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Abstract

We study several relations between computation theory and abstract algebra.
The thesis comprises three chapters.

Chapter 1 is about semantics of simply-typed lambda calculus. The sim-
ple type assignment system λ→ consists of the three rules (Id), (→ I), and
(→ E), which lacks the rule (EQβ). Barendregt provided a sound, but not
complete, semantics for λ→. We introduce two new semantics: term-space
semantics and proper term-space semantics. We show that λ→ is complete
but not sound with respect to term-space semantics and is complete and
sound with respect to proper term-space semantics. We further consider
two other semantics: saturated term-space semantics and weakly saturated
term-space semantics, and provide an example that illustrates the difficulty
of proving the completeness of λ→ with respect to (weakly) saturated term-
space semantics.

Chapter 2 is about Hilbert’s tenth problem (HTP) over subrings of the
rational numbers Q. HTP is a decision problem as to whether a given mul-
tivariate polynomial equation f = 0 with integer coefficients has a solution
in the ring of integers Z. In 1970, Matiyasevich proved the undecidability of
HTP. Contrastingly, the undecidability of HTP over Q is still open. Miller
proved that, for a generic subring R of Q, the Turing degree of HTP over
R determines that of HTP over Q. We show that, conversely, the Turing
degree of HTP over R for a generic subring R of Q almost determines that
of HTP over Q. Moreover, we characterize the undecidability of HTP over
Q via Banach–Mazur game, which is an infinite game played by two play-
ers. In addition, we collect some consequences of the assumption that Z is
Diophantine in Q.

Chapter 3 is about word problems for finitely generated groups and G-
automata. For a group G, a G-automaton is a finite automaton augmented
with a register that contains an element of G. Such an automaton can update
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the register content by multiplying an element of G and accepts an input word
if it can reach a final state and the register content is the identity element
of G when the entire input word is read. The word problem of a finitely
generated group H is the set of words, over some fixed generating set of H,
that represents the identity element of H. Elder, Kambites, and Ostheimer
showed that if a finitely generated group H has a word problem accepted by
a Zn-automaton, then H is virtually free abelian of rank at most n. However,
their proof is somewhat indirect because it depends on Gromov’s polynomial
growth theorem. We give a new, elementary, and purely combinatorial proof
to the theorem.
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Chapter 1

Term-Space Semantics and
Typed Lambda Calculus

Barendregt [Bar92] gave a sound semantics of the simple type assignment
system λ→ by generalizing Tait’s proof of the strong normalization theorem.
In this chapter, we aim to extend the semantics so that the completeness
theorem holds. This chapter is based on the author’s joint paper [KMY20]
with Kashima and Matsuda.

Introduction

Background

Curry [CF58] provided the type assignment system λ→1 which consists of
the rules (Id), (→ I), and (→ E) in Figure 1.1. This system has long been
studied as the most fundamental type assignment system. However, λ→
lacks an important property, called the (beta-)equality-invariance property.
That is, Γ `λ→ M : α and M =β N do not always imply Γ `λ→ N : α.
For example, `λ→ λx.x : p → p and λx.x =β (λyx.x)(λx.xx) but 6`λ→
(λyx.x)(λx.xx) : p → p.

Hindley [Hin97, p. 52] discussed the lack as follows:2

As noted in 2C3 this lack of equality-invariance has not hindered

1In [CF58], the system is called F1(λ)
T. The name λ→ is according to Baren-

dregt [Bar92].
2In Hindley [Hin83], the system λ→ is called TAλ.
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(Id)
{x : α} ∪ Γ ` x : α

Γ ` M : α M =β N
(EQβ)

Γ ` N : α
Γ ` M : β

(→ I)
Γ \ {x : α} ` λx.M : α → β

Γ ` M : α → β Γ ` N : α
(→ E)

Γ ` MN : β

Figure 1.1: Typing rules

TAλ from a practical point of view, nor its descendant ML, as
the main need in both systems has been simply for the subject-
reduction theorem. However, on the theoretical side, equality-
invariance of Types(M) seems a desirable property from the view-
point of any of the standard λ-calculus semantics (except possibly
an operational semantics): if we believe terms represent functions
of some sort and equal terms represent the same function, then
equal terms should have the same types.

As discussed above, we can provide a natural semantics of the system λ→+
(EQβ) with lambda models (see Barendregt, Coppo, and Dezani-Ciancaglini
[BCDC83], Hindley [Hin83]). Contrastingly, there are few semantical studies
on λ→. A rare example was provided by Barendregt [Bar92].3 He provided a
sound (but not complete) semantics of λ→ by generalizing the strong normal-
ization proof of Tait [Tai67]. Roughly speaking, in Barendregt’s semantics,
each type α is interpreted as the set JαK of lambda terms defined as follows:

JpK = {M | M is a strongly normalizing term },Jα → βK = {M | MN ∈ JβK for each N ∈ JαK }.
And each statement M : α is interpreted as M ∈ JαK.

In the same way, Ghilezan [Ghi96] provided sound semantics of the inter-
section type assignment system D≤.

Overview

This study aims to extend Barendregt’s semantics so that the completeness
theorem holds. In Section 1.1, we introduce some basic concepts used in this

3Plotkin [Plo94] provided another semantics of λ→.
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chapter, in addition to introducing Barendregt’s semantics. In Section 1.2,
we provide a naive extension of Barendregt’s semantics. Roughly speaking,
our semantics, which we call term-space semantics, is obtained from Baren-
dregt’s by modifying the interpretation of type to be more flexible.4 We show
that λ→ is complete but not sound with respect to term-space semantics.
In Section 1.3, we provide new semantics by restricting term-space seman-
tics, and demonstrate that λ→ is sound and complete with respect to the
restricted semantics. In Section 1.4, we provide some open questions.

1.1 Preliminary

1.1.1 Basic concepts

With respect to the notation and fundamental properties of lambda calculus,
we refer to [Bar92] as the standard text. The following notation is according
to [Bar92]: V (the set of term variables); Λ (the set of lambda terms); SN
(the set of strongly normalizing lambda terms); FV(M) (the set of all free
variables in M); M [x := N ] (the term obtained from M by replacing each
free occurrence of x with N); M ≡ N (M is α-equivalent to N); M =β N
(M is β-equivalent to N). We equate a lambda term M with a lambda term
N if M is α-equivalent to N . We assume that V is countably infinite.

1.1.2 The type assignment system λ→
Given a countably infinite set V of type variables, then the set T of (simple)
types is defined as follows:

T ::= V | (T → T).

The metavariables p, q, and r denote type variables; α, β, and γ denote types.
Parentheses may be omitted in such a way that, for example, α → β → γ
denotes the type (α → (β → γ)). A statement is an expression of the form
M : α with M ∈ Λ and α ∈ T. The type α is called the predicate, and the
term M is called the subject of the statement. A declaration is a statement
with a term variable as the subject. A basis is a finite set of declarations

4Recall, in Barendregt’s semantics, that the interpretation of a type variable is fixed:JpK = {M | M is a strongly normalizing term }.
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with distinct variables as subjects. If Γ = {x : α, y : β, . . . }, then we write
dom(Γ) = {x, y, . . . }.

The simple type assignment system λ→ is defined by the rules (Id), (→ I)
and (→ E) in Figure 1.1. We write Γ `λ→ M : α if Γ ` M : α is derivable in
λ→.

1.1.3 Barendregt’s semantics

Barendregt [Bar92] provided a sound (but not complete) semantics of λ→
by generalizing the strong normalization proof of Tait [Tai67].

Definition 1.1.1 (Barendregt’s semantics). For each A,B ⊆ Λ, define A →
B ⊆ Λ by

A → B = {M ∈ Λ | MN ∈ B for every N ∈ A }.

Then, for each α ∈ T, define JαK ⊆ Λ as follows:

(1) JpK = SN,

(2) Jα → βK = JαK → JβK.
We denote the set { JαK | α ∈ T } by JTKSN.

A term valuation is a mapping from V into Λ. Let ρ be a term valuation,
and let M be a lambda term. Then we write the lambda term obtained
from M by replacing each free occurrence of x by ρ(x) as JMKρ. For each
statement M : α and each basis Γ, we write ρ |= M : α if JMKρ ∈ JαK, and
write ρ |= Γ if ρ |= x : α for all x : α ∈ Γ. Furthermore, we write Γ |= M : α
if ρ |= M : α holds for each ρ such that ρ |= Γ.

Proposition 1.1.2 ([Bar92, Proposition 4.3.5]). If Γ `λ→ M : α, then Γ |=
M : α.

Note 1.1.3. For each term valuation ρ, Jλx.xxKρ ≡ λx.xx ∈ SN = JpK. Hence
|= λx.xx : p. However, 6`λ→ λx.xx : p. Therefore, λ→ is not complete with
respect to |=.

1.2 Term-space semantics of λ→
In this section, we first provide a new semantics that is obtained from Baren-
dregt’s by modifying the interpretation of type to be more flexible. Then we
show that λ→ is complete but not sound with respect to the semantics.
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1.2.1 Term-space semantics

Definition 1.2.1 (Term space). A set L ⊆ 2Λ is called a term space if it is
closed under the operation →, that is, A ∈ L and B ∈ L imply A → B ∈ L.

Definition 1.2.2 (Term-space semantics). A type valuation on a term space
L is a mapping from V into L. For each type valuation θ on L and each
α ∈ T, define [α]θ ∈ L as follows:

[p]θ = θ(p),

[α → β]θ = [α]θ → [β]θ.

A term valuation is a mapping from V into Λ. For each term valuation
ρ and each lambda term M , the term obtained from M by replacing each
free occurrence of x with ρ(x) is written as [M ]ρ. Given a term valuation ρ,
ρ[x := M ] denotes the following term valuation:

ρ[x := M ](y) =

{
M if y ≡ x,

ρ(y) if y 6≡ x.

Let L be a term space, let θ be a type valuation on L, let ρ be a term
valuation, let M : α be a statement, and let Γ be a basis. Then we write
ρ, θ ⊩ M : α if [M ]ρ ∈ [α]θ, and write ρ, θ ⊩ Γ if ρ, θ ⊩ x : α for each
x : α ∈ Γ. We also write Γ ⊩ M : α if ρ, θ ⊩ M : α for every term space L,
every term valuation ρ, and every type valuation θ on L such that ρ, θ ⊩ Γ.

Note 1.2.3. Clearly, JTKSN is a term space. Hence term-space semantics
is regarded as an extension of Barendregt’s semantics naturally. Indeed,
Barendregt’s semantics can be obtained from ours by adopting the term
space JTKSN.

1.2.2 Completeness

Here we show that λ→ is complete with respect to ⊩. We first prepare some
definitions and lemmas.

Definition 1.2.4. A rich basis P is an infinite5 set of declarations such that:

• for each α ∈ T, there exist infinitely many x such that x : α ∈ P.

5Note that a rich basis is an infinite set although a basis is a finite set.
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Definition 1.2.5. For each rich basis P and each α ∈ T, define the set
〈〈α〉〉P ⊆ Λ by

〈〈α〉〉P = {M ∈ Λ | P′ `λ→ M : α for some P′ ⊆fin P }.6

We denote the set { 〈〈α〉〉P | α ∈ T } by 〈〈T〉〉P.

