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Abstract

We study the quantum alcove model, which plays an important role in
Schubert calculus.

For a dominant weight A, the collection of admissible subsets correspond-
ing to a A-chain is isomorphic to the crystal of quantum Lakshmibai-Seshadri
(QLS) paths of shape A. In this thesis, we give a generalization (interpolated
QLS paths) of QLS paths for an arbitrary weight A, and describe the relation
between the collection of admissible subsets corresponding to a A-chain and
the set of interpolated QLS paths.

There exist two or more A-chains associated to a weight A. However, if A
is dominant, then all the collections of admissible subsets corresponding to
these A-chains are isomorphic through quantum Yang-Baxter moves. In this
thesis, we also prove the existence of certain maps analogous to quantum
Yang-Baxter moves for an arbitrary weight .
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Chapter 1

Introduction

1.1 Background

1.1.1 Chevalley formula for ordinary flag manifolds

Let GG be a connected, simply-connected simple algebraic group over C, with
Borel subgroup B C G, maximal torus H C G, and weight lattice P. The
flag manifold is defined as the quotient X = G/B. It is well-known that
G/ B has the orbit decomposition G/B = | |, ., (BwB/B) under the action
of the Weyl group W. The Zariski closure X,, := BwB/B of the W-orbit
BwB/B C G/B for each w € W is called the Schubert variety corresponding
tow e W.

Schubert calculus is a branch of mathematics lying in the intersection
of algebraic geometry, topology, and algebraic combinatorics, which studies
various cohomology groups and K-groups of the flag manifold G/B. One of
the fundamental problem of Schubert calculus is to describe the expansion of
the product of classes corresponding to Schubert varieties X, called Schubert
classes, into a linear combination of Schubert classes in the cohomology group
or K-group of the flag manifold G/B. However, the description of such an
expansion is, in general, difficult to obtain. Therefore, a Chevalley formula,
which is the expansion formula for the product of the class of a line bundle
associated to a weight of G and a Schubert class, has been studied. Namely,
if we denote by [£())] the class of the line bundle associated to A € P, and by
[X,] the Schubert class corresponding to w € W, then a Chevalley formula
gives the description of the coefficients cj ,, in the expansion

LN ] = ) KulX)-

veW

A Chevalley formula was first studied by Chevalley ([4]) as an equation in the
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cohomology group of the flag manifold G/B. After that, equations analogous
to the Chevalley formula above has been studied for various kinds of alge-
bras, such as K-groups and H-equivariant K-groups. Lenart-Postnikov ([22])
obtained a Chevalley formula for the H-equivariant K-group Kgy(G/B) of
the flag manifold G/B; namely, they described the Ky -Chevalley coefficient
¢3S, € Z in the following expansion:

[L(=N)] - [0u] = [Ow ®ox LN =Y Y~ eife 10,

veW £eP

where O,,, w € W, denotes the structure sheaf of X,,. They introduced the

notion of alcove model to calculate Ky-Chevalley coefficients in their paper
[22].

1.1.2 The quantum alcove model and equivariant K-
group of semi-infinite flag manifolds

In [17], Lenart-Lubovsky introduced the notion of quantum alcove model for
dominant weights, which is a generalization of the alcove model. In the theory
of the quantum alcove model, one takes a A-chain, which corresponds to an
alcove path related to A € P, and then considers the collection of “admissible
subsets” corresponding to such a A-chain. The quantum alcove model is, for
example, used for the expression of symmetric Macdonald polynomials at
t = 0 in [30] and [21] (cf. [33]). On the other hand, in [21], Lenart-Naito-
Sagaki-Schilling-Shimozono introduced quantum Lakshmibai-Seshadri (QLS)
paths, which are combinatorial objects related to representation theory; for
example, they are closely related to Kirillov-Reshetikhin modules and level-
zero Demazure modules over quantum affine algebras. They constructed the
forgetful map, which is a bijection between the collection of admissible subsets
and the set of QLS paths. By using the forgetful map, they gave a symmetric
Macdonald polynomial a certain representation-theoretic interpretation.

In [19], Lenart-Naito-Sagaki introduced a generalization of the quantum
alcove model for arbitrary weights, to describe a Chevalley formula for the
(H x C*)-equivariant K-group of semi-infinite flag manifolds; here, a semi-
infinite flag manifold is a certain ind-scheme of infinite type, which can be
regarded as “loop spaces” of the ordinary flag manifold G/B. It is known by
[11] that the (H x C*)-equivariant K-group of the semi-infinite flag manifold
is closely related to the H-equivariant quantum K-theory of the ordinary
flag manifold G/B; here, the quantum K-theory is introduced by Givental
and Lee (e.g., [7], [16]). As in the case of the ordinary flag manifold G/B,
there exists a line bundle associated to A € P over the semi-infinite flag



manifold. Also, for each element x of the affine Weyl group Wy, there ex-
ists the corresponding semi-infinite Schubert variety in the semi-infinite flag
manifold. For A € P and x € W, we denote by O(\) the sheaf correspond-
ing to the line bundle associated to A, and by O, the structure sheaf of the
semi-infinite Schubert variety corresponding to x. The Chevalley formula for
the (H x C*)-equivariant K-group of the semi-infinite flag manifold gives an
explicit description of the coefficients ci’& ) in the expansion

yEWar

where ¢, € Z[P](¢™")). The Chevalley formula is described and proved
by Kato-Naito-Sagaki ([15]) in the case that A is dominant, and by Naito-
Orr-Sagaki ([28]) in the case that A is anti-dominant. Finally, Lenart-Naito-
Sagaki ([19]) described the Chevalley formula for an arbitrary weight A in
terms of the quantum alcove model.

1.1.3 Quantum Yang-Baxter moves

For a fixed A € P, there exist two or more A-chains. Depending on these
A-chains, we can construct different collections of admissible subsets. Lenart-
Lubovsky ([18]) proved that if A is dominant, then these collections corre-
sponding to reduced A-chains are essentially identical, by constructing quan-
tum Yang-Baxter moves. For two reduced A-chains I'y, I'y, it is known that
['s is obtained from I'; by repeated application of a certain deformation
procedure, called a Yang-Baxzter transformation (cf. [22]). A quantum Yang-
Baxter move is a bijection between two collections A(I';) and A(I'y) of ad-
missible subsets associated to two reduced A-chains I'y and I'y such that I'y
is obtained from I'; by a (single) Yang-Baxter transformation. A quantum

Yang-Baxter move preserves important statistics, denoted by end(+), down(-),
wt(-), and height(-). Thus collections A(I';) and A(T'y) are “isomorphic”.

1.2 Main results of this thesis

1.2.1 Interpolated QLS paths

The first topic of this thesis is interpolated quantum Lakshmibai-Seshadri
(QLS) paths. We introduce interpolated QLS paths defined for an arbitrary
weight, which generalizes QLS paths. We construct the forgetful map from
the collection of admissible subsets to the corresponding set of interpolated
QLS paths. As an application, we study the coefficients cz’ 5 in the following
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expansion of the graded characters gch V.~ (11 + A) of the level-zero Demazure
module V7 (u + A) over a quantum affine algebra:

gch V.- (p+\) = Z chgchV

YEWar

where ¢/, € Z[P]((q"")). Note that this expansion, together with an explicit
description of the coefficients ci \» brovides a “representation-theoretic” ana-
log of the Chevalley formula for the (H x C*)-equivariant K-group of semi-
infinite flag manifolds, given by Lenart-Naito-Sagaki ([19]); see [15] and [28].
Hence we call such an explicit expansion the identity of Chevalley type for
graded characters. While the Chevalley formula is described in terms of the
quantum alcove model in [19], we also give a description of the identity of
Chevalley type in terms of interpolated QLS paths.

We give one more application. We know that the H-equivariant K-group
Ky (G/B) of the ordinary flag manifold G/ B is a Z[P]-module, where Z|P](~
Ky (pt)) is the group algebra of the weight lattice P. As for the Z[P]-module
structure of Ky (G/B), we study an inverse Chevalley formula for Ky (G/B),
which gives a description of the coefficients c;¢()\) in the expansion

[C(=)) ®c Ou] = > > e (N[0, ®oy L(E)],

veW geP

where C(—\) denotes 1-dimensional B-module of weight —\, and c%*(\) € Z.
We show that the inverse Chevalley formula is given in terms of interpolated
LS paths, which are the “g = 0 counterpart” of interpolated QLS paths. Also,
by using the inverse Chevalley formula, we derive the character identity of
the following form:

erch Dy (v) =Y Y dit, (M) ch Dy (),

veW EeP

where ch D,,(v) denotes the character of the Demazure module over B whose
lowest weight is wv, and d;j;ﬁ,(k) € Z. This equation is, in fact, the specializa-
tion at ¢ =t = 0 of the expansion formula for the product e*E,, (q,t), con-
sidered by Yip ([34]); here, E,,(q,t) denotes the non-symmetric Macdonald
polynomial. Yip studied this equation in order to describe the Littlewood-
Richardson rule for non-symmetric Macdonald polynomials; namely, the
expansion formula for products of non-symmetric Macdonald polynomials.
Littlewood-Richardson rule for the specialization at ¢ = t = 0 of non-
symmetric Macdonald polynomials, which are identical to characters of De-
mazure modules, is described under specific conditions by Haglund-Luoto-
Mason-van Willigenburg ([8]), and the author refined their conditions in [12].
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We write this character identity, which will play an important role in the
Littlewood-Richardson rule, in terms of interpolated LS paths.

1.2.2 Generalized quantum Yang-Baxter moves

The second topic of this thesis is quantum Yang-Baxter moves. Let A € P
be an arbitrary weight, and take two A-chains I'; and I'y such that I'y is
obtained from I'y by a Yang-Baxter transformation. For each w € W, we
take the collections A(w,I'7), A(w,I's) of admissible subsets corresponding
to 'y, T'y. We prove that there exist certain subsets Ag(w,T'1) € A(w, '),
Ao(w,T'y) C A(w, ') such that

e there exists a “sign-preserving” bijection from Ay(w, ') to Ag(w,'s)
which preserves statistics end(-), down(-), wt(-), and height(-),

e there exists a “sign-reversing” involution on A(w, I'1)\Ag(w,T'1) (resp.,
A(w,T'9) \ Ap(w, 7)) which preserves statistics end(-), down(-), wt(-),
and height(-).

The collection of these maps is a generalization of quantum Yang-Baxter
moves.

Now, let A € P be an arbitrary weight. Take a reduced A-chain I'; and
fix © € Wy, and write x = wte with w € W and £ € QY, where @V is the
coroot lattice. We consider the following generating function

GF(I’) — Z (_1>n(A)q7 height(A)—(X,€) ewt(A) end(A)t§+down(A);
AcA(w,I")

here, A > (—1)™“) denotes the “sign function” on A(w,I"). If A is dominant
and w is the identity element e of W, then Gr(e) is a refinement of the
specialization at ¢ = 0 of the symmetric Macdonald polynomial P,(q,0),
since we know from [21] that

P,\(q, 0) _ Z qheight(A) ewt(A).
AecA(e,I")

By using our generalized quantum Yang-Baxter moves, we prove that the
generating function Gr(x) does not depend on the choice of a “weakly re-
duced” A-chain I' for an arbitrary A € P; here, the definition of weakly
reduced A-chains is given in Definition 4.3.5. As an application of this, we
obtain the identity of Chevalley type for graded characters of level-zero De-
mazure modules over a quantum affine algebra. Although the description
and proof of the identity of Chevalley type for an arbitrary weight A € P is
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parallel to those of the Chevalley formula ([19]), we can simplify the proof
of the identity of Chevalley type by using our result on generating functions
above. In this thesis, we give such a simple proof of the identity of Chevalley

type.

1.3 Organization of the thesis

This thesis is organized as follows.

First, we prepare some basics in Chapter 2. In Section 2.1, we fix basic
notation. In Section 2.2, we review the definition and basic facts of quantum
Bruhat graphs. Also, we prepare specific reflection orders. In Section 2.3,
we review the quantum alcove model. A part of this chapter is based on [14,
Section 2].

The topic of Chapter 3 is interpolated QLS paths. In Section 3.1, we give
the definition of interpolated QLS paths. Then, we describe the definition
and properties of the forgetful map in Section 3.2. Moreover, we consider
the equivariant K-groups of the semi-infinite flag manifold and ordinary flag
manifold in Section 3.3. Also, in Section 3.3, we study the expansion formula
for the product e* ch D,,(v). An extended abstract of this chapter is included
in [13)].

In Chapter 4, we treat quantum Yang-Baxter moves. First, we state a
result that asserts the existence of generalized quantum Yang-Baxter moves
in Section 4.1. Then, we give a proof of this result in Section 4.2. In Sec-
tion 4.3, we study generating functions above, and give a simple proof of
the identity of Chevalley type for graded characters of level-zero Demazure
modules. This chapter is based on [14].

11



Chapter 2

Preliminaries

2.1 Basic notation

We fix basic notation of root systems and affine root systems, used through-
out this thesis. A part of this section is based on [14, Section 2.1].

2.1.1 Notation for root systems

Let g be a complex simple Lie algebra with Cartan subalgebra h C g. In
Chapter 4, we may assume that g is complex simple Lie algebra or complex
Lie algebra of type A; x A;. We denote by (-, -) the canonical pairing of h
and h* := Home(h, C).

Let A be the root system of g, with AT C A the set of all positive roots,
and {a;}ier the set of all simple roots. Set p := (1/2) Y .o+ @ For a € AT,
we define sgn(a) € {1, —1} and |a| € At by

)1 ifae AT,
senfa) = —1 ifae—At,

la] := sgn(a)a.

We set Q := ) .., Zo; and QY := >, , Zay', where o is the coroot of
a € A; also, we set QVF 1= 3. Zsoa. Let W = (s; | i € I) be the
Weyl group of g, with length function ¢ : W — Z-, and the longest element
w, € W; here, for « € At, s, € W denotes the reflection corresponding to
a, and s; = s,, is the simple reflection for ¢ € I.

For each ¢ € I, let w; denote the fundamental weight corresponding to
;. Let P := )., Zw; be the weight lattice of g, with P* := )., Z>ow;
the set of dominant weights; also, we set by := P @z R.

12



2.1.2 Affine root systems

Let gat := g ®c C[t, t7!] ® Cc @ Cd be the untwisted affine Lie algebra asso-
ciated to g. We take the set of (affine) real roots A,¢ of g., and the set of
positive real roots Af.. We denote by 6 € A, the null-root. Set I, := IU{0}.
Then, we can take the set of simple roots {a;}ier,, C Af; such that a;, i € I,
is regarded as a simple root of g. We denote by Was = (s; | i € I,¢) the (affine)
Weyl group of g.¢, where s;, @ € I,¢, denotes the simple reflection correspond-
ing to a;. By [9, Section 6.5], we have Wy = {t | £ € QV} x W >~ QY x W,
where t¢, £ € Y, is the translation corresponding to &.

Also, we take the set of real coroots AY, the set of positive real coroots

af

AVt C AY;, and the set of negative real coroots AY;™ := —A". We denote

by 5 € AY; the null-root, which is the coroot corresponding to §. For g €
AY;, there uniquely exists a pair (v¥,k) of v € A and k € Z such that

af
BY =Y 4+ kd. We set BY :=~", and deg(8Y) = k.

Let g be the (affine) Lie algebra whose root system is AY, and bhY; its
Cartan subalgebra. Let W, be the (affine) Weyl group of g;. By abuse of
notation, we also denote by s;, i € I, the simple reflection corresponding
to . Again, by [9, Section 6.5], we see that Wi = {t, | { € Q} x W ~
Q x W, where t¢, £ € @), is the translation corresponding to {. Now, take
the extended affine Weyl group Wl = (P/Q) x W = P x W, and denote

by t, € Wi, u € P, the translation.

ex’

2.2 Quantum Bruhat graph

We review the definition of the quantum Bruhat graph, introduced in [3].
After that, we introduce the specific reflection order on A™, and consider
directed paths in QBG(W') which has increasing labels. A part of this section
is based on [14, Section 2.2].

2.2.1 Definition of the quantum Bruhat graph

Definition 2.2.1 ([3, Definition 6.1]). The quantum Bruhat graph QBG(W)
is the A*-labeled directed graph whose vertices are the elements of W and
whose edges are of the following form: = < y, with 2,y € W and a € A*,
such that y = xs, and either of the following (B) or (Q) holds:

(B) Ly) = {(z) + 1
(Q) L(y) =t(x) —2(p,a) + 1.

13



If (B) (resp., (Q)) holds, then the edge x = y is called a Bruhat edge (resp.,
quantum edge).

Definition 2.2.2 (cf. [2, Section 2.1]). The Bruhat graph BG(W) is the
At-labeled directed graph whose vertices are the elements of W and whose
edges are of the form » % y, with z,y € W and o € A%, such that y = s,
and ((y) = ¢(x) + 1. In other words, the Bruhat graph BG(W) is the full
subgraph of QBG(W') composed of all Bruhat edges.

Let p : wy LN wq L NN w, be a directed path in QBG(WW). We set
lp) =,
end(p) := wy,
wt(p) = > By.

B
wy_1—Pwy, is a quantum edge

Definition 2.2.3 (cf. [5, (2.2)]). Let w € W. A total order < on wA™
is a reflection order if for all o, 8 € wA™ such that a + € wA™, either
a<da+f<forf<a+ < aholds.

Remark 2.2.4. Let w € W. If < is a reflection order on wA™, then the total
order <* defined by a@ <* 8 & 8 < v is also a reflection order on wA™.

It is known by [31, p. 662, Theorem| that the set of reflection orders on
AT is in one-to-one correspondence with the set of reduced expressions of
the longest element w, of W. More precisely, for each reduced expression
Wo = Si, -+ S;,, the total order < on AT defined by a;, < s () < --- <
Siy -+ Si._,(ag,.) is a reflection order. The correspondence (iy,...i,) — <
gives a desired bijection. With this fact, we can easily verify the following
lemma.

Lemma 2.2.5. Take a reflection order <t on AY. Let o, 8 € AT be such that
a<dp. Ifa¥+38Y e AVt ={yV|~v e At} then one has a < (a¥ + Y)Y <
B.

Lemma 2.2.5 can be easily generalized to the argument for reflection or-
ders < on wA™ for arbitrary w € W.

Corollary 2.2.6. Let w € W. Take a reflection order < on wA*. Let
a, B € wAT be such that o < 3. If oV + Y € wAV"", then one has o <
(@ +BY)" < B.

14



Proof. We define a total order <t on A" by a < 8 & wa < wf for each
a,3 € AT. Then < is a reflection order on A™.

Let «, 5 € AT be such that wa < wf3, and assume that (wa)” + (wB)Y €
wAY"". Then we have a <1 8, and a¥ + Y = w((wa)¥ + (wp)¥) € AV:+.
Hence Lemma 2.2.5 implies that o <0 (¥4 5Y)Y <1 8. Therefore, we conclude
that wa < (wa)Y +(wpB)Y)Y < wp, as desired. This proves the corollary. [

Let < be a reflection order on A*. A directed path p in QBG(W) of the
form:

p:woiwlﬁg---&wr,

with 81 < --- < f,, is called a label-increasing directed path with respect to
<.

Theorem 2.2.7 ([3, Theorem 6.4]). Let < be a reflection order on A*. For
all v,w € W, there exists a unique label-increasing directed path from v to w
in QBG(W) with respect to <. Moreover, the unique label-increasing directed
path from v to w has the minimum length.

The property of QBG(W) in Theorem 2.2.7 is called the shellability.
For all v,w € W, there exists at least one shortest directed path p from
v to w; we set

l(v=w):=Lp), wtlv=w):=wt(p).

Note that by [32, Lemma 1(2)] or [20, Proposition 8.1], wt(v = w) is well-
defined. Also, note that ((v = w) = ¢(w) — ¢(v) mod 2 for v,w € W.

We consider a “generalization” of label-increasing directed paths. Let
II = (7,...,7) be a sequence of roots, i.e., y,...,7 € A. Assume that
Y1, .., are distinct. Then we say that a directed path p is II-compatible
if p is of the following form:

[V | M2 Iip
wo wl 7 e 7 wp,

with 1 < j; <--- < j, <r. For w € W, we denote by P(w,II) the set of all
[I-compatible directed paths in QBG(W) which start at w.

Remark 2.2.8. If {~,...,7.} C AT, and if there exists a reflection order <1 on
AT such that v; < -+ < 7, then a II-compatible directed path in QBG(W)
is a label-increasing directed path with respect to <.

Let IT = (71, ...,7:) be a sequence of root, with 71, ..., 7, not necessarily
distinct. For a directed path p of the form:

751 | AN m-p\\
Wo w1 . e wp’

with 1 < j; <--- <j, <r, we define neg(p) by
neg(p) = #{k € {17 s vp} ‘ Vi € _A+}'

15



2.2.2 Specific reflection orders

Definition 2.2.9. For A € P, we set

At(N)so :i={a e AT | (N, aY) >0},
ANy = {oe AT | (ha¥) =0},
AT(N) o :i={ae AT | () a") <0}

Definition 2.2.10. For A € P, we define RO(A, A™") to be the set of all
reflection orders < on A" which satisfy a < < v for all @ € AT(\) o,
B € A*(N)=o, and v € A*(N)so.

Remark 2.2.11. We can see that the set RO(X,A") is not empty for each
AeP.

For A\ € P, there exists a unique Ay € WA such that A\, € PT. Moreover,
the set {w € W | wA; = A} has a unique maximal element (with respect to
the Bruhat order), denoted by w(\).

Lemma 2.2.12. For A € P, we have w(A)AT = (AT(N)so) U (=AT(N)=o) U
(AT (N)<o0)-

Proof. Weset I, :={i € I'| (A\;,a) =0}, and Ay = ATN}°
If B € AT(N)sg, then (N, 5Y) > 0. Hence

A w(N)718Y) = (W), BY) = (A, 8Y) > 0,

and since )\, is dominant, this implies w(A\)™18 € AT\ A}\:. Therefore, we
have 8 € w(N)AT\ w(M)AY, .
If € AT (M) <o, then (A, 5Y) < 0. Hence

A, w(N)TIBY) = (WM, BY) = (A, BY) <0,

and this implies w(A\) '8 € —(AT\A} ). Therefore, we have —§ € w(X\)AT\
w(NAY, .

The above arguments show that (A1 (A)so) U (—A1T(N)<o) C w(N)AT\
w(N)AY, . Next, we consider the relation between A*(\)= and w(A)Ay .

We claim that w(A)AY, C —A*. Let i € I,,. Since (A\y, o) = 0,
or equivalently, s;A\; = Ay, we have w(A)s;Ay = w(A)Ay = A. By the
maximality of w(\), we obtain w(A)s; < w(A). This implies that w(\)a; €
—A™. Hence we have w()\)A;:r C —A™, as desired.

Let € Ay,. Since (Ap,w(\)~'8Y) = (A, BY), we deduce that § €
w(A)AL if and only if 8 € —AT(\)—y. Hence w()\)Aj{+ = —A*T(\)=o.

iety, Lz00;.

16



Therefore, we have (A1T(N)so) U (=AT(N)=o) U (=AT(X) <o) C w(N)AT.
Since [AT(A)sof +| = AT(A)=o| +[ = AT(A)<o| = [AT] = |w(A)AT[(< 00), we
conclude that (AT(A)sg)U(—AT(A)=g)U(=AT(N) <o) = w(N)AT, as desired.
This proves the lemma. O

Based on this lemma, we define the set of reflection orders on w(A\)A™T
which satisfy some additional conditions.

