating all mode-% fibers along columns. In this paper, just for convenience
in notation, we define the mode-0 unfolding X ) € AJo*/ as X () = Xy (i.e,
Ny = Ny and Iy = I;). Note that the mode-0 unfolding can be arbitrary chosen
from mode-k (k = 1,...,n) unfoldings but must be fixed. There are several notions
of tensor rank but the n-rank is easy to compute. Originally, the n-rank is defined
as the tuple of the rank of the mode-k unfoldings. However, the rank is not well-
defined for general C-D domain, so we newly define the n-rank of a n-dimensional
hypercomplex tensor X € .7%m as the tuple of the rank evaluations of the mode-k
unfoldings, i.e.,

n-rank (X) := [rank(X(l)), e ,rank(X(n))} .

In this paper, we will only focus on it as a rank of hypercomplex tensor.

Based on the n-rank introduced above, we formulate a hypercomplex low-rank
tensor completion problem. Given a linear map Lq, : 74 — AP, withp < [, V;
and given b € AP, where L is a sampling operator, which extracts the entries of a
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Table 8.1.: Hypercomplex matrix and tensor notations

Symbol [ Definition

Ia,, Set of all order n C-D tensors

X A tensor in J,

X A matrix in AM*N

x A vector in AY

x A scalor in A

X () Mode-k unfolding of X (k € {0,1,...,n})

(i Element of a matrix at the position (4, j)

Xk k-mode product of a tensor and a matrix (see Fig. 8.1)

IR Frobenius norm of matrices

-1l Nuclear norm of real matrices

-1l ¢y-norm of real vectors

Lo Sampling operator with revealed entries )

L0 Sampling operator equivalent to L, for mode-0
unfolded and then non-trivial mapped matrices

Lo Adjoint operator of L, o

tensor in .7 into a p-dimensional hypercomplex vector in AP, at positions given
by the set of revealed entries denoted by ).

The goal of the low-rank tensor completion problem is to find the hypercomplex

tensor X € .7 that minimizes all entries in n-rank fulfilling the linear measure-

ments Lq(X) = b. This can be expressed as the following optimization problem:
xXeghm

minimize Y rank(X(;) st. Lo(X)=b.
=1

Following the convex relaxation in [Gan+11], we obtain the unconstrained formu-
lation as follows:

A
4 S 1a(X) — bl 8.1

n
minimize Z HX (i)
XeThm Pt

where ||-||, is the nuclear norm of real matrices (see (6.3) in Section 6.2), i.e., the
sum of all singular values.

8.2 Hypercomplex Tensor Completion Algorithm
via Convex Optimization

In this section, we will derive an algorithm based on the Douglas-Rachford split-
ting (DRS) [EB92; CP07] to solve the problem (8.1) efficiently The main ideas
of DRS are summarized in Appendix 2.2.2. Denote the (n + 1)-fold Cartesian
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product of the spaces of real matrices by Hy := R™Noxmlo o RmNixml oy
RmAnxmln - By defining the inner product (X, V), = %HZ};:O tr(X) Y, =

=5 Ym0 (X, Y i) gy somry, where X := [Xo, X1 ..., X,] € Ho (X}, € R™Nexmle,

k=0,....,n)and Y :=[Y(,Y1...,Y,] € Ho (Y} € RmNexmlk | =0, ... n),and
induced norm | X||,, = \/(X, )y, , Ho becomes a real Hilbert space. First, we
reformulate the problem (8.1) as the unconstrained minimization of the sum of two
functions as follows:

minimize f(Z2) 4 g(2), (8.2)

ZeHo

where

ka Zy) =

9(2) = (2) = {

00 (Z bH + Z 1 Z4]l,

0 (ifZe M),

+oo  (otherwise),

Z:=[Zy,...,Z,] € Ho,
M, :={[Zy,...,Z,] € M| refold(Zy) = --- = refold(Z,)} C M,
My :=6g x --- X &, C Ho,
Gy =64, (Ni, I) € R™Nexmle (g — 1 ),

Loy @ RmNoxmlo R satisfies £ ) (X () = Lo(X) for all ¥ € F4m, QO s
the set of known entries, of mode-0 unfolding of the input tensor, corresponding
to €, b € R™ is the trivial mapped (see (3.3)) vector of b, and refold(-) denotes
the refolding of A,, matrix into an A,, tensor. Simplified notation &; has been
introduced for extensive use below.

Note that the subspace M; represents the constraint that all (n + 1) matrices Zj
(k =0,...,n) are unfolded and then applied (N) from a common single hypercom-
plex tensor. However, to represent it, Z; must belong to &y, so we also need the
subspace Ms.

Apparently, this reformulation (8.2) is equivalent to (8.1), so all we need is to
identify the concrete calculations of the proximity operators of f and g (see (2.11)
in Appendix 2.2.2). In the same way as [Gan+11], the proximity operator of f is
given by

prox, ¢(X) = [prox(n+1)7f0(Xo), . ,prox(nﬂ)ﬁn(Xn)} .

8.2 Hypercomplex Tensor Completion Algorithm via Convex Optimization
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The proximity operators of fi (k =0, ...,n) with index 7 are given by
prox, s, (Xx) = shrink(Xy, 7)

fork=1,...,nand

LN (b)Y + 1 X if (i,7) € Q©),
oy (X0)] M0 (B)) + 1 X (i (i.j) € )
” [Xol;; (otherwise),

where L3, @ R™? — R™Noxmlo denotes the adjoint operator of L satisfying
(Lo (X)s0) = (X L0 (0)) s, ToF all X € RTN0XMI0 and o € R™,
and shrink(-) is defined in (6.4). For the function g, the proximity operator of
the indicator function ¢y, is the orthogonal projection Py, onto the subspace M,

ie.,
prox,,(X) = Py (X) := argmin [|X' — V|, -
YeM
Since My C My C Hy, we have by [Deu01, 5.14, Reduction principle]
Purp, (X) = Pay [Ma 0 P, (X).