Lemma 1.2.6. Let P be a rich basis. Then

〈〈α → β〉〉P = 〈〈α〉〉P → 〈〈β〉〉P.

Proof. The inclusion 〈〈α → β〉〉P ⊆ 〈〈α〉〉P → 〈〈β〉〉P is easy. Below, we show
the inverse inclusion.

Take M ∈ 〈〈α〉〉P → 〈〈β〉〉P arbitrarily. Because P is rich, we can take
a term variable x such that x : α ∈ P. Since x : α `λ→ x : α, we obtain
x ∈ 〈〈α〉〉P. Then, because M ∈ 〈〈α〉〉P → 〈〈β〉〉P, Mx ∈ 〈〈β〉〉P. Hence
P′ `λ→ Mx : β for some P′ ⊆fin P. Then, from the generation lemma of λ→
(see [Bar92, Proposition 3.1.8]), we obtain P′ `λ→ M : α → β. Therefore
M ∈ 〈〈α → β〉〉P.

Corollary 1.2.7. For each rich basis P, 〈〈T〉〉P is a term space.

Definition 1.2.8 (Canonical term space). Let P be a rich basis. We call the
term space 〈〈T〉〉P the canonical term space associated to P.

Lemma 1.2.9. If Γ 6`λ→ M : α, then there exists a rich basis P ⊇ Γ such
that P′ 6`λ→ M : α for each P′ ⊆fin P.

Proof. Because Γ is finite, we can easily extend Γ to a rich basis P such that
if x : α ∈ P and x ∈ FV(M), then x : α ∈ Γ. Then, because

FV(M) ∩ dom(Γ) = FV(M) ∩ dom(P),

P′ 6`λ→ M : α for any P′ ⊆fin P (see [Bar92, Proposition 3.1.7]).

Then we proceed to the proof of completeness.

Theorem 1.2.10 (Completeness). If Γ ⊩M : α, then Γ `λ→ M : α.

Proof. Suppose Γ 6`λ→ M : α. Consider the rich basis P given in Lemma 1.2.9.
Let ρ be the term valuation such that ρ(x) = x, and let θ be the type valua-
tion on the canonical term space 〈〈T〉〉P such that θ(p) = 〈〈p〉〉P. Then

[M ]ρ ≡ M 6∈ 〈〈α〉〉P = [α]θ.

Hence Γ 6⊩M : α.
6If A is a finite subset of B, then we write A ⊆fin B.
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1.2.3 Unsoundness

Note 1.2.11. Let L = 2Λ, θ(p) = {x}, and ρ(x) = x. Then we obtain
6⊩ λx.x : p → p because

[λx.x]ρ ≡ λx.x 6∈ ∅ = [p → p]θ.

On the other hand, `λ→ λx.x : p → p. Hence λ→ is not sound with respect
to ⊩.

1.3 Proper term-space semantics

In the previous section, we saw that λ→ is not sound with respect to term-
space semantics. In this section, we consider the following restricted term-
space semantics.

Definition 1.3.1 (Proper-term-space semantics). A term space L is said to
be proper if the following conditions hold:

(♯1) each set in L includes infinitely many term variables,

(♯2) each sets A and B in L satisfy the following condition: if M [x := N ] ∈
A, N ∈ B, M ∈ A and x ∈ B, then (λx.M)N ∈ A.

We write Γ ⊩P M : α if ρ, θ ⊩ M : α for each proper term space L, each
term valuation ρ, and each type valuation θ on L such that ρ, θ ⊩ Γ.

In Sections 1.3.1 and 1.3.2, we show that λ→ is sound and complete
with respect to ⊩P. Then, in Section 1.3.3, we consider the relation between
Barendregt’s semantics and proper-term-space semantics.

1.3.1 Soundness

Theorem 1.3.2 (Soundness). If Γ `λ→ M : α, then Γ ⊩P M : α.

Proof. By induction on the size of the derivation of Γ `λ→ M : α. The only
nontrivial case is when the last rule is (→ I):

Γ ` M : β
(→ I)

Γ \ {x : α} ` λx.M : α → β
.
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Take a proper term space L, a type valuation θ on L, and a term valuation ρ
such that ρ, θ ⊩ Γ \ {x : α}. Let N be in [α]θ. To prove [λx.M ]ρ ∈ [α → β]θ,
we will show [λx.M ]ρN ∈ [β]θ below.

Because of the condition (♯1), we can take a term variable y ∈ [α]θ such
that y 6∈ FV(M) ∪ dom(Γ). Here, we can easily check that there exists
a derivation of (Γ \ {x : α}) ∪ {y : α} `λ→ M [x := y] : β whose size is
equal to the size of the derivation of Γ `λ→ M : β. Since y 6∈ dom(Γ),
y ∈ [α]θ, and N ∈ [α]θ, we obtain ρ[y := y], θ ⊩ (Γ \ {x : α}) ∪ {y : α}
and ρ[y := N ], θ ⊩ (Γ \ {x : α}) ∪ {y : α}. Hence, by induction hypothesis,
[M [x := y]]ρ[y:=y] ∈ [β]θ and [M [x := y]]ρ[y:=N ] ∈ [β]θ. Then, from the
condition (♯2), (λy.[M [x := y]]ρ[y:=y])N ∈ [β]θ. Here, since λy.[M [x :=
y]]ρ[y:=y] is α-equivalent to [λx.M ]ρ, we obtain [λx.M ]ρN ∈ [β]θ.

1.3.2 Completeness

Theorem 1.3.3 (Completeness). If Γ ⊩P M : α, then Γ `λ→ M : α.

Proof. We can easily check that, for each rich basis P, the canonical term
space 〈〈T〉〉P is proper. Hence, we can prove this theorem in the same way as
the proof of Theorem 1.2.10.

1.3.3 JTKSN is proper

Let us now show that Barendregt’s term space JTKSN, which is detailed in
Definition 1.1.1, is proper. This fact shows that proper-term-space semantics
can also be regarded as an extension of Barendregt’s semantics.

Theorem 1.3.4. JTKSN is proper.

Proof. Because every JαK includes V (see [Bar92, Lemma 4.3.3]), JTKSN sat-
isfies (♯1). Furthermore, for each α, β ∈ T, JαK ∈ JTKSN is saturated7 andJβK ⊆ SN (see [Bar92, Lemma 4.3.3]). Therefore, M [x := N ] ∈ JαK and
N ∈ JβK imply (λx.M)N ∈ JαK.

7A subset X ⊆ SN is said to be saturated if: (a) xR⃗ ∈ X for each n ≥ 0, R1, . . . , Rn ∈
SN, and x ∈ V, and (b) M [x := N ]R⃗ ∈ X implies (λx.M)NR⃗ ∈ X, for each n ≥ 0,
R1, . . . , Rn ∈ SN, and Q ∈ SN (see [Bar92, Definition 4.3.2])
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1.4 Saturated-term-space semantics

In the previous section, we provide the restrictions (♯1) and (♯2) of term space
such that the soundness theorem and the completeness theorem hold. In this
section, we consider whether we can make the restrictions stronger or not.
Here, recall the proof of Theorem 1.3.4. We show that Barendregt’s term
space JTKSN satisfies the following condition, which is stronger than (♯2):

(♯2)++ sets A and B in L each satisfy the following condition: if M [x :=
N ] ∈ A and N ∈ B, then (λx.M)N ∈ A.

We now consider the following two kinds of semantics.

Definition 1.4.1 (Saturated-term-space semantics). A term space is said to
be saturated, if it satisfies (♯1) and (♯2)++. Furthermore, a term space is said
to be weakly saturated if it satisfies (♯1) and the following condition:

(♯2)+ sets A and B in L each satisfy the following condition: if M [x := N ] ∈
A, N ∈ B, and M ∈ A, then (λx.M)N ∈ A.

We write Γ ⊩S M : α (resp., Γ ⊩W M : α) if ρ, θ ⊩ M : α for each saturated
(resp., weakly saturated) term space L, each term valuation ρ, and each type
valuation θ on L such that ρ, θ ⊩ Γ.

Note 1.4.2. It is clear that every saturated term space is weakly saturated,
and every weakly saturated term space is proper. Hence, λ→ is sound with
respect to both ⊩S and ⊩W. Furthermore, from the proof of Theorem 1.3.4,
for each JαK and JβK, M [x := N ] ∈ JαK and N ∈ JNK imply (λx.M)N ∈ JαK.
Therefore, JTKSN is saturated (and hence it is also weakly saturated).

Here, the following questions arise naturally.

Question 1.4.3. Is λ→ complete with respect to ⊩S? That is, does Γ ⊩S M : α
imply Γ `λ→ M : α?

Question 1.4.4. Is λ→ complete with respect to ⊩W? That is, does Γ ⊩W

M : α imply Γ `λ→ M : α?

Unfortunately, this thesis could not solve these questions. In the following,
we show that, for any rich basis P, the canonical term space 〈〈T〉〉P is not
weakly saturated. This means that Questions 1.4.3 and 1.4.4 cannot be
solved in the same way as Theorem 1.2.10.
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Lemma 1.4.5. There exist M,N ∈ Λ and α, β, γ ∈ T such that

(A1) FV(M) = {x} and FV(N) = ∅,

(A2) `λ→ M [x := N ] : α,

(A3) {x : γ} `λ→ M : α,

(A4) `λ→ N : β,

(A5) (λx.M)N is not typable in λ→.

Proof. Let M and N be the following terms:

M ≡ KI(λy.K(xy)(λz.xzy)),

N ≡ I,

where K ≡ λxy.x and I ≡ λx.x. In addition, let α, β, γ be the following
types:

α ≡ p → p,

β ≡ q → q,

γ ≡ r → r → r.

It is not difficult to check that these terms and types satisfy the claims (A1)–
(A4) (see also Figures 1.2 and 1.3).

I : r → r y : r

...
K(Iy) : ((r → r) → r) → r

I : (r → r) → r → r z : r → r y : r

...
λz.Izy : (r → r) → r

...
λy.K(Iy)(λz.Izy) : r → r

...
KI(λy.K(Iy)(λz.Izy)) : p → p

Figure 1.2: Outline of `λ→ M [x := N ] : α
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x : r → r → r y : r

...
K(xy) : (r → r) → r → r

x : r → r → r z : r y : r

...
λz.xzy : r → r

...
λy.K(xy)(λz.xzy) : r → r → r

...
KI(λy.K(xy)(λz.xzy)) : p → p

Figure 1.3: Outline of {x : γ} `λ→ M : α

Below, we show that these satisfy (A5). Suppose `λ→ (λx.M)N : α.
Then the derivation should be of the following form:

...
{x : β} ` M : α

(→ I)
` λx.M : β → α

...
` N : β

(→ E)
` (λx.M)N : α

.

Here, because N ≡ λx.x,
β ≡ β1 → β1 (1.1)

for some β1. On the other hand, because both xy and xzy occur in M , there
exist types γ, β2, β3, and β4 such that:

β ≡ γ → β2, (1.2)

β ≡ β3 → γ → β4. (1.3)

However, (1.1), (1.2), and (1.3) cannot hold simultaneously. Therefore,
(λx.M)N is not typable.

Theorem 1.4.6. For each rich basis P, the term space 〈〈T〉〉P is not weakly
saturated.