Definition 2.2.13. For A € P, we define RO(X, w(A\)A™T) to be the set
of all reflection orders < on w(A)A™ which satisfy v < —a < —f for all
v € AT(N)sg, @« € AT(N) o and B € AT(N)=g

Let < € RO(A, AT). Write

Ver Lo I Vg2 Vg1 LV < <IY-1 <% <71 <972 - <Dy,

A’L(‘:\)<0 A+Z;\):O AJ“E/,\)>o

where AJF()\)<0 = {7—7”7 s V=q—2) /y—q—l}7 AJF(A):O = {ry—qa < -1, 70}7
and AT(N)so = {7,7%,...,7%}. Then, we define the total order < = <
on w(A)A™T by

Y=Y = XY R TV R X Y2 X Tl
A+(N)50 ~A+(N)<o
D e B T St T W S (9

—A;(,)\):o

(2.2.1)

Proposition 2.2.14. The correspondence < — <. defines a bijection be-
tween RO(A, AT) and RO(A, w(A)AT).

Proof. We show that < = <_ is a reflection order on w(A\)AT. Let o, €
w(A)AT be such that @« < 8 and o + f € w(A\)AT. Then « and [ satisfy
either of the following:

B € A+( )>0§
B € —=AT(N)=o

(1) @
(2)
(3) a8 € =AT(A)<o;
(4)
(5)
(6)

2

4) a € AT(N)sg and B € —AT(N) ;
5) a € AT (N)sp and 8 € —AT(\)—g;
6) a € —AT(N)and g € —AT(N)=g

17



In the case (1)—(3) and (6), it is obvious that @« < o+ 3 < f since < is a
reflection order on A™.

Assume the case (4) or (5). Suppose, for a contradiction, that o < a+ <
g fails. If « < B < a+ f, then a+ € (—AT(N) <o) U (—AT(N)=g). By the
definition of < = <, we deduce that —3 << —a — 8 < a. However, since
—08 = (—a — B) + «, this contradicts the assumption that < is a reflection
order on AT. Similarly, we can show that a + 8 < a < [ is also false.
Therefore, we have o < av + 8 < 3, as desired.

This completes the proof of < € RO\, w(A)AT).

Now, we claim that < — < defines a bijection from RO(X, A™") to
RO(N, w(A)AT). Since the construction of the inverse map <4 — < is
obvious, and by the same argument as above, it is easy to verify that the
resulting total order < is a reflection order on A™. O]

2.3 The quantum alcove model

We review the quantum alcove model, introduced in [17] and [19]. A part of
this section is based on [14, Section 2.3].

2.3.1 Alcove paths and admissible subsets

First, we recall from [22] the definition of alcove paths. For « € A and k € Z,
we set Hy = {v € by | (v,a") = k}; H,y is a hyperplane in hi. Also, for
a € A and k € Z, we denote by s, the reflection with respect to H, ;. Note
that s, (v) =v — ((v,a") — k)a for v € hi. Each connected component of
the space

h?& \ U Hoz,k:

acAt keZ
is called an alcove. If two alcoves A and B have a common wall, then we say

that A and B are adjacent. For adjacent alcoves A and B, we write A LNy ,
B € A, if the common wall of A and B is contained in Hg, for some k € Z,
and [ points in the direction from A to B.

Definition 2.3.1 ([22, Definition 5.2]). A sequence (A, ..., A,) of alcoves
is called an alcove path if A;_1 and A; are adjacent for all = 1,...,r. If the
length r of an alcove path (A, ..., A,) is minimal among all alcove paths
from Ag to A,, we say that (Ao, ..., A,) is reduced.

The fundamental alcove A, is defined by

Ao ={rebs|0< (v,a’) <1forall a € At}
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Also, for A € P, we define A, by
A=A+ x={vr+A|rveA}

Definition 2.3.2 ([22, Definition 5.4]). Let A € P. A sequence (4, ..., )
of roots f1,...,0, € A is called a A-chain if there exists an alcove path
(Ao, ..., A,), with Ay = A, and A, = A_,, such that

A=Ay DA, 25 0 0 A=A,

If such an alcove path (Ao,...,A,) is reduced, then we call (5,...,05,) a
reduced \-chain.

Now, following [19, Section 3.2], we review the quantum alcove model.

Definition 2.3.3 ([19, Definition 17]). Let A € P, and let I" = (B4, .., ;)
be a A-chain. Fix w € W. A subset A= {j; <---<j,} C{1,...,r} is said
to be w-admissible if

Bj Bj 1Bip|
p(A):w:w0|Jll wl\]2|\”' ]p‘wp

is a directed path in QBG(W). Let A(w,I") denote the set of all w-admissible
subsets of {1,...,7}.

Remark 2.3.4. The original definition of admissible subsets in [17] is only for
w = e € W. The notion of w-admissible subsets for an arbitrary w € W is
introduced in [19].

Also, we prepare the “q = 0 part” of A(w,T).

Definition 2.3.5. Let A € P, and let I' = (fy,...,5,) be a A-chain. Fix
w € W. We define the set A|,—o(w,I") by

Aljo(w,T) :={A € A(w,T) | p(A) is a directed path in BG(W)}.

Let A € P, and let I' = (B4,...,08,) be a A-chain. By the definition of
A-chains, there exists an alcove path (4, = Ay, ..., A, = A_)) such that

Ao :AO _/81\ Al —pB2 _/B'r\ AT:A_)\.

For k =1,...,r, we take [, € Z such that Hg,__; contains the common wall
of Ay_1 and Ay, and set Iy, := (X, B)) — I.
Fix we W. For A= {j; <--- <j,} € A(w,I'), we set

end(A) == wsig; |-+ s, 1 WH(A) == —wsg; 1, Sy 1y, (FA);
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we call wt(A) the weight of A. Also, we define a subset A~ C A by
_ . ‘183k| .
AT =qik €A | wspg, |- S18;,_,| — WS|g;,| "+ S|g;, | 18 a quantum edge o,

and set

down(A) := Z |8;]Y, height(A) := Z sen(3,)1;;

JEA- jEA-

note that end(A) = end(p(A)) and down(A) = wt(p(A)). In addition, we
define n(A) € Zso by n(A) := #{j € A | §; € —A™'}; note that n(A) =
neg(p(A)).

Remark 2.3.6. If A € Al,—o(w,T'), then we have A~ = (). Hence down(A) =0
and height(A) = 0.

2.3.2 Reduced chains of roots and reduced expressions

Let A € P be an integral weight. We describe the relationship between
reduced A-chains and reduced expressions of t, € W_...

Take a reduced expression t_y = wVs;, Sy, + -+ 8, € Wi, where iy, ... i, €
Is and 7" is an automorphism of an (affine) Dynkin diagram of gY;. For
kEe{l,...,r}, we set

( 15)\/ = stil TS (O‘z\'jc)a

and 7k := BE(= ((BF)")Y). Note that {(8})Y,..., (85} = AGT N A
Then, [22, Lemma 5.3] implies the following.

Lemma 2.3.7. The sequence (7t,. ..,k is a reduced \-chain.

In addition, for the alcove path (Ag, ..., A,) with Ay = A, and A, = A_,
corresponding to the A-chain (v, ..., 4b), ie.,

L L L
- -7 -
Ao :AO = Al SR = Ar :A,)\,

it is easy to verify that the hyperplane consisting the common wall of A;_;
and Ay for each &k =1,...,r is identical to Hou — qeg((8h)v)-
Conversely, take a reduced A-chain (fy,...,,). Then there exists a re-

duced alcove path (Ay,...,A,) with Ag = A, and A, = A_) such that

A = Ay Pya, 2B 00 ZPoa — 4,
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By [22, Lemma 5.3], there exists v € W, and its reduced expression v =
Si, - -+ i, such that vA, = A_y, and that Ay = s;, -+ - s;, (Ao) for k=0,...,r.
Since t_,A, = A_), there exists an automorphism 7" of the Dynkin diagram
of g’ such that t_y = 7¥v. Hence we obtain a reduced expression t_, =
V8 8, of Ty,

Therefore, the set of reduced A-chains and the set of reduced expressions
of t, € W, are in one-to-one correspondence.
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Chapter 3

Interpolated QLS paths

3.1

Definition of interpolated QLS paths

We introduce interpolated QLS paths, which is one of the analog of quantum
Lakshmibai-Seshadri paths (QLS paths for short), defined in [21, Section 3].
We fix A € P and < € RO(A, AT).

3.1.1 Integrality conditions

We prepare some notation to introduce interpolated QLS paths.

Definition 3.1.1. Let z,y € W, and ¢ € Q.

(1)

(2)

(3)

(4)

: . At
If 0 = 1, then we omit o: write x (:; Yy or x

If there exists a directed path = = xg —» z1 = -+ 5 2, = y

in QBG(W) such that v1,...,7 € AT(N)so, 11 > -+ > 7, and
o(\, ) €Zforall k=1,...,r, then we write = (A:’Jr;c, Y.

If there exists a directed path x = =z B B g, = y in

BG(W) such that yi,...,% € AT(A)so, 1 > -+ >, and o (A, ) €
Zforall k=1,...,r, then we Writex(’\#:’q:oggy

If there exists a directed path z = xg AN T 2o I Ty = Y

in QBG(W) such that v1,...,7% € AT(N) <, 11 > -+ > 7, and
o(A\y)y€€Zforall k=1,...,r, then we write = Q%;U Y.

If there exists a directed path x = =z AN 1 2y T, = y in
BG(W) such that 71,...,7% € AT(AN)<g, 11 > -+ > ¥, and o(\, 7)) €
Z for all k=1,... r, then we writex()\’%:—olgy

(A #£,4=0
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3.1.2 Interpolated QLS paths

Definition 3.1.2. A tuple (z;y;0) of a sequence x : xy, ...,z of elements
in W such that x; # x;,1 for all1<i<s-— 1, a sequence y : yq,...,Ys_1 of
elements in W such that y; # y;1q for all 1 <i < s — 2, and a sequence o :
0o, . .., 0 of rational numbers is called an interpolated quantum Lakshmibai-
Seshadri (QLS) path of shape \ if the following conditions hold:

(1) 0=0p<o0; <+ <o0g5=1;
(2) for all 1 <i < s—1, it holds that z; 4, A o: Ui

(3) for all 1 <i < s—1, it holds that y; (/\:Jr;(, X;.
We denote by IQLS(\) the set of all interpolated QLS paths of shape .

For n = (z;y;0) € IQLS(\), a sequence y is possibly empty. In this case,
we write n = (z;; ). B

As (ordinary) QLS paths, we can define initial /final directions and weights
of interpolated QLS paths.

Definition 3.1.3. Let n = (21, ..., 25 Y1, .-, Ys—1;00,---,0s) € IQLS(X) be
an interpolated QLS path of shape \.

(1) We set ¢(n) := x, and k(n) := z5. We call «(n) the initial direction of
n. Also, we call k(n) the final direction of 7.

(2) We define wt(n) by

S

wt(n) = Z(Jk — O)—1) Tk

k=1
We call wt(\) the weight of 7.

Also, we define the negativity length of interpolated QLS paths, which is
not defined for (ordinary) QLS paths.

Definition 3.1.4. Let n = (z1,..., 2591, .-, Ys—1;00,---,0s) € IQLS(X) be
an interpolated QLS path of shape A. We define neg(n) € Z by

s—1

neg(n) = Y U(wr1 = yp)-

k=1

We call neg(n) the negativity length of n.
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Example 3.1.5. In this example, we assume that g is of type A,. Let A =
—w1 + 2ws. Let us calculate IQLS(N).

Note that (A, o) = —1, (\,af + ay) = 1, and (\,ay) = 2. Hence
a; € AT(N) o and g + g, s € AT(N)so. We define a total order <t on A™
by a1 < a1 + ay < ag. Then we have < € RO(A, A™).

First, we see that IQLS(\) has all straight paths (z;;0,1), z € W. Let
us calculate other paths. Only the positive root a@ = ay € A7 satisfies that
there exists 0 € QN (0,1) such that o(\,a") € Z. In this case, we have
o = 1/2. Hence paths n € IQLS(A) which are not straight paths are of the
form (28q,,2;7;0,1/2,1) for some € W such that © =3 s,,. Since ay is
a simple root, there exists an edge © =% xs,, for all x € W. Therefore, we
conclude that

IQLS(A\) = {(;;0,1) | z € W} U {(2Say, x;2;0,1/2,1) | 2z € W}.

3.1.3 Interpolated LS paths

We also introduce interpolated Lakshmibai-Seshadri (LS) paths, which is a
“q = 0 part” of the set of interpolated QLS paths. Interpolated LS paths are
one of the analog of ordinary LS paths.

Definition 3.1.6. A tuple (z;y; o) of a sequence x : z1, ..., z, of elements in
W, asequence y : yi,...,ys_1 of elements in W, and a sequence o : oy, .. ., 0,
of rational numbers is called an interpolated Lakshmibai-Seshadri (LS) path
of shape A if the following conditions hold:

(1) 0=0p<o01<---<o0s=1;
(2) for all 1 <i < s—1, it holds that z;4, (0= o: Ui

(3) for all 1 <i < s—1, it holds that y; ()\,Jr:,q:O;m T;.

3

We denote by ILS(A) the set of all interpolated LS paths of shape .

By the definition of interpolated LS paths, it is obvious that ILS(\) C
IQLS()).
Example 3.1.7. Again, we assume that g is of type A,, and let A = —w; +2w0s.
Recall Example 3.1.5. It is obvious that (z;;0,1) € ILS()\) for all z € W.
For 2 € W, we see that (284,,;7;0,1/2,1) € ILS()) if and only if z 2% s,
is a Bruhat edge. Since x 22, TSq, 18 a Bruhat edge for © = e, s1, 5951, and
that is a quantum edge for x = s, 5159, $15251, we conclude that

ILS(A) = {(2;;0,1) | x € W} U {(250,,2;2;0,1/2,1) | © = e, 1, 5251}
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3.2 Forgetful maps

We construct the map from A(w;I') to IQLS(A) for w € W, A € P, and a
“suitable” A-chain I'. Note that our construction method of forgetful maps
and proofs of properties of those is, in fact, a generalization of the argument
in [27]. From now on, we fix A € P.

3.2.1 Construction of forgetful maps

First, we construct a rational number and a (finite) root from an affine root
which belongs to A:ﬁ Nty AL

Lemma 3.2.1. For ¥ € A" Nt 'AY™, we have deg(8Y)/(\, 8Y) € QN
[0,1].
Proof. Let x : AV = {~" | v € A} — {0,1} be the characteristic function of
—AYT e,
0 ifyY e AVT,
x(v") = L v
1 ifyY e —AYT.

By [25, eq. (1) in the proof of (2.4.1)], we have ({), 3Y) # 0 and)
ANt A ={aY +ké | k€ Z, x(a¥) <k < x(a)+ (N a")}. (3.2.1)

Since x(B8Y) = 0 or 1, this implies that 0 < deg(8") < (A, V), and hence 0 <
deg(8Y)/(), 8Y) < 1. Here, deg(8")/(A, 8¥) € Q is obvious since deg(8") €
Z and (X, BY) € Z. O
Lemma 3.2.2. Let ¥ € A" Nt 'AY™. Then we have B € (AT(\)sg) U
(=A%(N)<0)-

Proof. By (3.2.1), we have A\, BY) > 0. If B € AT, then we have 8 €
AT(N)sg. If B € =A™, then we have —3 € AT(A )<0. This proves the
lemma. O

By Lemmas 3.2.1 and 3.2.2, we obtain the map ® : AZ" Nt 'AY™ —
Q>0 X ((AT(N)so) U (=AT(N)<o)) which is defined by

o= (B215).

It is obvious that ® is injective.
Next, we prepare a “suitable” reduced expression ¢y = s;, « -+ 84,8, (7")~
and a “suitable” A-chain I'()\). Now, take a reflection order << € RO(X, AT).

1
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Let < € RO(X, w(A)AT) be the reflection order on w(A\)A* corresponding
to < by the bijection RO(A, A") — RO(N, w(A)AT) which is discussed in
Proposition 2.2.14. We define the total order <* on w(A)AT as follows:
a <* [ if and only if § < a. Then <* is also a reflection order of w(A)A*.
We consider (A1 (A)so) U (=AT(N)<9) C w(A)AT to be a totally ordered set
under the total order <*. By considering the ordinary order on Q>, we can
define the lexicographic order on Q¢ X ((A*(A)so) U (=AT(X)<0)) and we
see that Q¢ X ((AT(A)=o) U (—AT(N) <)) is a totally ordered set. Then the
injection ® induces a total order on A:f’Jr N t;lA:f’_, denoted by <. We see

that < is a reflection order on A\a/f’+ N t;lA;/f’_, defined as below.

Definition 3.2.3 (cf. [31, p. 662, Theorem]). Let L C A" be a totally
ordered set, and < a total order on L. An order < is said to be a reflection
order if the following (1) and (2) hold:

(1) For ¥, 8" € L, if ¥ 4 B € A", then oV + Y € L holds. Moreover,

af »

either of ¥ < a¥ + Y < Y or ¥ < a" + Y < a" holds;

(2) For a¥,BY € AY, if oY+ Y € L, then either of the following (a) or (b)

af»

holds: (a) @Y € L and oY < Y+ Y or (b) ¥ € L and ¥ < a¥ + 5.
Proposition 3.2.4. The total order < on A:ﬁ N t;lAZf’_ induced by the

injection ® is a reflection order.

Proof. First, we show the condition (1) in Definition 3.2.3. Let oY,V €
AT N AT, and assume that oY + Y € A%T. Then it is obvious that

af »

v+ BY e ANt PAYT . Assume that oV < 8Y. By the definition of < on

AL N TAYT, we have either of the following:

(1) deg(a”)/(X,a¥) < deg(8")/(,aY),
(2) deg(a¥)/(\, aV) = deg(BY)/(\, BY) and B < @ (i.e., @ <* B).
If (1) holds, then we have

deg(a¥)  deg(aV) + deg(BY) _ deg(a¥ + 5Y) _ deg(Y)
(A, aY) (A ) + (X, BY) Aav+8Y) (A BY)

this implies that oY < o + ¥ < Y. If (2) holds, then we have

deg(a”) _ deg(a') +deg(8”) _ deg(a’ + ")  deg(8")
(oY) )+ (0B NV B (A BY)

Y

and B < (aV + BY)Y < @, since < is a reflection order and by Corollary 2.2.6.
Hence we conclude that o¥ < ¥ + Y < Y, as desired.
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Next, we show the condition (2) in Definition 3.2.3. Assume that o +
BY e AT NttAT T aY,BY € AT Nt PA)T, then the assertion is
obvious by the condition (1) in Definition 3.2.3. If oV, 8Y € A7\ ¢, 1A~
and o + Y € AY, then it is obvious that o + Y € AT\ ;1A a
contradiction. Hence we can assume that oY € A" N, 'A%~ and BY ¢
ANt TAYGT. Tt is sufficient to show that a¥ < o + Y. First, we assume
that § € AT,

Recall (3.2.1). Then we have 0 < deg(aV)/(\, aV) < 1 by the assumption

g ) y p

that oV € AT Nt A", Also, the assumption 8Y ¢ AT Nt 'A%

implies that one of the following holds: (a): (X, 8Y) < 0 < deg(8Y); (b-1):

0< (X, BY) < deg(B") and deg(8") # 0; (b-2): (A, 5Y) = deg(8") = 0.
Assume (a). Then we see that
deg(a” + 57) _ deg(a”) +deg(5”) _ deg(a”) +deg(5") _ deg(a”)
(a8 (Aa¥)+ (A BY) (A a¥) - (AaY)

Hence the definition of < on A_:ﬁ Nt 'A%~ implies that o < oV + Y.
Next, assume (b-1). If (A, 8¥) = 0, then the assertion is obvious since

deg(a” +8Y) _ deg(a”) +deg(¥) _ deg(a”)

) O av) " )

Assume that (), 3V) > 0. Since

degla”) _ | _ deg(5")
oY) T T (A BY)

we deduce that
deg(a”) +deg(8”) _ deg(a”)

av)+ (N BY) T aY)
here, the equality holds if and only if

deg(a”) _, _ deg(8") (3.2.2)

(A, aY) (A BY)

If (3.2.2) fails, then the assertion holds by the definition of < on A%* N
ty P AV Let us assume that (3.2.2) holds. We have

deg(a¥) = (), aV), (3.2.3)

deg(a¥ + 8Y) = (\, ¥ + BY), (3.2.4)
deg(8¥) = (A, BY) > 0.
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Suppose, for a contradiction, that @ < (¥ + $Y)Y. Then (3.2.3) and
(3.2.1) imply that @ € —A*(\) g since a¥ € A" NP AT, Similarly, we
have (a¥ + (Y)Y € —A*(N)<o by (3.2.4) and (3.2.1). On the other hand,
recall that 3 € A*. Hence we obtain § € A*()\)so. By (2.2.1), we deduce
that 3 < @ < (a4 BY)Y. This contradicts that < is a reflection order
and Corollary 2.2.6. Hence we have (a" 4 V)Y < @. Therefore, we obtain
a<*(avV+pY)Y and oY < a¥ + BY, as desired.

Now, assume (b-2). Then we have

deg(a¥ + Y) _ deg@i\/)'
(Aav+p8Y)  (AaY)

Hence we should prove that (¥ + 3Y)¥ < @. Since (A, V) =0 and 3 € A™,
we have 3 € AT(\)g. Also, since a¥+BY € A7 Nt A~ we deduce from
Lemma 3.2.2 that (oY + Y)Y € (AT (N)so) U (=AT(N)<o). By (2.2.1), we
deduce that (a¥ + 3Y)Y < —fB. Since < is a reflection order, Corollary 2.2.6
implies that (Vv + 8Y)Y < @ < —f3, as desired.

We consider the case 3 € A~. In this case, (3.2.1) implies that deg(3") >
(A, BY). Note that deg(3") > 0 since 8¥ € A;". Hence the assertion holds
by the same argument as the case (a) and (b-1) with deg(3Y) # (\,5Y)

above. This proves the proposition. O]

Hence, by [31, p. 662, Theorem]|, there exists a (unique) reduced ex-

pression ty = ;. -+ 84,8, (7Y)7! such that Bt < --- < L. We say that
such reduced expression is suitable for <1. Also, we can take the A-chain
T4(A) = (v, ..., 7%5) which corresponds to such suitable reduced expression

tx = Si - SZ'QSh(?Tv)_l by the relation between reduced expressions and re-
duced A-chains, described in Section 2.3.2. We call I'(\) suitable for <.
From now on, we fix < € RO(A, A1), and a suitable A-chain I';(\) for <,
or equivalently, a suitable reduced expression ty = s;, - - 5,8, (7")7! for <.

Now we can define a map from A(w,I'4(X)) to IQLS()) for each w € W.
Let A = {j1,...,Js} € A(w,T'4(N\)). Then by the definition of admissible
subsets, we obtain the following directed path in QBG(W):

L L
|'Yj1| "YjQ‘ h}i@'

p(A) : w = ug uy > - > Us;

here, u, = wspy sy fora =0, 5. Weset d; := deg((85)"), (. (1))
fori=1,...,r.

Since Bt < ... < B, the definition of the order < implies that there exists
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my < --- < my such that

< d. :...:djm2
< d; = =dj, =1
If d;, > 0, then we set m; := 0. Also, if d;, < 1, then we set m; := s.
For each a = 1,...,t, we consider the directed path

L L L
"yjmaJrl | |’yjma+2 ‘\ "yjma+1 |
uma uma+1 s U’ma+1 :

By the definition of < on A:f”L Nt,'AY;~ and the assumption Bt < -+ < gt
we have yh =k o= 'yﬁnaﬂ. Hence either of the following holds:

(1) 'y; € AT(N)sg for all my,+1 < p < mg1; in this case, we set ng := my;

(2) there exists nq € {ma+1,...,mqr1 — 1} such that 5 € —AT(X) g for
all mg +1 < p <n, and 7;'; € AT(N)sg for all n, < p < mgyq;
(3) 1 € —AT (M) for all my +1 < p < mgqq; in this case, we set
Ng = Mai1.
Then, we wet
Z(A) = (Umy, Uiy gy -+ s Uiy Uny_ys Uny_gy « + 5 Uy
0,1-4d;,,,1—dj, ....,1—d;,, 1).
The following lemma shows that = defines a map A(w, '4(\)) — IQLS(A).
Lemma 3.2.5. For A € A(w,I'4())), we have Z(A) € IQLS(N).

