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Abstract

We study the quantum alcove model, which plays an important role in
Schubert calculus.

For a dominant weight λ, the collection of admissible subsets correspond-
ing to a λ-chain is isomorphic to the crystal of quantum Lakshmibai-Seshadri
(QLS) paths of shape λ. In this thesis, we give a generalization (interpolated
QLS paths) of QLS paths for an arbitrary weight λ, and describe the relation
between the collection of admissible subsets corresponding to a λ-chain and
the set of interpolated QLS paths.

There exist two or more λ-chains associated to a weight λ. However, if λ
is dominant, then all the collections of admissible subsets corresponding to
these λ-chains are isomorphic through quantum Yang-Baxter moves. In this
thesis, we also prove the existence of certain maps analogous to quantum
Yang-Baxter moves for an arbitrary weight λ.
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Chapter 1

Introduction

1.1 Background

1.1.1 Chevalley formula for ordinary flag manifolds

Let G be a connected, simply-connected simple algebraic group over C, with
Borel subgroup B ⊂ G, maximal torus H ⊂ G, and weight lattice P . The
flag manifold is defined as the quotient X = G/B. It is well-known that
G/B has the orbit decomposition G/B =

⊔
w∈W (BwB/B) under the action

of the Weyl group W . The Zariski closure Xw := BwB/B of the W -orbit
BwB/B ⊂ G/B for each w ∈ W is called the Schubert variety corresponding
to w ∈ W .

Schubert calculus is a branch of mathematics lying in the intersection
of algebraic geometry, topology, and algebraic combinatorics, which studies
various cohomology groups and K-groups of the flag manifold G/B. One of
the fundamental problem of Schubert calculus is to describe the expansion of
the product of classes corresponding to Schubert varietiesXw, called Schubert
classes, into a linear combination of Schubert classes in the cohomology group
or K-group of the flag manifold G/B. However, the description of such an
expansion is, in general, difficult to obtain. Therefore, a Chevalley formula,
which is the expansion formula for the product of the class of a line bundle
associated to a weight of G and a Schubert class, has been studied. Namely,
if we denote by [L(λ)] the class of the line bundle associated to λ ∈ P , and by
[Xw] the Schubert class corresponding to w ∈ W , then a Chevalley formula
gives the description of the coefficients cvλ,w in the expansion

[L(−λ)] · [Xw] =
∑
v∈W

cvλ,w[Xv].

A Chevalley formula was first studied by Chevalley ([4]) as an equation in the
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cohomology group of the flag manifold G/B. After that, equations analogous
to the Chevalley formula above has been studied for various kinds of alge-
bras, such asK-groups andH-equivariantK-groups. Lenart-Postnikov ([22])
obtained a Chevalley formula for the H-equivariant K-group KH(G/B) of
the flag manifold G/B; namely, they described the KH-Chevalley coefficient
cλ,ξw,v ∈ Z in the following expansion:

[L(−λ)] · [Ow] = [Ow ⊗OX
L(−λ)] =

∑
v∈W

∑
ξ∈P

cλ,ξw,ve
−ξ[Ov],

where Ow, w ∈ W , denotes the structure sheaf of Xw. They introduced the
notion of alcove model to calculate KH-Chevalley coefficients in their paper
[22].

1.1.2 The quantum alcove model and equivariant K-
group of semi-infinite flag manifolds

In [17], Lenart-Lubovsky introduced the notion of quantum alcove model for
dominant weights, which is a generalization of the alcove model. In the theory
of the quantum alcove model, one takes a λ-chain, which corresponds to an
alcove path related to λ ∈ P , and then considers the collection of “admissible
subsets” corresponding to such a λ-chain. The quantum alcove model is, for
example, used for the expression of symmetric Macdonald polynomials at
t = 0 in [30] and [21] (cf. [33]). On the other hand, in [21], Lenart-Naito-
Sagaki-Schilling-Shimozono introduced quantum Lakshmibai-Seshadri (QLS)
paths, which are combinatorial objects related to representation theory; for
example, they are closely related to Kirillov-Reshetikhin modules and level-
zero Demazure modules over quantum affine algebras. They constructed the
forgetful map, which is a bijection between the collection of admissible subsets
and the set of QLS paths. By using the forgetful map, they gave a symmetric
Macdonald polynomial a certain representation-theoretic interpretation.

In [19], Lenart-Naito-Sagaki introduced a generalization of the quantum
alcove model for arbitrary weights, to describe a Chevalley formula for the
(H × C∗)-equivariant K-group of semi-infinite flag manifolds ; here, a semi-
infinite flag manifold is a certain ind-scheme of infinite type, which can be
regarded as “loop spaces” of the ordinary flag manifold G/B. It is known by
[11] that the (H×C∗)-equivariant K-group of the semi-infinite flag manifold
is closely related to the H-equivariant quantum K-theory of the ordinary
flag manifold G/B; here, the quantum K-theory is introduced by Givental
and Lee (e.g., [7], [16]). As in the case of the ordinary flag manifold G/B,
there exists a line bundle associated to λ ∈ P over the semi-infinite flag
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manifold. Also, for each element x of the affine Weyl group Waf , there ex-
ists the corresponding semi-infinite Schubert variety in the semi-infinite flag
manifold. For λ ∈ P and x ∈ Waf , we denote by O(λ) the sheaf correspond-
ing to the line bundle associated to λ, and by Ox the structure sheaf of the
semi-infinite Schubert variety corresponding to x. The Chevalley formula for
the (H ×C∗)-equivariant K-group of the semi-infinite flag manifold gives an
explicit description of the coefficients cyx,λ in the expansion

[O(λ)] · [Ox] =
∑
y∈Waf

cyx,λ[Oy],

where cyx,λ ∈ Z[P ]((q−1)). The Chevalley formula is described and proved
by Kato-Naito-Sagaki ([15]) in the case that λ is dominant, and by Naito-
Orr-Sagaki ([28]) in the case that λ is anti-dominant. Finally, Lenart-Naito-
Sagaki ([19]) described the Chevalley formula for an arbitrary weight λ in
terms of the quantum alcove model.

1.1.3 Quantum Yang-Baxter moves

For a fixed λ ∈ P , there exist two or more λ-chains. Depending on these
λ-chains, we can construct different collections of admissible subsets. Lenart-
Lubovsky ([18]) proved that if λ is dominant, then these collections corre-
sponding to reduced λ-chains are essentially identical, by constructing quan-
tum Yang-Baxter moves. For two reduced λ-chains Γ1, Γ2, it is known that
Γ2 is obtained from Γ1 by repeated application of a certain deformation
procedure, called a Yang-Baxter transformation (cf. [22]). A quantum Yang-
Baxter move is a bijection between two collections A(Γ1) and A(Γ2) of ad-
missible subsets associated to two reduced λ-chains Γ1 and Γ2 such that Γ2

is obtained from Γ1 by a (single) Yang-Baxter transformation. A quantum
Yang-Baxter move preserves important statistics, denoted by end(·), down(·),
wt(·), and height(·). Thus collections A(Γ1) and A(Γ2) are “isomorphic”.

1.2 Main results of this thesis

1.2.1 Interpolated QLS paths

The first topic of this thesis is interpolated quantum Lakshmibai-Seshadri
(QLS) paths. We introduce interpolated QLS paths defined for an arbitrary
weight, which generalizes QLS paths. We construct the forgetful map from
the collection of admissible subsets to the corresponding set of interpolated
QLS paths. As an application, we study the coefficients cyx,λ in the following
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expansion of the graded characters gchV −
x (µ+λ) of the level-zero Demazure

module V −
x (µ+ λ) over a quantum affine algebra:

gchV −
x (µ+ λ) =

∑
y∈Waf

cyx,λ gchVy(µ),

where cyx,λ ∈ Z[P ]((q−1)). Note that this expansion, together with an explicit
description of the coefficients cyx,λ, provides a “representation-theoretic” ana-
log of the Chevalley formula for the (H × C∗)-equivariant K-group of semi-
infinite flag manifolds, given by Lenart-Naito-Sagaki ([19]); see [15] and [28].
Hence we call such an explicit expansion the identity of Chevalley type for
graded characters. While the Chevalley formula is described in terms of the
quantum alcove model in [19], we also give a description of the identity of
Chevalley type in terms of interpolated QLS paths.

We give one more application. We know that the H-equivariant K-group
KH(G/B) of the ordinary flag manifold G/B is a Z[P ]-module, where Z[P ](≃
KH(pt)) is the group algebra of the weight lattice P . As for the Z[P ]-module
structure ofKH(G/B), we study an inverse Chevalley formula forKH(G/B),
which gives a description of the coefficients cv,ξw (λ) in the expansion

[C(−λ)⊗C Ow] =
∑
v∈W

∑
ξ∈P

cv,ξw (λ)[Ov ⊗OX
L(ξ)],

where C(−λ) denotes 1-dimensional B-module of weight −λ, and cv,ξw (λ) ∈ Z.
We show that the inverse Chevalley formula is given in terms of interpolated
LS paths, which are the “q = 0 counterpart” of interpolated QLS paths. Also,
by using the inverse Chevalley formula, we derive the character identity of
the following form:

eλ chDw(ν) =
∑
v∈W

∑
ξ∈P

dv,ξw,ν(λ) chDv(ξ),

where chDw(ν) denotes the character of the Demazure module over B whose
lowest weight is wν, and dv,ξw,ν(λ) ∈ Z. This equation is, in fact, the specializa-
tion at q = t = 0 of the expansion formula for the product eλEwν(q, t), con-
sidered by Yip ([34]); here, Ewν(q, t) denotes the non-symmetric Macdonald
polynomial. Yip studied this equation in order to describe the Littlewood-
Richardson rule for non-symmetric Macdonald polynomials; namely, the
expansion formula for products of non-symmetric Macdonald polynomials.
Littlewood-Richardson rule for the specialization at q = t = 0 of non-
symmetric Macdonald polynomials, which are identical to characters of De-
mazure modules, is described under specific conditions by Haglund-Luoto-
Mason-van Willigenburg ([8]), and the author refined their conditions in [12].
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We write this character identity, which will play an important role in the
Littlewood-Richardson rule, in terms of interpolated LS paths.

1.2.2 Generalized quantum Yang-Baxter moves

The second topic of this thesis is quantum Yang-Baxter moves. Let λ ∈ P
be an arbitrary weight, and take two λ-chains Γ1 and Γ2 such that Γ2 is
obtained from Γ1 by a Yang-Baxter transformation. For each w ∈ W , we
take the collections A(w,Γ1), A(w,Γ2) of admissible subsets corresponding
to Γ1, Γ2. We prove that there exist certain subsets A0(w,Γ1) ⊂ A(w,Γ1),
A0(w,Γ2) ⊂ A(w,Γ2) such that

• there exists a “sign-preserving” bijection from A0(w,Γ1) to A0(w,Γ2)
which preserves statistics end(·), down(·), wt(·), and height(·),

• there exists a “sign-reversing” involution on A(w,Γ1)\A0(w,Γ1) (resp.,
A(w,Γ2) \ A0(w,Γ2)) which preserves statistics end(·), down(·), wt(·),
and height(·).

The collection of these maps is a generalization of quantum Yang-Baxter
moves.

Now, let λ ∈ P be an arbitrary weight. Take a reduced λ-chain Γ, and
fix x ∈ Waf , and write x = wtξ with w ∈ W and ξ ∈ Q∨, where Q∨ is the
coroot lattice. We consider the following generating function

GΓ(x) :=
∑

A∈A(w,Γ)

(−1)n(A)q− height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A);

here, A 7→ (−1)n(A) denotes the “sign function” on A(w,Γ). If λ is dominant
and w is the identity element e of W , then GΓ(e) is a refinement of the
specialization at t = 0 of the symmetric Macdonald polynomial Pλ(q, 0),
since we know from [21] that

Pλ(q, 0) =
∑

A∈A(e,Γ)

qheight(A)ewt(A).

By using our generalized quantum Yang-Baxter moves, we prove that the
generating function GΓ(x) does not depend on the choice of a “weakly re-
duced” λ-chain Γ for an arbitrary λ ∈ P ; here, the definition of weakly
reduced λ-chains is given in Definition 4.3.5. As an application of this, we
obtain the identity of Chevalley type for graded characters of level-zero De-
mazure modules over a quantum affine algebra. Although the description
and proof of the identity of Chevalley type for an arbitrary weight λ ∈ P is
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parallel to those of the Chevalley formula ([19]), we can simplify the proof
of the identity of Chevalley type by using our result on generating functions
above. In this thesis, we give such a simple proof of the identity of Chevalley
type.

1.3 Organization of the thesis

This thesis is organized as follows.
First, we prepare some basics in Chapter 2. In Section 2.1, we fix basic

notation. In Section 2.2, we review the definition and basic facts of quantum
Bruhat graphs. Also, we prepare specific reflection orders. In Section 2.3,
we review the quantum alcove model. A part of this chapter is based on [14,
Section 2].

The topic of Chapter 3 is interpolated QLS paths. In Section 3.1, we give
the definition of interpolated QLS paths. Then, we describe the definition
and properties of the forgetful map in Section 3.2. Moreover, we consider
the equivariant K-groups of the semi-infinite flag manifold and ordinary flag
manifold in Section 3.3. Also, in Section 3.3, we study the expansion formula
for the product eλ chDw(ν). An extended abstract of this chapter is included
in [13].

In Chapter 4, we treat quantum Yang-Baxter moves. First, we state a
result that asserts the existence of generalized quantum Yang-Baxter moves
in Section 4.1. Then, we give a proof of this result in Section 4.2. In Sec-
tion 4.3, we study generating functions above, and give a simple proof of
the identity of Chevalley type for graded characters of level-zero Demazure
modules. This chapter is based on [14].

11



Chapter 2

Preliminaries

2.1 Basic notation

We fix basic notation of root systems and affine root systems, used through-
out this thesis. A part of this section is based on [14, Section 2.1].

2.1.1 Notation for root systems

Let g be a complex simple Lie algebra with Cartan subalgebra h ⊂ g. In
Chapter 4, we may assume that g is complex simple Lie algebra or complex
Lie algebra of type A1 × A1. We denote by ⟨·, ·⟩ the canonical pairing of h
and h∗ := HomC(h,C).

Let ∆ be the root system of g, with ∆+ ⊂ ∆ the set of all positive roots,
and {αi}i∈I the set of all simple roots. Set ρ := (1/2)

∑
α∈∆+ α. For α ∈ ∆+,

we define sgn(α) ∈ {1,−1} and |α| ∈ ∆+ by

sgn(α) :=

{
1 if α ∈ ∆+,

−1 if α ∈ −∆+,

|α| := sgn(α)α.

We set Q :=
∑

i∈I Zαi and Q∨ :=
∑

i∈I Zα∨
i , where α

∨ is the coroot of
α ∈ ∆; also, we set Q∨,+ :=

∑
i∈I Z≥0α

∨
i . Let W = ⟨si | i ∈ I⟩ be the

Weyl group of g, with length function ℓ : W → Z≥0 and the longest element
w◦ ∈ W ; here, for α ∈ ∆+, sα ∈ W denotes the reflection corresponding to
α, and si = sαi

is the simple reflection for i ∈ I.
For each i ∈ I, let ϖi denote the fundamental weight corresponding to

αi. Let P :=
∑

i∈I Zϖi be the weight lattice of g, with P+ :=
∑

i∈I Z≥0ϖi

the set of dominant weights; also, we set h∗R := P ⊗Z R.
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2.1.2 Affine root systems

Let gaf := g⊗C C[t, t−1]⊕ Cc⊕ Cd be the untwisted affine Lie algebra asso-
ciated to g. We take the set of (affine) real roots ∆af of gaf , and the set of
positive real roots ∆+

af . We denote by δ ∈ ∆af the null-root. Set Iaf := I⊔{0}.
Then, we can take the set of simple roots {αi}i∈Iaf ⊂ ∆+

af such that αi, i ∈ I,
is regarded as a simple root of g. We denote byWaf = ⟨si | i ∈ Iaf⟩ the (affine)
Weyl group of gaf , where si, i ∈ Iaf , denotes the simple reflection correspond-
ing to αi. By [9, Section 6.5], we have Waf = {tξ | ξ ∈ Q∨}⋊W ≃ Q∨ ⋊W ,
where tξ, ξ ∈ Q∨, is the translation corresponding to ξ.

Also, we take the set of real coroots ∆∨
af , the set of positive real coroots

∆∨,+
af ⊂ ∆∨

af , and the set of negative real coroots ∆∨,−
af := −∆∨,+

af . We denote

by δ̃ ∈ ∆∨
af the null-root, which is the coroot corresponding to δ. For β∨ ∈

∆∨
af , there uniquely exists a pair (γ∨, k) of γ ∈ ∆ and k ∈ Z such that

β∨ = γ∨ + kδ̃. We set β∨ := γ∨, and deg(β∨) := k.
Let g∨af be the (affine) Lie algebra whose root system is ∆∨

af , and h∨af its
Cartan subalgebra. Let W∨

af be the (affine) Weyl group of g∨af . By abuse of
notation, we also denote by si, i ∈ Iaf , the simple reflection corresponding
to α∨

i . Again, by [9, Section 6.5], we see that W∨
af = {tξ | ξ ∈ Q} ⋊W ≃

Q ⋊W , where tξ, ξ ∈ Q, is the translation corresponding to ξ. Now, take
the extended affine Weyl group W∨

ex = (P/Q) ⋊W∨
af = P ⋊W , and denote

by tµ ∈ W∨
ex, µ ∈ P , the translation.

2.2 Quantum Bruhat graph

We review the definition of the quantum Bruhat graph, introduced in [3].
After that, we introduce the specific reflection order on ∆+, and consider
directed paths in QBG(W ) which has increasing labels. A part of this section
is based on [14, Section 2.2].

2.2.1 Definition of the quantum Bruhat graph

Definition 2.2.1 ([3, Definition 6.1]). The quantum Bruhat graph QBG(W )
is the ∆+-labeled directed graph whose vertices are the elements of W and
whose edges are of the following form: x

α−→ y, with x, y ∈ W and α ∈ ∆+,
such that y = xsα and either of the following (B) or (Q) holds:

(B) ℓ(y) = ℓ(x) + 1;

(Q) ℓ(y) = ℓ(x)− 2⟨ρ, α∨⟩+ 1.

13



If (B) (resp., (Q)) holds, then the edge x
α−→ y is called a Bruhat edge (resp.,

quantum edge).

Definition 2.2.2 (cf. [2, Section 2.1]). The Bruhat graph BG(W ) is the
∆+-labeled directed graph whose vertices are the elements of W and whose
edges are of the form x

α−→ y, with x, y ∈ W and α ∈ ∆+, such that y = xsα
and ℓ(y) = ℓ(x) + 1. In other words, the Bruhat graph BG(W ) is the full
subgraph of QBG(W ) composed of all Bruhat edges.

Let p : w0
β1−→ w1

β2−→ · · · βr−→ wr be a directed path in QBG(W ). We set

ℓ(p) := r,

end(p) := wr,

wt(p) :=
∑

k∈{1,...,r}

wk−1

βk−→wk is a quantum edge

β∨
k .

Definition 2.2.3 (cf. [5, (2.2)]). Let w ∈ W . A total order ◁ on w∆+

is a reflection order if for all α, β ∈ w∆+ such that α + β ∈ w∆+, either
α ◁ α+ β ◁ β or β ◁ α + β ◁ α holds.

Remark 2.2.4. Let w ∈ W . If ◁ is a reflection order on w∆+, then the total
order ◁∗ defined by α ◁∗ β ⇔ β ◁ α is also a reflection order on w∆+.

It is known by [31, p. 662, Theorem] that the set of reflection orders on
∆+ is in one-to-one correspondence with the set of reduced expressions of
the longest element w◦ of W . More precisely, for each reduced expression
w◦ = si1 · · · sir , the total order ◁ on ∆+ defined by αi1 ◁ si1(αi2) ◁ · · · ◁
si1 · · · sir−1(αir) is a reflection order. The correspondence (i1, . . . ir) 7→ ◁
gives a desired bijection. With this fact, we can easily verify the following
lemma.

Lemma 2.2.5. Take a reflection order ◁ on ∆+. Let α, β ∈ ∆+ be such that
α ◁ β. If α∨ + β∨ ∈ ∆∨,+ = {γ∨ | γ ∈ ∆+}, then one has α ◁ (α∨ + β∨)∨ ◁
β.

Lemma 2.2.5 can be easily generalized to the argument for reflection or-
ders ≺ on w∆+ for arbitrary w ∈ W .

Corollary 2.2.6. Let w ∈ W . Take a reflection order ≺ on w∆+. Let
α, β ∈ w∆+ be such that α ≺ β. If α∨ + β∨ ∈ w∆∨,+, then one has α ≺
(α∨ + β∨)∨ ≺ β.
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Proof. We define a total order ◁ on ∆+ by α ◁ β ⇔ wα ≺ wβ for each
α, β ∈ ∆+. Then ◁ is a reflection order on ∆+.

Let α, β ∈ ∆+ be such that wα ≺ wβ, and assume that (wα)∨+(wβ)∨ ∈
w∆∨,+. Then we have α ◁ β, and α∨ + β∨ = w−1((wα)∨ + (wβ)∨) ∈ ∆∨,+.
Hence Lemma 2.2.5 implies that α ◁ (α∨+β∨)∨ ◁ β. Therefore, we conclude
that wα ≺ ((wα)∨+(wβ)∨)∨ ≺ wβ, as desired. This proves the corollary.

Let ◁ be a reflection order on ∆+. A directed path p in QBG(W ) of the
form:

p : w0
β1−→ w1

β2−→ · · · βr−→ wr,

with β1 ◁ · · · ◁ βr, is called a label-increasing directed path with respect to
◁.

Theorem 2.2.7 ([3, Theorem 6.4]). Let ◁ be a reflection order on ∆+. For
all v, w ∈ W , there exists a unique label-increasing directed path from v to w
in QBG(W ) with respect to ◁. Moreover, the unique label-increasing directed
path from v to w has the minimum length.

The property of QBG(W ) in Theorem 2.2.7 is called the shellability.
For all v, w ∈ W , there exists at least one shortest directed path p from

v to w; we set

ℓ(v ⇒ w) := ℓ(p), wt(v ⇒ w) := wt(p).

Note that by [32, Lemma 1 (2)] or [20, Proposition 8.1], wt(v ⇒ w) is well-
defined. Also, note that ℓ(v ⇒ w) ≡ ℓ(w)− ℓ(v) mod 2 for v, w ∈ W .

We consider a “generalization” of label-increasing directed paths. Let
Π = (γ1, . . . , γr) be a sequence of roots, i.e., γ1, . . . , γr ∈ ∆. Assume that
γ1, . . . , γr are distinct. Then we say that a directed path p is Π-compatible
if p is of the following form:

p : w0

|γj1 |−−→ w1

|γj2 |−−→ · · ·
|γjp |−−→ wp,

with 1 ≤ j1 < · · · < jp ≤ r. For w ∈ W , we denote by P(w,Π) the set of all
Π-compatible directed paths in QBG(W ) which start at w.

Remark 2.2.8. If {γ1, . . . , γr} ⊂ ∆+, and if there exists a reflection order ◁ on
∆+ such that γ1 ◁ · · · ◁ γr, then a Π-compatible directed path in QBG(W )
is a label-increasing directed path with respect to ◁.

Let Π = (γ1, . . . , γr) be a sequence of root, with γ1, . . . , γr not necessarily
distinct. For a directed path p of the form:

p : w0

|γj1 |−−→ w1

|γj2 |−−→ · · ·
|γjp |−−→ wp,

with 1 ≤ j1 < · · · < jp ≤ r, we define neg(p) by

neg(p) := #{k ∈ {1, . . . , p} | γjk ∈ −∆+}.
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2.2.2 Specific reflection orders

Definition 2.2.9. For λ ∈ P , we set

∆+(λ)>0 := {α ∈ ∆+ | ⟨λ, α∨⟩ > 0},
∆+(λ)=0 := {α ∈ ∆+ | ⟨λ, α∨⟩ = 0},
∆+(λ)<0 := {α ∈ ∆+ | ⟨λ, α∨⟩ < 0}.

Definition 2.2.10. For λ ∈ P , we define RO(λ,∆+) to be the set of all
reflection orders ◁ on ∆+ which satisfy α ◁ β ◁ γ for all α ∈ ∆+(λ)<0,
β ∈ ∆+(λ)=0, and γ ∈ ∆+(λ)>0.

Remark 2.2.11. We can see that the set RO(λ,∆+) is not empty for each
λ ∈ P .

For λ ∈ P , there exists a unique λ+ ∈ Wλ such that λ+ ∈ P+. Moreover,
the set {w ∈ W | wλ+ = λ} has a unique maximal element (with respect to
the Bruhat order), denoted by w(λ).

Lemma 2.2.12. For λ ∈ P , we have w(λ)∆+ = (∆+(λ)>0)⊔ (−∆+(λ)=0)⊔
(−∆+(λ)<0).

Proof. We set Iλ+ := {i ∈ I | ⟨λ+, α∨
i ⟩ = 0}, and ∆+

λ+
:= ∆+∩

∑
i∈Iλ+

Z≥0αi.

If β ∈ ∆+(λ)>0, then ⟨λ, β∨⟩ > 0. Hence

⟨λ+, w(λ)−1β∨⟩ = ⟨w(λ)λ+, β∨⟩ = ⟨λ, β∨⟩ > 0,

and since λ+ is dominant, this implies w(λ)−1β ∈ ∆+ \∆+
λ+
. Therefore, we

have β ∈ w(λ)∆+ \ w(λ)∆+
λ+
.

If β ∈ ∆+(λ)<0, then ⟨λ, β∨⟩ < 0. Hence

⟨λ+, w(λ)−1β∨⟩ = ⟨w(λ)λ+, β∨⟩ = ⟨λ, β∨⟩ < 0,

and this implies w(λ)−1β ∈ −(∆+\∆+
λ+
). Therefore, we have −β ∈ w(λ)∆+\

w(λ)∆+
λ+
.

The above arguments show that (∆+(λ)>0) ⊔ (−∆+(λ)<0) ⊂ w(λ)∆+ \
w(λ)∆+

λ+
. Next, we consider the relation between ∆+(λ)=0 and w(λ)∆+

λ+
.

We claim that w(λ)∆+
λ+
⊂ −∆+. Let i ∈ Iλ+ . Since ⟨λ+, α∨

i ⟩ = 0,
or equivalently, siλ+ = λ+, we have w(λ)siλ+ = w(λ)λ+ = λ. By the
maximality of w(λ), we obtain w(λ)si < w(λ). This implies that w(λ)αi ∈
−∆+. Hence we have w(λ)∆+

λ+
⊂ −∆+, as desired.

Let β ∈ ∆+
λ+
. Since ⟨λ+, w(λ)−1β∨⟩ = ⟨λ, β∨⟩, we deduce that β ∈

w(λ)∆+
λ+

if and only if β ∈ −∆+(λ)=0. Hence w(λ)∆
+
λ+

= −∆+(λ)=0.
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Therefore, we have (∆+(λ)>0) ⊔ (−∆+(λ)=0) ⊔ (−∆+(λ)<0) ⊂ w(λ)∆+.
Since |∆+(λ)>0|+ |−∆+(λ)=0|+ |−∆+(λ)<0| = |∆+| = |w(λ)∆+|(<∞), we
conclude that (∆+(λ)>0)⊔ (−∆+(λ)=0)⊔ (−∆+(λ)<0) = w(λ)∆+, as desired.
This proves the lemma.

Based on this lemma, we define the set of reflection orders on w(λ)∆+

which satisfy some additional conditions.

Definition 2.2.13. For λ ∈ P , we define RO(λ,w(λ)∆+) to be the set
of all reflection orders ≺ on w(λ)∆+ which satisfy γ ≺ −α ≺ −β for all
γ ∈ ∆+(λ)>0, α ∈ ∆+(λ)<0 and β ∈ ∆+(λ)=0.

Let ◁ ∈ RO(λ,∆+). Write

γ−r ◁ · · · ◁ γ−q−2 ◁ γ−q−1︸ ︷︷ ︸
∆+(λ)<0

◁ γ−q ◁ · · · ◁ γ−1 ◁ γ0︸ ︷︷ ︸
∆+(λ)=0

◁ γ1 ◁ γ2 ◁ · · · ◁ γp︸ ︷︷ ︸
∆+(λ)>0

,

where ∆+(λ)<0 = {γ−r, . . . , γ−q−2, γ−q−1}, ∆+(λ)=0 = {γ−q, . . . , γ−1, γ0},
and ∆+(λ)>0 = {γ1, γ2, . . . , γp}. Then, we define the total order ≺ = ≺◁
on w(λ)∆+ by

γ1 ≺ γ2 ≺ · · · ≺ γp︸ ︷︷ ︸
∆+(λ)>0

≺ −γ−r ≺ · · · ≺ −γ−q−2 ≺ −γ−q−1︸ ︷︷ ︸
−∆+(λ)<0

≺ −γ−q ≺ · · · ≺ −γ−1 ≺ −γ0︸ ︷︷ ︸
−∆+(λ)=0

.
(2.2.1)

Proposition 2.2.14. The correspondence ◁ 7→ ≺◁ defines a bijection be-
tween RO(λ,∆+) and RO(λ,w(λ)∆+).

