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Abstract

The Linearly involved Generalized-Moreau-Enhanced (LiGME) model has been estab-
lished as a convex analytic framework to utilize linearly involved nonconvex regularizers
for sparsity aware least squares estimation. In the LiGME model, the design of gen-
eralized Moreau enhancement matrix (GME matrix) is a key to guarantee the overall
convexity of the optimization model. In this thesis, we study certain fundamental proper-
ties of the LIGME model and novel design strategies of the GME matrix. The proposed
GME matrix design is applicable to general linear operators to be involved in the LiGME
regularizer and does not require any eigendecomposition or iteration. By using the pro-
posed GME matrix design, we also present applications to the group sparsity aware least
squares estimation problems, including signal recovery and image classification. Numeri-
cal experiments demonstrate the effectiveness of the proposed GME matrix in the LiIGME
model.
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Chapter 1

Introduction

Many tasks in data science, including signal processing and machine learning are formu-
lated as the estimation of an unknown vector x* € X from the observed vector y € Y,
which follows the linear regression model

V=AYt (1.1

where (X, (-, Ox, | - |x) and (¥, (-, Dy,
A : X — Y is a known bounded linear operator and ¢ is an unknown noise vector [1,2].

- |lyy) are finite dimensional real Hilbert spaces,

To tackle such estimations, a widely used approach is to minimize the regularized linear
least squares cost function as follows

1
minir)r(lize EH)’ — Ax[3, + p¥ o £(x), u >0, (1.2)
XE.

where € : X — Z is a certain bounded linear operator, ¥ : Z — (-0, 4] is a
certain function, o stands for composition and (Z,{:, )z, | - | z) is a finite dimensional
Hilbert space. In problem (1.2), the least squares 3|y — Ax|’ is called fidelity term,
W o £(x) is called regularizer (or penalty) which is designed based on a priori knowledge
regarding x*, and the regularization parameter u balances the two terms [1,2]. The tuple
(W, ) is designed not only depending on each application but also based on mathematical
tractability of the optimization model (1.2); see, for example, [3—6].

To design (¥, &) in (1.2), one of the most crucial properties to be handled in modern
signal processing is the sparsity of vectors or the low-rankness of matrices. The sparsity
and the low-rankness have been used for many scenarios in data science, such as com-
pressed sensing [7, 8], sparsity aware applications [9-13], and machine learning [2, 14].
By reconstructing sparse solution from a linear measurement, we can obtain a certain



expression of high dimensional data as a vector with only a small number of non-zero
entries.

Let X = R" and Z = R’. Considering a prior information that £(x*) is sparse, i.e., the
0, the [0
pseudo-norm which counts the number of nonzero entries in a vector, is a natural choice

target signal x* becomes sparse via a linear transform £ : R" — R/, ¥(-) = || -

for Y. However, this choice makes the optimization problem (1.2) NP hard. Alternatively,
W(:) = | - |1, the £; norm defined as the sum of absolute value of entries, has been used
widely because it is the largest convex minorant of | - [|p on [—1, 1] (= R) [15-18].
For example, problem (1.2) reproduces the famous Lasso (least absolute shrinkage and
selection operator) [19] with (¥, £) := (||-||;, Id), reproduces the so-called Total Variation
(TV) regularizer [20,21] with (¥, £) := (| - |1, D), the wavelet-based regularizer [21,22]
with (P, &) := (|| - |1, W) respectively, where Id is the identity operator, D is the first
order differential operator and ‘W is a wavelet transform matrix.

To promote sparsity more effectively than ¢; norm, utilization of nonconvex functions
as ¥ has been considered, such as (|z],)? = 3/_, 2|7 (0 < g < D) forz = [z1,--- ,z]" €
R! [23,24], smoothed £, function [25], smoothed ¢, function [26], and the SCAD (smothly
clipped absolute deviation) [27], to name but a few. These regularizers lead to nonconvex-
ity of the cost function in (1.2), making the global minimizer of (1.2) hardly obtained. On
the other hand, a great deal of effort has also been devoted to utilizing nonconvex func-
tion as ¥ while maintaining the overall convexity of the optimization problem (1.2) at the
same time. The so-called convexity-preserving nonconvex penalties were introduced, in
late 80’s by Blake and Zisserman [28], and followed for example by Nikolova [29-31].
For recent developments of the convexity-preserving nonconvex penalties, see [32—40]
and the references therein. Most of the convexity-preserving nonconvex penalties rely on
a special assumption, i.e., the strong convexity of the least squares term in (1.2), equiva-
lently the nonsingularity of A*A, where A* is the adjoint operator of A (see Section 2.1).

The generalized minimax concave (GMC) model [41] and the Linearly involved Generalized-
Moreau-Enhanced (LIGME) model [5,42] are exceptional examples which are free from
the assumption of A*A. The LiGME model (see Definition 2.13) is formulated as

1

minimize Jy,o0 = 7y — Ax|3 + p¥p o £(x), u >0, (1.3)
XE.

where Wp(-) := ¥(-) —min,ez [‘P(v) + 3B(- - v)HZE], (Z. ¢ )7 ||-||z) is a finite dimen-

sional Hilbert space and the linear operator B can be viewed as a tuning parameter. We

call B Generalized Moreau Enhancement matrix (GME matrix). It has been shown that

Wpin (1.3) can parametrically bridge the gap between £, pseudo-norm and £; norm [5, Ex-
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ample 2(b)], and it can also parametrically bridge the gap between the rank function and
the nuclear norm (sum of singular values of a matrix) [5, Example 2(c)]. Although the
regularizer W5 o £ in (1.3) is nonconvex in general, the overall convexity of Jy,.¢ can
be achieved if A*A — uL*B*BY is positive semidefinite (see Proposition 2.2). Since the
LiGME model establishes a framework for constructing a class of nonconvex regulariz-
ers without losing overall convexity of the regularized least squares problem (1.3), it is
applicable to a board range of sparsity and low rankness aware estimations [5,6,43,44].

The design of GME matrix B is a key to guarantee the overall convexity of Jy,.¢ 1n
(1.3), which enables us to find a global minimizer of the LiGME model. To the best of the
authors’ knowledge, so far, the algebraic design methods (i.e., finite step algorithms) of
GME matrices have been limited to certain special cases for linear operator £ of full row
rank [5,41]. However, there are many applications of LiIGME models where £ does not
have full row rank (see, e.g., Chapter 4 for group sparsity aware signal recovery). Very
recently, to obtain B*B satisfying the overall convexity condition for general £, a non-
algebraic iterative algorithm, based on the so-called CQ method [45], has been proposed
in [44]. However, at each update of the iterative algorithm in [44], the computation of the
projection onto the set of all positive semidefinite matrices is required via eigendecompo-
sition of a symmetric matrix.

The goal of this study is to establish an algebraic and scalable design of the GME ma-
trix B for general linear operator £ not necessarily of full row rank, which would enhance
the applicability of the LIGME model. Actually, in sparsity aware signal processing prob-
lems, we have many applications where a rank deficient linear operator £ plays important
roles. For example, in a scenario of group sparsity aware signal recovery, the grouping
operator ¢ (see Definition 4.1) becomes rank deficient in general cases (see Example
4.1) [46,47].

In this study, we propose a new algebraic design essentially based on a simple LDU
(lower-diagonal-upper) decomposition [48-50] of the linear operator £. The proposed
design is applicable to any £, which can be seen as a generalization of the existing al-
gebraic designs in [5,41]. Moreover, it does not require any eigendecomposition or any
iterative computation, and thus more scalable than the existing designs including [44]. As
an application of the proposed algebraic GME matrix design, we present a new LiGME
model for group sparsity aware estimation with general group configurations which allows
overlapping and incomplete group structures. In this application, we verified the appli-
cability and effectiveness of the proposed algebraic design of the GME matrix through
numerical experiments. Finally, we also present another application of the LIGME model



to group sparse classification (GSC) [51-53] and verified that the GSC based on the pro-
posed LiIGME model outperforms the standard GSC based on the Group Lasso model
especially in cases of using unbalanced training sets.

The rest of this thesis is organized as follows. After the general introduction in this
chapter, in Chapter 2, starting with the necessary mathematical notations and related defi-
nitions, we first present useful tools in the modern convex optimization and the fixed point
theory of nonexpansive operators. Then we present a brief review on the existing strate-
gies regarding the overall convexity preserving nonconvex regularizers, which includes
the LiIGME models. We also present a brief review of the prior arts for group sparsity
aware signal recovery and group sparse classification.

In Chapter 3, after summarizing selected fundamental properties of the LiGME model,
we propose a new algebraic design of the GME matrix based on the LDU decomposition.
The proposed algebraic design is applicable to general linear operator £ in the LIGME
model. Moreover, the proposed algebraic design can be seen as a generalization of the
existing algebraic designs. We also present another algebraic design of the GME matrix,
which is based on the singular value decomposition (SVD).

In Chapter 4, after introducing the grouping operator for general group configurations
which allows overlapping and incomplete cover of group structures, we propose a new
LiGME model for group sparsity aware signal recovery, where the proposed model can
cope with the cases of unknown group partition. Since the grouping operator therein does
not have full row rank, the proposed GME matrix design plays an essential role in this
application. The numerical experiments show the effectiveness of the proposed LiIGME
model based on the proposed GME matrix design.

In Chapter 5, we consider another application of the LiGME model to the group sparse
classification. After illustrating the unfairness of the ¢, regularizer in the appearance of
different group sizes, we propose to use the LiIGME model for group sparse classifica-
tion of unbalanced training set. The numerical experiments demonstrate the effectiveness
of the proposed LiGME model compared with the standard Group Lasso model, in this
scenario of the group sparse classification as well.

Finally, in Chapter 6, we conclude this thesis with few additional remarks.



Chapter 2

Preliminaries

2.1 Mathematical Notation and Tools in Convex Optimiza-
tion and Fixed Point Theory of Nonexpansive Opera-
tors

We use calligraphic font to denote Hilbert spaces and standard font letters to denote
elements in the spaces. For readers who are not familiar with the notion of the Hilbert
space, we encourage to consult, e.g., [54,55]. For discussion in Euclidean space, we use
boldface letters to express vectors and general font letters to represent scalars. We list the
notations in Table 2.1 and Table 2.2.

Then we introduce some tools in convex optimization and fixed point theory of nonex-
pansive operators.

Definition 2.1. A function f : H — (—o0, 0] is convex if it satisfies
(Vx,ye H,Y0e (0,1)) f(6x+ (1 —0)y) <Of(x)+ (1—0)f(y).

f is lower semicontinuous if its lower level set leve,f := {x € H|f(x) < a} is closed for
Va € R. f is said to be proper if dom f # @.

The set of proper lower semicontinuous convex functions f : H — (—o0, 0] is denoted

Definition 2.2. (Coercive) Let f : H — [—o0, ). Then f is coercive if

lim f(x) = oo.
I*l#—00



Table 2.1: Notations related to Hilbert space.