Note that ‘| My’ in Py, | M stands for the restriction of the domain A, of the operator
Py, to the subspace Ms (C Hp). The orthogonal projection Py, : Ho — My and
Py, [My : My — M, respectively can be calculated as

P, (X) == argmin | X — V|3, = [Pe(Xo), - - -, Ps, (X4)]
YeMs

and

PM1‘M2(X) = [Y(O), .. 77(71)] s

where Pg, : R™M>X™k — &), (k = 0,...,n) stands for the orthogonal projection

onto the subspace &, and Y(k) (k=0,...,n)is (-) of the mode-k unfolding of

1
Xi= g (refold(X ) + - - - + refold(X,,)) € T4,

n

For P, (k=0,...,n),let E¥) .= E®i, € AN (¢ =1,...,m) , where E{})
RVNexIk is the matrix only whose (p,g)-thentry (p = 1,..., Ny, ¢ = 1,...,I;) is 1

and all other entries are 0. Then, we can easily verify that

(k)

B m - (if (p,q,0) = (0. q', 1)),
(Ep gt By oY gmxmn, = {

0 (otherwise).
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Therefore, {ﬁ M q,e}g_’“f;ﬁ ,—; 1s an orthonormal basis of &, and thus Pg, (X)

can be easily calculated as:

1 N I, m (k)
Pe, (Xk) = m ZZZ Xk’ qu Rmexm’kEm,é'
p=1qg=1/¢=1

Now, we have

prox.,,(X) = P, |Ma o Py, (X)

= P]V[1|M2 [PG()(XO)v"' 7P6n(Xn)]

— |:X(O)? N ,X(n):| 5

Y9

where X" := L, (refold(X() + - - - + refold(X})) € T and X} := Ps, (X}) €
Sk (k =0,...,n). Since all ingredients are identified, we can summarize the pro-
posed hypercomplex tensor completion algorithm in Algorithm 6. Here, (¢,),>0 C
[0, 2] satisfies 3, > tu(2 — tu) = +00, ¥ € (0,+00). The same as noted in Remark
8, the shrinkage operator does not always keep the special structure of non-trivial
mapping, i.e., shrink(A4,7) € &, (M,N) for A € AM*N does not hold in gen-
eral. However, it keeps the structure in complex and quaternion case as shown in
Corollary 5. Moreover, the shrinkage operator is the only nonlinear operation in
Algorithm 6, so especially if m < 4 we have X,(Cu) € 6y ie., PGk(ngu)) = X,(CU)
forallw > 0 and £ = 0,...,n. Since both unfolding and refolding procedures just
change the permutation of entries, so they have no interactions among real and all
imaginary parts. Especially if m = 1 (i.e., A,, = R), Algorithm 1 is identical to
the original DRS for low-n-rank tensor completion algorithm (DR-TR) proposed in
[Gan+11].

Lastly, we state the convergence of the proposed algorithm.

Theorem 9 (Convergence of A,,-DRS). Let parameters of Algorithm 6 be chosen so
that y € (0,400), (tu)u>0 C [0,2] satistying 3°,~ tu(2 —tu) = +oc. Then, the output
of Algorithm 6 converges to a minimizer of (8.1).

Proof. From (8.2), it follows immediately that
dom(g) = {X|X € M1} # 2,

where dom(f) := {z € H|f(z) < +o0} is the domain of a function f : H — RU
{+0oc}. Therefore, the convergence of the Algorithm 6 can be verified by the original
DRS in [Gan+11]. O

Remark 12. In this paper, we employ the DRS for solving (8.1) but it can be also
solved by other advanced convex optimization techniques such as the alternating

8.2 Hypercomplex Tensor Completion Algorithm via Convex Optimization
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Algorithm 6: A,,-Douglas-Rachford splitting for hypercomplex tensor

completion (A,,-DRS)

Input : ‘C/Q(O) ) Q(O)a b7 tus A: Cx, Y

Output: Recovered tensor X € T 4n
1u+ 0,7 yn+1), XY« 0(Vk=0,...,n);
2 while not converged do
30| (X5 X5) e [Peg(XG7), o, Po, (X09)];
4 | X" < mean(refold(X}), ..., refold(X%));
5 fork=1,...,ndo

_—x* u

6 profok(QX(k) — X/,(c ))
— shrink(2f(k) - X,(Cu),T);
7 XEC“H) — X,(Cu)

end

—* v
8 prox, s, (2X ) — X(() ))} N
Z?]

Ao B+ 10X - X0
“ (if (i, 5) € 2©)

[2%:0) — X"}, (otherwise)
o | Xy x(

—~—%

+itu |:pI'OX7_fO (2X(0) — Xéu)) — X(D):| 5

10 u<—u+1;
end

1 (X5, X5 [Poo (XY, P, (X))

12 X <+ mean(refold(X3),. .., refold(X7}));

J

direction method of multipliers (ADMM) [Boy+11] and the primal-dual splitting

(PDS) [Con13; Viil3].

8.3 Numerical Examples

We examine the efficiency of the proposed algorithm in the context of hypercom-
plex tensor completion problem. We perform experiments several hypercomplex
domains, complex, quaternion and octonion, and compare several state-of-the-art
algorithms. The results of performance comparisons are summarized in TABLE

8.2.