Proof. We show that ≺ = ≺◁ is a reflection order on w(λ)∆+. Let α, β ∈
w(λ)∆+ be such that α ≺ β and α + β ∈ w(λ)∆+. Then α and β satisfy
either of the following:

(1) α, β ∈ ∆+(λ)>0;

(2) α, β ∈ −∆+(λ)=0;

(3) α, β ∈ −∆+(λ)<0;

(4) α ∈ ∆+(λ)>0 and β ∈ −∆+(λ)<0;

(5) α ∈ ∆+(λ)>0 and β ∈ −∆+(λ)=0;

(6) α ∈ −∆+(λ)<0 and β ∈ −∆+(λ)=0.
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In the case (1)–(3) and (6), it is obvious that α ≺ α + β ≺ β since ◁ is a
reflection order on ∆+.

Assume the case (4) or (5). Suppose, for a contradiction, that α ≺ α+β ≺
β fails. If α ≺ β ≺ α + β, then α + β ∈ (−∆+(λ)<0) ⊔ (−∆+(λ)=0). By the
definition of ≺ = ≺◁, we deduce that −β ◁ −α − β ◁ α. However, since
−β = (−α − β) + α, this contradicts the assumption that ◁ is a reflection
order on ∆+. Similarly, we can show that α + β ≺ α ≺ β is also false.
Therefore, we have α ≺ α + β ≺ β, as desired.

This completes the proof of ≺ ∈ RO(λ,w(λ)∆+).
Now, we claim that ◁ 7→ ≺◁ defines a bijection from RO(λ,∆+) to

RO(λ,w(λ)∆+). Since the construction of the inverse map ≺◁ 7→ ◁ is
obvious, and by the same argument as above, it is easy to verify that the
resulting total order ◁ is a reflection order on ∆+.

2.3 The quantum alcove model

We review the quantum alcove model, introduced in [17] and [19]. A part of
this section is based on [14, Section 2.3].

2.3.1 Alcove paths and admissible subsets

First, we recall from [22] the definition of alcove paths. For α ∈ ∆ and k ∈ Z,
we set Hα,k := {ν ∈ h∗R | ⟨ν, α∨⟩ = k}; Hα,k is a hyperplane in h∗R. Also, for
α ∈ ∆ and k ∈ Z, we denote by sα,k the reflection with respect to Hα,k. Note
that sα,k(ν) = ν − (⟨ν, α∨⟩ − k)α for ν ∈ h∗R. Each connected component of
the space

h∗R \
∪

α∈∆+,k∈Z

Hα,k

is called an alcove. If two alcoves A and B have a common wall, then we say

that A and B are adjacent. For adjacent alcoves A and B, we write A
β−→ B,

β ∈ ∆, if the common wall of A and B is contained in Hβ,k for some k ∈ Z,
and β points in the direction from A to B.

Definition 2.3.1 ([22, Definition 5.2]). A sequence (A0, . . . , Ar) of alcoves
is called an alcove path if Ai−1 and Ai are adjacent for all i = 1, . . . , r. If the
length r of an alcove path (A0, . . . , Ar) is minimal among all alcove paths
from A0 to Ar, we say that (A0, . . . , Ar) is reduced.

The fundamental alcove A◦ is defined by

A◦ := {ν ∈ h∗R | 0 < ⟨ν, α∨⟩ < 1 for all α ∈ ∆+}.
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Also, for λ ∈ P , we define Aλ by

Aλ := A◦ + λ = {ν + λ | ν ∈ A◦}.

Definition 2.3.2 ([22, Definition 5.4]). Let λ ∈ P . A sequence (β1, . . . , βr)
of roots β1, . . . , βr ∈ ∆ is called a λ-chain if there exists an alcove path
(A0, . . . , Ar), with A0 = A◦ and Ar = A−λ, such that

A◦ = A0
−β1−−→ A1

−β2−−→ · · · −βr−−→ Ar = A−λ.

If such an alcove path (A0, . . . , Ar) is reduced, then we call (β1, . . . , βr) a
reduced λ-chain.

Now, following [19, Section 3.2], we review the quantum alcove model.

Definition 2.3.3 ([19, Definition 17]). Let λ ∈ P , and let Γ = (β1, . . . , βr)
be a λ-chain. Fix w ∈ W . A subset A = {j1 < · · · < jp} ⊂ {1, . . . , r} is said
to be w-admissible if

p(A) : w = w0

|βj1 |−−→ w1

|βj2 |−−→ · · ·
|βjp |−−→ wp

is a directed path in QBG(W ). Let A(w,Γ) denote the set of all w-admissible
subsets of {1, . . . , r}.

Remark 2.3.4. The original definition of admissible subsets in [17] is only for
w = e ∈ W . The notion of w-admissible subsets for an arbitrary w ∈ W is
introduced in [19].

Also, we prepare the “q = 0 part” of A(w,Γ).

Definition 2.3.5. Let λ ∈ P , and let Γ = (β1, . . . , βr) be a λ-chain. Fix
w ∈ W . We define the set A|q=0(w,Γ) by

A|q=0(w,Γ) := {A ∈ A(w,Γ) | p(A) is a directed path in BG(W )}.

Let λ ∈ P , and let Γ = (β1, . . . , βr) be a λ-chain. By the definition of
λ-chains, there exists an alcove path (A◦ = A0, . . . , Ar = A−λ) such that

A◦ = A0
−β1−−→ A1

−β2−−→ · · · −βr−−→ Ar = A−λ.

For k = 1, . . . , r, we take lk ∈ Z such that Hβk,−lk contains the common wall

of Ak−1 and Ak, and set l̃k := ⟨λ, β∨
k ⟩ − lk.

Fix w ∈ W . For A = {j1 < · · · < jp} ∈ A(w,Γ), we set

end(A) := ws|βj1 | · · · s|βjp |, wt(A) := −wsβj1 ,−lj1 · · · sβjp ,−ljp (−λ);
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we call wt(A) the weight of A. Also, we define a subset A− ⊂ A by

A− :=

{
jk ∈ A

∣∣∣∣ ws|βj1 | · · · s|βjk−1
|

|βjk |−−→ ws|βj1 | · · · s|βjk | is a quantum edge

}
,

and set

down(A) :=
∑
j∈A−

|βj|∨, height(A) :=
∑
j∈A−

sgn(βj)l̃j;

note that end(A) = end(p(A)) and down(A) = wt(p(A)). In addition, we
define n(A) ∈ Z≥0 by n(A) := #{j ∈ A | βj ∈ −∆+}; note that n(A) =
neg(p(A)).

Remark 2.3.6. If A ∈ A|q=0(w,Γ), then we have A− = ∅. Hence down(A) = 0
and height(A) = 0.

2.3.2 Reduced chains of roots and reduced expressions

Let λ ∈ P be an integral weight. We describe the relationship between
reduced λ-chains and reduced expressions of tλ ∈ W∨

ex.
Take a reduced expression t−λ = π∨si1si2 · · · sir ∈ W∨

ex, where i1, . . . , ir ∈
Iaf and π∨ is an automorphism of an (affine) Dynkin diagram of g∨af . For
k ∈ {1, . . . , r}, we set

(βL
k)

∨ := π∨si1 · · · sik−1
(α∨

ik
),

and γLk := βL
k(= ((βL

k)
∨)∨). Note that {(βL

1 )
∨, . . . , (βL

r )
∨} = ∆∨,+

af ∩ t
−1
λ ∆∨,−

af .
Then, [22, Lemma 5.3] implies the following.

Lemma 2.3.7. The sequence (γL1 , . . . , γ
L
r ) is a reduced λ-chain.

In addition, for the alcove path (A0, . . . , Ar) with A0 = A◦ and Ar = A−λ
corresponding to the λ-chain (γL1 , . . . , γ

L
r ), i.e.,

A◦ = A0

−γL1−−→ A1

−γL2−−→ · · · −γLr−−→ Ar = A−λ,

it is easy to verify that the hyperplane consisting the common wall of Ak−1

and Ak for each k = 1, . . . , r is identical to HγLk,− deg((βL
k)

∨).

Conversely, take a reduced λ-chain (β1, . . . , βr). Then there exists a re-
duced alcove path (A0, . . . , Ar) with A0 = A◦ and Ar = A−λ such that

A◦ = A0
−β1−−→ A1

−β2−−→ · · · −βr−−→ Ar = A−λ.
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By [22, Lemma 5.3], there exists v ∈ W∨
af and its reduced expression v =

si1 · · · sir such that vA◦ = A−λ, and that Ak = si1 · · · sik(A◦) for k = 0, . . . , r.
Since t−λA◦ = A−λ, there exists an automorphism π∨ of the Dynkin diagram
of g∨af such that t−λ = π∨v. Hence we obtain a reduced expression t−λ =
π∨si1 · · · sir of t−λ.

Therefore, the set of reduced λ-chains and the set of reduced expressions
of tλ ∈ W∨

ex are in one-to-one correspondence.
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Chapter 3

Interpolated QLS paths

3.1 Definition of interpolated QLS paths

We introduce interpolated QLS paths, which is one of the analog of quantum
Lakshmibai-Seshadri paths (QLS paths for short), defined in [21, Section 3].
We fix λ ∈ P and ◁ ∈ RO(λ,∆+).

3.1.1 Integrality conditions

We prepare some notation to introduce interpolated QLS paths.

Definition 3.1.1. Let x, y ∈ W , and σ ∈ Q.

(1) If there exists a directed path x = x0
γ1−→ x1

γ2−→ · · · γr−→ xr = y
in QBG(W ) such that γ1, . . . , γr ∈ ∆+(λ)>0, γ1 ▷ · · · ▷ γr, and

σ⟨λ, γ∨k ⟩ ∈ Z for all k = 1, . . . , r, then we write x
(λ,+)
===⇒σ y.

(2) If there exists a directed path x = x0
γ1−→ x1

γ2−→ · · · γr−→ xr = y in
BG(W ) such that γ1, . . . , γr ∈ ∆+(λ)>0, γ1 ▷ · · · ▷ γr, and σ⟨λ, γ∨k ⟩ ∈
Z for all k = 1, . . . , r, then we write x

(λ,+,q=0)
=====⇒σ y.

(3) If there exists a directed path x = x0
γ1−→ x1

γ2−→ · · · γr−→ xr = y
in QBG(W ) such that γ1, . . . , γr ∈ ∆+(λ)<0, γ1 ▷ · · · ▷ γr, and

σ⟨λ, γ∨k ⟩ ∈ Z for all k = 1, . . . , r, then we write x
(λ,−)
===⇒σ y.

(4) If there exists a directed path x = x0
γ1−→ x1

γ2−→ · · · γr−→ xr = y in
BG(W ) such that γ1, . . . , γr ∈ ∆+(λ)<0, γ1 ▷ · · · ▷ γr, and σ⟨λ, γ∨k ⟩ ∈
Z for all k = 1, . . . , r, then we write x

(λ,−,q=0)
=====⇒σ y.

If σ = 1, then we omit σ: write x
(λ,±)
===⇒ y or x

(λ,±,q=0)
=====⇒ y.
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3.1.2 Interpolated QLS paths

Definition 3.1.2. A tuple (x; y;σ) of a sequence x : x1, . . . , xs of elements
in W such that xi ̸= xi+1 for all 1 ≤ i ≤ s− 1, a sequence y : y1, . . . , ys−1 of
elements in W such that yi ̸= yi+1 for all 1 ≤ i ≤ s − 2, and a sequence σ :
σ0, . . . , σs of rational numbers is called an interpolated quantum Lakshmibai-
Seshadri (QLS) path of shape λ if the following conditions hold:

(1) 0 = σ0 < σ1 < · · · < σs = 1;

(2) for all 1 ≤ i ≤ s− 1, it holds that xi+1
(λ,−)
===⇒σi yi;

(3) for all 1 ≤ i ≤ s− 1, it holds that yi
(λ,+)
===⇒σi xi.

We denote by IQLS(λ) the set of all interpolated QLS paths of shape λ.

For η = (x; y; σ) ∈ IQLS(λ), a sequence y is possibly empty. In this case,
we write η = (x; ; σ).

As (ordinary) QLS paths, we can define initial/final directions and weights
of interpolated QLS paths.

Definition 3.1.3. Let η = (x1, . . . , xs; y1, . . . , ys−1; σ0, . . . , σs) ∈ IQLS(λ) be
an interpolated QLS path of shape λ.

(1) We set ι(η) := x1 and κ(η) := xs. We call ι(η) the initial direction of
η. Also, we call κ(η) the final direction of η.

(2) We define wt(η) by

wt(η) :=
s∑

k=1

(σk − σk−1)xkλ.

We call wt(λ) the weight of η.

Also, we define the negativity length of interpolated QLS paths, which is
not defined for (ordinary) QLS paths.

Definition 3.1.4. Let η = (x1, . . . , xs; y1, . . . , ys−1; σ0, . . . , σs) ∈ IQLS(λ) be
an interpolated QLS path of shape λ. We define neg(η) ∈ Z by

neg(η) :=
s−1∑
k=1

ℓ(xk+1 ⇒ yk).

We call neg(η) the negativity length of η.
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Example 3.1.5. In this example, we assume that g is of type A2. Let λ =
−ϖ1 + 2ϖ2. Let us calculate IQLS(λ).

Note that ⟨λ, α∨
1 ⟩ = −1, ⟨λ, α∨

1 + α∨
2 ⟩ = 1, and ⟨λ, α∨

2 ⟩ = 2. Hence
α1 ∈ ∆+(λ)<0 and α1 + α2, α2 ∈ ∆+(λ)>0. We define a total order ◁ on ∆+

by α1 ◁ α1 + α2 ◁ α2. Then we have ◁ ∈ RO(λ,∆+).
First, we see that IQLS(λ) has all straight paths (x; ; 0, 1), x ∈ W . Let

us calculate other paths. Only the positive root α = α2 ∈ ∆+ satisfies that
there exists σ ∈ Q ∩ (0, 1) such that σ⟨λ, α∨⟩ ∈ Z. In this case, we have
σ = 1/2. Hence paths η ∈ IQLS(λ) which are not straight paths are of the
form (xsα2 , x;x; 0, 1/2, 1) for some x ∈ W such that x

α2−→ xsα2 . Since α2 is
a simple root, there exists an edge x

α2−→ xsα2 for all x ∈ W . Therefore, we
conclude that

IQLS(λ) = {(x; ; 0, 1) | x ∈ W} ⊔ {(xsα2 , x;x; 0, 1/2, 1) | x ∈ W}.

3.1.3 Interpolated LS paths

We also introduce interpolated Lakshmibai-Seshadri (LS) paths, which is a
“q = 0 part” of the set of interpolated QLS paths. Interpolated LS paths are
one of the analog of ordinary LS paths.

Definition 3.1.6. A tuple (x; y;σ) of a sequence x : x1, . . . , xs of elements in
W , a sequence y : y1, . . . , ys−1 of elements inW , and a sequence σ : σ0, . . . , σs
of rational numbers is called an interpolated Lakshmibai-Seshadri (LS) path
of shape λ if the following conditions hold:

(1) 0 = σ0 < σ1 < · · · < σs = 1;

(2) for all 1 ≤ i ≤ s− 1, it holds that xi+1
(λ,−,q=0)
=====⇒σi yi;

(3) for all 1 ≤ i ≤ s− 1, it holds that yi
(λ,+,q=0)
=====⇒σi xi.

We denote by ILS(λ) the set of all interpolated LS paths of shape λ.

By the definition of interpolated LS paths, it is obvious that ILS(λ) ⊂
IQLS(λ).

Example 3.1.7. Again, we assume that g is of type A2, and let λ = −ϖ1+2ϖ2.
Recall Example 3.1.5. It is obvious that (x; ; 0, 1) ∈ ILS(λ) for all x ∈ W .
For x ∈ W , we see that (xsα2 , x; x; 0, 1/2, 1) ∈ ILS(λ) if and only if x

α2−→ xsα2

is a Bruhat edge. Since x
α2−→ xsα2 is a Bruhat edge for x = e, s1, s2s1, and

that is a quantum edge for x = s2, s1s2, s1s2s1, we conclude that

ILS(λ) = {(x; ; 0, 1) | x ∈ W} ⊔ {(xsα2 , x;x; 0, 1/2, 1) | x = e, s1, s2s1}.

24



3.2 Forgetful maps

We construct the map from A(w; Γ) to IQLS(λ) for w ∈ W , λ ∈ P , and a
“suitable” λ-chain Γ. Note that our construction method of forgetful maps
and proofs of properties of those is, in fact, a generalization of the argument
in [27]. From now on, we fix λ ∈ P .

3.2.1 Construction of forgetful maps

First, we construct a rational number and a (finite) root from an affine root
which belongs to ∆∨,+

af ∩ t
−1
λ ∆∨,−

af .

Lemma 3.2.1. For β∨ ∈ ∆∨,+
af ∩ t

−1
λ ∆∨,−

af , we have deg(β∨)/⟨λ, β∨⟩ ∈ Q ∩
[0, 1].

Proof. Let χ : ∆∨ = {γ∨ | γ ∈ ∆} → {0, 1} be the characteristic function of
−∆∨,+; i.e.,

χ(γ∨) :=

{
0 if γ∨ ∈ ∆∨,+,

1 if γ∨ ∈ −∆∨,+.

By [25, eq. (1) in the proof of (2.4.1)], we have (⟨λ, β∨⟩ ̸= 0 and)

∆∨,+
af ∩ t

−1
λ ∆∨,−

af = {α∨ + kδ̃ | k ∈ Z, χ(α∨) ≤ k < χ(α∨) + ⟨λ, α∨⟩}. (3.2.1)

Since χ(β∨) = 0 or 1, this implies that 0 ≤ deg(β∨) ≤ ⟨λ, β∨⟩, and hence 0 ≤
deg(β∨)/⟨λ, β∨⟩ ≤ 1. Here, deg(β∨)/⟨λ, β∨⟩ ∈ Q is obvious since deg(β∨) ∈
Z and ⟨λ, β∨⟩ ∈ Z.

Lemma 3.2.2. Let β∨ ∈ ∆∨,+
af ∩ t

−1
λ ∆∨,−

af . Then we have β ∈ (∆+(λ)>0) ⊔
(−∆+(λ)<0).

Proof. By (3.2.1), we have ⟨λ, β∨⟩ > 0. If β ∈ ∆+, then we have β ∈
∆+(λ)>0. If β ∈ −∆+, then we have −β ∈ ∆+(λ)<0. This proves the
lemma.

By Lemmas 3.2.1 and 3.2.2, we obtain the map Φ : ∆∨,+
af ∩ t

−1
λ ∆∨,−

af →
Q≥0 × ((∆+(λ)>0) ⊔ (−∆+(λ)<0)) which is defined by

Φ(β∨) :=

(
deg(β∨)

⟨λ, β∨⟩
, β

)
.

It is obvious that Φ is injective.
Next, we prepare a “suitable” reduced expression tλ = sir · · · si2si1(π∨)−1

and a “suitable” λ-chain Γ◁(λ). Now, take a reflection order◁ ∈ RO(λ,∆+).
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Let ≺ ∈ RO(λ,w(λ)∆+) be the reflection order on w(λ)∆+ corresponding
to ◁ by the bijection RO(λ,∆+) → RO(λ,w(λ)∆+) which is discussed in
Proposition 2.2.14. We define the total order ≺∗ on w(λ)∆+ as follows:
α ≺∗ β if and only if β ≺ α. Then ≺∗ is also a reflection order of w(λ)∆+.
We consider (∆+(λ)>0) ⊔ (−∆+(λ)<0) ⊂ w(λ)∆+ to be a totally ordered set
under the total order ≺∗. By considering the ordinary order on Q≥0, we can
define the lexicographic order on Q≥0 × ((∆+(λ)>0) ⊔ (−∆+(λ)<0)) and we
see that Q≥0× ((∆+(λ)>0)⊔ (−∆+(λ)<0)) is a totally ordered set. Then the
injection Φ induces a total order on ∆∨,+

af ∩ t
−1
λ ∆∨,−

af , denoted by <. We see
that < is a reflection order on ∆∨,+

af ∩ t
−1
λ ∆∨,−

af , defined as below.

Definition 3.2.3 (cf. [31, p. 662, Theorem]). Let L ⊂ ∆∨,+
af be a totally

ordered set, and < a total order on L. An order < is said to be a reflection
order if the following (1) and (2) hold:

(1) For α∨, β∨ ∈ L, if α∨ + β∨ ∈ ∆∨,+
af , then α∨ + β∨ ∈ L holds. Moreover,

either of α∨ < α∨ + β∨ < β∨ or β∨ < α∨ + β∨ < α∨ holds;

(2) For α∨, β∨ ∈ ∆∨
af , if α

∨+β∨ ∈ L, then either of the following (a) or (b)
holds: (a) α∨ ∈ L and α∨ < α∨ + β∨ or (b) β∨ ∈ L and β∨ < α∨ + β∨.

Proposition 3.2.4. The total order < on ∆∨,+
af ∩ t

−1
λ ∆∨,−

af induced by the
injection Φ is a reflection order.

Proof. First, we show the condition (1) in Definition 3.2.3. Let α∨, β∨ ∈
∆∨,+

af ∩ t
−1
λ ∆∨,−

af , and assume that α∨ + β∨ ∈ ∆∨,+
af . Then it is obvious that

α∨ + β∨ ∈ ∆∨,+
af ∩ t

−1
λ ∆∨,−

af . Assume that α∨ < β∨. By the definition of < on
∆∨,+

af ∩ t
−1
λ ∆∨,−

af , we have either of the following:

(1) deg(α∨)/⟨λ, α∨⟩ < deg(β∨)/⟨λ, α∨⟩,

(2) deg(α∨)/⟨λ, α∨⟩ = deg(β∨)/⟨λ, β∨⟩ and β ≺ α (i.e., α ≺∗ β).

If (1) holds, then we have

deg(α∨)

⟨λ, α∨⟩
<

deg(α∨) + deg(β∨)

⟨λ, α∨⟩+ ⟨λ, β∨⟩
=

deg(α∨ + β∨)

⟨λ, α∨ + β∨⟩
<

deg(β∨)

⟨λ, β∨⟩
,

this implies that α∨ < α∨ + β∨ < β∨. If (2) holds, then we have

deg(α∨)

⟨λ, α∨⟩
=

deg(α∨) + deg(β∨)

⟨λ, α∨⟩+ ⟨λ, β∨⟩
=

deg(α∨ + β∨)

⟨λ, α∨ + β∨⟩
=

deg(β∨)

⟨λ, β∨⟩
,

and β ≺ (α∨ + β∨)∨ ≺ α, since ≺ is a reflection order and by Corollary 2.2.6.
Hence we conclude that α∨ < α∨ + β∨ < β∨, as desired.
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Next, we show the condition (2) in Definition 3.2.3. Assume that α∨ +
β∨ ∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af . If α∨, β∨ ∈ ∆∨,+
af ∩ t

−1
λ ∆∨,−

af , then the assertion is
obvious by the condition (1) in Definition 3.2.3. If α∨, β∨ ∈ ∆∨,+

af \ t
−1
λ ∆∨,−

af

and α∨ + β∨ ∈ ∆∨
af , then it is obvious that α∨ + β∨ ∈ ∆∨,+

af \ t
−1
λ ∆∨,−

af , a
contradiction. Hence we can assume that α∨ ∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af and β∨ /∈
∆∨,+

af ∩ t
−1
λ ∆∨,−

af . It is sufficient to show that α∨ < α∨+β∨. First, we assume
that β ∈ ∆+.

Recall (3.2.1). Then we have 0 ≤ deg(α∨)/⟨λ, α∨⟩ ≤ 1 by the assumption
that α∨ ∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af . Also, the assumption β∨ /∈ ∆∨,+
af ∩ t

−1
λ ∆∨,−

af

implies that one of the following holds: (a): ⟨λ, β∨⟩ < 0 ≤ deg(β∨); (b-1):
0 ≤ ⟨λ, β∨⟩ ≤ deg(β∨) and deg(β∨) ̸= 0; (b-2): ⟨λ, β∨⟩ = deg(β∨) = 0.

Assume (a). Then we see that

deg(α∨ + β∨)

⟨λ, α∨ + β∨⟩
=

deg(α∨) + deg(β∨)

⟨λ, α∨⟩+ ⟨λ, β∨⟩
>

deg(α∨) + deg(β∨)

⟨λ, α∨⟩
≥ deg(α∨)

⟨λ, α∨⟩
.

Hence the definition of < on ∆∨,+
af ∩ t

−1
λ ∆∨,−

af implies that α∨ < α∨ + β∨.
Next, assume (b-1). If ⟨λ, β∨⟩ = 0, then the assertion is obvious since

deg(α∨ + β∨)

⟨λ, α∨ + β∨⟩
=

deg(α∨) + deg(β∨)

⟨λ, α∨⟩
>

deg(α∨)

⟨λ, α∨⟩
.

Assume that ⟨λ, β∨⟩ > 0. Since

deg(α∨)

⟨λ, α∨⟩
≤ 1 ≤ deg(β∨)

⟨λ, β∨⟩
,

we deduce that
deg(α∨) + deg(β∨)

⟨λ, α∨⟩+ ⟨λ, β∨⟩
≥ deg(α∨)

⟨λ, α∨⟩
;

here, the equality holds if and only if

deg(α∨)

⟨λ, α∨⟩
= 1 =

deg(β∨)

⟨λ, β∨⟩
. (3.2.2)

If (3.2.2) fails, then the assertion holds by the definition of < on ∆∨,+
af ∩

t−1
λ ∆∨,−

af . Let us assume that (3.2.2) holds. We have

deg(α∨) = ⟨λ, α∨⟩, (3.2.3)

deg(α∨ + β∨) = ⟨λ, α∨ + β∨⟩, (3.2.4)

deg(β∨) = ⟨λ, β∨⟩ > 0.
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Suppose, for a contradiction, that α ≺ (α∨ + β∨)∨. Then (3.2.3) and
(3.2.1) imply that α ∈ −∆+(λ)<0 since α∨ ∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af . Similarly, we
have (α∨ + β∨)∨ ∈ −∆+(λ)<0 by (3.2.4) and (3.2.1). On the other hand,
recall that β ∈ ∆+. Hence we obtain β ∈ ∆+(λ)>0. By (2.2.1), we deduce
that β ≺ α ≺ (α∨ + β∨)∨. This contradicts that ≺ is a reflection order
and Corollary 2.2.6. Hence we have (α∨ + β∨)∨ ≺ α. Therefore, we obtain
α ≺∗ (α∨ + β∨)∨ and α∨ < α∨ + β∨, as desired.

Now, assume (b-2). Then we have

deg(α∨ + β∨)

⟨λ, α∨ + β∨⟩
=

deg(α∨)

⟨λ, α∨⟩
.

Hence we should prove that (α∨ + β∨)∨ ≺ α. Since ⟨λ, β∨⟩ = 0 and β ∈ ∆+,
we have β ∈ ∆+(λ)=0. Also, since α

∨+β∨ ∈ ∆∨,+
af ∩ t

−1
λ ∆∨,−

af , we deduce from
Lemma 3.2.2 that (α∨ + β∨)∨ ∈ (∆+(λ)>0) ⊔ (−∆+(λ)<0). By (2.2.1), we
deduce that (α∨ + β∨)∨ ≺ −β. Since ≺ is a reflection order, Corollary 2.2.6
implies that (α∨ + β∨)∨ ≺ α ≺ −β, as desired.

We consider the case β ∈ ∆−. In this case, (3.2.1) implies that deg(β∨) >
⟨λ, β∨⟩. Note that deg(β∨) > 0 since β∨ ∈ ∆∨,+

af . Hence the assertion holds
by the same argument as the case (a) and (b-1) with deg(β∨) ̸= ⟨λ, β∨⟩
above. This proves the proposition.

Hence, by [31, p. 662, Theorem], there exists a (unique) reduced ex-
pression tλ = sir · · · si2si1(π∨)−1 such that βL

1 < · · · < βL
r . We say that

such reduced expression is suitable for ◁. Also, we can take the λ-chain
Γ◁(λ) = (γL1 , . . . , γ

L
r ) which corresponds to such suitable reduced expression

tλ = sir · · · si2si1(π∨)−1 by the relation between reduced expressions and re-
duced λ-chains, described in Section 2.3.2. We call Γ◁(λ) suitable for ◁.
From now on, we fix ◁ ∈ RO(λ,∆+), and a suitable λ-chain Γ◁(λ) for ◁,
or equivalently, a suitable reduced expression tλ = sir · · · si2si1(π∨)−1 for ◁.

Now we can define a map from A(w,Γ◁(λ)) to IQLS(λ) for each w ∈ W .
Let A = {j1, . . . , js} ∈ A(w,Γ◁(λ)). Then by the definition of admissible
subsets, we obtain the following directed path in QBG(W ):

p(A) : w = u0
|γLj1 |−−→ u1

|γLj2 |−−→ · · ·
|γLjs |−−→ us;

here, ua = ws|γLj1 |
· · · s|γLja | for a = 0, . . . , s. We set di := deg((βL

i )
∨)/⟨µ, (βL

i )
∨⟩

for i = 1, . . . , r.
Since βL

1 < . . . < βL
r , the definition of the order < implies that there exists
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m1 < · · · < mt such that

0 = dj1 = · · · = djm1

< djm1+1 = · · · = djm2

< · · ·
< djmt+1 = · · · = djs = 1.

If dj1 > 0, then we set m1 := 0. Also, if djs < 1, then we set mt := s.
For each a = 1, . . . , t, we consider the directed path

uma

|γLjma+1
|

−−−−−→ uma+1

|γLjma+2
|

−−−−−→ · · ·
|γLjma+1

|
−−−−−→ uma+1 .