Proof. Let P be a rich basis. Consider the term M,N ∈ Λ and the types
α, β, γ ∈ T given in Lemma 1.4.5. Because of the condition of rich basis,
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we can take a variable y 6∈ FV(MN) such that y : γ ∈ P. Here, because
{x : γ} `λ→ M : α we obtain {y : γ} `λ→ M [x := y] : α, and hence

M [x := y] ∈ 〈〈α〉〉P. (1.4)

Furthermore, from `λ→ M [x := N ] : α, we obtain

(M [x := y])[y := N ] ≡ M [x := N ] ∈ 〈〈α〉〉P. (1.5)

And from `λ→ N : β,
N ∈ 〈〈β〉〉P. (1.6)

On the other hand, because (λx.M)N is not typable in λ→ and λy.M [x := y]
is α-equivalent to λx.M , we obtain

(λy.M [x := y])N 6∈ 〈〈α〉〉P. (1.7)

Equations (1.4)–(1.7) show that 〈〈T〉〉P does not satisfy the condition (♯2)+.

1.5 Conclusions and future work

In this chapter, we provide four kinds of semantics (⊩, ⊩P, ⊩W, and ⊩S) for
λ→ by generalizing Barendregt’s semantics (|=). The relation between those
semantics is as follows (see also Figure 1.4).

Theorem 1.5.1. (Si) implies (Si+1), for every pair (Si) and (Si+1) below:

(S1) Γ ⊩M : α,

(S2) Γ ⊩P M : α,

(S3) Γ ⊩W M : α,

(S4) Γ ⊩S M : α,

(S5) Γ |= M : α.

Theorem 1.5.2. λ→ is unsound with respect to ⊩, but sound with respect
to all others ( ⊩P, ⊩W, ⊩S, and |=).

Theorem 1.5.3. λ→ is complete with respect to both ⊩ and ⊩P, but incom-
plete with respect to |=.

17



JTKSN
〈〈T〉〉P

2Λ

JTKSN term spaces
proper term spaces
weakly saturated term spaces
saturated term spaces

Figure 1.4: Relationship between term spaces

However, the following questions remain unsolved and are subject to further
investigation.

Question 1.5.4. Is λ→ complete with respect to ⊩W?

Question 1.5.5. Is λ→ complete with respect to ⊩S?

18



Chapter 2

Hilbert’s Tenth Problem over
Generic Subrings of the
Rational Numbers

2.1 Introduction

Hilbert’s tenth problem is, originally, a decision problem as to whether a
given polynomial equation f = 0 has a solution in the integers Z, where f is
a multivariate polynomial in Z[X1, X2, . . . ]. In 1970, Matiyasevich [Mat70]
showed that Hilbert’s tenth problem is undecidable, based on the work by
Davis, Putnam and Robinson [DPR61]. This problem is naturally generalized
to an arbitrary ring R: Hilbert’s tenth problem for a ring R, denoted by
HTP(R), is a decision problem as to whether a given polynomial equation
f = 0 for a polynomial f ∈ R[X1, X2, . . . ] has a solution in R. With this
terminology, what Matiyasevich established is that the halting problem ∅′
is 1-reducible to HTP(Z). For known results about these variants of the
problem, the reader is referred to the conference proceedings [DLPVG00] or
a survey by Poonen [Poo03b].

However, for the ring Q of rational numbers, undecidability of HTP(Q) is
still an open problem. A näıve approach to prove undecidability of HTP(Q),
and similarly for other rings, is to show that Z is Diophantine (i.e., exis-
tentially definable) in Q. If this is true, then one can easily construct a
1-reduction HTP(Z) ≤1 HTP(Q) and deduce that HTP(Q) is undecidable.
However, it is known that Z cannot have even Diophantine model (i.e., a ring
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isomorphic to Z whose underlying set and graphs of addition and multiplica-
tion are Diophantine) in Q under a plausible number-theoretic assumption,
known as Mazur’s conjecture (see [CZ00] for more details). It is, therefore,
important to develop an entirely new method to approach undecidability of
HTP(Q).

The main target of this chapter is HTP(R) for subrings R of Q, including
R = Q itself. Formally, for a subring R ⊆ Q, Hilbert’s tenth problem for R
is defined as the set

HTP(R) := { f ∈ Z[X1, X2, . . . ] | ∃x̄ ∈ R<ω[f(x̄) = 0] },

where R<ω :=
⋃

n∈ω R
n. Here we consider HTP(R) as a decision problem by

identifying with its membership problem. In the rest of the chapter, in order
to mention the Turing degree of HTP(R) consistently, we fix a computable
enumeration (fi)i∈ω of the polynomials in Z[X1, X2, . . . ]. For every subring
R ⊆ Q, there exists a unique set W of prime numbers such that

R = Z[W−1] = {n/d ∈ Q | n, d ∈ Z, every prime factor of d is in W }.

We write RW for the subring Z[W−1]. The mapping W 7→ RW from the
power set 2P of the set P := {2, 3, 5, 7, 11, . . . } of prime numbers to the set of
subrings of Q is bijective. Thus each subring R ⊆ Q is naturally considered
as a point of the Cantor space 2P.

There are several previous studies about HTP(RW ) for W ∈ 2P, mainly
by Russell G. Miller. Eisenträger, Miller, Park and Shlapentokh [EMPS17]
showed, by a priority argument, that there exists a coinfinite c.e. set W ∈ 2P

such that W ≡T HTP(RW ) ≡T HTP(Q). Poonen [Poo03a] constructed
continuum many set W ∈ 2P such that RW admits a Diophantine model
of Z, i.e., ∅′ ≤1 HTP(RW ). However, Miller [Mil16] showed that there exist
only meager many such sets in 2P unless Q admits a Diophantine model of Z.
Therefore Poonen’s result cannot be extended to a non-meager subset of 2P

unless Mazur’s conjecture is false. In the same paper, Miller introduced the
notion of HTP-genericity (Definition 2.2.4). An HTP-generic set is defined to
be a set which avoids the boundary set of every polynomial. Miller showed
that the Turing degree of HTP(RW ) for an HTP-generic set W ∈ 2P is
determined by that of HTP(Q), vis., the Turing equivalence HTP(RW ) ≡T

W ⊕ HTP(Q) holds for every HTP-generic set W ∈ 2P (Lemma 2.2.6). Also
they showed that for every set C ⊆ ω, HTP(Q) computes C if and only if
there are non-meager many set W ∈ 2P such that HTP(RW ) computes C.
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In [Mil18], they focused on the measure-theoretic structure of 2P and studied
the noncomputability of the measure of the boundary set of a polynomial.
However, the measure of the set of HTP-generic sets still remains unknown.
In [KM19], Kramer and Miller viewed HTP as an operator on 2P and studied
its properties. In particular, they showed that HTP does not preserve Turing
equivalence, i.e., there exist U, V ∈ 2P such that U ≡T V and HTP(RU) 6≡T

HTP(RV ). For m-equivalence, Miller [Mil19] showed that if HTP preserves
m-equivalences, then ∅′ ≤1 HTP(Q). In the same paper, they also showed
that every Turing degree contains a set W ∈ 2P such that W ′ ≤1 HTP(RW ),
while the set of such sets is meager of measure 0. On the other hand, they
pointed out that it is possible for the set {W ∈ 2P | W ′ ≤T HTP(RW ) } to be
not small. (Beware the difference between ≤1 and ≤T.) Our Theorem 2.1.1
below says that the size of this set depends on the Turing degree of HTP(Q).
In [Mil20], Miller showed that HTP(Q) is low if and only if HTP(RW )′ ≤T W ′

for comeager many sets W ∈ 2P. This fact is also obtained as a consequence
of Theorem 2.1.1 below.

In this chapter, we continue and enhance the program by Miller. In
section 2.3, we prove that the Turing degree of HTP(RW ) for a generic set
W “almost” determines that of HTP(Q):

Theorem 2.1.1 (part of Corollary 2.3.2). The following equivalences hold.

(1) HTP(RW ) ≡T W for some or all generic set W if and only if HTP(Q)
is decidable.

(2) HTP(RW ) >T W for some or all generic set W if and only if HTP(Q)
is undecidable.

(3) HTP(RW )′ ≤T W ′ for some or all generic set W if and only if HTP(Q)
is low.

(4) HTP(RW )′ ≥T W ′′ for some or all generic set W if and only if HTP(Q)
is high.

(5) HTP(RW ) ≡T W ′ for some or all generic set W if and only if HTP(Q) ≡T

∅′.

Moreover, under an additional assumption, these statements remain true with
“generic” being replaced by “arithmetically random”.
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Theorem 2.1.1 is a further generalization of Theorem 1 and Proposition
1 in [Mil20]. In particular, a consequence of the theorem is that Proposition
1 in [Mil20] holds without any assumption.

In section 2.4, with more detailed analysis of the proof of Theorem 2.1.1,
we give a new characterization of undecidability of HTP(Q) in terms of
Banach–Mazur game.

Theorem 2.1.2 (part of Theorem 2.4.6). Let N := {W ∈ 2P | W <T

HTP(RW ) }. The following conditions are equivalent.

(1) HTP(Q) is undecidable.

(2) Player I has a winning strategy for Banach–Mazur game for N .

(3) Player II does not have a winning strategy for Banach–Mazur game for
N .

Theorem 2.1.2 provides a new way to prove undecidability of HTP(Q):
all one has to do is to develop a winning strategy for such a game. In addi-
tion, it is worth noting that Theorem 2.1.2 characterizes absence of deciding
algorithm for HTP(Q) as existence of a winning strategy for a game.

To our knowledge, for every “natural” undecidable problem arising in
mathematics, its undecidability is proved by reducing the halting problem ∅′
to it. If undecidability of HTP(Q) is proved by our approach using Theorem
2.1.2, then HTP(Q) will become the first natural decision problem whose
undecidability is proved without reducing ∅′. Note that undecidability proof
based on Theorem 2.1.2 works even if ∅ <T HTP(Q) <T ∅′ (see also Question
2.3.6).

In Section 2.5, we show several interesting results deducible from the
assumption that Z is Diophantine in Q, contrary to Mazur’s conjecture.
In particular, under the Diophantineness assumption, we show that every
coinfinite HTP-generic set is cohyperimmune in Theorem 2.5.6. Although
this topic is slightly different from the subject of the chapter, we believe the
results to be useful for this field of study, as well as for future development
of our approach.

2.2 Preliminaries

We first review some of the basic properties of HTP.
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Lemma 2.2.1. The following properties hold.

(1) W ≤1 HTP(RW ) ≤1 W ′ for all W ∈ 2P. Moreover, HTP is an enu-
meration operator.

(2) HTP(Q) ≤1 HTP(RW ) for all W ∈ 2P.

(3) HTP(RV ) ≤1 HTP(Q) for all cofinite set V ∈ 2P.

Proof. We give only brief outlines of the proofs here.

(1) The former reduction is given by the map p 7→ pX − 1. The latter re-
duction holds since HTP(RW ) is c.e. in W . For enumeration operators,
see e.g. [Mil19, section 5].

(2) Convert each variable Xi occurring in a given polynomial into the frac-
tion Yi/Zi of two new variables Yi and Zi. See [EMPS17, Corollary 5.2]
or [Mil18, section 2.2] for details.

(3) For every p ∈ P, it is known that the local ring Z(p) = {n/d ∈ Q |
n, d ∈ Z, p ∤ d } is Diophantine in Q. See [EMPS17, Proposition 5.4]
for more details.