Proof. Let A= {j1,...,j:}. It is sufficient to show that (1—d;,, (X, [v5]Y) €
Zfor all 2 <a<tand m, 1+ 1<b<m, This follows from the following
calculation:

(1= dj, ) I lY) = (1= dy)(A, ]

~—

1
T —des((B)) o
T - )
= £((\, (B))¥) — deg((By)")) € Z
Hence we have Z(A) € IQLS(A). O

Finally, we define the forgetful map, which is an analog of the map II* in
[21, Section 6.1], and the map = in [27, Section 3.3].

Definition 3.2.6. The forgetful map = A(w,To(N) — IQLS(\) x W is
defined by Z(A) := (Z(A),end(A)) for A € A(w,T4(N)).
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3.2.2 Injectivity of the forgetful map

Let us show the injectivity of the forgetful map, which is one of the main
result of this thesis. First, we calculate the image of =.

Theorem 3.2.7. One has the following.

A+

zlém &;/Z(Z) } . (3.2.5)

Proof. We denote by S the right-hand side of (3.2.5). First, we show that

Im(Z) CS. Let A= {j1,...,75s} € A(w,I'4(N)). It is sufficient to prove that
Ot

w 2L 4(2(4)) and «(Z(A)) 2= end(A).

Recall that k(Z(A)) = uy,, and there exists a directed path

Im(Z) = {(n,u) e IQLS(\) x W

A REA iim, |
> Uy e > U,
in QBG(W). Also, dj, = -+~ =d;,, =0. Let a = ji,J2,...,Jm,- Then, we

deduce that deg((8%)Y) = 0 since

L deg((8)Y)

a — =

(A, (B5)Y)
By (3.2.1), we have 4~ = L € AT, This implies that [y5] = 75 € AT()\)o.
Since %‘L1 e ijml, it holds that 7;1 > D> ijml. Therefore, we conclude

that w 22 k(Z(A)), as desired.

Next, we show that ((Z(A)) A} end(A). Recall that «(2(A)) = wpm,,

and there exists a directed path

|’73Lmt+1| |7]L'mt+2‘ 5, |
Uy, —— Upmy+1 e > us = end(A)
in QBG(W). Also, dj,, ,, = -+ = dj, = 1. Let @ = fm, 11, Jmit2s -+ -5 Js-

Then, we have deg((8L)Y) = (), (BL)V) since

L des((8)) _

a — =

(A (B5)Y)

Now, (3.2.1) implies that 7= = Bt € A~, and this shows that [y-| = —AL €
A*(X)<o. Since %I‘_mﬂrl > -+ > 75, we have |7J'-‘mt+1| > -+ > |5 |. Hence we
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deduce that ((Z(A)) A} end(A), as desired. This completes the proof of
Im(Z) C S.
Next, we show that S C Im(Z). Let (n,u) € S. Then we have w e}

k(n) and ¢(n) 2 We construct A € A(w,T'4(X\)) such that Z(A) =7
and end(A) = w.

Write 7 = (Z1,...,Zs; Y1, Ys—1;00,- - -,0s). Since w (A;il k(n) = xs,
there exists a directed path

L L
|’yjs,1| |7js,ms|
> y T

in QBG(W) such that fyj'rs’l e %I"s,ms and ’y]'-'syp € AT (M) for all p =
1,...,m,. Also, by the definition of interpolated QLS paths, fori =1,...,s—
1, we have the following directed paths

L
|’Y}'i71| |'Yj,-’ni‘
Tit+1 P Yis
L L
"in’niJrl |\ |7ji,mi |

Yi Ty

in QBG(WW) such that fijM e fy.;_i,mi’ and that 735,;7 € —At(\) for

p=1,...,n; and VJLW € At (N)sg for p = n; +1,...,m;. Moreover, by
(A— . .

t(n) =, ::; u, there exists a directed path

L L
|'Yj071| |7j0,m0|
T e S U

in QBG(W) such that 7}0’1 e 7}07m0 and ’y}o’p € —AtT(N) for p =
1, ..., M.

For i = 0,...,s, we set d; := 1 — ;. Also, for i = 0,...,5 and p =
1,\./.+.,mz~,1wo\c; _set By, = (%I"i,p)v + d; (N, (7;7p)v)5. We show that 3} =€
AT N AN

Assume that ¢ = s. Then we have d;, = 1 — o, = 0. Since 'ijS}p e AT,
(3.2.1) implies that 8} € A" N TAL

Next, assume that 1 < ¢ < s — 1. In this case, we have 0 < o; < 1.
Since 0 < d; (A, (yj'ri,p)v> < (A, (yj'ri’p)v> (note that (A, (%I"W)v> > (), and since
0 < x((4%,)") <1, (3.2.1) implies that 8) € A" N A,

Finally, assume that ¢ = 0. Then we have dy = 1 — 09 = 1. Since
'ijO’p € A~ (or equivalently X((’YJ'LOJ,)V) = 1), (3.2.1) implies that 8) €

Vit ~ =1 AV,—
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Therefore, we conclude that BJ\-ZP € AV’Jr ﬁt;lAV’* forallt=0,...,sand
p=1,...,m;. Now, recall that 7]'-‘1_ ) - 7] foralli=0,...,s. Also,
we have 0 = d; < --- < dy; < dy = 1. Moreover, one has

de
w03~ g(i")ﬂgw) @k

(A B
for i = 0,...,s and p = 1,...,m;. Therefore, by the definition of < on
V+ 1 \/ Vv Vv Vv Vv
A mt Aaf ? we haVe /Bjs,l - < /8]3 ms Bj571’1 < < /Bjsfl,ms_l
- < jm < e < ]VO . Hence there exists
,mo

A= {j;,lv <o 7j;,m57j;71,17 s >J'L/s»71,ms,17 R aj(/),p cee 7j(l),mo}
such that (5" p)v gy foralli=0,...,sand p=1,...,m; It is obvious
that A € A(w I'5(A)), and that Z(A) = n and end(A) = u. This completes
the proof of (n,u) € Im(Z), and we conclude that Im(Z) = S, as desired. [
Theorem 3.2.8. The forgetful map = s injective.
Proof. This follows from the shellability of QBG(W) (see Theorem 2.2.7). [

3.2.3 Statistics for admissible subsets in terms of in-
terpolated QLS paths

We rewrite statistics defined for admissible subsets in terms of interpolated
QLS paths.

Proposition 3.2.9. For A € A(w,I'4()\)), we have n(A) = neg(=(A)) +
((L(Z(A)) = end(A)).

Proof. Let A = {j1,...,js} € A(w,T'4(\)). Then n(A) counts the number
of roots %'Tk, k=1,...,s, such that 73" € A~. Hence the desired identity

holds since u 22 k(Z(A)) and «(E :; end(A O

Corollary 3.2.10. For A € A(w,Fq()\)), we have n(A) = neg(Z(A)) +
l(end(A)) — L((Z(A))) mod 2.

Next, we rewrite wt(A) in terms of the weight of Z(A).
Proposition 3.2.11. For A € A(w,I'4()\)), we have wt(A) = wt(E(A)).

Proof. We show the proposition by the induction on |A|. If |A| = 0, i.e,
A =, then by the definition of wt(A), we have wt(A) = wA. On the other
hand, we see that =(A) = (w;;0,1). Hence wt(=(A)) = wA. Therefore, it
holds that wt(A) = wt(Z(A)).

Let A = {j1,...,Js} € A(w,T['4(N))) and assume that s > 1. Set B :=
{j1, -+, Js—1}. Our induction hypothesis is that wt(B) = wt(=(B)).
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Step 1: wt(A) = wt(B) + (—(, (6%)V) + deg((5},)")) end(B)ﬁ_]'rs.

By abuse of notation, we define ¢, : h — bi for v € b by t,(€) =&+ v.
We see that for v € by and v € AT, s,t, = ¢, ()S,, and for vy, € by,
tutuy =ty 1u,. Also, for v € A and k € Z, we have t;,5, = 54

By the definition of wt(A), we have

WH(A) = —WSi aqeg((ah,)V) Sy, dea((8h,_)¥) 5%, — dea((35,)1) (T )
= TWSL —deg((8)V) T 575571,—deg((65571)v)(_)‘
— ({(=A, (77.)") + deg((85.)")5.)
= WSy deg((8h)V) TSk~ deg((8h V) (A

— (=(A (B5)Y) + deg((8;,)"))BL).

We set d := —(X, (85)V) + deg((5,)"). By repeated application of iden-
tities tyy S}y = s4,x for v € A and k € Z, we see that there exists £ € by (in
fact, £ € Q) such that

WSyL —deg((85)V) """ Syb |~ deg(B_ V) = WSk |t Sk (e
Hence
Wt(A) = —w3|,y]L1| s S|,yJLS_1|t§(—)\ — dﬂjl_g)
B a
= —wst sy ((FA = dBj £ €)
_ e
= —wspe sy (A E) Hdwsy sy ((B7)
B T
= —wspt Sy le(=A) Fdwsp s ((87)
= WS deg((8h)) TS —des((8,_))(TA)
:W‘t,(B)
e
tdwspuy s (67)
—end(B)
— wt(B) + (—(\, (L)Y) + deg((8L)")) end(B) (L),
as desired.

Step 2: wt(Z(A)) = wt(Z(B)) + (—(\, (BL)Y) + deg((8%)")) end(B) 5" .

There are the following three cases:
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(1) dj371 < d]s < 17

(2) dj,, =d;, < 1;

(3) dj, = 1.

Assume the case (1). Then we have m;_; = s — 1 and m; = s. Hence

‘:(B) - (umt717“‘7um1;unt727"'7un1;071 _djmtfﬂ”

L1—dj, 1),

while

[1]

(A) = (Umyy - oo s Uiy Uy gy e Uy 0,1 — dj L 1=d;,,,1).

myd

Note that tm,, = tm, ;5L |- Also, note that end(B) = up,_, .
Js
Hence, by the definition of the weight, we calculate as the following:

wit(2(A))
=wt(E(B)) — (1 — dj,,_ )tm,_, A
+ (1 —dj,, ) — (L —dj, ) tim, A+ (1 —dj, ), A
= wt(2(B)) — (1 = dj,,, )tm,_, A+ (1 = dj,, ), A
= wt(E(B)) — (1 = dj,,, )tm,_, A+ (1 = dj,, )tm, 18‘7ﬁ|>\
L= dj,, Vttme (X = N ) D

—d;
—d;

SN R LTS
LV L
my >\7(’7js) >umt—17j5

_ deg((5},)")
=wt(=(B)) — |1 — —=—
- (1- 5

mg

—_— o~~~

o (A, (B,)") end(B) 5,

= wt(E(B)) + (=(\. (B],)Y) + deg((85,)")) end(B) Y

as desired.
Next, assume (2). Observe that

E(B) = (Umy—1,Umy_yy -y g5 25 Ung_ys o ooy Uy 0,1 =g ooy T —dj, 0 1),
where
5 = Un,_y) if Uny_q 7& Umy s
Umy—1, if Un;, 1 = Umy,
while
E(A) = (Umys 5 Uy 3 Ung_ys 5 Ung3 0,1 =y 1=y, 1),
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Note that m; = s, my_; < s — 1, and that u,,, = Uy 1)L |- Also, note that
end(B) = Uy, —1- L
Hence we calculate as the following:
wt(E(A)) = wt(E(B)) — (1 — dj,,, Jume—1A + (1 —
= wt(E(B)) — (1 = dj,,, Jum,—1A + (1 =
= Wt(‘E(B)) ( .77nt)umt_1)\

djmt )umt >\
dj,,

t)umt—lsl“/}s\)‘

+ (1= djp Yt A= N ) i)
= wt(E(B)) — (1 — d;,,, )(A, IVJLS Nt 1|75,
= wt(2(B)) — (1 = d;,,, )\ (77,) Y Vttme 175,
— deg((55,)") -
=wt(=(B))—|(1-— A\, (B )VY end(B) Bt
t(E(B)) ( ) ) (A (B5,)Y) end(B)B;,

Vy )
= wt(Z(B)) + (= (A, (B)Y) + deg((8)")) end(B) .

This is the desired equation.

Finally, in the case (3), we see that Z(A) = Z(B). Hence wt(Z(A)) =
wt(Z(B)). Since d;, = deg(( j'fs)v)/O\, (B]LS)V) = 1, we have —(}, (B]LS)V> +
deg((85,)¥) = 0. This proves the desired identity.

Step 3: wt(A) = wt(Z(A))

By Steps 1 and 2, we obtain the following, as desired:
wt(A) = wt(B) + (—(X, (8%)") + deg((85,)")) end(B) L,
= wt(Z(B)) + (—(\, (B;)") + deg((5},))) end(B) 3},

= wt(2(A));
here, we used our induction hypothesis in the 2nd equality. This completes
the proof of the proposition. m

3.2.4 The “g=0” counterpart of the forgetful map

If Ae Aljmo(w,I'4(X)), then p(A) is a directed path in BG(W). Hence, by
the definition of ILS()), we deduce the following.

Corollary 3.2.12. We have Z(A|s=o(w,'4(N))) C ILS(X). Moreover, we

have
w L () }

(A—,q=0
1(n) ===

Z(Aly=o(w, To(N))) = {(U,U) € ILS(A) x W
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3.3 Equivariant K-theory

As an application of forgetful maps, we rewrite the Chevalley formula for the
(H x C*)-equivariant K-group of semi-infinite flag manifolds, described in
[19]. Also, we write the inverse Chevalley formula for the H-equivariant K-
group of (ordinary) flag manifolds. Moreover, by using the inverse Chevalley
formula, we describe the Yip formula, the expansion formula for the product
e* ch D, (v), where A € P, and ch D, (v) denotes the character of the De-
mazure submodule D,,(v) of g of lowest weight wv for w € W and v € P*.

In this section, we fix A\ € P. We take a reflection order < € RO(\, A1),
and a suitable A-chain I';(\) for <.

3.3.1 Chevalley formula for semi-infinite flag manifolds

Let Uq(gas) denote the quantum affine algebra associated to gn¢ with Cheval-
ley generator E;, F; € Uq(@at), ¢ € Lye = I1U{0}, where q is an indeterminate.
We denote by Uy (@at) := (Fi)icr,, C Uq(gar) the subalgebra of Uq(gar) gen-
erated by {F; | i € Ls}.

For each A\ € PT, we denote by V(X) the level-zero extremal weight
module of extremal weight A\ over Ug(gar), which is equipped with a fam-
ily {v}tzeew,, C V(A) of extremal weight vectors, where v, € V(\), z €
Wat, is an extremal weight vector of weight z\ (see [10, Proposition 8.2.2]).
For € Wy and A € P*, the Demazure submodule V7 (\) is defined by
V.o (A) := Ug (@af)ve. We denote by gch V7 (A) the graded character of V7 ())
(see [15, §2.4]). If x = wte with w € W and £ € QV, then we know that
gch V.- (\) € Z[P][q ' ]qg~ M9 in fact, we know that gch V., ()\) € Z[q~'][P]
for w e W.

To describe the identity of Chevalley type for graded characters, we need
some notation for partitions. Let A € P* and write it as A = ), ., m;w;.

We define the set Par(\) by

Par()) = {x = ((D)ies

x is a partition whose length is
less than or equal to max{m;,0} [~

For x = (x")ic; € Par()\), we write it as xV) = ( (f) > Xgi) > > Xl(:) > 0),
where 0 < [; < max{m,;,0} and Xﬁ”, o aXz(:) € Z, and set

bi . .
Xl =D ) =Y xay;

i€l k=1 i€l

if ¥ = (), then we understand that /; = 0 and Xgi) = 0.
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The following is the identity of Chevalley type for graded characters, which
is a “representation-theoretic” analog of the Chevalley formula for the equiv-
ariant K-group of the semi-infinite flag manifold, described in [19]. We give
a simpler proof of this identity in Section 4.3.3.

Theorem 3.3.1. Let p € P and x € Wy. We write x as x = wte with
we W and £ € QY. Take N € P such that i+ X € PT, and let T be an
arbitrary reduced \-chain. Then we have

geh Vo (u+A) =

Z Z (1)) = helght ()= (&) —Ixl W (4) gy Vi
A€A(w,I') xePar())

(1)-

(3.3.1)

tetdown(A)+i(x)

Remark 3.3.2. The right-hand side of (3.3.1) is identical to zero if u+\ ¢ PT;
the proof is given in Section 4.3.4.

The purpose of this section is to rewrite this identity in terms of interpo-
lated QLS paths. We prepare some additional statistics of interpolated QLS
paths; the degree function Deg,, is one of the analog of that for semi-infinite
LS paths ([29, Section 3.1]).

Definition 3.3.3. Let n = (1,...,ZsY1,...,Ys_1;00,---,05) € IQLS(N).
Take w,u € W be such that w Cart k(n) and ¢(n) A2l We define
§(u,n, w) by

5(%77710) =
wt(w = K1) + Y (Wt(zesr = ye) + wt(ye = 2x)) + wt(e(n) = w).

Definition 3.3.4. Let n = (x1,..., 25 Y1, -+, Ys—1;00,---,0s) € IQLS(A)
and w € W be such that w 22 k(n). We define Deg,, (1) by

s—1

Deg,, () 1= — (X, wt(w = k(1)) = > or(X, Wh(2pp1 = yx) + wt(yr = ).

We describe the relation between these statistics for interpolated QLS
paths and those defined for admissible subsets. First, the following lemma is
obvious by the definitions of down(A) and &(u,n, w).

Lemma 3.3.5. For A € A(w,T4(\)), write 2(A) = (n,u). Then, it holds
that down(A) = &(u, n,w).

37



Next, we consider height(A) and Deg, (7).

Lemma 3.3.6. Let w e W. For A€ A(w,I'4(X)), write =(A) =n. Then it
holds that height(A) = — Deg,,(n).

Proof. We use the notation in Section 3.2. For example, we recall that

[1]

(A) = (umt’ /U/mt71; A 7um1;unt71’ unt727 ctt 7un1;

0,1—d; ,1—d. 1—dj,. 1),

Jmy ) Jmy_19 "
Then by the definition of Deg, (n), we have

Deg,, () = = (A wt(w = um,))

- Z(l - djmk+1)<)\7Wt(umk = unk) + Wt(unk = umk+1)>'
k=1

Let k=1,...,t — 1, and consider the following directed paths:

hjmk'fl |'7jmk+2 hj"k |\
umk ? um;ﬁ—l e unm
L L
1] 2] Mg 41 \\
Up,, —— Uny+1 S Uy, -
Then
_ \
Wt(umk = unk) - E , ’7]p|
m+1<p<ny
Up—1—Up 18 a quantum edge
_ \2
Wt(unk = umk+1) - § |7]p|
ngp+1<p<my41

Up_1—Up is a quantum edge

For my +1 < p < my1, we see that
(1 =y, VO I 1Y) = sen(v) )X = dj,, )N (5)Y)
de
= sgn(%'-‘p) (1 8l ) )> (A, (BJL,,)V>

(A (ﬁ;,,>>
= sgu(y} ) (A, (B5)Y) — deg((85))).
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Hence
t—1
Z(l - djmk+1)<)\7 Wt(umk = u”k) + Wt(“ﬂk = umk+1)>
k=1

— Z (1-— djmk+1)</\7 |7]|‘_p|v>

mi+1<p<my
Up_1—Up is & quantum edge

- 3 sen(+},) (X, (35,)") = deg((85,)")).

mi1+1<p<my
up—1—Up is a quantum edge

Also, consider the directed path

L L L
|’le |\ ‘71'2‘\ "ngl |\
1 DY uml .

Note that w 2L Um, = K(n), and this implies that sgn(fijp) = 1 and that
Mg 1Y) =\ (95,) ) for 1 < p <my. Moreover, we see that deg((8})Y) =
0 for 1 < p <m;. Hence

(A wi(w = w(1)))

= > A 1, 1Y)

1<p<my
Up_1—+Up is a quantum edge

= > sgn(v;,) (A, (7,) ) — deg((85,))).

1<p<mu
Up_1—Up is a quantum edge

Finally, observe that (A, (v} )Y) — deg((6})Y) = 0 for m; +1 < p < s.
Therefore, we deduce that

Deg,,(n) = — > sen(vy)) (A, (4)Y) — deg((85)))

1<p<my
Up_1—Up is a quantum edge

= - > sgn(7;,) (A, (95,)) — deg((585,)¥))

1<p<s
Up—1—+Up iS & quantum edge

= — height(A),
as desired. This proves the lemma. O]

By Theorems 3.2.7 and 3.2.8, Corollary 3.2.10, Proposition 3.2.11, Lem-
mas 3.3.5 and 3.3.6, and Theorem 3.3.1, we obtain the following description of
the identity of Chevalley type for graded characters in terms of interpolated

QLS paths.
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Theorem 3.3.7. Let € P and x € Wy. We write x as x = wte with
we W and £ € QY. Take N € P such that + X € PT, and let T be an
arbitrary reduced \-chain. Then we have

gchV, (p+A) =

Z Z Z Heg n)+e(u)— f(b(fi))qDegw() A& —Ixl
ne€IQLS(A) u€EW  yxcPar())
S e

wt(n)
xe gch V“t£+£<u n,w)+1(x) (,u)

3.3.2 Inverse Chevalley formula for flag manifolds

Let G be a connected, simply-connected simple algebraic group, whose Lie
algebra is g. Take a Borel subgroup B C G and a maximal torus H C G
such that H C B. Let X = G/B be the flag manifold associated to G, and
we denote by Ox the structure sheaf of X.

For w € W, we denote by O,, the structure sheaf of the Schubert variety
X, = BwB/B. Note that X,,, = X. Also, for A € P, we denote by C(\)
the 1-dimensional B-module of weight A\. Then we define £(\) by the sheaf
of (holomorphic) sections of the line bundle G x5 C(A\) — G/B. Now, we
set Liy(A) := Oy R, L(A) for w e W and X € P.

Let Ky(G/B) be the H-equivariant K-group of the flag manifold X =
G/B. For H-equivariant coherent sheaf M on X, we denote by [M] €
Ky (G/B) the class of M.

Now, we review the Chevalley formula, which is stated in [22]. For A € P
and w € W, the Chevalley formula for Ky (G/B) is expressed as follows:

(LN [0u] = [Lu(=N] = D Y enfe (0]

veEW &eP

where cffv € Z. In the Chevalley formula, integers c’\5 are called Kpy-
Chevalley coefficients.

In [22], Lenart-Postnikov gave an explicit description for Kpy-Chevalley
coefficients in terms of the alcove model.

Theorem 3.3.8 (|22, Theorem 6.1]). Let A € P andw € W. For each§ € P
and v € W, we have
A= Y1,

J

where the sum ) ; is over all J = {j1,...,Js} C{1,..., 7} which satisfy the
following:
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(1) W= wspp | = = wsp - | = v is a directed path in BG(W);
J1 J1

Sl'ng

(2) it hOldS th(lt —g = U)S L deg((ﬁ" V) . ’Y]g deg((ﬁ'— )v)( /\)

Also, we set neg(J) := #{j € J | ’ij € A} for each J C {1,...,r}.
Remark 3.3.9. In [22], the above theorem is described by using an arbitrary
(not necessarily reduced) A-chain T' instead of (7f,...,75) (= T4()\)).

Our aim is to describe the above Chevalley formula in terms of interpo-
lated LS paths. To achieve this, we review the Mathieu’s result.
For v,w € W and A € P, we set Sy () =3 cp cySet € Z[P]. Then it

holds that
= SuN0o]

veW

On the other hand, we define m%¢(\) € Z for v,w € W and \, & € P by

[C(=X)) @c Ou] = > > mi( (3.3.2)

veW £eP

Theorem 3.3.10 ([26, Section 5]). For v,w € W and X\ € P, it holds that
Sui(A) = miE(M)et
cep
By this theorem, we obtain the following identity.