For the complex case, we compare three algorithms, the proposed A,,-DRS for
the complex case, the original DRS [Gan+11] extended to the complex domain
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with complex SVD (DRS-CSVD) and the part-wise real DRS (R2-DRS-PW). For
the quaternion case, we compare four algorithms, the proposed A,,-DRS for the
quaternion case, the DRS extended to quaternion domain using quaternion SVD,
which is available in the Matlab quaternion toolbox [SB13] (DRS-QSVD), part-wise
complex-valued DRS (C2-DRS-PW) and the part-wise real DRS (R*-DRS-PW). For
octonion case, there is no existing method, so we compare the proposed method
and four part-wise methods, part-wise quaternion DRS (H?-DRS-PW), part-wise
complex DRS (C*-DRS-PW) and the part-wise real DRS (R®-DRS-PW). The R™-
DRS-PW (m = 2,4,8) optimizes all real and imaginary parts separately with the
original real DRS. The C"*-DRS-PW (m = 2,4) decomposes a hypercomplex tensor
to two (for quaternion) or four (octonion) complex tensors and optimizes them sep-
arately with the complex DRS (i.e., DRS-CSVD or A,,,-DRS for the complex case).
The H2-DRS-PW decomposes an octonion tensor into two quaternion tensors and
optimizes them separately with the quaternion DRS (i.e., DRS-QSVD or A,,-DRS
for the quaternion case). Note that the proposed A,,,-DRS can be applied to general
C-D case, and that DRS-QSVD and H?-DRS-PW are also new algorithms since the
quaternion tensor completion itself is a new problem to the best of our knowledge.
These three algorithms are implemented with Matlab! and the SVD in A,,,-DRS and
the all part-wise methods are based on the QR-decomposition.

In each experiment, we generate low-n-rank hypercomplex tensor A, which we
used as ground truth. We fix the dimension r of a ‘core tensor’ C € AT>"*" (A,, =
C, H or Q). Then we generate matrices ¥(1), ... ¥ with &) ¢ ANx*" and set
Xy = Cx1 TW xy .o x, ¥ ¢ Fhn where x; (k = 1,...,n) is the k-mode
product satisfying J = X x;, ¥%) & Y = \Il(k)X(k). An example of k-mode
product in the case where the number of modes n = 3 is illustrated in Fig. 8.1. All
real and imaginary parts of all entries in C and ¥*) are i.i.d. from A(0,1). With
this construction, the n-rank of Xj equals to [mr, ..., mr] almost surely for A,,, = C
or H from Lemma 4. Note that it does not hold for the octonion O case, so we
set Sg(\Il(k)) =0for¢{=1,...7and k = 1,...,n to heuristically ensure the low-
rankness. For investigating the limitation of recovery, we try various percentage p
of the entries to be known and randomly chose the support of the known entries.
The value and the locations of the known entries of X, are used as inputs for the
algorithms. For the parameters, we set A = n and ¢, = 1.

TABLE 8.2(a) shows the performance comparison in C. It shows that the perform-
ance of the A,,,-DRS and the DRS-CSVD are the same since these two methods are
mathematically equivalent. R2-DRS-PW do not converge to the optimal solution
since it cannot approximate the ground truth. In C!0x10x10x10"the performance is
significantly worse if p is less than 0.3, so it is the recovery limitation for this case.

!The codes for these examples are available by request.

8.3 Numerical Examples
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TABLE 8.2(b) shows the performance comparison in H. It shows that the perform-
ance of the A,,-DRS and the DRS-QSVD are the same since these two methods are
mathematically equivalent. Both C2-DRS-PW and R*-DRS-PW do not converge to
the optimal solution since it cannot approximate the ground truth. However, the
performance of C2-DRS-PW is better than R*-DRS-PW since it can utilize the part of
the correlations among each part. In H!0x10x10x10 "the performance is significantly
worse if p is less than 0.2, so it is the recovery limitation for this case.

TABLE 8.2(c) shows the performance comparison in Q. Proposed A,,-DRS outper-
forms all part-wise methods especially in the cases of higher-order tensors. This
results may indicate that utilization of correlation among each part is more import-
ant in recovering higher-oder tensors.

2 2
L L L refold
X C —
(1) Yo E:> y
Nyl (1) Ny [ Nijoy,
v unfold ﬁ
‘I’(l)C(l) C X1 v b
T C ’ r T
T T

Figure 8.1.: Example of k-mode product (n = 3)

Fig.8.2 depicts some slices of (a) original, (b) observed tensors with p = 0.1, ()
observed tensors with p = 0.01, and the completion results of the lower right case
in TABLE 8.2 (i.e., p = 0.1) by (d) C?-DRS-PW, (e) R*-DRS-PW, (f) A,,-DRS, and
(g) that for p = 0.01 by A,,,-DRS. The observed tensor has 64 x 64 x 64 ~ 260K qua-
ternion entries (pixels). Each pixel in tensors is represented by the three imaginary
parts of a quaternion as the RGB color space (see Appendix A.7.2). It shows that the
proposed method indeed recovers well both color information and low-rank struc-
ture of the original tensor even for very limited observation, while both C2-DRS-PW
and R*-DRS-PW cannot recover the color information of the original tensor since it
cannot utilize the correlation of each color space. If p is less than 0.01, the tensor
cannot be recovered even by A,,-DRS.

8.4 Summary

We have proposed an algorithmic solution to hypercomplex tensor completion prob-
lem based on Douglas-Rachford splitting. This solution utilizes the useful defini-
tions of SVD that we have proposed and is available in general C-D domains. Nu-
merical experiments show that the proposed algorithm recovers much more faith-
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64
64
32
32
]
1 64
64 64
4 64 32 o
32 30
11
11

—0.1) (c) Observed tensor (p =
— 7 0.01)

64 64
32 32
1 1
64 64
64 64 64
32 7 32 o
1 1

(d) Completed by C2-DRS-PW (e) Completed by R*-DRS-PW (f) Completed by A,,-DRS
(error=1.9e-2, p = 0.1) (error=9.5e-2, p = 0.1) (error=1.3e-4, p = 0.1)

(a) Original tensor (b) Observed tensor (p

(g) Completed by A,,-DRS
(error=3.3e-2, p = 0.01)

Figure 8.2.: Completion of 3-dimensional quaternion tensor

fully the original hypercomplex tensor information from very limited observations

than state-of-the-art existing algorithms.

