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Abstract

The Exact Wentzel-Kramers-Brillouin (WKB) analysis is an exact approach to study the
complex one-dimensional stationary Schrodinger equation. In this thesis, we apply the Ex-
act WKB analysis to study quantum mechanics, the quasi-normal modes (QNMs) for the
extremal D3/Mb5-branes and 4-dimensional N' = 2 SU(2) supersymmetric gauge theories.
This thesis is composed of three parts. In the first part, we introduce the Exact WKB analy-
sis. We explain the connection formula for the Borel resummation of the WKB solutions. In
the second part, we solve the spectral problems for the bound states of quantum mechanical
systems and the QNMs of the extremal D3/M5-branes based on the Exact WKB analysis.
The connection formula for the Borel resummed WKB solutions determines exact conditions
for the spectra. The exact conditions show that the discontinuity of the perturbative part of
the spectra leads the non-perturbative part of themselves. In the third part, we derive the
Thermodynamic Bethe Ansatz (TBA) equations that determine the spectra by combining
with the exact conditions. We also derive the TBA equations for the quantum Seiberg-
Witten curves of 4-dimensional " = 2 SU(2) supersymmetric gauge theories with Ny = 0,2
fundamental hypermultiplets. The TBA equations for the quantum Seiberg-Witten curves
determine the renormalized masses of the Bogomol'nyi-Prasad-Sommerfield (BPS) particles

in the low-energy effective theory of the models exactly.
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Chapter 1

Introduction

The perturbation theory is the approximation method that expands physical observables in
powers of a parameter. In particle physics, computations in the standard model and string
theory are done by the perturbation theory, where the physical observables take the form of
power series in the coupling constant. In the weak coupling region, the perturbation theory
gives a good approximation to the physical observables.

In the strong coupling region, the perturbation theory is not applicable. Nevertheless,
strong coupling theories appear in particle physics. For example, Quantum Chromodynam-
ics is an asymptotically free theory and becomes a strong coupling theory in the low energy
region. The strong coupling theory also appears in string theory, where the strong coupling
limit of the theory becomes M-theory. To study the strong coupling theories, we need other
methods (numerically, exactly, ...) to compute physical observables.

The perturbation theory can be promoted to exact analysis by combining with resum-
mation methods. The goal of this thesis is to establish an exact method that enables us to
study even the strong coupling theories based on the Borel resummation. In this thesis, as a
first step to this goal, we will demonstrate that the Borel resummation provides exact results
in the study of the quasi-normal modes (QNMs) and the low-energy effective dynamics of
the A/ = 2 gauge theories. In the study of the QNMs, we will derive exact QNMs conditions
written by the Borel resummation. The exact conditions not only determine the QNMs
exactly, but also clarify that the discontinuity of the perturbative part of the QNMs leads
the non-perturbative part of themselves. This result shows we can study non-perturbative
aspects of theories by using the Borel resummation. In the A/ = 2 gauge theories, we
will study the Borel resummation of the renormalized masses of the Bogomol'nyi-Prasad-

Sommerfield (BPS) particles appearing in the low-energy effective theory of the models.
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We determine the discontinuity structure of the Borel resummation of the masses and show
that the discontinuity and the asymptotic behavior of the masses derive the Thermody-
namic Bethe Ansatz (TBA) equations satisfied by the Borel resummation of the masses.
We would like to emphasize that the discontinuity and the asymptotic behavior we will use
in the derivation of the TBA equations are universal properties of the observables. This
opens the possibility to formulate the exact approach based on the discontinuity and the
asymptotic behavior.

In the rest of this chapter, we review each topic, the perturbation theory, the Borel

resummation, the QNMs and N=2 gauge theories.

1.1 Perturbation theory

In the computation of observables (partition functions, energy eigenvalues, ...), there are
cases in which we cannot get exact answers. We then try to compute the observables by
using approximation methods. The perturbation theory expands the observables in powers

of a parameter g that we can tune to be small:

O(g):Zcmgm:co+clg+0292+--- : (1.1.1)
m=0
where O (g) is an observable. The perturbation theory has good agreements with experi-
mental results, for example the anomalous magnetic moment of the electron spin g-factor
and its calculation in Quantum Electrodynamics.
If it is impossible to obtain the general term for the coefficient ¢,, we compute the
terms of the perturbative series (II0) order by order. The perturbative series are then

approximated by the partial sum,
O (g) ~ Z Cmg™. (1.1.2)

The numerical value of the the partial sum (IT2) is expected to approach to the true value
of the observable as n increases, but it may deviates from the true value when n exceeds

a certain number. As an example, let us consider the partition function for 0-dimensional
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Figure 1.1: The numerical value of |Z(g) — Z,t(g)| at ¢ = 1/100. The horizon axis is the
upper limit of the partial sum of Z(g).

quantum field theory with a double well potential:

2 = [ s, S— Ly Yy (1.1.3)
[ w. o+ 2o 1.

where g > 0. (II=3) can be evaluated for a given value of g numerically. On the other
hand, expanding e~ 2¢" in powers of ¢ and exchanging the integral and the sum without
considering convergence, we obtain the perturbative series for (I”T=3),

(=2)" T (2m + %)

Zpt(g)zzocmgm, e T (1.1.4)

Fig.[T shows the numerical value of |Z(g) — Z,t(g)| at ¢ = 1/100 where we have approxi-
mated Zp(g) as the partial sum up to order n. In small n region, |Z(g) — Zy(g)| goes to
zero as n increases, while in large n region, it is getting bigger as n increases. As a result,
the perturbative series (I”T4) has a lack of the accuracy for large n.

The limit of the accuracy of the perturbative series occurs if the radius of convergence of
the series (II) is zero. The radius of convergence of (ICI4) is zero because the coefficient
is factorially growth as c,, ~ % (n —1)l. The origin of the factorial growth of ¢, is
the rapid growth of the number of the Feynman diagrams [1,2]. We encounter the similar

factorial growth of the coefficients of the perturbative series in quantum field theory [3],

quantum mechanics [@-6] and string theory [7,8].
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1.2 Borel resummation

If the coefficients of (I'ITD) show factorial growth, we can define the Borel resummation by

the following Laplace integral, which provides an analytic function on g,

Biolo) = [ e 0©d, 0= (16 (1.2.1)

For the series O (€), the factorial growth of ¢, is suppressed by the factor 1/T' (n). The
Borel resummation B[O] (g) has O(g) as the asymptotic series at g = 0. For (ICI4), the

Borel resummation is given by

Bz = | e Zue)de = [T SIROK (P(0)de, (122
where k2(€) := 3 <1 — ﬁ) and K (k*(€)) is the elliptic integral of the first kind. We have
calculated |Z(g) — B[Zy] (g)] at ¢ = 1/100 and the result is 6.38378 x 10~ 4. The Borel
resummation determines the observables exactly (e.g. [9-11]).

The Borel resummation also clarifies that the non-perturbative contribution to the ob-
servables can be captured from the discontinuity of the Borel resummation of the perturba-
tive series (IZ0). The analytic continuation of O (£) may have singularities on the complex
&-plane. If there is a singularity on the positive real axis, we need to redefine the integral of
(=) so that the integration contour avoids the singularity. We then have the ambiguity
that the integration contour avoids the singularity to the left or right. We denote each

integral as
OoeiiS
B, [0](g) = / 90 (€)de, 6 < 1. (1.2.3)
0
An example that the discontinuity of the Borel resummation appears is given by (ICI-3)

with inverting the sign of ¢ — —g¢:

2= [ ap, 5=l Iy (1.2.4)
[ =t 2

By expanding 39" in powers of g and exchanging the integral and the sum without consid-

ering convergence, we obtain the perturbative series for (IZ24),

. 2T (2m+1
Zpt(g) = Z Cm3 Cm = 2 \/;ﬁ, (125)
m=0
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and then,

o (6) = }g 2~ REOK (), (1.2.6)

where k%(¢) := = i’;%. The Borel resummation of (I"Z8) has the discontinuity because the
elliptic integral has the branch cut on the half line £ > 1/8¢. The difference of By [Z,] (9)

is given by

B [Z] (9) = B- [Zx] (9) = \/;r—gelégz\% (1_31 (%) - I (%g)) . (127

where [,(x) is the modified Bessel function of the first kind. At g — 0, the discontinuity

(=270) is suppressed by the non-perturbative factor e_ﬁ, which cannot be expressed by
the power series in g.

The property that the discontinuity of the perturbative series provides the non-perturbative
contribution is called resurgence. In quantum field theory, the discontinuity of the perturba-
tive expansion of the partition function around a classical vacuum leads the non-perturbative
parts that are the contributions from other saddle points [[2-I5]. The resurgence is also
found for the vacuum energy, where the discontinuity of the perturbative part determines

the IR renormalon of itself [T6-19].

1.3 Exact WKB analysis

The Borel resummation of the perturbative series provides the exact observables. In this
thesis, we will study the application of the Borel resummation to the Wentzel-Kramers-

Brillouin (WKB) method in quantum mechanics.

WKB method

In quantum mechanics, the state of a particle is described by the wavefunction. For a time-
independent potential V(x) in one-dimensional space, the wavefunction is governed by the
one-dimensional stationary Schrodinger equation:
h? d>
—5— 55 T V()| ¥(z) = Ep(a), (1.3.1)

2m dax?

where A is the reduced Planck constant, m is the mass of the particle, F is the energy of

the particle and ¢ (x) is the wavefunction.



CHAPTER 1. INTRODUCTION 6

The WKB method provides the solution of (IZ31) with a phase Swkg(z) (see Chapter
2 for details):

U(x) = exp L%SWKB(-T)} : (1.3.2)

If we expand Swkg(z) in powers of h, the solution (IZ32) becomes a power series solution
called the WKB solution. On the z-axis, each classical allowed or forbidden region of the po-
tential has different WKB solution. By solving the connection problem of the WKB solution

in each region, we can obtain for example the energy quantization condition perturbatively.

Exact WKB analysis

The WKB solution is an asymptotic solution of (IZ3), the radius of convergence of which
is h = 0. To obtain an exact solution, we can take the Borel resummation of the WKB
solution [21,22]. The Borel resummed WKB solution provides an exact wavefunction of the
particle. In this method, the Schrédinger equation (I23) is formulated in a complex plane.
The Borel resummed WKB solution is a local solution at a point. The global structure of the
Borel resummed WKB solution is determined by the Stokes graph, which is a set of integral
curves drawn on the complex plane. If we connect the Borel resummed WKB solution across
any line on the Stokes graph, the solutions are discontinuously changed (Stokes phenomenon
of the WKB solution) [23-26]. Combining the boundary conditions, the connection formula
for the Borel resummed WKB solution provides exact energy quantization conditions, which
include the non-perturbative contributions arising from the quantum tunneling effect [27-

37).

1.4 Quasi-normal modes

In this thesis, we will study the spectral problem of perturbations to curved spacetimes.
The perturbations ingoing to the horizon (or the origin) and outgoing to the infinity damp
over time. The damped modes of the perturbations are explained by the complex reso-
nant eigenfrequencies called the quasi-normal modes (QNMs). The imaginary part of the
QNMs measures the timescale that the perturbations damp. One of the examples of appear-
ing QNMs is the gravitational waves in the ring-down phase of binary black holes merger,
firstly observed by [33]. The gravitational waves in the ring-down phase can be described
as a linear perturbation to the metrics. The symmetries of the background spacetimes then

reduce the gravitational linear perturbation to a scalar or a vector perturbation. The grav-
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itational waves are ingoing to the horizon and outgoing to the infinity, and the frequencies
are explained by the QNMs.

The QNMs also studied in string theory. String theory has solitonic objects called Dp-
branes, where p indicates the spacial dimension that Dp-branes extend. The open string is
attached to the Dp-branes. The Dp-branes have the mass and can curve the background
spacetime [34]. In [35], the QNMs of the dilaton field, which is a massless scalar state of
the closed string, propagating in the parallel D3-branes geometry were computed. It was
demonstrated that the QNMs can also be computed by the picture that the dilaton field
interacts with massless fields explaining massless states of the open string on the D3-branes.

Another example of appearing QNMs is the Anti-de Sitter space/Conformal field theory
(AdS/CFT) correspondence [36,87]. Under the AdS/CFT correspondence, an AdS black
hole geometry corresponds to a thermal equilibrium state of the CFT [38]. Then a per-
turbation to the AdS black hole corresponds to a perturbation to the thermal equilibrium
state of the CFT. As the QNMs in the AdS black hole describe the damped modes of the
perturbation, the QNMs in the CFT describe the damped perturbation to the thermal equi-
librium state over time. Then the imaginary part of the QNMs measure the timescale that
the CFT returns to the thermal equilibrium [39].

The QNMs are complex resonant eigenvalues of the Schrodinger type differential equa-
tions. In [40], we derived an exact condition for the QNMs of the dilaton field in the extremal
D3-branes geometry based on the Exact WKB analysis. The QNMs computed by the exact
condition agree with the Leaver’s numerical method [42], and the results of the classical
WKB approximation at large frequency [43]. We also derive exact QNMs conditions for a
massless scalar field in the extremal Mb5-branes [A1], which are objects in M-theory appear-
ing the strong coupling limit of string theory. The exact conditions not only determined the
QNMs non-perturbatively, but also showed that the discontinuity of the perturbative part
of the QNMs leads the non-perturbative part of themselves. These results show that the
Exact WKB analysis is a powerful tool to study the QNMs spectral problems.

1.5 WKB periods and TBA equations

WKB periods

In the Exact WKB analysis, the exact conditions for the energy spectra and the QNMs are

given as functional relations of the Borel resummation of the WKB periods, which are the
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following period integrals of the classical allowed and forbidden regions by the potential in
(=30): N

where [z;,x;] is a classical allowed or forbidden region. The WKB periods ([C2) are
asymptotic series in h, which coefficients has a factorial growth (e.g. [28]). The WKB
periods can be computed order by order, for example the higher order coefficients of the
WKB periods are computed by applying differential operators with respect to the energy E
and the moduli parameters of the potential V' (z) to the leading term of the WKB periods
(e.g. [42-46]). By computing the Borel resummation of the WKB periods and substituting

into the exact conditions, we can obtain the spectra exactly.

TBA equation

In [21], the author pointed out that the discontinuity structure and the asymptotic behavior
of the Borel resummed WKB periods determine themselves completely (called analytic
bootstrap program or Riemann-Hilbert problem [Z1]). Recently, the solution to this problem
has been explicitly given for arbitrary polynomial potentials [28], and for potentials with
a regular singularity [47]. The solutions in [28,47] take the form of the Thermodynamic
Bethe Ansatz (TBA) equations, which are the integral equations appearing in the study
of the integrable field theories represented by 2-dimensional CFT. By solving the TBA
equations, we can compute the Borel resummed WKB periods without knowing the higher

order coefficients of the WKB periods.

1.6 Quantum Seiberg-Witten curve

It is also important to derive the TBA equations for 4-dimensional N = 2 supersymmetric
gauge theories. The low-energy effective dynamics of 4-dimensional N' = 2 gauge theo-
ries is determined by a single holomorphic function called the prepotential [48]. According
to the Seiberg-Witten theory [49,50], the prepotential can be exactly computed from the
Seiberg-Witten periods, which are the period integrals of the Seiberg-Witten differential on
the Seiberg-Witten curve describing the Coulomb moduli space of the vacua. The prepoten-
tial obtained from the Seiberg-Witten periods enables us to understand non-perturbative
aspects of the gauge theories such as the global structure of the BPS spectra [61-54]. The

prepotential can also be obtained from the Nekrasov partition function [bH,b6], which is
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defined on the (2-deformed background parametrized by two deformation parameters €; and
€.

Under the 2-background, the prepotential and the Seiberg-Witten periods also receive
the correction by the deformation. In [44], it was argued that the deformed Seiberg-Witten
periods for the SU(2) super Yang-Mills theory in the Nekrasov-Shatashvili limit e; — 0 [67]
are identical to the WKB periods for the Mathieu differential equation. This identification
was generalized to pure SU(N) case [b8] and with matters [b9] later. The corresponding
differential equations are called the quantum Seiberg-Witten curves, which are obtained
from the canonical quantization of the symplectic structure of the Seiberg-Witten curves.
The WKB periods for the quantum Seiberg-Witten curves determine the mass of the BPS
particles perturbatively with respect to €;. The quantization of the Seiberg-Witten curves
has been investigated with various examples [46,60-62]. The quantum Seiberg-Witten curves
also appear in the Alday-Gaiotto-Tachikawa (AGT) correspondence, where the differential
equations are satisfied by the one-point function of a degenerate primary field with respect
to the Gaiotto states [63,64].

In [65,66], we studied the Exact WKB analysis for the quantum Seiberg-Witten curves
for 4-dimensional N = 2 SU(2) supersymmetric gauge theories with N; = 0,2 fundamental
hypermultiplets and derived the TBA equations for the WKB periods. The TBA equations
for the quantum Seiberg-Witten curves compute the Borel resummed WKB periods, which
determine the mass of the BPS particles exactly. The TBA equations also show that the
effective central charge of the underlying CFT is proportional to the one-loop beta function
of the gauge theory.

The quantum Seiberg-Witten curve is also studied in the context of the QNMs. In [67],
the authors showed that the E.O.M. for perturbations to the 4-dimensional Schwarzschild
black hole and the Kerr black hole can be transformed to the quantum Seiberg-Witten
curve for 4-dimensional N' = 2 SU(2) supersymmetric QCD with Ny = 2,3 fundamental
hypermultiplets [46]. This transformation enables us to utilize gauge theory techniques
for solving the QNMs spectral problems. The Seiberg-Witten/gravity correspondence has
extended to other geometries including D3 and Mb5-branes, fuzzballs and exotic compact

objects later [d1,68,6Y].
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1.7 Outline of the thesis

In this thesis, we study the QNMs spectral problems and the quantum Seiberg-Witten
curves exactly based on the Exact WKB analysis. For the QNMs spectral problems, we
will obtain exact conditions determining the QNMs exactly. The exact conditions show
that the discontinuity of the perturbative part of the QNMs leads the non-perturbative part
of themselves. For the quantum Seiberg-Witten curves, we will derive the TBA equations
computing the Borel resummed WKB periods exactly. The TBA equations provide an
efficient way to compute the renormalized masses of the BPS particles and the QNMs by
combining with the exact conditions.

This thesis is composed of three parts. The first part presents the basics of the Exact
WKB analysis. The second part studies the exact conditions for the spectrum based on
the Exact WKB analysis. We first review the exact energy quantization conditions for the
bound states of quantum mechanical systems. Next, we derive the exact conditions for
the QNMs, which are the complex resonant eigenfrequencies. The third part explores the
derivation of the TBA equations governing the Borel resummed WKB periods. We review
the TBA equations for arbitrary polynomial potentials and Central-Centrifugal potentials.
We generalize the derivation of the TBA equations to the quantum Seiberg-Witten curves
for 4-dimensional N' = 2 SU(2) Ny = 0,2 supersymmetric gauge theories. This thesis is

organized as follows:

Chapter 2 We introduce the Exact WKB analysis. We first review the classical WKB
approximation. We present the connection formula for the Borel resummed WKB solution
and the discontinuity formula for the Borel resummed WKB periods, which play a key role

in this thesis. We do not enter the mathematical details of the proof of the formulae.

Chapter 3 We derive exact quantization conditions for energy spectrum of quantum me-
chanical systems based on the Exact WKB analysis. We study the bound states for the

harmonic oscillator and in the double-well potential.

Chapter 4 We derive the exact conditions for the quasi-normal modes of massless scalar
perturbations to the extremal D3-branes metric and the extremal Mb5-branes metric. We
numerically check our exact conditions by using the Borel-Padé approximation. We also
present analytic forms and asymptotic behaviors of the QNMs. The exact conditions show

that the discontinuity of the perturbative part of the QNMs leads the non-perturbative part
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of themselves. We also find examples of the Seiberg-Witten/gravity correspondence, which

helps us to compute the QNMs from our conditions.

Chapter 5 We derive the TBA equations governing the Borel resummed WKB periods
for arbitrary polynomial potentials and Central-Centrifugal potentials. Combining with the

exact energy quantization condition, the TBA equations calculate the spectrum exactly.

Chapter 6 We generalize the derivation of the TBA equations to the quantum Seiberg-
Witten curves for 4-dimensional N' = 2 SU(2) Ny = 0, 2 supersymmetric gauge theories (or
Super Quantum Chromodynamics (SQCD)). We also compute the effective central charge
of the underlying CF'T, which is shown to be proportional to the one-loop beta function of

the SQCD.