Corollary 3.3.11. Forv,w € W and X\, € P, we have m%*(\) = cA’__fv

Now, we rewrite (3.3.2).

Lemma 3.3.12. For A € P and w € W, we have

CEN®O) = 3 () L enaiayr (—we wE(A)].

A€A|g=o(wow=1, T 4q(N))

Proof. By Corollary 3.3.11, we have

[C(=X) ®c Ou)

=) ) mifW[L

veW €eP

= > > AT L@

veW €eP
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— Z (—1)"eel)

-1

’ E( o) (750 st 05ttt () |
B N

(3.3.3)
where the sum ), in the final equation is over all J = {ji,...,js} C
{1,...,r} such that w™" + w™ls i « -+ « wils, -5, is a di-

b | 1 S

1

L
Vjs
= wow s s =

J1
Wow ™ s |-+ 50 | is a directed path in BG(W). This implies that
J1

Js

L
2

rected path in BG(W), or equivalently, wow™

(3.3.3)

- Y yw

A€A|g=0(wow=1T4q(N))

-1
X ﬁ( o o) (w S8, 1~ deg((BL)V) "SW;S,—deg«ﬁ;S)w(—A))
Y TR
= > (= 1" [Lw, ena(ay -1 (—wo wt(A))]
AeA|g=o(wow =1, 4 (X))
as desired. this proves the lemma. O
By applying the restrection of the forgetful map §|A‘q:0(wow717r‘<()\)) :
Al mo(wow ™, T4(X)) — ILS(A) x W (see Corollary 3.2.12), we obtain the
following identity, which is the desired description of the inverse Chevalley
formula in terms of interpolated LS paths.

Corollary 3.3.13. For A € P and w € W, we have

[(C(_A) Ac Ow] =
Z Z (_1)neg(n)+€(u)—€(a(n)) £ (o)1 (—wo wt(1))].
neILS(A) ueW

(A, —,9=0)

wow ™! :><)\7+7q:0) k() L) =—————>u
(3.3.4)

3.3.3 Yip formula for characters of Demazure submod-
ules

As an application of the inverse Chevalley formula, we describe the Yip
formula explicitly. To obtain the Yip formula, we consider the cohomology
groups of sheaves which appear in (3.3.4).
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Definition 3.3.14 ([24, Section 4]). Let v € PT. The (v-twisted) Fuler
character is the (unique) Z[P]-linear map x, : Ky(G/B) — Z[P] which

satisfies
o

Xo((M]) =D (=1)" ch H'(G/B, M ®o, L(-))
i=0
for each H-equivariant coherent sheaf M on G//B.
Euler characters for sheaves which appear in the Chevalley formula are
calculated as follows.

Lemma 3.3.15. Let v € Pt, N\, € P, and v,w € W. Then we have the
following.

(1) It holds that x,([C(—)\) ®c Ou)) = €* ch Dy, (v).

(2) If ¢+ v € P, then we have x,([L,(=€)]) = ch D, (€ 4+ v).
Here, - is a Z-linear involution on Z[P] defined by e€ = e for each ¢ € P.

Proof. First, we recall from [26, Theorem 2.1] (see also [1, 4.3, Theorem])
that

Xo([Lu(=)]) = (1) ch H(G/B, Li,(—p)) = ch Dy, (1)
i=0
for u € W and p € P*.
Then we calculate as follows:

o0

X([C(=A) ©c Ou]) = ) (=1)'ch H(G/B, (C(=)) &c Ou) ®oy L(~v))

(=1)'ch HY(G/B,C(=) &c (O @0y L(-)))

Il
Mo 1

=0

(1) ch H'(G/B,C(=\) ®c Lu(—v))

M

Il
o

(2

i=0
= e*ch D, (v);
which proves (1). Also, we obtain

[e.9]

Y (=) ch H(G/B, (0, ®oy L£(=€)) ®oy L(—1))

0

Xo([£o(=8)])

(2

(—1)'ch H'(G/B, 0, ®o, (L(=€) ®oy L(—V)))

I

s
Il
=)
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[e.o]

Z )'ch H(G/B, 0, ®o, L(—£ —v))

= ch v(f + V)v
which proves (2). O

Therefore, by taking the twisted Euler character for sheaves in (3.3.4) and
applying the involution -, we obtain the following Yip formula, as desired.

Theorem 3.3.16. Let A\ € P, w € W, and v € PT. If v+ w,wt(n) € P*

for all n € TLS(A) such that wow™! Atz k(n), then the following identity
holds.

e*ch Dy (v) =
> > (1)) ¢l Dy -1 (v 4w, wh(n)).
e Oea=o)

wow—1:> ( ) ( ):>u
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Chapter 4

Quantum Yang-Baxter moves

4.1 Generalization of quantum Yang-Baxter
moves

Quantum Yang-Baxter moves for a dominant weight are introduced in [18].
We review the Yang-Baxter transformation for A-chains, and state main ar-
guments about generalized quantum Yang-Baxter moves. This section is
based on [14, Section 3]

4.1.1 Yang-Baxter transformation

Let A € P, and let I" = (f1,...,5,) be a A-chain (of roots). The following
procedure (YB) is called the Yang-Baxter transformation:
(YB) Take a segment (Bit1, ..., Birq) of I' of the form
(ﬁtJrl’ s 76t+q) = (Oé, 5&(5)7 Sa$6(06), ) 86(0[)7 B)
for some «, 8 € A with («, ) < 0, or equivalently (5, ") < 0, and

a # —f, and set
F/ = (517 /327 ce. aﬁb /Bt-i—qa Bt—‘rq—h s 751?—&-17 /Bt—l—q-i-la 5t+q+27 s aﬁr)7
i.e., reverse the segment (By11,. .., Biq) of L.

Also, we define a procedure (D), called deletion, as follows:

(D) Take a segment (511, 8i12) of I' of the form (Bii1, fra2) = (8, —5)
for some f € A, and set IV = (54,..., B, Beas, - -, By), i-e., delete the
segment (By41, Biyo) of T

It is known that every A-chain can be transformed into an arbitrary re-

duced A-chain by repeated application of the procedures (YB) and (D) (see
[19, Remark 38], or [22, Lemma 9.3]).
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4.1.2 Quantum Yang-Baxter moves

Let A € P* be a dominant weight, and let I';, I'y be A-chains such that I'y is
obtained from I'y by the Yang-Baxter transformation (YB). Quantum Yang-
Baxter moves, introduced in [18, Section 3.1], give a bijection A(e,I';) —
A(e,T's) which preserves weights and heights.

Our main result in this chapter is the existence of a generalization of
quantum Yang-Baxter moves for an arbitrary (not necessarily dominant)
weight A € P and an arbitrary w € W.

Let A € P be an arbitrary weight, and let I'y and I's be A-chains such
that I'y is obtained from I'y by the Yang-Baxter transformation (YB). If we
write I'y = (B1,...,05,) and I'y = (5,...,5.), then there exists 1 <t < r
such that

o (Bii1s---, Priqg) = (@, 84(8), Sasp(@), ..., sp(a), B) for some ¢ > 1 and
some «, f € A such that (o, ) <0 and a # —,

o Ib=(p1,....5) =
(B1, Bas - -y B, Brags Bag—ts - - - Bearts Bragrts Beargr2s - - Br)-

We take the alcove path (A, = Ao,..., A, = A_)) corresponding to I'j,
and take integers I, € Z for k = 1,...,r such that for each k = 1,...,r,
the hyperplane Hpg, _;, contains the common wall of A;_; and Aj. Also, we
take the alcove path (A, = Aj,..., Al = A_)) corresponding to I'y, and
we take integers l; € Z for k = 1,...,r such that for each k = 1,...,r,
the hyperplane Hg _ contains the common wall of A}, and Aj. Then it
follows that A, = Ay and [}, = for k =1,...,¢,t + ¢+ 1,...,r, and that
livy =liygripforp=1,...,q

Now, we divide I'; into three parts Fgl), FgQ), and F§3) as follows:

Fgl) = (Br,- -5 B, F§2) = (Bir1, -+ Brrg)s F§3) = (Brrgrts -5 Br)-

Also, we divide I'y into three parts Fgl), Fg), and Fg)) as follows:

T8 im (Bl By TR i= (Bl s Bla)s T i= (Blagrns -1 B).
(4.1.2)
Note that Fgl) = Fg) and F§3) = Fg?’); in addition, B41, ..., Bi4e are distinct.
Next, let w € W. For a w-admissible subset A € A(w,T;), we define AW,
A® and A®) by

AW = An{1,...t}, AD =An{t+1,...,t+q},

4.1.3
AP = An{t+q+1,...,r} ( )
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Also, for B € A(w,T), we define BY, B® and B® by

BYW .=Bn{1,...,t}, BY =Bn{t+1,...,t+q},

4.1.4
B® . =Bn{t+q+1,...,r}. ( )

Unlike the case that X is dominant, there does not exist a bijection be-
tween A(w,I';) and A(w,'y) in general.

Ezample 4.1.1. Assume that g is of type As. Weset I'1 1= (ag, —ay, —60, —ay)
and 'y 1= (=60, —a, a9, —1), where 0 = oy + ao. Then we see that I'; and
'y are (—2ww; +wy)-chains such that I's is obtained from I'; by a Yang-Baxter
transformation (YB). Let w = so. By direct calculation, we have

Alw,Ty) = {0,{1}, {2}, {3}, {4}, {1, 2}, {1, 4}, {2, 4}, {3, 4},
{1,2,3},{1,2,4},{1,2,3,4}},
Alw, o) = {0,{1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1,4},{2, 3}, {2, 4}, {3, 4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4},{1,2,3,4}}.
Hence we have | A(w,T'1)| = 12, while | A(w, I'y)| = 16. This shows that there
does not exist a bijection A(w,I'1) = A(w,I's).

Thus, for a generalization of quantum Yang-Baxter moves, we need to
consider certain subsets of A(w,I'1) and A(w,'y). The following theorem is
our main result; the proof is given in the next section.

Theorem 4.1.2. There ezist subsets Ao(w, 1) C A(w, 1) and Ag(w, ) C
A(w,Ty) which satisfy the following.

(1) There ezists a bijection Y : Ag(w,I'1) — Ag(w,T'y) such that for all
A€ Ag(w,T), it holds that
o (V(A)W =AW, end((Y(A))?) = end(A?), (Y(A))® = A®),
e down(Y (A )) down(A), and
o (—1)nVA) — (_q)nt),

(2) For k =1,2, we set AS(w,T) == A(w,Tx) \ Ao(w,T'y) . There exists
an involution Iy, on AS (w,T},) such that for all A € AS (w,T},), it holds

that
o (I(A)W =AW, end((Ix(A))?) = end(A?), (I1(A))®) = A®),
e down(l;(A)) = down(A), and

o (—1)MI(MA) = _(—1)nA),
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Remark 4.1.3. In order to explain our maps Y, Iy, and I, in Theorem 4.1.2,
we have a useful notion, called a sijection, introduced in [6]; for the definition
of sijections, see [6, Section 2|. For sets S, T' equipped with sign functions
S — {1}, T — {£1}, a sijection from S to T is the collection (g, t1, @) of
a sign-reversing involution tg on a subset Sy of S, a sign-reversing involution
tr on a subset Ty of T') and a sign-preserving bijection ¢ from S\ .Sy to T\ T
(see [6, p.9]). In this terminology, our collection (I, I5,Y") in Theorem 4.1.2
is a sijection from A(w, 1) to A(w,T's). This sijection can be thought of as
a generalization of quantum Yang-Baxter moves.

As in the case that A is dominant, we can prove that the maps Y, I, and
15 preserve weights and heights.

Theorem 4.1.4. (1) For all A € Ap(w,I'y), it holds that wt(Y (A)) =
wt(A) and height(Y (A)) = height(A).

(2) Let k =1,2. For all A € AS(w,T), it holds that wt(Ix(A)) = wt(A)
and height(Ix(A)) = height(A).

4.2 Proof of the existence of quantum Yang-
Baxter moves

We prove Theorems 4.1.2 and 4.1.4 in this section. The proofs are based
on a property analogous to the shellability of QBG(W) for the rank 2 root
systems. This section is based on [14, Section 4 and Appendices A and BJ.

4.2.1 Quantum Bruhat operators

Let K be a field which contains the ring C[QY""] := C[Q; | ¢ € I] of formal
power series, where Q;, i € I, are variables, and set Q¢ := [Lic, Q" for
£ = icymiey € Q¥ For v € AT, following [3], we define the quantum
Bruhat operator Q. on the group algebra K[W] of W by

VS, if v 2 vs, is a Bruhat edge,
Qv = Q“’vvs7 if v 2 vs, is a quantum edge,
0 otherwise.

We set Q_, := —Q, for v € A", and then R, := 1+ Q, for v € A. The
operators {R, | v € A} satisfy the Yang-Baxter equation: for o, f € A such
that (o, 8Y) < 0 and o # —f3, it holds that

RoRsa(®)Rsass(e) - Rog@Rs = RoRss(0) - ReaspRsamRa; - (42.1)
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the proof of this equation is the same as that of [19, Proposition 36].
We give some properties of quantum Bruhat operators.

Lemma 4.2.1. Let 11 = (f54,..., ) be a sequence of roots (i.e., By,..., 05, €
A) such that 5y, ..., 0B, are distinct.

(1) Forve W, we have

RoRo_ - Rgv= D (~1)"=PQ""® end(p).

pEP(v,II)
(2) Forve W, we have

Rig R o Rio = D Q™™ end(p).

PEP(v,II)

Proof. For J C {1,...,r}, we set neg(J) := {j € J | B; € —AT}. We see
that
Rs.Rg, - Ra = (1+ Qg )(14+Qp,,) -+~ (1+Qg,)
- Z Qﬁjs Qﬂjsfl T Qﬁjl

{j1<...<js}{1,...,r}

= > (sgn(B;,)Qya,,) (sgn (), )Qs,, 1)

{j1<-~~<js}c{1 7777 T}

x -+ (sen(B8j,)Qp,, )
- > (D" Qs Qa1+ Quay - (4:2:2)

J={j1<...<jsyc{1,...,r}

Similarly, we see that

Rig.[Rig. 1| -+ - Rigy = Z Q|ﬁjs|Q|ﬁjS_l| e Q\gm. (4.2.3)

{n<.<gs}c{1,..,r}

For J = {j1,...,Js} C{1,...,7}, if we have the edge

1Bjal
US185,1 """ 51Bju_4| P US| | T 5By,

in QBG(W) for all 1 < a <'s, then we set §(J) := 1, and define a directed
path p(J) in QBG(W) by

\511| |/Bj2| |5j5|
P(J) v == vsjg | = = US|, | Sg, s
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otherwise, we set §(J) := 0. By the definition of quantum Bruhat operators,
we have

Qv end(p(J)) if 4(J)
0 if 6(J)

L,
0.

Qlﬁjlelﬁjs,ll T Qlﬁ.fl\v = {

If 6(J) = 1, then we have neg(J) = neg(p(J)). Therefore, by (4.2.2), we
deduce that

R/BrRﬁr—l ...R/Blv — Z (_1)neg(J)Q|ﬁjs‘Q|5js_1‘ ...Qmjllv

J={j1<..<js}C{1,...,r}

— Z (—1)res@ QW) end(p(.J]))

- Z (— 1)neg(p)th(p) end(p),

PEP(v,1I)

as desired. This proves part (1) of the lemma.
Also, we see from (4.2.3) that

R Rig. 1 Rigyjv = > Qis,.1Qis,, 1~ Qg v

{n<.<gs}c{1,...,r}

= Y QU end(p()

This proves part (2) of the lemma. O

Remark 4.2.2. If we set P(v,IL;w,§) := {p € P(v,1I) | end(p) = w, wt(p) =
¢} for v,w € Wand € € QV'F, then by Lemma 4.2.1 (1), we deduce that

R, - Rgv=>» > > (—nmER | Qfw, (4.2.4)
'LUEW&GQV’-’_ PEP(U=H§W7§)

Also, if we set ¢, = [P(v,Iw,§)| for v,w € W and § € Q"F, then we
deduce from Lemma 4.2.1(2) that

RigRig o Rigpo =D > &,Qw. (4.2.5)

wEW £eQV-+
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4.2.2 Key propositions to a generalization of quantum
Yang-Baxter moves

We prove a certain property of QBG(W), which plays an important role in
the proof of Theorem 4.1.2. Let o, € A be such that (a,3Y) < 0 and
a # —f. We define sequences of roots II, IT" by

I = (7%"'?%}) = (aasa(ﬁ)7sasﬂ(05)7'"’85(&)75)a
= (71, ,7) = (B,88(), .., 8a88(a), 8a(B), @) = (g, - -+, Y2, M1);

note that vi,...,, are distinct. Also, let A, g be the root subsystem of A
generated by o and 5. Then A, s is a root system of rank 2. More precisely,
we see that A, 3 is isomorphic to the root system of type A; x Ay, Ay, Cs,
or GQ.

Assume temporarily that A is not of type G5. Then we can prove the
following property, which can be thought of as a generalization of the shella-
bility of QBG (W) (Theorem 2.2.7) for the rank 2 root systems.

Proposition 4.2.3. Let v € W, and let p be a Il-compatible directed path in
QBG (W) which starts at v, i.e., p € P(v,1I). Then only one of the following
occurs.

(1) There exists a unique p’ € P(v, I\{p} such that end(p’) = end(p) and
wt(p') = wt(p). This p’ satisfies (—1)"8®) = —(—1)"P)_ Moreover,
there does not exist a path q € P(v,Il') such that end(q) = end(p) and
wt(q) = wt(p).

(2) There exists a unique p’ € P(v,1I') such that end(p’) = end(p) and
wt(p’) = wt(p). This p’ satisfies (—1)"e®) = (1)) Moreover,
there does not exist a path q € P(v,I11)\{p} such that end(q) = end(p)
and wt(q) = wt(p).

The proof of this proposition can be reduced to the case that A is a root
system of rank 2; in Section 4.2.8, we explain how to construct the explicit
correspondence p — p’ through an example.

Now we assume that A is a root system of type A; x Ay, Ay, or C5. Then

we see that there exists some k = 1,...,q such that v, and 74, are the
simple roots of A (for convenience of notation, we set 7,41 := 7). We set
(Brs - By) = (wels Ive=als s Imls gl -5 Tmea D) (4.2.6)

Then we have

(517 s 75(1) = (617551(5q)’ Sﬂlsﬂq(/Bl)’ s 73,3q(51)75q)'
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Also, if we set

Hi = (:Fﬁkv :Fﬁk:fh ey :Fﬁh :i:ﬁtp :l:ﬁqfla S 7:i:6k+1)7

then IT = IT* or IT = II~. Note that the total order < on {f1,...,5,} = AT
defined by

fi < P2 << By (4.2.7)
is a reflection order; the total order <" defined by

By = By <+ <" B (4.2.8)

is also a reflection order. We consider the following operators for k =
0,1,...,¢:

Ty = Rug, -~ Reg,Rep -+ Ry,
Sk =R, -Rg,Rp - Rg,,
S, :=Rg, ---RaRg, - -Rg, .

In the following proposition, the matrices of operators on K[W] are the
representation matrices with respect to the basis W of K[W]. Note that
for a W-linear operator T : K[W] — K[W], the matrix of T is defined by

(Cow)vwew if Tw =" 1 Cow?, Cow € K.

Proposition 4.2.4. (1) All the entries of the matriz of S, k =0,1,...,q,
are of the form 377, m;Q%, where all & € QYT are distinct, and
m; S {1, 2}

(2) Let v,w € W. Assume that the (v, w)-entry of the matrix of Si is of
the form 7’ 1mJQ i asin (1). Also, assume that the (v, w)-entry of
the matriz of T,C 1s of the form deQv+ ng TQS. Forj=1,....r, if

= 2, then ngj =0, and if mj; = 1, then ng e {1,-1}. Moreover,

forf eV \{&,...,& ), we have nzt = 0.

(3) Letv,w € W. Assume that the (v, w)-entry of the matriz of Sy, is of the
form 37%_ m;Q% as in (1). Also, assume that the (v, w)-entry of the
matriz of Sy, is of the form deQV7+ neQt. Forj=1,...,r, ifm; =2,
then ng, =0, and if m; =1, then ng, = 1.

The proof of Proposition 4.2.4 is based on direct calculations, which we
give later.
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Proof of Proposition 4.2.3. First, we show the proposition for the root sys-
tem A of type Ay X A, As, or Cy. As in (4.2.6), we take a sequence

(/Blv cee aﬁq) = (|/7k3|’ |’7k—1|7 SRR |71|’ |’7q|’ SRR |’7/€+1|)
of roots. Recall from (4.2.5) that

Spv = Z Z cZéng,

weW eVt

where ¢, . = [P(v,I;w,§)|. By Proposition 4.2.4 (1), we see that c;, . €
{0,1,2}. Also, again from (4.2.5), we see that

T A
weW geQV+
where (c;, )" = |P(v, [I';w, §)|.
We write
v,+
TfU: Z Z dwngfw’

weW eVt

where d.%; € Z. Then, by (4.2.4), if IT = II*, then

& - (P d= Y () (129)
a€P(v,ILw,) a€P(v,ILw,€)

if [T =117, then

0 - (O = 3 () 420
qeP(v,ILw,€) qeP (v, ILw,€)

We set w := end(p) and & := wt(p). Since p € P(v,Il;w,§), we have
Cwe 7 0. First, assume that ¢ . = 2. Then there exists a unique p €
P(v, 1T w, &) \ {p}, i.e., there exists a unique p’ € P(v,II) \ {p} such that
end(p’) = end(p) = w and wt(p’) = wt(p) = £. By Proposition 4.2.4 (2), we
have dz)ﬁg = 0. Hence, by (4.2.9) and (4.2.10), we obtain

Do (1) = (1)) 4 (1)) =,
qeP (v, ILw,)

This shows that (—1)"8®) = —(—1)78(P) Here, by Proposition 4.2.4 (3), we
deduce that (cy, ;) = 0. Hence there does not exist a q € P(v,Il') such that
end(q) = end(p) = w and wt(q) = wt(p) = £. This shows the proposition
in the case ¢, = 2.
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Next, we assume that ¢, = 1. In this case, there does not exist a
q € P(v,1I) \ {p} such that end( ) = end(p) = w and wt(q) = wt(p) = &,
since P(v,I;w, &) = {p}. We set

(Ti) == Res, - RepRug, - Rugy

Then, by the Yang-Baxter equation (4.2.1), we have (T{)" = T{. Hence, if

we write
(T v = Z Z dvi
weW geQV-+

with (dfujg)’ € Z, then we see that (dfuﬂg)’ = dzﬁ By Proposition 4.2.4 (2),
we deduce that (dzjﬁg)’ = dvui € {1,—1}. Again, by Proposition 4.2.4 (2) (by
replacing (f1,. .., 8;) with (8¢, ...,81)), we deduce that (c;, ;)" = 1. Hence
there exists a unique p’ € P(v,Il';w,§), i.e., there exists a unique p’ €
P(v,1I') such that end(p’) = end(p) = w and wt(p’) = wt(p) = & If
[T = IT*, then

(1)) = = (@) = (1)

if T =TI, then

(_1>neg _ dﬁ,g — (dgg)/ — (_1)neg(p’).
This shows that (—1)"°8(P") = (—1)"&(P) ag desired. This completes the proof
of the proposition for the root system A of type A; x Ay, A, or Ch.

Now, assume that the root system A is of an arbitrary type (except Gs),
not necessarily of rank 2. Let W be the Weyl group of A, . Note that
W is a (dihedral) subgroup of W; the quantum Bruhat graph (denoted by
QBG(W)) of W is no longer a subgraph of QBG(W). By [18, Proposition 5.1
and Remarks 5.2 (2)], for each u € W, there exist uniquely |u] € uW and
7 € W such that

e u=71ulul, and

e for a positive root v of A, 3, we have {(u) < ((us,) if and only if

((lu]a) < £(|u]us,).