8.4 Summary
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Table 8.2.: Performance comparisons

(a) Performance comparison in C

CIOXTOXTOXT0 (0 4, = 2

(ClO><10><10><10, p=03,7r=2

Algorithm # iter. error Algorithm # iter.  error
A,,-DRS 1,154 6.9e-4 A,,-DRS 15,077 2.8e-1
DRS-CSVD 1,154 6.9e-4 DRS-CSVD 15,077 2.8e-1
R2-DRS-PW 1,259 8.2 R2-DRS-PW 17,048 6.3

(C64><64><64’ p= 06, r=4

Algorithm # iter. error

A,,-DRS 1,371 2.1e5
DRS-CSVD 1,371 2.1e-5
R?-DRS-PW 1,428 1.0e-1

(b) Performance comparison in H

HIOXIOXIOXH), p= 06, r=29

H10><10><10><10’ 0= 02’ r=292

Algorithm # iter. error Algorithm # iter.  error
A,,-DRS 898 1.5e-4 A,,-DRS 14,796 19.5
DRS-QSVD 898 1.5e-4 DRS-QSVD 14,796 19.5
C2-DRS-PW 1,025 11.5 C?-DRS-PW 11,363 30.5
R%*DRS-PW 1,077 35.6 R*-DRS-PW 15,059 53.9

HOT<6TX6T (1, 7 — 4

Algorithm

# iter.

error

A,,-DRS
DRS-QSVD
C2-DRS-PW
R*-DRS-PW

1,708
1,708
405
969

1.2e-4
1.2e-4
1.9e-2
9.5e-2

(c) Performance comparison in O

@10><10><10><10, p= 06, r=29

@10><10><10><10, p= 04’ r=2

Algorithm # iter.  error Algorithm # iter.  error
A,,-DRS 10,812 9.12e-4 A,,-DRS 23,986 7.9

H2-DRS-PW 7,930 1.8 H?-DRS-PW 23,429 50.8
C*-DRS-PW 5,991 1.8 C*-DRS-PW 17,339 50.9
R8-DRS-PW 4,831 1.9 R%-DRS-PW 13,092 51.6

@32><32><32’ p= 06, r=29

Algorithm

# iter.

error

A,,-DRS

HZ2-DRS-PW
C*-DRS-PW
R2-DRS-PW

3,056
3,408
1,997
969

6.1e-5
1.9e-4
3.9e-4
8.0e-4
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Conclusion

In this thesis, we have studied the algebraic translations of Cayley-Dickson linear

systems and their signal processing applications.

In Chapter 2, we have introduced the basic definitions and properties of Cayley-
Dickson number systems and two powerful optimization methods.

In Chapter 3, we have proposed an algebraic real translation of the hypercomplex
valued (C-D) linear systems and show that this translation enables us to immedi-
ately obtain equivalent real models to hypercomplex linear models. This translation
is designed by using jointly two new isomorphisms between real vector spaces. We
have clarified the algebraic properties of the translation.

In Chapter 4, we then have presented a new hypercomplex adaptive algorithm
named A,,,-APSM based on the APSM as an example of many potential algorithms
through the proposed translation. The proposed algorithm covers wide range of
hypercomplex adaptive filtering algorithms. Indeed, many existing adaptive al-
gorithms in hypercomplex domain have been reproduced as special cases without
using any special calculus such as CR-calculus and HR-calculus etc. Moreover,
many new adaptive algorithms have also been established as special cases in the
octonion domain, which have not yet been reported elsewhere to the best of the
authors knowledge.

In Chapter 5, as a nonlinear extension, we have extended the real RKHS into the
general C-D domain for nonlinear estimation problem. The extended RKHS inherits
many useful properties of the real RKHS.

In Chapter 6, we have proposed the new notion R-eigenvalue. It can be defined and
calculated for any C-D square matrices We also have shown that the R-eigenvalues
are natural extensions of the original eigenvalues. Moreover, we have newly defined
the C-D singular value decomposition (C-D SVD) and R-rank of general C-D matrices
based on the R-eigenvalue, and have clarified their properties and the relations to
known results.
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In Chapter 7, we have proposed algorithmic solutions to hypercomplex principal
component pursuit and non-negative low rank matrix completion based on a prox-
imal splitting technique. These solutions solve the hypercomplex principal com-
ponent pursuit, which is a convex relaxation of hypercomplex robust principal com-
ponent analysis with a new sparsity measure of C-D matrices, and low rank mat-
rix completion problem with non-negative constraint. Both solusions utilize useful
mathematical tools including C-D SVD and rank® proposed in Chapter 6.

In Chapter 8, we have proposed an algorithmic solution to hypercomplex tensor
completion problem based on a convex optimization technique. This solution util-
izes new definitions of SVD and best low rank approximation of matrices proposed
in Chapter 6 and it is based on algebraic translations of C-D number systems pro-
posed in Chapter 3.

Since the proposed frameworks are designed for general C-D domain, so numerical
examples can be performed in many kinds of hypercomplex domain including com-
plex, quaternion and octonion throughout this thesis. All of them show that the
proposed methods achieve excellent performances than state-of-the-art part-wise
algorithms.
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Appendices

A.1 Proof of Proposition 1

2x2 2Xx2 :
Proof. C [\ <11y and C. 25 - can be respectively also represented as

szz _ a1a ,Blb
rank<(1,1) — asa /BQb

and

(051,052), (/81752)7 a, b S R1X2}

(ch + Bp)(a’ + b)

(C2><2 —
rankst (ay + By2)(a’ + b'a)