Chapter 4 and 6 are based on the author’s paper [40,41,65,66]. The review part in Chapter

2, 3 and 5 is inspired by various literature.



Chapter 2

Exact WKDB analysis

This chapter aims to introduce the Exact WKB analysis. We first review the classical WKB
approximation. The classical WKB approximation gives the wavefunction that is valid in the
semiclassical limit. We derive the Bohr-Sommerfeld energy quantization condition, which
is also valid in the semiclassical limit, from the connection formula for the wavefunction
given by the WKB approximation. Next, we introduce the Exact WKB analysis. The
Exact WKB analysis provides an exact wavefunction. The connection problem of the exact
wavefunction is formulated on a Riemann surface called the WKB curve. We also introduce
the WKB periods, which are the period integrals on the WKB curve. We basically follow

the notations of [25, 6.

2.1 Classical WKB approximation

In quantum mechanics, a particle moving in a time-independent potential obeys the one-
dimensional stationary Schrodinger equation,
h? d?
———+V(x,h)| Y(z) = EY(x), (2.1.1)

2m da?

where x is the spacial coordinate, A is the reduced Planck constant, m is the mass of the
particle, E is the energy of the particle, V' (z, h) is the potential and ¢ (x) is the wavefunction.

Let us consider the bound state of the particle moving in a potential schematically
described by Fig.ZZ1. There are two turning points x1, x5 satisfying V(x1, h) = V (29, h) = E.
We denote the region [x1, z5] as II, in which the motion of the particle is classically allowed,

and the regions (—oo, ;1] and [z9, +00) as I and III respectively, in which the motion of the

12



CHAPTER 2. EXACT WKB ANALYSIS 13

Vix, h)
\ /o

[ I1 [11

X

X1 )

Figure 2.1: The potential graph describing a bound state of the particle.

particle is classically forbidden. For the bound state, we impose the boundary conditions
that the wavefunction ¢(z) decays at © — £oo. Then we obtain a spectrum of the energy
taking discrete values.

In the semiclassical limit, where the de Broglie wavelength A(x) := ﬁ with p(z, h) :=
2m (V(x,h) — E) satisfies |N(z)| < 1, the wavefunction of (2ZI) is given by the following

solutions,

ulz) = ——— exp {:t%/ mdx’] (2.1.2)

p(x, h)
where a is a parameter controlling the normalization of the wavefunction. (Z122) is called
the WKB approximation of the wavefunction. The decaying solution in the region I at

E > 1 is given by the plus signed solution of (Z12),

oy 1(1) = \/ﬁexp [% /: md:p’l .z € (—o00, 1] (2.1.3)

where A is a constant and we have denoted the solution in I normalized at a = z; as ¥, 1(x).
Similarly, the decaying solution in the region III at £ > 1 is given by the minus signed
solution of (P712),

C 1 [ / .
V() = m exp {_ﬁ /I2 Vp(x ,h)dm] , T € [1g,+00) (2.1.4)

where C' is a constant and we have denoted the solution in III normalized at a = x4 as

Yy 11 ().
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Y, 1(x) is connected into the region II as

2A 1 [
Yy 1(2) = Yr(x) = ——=—=cos [—/ Vo', h)ds' — Z] , T € |71, 79) (2.1.5)
V p($, h) h z1 4
where we have denoted the solution in IT as ¢1;(z). On the other hand, v, 111(x) is connected

into the region II as

2C L [* T
Yy () = Y11(r) = ——==—=cos [——/ V(! h)dx' — —] . X € [z, 79 (2.1.6)
V p(xa h) h 2 4
The wavefunction must be unique in the region II. Demanding that (E-1TH) and (214)

match, one obtains the following condition,

Acos [% / o Wyl — ﬂ _ Ccos H / o Wyl — ﬂ | (2.1.7)

This condition is satisfied by the discrete set of the value of E satisfying the following

conditions,

| e
ﬁ/ p(:v,h)dx—ig:imr, A= (-1)"C, (2.1.8)

z1
where n € Z~q. The first condition for F in (E718) is called the Bohr-Sommerfeld condition.

As an example, let us consider the harmonic oscillator. The potential is given by
L5
V(z,h) = SULT (2.1.9)

where w is the angular frequency. The bound state for (219) has the positive energy £ > 0,

then the turning points z; = —\/‘/7% and xo = \/% are real. By substituting (Z1°9) and

the turning points into the integral of the first condition in (ZIR), we obtain

1 x2 \Y 2 V mUJ V mw
—/ p(x, h)dx m/ 1/—mw2x2 Edx = z—/ 5 — 2?dr.
hJe, \/7 mw

(2.1.10)
Because the integral in the last equation is the area of the half circle, we obtain
U W ) . F
— 2?dx = im— 2.1.11
/ mw2 w?dy = ime—, ( )
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and then the first condition in (ZZ18) becomes

_E 1 1
ma—m<n+§> = E—M(n—l—é). (2.1.12)

The WKB approximation is only valid for the semiclassical limit, but the energy spectrum
of the harmonic oscillator (2I12) coincides with the exact result.

Except for a few example represented by the harmonic oscillator, the WKB approxima-
tion and the Bohr-Sommerfeld condition are only valid for the semiclassical limit. One of
the way to determine the exact wavefunction and the exact spectrum is using the Exact
WKB analysis instead of the WKB approximation. In this thesis, we study the Schrodinger
equations appearing in spectral problems and N' = 2 gauge theories based on the Exact

WKB analysis.

2.2 Exact WKB analysis

2.2.1 WKB method

We consider the second-order ordinary differential equation of the Schrodinger type on a

compact Riemann surface 3 (usually taken as the Riemann sphere ¥ = C*),

2

d=?

—1°Qo(2) — Q2(2)| ¥(2) = 0, (2.2.1)

where 2 is a local complex coordinate on Y, and 7 is a complex parameter, which plays a role
of the reduced Planck constant n = 1/h". Assume that Qy(z) and Q2(z) are meromorphic
functions on ¥ 2 .

Let us consider the following ansatz of the solution to (E2Z),

Yalz) = exp [n / ) S(z')dz'] , (2.2.2)

where a is a constant governing the normalization of the solution. Substituting the ansatz

!'We follow the notation of [25,28].
2In general, the potential function takes the form 1n?Qo(z) + 7Q1(2) + Q2(2) +771Q3(2) + ---. But, in
this thesis, it is enough to consider only Qo(z) and Q2(z).
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(Z22) into the Schrodinger equation (P=2), we obtain the equation satisfied by S(z),

d

S%(2) + 77_155(2) —Qo(2) —1n72Qa(2) = 0. (2.2.3)

(2=23) is called the Riccati equation. To solve the Riccati equation, we expand S(z) as a

formal Laurent series in n~!,
S(2) =Y Sul2)n™ = Sol2) + S1(2)n ™ + Sa(2)n 2 + -+ . (2.2.4)
n=0

Plugging the series (22Z4) into the Riccati equation (Z2223) and equating the coefficients of

the powers of n~!, one finds that S,(z) must satisfy the following recursion relation,

Sg(z) = Qo(2),
d

250(2)S1(2) + ES()(Z) =0,
50()S(2) + S11E) + 51 (2) = Qul:). 229
250(2)S,(2) + ) Z Si(2)8;(2) + dilzsn_l(z) =0, (n>3).

Depending on the choice of the sign for the root of the first equation in (223), we obtain
two sets of functions {+S,(z)}n>0 and {—S5,(2) }n>o with Sp(z) = \/Qo(2). They give two

linearly independent solutions to the Schrodinger equation (P2=2), which are denoted as

follows,

by (2) = exp {in /a Z S(z’)dz’} (2.2.6)

One can split (Z2Z4) into even and odd powers of 7! as,

S(2) = San(2)n ™ + Y Song1 ()17 = Seven(2) + Soaal2)- (2.2.7)
n=0 n=0
Substituting this split into the Ricatti equation (E223), we obtain

ngen(z> + 2Seven(2)Soad(2) + Sgdd(z) + Uld% (Seven(2) + Soda(2)) — Qo(z) — 7772622(2) = 0.

(2.2.8)
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This equation can also be parted into even and odd collections of !,

d
Sen(2) + S24a(2) + 77_15 0ad(2) — Qo(2) — 1 2Qa(2) =0, (even power), ( |
2.2.9
2Seven(Z)Sodd(Z> + n_léseven<z) = 07 (0dd pOWGI’).

The odd power collection shows that S,qq(z) is a total derivative,

—1 -1
n d n— d . d _
R =1 ] =n —1 n -
Sodd(z) 2Seven<z) dZSeven(Z) 2 dz 0g Seven(z) n dz 0og (Seve (Z))

[N

(2.2.10)

Therefore the solutions (2228) can be expressed by only using Seven(z),

> dz,} (2.2.11)
(Sewn ) Hexp 1 [ S0

[NIES

VE(2) = exp {i/a <nSeven(z') + % 10g (Seven(2')) ™

N

= % (Seven(a))

[N

Absorbing the constant %+ (Seyven(a))” 2 into the normalization, we obtain

Uy (2) = \/ﬁ exp {in /a ) Seven(z’)dz’}. (2.2.12)

We refer to the solutions (Z2212) as WKB solutions. The WKB solutions can be expanded

as the series in !,

VE(2) = exp {in / So(z’)dz'l i Vo (2) 7" (2.2.13)

At a point z on X, the leading term Sy(z) = /Qo(z) has two values. For Qy(z) =
e|Qo(2)] = e+ Qo(2)],

So(2) = VQo(2) = Ve?|Qu(2)] = ”*\/]Qu(2)], (2.2.14)
and

So(2) = VQo(2) = \/O+M[Qu(2)| = e /[Qo(2)] = = V/|Qu(2)].  (2.2.15)

Using this property, the WKB solutions can be regarded as not two independent solutions

but one solution that is a two-valued function by the sign indefiniteness on . As the zeros
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of Qo(z) be branch points and taking the branch cuts on X, we can define a double covering
3. On 3, the leading term Sy(z) = 1/Qo(z) and the WKB solutions are single-valued
functions. If the coordinate z cross a branch cut of ¥, the sign of i\/Qg—(z) is reversed and
the WKB solutions are also changed 9= (z) — ¢F(2).

3> can also be constructed by using the following algebraic curve,

y* = Qo(x), (2.2.16)

where (x,y) are real coordinates. It has been shown that the set of the complex numbers
w = x + iy where (x,y) satisfy the relation (E-Z10) has an isomorphism to 3. For this
reason, we refer to 3 as WKB curve.

Along a closed curve v on 3 that cannot shrink to a point, we define the integral of

Seven(2) as follows,

I, = 7{ Seven(2)dz. (2.2.17)
Y

We refer to (22211) as WKB period. -« is an element in 1-dimensional homology group
Hl(ﬁ) and the WKB periods are the periods of the one-form Seyen(2)dz on 3. The WKB

periods are even power series in 77! as Seven(2),
I, =Y [eyp=2, men = ]{ Son(2)dz. (2.2.18)
n=0 v
If one finds the following relation,

SQn(Z) = OQnSQ(Z) + %( N ), (2219)

where Oy, is a differential operator with respect to the parameters in Qg(z) and @Q2(z) and
4 (...} is a total derivative, then the higher order coefficient of the WKB period H(f") can

dz
be computed from the leading order coefficient HSYO) as follows,

1P = Oy, 111, (2.2.20)

because the WKB period is the integral on the closed curve with respect to z. This method

is called the differential operator method (e.g. [44-486]).
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2.2.2 Borel resummation

The WKB solutions and the WKB periods are asymptotic series which only converge at
17 = oo. They can be promoted to analytic functions by the Borel resummation, which is

defined as follows: Let us consider a general asymptotic series,

f=e "AZann () (o gt {—1,— ), (2.2.21)

where A is complex and e~/ is the factor that cannot be expressed as the power series in

n~!. The Borel transformation of f is defined by,

=y T + 5 — A)rtet (2.2.22)

n=0

If a, ~ O(n!), f(€) defines a power series around A with finite convergence of radius. If
the Borel transformation f (&) converges near £ = A and can be analytically continued to

the complex ¢-plane, and satisfies
17 (€)] < Cre®l, (2.2.23)

with positive constants C; and Cy, f is said to be Borel summable (definition 2.10 of [24]).
If f is Borel summable, the Borel resummation of f for the direction ¢ = arg(n) is defined

as the following integral of the Borel transformation,

B, [f] = / T e (o) de, (2.2.24)

A

where coe™* indicates that the path of the integral in (E2224) is taken along the half line
{&=A+re|r >0} (e.g. Fig.Z2). Due to (2223), the Borel resummaton converges and
gives an analytic function of . If we take n — oo, the integrand e~ f (&) is suppressed at

large & by the factor e="¢. Then the Borel resummation can be approximated by

o0

Bolf] = / e [ZF(CL—@ Ayt de. (2.2.25)

e n+ «)
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I3

—ip

Figure 2.2: An integration contour of the Borel resummation.

Formally exchanging the integral and the sum, we obtain

e €

. nt+oa—1 _ —nA —(n+a) _
Zan/ ot a) (& — A) ¢ =" ann f. (2.2.26)

n=0

Therefore the Borel resummation has f as the asymptotic expansion at n — co.
For any Borel summable series f, g, the Borel resummation commutes with addition and

multiplication (proposition 2.11 of [24]),

B,[f +4g]=

B
(2.2.27)
Bw [f ] =B

S
=
ﬁm
=)

The Borel transformation f (&) of f may have singularities and branch cuts on the
complex &-plane. If there are the singularities and the branch cuts on the integration
contour of (ZZZ24), we have to deform the integral contour so that it avoids the singularities
and the branch cuts. In the Exact WKB analysis, we take the integration contours which

avoid the singularities and the branch cuts left or right (Fig.2Z23),

Bos [f] = lim B [f]. (2.2.28)

(ZZ22R) is called lateral Borel resummations. The lateral Borel resummations provide dif-
ferent analytic functions, but they have same asymptotic expansion f at n — co.
B+ can be seen as operators acting on the asymptotic series. The lateral Borel resum-

mations map an asymptotic series to different analytic functions. Then we can define the
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<,

v

Figure 2.3: Integration contours of the lateral Borel resummations. The cross indicates a
singularity:.

automorphism &, mapping an asymptotic series to another so that
B, = B,y 06,,. (2.2.29)

S,, is called the Stokes automorphism. If two Borel summable series f and g satisfy S, [f] =
g, then B,_ [f] = B,y [g], which indicates the different series f and g are mapped to a same
analytic function by the lateral Borel resummations. By using the Stokes automorphism,

we define a resummation B, meq as follows,
Bcp,med = B(p— o 6;1/2 = B<p+ o 630/2, (2230)

where (‘5?51/ ? is defined as the formal Taylor series expanded at G, = 1,

s " 1 1
6;/2=Z(;)<6¢—1> =145 (6, — 1)~ (8, — 1"+

n=0

S0 =3 ()@= 1o (e -+ Ee -1

n=0

(2.2.31)

B, med is called median resummation. If we approximate (222231) by first two term, then

the median resummation becomes

1 1
Bcp,med ~ Bthr o |:1 + 5 (6;}0 - 1):| = 5 <B¢+ + B(p,) , (2232)

where we have used (Z2229). (22232) indicates that the median resummation can be seen
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like the average of the lateral Borel resummations.

Borel summability of the WKB solutions
In this thesis, we impose the following assumptions (Assumption 2.3. of [26]):

Let ¢ be Q(z) times the square of the infinitesimal interval dz,
¢ = Qo(2)dzdz. (2.2.33)

The square root of ¢ is \/Qo—(z)dz, which appears in the exponential factor of the WKB
solutions (ZZ213). dzdz is the tensor product dz ® dz and ¢ is a meromorphic quadratic
differential on X locally given by (222233). For ¢, we assume,

e ¢ has at least one zero and one pole.

e All zeros of ¢ are simple (that is, the order of the zeros of ¢ is one).

e If a point p € ¥ is a pole of Q2(z), then p is a pole of ¢.

e If a point s € ¥ is a simple pole of ¢, then QQ2(z) has a pole of order at most 2 at s.

e If a point p € ¥ is a double pole of ¢, and z be a local coordinate around p satisfying

z(p) = 0, then Q2(z) has the following asymptotic behavior,

Q2(2) = —é(l +0O(z)) as z — 0. (2.2.34)

e If a point p € ¥ is a pole of ¢ of order m > 3, then ()3(z) has may has a pole at p satisfying

(pole order of Q3(z) at p) < 1+ % (2.2.35)

Under the above assumption, the WKB solutions are Borel summable [25,08].

2.2.3 Stokes graph

The Borel resummation of the WKB solutions B, [@D;'Z] (z) is local solutions at z on . To
obtain the solutions in the whole of ¥, we need to analytically continue the Borel resum-

mation of the WKB solutions. The global structure of the Borel resummation of the WKB
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solutions is determined by the Stokes lines, which are defined by the following equation,
] [ew / So (2) dz’} =0, (2.2.36)

where z, is a zero or a simple pole of the quadratic differential ¢ (22233). The endpoints of
the stokes lines are connected to the zeros or the poles of ¢. In particular, the Stokes line both
endpoints of which are connected to the zeros or the simple pole is called Stokes segment.

The Stokes lines can be assigned the orientation defined by the following conditions,

2" dz’ } > ( — positive orientation,

" [ew J 5 (2.2.37)
R (

)d
|:€i<p f; So () dz’} < 0 — negative orientation.

The graph on the WKB curve S depicted by the Stokes lines is called Stokes graph. The
Stokes graph splits S into some regions, which can be mapped into a triangulation of
)y [25,170)]. Each region divided by the Stokes graph is called Stokes region.

The Stokes lines are steepest descent lines of the WKB solutions. Along a Stokes line
emanating from z,, the WKB solutions normalized at z, don’t oscillate because the expo-
nential factor of the solutions (ZZ213) is always real by (ZZ2238). If the Stokes line has the
positive orientation, the minus signed WKB solution decays along the Stokes line asymp-

totically. On the other hand, if the Stokes line has the negative orientation, the plus signed
WKB solution decays along the Stokes line.

Connection formula for the WKB solutions

The Borel resummation of the WKB solutions is analytic in each Stokes region. If the path
of the analytic continuation crosses any stokes line, then the form of the solutions is changed.
From the point of view of the ordinary WKB method, this is the Stokes phenomenon of the
WKB solutions.

Let us consider the connection around a simple zero and a simple pole of ¢. First, the
Stokes graphs around a simple zero z, is shown in Fig.2Z4 where the black lines are the
Stokes lines, the orange points are the simple zero z,, the dashed red lines are the branch
cuts, the arrow on each Stokes line indicates the orientation of them (for the negative
orientation, the arrow points to the simple zero along the Stokes line, and for the positive
orientation, the arrow points to the opposite of the simple zero) and I; and I, are the Stokes

regions. There are two possible assignment of the orientation of the Stokes lines around a
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———— > - <

Figure 2.4: The Stokes graphs around a simple zero.

simple zero. As Fig.lZ4, exactly three Stokes lines emanate from a simple zero.

Assume that the Stokes graph has no Stokes segments for a direction arg(n) = ¢, the
Borel resummation of the WKB solutions in the region I; and I, are shown to be analytically
connected as follows |21, 23, 25],

e For [a] in Fig.Z4,

B‘p [w:;h] (Z) _ L BSO [¢Z,12:| (Z) (2238)
B, [w;,h] (2) 0 1 B, [w;,lz} (2) ’

e For [b] in Fig.24,
B‘P [w;:,h] (Z) _ Lo BSO [w;’:h} (Z) (2239)
B, [v.. 1] (2) i1 )\ B [un,] () )

+

where we have denoted the WKB solutions in the region I; as ¢ 1,

and in the region I
as wib. These formulae are the exact extension on the complex plane of the connection
formula for the WKB approximation considered in Sec.21.

Next, the Stokes graphs around a simple zero z, is shown in Fig.lZd, where the black
lines are the Stokes lines, the green points are the simple pole z,, the dashed red lines are
the branch cuts, the arrow on each Stokes line indicates the orientation of them (for the

negative orientation, the arrow points to the simple pole along the Stokes line, and for the

positive orientation, the arrow points to the opposite of the simple pole) and I; and I, are the
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Figure 2.5: The Stokes graphs around a simple pole.