Symbol | Definition
H, H Finite dimensional real Hilbert spaces
T Scalar product in H
|- |9 Norm in H
B(H,H) | The set of all linear operators from (H, (-, Yg, | - |#) to (H, (-, i | lg)
Id The identity operator of general Hilbert spaces
08(%77) The zero operator from H to 77 08(%77) € B(H, 77)
Ox The zero operator from H to H, Og € B(H, H)
12]lop The operator norm of € € B(H, H)
(i.e., [Llop == SuPeg <1 14X 7)
2 The adjoint operator of &,
(ie., Vx € H,Vy € H,(Lx, )i = {x, Ly, £* € B(H, H) )
L > Oy | £ € B(H,H) is positive definite
L >0y | LeB(H,H) is positive semidefinite
ran(¥) The range space of £ € B(H, 77)
(e, ran(2) := {ye H | Gx e H) Lx = y})
null(¢) | The null space of € € B(H, H)
(i.e., null(Q) := {x e H | Lx = 0})
St The orthogonal complement subspace of a nonempty subset S < H
(e,St:={xeH |{x,y)u=0,YyeS}
dom f The domain of a function f
(i.e.,domf = {x e H | f(x) < 0})
Pc The projection onto a nonempty closed convex set C < H
(e, Pc: H — H: x— argmin, | x — y|)
To(H) The set of proper lower semicontinuous convex functions (see Definition 2.1)
of Subdifferential of a function f (see Definition 2.3)
fr Conjugate of a function f (see Definition 2.4)
fOg Infimal convolution of the functions f and g (see Definition 2.7 )
fllg Exact infimal convolution of the functions f and g (see Definition 2.7)
vf The Moreau envelope of a function f of parameter y (see Definition 2.8)
Prox Proximity operator of a function f (see Definition 2.9)

By convention, f is coercive if H = {0}.

Definition 2.3. (Subdifferential) For a function f € T'((H), the subdifferential of f is



Table 2.2: Notations related to Euclidean space.

Symbol | Definition
R The set of real numbers
R, The set of nonnegative real numbers
R,y The set of strictly positive real numbers
N The set of nonnegative intergers
AT The transpose of a matrix A
A The inverse of a invertible matrix A
Al The Moore-Penrose pseudoinverse of a matrix A
I, The identity matrix in R"*"
(0 I The zero matrix in R™*"
0, The zero vector in R"
|- lo The £, pseudo-norm counting the number of nonzero entries in a vector
|- The ¢; norm calculating the sum of absolute values of all entries in a vector
|-l The ¢, norm (also called Euclidean norm)
calculating square root of the inner product of a vector with itself
|- |spec | The spectral norm calculating the largest singular value of a matrix

defined as the set valued operator
of : H—-2": xs {ueH |y —x,uu+ f(x) < f(y), Vye H}.

Definition 2.4. (Legendre-Fenchel conjugate) For any f € I'o(H), the conjugate (or
Legendre-Fenchel conjugate) of f is defined by

f*r H— (—o,0] 1y sup{{x,y)s — f(x)},

xeH
which satisfies f* € To(H). Let f € [o(H). Then,
(V(x,u) e HxH) uedf(x)< xedf*(u).

Definition 2.5. (Nonexpensive operator) An operator 7 : H — H is called nonexpansive
if
(Vx,yeH) |T(x)=TE)|u<|x—y

In particular, a nonexpansive operator T is called a-averaged with a € (0, 1) if there

IH -

exists a nonexpansive operator 7' : H — 9 such that
T =(1—-a)d+af,

1.e., T is a convex combination of the identity operator and some nonexpansive operator
T.



Fact 1. (Krasnoselskii-Mann iterations for finding a fixed point of averaged non-expansive
operator [56, Section 5.2]) Let Fix(T') := {x € H | T(x) = x}. For a nonexpansive op-
erator T : H — H with Fix(T) # @ and any initial point x*) € H, if (a®);cn < [0,1]

satisfies
Za(k)(l —a®) = oo,
keN

then the sequence (x¥)),.y < H generated by
XD = [(1 = a®)1d + o®T] (xV)

convergence weakly to a point in Fix(7). In particular, if 7 is a-averaged with some
a € (0, 1), then
XD = (xR

convergence weakly to a point in Fix(T).

Definition 2.6. (Even symmetry) A function f : H — (—o0,0] is said to be even
symmetry if

f(=x) = f(x).

Definition 2.7. (Infimal convolution) Let f and g be functions from H to (—oo, 0]. Then
infimal convolution of f and g is defined by

fOg: H—[~m,0]: XHyigf{ (f(y) +glx—y)).

It is exact at a point x € H if
GyeH) (FOgx) =r()+glx—y) € (—m, 0]
If f [ g is exact at every point of its domain, it is denoted by f [ g.

Definition 2.8. (Moreau envelope) Let f : H — (—o0,0] and y € R, . The Moreau
envelope of f of parameter y is defined by

YF — i 2
r=r0 (£1-).

Definition 2.9. (Proximity operator) The proximity operator of f € T'y(H) is defined by

1
Prox;: H—>H: x— argT{in lf()’) + EHX - Y|${] .
Y€

The proximity operator Prox  is well-defined because the minimizer of f(-)+ 3 - —x]|7,
exists uniquely in H for every f € T'o(H) and x € H. A function f € I'y(H) is said to be
prox-friendly if Prox,, is available as a computational tool for any y e R .

8



2.2 Linearly involved Generalized-Moreau-Enhanced Model

Before introducing the Linearly involved Generalized-Moreau-Enhanced (LiIGME) model,
we briefly review the minimax-concave (MC) penalty function and the generalized MC
(GMC) penalty function.

Definition 2.10. (Huber function) The Huber function s : R — R is defined as

1
—x7, x| <1
_ )2
s(x) = |
g =1

The Huber function is illustrated in Fig. 2.1(d). It is a example of the Moreau envelope,

which can be written as !

= Oo=(-)= 1.
s=1 105072 = "1
The scaled versions of Huber function s, : R — R is given by
1 2 2 1/b?
sp =10 56°(-)"= "] 2.1

Definition 2.11. (Minimax-concave penalty) The minimax-concave (MC) penalty func-
tion ¢ : R — R is defined as

1
|x| — Exz, |x\ <1
¢(x) = 1

The MC penalty is illustrated in Fig. 2.1(b). It can be written as
¢(x) = [x| = s(x).
The scaled version of MC penalty ¢, : R — R is given by
dp(x) = |x| — sp(x), (2.2)

where s, is the scaled Huber function in (2.1).

Some examples of one-dimensional sparsity-pursuing regularizers are illustrated in Fig.
2.1. As can be observed, the nonconvex MC penalty in Fig. 2.1(b) approximates £, much
better than convex ¢; in Fig. 2.1(c). The introduction of parameter b into the scaled
version in (2.2) makes MC penalty more convenient and flexible.

9



lxlo = {f x=0 $() = x| = s(x)

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3

X X
(a) The ¢, function (b) The MC penalty
1
=x%,  |x|<1

w

s(x) = 2 1
IXI—E, lx| =1

3 2 1 0 1 2 3
X X
(c) The ¢, function (d) The Huber function

Fig. 2.1: The ¢, function, MC penalty, ¢, function and Huber function of one-dimensional

case.

Proposition 2.1. [41, Proposition 3] Let u > 0 and a € R. Define f : R — R,

£x) = 50— ax)? + (), @3

where ¢, is the scaled MC penalty in (2.2). The function f is convex if b* < a*/u.

Although the regularizer ¢, in (2.3) itself is nonconvex in general, the cost function f
can be convex under certain conditions. Regularizers with this kind of property are called

convexity preserving regularizers.

For multidimensional cases,

1 n
Fx) = 5ly = Ax|® + 1) g (x) (24)

i=1

is a direct generalization of (2.3), where x = [x;,x,- -+ ,x,] € R", y € R” and A € R™*".
However, this kind of separable penalty are fundamentally limited. If A" A is singular,

10



then a separable penalty constrained to maintain cost function convexity can only improve
on the ¢; norm to a very limited extent [57].

A generalized non-separable version of scaled MC penalty has been proposed in [41].

Definition 2.12. (Generalized MC penalty) The generalized MC (GMC) penalty function
v : R" — R is defined as
We(x) := x| — Sg(x), 2.5)

where B € R"*" and S g : R” — R is the generalized Huber function defined as

1
Sp=[-103IB-[ (2.6)

The generalized Huber function S p is a proper lower semicontinuous convex function
and the infimal convolution in (2.6) is exact [41, Proposition 5]. Thus the GMC penalty
in (2.5) can be written as

) 1
a(x) = I~ min { s + 31Bx W)}

The GMC penalty has great potential for dealing with many non-convex variations of || - ||;
under modern convex analysis.

In order to maximize the applicability of the excellent ideas of the MC penalty and
GMC penalty, the Linearly involved Generalized Moreau Enhanced (LiGME) model has
been proposed in [5].

Definition 2.13. (LiGME model [5, Definition 1]) Let (X, -, Dx, |- x)s (M55 Dwy |-lly),
(Z.¢s0z: | - |z), and (Z,{-,-)7. | - | 7) be finite dimensional real Hilbert spaces, ¥ €
I'y(Z) coercive withdom¥ = Z, Be B(Z,Z) and (A, &, ) € B(X, V) x B(X,Z) xR,.
Then:

(a) Generalized Moreau enhanced penalty function Wy is defined as

Wa() = ¥() — min | %(0) + 3[B( ) @.7)

Iz
.Z 2
where B can be viewed as a tuning parameter and we called it Generalized Moreau
Enhancement matrix (GME matrix) in this thesis.

(b) Linearly involved Generalized-Moreau-Enhanced (LiGME) penalty is defined as
\PBOQ X — (—(D,OO:I

11



(c) LiGME mode is defined as the minimization of

1
hwg:X—eR:XH*?W—AA@+uTBoMﬂ, (2.8)

where we assume that Jy,.¢ has a minimizer in X.

The regularizer term of (2.8) can be write as

¥y o €(x) = P(Lx) — Tmlwwg (2x). (2.9)
2

For B = OB(Z,Z) in (2.7), W reproduces Y. Otherwise ¥y is not necessarily convex
in general. If B satisfies a certain condition (see Proposition 2.2), the cost function Jy ¢
in (2.8) becomes convex, which means that the overall convexity is achieved in (2.8).
We remark that the GMC model [41] is a special case of (2.8) with (X, Y, Z, f) =
(R",R™",R",R"), ¥ = | - |; and & = Id. The relation between MCP [58], GMC penalty
[41] and LiGME penalty [5] is illustrated in Fig. 2.2.

GMC penalty

LIGME penalty

Fig. 2.2: The relation between MCP [58], GMC penalty [41] and LiGME penalty [5].

Proposition 2.2. (Overall convexity condition for the LIGME model [5, Proposition 1])
Let (A, 2, 1) € B(X,Y) x B(X,Z) x R,,. The GME penalty function ¥ in Definition
2.13 has the following property: for the three conditions

(Cl) A*A — uL*B*BL > Oy,

(C2) Jyzoe € To(X) forany y € Y,

(C3) I (= YA + w0 € € Ty(X),

12



the relation (C1)=(C2)<(C3) holds.

In particular, if ¥ € Ty(Z) satisfies the condition as a norm of the vector space Z, the
equivalence (C1)<(C2)<(C3) is achieved.