Both ends of the inequation in the first assertion of Lemma 2.2.1 are
attained as follows.

Proposition 2.2.2. The following properties hold.

(1) There are continuum many set W ∈ 2P such that W ≡ HTP(RW ).

(2) There are continuum many set W ∈ 2P such that HTP(RW ) ≡ W ′.

Proof.

(1) Suppose W = V ′ for some set V ∈ 2P. Then HTP(RW ) ≤1 W since
HTP is an enumeration operator and thus HTP(RW ) is c.e. in V . There
are continuum many such W by Friedberg’s jump inversion theorem.

(2) By the result due to Miller [Mil19, Theorem 4.1], every Turing degree
contains a set W ∈ 2P such that W ′ ≤1 HTP(RW ).
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2.2.1 Topology and measure on the Cantor space 2P

The Cantor space 2P is the topological space defined as the countably infinite
product of the discrete space 2 = {0, 1}. For each binary string σ ∈ 2<P of
finite length, a basic clopen set for σ is given by

JσK := {W ∈ 2P | σ ⊆ W }

where σ ⊆ W denotes that σ is an initial segment of W , viewing W as a
binary string of infinite length. The topology on 2P is generated by { JσK | σ ∈
2<P }. Also, the Cantor space 2P is equipped with the probability measure µ
satisfying that µ(JσK) = 2−|σ| for each σ ∈ 2<P, where |σ| denotes the length
of σ.

Definition 2.2.3. A subset of 2P is called nowhere dense if its topological
closure has no interior points. The countable union of nowhere dense sets
is said to be meager. (It is also known as a set of first category.) The
complement of a meager set is called comeager.

Comeager sets and sets of measure 1 are considered as “large” subsets of
2P.

2.2.2 Boundary sets, HTP-genericity and generalized
HTP-lowness

Definition 2.2.4 (cf. [Mil16, section 2], [Mil18, section 3]). For a polynomial
f ∈ Z[X1, X2, . . . ], we write

• A(f) := {W ∈ 2P | f ∈ HTP(RW ) }, which is an open set in 2P since
f ∈ HTP(RW ) is witnessed by some finite subset of W ,

• B(f) := {W ∈ 2P | f 6∈ HTP(RW )∧∀σ ⊆ W∃V ∈ JσK [f ∈ HTP(RV )] },
which is the topological boundary of A(f), and

• C(f) := {W ∈ 2P | ∃σ ⊆ W ∀V ∈ JσK [f 6∈ HTP(RV )] }, which is the
topological exterior of A(f).

A set W ∈ 2P is called HTP-generic if W 6∈ B :=
⋃

f∈Z[X1,X2,... ]
B(f). Since

each A(f) is open, B(f) is nowhere dense in 2P. Thus the entire boundary
set B is meager, and HTP-genericity is comeager.
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Note that the measure µ(B) of the entire boundary set B is unknown.
For notational convenience, we introduce a new notion called generalized

HTP-lowness.

Definition 2.2.5. A set W ∈ 2P is called generalized HTP-low if HTP(RW ) ≤T

W ⊕ HTP(Q). (Note that the opposite direction of the reduction always
holds.) We write GLHTP for the set of generalized HTP-low sets, and de-

fine GLHTP
e := {W ∈ 2P | HTP(RW ) = Φ

W⊕HTP(Q)
e } for each index e ∈ ω.

Clearly, GLHTP =
⋃

e∈ω GLHTP
e .

HTP-generic sets and generalized HTP-low sets are analogues of 1-generic
sets and generalized low1 sets, respectively, which will be defined in section
2.2.3. The following lemma corresponds to the fact that every 1-generic set
is also generalized low1.

Lemma 2.2.6. There exists e ∈ ω such that B ⊆ GLHTP
e , where B is the

complement of B.

Proof. The lemma follows from the fact that, for an HTP-generic set W ∈ 2P,
f 6∈ HTP(RW ) is a Σ

HTP(Q)
1 condition by Lemma 2.2.1.(3). For details, see

[Mil16, Proposition 2].

Remark 2.2.7. Note that if two sets U, V ∈ 2P satisfy U ≡T V and U, V ∈
GLHTP, then HTP(RU) ≡T HTP(RV ). That is, HTP preserves Turing equiv-
alence on the comeager set GLHTP.

2.2.3 Genericity and randomness

In this subsection, we introduce two notions of typicality of a point of 2P,
called genericity and randomness. For more details, the reader may consult
[DH10] for example.

Definition 2.2.8. Let n ∈ ω. A subset A ⊆ 2P is a Σ0
n set if there exists a

computable relation R such that

A = {W ∈ 2P | ∃k1∀k2 · · ·QknR(W ↾k1, . . . ,W ↾kn) }

where Q = ∀ if n is even and Q = ∃ if n is odd. A subset of 2P is called
arithmetical if it is Σ0

n for some n ∈ ω.
A set W ∈ 2P is called n-generic if it is not contained in the topological

boundary ∂A of any Σ0
n open subset A ⊆ 2P. A set W ∈ 2P is called

(arithmetically) generic if it is n-generic for every n ∈ ω.
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Since there exist only countably many Σ0
n open subsets of 2P, there exist

comeager many generic set in 2P. For every polynomial f ∈ Z[X1, X2, . . . ],
the set A(f) is Σ0

1 open set. So every 1-generic set is also HTP-generic.

Lemma 2.2.9. An arithmetical subset A ⊆ 2P is comeager if and only if it
contains every generic set in 2P.

Proof. Suppose that A is a Σ0
n set and G 6∈ A for some generic set G ∈ 2P. Let

A = {W ∈ 2P | ∃k1∀k2 · · ·QknR(W ↾k1, . . .W ↾kn) }. Then the topological
interior

int(A)

= {W ∈ 2P | ∃σ ⊆ W ∀V ∈ JσK [V ∈ A] }

=

W ∈ 2P

∣∣∣∣∣∣∣∣∣ ∃n∀t∃k1 · · ·Qkn


(t is a code for a string τ ⊇ W ↾n)

∧max{k2, k4, . . . } ≤ |τ |
→ max{k1, k3, . . . } ≤ |τ |

∧R(τ↾k1, . . . , τ↾kn)




is a Σ0
n+2 open set ⊆ A. Since G is (n + 2)-generic, we have G 6∈ ∂A.

Thus G is in the topological exterior int(A) = 2P − (int(A) ∪ ∂A). Then A
is not comeager since the complement A contains a nonempty open subset
int(A) 3 G. The converse is clear.

Similarly, there is a measure-theoretic counterpart of generic sets.

Definition 2.2.10. Let n ∈ ω. A Σ0
n Martin-Löf test is a sequence (Ui)i∈ω of

uniformly Σ0
n subsets of 2P such that µ(Ui) ≤ 2−i for all i ∈ ω. A set W ∈ 2P

is called n-random if W 6∈
⋂

i∈ω Ui for every Σ0
n Martin-Löf test (Ui)i∈ω. A

set W ∈ 2P is called arithmetically random if it is n-random for every n ∈ ω.

Since there are only countably many Σ0
n Martin-Löf test and the inter-

section
⋂

i∈ω Ui of each Σ0
n Martin-Löf test (Ui)i∈ω is of measure 0, the set of

arithmetically random sets has measure 1 in 2P.

Lemma 2.2.11. An arithmetical subset A ⊆ 2P is of measure 1 if and only
if it contains every arithmetically random set in 2P.

Proof. Suppose that µ(A) = 1. Since A is arithmetical, the complement A
is Σ0

n subset for some n ∈ ω. Then the constant sequence (A)i∈ω is a Σ0
n

Martin-Löf test, so A contains no arithmetically random set. The converse
is clear.

26



Definition 2.2.12. A set W ∈ 2P is called generalized low1 if W ′ ≤T W ⊕∅′.
(Note that the opposite direction of the reduction always holds.) We write
GL1 for the set of generalized low1 sets.

2.3 Turing degrees of HTP(RW ) for typical W

Theorem 2.3.1. Let θ be one of the following statements:

HTP(Q) ≤T ∅, HTP(Q) >T ∅, (decidable or not)

HTP(Q) ≥T ∅′, HTP(Q) <T ∅′, (T-complete or not)

HTP(Q)(n) ≤T ∅(n), HTP(Q)(n) >T ∅(n), (lown or not)

HTP(Q)(n) ≥T ∅(n+1), HTP(Q)(n) <T ∅(n+1), (highn or not)

where n > 0. Let θW be the corresponding statement obtained by replacing
∅, HTP(Q) in θ by W , HTP(RW ) respectively (for example, (HTP(Q) ≤T

∅)W = (HTP(RW ) ≤T W )). If θ holds, then the set Xθ := {W ∈ 2P | θW } is
comeager. In addition, µ(Xθ) = 1 if µ(GLHTP) = 1.

This immediately gives the following corollary, which is a sort of zero-one
law, or an analogue of the  Loś’s theorem.

Corollary 2.3.2. Let θ and Xθ be as in Theorem 2.3.1. Then the following
conditions are equivalent.

(1) θ holds.

(2) Xθ is comeager.

(3) Xθ contains every generic set.

(4) Xθ is not meager.

(5) Xθ contains some generic set.

Moreover, if µ(GLHTP) = 1, then the conditions above are also equivalent to
the following ones.

(6) µ(Xθ) = 1.

(7) Xθ contains every arithmetically random set.
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(8) µ(Xθ) > 0.

(9) Xθ contains some arithmetically random set.

Proof. The implication ((1) =⇒ (2) ∧ (6)) holds by Theorem 2.3.1. The
implications ((2) =⇒ (4)) and ((6) =⇒ (8)) are trivial. Since Xθ is arith-
metical, the equivalences ((2) ⇐⇒ (3)) and ((4) ⇐⇒ (5)) hold by Lemma
2.2.9. Similarly, the equivalences ((6) ⇐⇒ (7)) and ((8) ⇐⇒ (9)) hold by
Lemma 2.2.11. Finally, the implication ((4) ∨ (8) =⇒ (1)) is obtained by
Theorem 2.3.1 for the negation ¬θ.

To simplify the proof of Theorem 2.3.1, we introduce a notation for “al-
most all” reducibility.

Definition 2.3.3. Let t1(W ) and t2(W ) be terms representing a set in 2P.
Then we write t1(W ) ≤∗

T t2(W ) if the set {W ∈ 2P | t1(W ) ≤T t2(W ) }
is comeager of measure 1. Similarly, we write t1(W ) <∗

T t2(W ) if the set
{W ∈ 2P | t1(W ) <T t2(W ) } is comeager of measure 1.

Lemma 2.3.4. The following relations hold.

(1) If µ(GLHTP) = 1, then HTP(RW ) ≤∗
T W ⊕ HTP(Q).

(2) W ′ ≤∗
T W ⊕ ∅′.

(3) (W ⊕ A)′ ≤∗
T W ⊕ A′ for any set A ∈ 2P. Moreover, (W ⊕ A)(n) ≤∗

T

W ⊕ A(n).

(4) If A <T B, then W ⊕ A <∗
T W ⊕ B.

Proof.

(1) By definition of GLHTP.

(2) This reduction holds on the set GL1 of generalized low1 sets. It is
known that GL1 is comeager of measure 1 (see e.g. [Mil16, Lemma 1]
and [Mil18, Lemma 2.1]).