We set w := end(p) and £ := wt(p). Suppose, for a contradiction, that
there exist two or more directed paths q € P(v,I;w, &) \ {p}. Then we
see that |P(v, IT,w,&)| > 3. By [18, Theorem 5.3|, there exists an injec-
tion P(v,IT;w, &) — P(v,1;w,), where P(v,11;w,) is the set of all II-
compatible directed paths in QBG (W) which starts at 7, ends at w, and has
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weight &, where II is considered to be a sequence of roots in the root system
A, p. Hence we have #P(v,11;w,&) > 3. This contradicts the proposition
for the rank 2 root systems, shown above. Hence we conclude that there
exists at most one directed path q € P(v,IL;w,§). If such a q exists, then,
by the proposition for the rank 2 root systems and [18, Theorem 5.3|, we
have (—1)"8@ = —(—1)"&(P)  Also, a similar argument shows that there
exists at most one directed path r € P(v, I';w, ). If such an r exists, then
we have (— 1)) — (—1)nee(®),

We show that at least one of the directed paths q and r exists. We write

Ryv=D) D dyQw,
weW eV t+

R, U—Z Z d”y5

weW £eQV-t+

If there does not exist a directed path q € P(v,IL;w, £)\{p}, then by (4.2.4),
we have d;, , = £1. By the Yang-Baxter equation (4.2.1), we deduce that
(dy,¢) = dy, . = *1. By (4.2.4), we see that P(v,IT;w,§) # (). Therefore,
we conclude that there exists a directed path r € P(v,Il'; w,§) in this case,
as desired.

Finally, suppose, for a contradiction, that both q and r exist at the
same time. Then, by [18, Theorem 5.3], we have |P(v,1I;w, )| > 2 and
|P(v,11';w,€)] > 1. This contradicts the proposition for the rank 2 root
systems, shown above.

This completes the proof of Proposition 4.2.3. O]

Thus it remains to prove Proposition 4.2.4. We assume temporarily that
A is of type Ay x Ay, As, or Cy. If A'is of type Ay (resp., Ay x Ay, Cy), then
we have ¢ = 3 (resp., ¢ = 2,4). By the shellability of QBG(W), there exists
a unique label-increasing directed path (with respect to < or <’ defined in
(4.2.7) and (4.2.8)) from v to w in QBG(W) for all v,w € W. Hence we have

Tiv= T,v= Sov = Spv = Z QWt(’U:>w)w’
weW
Tav = T;F,U — Z (_1)K(U:>M)th(v:>w)w

weW

for all v € W. Therefore, the proposition is obvious in the case k = 0,q.
Hence it suffices to prove the proposition in the case £ = 1,q — 1 for all
types, and in the case k = 2 for type Cs.
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4.2.3 Proof of Proposition 4.2.4: k=1,q—1

We prove Proposition 4.2.4 in the case k = 1, ¢ — 1; recall that 3, and 3, are
the simple roots of A. By (4.2.4), for all v € W, we have

TTU = R,Bz e Rﬁq(R_gl’U)
=Rgp, -+ R, ((1 = Qp,)v)
= Rs, -+ Ry, (v — QW70 )usy, )
= ) Q"9end(q)

qEP(U,(Bq ----- /82))

B Z th(vﬁvslh )+Wt(q) end(q) .

qEP(vsBl,(ﬁq 77777 B2))

Recall that the total order <" on A™ = {f4,...,,}, defined by (4.2.8), is a
reflection order. Hence, by the shellability of QBG(W), for all w € W, there
exists at most one directed path q € P(v, (5, .., [2)) such that end(q) = w.
For such q, we have wt(q) = wt(v = w) since q is a shortest directed path
from v to w. The same argument shows that for all w € W, there exists at
most one directed path q € P(vsg,, (B, ..., [2)) such that end(q) = w and
wt(q) = wt(vsg, = w). Hence, if we set

5o {1 if there exists q € P(v, (B, - .-, f2)) such that end(q) = w,

0 otherwise

for v,w € W, then we have

T;FU — Z 5v7wat(v:>w)w _ Z 5v551’wat(vHvslgl)+wt(v561:>w)w

weWw weW

= (Bow@" T = by, W QTSI s S0y (4.2.11)
weW

Also, by the same argument, we see that

Tl_U _ Z (_1)£(v:>w)(5v’wat(v:>w) o 51}3{31 ’wQWt(’U—MJSBI)JFWt(’USBl :>w)>w;

weWw
(4.2.12)

note that for a directed path q from vsg, to w, it follows that (—1)%9 =
(=1)“@ss=%) " and hence

(_1)€(v851¢w) — (_1)€(v551:>v)+€(véw) — (_1)1+€(v:>w) — _(_1)€(U:>w).
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Let us consider S;. By the same argument as for T;", we deduce that

511) _ Z th(Q) end(q) + Z QWt(U%”sﬁ)JFWt(Q) end(Q)

qa€P(v,(Bq,---,B2)) q€P(vsp,,(Bqs---»02))
— Z (5v’wat(v:>w) + 5@351 7vav‘c(vﬁ\vSﬁl)ert(vslgl :>w))w (4213)
weWw

Hence equations (4.2.11), (4.2.12), and (4.2.13) imply Proposition 4.2.4 (1)
and (2) in the case k = 1, as desired.

Next, we consider the case k = g — 1; recall that /3, is a simple root of A.
By (4.2.4), we have

T, vw=Rg,(Rog ---Rg,_,v)

_ R,Bq Z (_1)f(q)th(q) end(q)

qefp(vv(fﬁq—lr'"vfﬁl))
— Z (_1)f(q)
qep(v’(fﬂqfl 7777 751))
% (th(q) end(q) + th(q)+wt(end(q)%end(q)55q) end(q):Sg )
q

Hence, if we set

§ =

v, W

such that end(q) = w,

0 otherwise

{ if there exists q € P(v, (—B4-1,--.,—F1))

for v,w € W, then we have

T;__I'U = Z (_l)f(véw)(&i}’wat(véw) _ 5;7wsﬁq th(viwsﬁq)+wt(w5ﬁq_>w))w.
weW

(4.2.14)
Similarly, we have

T;71U — Z (5;7wat(v:>w) _ th(v:Muqu)+wt(w3ﬁq—>w))w' (4215)

v,Wwsg,
weWw

Also, we see that

Sq—lv _ Z ((%W}vit(v:ww) + 6 th(v:wSﬁgq)+wt(wqu—>w))w‘ (4216)

vwsg,
weWw

Hence equations (4.2.14), (4.2.15), and (4.2.16) imply Proposition 4.2.4 (1)
and (2) in the case k = ¢ — 1.
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It remains to prove Proposition 4.2.4(3) in the case k = 1,¢ — 1. It
suffices to prove it in the case k = 1; indeed, if we replace (f1,..., ;) with
(Bygs---,P1) and consider the case k = 1, then we obtain the proposition in
the case k = ¢ — 1. Recall equation (4.2.13). By the same argument, we see
that

! wt(v=>w wt(v=ws +wt(wsg, =-w
(0= (Cow@ T £y, QTR IV W),

weWw

where

1 if there exists q € P(v, (52, ..., 3,)) such that end(q) = w,

Eva i=
’ 0 otherwise

for v,w € W. Assume that c}, . = 2 for some v,w € W and £ € QV*. Tt

suffices to show that (c;, .)" = 0. In this case, we deduce from (4.2.13) that

51)711) - 61;361,11; - 17 (4217)
wt(v = w) = wt(v = vsg,) + wt(vspg, = w) =&, (4.2.18)

By (4.2.18), we see that the concatenation of the edge v — vsg, with any
shortest directed path from vsg, to w in QBG(W) is a shortest directed path
from v to w (cf. [3, Lemma 6.7], [32, Lemma 1 (2)], and [20, Proposition 8.1]).
Now, take the (unique) label-increasing directed path ry from wvsg, to w in
QBG(W) with respect to < defined by (4.2.7), and let r be the concatenation
of the edge v — vsp, with the path ry. Note that rj is shortest, and hence
r is also shortest. We claim that ry € P(v,(0s,...,05,)); otherwise, the
concatenation

r:vﬂ)vs@l A Sw

J/

'
ro

cannot be shortest. Hence r is the label-increasing directed path from v
to w in QBG(W) such that r ¢ P(v, (B2,...,5,)). By the uniqueness of a
label-increasing directed path, we conclude that ¢,, = 0. Since d,,, = 1 by
(4.2.17), there exists r1 € P(v, (B, - - ., B2)) such that end(r;) = w. Then the
concatenation of the path ry with the edge w — wsg, is label-increasing with
respect to <’ defined by (4.2.8), and hence this concatenation is shortest.
Also, since dys, o = 1 by (4.2.17), there exists ry € P(vss,, (5, ..., f2)) such
that end(ry) = w. Similarly, the concatenation of the path ro with the edge
w — wsg, is label-increasing with respect to <’, and hence this concatenation
is shortest. Since the concatenation of the edge v — vsg, with any shortest
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directed path from vsg, to w is shortest, we obtain:

(v = wsg ) =l(v=w)+(w— wsg)
£(r1)
={(ry

= l(v = vsg,) + l(vsg, = w) +(w — wsg,)
—_———
={(r2)
= l(v = vsg,) + l(vsp, = wsp,).

Hence the concatenation of the edge v — vsg, with any shortest directed path
from wvsg, to wsp, is shortest. Take the (unique) label-increasing directed
path r3 from vsg, to wsg, in QBG(W) with respect to <. Then we deduce
that r5 € P(vsg,, (B2, ..., ,)); otherwise, the concatenation

B1 B1
UV —>VUSg, —> > WS,
rs

cannot be shortest. Hence we conclude that Evwsg, = 0. This completes the
proof that (cj, )" = 0.

It remains to show that if ¢, , = 1, then (¢}, ()’ = 1. Assume that
Cwe = 1. By the above argument (i.e., Proposition 4.2.4(2) in the case
k = 1), we have dZ)Jg = +1. By the Yang-Baxter equation (4.2.1), we see
that (dZ)Jg)’ = deJg = +1. Hence we deduce again from the above argument
(i.e., Proposition 4.2.4(2) in the case k = 1, with (f4,...,0,) replaced by

(6% s 761)) that (Clzi),f)l =1
This completes the proof of Proposition 4.2.4 in the case k = 1,q — 1.

4.2.4 Proof of Proposition 4.2.4: case of type (),

We consider the root system A of type Cs. We know that ¢ = 4, and
(B1, B2, B3, Ba) = (an,200 + ag, 01 + an, ) or (B, B2, B3, 01) = (2,01 +
ag, 204 + ag, aq).

Since only the case k = 2 is remaining, it suffices to calculate the matri-
ces (with respect to the basis W = {e, s1, 59, 5152, $251, $15251, $25152, Wo } of
K[W]) of the following four operators:

(1) RastasRasR-aiR-20; -0 = Ro2a; -0, R0, RayRay a0
(2) RaastasRaiR-asRai-a = R —a:R-0,Ray Roay as;
(3) ROC1+042R042R041R2041+0¢2; and
(4)

4 R2a1 +asg Ra1 Raz Ra1+a2 )
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where the equalities in (1) and (2) follow from the Yang-Baxter equation

The following are the matrices (with respect to the basis W) of

operators Q,, v € AT = {1,201 + a9, a1 + az, as} (cf. [18, Fig. 2 (B)]).

(4.2.1).

[1] Qaf

0

00 0 O

Q1

0

o O O

o O O

S O O

S O -

o O

o O

0
0

0
0 0 00 0
0 0 00 0

0 0 01

0

[2] Q2041 +ag:

0
0

0
0

00000 Q2

0
0
0
0
0
0
0

000O0O
000O0O
000O0O
01 000
000O0O0
00010
000O0O

0 Q1Q2

0

0

[3] Qoq +ag:

000O0O0O0OO OO

000O0O0OO0OO 0O

000O0O0O0OO 0O

001 0O0O0O0®O

000O0O0OO0OO0® O

000O01O0O0®O0

000O0O0O0OO 0O

000O0O0O0OO 0O

4] Qay:

0O 00 0 O

00 0 O
0O 00 0 O
0 00 O

Q@2

Fe e
o o O

o o

0
0

0
0
0
0

0 00 Q

0
0
0

0
0
0

0 00 0 @

10 0 O

0
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By explicit calculations (by using, e.g., SageMath), we obtain the follow-

ing matrices.

(1) Ra1+a2 Raz R—Oq R_Qal_OQ :

1

-1

O O O O O

(2) R20¢1+a2 Ral R—a2 R—al—OéQ :

o O O O O

(3> Ra1+a2 Raz Ral R2a1+a2 :

1
1
1
2
0
0
0
0

(4) R2041+042 ROé1 Raz Ral +ag*

1
1
1
0
2
0
0
0

O = o = O

This proves the proposition.
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QiQ2—0Q1 @ 0 —-Q1Qy —Q1Q2 O -Q1Q3
1 0 Q 0 0 0 0
0 10 -Q1 Q1@ 0 —01Q2
1 1 1 - -Q1 0 —1Q2
—1 11—, 1 0 Q 0
—1 111 10 Qs
-1 -1 -1 1 0 1 Q1Q2— Qs
0 0 0 0 1 -1 1
—Q1Q2+ Q1 —Q» 0 —Q1Qy Q:1Q» 0 —1Q3
0 —Qs 0 0 0 0
1 0 Q1 —Q1Q2 O Q1Q2
-1 -1 1 -1 Q1 0 Q102
1 —Qs 1 0 —Qs 0
1 T | 1 0 —Q,
-1 -1 1 -1 0 1 —Qi1Q2+
0 0 0 —1 1 1
Q1Q2+ Q1 Q2 0 Q102 Q102 0 Q.03
0 Q2 0 20Q1Q2 0 0
1 0 o Q102 0 Q102
1 1 Q1 20:1Q:+@Q1 O Q102
1 Q2 1 0 Q2 201Q:
1 2Q:+1 1 1 2Q2 201Q2 + Q2
1 1 1 0 I Q@2+
0 0 1 1 1
Q1Q2+ Q1 20:1Q2+ Q2 20:1Q- Q1Q:2 Q1Q:2 0 @1Q3
202 Q- 0 0 0 0
1 0 201Q2 + Q1 1Q2 2Q1Q- Q1Q:2
1 1 1 1 0 Q1Q:2
2002 + 1 Q- 1 0 Q- 0
1 1 1 1 0 Q-
1 1 20, +1 20, 1 Q1Q2+ O
0 0 2 1 1 1




4.2.5 Case of type G,
We consider the root system A of type G5. We have ¢ = 6, and

(B1, B2, B3, Ba, Bs, Bs) = (a1, 301 + a2, 201 + g, 301 + 20, g + g, i2)

or

(b1, B2, Bs, Ba, Bs, Bs) = (a2, a1 + g, 309 + 209, 201 + a2, 301 + g, ).

In this case, a key proposition to the proof of Theorem 4.1.2 is slightly dif-
ferent from that in the other types. First, we state the following proposition
for quantum Bruhat operators in type Gs.

Proposition 4.2.5. (1) All the entries of the matriz of S, k =0,1,...,6,

(2)

are of the form 377, m;Q%, where all & € QY are distinct, and
m; € {1,2,3}.

Let v,w € W. Assume that the (v, w)-entry of the matriz of Sk is of
the form 7 1mJQ5J as in (1). Also, assume that the (v, w)-entry of
the matriz ofT s of the form Zéer+n£ Q5. Forj=1,...,r, if
m; = 2, then ”5]- =0, and if mj; =1 or if m; = 3, then ”5]- € {1 1}.
Moreover, for &€ € Q¥ \ {&, ..., &}, we have nzt = 0.

Let v,w € W. Assume that the (v, w)-entry of the matrix of Sy, is of the
form 37°_ m;Q% as in (1). Also, assume that the (v, w)-entry of the
matriz of Sy is of the form 3 .cov.+ neQt. Forj=1,....r, if m; =2,
then ng, = 0 or ng, = 2, and if m; = 1, then ng; = 1 or ng, = 3.
Moreover, if m; = 3, then ng; = 1.

The proof in the case k = 0,1,5,6 is the same as that in types A; x Ay,
A,, and (), given above. Since the case k = 2,3, 4 is remaining, we need to
calculate the matrices (with respect to the basis

W = {e, s1, sa, 5152, S251, 515251, $251 52,

51525152, 52515251, 5152515251, 5251525152, wo}

of K[W]) of the following 12 operators:

(1)
(2)
(3)

R2a1 +as R3oc1 +2a9 Ra1 +as Ra2 R—oq R—3Oz1—oc2 ;
R3a1 +2a Ra1 “+a2 Rag Rfal R73a1 —ag R72a1 —Q2 ;

Ra1+a2 Ra2 Rfal R73a17a2 R72a17a2 R730¢172a2 1
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R3a1 +2a R2a1 +a2 R3a1 “+a Ra1 R*Ctg Rfal —Q2 ;
R2a1 “+ao R30¢1 “+as Ra1 R—a2 R—a1 —Q9 R—3a1 —2a9 )
R3a1+a2 Ra1 R—ch R—a1—a2 R—3a1—2a2 R—2a1—a2 ;

R2a1 +a2 R3a1 +2a2 Ra1 +ao RO{Q Ral R30£1 “+a2 ;

)
)
)
)

8) R3a; 4202 Rai+asRas Rai R3as +as R2as +as;
) RaitasRasRas Ran +asRoas +as R3ar +20s)
) R3a1 +2a2 R2a1 +a2 R3Oé1 +a2 Ral Raz Ral +ag)
) Roa; 102 R3a1 +as Rai Ras Ray 10 R3as 1240
)

R3a1 +ag Ral ROCQ Ra1+a2 R3Oé1 4202 R2061 +asz-

Proposition 4.2.5 can be verified by direct calculations. Here we give the list
of the matrices of operators (1)—(12). First, the following are the matrices of
operators Q,, v € AT = {ay,3a1 + az, 2a; + as, 3a;1 + 20, a1 + g, g} (cf.
[18, Fig. 2 (C)]):

[1] Quy:

—

[
—

—

—

R =R=R=R=R=R=R=R=R=l o
coocococococococood
cCooc oo oo RO Oo OO
cCoococooco~OoO0O OO
coocoococoocococoloo
coococoocoococolooo
cCooROocOoOocOocOoOo OO
R I W R I i
coococooPoocoocococo
coocoocoocococoo oo
el =R=R=R=R=R=R=R=R=N=
ol ocococococoocoocooo
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[2] Q3a1 +ag*

oS O O O O

co o oo
N
OOOOMO
«
N
OOOMOO
«
co o oo
coo oo
[\
OMOOOO
&
co o oo
co oo o
co oo o
co o o~
co o oo

0
0
0
0
0
0
0

0
0
0
0
0
0
0

000O0O0
000O0O
00 00O
000O0O0
000O0®O0
000O0O0
000O0O

0 Q1Q2

0

[3] Q2Oz1 +ag*

000O0O0O0OO0OO0OO0OO0OO00QO0

000O0O0OO0OO0OO0OOO0O®O00QO0

000O0O0OO0OO0OO0OOO0OG®O0aQ 0

000O0O0O0O0OO0OO0OOO0OO00Q 0

0000O0O0OO0OO0OO0OO®O0OOQO0

00001O0O0O0O0O0OO0O®O0

000O0O0OO0OO0OO0OO0OO0OO00Q 0

0000O0OO0O1O0O0O0OO0OQO0

000O0O0OO0OO0OO0OOO0O®O00Q 0

0000O0O0OO0OO0OO0OO®O0OO® 0

0000O0O0OO0OO0OOO0OO0OQO0

000O0O0O0OO0OO0OO0OO0O®O0OOQ 0

[4] Q301205

0

Q103

0000O0O0O0O0O0O0 QO3

000O0O0OO0OOO0OO0O0
000O0O0OO0OOO0OO0O0
000O0O0OO0OOO0OO0OQO0
0000O0OO0OO0OO0OO 0O
000O0O0OO0OOO0OO0O0
0001O0O0O0O0O0O0
000O0O0OO0OOO0OO0O0

000O0O0OT1O0O0O0O0

0
0
0
0
0
0
0
0
0
0
0

0

0000O0OO0OO0OO0OO0OO
000O0O0OO0OOO0OO0O0
000O0O0OO0OOO0OO0O®O0

64



[5] Qoq +ag*

0000O0OO0OO0OO0OOOO0O0

0000O0OO0OOO0OOOO0O0

0000O0OO0OO0OOO0OO0OO0OO

00100O0O0O0OO0OO0O0O

0000O0OO0OO0OO0OOOO0O

0000O0OO0OO0OO0OOOO0O0

0000O0OO0OO0OO0OOOO0O0

0000O0OO0OO0OOO0OO0OO 0O

0000O0OO0OO0OO0OOOO0O0

0000O0O0OO0OO0OT1TO0®O0O0

0000O0OO0OO0OO0OOOO0O

0000O0OO0OO0OO0OOO0OO0O0

0O 00 0 O
0o 00 0 O
0o 00 0 O
0 00 O
0 00 O

@ 0 00 O
0 @ 00 O
0 0 00 O

0
0
0

[eciNevi |

0
0
0
0
0
0

0 00 O

0
0
0

0 00 Q

0
0

0
0

00 O

0 00 0 @

0 00 0
0 00 0
0 00 Q

0
0

0
1

1
0
0 00 O

0
0
0
0

0
0
0
0

0
0
0
0

0 00 0 Q

0 00 O

0

0

0
1

1
0

0
0

0 00 O

0 00 O

(6] Qas:

Hence the matrices of operators (1)—(12) can be calculated (by using, e.g.,

SageMath) as follows:

(1) R20¢1 +ag R3a1 +2a2 Roq +as2 Ra2 R—al R—3a1 —ap-

Q@

3 -Q

—Q1Q;

Q 0 —QiQ2 Qe

1 Qi@Q2—

<]

123

o o &

-
—(

0
0
0

—Q1Q2

—1@2

0
0
0

—Q1Q>
—1
0

-Q
-
1

1Q2

>

—Qi1Q2
—Qi1Q2

0
0
0
Q2
0
1 Q1Q2— @1

0
—Q1 —@iQ:
—@
0
1
0
1

@
0
1
0
0

@2
1
1
0

1
S+
-~ L~ ocoo
[~
|
- -
+ +
- - 4O O o O
9
- -
7107000
-
|
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(2> R3a1+2a2 Ra1+a2 Raz R*m R*3a1*012 R*2a1*042 :