(01, 05), (B, Ba),a’, b € Rm}

aja’ — LY pia’ + b/ 1 lx2
= + 7 ,a N CL b R .
{ |pzéal _ 6éb/1 ,32 —1—0421)/ ( oy 2) (61 /82)
We first prove C2% an ¢ Coricy- Let
ara A1b 2x2
C = + eC
|ﬁ0¢1€b] |:S,81b] rank<(1,1)’

where a and b in R'*? are linearly independent, a; # 0, 31 # 0 and s # t. Suppose
CeCli . ie,

a1a i ﬂlb ) — a’la’—ﬁib: 1
tara sB1b aha' — BLb

From (A.1), we have

(A1)

pra’ + ajb’ .
52 + OéQb/ )

taja’ —tBb = abha' — BLY,
spia’ + sa'b’ = Bha’ + aLb'.

i) If a’ and b’ are linearly independent, we have

(a3, B3) = t(ay, B1) = s(a), By)

77



78

and hence (o}, 8]) = (0,0) since s # ¢. This implies vya = $1b = 0 from
(A.1) and contradicts to the linearly independence of a, b.

ii) If @’ and b’ are linearly dependent, there exists u € R such that b’ = ua’.
From (A.1) this implies that

aa = (o} — fru)a’

P1b = (81 + aqu)a’

and also contradicts to the linearly independence of a, b.

Therefore, C ¢ (Cf;nigl and thus Cf;fk <) ¢ (C?;nigl'
We next prove (Cfaxnigl ¢ C22 <(11)- Let
aha' — BiY Bra’ + o b
c:=|! ! +1 . ' C2Xi<1a
saja’ —tp1b tpra’ + sozlb' ran
where a’ and b’ in R'*? are linearly independent, and s # t satisfy o}, = sa/ and
B4 = tB}. Suppose C’ € Cf;niql ) e
oha’ — By a + b aa b
[ }/ Bll ’]+[ﬁ1 1 /Z: ' + ﬁl & (A.2)
saja’ —tp1b tpia’ + saib a2a Bab

By comparing the real and imaginary parts of both sides in (A.2), we have

as(aha’ — Bib') = a1 (saja’ — tpb),
Ba(Bra’ — b)) = B1(tB1a’ — sab')

and

/ ! / /
ooy = sajoy, aof)=tai1f,

BofB =tP1B1, Boa= sPial,

since a’ and b are linearly independent. Hence, (a9, 32) = s(ai,B1) = t(ai, 1)
and hence (a1, 1) = (0,0) since s # t. This implies oja’ — 516’ = 0 from (A.2)

: : : Y l 2x2
and contradicts to the linear independence of a’, b'. Therefore, C" ¢ C_” <(1,1) and
2X2 2x2
thus CJ <1 & (Crankg(l,l)' O]

A.2 Proof of Lemma 2

Proof. Proof of 1)

Chapter A Appendices



This is obvious from (3.6) and Lemma 1-3) and Lemma 1-6).
Proof of 2)

If ¢ = 1, it is obvious from Lemma 2-1). Suppose ¢ > 2, and let

l {4 {4
o o
VAR v I
¢ l
B, B, - B,

where BYf) € RM*M v¢ =2, ... mand Vp,q = 1,...,m. Then, by using (3.6),

Lemma 1-4) and Lemma 1-5), Bz(le can be expressed as

% ¢ I (if p = q)
B(Z) — 5(@ 5(Z)I _ 6(1’)5(@1 — M
P kz::l kpk,g M Z Rt Tk M Onxn  (otherwise).

Hence LS\?TL%[) =I,.m

Proof of 3)

Since this property holds obviously for R and C, we only show the case where

A, = H. In this case Lg\? (¢ € {1,...,4}) are given as in Example 2. We can easily
verify this property by simple algebra. O

A.3 Proof of Theorem 1

A.3.1 Proof of 1)

Proof. Let A := Y7, Ay, VA, € RM*N and B := Y7, Byiy, , VB € RM*N
(f € {1, ce ,m}) Since A+ B = ZZrL:l(Ag + Bg)ig,

A + By
(A+B) = : —A+B.
A, + By,

Moreover, by using this equation,
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Remaining statements hold obviously. O

A.3.2 Proof of 2)

Proof. Let A := Y7, Ayiy, VA, € RM*N then A" = A]i; — >, A/ iy, so we
have

Al
— —AJ
(af =] °
AT
and
“H DT, 4H 2)T, +H m)T , +H
AR = LT, LOT ), .. LT A
Forany ¢ =1,2,...,m, we have
o ;
> S Al
k=1

l
BrAL

NE

LT AR =

B
Il
—

50

Hence the (a, 3)-th block submatrix of size RV*™ in A" can be express as

Zd(ﬁ)AT a,8=1,2,...,m). (A.3)
On the other hand,
Al =[oA] -S> 8NAl, . 60 AT - Z 50 AL
k=2

Hence the (o, 3)-th block submatrix of size RV *M in A' canbe express as

5§a/62A1T - Z 6I(caﬁ)Ag (Va, =1,2,...,m). (A.4)

If « = 1, we have

Z(Sl(faAT Zék 114—r - AT
k=1 k=1
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and from Lemma 1-6) and Lemma 1-5)

sA] — Z oAl =sAl - > s Al

k=2 k=2
=Af =Y 06"A]
k=1
forall g € {1,...,m}. If 5 = 1, we can show this relation in the same way. For the

case where o > 2 and 8 > 2, we have, from using Lemma 1-4),

Z Al =8 A] + Z o0 A]
k=2

=S oAl (A.5)
k=1

forall a, 8 =2,...,m. Hence (A.5) agrees with (A.3) forall o, 8 = 1,...,m, which
implies AH = A O

A.3.3 Proof of 3), 4) and 5)

Proof. By using Lemma 1-5),

[ ilIN Bl
AB =[Ay,...,A,] : li1IN, ... inIyN]
i Iy B,
[iiIy o iipd N
=[A1,..., Ap] : : B
_imilIN T lmlmIN
5( )IZIN 5@) mied N
DA, 4,000 : : B
=t 57(7?1iﬂ N 6y
= Z Z Ak, Z (5 Ak Blg
¢=1 Lk=1
Hence - . )
YoohAr - Y el A
- k=1 k=1 -
AB — S .. : B
SoGNAr Y G A
k=1 k=1 _

A.3 Proof of Theorem 1
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By using the expression (A.4) in the proof of 2), we have

> oA > oA
k=1 k=1

S (' ) S (. )

Z 51!,7 Ay Z 5anAk
Lk=1 k=1 J

BiiAL =Y 51y
k=2

s A - 5,g;>nAk A=Y 5,§?QAk
k=2 k=2 J

=[5} Aa, - LiPTA] = A

(A.6)

Therefore, AB = AB holds true.