(3) Relativize the proof for GL1 to A. The moreover part follows from
induction on n.
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(4) Suppose A <T B. Then, it is known that the set C := {W ∈ 2P |
A⊕W ≥T B } is meager of measure 0 (see e.g. [Mil16, Lemma 2] and
[Mil18, Lemma 2.3]). Thus the set {W ∈ 2P | W ⊕A ≥T W ⊕B } ⊆ C
is also meager of measure 0.

Proof of Theorem 2.3.1. The proof proceeds with Lemma 2.3.4 as follows.

• If HTP(Q) ≤T ∅, then

HTP(RW ) ≤∗
T W ⊕ HTP(Q) ≤T W.

• If ∅ <T HTP(Q), then

W ≤1 W ⊕ ∅ <∗
T W ⊕ HTP(Q) ≤1 HTP(RW ).

• If ∅′ ≤T HTP(Q), then

W ′ ≤∗
T W ⊕ ∅′ ≤T W ⊕ HTP(Q) ≤1 HTP(RW ).

• If HTP(Q) <T ∅′, then

HTP(RW ) ≤∗
T W ⊕ HTP(Q) <∗

T W ⊕ ∅′ ≤1 W
′.

• If HTP(Q)(n) ≤T ∅(n), then

HTP(RW )(n) ≤∗
T (W ⊕ HTP(Q))(n) ≤∗

T W ⊕ HTP(Q)(n)

≤T W ⊕ ∅(n) ≤1 W
(n).

• If ∅(n) <T HTP(Q)(n), then

W (n) ≤∗
T (W ⊕ ∅′)(n−1) ≤∗

T W ⊕ ∅(n)

<∗
T W ⊕ HTP(Q)(n) ≤1 HTP(RW )(n).

• If ∅(n+1) ≤T HTP(Q)(n), then

W (n+1) ≤∗
T (W ⊕ ∅′)(n) ≤∗

T W ⊕ ∅(n+1)

≤T W ⊕ HTP(Q)(n) ≤1 HTP(RW )(n).
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• If HTP(Q)(n) <T ∅(n+1), then

HTP(RW )(n) ≤∗
T (W ⊕ HTP(Q))(n) ≤∗

T W ⊕ HTP(Q)(n)

<∗
T W ⊕ ∅(n+1) ≤1 W

(n+1).

Theorem 2.3.1 generalizes Theorem 1 and Proposition 1 in [Mil20]. More-
over, it follows from Theorem 2.3.1 that HTP cannot be a positive instance
for Question 1 in [Mil20]:

Corollary 2.3.5. The operator HTP does not satisfy Question 1 in [Mil20]
for Baire category (also for Lebesgue measure if µ(GLHTP) = 1).

Proof. Suppose that HTP is non-coding for Baire category (see [Mil20, Def-
inition 2] for the definition of non-coding operators). Then for every non-
computable set C, the set {W ∈ 2P | C ≤T HTP(RW ) } is meager. So it
follows from [Mil16, Corollary 1] that HTP(Q) ≡T ∅. Then Theorem 2.3.1
yields that the set {W ∈ 2P | HTP(RW ) ≤T W } is comeager. The proof for
Lebesgue measure is similar.

Related to Theorem 2.3.1, we pose the following question:

Question 2.3.6. Is it possible that ∅ <T HTP(Q) <T ∅′?
Suppose that the answer to Question 2.3.6 is positive. Then it follows

from Theorem 2.3.1 that there exist comeager many sets W ∈ 2P such that
W <T HTP(RW ) <T W ′. By Remark 2.2.7, we conclude that HTP is a
degree invariant uniform solution to Post’s problem on a comeager subset
of 2P. On the other hand, Lachlan [Lac75] showed that there is no degree
invariant uniform solution to Post’s problem entirely defined on the Cantor
space.

Remark 2.3.7. By Lemma 2.2.6, The assumption µ(GLHTP) = 1 in Theorem
2.3.1 is weaker than the condition µ(B) = 1. Moreover, it is possible that
µ(GLHTP − B) = 1. We will discuss this point in section 2.5.1.

2.4 Comeagerness and Banach–Mazur game

Banach–Mazur game is an infinite game played by two persons, Player I and
Player II. For a subset A of 2P, the Banach–Mazur game for A, denoted by
BM(A), is defined as follows. First, Player I chooses a binary string σ0 ∈ 2<P.
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Then Player II chooses σ1 ∈ 2<P such that σ0 ⊊ σ1. For given σ2i−1 ∈ 2<P

(i ≥ 1), Player I chooses σ2i ∈ 2<P such that σ2i−1 ⊊ σ2i and then Player
II chooses σ2i+1 ∈ 2<P such that σ2i ⊊ σ2i+1. Player I wins BM(A) if the
resulting point W =

⋃
n∈ω σn of 2P belongs to A. Player II wins otherwise.

Definition 2.4.1. A strategy for Player I is a map α :
⋃

i∈ω(2<P)2i → 2<P

such that α(σ0, . . . , σ2i−1) ⊇ σ2i−1 for any finite sequence (σ0, . . . , σ2i−1) of
even length, where σ−1 := ∅. Similarly, a strategy for Player II is also defined
as a map β :

⋃
i∈ω(2<P)2i+1 → 2<P. A strategy α :

⋃
i∈ω(2<P)2i → 2<P for

Player I is a Markov strategy if there is a map α̃ : 2<P × ω → 2<P such that
α = α̃ ◦ ((σ0, . . . , σ2i−1) 7→ (σ2i−1, 2i ´ 1)). We also say that α̃ is a Markov
strategy. Markov strategies for Player II are defined in similar manner. The
play α ∗ β for strategies α and β is the resulting set W =

⋃
n∈ω σn when

Player I follows α and Player II follows β. A strategy α for Player I is called
a winning strategy for BM(A) if α ∗ β ∈ A for any strategy β for Player
II. Similarly, a strategy β for Player II is a winning strategy for BM(A) if
α ∗ β 6∈ A for any strategy α for Player I.

Proposition 2.4.2. For every set A ⊆ 2P, the following properties hold.

(1) If A is comeager, then Player I has a Markov winning strategy for
BM(A).

(2) If A is meager, then Player II has a Markov winning strategy for
BM(A).

Proof. Suppose that A is comeager. Then there exists a countable family
(Un)n∈ω of dense open sets in 2P such that

⋂
n∈ω Un ⊆ A. Define a Markov

strategy α : 2<P × ω → 2<P as follows. For given (σ, 2i ´ 1) ∈ 2<P × ω, the
intersection JσK ∩ Ui is a nonempty open set since Ui is dense. Thus there
exists τ ⊋ σ such that JτK ⊆ JσK ∩ Ui. Define α(σ, 2i ´ 1) := τ , and then
clearly α is a winning strategy for BM(A). The proof for the latter case is
similar.

Corollary 2.4.3. Let θ and Xθ be as in Theorem 2.3.1. The game BM(Xθ)
is determined, i.e., either Player I or Player II has a winning strategy for
BM(Xθ).

Note that this is also deducible from the fact that every Borel set has the
Baire property.
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2.4.1 Constructing HTP-generic sets via the Banach–
Mazur game

The following proposition generalizes [EMPS17, Proposition 3.1] in terms of
Banach–Mazur game.

Proposition 2.4.4. For a string τ ∈ 2<P and a real number r ∈ [0, 1) which
is computably approximable from above, there exists a set W ∈ 2P such that

(1) τ ⊆ W .

(2) W ≤T HTP(Q).

(3) W is HTP-generic.

(4) HTP(RW ) ≤T HTP(Q).

(5) The lower density of W is r, i.e.,

lim inf
n→∞

|W ∩ {p0, p1, . . . , pn−1}|
n

= r

where pi denotes ith prime number.

In particular, W is a coinfinite set such that HTP(RW ) ≡T HTP(Q).

Proof. Recall that we have fixed a computable enumeration (fi)i∈ω of the
polynomials in Z[X1, X2, . . . ]. Let (qi)i∈ω be a computable decreasing se-
quence of rational numbers such that limi→∞ qi = r. Now each player follows
the following Markov strategies.

(1) Define α(σ, 0) := τ . For given (σ, 2i + 1) ∈ 2<P × ω, Player I checks
whether fi ∈ HTP(Rσ⌢1∞). If so, take a solution x̄ ∈ (Rσ⌢1∞)<ω

of fi = 0. Let m > 0 be the minimum number such that x̄ ∈
(Rσ⌢1m0∞)<ω. Then Player I chooses α(σ, 2i + 1) := σ⌢1m so thatJα(σ, 2i + 1)K ∩ B(fi) = ∅. If fi 6∈ HTP(Rσ⌢1∞), define α(σ, 2i + 1) :=
σ⌢1i+1.

(2) For given (σ, 2i) ∈ 2<P × ω, let m > 0 be the minimum number such
that

|σ⌢0m|1
|σ⌢0m|

≤ qi + 2−i

where |σ⌢0m|1 denotes the number of 1’s occurring in σ⌢0m. Then
Player II chooses β(σ, 2i) := σ⌢0m.
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The play W := α ∗ β is computable in HTP(Q) since the both strategies
are computable in HTP(Q) by Lemma 2.2.1.(3). The HTP-genericity of
W follows from α. Then it follows from Lemma 2.2.6 that HTP(RW ) ≤T

W ⊕ HTP(Q) ≤T HTP(Q). The lower density of W is r because of β.

The following corollary follows immediately from the construction above.

Corollary 2.4.5. Player I (resp. Player II) has an HTP(Q)-computable
Markov winning strategy for BM(B) (resp. BM(B)).

2.4.2 Characterizing undecidability of HTP(Q) via the
Banach–Mazur game

Theorem 2.4.6. Let N := {W ∈ 2P | HTP(RW ) >T W }. The following
conditions are equivalent.

(1) HTP(Q) >T ∅, i.e., HTP(Q) is undecidable.

(2) N contains every 1-generic set.

(3) N is comeager.

(4) Player I has a Markov winning strategy for BM(N ).

(5) Player II does not have a winning strategy for BM(N ).

(6) For every index e ∈ ω, Player II does not have a computable Markov
winning strategy for BM({W ∈ 2P | HTP(RW ) 6= ΦW

e }).

(7) N is not meager.

(8) N contains some 1-generic set.

(9) B ∩N 6= ∅, i.e., N contains some HTP-generic set.

Proof. Although some of the conditions above have been already seen to be
equivalent, we give full proof here.

((1) =⇒ (2)) Contrary, suppose that there exists a 1-generic set W such
that HTP(RW ) ≤T W . Then we have HTP(Q) ≤1 HTP(RW ) ≤T W .
On the other hand, 1-generic set does not compute any noncomputable
c.e. set (see e.g. [Soa16, Exercise 6.3.5 (iii)]), so HTP(Q) must be de-
cidable.
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((2) =⇒ (3)) By comeagerness of 1-generic sets.

((3) =⇒ (4)) By Proposition 2.4.2.(1).

((4) =⇒ (5) =⇒ (6)) By definition of winning strategies and N .