Proposition 2.3. (Iterative approximation of a global minimizer of Jy,.¢ [5, Theorem
1]) Let ¥ € I'h(Z) in Definition 1 be even symmetry and prox-friendly. Assume the
condition (C1) in Proposition 2.2 and the existence of a minimizer, of Jy,.¢, in X. Let
H:=X x ZxZ Define Tigmg : H — H : (x,v,w) — (£,4,17) by

1 1
£ = lld — (A*A— ,ui’,*B*BB)] x— Borpepy - Eary 4 —axy,
(oa (oa (oa (oa

2
£ = Proxuy [—“B*Bszg _HpeBox+ (Id - EB*B) v] :
LT T T
n: = (Id — Proxy)(22¢ — Lx + w),
where (o, 7,k) € R, x R, x (I, +00) is chosen to satisfy

old — gA*A —u*e > Oy,

(2.10)
vz (542) ulBlE,
Then, Tyigume is a 5”5 -averaged nonexpensive operator in the Hilbert space (H, (-, )y, | -
|ss), where
old —ul*B*B  —uf*
D= | —uBBe  7Id 07 | > oy 2.11)

—ul Oz pld
For any initial point (x(, v, w(®) e H, the sequence (x*),v®), wk)), .y = H generated
by
(x(k+1), v(k+1)’ W(’<+1)) = TLoME (x(k), v(k), w(k)) (2.12)
converges weakly to point (x*,v*,w*) € Fix(Tpigme) and

k) *

lim x =X,

k—00
where x* is a global minimizer of Jy,¢.
Remark 2.1. An example of (o, 7,k) € R, | x Ry, x (1, +0) satisfying (2.10) is
fV k> 1,

o= HgA*A +pL*L| + (k—1),

'< op

Kk 2
==+ =) u|B| —1).
N (2+K)ﬂ’hy+@ )

13



Remark 2.2. The derivation of the algorithm in (2.12) is inspired by Condat ~ s primal-
dual algorithm [59] and is based on the so-called forward-backward splitting method;
see [5, Remark 4].

From Proposition 2.3, we can see that design of GME matrix B is a key to guarantee
the overall convexity of the LIGME model, and the overall convexity is indispensable for
minimizing Jy,.¢ in (2.8). To our knowledge, so far, the algebraic designs of GME matrix
B have been limited to a special case where the linear operator £ has full row rank [5,41].
A main goal of this thesis is to establish a unified algebraic design of the GME matrix B
(see Section 3.2).

2.3 Group Sparsity Aware Signal Recovery and Classifi-
cation

2.3.1 Group Sparsity Aware Signal Recovery

In practical applications, the data of interest can often be assumed to have a certain
special structure. For example, in microarray analysis of gene expression [60,61], MRI
reconstruction [62], hyperspectral image unmixing [63—65], impact force identification
in industrial applications [66], classification problems [51-53, 67-69], etc., the solution
of interest often possesses group sparsity structure, namely, the solution has a natural
grouping of its coefficients and nonzero entries only occur in few groups.

Suppose x = [x],x),---,x]

] € R"is a group sparse signal, where x; € R",
ZE:I n; = n and t is the number of groups. Just like the use of £ pseudo-norm for evalu-
ation of the sparsity, the group sparsity of x can be evaluated with the ¢, pseudo-norm,

X0 = [ (Jx: xi/12)lo-

1e., 2, [ X225

The group sparse regularized least squares problem can be modeled as
S )
minimize =|y — Ax|; + ufx20, (2.13)
xeR? 2

where y € R” and A € R™*" are known, and g > 0 is the regularization parameter.
However, the employment of the pseudo-norm ¢, makes (2.13) NP-hard [70]. Most
studies in the application replace the nonconvex regularizer ¢, with its tightest convex
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envelope ¢»; [71] (or its weighted variants), and the following regularized least squares
problem has been proposed named as the Group Lasso [72],

o] ’
minimize EHJ’ — Ax|3 + ,u; willx:]2, (2.14)
where w; > 0 (i = 1,--- ,¢) in the regularization term are used to adjust for group sizes
with w; = /n; in [72,73]. The Lasso model [19]

1
minimize ~[y — Ax|3 + u| x|, (2.15)
xeR” 2
is a specialization of Group Lasso model (2.14) witht =nandn; =1(G = 1,2, - ,1).

Although the convex optimization problem (2.14) has been used as a standard model for
group sparse estimation applications, the convex regularizer >;_, w;||x;||» does not neces-
sarily promote group sparsity sufficiently, mainly due to the fact that it is just an approxi-
mation of ¢, pseudo-norm within the severe restriction of the convexity. To promote the
group sparsity more effectively than convex regularizers, nonconvex regularizers such as
group SCAD (smoothly clipped absolute deviation) [61], group MCP (minimax concave
penalty) [73,74], £, , regularization (|x|,, :== (>, |xi]}) Y10 <q <1< p) 7S],
iterative weighted group minimization [76], and ¢, [77] have been used, for promot-
ing the group sparsity more effectively than convex regularizers. However, they lose the
overall convexity of such optimization problems, which results in their algorithms of no
guarantee of convergence to a global minimizer of the overall cost functions. In [78], a
non-convex regularizer which can preserve the overall convexity was proposed, but the
fidelity term of the optimization model is 3 [y — x| (limited to the case of A = I,,), which

mxn

can not be applied to group sparsity aware least squares model of general A € R

When the group structure (location and size of each group x; (i = 1,2,---,1), see
Section 4.1) of target signal is not known a prior, it is reported that fully overlapping
group setting in the OGS (overlapping group shrinkage) model [46] is more robust against
unknown grouping structure than nonoverlapping but possibly erroneous group setting.
As an alternative approach, Obozinski, Jacob and Vert have proposed the latent group
lasso [79], for selection of relevant blocks from predefined overlapping groups. Recently,
by applying the proximity operator of the perspective function [80], Kuroda and Kita-
hara propose in [81] a further alternative approach to nonoverlapping group sparse signal
recovery problem by estimating the optimal partition.

15



2.3.2 Group Sparse Classification

Classification is one of fundamental tasks in the field of the signal and image process-
ing and pattern recognition. For a classification problem with ¢ classes of subjects, the
training samples can formulate a dictionary matrix A = [A1, A, -+, A;] € R™*", where
A; = lan,an, - ,a;,]| € R™" is the subset of the training samples from subject i, a;;
is the j-th training sample from the i-th class, n; is the number of training samples from
class i, and n = >, n; is the number of total training samples. The aim is to correctly
determine which class the input test sample y € R™ belongs to. Although deep learning
is very popular and powerful for classification tasks, it requires a very large-scale train-
ing set and computation resources for numerous parameters training with complicated
back-propagation.

Wright et al. proposed the sparse representation based classification (SRC) [82] for face
recognition. With the assumption that samples of a specific subject lie in a linear subspace,
a valid test sample y is expected to be approximated well by a linear combination of the
training samples from the same class, which leads to a sparse representation coefficient
over all training samples. Specifically, the test sample y is approximated by the linear
combination of the dictionary items, i.e., y ~ Ax, where x is the coefficient vector. A
simple minimization model with sparse representation can be minimizecp: 5 |y — Ax|3 +
u|x]lo- In most SRC based approaches, ¢, regularizer is relaxed to £, and the model
becomes the well-known Lasso model (2.15) [19].

The label information of the dictionary atoms is not utilized in the simple model of
SRC, hence the regression is based solely on the structure of each sample. When the
subspaces spanned by different classes are not independent, SRC may lead the test image
to be represented by training samples from multiple different classes. Considering ideal
situation where the test image should only be approximated well by the training samples
from one class corresponding to the correct one, in [51-53], the authors divided training
samples into groups by prior label information and used group-sparsity regularizers. Nat-

urally, the coefficient vector x has group structure x = [x],x,---,x/|" € R", where
xX; = [Xi, X, s X" € R% (i = 1,2, ,¢). This kind of group sparse classification

(GSC) approach aims to represent the test image using the minimum number of groups,
and thus an ideal model is (2.13) which is NP-hard. A convex approximation of ¢, , i.e.,
{>1-norm, has been used widely as a best convex regularizer to incorporate the class la-
bels. We give a simple but clear explanation in Section 5.1, to show the bias of ¢, ;-norm
caused by group size in the application of group sparse classification.
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More generally, weighted ¢, ;-norm has also been used as the regularizer [67, 83, 84].
For example, Tang, et al. [67] proposed a weighted GSC (WGSC) model as follows, by
involving the information of the similarity between query sample and each class as well
as the distance between query sample and each training sample,

1
minimize = |y — Ax| + u|Wx|21, (2.16)
xeR” 2
where the weight matrix W is obtained by

W = BlockDiag(W,W,,--- ,W,) and W, = Diag(w;d;;,widp, - ,widy,), (2.17)

—a;; i = "min
di; = exp (M) and w; = exp (r i ) , (2.18)

(O3] %)

o1 and o, are bandwidth parameters, x¥ = argminy, ||y — Ax;]3, r; = |y — Aix¥| com-
putes the distance from y to the individual subspace generated by A;, and r,;;, denotes the

minimum reconstruction error of {r;}/_,.

For the aforementioned methods, after obtaining the optimal solution (denoted by
% =[&],%,,---,%']"), they assign y to the class that minimizes the class reconstruction

residual defined by |y — A;%i,.

Although ¢, | regularizer and its weighted variants are widely used in GSC and WGSC
based methods, they not only suppress the number of selected classes, but also suppress
significant nonzero coeflicients within classes. The later may lead to underestimation
of high-amplitude elements and adversely affect the performance. The nonconvex reg-
ularizers such as ¢, , (0 < p < 1) [84] and group MCP [85] make the corresponding
optimization problems nonconvex.
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Chapter 3

Properties and GME Matrix Designs for
LiGME Models

In this chapter, we first analysis some basic properties of the LIGME model. After that,
we propose a new algebraic design of GME matrix. The design is unified but simple,
which is applicable to general linear operator and does not require any iteration.

3.1 Fundamental Properties of LIGME Model

In this section, we analysis some basic properties of the LIGME model. Firstly, we
show that the regularizer term of the LIGME model is nonnegative.

Proposition 3.1. The regularizer W5 o £(-) in LIGME model (2.8) satisfies

PYpol(x) >0 forallxe X. 3.1)
Proof.
\PB ) Q(X)
1

=¥ o 2(x) —min | ¥(v) + 5[B(L(x) —v)[Z 3.2)

>V o &(x) — VYo L(x)

=0
for Vx € X, where the inequality is achieved by letting v = £(x). O
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Then, we show a relation between the null space of A and B o £.

Proposition 3.2. Assume that u € R, , in (2.8) and GME matrix B satisfies the overall
convexity condition (C1) in Proposition 2.2, then

null(A) < null(BL). (3.3)

Proof. Let x € null(A) < X. Then by (C1), we have

0 <{(A*A — uL*B*BR)x, x)
=(A*Ax, x) — u(L*B*BLx, x)
=(Ax,Ax) — u(BLx, BLx)
= — u(BLx, BLx) < 0,

which implies B2x = 0, and x € null(BL). Therefore, null(A) < null(BL). o

In Definition 2.13(c) and Proposition 2.3, we assume the existence of a minimizer of the
LiGME model. In fact, under the overall convexity condition (C2) in Proposition 2.2, the
existence of a minimizer of Jy,.¢ is guaranteed in many cases, since the convex function
Jy,oe in (2.8) is guaranteed to be continuous over X [86, Corollary 8.40]. Example 3.1
lists some cases (not limited to these special cases).