By the definition of < on ∆∨,+
af ∩ t

−1
λ ∆∨,−

af and the assumption βL
1 < · · · < βL

r ,
we have γLma+1 ≻ γLma+2 ≻ · · · ≻ γLma+1

. Hence either of the following holds:

(1) γLp ∈ ∆+(λ)>0 for all ma+1 ≤ p ≤ ma+1; in this case, we set na := ma;

(2) there exists na ∈ {ma+1, . . . ,ma+1− 1} such that γLp ∈ −∆+(λ)<0 for
all ma + 1 ≤ p ≤ na and γLp ∈ ∆+(λ)>0 for all na < p ≤ ma+1;

(3) γLp ∈ −∆+(λ)<0 for all ma + 1 ≤ p ≤ ma+1; in this case, we set
na := ma+1.

Then, we wet

Ξ(A) := (umt , umt−1 , . . . , um1 ;unt−1 , unt−2 , . . . , un1 ;

0, 1− djmt
, 1− djmt−1

, . . . , 1− djm2
, 1).

The following lemma shows that Ξ defines a map A(w,Γ◁(λ))→ IQLS(λ).

Lemma 3.2.5. For A ∈ A(w,Γ◁(λ)), we have Ξ(A) ∈ IQLS(λ).

Proof. Let A = {j1, . . . , jt}. It is sufficient to show that (1−djma
)⟨λ, |γLb |∨⟩ ∈

Z for all 2 ≤ a ≤ t and ma−1 + 1 ≤ b ≤ ma. This follows from the following
calculation:

(1− djma
)⟨λ, |γLb |∨⟩ = (1− db)⟨λ, |γLb |∨⟩

=
⟨λ, (βL

b )
∨⟩ − deg((βL

b )
∨)

⟨λ, (βL
b )

∨⟩
· ⟨λ, |(βL

b )
∨|⟩

= ±(⟨λ, (βL
b )

∨⟩ − deg((βL
b )

∨)) ∈ Z.
Hence we have Ξ(A) ∈ IQLS(λ).

Finally, we define the forgetful map, which is an analog of the map Π∗ in
[21, Section 6.1], and the map Ξ in [27, Section 3.3].

Definition 3.2.6. The forgetful map Ξ̃ : A(w,Γ◁(λ)) → IQLS(λ) ×W is

defined by Ξ̃(A) := (Ξ(A), end(A)) for A ∈ A(w,Γ◁(λ)).
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3.2.2 Injectivity of the forgetful map

Let us show the injectivity of the forgetful map, which is one of the main
result of this thesis. First, we calculate the image of Ξ̃.

Theorem 3.2.7. One has the following.

Im(Ξ̃) =

{
(η, u) ∈ IQLS(λ)×W

∣∣∣∣∣ w
(λ,+)
===⇒ κ(η)

ι(η)
(λ,−)
===⇒ u

}
. (3.2.5)

Proof. We denote by S the right-hand side of (3.2.5). First, we show that

Im(Ξ̃) ⊂ S. Let A = {j1, . . . , js} ∈ A(w,Γ◁(λ)). It is sufficient to prove that

w
(λ,+)
===⇒ κ(Ξ(A)) and ι(Ξ(A))

(λ,−)
===⇒ end(A).

Recall that κ(Ξ(A)) = um1 , and there exists a directed path

w
|γLj1 |−−→ u1

|γLj2 |−−→ · · ·
|γLjm1

|
−−−→ um1

in QBG(W ). Also, dj1 = · · · = djm1
= 0. Let a = j1, j2, . . . , jm1 . Then, we

deduce that deg((βL
a)

∨) = 0 since

da =
deg((βL

a)
∨)

⟨λ, (βL
a)

∨⟩
= 0.

By (3.2.1), we have γLa = βL
a ∈ ∆+. This implies that |γLa | = γLa ∈ ∆+(λ)>0.

Since γLj1 ≻ · · · ≻ γLjm1
, it holds that γLj1 ▷ · · · ▷ γLjm1

. Therefore, we conclude

that w
(λ,+)
===⇒ κ(Ξ(A)), as desired.

Next, we show that ι(Ξ(A))
(λ,−)
===⇒ end(A). Recall that ι(Ξ(A)) = umt ,

and there exists a directed path

umt

|γLjmt+1|
−−−−−→ umt+1

|γLjmt+2|
−−−−−→ · · ·

|γLjs |−−→ us = end(A)

in QBG(W ). Also, djmt+1 = · · · = djs = 1. Let a = jmt+1, jmt+2, . . . , js.

Then, we have deg((βL
a)

∨) = ⟨λ, (βL
a)

∨⟩ since

da =
deg((βL

a)
∨)

⟨λ, (βL
a)

∨⟩
= 1.

Now, (3.2.1) implies that γLa = βL
a ∈ ∆−, and this shows that |γLa | = −γLa ∈

∆+(λ)<0. Since γ
L
jmt+1 ≻ · · · ≻ γLjs , we have |γLjmt+1| ▷ · · · ▷ |γLjs|. Hence we
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deduce that ι(Ξ(A))
(λ,−)
===⇒ end(A), as desired. This completes the proof of

Im(Ξ̃) ⊂ S.
Next, we show that S ⊂ Im(Ξ). Let (η, u) ∈ S. Then we have w

(λ,+)
===⇒

κ(η) and ι(η)
(λ,−)
===⇒ u. We construct A ∈ A(w,Γ◁(λ)) such that Ξ(A) = η

and end(A) = u.

Write η = (x1, . . . , xs; y1, . . . , ys−1; σ0, . . . , σs). Since w
(λ,+)
===⇒ κ(η) = xs,

there exists a directed path

u
|γLjs,1 |−−−→ · · ·

|γLjs,ms
|

−−−−→ xs

in QBG(W ) such that γLjs,1 ≻ · · · ≻ γLjs,ms
and γLjs,p ∈ ∆+(λ)>0 for all p =

1, . . . ,ms. Also, by the definition of interpolated QLS paths, for i = 1, . . . , s−
1, we have the following directed paths

xi+1

|γLji,1 |−−−→ · · ·
|γLji,ni

|
−−−−→ yi,

yi
|γLji,ni+1

|
−−−−−→ · · ·

|γLji,mi
|

−−−−→ xi

in QBG(W ) such that γLji,1 ≻ · · · ≻ γLji,mi
, and that γLji,p ∈ −∆

+(λ)<0 for

p = 1, . . . , ni, and γLji,p ∈ ∆+(λ)>0 for p = ni + 1, . . . ,mi. Moreover, by

ι(η) = x1
(λ,−)
===⇒ u, there exists a directed path

x1
|γLj0,1 |−−−→ · · ·

|γLj0,m0
|

−−−−→ u

in QBG(W ) such that γLj0,1 ≻ · · · ≻ γLj0,m0
and γLj0,p ∈ −∆

+(λ)<0 for p =
1, . . . ,m0.

For i = 0, . . . , s, we set di := 1 − σi. Also, for i = 0, . . . , s and p =
1, . . . ,mi, we set β∨

ji,p
:= (γLji,p)

∨ + di⟨λ, (γLji,p)
∨⟩δ̃. We show that β∨

ji,p
∈

∆∨,+
af ∩ t

−1
λ ∆∨,−

af .
Assume that i = s. Then we have ds = 1 − σs = 0. Since γLjs,p ∈ ∆+,

(3.2.1) implies that β∨
ji,p
∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af .
Next, assume that 1 ≤ i ≤ s − 1. In this case, we have 0 < σi < 1.

Since 0 < di⟨λ, (γLji,p)
∨⟩ < ⟨λ, (γLji,p)

∨⟩ (note that ⟨λ, (γLji,p)
∨⟩ > 0), and since

0 ≤ χ((γLji,p)
∨) ≤ 1, (3.2.1) implies that β∨

ji,p
∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af .
Finally, assume that i = 0. Then we have d0 = 1 − σ0 = 1. Since

γLj0,p ∈ ∆− (or equivalently χ((γLj0,p)
∨) = 1), (3.2.1) implies that β∨

j0,p
∈

∆∨,+
af ∩ t

−1
λ ∆∨,−

af .
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Therefore, we conclude that β∨
ji,p
∈ ∆∨,+

af ∩ t
−1
λ ∆∨,−

af for all i = 0, . . . , s and

p = 1, . . . ,mi. Now, recall that γLji,1 ≻ · · · ≻ γLji,mi
for all i = 0, . . . , s. Also,

we have 0 = ds < · · · < d1 < d0 = 1. Moreover, one has

Φ(β∨
ji,p

) =

(
deg(β∨

ji,p
)

⟨λ, β∨
ji,p
⟩
, βji,p

)
= (di, γ

L
ji,p

)

for i = 0, . . . , s and p = 1, . . . ,mi. Therefore, by the definition of < on
∆∨,+

af ∩ t
−1
λ ∆∨,−

af , we have β∨
js,1

< · · · < β∨
js,ms

< β∨
js−1,1

< · · · < β∨
js−1,ms−1

<

· · · < β∨
j0,1

< · · · < β∨
j0,m0

. Hence there exists

A = {j′s,1, . . . , j′s,ms
, j′s−1,1, . . . , j

′
s−1,ms−1

, . . . , j′0,1, . . . , j
′
0,m0
}

such that (βL
j′i,p

)∨ = β∨
ji,p

for all i = 0, . . . , s and p = 1, . . . ,mi. It is obvious

that A ∈ A(w,Γ◁(λ)), and that Ξ(A) = η and end(A) = u. This completes

the proof of (η, u) ∈ Im(Ξ̃), and we conclude that Im(Ξ̃) = S, as desired.
Theorem 3.2.8. The forgetful map Ξ̃ is injective.

Proof. This follows from the shellability of QBG(W ) (see Theorem 2.2.7).

3.2.3 Statistics for admissible subsets in terms of in-
terpolated QLS paths

We rewrite statistics defined for admissible subsets in terms of interpolated
QLS paths.

Proposition 3.2.9. For A ∈ A(w,Γ◁(λ)), we have n(A) = neg(Ξ(A)) +
ℓ(ι(Ξ(A))⇒ end(A)).

Proof. Let A = {j1, . . . , js} ∈ A(w,Γ◁(λ)). Then n(A) counts the number
of roots γLjk , k = 1, . . . , s, such that γLjk ∈ ∆−. Hence the desired identity

holds since u
(λ,+)
===⇒ κ(Ξ(A)) and ι(Ξ(A))

(λ,−)
===⇒ end(A).

Corollary 3.2.10. For A ∈ A(w,Γ◁(λ)), we have n(A) ≡ neg(Ξ(A)) +
ℓ(end(A))− ℓ(ι(Ξ(A))) mod 2.

Next, we rewrite wt(A) in terms of the weight of Ξ(A).

Proposition 3.2.11. For A ∈ A(w,Γ◁(λ)), we have wt(A) = wt(Ξ(A)).

Proof. We show the proposition by the induction on |A|. If |A| = 0, i.e.,
A = ∅, then by the definition of wt(A), we have wt(A) = wλ. On the other
hand, we see that Ξ(A) = (w; ; 0, 1). Hence wt(Ξ(A)) = wλ. Therefore, it
holds that wt(A) = wt(Ξ(A)).

Let A = {j1, . . . , js} ∈ A(w,Γ◁(λ))) and assume that s ≥ 1. Set B :=
{j1, . . . , js−1}. Our induction hypothesis is that wt(B) = wt(Ξ(B)).
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Step 1: wt(A) = wt(B) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)βL

js
.

By abuse of notation, we define tν : h
∗
R → h∗R for ν ∈ h∗R by tν(ξ) := ξ+ ν.

We see that for ν ∈ h∗R and γ ∈ ∆+, sγtν = tsγ(ν)sγ, and for ν1, ν2 ∈ h∗R,
tν1tν2 = tν1+ν2 . Also, for γ ∈ ∆ and k ∈ Z, we have tkγs|γ| = sγ,k.

By the definition of wt(A), we have

wt(A) = −wsγLj1 ,− deg((βL
j1
)∨) · · · sγLjs−1

,− deg((βL
js−1

)∨)sγLjs ,− deg((βL
js
)∨)(−λ)

= −wsγLj1 ,− deg((βL
j1
)∨) · · · sγLjs−1

,− deg((βL
js−1

)∨)(−λ

− (⟨−λ, (γLjs)
∨⟩+ deg((βL

js)
∨))γLjs)

= −wsγLj1 ,− deg((βL
j1
)∨) · · · sγLjs−1

,− deg((βL
js−1

)∨)(−λ

− (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨))βL

js
).

We set d := −⟨λ, (βL
js
)∨⟩ + deg((βL

js)
∨). By repeated application of iden-

tities tkγs|γ| = sγ,k for γ ∈ ∆ and k ∈ Z, we see that there exists ξ ∈ h∗R (in
fact, ξ ∈ Q) such that

wsγLj1 ,−deg((βL
j1
)∨) · · · sγLjs−1

,− deg((βL
js−1

)∨) = ws|γLj1 |
· · · s|γLjs−1

|tξ.

Hence

wt(A) = −ws|γLj1 | · · · s|γLjs−1
|tξ(−λ− dβL

js
)

= −ws|γLj1 | · · · s|γLjs−1
|(−λ− dβL

js
+ ξ)

= −ws|γLj1 | · · · s|γLjs−1
|(−λ+ ξ) + dws|γLj1 |

· · · s|γLjs−1
|(β

L
js
)

= −ws|γLj1 | · · · s|γLjs−1
|tξ(−λ) + dws|γLj1 |

· · · s|γLjs−1
|(β

L
js
)

= −wsγLj1 ,− deg((βL
j1
)∨) · · · sγLjs−1

,− deg((βL
js−1

)∨)(−λ)︸ ︷︷ ︸
=wt(B)

+ dws|γLj1 |
· · · s|γLjs−1

|︸ ︷︷ ︸
=end(B)

(βL
js
)

= wt(B) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)(βL

js
),

as desired.

Step 2: wt(Ξ(A)) = wt(Ξ(B)) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)βL

js
.

There are the following three cases:
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(1) djs−1 < djs < 1;

(2) djs−1 = djs < 1;

(3) djs = 1.

Assume the case (1). Then we have mt−1 = s− 1 and mt = s. Hence

Ξ(B) = (umt−1 , . . . , um1 ;unt−2 , . . . , un1 ; 0, 1− djmt−1
, . . . , 1− djm2

, 1),

while

Ξ(A) = (umt , . . . , um1 ;unt−1 , . . . , un1 ; 0, 1− djmt
, . . . , 1− djm2

, 1).

Note that umt = umt−1s|γLjs |
. Also, note that end(B) = umt−1 .

Hence, by the definition of the weight, we calculate as the following:

wt(Ξ(A))

= wt(Ξ(B))− (1− djmt−1
)umt−1λ

+ ((1− djmt−1
)− (1− djmt

))umt−1λ+ (1− djmt
)umtλ

= wt(Ξ(B))− (1− djmt
)umt−1λ+ (1− djmt

)umtλ

= wt(Ξ(B))− (1− djmt
)umt−1λ+ (1− djmt

)umt−1s|γLjs |
λ

= wt(Ξ(B))− (1− djmt
)umt−1λ+ (1− djmt

)umt−1(λ− ⟨λ, |γLjs|
∨⟩|γLjs|)

= wt(Ξ(B))− (1− djmt
)⟨λ, |γLjs|

∨⟩umt−1 |γLjs|
= wt(Ξ(B))− (1− djmt

)⟨λ, (γLjs)
∨⟩umt−1γ

L
js

= wt(Ξ(B))−

(
1−

deg((βL
js)

∨)

⟨λ, (βL
js
)∨⟩

)
⟨λ, (βL

js
)∨⟩ end(B)βL

js

= wt(Ξ(B)) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)βL

js
;

as desired.
Next, assume (2). Observe that

Ξ(B) = (umt−1, umt−1 , . . . , um1 ; z, unt−2 , . . . , un1 ; 0, 1− djmt
, . . . , 1− djm2

, 1),

where

z =

{
unt−1 , if unt−1 ̸= umt ,

umt−1, if unt−1 = umt ,

while

Ξ(A) = (umt , . . . , um1 ;unt−1 , . . . , un1 ; 0, 1− djmt
, . . . , 1− djm2

, 1).
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Note that mt = s, mt−1 < s− 1, and that umt = umt−1s|γLjs |
. Also, note that

end(B) = umt−1.
Hence we calculate as the following:

wt(Ξ(A)) = wt(Ξ(B))− (1− djmt
)umt−1λ+ (1− djmt

)umtλ

= wt(Ξ(B))− (1− djmt
)umt−1λ+ (1− djmt

)umt−1s|γLjs |
λ

= wt(Ξ(B))− (1− djmt
)umt−1λ

+ (1− djmt
)umt−1(λ− ⟨λ, |γLjs|

∨⟩|γLjs|)
= wt(Ξ(B))− (1− djmt

)⟨λ, |γLjs|
∨⟩umt−1|γLjs|

= wt(Ξ(B))− (1− djmt
)⟨λ, (γLjs)

∨⟩umt−1γ
L
js

= wt(Ξ(B))−

(
1−

deg((βL
js)

∨)

⟨λ, (βL
js
)∨⟩

)
⟨λ, (βL

js
)∨⟩ end(B)βL

js

= wt(Ξ(B)) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)βL

js
.

This is the desired equation.
Finally, in the case (3), we see that Ξ(A) = Ξ(B). Hence wt(Ξ(A)) =

wt(Ξ(B)). Since djs = deg((βL
js)

∨)/⟨λ, (βL
js
)∨⟩ = 1, we have −⟨λ, (βL

js
)∨⟩ +

deg((βL
js)

∨) = 0. This proves the desired identity.

Step 3: wt(A) = wt(Ξ(A))

By Steps 1 and 2, we obtain the following, as desired:

wt(A) = wt(B) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)βL

js

= wt(Ξ(B)) + (−⟨λ, (βL
js
)∨⟩+ deg((βL

js)
∨)) end(B)βL

js

= wt(Ξ(A));

here, we used our induction hypothesis in the 2nd equality. This completes
the proof of the proposition.

3.2.4 The “q = 0” counterpart of the forgetful map

If A ∈ A|q=0(w,Γ◁(λ)), then p(A) is a directed path in BG(W ). Hence, by
the definition of ILS(λ), we deduce the following.

Corollary 3.2.12. We have Ξ(A|q=0(w,Γ◁(λ))) ⊂ ILS(λ). Moreover, we
have

Ξ̃(A|q=0(w,Γ◁(λ))) =

{
(η, u) ∈ ILS(λ)×W

∣∣∣∣∣ w
(λ,+,q=0)
=====⇒ κ(η)

ι(η)
(λ,−,q=0)
=====⇒ u

}
.
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3.3 Equivariant K-theory

As an application of forgetful maps, we rewrite the Chevalley formula for the
(H × C∗)-equivariant K-group of semi-infinite flag manifolds, described in
[19]. Also, we write the inverse Chevalley formula for the H-equivariant K-
group of (ordinary) flag manifolds. Moreover, by using the inverse Chevalley
formula, we describe the Yip formula, the expansion formula for the product
eλ chDw(ν), where λ ∈ P , and chDw(ν) denotes the character of the De-
mazure submodule Dw(ν) of g of lowest weight wν for w ∈ W and ν ∈ P+.

In this section, we fix λ ∈ P . We take a reflection order ◁ ∈ RO(λ,∆+),
and a suitable λ-chain Γ◁(λ) for ◁.

3.3.1 Chevalley formula for semi-infinite flag manifolds

Let Uq(gaf) denote the quantum affine algebra associated to gaf with Cheval-
ley generator Ei, Fi ∈ Uq(gaf), i ∈ Iaf = I ⊔{0}, where q is an indeterminate.
We denote by U−

q (gaf) := ⟨Fi⟩i∈Iaf ⊂ Uq(gaf) the subalgebra of Uq(gaf) gen-
erated by {Fi | i ∈ Iaf}.

For each λ ∈ P+, we denote by V (λ) the level-zero extremal weight
module of extremal weight λ over Uq(gaf), which is equipped with a fam-
ily {vx}x∈Waf

⊂ V (λ) of extremal weight vectors, where vx ∈ V (λ), x ∈
Waf , is an extremal weight vector of weight xλ (see [10, Proposition 8.2.2]).
For x ∈ Waf and λ ∈ P+, the Demazure submodule V −

x (λ) is defined by
V −
x (λ) := U−

q (gaf)vx. We denote by gchV −
x (λ) the graded character of V −

x (λ)
(see [15, §2.4]). If x = wtξ with w ∈ W and ξ ∈ Q∨, then we know that
gchV −

x (λ) ∈ Z[P ][[q−1]]q−⟨λ,ξ⟩; in fact, we know that gchV −
w (λ) ∈ Z[[q−1]][P ]

for w ∈ W .
To describe the identity of Chevalley type for graded characters, we need

some notation for partitions. Let λ ∈ P+ and write it as λ =
∑

i∈I miϖi.

We define the set Par(λ) by

Par(λ) :=

{
χ = (χ(i))i∈I

∣∣∣∣ χ(i) is a partition whose length is
less than or equal to max{mi, 0}

}
.

For χ = (χ(i))i∈I ∈ Par(λ), we write it as χ(i) = (χ
(i)
1 ≥ χ

(i)
2 ≥ · · · ≥ χ

(i)
li
> 0),

where 0 ≤ li ≤ max{mi, 0} and χ(i)
1 , . . . , χ

(i)
li
∈ Z, and set

|χ| :=
∑
i∈I

li∑
k=1

χ
(i)
k , ι(χ) :=

∑
i∈I

χ
(i)
1 α

∨
i ;

if χ(i) = ∅, then we understand that li = 0 and χ
(i)
1 = 0.
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The following is the identity of Chevalley type for graded characters, which
is a “representation-theoretic” analog of the Chevalley formula for the equiv-
ariant K-group of the semi-infinite flag manifold, described in [19]. We give
a simpler proof of this identity in Section 4.3.3.

Theorem 3.3.1. Let µ ∈ P+ and x ∈ Waf . We write x as x = wtξ with
w ∈ W and ξ ∈ Q∨. Take λ ∈ P such that µ + λ ∈ P+, and let Γ be an
arbitrary reduced λ-chain. Then we have

gchV −
x (µ+ λ) =∑

A∈A(w,Γ)

∑
χ∈Par(λ)

(−1)n(A)q−height(A)−⟨λ,ξ⟩−|χ|ewt(A) gchV −
end(A)tξ+down(A)+ι(χ)

(µ).

(3.3.1)

Remark 3.3.2. The right-hand side of (3.3.1) is identical to zero if µ+λ /∈ P+;
the proof is given in Section 4.3.4.

The purpose of this section is to rewrite this identity in terms of interpo-
lated QLS paths. We prepare some additional statistics of interpolated QLS
paths; the degree function Degw is one of the analog of that for semi-infinite
LS paths ([29, Section 3.1]).

Definition 3.3.3. Let η = (x1, . . . , xs; y1, . . . , ys−1;σ0, . . . , σs) ∈ IQLS(λ).

Take w, u ∈ W be such that w
(λ,+)
===⇒ κ(η) and ι(η)

(λ,−)
===⇒ u. We define

ξ(u, η, w) by

ξ(u, η, w) :=

wt(w ⇒ κ(η)) +
s−1∑
k=1

(wt(xk+1 ⇒ yk) + wt(yk ⇒ xk)) + wt(ι(η)⇒ u).

Definition 3.3.4. Let η = (x1, . . . , xs; y1, . . . , ys−1; σ0, . . . , σs) ∈ IQLS(λ)

and w ∈ W be such that w
(λ,+)
===⇒ κ(η). We define Degw(η) by

Degw(η) := −⟨λ,wt(w ⇒ κ(η))⟩ −
s−1∑
k=1

σk⟨λ,wt(xk+1 ⇒ yk) + wt(yk ⇒ xk)⟩.

We describe the relation between these statistics for interpolated QLS
paths and those defined for admissible subsets. First, the following lemma is
obvious by the definitions of down(A) and ξ(u, η, w).

Lemma 3.3.5. For A ∈ A(w,Γ◁(λ)), write Ξ̃(A) = (η, u). Then, it holds
that down(A) = ξ(u, η, w).
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Next, we consider height(A) and Degw(η).

Lemma 3.3.6. Let w ∈ W . For A ∈ A(w,Γ◁(λ)), write Ξ(A) = η. Then it
holds that height(A) = −Degw(η).

Proof. We use the notation in Section 3.2. For example, we recall that

Ξ(A) = (umt , umt−1 , . . . , um1 ;unt−1 , unt−2 , . . . , un1 ;

0, 1− djmt
, 1− djmt−1

, . . . , 1− djm2
, 1).

Then by the definition of Degw(η), we have

Degw(η) = −⟨λ,wt(w ⇒ um1)⟩

−
t−1∑
k=1

(1− djmk+1
)⟨λ,wt(umk

⇒ unk
) + wt(unk

⇒ umk+1
)⟩.

Let k = 1, . . . , t− 1, and consider the following directed paths:

umk

|γLjmk+1
|

−−−−−→ umk+1

|γLjmk+2
|

−−−−−→ · · ·
|γLjnk

|
−−−→ unk

,

unk

|γLjnk+1
|

−−−−→ unk+1

|γLjnk+2
|

−−−−→ · · ·
|γLjmk+1

|
−−−−−→ umk+1

.

Then

wt(umk
⇒ unk

) =
∑

mk+1≤p≤nk
up−1→up is a quantum edge

|γLjp |
∨.

wt(unk
⇒ umk+1

) =
∑

nk+1≤p≤mk+1
up−1→up is a quantum edge

|γLjp |
∨.

For mk + 1 ≤ p ≤ mk+1, we see that

(1− djmk+1
)⟨λ, |γLjp |

∨⟩ = sgn(γLjp)(1− djmk+1
)⟨λ, (γLjp)

∨⟩

= sgn(γLjp)

(
1−

deg((βL
jp)

∨)

⟨λ, (βL
jp
)∨⟩

)
⟨λ, (βL

jp
)∨⟩

= sgn(γLjp)(⟨λ, (βL
jp
)∨⟩ − deg((βL

jp)
∨)).
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Hence

t−1∑
k=1

(1− djmk+1
)⟨λ,wt(umk

⇒ unk
) + wt(unk

⇒ umk+1
)⟩

=
∑

m1+1≤p≤mt
up−1→up is a quantum edge

(1− djmk+1
)⟨λ, |γLjp |

∨⟩

=
∑

m1+1≤p≤mt
up−1→up is a quantum edge

sgn(γLjp)(⟨λ, (γ
L
jp)

∨⟩ − deg((βL
jp)

∨)).

Also, consider the directed path

w
|γLj1 |−−→ u1

|γLj2 |−−→ · · ·
|γLjm1

|
−−−→ um1 .

Note that w
(λ,+)
===⇒ um1 = κ(η), and this implies that sgn(γLjp) = 1 and that

⟨λ, |γLjp |
∨⟩ = ⟨λ, (γLjp)

∨⟩ for 1 ≤ p ≤ m1. Moreover, we see that deg((βL
jp)

∨) =
0 for 1 ≤ p ≤ m1. Hence

⟨λ,wt(w ⇒ κ(η))⟩

=
∑

1≤p≤m1
up−1→up is a quantum edge

⟨λ, |γLjp |
∨⟩

=
∑

1≤p≤m1
up−1→up is a quantum edge

sgn(γLjp)(⟨λ, (γ
L
jp)

∨⟩ − deg((βL
jp)

∨)).

Finally, observe that ⟨λ, (γLjp)
∨⟩ − deg((βL

jp)
∨) = 0 for mt + 1 ≤ p ≤ s.

Therefore, we deduce that

Degw(η) = −
∑

1≤p≤mt
up−1→up is a quantum edge

sgn(γLjp)(⟨λ, (γ
L
jp)

∨⟩ − deg((βL
jp)

∨))

= −
∑

1≤p≤s
up−1→up is a quantum edge

sgn(γLjp)(⟨λ, (γ
L
jp)

∨⟩ − deg((βL
jp)

∨))

= − height(A),

as desired. This proves the lemma.

By Theorems 3.2.7 and 3.2.8, Corollary 3.2.10, Proposition 3.2.11, Lem-
mas 3.3.5 and 3.3.6, and Theorem 3.3.1, we obtain the following description of
the identity of Chevalley type for graded characters in terms of interpolated
QLS paths.
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Theorem 3.3.7. Let µ ∈ P+ and x ∈ Waf . We write x as x = wtξ with
w ∈ W and ξ ∈ Q∨. Take λ ∈ P such that µ + λ ∈ P+, and let Γ be an
arbitrary reduced λ-chain. Then we have

gchV −
x (µ+ λ) =∑

η∈IQLS(λ)

w
(λ,+)
===⇒κ(η)

∑
u∈W

ι(η)
(λ,−)
===⇒u

∑
χ∈Par(λ)

(−1)neg(η)+ℓ(u)−ℓ(ι(η))qDegw(η)−⟨λ,ξ⟩−|χ|

× ewt(η) gchV −
utξ+ξ(u,η,w)+ι(χ)

(µ).

3.3.2 Inverse Chevalley formula for flag manifolds

Let G be a connected, simply-connected simple algebraic group, whose Lie
algebra is g. Take a Borel subgroup B ⊂ G and a maximal torus H ⊂ G
such that H ⊂ B. Let X = G/B be the flag manifold associated to G, and
we denote by OX the structure sheaf of X.

For w ∈ W , we denote by Ow the structure sheaf of the Schubert variety
Xw = BwB/B. Note that Xw◦ = X. Also, for λ ∈ P , we denote by C(λ)
the 1-dimensional B-module of weight λ. Then we define L(λ) by the sheaf
of (holomorphic) sections of the line bundle G ×B C(λ) → G/B. Now, we
set Lw(λ) := Ow ⊗OX

L(λ) for w ∈ W and λ ∈ P .
Let KH(G/B) be the H-equivariant K-group of the flag manifold X =

G/B. For H-equivariant coherent sheaf M on X, we denote by [M] ∈
KH(G/B) the class ofM.