((6) =⇒ (1)) Suppose that HTP(Q) is decidable. Then, by Lemma 2.2.6
there exists an index e ∈ ω such that HTP(RW ) = ΦW

e for all HTP-
generic set W . By Corollary 2.4.5, there exists a HTP(Q)-computable
Markov winning strategy for Player II for BM(B). Thus it is a com-
putable Markov winning strategy for Player II for BM({W ∈ 2P |
HTP(RW ) 6= ΦW

e }).

((5) =⇒ (7)) By Proposition 2.4.2.(2).

((7) =⇒ (8)) In general, the intersection of a comeager set and a non-
meager set is not empty.

((8) =⇒ (9)) Since every 1-generic set is also HTP-generic.

((9) =⇒ (1)) Let W ∈ B ∩ N . Then we have W <T HTP(RW ) ≤T W ⊕
HTP(Q), so HTP(Q) must be undecidable.

In particular, to prove undecidability of HTP(Q), it suffices to show that
for every e ∈ ω and computable Markov strategy β, there exists a (possibly
noncomputable) strategy α which forces W := α ∗ β to satisfy HTP(RW ) 6=
ΦW

e .

2.5 Some consequences of Diophantineness of

Z in Q
In this section, we collect some interesting facts that can be deduced from
Diophantineness of Z in Q.

2.5.1 Difference between B and GLHTP

Here we see the difference between two conditions µ(B) = 1 and µ(GLHTP) =
1, as we noted in Remark 2.3.7.
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Lemma 2.5.1. It holds that ∅′ ≤T HTP(Q) if and only if GL1 ⊆ GLHTP.
In particular, ∅′ ≤T HTP(Q) implies µ(GLHTP) = 1.

Proof. Suppose ∅′ ≤T HTP(Q) and let W ∈ GL1. Then we have HTP(RW ) ≤1

W ′ ≤T W ⊕ ∅′ ≤T W ⊕ HTP(Q) and W ∈ GLHTP. If HTP(Q) <T ∅′, then
we have HTP(Z) 6≤T ∅⊕HTP(Q) and ∅ ∈ GL1−GLHTP. The latter follows
from the fact that µ(GL1) = 1.

Proposition 2.5.2. If Z is Diophantine in Q, then µ(GLHTP − B) = 1.

Proof. Since the assumption implies ∅′ ≤1 HTP(Q), Lemma 2.5.1 yields
µ(GLHTP) = 1. By [Mil19, Theorem 6.7], Diophantineness of Z in Q also
implies µ(B) = 0.

2.5.2 HTP-genericity implies cohyperimmunity

Definition 2.5.3. For a subset X ⊆ 2P, we say that X is upward closed if
X 3 U ⊆ V implies V ∈ X .

Lemma 2.5.4. Suppose that Z is Diophantine in Q. For every upward closed
Σ0

1 subset X ⊆ 2P, there exists a polynomial f ∈ Z[X1, X2, . . . ] such that
A(f) = X . Moreover, such f is uniformly computable from the code for X .

Proof. Let S ⊆ 2<P be a c.e. set of strings such that X =
⋃

σ∈S JσK. Put
C := {

∏
p∈σ−1(1) p | σ ∈ S }. Since C is a c.e. subset of Z, [Mil19, Lemma 6.1]

yields a polynomial g(X, Ȳ ) such that C = { a ∈ RW | ∃b̄ ∈ R<ω
W [g(a, b̄) = 0] }

for every W ∈ 2P. Put f(X, Ȳ , T ) := g(X, Ȳ )2 + (XT − 1)2. Then we have

W ∈ A(f) ⇐⇒ f ∈ HTP(RW )

⇐⇒ ∃a ∈ C[1/a ∈ RW ]

⇐⇒ ∃σ ∈ S[σ−1(1) ⊆ W ]

⇐⇒ ∃σ ∈ S[σ ⊆ W ] (by upward closedness of X )

⇐⇒ W ∈ X .

Definition 2.5.5. For n ∈ ω, let Dn denotes the finite subset of P uniquely
coded by n. (for example, one may use the code satisfying n =

∑
i∈Dn

2i

for every n.) A sequence (Fn)n∈ω of finite subsets of P is called strong array
if there exists a computable function h : ω → ω such that Fn = Dh(n). A
strong array (Fn)n∈ω is called disjoint if Fm∩Fn = ∅ whenever m 6= n. A set
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W ∈ 2P is called hyperimmune if it is infinite and for every disjoint strong
array (Fn)n∈ω, there exists some n such that W ∩ Fn = ∅. A set W ∈ 2P is
called cohyperimmune if its complement W is hyperimmune. A set W ∈ 2P

is called hypersimple if it is c.e. and cohyperimmune.

Theorem 2.5.6. Suppose that Z is Diophantine in Q. Then every HTP-
generic set W ∈ B is either cofinite or cohyperimmune.

Proof. Let W be a coinfinite set. Let (Fn)n∈ω be a disjoint strong array such
that Fn = Dh(n) for some computable function h : ω → ω. Put Xh := {W ∈
2P | ∃n ∈ ω[W ⊇ Fn] }. Since Xh is an upward closed Σ0

1 set, it follows from
Lemma 2.5.4 that there exists a polynomial fh ∈ Z[X1, X2, . . . ] such that
A(fh) = Xh. Since Xh is dense in 2P, we have C(fh) = ∅. Thus we have

W is hyperimmune ⇐⇒ ∀(Fn)n∃n[Fn ∩W = ∅]

⇐⇒ ∀(Fn)n∃n[Fn ⊆ W ]

⇐⇒ ∀h[W ∈ Xh]

⇐⇒ W ∈
⋂
h

A(fh)

and

W 6∈ B =⇒ W 6∈
⋃
h

B(fh) ⇐⇒ W ∈
⋂
h

A(fh) ⇐⇒ W is hyperimmune.

Corollary 2.5.7 ([Mil19, Theorem 6.7]). If Z is Diophantine in Q, then
µ(B) = 1.

Proof. Since the set of hyperimmune sets is of measure 0 (see e.g. [DH10,
Theorem 9.14.15]).

Corollary 2.5.8. If Z is Diophantine in Q, then the following properties
hold.

(1) There is no coinfinite computable HTP-generic set.

(2) Every coinfinite c.e. HTP-generic set is hypersimple.

(3) Every coinfinite HTP-generic set has upper density 1.

In particular, the question in [EMPS17, Remark 3.20] cannot be solved by
constructing an HTP-generic set, and each c.e. set S ∈ 2P constructed in
[EMPS17, Theorem 3.18 and Theorem 4.1] is hypersimple and has upper
density 1.
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2.5.3 Size of GLHTP
e

By Lemma 2.2.6, there exists some i ∈ ω such that GLHTP
i is comeager,

while it follows from Proposition 2.5.2 that there exists j ∈ ω such that
µ(GLHTP

j ) > 0. However, these properties cannot hold simultaneously.

Proposition 2.5.9. Suppose that Z is Diophantine in Q. Let e ∈ ω. If
GLHTP

e is dense, then µ(GLHTP
e ) = 0.

In other words, if there exists e ∈ ω such that GLHTP
e is dense and

µ(GLHTP
e ) > 0, then Z is not Diophantine in Q. Note that GLHTP

e is dense

if and only if it is comeager since GLHTP
e is Σ0

2. It is known that Proposition
2.5.9 holds for GL1 without the Diophantineness assumption.

Proof. Suppose that m := µ(GLHTP
e ) > 0. It follows from the proof of

[Mil19, Theorem 6.7] that there exists a polynomial f ∈ Z[X1, X2, . . . ]
such that 1 − m < µ(B(f)) < 1 and A(f) is dense. Hence there ex-
ists a set W ∈ B(f) ∩ GLHTP

e . Then there exists some n ∈ ω such that

HTP(RW )(f) = Φ
W ↾n⊕HTP(Q)
e (f)↓ = 0. Since every V ∈ JW ↾nK ∩ A(f) sat-

isfies Φ
V⊕HTP(Q)
e (f)↓ = 0 and HTP(RV )(f) = 1, we have JW ↾nK ∩ A(f) ⊆

GLHTP
e . Since A(f) is a dense open set, JW ↾nK ∩ A(f) is a nonempty open

set. Thus GLHTP
e is not dense.
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Chapter 3

Groups whose Word Problem is
Accepted by an Abelian
G-automaton

3.1 Introduction

For a group G, a G-automaton is a finite automaton augmented with a
register that stores an element of G. Such an automaton first initializes
the register with the identity element 1G of G and may update the register
content by multiplying by an element of G during the computation. The
automaton accepts an input word if the automaton can reach a terminal
state and the register content is 1G when the entire word is read. (For the
precise definition, see Section 3.2.4.) For a positive integer n, Zn-automata
are the same as blind n-counter automata, which were defined and studied
by Greibach [Gre75,Gre78].

The notion of G-automata is discovered repeatedly by several differ-
ent authors. The name “G-automaton” is due to Kambites [Kam06]. (In
fact, they defined the notion of M -automata for any monoid M .) Dassow–
Mitrana [DM00] and Mitrana–Stiebe [MS01] use extended finite automata
(EFA) over G instead of G-automata.

For a finitely generated group G, the word problem of G, with respect to
a fixed finite generating set of G, is the set of words over the generating set
representing the identity element of G (see Section 3.2.2 for the precise def-
initions). For several language classes, the class of finitely generated groups
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whose word problem is in the class is determined [An̄ı72,MS83,BH74,Hig61,
EKO08, HOT08, NT15], and many attempts are made for other language
classes [Bro14,CSCF+15,HRRT05,GMS22,KS12,HR06,KS19,GKS18]. One
of the most remarkable theorems about word problems is the well-known re-
sult due to Muller and Schupp [MS83], which states that, with the theorem
by Dunwoody [Dun85], a group has a context-free word problem if and only if
it is virtually free. These theorems suggest deep connections between group
theory and formal language theory.

Involving both G-automata and word problems, the following broad ques-
tion was posed implicitly by Elston and Ostheimer [EO04] and explicitly by
Kambites [Kam06].

Question 3.1.1. For a given group G, is there any connection between the
structural property of G and of the collection of groups whose word problems
are accepted by non-deterministic G-automata?

Note that by G-automata, we always mean non-deterministic G-automata.
As for deterministic G-automata, the following theorem is known.

Theorem 3.1.2 (Kambites [Kam06, Theorem 1], 2006). Let G and H be
groups with H finitely generated. Then the word problem of H is accepted
by a deterministic G-automaton if and only if H has a finite index subgroup
which embeds in G.

For non-deterministic G-automata, several results are known for specific
types of groups. For a free group F of rank ≥ 2, it is known that a language is
accepted by an F -automaton if and only if it is context-free [CS63, Propo-
sition 2; Cor05, Corollary 4.5; Kam09, Theorem 7]. Combining with the
Muller–Schupp theorem, the class of groups whose word problems are ac-
cepted by F -automata is the class of virtually free groups. The class of
groups whose word problems are accepted by (F × F )-automata is exactly
the class of recursively presentable groups [Cor05, Corollary 3.5; Kam09, The-
orem 8; MS01, Theorem 10]. For the case where G is (virtually) abelian, the
following result was shown by Elder, Kambites, and Ostheimer.

Theorem 3.1.3 (Elder, Kambites, and Ostheimer [EKO08], 2008).