Stokes regions. As Fig.ZA, only one Stokes line emanates from a simple pole. Assume that
the Stokes graph has no Stokes segments for a direction arg(n) = ¢, the Borel resummation
of the WKB solutions in the region I; and I, are shown to be analytically connected as
follows [26],

e For [a] in Fig. 3,

B, [v7 1] (2) 1 oa(t+t7h)

— b , (2.2.40)
B, [wz*,h} (2) 0 1 B, [wz_*,lz} (2)
e For [b] in Fig. 3,
B, [¥,](2) | _ . B, 425 () (2.2.41)
B, [v2 1] (2) ittt 1)\ B [vo,] () )

where

= exp <z'7T\/ 1+ 4b> , b= lim ((z — z)° Q2(2)) - (2.2.42)

Z—rZx

Discontinuity formula for the WKB periods

The Stokes graph also determine the discontinuity of the WKB periods. Rotating arg(n),
Stokes segments often appear in the Stokes graphs at some direction. If Stokes segments
appear at arg(n) = ¢, then the Borel transformation of a WKB period II, whose one-
cycle ~ intersects with any Stokes segment has singularities on the complex &-plane in the

direction arg(§) = —p. Asrotating arg(n), the integration contour of the Borel resummation
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Figure 2.6: The Stokes segments in the presence of [a] the simple zero and [b] the simple
pole. The orange points are the simple zeros and the green point is the simple pole. 5 is
the one-cycle on the WKB curve 5 encircling the Stokes segments. The dashed segment in
each cycle lies on the other sheet of 3.

for II, collides with the singularities on the complex &-plane at arg(n) = ¢. To ensure
the analyticity in 7 of the Borel resummation, we must take the contributions from the
integration contours encircling the singularities into account. These new integration contours
cause the discontinuity of the WKB periods.

Fig.Z8 shows examples of the Stokes segment in the presence of the simple zeros and
the simple pole. s in Fig.Z@ is the one-cycle on the WKB curve )y encircling the Stokes
segments. We take the orientation of 74 so that

o = 7{ So(2)dz < 0. (2.2.43)
s

Assume that the Stokes graph for a direction arg(n) = ¢ has a unique Stokes segment of

[a] in Fig.Z@, it is showed that any WKB period II, satisfies the following equation [23,25],

eMBe=ll] — nBo+lla] (1 4 Bl =00 (2.2.44)

where (7, y) is the intersection number normalized as (x—axis, y—axis) = +1. This is called
the Delabaere-Pham formula. The term e”B¢+Msl in rh.s. of (22244) is the contribution
from the singularity of the Borel transformation of II,. (EZ244) can also be expressed by
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Figure 2.7: The Stokes graph with multiple Stokes segments connecting the simple zeros.

using the Stokes automorphism as follows,
S, [¢] = M (14 M) "0 (2.2.45)

In particular, for 7, itself, (7s,7) = 0 and (ZZ44) leads e"Be-[sl = enBe+llll — enBelll],
Therefore (22244)) can also be express as,

eMBe=lIl] — Bl (1 4 ean[H%])_(%’”) , (2.2.46)

Similarly, assume that the Stokes graph for a direction arg(n) = ¢ has a unique Stokes
segment of [b] in Fig.Z@, it is showed that any WKB period II, satisfies the following

equation [286],
677390—[1_[7] — ean[Hﬂ (1 + (t + t_1> en3¢+ (1] + 62773504-[1_["/5])7(75’7) , (2247)

where t is defined in (E224%). (E22Z241) can also be expressed by using the Stokes automor-

phism as follows,
S, [¢M] = M (14 (£ 1) €M 4 2 ) "0 (2.2.48)

In particular, for 7, itself, (vs,7) = 0 and (ZZ47) leads e"Be- sl = enBe+lllhl — enBellly],
Therefore (E2247) can also be express as,

eanf[Hw] = 6776<p+[nw] (1 + (t + t—1> enBv[HWS} + 6277&;,[1'[75])_(7557) . (2249)

The discontinuity formulae (2244)~ (E2249) can be generalized for the presence of more
than one Stokes segment. For example, for the Stokes graph having n Stokes segments for

the simple zeros as Fig.2Z74, then any WKB period IL, satisfies the following Delabaere-Phan
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Figure 2.8: The Stokes graph with multiple Stokes segments connecting the simple zeros
and a Stokes segment for the simple pole.

eMBo-1y] _ 1B [I1y] H (1 + B¢ [HWsi]>_(%iﬁ) ) (2.2.50)

If there is also a Stokes segment for the simple pole as Fig.ZR, the formula (22250) is

generalized as follows,

(] _ 18] (14 (1) en8elte] 4 2s]) " T (14 el 70,

(2.2.51)

Summary

In this chapter, we have considered the complex one-dimensional second order differential
equation of the Schrodinger type having a complex parameter n. The WKB method provides
the WKB solutions, which are asymptotic series in 7!. The WKB solutions are promoted
to exact solutions by applying the Borel resummation. The global structure of the Borel
resummed WKB solutions are determined by the Stokes graph. Based on the Stokes graphs,
we have explained the connection formula for the Borel resummed WKB solutions. We have
also introduced the WKB periods, which are even power series in 7!, The Borel resummed

WKB periods have the discontinuity and it is captured by the Delabaere-Pham formula.



Chapter 3

Energy quantization conditions in

quantum mechanics

The Exact WKB analysis provides an exact approach to study the spectral problem. In this
chapter, we review the application of the Exact WKB analysis to study the exact energy
quantization conditions in quantum mechanics. We solve the spectral problem for the bound
state of the harmonic oscillator and the double-well potential as concrete examples. The
Exact WKB analysis gives exact energy quantization conditions, which are expressed by the

Borel resummed WKB periods. This review chapter is mainly based on [27,29].

3.1 Harmonic oscillator

Let us consider the following differential equation on the Riemann sphere C* = C U {o0},

[% - Uon(Z)} Y(z) =0, (3.1.1)
with
Qo(2) =V(2) - E=2"~E. (3.1.2)

For arg(n) = 0 and under the identification n = 1/A (the reduced Planck constant), the dif-
ferential equation (BTI) on the real-z axis agrees with the stationary Schrodinger equation
for the one-dimensional harmonic oscillator.

We solve the eigenvalue problem of (BT) for arg(n) = 0 and £ > 0 case, i.e. the
bound state in quantum mechanics. The Stokes graph for arg(n) = 0 and F > 0 is drawn
in FigB. For E > 0, the simple zeros z; = —V'E, 2z = V/E are real. First, we solve the

29
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71,2

I—oo Imid I—|—oo

Figure 3.1: The Stokes graph for the harmonic oscillator with arg(n) = 0 and £ > 0. The
sheet of the WKB curve is taken so that Seven(2)dz has the positive sign. The orange points
21 = —V'E, 2z, = VE are the simple zeros and 71,2 1s the one-cycle encircling them. The
gray regions named [, I, [_o are the Stokes regions. The stokes lines going out of the
frame flow at z = cc.

connection problem of the Borel resummation of the WKB solutions from I, to I,,;q and
Tiq to I .

The regions 1., and I,,;q are separated by the Stokes line emanating from the simple
zero zp and having the negative orientation. Therefore the Borel resummation of the WKB

solutions normalized at z, in each region are connected by the formula (222239) as follows,

Bolviu ]\ [ 10 Bo [02,0,] () ) s,
Bo [1/1;271%0} (2) — 1 B, W%’Imid} (2)

where we have used the inverse of (22239). Next, the regions I,,;q and I, are separated by
the Stokes line emanating from z; and having the negative orientation. In order to apply

the connection formula (22239), we have to change the normalization of the solutions in the
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r.h.s. of (B13) from 25 to z;. From the definition of the WKB solutions (22217),

+
\/ EVeIl Z exp [ T]\/

=By | ———exp [j:n (/ Seven(2)dz’ —i—/ Seven(z')dz’)}
Seven<z) Z1

By [ ;tz,lmid] (2) = By Seven(zl)dzl}]

21 1 z
exp {inl’)’o {/ S’even(z’)dz’HBO ———exXp [:l:n/ S’even(z’)dz'} .
z2 Seven(z) Z1
(3.1.4)
(BT4) can be written in the matrix form as,
Bo [¢ 1) () _ e[ Seen ()] 0 By [¢ 1) (2)
By 651,00 (2) 0 Bl Som@iz] [\ By [ T ()
(3.1.5)

where we have reversed the contour of the integrals + f;l Seven(2)dz = F f 7 Seven(2)dz.

After changing the normalization, the solutions in I,,;q and I_., are connected by (222239),

Bo [, 1,00] (2 10\ [ Boluial]

Bo [V, 1,...] (2) ~i 1)\ Bofuni | (3.1.6)

By multiplying (B1=3), (B1H) and (BI1H) and finally restoring the normalization of the

solutions in the r.h.s. of (B18) from z; to 25, we obtain the connection formula of the WKB

solutions,
By [vhe| () ) 1 0 (B |vhi] @
B, [%2 Im} (2) | = <1 + 6776[2f;12 Seven(z)dz]> ) 3, [%21 oo} )

(3.1.7)
The integral 2 f;f Seven(2)dz is equivalent to the WKB period for the one-cycle 7, 5 in Fig.B.
Therefore the connection formula (B174) can be expressed by using the WKB period as

follows,

By o4, ] () 1 0\ (B lvhi ]

g fvi ] @) "\ =i (eeste) 3 e fun, o )0

The energy eigenvalue for the bound state can be obtained by imposing the boundary
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conditions that the solutions decay at z — £o00. As z goes to +o0o, the integral f; So(2")dz'
becomes large because the Stokes line lying on the [z, +00) in Fig.B has the positive
orientation. Therefore the minus signed WKB solution ¢, (2) decays at z — +o0.
According to the connection formula (B8), the solution ¢, 1, (2) is connected to 2 — —o0

as follows,

By [w;,lm} (2) = —i (1 + enrs[nﬂ,z]> By [@2’1_&] (2) + By [w;ﬂ_m} (2). (3.1.9)

The Stokes line lying on the (—o0, z1] in Fig.B™ has the positive orientation and the minus
signed WKB solution ¢;27Loo(z) decays at z — —oo. Therefore to satisfy the boundary
conditions, the coefficient of By |:¢+ ] (z) in (B13) has to be zero,

22,100

1+ M) = . (3.1.10)

Taking the logarithm of (BZII0), we obtain

B[, ,] = 2min~" (n + %) (n€Z). (3.1.11)

This is the exact energy quantization condition for the harmonic oscillator. In the present

case, the WKB period II,, , is equivalent to the residue at 2 = oo on the Riemann sphere,
H’Yl,Z = % SEVGH(Z>dZ - 27-”:I{esz:ooSeven(f?:)‘ (3112)
71,2

For the harmonic oscillator case, it has been shown that the higher order coefficient S, (z) (n >

1) is holomorphic at z = oo (Proposition 2.8. in [25]). Therefore

I, , = —27iRes,—0oSo(2) = miE. (3.1.13)

Substituting (B113) into (B), we obtain the well-known result of the energy eigenvalue

for the harmonic oscillator,

1
E=2"" (n - 5) : (3.1.14)

Because £ > 0, n is restricted to Zxg.
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2

_ A 2
V(z)=2"— ke +

/{2

4
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\/ O<E<%

0

Re (z)

Figure 3.2: The potential V(z) on the real z-axis.

3.2 Double-well potential

The second example is the following differential equation on the Riemann sphere C* =
CU {oo},
d> 9
— 177 Qo(2)| ¥(2) =0, (3.2.1)

d=?
with
Qo(2) =V(2) — E=2"—r2*+ %2 —FE (k>0). (3.2.2)
For arg(n) = 0 and under the identification n = 1/h, the differential equation (B=2) on
the real-z axis agrees with the one-dimensional stationary Schrodinger equation with the
double-well potential V() = 2* — k2% + £ and the energy E.
We solve the eigenvalue problem of (BZ21) for arg(n) = 0 and E > 0 case. The potential
V(2) on the real-z axis is shown in Fig.B2. There are two bound state 0 < E < %2 (below

the potential barrier) and %2 < E (above the potential barrier).

3.2.1 Below the potential barrier

Fig.B33 shows the Stokes graph for 0 < £ < ’1—2. The simple zeros z; = —y/VE + o
29 = —/—VE + 5, 23 = —VE + 5, 24 = \/E%-’% are real. The intervals [z1, z5] and
[23, 2z4] are the classically allowed intervals in the potential graph Fig.B2, and [z, 23] is

the classically forbidden interval by the potential barrier. There is the Stokes segment on
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\ /\ 71,2&72’3 173,4

21 }
Figure 3.3: The Stokes graph for the double-well potential with arg(n) =0 and 0 < £ < %2.
The sheet of the WKB curve is taken so that Seyen(z)dz has the positive sign. The orange

points z; = — \/E%-%, Z9g = —\/—\/E+§, z3 = \/—\/E—i-g, Z4 = \/\/E%—g are the

simple zeros and ;2,723,734 are the one-cycles. The stokes lines going out of the frame
flow at z = co. The arrow on the Stokes segment on [zq, z3] indicates f;j So(z)dz < 0.

[29, 23] and therefore we cannot use the formulae (22238), (22239) for arg(n) = 0 because
the formulae (Z22238), (222239) are assumed that there are no Stokes segments in the Stokes

graph. We instead compute the lateral Borel resummation (E2228) as the exact energy
quantization for arg(n) = 0.

The lateral Borel resummation can be obtained by solving the connection problems for
arg(n) = +e (¢ < 1). The Stokes graph for arg(n) = +e¢ is given in Fig.B4. In Fig.B3, the
Stokes segment on |[z9, z3] in Fig.B=3 is separated and the new Stokes regions appear (the
region I3 for [a] in Fig.B4 and the region I, for [b]). The Stokes graph is then discontinuously
changed between arg(n) > —e, arg(n) = 0 and arg(n) < +¢ cases. This phenomenon is called
the saddle reduction of the Stokes graph [25]. First, we compute the connection formula for
arg(n) = —e along the Stokes regions I, - I} = I, = I3 = I, = 1. We can compute

the connection formula for the solutions by using the formulae (Z223R), (E2239) repeatedly

according to the orientations of the Stokes lines.

® I+OO — Il

By [1/1,34 1+w] (2) _ 10 Bo- WZJJ (2) ) (3.2.3)

Bo- [¥ir,n| (2 =i 1)\ Bo U] (2)
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MU N
EANAL

(ex1 [b] arg(n

Figure 3.4: The Stokes graph for the double-well potential with arg(n) = +¢ (¢ < 1) and
0< E< %2. The gray regions named 1, ., I, I, I3, 14, I_., are the Stokes regions.

e Change of the normalization z4 — z3

BO— [ :;,Il] (Z) B 6—7750— [f;; Seven(z)dz] 0 BO— [ :—3’11] (Z)
Bof [w;’h] (Z) 0 67780_ [f;; Seven(z)dz} 807 [w;&h] (Z) .
3.2

(3.2.4)
o, — 1
Bo- [l ) ) _ [ 1 0 [ Bo- [Un] ) ) (3.2.5)
By [v1] (2) —i 1 Bo- [¢71.] (2)
o, — 13
By [@ZJZS 12} (2) _ L =i Bo- [ 2713} (2) ' (3.2.6)
BO [wzs 12} <Z) 0 1 BO* [wz_&li’»} (Z)

e Change of the normalization z3 — 25

BO— [ :—3713] (Z) B 6—77307 [IZZ; Seven(Z)dZ] 0 BQ_ |: ;_2713] (Z)
BO, I:wz,;,Ig] (Z) 0 67780_ |:f2223 Seven(z)dz} 807 [w;713] (2) .
3.2
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° Ig — I4
Bo- [@DZ,IJ (2) _ L =i Bo- [¢j2714] () ' (3.2.8)
BO* [¢Z_2 13} <Z) 0 1 BO* [wZ_Q 14] (Z)
e Change of the normalization zo — z;
Bo [v5,] (2) | [ & o S 0 Bo [v% 1] )
By [%2 14] (2) 0 (B0~ [fff Seven(Z)dZ} By [w;}lj (2) ’
(3.2.9)
([ ] 14 — I—oo
Bo- [vh,] ()} _ [ 1 —i Bo- [w“ L ] (=) (3.2.10)
By [1/);1,14] (2) 0 1 By [¢zl,1 ] (2)

By multiplying (B=223)~(B=210) and finally restoring the normalization of the solutions in

the r.h.s. of (B210) from z; to zs, 29 to 23, and z3 to z4, we obtain the connection formula,

By [v,.| ) Bo- v ] )

= M_ , (3.2.11)
By [Van] (2) By [% ] @)
with
A O
1 .
M — 26*’750 [H’Yl ]e [st 4] "50—[Hvz,3]
1+en30—[nv3 4] <1+e —[ ] o1P0— [H~/2,3]>e7730— [HW1,2] ’
) Bo— |y 4 —
—i (1 + e [T, ]) B0 [ty 5 nBo [ty 4] nBo— [y 5]
(3.2.12)

where we have identified the integrals 2 fzzf Seven(2)dz, 2 fZZ; Seven(2)dz and 2 f;; Seven(2)dz
with the WKB periods for the one-cycles —7v; 2, 72,3 and 734 in Fig.B23, respectively. The
WKB periods for 3 4 and 7, o satisfy the following relation,

IL,,, = 2miRes;—Seven(2) + 1L, ,. (3.2.13)

As the harmonic oscillator case, it has been shown that the higher order coefficient S, (z) (n >

1) is holomorphic at z = oo (Proposition 2.8. in [25]). In the present case we can show that
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Res,—x0S0(2) = 0. Therefore we obtain

M, =1L, ,. (3.2.14)

73,4
By using the identity (B2214), the matrix (B2212) can be written as follows,

1+ <1+e"30 [HW2,3] > o MBo- [H’Yg,4]
1 —i

M_ = nBo— [H’YQ,S] ,
—3 (1 + "Bo- [Ty 4]) _ 24" [H73’4]+67n80_ H”3v4]+e"80— [H”273]67"80— [1135,4]
: e"BO’[H72’3]

(3.2.15)
We can similarly compute the connection formula for arg(n) = +¢ according to the Stokes

graph [b] in Fig.84. Then we obtain

Bos (o] )
Bos V5 ) ()

Bor |v,1...| (2)

By |:¢z4 1+oo} (2) -

, (3.2.16)

with

| el

enBOJr [H’Y2’3]

=
Il

—q <1 + 6?730+ [H’Y3,4] <1 + 67730+ [Hv2,3]>) _2+6"50+[HV3,4]+6*"BO+ [“v3,4]+e"50+ [Hm,s]eﬁBw [“73,4]
PULES [H"/2,3]

(3.2.17)
The exact quantization conditions for the bound state can be obtained by imposing
the boundary conditions that the solutions decay at z — 4+o00. The decaying solutions at

z — 400 are the solutions Byy [w;hhoo} (2). According to the connection formulae (B=Z1T)

and (BZZ14), the solutions By [wz_z;,hoo} (z) are connected to z — —oo as follows,

BOWMWhaz—wum%ﬁwﬁsovaha

B_[H ] 78_[1'1 B_[H ]78_[1‘1 ]
_2+e7i 0 73,4 +e =0 3,4 +877 0 72,3, =0 73,4

By [1@41 } (2),

) nBo— [sz 3]
Boy [1/)7,4 I+oo] (2) = —i (1 + 67730*'[1_[“’3,4] (1 + B+ Moo >> Bo+ [ 2a, T ] (2)
_2+€7IBO+ [HW3,4]+G_’780+ [Hvs 4] o150+ HW2 3 e"B Hyg 4]

Bov [¥5u.] (2)
(3.2.18)

B0+ [“72,3]

Contrary to the harmonic oscillator case, the decaying solutions at z — —oo are the Borel

resummations of the positive signed WKB solutions By. [@D;Lw] (z) because the Stokes
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line lying on (—o0, z1] in Fig.B23 has the negative orientation. Therefore in order to satisfy

the boundary conditions, the coefficients of By [w ] (2) in (B2ZI8) have to be zero,

24,1 - 0o

BO— [J_] =92+ 677307[1'17374] + 6—77307[1'[73’4] + enBO*[HVZi’r]e_nBO*[H73,4] _ O7
3.2.19
BOJr [J+] =924+ 67730+ [H73,4] + 6—77[50+ [H’Y3,4] + 67730+ [H'Yz,:s]e??BOJr [H73,4] — ()’ ( )

here we have introduced the functions Ji, which are called Jost functions. Two exact

quantization conditions (BZ2Z19) are equivalent ?,

B [J.] = 2+ - [Tual 4 (14 ¢70- sl ) grBo- ]

— 24 (1 + e"Bo+ [Hv2,3]> eMBo+[Uag 4] | g=nBo+ [Ty ] (3.2.20)

= Bo+ [‘]+] )

where we have used the Delabaere-Pham formula (E2244) in the second line.