Now, we review the Chevalley formula, which is stated in [22]. For λ ∈ P
and w ∈ W , the Chevalley formula for KH(G/B) is expressed as follows:

[L(−λ)] · [Ow] = [Lw(−λ)] =
∑
v∈W

∑
ξ∈P

cλ,ξw,ve
−ξ[Ov];

where cλ,ξw,v ∈ Z. In the Chevalley formula, integers cλ,ξw,v are called KH-
Chevalley coefficients.

In [22], Lenart-Postnikov gave an explicit description for KH-Chevalley
coefficients in terms of the alcove model.

Theorem 3.3.8 ([22, Theorem 6.1]). Let λ ∈ P and w ∈ W . For each ξ ∈ P
and v ∈ W , we have

cλ,ξw,v =
∑
J

(−1)neg(J),

where the sum
∑

J is over all J = {j1, . . . , js} ⊂ {1, . . . , r} which satisfy the
following:
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(1) w ← ws|γLj1 |
← · · · ← ws|γLj1 |

· · · s|γLjs | = v is a directed path in BG(W );

(2) it holds that −ξ = wsγLj1 ,− deg((βL
j1
)∨) · · · sγLjs ,− deg((βL

js
)∨)(−λ).

Also, we set neg(J) := #{j ∈ J | γLj ∈ ∆−} for each J ⊂ {1, . . . , r}.

Remark 3.3.9. In [22], the above theorem is described by using an arbitrary
(not necessarily reduced) λ-chain Γ instead of (γL1 , . . . , γ

L
r )(= Γ◁(λ)).

Our aim is to describe the above Chevalley formula in terms of interpo-
lated LS paths. To achieve this, we review the Mathieu’s result.

For v, w ∈ W and λ ∈ P , we set Svw(λ) :=
∑

ξ∈P c
λ,ξ
w,ve

−ξ ∈ Z[P ]. Then it
holds that

[Lw(−λ)] =
∑
v∈W

Svw(λ)[Ov].

On the other hand, we define mv,ξ
w (λ) ∈ Z for v, w ∈ W and λ, ξ ∈ P by

[C(−λ)⊗C Ow] =
∑
v∈W

∑
ξ∈P

mv,ξ
w (λ)[Lv(ξ)]. (3.3.2)

Theorem 3.3.10 ([26, Section 5]). For v, w ∈ W and λ ∈ P , it holds that

Sv
−1

w−1(λ) =
∑
ξ∈P

mv,ξ
w (λ)eξ.

By this theorem, we obtain the following identity.

Corollary 3.3.11. For v, w ∈ W and λ, ξ ∈ P , we have mv,ξ
w (λ) = cλ,−ξw−1,v−1.

Now, we rewrite (3.3.2).

Lemma 3.3.12. For λ ∈ P and w ∈ W , we have

[C(−λ)⊗C Ow] =
∑

A∈A|q=0(w◦w−1,Γ◁(λ))

(−1)n(A)[L(w◦ end(A))−1(−w◦wt(A))].

Proof. By Corollary 3.3.11, we have

[C(−λ)⊗C Ow]

=
∑
v∈W

∑
ξ∈P

mv,ξ
w (λ)[Lv(ξ)]

=
∑
v∈W

∑
ξ∈P

cλ,−ξw−1,v−1 [Lv(ξ)]
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=
∑

J={j1,...,js}

(−1)neg(J)

×

L(
w−1s|γL

j1
|···s|γL

js
|

)−1

(
w−1sγLj1 ,−deg((βL

j1
)∨) · · · sγLjs ,− deg((βL

js
)∨)(−λ)

) ,
(3.3.3)

where the sum
∑

J in the final equation is over all J = {j1, . . . , js} ⊂
{1, . . . , r} such that w−1 ← w−1s|γLj1 |

← · · · ← w−1s|γLj1 |
· · · s|γLjs | is a di-

rected path in BG(W ), or equivalently, w◦w
−1 → w◦w

−1s|γLj1 |
→ · · · →

w◦w
−1s|γLj1 |

· · · s|γLjs | is a directed path in BG(W ). This implies that

(3.3.3)

=
∑

A∈A|q=0(w◦w−1,Γ◁(λ))

(−1)n(A)

×

L(
w−1s|γL

j1
|···s|γL

js
|

)−1

(
w−1sγLj1 ,− deg((βL

j1
)∨) · · · sγLjs ,−deg((βL

js
)∨)(−λ)

)
=

∑
A∈A|q=0(w◦w−1,Γ◁(λ))

(−1)n(A)
[
L(w◦ end(A))−1(−w◦ wt(A))

]
,

as desired. this proves the lemma.

By applying the restrection of the forgetful map Ξ̃|A|q=0(w◦w−1,Γ◁(λ)) :
A|q=0(w◦w

−1,Γ◁(λ)) → ILS(λ) × W (see Corollary 3.2.12), we obtain the
following identity, which is the desired description of the inverse Chevalley
formula in terms of interpolated LS paths.

Corollary 3.3.13. For λ ∈ P and w ∈ W , we have

[C(−λ)⊗C Ow] =∑
η∈ILS(λ)

w◦w−1
(λ,+,q=0)
=====⇒κ(η)

∑
u∈W

ι(η)
(λ,−,q=0)
=====⇒u

(−1)neg(η)+ℓ(u)−ℓ(ι(η))[L(w◦u)−1(−w◦ wt(η))].

(3.3.4)

3.3.3 Yip formula for characters of Demazure submod-
ules

As an application of the inverse Chevalley formula, we describe the Yip
formula explicitly. To obtain the Yip formula, we consider the cohomology
groups of sheaves which appear in (3.3.4).
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Definition 3.3.14 ([24, Section 4]). Let ν ∈ P+. The (ν-twisted) Euler
character is the (unique) Z[P ]-linear map χν : KH(G/B) → Z[P ] which
satisfies

χν([M]) =
∞∑
i=0

(−1)i chH i(G/B,M⊗OX
L(−ν))

for each H-equivariant coherent sheafM on G/B.

Euler characters for sheaves which appear in the Chevalley formula are
calculated as follows.

Lemma 3.3.15. Let ν ∈ P+, λ, ξ ∈ P , and v, w ∈ W . Then we have the
following.

(1) It holds that χν([C(−λ)⊗C Ow]) = eλ chDw(ν).

(2) If ξ + ν ∈ P+, then we have χν([Lv(−ξ)]) = chDv(ξ + ν).

Here, · is a Z-linear involution on Z[P ] defined by eζ = e−ζ for each ζ ∈ P .
Proof. First, we recall from [26, Theorem 2.1] (see also [1, 4.3, Theorem])
that

χ0([Lu(−µ)]) =
∞∑
i=0

(−1)i chH i(G/B,Lu(−µ)) = chDu(µ)

for u ∈ W and µ ∈ P+.
Then we calculate as follows:

χν([C(−λ)⊗C Ow]) =
∞∑
i=0

(−1)i chH i(G/B, (C(−λ)⊗C Ow)⊗OX
L(−ν))

=
∞∑
i=0

(−1)i chH i(G/B,C(−λ)⊗C (Ow ⊗OX
L(−ν)))

=
∞∑
i=0

(−1)i chH i(G/B,C(−λ)⊗C Lw(−ν))

= e−λ

(
∞∑
i=0

(−1)i chH i(G/B,Lw(−ν))

)
= eλ chDw(ν);

which proves (1). Also, we obtain

χν([Lv(−ξ)]) =
∞∑
i=0

(−1)i chH i(G/B, (Ov ⊗OX
L(−ξ))⊗OX

L(−ν))

=
∞∑
i=0

(−1)i chH i(G/B,Ov ⊗OX
(L(−ξ)⊗OX

L(−ν)))
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=
∞∑
i=0

(−1)i chH i(G/B,Ov ⊗OX
L(−ξ − ν))

= chDv(ξ + ν),

which proves (2).

Therefore, by taking the twisted Euler character for sheaves in (3.3.4) and
applying the involution · , we obtain the following Yip formula, as desired.

Theorem 3.3.16. Let λ ∈ P , w ∈ W , and ν ∈ P+. If ν + w◦ wt(η) ∈ P+

for all η ∈ ILS(λ) such that w◦w
−1 (λ,+,q=0)

=====⇒ κ(η), then the following identity
holds.

eλ chDw(ν) =∑
η∈ILS(λ)

w◦w−1
(λ,+,q=0)
=====⇒κ(η)

∑
u∈W

ι(η)
(λ,−,q=0)
=====⇒u

(−1)neg(η)+ℓ(u)−ℓ(ι(η)) chD(w◦u)−1(ν + w◦ wt(η)).
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Chapter 4

Quantum Yang-Baxter moves

4.1 Generalization of quantum Yang-Baxter

moves

Quantum Yang-Baxter moves for a dominant weight are introduced in [18].
We review the Yang-Baxter transformation for λ-chains, and state main ar-
guments about generalized quantum Yang-Baxter moves. This section is
based on [14, Section 3]

4.1.1 Yang-Baxter transformation

Let λ ∈ P , and let Γ = (β1, . . . , βr) be a λ-chain (of roots). The following
procedure (YB) is called the Yang-Baxter transformation:

(YB) Take a segment (βt+1, . . . , βt+q) of Γ of the form

(βt+1, . . . , βt+q) = (α, sα(β), sαsβ(α), . . . , sβ(α), β)

for some α, β ∈ ∆ with ⟨α, β∨⟩ ≤ 0, or equivalently ⟨β, α∨⟩ ≤ 0, and
α ̸= −β, and set

Γ′ := (β1, β2, . . . , βt, βt+q, βt+q−1, . . . , βt+1, βt+q+1, βt+q+2, . . . , βr),

i.e., reverse the segment (βt+1, . . . , βt+q) of Γ.

Also, we define a procedure (D), called deletion, as follows:

(D) Take a segment (βt+1, βt+2) of Γ of the form (βt+1, βt+2) = (β,−β)
for some β ∈ ∆, and set Γ′ = (β1, . . . , βt, βt+3, . . . , βq), i.e., delete the
segment (βt+1, βt+2) of Γ.

It is known that every λ-chain can be transformed into an arbitrary re-
duced λ-chain by repeated application of the procedures (YB) and (D) (see
[19, Remark 38], or [22, Lemma 9.3]).
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4.1.2 Quantum Yang-Baxter moves

Let λ ∈ P+ be a dominant weight, and let Γ1, Γ2 be λ-chains such that Γ2 is
obtained from Γ1 by the Yang-Baxter transformation (YB). Quantum Yang-
Baxter moves, introduced in [18, Section 3.1], give a bijection A(e,Γ1) →
A(e,Γ2) which preserves weights and heights.

Our main result in this chapter is the existence of a generalization of
quantum Yang-Baxter moves for an arbitrary (not necessarily dominant)
weight λ ∈ P and an arbitrary w ∈ W .

Let λ ∈ P be an arbitrary weight, and let Γ1 and Γ2 be λ-chains such
that Γ2 is obtained from Γ1 by the Yang-Baxter transformation (YB). If we
write Γ1 = (β1, . . . , βr) and Γ2 = (β′

1, . . . , β
′
r), then there exists 1 ≤ t ≤ r

such that

• (βt+1, . . . , βt+q) = (α, sα(β), sαsβ(α), . . . , sβ(α), β) for some q ≥ 1 and
some α, β ∈ ∆ such that ⟨α, β∨⟩ ≤ 0 and α ̸= −β,

• Γ2 = (β′
1, . . . , β

′
r) =

(β1, β2, . . . , βt, βt+q, βt+q−1, . . . , βt+1, βt+q+1, βt+q+2, . . . , βr).

We take the alcove path (A◦ = A0, . . . , Ar = A−λ) corresponding to Γ1,
and take integers lk ∈ Z for k = 1, . . . , r such that for each k = 1, . . . , r,
the hyperplane Hβk,−lk contains the common wall of Ak−1 and Ak. Also, we
take the alcove path (A◦ = A′

0, . . . , A
′
r = A−λ) corresponding to Γ2, and

we take integers l′k ∈ Z for k = 1, . . . , r such that for each k = 1, . . . , r,
the hyperplane Hβ′

k,−l
′
k
contains the common wall of A′

k−1 and A′
k. Then it

follows that A′
k = Ak and l′k = lk for k = 1, . . . , t, t + q + 1, . . . , r, and that

l′t+p = lt+q+1−p for p = 1, . . . , q.

Now, we divide Γ1 into three parts Γ
(1)
1 , Γ

(2)
1 , and Γ

(3)
1 as follows:

Γ
(1)
1 := (β1, . . . , βt), Γ

(2)
1 := (βt+1, . . . , βt+q), Γ

(3)
1 := (βt+q+1, . . . , βr).

(4.1.1)

Also, we divide Γ2 into three parts Γ
(1)
2 , Γ

(2)
2 , and Γ

(3)
2 as follows:

Γ
(1)
2 := (β′

1, . . . , β
′
t), Γ

(2)
2 := (β′

t+1, . . . , β
′
t+q), Γ

(3)
2 := (β′

t+q+1, . . . , β
′
r).
(4.1.2)

Note that Γ
(1)
1 = Γ

(1)
2 and Γ

(3)
1 = Γ

(3)
2 ; in addition, βt+1, . . . , βt+q are distinct.

Next, let w ∈ W . For a w-admissible subset A ∈ A(w,Γ1), we define A(1),
A(2), and A(3) by

A(1) := A ∩ {1, . . . , t}, A(2) := A ∩ {t+ 1, . . . , t+ q},
A(3) := A ∩ {t+ q + 1, . . . , r}.

(4.1.3)
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Also, for B ∈ A(w,Γ2), we define B(1), B(2), and B(3) by

B(1) := B ∩ {1, . . . , t}, B(2) := B ∩ {t+ 1, . . . , t+ q},
B(3) := B ∩ {t+ q + 1, . . . , r}.

(4.1.4)

Unlike the case that λ is dominant, there does not exist a bijection be-
tween A(w,Γ1) and A(w,Γ2) in general.

Example 4.1.1. Assume that g is of type A2. We set Γ1 := (α2,−α1,−θ,−α1)
and Γ2 := (−θ,−α1, α2,−α1), where θ = α1 + α2. Then we see that Γ1 and
Γ2 are (−2ϖ1+ϖ2)-chains such that Γ2 is obtained from Γ1 by a Yang-Baxter
transformation (YB). Let w = s2. By direct calculation, we have

A(w,Γ1) = {∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 4}, {2, 4}, {3, 4},
{1, 2, 3}, {1, 2, 4}, {1, 2, 3, 4}},

A(w,Γ2) = {∅, {1}, {2}, {3}, {4}, {1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},
{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {1, 2, 3, 4}}.

Hence we have |A(w,Γ1)| = 12, while |A(w,Γ2)| = 16. This shows that there
does not exist a bijection A(w,Γ1)→ A(w,Γ2).

Thus, for a generalization of quantum Yang-Baxter moves, we need to
consider certain subsets of A(w,Γ1) and A(w,Γ2). The following theorem is
our main result; the proof is given in the next section.

Theorem 4.1.2. There exist subsets A0(w,Γ1) ⊂ A(w,Γ1) and A0(w,Γ2) ⊂
A(w,Γ2) which satisfy the following.

(1) There exists a bijection Y : A0(w,Γ1) → A0(w,Γ2) such that for all
A ∈ A0(w,Γ1), it holds that

• (Y (A))(1) = A(1), end((Y (A))(2)) = end(A(2)), (Y (A))(3) = A(3),

• down(Y (A)) = down(A), and

• (−1)n(Y (A)) = (−1)n(A).

(2) For k = 1, 2, we set AC0 (w,Γk) := A(w,Γk) \ A0(w,Γk) . There exists
an involution Ik on AC0 (w,Γk) such that for all A ∈ AC0 (w,Γk), it holds
that

• (Ik(A))
(1) = A(1), end((Ik(A))

(2)) = end(A(2)), (Ik(A))
(3) = A(3),

• down(Ik(A)) = down(A), and

• (−1)n(Ik(A)) = −(−1)n(A).
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Remark 4.1.3. In order to explain our maps Y , I1, and I2 in Theorem 4.1.2,
we have a useful notion, called a sijection, introduced in [6]; for the definition
of sijections, see [6, Section 2]. For sets S, T equipped with sign functions
S → {±1}, T → {±1}, a sijection from S to T is the collection (ιS, ιT , φ) of
a sign-reversing involution ιS on a subset S0 of S, a sign-reversing involution
ιT on a subset T0 of T , and a sign-preserving bijection φ from S \S0 to T \T0
(see [6, p.9]). In this terminology, our collection (I1, I2, Y ) in Theorem 4.1.2
is a sijection from A(w,Γ1) to A(w,Γ2). This sijection can be thought of as
a generalization of quantum Yang-Baxter moves.

As in the case that λ is dominant, we can prove that the maps Y , I1, and
I2 preserve weights and heights.

Theorem 4.1.4. (1) For all A ∈ A0(w,Γ1), it holds that wt(Y (A)) =
wt(A) and height(Y (A)) = height(A).

(2) Let k = 1, 2. For all A ∈ AC0 (w,Γk), it holds that wt(Ik(A)) = wt(A)
and height(Ik(A)) = height(A).

4.2 Proof of the existence of quantum Yang-

Baxter moves

We prove Theorems 4.1.2 and 4.1.4 in this section. The proofs are based
on a property analogous to the shellability of QBG(W ) for the rank 2 root
systems. This section is based on [14, Section 4 and Appendices A and B].

4.2.1 Quantum Bruhat operators

Let K be a field which contains the ring C[[Q∨,+]] := C[[Qi | i ∈ I]] of formal
power series, where Qi, i ∈ I, are variables, and set Qξ :=

∏
i∈I Q

mi
i for

ξ =
∑

i∈I miα
∨
i ∈ Q∨,+. For γ ∈ ∆+, following [3], we define the quantum

Bruhat operator Qγ on the group algebra K[W ] of W by

Qγv :=


vsγ if v

γ−→ vsγ is a Bruhat edge,

Qγ∨vsγ if v
γ−→ vsγ is a quantum edge,

0 otherwise.

We set Q−γ := −Qγ for γ ∈ ∆+, and then Rγ := 1 + Qγ for γ ∈ ∆. The
operators {Rγ | γ ∈ ∆} satisfy the Yang-Baxter equation: for α, β ∈ ∆ such
that ⟨α, β∨⟩ ≤ 0 and α ̸= −β, it holds that

RαRsα(β)Rsαsβ(α) · · ·Rsβ(α)Rβ = RβRsβ(α) · · ·Rsαsβ(α)Rsα(β)Rα; (4.2.1)
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the proof of this equation is the same as that of [19, Proposition 36].
We give some properties of quantum Bruhat operators.

Lemma 4.2.1. Let Π = (β1, . . . , βr) be a sequence of roots (i.e., β1, . . . , βr ∈
∆) such that β1, . . . , βr are distinct.

(1) For v ∈ W , we have

RβrRβr−1 · · ·Rβ1v =
∑

p∈P(v,Π)

(−1)neg(p)Qwt(p) end(p).

(2) For v ∈ W , we have

R|βr|R|βr−1| · · ·R|β1|v =
∑

p∈P(v,Π)

Qwt(p) end(p).

Proof. For J ⊂ {1, . . . , r}, we set neg(J) := {j ∈ J | βj ∈ −∆+}. We see
that

RβrRβr−1 · · ·Rβ1 = (1 + Qβr)(1 + Qβr−1) · · · (1 + Qβ1)

=
∑

{j1<...<js}⊂{1,...,r}

Qβjs
Qβjs−1

· · ·Qβj1

=
∑

{j1<...<js}⊂{1,...,r}

(sgn(βjs)Q|βjs |)(sgn(βjs−1)Q|βjs−1
|)

× · · · (sgn(βj1)Q|βj1 |)

=
∑

J={j1<...<js}⊂{1,...,r}

(−1)neg(J)Q|βjs |Q|βjs−1
| · · ·Q|βj1 |. (4.2.2)

Similarly, we see that

R|βr|R|βr−1| · · ·R|β1| =
∑

{j1<...<js}⊂{1,...,r}

Q|βjs |Q|βjs−1
| · · ·Q|βj1 |. (4.2.3)

For J = {j1, . . . , js} ⊂ {1, . . . , r}, if we have the edge

vs|βj1 | · · · s|βja−1
|

|βja |−−→ vs|βj1 | · · · s|βja |

in QBG(W ) for all 1 ≤ a ≤ s, then we set δ(J) := 1, and define a directed
path p(J) in QBG(W ) by

p(J) : v
|βj1 |−−→ vs|βj1 |

|βj2 |−−→ · · · |βjs |−−→ vs|βj1 | · · · s|βjs |;
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otherwise, we set δ(J) := 0. By the definition of quantum Bruhat operators,
we have

Q|βjs |Q|βjs−1
| · · ·Q|βj1 |v =

{
Qwt(p(J)) end(p(J)) if δ(J) = 1,

0 if δ(J) = 0.

If δ(J) = 1, then we have neg(J) = neg(p(J)). Therefore, by (4.2.2), we
deduce that

RβrRβr−1 · · ·Rβ1v =
∑

J={j1<...<js}⊂{1,...,r}

(−1)neg(J)Q|βjs |Q|βjs−1
| · · ·Q|βj1 |v

=
∑

J⊂{1,...,r}
δ(J)=1

(−1)neg(p(J))Qwt(p(J)) end(p(J))

=
∑

p∈P(v,Π)

(−1)neg(p)Qwt(p) end(p),

as desired. This proves part (1) of the lemma.
Also, we see from (4.2.3) that

R|βr|R|βr−1| · · ·R|β1|v =
∑

{j1<...<js}⊂{1,...,r}

Q|βjs |Q|βjs−1
| · · ·Q|βj1 |v

=
∑

J⊂{1,...,r}
δ(J)=1

Qwt(p(J)) end(p(J))

=
∑

p∈P(v,Π)

Qwt(p) end(p).

This proves part (2) of the lemma.

Remark 4.2.2. If we set P(v,Π;w, ξ) := {p ∈ P(v,Π) | end(p) = w, wt(p) =
ξ} for v, w ∈ W and ξ ∈ Q∨,+, then by Lemma 4.2.1 (1), we deduce that

Rβr · · ·Rβ1v =
∑
w∈W

∑
ξ∈Q∨,+

 ∑
p∈P(v,Π;w,ξ)

(−1)neg(p)
Qξw. (4.2.4)

Also, if we set cvξ,w := |P(v,Π;w, ξ)| for v, w ∈ W and ξ ∈ Q∨,+, then we
deduce from Lemma 4.2.1 (2) that

R|βr|R|βr−1| · · ·R|β1|v =
∑
w∈W

∑
ξ∈Q∨,+

cvξ,wQ
ξw. (4.2.5)
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4.2.2 Key propositions to a generalization of quantum
Yang-Baxter moves

We prove a certain property of QBG(W ), which plays an important role in
the proof of Theorem 4.1.2. Let α, β ∈ ∆ be such that ⟨α, β∨⟩ ≤ 0 and
α ̸= −β. We define sequences of roots Π, Π′ by

Π = (γ1, . . . , γq) := (α, sα(β), sαsβ(α), . . . , sβ(α), β),

Π′ = (γ′1, . . . , γ
′
q) := (β, sβ(α), . . . , sαsβ(α), sα(β), α) = (γq, . . . , γ2, γ1);

note that γ1, . . . , γq are distinct. Also, let ∆α,β be the root subsystem of ∆
generated by α and β. Then ∆α,β is a root system of rank 2. More precisely,
we see that ∆α,β is isomorphic to the root system of type A1 × A1, A2, C2,
or G2.

Assume temporarily that ∆ is not of type G2. Then we can prove the
following property, which can be thought of as a generalization of the shella-
bility of QBG(W ) (Theorem 2.2.7) for the rank 2 root systems.

Proposition 4.2.3. Let v ∈ W , and let p be a Π-compatible directed path in
QBG(W ) which starts at v, i.e., p ∈ P(v,Π). Then only one of the following
occurs.

(1) There exists a unique p′ ∈ P(v,Π)\{p} such that end(p′) = end(p) and
wt(p′) = wt(p). This p′ satisfies (−1)neg(p′) = −(−1)neg(p). Moreover,
there does not exist a path q ∈ P(v,Π′) such that end(q) = end(p) and
wt(q) = wt(p).

(2) There exists a unique p′ ∈ P(v,Π′) such that end(p′) = end(p) and
wt(p′) = wt(p). This p′ satisfies (−1)neg(p′) = (−1)neg(p). Moreover,
there does not exist a path q ∈ P(v,Π)\{p} such that end(q) = end(p)
and wt(q) = wt(p).

The proof of this proposition can be reduced to the case that ∆ is a root
system of rank 2; in Section 4.2.8, we explain how to construct the explicit
correspondence p 7→ p′ through an example.

Now we assume that ∆ is a root system of type A1×A1, A2, or C2. Then
we see that there exists some k = 1, . . . , q such that γk and γk+1 are the
simple roots of ∆ (for convenience of notation, we set γq+1 := γ1). We set

(β1, . . . , βq) := (|γk|, |γk−1|, . . . , |γ1|, |γq|, . . . , |γk+1|). (4.2.6)

Then we have

(β1, . . . , βq) = (β1, sβ1(βq), sβ1sβq(β1), . . . , sβq(β1), βq).
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Also, if we set

Π± := (∓βk,∓βk−1, . . . ,∓β1,±βq,±βq−1, . . . ,±βk+1),

then Π = Π+ or Π = Π−. Note that the total order ≺ on {β1, . . . , βq} = ∆+

defined by
β1 ≺ β2 ≺ · · · ≺ βq (4.2.7)

is a reflection order; the total order ≺′ defined by

βq ≺′ βq−1 ≺′ · · · ≺′ β1 (4.2.8)

is also a reflection order. We consider the following operators for k =
0, 1, . . . , q:

T±
k := R±βk+1

· · ·R±βqR∓β1 · · ·R∓βk ,

Sk := Rβk+1
· · ·RβqRβ1 · · ·Rβk ,

S′
k := Rβk · · ·Rβ1Rβq · · ·Rβk+1

.

In the following proposition, the matrices of operators on K[W ] are the
representation matrices with respect to the basis W of K[W ]. Note that
for a W -linear operator T : K[W ] → K[W ], the matrix of T is defined by
(cv,w)v,w∈W if Tw =

∑
v∈W cv,wv, cv,w ∈ K.

Proposition 4.2.4. (1) All the entries of the matrix of Sk, k = 0, 1, . . . , q,
are of the form

∑r
j=1mjQ

ξj , where all ξj ∈ Q∨,+ are distinct, and
mj ∈ {1, 2}.

(2) Let v, w ∈ W . Assume that the (v, w)-entry of the matrix of Sk is of
the form

∑r
j=1mjQ

ξj as in (1). Also, assume that the (v, w)-entry of

the matrix of T±
k is of the form

∑
ξ∈Q∨,+ n

±
ξ Q

ξ. For j = 1, . . . , r, if

mj = 2, then n±
ξj

= 0, and if mj = 1, then n±
ξj
∈ {1,−1}. Moreover,

for ξ ∈ Q∨,+ \ {ξ1, . . . , ξr}, we have n±
ξ = 0.

(3) Let v, w ∈ W . Assume that the (v, w)-entry of the matrix of Sk is of the
form

∑r
j=1mjQ

ξj as in (1). Also, assume that the (v, w)-entry of the

matrix of S′
k is of the form

∑
ξ∈Q∨,+ nξQ

ξ. For j = 1, . . . , r, if mj = 2,
then nξj = 0, and if mj = 1, then nξj = 1.

The proof of Proposition 4.2.4 is based on direct calculations, which we
give later.
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Proof of Proposition 4.2.3. First, we show the proposition for the root sys-
tem ∆ of type A1 × A1, A2, or C2. As in (4.2.6), we take a sequence

(β1, . . . , βq) := (|γk|, |γk−1|, . . . , |γ1|, |γq|, . . . , |γk+1|)

of roots. Recall from (4.2.5) that

Skv =
∑
w∈W

∑
ξ∈Q∨,+

cvw,ξQ
ξw,

where cvw,ξ = |P(v,Π;w, ξ)|. By Proposition 4.2.4 (1), we see that cvw,ξ ∈
{0, 1, 2}. Also, again from (4.2.5), we see that

S′
kv =

∑
w∈W

∑
ξ∈Q∨,+

(cvw,ξ)
′Qξw,

where (cvw,ξ)
′ = |P(v,Π′;w, ξ)|.

We write
T±
k v =

∑
w∈W

∑
ξ∈Q∨,+

dv,±w,ξQ
ξw,

where dv,±w,ξ ∈ Z. Then, by (4.2.4), if Π = Π+, then

dv,+w,ξ =
∑

q∈P(v,Π;w,ξ)

(−1)neg(q), dv,−w,ξ =
∑

q∈P(v,Π;w,ξ)

(−1)ℓ(q)−neg(q); (4.2.9)

if Π = Π−, then

dv,+w,ξ =
∑

q∈P(v,Π;w,ξ)

(−1)ℓ(q)−neg(q), dv,−w,ξ =
∑

q∈P(v,Π;w,ξ)

(−1)neg(q). (4.2.10)

We set w := end(p) and ξ := wt(p). Since p ∈ P(v,Π;w, ξ), we have
cvw,ξ ̸= 0. First, assume that cvw,ξ = 2. Then there exists a unique p′ ∈
P(v,Π;w, ξ) \ {p}, i.e., there exists a unique p′ ∈ P(v,Π) \ {p} such that
end(p′) = end(p) = w and wt(p′) = wt(p) = ξ. By Proposition 4.2.4 (2), we
have dv,±w,ξ = 0. Hence, by (4.2.9) and (4.2.10), we obtain∑

q∈P(v,Π;w,ξ)

(−1)neg(q) = (−1)neg(p) + (−1)neg(p′) = 0.