(1) Let H be a finitely generated group and n be a positive integer. Then
the word problem of H is accepted by a Zn-automaton if and only if H
is virtually free abelian of rank at most n [EKO08, Theorem 1].
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(2) Let G be a virtually abelian group and H be a finitely generated group.
Then the word problem of H is accepted by a G-automaton if and only
if H has a finite index subgroup which embeds in G [EKO08, Theorem
4].

However, their proof is somewhat indirect in the sense that it depends on a
deep theorem by Gromov [Gro81], which states that every finitely generated
group with polynomial growth function is virtually nilpotent. In fact, their
proof proceeds as follows. Let H be a group whose word problem is accepted
by a Zn-automaton. They first develop some techniques to compute several
bounds for linear maps and semilinear sets. Then a map from H to Zn with
certain geometric conditions is constructed to prove that H has polynomial
growth function. By Gromov’s theorem, H is virtually nilpotent. Finally,
they conclude that H is virtually abelian, using some theorems about nilpo-
tent groups and semilinear sets. Because of the indirectness of their proof,
the embedding in Theorem 3.1.3 (2) is obtained only a posteriori and hence
has no relation with the combinatorial structure of the G-automaton.

To our knowledge, there are almost no attempts so far to obtain explicit
algebraic connections between G and H, where H is a group that has a
word problem accepted by a G-automaton. The only exception is the result
due to Holt, Owens, and Thomas [HOT08, Theorem 4.2], where they gave
a combinatorial proof to a special case of Theorem 3.1.3 (1), for the case
where n = 1. (In fact, their theorem is slightly stronger than Theorem 3.1.3
(1) for n = 1 because it is for non-blind one-counter automata. See also
[EKO08, Section 7].)

In this paper, we give a new, elementary, and purely combinatorial proof
to Theorem 3.1.3. Our proof in Section 3.3 proceeds as follows. Suppose that
the word problem of a finitely generated group H is accepted by an abelian
G-automaton A. We first prove that there exist only finitely many minimal
accepting paths in A. For each vertex p of A and each minimal accepting
path µ in A, we then define a set M(µ, p) of closed paths that is pumpable in
µ and starts from p, and we then prove that each M(µ, p) forms a monoid.
With this terminology, our main result is:

Theorem 3.1.4. Let G be an abelian group and H be a finitely generated
group. Suppose that the word problem of H is accepted by a G-automaton
A. The finite collection of monoids (M(µ, p))µ,p defined in Definition 3.3.6
satisfies that
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(1) each M(µ, p) induces a group homomorphism f̃µ,p from a subgroup
G(µ, p) of G onto a subgroup H(µ, p) of H, and

(2) at least one of H(µ, p)’s is a finite index subgroup of H.

For the implication from Theorem 3.1.4 to Theorem 3.1.3, see Section 3.2.4.
Note that the direction of the group homomorphisms f̃µ,p in Theorem 3.1.4

is opposite to the embeddings in Theorem 3.1.2 and Theorem 3.1.3 (2). This
direction seems more natural for the non-deterministic case; this observation
suggests the following question.

Question 3.1.5. Let G and H be groups with H finitely generated. Suppose
that the word problem of H is accepted by a G-automaton. Does there exist
a group homomorphism from a subgroup of G onto a finite index subgroup
of H? If so, is it obtained combinatorially?

Our Theorem 3.1.4 is the very first step for approaching Question 3.1.5.
Note that an affirmative answer to Question 3.1.5 would generalize Theo-
rem 3.1.2.

3.2 Preliminaries

3.2.1 Words, subwords, and scattered subwords

For a set Σ, we write Σ∗ for the free monoid generated by Σ, i.e., the set of
words over Σ. For a word u = a1a2 · · · an ∈ Σ∗ (n ≥ 0, ai ∈ Σ), the number
n is called the length of u, which is denoted by |u|. For two words u, v ∈ Σ∗,
the concatenation of u and v are denoted by u · v, or simply uv. The identity
element of Σ∗ is the empty word, denoted by ε, which is the unique word of
length zero. For an integer n ≥ 0, the n-fold concatenation of a word u ∈ Σ∗

is denoted by un. For an integer n > 0, we write Σ<n for the set of words of
length less than n.

A word u ∈ Σ∗ is a subword of a word v ∈ Σ∗, denoted by u v v, if
there exist two words u1, u2 ∈ Σ∗ such that u1uu2 = v. A word u ∈ Σ∗ is a
scattered subword of a word v ∈ Σ∗, denoted by u vsc v, if there exist two
finite sequences of words u1, u2, . . . , un ∈ Σ∗ (n ≥ 0) and v0, v1, . . . , vn ∈ Σ∗

such that u = u1u2 · · · un and v = v0u1v1u2v2 · · · unvn. That is, v is obtained
from u by inserting some words. Note that the two binary relations v and
vsc are both partial orders on Σ∗.
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3.2.2 Word problem for groups

Let H be a finitely generated group. A choice of generators for H is a
surjective monoid homomorphism ρ from the free monoid Σ∗ on a finite
alphabet Σ onto H. The word problem of H with respect to ρ, denoted by
WPρ(H), is the set of words in Σ∗ mapped to the identity element 1H of H
via ρ, i.e., WPρ(H) = ρ−1(1H).

Although the word problem WPρ(H) depends on the choice of generators
ρ, this does not cause problems:

Lemma 3.2.1 (e.g., [HRRT05, Lemma 1]). Let C be a class of languages
closed under inverse homomorphisms and let H be a finitely generated group.
Then WPρ(H) ∈ C for some choice of generators ρ if and only if WPρ(H) ∈
C for any choice of generators ρ.

Proof. Suppose WPρ(H) ∈ C, and let ρ̂ : Σ̂∗ → H be another choice of

generators for H. Since Σ̂∗ is free and ρ is surjective, there exists a monoid
homomorphism φ : Σ̂∗ → Σ∗ such that ρ ◦ φ = ρ̂. Then we have WPρ̂(H) =
ρ̂−1(1H) = φ−1(ρ−1(1H)) = φ−1(WPρ(H)) ∈ C.

This is the reason why we use “the word problem of H” rather than “a word
problem of H.”

3.2.3 Graphs and paths

A graph is a 4-tuple (V,E, s, t), where V is the set of vertices, E is the set of
(directed) edges, s : E → V and t : E → V are functions assigning to every
edge e ∈ E the source s(e) ∈ V and the target t(e) ∈ V , respectively. A
graph is finite if it has only finitely many vertices and edges.

A path (of length n) in a graph Γ = (V,E, s, t) is a word e1e2 · · · en ∈ E∗

(n ≥ 0) of edges ei ∈ E such that t(ei) = s(ei+1) for i = 1, 2, . . . , n − 1. We
usually use Greek letters to denote paths in a graph. For a non-empty path
ω = e1e2 · · · en ∈ E∗, the source and the target of ω are defined as s(ω) = s(e1)
and t(ω) = t(en), respectively. If ω = e1e2 · · · en and ω′ = e′1e

′
2 · · · e′k are non-

empty paths such that t(ω) = s(ω′), or at least one of ω and ω′ is empty,
then the concatenation of ω and ω′, denoted by ω · ω′ or ωω′, is the path
e1e2 · · · ene′1e′2 · · · e′k of length n+ k, i.e., the concatenation as words. A path
ω in Γ is closed if s(ω) = t(ω), or ω = ε. For a closed path σ and an integer
n ≥ 0, we write σn for the n-fold concatenation of σ.
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For a graph Γ = (V,E, s, t), an edge-labeling function is a function ℓ from
E to a set M . If M is a monoid and ω = e1e2 · · · en is a path in Γ, then the
label of ω is defined as ℓ(ω) = ℓ(e1)ℓ(e2) · · · ℓ(en) via the multiplication of
M .

3.2.4 G-automata

For a group G, a (non-deterministic) G-automaton over a finite alphabet Σ
is defined as a 5-tuple (Γ, ℓG, ℓΣ, pinit, pter), where Γ = (V,E, s, t) is a finite
graph, ℓG : E → G and ℓΣ : E → Σ∗ are edge-labeling functions, pinit ∈ V
is the initial vertex, and pter ∈ V is the terminal vertex. For simplicity, we
assume that ℓΣ(e) ∈ Σ ∪ {ε} for each e ∈ E. (Note that this assumption
does not decrease the accepting power of G-automata. Indeed, if necessary,
one can subdivide an edge e with labels ℓΣ(e) = uv, ℓG(e) = g into two new
edges e1, e2 with labels ℓΣ(e1) = u, ℓG(e1) = g and ℓΣ(e2) = v, ℓG(e2) = 1G.)
An accepting path in a G-automaton A = (Γ, ℓG, ℓΣ, pinit, pter) is a path α in
Γ such that s(α) = pinit, t(α) = pter, and ℓG(α) = 1G (we consider that the
empty path ε ∈ E∗ is accepting if and only if pinit = pter). We say that a path
ω in Γ is promising if ω is a subword of some accepting path in A, i.e., there
exist two paths ω1, ω2 ∈ E∗ such that the concatenation ω1ωω2 ∈ E∗ is an
accepting path in A. The language accepted by a G-automaton A, denoted by
L(A), is the set of all words u ∈ Σ∗ such that u is the label of some accepting
path in A, i.e., L(A) = { ℓΣ(α) ∈ Σ∗ | α is an accepting path in A }. We say
that a G-automaton A is abelian if the register group G is abelian.

Proposition 3.2.2 (e.g., [Kam09, Proposition 2]). For a group G, the class
of languages accepted by G-automata are closed under inverse homomor-
phisms.

Proof. Let A = (Γ = (V,E, s, t), ℓG, ℓΣ, pinit, pter) be a G-automaton over Σ
and φ : Σ̂∗ → Σ∗ be a monoid homormophism. Let m = 1 + maxâ∈Σ|φ(â)|.
Define a G-automaton Â = (Γ̂ = (V̂ , Ê, ŝ, t̂), ℓ̂G, ℓΣ̂, pinit, pter), where

V̂ = V ∪ (V × Σ<m),

Ê = {Read(p, â) | p ∈ V, â ∈ Σ̂ ∪ {ε} } ∪ {Escape(p) | p ∈ V }
∪ {Consume(e, w) | e ∈ E, ℓΣ(e)w ∈ Σ<m },
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ŝ(Read(p, â)) = p, ŝ(Escape(p)) = (p, ε),

t̂(Read(p, â)) = (p, φ(â)), t̂(Escape(p)) = p,

ℓ̂G(Read(p, â)) = 1G, ℓ̂G(Escape(p)) = 1G,

ℓΣ̂(Read(p, â)) = â, ℓΣ̂(Escape(p)) = ε,

ŝ(Consume(e, w)) = (s(e), ℓΣ(e)w),

t̂(Consume(e, w)) = (t(e), w),

ℓ̂G(Consume(e, w)) = ℓG(e),

ℓΣ̂(Consume(e, w)) = ε.

Then we have φ−1(L(A)) = L(Â).

Replacing the register group G by its finite index subgroup or finite index
overgroup does not change the class of languages accepted by G-automata:

Proposition 3.2.3 (e.g., [EKO08, Proposition 8]). Let G be a group and
H be a subgroup of G. Then every language accepted by a H-automaton is
accepted by a G-automaton. If H has finite index in G, then the converse
holds.