We can also define the Jost function for the median resummation Jy,.q satisfying
Bo med [Jmed] = Bo— [J-] = Boy [J4] - (3.2.21)

By acting the inverse of the definition of the median resummation (E22330) to (B=2ZT), we

obtain

Jmed = Sy [J_] = &5 [J,]. (3.2.22)

Let us compute 6(1)/2 [J_]. From (E°Z3T), 6(1)/2 [J_] can be express as,

© /1
&y*[J ] = ZO (;) (S —1)"[J-]. (3.2.23)
(&o — 1)" [J_] can be computed by using the Delabaere-Pham formula (22243) repeatedly.

Then we obtain

n WHvz,s "
(60— 1)"[J] =2+ (e"2s)" Mo 4 Gﬁ) (14 M2s) e s, (3.2.24)
e ,

'We can also check that each matrix element of (B2212) and (B=2I1) are equivalent under the Delabaere-
Pham formula.
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and therefore

Ted = S/ [7] =2 (14 (1+ €M) cosh (4L, ) ) (3.2.25)
The exact quantization condition is given by the median resummation of (BZ223) [27],

Bo med [Jmed] = 2 (1 + (1 T enBo[Hm,a]) * cosh (B0 med [Hm})) =0, (3.2.26)

where we have used that IL, , has no discontinuity for arg(n) = 0 and therefore ¢7P0:med [Moa] =

2,3

e"o[M25] The exact quantization condition (B=2Z8) can also be written as [28],
n 1
inBomed [y, ] £ tan™ (efBO[“m]) =% <k + 5) , (3.2.27)

where k € Z>o. The sign £ corresponds to the parity of the quantum state. Depending on
the parity, the n-th state of the spectrum is related as

—-1+£1
5

n =2k —

(3.2.28)

The term e380[Mes] ig exponentially small. B, [HW’B} is the contribution from the cycle
encircling the classically forbidden interval [zq, z3] in the potential graph Fig.B2 and pro-
duces the instanton contributions from the tunnel effect to the asymptotic expansion of the

energy eigenvalues (e.g. [27, 81, [71-73]).

3.2.2 Above the potential barrier

The Stokes graph for %2 < F is drawn in Fig.B3. The simple zeros z1, 24 are real and 2y, 23
are pure imaginary. As with 0 < E < %2 case, 2y, z3 are connected by the Stokes segment.
We compute the lateral Borel resummation to derive the exact energy quantization
condition. The saddle reduction of the Stokes graph is given by Fig.B8. The connection
formula for arg(n) = —¢ and %2 < E is same as the connection formula for arg(n) = +e and
0< E< % given in (BZZ18) because, along the continuation from I, ., to [_,, on the graph
[a] in Fig.BM, we cross the Stokes lines that have the same orientation and emanating points

as we cross along the continuation on the graph [b] in Fig.84. Therefore the Jost function
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Figure 3.5: The Stokes graph and the one-cycles for the double-well potential with arg(n) = 0
and = < E.
1

J_ for %2 < FE is also same as the Jost function J for 0 < F < %2,
J_=2+ ¢ Mt 4 (14 eMhas) Mo, (3.2.29)

In Fig.BH, 93 encircles the Stokes segment and Hggl > (. The Delabaere-Pham formula
(222231) then leads

(G — )" [J] =24 (e™h2s)" e7Mhsa 4 (e7M23)" eMzseMsa, (3.2.30)
Substituting this equation into (B=223), we obtain

e = &% [J-]
=2+ me_nnm“ + \/menn‘*zs M 4
=2+ V14 Mes e~ 22,3 4 + V1 4 eMhes e2lr2 3 oMlys 4
—= 2 (1 + V 1 —|— enH’Y2,3 COSh <gH’Yly4)) 7

(3.2.31)

where 1 4 = 712+72,3+73.4 is the one-cycle encircling 2y, 24 and we have used %va +IL,,, =
%va + %H%‘Q + %H%, L= %H% ,- The exact quantization condition is given by the median

resummation of (B=2Z31) [2R,B0],

Bomed [Tmed] = 2 (1 + (1 + eﬂBO[HW,g]) ? cosh (gBo,med [HWJ)) ~0. (3.2.32)
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| |

la]arg(n) = —¢ (e < 1)

Figure 3.6: The Stokes graph for the double-well potential with arg(n) = +¢ (¢ < 1) and
= < B
1

(BZ332) can be written as

n 1
B [ ™ (cA800]) o (1 3). 3239

where k € Z>( and the sign + corresponds to the parity of the quantum state. The n-th
state of the spectrum is related as (BZ228). The first term in the Lh.s. of (BZ233) is the
perturbative contribution from the classically allowed interval [z1, z4] and the second term

is the non-perturbative contribution from the complex instanton.

Summary

In this chapter, we have solved the connection problem of the Borel resummed WKB solu-
tions for the harmonic oscillator and the double-well potential based on the Stokes graphs
and the connection formula of the solutions given in the previous chapter. Imposing the
boundary conditions for the bound state, we have derived the exact energy quantization
conditions written in terms of the Borel resummed WKB periods. The exact conditions
for the double-well potential have the exponentially small terms, which provide the non-

perturbative contributions arising from the quantum tunnel effect to the energy spectrum.



Chapter 4

Quasi-normal modes for

D3/Mb5-branes

The Exact WKB analysis works not only in the study of the real-valued spectrum but also
the complex-valued spectrum. In this chapter, we study the quasi-normal modes for massless
scalar perturbations to the extremal D3/M5 branes by using the Exact WKB analysis. The
exact conditions for the QNMs show that the discontinuity of the perturbative part of the
QNMs leads the non-perturbative part of themselves. We also find examples of the Seiberg-
Witten /gravity correspondence, which helps us to compute the QNMs from our conditions.

This chapter is based on the author’s papers [40, 41].

4.1 Massless dilaton perturbation to extremal D3-branes

4.1.1 E.O.M. and QNMs for dilaton field in extremal D3-branes

metric

The geometry of a stack of the extremal D3-branes is given by the following line element [34],

ds® = H(r)~/? (—dt* + dai + - - + da3) + H(r)'? (dr* 4 r2dQ2) (4.1.1)
where H(r) = 1+ f—f, L is a positive real parameter depending on the number of the
extremal D3-branes, (¢, xy,--- ,x3) are the coordinates on the D3-branes world-volume, 7 is

the radial coordinate and dQ2 is the metric on S® in the bulk of the D3-branes. We consider

the massless dilaton field ®, which describes a massless scalar state of the closed string.

42
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The massless dilaton field in the extremal D3-branes geometry (EIT) obeys the following

E.O.M.:
1

where gyny (M, N =0,1,---,9) is the metric given by (B11) and g = det gprny. Under the

separation of the variables, the solution to (E12) takes the form
d = e BTk ES 5 YL (9), (4.1.3)

where V! () is the spherical harmonics on S® obeying Ags )Y () = —1 (1 +4) V! (6), [ and
m = (my, mg, m3, my) are integers satisfying |mq| < ms < mg < my <[ and 0 denotes the
angular coordinates on S°. The radial part ¢(r) of ¥ satisfies the second-order differential
equation [74],

.d . d (WRY*  1(1+4)
5 7 5 7 o
lp dp” dp e p* p?

}qs(p/w) 0, (p=uwn) (4.1.4)

where w = +/E? — k2. Introducing z by p = wLz and 9(z) by é(p/w) = (wLz)™>%y(z),

(ET4) becomes the second-order differential equation with absence of the first-order differ-

45— () — Qu(a)| v =0, (4.15)
with
aufe) - AN U2 L (1.16)
and 7= 1.

We will consider the solution to (B-1-3) satisfying the following boundary conditions: (i)
only outgoing wave exists at z — +oo along the real axis and (ii) only ingoing wave exists
at z — 0. Then we obtain the set of the spectrum of w called the QNMs, which take discrete
values with positive real and negative imaginary part.

The boundary conditions for the QNMs can be interpreted as follows. The potential
Qo(z) + Q2(z) has the maximum point z. (Fig.B). z. is called the photon sphere. The
photon sphere is the unstable fixed point for the closed strings moving in the D3-branes
geometry. By the potential, the closed strings on the photon sphere fall into the origin or
go away to infinity. At the origin, the closed strings are absorbed by the D3-branes and

there is no closed string emitted from the D3-branes. At the infinity, there is no incoming
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Qo(2) + Q2(2)

Figure 4.1: The potential graph of Qg(z) + Q2(2).

closed string because there is no potential barrier reflecting the closed strings going away to
infinity. In the end, all the closed strings leave from the photon sphere (This is expressed

by that the scalar perturbation dumps over time.).

WKB approximation for extremal D3-branes

We first study the semiclassical value of the QNMs for large [, at which the QNMs can be

determined from the Bohr-Sommerfeld quantization condition [43],

/+ VOo(2) + 0a(2)dz = 7i (n + %) | (4.1.7)

where n € Zsy and z4 are the turning points satisfying Qo(z+) + Q2(2+) = 0 (Fig.&). n
is called overtone number. At large [, the turning points close each other and the L.h.s. of
(BT70) can be integrated by approximating Qo(z) + Q2(2) by its expansion at the maximum
point z. (Fig.Z). Then (B172) reduces to

Qo(zc) + @alze) (

1
n+-—1. 4.1.8
V2 (@) + B " 2) 418

The condition (E-ZR) can be solved perturbatively with respect to the imaginary part of
wR. Up to the linear order, one finds

1 , 1 1
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The formula (E=29) indicates that the real part of the QNMs only depends on [ and the
imaginary part only depends on n in the large [ region.

The Bohr-Sommerfeld quantization condition is only valid for large [. One of the way to
compute the QNMs even at small [ is to determine exact conditions for the QNMs by using
the Exact WKB analysis [40]. In this chapter, we study the QNMs spectral problem based
on the Exact WKB analysis and derive exact conditions for the QNMs.

Leaver’s method for extremal D3-branes

The QNMs can also be numerically calculated by the Leaver’s method (e.g. [42, 75, [76]).

Introducing the variable x as z = (1 — )/ and the function f(x) as
W(z) = 2(1 — 2)eL %) £ (2), (4.1.10)

the equation (E1H) becomes

d? d
a(x)@ (x) + b(m)%f(x) + c(x)f(x) =0, (4.1.11)
with coefficients
a(r) = 4(x — 1)%2?,
b(z) =8(2z — 1) (2* — z +iwl), (4.1.12)
c(x) = 82 — 8x — 15 — 161 — 41 + SiwL + 8(wL)>.

Expanding f(z) at x = 1/2 as

f(z) :gfn (x—%)n (4.1.13)

and substituting into (E-I_11), we find that the coefficient f,, satisfies two sets of three-term
recurrence relations:

e For n € even

aofo + Bofo =0,
anfn+2 + ann + 'ann—Q = 07 (n > 2)7

(4.1.14)
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e For n € odd
o fs+ P1fi =0,
Rl (4.1.15)
anfn+2 + ann + ’ynfn—Q - 07 (TL Z 3)7
with
1
ay = 1(1 +n)(2 +n),
Bp = —2(—1+n)n — 4n + 16iwLn — 17 — 161 — 4% + SiwL + 8(wL)?, (4.1.16)
Yo =4(—1+n)n+ 16n + 8.
From the first condition in (B1T14), we obtain
fo_ B (4.1.17)
Jo Qo

On the other hand, from the second condition in (E-I14), the ration fo/fy can be written

by the infinite continuous fraction,

E —2

J2 7 4.1.18

Jo  Ba— O‘2—54—az45 i ( )
or in the usual notation,

E —Y2 274 OlyYe

22 __12 -2 4.1.19

fo Bo— Ba— Bs— ( )
Equating these expressions, we obtain

0 — Bo — 2 X274 X476 . (4.1.20)

a0 Bo Ba— Po—

Solving the equation (B120) with fixed [ by truncating the continuous fraction at a finite
term, we obtain a value of wL, which is the QNM at the overtone number n = 0 appearing

in (E172). Similarly, by considering the ratio f3/f; and using (E-I13), we obtain

B —73 Q375 A57Y7
0=—+4+ — _— 4.1.21
651 53— 55— 57— ( )

The equation (EI=Z1) provides the QNM at the overtone number n = 1.

For higher overtone number, we can obtain the QNMs by considering the ration f, 2/ fy.
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By using the three-term recurrence relations, f, 2/ f, can be expressed in two continuous

fractions,
_Bn | 1 0m—2Yn On—4Yn—2 On—6Yn—4 _ Q07V2 — ..
Jnta _ an ¥ on Buo- Bua— Buo o (n=2,46,--) (4.1.22)
_,B_n 1 an—29n On—4Yn—2 An—6¥n—4 Q173 _ .
In o o G Cndin 2 On 5 (n=3,5,7,--)
and
fn+2 o “In+2 On42Vn+4 OntdaVn+6 o (4 1 23)

fn B 5n+2_ ﬂn+4_ Bn+6_
By equating (A-I22) and (B123) and solving the resulting equation, we can obtain the

QNMs with overtone number n numerically.

4.1.2 Exact QNMs condition for extremal D3-branes

We study the solution to (B-13) by using the Exact WKB analysis. The coordinate z is
regarded as a complex variable and we keep 7 as a complex parameter, then (E-1H) becomes

the stationary Schrédinger equation (2221) on the Riemann sphere C* = C U {o0}.

Connection problem

Let us solve a connection problem for the Borel resummation of the WKB solutions to (E13)
on the complex coordinate z from z — 400 to the origin with arg(n) = 0. To illustrate the
problem, we temporary fix the parameters wlL = % — i% and [ = 0. The Stokes graph is
drawn in Fig.zZ=2.

The connection problem from z — +o0 to the origin is solved by continuing the solutions
starting from the Stokes region I, to Iuq and Iq to Ig. First, the regions I, and I,;4 are
separated by a Stokes line emanating from z, and having the positive orientation. Then,

by the formula (Z22338), the Borel resummation of the WKB solutions in the region I, and

I.iqa are connected as follows,

Bo[vi, ]G} _[1 —i Bo [¥Z ) () ) (4.1.24)

Bo [v2,0.] (2) 0 1)\ Bl

Next, the regions I,;q and Iy are separated by a Stokes line emanating from z3 and having
the negative oreintation. In order to apply the formula (22239), we have to change the

normalization of the solutions in the r.h.s. of (B-I24) as we have done in the derivation of
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Figure 4.2: The Stokes graph at wlL = == — 1—6, I =0 for arg(n) = 0. The sheet of the WKB
curve is taken so that Seven(2)dz has the positive sign. The orange points z; = —z4, 20 =
—23, 23, 24 are the simple zeros and 724,734 are the one-cycles on the WKB curve. The
blue point indicates the origin, which is an irregular singularity of the differential equation
(E13H). The black arrows on the stokes lines indicate the orientations of them (for the
negative orientation, the arrow points to the branch point along the Stokes line, and for the
positive orientation, the arrow points to the singular point.). The stokes lines going out of

the frame flow at z = oo, which is another irregular singularity of (E13).

the exact energy quantization condition in the chapter B (e.g. (B13)),

BO [wm Imld] (Z) 6—7730 [f;; Seven(z)dz] 0 BQ [ + Imld] (Z)

By [V, ] (2) 0 ol et [ B[y ] (2)
4.1.25)

—~

After that, the solutions in I,,;;q4 and in Iy normalized at z5 are connected as follows,

Bo [Vl () ) _ [(1 0) [ Bolvin) (2) ) (4.1.26)

BO [¢z3 Im1d:| (Z) v 1 BO [%S IO] (Z)

By multiplying (ET24)~(E128) and finally restoring the normalization of the solutions in

the r.h.s. of (BI28) from z3 to z4, we obtain the connection formula from z — +o00 to the

origin,

BO [¢Z4 IOJ (Z) _ 1+ 6’780 [2 f;; Seven(z)dz} i BO [¢+ } (Z) (4 ) 27)

Bo [¢5,0.] (2) o205 Sy [ By [yn ] (2)

The integral 2 f: Seven(2)dz is equivalent to the WKB period for the one-cycle 73 4 in Fig. A2,
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Therefore the connection formula (EZ1—27) can be expressed by using the WKB period,

Bo [1/’:;,100] (2) _ 1+ eBolMaa] By [@Z’Z;,Io} (2) , (4.1.28)
Bo [v2,,.] (2) ien®olsal 1 )\ By [vr,] (2)

The connection formula (B-T2R) is only derived at specific values of the parameters wl
and [. Therefore we need to discuss which the parameter regions our derivation is valid.
As a first step, let us consider what happen if we vary wl from wL = 13/10 — /16 to
wL = 13/10 4+ 6 (6 << 1). Fig.l23 shows the transition of the Stokes graph. The graph
[a] is the same as Fig.Z2. In the graph [b], the Stokes region I;q narrows but survives.
For this case, we obtain same connection formula as (BE128) because each formula for the
Borel resummation of the WKB solutions that we have used to derive (E128) only depends
on which two adjacent Stokes regions we connect and the orientation of the Stokes line
separating them. This example indicates that we obtain same connection formula (E-128) if
the Stokes graph has the Stokes regions Iy, I,,iq, [ regardless of their area. Conversely, we
do not obtain the connection formula (A-I28) in the case of the graph [¢] because the Stokes
segment connecting z3 and z, appears and the Stokes region I,;q is completely crushed.
Continuing to increase the imaginary part of wl, we obtain the graph [d]. The Stokes
segments in [c¢| are separated into two Stokes lines again by the saddle reduction of the
Stokes graph, but their position is inverted and there is no longer the Stokes region I,q.

As the example of Fig.BZ=3, if we continuously change the parameters wl and [, the Stokes
graph (and the triangulation of 3 mapped from the Stokes graph) may be discontinuously
changed by the saddle reduction and then the derivation of (-I28) is no longer valid. The
sign of the saddle reduction of the Stokes graph is to appear the Stokes segments as the
graph [c] in Fig.ZZ3. The set of two simple zeros which are adjacent to a same Stokes region
may be connected by the Stokes line. In the case of Fig.l2, the simple zeros z; and 29, 25
and z4, z3 and z4, 2; and z3 may be connected each other. By definition of the Stokes line
(22238), the conditions that these sets of the simple zeros are connected are given by the

following equations,

) / " 50 (2) d ) / Y8 (2)dz| =0, (4.1.29)

L z3 z1 .

&
I
&

2 [ 8 (2) dz 2 [ 8 (2)d=| =0, (4.1.30)
[ s =al2

L zZ4 z3 d

&
Il
&K
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19— zZ

I
/ 0 0 73 \ Y 7
[c] S(wL)=0 [d] S(wL) = +6

Figure 4.3: The deformation of the Stokes graph.

“ L 41— & Z4

where we have used the parity invariance So(—z) = Sp(z), which can be easily check from
(E1M), and z; = —z4, 23 = —z3. Each of the integrals can be expressed by the hypergeo-

metric functions,

“ [ +2)°
2/ So(2)dz = —m (1— (QL;ZLé)wL o Fy

3

*2 , [ +2)°
2/ So(2)dz =im (1—1— (2w2L)2 )wL o Fy

z4

. (4.1.31)

11 1 (1+2)°
_7_727_ 1-
22" 2 22 L2

111 (1+2)?
~. 22,201 : 4.1.32
2’2”2<+2w2L2>] (4.1.32)

(B1=31) and (B137) are local expressions but we can also obtain the expressions for other pa-

rameter regions by analytically continuing the hypergeometric functions. Dividing (E1T—29)
and (E2130) by (I + 2) and substituting (E13T) and (E132), we obtain the following con-

ditions,

(1+2)%\ wL
| — _
M [ g <1 2wrl? ) G+2) 20

111 (1+2)°
5525 (1 — g )” =0, (4.1.33)
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Figure 4.4: The orange line indicates the values of 25 L satisfying (B21-33) and the blue line
indicates the values satisfying (E1-34).

. (1+2)7°\ wL 111 (1+2)°
S lir [ 1 Fol = N |
”[”T< o Jary o T e

In these expressions, there is only one parameter wl/(l 4+ 2). Therefore we only need to

= 0. (4.1.34)

check which value of wL/(l + 2) satisfies (B133), (E134). We can immediately find that
(A133) is satisfied by wL/(l + 2) € R, which is consistent with the Stokes graph [¢] in
Fig.A3, and (B1-34) is satisfied by wL/(l + 2) € iR. Fig.l4 shows the points satisfying
(E133) or (E134). In FigA4, there are no points in the region R(wL/(l+2)) > 0 and
S(wL/(1 +2)) < 0, which includes wL = 13 —if=, I = 0. Therefore the derivation of (E128)
is valid for R(wL/(1 +2)) > 0 and \s(wL/(l + 2)) < 0 region, which includes the QNMs, at
least in the range depicted in Fig.Z4d. We can also check arbitrary value of wL/(l + 2) by

using (A133) and (E1=34).