This shows that (−1)neg(p′) = −(−1)neg(p). Here, by Proposition 4.2.4 (3), we
deduce that (cvw,ξ)

′ = 0. Hence there does not exist a q ∈ P(v,Π′) such that
end(q) = end(p) = w and wt(q) = wt(p) = ξ. This shows the proposition
in the case cvw,ξ = 2.

53



Next, we assume that cvw,ξ = 1. In this case, there does not exist a
q ∈ P(v,Π) \ {p} such that end(q) = end(p) = w and wt(q) = wt(p) = ξ,
since P(v,Π;w, ξ) = {p}. We set

(T±
k )

′ := R∓βk · · ·R∓β1R±βq · · ·R±βk+1
.

Then, by the Yang-Baxter equation (4.2.1), we have (T±
k )

′ = T±
k . Hence, if

we write
(T±

k )
′v =

∑
w∈W

∑
ξ∈Q∨,+

(dv,±w,ξ )
′Qξw,

with (dv,±w,ξ )
′ ∈ Z, then we see that (dv,±w,ξ )

′ = dv,±w,ξ . By Proposition 4.2.4 (2),

we deduce that (dv,±w,ξ )
′ = dv,±w,ξ ∈ {1,−1}. Again, by Proposition 4.2.4 (2) (by

replacing (β1, . . . , βq) with (βq, . . . , β1)), we deduce that (cvw,ξ)
′ = 1. Hence

there exists a unique p′ ∈ P(v,Π′;w, ξ), i.e., there exists a unique p′ ∈
P(v,Π′) such that end(p′) = end(p) = w and wt(p′) = wt(p) = ξ. If
Π = Π+, then

(−1)neg(p) = dv,+w,ξ = (dv,+w,ξ )
′ = (−1)neg(p′);

if Π = Π−, then

(−1)neg(p) = dv,−w,ξ = (dv,−w,ξ )
′ = (−1)neg(p′).

This shows that (−1)neg(p′) = (−1)neg(p), as desired. This completes the proof
of the proposition for the root system ∆ of type A1 × A1, A2, or C2.

Now, assume that the root system ∆ is of an arbitrary type (except G2),
not necessarily of rank 2. Let W be the Weyl group of ∆α,β. Note that
W is a (dihedral) subgroup of W ; the quantum Bruhat graph (denoted by
QBG(W )) ofW is no longer a subgraph of QBG(W ). By [18, Proposition 5.1
and Remarks 5.2 (2)], for each u ∈ W , there exist uniquely ⌊u⌋ ∈ uW and
u ∈ W such that

• u = u⌊u⌋, and

• for a positive root γ of ∆α,β, we have ℓ(u) < ℓ(usγ) if and only if
ℓ(⌊u⌋u) < ℓ(⌊u⌋usγ).

We set w := end(p) and ξ := wt(p). Suppose, for a contradiction, that
there exist two or more directed paths q ∈ P(v,Π;w, ξ) \ {p}. Then we
see that |P(v,Π, w, ξ)| ≥ 3. By [18, Theorem 5.3], there exists an injec-
tion P(v,Π;w, ξ) ↪→ P(v,Π;w, γ), where P(v,Π;w, γ) is the set of all Π-
compatible directed paths in QBG(W ) which starts at v, ends at w, and has
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weight ξ, where Π is considered to be a sequence of roots in the root system
∆α,β. Hence we have #P(v,Π;w, ξ) ≥ 3. This contradicts the proposition
for the rank 2 root systems, shown above. Hence we conclude that there
exists at most one directed path q ∈ P(v,Π;w, ξ). If such a q exists, then,
by the proposition for the rank 2 root systems and [18, Theorem 5.3], we
have (−1)neg(q) = −(−1)neg(p). Also, a similar argument shows that there
exists at most one directed path r ∈ P(v,Π′;w, ξ). If such an r exists, then
we have (−1)neg(r) = (−1)neg(p).

We show that at least one of the directed paths q and r exists. We write

Rγq · · ·Rγ1v =
∑
w∈W

∑
ξ∈Q∨,+

dvw,ξQ
ξw,

Rγ1 · · ·Rγqv =
∑
w∈W

∑
ξ∈Q∨,+

(dvw,ξ)
′Qξw.

If there does not exist a directed path q ∈ P(v,Π;w, ξ)\{p}, then by (4.2.4),
we have dvw,ξ = ±1. By the Yang-Baxter equation (4.2.1), we deduce that
(dvw,ξ)

′ = dvw,ξ = ±1. By (4.2.4), we see that P(v,Π′;w, ξ) ̸= ∅. Therefore,
we conclude that there exists a directed path r ∈ P(v,Π′;w, ξ) in this case,
as desired.

Finally, suppose, for a contradiction, that both q and r exist at the
same time. Then, by [18, Theorem 5.3], we have |P(v,Π;w, ξ)| ≥ 2 and
|P(v,Π′;w, ξ)| ≥ 1. This contradicts the proposition for the rank 2 root
systems, shown above.

This completes the proof of Proposition 4.2.3.

Thus it remains to prove Proposition 4.2.4. We assume temporarily that
∆ is of type A1×A1, A2, or C2. If ∆ is of type A2 (resp., A1×A1, C2), then
we have q = 3 (resp., q = 2, 4). By the shellability of QBG(W ), there exists
a unique label-increasing directed path (with respect to ≺ or ≺′, defined in
(4.2.7) and (4.2.8)) from v to w in QBG(W ) for all v, w ∈ W . Hence we have

T+
0 v = T−

q v = S0v = S′
0v =

∑
w∈W

Qwt(v⇒w)w,

T−
0 v = T+

q v =
∑
w∈W

(−1)ℓ(v⇒w)Qwt(v⇒w)w

for all v ∈ W . Therefore, the proposition is obvious in the case k = 0, q.
Hence it suffices to prove the proposition in the case k = 1, q − 1 for all
types, and in the case k = 2 for type C2.
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4.2.3 Proof of Proposition 4.2.4: k = 1, q − 1

We prove Proposition 4.2.4 in the case k = 1, q− 1; recall that β1 and βq are
the simple roots of ∆. By (4.2.4), for all v ∈ W , we have

T+
1 v = Rβ2 · · ·Rβq(R−β1v)

= Rβ2 · · ·Rβq((1− Qβ1)v)

= Rβ2 · · ·Rβq(v −Qwt(v→vsβ1 )vsβ1)

=
∑

q∈P(v,(βq ,...,β2))

Qwt(q) end(q)

−
∑

q∈P(vsβ1 ,(βq ,...,β2))

Qwt(v→vsβ1 )+wt(q) end(q).

Recall that the total order ≺′ on ∆+ = {β1, . . . , βq}, defined by (4.2.8), is a
reflection order. Hence, by the shellability of QBG(W ), for all w ∈ W , there
exists at most one directed path q ∈ P(v, (βq, . . . , β2)) such that end(q) = w.
For such q, we have wt(q) = wt(v ⇒ w) since q is a shortest directed path
from v to w. The same argument shows that for all w ∈ W , there exists at
most one directed path q ∈ P(vsβ1 , (βq, . . . , β2)) such that end(q) = w and
wt(q) = wt(vsβ1 ⇒ w). Hence, if we set

δv,w :=

{
1 if there exists q ∈ P(v, (βq, . . . , β2)) such that end(q) = w,

0 otherwise

for v, w ∈ W , then we have

T+
1 v =

∑
w∈W

δv,wQ
wt(v⇒w)w −

∑
w∈W

δvsβ1 ,wQ
wt(v→vsβ1 )+wt(vsβ1⇒w)w

=
∑
w∈W

(δv,wQ
wt(v⇒w) − δvsβ1 ,wQ

wt(v→vsβ1 )+wt(vsβ1⇒w))w. (4.2.11)

Also, by the same argument, we see that

T−
1 v =

∑
w∈W

(−1)ℓ(v⇒w)(δv,wQ
wt(v⇒w) − δvsβ1 ,wQ

wt(v→vsβ1 )+wt(vsβ1⇒w))w;

(4.2.12)
note that for a directed path q from vsβ1 to w, it follows that (−1)ℓ(q) =
(−1)ℓ(vsβ1⇒w), and hence

(−1)ℓ(vsβ1⇒w) = (−1)ℓ(vsβ1⇒v)+ℓ(v⇒w) = (−1)1+ℓ(v⇒w) = −(−1)ℓ(v⇒w).
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Let us consider S1. By the same argument as for T+
1 , we deduce that

S1v =
∑

q∈P(v,(βq ,...,β2))

Qwt(q) end(q) +
∑

q∈P(vsβ1 ,(βq ,...,β2))

Qwt(v→vsβ1 )+wt(q) end(q)

=
∑
w∈W

(δv,wQ
wt(v⇒w) + δvsβ1 ,wQ

wt(v→vsβ1 )+wt(vsβ1⇒w))w. (4.2.13)

Hence equations (4.2.11), (4.2.12), and (4.2.13) imply Proposition 4.2.4 (1)
and (2) in the case k = 1, as desired.

Next, we consider the case k = q− 1; recall that βq is a simple root of ∆.
By (4.2.4), we have

T+
q−1v = Rβq(R−β1 · · ·R−βq−1v)

= Rβq

 ∑
q∈P(v,(−βq−1,...,−β1))

(−1)ℓ(q)Qwt(q) end(q)


=

∑
q∈P(v,(−βq−1,...,−β1))

(−1)ℓ(q)

× (Qwt(q) end(q) +Qwt(q)+wt(end(q)→end(q)sβq ) end(q)sβq).

Hence, if we set

δ′v,w :=

1

{
if there exists q ∈ P(v, (−βq−1, . . . ,−β1))
such that end(q) = w,

0 otherwise

for v, w ∈ W , then we have

T+
q−1v =

∑
w∈W

(−1)ℓ(v⇒w)(δ′v,wQ
wt(v⇒w) − δ′v,wsβqQ

wt(v⇒wsβq )+wt(wsβq→w))w.

(4.2.14)
Similarly, we have

T−
q−1v =

∑
w∈W

(δ′v,wQ
wt(v⇒w) − δ′v,wsβqQ

wt(v⇒wsβq )+wt(wsβq→w))w. (4.2.15)

Also, we see that

Sq−1v =
∑
w∈W

(δ′v,wQ
wt(v⇒w) + δ′v,wsβqQ

wt(v⇒wsβq )+wt(wsβq→w))w. (4.2.16)

Hence equations (4.2.14), (4.2.15), and (4.2.16) imply Proposition 4.2.4 (1)
and (2) in the case k = q − 1.
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It remains to prove Proposition 4.2.4 (3) in the case k = 1, q − 1. It
suffices to prove it in the case k = 1; indeed, if we replace (β1, . . . , βq) with
(βq, . . . , β1) and consider the case k = 1, then we obtain the proposition in
the case k = q − 1. Recall equation (4.2.13). By the same argument, we see
that

S′
1v =

∑
w∈W

(εv,wQ
wt(v⇒w) + εv,wsβ1Q

wt(v⇒wsβ1)+wt(wsβ1→w))w,

where

εv,w :=

{
1 if there exists q ∈ P(v, (β2, . . . , βq)) such that end(q) = w,

0 otherwise

for v, w ∈ W . Assume that cvw,ξ = 2 for some v, w ∈ W and ξ ∈ Q∨,+. It
suffices to show that (cvw,ξ)

′ = 0. In this case, we deduce from (4.2.13) that

δv,w = δvsβ1 ,w = 1, (4.2.17)

wt(v ⇒ w) = wt(v → vsβ1) + wt(vsβ1 ⇒ w) = ξ. (4.2.18)

By (4.2.18), we see that the concatenation of the edge v → vsβ1 with any
shortest directed path from vsβ1 to w in QBG(W ) is a shortest directed path
from v to w (cf. [3, Lemma 6.7], [32, Lemma 1 (2)], and [20, Proposition 8.1]).
Now, take the (unique) label-increasing directed path r0 from vsβ1 to w in
QBG(W ) with respect to ≺ defined by (4.2.7), and let r be the concatenation
of the edge v → vsβ1 with the path r0. Note that r0 is shortest, and hence
r is also shortest. We claim that r0 ∈ P(v, (β2, . . . , βq)); otherwise, the
concatenation

r : v
β1−→ vsβ1

β1−→ · · · → w︸ ︷︷ ︸
r0

cannot be shortest. Hence r is the label-increasing directed path from v
to w in QBG(W ) such that r /∈ P(v, (β2, . . . , βq)). By the uniqueness of a
label-increasing directed path, we conclude that εv,w = 0. Since δv,w = 1 by
(4.2.17), there exists r1 ∈ P(v, (βq, . . . , β2)) such that end(r1) = w. Then the
concatenation of the path r1 with the edge w → wsβ1 is label-increasing with
respect to ≺′, defined by (4.2.8), and hence this concatenation is shortest.
Also, since δvsβ1 ,w = 1 by (4.2.17), there exists r2 ∈ P(vsβ1 , (βq, . . . , β2)) such
that end(r2) = w. Similarly, the concatenation of the path r2 with the edge
w → wsβ1 is label-increasing with respect to ≺′, and hence this concatenation
is shortest. Since the concatenation of the edge v → vsβ1 with any shortest
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directed path from vsβ1 to w is shortest, we obtain:

ℓ(v ⇒ wsβ1) = ℓ(v ⇒ w)︸ ︷︷ ︸
=ℓ(r1)

+ℓ(w → wsβ1)

= ℓ(v → vsβ1) + ℓ(vsβ1 ⇒ w)︸ ︷︷ ︸
=ℓ(r2)

+ℓ(w → wsβ1)

= ℓ(v → vsβ1) + ℓ(vsβ1 ⇒ wsβ1).

Hence the concatenation of the edge v → vsβ1 with any shortest directed path
from vsβ1 to wsβ1 is shortest. Take the (unique) label-increasing directed
path r3 from vsβ1 to wsβ1 in QBG(W ) with respect to ≺. Then we deduce
that r3 ∈ P(vsβ1 , (β2, . . . , βq)); otherwise, the concatenation

v
β1−→ vsβ1

β1−→ · · · → wsβ1︸ ︷︷ ︸
r3

cannot be shortest. Hence we conclude that εv,wsβ1 = 0. This completes the
proof that (cvw,ξ)

′ = 0.
It remains to show that if cvw,ξ = 1, then (cvw,ξ)

′ = 1. Assume that
cvw,ξ = 1. By the above argument (i.e., Proposition 4.2.4 (2) in the case

k = 1), we have dv,+w,ξ = ±1. By the Yang-Baxter equation (4.2.1), we see

that (dv,+w,ξ )
′ = dv,+w,ξ = ±1. Hence we deduce again from the above argument

(i.e., Proposition 4.2.4 (2) in the case k = 1, with (β1, . . . , βq) replaced by
(βq, . . . , β1)) that (c

v
w,ξ)

′ = 1.
This completes the proof of Proposition 4.2.4 in the case k = 1, q − 1.

4.2.4 Proof of Proposition 4.2.4: case of type C2

We consider the root system ∆ of type C2. We know that q = 4, and
(β1, β2, β3, β4) = (α1, 2α1 + α2, α1 + α2, α2) or (β1, β2, β3, β4) = (α2, α1 +
α2, 2α1 + α2, α1).

Since only the case k = 2 is remaining, it suffices to calculate the matri-
ces (with respect to the basis W = {e, s1, s2, s1s2, s2s1, s1s2s1, s2s1s2, w◦} of
K[W ]) of the following four operators:

(1) Rα1+α2Rα2R−α1R−2α1−α2 = R−2α1−α2R−α1Rα2Rα1+α2 ;

(2) R2α1+α2Rα1R−α2R−α1−α2 = R−α1−α2R−α2Rα1R2α1+α2 ;

(3) Rα1+α2Rα2Rα1R2α1+α2 ; and

(4) R2α1+α2Rα1Rα2Rα1+α2 ,
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where the equalities in (1) and (2) follow from the Yang-Baxter equation
(4.2.1). The following are the matrices (with respect to the basis W ) of
operators Qγ , γ ∈ ∆+ = {α1, 2α1 + α2, α1 + α2, α2} (cf. [18, Fig. 2 (B)]).

[1] Qα1 : 

0 Q1 0 0 0 0 0 0
1 0 0 0 0 0 0 0
0 0 0 0 Q1 0 0 0
0 0 0 0 0 Q1 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 Q1

0 0 0 0 0 0 1 0


[2] Q2α1+α2 : 

0 0 0 0 0 Q1Q2 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 Q1Q2

0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0


[3] Qα1+α2 : 

0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0


[4] Qα2 : 

0 0 Q2 0 0 0 0 0
0 0 0 Q2 0 0 0 0
1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 0 Q2 0
0 0 0 0 0 0 0 Q2

0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0


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By explicit calculations (by using, e.g., SageMath), we obtain the follow-
ing matrices.

(1) Rα1+α2Rα2R−α1R−2α1−α2 :

1 Q1Q2 −Q1 Q2 0 −Q1Q2 −Q1Q2 0 −Q1Q
2
2

−1 1 0 Q2 0 0 0 0

1 0 1 0 −Q1 −Q1Q2 0 −Q1Q2

0 1 1 1 −Q1 −Q1 0 −Q1Q2

0 −1 −1 −Q2 1 0 Q2 0

0 −1 −1 −1 1 1 0 Q2

0 −1 −1 −1 1 0 1 Q1Q2 −Q1

0 0 0 0 0 1 −1 1


(2) R2α1+α2Rα1R−α2R−α1−α2 :

1 −Q1Q2 +Q1 −Q2 0 −Q1Q2 Q1Q2 0 −Q1Q
2
2

1 1 0 −Q2 0 0 0 0

−1 0 1 0 Q1 −Q1Q2 0 Q1Q2

0 −1 −1 1 −Q1 Q1 0 −Q1Q2

0 1 1 −Q2 1 0 −Q2 0

0 −1 −1 1 −1 1 0 −Q2

0 −1 −1 1 −1 0 1 −Q1Q2 +Q1

0 0 0 0 0 −1 1 1


(3) Rα1+α2Rα2Rα1R2α1+α2 :

1 Q1Q2 +Q1 Q2 0 Q1Q2 Q1Q2 0 Q1Q
2
2

1 1 0 Q2 0 2Q1Q2 0 0

1 2Q1 1 0 Q1 Q1Q2 0 Q1Q2

2 2Q1 + 1 1 1 Q1 2Q1Q2 +Q1 0 Q1Q2

0 1 1 Q2 1 0 Q2 2Q1Q2

0 1 1 2Q2 + 1 1 1 2Q2 2Q1Q2 +Q2

0 1 1 1 1 0 1 Q1Q2 +Q1

0 0 0 2 0 1 1 1


(4) R2α1+α2Rα1Rα2Rα1+α2 :

1 Q1Q2 +Q1 2Q1Q2 +Q2 2Q1Q2 Q1Q2 Q1Q2 0 Q1Q
2
2

1 1 2Q2 Q2 0 0 0 0

1 0 1 0 2Q1Q2 +Q1 Q1Q2 2Q1Q2 Q1Q2

0 1 1 1 Q1 Q1 0 Q1Q2

2 1 2Q2 + 1 Q2 1 0 Q2 0

0 1 1 1 1 1 0 Q2

0 1 1 1 2Q1 + 1 2Q1 1 Q1Q2 +Q1

0 0 0 0 2 1 1 1


This proves the proposition.
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4.2.5 Case of type G2

We consider the root system ∆ of type G2. We have q = 6, and

(β1, β2, β3, β4, β5, β6) = (α1, 3α1 + α2, 2α1 + α2, 3α1 + 2α2, α1 + α2, α2)

or

(β1, β2, β3, β4, β5, β6) = (α2, α1 + α2, 3α1 + 2α2, 2α1 + α2, 3α1 + α2, α1).

In this case, a key proposition to the proof of Theorem 4.1.2 is slightly dif-
ferent from that in the other types. First, we state the following proposition
for quantum Bruhat operators in type G2.

Proposition 4.2.5. (1) All the entries of the matrix of Sk, k = 0, 1, . . . , 6,
are of the form

∑r
j=1mjQ

ξj , where all ξj ∈ Q∨,+ are distinct, and
mj ∈ {1, 2, 3}.

(2) Let v, w ∈ W . Assume that the (v, w)-entry of the matrix of Sk is of
the form

∑r
j=1mjQ

ξj as in (1). Also, assume that the (v, w)-entry of

the matrix of T±
k is of the form

∑
ξ∈Q∨,+ n

±
ξ Q

ξ. For j = 1, . . . , r, if

mj = 2, then n±
ξj
= 0, and if mj = 1 or if mj = 3, then n±

ξj
∈ {1,−1}.

Moreover, for ξ ∈ Q∨,+ \ {ξ1, . . . , ξr}, we have n±
ξ = 0.

(3) Let v, w ∈ W . Assume that the (v, w)-entry of the matrix of Sk is of the
form

∑r
j=1mjQ

ξj as in (1). Also, assume that the (v, w)-entry of the

matrix of S′
k is of the form

∑
ξ∈Q∨,+ nξQ

ξ. For j = 1, . . . , r, if mj = 2,
then nξj = 0 or nξj = 2, and if mj = 1, then nξj = 1 or nξj = 3.
Moreover, if mj = 3, then nξj = 1.

The proof in the case k = 0, 1, 5, 6 is the same as that in types A1 × A1,
A2, and C2, given above. Since the case k = 2, 3, 4 is remaining, we need to
calculate the matrices (with respect to the basis

W = {e, s1, s2, s1s2, s2s1, s1s2s1, s2s1s2,
s1s2s1s2, s2s1s2s1, s1s2s1s2s1, s2s1s2s1s2, w◦}

of K[W ]) of the following 12 operators:

(1) R2α1+α2R3α1+2α2Rα1+α2Rα2R−α1R−3α1−α2 ;

(2) R3α1+2α2Rα1+α2Rα2R−α1R−3α1−α2R−2α1−α2 ;

(3) Rα1+α2Rα2R−α1R−3α1−α2R−2α1−α2R−3α1−2α2 ;
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(4) R3α1+2α2R2α1+α2R3α1+α2Rα1R−α2R−α1−α2 ;

(5) R2α1+α2R3α1+α2Rα1R−α2R−α1−α2R−3α1−2α2 ;

(6) R3α1+α2Rα1R−α2R−α1−α2R−3α1−2α2R−2α1−α2 ;

(7) R2α1+α2R3α1+2α2Rα1+α2Rα2Rα1R3α1+α2 ;

(8) R3α1+2α2Rα1+α2Rα2Rα1R3α1+α2R2α1+α2 ;

(9) Rα1+α2Rα2Rα1R3α1+α2R2α1+α2R3α1+2α2 ;

(10) R3α1+2α2R2α1+α2R3α1+α2Rα1Rα2Rα1+α2 ;

(11) R2α1+α2R3α1+α2Rα1Rα2Rα1+α2R3α1+2α2 ;

(12) R3α1+α2Rα1Rα2Rα1+α2R3α1+2α2R2α1+α2 .

Proposition 4.2.5 can be verified by direct calculations. Here we give the list
of the matrices of operators (1)–(12). First, the following are the matrices of
operators Qγ, γ ∈ ∆+ = {α1, 3α1 + α2, 2α1 + α2, 3α1 + 2α2, α1 + α2, α2} (cf.
[18, Fig. 2 (C)]):

[1] Qα1 : 

0 Q1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 Q1 0 0 0 0 0 0 0
0 0 0 0 0 Q1 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 Q1 0 0 0
0 0 0 0 0 0 0 0 0 Q1 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 Q1

0 0 0 0 0 0 0 0 0 0 1 0


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[2] Q3α1+α2 :

0 0 0 0 0 Q1Q2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 Q1Q2 0 0 0
0 0 0 0 0 0 0 0 0 Q1Q2 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 Q1Q2

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0


[3] Q2α1+α2 : 

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0


[4] Q3α1+2α2 : 

0 0 0 0 0 0 0 0 0 0 Q1Q
2
2 0

0 0 0 0 0 0 0 0 0 0 0 Q1Q
2
2

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0


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[5] Qα1+α2 : 

0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0


[6] Qα2 : 

0 0 Q2 0 0 0 0 0 0 0 0 0
0 0 0 Q2 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 Q2 0 0 0 0 0
0 0 0 0 0 0 0 Q2 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 Q2 0
0 0 0 0 0 0 0 0 0 0 0 Q2

0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0


Hence the matrices of operators (1)–(12) can be calculated (by using, e.g.,

SageMath) as follows:

(1) R2α1+α2R3α1+2α2Rα1+α2Rα2R−α1R−3α1−α2 :



1 Q1Q2 −Q1 Q2 0 −Q1Q2 −Q1Q2 −Q1Q
2
2 −Q1Q

2
2 0 0 Q1Q

2
2 Q2

1Q
3
2 −Q2

1Q
2
2

−1 1 0 Q2 0 0 0 0 0 0 −Q1Q
2
2 Q1Q

2
2

1 0 1 0 −Q1 −Q1Q2 0 0 −Q1Q2 0 0 0

0 1 1 1 −Q1 −Q1 0 0 −Q1Q2 −Q1Q2 0 0

0 −1 −1 0 1 0 Q2 0 0 0 0 −Q1Q
2
2

0 −1 −1 −1 1 1 Q2 Q2 0 0 0 −Q1Q2

0 0 0 1 −Q1 + 1 −Q1 1 0 −Q1 −Q1Q2 0 −Q1Q2

0 0 0 0 −Q1 + 1 −Q1 + 1 1 1 −Q1 −Q1 0 −Q1Q2

0 0 0 −1 0 1 −1 0 1 0 Q2 0

0 0 0 0 0 0 −1 −1 1 1 0 Q2

0 0 0 0 0 0 −1 −1 1 0 1 Q1Q2 −Q1

0 0 0 0 0 0 0 0 0 1 −1 1


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(2) R3α1+2α2Rα1+α2Rα2R−α1R−3α1−α2R−2α1−α2 :



1 Q1Q2 −Q1 Q2 0 0 −Q1Q2 0 −Q1Q
2
2 0 0 Q1Q

2
2 Q2

1Q
3
2 −Q2

1Q
2
2

−1 1 0 Q2 0 0 0 0 0 0 −Q1Q
2
2 Q1Q

2
2

1 0 1 0 Q1Q2 −Q1 −Q1Q2 0 0 −Q1Q2 0 0 0

0 1 1 1 0 −Q1 0 0 −Q1Q2 −Q1Q2 0 0

0 −1 −1 0 1 0 Q2 0 0 0 0 −Q1Q
2
2

0 0 0 −1 −1 1 −Q2 Q2 0 0 0 0

0 0 0 1 1 −Q1 1 0 −Q1 −Q1Q2 0 −Q1Q2

0 0 0 −1 −1 1 −1 1 0 Q1Q2 −Q1 0 0

0 0 0 −1 −1 1 −1 0 1 0 Q2 0

0 0 0 0 0 0 0 −1 1 1 0 Q2

0 0 0 0 0 0 0 −1 1 0 1 Q1Q2 −Q1

0 0 0 0 0 0 0 0 0 1 −1 1



(3) Rα1+α2Rα2R−α1R−3α1−α2R−2α1−α2R−3α1−2α2 :



1 Q1Q2 −Q1 Q2 0 0 Q1Q
2
2 −Q1Q2 0 0 −Q1Q

2
2 0 −Q1Q

2
2 −Q2

1Q
3
2 +Q2

1Q
2
2

−1 1 0 Q2 0 0 0 0 0 −Q1Q
2
2 Q1Q

2
2 −Q1Q

2
2

1 0 1 0 Q1Q2 −Q1 0 0 0 −Q1Q2 0 −Q1Q
2
2 0

0 1 1 1 0 Q1Q2 −Q1 0 0 −Q1Q2 −Q1Q2 0 −Q1Q
2
2

0 −1 −1 −Q2 1 0 Q2 0 0 0 0 0

0 0 0 Q2 − 1 −1 1 −Q2 Q2 0 0 0 0

0 −1 −1 −1 1 −Q1Q2 +Q1 1 0 Q1Q2 −Q1 0 0 Q1Q
2
2 −Q1Q2

0 0 0 0 −1 1 −1 1 0 Q1Q2 −Q1 0 0

0 0 0 −Q2 + 1 0 −1 Q2 − 1 −Q2 1 0 Q2 0

0 0 0 0 0 −1 0 −1 1 1 0 Q2

0 0 0 0 0 −1 0 −1 1 0 1 Q1Q2 −Q1

0 0 0 0 0 0 0 0 0 1 −1 1



(4) R3α1+2α2R2α1+α2R3α1+α2Rα1R−α2R−α1−α2 :