Example 3.1. (a) If A*A is nonsingular, the function Jy,.¢ is coercive, which ensures
the existence of its minimizer in X [86, Proposition 11.15]. In this case, the coer-
civity of Jy,.¢ 1s verified by

(i) the coercivity of the least squares fidelity term of (2.8),
(ii) (Vx € X) Wp o £(x) = 0 by Proposition 3.1.

(b) Even for general A € B(X,Y), Jy,.¢ is guaranteed to have a minimizer over any
nonempty compact subset S < X [86, Theorem 1.29], by imposing a constraint
x € S if necessary; see, e.g., (4.12) in Section 4.2, in a scenario of group sparsity
aware estimation. In particular, a recently proposed constrained LiGME (cLiGME)
model [6] admits certain multiple-sets split feasibility type convex constraints [87]
(see also [43] for a single constraint case).

For a linearly involved regularizer ¥ o £(x), there are two approaches to consider its
enhancement by using the idea of Moreau envelope.
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(a) Consider the Moreau enhancement of ¥ o € straightly, like in [88]. It is given as
[N
(PoQ)s(:):=¥Y()— in£ {‘P(Qv) + EHB( — v)|§} , (3.4)
VE.
and variable is x.

(b) Considering the Moreau enhancement of ¥ as in LIGME model [5], which is de-
fined as

veZ
and then take £(x) as the variable of (3.5).

Wy() = () - min {w LB v>\%}, 35)

We can show a useful relation between these two approaches.

Proposition 3.3. For ¥ € I'y(Z) which is coercive and B € B(Z,Z), assume £ €
B(X, Z) has full row-rank. Then for any x € X,

(Wol)ge(x)="Tp0L(x), (3.6)

Proof. See Appendix A.1. |
Remark 3.1. Applicability of (3.5) beyond (3.4).

(a) Even though Y is even symmetric, coercive and prox-friendly (easy to deal with
least squares model with (3.5)), ¥ o € is not necessarily coercive or prox-friendly,
which makes the least squares model with (3.4) requires inner loop to obtain prox-
imal operation of ¥ o £. As found in [86, Proposition 24.14], it is known that for
¥ e I')(Z) and € € B(X, Z) satisfying L&* = uld with some u € R, we have
Proxyoe(x) = x + u~'€*(Prox,y(2x) — £x) for x € X. In such a special case, if
W is prox-friendly, ¥ o € is also prox-friendly. However, for general £ € B(X, Z)
not necessarily satisfying such standard conditions, we have to discuss the prox-
friendliness of ¥ o € case by case.

(b) The Moreau enhancement of ¥, i.e., (3.5), is proven to bridge the gap between ¥
and discrete measure functions. For example, (| - |;)p bridges the gap between | - [o
and | - ||; (see [5, Example 2(b)]), (|| - |auc)p bridges the gap between rank(-) and
| - |lue (see [5, Example 2(c)]), (| - ||.1)5 bridges the gap between || - |20 and | - |2
(see Proposition 4.1 in Section 4.1). However, the meaning of (3.4) has not been
proven.

Therefore, in this thesis, we focus on (3.5).
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3.2 Proposed Algebraic Design of GME Matrix Based on
LDU Decomposition

In the LiIGME model, since an algebraic design of GME matrix for rank deficient linear
operator € in (2.8) has not yet been reported, we propose a new algebraic design of GME
matrix applicable to general linear operators, which can further enhances the applicability
of the LiGME model.

Theorem 3.1. (Proposed design of GME matrix) In Definition 2.13, let (X,Y,Z) =
(R",R™,R), (A, 2,u) € R™" x R*" x R, |, and r := rank(€) > 0. Choose nonsingular
matrices L € R and R € R™" satisfying

Ir Or>< n—r
LER = (n=n) (3.7)
Ou-ryxr O(—r)x(n—r)
Let
[ A | 4 ] — AR, (3.8)
where A € R"*", A, € R™* ") and choose M € R"*" to satisfy
M'M=A"TA — A TAA,JA e R, (3.9
Then
(a) Forany @€ [0,1],
B, :— [« /6/uM O,M(,_,)] L e R (3.10)

ensures Jy, e € [o(R").
(b) The existence of M satisfying (3.9) is guaranteed. For example,
M = [P(un(a,))-]A1 (= A1 — [Pran(ay)| A1),

the projection of A, onto the orthogonal complement subspace (ran(A,))*, satisfies
(3.9). We denote the matrix expression of the projection operator Pray4,) : R" —
R™ (see Table 2.1 in Section 2.1) by [ Pran(a,)] € R™*".

(¢) For computation of the operator T ;gmg in Proposition 2(b), B;Be with 6 € [0, 1] is
required, which is given by

MM O,
B/B,=L" [ﬂ x(=n)

L e R™, (3.11)
0(1—r)><r O(I—r)x(l—r)
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Proof.  (a) For 0 = 0, we have By = Ojx; and Jy, oo € [o(R") for all y € R™ by
Proposition 2.2(a). For 6 € (0,1], we can show A'A — uQ"B, ByL > 0,,, as
follows. By equation (3.7) and definition (3.10), we obtain

L'B, ByQ
| I, 0r>< —r | I, 0r>< n—r

—RT =)\ L "B]B,L' (=) | R
_O(n—r)xr O(n—r)x(l—r)_ 0(1—r)><r O(I—r)x(n—r)

:R_T I, Orx(lfr) EMTM 0r>< (I-r) I, 0r>< (n—r) R_l
|Ow—rxr Ouryxt—r) | |Ot-nxr Ou-rxi-n | [Ot-nxr Ot-rxn-n
[CM™M 0.

R | # e R (3.12)
_O(n—r)xr O(n—r)x(n—r)

According to (3.8) and (3.12), we have

O,n < A"A —uL"' B, B2
IM™™M 0,
r (n=r)

& Opn < (AR)T(AR)—,u[
O(nfr)xr O(nfr)x(nfr)

A 0n><n =<

AJA, AJ A,

AlA —OM™M AIAZI

< A;AZ = O(n—r)x(n—r),
A Ax(A) A))TAJA = AJ A, (3.13)
and A]A; —OM'M — A Ay(A] A)'AJ A, > O,,,

where the last equivalence is verified by [89, Theorem 1]'. Let us verify the last
three conditions in (3.13).

(i) A) Ay > O,, holds obviously.

(ii) Since A,A," is a symmetric idempotent matrix [90, (3.7.6)], i.e., (A,A4,")T =
A,A," and A,A,7(A,A,7T) = A2A,T, we have

Ar(AJAY))TA) = A,A,7(A))TA) = AA,T

Therefore, A, A,(A) A;)TA; A} = A] A,A,TA| = A Ay, that is, the second
condition holds.

Sit Si2
So1 S»
R>*(=1) 8§, € R=*" and §,, € R*I*=) Then § > 0,, if and only if the following three
conditions hold simultaneously: (1) S22 > O, x (n_r)» (iD) S21 = $2281,821, (i) S11 > S128],801.

1'[89, Theorem 1] Let § = [ ] € R™" be a symmetric matrix, where S;; € R™", S|, €
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(iii) The third condition can be written as (1 — 0)(A] A, — A| A,A,TA)) > 0,,,.
Since the eigenvalues of A,A] are not larger than 1, A] A, — A] A,A4,7A, =
Al (I,,—A,A,") A, is positive semidefinite. Together with the fact that 1 —6 >
0, the third condition also holds.

Thus Jy,, 00 € [o(R") has been proven.

(b) By [86, Corollary 3.24, Proposition 3.30], M = [P (;sn(a,))L]A1 = (Im—AzAzT)Al.

Then
M™M= Al (I, — A,A,N) (I, — A,ADA,

= Al (I, —24,A," + A,A,1)A,
=A;"A; — A, TA,AA.

(c) Itis clear by Proposition 2.3 and (3.10).

Remark 3.2. (Applicability and scalability of the proposed design in Theorem 3.1)

(a)

(b)

The design in Theorem 3.1 is applicable to any linear operator £ € R"*”, not nec-
essarily of full row rank, which broadens the applicability of the LIGME model.
For application to the case of rank deficient £, see Example 4.1(c) in group sparsity
aware estimations.

The existence of nonsingular matrices L € R/ and R € R"™" satisfying (3.7) is
guaranteed [91, 0.4.6(f)]. One can use elementary row operations to attain RREF
(reduced row-echelon form) of € € R™", that is, LL, and attain RCEF (reduced
column-echelon form) of L by elementary column operations, where L and R
are multiplication of the elementary row operations and the elementary column
operations, respectively.

This computation is equivalent to the LU (lower-upper) decomposition or the LDU
decomposition, whose complexity is at most In>—3n* (I = n) or nl*— 3 (I < n) [50,
Section 5.5.2], [48, Section 4.2]. For any matrix £ € R™" with rank r > 0, the LU
decomposition (general case for rectangular matrix) factors it as

. Ll Orx(n—r) Ul U2
ifl>n) ¢—P , (3.14)
( ) L2 O(Ir)x(nr)] lo(nr)xr Inr] Q
L rx(I-r
(ifl<n) ¢=P 1 Orx(-r) U, U, 0, (3.15)
L2 Il—r 0(1—r)><r O(l—r)x(n—r)
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where L, € R™" is a unit lower triangular matrix, U; € R™" is an upper triangular
matrix, P € R/ and Q € R"*" are two permutation matrices, L, € R(~")*" and
U, e R*(=n), By LDU decomposition, £ can be factored as

Q—p L, 0r><(l—r) I, Orx(n—r) U U,
L2 Il—r O(Z—r)><r O(I—r)x(n—r) O(n—r)xr In—r

(c) Since the computation M = [P(;n(4,))-]A| in Theorem 3.1(b) does not require in

0. (3.16)

principle any eigendecomposition, the proposed design of By with M = [P 1n(4,))- | A1
in Theorem 3.1 is more scalable than the existing design in [5, Proposition 2] (see
Corollary 3.1(a) below). Moreover, the computation for B;—Bg does not need iter-
ative computation (unlike the non-algebraic iterative algorithm in [44, Algorithm

1D.

Corollary 3.1. Theorem 3.1 is a generalization of the following existing algebraic design
methods of GME matrix.

(a) ( [5, Proposition 2]) In Definition 2.13, let (X, Y, Z) = (R",R™,R!), (A, L, u) €
R™m x R>™" x R, ,, and rank(€) = . Choose a nonsingular R € R™*" satisfying
LR = [I[ 0[><(n—l)]~ Then

By := A/0/uA?UT eR™, g€ 0,1], (3.17)
ensures Jy, oo € [o(R"), where [A; | A2] := AR and
UAU" := A[A, — AT A,(A] A))TA] A e R

is an eigendecomposition. (NOTE: the GME matrix design in (3.17) is a special
case of (3.10) with r = [, L = I; and M = A'?U".)

(b) ([41]) In Definition 2.13, let (X, Y, Z) = (R",R",R"), (A, &, u) € R™" x R"" x
R,.,and £ = I,,. Then

By = A/6/uA e R™" g¢0,1], (3.18)

ensures Jy, ce € [o(R"). (NOTE: The GME matrix design in (3.18) is a special
caseof B.10)withr=[=n, L=R=I,and M = A))

Corollary 3.2. (Proposed design of GME matrix for multiple LiGME regularizers)
If a LiGME model has multiple regularizers, i.e., the LiGME model as follows,

] S
minimize EHJ’ — Ax|3 + ;,u,-(‘l’,-)gi o £;(x), (3.19)
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where y € R, A € R™", u; > 0, ¥; € I'y(R") coercive, dom ¥; = R, B; € R"*!i and
g e R (W))p,(+) = Wil-) — minyeg, [¥i(v) + 3|Bi(- —v)[3] G = 1,2,--- . M).