1 Q@Q2=Q1 @ 0 0 —QiQ2 0 —iQ3 0 0 Qi3 QIQ3 - Q{Q3
-1 1 0 Q@ 0 0 0 0 0 0 —Q1Q3 Q1Q3
1 0 10 QQe—Q1 Qi@ 0 0 —Qi1Q2 0 0 0
0 1 11 0 -Q1 0 0 —QiQ: —QiQ: 0 0
0 -1 -1 0 1 0 Q@ 0 0 0 0 oNo:
0 0 0 -1 —1 T —Q Qs 0 0 0 0
0 0 0 1 1 - 1 0 - —Q1Q2 0 —Q1Q2
0 0 0 -1 -1 1 —1 1 0 QQ:—Q1 0 0
0 0 0 -1 -1 1 -1 0 1 0 Q2 0
0 0 0 0 0 0 0 -1 1 1 0 Q2
0 0 0 0 0 0 0 -1 1 0 1 Q1Q2 — Q1
0 0 0 0 0 0 0 0 0 1 -1 1
(3) Ra1+a2 Raz R—Oq R—3a1—a2 R—2a1—a2 R—3a1—2a2 :
1T QiQ2— Q1 Qo 0 0 Q103 — Q1Q2 0 0 -Q1Q3 0 —-Q1Q3 —QIQ3+ Q103
-1 1 0 Q2 0 0 0 0 0 -3 Q@3 -Q1Q3
1 0 1 0 Q1Q2 — Q1 0 0 0 —1Q> 0 —Q2 0
0 1 1 1 0 Q1Q2 — Q1 0 0 —Q1Q2 —Q1Q2 0 -Q1Q3
0 -1 1 Qs 1 0 Q 0 0 0 0 0
0 0 0 Q-1 -1 1 —Q2 Q2 0 0 0 0
0 -1 -1 -1 1 —Q1Q2+ @1 1 0 QiQ2— Q1 0 0 QiQ3 — Q1Q»
0 0 0 0 -1 1 -1 1 0 Q1Q2 — Q1 0 0
0 0 0 -Q2+1 0 —1 Q=1 —Q 1 0 Q2 0
0 0 0 0 0 -1 0 -1 1 1 0 Q2
0 0 0 0 0 -1 0 -1 1 0 1 Q1Q2 — Q4
0 0 0 0 0 0 0 0 0 1 -1 1
(4) R3O¢1+2az R2a1+a2 R3041 +az Roq R—a2 R—O¢1—042 :
1 —Qi@Q+ Q1 —Q2 0 0 ~Q1Q3 + Q1Q» 0 0 ~Q3 0 QiQ3 QI3+ QiQ3
1 1 0 —Q2 0 0 0 0 0 ~Q1Q3 Q3 Q103
-1 0 1 0 Q2+ Q1 0 0 0 01Q2 0 - Q3 0
0 -1 -1 1 0 —Q1Q2 + C1 0 0 —Qi1Q2 Qi1Q2 0 ~Q1Q3
0 1 1 —Q2 1 0 —Q2 0 0 0 0 0
0 0 0 —Q+1 1 1 —Q2 ) 0 0 0 0
0 -1 -1 1 -1 —Q1Q2 + Q1 1 0 —QiQ2+ 0 0 ~Q1Q3 + Q1 Q2
0 0 0 0 -1 -1 1 1 0 —Q1Q2 + @ 0 0
0 0 0 —Qu+1 0 1 Qa1 —Qo 1 0 Qs 0
0 0 0 0 0 -1 0 1 -1 1 0 —Qs
0 0 0 0 0 -1 0 1 -1 0 1 —1Q2 + Q1
0 0 0 0 0 0 0 0 0 -1 1 1
(5) R2a1+a2 R3a1 +ag Ra1 R—O!Q R—Oq—az R—3a1—2a2 :
1 —@Qi@Q+Q1 —Q2 0 0 QiQ2 0 —QiQ3 0 0 ~Q1Q3 QIQ3 - Q103
1 1 0 —Q2 0 0 0 0 0 0 — Q2 —Q2
-1 0 1 0 —Qi@Q2+@Q1 —QiQ2 0 0 @Q1Q2 0 0 0
0 -1 -1 1 0 Q 0 0 —QiQ: Q1Q2 0 0
0 1 1 0 1 0 -Q 0 0 0 0 —Q\Q2
0 0 0o 1 1 1 —Q —-O 0 0 0 0
0 0 0 -1 -1 —Q 1 0 Q —Q1Q2 0 Q1Q2
0 0 0 -1 -1 -1 1 1 0 Q2+ Q1 0 0
0 0 0 -1 -1 -1 1 0 0 —Qs 0
0 0 0 0 0 0 0 1 -1 1 0 —Qs
0 0 0 0 0 0 0 1 -1 0 1 —Q1Qx + Q1
0 0 0 0 0 0 0 0 0 -1 1 1




(6) R3a1+a2 Ral Rfag Rfalfag R73a172a2 R72a17a2 :

1 Qi@+ —Q2 0 —Q1Q2  Qi1Qx QiQ3 —Q:Q3 0 0 -Q1Q; QIQ3 - Q103
1 1 0 —Qa 0 0 0 0 0 0 7Q1Q§ 7Q1Q§
-1 0 1 0 Q —@iQ2 0 0 Q1Q: 0 0 0
0 -1 -1 1 -Q1 Qi 0 0 —Qi1Q2 Q2 0 0
0 1 10 1 0 —Q 0 0 0 0 —QQ2
0 -1 -1 1 -1 1 Q:  -Qu 0 0 0 Q3
0 0 0 -1 Q-1 -@ 1 0 Q. —QiQ: 0 Q1Q2
0 0 0 0 Qi+l -1 -1 1 —Q1 Q1 0 —Qi1Q2
0 0 0 -1 0 -1 1 0 1 0 —Qs 0
0 0 00 0 0 -1 1 -1 1 0 —Qs
0 0 0 0 0 0 -1 1 -1 0 1 —QuQ+Q
0 0 0 0 0 0 0 0 0 -1 1 1
(7) Roay+asR3ar+20: Ras+as Ras Rai Raar +as:
I Qi@Q+Q1 Q2 0 Q@2 Qi1Q2 Q103 Q3 20:Q3 0 Q103 QIQ3 + Q3Q3
1 1 0 @ 0 2Q1Q2 0 20103 0 20103 Q103 Q103
1 20, 10 @ Q1Q2 0 0 Q1Q2 0 0 0
2 20,+1 1 1 Q1 201Q2 + Q1 0 0 Q1Q2 Q1Q2 0 0
0 1 1o 1 0 Qs 0 20:Q; 0 0 Q3
0 1 11 1 1 Q> Q> 2Q1Q> 2Q1Q: 0 Qi3
2 2Q1+2 2 1 Qi+l 2Q1Q2 + @1 1 0 2Q1Q2 + Q1 Q1Q2 0 Q1Q2
2 2Q:1+2 2 2 Q41 201Q:+ Q1 +1 1 1 2Q1Q2 + Q1 2Q1Q2+ Q1 0 Q1Q:
0 0 0 1 0 1 1 2Q> 1 2Q1Q: Q> 2Q1Q:
0 0 0 0 0 0 1 2Q,+ 1 1 1 2Q2  2Q1Q2+ Qs
0 0 0 0 0 0 1 1 1 0 1 Q1Q2+ @
0 0 0 0 0 0 0 2 0 1 1 1
(8) Rsar+20sRai+a:RasRai Raas+as Raar +as:
1 Q@Q2+Q1 @2 0 2Q1Q2 Q1Q: 201903 Q3 2Q1Q3 0 QiQ3 QT3+ Q1Q3
1 1 0 @ 2Q1Q2 2Q1Q2 20103 201Q3 0 20105 Q3 Q3
1 2Q, 10 Q1Q2+ Q1 Q1Q2 0 0 Q1Q2 0 0 0
2 20:+1 1 1 21Q2+2Q1  2Q1Q2+ @y 0 0 Q1Q2 Q1Q2 0 0
0 1 1 0 1 0 Q2 0 2Q1Q2 0 0 Q3
0 0 0 1 1 1 Q2 Q2 0 21Q» 0 0
2 20Q1+2 2 1 2Q1Q2+2Q1+1 2Q1Q2+ Q1 1 0 2Q1Q2 + @1 Q1Q2 0 Q1Q2
0 0 0 1 1 1 1 1 0 QiQ2+Q1 0 0
0 0 0 1 1 1 2Q2 + 1 2Q- 1 2Q1Q2 Q2 2Q1Q2
0 0 0 0 0 0 200+2 2Qs+1 1 1 205 20:Qa+ Qs
0 0 0 0 0 0 2 1 1 0 1 Q1Q2+ Q1
0 0 0 0 0 0 2 2 0 1 1 1
(9) R011 +ag RO!Q Ral R3O¢1 +ag R2a1+a2 R3a1 +2az*
1 Qi@+ Q1 Q2 0 2Q1Q2 Qi1Q3 +Q1Q2 0 0 Q3 0 Q@3 QI3+ Q1Q3
1 1 0 Q2 20Q1Q2 2Q1Q2 0 0 0 Qi3 Q103 Q103
1 20Q1 1 0 Q@2+ Q1 2Q1Q> 0 0 Q1Q> 0 Qi3 2Q1Q3
2 20 +1 1 1 2Q1Q2 +2Q1 3Q1Qx+ Q1 0 0 Q1Q2 Q1Q: 20:1Q3 2Q3Q3 + Q103
0 1 1 Q> 1 2Q1Q> Q2 0 2Q1Q: 0 0 20:Q3
0 0 0 Q+1 1 1 Q> Q2 0 2Q1Q 0 0
0 1 1 1 1 Q1Q2+ Q1 1 0 Q1Q2 + Q4 0 0 Q103+ Q1Q-
0 0 0 2 1 1 1 1 0 Q@2 +Q1 0 0
0 0 0 @Q+1 0 1 Q2+1 Qo 1 0 Q2 201Q2
0 0 0 2Qs+2 0 1 2Q2+2 2Q2+1 1 1 202 2Q1Q2 + Qo
0 0 0 2 0 1 2 1 1 0 1 Q1Q2+ Q1
0 0 0 2 0 0 2 2 0 1 1 1
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(10> R3a1+2a2 R2a1+a2 R3a1+a2 Ral Raz Ra1+012 :

1 Qi@+ Q1 2Q1Q2+ Q2 2Q1Qs 0 Qi3+ QiQ: 0 2Q1Q3 2QiQ5+iQ3  201Q3 Q@3 QiQ3+QIQ3
1 1 2Q2 Q2 0 0 0 0 201Q3 Q3 Qi3 Q03

1 0 1 0 Q1Q2+ Q1 0 2Q1Q2 0 Q1Q2 0 Qi3 0

0 1 1 1 0 Q@2+ Q1 0 201Q2 Q1Q2 Q1Q2 0 Q@3

2 1 20> +1 Q2 1 0 Q> 0 0 0 0 0

2 2 20542 Qut1 1 1 Q Qs 0 0 0 0

0 1 1 1 1 Q@2+ Q1 1 201Q2  3Qi1Q2+ Q1 201Q2  201Q2 Q1Q3+ Q1Q2
0 0 0 0 1 1 1 1 2Q1Q2 +2Q1 Q@2+ Q1 2Q1Q2 2Q1Q>

2 2 20542 Qutl 2 1 Qatl Qo 1 0 Qs 0

0 0 0 0 0 1 0 1 1 1 0 Q2

0 0 0 0 0 1 0 1 20, + 1 20, 1 0102+ Q1
0 0 0 0 0 0 0 0 2 1 1 1

(1 1) R2a1+a2 R3a1+a2 Ra1 Raz Ra1+a2 R3a1+2a2 .

1 Q@2+ Q1 2Q1Q2+ Q2 2Q1Q2 0 Q1Q> 0 Q103 0 0 Q103 QIQ3+QQ3
1 1 2Q> Q> 0 0 0 0 0 0 Q103 Q103
1 0 1 201Q2  Q1Q2+ Qs Q1Q: 2Q:1Q2 0 Q1Q2 0 20103 0
0 1 1 1 0 20:1Q2+ Q1 0 201Q2 1Q2 Q1Q2 0 2Q1Q3
2 1 2Q, +1 2Q 1 0 Q2 0 0 0 20,103 Q103
2 2 20:+2  2Qx+1 1 1 Q2 Q2 0 0 20103 20,03
0 0 0 1 1 2Q1Q2 + Q1 1 0 2Q1Q2 + Q1 Q1Q: 2Q1Q: Q1Q2
0 0 0 1 1 2Q1Q2 +2Q1 +1 1 1 2Q1Q2 +2Q1 Q1Q2+ Q1 2Q1Q2 2Q1Q2
0 0 0 1 1 1 1 0 1 0 Q2 0
0 0 0 0 0 2 0 1 1 1 0 Q2
0 0 0 0 0 20Q; +2 0 1 2Q; +1 20, 1 Q1Q2+ Q1
0 0 0 0 0 2 0 0 2 1 1 1
(12) R3al +as Roq Rag Ra1+a2 R3a1 4200 R2a1 +ag-

1 Q@2+ Q1 2Q1Q2+ Q2 2Q:1Q: Q1Q2 @Q1Q2 Q103 Q3 0 0 QQF QO3+ QiQ3

1 1 2Q, Q2 0 0 0 0 0 0 Q3 Q103

1 0 1 2Q1Q2  2Q1Q2 + Q1 Q1Q2 2Q1Q2 0 Q1Q2 0 20103 0

0 1 1 1 201Q2 + Q1 2Q1Q2 + Q1 2Q1Q> 2Q1Q2 @Q1Q2 Q1Q2 0 20,Q3

2 1 2Q:+1 2Q- 1 0 Qo 0 0 0 20,03 Q103

0 1 1 1 1 1 Qo Q2 0 0 0 Q103

0 0 0 1 2Q01Q2 + Q1 +1 2Q1Q2 + @ 1 0 2Q1Q2 + Q1 Q2 2Q1Q» Q1Q:

0 0 0 0 Q+1 Qi +1 1 1 @ Q1 0 Q1Q2

0 0 0 1 2 1 1 0 1 0 Q2 0

0 0 0 0 2 2 1 1 1 1 0 Q2

0 0 0 0 201 +2 2Q1 + 2 1 1 201+ 1 20, 1 Q1Q2+ Qs

0 0 0 0 2 2 0 0 2 1 1 1

Remark 4.2.6. From direct calculations of matrices of the operators above,
we see that only in the following two cases, m; = 3 in Proposition 4.2.5 (1),
or ng;, = 3 in Proposition 4.2.5 (3):

(1) The (4,6)-entry (i.e., the (s152,s15251)-entry) of the matrix of the op-
erator (9);

(2) The (7,9)-entry (i.e., the (s25152, S2515251)-entry) of the matrix of the
operator (10).

Let v € W, and let p be a II-compatible directed path in QBG(W') which
starts at v, i.e., p € P(v,II). First, we consider the cases except the following:
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(El) II = (:l:(3051 -+ 2052), :I:(2C¥1 + OéQ), :|:(3CM1 —+ 042), :l:Oél, Fao, :F(Oél + CMQ)),
v = 818951, end(p) = $189, and wt(p) = o + a3;

(EZ) II = (:E(Oél + CYQ), :i:Oéz, Foq, :[:(3051 + 062), ?(2041 + 062), ;(30(1 + 20(2)),
v = 515281, end(p) = 5182, and wt(p) = o + ay;

(E?)) II = (:I:(3a1 + 2042), :|Z(2Ckl + CYQ), :i:(30(1 + 062), :i:CKl, Fao, :F(Oél + 062)),
U = $2818281, end(p) = $25182, and wt(p) = o) + ay’;

(E4) IT = (£(o1 + ag), Loz, Fou, F(3ar + az), F(2ou + ag), F(3au + 2a2)),
U = $2818281, end(p) = s25182, and wt(p) = o) + .

Then, we have the following:
Proposition 4.2.7. Only one of the following occurs.

(1) There exists a unique p’ € P(v, I)\{p} such that end(p’) = end(p) and
wt(p') = wt(p). This p’ satisfies (—1)"8®) = —(—1)"¢®)_ Moreover,
there does not exist a path q € P(v,1I') such that end(q) = end(p) and
wt(q) = wi(p).

(2) There exists a unique p’ € P(v,II') such that end(p’) = end(p) and
wt(p’) = wt(p). This p’ satisfies (—1)"8®) = (1)) Moreover,
there does not exist a path q € P(v,I1)\{p} such that end(q) = end(p)
and wt(q) = wt(p).

(3) There exists a unique p’ € P(v, I\{p} such that end(p’) = end(p) and
wt(p’) = wt(p). This p’ satisfies (— )neg(p/) = —(=1)"&®) Moreover,
there ezist exactly two paths qi,qs € P(v,Il') such that end(q;) =

end(qq) = end(p) and wt(q;) = wt(qe) = wt(p). These qi, qqo satisfy
(—1)reslaz) = —(—1)neslar),

Next, we consider the exceptional cases (E1)—(E4) above. Then, we have
the following;:

Proposition 4.2.8. (1) In case (E1) or (E4), there ezist exactly two paths
p1,pP2 € P(v,II) \ {p} and a unique path q € P(v,1I') such that
end(p;) = end(ps) = end(q) = end(p) and wt(p;) = wt(ps) =
wt(q) = wt(p). Moreover, there exist two paths ri,rs € {p,Pp1, P2}

such that for rs € {p,p1, P2} \ {r1,ra}, (—1)"eC) = (_1)neelr2) —
—(—1)re8(r3) gnd (—1)re8(r) = (—1)nes(@),

(2) In case (E2) or (E3), there exist exactly three paths q1,q2,q3 € P(v,II")
such that end(q;) = end(qy) = end(qs) = end(p) and wt(qy) =
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wt(qz) = wt(qs) = wt(p). In this case, there does not exist a path
r € P(v,II) \ {p} such that end(r) = end(p) and wt(r) = wt(p).
Moreover, there exist two paths ri,r9 € {q1,qa,q3} such that for rz €

{an, @ as} \ {ri e}, (1)) = (—1)eete) = —(—1)t) and
(_1)neg(r1) = (_1)neg(p)_

By using Proposition 4.2.5 and Remark 4.2.6, we can prove Proposi-
tions 4.2.7 and 4.2.8 by the same argument as in types A; x A;, Ay, and

Cy.

Remark 4.2.9. We have explicit descriptions of py, p2, q in Proposition 4.2.8
(1), and those of qi, q2, q3 in Proposition 4.2.8 (2).

(1)

Case (E1). In this case, we have
II = (:t(?)Oél + 2042>, :|:(20[1 + 062), :|:(3061 + Oég), :|:Oé1, F o, :F(Oél + Oég))
and

Ir = ($(0¢1 -+ 052), Fao, :I:CY1, :|:<3C(1 —+ 062), :I:(ZOél + 052), :I:(3041 -+ 20[2)).

If we set
(E1) . 3142002 3a1+az a1to2
P 1818981 —— 895189251 > So 8189,
El 3aq+asg [e31 [e%)
pg ) 1818981 ————> € —» 81 —> S1S9,

3a1+asz (o) a1+o2
P3 1818981 ——> € —» S9g — S189,

(E1)

a9 a1 3a1+asg
q 1818281 —> 81525182 — 5152815281 ——— S189,

then in Proposition 4.2.8 (1), we have {p, p1,p2} = {ngl), péEl), ngl)}

and q = qFV.

Case (E2). In this case, we have

I = (£(a1 + ag), £ag, Far, F(3a1 + az), F(2a1 + ag), F(3au + 2az))
and

' = (F(Bay + 2a2), F(2a1 + an), F(3ay + ), Fau, Tas, +(ag + as)).

If we set

(E2) . a2 ay 3aitaz

p 1818281 —> 815258182 —> S152815251 —— S189,
E2 3o +2a 3o +a2 a1+asg
§ ) 1818281 ———— 82815281 > S2 S152,
E2 3o +a aq a2

qé ) 1818281 ———> € —> S1 —» 8189,
E2 3a1+asg a2 a1+aso

qé ) 1818981 — > € — S9 — 8189,
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then in Proposition 4.2.8(2), we have p = p®? and {qi,qs,q3} =
{qF?, qFD o(FDy
q 7q2 7q3 .

(3) Case (E3). In this case, we have
II = (£3a1 + 2a3), £(2a1 + a2), £(3a1 + a2), £y, Fag, F(ag + a2))
and

I = (:F(Oél + Oéz), Faag, :I:Ozl, :|:(30é1 + ag), :|:(2041 + 042), :i:(3C¥1 -+ 20./2)).

If we set

(E3) . a1 +az ail o2

p 182818281 ———— Sg — S281 — S2S5152,
(E3) . a1+ 3aq+a2 3a1+2a

q; 182818281 — > 81582515281 ——— 5152 —> 5925152
(E ) 3a1+2a2

qs : §2518251 22 5251525152 = Wo —— 525152
(E3) . 3a1taz

ds ~ 52515251 —> 5152515251 22 Wo — 525189,

then in Proposition 4.2.8(2), we have p = p®¥, and {qi,qs, a3} =
(E3) (E3) (E3)}

{ar™ @y ™ az
(4) Case (E4). In this case, we have
II = (£ + a2), Tag, Far, F(3ar + az), F(2a1 + az), F(3a1 + 2az))

and

I = (F(3aq + 2a2), F(2a1 + a2), F(3an + o), Far, £an, (o + aa)).

If we set
E4 a1+to 3ai+az 3142002
pg ) 1 82818981 — S152515251 > S159 > S951S2
(E4) 3a1+2a
Py  : 82515251 =2 5251525152 L Wo S 525152
(E4) . 3an+ag
P3 1 89818981 —> §182818251 —) Wo —> S$25182,
a1 ta
A sys18081 S0 50 My go5) % 59818,

then in Proposition 4.2.8 (1), we have {p,p1,p2} = {p(E4), (2E4),p§,E4)} and
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4.2.6 Proof of Theorem 4.1.2

Based on Propositions 4.2.3, 4.2.7, and 4.2.8, we can prove the existence of a
generalization of quantum Yang-Baxter moves. In the same way as in (4.1.3),
we divide p(A) for A € A(w,T';) into three parts p(A)™®, p(4)?), p(A4)®),
If we write A = {ay,...,a;}, then p(A) is of the form:

Bay | Ba; |
LN

pP(A4) 1w = wp — wy,

with a1 < --- < a;; we set ag := 0. Let 0 < ¢; < [ be maximal such that
a;, <t,and 0 < iy <[ maximal such that a;, <t+ ¢q. Then, we set

/Ba ‘Bai ‘
p(A)(l) Cw = w Q _1>wail’
|Ba;, 411 Ba, |
p(A)(Q) W, ! G2 Wa,,
|Bay 41 [Ba, |
p(A)® Wa,, ——— - —> Wa,.

Note that the concatenation of p(A4)M), p(A4)®), and p(A)® coincides with
p(A).

Also, in the same way as in (4.1.4), we divide p(B) for each B € A(w, ')
into three parts p(B)Y, p(B)®, p(B)®. If we write B = {b;,...,bu}, then
p(B) is of the form:

18y, | By
p(B) i w=wy — - - —>| a Wi,
with by < -+ < b,,; we set by := 0. Let 0 < iy < m be maximal such that
bi, <t,and 0 < iy < m maximal such that b;, <t + ¢. Then, we set

!
18y, | |f86i1 ‘

p(B)W = wy — --- — wy,
8, 18, |

p(B)? Wy, LRI Wy, |
By 165,

p(B)® W, AR AN

Note that the concatenation of p(B)"), p(B)®, and p(B)® coincides with
p(B).

Proof of Theorem 4.1.2. We divide the proof of the theorem into two parts:

(1) A is not of type Go;
(2) A is of type Gs.
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Part 1: A is not of type G,. We assume that A is not of type G,. Let
A € A(w,Ty). Then, by Proposition 4.2.3 with II = I'¥) and I = I'?, we
see that only one of the following occurs:

(1) there exists ro € P(end(p(A)D), T\ {p(4)@} such that end(ry) =
end(p(A)@) and wt(ry) = wt(p(A)?);

(2) there exists ro € P(end(p(A)M), T'$?) such that end(ro) = end(p(A)?)
and wt(ry) = wt(p(4)@).

For convenience of explanation, we set

p(A) ==

1 if (1) of the above holds,
2 if (2) of the above holds.

We define a set Ag(w,T1) C A(w, 1) by
Ao(w,T1) = {A € A(w,T1) | p(A) = 2}.
Then we have
A5 (w,T1) = A(w, T1) \ Ag(w, I'1) = {A € A(w,T1) | p(A) = 1}.

Let us define a map Y : Ag(w, ;) — A(w,Ts). Let A € Ay(w,Ty).
Then, by applying Proposition 4.2.3 with II = T'’) and II' = T'{?), there
exists a unique 1o € P(end(p(A)M),T{?) such that end(ry) = end(p(A)®)
and wt(rg) = wt(p(A)?). We write ry as:

185, | 85,1
ro : end(p(A)W) = g 25 - s g,

Since ry is Fg)—compatible, we have t +1 < j; < -+ < j, < t+¢q. Set
B® :={j,...,j,}, and define Y (A4) by Y (A) := AOUB®1JA®); note that
Y (A) € A(w,Ty). We define a set Ag(w,I's) by

Ao(w,I'9) :={Y(A) | A € Ap(w,T1)}.