1 −Q1Q2 +Q1 −Q2 0 0 −Q1Q
2
2 +Q1Q2 0 0 −Q1Q

2
2 0 Q1Q

2
2 −Q2

1Q
3
2 +Q2

1Q
2
2

1 1 0 −Q2 0 0 0 0 0 −Q1Q
2
2 Q1Q

2
2 Q1Q

2
2

−1 0 1 0 −Q1Q2 +Q1 0 0 0 Q1Q2 0 −Q1Q
2
2 0

0 −1 −1 1 0 −Q1Q2 +Q1 0 0 −Q1Q2 Q1Q2 0 −Q1Q
2
2

0 1 1 −Q2 1 0 −Q2 0 0 0 0 0

0 0 0 −Q2 + 1 1 1 −Q2 −Q2 0 0 0 0

0 −1 −1 1 −1 −Q1Q2 +Q1 1 0 −Q1Q2 +Q1 0 0 −Q1Q
2
2 +Q1Q2

0 0 0 0 −1 −1 1 1 0 −Q1Q2 +Q1 0 0

0 0 0 −Q2 + 1 0 1 −Q2 + 1 −Q2 1 0 −Q2 0

0 0 0 0 0 −1 0 1 −1 1 0 −Q2

0 0 0 0 0 −1 0 1 −1 0 1 −Q1Q2 +Q1

0 0 0 0 0 0 0 0 0 −1 1 1



(5) R2α1+α2R3α1+α2Rα1R−α2R−α1−α2R−3α1−2α2 :



1 −Q1Q2 +Q1 −Q2 0 0 Q1Q2 0 −Q1Q
2
2 0 0 −Q1Q

2
2 Q2

1Q
3
2 −Q2

1Q
2
2

1 1 0 −Q2 0 0 0 0 0 0 −Q1Q
2
2 −Q1Q

2
2

−1 0 1 0 −Q1Q2 +Q1 −Q1Q2 0 0 Q1Q2 0 0 0

0 −1 −1 1 0 Q1 0 0 −Q1Q2 Q1Q2 0 0

0 1 1 0 1 0 −Q2 0 0 0 0 −Q1Q
2
2

0 0 0 1 1 1 −Q2 −Q2 0 0 0 0

0 0 0 −1 −1 −Q1 1 0 Q1 −Q1Q2 0 Q1Q2

0 0 0 −1 −1 −1 1 1 0 −Q1Q2 +Q1 0 0

0 0 0 −1 −1 −1 1 0 1 0 −Q2 0

0 0 0 0 0 0 0 1 −1 1 0 −Q2

0 0 0 0 0 0 0 1 −1 0 1 −Q1Q2 +Q1

0 0 0 0 0 0 0 0 0 −1 1 1


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(6) R3α1+α2Rα1R−α2R−α1−α2R−3α1−2α2R−2α1−α2 :



1 −Q1Q2 +Q1 −Q2 0 −Q1Q2 Q1Q2 Q1Q
2
2 −Q1Q

2
2 0 0 −Q1Q

2
2 Q2

1Q
3
2 −Q2

1Q
2
2

1 1 0 −Q2 0 0 0 0 0 0 −Q1Q
2
2 −Q1Q

2
2

−1 0 1 0 Q1 −Q1Q2 0 0 Q1Q2 0 0 0

0 −1 −1 1 −Q1 Q1 0 0 −Q1Q2 Q1Q2 0 0

0 1 1 0 1 0 −Q2 0 0 0 0 −Q1Q
2
2

0 −1 −1 1 −1 1 Q2 −Q2 0 0 0 Q1Q
2
2

0 0 0 −1 Q1 − 1 −Q1 1 0 Q1 −Q1Q2 0 Q1Q2

0 0 0 0 −Q1 + 1 Q1 − 1 −1 1 −Q1 Q1 0 −Q1Q2

0 0 0 −1 0 −1 1 0 1 0 −Q2 0

0 0 0 0 0 0 −1 1 −1 1 0 −Q2

0 0 0 0 0 0 −1 1 −1 0 1 −Q1Q2 +Q1

0 0 0 0 0 0 0 0 0 −1 1 1



(7) R2α1+α2R3α1+2α2Rα1+α2Rα2Rα1R3α1+α2 :



1 Q1Q2 +Q1 Q2 0 Q1Q2 Q1Q2 Q1Q
2
2 Q1Q

2
2 2Q1Q

2
2 0 Q1Q

2
2 Q2

1Q
3
2 +Q2

1Q
2
2

1 1 0 Q2 0 2Q1Q2 0 2Q1Q
2
2 0 2Q1Q

2
2 Q1Q

2
2 Q1Q

2
2

1 2Q1 1 0 Q1 Q1Q2 0 0 Q1Q2 0 0 0

2 2Q1 + 1 1 1 Q1 2Q1Q2 +Q1 0 0 Q1Q2 Q1Q2 0 0

0 1 1 0 1 0 Q2 0 2Q1Q2 0 0 Q1Q
2
2

0 1 1 1 1 1 Q2 Q2 2Q1Q2 2Q1Q2 0 Q1Q
2
2

2 2Q1 + 2 2 1 Q1 + 1 2Q1Q2 +Q1 1 0 2Q1Q2 +Q1 Q1Q2 0 Q1Q2

2 2Q1 + 2 2 2 Q1 + 1 2Q1Q2 +Q1 + 1 1 1 2Q1Q2 +Q1 2Q1Q2 +Q1 0 Q1Q2

0 0 0 1 0 1 1 2Q2 1 2Q1Q2 Q2 2Q1Q2

0 0 0 0 0 0 1 2Q2 + 1 1 1 2Q2 2Q1Q2 +Q2

0 0 0 0 0 0 1 1 1 0 1 Q1Q2 +Q1

0 0 0 0 0 0 0 2 0 1 1 1



(8) R3α1+2α2Rα1+α2Rα2Rα1R3α1+α2R2α1+α2 :



1 Q1Q2 +Q1 Q2 0 2Q1Q2 Q1Q2 2Q1Q
2
2 Q1Q

2
2 2Q1Q

2
2 0 Q1Q

2
2 Q2

1Q
3
2 +Q2

1Q
2
2

1 1 0 Q2 2Q1Q2 2Q1Q2 2Q1Q
2
2 2Q1Q

2
2 0 2Q1Q

2
2 Q1Q

2
2 Q1Q

2
2

1 2Q1 1 0 Q1Q2 +Q1 Q1Q2 0 0 Q1Q2 0 0 0

2 2Q1 + 1 1 1 2Q1Q2 + 2Q1 2Q1Q2 +Q1 0 0 Q1Q2 Q1Q2 0 0

0 1 1 0 1 0 Q2 0 2Q1Q2 0 0 Q1Q
2
2

0 0 0 1 1 1 Q2 Q2 0 2Q1Q2 0 0

2 2Q1 + 2 2 1 2Q1Q2 + 2Q1 + 1 2Q1Q2 +Q1 1 0 2Q1Q2 +Q1 Q1Q2 0 Q1Q2

0 0 0 1 1 1 1 1 0 Q1Q2 +Q1 0 0

0 0 0 1 1 1 2Q2 + 1 2Q2 1 2Q1Q2 Q2 2Q1Q2

0 0 0 0 0 0 2Q2 + 2 2Q2 + 1 1 1 2Q2 2Q1Q2 +Q2

0 0 0 0 0 0 2 1 1 0 1 Q1Q2 +Q1

0 0 0 0 0 0 2 2 0 1 1 1



(9) Rα1+α2Rα2Rα1R3α1+α2R2α1+α2R3α1+2α2 :



1 Q1Q2 +Q1 Q2 0 2Q1Q2 Q1Q
2
2 +Q1Q2 0 0 Q1Q

2
2 0 Q1Q

2
2 Q2

1Q
3
2 +Q2

1Q
2
2

1 1 0 Q2 2Q1Q2 2Q1Q2 0 0 0 Q1Q
2
2 Q1Q

2
2 Q1Q

2
2

1 2Q1 1 0 Q1Q2 +Q1 2Q1Q2 0 0 Q1Q2 0 Q1Q
2
2 2Q2

1Q
2
2

2 2Q1 + 1 1 1 2Q1Q2 + 2Q1 3Q1Q2 +Q1 0 0 Q1Q2 Q1Q2 2Q1Q
2
2 2Q2

1Q
2
2 +Q1Q

2
2

0 1 1 Q2 1 2Q1Q2 Q2 0 2Q1Q2 0 0 2Q1Q
2
2

0 0 0 Q2 + 1 1 1 Q2 Q2 0 2Q1Q2 0 0

0 1 1 1 1 Q1Q2 +Q1 1 0 Q1Q2 +Q1 0 0 Q1Q
2
2 +Q1Q2

0 0 0 2 1 1 1 1 0 Q1Q2 +Q1 0 0

0 0 0 Q2 + 1 0 1 Q2 + 1 Q2 1 0 Q2 2Q1Q2

0 0 0 2Q2 + 2 0 1 2Q2 + 2 2Q2 + 1 1 1 2Q2 2Q1Q2 +Q2

0 0 0 2 0 1 2 1 1 0 1 Q1Q2 +Q1

0 0 0 2 0 0 2 2 0 1 1 1


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(10) R3α1+2α2R2α1+α2R3α1+α2Rα1Rα2Rα1+α2 :


1 Q1Q2 +Q1 2Q1Q2 +Q2 2Q1Q2 0 Q1Q
2
2 +Q1Q2 0 2Q1Q

2
2 2Q2

1Q
2
2 +Q1Q

2
2 2Q2

1Q
2
2 Q1Q

2
2 Q2

1Q
3
2 +Q2

1Q
2
2

1 1 2Q2 Q2 0 0 0 0 2Q1Q
2
2 Q1Q

2
2 Q1Q

2
2 Q1Q

2
2

1 0 1 0 Q1Q2 +Q1 0 2Q1Q2 0 Q1Q2 0 Q1Q
2
2 0

0 1 1 1 0 Q1Q2 +Q1 0 2Q1Q2 Q1Q2 Q1Q2 0 Q1Q
2
2

2 1 2Q2 + 1 Q2 1 0 Q2 0 0 0 0 0

2 2 2Q2 + 2 Q2 + 1 1 1 Q2 Q2 0 0 0 0

0 1 1 1 1 Q1Q2 +Q1 1 2Q1Q2 3Q1Q2 +Q1 2Q1Q2 2Q1Q2 Q1Q
2
2 +Q1Q2

0 0 0 0 1 1 1 1 2Q1Q2 + 2Q1 Q1Q2 +Q1 2Q1Q2 2Q1Q2

2 2 2Q2 + 2 Q2 + 1 2 1 Q2 + 1 Q2 1 0 Q2 0

0 0 0 0 0 1 0 1 1 1 0 Q2

0 0 0 0 0 1 0 1 2Q1 + 1 2Q1 1 Q1Q2 +Q1

0 0 0 0 0 0 0 0 2 1 1 1



(11) R2α1+α2R3α1+α2Rα1Rα2Rα1+α2R3α1+2α2 :


1 Q1Q2 +Q1 2Q1Q2 +Q2 2Q1Q2 0 Q1Q2 0 Q1Q
2
2 0 0 Q1Q

2
2 Q2

1Q
3
2 +Q2

1Q
2
2

1 1 2Q2 Q2 0 0 0 0 0 0 Q1Q
2
2 Q1Q

2
2

1 0 1 2Q1Q2 Q1Q2 +Q1 Q1Q2 2Q1Q2 0 Q1Q2 0 2Q1Q
2
2 0

0 1 1 1 0 2Q1Q2 +Q1 0 2Q1Q2 Q1Q2 Q1Q2 0 2Q1Q
2
2

2 1 2Q2 + 1 2Q2 1 0 Q2 0 0 0 2Q1Q
2
2 Q1Q

2
2

2 2 2Q2 + 2 2Q2 + 1 1 1 Q2 Q2 0 0 2Q1Q
2
2 2Q1Q

2
2

0 0 0 1 1 2Q1Q2 +Q1 1 0 2Q1Q2 +Q1 Q1Q2 2Q1Q2 Q1Q2

0 0 0 1 1 2Q1Q2 + 2Q1 + 1 1 1 2Q1Q2 + 2Q1 Q1Q2 +Q1 2Q1Q2 2Q1Q2

0 0 0 1 1 1 1 0 1 0 Q2 0

0 0 0 0 0 2 0 1 1 1 0 Q2

0 0 0 0 0 2Q1 + 2 0 1 2Q1 + 1 2Q1 1 Q1Q2 +Q1

0 0 0 0 0 2 0 0 2 1 1 1



(12) R3α1+α2Rα1Rα2Rα1+α2R3α1+2α2R2α1+α2 :


1 Q1Q2 +Q1 2Q1Q2 +Q2 2Q1Q2 Q1Q2 Q1Q2 Q1Q
2
2 Q1Q

2
2 0 0 Q1Q

2
2 Q2

1Q
3
2 +Q2

1Q
2
2

1 1 2Q2 Q2 0 0 0 0 0 0 Q1Q
2
2 Q1Q

2
2

1 0 1 2Q1Q2 2Q1Q2 +Q1 Q1Q2 2Q1Q2 0 Q1Q2 0 2Q1Q
2
2 0

0 1 1 1 2Q1Q2 +Q1 2Q1Q2 +Q1 2Q1Q2 2Q1Q2 Q1Q2 Q1Q2 0 2Q1Q
2
2

2 1 2Q2 + 1 2Q2 1 0 Q2 0 0 0 2Q1Q
2
2 Q1Q

2
2

0 1 1 1 1 1 Q2 Q2 0 0 0 Q1Q
2
2

0 0 0 1 2Q1Q2 +Q1 + 1 2Q1Q2 +Q1 1 0 2Q1Q2 +Q1 Q1Q2 2Q1Q2 Q1Q2

0 0 0 0 Q1 + 1 Q1 + 1 1 1 Q1 Q1 0 Q1Q2

0 0 0 1 2 1 1 0 1 0 Q2 0

0 0 0 0 2 2 1 1 1 1 0 Q2

0 0 0 0 2Q1 + 2 2Q1 + 2 1 1 2Q1 + 1 2Q1 1 Q1Q2 +Q1

0 0 0 0 2 2 0 0 2 1 1 1



Remark 4.2.6. From direct calculations of matrices of the operators above,
we see that only in the following two cases, mj = 3 in Proposition 4.2.5 (1),
or nξj = 3 in Proposition 4.2.5 (3):

(1) The (4, 6)-entry (i.e., the (s1s2, s1s2s1)-entry) of the matrix of the op-
erator (9);

(2) The (7, 9)-entry (i.e., the (s2s1s2, s2s1s2s1)-entry) of the matrix of the
operator (10).

Let v ∈ W , and let p be a Π-compatible directed path in QBG(W ) which
starts at v, i.e., p ∈ P(v,Π). First, we consider the cases except the following:
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(E1) Π = (±(3α1 + 2α2),±(2α1 + α2),±(3α1 + α2),±α1,∓α2,∓(α1 + α2)),
v = s1s2s1, end(p) = s1s2, and wt(p) = α∨

1 + α∨
2 ;

(E2) Π = (±(α1 + α2),±α2,∓α1,∓(3α1 + α2),∓(2α1 + α2),∓(3α1 + 2α2)),
v = s1s2s1, end(p) = s1s2, and wt(p) = α∨

1 + α∨
2 ;

(E3) Π = (±(3α1 + 2α2),±(2α1 + α2),±(3α1 + α2),±α1,∓α2,∓(α1 + α2)),
v = s2s1s2s1, end(p) = s2s1s2, and wt(p) = α∨

1 + α∨
2 ;

(E4) Π = (±(α1 + α2),±α2,∓α1,∓(3α1 + α2),∓(2α1 + α2),∓(3α1 + 2α2)),
v = s2s1s2s1, end(p) = s2s1s2, and wt(p) = α∨

1 + α∨
2 .

Then, we have the following:

Proposition 4.2.7. Only one of the following occurs.

(1) There exists a unique p′ ∈ P(v,Π)\{p} such that end(p′) = end(p) and
wt(p′) = wt(p). This p′ satisfies (−1)neg(p′) = −(−1)neg(p). Moreover,
there does not exist a path q ∈ P(v,Π′) such that end(q) = end(p) and
wt(q) = wt(p).

(2) There exists a unique p′ ∈ P(v,Π′) such that end(p′) = end(p) and
wt(p′) = wt(p). This p′ satisfies (−1)neg(p′) = (−1)neg(p). Moreover,
there does not exist a path q ∈ P(v,Π)\{p} such that end(q) = end(p)
and wt(q) = wt(p).

(3) There exists a unique p′ ∈ P(v,Π)\{p} such that end(p′) = end(p) and
wt(p′) = wt(p). This p′ satisfies (−1)neg(p′) = −(−1)neg(p). Moreover,
there exist exactly two paths q1,q2 ∈ P(v,Π′) such that end(q1) =
end(q2) = end(p) and wt(q1) = wt(q2) = wt(p). These q1, q2 satisfy
(−1)neg(q2) = −(−1)neg(q1).

Next, we consider the exceptional cases (E1)–(E4) above. Then, we have
the following:

Proposition 4.2.8. (1) In case (E1) or (E4), there exist exactly two paths
p1,p2 ∈ P(v,Π) \ {p} and a unique path q ∈ P(v,Π′) such that
end(p1) = end(p2) = end(q) = end(p) and wt(p1) = wt(p2) =
wt(q) = wt(p). Moreover, there exist two paths r1, r2 ∈ {p,p1,p2}
such that for r3 ∈ {p,p1,p2} \ {r1, r2}, (−1)neg(r1) = (−1)neg(r2) =
−(−1)neg(r3) and (−1)neg(r1) = (−1)neg(q).

(2) In case (E2) or (E3), there exist exactly three paths q1,q2,q3 ∈ P(v,Π′)
such that end(q1) = end(q2) = end(q3) = end(p) and wt(q1) =
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wt(q2) = wt(q3) = wt(p). In this case, there does not exist a path
r ∈ P(v,Π) \ {p} such that end(r) = end(p) and wt(r) = wt(p).
Moreover, there exist two paths r1, r2 ∈ {q1,q2,q3} such that for r3 ∈
{q1,q2,q3} \ {r1, r2}, (−1)neg(r1) = (−1)neg(r2) = −(−1)neg(r3) and
(−1)neg(r1) = (−1)neg(p).

By using Proposition 4.2.5 and Remark 4.2.6, we can prove Proposi-
tions 4.2.7 and 4.2.8 by the same argument as in types A1 × A1, A2, and
C2.

Remark 4.2.9. We have explicit descriptions of p1, p2, q in Proposition 4.2.8
(1), and those of q1, q2, q3 in Proposition 4.2.8 (2).

(1) Case (E1). In this case, we have

Π = (±(3α1 + 2α2),±(2α1 + α2),±(3α1 + α2),±α1,∓α2,∓(α1 + α2))

and

Π′ = (∓(α1 + α2),∓α2,±α1,±(3α1 + α2),±(2α1 + α2),±(3α1 + 2α2)).

If we set

p
(E1)
1 : s1s2s1

3α1+2α2−−−−−→ s2s1s2s1
3α1+α2−−−−→ s2

α1+α2−−−−→ s1s2,

p
(E1)
2 : s1s2s1

3α1+α2−−−−→ e
α1−→ s1

α2−→ s1s2,

p
(E1)
3 : s1s2s1

3α1+α2−−−−→ e
α2−→ s2

α1+α2−−−−→ s1s2,

q(E1) : s1s2s1
α2−→ s1s2s1s2

α1−→ s1s2s1s2s1
3α1+α2−−−−→ s1s2,

then in Proposition 4.2.8 (1), we have {p,p1,p2} = {p(E1)
1 ,p

(E1)
2 ,p

(E1)
3 }

and q = q(E1).

(2) Case (E2). In this case, we have

Π = (±(α1 + α2),±α2,∓α1,∓(3α1 + α2),∓(2α1 + α2),∓(3α1 + 2α2))

and

Π′ = (∓(3α1 + 2α2),∓(2α1 + α2),∓(3α1 + α2),∓α1,±α2,±(α1 + α2)).

If we set

p(E2) : s1s2s1
α2−→ s1s2s1s2

α1−→ s1s2s1s2s1
3α1+α2−−−−→ s1s2,

q
(E2)
1 : s1s2s1

3α1+2α2−−−−−→ s2s1s2s1
3α1+α2−−−−→ s2

α1+α2−−−−→ s1s2,

q
(E2)
2 : s1s2s1

3α1+α2−−−−→ e
α1−→ s1

α2−→ s1s2,

q
(E2)
3 : s1s2s1

3α1+α2−−−−→ e
α2−→ s2

α1+α2−−−−→ s1s2,
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then in Proposition 4.2.8 (2), we have p = p(E2) and {q1,q2,q3} =

{q(E2)
1 ,q

(E2)
2 ,q

(E2)
3 }.

(3) Case (E3). In this case, we have

Π = (±(3α1 + 2α2),±(2α1 + α2),±(3α1 + α2),±α1,∓α2,∓(α1 + α2))

and

Π′ = (∓(α1 + α2),∓α2,±α1,±(3α1 + α2),±(2α1 + α2),±(3α1 + 2α2)).

If we set

p(E3) : s2s1s2s1
3α1+α2−−−−→ s2

α1−→ s2s1
α2−→ s2s1s2,

q
(E3)
1 : s2s1s2s1

α1+α2−−−−→ s1s2s1s2s1
3α1+α2−−−−→ s1s2

3α1+2α2−−−−−→ s2s1s2

q
(E3)
2 : s2s1s2s1

α2−→ s2s1s2s1s2
α1−→ w◦

3α1+2α2−−−−−→ s2s1s2

q
(E3)
3 : s2s1s2s1

α1+α2−−−−→ s1s2s1s2s1
α2−→ w◦

3α1+α2−−−−→ s2s1s2,

then in Proposition 4.2.8 (2), we have p = p(E3), and {q1,q2,q3} =

{q(E3)
1 ,q

(E3)
2 ,q

(E3)
3 }.

(4) Case (E4). In this case, we have

Π = (±(α1 + α2),±α2,∓α1,∓(3α1 + α2),∓(2α1 + α2),∓(3α1 + 2α2))

and

Π′ = (∓(3α1 + 2α2),∓(2α1 + α2),∓(3α1 + α2),∓α1,±α2,±(α1 + α2)).

If we set

p
(E4)
1 : s2s1s2s1

α1+α2−−−−→ s1s2s1s2s1
3α1+α2−−−−→ s1s2

3α1+2α2−−−−−→ s2s1s2

p
(E4)
2 : s2s1s2s1

α2−→ s2s1s2s1s2
α1−→ w◦

3α1+2α2−−−−−→ s2s1s2

p
(E4)
3 : s2s1s2s1

α1+α2−−−−→ s1s2s1s2s1
α2−→ w◦

3α1+α2−−−−→ s2s1s2,

q(E4) : s2s1s2s1
3α1+α2−−−−→ s2

α1−→ s2s1
α2−→ s2s1s2,

then in Proposition 4.2.8 (1), we have {p,p1,p2} = {p(E4)
1 ,p

(E4)
2 ,p

(E4)
3 } and

q = q(E4).
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4.2.6 Proof of Theorem 4.1.2

Based on Propositions 4.2.3, 4.2.7, and 4.2.8, we can prove the existence of a
generalization of quantum Yang-Baxter moves. In the same way as in (4.1.3),
we divide p(A) for A ∈ A(w,Γ1) into three parts p(A)(1), p(A)(2), p(A)(3).
If we write A = {a1, . . . , al}, then p(A) is of the form:

p(A) : w = w0

|βa1 |−−→ · · ·
|βal |−−→ wl,

with a1 < · · · < al; we set a0 := 0. Let 0 ≤ i1 ≤ l be maximal such that
ai1 ≤ t, and 0 ≤ i2 ≤ l maximal such that ai2 ≤ t+ q. Then, we set

p(A)(1) : w = w0

|βa1 |−−→ · · ·
|βai1 |−−−→ wai1 ,

p(A)(2) : wai1

|βai1+1 |−−−−→ · · ·
|βai2 |−−−→ wai2 ,

p(A)(3) : wai2

|βai2+1 |−−−−→ · · ·
|βal |−−→ wal .

Note that the concatenation of p(A)(1), p(A)(2), and p(A)(3) coincides with
p(A).

Also, in the same way as in (4.1.4), we divide p(B) for each B ∈ A(w,Γ2)
into three parts p(B)(1), p(B)(2), p(B)(3). If we write B = {b1, . . . , bm}, then
p(B) is of the form:

p(B) : w = w0

|β′
b1
|

−−→ · · ·
|β′

bm
|

−−−→ wm,

with b1 < · · · < bm; we set b0 := 0. Let 0 ≤ i1 ≤ m be maximal such that
bi1 ≤ t, and 0 ≤ i2 ≤ m maximal such that bi2 ≤ t+ q. Then, we set

p(B)(1) : w = w0

|β′
b1
|

−−→ · · ·
|β′

bi1
|

−−−→ wbi1 ,

p(B)(2) : wbi1

|β′
bi1+1

|
−−−−→ · · ·

|β′
bi2

|
−−−→ wbi2 ,

p(B)(3) : wbi2

|β′
bi2+1

|
−−−−→ · · ·

|β′
bm

|
−−−→ wbm .

Note that the concatenation of p(B)(1), p(B)(2), and p(B)(3) coincides with
p(B).

Proof of Theorem 4.1.2. We divide the proof of the theorem into two parts:

(1) ∆ is not of type G2;

(2) ∆ is of type G2.
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Part 1: ∆ is not of type G2. We assume that ∆ is not of type G2. Let
A ∈ A(w,Γ1). Then, by Proposition 4.2.3 with Π = Γ

(2)
1 and Π′ = Γ

(2)
2 , we

see that only one of the following occurs:

(1) there exists r0 ∈ P(end(p(A)(1)),Γ(2)
1 ) \ {p(A)(2)} such that end(r0) =

end(p(A)(2)) and wt(r0) = wt(p(A)(2));

(2) there exists r0 ∈ P(end(p(A)(1)),Γ(2)
2 ) such that end(r0) = end(p(A)(2))

and wt(r0) = wt(p(A)(2)).

For convenience of explanation, we set

φ(A) :=

{
1 if (1) of the above holds,

2 if (2) of the above holds.

We define a set A0(w,Γ1) ⊂ A(w,Γ1) by

A0(w,Γ1) := {A ∈ A(w,Γ1) | φ(A) = 2}.

Then we have

AC0 (w,Γ1) = A(w,Γ1) \ A0(w,Γ1) = {A ∈ A(w,Γ1) | φ(A) = 1}.

Let us define a map Y : A0(w,Γ1) → A(w,Γ2). Let A ∈ A0(w,Γ1).

Then, by applying Proposition 4.2.3 with Π = Γ
(2)
1 and Π′ = Γ

(2)
2 , there

exists a unique r0 ∈ P(end(p(A)(1)),Γ(2)
2 ) such that end(r0) = end(p(A)(2))

and wt(r0) = wt(p(A)(2)). We write r0 as:

r0 : end(p(A)
(1)) = x0

|β′
j1
|

−−→ · · ·
|β′

jp
|

−−→ xp.

Since r0 is Γ
(2)
2 -compatible, we have t + 1 ≤ j1 < · · · < jp ≤ t + q. Set

B(2) := {j1, . . . , jp}, and define Y (A) by Y (A) := A(1)⊔B(2)⊔A(3); note that
Y (A) ∈ A(w,Γ2). We define a set A0(w,Γ2) by

A0(w,Γ2) := {Y (A) | A ∈ A0(w,Γ1)}.

We claim that Y defines a bijection Y : A0(w,Γ1) → A0(w,Γ2). To verify
this claim, it suffices to show that Y is injective.

Let A1, A2 ∈ A0(w,Γ1), and assume that Y (A1) = Y (A2). We show that
A1 = A2. First, we see that

A
(1)
1 = (Y (A1))

(1) = (Y (A2))
(1) = A

(1)
2 ,
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and
A

(3)
1 = (Y (A1))

(3) = (Y (A2))
(3) = A

(3)
2 .

Hence it remains to show that A
(2)
1 = A

(2)
2 . By the definition of the map Y , we

have end(p(Y (A1))
(2)) = end(p(A1)

(2)) and wt(p(Y (A1))
(2)) = wt(p(A1)

(2)).
Also, we have end(p(Y (A2))

(2)) = end(p(A2)
(2)) and wt(p(Y (A2))

(2)) =
wt(p(A2)

(2)). Since p(Y (A1))
(2) = p(Y (A2))

(2), the uniqueness in Proposi-

tion 4.2.3 (2) (with Π = Γ
(2)
2 and Π′ = Γ

(2)
1 ) implies that p(A1)

(2) = p(A2)
(2),

from which we obtain A
(2)
1 = A

(2)
2 , as desired. This shows the injectivity of

Y .
To prove that Y satisfies the condition of Theorem 4.1.2 (1), it remains to

show that end(Y (A)) = end(A), down(Y (A)) = down(A), and (−1)n(Y (A)) =
(−1)n(A). The first equation is obvious, since

end(Y (A)) = end(p(Y (A))) = end(p(Y (A))(3))

= end(p(A)(3)) = end(p(A)) = end(A).

The second equation is shown as follows:

down(Y (A)) = wt(p(Y (A)))

= wt(p(Y (A))(1)) + wt(p(Y (A))(2)) + wt(p(Y (A))(3))

= wt(p(A)(1)) + wt(p(Y (A))(2)) + wt(p(A)(3))

= wt(p(A)(1)) + wt(p(A)(2)) + wt(p(A)(3))

= wt(p(A))

= down(A).

Since (−1)neg(p(Y (A))(2)) = (−1)neg(p(A)(2)) by Proposition 4.2.3 (2), the remain-
ing equation is shown as follows:

(−1)n(Y (A)) = (−1)neg(p(Y (A)))

= (−1)neg(p(Y (A))(1))(−1)neg(p(Y (A))(2))(−1)neg(p(Y (A))(3))

= (−1)neg(p(A)(1))(−1)neg(p(Y (A))(2))(−1)neg(p(A)(3))

= (−1)neg(p(A)(1))(−1)neg(p(A)(2))(−1)neg(p(A)(3))

= (−1)neg(p(A))

= (−1)n(A).