Choose a; e R, (i = 1,2, -+, M) satisfying Zt/\:l a; = 1 and apply Theorem 3.1 to
(VaiA, £, ;) to obtain B; satisfying

@ ATA — 8 B'B¢ > 0,,, (i=1,2,--- M), (3.20)

then the overall convexity of (3.19) is achieved.

Proof. Let¥ := R — (-0, 0] : z=[z],2], - ,2}]7 — S0, 1'¥i(z;) with z; € Rl
(=12 Mandl =" 1,2 : R >R : x— [(£x)7, (LX), -, (Lux)T]"
andB:R' > R": [z],2],-- .2} ]" — [(uBiz1)", (\VieBaz2) T, -+ (imBazm) 1T
with & = 3™, h;. We have

M
Wpol =) u(¥)p oL (3.21)

i=1

Together with (3.20), we have
ATA-¢'B'Bg

M

=ATA =) 2] B/ B¢,
i=1

M

~ > (0iATA — 12 B Bi2)) = O,

=

—_

Therefore, the overall convexity of (3.19) is achieved according to Proposition 2.2. O

Remark 3.3. In Corollary 3.2, the choice of @; depends on how much we want to enhance
the nonconvexity of the i-th regularizer. The larger ¢; is, the stronger the nonconvexity of
the i-th regularizer.

3.3 Proposed Algebraic Design of GME Matrix Based on
SVD

We also present an alternative design of GME matrix in Proposition 3.4 when the sin-
gular value decomposition (SVD) of € is available.
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Proposition 3.4. In Definition 2.13, let (X,Y,Z) = (R",R™",R!), (A4, &,u) € R™" x
R™ x R, ., and r := rank(2). Let UEB™ = € be the SVD of £, where U € R/ and
¥ € R™" are orthogonal matrices, and £ € R™" is a rectangular diagonal matrix with

non-negative real numbers on the diagonal. Let | Zl ‘ Zz ] := AD, where Zl e R™*r,
—~ — T~ T~ T —~f—

A, € R™("=1) and choose h € N, M € R"*" satisfying M M := A, A, — A, AZA;AI €
R"™". Then for any 6 € [0, 1],

Byi= | \OuM Opu | ZUT e R (3.22)

ensures Jy_ o¢ € To(R™).
0

Proof. 1f 6 = 0, Eg = Oy and Jy, oo € [o(R") for all y € R™. Let 6§ € (0, 1]. We need
to show that ATA — uTB, By > Oy, By UEST = € and the definition (3.22), we

have that

~T—
"B, B2

O (n—r)xh

—~ T
—%zTuTu(zT)T[V(’/“M [«/9/,11\7 ohx(n,,)]zTuTumaT

=3

~T —
Q/ﬂM M 0r>< (n—r)
Opi—ryxr  O@—r)x(n—r) |

B,

Therefore, by [ A; | A, ] := A® and (3.23), we have

Open < ATA — 2B, B0
‘M'M
O,n < (AB)T(AB) — u [u

~T—~ ~T e~ —~T—~
0. < |AA oM M A1A2]

P

A2 AZ = 0(n—r)><(n—r),
~T—~ —~T— TATA —~T—

(3.23)

O(nfr) xr O(nfr) x (n—r)

0r>< (n—r) ]

(3.24)

~T— ~T—~ T~ —~T— .—~T—
and A, A —OM M — A, A(A,A)) A, A, = 0,,,,

where the last equivalence is confirmed by [89, Theorem 1]. We verify the last three con-
P —_
ditions in (3.24) one by one. Firstly, A, A, > O,, holds obviously. Since AzAl is a
T T e =T T
symmetric idempotent matrix [90, (3.7.6)], we have A,(A, A,)TA, = AZAE(A2 A, =
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:4\2:4\; Therefore, ZZT ZZ(ZZT ZZ)TZZT A = Z; 22:4\1:4\1 = ZZT A, that is, the second con-
dition holds. The third condition can be written as (1 — ) (ijl - ZTZZZ;ZQ > O,
Since the eigenvalues of ZZZ; are not larger than 1, Zszl — ZITZZZ;/A\I = ZIT(Im —
2222)21 is positive semidefinite. Together with the fact that 1 —6 > 0, the third condition
also holds. Thus Jy, . € Ty(R") has been proven. o

Remark 3.4. For the two designs in Theorem 3.1 and Proposition 3.4, although the ob-
tained GME matrices By and B, are different, we verified experimentally that they lead to
the same estimation results of the LIGME model.
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Chapter 4

Application to Group Sparsity Aware
Signal Recovery

In this chapter, we consider a specific problem, that is, group sparsity aware signal recov-
ery. First, by defining a grouping operator ¢, we consider a general expression of group-
ing, which allows overlapping and incomplete cover cases. Then we focus on the group
sparsity pursuing regularizers, where the proposed nonconvex GME penalty (| - [l2.1)p
can bridge the gap between | - |, and || - |20. By combining the grouping operator ¢
and the GME penalty (|| - |2.1) s, we present a new LIGME formulation for group sparsity
aware signal recovery problems. For general case, we encounter the rank deficiency of
L. The overall convexity of the LIGME model is achieved by the proposed GME ma-
trix in Theorem 3.1. We applied the model to group sparsity aware problem of unknown
group structure. We verify the effectiveness of the proposed LiGME model with the GME
matrix design by numerical experiments.

4.1 Grouping Operator and Proposed LiGME Regular-

izer

In many applications, the target signal has group sparsity property. In this study, we
consider a general expression of grouping. Let x = [x, x5, ,x,]" € R" be a vector and
x, € R" (i =1,2,---,1) be subvectors of x, where ¢ is the number of groups, (& #) g; =
{o € {1,2,---,n} | pi <o < g} for some p;,q; € {1,2,--- ,n} (i.e. p; = ming; and
q; = max g;) is the index set corresponding to i-th subvector and g; # g; (1 <i < j < 1).

That is, x;, = (X,)eq; and #8; = ¢; — p; + 1 = n;. Then [x] ,x -~ x]]" € R" with
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X1 Xy - Xn

et
] ]

Fig. 4.1: Illustration of a group structure of a vector x (with overlapping and incomplete).

Zle n; = n' forms a new vector with group partition. The index sets g; (i = 1,--- 1)
express a group structure of x € R”".

Note that we consider general group configurations which allows overlapping and/or in-
complete cover (see Fig. 4.1 for an illustration). For example, if g;ng; # @ (i # j), the i-th

group and j-th group overlap; if | Ji_, &; C {1,2,--- ,n}, this case corresponds an incom-
plete cover, which means that some entries of x are not included in [x] ,x), -, x]] .

Definition 4.1. (Grouping operator) We define a grouping operator
g .= [9], 91,97 e R"", (4.1)
where ¢; € R"*" extracts consecutive entries from x € R” to form the i-th group x,, =

Gx e R" (i = 1,2,---,0), and [x],x],- - ,x]]T = @x € R". Obviously, ¥, is

9°
composed of the zero matrices and the identity matrix, i.e.,

gi = [OniX(Pi*I% In,'a Onix(nfq,-)]- (42)

We show an example in Fig. 4.2, where the grouping operator ¢ transforms x (with
overlaps) to ¥ x (without overlaps).

Remark 4.1. In Definition 4.1, a natural group sparsity measure of x € R” with grouping
operator @ = [¢] .41 ,...4[]T e R"*" is

@iy .
[l = 1(1F 1x )2, |G 2x 2, |G x]2)

= [[Cleq; 25 [ g5 125 -+ g, ) g -

As the standard convex approximation of (4.3), we introduce the sum (i.e. £; norm) of the

4.3)

group-wise ¢, norms as

t '
(@i, .
ol s =Y Gl = ) s,
i=1 i=1

= l[Cleq, 25 g, 25 - g, )y 5

2
4.4)

29



d|
..,T?T?T ,...| oo
’ X1 Xy X5 Xe Xg xs“ Xn

Fig. 4.2: Tllustration of the performing of grouping operator ¢ on a vector x (with over-
lapping).

because £;-norm is known as the largest convex minorant of | - |, on [—1, 1] (= R!) of £,
pseudo-norm. Clearly, by using the ¢, pseudo-norm (see, e.g., [77]),

H'HZ,O:RH] xR” x...xR" 5 R
e o o]’ 4.5)
: [xm’xgz, . ,xg,] — H(ngl ||2, ngzHZ, cee HerHZ)”O ,

and ¢, ; norm (see, e.g., [47])

||'||2,13]R"1 «xR2?x---xR" >R

Sl xl e x]]T Zt: I |12, (*0)
i=1
we can express (4.3) and (4.4) as
(Vx € R") [ = |- g 0 @ (x),  and @.7)
(Vx e R") lely"= =1 |21 09 (x) (48)
respectively. Therefore, the function | - ||;{ii);=‘ : R" — R is a norm of R”" if and only if

rank(¥) = n.

Example 4.1. (Typical grouping)

(a) (Simplest case without grouping) If # = n, and g; = {i} foralli = 1,2, -- ,n, each
group has only one entry without duplication. Here ¥ = 1I,,.
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(b) (Standard partitioning) If g; N g; = G forany 1 < i < j < tand U§=1 g, =
{1,2,--- ,n}, Zf: i = n, the groups do not overlap and all entries are covered,
which is the most widely considered group partitioning in the applications. Here
54,- = [OniXZ;lll ﬂj’Ini’OniXZ_l/':,‘+1nj]’ and ¥ = I,,.

(c) (Grouping operator with common group size and common overlapping degree) If
n=sforalll <i<tand#(g;ngy1) =d(0<d<s—1)foralll <i<t—1,
all the groups have the common size s and common overlapping degree d. Here

G = [Ogx(i-1)(s—dy> Lss Osx (n—is+id—a)]- (4.9)

When d = 0, the groups are nonoverlapping; when d = s — 1, the groups are fully
overlapping [46]. Note that when d > 0, ¢4 does not have full row rank.

For group sparsity aware estimation, we consider the GME penalty (|| - [|.1)p : R" —
(—o0, 0] as follows,

) 1
(I J2)n(x) = il — min [|v|2,1 2B - >} , (4.10)

which is specialization of W in (2.7). First, we show that the GME penalty (| - |21)p can
bridge the gap between | - |20 and | - ||2.1.

Proposition 4.1. (GME of || - |, can bridge the gap between | - |,0 and | - |,.;.) Let

B, := %ﬁln for y > 0. Then, for any x € R”,

.2
lylg)l; (- l21)p, () = [x]20- (4.11)

Together with the fact that (| - [21),
can serve as a parametric bridge between || - ||, and || - [|2,;. As a special case, the GME

nxn

(x) = ||x]2.1, the regularization term% (- 21)g, (x)

of | - |1 can serve as a parametric bridge between || - |o and | - ||;.
Proof. See Appendix A.2. O

Fig. 4.3 illustrates simple examples of |x|,; and (|| - ||2.1)p(x) when g = 1, n = 2 and
B =I,. As we can see, (|| - |2.1)1,(x) can approximate |x |, better than |x|;.
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Fig. 4.3: Examples of of |x|,; and (|| - |21)p(x) (¢ =1,n =2and B = I,).