Boundary conditions and an exact QNNM condition

The quasi-normal modes for the D3-branes are the discrete set of w at which the perturbation
satisfies the following two boundary conditions [68],

(i) Only outgoing wave exists at z — +00.

(ii) Only ingoing wave exists at z — 0.
The outgoing wave at z — +o00 is the Borel resummation of the plus signed WKB solution

By [, 1] (2). According to the connection formula (ET28), By [¢) | ] (2) is analytically



CHAPTER 4. QUASI-NORMAL MODES FOR D3/M5-BRANES 52

connected to z — 0 as follows,

By [v], 1] (2) = (1 + enBo[ngA]) Bo [vF 1] (2) —iBo [V, 1] (2)- (4.1.35)

The ingoing wave at z — 0 is the Borel resummation of the minus signed WKB solution

Bo [¢7,1,] (). Therefore to satisfy the boundary conditions (i) and (ii), the coefficient of

24,10
By [1},1,] (2) in the r.h.s. of (ET33) must to be zero,
1+ B[] = 0, (4.1.36)

Substituting 7 = 1 and taking the logarithm of (A-I=36), we obtain the exact condition for
the QNMs,

, 1
By [IL,,,] = 2mi (n + 5) : (4.1.37)

where n € Z>,. Without considering convergence of the asymptotic series, the asymptotic
expansion of the Borel resummation provides the all-order version of the Bohr-Sommerfeld

condition,

1
I,,, = 2mi (n + 5) . (4.1.38)

In [68,69], the r.h.s. of (A1538) is 27n instead of 2mi (n + 1). This mismatch comes
from the difference of the definition for Seyen(2). In this thesis, Seven(2) is an odd power of
n. On the other hand, in [68,69], Seven(2) is defined as an odd power of 1/wL. Therefore
Seven(z) in this paper is not the same ones in [68, 6Y].

The conditions (B1231) and (E1=38) has no exponentially small terms as the exact quan-
tization conditions for the double well potential (B2228), (B2224). From the point of view of

the resurgence, it indicates there are no non-perturbative contributions to the asymptotic

expansion of the QNMs for the D3-branes.

4.1.3 Computations of the QNMs for extremal D3-branes

In order to compute the QNMs from our conditions (E1-37) and (E1=3R), we first need
to evaluate the WKB period II,,,. The leading term has already been given by (BEI23T).

The higher order coefficients can be computed by applying the differential operator (Z2220)

to the leading term. To determine the differential operator, it is useful to transform the
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Schrodinger equation (B13). Under the following transformation,

V2’ (4.1.39)

the Schrodinger equation (B-1H) becomes the Mathieu differential equation,

ﬁQdd—; — A%cos(z) +u| ¥(x) = 0. (4.1.40)
(B12D) is also the quantum Seiberg-Witten curve for 4-dimensional N = 2 SU(2) super
Yang-Mills theory [44]. In the context of the gauge theory, u is the Coulomb moduli pa-
rameter, A; is the dynamically generated scale, and A is the deformation parameter in
the Nekrasov-Shatashvili limit of the (2-background. Under the transformation (E1=39),
it is shown that the WKB periods are invariant (Proposition 2.7 (b) in [25]). Therefore
computing the WKB periods for (B13) is equivalent to computing the WKB periods for
(2m). Up to 8th-order, the differential operator for the quantum Seiberg-Witten curve

for 4-dimensional N' = 2 SU(2) super Yang-Mills theory is given as follows (e.g. [45]),

(’)2 — ga_z + ig
120u? 24 0u’
O4zl(28u2 o' Bu & +§82)
27\ 45 Outr 3 OudP  30u?)’
1 (12403 85 158u% 95  153u 0 41 &
62?( 045 0w T 105 0w | 35 au4+ﬁ%)’
o _l( 127t 98 13¢° 07 51T O°  9539u 0 15229 84)
TR\ P xA7250u° | 175 OuT | 28 x 630ub | 2% x 9459uP | 27 x 1359ut )

(4.1.41)

After computing the WKB period by using the differential operator (A1), we have
to take the Borel resummation. To compute the Borel resummation by definition (22224),
we need an infinite number of the coefficients of the WKB period, but it is impossible
to compute them by the differential operator technique. Instead, we use the Borel-Padé

approximation,

By [IL,,,] ~ /0 h e ¢ [N/N]d¢, (4.1.42)

where [N/N] indicates the diagonal Padé approximation of order N for IL,,, .
Table 1 shows the numerical results of the QNMs. In the results of the Exact WKB
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n \ [ Leaver’s method Classical WKB Exact WKB (Borel-Padé)

010 1.369686 —0.503996: 1.369682 — 0.503993: 1.369686 — 0.5039961
1 2.091757 — 0.5017537 2.091756 — 0.501753:  2.091757 — 0.501753:
2 2.806287 — 0.5009817 2.806287 — 0.500981: 2.806287 — 0.500981+

1|0 0.682086 — 1.559933: 0.684094 — 1.565097: 0.682058 — 1.559998:
1 1.704812 — 1.518680; 1.704812 —1.518679; 1.704812 — 1.518680:
2 2.528152 — 1.5096557 2.528152 — 1.509655:  2.528152 — 1.509655:

o4

Table 4.1: Numerical results of the QNMs for the D3-branes. The first column is the results
of the Leaver’s method. The second column is the results of the all-order QNMs condition
(B123R), which is not taken the Borel resummation. The third column is the results of the
exact QNMs condition (B1=31) calculated by the Borel-Padé approximation.

method, we have used the diagonal Padé approximation of N = 4 case with 8th-order

coefficients of the WKB period.

We can also obtain analytic forms of the QNMs. The coefficients of the WKB period

IL,,, can be expanded at wlL = HTS as follows,

3,4

2
l
l+2) 3w (W - 2)

H(O):—27T(wL— 4
V3,4 \/§ 2\/§(l + 2)
2
2 _ 12
e _ T - 3T (wL \/5> - T <wL \/5) (41.43)
WEUSVR(I+2) 641422 256v2(1 +2)3 ’
2
_ 12 _ 12
w 1T 957 (wL — 52) 19597 (wL — 12)
A 2048v2(1+2)3  32768(1 +2)* 131072v/2(1 + 2)5
Then the all-order Bohr-Sommerfeld condition (EZ138) can be written as
- 1 0 2 4 . [+2\"
o (n . 5) —n0 41 e n® 4 =Y e, (WL -2 (4.1.44)

Inverting the series (E144) by using the Lagrange inversion theorem, we obtain an analytic

expression of the QNMs,

2 ) —a_alrieed) w2

\/5 1 C:f

In Table.Z2, we numerically compare the Leaver’s method and (-T23), where we have used

up to 8th-order coefficients of the WKB period and 16th-order of (E1-45).

(4.1.45)
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n \ [ Leaver’s method (B12m)

00 1.369686 — 0.503996: 1.369682 — 0.503993:
1 2.091757 — 0.501753; 2.091756 — 0.501753:
2 2.806287 — 0.500981: 2.806287 — 0.500981:

110 0.682086 —1.5599337 0.682296 — 1.559289:
1 1.704812 — 1.5186807 1.704812 — 1.51867%
2 2528152 — 1.5096557 2.528152 — 1.5096557

Table 4.2: The numerical results of (E-1T43).

In the large n limit, which corresponds to |wL| > (I 4+ 2) limit, the leading order

approximation (or the classical WKB approximation) is valid,

_ 1
Q) = 2mi (n + 5) : (4.1.46)

In this limit, the leading term of the WKB period (E-1=31) becomes

11 1
0) _
N0, = —rwl o Fy {5, 52 5} . (4.1.47)

Substituting (E141) into (A148) and rearranging the equation, we obtain the QNMs at

large n,
2 (n + %)
A 5525

212942

wL = —i (4.1.48)

In some black hole geometries, it is known that the real part of the QNMs in large n
limit is proportional to the entropy of the black hole (e.g. 4d Schwarzschild BH [77],
4d Schwarzschild BH and 4d Reissner-Nordstrom BH [78], d>4 Schwarzschild BH and 4d
Reissner-Nordstrom BH [[79]). It is also true for the present case (E148) because the ex-

tremal D3-brane metric (B211) has no event horizon and therefore the entropy is zero [R0].
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4.2 Massless scalar perturbation to extremal M5-branes

4.2.1 E.O.M. and QNMs for scalar field in extremal Mb5-brane

metric

The geometry of a stack of the extremal M5-branes is given by the following line element [§1],

ds®> = A(r)~1/3 (—dt? +dai + -+ da?) + A(r)?? (dr* 4 r2d€) (4.2.1)
where A(r) =1+ f—;, R is a positive real parameter, (t,z1,--- ,x5) are the coordinates on

the M5-branes world-volume, r is the radial coordinate and d€)3 is the metric on S* in the
bulk of the M5-branes. We consider a massless scalar field ® in this background obeying

the E.O.M.:
1
o = \/—__g(?M (\/ —ggMNGN) b = O, (422)

where gy (M, N =0,1,---,10) is the metric given by (E221) and g = det gp;n. Under
the separation of the variables, the solution to (E=22) takes the form

O = e TR TAG Y (), (4.2.3)

where )! () is the spherical harmonics on S* obeying Ag: ). (0) = —1(1+3)V,(0), 1
and m = (my,mg, m3) are integers satisfying |m;| < my < mg < [ and 6 denotes the
angular coordinates on S*. The radial part ¢(r) of ® satisfies the second-order differential

equation [i74],

ad o4 d (wR)* 1(I+3) e L
{p af ap T T p ] ¢(p/w) =0, (p=wr) (4.2.4)

where w = VE? — k2. Introducing z by p = wRz and 9(2) by ¢(p/w) = (wRz)"?y(z),
(E=22) becomes the Schrodinger type differential equation,

[~ ) - @ala)] vl = (4:2:5)
with 2 s o2
ey = - EH U = o= L (1.26)

and 7 = 1. We keep 7 as a complex parameter.
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Qo(2) + Q2(2)

Figure 4.5: A potential graph of Qo(2) + Q2(2).

WKB approximation for extremal D3-branes

At large [, the QNMs can be determined from the Bohr-Sommerfeld quantization condition

[43]7

1

/Z o) 0a ) = i (n + 5) | (4.2.7)

where n € Zs( and z1 are the turning points satisfying Qo(z+) + Q2(z+) = 0 (Fig.E3). At
large [, the turning points close each other and the Lh.s. of (EZIZ1) can be integrated by
approximating Q(z) + @Q2(z) by its expansion at the maximum point z. (Fig.ZH). Then

(E12) reduces to
QO(ZC) + QQ(ZC> _iln 1
V2 (Q4(z) + Q5(zc)) B ( + 2) ' (4.2.8)

The condition (EZZR) can be solved perturbatively with respect to the imaginary part of

wR. Up to the linear order, one finds

o= P2 (2 L2 (). 129)

The formula (=29) indicates that the real part of the QNMs only depends on [ and the

imaginary part only depends on n in the large [ region.
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Leaver’s method for extremal Mb5-branes

By substituting z = (1 — z)/z, (E010) and (E113) into (A=ZH), we obtain a seven-term

recurrence relation

aof2 + Bofi +70f0 =0,

a1 f3 + Bufo+1f1 + 00 fo =0,

afs+ Pafs +yefo+01fi + e fo =0,

asfs + B3 fa+y3fs + 02f2 + €1fi + pofo =0,

-2 fn + Bo-2fu-1+ Yn-2fn-2+ On-3fa-3 + €n-afo-a+ pn—s5fu-s5+ On-sfa6 =0, (n>6),

(4.2.10)
with coefficients
= 1(1+ )(2+n)
a, = 6l n n),
1
= (1
b = (L),
1 1 5 3l I wR (wR)?
= (-1 “n—i eIt
Vn 16( +n)n~|—4n zan+8+4+4 5 5
(4.2.11)

1

Op = —5(—1 +n)n —n + dinwR — g — 3l — I* + 2iwR + 3(wR)?,
1

€n = Z(—1 +n)n — 4inwR + 2 + 31 + I — 2iwR,

pn=(=1+n)n+4n+ 2,
op=—(—14+n)n—4n —2.

(E=21M0) cannot be reduced to a three-term recurrence relation by using the gaussian elim-
ination. Therefore we cannot use the Leaver’s continuous fraction method to (=23). We
also tried to calculate the QNMs by computing the determinant of the coefficient matrix
of the equations (E=210) directly, but we were not able to obtain the results with enough
convergence. According to these reasons, it is thought that the Exact WKB analysis is a

convenient tool to study the QNMs for the M5-branes.
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4.2.2 Exact QNMs condition for extremal M5-branes
Stokes graph

First, we discuss generic properties of the Stokes graphs of the model. Let zq, 29, 23 be the
zeros of QQo(z) ordered as R(z1) < R(z9) < RN(z3). We assume 2y, 29, z3 are simple zeros.
The three Stokes lines then emanate from each zero. The endpoints of the Stokes lines
are on either zy, 29, 23,0, 00. By substituting the explicit form of py(z) = \/Qo—(z) into the
definition of the Stokes lines (Z23@) and dividing by the real parameter [ + %, one finds
that (2-2230) depends on only the combination of the parameters wR/ (I + 2) and 7.

The Stokes graphs can be classified according to how the Stokes regions are adjacent to
each other (or which triangulation of ¥ the Stokes graph is mapped). If we continuously
change 6 = arg(n), the state of the adjacent of the Stokes regions may be discontinuously
changed at specific values of arg(n). We refer the discontinuous change of the Stokes graph
as saddle reduction [25]. We specify when this saddle reduction occurs with respect to the
value of wR/ (l + %) instead of arg(n). The sign of the saddle reduction is to appear the
Stokes line that connects two zeros of Qy(z). By definition of the Stokes lines (P22238),

the parameters at which two of 21, 29, 23 are connected can be determined by the following

equations,

i o .
3 ew/ po(z)dz| =0, (4.2.12)
L Z1 J
- -
R ew/ po(2)dz| =0, (4.2.13)
L z2 J
S -
) 6“9/ po (2)dz| =0. (4.2.14)

The integrals in the square brackets are the elliptic integrals and can also be expressed by

the hypergeometric function [62,82],

= 3 11 27wO RS
dz=1im |+ = Fi|l—, =1, —— 4.2.15
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Figure 4.6: The parameters satisfying (-212)~(E=214) at arg(n) = 0. The orange line
indicates the value of wR/ (I + 2) satisfying (I2T3). The blue line, which is drawn on

arg(wR) = —%, indicates the value satisfying (E=21d). There are no points satisfying
( 4(+3)°
wwR(l— 27w62RG ) 5 5 (1+2) -
2 _W 2F1 [6’ 672 1 27w6R6:| (_E S arg<WR> S O) )
+3)
po(2)dz=1< .  mwR(1-3002% L 3y6
/22 lespo(z)dz_elg% 2F1 [6’6’2 1_2(7:6526:|
\ (=5 <arg(wR) < =),

(12.16)
/: po (2)dz = — /Z:S po (2) dz + /j po (2)dz. (izii)

These are local expressions but we can also compute each integral for other parameter regions
by analytically continuing the hypergeometric function. By substituting (E=215)~ (E=211)
into (A7)~ (E=214), we can determine the values of the parameters occurring the saddle

reduction. Fig.I8 shows the values of wR/ (I + £) satisfying (A212)~(E214) at arg(n) = 0

in a range. Fig.A@ indicates that the Stokes line connecting z; and 2, appears at arg(wR) =

—%. Therefore the state of the adjacent of the Stokes regions is discontinuously changed

between —% < arg(wR) <0 and —%5 < arg(wR) < —7%.

Let us see examples of the Stokes graphs. Fig.Z71 shows the Stokes graph for arg(n) =0
and wR/ (l + ) =z - 230, which is in the region —% < arg(wR) < 0. For arg(n) = 0 and
—3 < arg(wR) < 0, the Stokes regions are adjacent each other in the same way as Fig.Z—1



CHAPTER 4. QUASI-NORMAL MODES FOR D3/M5-BRANES 61

Figure 4.7: The Stokes graph for arg(n) = 0 with wR/ (l + %) = % — ’i%. The sheet of ¥

is taken so that Peen(2)dz has the positive sign. The orange points 21, 22, z3 are the zeros
of Qo(z). The blue point is the origin. The red dashed lines are the branch cuts. The
black lines are the Stokes lines and the black arrows show the orientation (for the negative
orientation, the arrow points to the zeros of Qy(z) along the Stokes line, and for the positive
orientation, the arrow points to the singular point). The stokes lines going out of the frame
flow at z = co. The gray regions named I, L,iq, [y are Stokes regions.

(for example, the Stokes region I, is adjacent to I,iq, and I,q is adjacent to Iy.).

Fig. A8 shows the saddle reduction at arg(wR) = —% with [wR/ (I 4+ 3) | =|% —iZ|. In
the graph [a], the state of the adjacent of the Stokes regions does not change from Fig.B=2 (the
Stokes region I, is adjacent to I,;q, and Iyq is adjacent to Iy). In the graph [b], two Stokes
lines emanating from z; and zy overlap and become one Stokes line connecting z; and z,.
Continuing to decrease arg(wR), we obtain the graph [c|] and [d]. In these cases, the Stokes
line connecting z; and z, in [b] separates again but their positions invert. The new Stokes
region Luia then appears between 1,4 and I. For arg(n) = 0 and —§ < arg(wR) < —%, the

Stokes regions are adjacent each other in the same way as [c] and [d] in Fig.A8.

Connection problem

We solve the connection problem of the Borel resummed WKB solutions for arg(n) = 0 from

z = 00 to the origin based on the Stokes graphs.
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4] - <argwR) < —%

Figure 4.8: The saddle reduction of the Stokes graph.

Connection problem for —% < arg(wR) <0

For —% < arg(wR) < 0, we obtain the Stokes graph of the type Fig.&d. The connection
problem from infinity to the origin is solved by computing the connection of the solutions
from the Stokes region I, to Iq and I;q to Ip. Between I, and I,;q, there is a Stokes
line emanating from z3 and having the positive orientation. Then it is shown that the
Borel resummed WKB solutions in the regions I, and I,,;q are connected by the following

connection formula,

BO [1/}337100} (Z) _ I — BO [sz,lmid] (Z) : (4.2.18)

Bo [v1.](2) 0 1 By [V 1,.]) (2)

+
23,100

where we have denoted the solutions in I, as v (z) (£ in the superscript is the sign
of £P.yen(2)dz and z3 in the subscript is the normalization point), and the solutions in
Lhiq in the same way. Next, between I,,;q and Iy, there is a Stokes line emanating from z,

and having the negative orientation. In order to apply the connection formula, we need to
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Figure 4.9: The one-cycles on . The red dashed lines are the branch cuts. The solid
segment in each cycle lies on the sheet of X on where Pyepn(2)dz has the positive sign. The
dashed segment in each cycle lies on the sheet of ¥ on where Pyen(2)dz has the negative
sign. The arrows on the cycles indicate the orientation.

change the normalization of the solutions,

Bolwt, ] () [ el Pt 0 Bo [v5,.] (2)
By [¥5,..] (2) 0 ol Poen@z] )\ By [y, T(z) )
(4.2.19)

where we have used the property that the Borel resummation commutes with addition and
multiplication (E2227). After changing the normalization, the solutions in I,;q and Iy are

connected as follows,

Bo Wil )} _ (10} [ Bolvinl ) ) (4.2.20)
Bo [V, 1,4 (2) i1 )\ Bo[vn] (2)

By multiplying (EZIR8)~(E=Z20) and finally restoring the normalization of w;lo in the

r.h.s. of (B2220) from 2, to 23, we obtain the solution of the connection problem for —% <

arg(wR) <0,
5, W;,Im] @\ [+ G50 [2/23 Peven(2)d2] — Bo | ;’IO] (2) (4.2.21)
BO [¢;,,Iw] (Z) iGnBO [2 fzz23 Peven(z)dz] 1 BO [1/)2_3710} (2) . 2.
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Figure 4.10: The Stokes graph for arg(n) = 0 and —§ < arg(wR) < —3%.