We also have Az = AZ, ora:/"'\y —z'gifweset B=x,0or A=z"and B = y,
respectively. O
A.3.4 Proof of 6)

Proof.

m
lellyy = Vahe = |> 2] 2= V& & = @]z
(=1

A.3.5 Proof of 7)

Proof. Obviously,

y* €argmin ||z — y[[,x <= Y € argmin [|Z — Y[[pn
yed " yeC

By the well-known fact [Lue69]: argmin. - [|Z — gllpy = {Pg(i)} # 9, we have

argmin o -yl = { PE@) | = (P4" (@)}
yeC
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A.3.6 Proof of 8)

Proof. We can easily verify this property in the complex case, so we prove the qua-
ternion case, i.e., the case where A (= H). In this case, from (2.6), Lgé,), WS
{1,2,3,4} are determined as in Example 2. Let A := A;i; + Agis + Agiz + A4y €
HM*N A, e RM*N ¢ € {1,2,3,4}, A can be expressed as

A —Ay, —A3 —Ay

~ Ay A A, Az
A; Ay A Ay
Ay —A3 A Aq

Here, by Theorem 1-3), we have

(4B) = [L§)TAB, L) AB, L})" 4B, L) AB|. (A7)
On the other hand,
AB = [ALY"B, ALY B, AL)"B, AL{"B|. (A.8)

By comparing (A.7) and (A.8), Theorem 1-8) is reduced to the following claim:

)"a=AarLV" vie{1,2,3,4}. (A.9)
1f¢ =1, L{)T = I, and LY
obviously holds. If ¢ = 2, we have

= I,y from Lemma 2-1), so Lg\ff)Tﬁ = AL%)T

o -Iy 0 o0]|[Aa -4 —A; —A,
Iy © 0 0|4 A —A, A,
0 o 0 In|lAs A, A, -—A,
0 0 —Iy O0]||A Ay A, A

A=

A, —-A, A —-A]Jo0 —Ix 0 o
Ay, A -Ay Az ||In O 0 0
As A, A -Ay|o o o0 Iy
Ay —A;3 Ay Ay 0 0 —Iy O

= ALQYT

In the same way, we can verify LS\?TZA = AL%)T in the case where ¢ = 3 or 4

(details are lengthy and thus omitted). Therefore, (A.9) holds and thus (AB) =
AB. O

A.3 Proof of Theorem 1
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A.4 Proof of Proposition 2

A.4.1 Proof of (1)

Proof. First, we prove the following:

<f’ L<£)Tf>7—[

where f :=[f1,..., fm]" € H™ for f := fii; + - --
H.
4 m l
655 hi— X, 5;2; fa
L(g)-rf _ 5%,%f1 - ZL:Z 515,%fq

1mf Z 25quq

From Lemma 1-3) and Lemma 1-4), forall £ € {2, ...

<f’L(£)Tf>H

— (f1, fo)y

=0

= 2

m2>p>q>2
p,qF~L

li—) Z

m>p>q>2
p,q#L

m>p>q>2
P,g7#L

=0.

Therefore, (A.10) holds.

By using (A.10), we have

8 (for fa)ay +
8 (fos faday —

8 (for foday

=0 Vle{2,...,m},

+ fmim € Ha,, and f1,...

_Eq 15 fq
m (f
q=1 5 ,qfq

m 14
q=1 5’571?qu

,m},

(All) _255{3 fl;fq H+ZZ (Z) fpqu

p=2¢=1

fe,f1H+ZZ<5§f

(fps fa)
p=2q=2
p#l q#l
¢
o 65 (o faday
2<p<q<m
p,q#L

2<p<g<m
p,q#L

S 65 Fos fady

m>p>q>2
p,q#L

=3y FLOTE) ie=(f, Fan

~
—

=Y Afo. fo)y = Z I fell3, >0

=

—

and (f, f>HAm =0iff f; =
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(=1

=0,i.e., f=0.

> gy fa Folu

(A.10)

s fm €

(A.11)



A.4.2 Proof of (2)

Proof. First, we prove the following:

(£.L97Tg) =—(g.LU7F) =~ VLe{2... m}, (A.12)

where g := [g1, ... ,gm]T € H™for g :== qrit+- -+ gmim € Ha,, and gi1,...,gm € H.

From Lemma 1-1), Lemma 1-4) and (A.11), for all ¢ € {2,...,m} we have

5]()91 <gp7 fq>7-[

WE
NE

A1) o= (¢
(9.L78), 27 = alg o fob +

q=1

=
[|
I\

[}
Il
—

m

= _ng (for91)3 +

m

1-4)
2 _ 2652 (Far01)3y —

5;?1)] <f(I7 gp>7—[

NE
NE

Il
—
3

||
N

q

55?3 <fqa 9p>H

NE
NE

N
[N}
b
[N}

26(8) flugp

_25 (f1,9p) 3 ZZ”%%,M

q=2p=

—_

=S 6 g0 = S0 506 (Fr g0,
q=2

p=2g=1
_ <f, L(e)Tg>Hm _

Therefore, (A.12) holds.

By using (A.12), and note that H™ is a real Hilbert space, we have

m

(1.9, = (F.9)yn + 2 (F.L9Tg), i
=2

X ()
(=2

=49, N, -

A.4 Proof of Proposition 2
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A.4.3 Proof of (3)

Proof. Let h := [hy,...,hy]" € H™ for h := hyiy + -+ + hpmim € Ha,, and
hi,... b € H.