Next, we construct an involution I1 which satisfies the condition of Theo-
rem 4.1.2 (2). Let A ∈ AC0 (w,Γ1). Then, by applying Proposition 4.2.3 with
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Π = Γ
(2)
1 , there exists a unique r0 ∈ P(end(p(A)(1)),Γ(2)

1 ) \ {p(A)(2)} such
that end(r0) = end(p(A)(2)) and wt(r0) = wt(p(A)(2)). We write r0 as:

r0 : end(p(A)
(1)) = x0

|βj1 |−−→ · · ·
|βjp |−−→ xp.

Since r0 is Γ
(2)
1 -compatible, we have t + 1 ≤ j1 < · · · < jp ≤ t + q. Set

B(2) := {j1, . . . , jp}, and define I1(A) by I1(A) := A(1) ⊔ B(2) ⊔ A(3); note

that I1(A) ∈ A(w,Γ1). Since p(A)(2) ∈ P(end(p(I1(A))(1)),Γ(2)
1 ) satisfies

the condition of Proposition 4.2.3 (1), with p = p(I1(A))
(2), we deduce that

I1(A) ∈ AC0 (w,Γ1), and that I1(I1(A)) = I1(A
(1)⊔B(2)⊔A(3)) = A(1)⊔A(2)⊔

A(3) = A by the definition of I1. This shows that I1 is an involution. Hence
it remains to show that end(I1(A)) = end(A), down(I1(A)) = down(A), and
(−1)n(I1(A)) = −(−1)n(A), which can be shown by the same argument as that
for Y . This completes the construction of I1.

Finally, we show the existence of an involution I2 on AC0 (w,Γ2). To do
this, we examine the set AC0 (w,Γ2) in detail. Let B ∈ A(w,Γ2). Then, in the

same way as for A ∈ A(w,Γ1), we see by Proposition 4.2.3, with Π = Γ
(2)
2

and Π′ = Γ
(2)
1 , that only one of the following occurs:

(1)′ there exists r0 ∈ P(end(p(B)(1)),Γ
(2)
2 ) \ {p(B)(2)} such that end(r0) =

end(p(B)(2)) and wt(r0) = wt(p(B)(2));

(2)′ there exists r0 ∈ P(end(p(B)(1)),Γ
(2)
1 ) such that end(r0) = end(p(B)(2))

and wt(r0) = wt(p(B)(2)).

For convenience of explanation, we set

φ′(B) =

{
1 if (1)′ of the above holds,

2 if (2)′ of the above holds.

We claim that

A0(w,Γ2) = {B ∈ A(w,Γ2) | φ′(B) = 2}. (4.2.19)

If this equation is shown, then the following holds:

AC0 (w,Γ2) := A(w,Γ2) \ A0(w,Γ2) = {B ∈ A(w,Γ2) | φ′(B) = 1}.

First, we take B ∈ A0(w,Γ2). Then, there exists A ∈ A0(w,Γ1) such that

Y (A) = B. Since p(A)(2) ∈ P(end(p(A)(1)),Γ(2)
1 ) satisfies the condition of

Proposition 4.2.3 (2), with Π = Γ
(2)
2 , Π′ = Γ

(2)
1 , and p = p(B)(2), we have

φ′(B) = 2. Next, we take B ∈ A(w,Γ2) such that φ′(B) = 2. Then,
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there exists r0 ∈ P(end(p(B)(1)),Γ
(2)
1 ) such that end(r0) = end(p(B)(2)) and

wt(r0) = wt(p(B)(2)). We write the r0 as:

r0 : end(p(B)(1)) = x0
|βj1 |−−→ · · ·

|βjp |−−→ xp.

Then, we have t + 1 ≤ j1 < · · · < jp ≤ t + q. Set A(2) := {j1, . . . , jp}, and
then A := B(1) ⊔ A(2) ⊔ B(3). We see that A ∈ A0(w,Γ1) and Y (A) = B,
and hence B ∈ A0(w,Γ2). Thus, equation (4.2.19) is shown. Hence the
existence of the desired involution I2 on AC0 (w,Γ2) can be shown by the
same argument as that of the involution I1 on AC0 (w,Γ1). This completes
the proof of Theorem 4.1.2 for ∆ not of type G2.

Part 2: ∆ is of type G2. We prove the theorem for ∆ of type G2. As
in Part 1, we define φ(A) for A ∈ A(w,Γ1). Let A ∈ A(w,Γ1). We set

Π := Γ
(2)
1 , Π′ := Γ

(2)
2 , and p := p(A)(2), v := end(p(A)(1)). We first consider

the cases except cases (E1)–(E4). Then, by Proposition 4.2.7, only one of
the following (1)–(3) occurs.

(1) There exists a unique r0 ∈ P(end(p(A)(1)),Γ(2)
1 ) \ {p(A)(2)} such that

end(r0) = end(p(A)(2)) and wt(r0) = wt(p(A)(2)). This r0 satisfies

(−1)neg(r0) = −(−1)neg(p(A)(2)).
Moreover, there does not exist a path q ∈ P(end(p(A)(1)),Γ(2)

2 ) such
that end(q) = end(p(A)(2)) and wt(q) = wt(p(A)(2)).

(2) There exists a unique r0 ∈ P(end(p(A)(1)),Γ(2)
2 ) such that end(r0) =

end(p(A)(2)) and wt(r0) = wt(p(A)(2)). This r0 satisfies (−1)neg(r0) =
(−1)neg(p(A)(2)).
Moreover, there does not exist a path q ∈ P(end(p(A)(1)),Γ(2)

1 ) \
{p(A)(2)} such that end(q) = end(p(A)(2)) and wt(q) = wt(p(A)(2)).

(3) There exists a unique r0 ∈ P(end(p(A)(1)),Γ(2)
1 ) \ {p(A)(2)} such that

end(r0) = end(p(A)(2)) and wt(r0) = wt(p(A)(2)). This r0 satisfies

(−1)neg(r0) = −(−1)neg(p(A)(2)).
Moreover, there exist exactly two paths q1,q2 ∈ P(end(p(A)(1)),Γ(2)

2 )
such that end(q1) = end(q2) = end(p(A)(2)) and wt(q1) = wt(q2) =
wt(p(A)(2)). These q1, q2 satisfy (−1)neg(q2) = −(−1)neg(q1).

We set

φ(A) :=

{
1 if (1) or (3) of the above holds,

2 if (2) of the above holds.
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Next, consider the exceptional cases (E1) and (E4). Recall Proposi-
tion 4.2.8 and Remark 4.2.9. For A ∈ A(w,Γ1), we define φ(A) by

φ(A) :=

{
3 if p(A)(2) = p

(E1)
1 ,p

(E1)
3 ,p

(E4)
1 ,p

(E4)
3 ,

4 if p(A)(2) = p
(E1)
2 ,p

(E4)
2 .

Finally, in the exceptional cases (E2) and case (E3), we set φ(A) := 5 for
A ∈ A(w,Γ1).

With φ(A) as above, we define a subset A0(w,Γ1) ⊂ A(w,Γ1) by

A0(w,Γ1) := {A ∈ A(w,Γ1) | φ(A) = 2, 4, 5}.

Also, we set

AC0 (w,Γ1) := A(w,Γ1) \ A0(w,Γ1) = {A ∈ A(w,Γ1) | φ(A) = 1, 3}.

Let us define a map Y : A0(w,Γ1) → A(w,Γ2). Let A ∈ A0(w,Γ1).

First, assume that φ(A) = 2. Take a unique r0 ∈ P(end(p(A)(1)),Γ(2)
2 ) such

that end(r0) = end(p(A)(2)) and wt(r0) = wt(p(A)(2)). Next, assume that

φ(A) = 4. Then, p(A)(2) = p
(E1)
2 or p(A)(2) = p

(E4)
2 . If p(A)(2) = p

(E1)
2 , then

we set r0 := q(E1); if p(A)(2) = p
(E4)
2 , then we set r0 := q(E4). Also, assume

that φ(A) = 5. Then, p(A)(2) = p(E2) or p(A)(2) = p(E3). If p(A)(2) = p(E2),

then we set r0 := q
(E2)
2 ; if p(A)(2) = p(E3), then we set r0 := q

(E3)
2 . We write

the r0 as:

r0 : end(p(A)
(1)) = x0

|β′
j1
|

−−→ x1
|β′

j2
|

−−→ · · ·
|β′

jp
|

−−→ xp.

Set B(2) := {j1, . . . , jp}, and define Y (A) := A(1) ⊔ B(2) ⊔ A(3). By the same
argument as that in Part 1, if we set

A0(w,Γ2) := {Y (A) | A ∈ A0(w,Γ1)},

then Y defines a bijection between A0(w,Γ1) and A0(w,Γ2). Also, we can
show that (−1)n(Y (A)) = (−1)n(A), end(Y (A)) = end(A), and down(Y (A)) =
down(A).

Next, we construct an involution on AC0 (w,Γ1). Let A ∈ AC0 (w,Γ1). If

φ(A) = 1, then there exists a unique r0 ∈ P(end(p(A)(1)),Γ(2)
1 ) \ {p(A)(2)}

such that end(r0) = end(p(A)(2)) and wt(r0) = wt(p(A)(2)). If φ(A) = 3,
then we set

r0 :=


p
(E1)
3 if p(A)(2) = p

(E1)
1 ,

p
(E4)
3 if p(A)(2) = p

(E4)
1 ,

p
(E1)
1 if p(A)(2) = p

(E1)
3 ,

p
(E4)
1 if p(A)(2) = p

(E4)
3 .
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We write the r0 as:

r0 : end(p(A)
(1)) = x0

|βj1 |−−→ x1
|β′

j2
|

−−→ · · ·
|βjp |−−→ xp.

Set B(2) := {j1, . . . , jp}, and define I1(A) := A(1) ⊔ B(2) ⊔ A(3). We see that
I1 defines an involution on AC0 (w,Γ1) such that (−1)n(I1(A)) = −(−1)n(A),
end(I1(A)) = end(A), and down(I1(A)) = down(A).

Finally, we construct an involution I2. Let B ∈ A(w,Γ2). Set Π := Γ
(2)
2 ,

Π′ := Γ
(2)
1 , and p := p(B)(2), v := end(p(B)(1)). Let us consider the cases

except cases (E1)–(E4). Then, by Proposition 4.2.7, only one of the following
(1)′–(3)′ occurs.

(1)′ There exists a unique r0 ∈ P(end(p(B)(1)),Γ
(2)
2 ) \ {p(B)(2)} such that

end(r0) = end(p(B)(2)) and wt(r0) = wt(p(B)(2)). This r0 satisfies

(−1)neg(r0) = −(−1)neg(p(B)(2)).

Moreover, there does not exist a path q ∈ P(end(p(B)(1)),Γ
(2)
1 ) such

that end(q) = end(p(B)(2)) and wt(q) = wt(p(B)(2)).

(2)′ There exists a unique r0 ∈ P(end(p(B)(1)),Γ
(2)
1 ) such that end(r0) =

end(p(B)(2)) and wt(r0) = wt(p(B)(2)). This r0 satisfies (−1)neg(r0) =
(−1)neg(p(B)(2)).

Moreover, there does not exist a path q ∈ P(end(p(B)(1)),Γ
(2)
2 ) \

{p(B)(2)} such that end(q) = end(p(B)(2)) and wt(q) = wt(p(B)(2)).

(3)′ There exists a unique r0 ∈ P(end(p(B)(1)),Γ
(2)
2 ) \ {p(B)(2)} such that

end(r0) = end(p(B)(2)) and wt(r0) = wt(p(B)(2)). This r0 satisfies

(−1)neg(r0) = −(−1)neg(p(B)(2)).

Moreover, there exist exactly two paths q1,q2 ∈ P(end(p(B)(1)),Γ
(2)
1 )

such that end(q1) = end(q2) = end(p(B)(2)) and wt(q1) = wt(q2) =
wt(p(B)(2)). These q1, q2 satisfy (−1)neg(q2) = −(−1)neg(q1).

We define φ′(B) by

φ′(B) :=

{
1 if (1)′ or (3)′ of the above holds,

2 if (2)′ of the above holds.

For the exceptional cases (E1) and (E4), we set

φ′(B) :=

{
3 if p(B)(2) = p

(E1)
1 ,p

(E1)
3 ,p

(E4)
1 ,p

(E4)
3 ,

4 if p(B)(2) = p
(E1)
2 ,p

(E4)
2 ;

for the exceptional cases (E2) and (E3), we set φ′(B) := 5.
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Now, by the same argument as that in Part 1, we obtain

A0(w,Γ2) = {B ∈ A(w,Γ2) | φ′(B) = 2, 4, 5},
AC0 (w,Γ2) = {B ∈ A(w,Γ2) | φ′(B) = 1, 3}.

Hence an involution I2 on AC0 (w,Γ2) can be defined in the same way as I1
on A0(w,Γ1). This completes the proof of the theorem.

4.2.7 Proof of Theorem 4.1.4

We will prove that the maps Y , I1 and I2 preserve weights and heights.
We need additional notation. Let Ψ = (ψ1, . . . , ψp) be a sequence of roots

ψ1, . . . , ψp ∈ ∆, k = (k1, . . . , kp) a sequence of integers k1, . . . , kp ∈ Z, and
w ∈ W . For a subset J = {j1 < · · · < ja} ⊂ {1, . . . , p} such that

w
|ψj1

|
−−→ ws|ψj1

|
|ψj2

|
−−→ · · · |ψja |−−→ ws|ψj1

| · · · s|ψja |

is a directed path in QBG(W ) (note that if Ψ is a λ-chain for some λ ∈ P ,
then J is a w-admissible subset), we define heightk,Ψ(w, J) by

heightk,Ψ(w, J) :=
∑
j∈J−

sgn(ψj)kj,

where

J− =

{
ji ∈ J

∣∣∣∣ ws|ψj1
| · · · s|ψji−1

|
|ψji

|
−−→ ws|ψj1

| · · · s|ψji
| is a quantum edge

}
.

Also, we generalize the definition of down statistics:

downΨ(w, J) :=
∑
j∈J−

|ψj|∨.

Note that if Ψ = Γ1, k = (l̃1, . . . , l̃r), w ∈ W , and J = A ∈ A(w,Γ1), then
we have

downΨ(w,A) = down(A), heightk,Ψ(w,A) = height(A);

if Ψ = Γ2, k = (l̃′1, . . . , l̃
′
r) = (l̃1, . . . , l̃t, l̃t+q, . . . , l̃t+1, l̃t+q+1, . . . , l̃r), w ∈ W ,

and J = B ∈ A(w,Γ2), then we have

downΨ(w,B) = down(B), heightk,Ψ(w,B) = height(B).
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In addition, for A ∈ A(w,Γ1), it follows that

down(A) = down
Γ
(1)
1
(w,A(1)) + down

Γ
(2)
1
(end(p(A)(1)), A(2))

+ down
Γ
(3)
1
(end(p(A)(2)), A(3)),

and that

height(A) = height
(l̃1,...,l̃t),Γ

(1)
1
(w,A(1))

+ height
(l̃t+1,...,l̃t+q),Γ

(2)
1
(end(p(A)(1)), A(2))

+ height
( ˜lt+q+1,...,l̃r),Γ

(3)
1
(end(p(A)(2)), A(3));

(4.2.20)

for B ∈ A(w,Γ2), it follows that

down(B) = down
Γ
(1)
2
(w,B(1)) + down

Γ
(2)
2
(end(p(B)(1)), B(2))

+ down
Γ
(3)
2
(end(p(B)(2)), B(3)),

and that

height(B) = height
(l̃′1,...,l̃

′
t),Γ

(1)
2
(w,B(1))

+ height
(l̃′t+1,...,l̃

′
t+q),Γ

(2)
2
(end(p(B)(1)), B(2))

+ height
( ˜l′t+q+1,...,l̃

′
r),Γ

(3)
2

(end(p(B)(2)), B(3)).

= height
(l̃1,...,l̃t),Γ

(1)
2
(w,B(1))

+ height
(l̃t+q ,...,l̃t+1),Γ

(2)
2
(end(p(B)(1)), B(2))

+ height
( ˜lt+q+1,...,l̃r),Γ

(3)
2
(end(p(B)(2)), B(3)).

(4.2.21)

Next, we consider weights. For the above J , we set

r̂k,Ψ(J) := sψj1
,−kj1 · · · sψja ,−kja .

Then, for A ∈ A(w,Γ1), we have

wt(A) = −r̂(l1,...,lr),Γ1(A)(−λ).
= −r̂

(l1,...,lt),Γ
(1)
1
(A(1))r̂

(lt+1,...,lt+q),Γ
(2)
1
(A(2))r̂

(lt+q+1,...,lr),Γ
(3)
1
(A(3))(−λ);

(4.2.22)

for B ∈ A(w,Γ2), we have

wt(B) = −r̂(l′1,...,l′r),Γ2
(B)(−λ)

= −r̂(l1,...,lt,lt+q ,...,lt+1,lt+q+1,...,lr),Γ2(B)(−λ)
= −r̂

(l1,...,lt),Γ
(1)
2
(B(1))r̂

(lt+q ,...,lt+1),Γ
(2)
2
(B(2))r̂

(lt+q+1,...,lr),Γ
(3)
2
(B(3))(−λ).

(4.2.23)
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Proof of Theorem 4.1.4. First, we consider heights. For A ∈ A(w,Γ1), we
see that

height
(l̃t+1,...,l̃t+q),Γ

(2)
1
(end(p(A)(1)), A(2))

=
∑

j∈(A(2))−

sgn(βj)(⟨λ, β∨
j ⟩ − lj)

=
∑

j∈(A(2))−

sgn(βj)⟨λ, β∨
j ⟩ − height

(lt+1,...,lt+q),Γ
(2)
1
(end(p(A)(2)), A(2))

=

⟨
λ,

∑
j∈(A(2))−

sgn(βj)β
∨
j

⟩
− height

(lt+1,...,lt+q),Γ
(2)
1
(end(p(A)(2)), A(2))

= ⟨λ, down
Γ
(2)
1
(end(p(A)(1)), A(2))⟩

− height
(lt+1,...,lt+q),Γ

(2)
1
(end(p(A)(2)), A(2)).

(4.2.24)

Let us assume that A ∈ A0(w,Γ1), and set B := Y (A). Then we have

height
(l̃t+q ,...,l̃t+1),Γ

(2)
2
(end(p(B)(1)), B(2))

= ⟨λ, down
Γ
(2)
2
(end(p(B)(1)), B(2))⟩

− height
(lt+q ,...,lt+1),Γ

(2)
2
(end(p(B)(2)), B(2)).

(4.2.25)

Here, since down(Y (A)) = down(A), it follows that

down
Γ
(2)
2
(end(p(B)(1)), B(2)) = down

Γ
(2)
1
(end(p(A)(1)), A(2)).

Also, by [18, Lemma 3.5], we know that

t+q∩
k=t+1

Hβk,−lk ̸= ∅.

Therefore, by [19, Lemma 44], we have

height
(lt+q ,...,lt+1),Γ

(2)
2
(end(p(B)(2)), B(2))

= height
(lt+1,...,lt+q),Γ

(2)
1
(end(p(A)(2)), A(2)),

and hence by (4.2.24) and (4.2.25), we obtain

height
(l̃t+q ,...,l̃t+1),Γ

(2)
2
(end(p(B)(1)), B(2))

= height
(l̃t+1,...,l̃t+q),Γ

(2)
1
(end(p(A)(1)), A(2)).
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Now, by (4.2.20) and (4.2.21), we deduce that height(B) = height(A), as
desired.

Assume that A ∈ AC0 (w,Γ1), and set B := I1(A). As in (4.2.24), we have

height
(l̃t+1,...,l̃t+q),Γ

(2)
1
(end(p(B)(1)), B(2))

= ⟨λ, down
Γ
(2)
1
(end(p(B)(1)), B(2))⟩

− height
(lt+1,...,lt+q),Γ

(2)
1
(end(p(B)(2)), B(2)).

Again, by the definition of I1 and [19, Lemma 44], we have

height
(l̃t+1,...,l̃t+q),Γ

(2)
1
(end(p(B)(1)), B(2))

= ⟨λ, down
Γ
(2)
1
(end(p(B)(1)), B(2))⟩

− height
(lt+1,...,lt+q),Γ

(2)
1
(end(p(B)(2)), B(2))

= ⟨λ, down
Γ
(2)
1
(end(p(A)(1)), A(2))⟩

− height
(lt+1,...,lt+q),Γ

(2)
1
(end(p(A)(2)), A(2))

= height
(l̃t+1,...,l̃t+q),Γ

(2)
1
(end(p(A)(1)), A(2)),

and hence obtain height(B) = height(A), as desired. Now, the assertion for
I2 is shown by the same argument as for I1.

It remains to consider weights. Again, by [18, Lemma 3.5], we can take
µ ∈ h∗R such that

µ ∈
t+q∩

k=t+1

Hβk,−lk ̸= ∅.

Note that ⟨µ, β∨
k ⟩ = −lk for k = t+ 1, . . . , t+ q.

Let A ∈ A0(w,Γ1), and set B := Y (A). Recall that end(p(B)(2)) =
end(p(A)(2)). We set v := end(p(A)(1)) = end(p(B)(1)). Again, by abuse
of notation, we define tν : h∗R → h∗R for ν ∈ h∗R by tν(ξ) := ξ + ν, as in
Section 3.2.3. If we write A(2) = {j1, . . . , ja}, then we have

tµv
−1 end(p(A(2)))t−µ = tµv

−1(vs|βj1 | · · · s|βja |)t−µ
= (tµs|βj1 |t−µ) · · · (tµs|βja |t−µ)
= (tµts|βj1 |(−µ)s|βj1 |) · · · (tµts|βja |(−µ)s|βja |)

= (t⟨µ,|βj1 |∨⟩|βj1 |s|βj1 |) · · · (t⟨µ,|βja |∨⟩|βja |s|βja |)
= (t⟨µ,β∨

j1
⟩βj1s|βj1 |) · · · (t⟨µ,β∨

ja
⟩βjas|βja |)

= (t−lj1βj1s|βj1 |) · · · (t−ljaβjas|βja |)
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= sβj1 ,−lj1 · · · sβja ,−lja
= r̂

(lt+1,...,lt+q),Γ
(2)
1
(A(2)). (4.2.26)

By the same calculation, we have

tµv
−1 end(p(B(2)))t−µ = r̂

(lt+q ,...,lt+1),Γ
(2)
2
(B(2)).

Since end(p(B)(2)) = end(p(A)(2)), it follows that

r̂
(lt+q ,...,lt+1),Γ

(2)
2
(B(2)) = r̂

(lt+1,...,lt+q),Γ
(2)
1
(A(2)).

Hence, by (4.2.22) and (4.2.23), we obtain wt(B) = wt(A), as desired.
Next, assume that A ∈ AC0 (w,Γ1), and set B := I1(A). By the same

calculation as for (4.2.26), we have

tµv
−1 end(p(B(2)))t−µ = r̂

(lt+1,...,lt+q),Γ
(2)
1
(B(2)).

Hence, from the equality end(p(B)(2)) = end(p(A)(2)), we deduce that

r̂
(lt+1,...,lt+q),Γ

(2)
1
(B(2)) = r̂

(lt+1,...,lt+q),Γ
(2)
1
(A(2)).

Therefore, we conclude by (4.2.22) and (4.2.23) that wt(B) = wt(A), as
desired.

The assertion for I2 is shown by the same argument as for I1. This
completes the proof of the theorem.

4.2.8 Example of quantum Yang-Baxter moves in type
C2

Based on Proposition 4.2.3, we explain how to construct quantum Yang-
Baxter moves explicitly in a specific case. We assume that g is of type C2.
Let Π, Π′ be sequences of roots introduced in Section 4.2.2. We consider
the case that v = s2 and Π = (−2α1 − α2,−α1, α2, α1 + α2). Note that
Π′ = (α1 + α2, α2,−α1,−2α1 − α2). Let us construct an explicit matching
between a certain subset of P(v,Π) and that of P(v,Π′), and also sign-
reversing involutions outside of those subsets.

Recall the matrices of Rα1+α2Rα2Rα1R2α1+α2 and R2α1+α2Rα1Rα2Rα1+α2

calculated in Section 4.2.4. In particular, the v-column of the matrix of
Rα1+α2Rα2Rα1R2α1+α2 (resp., R2α1+α2Rα1Rα2Rα1+α2) is t(Q2, 0, 1, 1, 1, 1, 1, 0)
(resp., t(2Q1Q2+Q2, 2Q2, 1, 1, 2Q2+1, 1, 1, 0)). For example, the (e, v)-entry
of the matrix of the operator R2α1+α2Rα1Rα2Rα1+α2 is 2Q1Q2+Q2. Therefore,
we deduce from equation (4.2.3) that there exist exactly three Π′-compatible
directed paths r(1), r(2), r(3) such that
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• r(j) starts at v = s2 for j = 1, 2, 3,

• end(r(j)) = e, j = 1, 2, 3,

• down(r(j)) = α∨
1 + α∨

2 , j = 1, 2, and

• down(r(3)) = α∨
2 ;

remark thatQα∨
1 +α

∨
2 = Q1Q2 andQ

α∨
2 = Q2. Similarly, we see that there exist

six Π-compatible directed paths p1, . . . ,p6 such that P(v,Π) = {p1, . . . ,p6}.
Also, there exist twelve Π′-compatible directed paths q1, . . . ,q12 such that
P(v,Π′) = {q1, . . . ,q12}. For p ∈ P(v,Π) (resp., q ∈ P(v,Π′)), the statistics
end(p), down(p) (resp., end(q), down(q)) are given in Tables 4.1, 4.2.

Table 4.1: Statistics of p ∈ P(v,Π)
p ∈ P(v,Π) end(p) down(p)

p1 e α∨
2

p2 s2 0
p3 s1s2 0
p4 s2s1 0
p5 s1s2s1 0
p6 s2s1s2 0

Table 4.2: Statistics of q ∈ P(v,Π′)

q ∈ P(v,Π′) end(q) down(q)
q1 e α∨

1 + α∨
2

q2 e α∨
1 + α∨

2

q3 e α∨
2

q4 s1 α∨
2

q5 s1 α∨
2

q6 s2 0
q7 s1s2 0
q8 s2s1 α∨

2

q9 s2s1 α∨
2

q10 s2s1 0
q11 s1s2s1 0
q12 s2s1s2 0

Note that p ∈ P(v,Π) and q ∈ P(v,Π′) are explicitly written as follows:

p1 : s2
α2−→ e; p2 : s2 (the trivial directed path);

p3 : s2
α1+α2−−−−→ s1s2; p4 : s2

α1−→ s2s1;

p5 : s2
α1−→ s2s1

α1+α2−−−−→ s1s2s1; p6 : s2
α1−→ s2s1

α2−→ s2s1s2;

q1 : s2
α1+α2−−−−→ s1s2

α2−→ s1
α1−→ e; q2 : s2

α1+α2−−−−→ s1s2
α1−→ s1s2s1

2α1+α2−−−−→ e;

q3 : s2
α2−→ e; q4 : s2

α1+α2−−−−→ s1s2
α2−→ s1;

q5 : s2
α2−→ e

α1−→ s1; q6 : s2 (the trivial directed path);

q7 : s2
α1+α2−−−−→ s1s2; q8 : s2

α1+α2−−−−→ s1s2
α2−→ s1

2α1+α2−−−−→ s2s1;

q9 : s2
α2−→ e

α1−→ s1
2α1+α2−−−−→ s2s1; q10 : s2

α1−→ s2s1;
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q11 : s2
α1+α2−−−−→ s1s2

α1−→ s1s2s1; q12 : s2
α1+α2−−−−→ s1s2

2α1+α2−−−−→ s2s1s2.

Thus, if we set

P0(v,Π) := P(v,Π),
P0(v,Π

′) := {q3,q6,q7,q10,q11,q12} ⊂ P(v,Π′),

PC0 (v,Π′) := {q1,q2,q4,q5,q8,q9} = P(v,Π′) \ P0(v,Π
′),

then we obtain the following bijection Y v,Π : P0(v,Π)→ P0(v,Π
′) and invo-

lution Iv,Π
′

2 on PC0 (v,Π′), which preserve end(·) and down(·):

Y v,Π : p1 7→ q3, p2 7→ q6, p3 7→ q7, p4 7→ q10, p5 7→ q11, p6 7→ q12;

Iv,Π
′

2 : q1 7→ q2, q2 7→ q1, q4 7→ q5, q5 7→ q4, q8 7→ q9, q9 7→ q8.

These maps give the correspondence p 7→ p′ in Proposition 4.2.3.
Now, let us give an example of generalized quantum Yang-Baxter moves.

Let λ ∈ P . Take λ-chains Γ1, Γ2 such that Γ2 is obtained from Γ1 by the
Yang-Baxter transformation (YB). Let w ∈ W . As in equations (4.1.1)

and (4.1.2), we take Γ
(k)
1 , Γ

(k)
2 , k = 1, 2, 3. Also, as in equations (4.1.3)

and (4.1.4), we take A(k) (resp., B(k)), k = 1, 2, 3, for A ∈ A(w,Γ1) (resp.,

B ∈ A(w,Γ2)). In this example, we consider the case that Γ
(2)
1 = Π and

Γ
(2)
2 = Π′. By the consideration above, we can give an explicit description of

quantum Yang-Baxter moves for A ∈ A(w,Γ1) (resp., B ∈ A(w,Γ2)) such
that end(A(1)) = s2 (resp., end(B(1)) = s2), as given in Tables 4.3, 4.4.