The integral 2 f;;’ Poven(z)dz is equivalent to the WKB period for the one-cycle 93 in Fig.A 9.
Therefore (I=2211) can be expressed in terms of the WKB period,

Bo[uf, ] () ) _ (el <) (BRL)@ ) 0
By [V, (2) el ) B[] (2)

Connection problem for —7 < arg(wR) < —7%

For —% < arg(wR) < —%, we obtain the Stokes graph of the type [c] and [d] in Fig.Z8. The
orientation of the Stokes lines and the branch cuts on X is drawn in Fig.BT0.

We will solve the connection problem of the Borel resummed WKB solutions from infinity
to the origin. Around z = 0, the exponential factor of the WKB solutions (ZZ213) can be

approximated as

wR (3 +1)— (1+3)2 , 1
/So(z)dz:i/\/( S ( :)5 (+3) dZNin/ngZ: —2iwRz"2. (4.2.23)
z
Therefore, the WKB solutions around the origin behave as
+ F2i98
YT ~eT VR, (4.2.24)

When arg(z) = 2arg(wR), ¢~ becomes the pure ingoing wave at the origin. For —% <
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arg(wR) < —%

5, we take the solution in the region Iy in Fig.ZT0 so that the boundary

condition at the origin is satisfied. Similarly, around z = oo, we obtain

/Sg(z)dz ~ in/dz = iwRz, (4.2.25)

and
PE ~ ez (4.2.26)
When arg(z) = —arg(wR), ¥ becomes the pure outgoing wave at infinity. For —F <
arg(wR) < —3%, we take the solution in the region I in Fig.ET0 so that the boundary

condition at infinity is satisfied.

The connection problem from infinity to the origin is solved by computing the connection
of the solutions from I, to L,;q, L to imid, and imid to Iy successively. The connection
formula from I to I,q is same as (E22Z18). Changing the normalization of the solutions
from z3 to z9 has also already given by (A=219). The connection formula from I,,;4 to [

is given by (E=220) with replacing Iy in the r.h.s. to Lid,

Bo [V ) (10 BO[ +1d] () . (4.2.27)
Bo [V5 1) (2) i1 )\ Bl |

To compute the connection from Tmid to Iy, we need to change the normalization of the

solutions from z, to zq,

By [ :_Z,Lnid:| (Z) B 6—77130 |:fz212 Peven(Z)dZ] 0 By |:¢;’—17imid:| (Z)
B, [w;imid} (2) a 0 150 [ J2 Peven(z)dZ] By [w;jmiJ (2)
(4.2.28)

Between I;q and Iy, there is a Stokes line emanating from z; and having the negative

orientation. Then the solutions are connected by the following formula,

By vl
Bo [¢_

21,1 mia

(2) (10 By W;,Io} (2) ' (4.2.29)

(Z) i1 By W;IO} (z)

| SN | S
|

By multiplying (-218), (A=219), (=2Z0)~(B=229) and finally restoring the normalization

of ¢zi1,10 in the r.h.s. of (B2229) from z; to z3, we obtain the solution of the connection
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problem for —7 < arg(wR) < —3%,

nBo [2 IZZQ Peven(z)dz} nBo [2 fzz3 Peven(z)dz] .
BO |:z/}2,’3 Iooi| (Z) 1 + 1 te ' ¢ ’ ! BO [w% Ioj| (Z)

By |:¢Z3 1) (2) i14e™ [2027 Poven(2)2] et [2/33 Peven(2)et] 1 Bo wzg ) (2)
(4.2.30)
The integrals 2 f Pryen(2)dz and 2 f;f Peven(2)dz are equivalent to the WKB periods for
the one-cycles 723 and 72 in Fig.A9, respectively. Therefore (B2230) can be expressed in
terms of the WKB periods,

B, [¢23 Ioo} (2) 14+ <1 + enBO[H’YlQ]) 67130[1_[723] —1 By [w;,lo] (Z)

B, [1/123 IOJ (2) i <1 + enBo[Hm]) enBo[Hm] 1 B, [1#;3,10] (2)

Boundary conditions and exact QNM conditions

We impose the boundary conditions (i) only outgoing wave exists at z — +oo and (ii) only
ingoing wave exists at z — 0 on the Borel resummed WKB solutions. The outgoing wave

at z — +oo is By [¢F ;] (2). According to the connection formulae (B-222) and (E=2-31),

23,100

By [¢Z3I ] (z) is connected to the origin as follows,

1+ enBO[H723]> BO [wzs Io] ( ) o ZBO [wZS Io] (Z) (_E < arg(wR) < 0) ’

By [v51.] (2) = (1 + (1 + G"BO[H“Z]) 67780[11723]) Bo [¢7, 1, (2) = iBo [¢7, 1] (2)

(=% < arg(wR) < —%).
(4.2.32)

The ingoing wave at z — 0 is By [wg&lo} (z). Therefore to satisfy the boundary conditions,
the coefficients of By [¢F | ] (2) in (E2Z32) need to be zero,

14+ enBO[H'YQS] =0 (-% <arg(wR) < 0) )

4.2.33
1+ (1 + 67750[1_[712]) 67730[1_1723] =0 (_g < arg(wR) < _g) . ( )

Taking the logarithm of (B-2233) and substituting n = 1, we obtain the following conditions,

By [IL,,,] = 27i (n + 3) (—% <arg(wR) <0),

4.2.34
By [IL,,,] + log <1 + GBO[H””]) =2mi(n+3) (-3 <arg(wR) < -%), ( )
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where n € Zsg. The conditions (E=2234) are satisfied by discrete sets of w, which are the
quasi-normal modes for the massless scalar perturbation in the extremal M5-brane metric.
Without considering convergence of the asymptotic series, the asymptotic expansion of

(E=234) provides the following conditions,

IL,,, = 2mi (n+1) (

— rg(wR) <0) ,
1—[723 + 10g (1 + en“/lz) = 21 (TL + %) (_

<
* (4.2.35)
< arg(wR) < —%) .

oy @A

The first condition of (B2237) is the all-order extension of the Bohr-Sommerfeld condition

We present some comments for (B22233)~ (E=2-33) from the point of view of the resurgence.

First, the two QNMs conditions are continuous. Let us see the transition of the Stokes graph
with rotating arg(wR) and arg(n) (Fig.Zl). From the graph [a] to [b] in Fig. AT, arg(n) is
rotated from arg(n) = 0 to arg(n) = —J while arg(wR) = —m/3+9 is fixed. At an argument
arg(n) = —p (=0 < —p < 0), the Stokes line connecting z; and z; appears and the saddle

reduction happens. Then the Borel transformation of the WKB period II,,,, whose one-cycle

Y23
~93 intersects with the Stokes line connecting z; and 2o, has a singularity on the complex
&-plane in the direction arg(§) = +¢. If we rotate arg(n) as crossing arg(n) = —¢, the
integration contour of the Borel resummation for II,,, collides with the singularity on the
complex &-plane. To ensure the analyticity in 1 of the Borel resummation, we must take the
contribution from the integration contour encircling the singularity into account. Then it
is shown that the WKB period is connected as follows (theorem 2.5.1 of [23], and theorem
3.4 of [29]),

enB—‘P—[HVm] = (1 + enB—W[H"le]) M-+ [ng]‘ (4'2'36)

From the graph [b] to [c] in Fig.lTd, arg(wR) is rotated from arg(wR) = —7/3 4+ § to
arg(wR) = —m/3 — § while arg(n) = —0d is fixed. Finally from the graph [c] to [d], arg(n)
is rotated from arg(n) = —0 to arg(n) = 0 while arg(wR) = —7/3 — § is fixed. During [b]
to [d], the saddle reduction does not happen and therefore the r.h.s. of (B2238) does not
change discontinuously. In summary, Fig. &1 indicates e [Tos] for —3 < arg(wR) <0
and (1 +e”BO[H”12]) B0 [Mas] for -5 < arg(wR) < —% with arg(n) = 0 are continuous.
Therefore the two conditions in (I=233) are also continuous.

Next comment is about the non-perturbative property of the QNMs. Calculating the
QNMs from the conditions (E22233)~(B=2238), one finds the term e 2] iy the conditions
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[a] arg(wR) = —g +0 (6 <1), ag(n =0 K~ [b] arg(wR) = —g +4, arg(n)= -4
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[c] arg(wR) = 7% -6, arg(n) = -9 d]arg(wR) = —% -4, arg(n)=0

Figure 4.11: The transition of the Stokes graph with rotating arg(wR) and arg(n). The
graph [a], [d] are same as [a], [d] in Fig.A 8, respectively.

for - < arg(wR) < —% is exponentially small. We can also find this type of exponentially
small terms in the study of the energy quantization conditions for resurgent quantum me-
chanics (e.g. [27,81,[71-73]). In these cases, the exponentially small terms arise from the
tunnel effect and produce the instanton contributions to the asymptotic expansion of the
energy eigenvalues. The conditions (B=233)~(E—2233) imply that the QNMs in the region
—% < arg(wR) < —% have such an instanton contribution.

Following the argument for the non-perturbative property, the continuation for the
QNMs conditions (EZ2238) can be seen as that the discontinuity of the perturbative part
is leading the non-perturbative part of the QNMs.

4.2.3 Computations of the QNNMs for extremal M5-branes

In this section, we will numerically and analytically compute the QNMs by using the con-
ditions (A=2233)~(E—2333). We first compute the WKB periods. The leading order contribu-
tions of the WKB periods are given by two times (E=213)~(E=2T1). To compute the higher

order contributions, it is useful to transform the equation (E=2H). Under the following
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transformations,

1 3\ 2 Ay
77_7? (l+§) = u, wR-z;,

(4.2.37)
2= (VA/2)e", (a(2)) = (VA/2) e U (a),
the equation (E=Z3) becomes as follows,
d? 1 : 1 8 .
2 — A3 4 AZe | W(x) =0, 4.2,
{h da:2+u+16 e+ 5Afe } () =0 (4.2.38)

(A23R) is the quantum Seiberg-Witten curve for 4-dimensional N = 2 SU(2) supersym-
metric QCD with a massless fundamental matter [46]. In the context of the gauge theory,
u is the Coulomb moduli parameter, A; is the dynamically generated scale, and h is the
deformation parameter in the Nekrasov-Shatashvili limit of the Q-background. (B=237) is a
new example of the Seiberg-Witten/gravity correspondence [57-69]. Under the transforma-
tion (E—2231), it is shown that the WKB periods are invariant (Proposition 2.7 (b) in [23]).
Therefore computing the WKB periods for (A=23) is equivalent to computing the WKB
periods for the quantum Seiberg-Witten curve (22238). The higher-order contributions of
the WKB periods for the quantum Seiberg-Witten curve can be computed by applying

differential operators with respect to u to the leading order contributions [486],
18" = 0,, 1117, (4.2.39)

Up to 4th-order, the differential operators are given as follows,

1 0? 0
OQ‘E(QU%+%)’
1

4.2.40)
4 3 2 (
Oy=—— (2&38— + 124ua— + 818—) .

~ 1440 out ous ou?

After computing the WKB periods, we take the Borel resummation of them. In this

paper, we use the Borel-Padé approximation,
By [IL,] ~ / e ¢ [N/N]d¢, (4.2.41)
0

where [IV/N] is the diagonal Padé approximation of order N for the Borel transformation

of the WKB periods.
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%(WR) arg (wR) = —g

Figure 4.12: The numerical values of the QNMs calculated from the exact conditions

(EZ34). The upper right points from the line at arg(wR) = —% are calculated by the

condition for —% < arg(wR) < 0 of (E223d), and the lower left points are calculated by the
condition for —§ < arg(wR) < —3.

Fig. BT shows the numerical values of the QNMs calculated from the exact conditions
(E=234), where we have used up to 4th-order of the WKB periods and the diagonal Padé
approximation of order 2. In Fig.BT2, the QNMs for [ < n are located in arg(wR) < —%
region. With fixed [, the imaginary part of the QNMs becomes small as n increases. The
polarization modes with k = 0 of the scalar field then get to decay at ¢ — 400 quickly.
We also compare the results of (B22234) with the large [ expression (B229) in Table.BZ3. At
n =1 and [ = 0, the argument of the numerical result of (B22234) is smaller than —% while
the argument of the result of (E=24) is larger than —%. This result indicates that we need
to use the second condition in (E=2234) to calculate the QNMs in arg(wR) < —7% region (or

[ < n region).

Fig. B T3 shows the real part of the QNMs with [ = 5 calculated from the exact conditions.
The behavior of the real part of QNMs changes between arg(wR) > —% and arg(wR) < —3.
The QNMs with other [ show the same behavior. We can find similar behavior of the real
part of the QNMs in the case of Kerr-BH [83], where the QNMs are numerically calculated
by using the general Heun function. We expect that the change of the behavior of the QNMs
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® arg(wR) > —%
4t arg(wR) < —’;T
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Figure 4.13: The real part of the QNMs with { = 5. The blue points are calculated by the
condition for —% < arg(wR) < 0 of (AZZ334), and the orange points are calculated by the
condition for —% < arg(wR) < —%

for Kerr-BH can also be explained by the change of the exact conditions.

By using the Padé approximation, one can numerically check the singularity of the Borel
transformation of the WKB period. For example, at wR = exp (—z% + il—(l)o) and [ = 0, we
find that the diagonal Padé approximation of order 2 for the Borel transformation of II

with 4th-order coefficients has a singularity at & = 1.797240 + 0.320820s.

Y23

Analytic expressions of the QNMs can also be obtained in parts. For —% < arg(wR) <0,

¥5(143
the coefficients of the WKB period H%g can be expanded at wR = %,
5 <wR —W”?))z
V2 (1+32 R
10 = —9%3\/3x [ wR — va(i+s) + e
Y23 \/3 25/3 (l + %)
35(143
257 (wR - ﬁ(g?)) 3251 ( >
H(z) _ 5 _ _
om203) 288 (VavE(i+3)T) 1068 (22 1+ 3)
_ () ERECEIAN
W 90471 N 335657 (wR 7 15605037 | wR .
b 746496 (1+3)°  5971968v2v/3 (1 + &) 71663616 <22/3 (1+ ) )

(4.2.42)
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n|l (B=2=32) —% < arg(wR) (E=3) —% <arg(wR)
0|0 1.057134 — 0.365624: True - 1.028721 — 0.363707: True 3
1 1.798272 — 0.364387: True 1.781797 — 0.363707% True
2 2.531500 — 0.364053: True - 2.519842 — 0.3637071 True
1|0 0.506956 — 1.023014: False - 1.028721 — 1.091123: True
1 1.535914 — 1.086901¢ True 1781797 — 1.091123: True
2 2.351632 — 1.089620: True 2.519842 — 1.091123: True

Table 4.3: Numerical results of the exact conditions (E22234) and the large [ expression
(E=Z9). The fourth column indicates which the numerical values of the third column satisfy

—% < arg(wR) or not, and the sixth column indicates which the numerical values of the

fifth column satisfy —% < arg(wR) or not.

Then the first condition of (B22233) can be expressed as,

- ey
270 (n + 5) HEQ)S + Hm 723 Z Cm (w —i | (4.2.43)

Applying the Lagrange inversion theorem to (E=243), we obtain an analytic form of the
QNMs for —% < arg(wR) <0,
V2(1+3) 2mi(n+3)—c o@ri(n+l)—c)?

woR = 27 4 2 — doeee 4.2.44
73 - 3 ( )

Table.I4 shows some numerical values of the QNMs calculated by the first condition in
(72334) and (E2244), where we have used up to 4th-order of the WKB period and 8-th
order of (E—=244).

To obtain an analytic form of the QNMs for arg(wR) < —% as (E2Z44), we also need

¥5(14.3
to expand (E=2TH). But the expansion of (-Z13) at wR = ﬁ%@) has the logarithm term
35(14-3
log (wR — \/QS;;Q) and therefore we cannot compute the inverse series. We need another

computational method to obtain an analytic form for arg(wR) < —¢.

In the large n limit, which corresponds to |wR| > (I + 2) limit, the leading order

approximation is valid,

H%ﬂl =2mi (n+3) (—% < arg(wR) <0),

1O 4 tog (14 M) — omi (1) (o2 < o (4.2.45)
Y23 g(l+ete) =2mi(n+3) (-5 <arg(wR) <—3%).
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n \ [ (E=23a) (a=Z2a) —& < arg(wR)
00 1.057134 —0.365624: 1.057103 — 0.365624: True

1 1.798272 — 0.364387: 1.798270 — 0.364387: True

2 2.531500 — 0.364053: 2.531500 — 0.364053: True
111 1.535914 — 1.086901z 1.536070 — 1.087184: False

2 2.351632 — 1.089620: 2.351638 — 1.089638: True

Table 4.4: Numerical results of the first condition in (322234 and (B=224)). The fifth column
indicates which the numerical values of the third and fourth columns satisfy —% < arg(wR)
or not. The result of ((Z44) at n = 1, [ = 1, which does not satisfy —% < arg(wR), has
lower precision than the other results.

0)
0 as we neglect the tunnel effect

In addition, we can neglect the exponentially small term e
at the large energy classical limit in quantum mechanics. Then two conditions in (E—223)
reduce to a single condition,

1
0 = 2 <n + 5) : (4.2.46)

At [wR| > (I + %), the potential function Qo(z) is approximated as Qo(z) = —(wR)QZi—f{l.
The solutions to Qy(z) = 0 then become z; = —1, 2o = €73, 23 = €'5. Now Hgg%,, can be

expressed as

e 3
©) _ o 2+1 B TwR 55
I, = 2iwR /e—i%% = dz = m o Fy 66 2,1]. (4.2.47)

Substituting (E=247) into (A=248), we find that the QNM at large n is pure imaginary,

2v/2v/3 1
wR = —i {;/_ <n + —> . (4.2.48)
2F1 [5767271] 2

In some black hole metrics, it is known that the real part of the QNMs at large n is
proportional to the entropy of the black hole (e.g. [A0,7-79]). The entropy of the extremal

Mb5-brane metric (E221) is zero because it has no event horizon. It is consistent with the

real part of (A-Z4R) is zero.

Summary

In this chapter, we have studied the QNMs spectral problem for the massless scalar fields
in the extremal D3/Mb5-branes background by using the Exact WKB analysis. We have
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derived the exact QNMs conditions written in terms of the Borel resummed WKB periods.
The QNMs computed from the exact conditions are consistent with the classical WKB
approximation and the Leaver’s method. We have also found the transformation of the
E.O.M. for the massless scalar fields to the quantum Seiberg-Witten curves for 4-dimensional
N =2 SU(2) supersymmetric gauge theories. For the M5-branes case, the exact conditions
have shown that the discontinuity of the perturbative part of the QNMs leads the non-

perturbative part of themselves.



Chapter 5

TBA equations for quantum

mechanics

In this chapter, we review the TBA equations governing the Borel resummed WKB periods
for arbitrary polynomial potentials and Central-Centrifugal potentials. The discontinuity
and the classical limit of the WKB periods form the Riemann-Hilbert problem and the
TBA equations are given as a solution to the problem. Combining with the exact energy
quantization condition, we show that the TBA equations calculate the spectrum exactly.

This review chapter is based on [2R,47].

5.1 Arbitrary polynomial potentials

5.1.1 Discontinuity of WKB periods for arbitrary polynomial po-

tentials

We consider the Schrédinger equation on the Riemann sphere C* = CU {oo} with arbitrary

polynomial potentials with degree r + 1,

[% - 772Q0<Z)} ¥(z) =0, (5.1.1)
with .
Qo(2) =V(z) = E=) a.z" — E, (5.1.2)

75
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\ zr—2 Zr—l/—\zr G o

Figure 5.1: An example of the potential V' (z) on the real z-axis.

where we take a, as a real parameter and fix a,y; = 1. The WKB curve for (610) is a
hypergeometric curve describing a Riemann surface with genus g = [r/2].
Let us consider the parameter region in the moduli space of the WKB curve where all

the simple zeros are real. We name the simple zeros so that
21 < 2o < - < Zpgq. (513)

Fig. b shows an example of the potential graph on the real z-axis and the simple zeros.

On the real z-axis, r intervals appear,

[Zi,ZiJrl], 1= 1,2,"' , T (514)
The intervals for ¢ = r,r — 2,7 — 4,--- are the classically allowed intervals, and for i =
r—1,r—=3,r =5, - are the classically forbidden intervals. We denote ~; ;1 as the one-

cycle encircling the interval [z;, z;11]. We also choose the branch cuts and the orientation of

the one-cycles so that

Miit1 = ng??M =1 ]{ So(z)dz (for the classically allowed intervals) (5.1.5)
Yi,it1
and
M1 = —Hg??i+1 =— 7{ So(z)dz (for the classically forbidden intervals)  (5.1.6)
Yi,i+1

are real and positive.
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Yr—5,r—4 [Vr—4,r—3| Vr—3,r—2 7r—2,r—1 Yr—1,r Yr,r4+1
A | A \
o o o —‘——) R \l-—»——) _—— \L——<——\ —_—— _I_+
S —— | ~—— ~—" ,

Figure 5.2: The Stokes graph at arg(n) = 0 for arbitrary polynomial potentials with all the
simple zeros are real.