(af + By, h)y, = 3 (a(#.LOTh),  +B(g.LTh) )i

(=1
=« <f7 h>HAm + B <ga h>HAm

A.4.4 Proof of reproducing property (Eq.(5.2))

Proof. Let f := fii1 + -+ + fmim € Ha,, (f1,..., fm € H). Since H is an RKHS, it
holds that

fo(@) = fo@) = (fo, K(*, &)y VLe{1,....,m}.
Therefore, from Lemma 1-2), if we set g := K(-,&) € H in (5.1),

(.9, =2 (FLOTg) i

(=1 H

A.5 Complex Adjoint Matrices

of Quaternion Matrices

Here, we briefly review the complex adjoint matrices of quaternion matrices men-
tioned in Section 6.1. We also discuss it from the view point of the algebraic

translations. The complex adjoint matrix y4 € C2M*2N of the quaternion mat-
rix A=A, + A;y € HM*N (A,, A; € CM*N) is defined as

(4, 4
T laroaz)
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The complex adjoint matrices have been utilized in the study of the numerical range
of quaternion matrices [So+94]. It has very similar structure to the nontrivial

mapping (-) of complex matrices, so we also denote

A
| A | c camxN
s [_A;]

as the trivial adjoint matrix of A to discuss the complex adjoint matrix in terms
of the algebraic translation. Similar to Theorem 1, these two adjoints have the
following algebraic properties:

Fact A.5.1 (Algebraic properties of complex adjoint matrices [Lee49; Zha97]). For
all quaternion matrices A, A’ € HM*N and B € HV*L, the complex adjoint matrices
have the following algebraic properties:

1 Xarar=xAa+xaand &4 n =84+ &,
2. XAB = XAXB>

3. €A = xaép and Eap = X A&y for all € € HY.

Considering the complex adjoint matrices, we have two ways to translate a qua-
ternion matrix A into a real one. The first way is translating A directly into A or A
with (-) or (-) for quaternion matrices. The other way is translating A into ¥ 4 or £4

with (-) or () for complex matrices via complex adjoints x4 or 4. The following
lemma clarifies the relation between these two ways.

Lemma A.5.1 (Relations between complex adjoint matrices and the algebraic trans-
lations). For all quaternion matrix A € HM*N it holds that

€a=TyAand {4 = Ty AT,

Iy O 0 0

0 0 Iy O c RAMx4M
0 Iy 0

0 0 0 Iy

where Ty =

Especially if A is a square matrix, Y4 and A are similar.

A.5 Complex Adjoint Matrices
of Quaternion Matrices 87
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Proof. Let A := A1+ A+ A3z)+ Ayk = A, + A;y. We first prove the left equation.
If we notice that A, = A7 + Asrand A; = A3 + Ay, we have

Iy 0 0 o0][a A,
- 0 0 -Iy 0]|A ~Ay| -~
TyA = M 2 = =€, (A.13)
0 Iy 0 0]|As A,
0 0 0 Iyl||As Ay

We next prove the right equation. For all quaternion vector € H, from Theorem
1-4), Fact A.5.1-3) and (A.13) we have

~ 1- 4 (A 13) =~ AS5.1-3) ,— =
19 = (A13)
XAz = XaTnz.

Hence, TyA= XATn and thus x4 = TM;lT]_Vl.

If A is a square matrix, M = N holds, so x4 =T NATX,l. It implies x4 and A are
similar. O

A.6 Proof of Theorems on Singular Value
Decomposition of Quaternion Matrices

The following lemma will be used in the proofs of Theorem 4 and Theorem 5.

Lemma A.6.1. For a quaternion matrix A € HM*N there always exists a quaternion

. ~/
matrix A’ € HM*N such that A" = o' 30 wlv]" € RMXIN where u € R*™M v} €
R*N are the singular vectors of A corresponding to the common singular value o', and
p is the multiplicity of o.

Proof. Let A = ", o;u;v! be the quaternion singular value decomposition based
on [BMO04], where r is the rank of A, o; > --- > o, are the singular values and
u; € HM and v; € HY (i = 1,...,r) are respectively left and right singular vec-
tors corresponding to o;. For simplicity, we suppose that all singular values o; are
distinct in this proof but we can easily prove the claim even if A has overlapped
singular values. In this case, from Theorem 3, p = 4 and from Theorem 1-1) and
1-8), we have

r 4

-
A= Zaiﬂi% = ZO’ZZ’UJM'UZ&
i=1

=1 /=1
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R4M><4

where [u;1,...,u;4] == U; € and [v;1,...,v;4] == u; € R¥>4 If we focus

only on a singular value o; (1 < j < r) such that o; = ¢/, A’ also can be expressed

as
. 4
A = 5. o — g
A =0 Zujvg'vﬂ = 0jU;V; .
=1
Hence A’ = O'jUj’UJH and thus always exists. O

A.6.1 Proof of Theorem 4

Proof. We only prove only for the quaternion case where m = 4 but we can easily
prove the claim for the complex case in the same way. Let Ay, € RN pe
the best 4p rank approximation of A € R*M>4N for A ¢ HM*N of rank r (i.e.,
rank(ﬁ) = 4r > 4p), i.e., Ay, = Zf 1crlul'v for A = ZZ 10iU;v; T where u; €
R4M and v; € R4 are respectively left and right singular vectors of A € R4Mx4N
corresponding its ith largest singular value o;. From Theorem 3, all singular values
at least have multiplicity 4, so we can rewrite

Z Zu4q z+1v4q 415
q=1 /=1

where af] = 04q—3 = Oag—2 = O4g—1 = 049 (¢ = 1,...,p). Moreover, from Theorem
3, 0 is identical to the gth largest singular value of A. From Lemma A.6.1, we have