Proof. The first half is obvious. Let A = (Γ = (V,E, s, t), ℓG, ℓΣ, pinit, pter)
be a G-automaton. Suppose that H has finite index in G. Let R ⊆ G be
a complete system of representatives of H\G such that R 3 1G. Then R
is finite since H has finite index in G. For each element g ∈ G, we write
(h[g], r[g]) for the unique pair in H × R such that g = h[g] · r[g]. Define an
H-automaton B = (Γ′ = (V ′, E ′, s′, t′), ℓH , ℓΣ, p

′
init, p

′
ter), where

V ′ = V ×R, E ′ = R× E,

s′(r, e) = (s(e), r), t′(r, e) = (t(e), r[r · ℓG(e)]), ℓH(r, e) = h[r · ℓG(e)],

p′init = (pinit, 1G), p′ter = (pter, 1G).

Then we have L(B) = L(A).

Since the word problem of H is trivially accepted by an H-automaton for
every finitely generated group H, we obtain the following corollary.

Corollary 3.2.4. Theorem 3.1.4 implies Theorem 3.1.3.
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3.3 Proof of the main theorem

Throughout this section, we fix an abelian group G, a finitely generated
group H, a choice of generators ρ : Σ∗ → H, and an abelian G-automaton
A = (Γ = (V,E, s, t), ℓG, ℓΣ, pinit, pter) such that WPρ(H) = L(A). We write
the group operation of G additively and 0G for the identity element of G.

The following lemma is a starting point of our proof.

Lemma 3.3.1. Let ω and ω′ be paths in Γ such that s(ω) = s(ω′) and
t(ω) = t(ω′), and suppose that ω is promising. Then ℓG(ω) = ℓG(ω′) im-
plies ρ(ℓΣ(ω)) = ρ(ℓΣ(ω′)).

Proof. Since ω is promising, there exist two paths ω1, ω2 in Γ such that ω1ωω2

is an accepting path in A. It follows from the assumption that ℓG(ω1ω
′ω2) =

ℓG(ω1) + ℓG(ω′) + ℓG(ω2) = ℓG(ω1) + ℓG(ω) + ℓG(ω2) = ℓG(ω1ωω2) = 0G,
and ω1ω

′ω2 is also an accepting path in A. That is, ℓΣ(ω1ωω2), ℓΣ(ω1ω
′ω2) ∈

WPρ(H), and ρ(ℓΣ(ω1))ρ(ℓΣ(ω))ρ(ℓΣ(ω2)) = 1H = ρ(ℓΣ(ω1))ρ(ℓΣ(ω′))ρ(ℓΣ(ω2))
in H. Thus we have ρ(ℓΣ(ω)) = ρ(ℓΣ(ω′)).

Definition 3.3.2. An accepting path α in A is minimal if it is minimal with
respect to the scattered subword relation vsc on E∗. An accepting path α in
A dominates a minimal accepting path µ in A if µ vsc α.

A similar notion of minimal accepting paths can be found in [CEO06,
Section 4].

Remark 3.3.3. Note that, by Higman’s lemma [Hig52, Theorem 4.4], the
scattered subword relation vsc on Σ∗ is a well-quasi-order. In particular,
there are only finitely many minimal accepting paths in A, and every accept-
ing path on A dominates some minimal accepting path in A.

Definition 3.3.4. Let µ = e1e2 · · · en ∈ E∗ (ei ∈ E) be a minimal accepting
path in A. A closed path σ ∈ E∗ in Γ is pumpable in µ if there exists an
accepting path α in A dominating µ such that α = α0e1α1e2α2 · · · enαn for
some paths α0, α1, . . . , αn ∈ E∗ in Γ and σ v αj for some j ∈ {0, 1, . . . , n}.

Remarks 3.3.5.

(1) In Definition 3.3.4, each αi is a closed path in Γ and satisfies ℓG(α0) +
ℓG(α1) + · · ·+ ℓG(αn) = ℓG(α) = 0G since ℓG(µ) = 0G and G is abelian.
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µ =


, α =

 α′
i
α′′
i

σ1
, β =

 β′
j

β′′
j

σ2


⇝ γ =


 ⇝ γ′ =




Figure 3.1: Construction of the accepting path γ′ in (3.1)

(2) Every closed path pumpable in a minimal accepting path µ is promis-
ing.

Definition 3.3.6. For a minimal accepting path µ in A and a vertex p ∈ V ,
define

M(µ, p) =

{
σ ∈ E∗

∣∣∣∣∣ σ is a closed path in Γ pumpable in µ

such that s(σ) = p, or σ = ε

}
.

Lemma 3.3.7. Each M(µ, p) is a monoid with respect to the concatenation
operation, i.e., σ1, σ2 ∈ M(µ, p) implies σ1σ2 ∈ M(µ, p).

Proof. Since both σ1 and σ2 are pumpable in µ = e1e2 · · · en ∈ E∗ (ei ∈
E), there exist two accepting paths α = α0e1α1e2α2 · · · enαn (αi ∈ E∗) and
β = β0e1β1e2β2 · · · enβn (βi ∈ E∗) such that σ1 v αi and σ2 v βj for some
i, j ∈ {0, 1, . . . , n}. Then we have αi = α′

iσ1α
′′
i for some α′

i, α
′′
i ∈ E∗ and

βj = β′
jσ2β

′′
j for some β′

j, β
′′
j ∈ E∗. We may assume that i ≤ j. Since G

is abelian, the merged path γ = (α0β0)e1(α1β1)e2(α2β2) · · · en(αnβn) and its
permutation

γ′ = (α0β0)e1(α1β1)e2(α2β2) · · · ei(α′
iσ1σ2α

′′
i )ei+1 · · · ej(β′

jβ
′′
j )ej+1 · · · en(αnβn)

(3.1)
are accepting paths in A (Figure 3.1).

For each M(µ, p), Lemma 3.3.7 allows us to define a surjective monoid
homomorphism fµ,p : M(µ, p) → ρ(ℓΣ(M(µ, p))) as the composition function
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σ =

[ ]
, τ =

[ ]
⇝ σ2 =

 
⇝ τ · (σ2

0e
′
1σ

2
1e

′
2σ

2
2 · · · e′kσ2

k) =

[ ]

Figure 3.2: Construction of the path τ · (σ2
0e

′
1σ

2
1e

′
2σ

2
2 · · · e′kσ2

k) in (3.2)

ρ ◦ ℓΣ. By Lemma 3.3.1, fµ,p induces a well-defined surjective monoid homo-
morphism f̄µ,p : ℓG(M(µ, p)) → ρ(ℓΣ(M(µ, p))). Let G(µ, p) (resp. H(µ, p))
denotes the subgroup of G generated by ℓG(M(µ, p)) (resp. the subgroup of
H generated by ρ(ℓΣ(M(µ, p)))). One can easily extend f̄µ,p to a unique sur-
jective group homomorphism f̃µ,p : G(µ, p) → H(µ, p). The remaining task
is to prove that at least one of the H(µ, p)’s is a finite index subgroup of H.

Lemma 3.3.8. Each M(µ, p) is downward closed with respect to vsc, i.e., if
σ is an element of M(µ, p) and τ is a closed path in Γ with s(τ) = p such
that τ vsc σ, then τ ∈ M(µ, p).

Proof. Suppose that τ = e′1e
′
2 · · · e′k (k ≥ 0, e′i ∈ E) and σ = σ0e

′
1σ1e

′
2 · · · e′kσk

(σi ∈ E∗). Each σi is a closed path in Γ. Since, by Lemma 3.3.7, σ2 is
pumpable in µ = e1e2 · · · en (n ≥ 0, ei ∈ E), there exists an accepting path
α = α0e1α1e2α2 · · · enαn dominating µ such that σ2 vsc αi for some i ∈
{0, 1, . . . , n}. If αi = α′

iσ
2α′′

i , then the path

γ = α0e1α1e2α2 · · · ei(α′
i · τ · (σ2

0e
′
1σ

2
1e

′
2σ

2
2 · · · e′kσ2

k) · α′′
i )ei+1 · · · enαn (3.2)

is an accepting path in A (Figure 3.2).

Lemma 3.3.9. Let σ ∈ M(µ, p) and ω v σ be a path. Then there exist two
paths ω1, ω2 ∈ E<|V | such that ω1ωω2 ∈ M(µ, p).

Proof. Let (ω1, ω2) ∈ E∗ × E∗ be a pair of two paths such that ω1ωω2 ∈
M(µ, p) and max{|ω1|, |ω2|} is minimum. Such a pair exists since ω v σ ∈
M(µ, p). Suppose the contrary that max{|ω1|, |ω2|} ≥ |V |, say |ω1| ≥ |V |. By
the pigeonhole principle, ω1 must visit some vertex p ∈ V at least twice. That
is, there exist three paths α, β, γ such that ω1 = αβγ and β is a non-empty
closed path. Now we have αγωω2 vsc ω1ωω2 ∈ M(µ, p), and Lemma 3.3.8
implies αγωω2 ∈ M(µ, p), which contradicts the minimality of (ω1, ω2).
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Proof of Theorem 3.1.4. Let h ∈ H and fix a word v ∈ Σ∗ such that ρ(v) = h.
There exists a word v̄ ∈ Σ∗ such that vv̄ ∈ WPρ(H). Define

N = 1 + max{ |µ| | µ ∈ E∗ is a minimal accepting path in A },

and then N < ∞ by Remark 3.3.3. Since (vv̄)N ∈ WPρ(H), there exists an
accepting path

α = ω1ω̄1ω2ω̄2 · · ·ωN ω̄N (3.3)

in A such that ℓΣ(ωi) = v and ℓΣ(ω̄i) = v̄ for i = 1, 2, . . . , N . Let µ =
e1e2 · · · en (ei ∈ E) be a minimal accepting path such that α dominates µ.
Then we have another decomposition

α = α0e1α1e2α2 · · · enαn (3.4)

for some closed paths α0, α1, . . . , αn ∈ E∗. Since N > n and each ei in the
decomposition (3.4) is contained in at most one ωi in the decomposition (3.3),
at least one of the ωi’s is disjoint from all ei’s, i.e., there exist i ∈ {1, 2, . . . , N}
and j ∈ {0, 1, . . . , n} such that ωi v αj. Since αj is a pumpable closed path
in µ, αj is an element of M(µ, s(αj)). By Lemma 3.3.9, there exist α′

j, α
′′
j ∈

E<|V | such that α′
jωiα

′′
j ∈ M(µ, s(αj)). Then we have

∣∣ℓΣ(α′
j)
∣∣, ∣∣ℓΣ(α′′

j )
∣∣ < |V |

and ρ(ℓΣ(α′
j))ρ(ℓΣ(ωi))ρ(ℓΣ(α′′

j )) ∈ H(µ, s(α)), hence

h = ρ(v) = ρ(ℓΣ(ωi)) ∈ ρ(ℓΣ(α′
j))

−1H(µ, s(α))ρ(ℓΣ(α′′
j ))−1.

From the above argument, we obtain

H =
⋃{

h−1
1 H(µ, p)h−1

2

∣∣∣∣∣ µ is a minimal accepting path in A,

p ∈ V , and h1, h2 ∈ ρ(Σ<|V |)

}
,

where the right-hand side is a finite union of cosets of H by Remark 3.3.3.
Thus, by B. H. Neumann’s lemma [Neu54, (4.1) Lemma and (4.2)], at least
one of H(µ, p)’s has finite index in H.
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