For arg(n) = 0, the Stokes graph is given by Fig.52. Because of the definition of the
Stokes lines (Z22238) and (B1), the Stokes segments lie on the classically forbidden inter-
vals. Then, by the Delabaere-Pham formula (22250), the WKB periods for the classically
forbidden intervals have no discontinuity for the direction arg(n) = 0 and the WKB period

for the classically allowed intervals have the following discontinuity,

e”Bof[H%‘,iH] — B0+ [H”Vi,i+1] (1 + eBo [H%—l,i]) (1 + e'Bo [H%‘+1,i+2]> ’ (’L =rr—2-- )
(5.1.7)
where we define ¢"¢[Mo1] — ¢Be[Mi1rie] — (.
For arg(n) = m, we obtain the Stokes graph Fig.52 with opposite orientation because,
by the definition of the Stokes lines (22238) and their orientation (P2=237),

S [e” / Sy (2) dz’} = -9 U Sy () dz’] =0&9 U Sy (2') dz’] =0, (5.1.8)

R [e” / So (2') dz’] =R U So (2) dz’} : (5.1.9)

Therefore, by the Delabaere-Pham formula (22250), the WKB periods for the classically

and

forbidden intervals have no discontinuity for the direction arg(n) = 7 and the WKB period

for the classically allowed intervals have the following discontinuity,

1 -1
ean—[Hwi,i+1] — 671877+ [H'yi7i+1] (1 + e*T]Bw[H'yi,Li]) <1 + 6*7787\— [H%+1,¢+2]) ) (Z =rr— 2’ . )

(5.1.10)
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The Stokes graph also has the Stokes segments in the direction arg(n) = £7/2 because

the Stokes lines are drawn on the point satisfying the following equation,
3 [eiig/ So (2") dz'] =+ {z/ So (2) dz’} =0, (5.1.11)

and it is shown that the classically allowed intervals satisfy this condition by (B=TH). There-
fore, in the direction arg(n) = +x /2, the WKB periods for the classically allowed intervals
have no discontinuity and the WKB periods for the classically forbidden intervals have the
discontinuity, which is determined by the Delabaere-Pham formula (E2250). By the defini-
tion of the orientation of the Stokes lines (22237) and (b1H), the discontinuity of the WKB

periods for the classically forbidden intervals is given as follows,

+1 +1
e”Bi%—[H%,iH] — @”Bi%ﬂ“[nw,wl] (1 + qu”Bi%[H“/i—l,i]) (1 + @jF”Bi% [H%+1,z‘+2]> . (2 — 7~_1’ 7»_37 .. )

(5.1.12)

5.1.2 TBA equations for arbitrary polynomial potentials

The discontinuity formulae of the WKB periods (61-1), (6110), (6212) can be put into a

uniform expression by introducing function ; ;;(6) as follows,

LT . .
€iir1(0 — i +ip) = nbB,, [H%HJ , (i=rr—=2--)
(5.1.13)

Ei,i-‘rl(e + ng) = _UBW |:H’Yi,z‘+1] ) (Z =T —= 17T - 37 o )

where 6 is defined by
ftie =, (5.1.14)

The discontinuity formulae are then put together into one,
. T T |

(lsmé [ei’iH (0 = 5t Zé) ~ Gt <9 + 5 15)] =+ [Li—13(0) + Lis142(0)], (i=1,2,--- 1)
—>

where

Lii1(0) :==log (1 4 e 1)) (5.1.16)

The function €;;41(#) has the following asymptotic behavior,

€iir1(0) = mm‘+160 + 0(6_9), 0 — oo (5.1.17)
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¢ eC| @ ¢' e C| @
Branch cut of €(0’ +i5 — id)

Integration contour

Branch cut of €(0’ 4-i%5 + id)

Figure 5.3: (1) The integration contour of the first term of the Lh.s. of (E118). (2) The
integration contour of the second term of the Lh.s. of (BIIR).

because # — oo expansion of €;,;.1(f) is equivalent to 7 — oo expansion of the Borel
resummation of the WKB period.

Now we derive the TBA equations for the function €;,41(#) by using the discontinuity
(BITH) and the asymptotic behavior (BI14) following the method in [28]. Taking the
convolution of the plus signed equation of (AT TH) with K () = 1/ (27 cosh(#)), we obtain

. [ / cior1 (0 +i3 +i0) do’ / €1 (0 44T —4d) d_@’] _ / Lio1i(8) + Lisrisn(8') d"
60| Jg  cosh(@—60) 2rm Jg cosh(0—6) 2r R cosh (6 — 0") 27

(5.1.18)
The integration contour of the Lh.s. of (EEI18) on the complex #’-plane is drawn in Fig.53.
For the first term of the Lh.s. of (5II8), the integrand has the branch cut at $(¢') = —id (D
in Fig.633). Taking the limit § — 0, the branch cut approaches to the real-axis from below
and therefore we need to deform the integration contour to the slightly above. Similarly,
the integrand of the second term of the 1.h.s. of (EZIIX) has the branch cut at (0') = +id
(® in Fig.523) and we need to deform the integration contour to the slightly below under

the limit 6 — 0. We denote the resulting integrals as follows,

lim
6—0

/ €iiv1 (0 + 05 +1i0) do’ / €41 (0 +1Z — i6) e’
g cosh(@—0) 2r Jg cosh(0—€) 2r
B /+oo+i0 €iitl (9/ 4 Z%) d_@l B /+ooi0 €iitl (Ql + Zg) d_@l
" Josesio cosh (6 —@) 2m _ cosh (0 —6") 2m"

(5.1.19)

co—1i0

The integration contour of the first term in the second line of (E119) is drawn in Fig.54 as
(. The integration contour C' can be deformed as the sum of the contours Co+C3+Cy+C5,

where the contour Cj arises from the pole of 1/cosh(¢ — #). The integral along C5 can be
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0’6C|

_________________ 0" € R+ mi
—o0 +im — 10 >» +o00+im — 0
Cs3
Cs C5®9'=9+i§ Cy
—00 + 30 Gi > +o00 + 10
_________________ 0 cR

Figure 5.4: A deformation of the integration contour of the first term in the second line of
(E19). The dashed lines are the branch cut of €; ;4 (9’ + z%)

evaluate as

€1 (0 +1%)
cosh (60 — 6")

i1 (0 +1Z) do’
j{ = ( - Z2> = €1 (0 +1im) = —€ii1 (0) -
Cs

cosh (60 — ") o Resg/=g.+iz [

(5.1.20)

For C3, we obtain

/ €iit1 (‘gl‘i‘lg) d_@/ _ /+oo+i7ri0 €iitl (9,+Z%) d_@/
o, cosh(§—0) 2m —ootin—io cosh(0—0") 2m
- /m_i0 it (0~ 15) &b’ (5.1.21)
_ cosh (6 —0') 2x

/-i-oo—iO €iit1 (9/ =+ Z%) d_@’
_ cosh (6 — 0") 2m’

oco—10

co—10

where we have used the shift 8 — §'—im in the second line and €; ;44 (9’ — 2%) = —€ii+1 (9' + zg)
in the third line. This result shows that the integral along Cj5 is canceled by the second
term in the second line of (B 19). The integral along Cy can be evaluated by using the

asymptotic behavior (E-I17) as follows,

€ii 0" +41Z) 40’ hy +oo 0'+iZ iy
/ Jit1 ( /2) - My i+1 / %d@' — Z‘M(EO(_M) _ mi7i+169. (5.1.22)
c, cosh(0—0) 2m T Jyoorin €07 T

On the other hand, in order to evaluate the integral along C5, we assume the following

boundary condition,
iy Gt (0" + %)
im
9——co cosh (6 —6)

— 0. (5.1.23)
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Then the integral along Cy becomes zero. In summary, we obtain

Li1(0') df /Mﬁ (5.1.24)
R

€ii+1 (9) + Mii+1€ /IR cosh (9 — 9/) 2m * cosh (9 B 6/) 2r .

Organizing this equation, we obtain the TBA equations for arbitrary polynomial potentials

[78]7

Li—y(0) d0' / Liy1i2(0") d0"
i (0) = mage® — | =) [ eae20) OF g g 1.2
it (0) = Miiae /R cosh (6 —0') 2r [ cosh (0 — 0') 2m (i r) (5.1.25)

The large 6 expansion of the TBA equations provides the all-order asymptotic expansion

of Ei,i+1(€)7

€iir1(0) = mi,i+1€9 + Z mgi@le(lﬂn)e, 0 — oo (5.1.26)
n>1
where
n —-1)" n—
mz(i_’_)l — ( ﬂ-) / 6(2 1)6 (Li—l,i(e) + Li+1,i+2(9)) do. (5127)
R

(BI77) is related to the coefficients of the WKB periods by the following equations,

mZ = ()M | (i=rr—2,-0)

o) ) e (5.1.28)
M = —Hgﬁil, (i=r—1,r—3,--+)

because # — oo expansion of € ,;11(f) is equivalent to 7 — oo expansion of the Borel

resummation of the WKB period.

5.2 Example: Double-well potential

5.2.1 TBA equations for double-well potential

As an example of the general result (B125), we pick up the system of the double-well
potential (B=2), which corresponds to r = 3 and a3 = a; = 0 case of (BI). The parameter
region so that all the simple zeros are real is the energy region of the below the potential

barrier 0 < E' < £ (see Fig.B2).
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The TBA equations are given as follows,

L34(0) db’
o 6 3,4
€25(0) = maze Q/R cosh (0 — ") 27’

Lys(0") do’
_ 0 2,3 ay
ca4(6) = maac /R cosh (0 — ") 27’

(5.2.1)

where we have used the identity (B2214). For the double-well potential, the leading terms

of the WKB periods m; ;1 can be expressed in terms of the elliptic integrals " [28,84],

mys = —I1{) = %zﬁj [(2-K)EQ1-FK)—KK(1-Fk)], (5.2.3)
maa =0, = 22 [(2- 1) B) — 2 (1 k) K()]. (52.9

where £ is the elliptic moduli given by

2 VE
Y SR S (5.2.5)
2y 2VE + K

The TBA equations (B=2) are valid for the below the potential barrier, but we can also
obtain the integral equations for the above the potential barrier by considering the wall-
crossing of the TBA equations [28,30,85].

We can calculate the coefficients of the WKB periods through the equation (BT2R).
Table.b 1l shows the numerical values of the coefficients of the WKB periods calculated by
the TBA equations and compare with the differential operator method (E2220). For (B=2),

the second and fourth order of the differential operator is given as follows [28],

Oy =078, + b0, (5.2.6)
O, =bM8,, + b5V, (5.2.7)

'Here we have used the notation of the elliptic integrals so that
E(z) = EllipticE[x], K(z) = EllipticK[x], (5.2.2)

in Mathematica code.
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no (—1)mIly myy) —) myy)
1 —0.08707917 —0.08707912 —0.52131451 —0.52131366
2 0.00666021 0.00666019 0.84901435 0.84901001

Table 5.1: The numerical results of the coefficients of the WKB periods with £ =1, k = 4.
The calculation of the TBA equations is done by Fourier discretization with 2!® points and
a cutoff of the integrals (—L, L) where L = 100 (1 — 1/2'8).

where the coefficients are given as,

h® _ 4 (uf + 16u3ug + 48u3)

1 )
3A
5.2.8
@ —16u§’u3 — 64u1u§ ( )

3A ’

b(4 TEAS (1792ui3 + 40800u; us + 390528u + 1555456u1u3 + 405504u1u3

— 12656640u3u; — 23101440u;us),

1
b(4) N (1792u7?us3 + 38784u; u3 + 708096ufu; + 5582848ulus + 16957440u]u}

+ 10321920ujul — 21626880uj),
(5.2.9)
with
A = —16ujuz — 128uiu; — 256u3, (5.2.10)

K2

and u; = K,uz = F — .

5.2.2 Exact quantization condition for double-well potential and

TBA equations

Combining the TBA equations (B2Z1) with the exact quantization condition (BZZZ1), we
can calculate the energy spectrum. In terms of the TBA equations, one can find that the

median resummation is given as the principal value of the singular integral:

inBO,med [H'ygA} = % (BO,+ [HW3,4] + BU,— [HW&J)
) T
= 51520 5 <€34 (9 — 25 + z5> + €34 ((9 —ig 25>> (5.2.11)

2L,5(0) b
= 0 P/L_
maae + g sinh (6 — 6) 27’
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n  Energy i
0 2.289649 1.000014
1 2752077 1.000014

Table 5.2: The second column is the energy spectrum at x = 4,77 = 1 calculated by solving
the Schrodinger equation (B21) numerically. The third column is the solutions to the exact
quantization condition (B=2=27) with respect to n calculated by the TBA equations.

where

Sinh (0 — 0) 27~ 450

2L5(6) dO _ 2L53(0")sinh (0 — 0') cos d ae’
P - — ’ : — C(5.2.12)
R g sinh” (0 — 6’) cos? (0) + cosh™ (§ — ¢) sin” (0) 27

As a consistency check, we first calculate the energy spectrum at k = 4,7 = 1 by solving the
Schrodinger equation (B=Z) numerically, and then calculate the solution 7, which must be
one, to the exact quantization condition (B=2Z1) substituted the energy spectrum. Table.52

shows the numerical results.

5.3 Central and centrifugal potentials

5.3.1 Discontinuity of WKB periods for central and centrifugal
potentials
We generalize the result for arbitrary polynomial potentials in the presence of central and

centrifugal potentials. Let us consider the following Schrodinger equation on the Riemann

sphere C* = C U {00},

[~ ) - Q)] ) =0, (5:3.)
with
Qo(z) =V(z) — FE = i a2 — E, Q2(z) = l(l; 1), (-1<1<0) (5.3.2)

where we take a,, as a real parameter and fix a,.; = 1. For this equation, there is the simple
pole at z = 0 on the WKB curve. We consider the parameter region in the moduli space

where all the simple zeros are real and positive. We name the simple zeros so that

0<z1<2z9<+ < Zpyo. (5.3.3)
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The intervals [z;, z;41] for i = r+1,r —1,r —3,--- are the classically allowed intervals, and
fori=r,r—2,7—4,--- are the classically forbidden intervals. We denote 7; ;1 as the one-
cycle encircling the interval [z;, z;11]. We also choose the branch cuts and the orientation of
the one-cycles so that (B3 and (B18) are real and positive.

By the restriction that all the simple zeros are real and positive, if the interval [z, 2]
is classically forbidden, then a_; must be negative so that the interval [0, z;] is classically
allowed, and if the interval [z, z5] is classically allowed, then a_; must be positive so that
the interval [0, z1] is classically forbidden. We define 4 as the one-cycle encircling [0, z;] and

m as when [0, z1] is classically allowed,
i =l = z‘Jq{SO(z)dz, (5.3.4)
5
and when [0, z;] is classically forbidden,
i =~ = —jl{So(z)dz. (5.3.5)
5

We also choose the branch cut and the orientation of 4 so that m is real and positive.

The discontinuity formulae of the WKB periods depend on which [0, z1] is classically
allowed or forbidden. For [0, z] is classically allowed case, we obtain the same discontinuity
formulae as (B177) at arg(n) = 0 and (A1) at arg(n) = 7 for any classically allowed cycle
¥ Viit1 (. =7r+1,r—1,---,2). On the other hand, at arg(n) = £m/2, the discontinuity
formulae of the WKB periods for 7;,;41(¢ = r,7 — 2,---,3) are same as (BI12) but the

formula for v, 5 is modified as follows,

oMBeg- M) _ Bag My ,] (1 (4 efQWil)e:l:nBj:g[H%] n e:FQWBig[H’Y])il (1 n eq:nBig[H’Yz,:s])il’
(5.3.6)

because, at arg(n) = £m/2, 712 intersects with the Stokes segment connecting the simple

zero and the simple pole and then the discontinuity formula is given by (222251). Similarly,

for [0, z1] is classically forbidden case, we obtain the same discontinuity formula as (BT12)

at arg(n) = £ /2 for any classically forbidden cycle 4,7;,41 (i = r,7 —2,---,2). And at

arg(n) = 0, , the discontinuity formulae of the WKB periods for v; ;41 (i = r+1,r—1,--- ,3)
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are same as (A1) and (ATI0) but the formula for 7, » is modified as follows,

67]8(/,,[1'171’2] _ en8¢+ [H”fl,2] (1 . (627”'[ + e—27ril)e:|:n8¢, [H&] + e:FQﬂBg;[H:,])il (1 n e:Fnto[H'yQ’?)]):tl?
(5.3.7)
where ¢ = 0, 7.
5.3.2 TBA equations for central and centrifugal potentials
We introduce the epsilon function as follows,
€ii+1(0 — iz io) =nB, [, ,,.], (i=r+1r—1,-)
2 (5.3.8)
€i1(0 + ip) = —nB, [IL,,.,] . (t=rr—2,--+)
and
(6 — iz ip) = nB, [I15] for [0, 2] is classically allowed case,
2 (5.3.9)

€(0 + i) = —nB, [115] for [0, z1] is classically forbidden case.

Then the discontinuity formulae for the central and centrifugal potentials can be expressed
in simpler form,

(1511% |:6i,i+1 (Q + Zg + Z(S) — €1 <0 + Zg - 25>- ==+ [Li_l,i(H) + Li+17i+2(0)] s (Z = 2, e, T + ].)
— i

lim [61,2 <9 + zg + ié) —e1s (0 + @g - 1'5): —+ [ﬁ(a) 4 Las(9)]

. N T . o LT S\ ]
(1;1_{1(1) |:€ (8 + i + 2(5> — € (9 + i5 — zé)_ =+L,5(0),
(5.3.10)
where L;;.1(0) is defined in (BT18) and
L(0) :=log (1— (e + e~ 2mil)ee0) 4 6_2€(9)> . (5.3.11)

Taking the convolution of (A23T0) with K(0) = 1/ (2w cosh(#)) and using the asymptotic
behavior of the epsilon function as we have derived (B-1=23), we obtain the TBA equations
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for the central and centrifugal potentials [47],

Li_1;00") do’ Lii1i40(0") do’
s0) [ Bl oy
R

it (0) = myie’ — [ ——oro o’
€ 41 ( ) m ) +16 /]R COSh (0 — 9’) 27‘(’ COSh (9 — 9,) 27T

A

a0t~ [ O [ bie)
1,2 1,2 g cosh (0 —60)2r  Jgpcosh (6 —6) 21’

. . Li5(0) do

0 = 0 —_ —172 .

€(6) = me /Rcosh(Q—Q’) 27
(5.3.12)

The large 6 expansion of the TBA equations provides the all-order asymptotic expansion of

6i,i+1(9); g(g),

_ 0 (2n) _(1-2n)0
€iiv1(0) =M€’ + E mi,z‘-{—le( ",
n>1

é<9) = mz‘,i+169 + Z m(2”)€(1—2n)9,

n>1

(5.3.13)

where

eV (Lo 1 (0) 4 Liz1i2(0))do, (i=2,---,r+1)

J
—1)" .
m) — (=1 / o210 ( 7o) +L2,3(9)) d, (5.3.14)
R
/ V0L, 5(0)d6.

R

(B314) is related to the coefficients of the WKB periods by the following equations,

(2n) n:77(2n) .
m; o = (=DM o (i=r+1,r—1,--)

(’2:)1 ( )2 T (5.3.15)
m; i1 = —H&.ﬂl, (Z =rr—2--- )

and

i = (=10 for [0, 2] is classically allowed case, (5.3.16)
W = —TI¥ for [0, 2] is classically forbidden case, :
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Re (2)

Figure 5.5: The potential V(z) on the real z-axis.

5.4 Example: Central force and linear perturbation

As an example of (B2312), we consider the system of the central force with linear perturba-

tion,
2

d2?

—1n?Qo(2) — Qa2(2) | ¥(2) = 0, (5.4.1)

with

a_q l(l + 1)

Qo(2)=V(z)—E=2—FE+ — Q2(2) = (5.4.2)

52
For this equation, there are two simple zeros 21, zo. The interval [z, 25] is classically allowed
and a_; must be positive so that the interval [0, z;] is classically forbidden. The potential
on the real z-axis is drawn in Fig.bd3.