We claim that Y defines a bijection Y : Ag(w,I';) — Ag(w,'y). To verify
this claim, it suffices to show that Y is injective.

Let Ay, Ay € Ap(w,T'1), and assume that Y (A;) = Y(A;). We show that
Ay = A,. First, we see that

AP = (V(A))D = (Y(A)V = A,
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and
AP = (v (A1) . 42))® = A5,

Hence it remains to show that A 2 = A . By the definition of the map Y, we
have end(p(Y (4,))®) = end(p ( 1)@ ) and wt(p(Y (A41))?) = wt(p(A; )(2))

Also, we have end(p(Y (Ay))®? ) end(p(43)@) and wt(p(Y(42))?) =
wt(p(A2)@). Since p(Y(41))? = p(Y(A3))@, the uniqueness in Proposi-
tion 4.2.3 (2) (with II = F( ) and H’ = F( )) 1mplies that p(4,)® = p(4,)?,
from which we obtain A Ag), as desired. This shows the injectivity of
Y.

To prove that Y satisfies the condition of Theorem 4.1.2 (1), it remains to
show that end(Y (A)) = end(A), down(Y (A)) = down(A), and (—1)"¥A) =
(—1)™A). The first equation is obvious, since

end(Y (4)) = end(p(Y (4))) = end(p(Y (4))"*))
= end(p(A)®) = end(p(A)) = end(A).

The second equation is shown as follows:

down(Y (A)) = wt(p(Y'(4)))
= wi(p(Y (A)N) + wi(p(Y (A)?) + wt(p(V (4))®)
= wi(p(A)W) + wt(p(Y (A))?) + wt(p(4)?)
= wt(p(A)") + wt(p(4)?) + wt(p(A4)®)
= wt(p(4))
= down(A)

Since (—1)ree® (ANP) — (_1)nes®AD)) 1y Proposition 4.2.3 (2), the remain-
ing equation is shown as follows:

neg(p( <1>( 1)neg‘(p <2)( 1)neg(p(A)(3))

(=1)
(=1)
= (—1)"es®A) D) (1 )nes(p(¥ (4)) (1 )nea(p(4))
(=1)
(=1)
(=1)

Next, we construct an involution /; which satisfies the condition of Theo-
rem 4.1.2(2). Let A € AS(w,T). Then, by applying Proposition 4.2.3 with

74



II = I’§2), there exists a unique ry € P(end(p(A)(l)),F?)) \ {p(A)?} such
that end(ry) = end(p(A)®) and wt(ry) = wt(p(A4)?). We write rq as:
1 185, | |Bip |
ro : end(p(A)W) = xg 5 - s g,

Since rq is F§2)—compatible, we have t +1 < j; < -+ < j, < t+gq. Set
B® = {ji,...,j,}, and define I,(A) by I;(A) :== AW 1 B® 1 A®); note
that I;(A) € A(w,T;). Since p(A)® € Plend(p(L(A)D),T?) satisfies
the condition of Proposition 4.2.3 (1), with p = p(/;(4))®, we deduce that
I (A) € AS (w,Ty), and that I, ([, (A)) = [L(ADLUB@UA®) = Ay AR Y
AB) = A by the definition of I;. This shows that [; is an involution. Hence
it remains to show that end(/;(A)) = end(A), down(/;(A)) = down(A), and
(=)l = —(—1)™4 | which can be shown by the same argument as that
for Y. This completes the construction of I;.

Finally, we show the existence of an involution I, on A§ (w,T'y). To do

this, we examine the set A§ (w, T'y) in detail. Let B € A(w,T'y). Then, in the

same way as for A € A(w,['1), we see by Proposition 4.2.3, with II = FgQ)

and II' = ng) , that only one of the following occurs:

(1)’ there exists ry € P(end(p(B)M),T'?)\ {p(B)@} such that end(ry) =
end(p(B)®) and wt(ro) = wt(p(B)®);

(2)' there exists rg € P(end(p(B)D), I'?) such that end(ry) = end(p(B)?)
and wt(rg) = wt(p(B)®@).

For convenience of explanation, we set

(B) = 1 if (1)’ of the above holds,
4 |2 if (2) of the above holds.

We claim that
Ao(w,T'y) ={B € A(w,T) | ¢'(B) = 2}. (4.2.19)
If this equation is shown, then the following holds:
AG (w,T2) := A(w,T2) \ Ao(w, I'2) = {B € A(w,T2) | ¢/(B) = 1}.

First, we take B € Ag(w,I'). Then, there exists A € Ay(w,I';) such that
Y(A) = B. Since p(A)® € P(end(p(A)M),T?) satisfies the condition of
Proposition 4.2.3 (2), with II = F;Q), II' = FgQ), and p = p(B)®?, we have
¢'(B) = 2. Next, we take B € A(w,I's) such that ¢'(B) = 2. Then,
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there exists o € P(end(p(B)V), I'?)) such that end(ry) = end(p(B)?) and
wt(ry) = wt(p(B)?). We write the ry as:

ro : end(p(B)W) = Bl M Tp.

Then, we have t +1 < j; < --- < j, <t +q. Set A® = {j;,...,5,}, and
then A := B 1 A® U B®, We see that A € Ay(w,T';) and Y(A) = B,
and hence B € Ay(w,I's). Thus, equation (4.2.19) is shown. Hence the
existence of the desired involution Iy on A§(w,T's) can be shown by the
same argument as that of the involution I; on A§(w, ;). This completes
the proof of Theorem 4.1.2 for A not of type Gbs.

Part 2: A is of type G3. We prove the theorem for A of type G,. As
in Part 1, we define p(A) for A € A(w,I';). Let A € A(w,I'1). We set
M:=T% I =T, and p := p(4)@, v := end(p(A)V). We first consider
the cases except cases (E1)-(E4). Then, by Proposition 4.2.7, only one of
the following (1)—(3) occurs.

(1) There exists a unique ry € P(end(p(A)™M)
end(ry) = end(p(A)?) and wt(rg) = wt
(—1)mes(ro) = —(—1)nes(®(A)®).

Moreover, there does not exist a path q € P(end(p(A)(l)),Fg)) such
that end(q) = end(p(A)®?) and wt(q) = wt(p(A4)?).

,F§2)) \ {p(A)@} such that
(p(A)?). This ry satisfies

(2) There exists a unique ry € P(end(p(A)(l)),Fg)) such that end(ry) =
end(p(A)?) and wt(rg) = wt(p(A4)@). This ry satisfies (—1)"e&F0) =
(—1)nes®A)@)

Moreover, there does not exist a path q € P(end(p(A)(l)),F§2)) \
{p(A)?} such that end(q) = end(p(A)?) and wt(q) = wt(p(A)?).

(3) There exists a unique ro € P(end(p(A)M), T)\ {p(4)@} such that
end(rg) = end(p(A)?) and wt(rg) = wt(p(A)?). This ry satisfies
(—1)mesro) — —(—1)nes(®(4)®).

Moreover, there exist exactly two paths qi,qs € P(end(p(A)M), T )
such that end(q;) = end(qy) = end(p(A4)?) and wt(q,) = (qQ) =
wt(p(A)@). These qi, qo satisfy (—1)"e8€2) = —(—1)reslar),

We set
1 if (1) or (3) of the above holds,

2 if (2) of the above holds.

76



Next, consider the exceptional cases (E1) and (E4). Recall Proposi-
tion 4.2.8 and Remark 4.2.9. For A € A(w,I';), we define p(A) by

3 if p(A)? = pED HED JE) (E)
o(A) = : p( )(2) p%m),p?m),pl Py
4 if p(A)® =py " py .

Finally, in the exceptional cases (E2) and case (E3), we set ¢(A) := 5 for
Ae .A(w, Fl)
With ¢(A) as above, we define a subset Ay(w, 1) C A(w,T'1) by

Ao(w,Fl) = {A S A(U},Fl) | QO(A) = 2,4, 5}
Also, we set
AS (w,T) = A(w,T1) \ Ao(w, T) = {A € A(w,T}) | ¢(A) =1,3}.

Let us define a map Y : Ag(w, ;) — A(w,Ts). Let A € Ag(w,Ty).
First, assume that ¢(A) = 2. Take a unique ry € P(end(p(A)M), Fg)) such
that end(rg) = end(p(A4)?) and wt(rg) = wt(p(A4)?). Next, assume that
p(A) = 4. Then p(A)‘2) = péE” or p(A)® = p{™. 1f p(4)® = p{™, then

we set ry := qFV; if p(A)? = pé Y then we set Ty 1= q®Y. Also, assume
that p(A) = 5. Then, p(4)® = p(EQ) or p(A)? =p®E_If p(4)? = pED)
then we set rg := q(EQ), if p(A)® = p® then we set ry := ngs). We write
the ry as:
185 | 185, 185 |
ro: end(p(A)W) = 2 2 2y 2 - s g,

Set B® :={ji,...,j,}, and define Y (A) := AY U B® 1y A®). By the same
argument as that in Part 1, if we set

Ao(w,T9) :={Y(A) | A € Ag(w,T'y)},

then Y defines a bijection between Ag(w,I'1) and Ag(w,'s). Also, we can
show that (—1)" () = (—1)») end(Y (A)) = end(A), and down(Y (4)) =
down(A).

Next, we construct an involution on A§ (w,T;). Let A 6 AO (w,I'y). If
©(A) = 1, then there exists a unique ro € P(end(p(4)M), T\ {p(4)@}
such that end(rg) = end(p(A4)@) and wt(rg) = wt(p(A)?). If p(A) = 3,

then we set

pi it p(A)® = pi™,
S
pi™Y if p(4)® =Y,
pi™ if p(4)® = p§



We write the ry as:

Bj 185, | 1B |
ro : end(p(4)Y) =z i, r) 25wy,

Set B® := {j,...,5,}, and define I, (A) := AW U B® 1y A®). We see that
I, defines an involution on A§ (w,T;) such that (—1)"1A) = —(—1)A),
end(/;1(A)) = end(A), and down(l;(A)) = down(A).

Finally, we construct an involution I,. Let B € A(w, ;). Set Il := ng),
I = F?), and p := p(B)?, v := end(p(B)"). Let us consider the cases
except cases (E1)—(E4). Then, by Proposition 4.2.7, only one of the following
(1)’=(3)" occurs.

(1)" There exists a unique ro € P(end(p(B)Y), Fg )
end(rg) = end(p(B)?) and wt(ry) = wt(p(B)?
(—1)me(ro) — _(—1)nes(P(B)®)

Moreover, there does not exist a path q € P(end(p(B)M),I'?) such
that end(q) = end(p(B)®) and wt(q) = wt(p(B)?).

{p(B)@} such that
). This rq satisfies

(2)" There exists a unique ry € P(end(p(B)(l)),ng)) such that end(rg) =
end(p(B)®) and wt(rg) = wt(p(B)®). This ry satisfies (—1)"°&r0) =
(—1)nes®(B))

Moreover, there does not exist a path q € P(end(p(B)(l)),Fg)) \
{p(B)?} such that end(q) = end(p(B)?) and wt(q) = wt(p(B)?).

(3) There exists a unique ry € P(end(p(B)),T{?)\ {p(B)?} such that
end(rg) = end(p(B)?) and wt(ry) = wt(p(B)®). This ry satisfies
(—1)me(ro) = —(—1)nes(®(B)?)

Moreover, there exist exactly two paths qi,qy € P(end(p(B)W),T )
such that end(q;) = end(qy) = end(p(B)?) and wt(q;) = (qg) =
wt(p(B)?). These q;, qy satisfy (—1)78(@2) = —(—1)neeldr),

We define ¢'(B) by

"(B) = 1 if (1)" or (3)" of the above holds,
4 T2 if (2)" of the above holds.

For the exceptional cases (E1) and (E4), we set

. E1 E4 E4
J(B) = {3 HPBP =p) ey pi ps,
T : El E4
4 it p(B)® = py™, py;

for the exceptional cases (E2) and (E3), we set ¢/(B) := 5.
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Now, by the same argument as that in Part 1, we obtain

Ao(w,Ty) = {B € A(w,Ts) | ¢'(B) = 2,4, 5},
AS(w,Ts) = {B € Aw,T5) | /(B) = 1,3},

Hence an involution I on A§ (w,T'y) can be defined in the same way as I
on Ag(w,T'1). This completes the proof of the theorem. ]

4.2.7 Proof of Theorem 4.1.4

We will prove that the maps Y, I; and I, preserve weights and heights.

We need additional notation. Let W = (¢1,...,1,) be a sequence of roots
Y1, € Ak = (ky,...,kp) a sequence of integers ki, ..., k, € Z, and
w e W. For asubset J = {j; <---<j,} C{L,...,p} such that

W’J | |¢J’2| |w3a‘
w WSy, | ’ P WSy |+ S|y, |

is a directed path in QBG(WV) (note that if ¥ is a A-chain for some A € P,
then J is a w-admissible subset), we define height, g (w,.J) by

height, g (w, J) Z sgn(v;)k;,
jeJ—
where

- . |5, .
J = {ji eJ ‘ WS|y; |~ Sy, | — WSy, |+ S|y,,| IS & quantum edge} .

Also, we generalize the definition of down statistics:

downy (w, J) Z ;Y.

JjeJ—

Note that if ¥ =1";, k = (l:,...,l:), weW,and J = A € A(w,T'), then

we have

downy (w, A) = down(A), heighty y(w, A) = height(A);

—_—

0 =Ty k=(,....00) = (I Ao lgs - lgts gty - 1), w €W,
and J = B € A(w,I'9), then we have

downy (w, B) = down(B), heighty (w, B) = height(B).
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In addition, for A € A(w,I'y), it follows that
down(A) = downm (w, AV) + down . (end(p(4)™M), A®)
1 1
+ down,s) (end(p(A)@), A®),
1

and that
height(A) = height ;- - 1o (w, AY)
+helght i) re (end(p(4)™), 4%) (4.2:20)
+ height @ (end(p(4)®), AP));
(1 Lyeeolr ), T

for B € A(w,Ty), it follows that
down(B) = downrgl)(w, BW) + downré@(end(p(B)(l)), B®)
+ downrgg,) (end(p(B)?), B®)),
and that
y(w, BW)
(end(p(B)"), B?)

(rardi i) T2 (end(p(B)"), B®) (4.2.21)

Next, we consider weights. For the above J, we set
?kv‘l}(J) = Swjl ’7kj1 T Swja77kja :
Then, for A € A(w,T';), we have
Wt(A) = _?(51 lT)vFI(A)(_)\)'

77777

_ W7 )7 o (A®)(=);
= T, lt)»F(ll)(A )T(lt+1 ..... ligq) TS (A )T(lt+q+1 ~~~~~ lr)vrgd)(A J(=A);
(4.2.22)
for B € A(w,T'y), we have
wt(B) = 7,012 (B) (=)
:_?(h ..... lslitgssle1,le4q4+15o lT)IQ(B)(_)\)
R Dy 2)\ A~ (3)
__r(ll ..... lt),Fél)(B( )T(lt+q ..... lt+1),F§2)(B( ))r(lt+q+1 """" zr),r§3)<B )(_)\)
(4.2.23)
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Proof of Theorem 4.1.4. First, we consider heights. For A € A(w,I';), we
see that
height(l:I ..... lirq) T (end(p(A)(l)), A(2))

= Y senB)(AB) ~ 1)

je(A@)-
= > sen(B)(\ 8 ) — height,, lt+q),rgz>(end(p(z4>‘2)),A(z))
JEAD)=
=<A, > sgn(ﬁj)ﬁj\-/>—height(lt+l ,,,,, sy r (end(p(A)®), AP)
JE(AP)=
= (X, down @ (end(p(A)), A®))
S o0 4 (4.2.24)
_helght(lt+1 77777 lt+q)F(2)(end(p(A) ),A )

Let us assume that A € Ag(w,I'1), and set B := Y (A). Then we have

helght(l;;l ..... l;:)I(QQ) (end(p(B)(l)), B(Q))
= (A, downrgz) (end(p(B)Y), B?))

(4.2.25)
— height(

litgqseens lt+1)7F§2)

Here, since down(Y (A)) = down(A), it follows that
downFég) (end(p(B)Y), B?)) = downrgm (end(p(A)1)), A®),

Also, by [18, Lemma 3.5], we know that

t+q

ﬂ Hﬁk,—lk # 0.

k=t+1

Therefore, by [19, Lemma 44], we have

height( (end(p(B)?), B?)

end(p(4)?), A?),

Litgrbir1), DS

= height
and hence by (4.2.24) and (4.2.25), we obtain

height — — o (end(p(B)Y), B®)

(letqyeosler1), Ty
= height — y(end(p(A)M), A®)),

(it 1ymbirq) T
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Now, by (4.2.20) and (4.2.21), we deduce that height(B) = height(A), as
desired.
Assume that A € A§(w,Ty), and set B := I;(A). As in (4.2.24), we have

height(l]:1 77777 @)I@(end(p(B)(l)),B(2))
— (A downy g (end(p(B)"), B?)

(end(p(B)®), B?).
Again, by the definition of I; and [19, Lemma 44], we have

helght(lt: ..... l/;:q)’rgz) (end(p(B)(l)), B(g))

= (\, downrgm (end(p(B)Y), B®))
(Uestsrdisg) D (end(p(B)(Z))’ B(Q))
@ (end(p(A)(l)), A(Q))>

[~ lt+q)»F<12) (end(p(A)@))’A(Z))

(end(p(4)™"), A®),

— height
= (A, down
— height
= height

(et nlig)
and hence obtain height(B) = height(A), as desired. Now, the assertion for
I5 is shown by the same argument as for I;.

It remains to consider weights. Again, by [18, Lemma 3.5], we can take

it € bg such that
t+q

% € ﬂ Hﬁlm—lk 7£ @
k=t+1
Note that (u,5)) = =l for k=t +1,...,t+q.

Let A € Aop(w,I';), and set B := Y(A4). Recall that end(p(B)?) =
end(p(A)?). We set v := end(p(4)Y) = end(p(B)V). Again, by abuse
of notation, we define t, : by — bg for v € by by t,(§) == £ + v, as in
Section 3.2.3. If we write A® = {4;,..., 4.}, then we have

t/ﬂf1 end(p(A(Q)))t_“ = tuvil(vslﬁjﬂ T S|g ) -
= (tuslﬁmt—u> o (usigy, 1 t-n)
= (utss, | -mS18,1) ~ (tulsys, ((-0)5185,1)
= ()8, 1185115185, 1)+ (B8 1)1871 518541)
= (Cu8y)8,, 518, 1)+~ (BsY. 185, 5185,1)
= (b=, 818,,1) -+ (E=1,,8,,518,41)
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= S8ty T Bl

r AP, (4.2.26)

7
let1seess lt+q)»F§2) (

By the same calculation, we have

tuv_l end(p(B(Q)))t_M = A(ltﬂ .... e, F(z)(B(Q)).
Since end(p(B)?) = end(p(A)®?), it follows that

-~ B@y =7 2

P lsgrolisn), F(Q)( ) = L zt+q),r(12)<‘4 )

Hence, by (4.2.22) and (4.2.23), we obtain wt(B) = wt(A), as desired.
Next, assume that A € A§(w,I';), and set B := I;(A). By the same
calculation as for (4.2.26), we have

t, o end(p(B))t_, = @ (B®).

(lt+1 ----- li+q) Iy

Hence, from the equality end(p(B)®) = end(p(A4)®), we deduce that
; o (B?) =7 o (AD).

(lt+1 ..... lt+q),1—‘1 (lt+1 ..... lt+q),l—‘1
Therefore, we conclude by (4.2.22) and (4.2.23) that wt(B) = wt(A), as
desired.
The assertion for I, is shown by the same argument as for I;. This
completes the proof of the theorem. O

4.2.8 Example of quantum Yang-Baxter moves in type
Csy

Based on Proposition 4.2.3, we explain how to construct quantum Yang-
Baxter moves explicitly in a specific case. We assume that g is of type Cj.
Let II, IT" be sequences of roots introduced in Section 4.2.2. We consider
the case that v = s9 and Il = (—20y — ag, —ay,ag,a1 + a3). Note that
II' = (o + ag, ag, —ag, —2a7 — ag). Let us construct an explicit matching
between a certain subset of P(v,II) and that of P(v,II'), and also sign-
reversing involutions outside of those subsets.

Recall the matrices of Ry, 1a,Ra5R0iRoai+0, a0d Ron,+0,Ray RasRag+as
calculated in Section 4.2.4. In particular, the v-column of the matrix of
Ra1+012 Raz ROé1 R2011+a2 (resp., R2a1+a2 RO!1 Raz Ra1+a2) is t(Q27 07 17 17 17 17 L, O)
(resp., 1(2Q1Q2+ Q2,2Q2,1,1,2Q2+1,1,1,0)). For example, the (e, v)-entry
of the matrix of the operator Ron, +a,Ray RasRay+ay 18 2Q1Q2+ Q2. Therefore,
we deduce from equation (4.2.3) that there exist exactly three II'-compatible
directed paths r™, r® r®) such that
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o rl) starts at v = s, for j = 1,2, 3,
e end(rV)) =¢, j=1,2,3,

o down(r¥)) =ay +ay, j =1,2, and
o down(r®) = ay;

remark that Q7+ = Q,Q, and Q** = Q,. Similarly, we see that there exist
six II-compatible directed paths py, ..., pg such that P(v,II) = {p1,...,ps}-
Also, there exist twelve II-compatible directed paths q, ..., qi2 such that
P, ') ={qi,...,di2}. Forp € P(v,1I) (resp., q € P(v,IT")), the statistics
end(p), down(p) (resp., end(q), down(q)) are given in Tables 4.1, 4.2.

Table 4.1: Statistics of p € P(v,1I) Table 4.2: Statistics of q € P(v,1I')

p € P(v,1I) || end(p) down(p) q € Pv,Il') | end(q) down(q)
P1 e ay a e af toay
P2 S2 0 a2 e ay + ay
P3 5152 0 g3 e oy
P4 5251 0 q4 S1 CYE/
Ps S$18281 0 a5 S1 OZE/
Ps 5251852 0 d6 S2 0

qar 5182 0
ds 5951 oy
Q9 5251 oy
q10 5251 0
q11 515281 0
q12 525182 0

Note that p € P(v,1II) and q € P(v,II') are explicitly written as follows:

« . . .
Pi: Sy — e; p2: So  (the trivial directed path);
. a1tag X [e%} .
P3 : Sg — 5152; P4 i S2 — S5251;
. 2 . . al a2 .
Ps - S2 = 5251 —> 515251; P6 @ S2 —> 8281 — S25152;
altasg ajtasg altasg
qi:S2 — 5152 22 S1 L €; Q2 : Sg ——> 5152 R 515251 —>
. . . aitaz .
Cl3.52—>€7 Q4‘52—>8182—>517
a2 a1 .. .
Qs : So —> € — §1; Qe : S (the trivial directed path);
a1tasg agtag 201 ta2
qr : S2 —— 8182; qg : S2 —— 8182 22 81— 8281,

az i 201 g

aq
qg : Sg —> € —> 81 —> 82515 Q1o : S2 —> S281;
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. a1+az ai . . a1+az 2a1+asg
qi1 : S2 —— S152 — S15251; qi2 : S —— 8152 ——— S25152.
Thus, if we set

Po(v,I1) := P(v, 1),
PO(U,H/) = {d3,96,97, 410, 911, 12} C P(U,H/),
P()C(U7 H/) = {qlv d2,494, 95, g3, q9} = P(”a H/) \ 730('07 H/)a

then we obtain the following bijection Y : Py(v, IT) — Py(v, I') and invo-
lution 72 on P§ (v, I'), which preserve end(-) and down(-):

Yo pi a3, P2 ds, P3rdr, Par> dio, Ps i, Pe Qo

];;,H ‘1> dq2, Q2> d1, d4+—ds, ds5—>d4, Qgg+r> g, (g > (s.

These maps give the correspondence p — p’ in Proposition 4.2.3.