Table 4.3: List of Y (A) for A ∈ A0(w,Γ1) such that end(A(1)) = s2
A(2) p(A(2)) p(Y (A)(2)) = Y v,Π(p(A(2))) Y (A)(2)

∅ p2 q6 ∅
{t+ 2} p4 q10 {t+ 3}
{t+ 3} p1 q3 {t+ 2}
{t+ 4} p3 q7 {t+ 1}

{t+ 2, t+ 3} p6 q12 {t+ 1, t+ 4}
{t+ 2, t+ 4} p5 q11 {t+ 1, t+ 3}

4.3 Generating functions and level-zero De-

mazure modules

We consider the generating function of certain statistics associated to an
alcove path. We describe the relation between two such generating functions
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Table 4.4: List of I2(B) for B ∈ AC0 (w,Γ2) such that end(B(1)) = s2

B(2) p(B(2)) p(I2(B)(2)) = Iv,Π
′

2 (p(B(2))) I2(B)(2)

{t+ 1, t+ 2} q4 q5 {t+ 2, t+ 3}
{t+ 2, t+ 3} q5 q4 {t+ 1, t+ 2}

{t+ 1, t+ 2, t+ 3} q1 q2 {t+ 1, t+ 3, t+ 4}
{t+ 1, t+ 2, t+ 4} q8 q9 {t+ 2, t+ 3, t+ 4}
{t+ 1, t+ 3, t+ 4} q2 q1 {t+ 1, t+ 2, t+ 3}
{t+ 2, t+ 3, t+ 4} q9 q8 {t+ 1, t+ 2, t+ 4}

associated to two alcove paths which are related by the procedures (YB) and
(D). As an application, we derive an identity of “Chevalley type” for the
graded characters of Demazure submodules of (level-zero) extremal weight
modules over a quantum affine algebra. This section is based on [14, Section 5
and Appendix C].

4.3.1 Generating functions

Take an indeterminate q, and consider the ring R := Z[q, q−1] of Laurent
polynomials in q. Recall that an element of the affine Weyl group Waf can
be written x = wtξ, with w in the finite Weyl group W and ξ in the coroot
lattice Q∨.

Definition 4.3.1. For each λ-chain Γ and x = wtξ ∈ Waf , we define a
generating function GΓ(x) ∈ R[P ][Waf ] associated to the set A(w,Γ) of w-
admissible subsets by

GΓ(x) :=
∑

A∈A(w,Γ)

(−1)n(A)q− height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A). (4.3.1)

We also think of GΓ as a linear function on R[P ][Waf ].

Let λ ∈ P , and take λ-chains Γ1, Γ2. We consider the relation of the two
generating functions GΓ1(x) and GΓ2(x) for x = wtξ ∈ Waf .

First, we consider the case in which Γ2 is obtained from Γ1 by the proce-
dure (YB). As a corollary of Theorems 4.1.2 and 4.1.4, we obtain the equality
between the two generating functions.

Proposition 4.3.2. Assume that Γ2 is obtained from Γ1 by (YB). Then we
have GΓ1(x) = GΓ2(x).

Proof. As in Theorem 4.1.2, we take subsets A0(w,Γ1) and AC0 (w,Γ1) of
A(w,Γ1). Also, we take subsets A0(w,Γ2) and AC0 (w,Γ2) of A(w,Γ2). Then
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we have the maps Y , I1, I2 as in Theorem 4.1.2. Note that by Theorem 4.1.4,
Y , I1, and I2 preserve weights and heights.

Since I1 is a sign-reversing involution which preserves weights, heights,
and down statistics, we have∑

A∈AC
0 (w,Γ1)

(−1)n(A)q− height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A) = 0,

and hence

GΓ1(x) =
∑

A∈A0(w,Γ1)

(−1)n(A)q− height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A).

We derive the similar result for GΓ2(x) via the sign-reversing involution I2.
Using the map Y given by a generalization of quantum Yang-Baxter moves,
we deduce that

GΓ1(x)

=
∑

A∈A0(w,Γ1)

(−1)n(Y (A))q− height(Y (A))−⟨λ,ξ⟩ewt(Y (A)) end(Y (A))tξ+down(Y (A))

= GΓ2(x).

This concludes the proof.

Next, we consider the case in which Γ2 is obtained from Γ1 by the proce-
dure (D).

Proposition 4.3.3. Assume that Γ2 is obtained from Γ1 by the procedure
(D), which deletes the segment (±β,∓β) of Γ1, where β is not a simple root.
Then we have GΓ1(x) = GΓ2(x).

Proof. We write Γ1 = (β1, . . . , βr). By the assumption, there exists u ∈
{1, . . . , r − 2} such that

• βu+2 = −βu+1,

• βu+1 and βu+2 are not simple roots, and

• Γ2 = (β1, . . . , βu, βu+3, . . . , βr).

Set β := |βu+1| = |βu+2|. Since β is not a simple root, there does not exist

any path of the form v
|βu+1|=β−−−−−→ v′

|βu+2|=β−−−−−→ v′′ = v. Hence, for A ∈ A(w,Γ1),
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we have A∩ {u+1, u+2} ̸= {u+1, u+2}. We define a subset A∅(w,Γ1) ⊂
A(w,Γ1) by

A∅(w,Γ1) := {A ∈ A(w,Γ1) | A ∩ {u+ 1, u+ 2} = ∅}.

Also, we define a subset AC∅ (w,Γ1) ⊂ A(w,Γ1) by

AC∅ (w,Γ1) := A(w,Γ1) \ A∅(w,Γ1)

= {A ∈ A(w,Γ1) | A ∩ {u+ 1, u+ 2} = {u+ 1}, {u+ 2}}.

We define a map ID : AC∅ (w,Γ1) → AC∅ (w,Γ1) as follows. If A ∈ AC∅ (w,Γ1)
satisfies A ∩ {u+ 1, u+ 2} = {u+ 1}, then we set

ID(A) := (A ∩ {1, . . . , u}) ⊔ {u+ 2} ⊔ (A ∩ {u+ 3, . . . , r});

if A ∈ AC∅ (w,Γ1) satisfies A ∩ {u+ 1, u+ 2} = {u+ 2}, then we set

ID(A) := (A ∩ {1, . . . , u}) ⊔ {u+ 1} ⊔ (A ∩ {u+ 3, . . . , r}).

We see that for all A ∈ AC∅ (w,Γ1), we have ID(A) ∈ AC∅ (w,Γ1). Also, we
see that ID(ID(A)) = A. Hence ID defines an involution on AC∅ (w,Γ1), and
it is easy to see that it preserves the statistics down(·), end(·), height(·), and
wt(·). Also, it is easy to verify that ID negates the sign (−1)n(·). Therefore,
we obtain ∑

A∈AC
∅ (w,Γ1)

(−1)n(A)q− height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A) = 0.

Now, we define a bijection D : A∅(w,Γ1)→ A(w,Γ2) by

D(A) := (A ∩ {1, . . . , u}) ⊔ {j − 2 | j ∈ A ∩ {u+ 3, . . . , r}}.

It is again easy to see that this bijection preserves all the statistics. Therefore,
we deduce that

GΓ1(x)

=
∑

A∈A(w,Γ1)

(−1)n(A)q− height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A)

=
∑

A∈A∅(w,Γ1)

(−1)n(A)q−height(A)−⟨λ,ξ⟩ewt(A) end(A)tξ+down(A)

=
∑

A∈A∅(w,Γ1)

(−1)n(D(A))q−height(D(A))−⟨λ,ξ⟩ewt(D(A)) end(D(A))tξ+down(D(A))

= GΓ2(x),

as desired. This concludes the proof.
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Remark 4.3.4. In the setup of of Proposition 4.3.3, assume that β is a simple
root such that ±β appears in positions u + 1 and u + 2 in Γ1. Then the
equality GΓ1(x) = GΓ2(x) does not hold. This is because there exists a

directed path of the form v
β−→ v′

β−→ v for all v ∈ W , in contrast to the case
that β is not a simple root. In fact, in A(w,Γ1) we can pair each A for which
A ∩ {u + 1, u + 2} = ∅ with A′ := A ⊔ {u + 1, u + 2}. Let h ∈ Z be the
contribution of (one of the) positions u+1, u+2 to height(A′); note that this
is independent of A. By using the above pairing, as well as the map D and
the cancellations given by the involution ID in the proof of Proposition 4.3.3,
we derive

GΓ1(x) = GΓ2(x) (1− q−htβ∨).

We need the following weaker version of the notion of a reduced λ-chain.

Definition 4.3.5. A λ-chain is weakly reduced if it does not contain both a
simple root and its negative.

Now let us consider arbitrary weakly reduced λ-chains Γ1 and Γ2. Then
there exists a sequence Γ1 = Ψ0,Ψ1, . . . ,Ψp = Γ∗

1 of λ-chains such that Γ∗
1 is

reduced, and each Ψk is obtained from Ψk−1 by one of the procedure (YB)
or (D). In a similar way, we relate Γ2 to a reduced λ-chain Γ∗

2. Finally, we
relate Γ∗

1 to Γ∗
2 by successively applying the procedure (YB). The weakly

reduced property of Γ1 and Γ2 implies that, in the above process, the pro-
cedure (D) never deletes a segment (±β,∓β) where β is a simple root. By
Propositions 4.3.2 and 4.3.3, we derive the following theorem.

Theorem 4.3.6. For arbitrary weakly reduced λ-chains Γ1 and Γ2, we have
GΓ1(x) = GΓ2(x).

4.3.2 Combinatorial realization of commutativity

In this section we realize combinatorially the symmetry of the general Cheval-
ley formula in [19] coming from commutativity in equivariant K-theory. This
realization involves the commutativity of the composition of two functions
GΓ1 and GΓ2 , and is based on the generalized quantum Yang-Baxter moves.
The main result here will also play an important role in the proof of the
character identity in Section 4.3.3.

We start by developing the notion of a weakly reduced chain of roots in
Definition 4.3.5. Consider an arbitrary weight λ and an arbitrary decompo-
sition of it λ = λ1 + · · ·+ λp. Let λj =

∑
i∈I mijϖi.

Definition 4.3.7. The weight decomposition λ = λ1+· · ·+λp is cancellation
free if, for any i ∈ I, all the nonzero coefficients among mi1, . . . ,mip have the
same sign.
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Given the above weight decomposition, consider λj-chains of roots Γj, for
j = 1, . . . , p. Their concatenation, defined in the obvious way and denoted
Γ = Γ1∗· · ·∗Γp, is clearly a λ-chain. Note that the alcove path corresponding
to Γ is obtained by considering the shift of the alcove path for Γj by λ1 +
· · ·+ λj−1, for j = 1, . . . , p, and by concatenating them in this order.

Proposition 4.3.8. The λ-chain Γ is a weakly reduced if and only if the
weight decomposition λ = λ1+ · · ·+λp is cancellation free and each λj-chain
Γj is weakly reduced.

Proof. The result is easily derived from the following general fact about a
(not necessarily reduced) λ-chain Γ = (β1, . . . , βr), for an arbitrary weight λ,
where α is a positive root (see, e.g., [22, Lemma 5.3]):

⟨λ, α∨⟩ = #{j | βj = α} −#{j | βj = −α}.

This fact is applied to a simple root α = αi, by noting that ⟨λ, α∨
i ⟩ is the

coefficient of ϖi in the expansion of λ.

Let us now consider a cancellation free weight decomposition λ = µ+ ν,
and weakly reduced chains of roots Γ1 and Γ2 corresponding to µ and ν,
respectively. Then, by Proposition 4.3.8, we have the weakly reduced λ-
chain Γ := Γ1 ∗ Γ2. Observe that there exists a natural bijection

{(A,B) | A ∈ A(w,Γ1), B ∈ A(end(A),Γ2)} → A(w,Γ); (4.3.2)

let A ∗ B ∈ A(w,Γ) denote the image of (A,B) under this bijection. The
following lemma relates the statistics of interest under the bijection; its proof
is based on completely similar arguments to those in the proof of [19, Theo-
rem 46].

Lemma 4.3.9 ([19]). For A ∈ A(w,Γ1) and B ∈ A(end(A),Γ2), the follow-
ing hold:

(1) n(A ∗B) = n(A) + n(B);

(2) end(A ∗B) = end(B);

(3) down(A ∗B) = down(A) + down(B);

(4) height(A ∗B) = height(A) + height(B) + ⟨ν, down(A)⟩;

(5) wt(A ∗B) = wt(A) + wt(B).

We are now ready to prove the main result of this section.
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Theorem 4.3.10. Given the above setup and any x = wtξ ∈ Waf , we have

GΓ1 ◦GΓ2(x) = GΓ2 ◦GΓ1(x) = GΓ(x).

These identities are realized combinatorially via the bijection (4.3.2) and the
generalized quantum Yang-Baxter moves.

Proof. It suffices to prove the second equality. Indeed, this would imply that
GΓ1 ◦GΓ2(x) = GΓ′(x), where Γ′ := Γ2 ∗ Γ1. The proof is then concluded
by using Theorem 4.3.6 to show that GΓ(x) = GΓ′(x). Recall that the
mentioned theorem is proved by applying the generalized quantum Yang-
Baxter moves.

By iterating the definition (4.3.1), we obtain

GΓ2 ◦GΓ1(x)

=
∑

A∈A(w,Γ1)

(−1)n(A)q− height(A)−⟨µ,ξ⟩ewt(A)GΓ2

(
end(A)tξ+down(A)

)
=

∑
A∈A(w,Γ1)

∑
B∈A(end(A),Γ2)

(−1)n(A)+n(B)q− height(A)−⟨µ,ξ⟩−height(B)−⟨ν,ξ+down(A)⟩

× ewt(A)+wt(B) end(B)tξ+down(A)+down(B)

=
∑

A∈A(w,Γ1)

∑
B∈A(end(A),Γ2)

(−1)n(A∗B)q− height(A∗B)−⟨λ,ξ⟩

× ewt(A∗B) end(A ∗B)tξ+down(A∗B)

= GΓ(x).

The last two equalities are based on the bijection (4.3.2) and Lemma 4.3.9.

Theorem 4.3.10 immediately implies the following corollary involving a
composition of more than two functions GΓi

. Here we use the corresponding
setup that was defined above. Namely, we consider the cancellation free
weight decomposition λ = λ1 + · · · + λp, the weakly reduced λj-chains of
roots Γj, for j = 1, . . . , p, and their concatenation Γ = Γ1 ∗ · · · ∗ Γp.

Corollary 4.3.11. In the above setup, the composite of generating functions
GΓ1 ◦ · · · ◦GΓp(x) is invariant under permuting the maps GΓ·, and coincides
with GΓ(x).
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We now generalize the function GΓ on R[P ][Waf ] by defining the function

ĜΓ, which expresses the general K-theory Chevalley formula for semi-infinite
flag manifolds in [19].

Definition 4.3.12. For each λ-chain Γ and x ∈ Waf , we define

ĜΓ(x) :=
∑

χ∈Par(λ)

q−|χ|GΓ(x)tι(χ). (4.3.3)

Like above, we now consider a cancellation free weight decomposition
λ = µ + ν, weakly reduced chains of roots Γ1 and Γ2 corresponding to µ
and ν, respectively, and the weakly reduced λ-chain Γ := Γ1 ∗ Γ2. Let µ =∑

i∈I mi1ϖi and ν =
∑

i∈I mi2ϖi, so λ =
∑

i∈I miϖi with mi = mi1 +mi2.
We will show that there exists a natural bijection

Par(µ)× Par(ν)→ Par(λ), (ψ,ω) 7→ χ := ψ ∗ ω, (4.3.4)

which is compatible with the corresponding statistics. The above map is
constructed by defining the partition χ(i) in terms of the partitions ψ(i) and
ω(i), for each i ∈ I; we will identify a partition with its Young diagram. We
may assume that mi1,mi2 ≥ 0, and at least one is positive; indeed, otherwise
mi1,mi2 ≤ 0, so ψ(i) = ω(i) = ∅, and we let χ(i) := ∅. In the non-trivial
case, we consider a rectangular partition with mi2 rows of size ψ

(i)
1 ; then χ(i)

is defined as the result of attaching ω(i) at the right of the rectangle (top
justified) and ψ(i) at the bottom of the rectangle (left justified). It is easy to
verify that the result is indeed a partition of length at most mi, as needed,
as well as the fact that this map is invertible.

Lemma 4.3.13. For ψ ∈ Par(µ) and ω ∈ Par(ν), the following hold:

(1) ι(ψ ∗ ω) = ι(ψ) + ι(ω);

(2) |ψ ∗ ω| = |ψ|+ |ω|+ ⟨ν, ι(ψ)⟩.

Proof. We use the above notation, in particular χ := ψ ∗ ω, as well as the
fact that the weight decomposition λ = µ + ν is cancellation free. The first
relation is clear by construction. The second one follows from the fact that
⟨ν, ι(ψ)⟩ =

∑
i∈I mi2ψ

(i)
1 =

∑
i∈I max{mi2, 0}ψ(i)

1 ; here we note that mi2ψ
(i)
1

is the size of the rectangle used to construct χ(i) in the non-trivial case.

Theorem 4.3.14. Given the above setup and any x = wtξ ∈ Waf , we have

ĜΓ1 ◦ ĜΓ2(x) = ĜΓ2 ◦ ĜΓ1(x) = ĜΓ(x).

These identities are realized combinatorially via the bijections (4.3.2), (4.3.4),
and the generalized quantum Yang-Baxter moves.
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Proof. Like in the proof of Theorem 4.3.10, it suffices to prove the second
equality. By iterating the definition (4.3.3) and by also using (4.3.1), we
obtain

ĜΓ2 ◦ ĜΓ1(x)

=
∑

ψ∈Par(µ)

∑
A∈A(w,Γ1)

(−1)n(A)q−⟨µ,ξ⟩−height(A)−|ψ|

× ewt(A)ĜΓ2(end(A)tξ+down(A)+ι(ψ))

=
∑

ψ∈Par(µ)

∑
ω∈Par(ν)

∑
A∈A(w,Γ1)

(−1)n(A)q−⟨µ,ξ⟩−height(A)−|ψ|−|ω|

× ewt(A)GΓ2(end(A)tξ+down(A)+ι(ψ))tι(ω)

=
∑

ψ∈Par(µ)

∑
ω∈Par(ν)

q−|ψ|−|ω|−⟨ν,ι(ψ)⟩
∑

A∈A(w,Γ1)

(−1)n(A)q−⟨µ,ξ⟩−height(A)

× ewt(A)GΓ2(end(A)tξ+down(A))tι(ψ)+ι(ω)

=
∑

ψ∈Par(µ)

∑
ω∈Par(ν)

q−|ψ|−|ω|−⟨ν,ι(ψ)⟩GΓ2 ◦GΓ1(wtξ)tι(ψ)+ι(ω)

=
∑

ψ∈Par(µ)

∑
ω∈Par(ν)

q−|ψ∗ω|GΓ(wtξ)tι(ψ∗ω)

= ĜΓ(x).

The last two equalities are based on the bijection (4.3.4), Lemma 4.3.13, and
Theorem 4.3.10.

Remark 4.3.15. (1) Theorem 4.3.14 exhibits a combinatorial realization of the
symmetry of the general Chevalley formula [19, Theorem 33] coming from
commutativity in equivariant K-theory.

(2) Corollary 4.3.11 can be extended to the setup of Theorem 4.3.14.

4.3.3 Identity of Chevalley type for graded characters

As an application of the results in Sections 4.3.1 and 4.3.2, we obtain the
identity of Chevalley type for the graded characters of Demazure submod-
ules of (level-zero) extremal weight modules over a quantum affine algebra
(Theorem 3.3.1). Although Theorem 3.3.1 can be proved in a parallel way
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to [19, Theorem 33], we show that it follows immediately from the results in
Sections 4.3.1 and 4.3.2.

Now we recall two special cases of Theorem 3.3.1, i.e., the cases that λ
is dominant or anti-dominant. The following theorem gives the identity for
dominant weights; this is a restatement of [28, Corollary C.1] in terms of the
quantum alcove model, which is given by exactly the same argument as for
[19, Theorem 29]. Here, for a dominant weight λ ∈ P+, the lex λ-chain is a
λ-chain constructed in [23, Proposition 4.2].

Theorem 4.3.16 (cf. [19, Theorem 29] and [28, Corollary C.1]; see also
[15, Proposition D.1]). Let µ, λ ∈ P+, and x = wtξ ∈ Waf with w ∈ W and
ξ ∈ Q∨. Let Γ be the lex λ-chain. Then we have

gchV −
x (µ+ λ) =

∑
A∈A(w,Γ)

∑
χ∈Par(λ)

q− height(A)−⟨λ,ξ⟩−|χ|

× ewt(A) gchV −
end(A)tξ+down(A)+ι(χ)

(µ).

Also, the following theorem gives the identity for anti-dominant weights;
this is a restatement of [28, Corollary 3.15] in terms of the quantum alcove
model, which is given by exactly the same argument as for [19, Theorem 32].
Here, following [19, Section 4.2], the lex λ-chain for an anti-dominant weight
λ ∈ −P+ is defined to be the reverse of the lex (−λ)-chain.

Theorem 4.3.17 (cf. [19, Theorem 32] and [28, Corollary 3.15]; see also
[15, Proposition D.1]). Let µ ∈ P+, and x = wtξ ∈ Waf with w ∈ W and
ξ ∈ Q∨. Take λ ∈ −P+ such that µ+ λ ∈ P+, and let Γ be the lex λ-chain.
Then we have

gchV −
x (µ+ λ) =

∑
A∈A(w,Γ)

(−1)|A|q− height(A)−⟨λ,ξ⟩ewt(A) gchV −
end(A)tξ+down(A)

(µ).

Proof of Theorem 3.3.1. Let µ, λ, x and Γ be as in the statement of Theo-
rem 3.3.1. Write λ = λ+ + λ−, with λ+ ∈ P+ and λ− ∈ −P+ given by

λ+ :=
∑
i∈I

max{⟨λ, α∨
i ⟩, 0}ϖi, λ− :=

∑
i∈I

min{⟨λ, α∨
i ⟩, 0}ϖi.

Note that the weight decomposition λ = λ++λ− is cancellation free. Take a
lex λ+-chain (resp., lex λ−-chain) Γ+ (resp., Γ−). Note that the two chains
of roots are reduced, and Γ+ consists of positive roots, while Γ− consists of
negative roots. Define a λ-chain Γ0 as the concatenation Γ+ ∗ Γ−, which is
weakly reduced by Proposition 4.3.8.
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By Theorems 4.3.14 and 4.3.6, for x ∈ Waf we have

ĜΓ− ◦ ĜΓ+(x) = ĜΓ0(x) = ĜΓ(x). (4.3.5)

Now consider the correspondence x 7→ gchV −
x (µ) for x ∈ Waf , which

defines an R[P ]-module homomorphism R[P ][Waf ] → Z((q−1))[P ]. Under

this homomorphism, ĜΓ(x) is mapped to the right-hand side of (3.3.1).
By (4.3.5), we obtain the same result by applying the homomorphism to

ĜΓ− ◦ ĜΓ+(x). We observe that doing this parallels the process of expand-
ing gchV −

x (µ + λ) = gchV −
x ((µ + λ−) + λ+) in terms of gchV −

· (µ + λ−) by
Theorem 4.3.16, followed by expanding the result in terms of gchV −

· (µ) by
Theorem 4.3.17; here we use the fact that µ+ λ ∈ P+ implies µ+ λ− ∈ P+.
The mentioned observation proves that, by applying the above homomor-
phism to ĜΓ− ◦ ĜΓ+(x), we obtain gchV −

x (µ + λ). We conclude that the
right-hand side of (3.3.1) coincides with gchV −

x (µ+ λ).

Remark 4.3.18. Theorem 3.3.1 can also be proved by using the λ-chain Γ∗
0 :=

Γ− ∗ Γ+ instead of Γ0.

4.3.4 The right-hand side of the identity of Chevalley
type for graded characters

We show that the right-hand side of (3.3.1) is identical to zero if µ+λ /∈ P+.

Proposition 4.3.19. Let µ ∈ P+, and x = wtξ ∈ Waf with w ∈ W and
ξ ∈ Q∨. Take λ ∈ P such that µ+λ /∈ P+, and let Γ be an arbitrary reduced
λ-chain. Then we have∑

A∈A(w,Γ)

∑
χ∈Par(λ)

(−1)n(A)q−height(A)−⟨λ,ξ⟩−|χ|

× ewt(A) gchV −
end(A)tξ+down(A)+ι(χ)

(µ) = 0.

In the proof of Proposition 4.3.19, we make use of the following equalities
for graded characters.

Proposition 4.3.20 ([15, Proposition D.1]). For each x ∈ Waf , ξ ∈ Q∨, and
λ ∈ P+, one has

gchV −
xtξ

(λ) = q−⟨λ,ξ⟩ gchV −
x (λ).

Proposition 4.3.21 (cf. [28, Appendix B]). Let µ ∈ P+ and x ∈ W . Take
λ ∈ −P+ such that µ+ λ /∈ P+, and let Γ be the lex λ-chain. Then we have∑

A∈A(x,Γ)

(−1)|A|q− height(A)ewt(A) gchV −
end(A)tdown(A)

(µ) = 0.
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Remark 4.3.22. In [28], Proposition 4.3.21 is stated and proved in terms of
semi-infinite Lakshmibai-Seshadri paths.

Proof of Proposition 4.3.19. By considering λ±, Γ±, Γ0, and by using The-
orems 4.3.14 and 4.3.6 as in the proof of Theorem 3.3.1 (cf. (4.3.5)), we
obtain:∑
A∈A(w,Γ)

∑
χ∈Par(λ)

(−1)n(A)q− height(A)−⟨λ,ξ⟩−|χ|ewt(A) gchV −
end(A)tξ+down(A)+ι(χ)

(µ)

=
∑

A∈A(w,Γ0)

∑
χ∈Par(λ)

(−1)n(A)q−height(A)−⟨λ,ξ⟩−|χ|

× ewt(A) gchV −
end(A)tξ+down(A)+ι(χ)

(µ)

=
∑

A∈A(w,Γ+)

∑
B∈A(end(A),Γ−)

∑
χ∈Par(λ+)

(−1)|B|

× q− height(A)−height(B)−⟨λ−,down(A)+ι(χ)⟩−⟨λ,ξ⟩−|χ|

× ewt(A)+wt(B) gchV −
end(B)tξ+down(A)+down(B)+ι(χ)

(µ)

=
∑

A∈A(w,Γ+)

∑
B∈A(end(A),Γ−)

∑
χ∈Par(λ+)

(−1)|B|

× q− height(A)−height(B)−⟨λ−,down(A)+ι(χ)⟩−⟨λ,ξ⟩−|χ|q−⟨µ,ξ+down(A)+ι(χ)⟩

× ewt(A)+wt(B) gchV −
end(B)tdown(B)

(µ)

= q−⟨µ+λ,ξ⟩
∑

A∈A(w,Γ+)

∑
χ∈Par(λ+)

q− height(A)−⟨λ−+µ,down(A)+ι(χ)⟩−|χ|ewt(A)

×
∑

B∈A(end(A),Γ−)

(−1)|B|q− height(B)ewt(B) gchV −
end(B)tdown(B)

(µ);

(4.3.6)

here the third equality follows by Proposition 4.3.20. Since µ + λ /∈ P+, it
follows that µ+ λ− /∈ P+. Therefore, we deduce by Proposition 4.3.21 that∑

B∈A(end(A),Γ−)

(−1)|B|q− height(B)ewt(B) gchV −
end(B)tdown(B)

(µ) = 0

for each A ∈ A(w,Γ+), and hence that (4.3.6) is identical to zero, as needed.
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Boston, MA, 2003.

[25] I. G. Macdonald, Affine Hecke Algebras and Orthogonal Polynomials,
volume 157 of Cambridge Tracts in Mathematics, Cambridge University
Press, Cambridge, 2003.

[26] O. Mathieu, Positivity of some intersections in K0(G/B), J. Pure Appl.
Algebra 152 (2000), no. 1–3, 231–243.

[27] S. Naito, F. Nomoto, and D. Sagaki, Specialization of nonsymmetric
Macdonald polynomials at t = ∞ and Demazure submodules of level-
zero extremal weight modules, Trans. Amer. Math. Soc. 370 (2018),
no. 4, 2739–2783.

[28] S. Naito, D. Orr, and D. Sagaki, Chevalley formula for anti-dominant
weights in the equivariant K-theory of semi-infinite flag manifolds, Adv.
Math. 387 (2021), Paper No. 107828.

[29] S. Naito and D. Sagaki, Lakshmibai-Seshadri paths of level-zero shape
and one-dimensional sums associated to level-zero fundamental repre-
sentations, Compos. Math. 144 (2008), no. 6, 1525–1556.

[30] D. Orr and M. Shimozono, Specializations of nonsymmetric Macdonald-
Koornwinder polynomials, J. Algebr. Comb. 47 (2018), no. 1, 91–127.

[31] P. Papi, A characterization of a special ordering in a root system, Proc.
Amer. Math. Soc. 120 (1994), no. 3, 661–665.

[32] A. Postnikov, Quantum Bruhat graph and Schubert polynomials, Proc.
Amer. Math. Soc. 133 (2005), no. 3, 699–709.

[33] A. Ram and M. Yip, A combinatorial formula for Macdonald polynomi-
als, Adv. Math. 226 (2011), no. 1, 309–331.

[34] M. Yip, A Littlewood-Richardson rule for Macdonald polynomials,
Math. Z. 272 (2012), no. 3–4, 1259–1290.

99