Ay = Z Zu4q (410441 = Z 04Ty

g=1 (=1

where w;, € HM v’q € HV are respectively left and right singular vectors of A

corresponding to oy. Hence Ay, € Gx(M,N) and Ay, = >0

the best p rank approximation of A. O

/ H vy
o,ugv, achieving

A.6.2 Proof of Theorem 5

Proof. We prove only the most general case whare m = 4. From Theorem 3 and
Lemma 4, all singular values at least have multiplicity 4 and A is of rank 4r if we
suppose A is of rank r. In this case, shrink(A, 7) can be expressed as

shrink( A T) Zmax{a — T}Zu4q €+1U4q 0+1>

A.6 Proof of Theorems on Singular Value Decomposition of Quaternion Matrices
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where Uf] = 04q—3 = O4g—2 = O4q—1 = 049 (¢ =1,...,p), u; € R*M and v; € RV
are respectively left and right singular vectors of A corresponding to its ith largest

singular value o; (i = 1,...,4r). From Lemma A.6.1, we have
. T
shrink(A, ) = Z max{o;, — T}’TL;%;—I—, (A.14)
q=1

where u;, € HM and v, € HY are respectively left and right singular vectors of A
corresponding to its singular value ;. Similar to the proof of Theorem 4, (A.14)
. . . . . . _ T

implies that there exists unique quaternion matrix B = 7, _; max{o, — T}uyv, €

HM*N such that B = shrink(A, 7). Hence shrink(A, 7) € &y (M, N). O

A.7 Tensors and Multidimensional Data

A.7.1 Brief Review of Tensor Basics

Here, we briefly review the basic tensor notations and algebra. A detailed survey
of tensor algebra in real domain for applications data science can be found in e.g.,
[Cic+09; KB09]. For simplicity, here, we focus on tensor in real domain (Note:
tensor in hypercomplex domain is defined naturally by extending its entries to hy-
percomplex number). A tensor is a multi-dimensional array and generalizations of
matrices. The visualization of 3-order tensor is shown in the rightmost of Fig. A.1.
As shown in these figures, a 0-order tensor is a scalar, a 1-order tensor is a vector,
2-order tensor is a matrix, and tensors of order three or higher are called (higher-
order) tensors. Three or higher order tensors are customary denoted by calligraphic

N3
) 1

1 N @ Ny X Ny X

[
1\ e

~1— ~1— S~ N2 N2

Scalar Vector Matrix Tensor
(0-order tensor) (1-order tensor) (2-order tensor) (3-order tensor)

Figure A.1.: Visualization of tensors

letters, e.g., X as in Fig. A.1. The entry at (41,...,4,) of a tensor X" is denoted by a
corresponding lower case letter with the position, e.g., z;, i, -

Fibers are the higher-order analogue of matrix rows and columns. A fiber is defined
by fixing every index but one. A matrix column is a mode-1 fiber and a matrix
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row is a mode-2 fiber. For general n-order tensor X € RN1**No_ the mode-k
(k = 1,...,n) fibers are all vectors ;. ;, ,:i,.,..i, Which are obtained by fixing
the value of {i1,...,i,} \ ix. The simplest example of a fiber for 3-order tensor is
illustrated in the left of Fig. A.2.

Slices are two-dimensional sections of a tensor, defined by fixing every index but
two. For X, the mode-(k, ¢) (k,¢ = 1,...,n) slices are all matrices X
which are obtained by fixing the value of {i1,...,4,}\{ix,i¢}. The simplest example

7:1.A.Z‘kflZik+1“.2‘é,12ié+1...in

of a slice for 3-order tensor is illustrated in the right of Fig. A.2.

Fiber Slice

Figure A.2.: Visualization of a fiber and a slice for a 3-order tensor

The mode-k unfolding (also called matricization or flattening) of a tensor X is de-
noted by the corresponding bold upper case X ) € RVeXTe - Tt is an Ny x I,
(I = 171 ¢z Ne) matrix and obtained by concatenating all mode-k fibers along
columns.

The norm of a tensor X is the square root of the sum of squares of all its elements,

. N- N,
ie., |4 = /SNL - SN a2

The inner product of two same sized tensor X, € RM>*Nn i the sum of the

Ny

products of their same positioned entries, i.e., (X, )) := Dy ZiNn":1 iy i Yiyooin-

It follows immediately that ||X|| = /(X, X).

There are several notions of tensor rank [KB0O9] but in this paper we mainly fo-
cus on n-rank defined as the tuple of the ranks of unfolding for all modes, i.e.,
n-rank(X) := {rank(X(l)), e ,rank(X(n))}.

A.7.2 Representing Multidimensional Data with
Hypercomplex Numbers

Here, we give a brief guide to representing general multidimensional data with C-D
numbers.

A.7 Tensors and Multidimensional Data 91



The most popular case is to represent RGB color images by quaternion matrices as
presented in [SE99; BS03; ES07; GA18]. In this case, M x N color images have
3-dimensional data (mf}, xg,xg) € R? in each pixel which can also be regarded
as a quaternion with zero real part' /i + z{}
Therefore, M x N color images can be regarded as M x N quaternion matrices.

—~/( .. R G _ B 3
s (zi}, x5, 1) €R

()

mﬁz—kmﬁj—kmﬁmEH

7+ Pk € H as shown in Fig. A.3.

J

Figure A.3.: Representing color pixels by quaternions

In general case, each data point of multidimensional data is observed as d-dimensional
vector. To represent it by a hypercomplex number, the simplest method is the fol-
lowing:

1. Fix the dimension of C-D number m = 2" such that 2" > d,

2. Assign all entries of d-dimensional vector to a d of 2" imaginary parts,

3. Fill all other imaginary parts by zero.
Then, we obtain C-D numbers which represent multidimensional data. Note that

basic arithmetic operations are available for them unlikely to multidimensional vec-
tors.

!Quaternions whose real part is zero are especially called pure quaternions
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