Now, let us give an example of generalized quantum Yang-Baxter moves.
Let A € P. Take A-chains I'y, I'y such that I'y is obtained from I'y by the
Yang-Baxter transformation (YB). Let w € W. As in equations (4.1.1)
and (4.1.2), we take I'\"' T % = 1,2,3. Also, as in equations (4.1.3)
and (4.1.4), we take A® (resp., B®), k = 1,2,3, for A € A(w,I';) (resp.,
B € A(w,I'y)). In this example, we consider the case that FgQ) = II and
FgQ) = II'. By the consideration above, we can give an explicit description of
quantum Yang-Baxter moves for A € A(w,I'y) (resp., B € A(w,I's)) such
that end(A(M) = s, (resp., end(BWY) = s,), as given in Tables 4.3, 4.4.

Table 4.3: List of Y(A) for A € Ag(w,T) such that end(A) = s,

AD p(A®) | p(Y(A4)®)) = Y (p(A®)) Y(A)®)
1] P2 d6 0
{t+ 2} P4 dio {t + 3}
{t+3} P ds {t+2}
{t+4} Ps dar {t+1}
{t +2,t+ 3} Ps 12 {t +1,t+4}

4.3 Generating functions and level-zero De-
mazure modules

We consider the generating function of certain statistics associated to an
alcove path. We describe the relation between two such generating functions
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Table 4.4: List of I(B) for B € A§ (w,T3) such that end(BM) = s,

B p(B?) | p(Io(B)®) = 1™ (p(B®)) L(B)®
{t+1,t+2} U a5 {t+2,t+3}
{t+2,t+ 3} a5 Q {t+1,t+2}

{t+1,t+2,t+3} a qo {t+1,t+3,t+4}
{t+1,t+2,t+4} as Qo {t+2,t+3,t+4}
{t+1,t+3,t+4} do qi {t+1,t+2,t+ 3}
{t+2,t+3,t+4} do as {t+ 1,t+2,t+4}

associated to two alcove paths which are related by the procedures (YB) and
(D). As an application, we derive an identity of “Chevalley type” for the
graded characters of Demazure submodules of (level-zero) extremal weight
modules over a quantum affine algebra. This section is based on [14, Section 5
and Appendix C].

4.3.1 Generating functions

Take an indeterminate ¢, and consider the ring R := Z[q,q '] of Laurent
polynomials in ¢q. Recall that an element of the affine Weyl group W, can
be written = wt,, with w in the finite Weyl group W and £ in the coroot
lattice QV.

Definition 4.3.1. For each A-chain I' and # = wit; € Wy, we define a
generating function Gr(z) € R[P][Wa] associated to the set A(w,I") of w-
admissible subsets by

Gr(x) == Z (=)W g height=00 i) ond(A)tey qown(ay.  (4.3.1)
AcA(w,I")

We also think of Gr as a linear function on R[P][W,¢|.

Let A € P, and take A\-chains I'y, I'y. We consider the relation of the two
generating functions Gr, (z) and Gr,(x) for x = wt; € Wy;.

First, we consider the case in which I'y is obtained from I'y by the proce-
dure (YB). As a corollary of Theorems 4.1.2 and 4.1.4, we obtain the equality
between the two generating functions.

Proposition 4.3.2. Assume that I'y is obtained from 'y by (YB). Then we
have Gr, () = Gr,(x).

Proof. As in Theorem 4.1.2, we take subsets Ag(w,T';) and A§(w,T) of
A(w,T'y). Also, we take subsets Ag(w, I'y) and A§ (w, T') of A(w, T'). Then
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we have the maps Y, I, I as in Theorem 4.1.2. Note that by Theorem 4.1.4,
Y, I, and I, preserve weights and heights.

Since I is a sign-reversing involution which preserves weights, heights,
and down statistics, we have

Z (_l)n(A)q_height(A)—<A,§>€wt(A) end(A)tet down(a) = 0,
A€ A§ (w,I')

and hence

GFl (l’) — Z (_ 1)n(A)q7 height(A)—(\,€) €Wt(A) end(A)t§+down(A) )
AGAO(’LU,Fl)

We derive the similar result for Gr,(z) via the sign-reversing involution I5.
Using the map Y given by a generalization of quantum Yang-Baxter moves,
we deduce that

GF1 (ZL‘)
= Z (_1)n(Y(A))q— height(Y'(A4))=(A.€) ;wt(Y (4)) end (Y (A))ter down(v ()
AeAp(w,I'1)
- GF2 (SC)
This concludes the proof. O

Next, we consider the case in which I's is obtained from I'y by the proce-
dure (D).

Proposition 4.3.3. Assume that 'y is obtained from I'y by the procedure
(D), which deletes the segment (5, F5) of 'y, where 3 is not a simple root.
Then we have Gr, (z) = Gr,(z).

Proof. We write I'y = (51,...,0,). By the assumption, there exists u €
{1,...,r — 2} such that

b Bu+2 - _/Bu—l—h
e [(3,.1 and [,,2 are not simple roots, and

L4 I_‘2: (517"'7ﬁuaﬁu+37"'757‘)'

Set [ := |Bus1| = |Putz2|. Since f is not a simple root, there does not exist
Pt =0 a2l =0 ), Hence, for A € A(w, '),

any path of the form v
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we have AN{u+1,u+2} # {u+1,u+2}. We define a subset Ay(w,I'y) C
A(w,T'1) by
Ap(w,T1) :={A € A(w,T1) | An{u+1,u+2} =0}.
Also, we define a subset AJ (w,T) C A(w,Ty) by
AG (0, T) == A(w,T1) \ Ag(w,T)
={Aec Alw,I1) | An{u+1,u+2} ={u+1}, {u+2}}.

We define a map Ip : Af (w,T1) = A§ (w,T) as follows. If A € A (w,T)
satisfies AN {u+ 1,u + 2} = {u+ 1}, then we set

Ip(A) = (An{l,...,up)u{u+2}u(ANn{u+3,...,r});
if A€ Af(w,T) satisfies AN {u+ 1,u+ 2} = {u+ 2}, then we set

Ip(A) = (An{l,...,up)U{u+1}u(An{u+3,...,r}).

We see that for all A € A§(w,I'1), we have Ip(A) € A (w,Ty). Also, we
see that Ip(Ip(A)) = A. Hence I defines an involution on A§ (w,I'y), and
it is easy to see that it preserves the statistics down(+), end(+), height(-), and
wt(+). Also, it is easy to verify that Ip negates the sign (—1)""). Therefore,
we obtain
Z (_1>n(A)q7 height(A)fO\,{")ewt(A) end(A)tf—i—down(A) —0.
AEAg(w,Fﬂ

Now, we define a bijection D : Ay(w,I';) — A(w,T'3) by
DA)=(An{l,...,uh)U{j—2|je An{u+3,...,r}}.

It is again easy to see that this bijection preserves all the statistics. Therefore,
we deduce that

GFI (:C)

_ Z (_1>n(A)q7 height(A)—(X\,€) ewt(A) end(A)tg—i-down(A)
AE.A(’LU,F:[)

=Y (1) g 00 ) end (A)e s
AcAy(w,I'1)

_ Z (_1)“(D(A))q— height (D (A))—(A.8) wt(D(4)) end(D(A))tg+down(D(A))
AcAy(w,Ty)

= GFQ (x)7

as desired. This concludes the proof. ]
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Remark 4.3.4. In the setup of of Proposition 4.3.3, assume that 3 is a simple
root such that +3 appears in positions v + 1 and v + 2 in I'y. Then the
equality Gr,(z) = Gr,(z) does not hold. This is because there exists a

directed path of the form v B By vtorall v e W, in contrast to the case
that 3 is not a simple root. In fact, in A(w,I';) we can pair each A for which
An{u+1l,u+2} =0 with A" := AU {u+1,u+2}. Let h € Z be the
contribution of (one of the) positions u+1, u+2 to height(A’); note that this
is independent of A. By using the above pairing, as well as the map D and
the cancellations given by the involution Ip in the proof of Proposition 4.3.3,
we derive
G, (#) = Gry(@) (1 - ¢"30).
We need the following weaker version of the notion of a reduced A-chain.

Definition 4.3.5. A A-chain is weakly reduced if it does not contain both a
simple root and its negative.

Now let us consider arbitrary weakly reduced A-chains I'; and I's. Then
there exists a sequence I'y = Wy, ¥y, ..., ¥, = I'T of A-chains such that I'] is
reduced, and each ¥y is obtained from W, _; by one of the procedure (YB)
or (D). In a similar way, we relate I's to a reduced A-chain I'j. Finally, we
relate I'f to 'S by successively applying the procedure (YB). The weakly
reduced property of I'y and I's implies that, in the above process, the pro-
cedure (D) never deletes a segment (+/3,F(5) where  is a simple root. By
Propositions 4.3.2 and 4.3.3, we derive the following theorem.

Theorem 4.3.6. For arbitrary weakly reduced \-chains I'y and I's, we have
GFl (‘T) - GF2 (ZE)

4.3.2 Combinatorial realization of commutativity

In this section we realize combinatorially the symmetry of the general Cheval-
ley formula in [19] coming from commutativity in equivariant K-theory. This
realization involves the commutativity of the composition of two functions
Gr, and Gr,, and is based on the generalized quantum Yang-Baxter moves.
The main result here will also play an important role in the proof of the
character identity in Section 4.3.3.

We start by developing the notion of a weakly reduced chain of roots in
Definition 4.3.5. Consider an arbitrary weight A and an arbitrary decompo-
sition of it A = Ay + -+ A, Let Aj = >, my;@;.

Definition 4.3.7. The weight decomposition A = Aj+---+ A, is cancellation
free if, for any 7 € I, all the nonzero coefficients among m;, . .., m;, have the
same sign.
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Given the above weight decomposition, consider A;-chains of roots I';, for
J =1,...,p. Their concatenation, defined in the obvious way and denoted
I' = I'y*---xI',, is clearly a A-chain. Note that the alcove path corresponding
to I' is obtained by considering the shift of the alcove path for I'; by A; +
-+ \j_q, for j =1,...,p, and by concatenating them in this order.

Proposition 4.3.8. The A-chain I' is a weakly reduced if and only if the
weight decomposition X = A\ +-- -+ A\, is cancellation free and each \;-chain
I'; 1s weakly reduced.

Proof. The result is easily derived from the following general fact about a
(not necessarily reduced) A-chain I' = (34, ..., 3,), for an arbitrary weight A,
where « is a positive root (see, e.g., [22, Lemma 5.3]):

Na¥)=#{j| B =a} —#{j| B = —a}.

This fact is applied to a simple root o = «;, by noting that (A, «;’) is the
coefficient of w; in the expansion of . m

Let us now consider a cancellation free weight decomposition A = u + v,
and weakly reduced chains of roots I'y and I'y; corresponding to p and v,
respectively. Then, by Proposition 4.3.8, we have the weakly reduced A-
chain I' := I'; ¥ I'y. Observe that there exists a natural bijection

{(A,B)| A€ A(w,T}), B € Alend(A),I'y)} — A(w,T); (4.3.2)

let Ax B € A(w,T') denote the image of (A, B) under this bijection. The
following lemma relates the statistics of interest under the bijection; its proof
is based on completely similar arguments to those in the proof of [19, Theo-
rem 46.

Lemma 4.3.9 ([19]). For A € A(w,T';) and B € A(end(A),T's), the follow-
ing hold:

(1) n(A=* B) =n(A) +n(B);
2) end(A * B) = end(B);

)

)
3) down(A x B) = down(A) + down(B);
4) height(A x B) = height(A) + height(B) + (v,down(A));
)

(
(
(
(5) wt(A* B) = wt(A) + wt(B).

We are now ready to prove the main result of this section.
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Theorem 4.3.10. Given the above setup and any v = wte € Wy, we have
Gpl 0] GF2 <$> = GF2 @) GF1 (LE) = GI‘(I)

These identities are realized combinatorially via the bijection (4.3.2) and the
generalized quantum Yang-Bazxter moves.

Proof. 1t suffices to prove the second equality. Indeed, this would imply that
Gr, o Gr,(z) = Gr/(z), where IV := I'y % I'y. The proof is then concluded
by using Theorem 4.3.6 to show that Gr(z) = Gr/(z). Recall that the
mentioned theorem is proved by applying the generalized quantum Yang-
Baxter moves.

By iterating the definition (4.3.1), we obtain

Gp2 ¢) GF1 (l’)

— Z (_1)n(A)q— height(A)—(u,&) ewt(A) GF2 (end(A)t§+down(A))
AG.A(w,Fl)

_ Z Z (_1)n(A)+n(B)q— height(A)—{u,£) —height(B)—(v,é+down(A))
A€A(w,T'1) BEA(end(A),T2)
A)fwt(B)

x e end(B)tetdown(A)+down(B)

_ Z Z (_1)n(A*B) q height (A*B)—(\,£)

AceA(w,I'1) BEA(end(A),I'2)

% eWt(A*B) end(A * B)tg-i,-down(A*B)

The last two equalities are based on the bijection (4.3.2) and Lemma 4.3.9.
O

Theorem 4.3.10 immediately implies the following corollary involving a
composition of more than two functions Gr,. Here we use the corresponding
setup that was defined above. Namely, we consider the cancellation free
weight decomposition A = A\; + --- 4+ A,, the weakly reduced \;-chains of
roots I';, for j = 1,...,p, and their concatenation I' = I'y * - - - x I,

Corollary 4.3.11. In the above setup, the composite of generating functions
Gr,o0---0 Gpp(a:) 18 itnvariant under permuting the maps Gr., and coincides

with Gr(x).
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We now generalize the function Gr on R[P][W,¢| by defining the function
Gr, which expresses the general K-theory Chevalley formula for semi-infinite
flag manifolds in [19].

Definition 4.3.12. For each A-chain I' and x € Wy, we define

Gr(z) := Z ¢ X Gr(2)t, - (4.3.3)

xEPar(\)

Like above, we now consider a cancellation free weight decomposition
A = p + v, weakly reduced chains of roots I'; and I'y corresponding to pu
and v, respectively, and the weakly reduced A-chain I' := I'; x I's. Let p =
Zie] m;1To; and v = Zie[ Mmiaw;, SO A= Zie[ m;to; with m; = M1 + Myo.
We will show that there exists a natural bijection

Par(p) x Par(v) — Par()), (¢,w) — x = *w, (4.3.4)

which is compatible with the corresponding statistics. The above map is
constructed by defining the partition y¥ in terms of the partitions 1 and
w®, for each i € I; we will identify a partition with its Young diagram. We
may assume that m;;, m;s > 0, and at least one is positive; indeed, otherwise
mi, i < 0, so @ = w® = @, and we let x := (. In the non-trivial
case, we consider a rectangular partition with m;s rows of size zpf‘); then y®
is defined as the result of attaching w® at the right of the rectangle (top
justified) and ¢ at the bottom of the rectangle (left justified). It is easy to
verify that the result is indeed a partition of length at most m;, as needed,
as well as the fact that this map is invertible.

Lemma 4.3.13. For 1 € Par(u) and w € Par(v), the following hold:
(1) (th xw) = () + 1(w);
(2) Y+ w| =[] + [w] + (v, u(9)).

Proof. We use the above notation, in particular x := 1 % w, as well as the
fact that the weight decomposition A = u + v is cancellation free. The first
relation is clear by construction. The second one follows from the fact that

(Vo)) = s mw@ = > ey max{myo, O}@/)Y); here we note that mwﬁ“
is the size of the rectangle used to construct y* in the non-trivial case. [

Theorem 4.3.14. Given the above setup and any v = wte € Wy, we have
épl 0] ap2 (iL‘) = GFQ @) arl (1‘) = ar($)

These identities are realized combinatorially via the bijections (4.3.2), (4.3.4),
and the generalized quantum Yang-Baxter moves.

92



Proof. Like in the proof of Theorem 4.3.10, it suffices to prove the second
equality. By iterating the definition (4.3.3) and by also using (4.3.1), we
obtain

érz © érl (z)
Z Z —{p,€)—height(A4)—|y|
yePar(pu) A€A(w,I'1)
4 GF2 (end(A)tf+down(A)+L(¢) )

Z Z Z n(A) —uf) height (A)—[4|—|w]|

pePar(pu) wePar(v) A€A(w,I'1)
YGr, (end(A)te-amn(ay+s) Muge)

Z Z q —[pl—lw|=(v.u(¥)) Z (_1)n(A)q—(u7§)—height(A)

1 EPar(u) wEPar(v) AeA(w,I')

x e G, (end(A)te s down(4)) () 1i(w)

Yo D WG, o Gr, (whe)t ) 4u(w)

$EPar(u) wePar(v)

YooY a G (i)t

W €Par(u) wePar(v)

The last two equalities are based on the bijection (4.3.4), Lemma 4.3.13, and
Theorem 4.3.10. O

Remark 4.3.15. (1) Theorem 4.3.14 exhibits a combinatorial realization of the
symmetry of the general Chevalley formula [19, Theorem 33| coming from

commutativity in equivariant K-theory.
(2) Corollary 4.3.11 can be extended to the setup of Theorem 4.3.14.

4.3.3 Identity of Chevalley type for graded characters

As an application of the results in Sections 4.3.1 and 4.3.2, we obtain the
identity of Chevalley type for the graded characters of Demazure submod-
ules of (level-zero) extremal weight modules over a quantum affine algebra
(Theorem 3.3.1). Although Theorem 3.3.1 can be proved in a parallel way
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to [19, Theorem 33], we show that it follows immediately from the results in
Sections 4.3.1 and 4.3.2.

Now we recall two special cases of Theorem 3.3.1, i.e., the cases that A
is dominant or anti-dominant. The following theorem gives the identity for
dominant weights; this is a restatement of [28, Corollary C.1] in terms of the
quantum alcove model, which is given by exactly the same argument as for
[19, Theorem 29]. Here, for a dominant weight A € P*, the lex A\-chain is a
A-chain constructed in [23, Proposition 4.2].

Theorem 4.3.16 (cf. [19, Theorem 29] and [28, Corollary C.1]; see also
[15, Proposition D.1]). Let p, A € PT, and x = wtg € Wy with w € W and
£€ QY. LetT be the lex \-chain. Then we have

gch Vo7 (u+ \) Z Z — height(A)—(A\.€)—|x|

A€ A(w,I') xePar(\)

A geh V; (1).

Also, the following theorem gives the identity for anti-dominant weights;
this is a restatement of [28, Corollary 3.15] in terms of the quantum alcove
model, which is given by exactly the same argument as for [19, Theorem 32].
Here, following [19, Section 4.2], the lex A-chain for an anti-dominant weight
A € —PT is defined to be the reverse of the lex (—\)-chain.

d(A)t§+dow1)(A)+L(X)

Theorem 4.3.17 (cf. [19, Theorem 32| and [28, Corollary 3.15]; see also
[15, Proposition D.1]). Let u € P*, and x = wte € Wy with w € W and
€€ QY. Take N € —P* such that u+ X € P*, and let " be the lex \-chain.
Then we have

geh Vo (n+A) = Z (—1)KlgheishtA=8 ewiA) gen ‘/;md(A)t&deown(A) (1)-
AcA(w,T)

Proof of Theorem 3.3.1. Let pu, A\,x and ' be as in the statement of Theo-
rem 3.3.1. Write A = A* + A~, with A™ € P* and A\~ € —P™" given by

=> max{(\o),0tm;, A :=) min{() a)),0}m;

il el

Note that the weight decomposition A = AT + X\~ is cancellation free. Take a
lex A*-chain (resp., lex A™-chain) I'* (resp., I'"). Note that the two chains
of roots are reduced, and I'" consists of positive roots, while I'~ consists of
negative roots. Define a A-chain I'y as the concatenation I'" x I'", which is
weakly reduced by Proposition 4.3.8.
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By Theorems 4.3.14 and 4.3.6, for x € W, we have
Gr- o Gr+ () = Gp,(2) = Gr(z). (4.3.5)

Now consider the correspondence x +— gchV, (u) for x € W, which
defines an R[P]-module homomorphism R[P][Wy| — Z(q~'))[P]. Under
this homomorphism, ap(x) is mapped to the right-hand side of (3.3.1).
By (4.3. 5) we obtain the same result by applying the homomorphism to
Gr- o Gp+( ). We observe that doing this parallels the process of expand-
ing gch V7 (u+ A) =gch V7 ((u+ A7) + AT) in terms of gch V.= (1 + A7) by
Theorem 4.3.16, followed by expanding the result in terms of gch V.= (u) by
Theorem 4.3.17; here we use the fact that u+ X € Pt implies p+ A\~ € P*.
The mentioned observation proves that, by applying the above homomor-
phism to Gr- o Gr+(z), we obtain gch V(1 + A). We conclude that the
right-hand side of (3.3.1) coincides with gch V7 (u + ). O

Remark 4.3.18. Theorem 3.3.1 can also be proved by using the A-chain I :=
'~ *I'" instead of T'y.

4.3.4 The right-hand side of the identity of Chevalley
type for graded characters

We show that the right-hand side of (3.3.1) is identical to zero if u+ X ¢ P+,

Proposition 4.3.19. Let u € P*, and x = wte € Wy with w € W and

€€ QY. Take X\ € P such that u+ X ¢ PT, and let T be an arbitrary reduced
A-chain. Then we have

Z Z n(A) —helght(A) A —Ix|

A€ A(w,I') xePar(\)

wt(A) _
gch Vend(A)té+down(A)+L<x) () = 0.

In the proof of Proposition 4.3.19, we make use of the following equalities
for graded characters.

Proposition 4.3.20 ([15, Proposition D.1]). For each x € Wy, £ € QV, and
A € P*, one has
gch V.,

Tt

() =~ geh V7 (V).

Proposition 4.3.21 (cf. [28, Appendix B]). Let u € Pt and x € W. Take
A € —P* such that p+ X ¢ P*, and let T be the lex A\-chain. Then we have

Z (— 1)‘A‘q‘ height (A) w gchVe A)tdown<A>(“) =0
AcA(zT)

95



Remark 4.3.22. In [28], Proposition 4.3.21 is stated and proved in terms of
semi-infinite Lakshmibai-Seshadri paths.

Proof of Proposition 4.3.19. By considering A\*, I'*, I'y, and by using The-
orems 4.3.14 and 4.3.6 as in the proof of Theorem 3.3.1 (cf. (4.3.5)), we
obtain:

1)(4) g height(4)—(06)—Ix] gwt(4)
Z Z 8Vt downcar a0 (1)
A€ A(w,I') xePar(\)

= Z Z (_1)"(A)q— height(A)—(A.€) (x|

A€A(w,l'o) xePar(\)

wt(A) -
X e gch ‘/Cl”ld(A)tg-!—down(A)‘H(X) ('M)

S VI VR DG

A€A(w,I'+) BEA(end(A),T—) xePar(A+)

% q—height(A)—height(B)—()ﬁ,down(A)+L(x)>—<)\,§>—\x|

% 6Wt(A)+Wt(B) gCh V-

end B)t§+down(A)+d0wn(B)+L(X) (M)
- ¥ 3 S (-
AcA(w,

I't) BeA(end(A),I'~) xePar(A+)

— height(A)—height(B)— (A~ ,down(A)+c(x))—{\,E)— —(p,&+down(A)+(x))

Ixlgy
gCh Vnd B)tdown(B) (M)

xXq

w Wt (A)+wt(B

:q—<u+A,§> Z Z q—height(A)—</\*+u7down(A)+L(x)>—|x\ewt(A)

AcA(w,I't) xePar(AT)

X Z (—1)IBlgheightB)et(B) gy V;d(B)tdome) ();
BeA(end(A),I'~)

(4.3.6)

here the third equality follows by Proposition 4.3.20. Since p+ A ¢ PT, it
follows that u+ A\~ ¢ P*. Therefore, we deduce by Proposition 4.3.21 that

Z (— 1)|qu— height(B) ,w gChVe B)tdown(B)(“) =0
BeA(end(A),I')

for each A € A(w,T'"), and hence that (4.3.6) is identical to zero, as needed.
[
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