4.2 Proposed Group Sparsity Aware Signal Recovery Model
and Algorithm

By combining grouping operator ¢ and GME penalty (| - ||2.1) s, we propose a LiGME
model for group sparsity aware estimation as follows,

minimize 2|1y — Ax[3 + (| - [2.1)s 0 W o 9 x), @12
xeB(0.R) 2

where W € R™*"" is a certain matirx and B(0,R) — R” is a closed ball centered at 0 € R”

with a sufficiently large radius R > 0. This constraint x € B(0,R) is newly introduced

to ensure the existence of a minimizer of (4.12), see Example 3.1(b) in Section 3.1. The

proposed model (4.12) admits any W € R”” and general grouping operator 4 € R” *" in

Definition 4.1, thus it can be used in the case of Example 4.1(c).

Remark 4.2. If B = O, the regularizer in (4.12) reproduces | - |2,; o Wo ¥ (x), which

g

can be viewed as a generalization of ||x|\g,1 =l =+ |21 c¥4(x) in Remark 4.1. The group
weights in [72,73] can be expressed in the form of a positive diagonal matrix W.

If B is diagonal and 4 = W = I,, the regularizer (|| - |2.1)p © W o ¢(x) in (4.12)
reproduces the minimax concave penalty used in [92].

Remark 4.3. Model (4.12) is a generalization of some existing models as follows.

(a) For the special case in Example 4.1(a) with W = I,,, model (4.12) reproduces the
GMC penalty model in [41].
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(b) For the special ¢ in Example 4.1(c), and B = O,/,/, model (4.12) reproduces a
convex model

1
minimize > |y — Ax|3 + 4| - [0 0 Wo % (x), (4.13)
xeB(O.R) 2

which is a slight generalization of the Group Lasso model. For simplicity, we call
(4.13) 4-Group Lasso (or g-Group Lasso in Fig. 4.4(c) and Fig. 4.5(c)) in this
study. More specifically, ¢-Group Lasso in (4.13) reproduces the OGS model in
[46] by letting A = I,, and W = I,,.

For better understanding of the relation and differences between the proposed model
(4.12), 4-Group Lasso (4.13) and some existing models, we summarize them in Table
4.1.

Table 4.1: Some existing models can be written as specializations of

1
minirglize Jyyoe(x) = EH)’ — Ax| + u¥p o (x).
XE

Method A b 4 2 B S

Lasso [4] general | ||, | I, 0, R"

Group Lasso [14] general | |- |21 | I 0, R"

OGS [15] I, I fon | ¢ Oy R"
¢-Group Lasso (4.13) | general | |- |21 | ¢ 0, B(0,R)
Proposed model (4.12) | general | |- |5, | 4 | by Theorem 1 | B(0,R)

Clearly, | - |2 € To(R!) is coercive and even symmetry. Moreover, it is well known

that | - [|,,; is prox-friendly (see, e.g., [86, Example 24.20]) by
Prox, ||, : R' —> R’

! 4.14)
y (
: [x;,---,x;]TH{O—)xgi} .
max{||xg[2, v} i1

In order to solve (4.12), we apply a simple but useful modification of the T gmg update
in (2.12) in Proposition 2.2(b), essentially based on the idea found in [43, (16)]. We use
in (4.17) in Algorithm 1 the metric projection onto B(0,R), i.e.,

PE(O,R) R — E(O, R)
X, x € B(0,R)

b _ 4.15
*TYRZ x¢BO,R) (4.15)
|x]2
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Algorithm 1 The algorithm of LiGME model for group sparsity aware estimation
Input: y e R”, A € R"", & € R"*" and W € R*",
1. Initialization: (x@,v(© w(®) e R" x R' x R/,
Choose B satisfying A'A —u4 W' B"BWY > 0,,,, by Theorem 3.1.
Choose (o, 7,) € R,y x R, x (1, 4+o0) satisfying?

ol, — ATA —ug"WWYG > 0,.,,

> (4.16)
= (5 +=)ulBI
= 2 K spec*
2.Fork=0,1,2,---, compute
1
x® Y = P g [x(k) — ;(ATA — 19 "W B"BWZ)x® — g%TWTBTBv(")
_EyTwTp® 4 lATy],
02 o 4.17)
v — Proxs ), [ £ BTBWYx) — EBTBWYx® + (1, - BB,
T ’ T T T

Wt — (1d — Prox; ) (2WHx) - Wegx®) + wlb))

until the stopping criterion is fulfilled.

Output: ¥ := x*+1),

in place of the metric projection onto RY in [43, (16)]. Algorithm 1 has a guarantee of
convergence to a global minimizer of (4.12); see the discussion in [43, Section III-C].

As we clarified in Remark 4.3, the proposed model (4.12) is a generalization of the
Group Lasso model [72]. Compared with proximal gradient method for Group Lasso
model [93], Algorithm 1 requires at each update only one additional computation for
Prox,.|,, in (4.14). If the proposed model (4.12) degenerates to Group Lasso, in each
update (4.17) of Algorithm 1, there is no necessary to compute v**1). Therefore, the
computational cost is the same as the proximal gradient method for Group Lasso model.

2For example, any k > 1,0 = |[(k/2)ATA +uG "W WG |pec + (k—1) and 7 = (k/2 + 2/K)u| B|Zpec +
(k — 1) can satisfy (4.16).
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4.3 Numerical Experiments

We consider group sparsity aware signal recovery where the true grouping structure of
the target group sparse signal x* is unknown. In such case, inspired by [46], we tested
the performance of the proposed LiIGME model (4.12) with fully overlapping grouping
operator (see ¢4 in Example 4.1(c) withd = s — 1, ¢t = n — s + 1), where the GME
matrix design in Theorem 3.1 is essential. The size of original signal x* is 100 (n = 100).
By constructing a matrix with i.i.d. random entries obeying a zero-mean, unit-variance

Gaussian distribution, the measurement matrix A € R*1%0

is generated by normalizing
it row by row (m = 64). The simulated noise € is set to be independent white Gaussian

noise with standard deviation o-j.. The observation is generated by y = Ax* + & € R,

We compared the performance of the proposed LiIGME model (4.12) with the Lasso
model (2.15) [19] and the ¢¥-Group Lasso model (4.13). We set the regularization pa-
rameter to u = 30 eise fOr Lasso, and u = 0.807 ;s for ¢-Group Lasso and the LIGME
model (4.12), which is a simple and effective procedure as well as maintains sparsity of
the signal. The matrix W in both ¢-Group Lasso and LiGME model are set to I,,.

The Lasso model is implemented by iterative shrinkage thresholding algorithm (ISTA)
[21] and ¢4-Group Lasso is implemented by Algorithm 1 with B = O,,,». We setk = 1.1,
o = [(k/2)ATA + pul,|spec + (k= 1), T = (/2 + 2/K)p| B|2c + (< — 1). For the LIGME
model, we design B = By (6 = 0.9) in Theorem 3.1, to achieve the overall convexity of
the model. For the sufficiently large ball in (4.12) and (4.17), we set R = 1000. To obtain
the final estimate ¥ € R!%, the initial estimate is set as (x(©, v w©®) = (0,0,0), and
the stopping criterion is set to either [[(x®),y®) w®)) — (x*+D pl+1) &) < 1075 or
k =10, 000.

In the following, we present two experiments for estimating target signals x* (in Fig.4.4(a)
and Fig.4.5(a) respectively) of different group structures.

4.3.1 Estimation of x* of common group sizes

In the first experiment, the signal x* has a common group size 5 for each group (un-
known information in the experiments). We set 0 ie = 0.1. The final estimate X by
Lasso and ¢-Group Lasso with fully overlapping setting in Example 4.1(c) with s = 4,
d = 3 are illustrated in Fig. 4.4(b) and (c) respectively. Compared to Lasso in Fig. 4.4(b),
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the ¢-Group Lasso in Fig. 4.4(c) can recover small nonzero coeflicient (see, e.g., the 45th
entry), keep large coefficient better (see, e.g., the 83th entry) and achieves lower RMSE
(root-mean-square error) value, where RMSE of ¥ from x* is defined as

| % — x|

RMSE := (4.18)

n

The performance of ¢-Group Lasso shows the effectiveness of fully overlapping group
setting for the case of general measurement matrix A, which is consistent with the case of
A = I, in [46]. Improving ¢-Group Lasso further is challenging and we test whether the
proposed LiGME model (4.12) can do so. Under the same setting of & (s = 4, d = 3),
the result of (4.12) solved by Algorithm 1 is illustrated in Fig. 4.4(d). Compared to
Lasso in Fig. 4.4(b) and ¢-Group Lasso in Fig. 4.4(c), the LIGME model performs better
and achieves the lowest RMSE value. For a clearer comparison, the entry-wise absolute
values of estimation error ¥ — x* of the three methods are shown in Fig. 4.4(e). As can
be observed, the error of LIGME model is smaller than the other two in general.

For ¢-Group Lasso and the LIGME model (4.12), we also changed the group size s
of grouping operator ¢, and tested the performance of nonoverlapping setting (d = 0)
and fully overlapping setting (d = s — 1). The results are list in Table 4.2. We can see
that the LIGME model outperforms ¢-Group Lasso in all cases. The lowest RMSE value
is obtained by the LiIGME model with s = 5, d = 0 (nonoverlapping). This is because
5 is the real group size of target signal x*. The performance of nonoverlapping setting
is very dependent on the real group structure. In addition to s = 5, overlapping setting
performs better than nonoverlapping. The results demonstrate the effectiveness of LiIGME
model (4.12) with GME matrix in Theorem 3.1. We have found that the performance of
overlapping setting degrades when s > 5, which is probably due to the decrease of group
sparsity under the overlapping setting. Additionally, it has been well studied in [46] that
partial overlapping, i.e., 0 < d < s — 1, yields an inferior RMSE compared to both fully
overlapping and nonoverlapping cases, as it leads to non-uniformly penalization of the
entries.

4.3.2 Estimation of x* of different group sizes

In the second experiment, the sizes of different groups in original signal x* are different.
Fig. 4.5 shows (a) x*, (b)-(d) the final estimates ¥ obtained for o,;;c = 0.1 by Lasso
(2.15) witht = n,n; = 1 fori = 1,2,--- ,t,%-Group Lasso (4.13) and the LiGME model
(4.12) respectively, and (e) entry-wise absolute values of estimation error ¥ — x*, where
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Fig. 4.4: Experiment 1: (a) target signal x*, (b) final estimates ¥ obtained by Lasso,
(c) X obtained by ¥-Group Lasso with fully overlapping setting (s = 4, d = 3), (¢) ¥
obtained by the LiIGME model with fully overlapping setting (s = 4, d = 3), (e) entry-
wise absolute values of estimation error ¥ — x™*.

we used fully overlapping grouping operator in Example 4.1(c) with s = 4,d = 3 for ¥-
Group Lasso and the LIGME model. Comparing Fig. 4.5(b) and Fig. 4.5(c), we can see
that the ¢-Group Lasso with fully overlapping setting recovers small nonzero coefficient
between two large coefficients (see, e.g. the 59th entry) and keeps large coefficient better
(see, e.g. the 84th entry). Although it is challenging to further improve the performance

*
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Table 4.2: Experiment 1: RMSE of final estimate ¥ by Lasso (i.e., s = 1,d = 0), ¢4-
Group Lasso and the LIGME model with different grouping operator setting.

Group size s Lasso and ¢4-Group Lasso LiGME model
of grouping | Nonoverlapping | Fully overlapping | Nonoverlapping | Fully overlapping
operator (d=0) d=s—1) (d=0) d=s—1)
1 0.319 / 0.178 /
2 0.292 0.241 0.153 0.121
33 0.260 0.186 0.177 0.123
4 0.241 0.175 0.149 0.145
5 0.124 0.216 0.086 0.175

of ¢-Group Lasso, the proposed LiGME model achieves it. The result of the LiGME
model in Fig. 4.5(d) performed better and achieved lower RMSE. For a more intuitive
comparison, Fig. 4.4(e) illustrates the error between original signal and reconstructed
results by the three methods. We can find that the error of the LIGME model is smaller
than the other two in overall terms.

RMSE values with different grouping operator setting are summarized in Table 4.3. As
visible, the fully overlapping settings offer an improved performance relative to nonover-
lapping settings when s is smaller than 5. This is reasonable. Since the true division
of groups is unknown, nonoverlapping may completely divide components of the same
group into different groups while the fully overlapping operator fairly takes into account
combinations of consecutive entries. The performance of fully overlapping setting de-
creases when s becomes larger, probably due to the reduced group sparsity under the fully
overlapping setting. In all instances, the LiIGME model outperforms ¢-Group Lasso,
since the GME penalty in the LIGME model is a nonconvex enhancement of | - ||, in
¢-Group Lasso.

For the signal in Fig. 4.5(a), we compared the performance of Lasso, ¢-Group Lasso
with fully overlapping setting, and LIGME model with fully overlapping setting, at differ-
ent noise levels. The results are summarized in Table 4.4, where the signal-to-noise ratio
(SNR) values defined by
Eals

SNR:= 10 IOgIO W

[dB] (4.19)

of different noise levels are also listed. It can be seen that, at different noise levels, ¥-

3When group size of grouping operator is set to s = 3 and there is no overlapping (d = 0), the grouping
setting is: divide the first 99 entries into 33 groups in order and put the last entry into a separate group.
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Fig. 4.5: Experiment 2: (a) target signal x*, (b) final estimates ¥ obtained by Lasso,
(c) X obtained by ¢-Group Lasso with fully overlapping setting (s = 4, d = 3), (¢) ¥
obtained by the LiIGME model with fully overlapping setting (s = 4, d = 3), (e) entry-
wise absolute values of estimation error ¥ — x*.

Group Lasso with fully overlapping setting improves the performance of Lasso, and the
LiGME model enhances the performance further. It indicates that the LIGME model
based on overlapping group setting is robust to noise.
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Table 4.3: Experiment 2: RMSE of final estimate ¥ by Lasso (i.e., s = 1,d = 0), ¢4-
Group Lasso and the LIGME model with different grouping operator setting.

Group size s Lasso and ¢4-Group Lasso LiGME model
of grouping | Nonoverlapping | Fully overlapping | Nonoverlapping | Fully overlapping
operator (d=0) d=s—1) (d=0) d=s—1)
1 0.367 / 0.336 /
2 0.356 0.282 0.289 0.201
34 0.301 0.269 0.252 0.201
4 0.313 0.240 0.222 0.204
5 0.271 0.273 0.220 0.240

Table 4.4: Experiment 2: RMSE of final estimate ¥ by Lasso, ¢-Group Lasso with fully
overlapping setting (s = 4, d = 3) and the LiGME model with fully overlapping setting

(s = 4, d = 3) under different noise level.

Noise PSNR
Onoise | SNR (dB) | Lasso | ¢-Group Lasso | LIGME model
0.1 24.71 0.367 0.240 0.204
0.2 18.69 0.647 0.514 0.434
0.4 12.67 0.840 0.753 0.678

“When group size of grouping operator is set to s = 3 and there is no overlapping (d = 0), the grouping
setting is: divide the first 99 entries into 33 groups in order and put the last entry into a separate group.
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Chapter 5

Application to Group Sparse
Classification

In this chapter, we apply the proposed LiGME model (4.12) to another application, that is,
group sparse classification (GSC) [51-53]. We consider supervised classification, where
the label information of the training data is known. More importantly, we consider unbal-
anced training set, which means that the number of training samples in different classes is
different. We first analyze the bias of £, ; in unbalanced case and then consider to suppress
the bias by using the proposed LIGME model. We verify the effectiveness of the proposed
model to GSC by numerical experiments.

5.1 Bias of ¢, in Group Sparse Classification

We consider a supervised classification problem with 7 classes of subjects. Let A; =
lai, an, - -, ai,| € R™*" be the subset of the training samples from subject i, where a;; is
the j-th training sample from the i-th class and #; is the number of training samples from
class i. Then the dictionary matrix matrix A = [A, A,, -+, A,] € R™" is formulated
by the training samples. n = Y._, n; is the number of total training samples. Under
the idea of GSC, the test sample y is approximated by the linear combination of the
dictionary items y ~ Ax and the coefficient vector x is group sparse with group structure
x =[x/, x), x| e R", where x; = [x;1, Xpp, - -+, Xin)] | €R" (i = 1,2, ,1).

In GSC methods, ¢, ;-norm is the most frequently adopted regularizer to measure the
group sparsity of x. We firstly argue that its tendency to yield biased estimates for high-
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0 a

Fig. 5.1: A toy example of two different representations. A query image y (star) can be
well represented by samples a, ; and a, , of one class (triangle). It can also be well repre-
sented by samples a,; and as; of another two classes (diamond and circle respectively).

Table 5.1: Penalty term values of representations in Fig. 5.1

Penalty [0 f] 52,0 52,1 52,1/2 (” : ”2,1)12
First 2109 | 1 |0951 0951 0.50
Second | 2 | 090 | 2 | 090 | 1.794 0.695

amplitude coefficients might lead to undesirable results. A toy example in Fig. 5.1 il-
lustrates the potential risk of the ¢, ; regularizer, where four training samples (i.e., a; i,
a,, ay ), az;) from three different classes (represented by triangle, diamond and circle
respectively) and a query sample y (represented by star) are shown. The query sample
can be well represented by the samples from triangle, i.e., y = 0.95a,; + 0.04a, . It can
also be well represented by a combination of one sample from diamond and one sample
from circle as y = 0.50a,; + 0.40aj; ;.

Table 5.1 gives the value of different penalties (regularization parameter equals 1) by
the above two representations. As we can see, £, penalty cannot distinguish between
the two representations in this case whereas ¢, penalty certainly chooses the first one,
which demonstrates the advantage of GSC over SRC. However, ¢, penalty chooses the
second one, the representation by samples from two classes instead of a single class,
which is undesirable for GSC framework. This is due to that £, ; penalty refuses the large
coeflicient in the first representation, but accepts the two small coeflicients in the second
one.
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Although ¢, and its approximation ¢/, succeed in this example, they lead to non-
convex optimization. Therefore, we can consider the proposed penalty in (4.12). For
example, (| - [l2.1) n will prefer the first representation in Fig. 5.1 as long as y < 4.85.
This also reflects its role as a bridge between ¢, and ¢, .

Using ¢, regularizer in classification problems not only minimizes the number of the
selected classes, but also minimizes the ¢,-norm of coefficients within each class. The
later may adversely affect the classification result, since the optimal representation of
a test sample by training samples of the correct subject may contain large coeflicients.
Moreover, in many classification applications, the number of training samples from dif-
ferent classes is not the same. The influence caused by bias of £, penalty would be
amplified and the bias makes ¢, ; unfair for classes of different sizes.

Example 5.1. Suppose that a test sample y € R™ can be represented by a combination of
all n; samples from class i without error, i.e., y = A;x; and ||x;|; = 1, where A; € R"*"
and x; € R™.

(a) If the number of samples in this class is doubled by duplication, the training set of
class i becomes A; = [A;,A;] € R™*2% Obviously, y can also be well represented
byy = A%, where %; = [nx, (1-n)x]" e R (0 < n < 1)and %, = 1. How-
ever, |x;|3—||%:|3 = 2n(1—n)|x;3 = 0. That s, £, value of the first representation
(before duplication) is greater than that of the second one (after duplication).

(b) If the number of samples in this class is increased to dn; by copying d — 1 times
(d > 1), the training set of class i becomes A; = [A;,--- , A;] € R™* %, Obviously,
y = A;%; is a representation of y, where %; = [1x/],---, 1x[]T € R™ and || %], =

1. Then %> = J=[xif2 < [xi]2.

Example 5.1 tells us that the group size affects the value of ¢, regularizer. Even if
the new training sample is only a copy of the original samples (without adding any new
information), the value of ¢, regularizer will decrease. Therefore, when training set is
unbalanced, ¢, regularizer is unfair for classes of different sizes. It has the tendency to
refuse the class has relatively few samples, because the coeflicient vector is more likely to
have a large ¢, regularizer value. The bias can easily cause misclassification, especially
when the correct class has relatively few samples. Note that ¢, o regularizer is independent
of group size and it does not have such unfairness.

Since ¢, ; regularizer in GSC is unfair for classes of different sizes while ¢, regularizer
is not, our purpose is to use a better approximation of ¢, as the regularizer. Therefore,
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we apply the GME penalty (| - |1)p in (4.10) to GSC framework, which can bridge the
gap between ¢, and ¢, .

5.2 Proposed Group Sparse Classification Model and Al-
gorithm

We expect to improve the performance of Group Lasso on unbalanced training sets by
replacing the ¢, penalty with (|| - |2,1) 5. Since the label information of the training data
is known, the group structure is known, and there is no overlapping or incomplete cover.
As a specialization of (4.12) with & = I,,, we use the model as follows

]
minimize 5|y — Ax[5 + u(] - [21) 0 W(x) (.1
xeB(0,R) 2

for group sparse classification problems.

Following GSC, we can set W = I, in (5.1). We can also follow WGSC [67] to set W
as in (2.17). Since W is invertible in general, we can use a specialization of the proposed
GME matrix design in Theorem 3.1 as follows to ensure the overall convexity of (5.1).

Corollary 5.1. In Definition 2.13, let (X,Y,Z) = (R",R™",R"), (A, L, u) € R™" x
R™" x R, . Let & = W, where W is invertible. Then

By := A/0/uAW" e R™" 9e0,1], (5.2)

ensures the overall convexity of (5.1).

Proposed algorithm for group sparse classification is summarized in Algorithm 2. The
sequence (x))c generated by Algorithm 2 is guaranteed to converge to a globally opti-
mal solution of problem (5.1).

5.3 Numerical Experiments

By setting W = I,,, we conduct the experiments on a relatively simple dataset to investi-
gate the influence by bias of £, | regularizer on the classification problem (especially when
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Algorithm 2 The proposed group sparsity enhanced classification algorithm
Input: A matrix of training samples A = [A, A,, -, A,] € R™" grouped by class

information, and a test sample vector y € R";

1. Initialization: Let (x©,»® w©®) e R x R" x R";

Set W = I, or set W according to (2.17).

Choose B satisfying A'A — uW'B"BW > 0,,,, by Corollary 5.1.
Choose (o, 7,«) € R, x Ry, x (1, +00) satisfying

oI, — gATA —uWW > 0,

_— (5.3)
=+ =) p| Bl
(5+2) Bl

WV

-
2.Fork=0,1,2,---, compute

1
(ATA — W B"BW)x® — EwTBTBy®
g

XD —Paoe [x(m _ 2
o

o ag
pE D) Proxu., [2—“BTBWx<’<+1> —~EBTBWx® + (1, - LB B
el T "oor ’

WO = (1d = Prox,,) (2w — wa® 4 w®),

until the stopping criterion is fulfilled and let & := x**+1).
3. Compute the class label i* of y by

¥ = argmin ||y — A%,.
l

Output: The class label i* corresponding to y.

training set is unbalanced), and verify the performance improvement by using (|| - |2.1)5
in (4.10) as the regularizer by conducting the experiments on a relatively simple dataset.
The USPS handwritten digit database [94] has 11,000 samples of digits ”0” through ”9”
(1,100 samples per class). The dimension of each sample is 16 x 16. In our classification
experiments, we vectorized them to 256-D vectors. The number of training samples for
each class is not necessarily equal, which varies from 5 to 50 (the size of test set is fixed
to 50 images per class).
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We compared the performance of the proposed model (5.1) with Group Lasso model
(2.14) [53]. We set B = \/%A and fix # = 0.9 to achieve the overall convexity of
proposed model, and set k = 1.1, ¢ = |(k/2)ATA + ul,|spec + (kK — 1), T = (/2 +
2/k)u| B2 + (k — 1). The initial estimate is set as (x(,u®,w(®) = (0,0,0), and the
stopping criterion is set to either | (x®,u®, wk)) — (x*+D) g U+1) DY) < 107* or
steps reaching 10,000. For the sufficiently large ball in (5.1), we set R = 1000.

Figure 5.2 shows an example of unbalanced training set (digits ”0” through 4" have 5
samples per class and 75 through ”9” have 25 samples per class). The input (an image
of digit ”0”) was misclassified (into digital ”6”) by Group Lasso model (2.14) while clas-
sified correctly by the proposed model (5.1). The obtained coefficient vectors by Group
Lasso and the proposed LiGME model (both with 1 = 4) are illustrated respectively, and
some samples corresponding to nonzero coefficients are also displayed in Figure 5.2. It
can be seen that the samples from digit ”’6” made the greatest contribution to the repre-
sentation in Group Lasso, and samples from 75 and 70" also made small contribution.
In the figure of the proposed LiGME model, samples from the correct class ”0” made
the biggest contribution and led to correct result. It is reasonable, because the proposed
model did not suppress the high value coeflicients too much whereas ¢, did. The big
suppression of ¢, ; made the coefficients of the correct class cannot be large enough, and
thus easily lead to misclassification.

[

Input image
1h . ’n 1 25f ) I. I
[ [

50 100 150 0 50 100 150

By Group Lasso By LiGME model

Fig. 5.2: Estimated sparse coefficients X by Group Lasso and the proposed model respec-
tively.
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Table 5.2 summarizes the recognition accuracy of Group Lasso and the proposed model
(5.1) with W = I,,. The training set includes digits ”0” through ”4” g8 samples per class
and 7’57 through ”9” « samples per class. Through numerical experiments, we found
that Group Lasso with 4 = ug, = 1.5 and the proposed model with u = ppep = 3
perform well on this dataset. We also experimented the proposed model of using pg,
which did not degrade too much compared with using u,,,. We see that the Group Lasso
model degrades when the training set is unbalanced, and the proposed LiGME model
outperforms Group Lasso especially in such case.

Table 5.2: Recognition results on the USPS database

Training set size (¢ = max;{n;}, f = min;{n;})

Method a 10 25 50

B 5 10 5 25 25 50

Group Lasso (u = 1.5) | 81.4% | 86.6% | 73.6% | 91.4% | 88.4% | 93.2%
LiGME (u = 1.5) 82.0% | 87.2% | 79.0% | 92.2% | 89.4% | 93.0%
LiGME (u = 3) 82.6% | 87.8% | 80.8% | 92.2% | 90.6% | 93.4%

Next, we conduct the experiments on a classic face dataset to verify the validity of the
proposed linearly involved model by setting the weight matrix W according to (2.17). The
ORL Database of Faces [95] contains 400 images from 40 distinct subjects (10 images
per subject) with variations in lighting, facial expressions (open or closed eyes, smiling or
not smiling) and facial details (glasses or no glasses). In our experiments, following [96],
all images were downsampled from 112 x 92 to 16 x 16 and then formed 256-D vectors.
The number of training samples for each class is not necessarily equal, which varies from
4 to 8 (test set is fixed to 2 images per class).

We compared performance of the proposed LiGME model (5.1) (W = I, and W by
(2.17) respectively) with both Group Lasso model (2.14) [53] and weighted Group Lasso
model (2.16) [67]. In order to achieve the overall convexity, we set B = By with 6 =
0.9 by Corollary 5.1 for the proposed model (5.1). Settings of (¢, 7, «), initial estimate,
stopping criterion and R are the same as those in the previous experiment. When the
parameter u is assigned too small, the obtained coefficient vector is not group sparse;
when the parameter oy or 07, is assigned too small, the information of locality or similarity
plays a decisive role. We found that © = 0.05 for £, regularizer based methods (i.e.
Group Lasso and weighted Group Lasso), u = 0.2 for the proposed LiGME model and
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o1 € [2,4],0, € [0.5,2] for weights involved methods (i.e. weighted Group Lasso and
proposed LiGME model with W by (2.17)) work well on this dataset.

Figure 5.3 shows a classification result of weighted Group Lasso and the proposed
LiGME model (W by (2.17) with oy = 4, 0, = 2) when training set is unbalanced (20
subjects have 8 samples per class and the others have 6 samples per class). The input is
an image of subject 10 which was misclassified into subject 8 by weighted Group Lasso
while classified correctly by the proposed LiGME model (5.1).

tl

- "
.

i
= b= L

e .
By weighted Group Lasso

- -
l.'w-'
—

o

Input image

A d

.

e
—

LY

By LiGME model

Fig. 5.3: An example of results by weighted Group Lasso and the proposed LiGME

model.
Table 5.3: Recognition results on the ORL database
Training set size (¢ = max;{n;}, 8 = min;{n;})
Method a 4 6 8
B 4 4 6 4 6 8
Group Lasso 86.3% | 85.0% | 91.3% | 85.0% | 92.5% | 93.8%

LiGME (W =1,) 88.8% | 86.3% | 93.8% | 86.3% | 93.8% | 95.0%
Weighted Group Lasso | 90.6% | 87.5% | 95.0% | 88.8% | 93.8% | 96.3%
LiGME (W by (2.17)) | 91.3% | 89.4% | 95.6% | 91.9% | 94.4% | 96.3%

Table 5.3 summarizes the recognition accuracy of Group Lasso, the proposed LIGME
model with W = I,,, weighted Group Lasso and the proposed model with W computed by
(2.17). Training set setting is that 20 subjects have 8 samples per class and the others have
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a samples per class. With the strategically designed matrix (2.17), weighted Group Lasso
achieves a significant improvement over Group Lasso. By using the proposed LiGME
model (5.1) with W computed by (2.17), the performance can be further improved, espe-
cially when the training set is unbalanced. The proposed LIGME model and Algorithm 2
for GSC application is effective.
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Chapter 6

Conclusion

In this study, we have studied the designs and applications of generalized Moreau en-
hancement (GME) matrix for sparsity aware linearly involved generalized-Moreau-enhanced
(LiGME) models.

In Chapter 2, we have introduced the basic definitions in convex optimization and fixed
point theory of nonexpansive operators. We have reviewed the LiIGME model as well as
the group sparsity aware estimation and classification.

In Chapter 3, we have studied some certain fundamental properties of the LiIGME
model and included a discussion on the existence of a minimizer of the LiGME model.
We have proposed a unified algebraic design of the GME matrix, which is a key to guar-
antee the overall convexity of the LiIGME model. The proposed design is a generalization
of the existing algebraic designs. It can be used for general linear operators to be involved
in the LiGME regularizer. Moreover, it does not require any eigendecomposition or itera-
tion. Therefore, the applicability of the LiGME model is enhanced by using the proposed
design. We have also provided a design method of GME matrix, for the case that the
singular value decomposition of the linear operator is available.

In Chapter 4, by using the proposed GME matrix design, we have presented an appli-
cation to group sparsity aware signal recovery. We have proposed a group sparsity aware
LiGME model based on the grouping operator, and the model can be applied to general
group configurations which allows overlapping and incomplete cover. The model is ap-
plied to group sparsity aware signal recovery of unknown group structure, where fully
overlapping setting is chosen for the grouping operator. Numerical experiments have
demonstrated the effectiveness of the proposed GME matrix in the LiIGME model.
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In Chapter 5, we have applied the proposed LiIGME model to group sparse classifica-
tion. We have analyzed the bias of ¢, ; norm in Group Lasso model in this application.
Then, we have used the proposed LiGME model to group sparse classification of unbal-
anced training set. Numerical experiments demonstrate the effectiveness of the proposed
LiGME model.

Finally, we would like to remark humbly that we are ready to encourage the data science

community to apply the LIGME models to broader areas of research relying essentially
on the sparsity promoting convex regularizers.
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Appendix

A.1 Proof of Proposition 3.3

On one hand, by the definition of GME, we have

(00 2 () = P(22) — inf {w(20) + 3 1B VE
= Y(Lx) — h(BLx),

where h(z) : Z — R is given by

1
h(z) = inf {‘P(QV) + =z — Bﬁv\g}
veX 2

1
= inf inf {‘P(B(u + i) + §HZ — BL(u + it)@}

ue(null €)1 aenull €

1
— inf ¥(Qu) + =|z — BLul2
ue(gglw{ () + )z u|2}

1
= inf {‘P(ﬂu) + EHZ — BQu||§}

ucrange %

1
inf {‘P(ﬂﬂ*v) + =z - Bszﬂ*vug}
veZ 2

1
— inf {‘P(Bﬁ*(ﬂﬁ*)lv) + EHZ - Bﬂﬁ*(w*)lv@}

veZ

) 1 )
i () + 51 - Bol}.

Therefore, (W o €)5., (x) = ¥(2x) — inf,ez {¥(v) + 5|BLx — Bv|3}.

On the other hand, W50 € (x) = W(€x) —min,ez {¥(v) + 1| B(Lx — v)|}} by definition.
Thus we get the conclusion.

54



A.2 Proof of Proposition 4.1

The regularization term can be written as

2 n
)—,(H Jan)p, (¥) :R" > R

8
2
D[l xg, - = Zeix
i=1 Y

where

: 12
i) 1= L i f il + s~ i)

fori=1,---,g. By [86, Example 24.20], we obtain

2 12 5 . 0%
2 —l|xil2 — = x5, Af [xif2 < =
2 (x) = 7|| [ yzH 2 i iz < 5 6.
Y 1, otherwise.
Then, we get
2 0, if |x;|[, =0,
lim Zgi(x;) = il 6.2)
yl0 7y 1, otherwise,
and
tim 2 (1 1)y, = lim 3" 20 = ] 63
im— (| - =1lim Y —¢;i(x;) = |x/0. )
10 5 21)B, 710 )/90 2,0
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