The TBA equations are given as follows,

~

L@y do
p— 9 -_—
€12 (0) = muze /R cosh (6 — 0) 27’

R . Lyo(0) dO
0 — 0 _ ) [
€(6) = e /Rcosh(@—é”) 27

(5.4.3)

For the case (52), the leading terms of the WKB periods can be expressed in term of the
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n (—1)”’i1_[,(y21?2) mf;) _HEIQ”) m(2n)
1 —0.29605493 —0.29605493 —0.11667229 —0.11667229
2 0.15808446 0.15808446  0.01972364 0.01972364

Table 5.3: The numerical results of the coefficients of the WKB periods for £ = 3,a_, =
1,1 = —2/5. The calculation of the TBA equations is done by Fourier discretization with
28 points and a cutoff of the integrals (—L, L) where L = 100 (1 — 1/2'®).

hypergeometric function 2 [67],

— 2)2T(HTE) 13, 2—2
O ) A GG ) O AP 5.4.5
mio (4 1.2 \/Z_l F(?)) 2471 27 )y 2 ) ( )
1 1
. (0) 1 I’(—E)F(E) 11 21
= I} = — 221\ /zg——2 22 B |—= = 2 1. 5.4.6

We can also calculate the coefficients of the WKB periods through the equation (5=31H).
Table.b3 shows the numerical values of the coefficients of the WKB periods calculated by
the TBA equations and compare with the differential operator method (E2220). For (52),

the second and fourth order of the differential operator is given as follows [47],

1
1 [(1+1)
Oy =—— kz:;uk (2 — k) (—k — 3) Oy, , Ouy + ™ U0y, , (5.4.7)
1
7 13 x4 32u
9= a0 [_ 3 uztody, + 2 —5k +11) ukaum%]
1
12
+ 68 —64 x 3ugdy, + u8u1 Z (—=3k+7) ukﬁukH@fQ]
2 k=0
e ) (5.4.8)
-0 —6ug0y, + ” kzo —3k +7) u;ﬁukﬂl o
LI+1)(1—=1(1+1)) duy <
- —5updy, + — > (—k +3) upBu, ., | Ous,,
6 1o 2+u2 kzzo( 3 D,
with ug = 1,u; = —FE, us = ay.

2Here we have used the notation of the hypergeometric function so that
2F) [a,b, ¢, z] = Hypergeometric2F1 [a, b, ¢, z], (5.4.4)

in Mathematica code.
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Summary

In this chapter, we have derived the TBA equations governing the Borel resummed WKB
periods for arbitrary polynomial potentials and central-centrifugal potentials. We have
determined the discontinuity of the Borel resummed WKB periods in the whole of the
complex n-plane by using the Delabaere-Pham formula. The TBA equations are derived so
that the discontinuity and the asymptotic behavior of the Borel resummed WKB periods
are satisfied. The WKB periods calculated from the TBA equations are consistent with
the differential operators results. Combining the exact energy quantization condition for
the double-well potential, we have checked that the TBA equations provide the spectrum

exactly.



Chapter 6

TBA equations for quantum

Seiberg-Witten curves

In this chapter, we derive the TBA equations for the quantum Seiberg-Witten curves of
4-dimensional N' = 2 SU(2) N; = 0, 2 supersymmetric gauge theories. The TBA equations
determine the mass of the BPS particles in the low-energy effective theory of the models
exactly. The TBA equations show that the effective central charge of the underlying CFT
is proportional to the one-loop beta function of the gauge theory. We also show that the
TBA equations for 4-dimensional N' = 2 SU(2) Ny = 0 theory determine the QNMs for the
extremal D3-branes by combining with the exact condition. This chapter is based on the

author’s papers [63,66].

6.1 Review of quantum Seiberg-Witten curve

6.1.1 Seiberg-Witten curve for SU(2)

The Seiberg-Witten curve for N' = 2 SU(2) gauge theory with Ny =0, -- ,4 fundamental
hypermultiplets on 4-dimensional Minkowski space is the following algebraic curve,
A

K(p) = 5 (Ki(p)e” + K_(p)e™) =0, (6.1.1)

_ Ny
where A = A?Vf * with Ay, € C being the dynamically generated scale for Ny < 3 and

A = ™™V with 1yy being the UV coupling constant [86,87]. K(p) and K. (p) are given as

91
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follows,
(2
P —u, Nf = Oa 17
2y A2 N; =2,
K(p) = pQ N - f
=k B (poy ) Ny =3
| 1+ €552 —u+ S p S me+ Ep Sy, Ny =4,
(6.1.2)
Ny Ny
E.(p)=][p+m). E-(p= [ +m (6.1.3)
i=1 i=Ny+1
where v € C is the Coulomb moduli parameter and my,--- ,my, € C are the bare masses

of the hypermultiplets, N, is an integer satisfying 1 < N, < N;. The curve (E1) defines
a Riemann surface with genus one. Let a and [ be a canonical one-cycles on the Riemann

surface, they generates periods we denote as

o = fi p(2)dz,  ag— iﬁ p(2)dz, (6.1.4)

where p(z) is the solution to (6B1). a, and ag are called Seiberg-Witten periods. The
Seiberg-Witten periods gives the renormalized masses Mppg of the BPS particles in the

low-energy effective theory of the N' = 2 gauge theory as [49,50]
Mgps = \/§|Z| = \/§|neaa + npagl, (6.1.5)

where ne,n,, € Z are the electric and magnetic changes of the BPS particles and Z is the

central charge of the N' = 2 supersymmetry algebra [8S].

6.1.2 ()-deformation and quantum Seiberg-Witten curve

N = 2 SU(2) gauge theory with Ny = 0,---,4 fundamental hypermultiplets on the Q-
background is the theory constructed from the dimensional reduction of NV = 1 super-
symmetric gauge theories on RY® x T2, where the metric is given by the following line

element [56],

dsg = 1, (dz" + Q. alda")(dx” + Q) xPdx™) — (dz*)? — (dx®)?, (6.1.6)
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with p,v, p=0,1,2,3 and n,m = 4,5. 2* and 2° are the coordinates on T?:
ot~ ot + 2Ry, 2® ~ 2 4+ 27 Ry, (6.1.7)

where R, and Rj are the radius of the compactification. €2 * ) 18 the matrix given by

0 ¢ 0 0

1 1 —€1 0 0 0
Qi) = — , (6.1.8)

N V2l 0 0 0 e

0 0 —e 0

0 & 0 0

1 1 —6 0 0 0
Q) = — , (6.1.9)

No V2o 0 0 6

0 0 —6 0

where €1, €5 € C. In the limit Ry, Rs — 0, we obtain 4-dimensional N' = 2 gauge theory on
the Q2-background parametrized by the deformation parameters €y, €.

€2 — 0 limit is called Nekrasov-Shatashvili limit [67]. In the Nekrasov-Shatashvili limit,
the Seiberg-Witten periods receive the deformation parametrized by €;. The deformed
Seiberg-Witten periods is called quantum period. In [44], it was argued that the €; expansion
of the quantum periods for N' =2 SU(2) N; = 0 theory are identical to the WKB periods
for the differential equation that is obtained by replacing p in the Seiberg-Witten curve
(B100) with the differential operator —z'eld%. This identification is generalized to the theory
with matters [46]. The differential equation obtained by the replacement p — —iq% is
called quantum Seiberg-Witten curves.

The Borel resummed WKB periods for the quantum Seiberg-Witten curves determine
the quantum periods exactly. In the following section, we will derive the TBA equations
governing the Borel resummed WKB periods for the quantum Seiberg-Witten curves of

N =2 SU(2) gauge theory with Ny =0, 2.
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V (2) = Ajcos(z)

Figure 6.1: The potential V' (z) on the real z-axis in z € [—m,7]. 21 = —29 and 2z, are the
simple zeros of Qy(2).

6.2 N =2 SU(2) Super Yang-Mills theory

6.2.1 Discontinuity of WKB periods for N'=2 SU(2) SYM

The quantum Seiberg-Witten curve for 4-dimensional N' = 2 SU(2) Super Yang-Mills theory
is the Mathieu equation [44],
d2

i~ s v = (6:21)

with
Qo(2) = V(2) —u = Al cos(z) — u, (6.2.2)

where Aj is the dynamically generated scale, u € C is the Coulomb moduli parameter
and n = 1/ is the deformation parameter in the Nekrasov-Shatashvili limit of the -
background.

We apply the Exact WKB analysis to (E221) on the Riemann sphere composed by the
cylinder C/(z ~ z+ 2m) with the compactification C* = (C/(z ~ z 4 2m)) U{%ioo}. In the
following analysis, we restrict to the parameter as —A3 < u < A2, which is in the strong
coupling region of 4-dimensional N' = 2 SU(2) Super Yang-Mills theory. In this regime, the
simple zeros of QQy(z) are real. The potential graph on the real z-axis is given by Fig.61l.

The Stokes graph at arg(n) = 0 is drawn in Fig52. On the WKB curve, there are
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Figure 6.2: The Stokes graph at arg(n) = 0 for the quantum Seiberg-Witten curve of
4-dimensional N = 2 SU(2) Super Yang-Mills theory in z € [—m,7]. The branch cut
emanating from z; is connected to +ioco and the branch cut emanating from 2z, is connected
to —i00.

two one-cycles 75, which encircles the classically forbidden interval on the real z-axis (see
Fig.65), and ~,, which encircles the classically allowed interval. We choose the branch cuts

and the orientation of the one-cycles so that
mg = _H(v%) = —j{ So(2)dz (6.2.3)
V8

and

Vo

Mg = 110 = 27{ So(z)dz (6.2.4)
VYo

are real and positive. mg and m, can be expressed by using the hypergeometric function
(A1=3T) and (E1=32) through the transformation of the parameters and the coodtinate

The discontinuity formulae for the WKB periods can be determined by using the analogy
of arbitrary polynomial potentials case in sec.bl. In the present case, the WKB period for
75 has no discontinuity for arg(n) = 0, and the WKB period for v, has the following

discontinuity;,
(Bl _ gnBosll (1 1 enBo[Hw])Q , (6.2.5)

where there is the index 2 in the r.h.s. of (B223) because the one-cycle 7, intersects with

v two times (see Fig.52). Similarly, the WKB period for v, also has the discontinuity at
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arg(n) = 7 as follows,
(Bl — 1Bl (1 1 [Hw])_z , (6.2.6)

For the direction arg(n) = £n/2, the WKB period for the classically allowed cycle 7,
has no discontinuity, and the WKB period for the classically forbidden cycle v3 has the

discontinuity;,
+
¢"Bxg-[Ma] = orBag[Mns] (1 + e”Bi%[Hw]> C (6.2.7)

6.2.2 TBA equations for N =2 SU(2) SYM

As (BTT13), we introduce the epsilon functions as follows,

LT .
€a(0 — 15 +ip) = 77‘8@ [H’Ya] )
(6.2.8)

es(0 +ip) = —nB, [IL,,] .

Then the discontinuity formulae (6223)~(62-1) can be written as,

lim [ea (e + zg + 2'5) _ (9 + zg - zﬁﬂ — +20,4(0),

6—0

(6.2.9)
. LT . T .
}SIL% [65 (6 + ig + 16) —€p <€ + iy~ 15)} = 4+2L,(0),
where
Lo(0) :=1log (1 +e D) Lg(0) :=log (1 + e ). (6.2.10)

Taking the convolution of (B229) with K () = 1/ (2w cosh(f)) and using the asymptotic
behavior of the epsilon function as we have derived (B-I°24), we obtain the TBA equations
for 4-dimensional N' = 2 SU(2) Super Yang-Mills theory [63],

Lg(0) do'

_ 0 _ b —
al6) = mae 2/]1@ cosh (0 — 0") 2x
L,(0) d¢

0) = b9 | — 22—
€s(6) = mge /Rcosh(H—H’) 27

The TBA equations (B221) coincide with the ”conformal limit” of the TBA equations

(6.2.11)

describing the geometry of the moduli space of 4-dimensional N = 2 SU(2) Super Yang-
Mills theory on R? x S! [8R9-91]. We derived the TBA equations by using the discontinuity
formulae of the WKB periods, but they can also be derived by using the functional relation
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of the wronskian for subdominant asymptotic solutions [92], which method is called the
ODE/IM correspondence.
At u =0, we have

Me = Mg =: M. (6.2.12)

Substituting this identification into (62211) and calculating the TBA equations, one also
finds
€a(0) = €p(0) =: €(0). (6.2.13)

Therefore two TBA equations (B2 collapse to one,

L) do
_ 0 _ s
e(0) = me 2/Rcosh et (6.2.14)
where
L(0) =log (1 +e). (6.2.15)

The TBA equation (62214 coinsides with the massless Sinh-Gordon TBA equation, which is
the conformal limit of the TBA equation for the Sinh-Gordon model [93]. The TBA equation
(B=213) is also studied in the context of the ODE/IM correspondence for the generalized
Mathieu equation [94].

So far we have derived the TBA equations for —A2 < u < A3. But we can extend the
TBA equations for complex u as far as u belongs to the minimal chamber [89,01]. On the
complex u-plane, the minimal chamber coincide with the inside of the marginal stability
curve [61]. The marginal stability curve is a real co-dimension one curve in u-plane which
runs through the points u = +A2. In the inside of the marginal stability curve, the TBA
equations are written as follows [85]:

Mo = |Male®, mg = |mgle’?, (6.2.16)

. log (1 + e~é5() do’
al0) = male® =2 [ — (e D) d
g cosh(f — 0 +igp —ip,) 27

S 6.2.17
)t a [ B (6217
€(0) = [msle /Rcosh(ﬁ—ﬁ’%—igba—iqﬁﬁ)%’
where
€a(0) = €a(0 — i), €3(0) :=e€z(0 —ipp), (6.2.18)

and |po —ps| < 5. The integral equations for the outside of the marginal stability region can
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be also obtained [89,91], but then we obtain an infinite number of the integral equations,
which are no longer of the form of the TBA equations, and it is difficult to solve even
numerically. In the language of the Exact WKB analysis, the appearance of an infinite
number of the integral equations corresponds to the appearance of an infinite number of the
quantum periods.

The number of the quantum periods is equivalent to the number of the stable BPS states
in the gauge theory [70,89]. For the pure N = 2 SU(2) gauge theory, there are two stable
BPS states in the strong coupling region and an infinite number of the states in the weak
coupling region. Therefore we conclude that the TBA equations (E2211) is valid for the

strong coupling region.

We can determine the coefficients of the WKB periods by expanding the TBA equations
at § — oo. For (EZZ1), we obtain

€a(0) = mae® + Z mZ (=20

"=t (6.2.19)
65(0) = mgee + Z m(;")e(l*%)@,
n>1
with
mgn) -9 (_1) / e(2n71)9LB(6)d97
(_q)n R (6.2.20)
mi" = 21— / e VL, (0)d6.
n R
Then the coefficients of the WKB periods can be recovered as follows,
n n; n 2n n
m@ = (=1, mGY = -1, (6.2.21)

In Table.6, we compare some coefficients of the WKB periods, which is calculated by using
the differential operators (EEI-Z1), and the corresponding TBA results.

6.2.3 Effective central charge and PNP-relation for N' =2 SU(2)
SYM

By using the TBA equations, we can determine the effective central charge cog = ¢ —24A 1,

of the underlying 2d CFT, where ¢ is the central charge of the Virasoro algebra and A,
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no (=1t m&"” —1$ my"
1 —0.15993792 —0.15993849 —0.42667081 —0.42667143
2 0.00420150  0.00420150  0.22398998  0.22398999

Table 6.1: The numerical results of the coefficients of the WKB periods (Ag = 1, u = —0.6).
The calculation of the TBA equations is done by Fourier discretization with 2'® points and
a cutoff of the integrals (—L, L) where L = 41.837877.

is the minimum eigenvalue of the Virasoro operator Ly. For (B2Z11), ceq is given as follows

(93, 6],

6 3 " "
Coft = —5 § ma/ e’ La(0)d =2 + — § (exlog(l + e%) + 2Lis(—e“)),  (6.2.22)
m R m
a=a,f a=a,f3
where

€, = lim ¢€,(0). (6.2.23)

f——oc0
0 — —oo limit (or equivalently, ¢ — oo limit) of the TBA equations (E2211) shows that €’

satisfies the following equation,
e =14e% e B=1+e%%, (6.2.24)

In [90,07], it is pointed out that there are no mathematically rigorous solutions to these
equations. But we can formally consider that € — —oo are the solutions. Then we can

identify the effective central charge associated with TBA equations (B=2_1),
Coit = 2. (6.2.25)

This result agrees with the numerical calculation of (6Z222).

There is another way to compute the effective central charge (B2223) based on the
coefficients of the WKB periods. By using (E23), (E24) and (62220), the second equation
of (B2222) can be expressed as

6 0 3 0 2 0 2
ot = — > ma /R e La(0)d0 = i~ (nggngﬁ) — ng;ngg) . (6.2.26)

a=a,f

H%) and H%) can be computed by using the differential operator Oy in (E-IZ1). Note that
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the leading term of the WKB periods satisfy the second-order Picard-Fuchs equation [98],

02 —1
= (n®,n®) (m®, 1) 6.2.27
Ou? ( Yo ) TR 4(u+1)(u— 1) Ya? T8 )0 ( )
the last equation (62228) can be rewrite as follows,
3 (O1@ 0)17(2 ¢ 0 9 0 0 9 0
i (Hgo}ngﬂ) - ng;nga)) = — (0 — 1) ) ). (6.2.28)

From the wronskian relation of the leading terms of the WKB periods [d9],

0 9

0
0 0 0 _ ~
”E/a)_ul IE/B) — ”76 —ullga) = —1671 (6.2.29)
we finally obtain
7 0 0
(0) (0) (0) ) —
3 (II% 3un 1T 8uHV") 2. (6.2.30)

And therefore cog = 2. This relational expression between the WKB periods for classically
allowed cycle and classically forbidden cycle is called the PNP-relation.

In [T00,101), it is shown that the L.h.s of (B2230) is proportional to the coefficient of
the one-loop beta function for the 4-dimensional N' = 2 SU(2) Super Yang-Mills theory.
Therefore (6228) indicates that the quantum collection to the beta function for the 4d
gauge theory is governed by the effective central charge of the 2d CFT.

6.2.4 QNMs for D3-branes and TBA equations

Combining the TBA equations (B22T17) with the exact QNMs condition for the D3-branes
(ET38), we can calculate the QNMs that do not violate the condition [¢, — ¢ < 3.
As a consistency check, we first calculate the QNMs by using the Leaver’s method, and
then calculate the solution 7, which must be one, to the exact QNMs condition (E-I=38)
substituted the QNMs. The numerical results are shown in Table.5Z2. Table.6E22 implies the
condition (¢ — ¢g| < 7 is satisfied by the QNMs that the absolute value of the imaginary

part is larger than the real part.
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n \ [ Leaver’s method n
1 \ 0 0.682086 — 1.559933: 1.000190

2|1 0.449645 — 2.627530¢: 1.000114
2 1.873956 — 2.5447637 1.000038

Table 6.2: The third column is the QNMs calculated by the Leaver’s method. The fourth
column is the solutions to the exact QNMs condition (E138) with respect to n calculated
by the TBA equations.

6.3 N =2SU(2) Ny =2 SQCD with flavor symmetry

6.3.1 Discontinuity of WKB periods for N' =2 SU(2) Ny =2 SQCD

The quantum Seiberg-Witten curve for 4-dimensional N = 2 SU(2) SQCD with two fun-
damental hypermultiplets is the following differential equation [A6],

dz?

5P| v =0, (6.1

with
Ay, o A2
Qo(2)=V(z) —u= -5 (mae” + mae™) — ry cos(2z) — u, (6.3.2)

where A, is the dynamically generated scale, u € C is the Coulomb moduli parameter,
my, my € C are the bare masses of the hypermultiplets and n = 1/¢; is the deformation
parameter in the Nekrasov-Shatashvili limit of the {2-background.

We apply the Exact WKB analysis to (62311) on the Riemann sphere composed by the
cylinder C/(z ~ z + 27) with the compactification C* = (C/(z ~ z + 27)) U {£ioco}. In
the following analysis, we consider the case that the hypermultiplets have a same mass

my1 = my =m and m,u, Ay € R. Then Qq(z) is a real-valued function of the real z-axis,

Qo(2) =V (z) —u=—Aymcos(z) — % cos(2z) — u. (6.3.3)

Az
2

Restricting the parameters to —% <m < and Ay|m| — Aé <u<m?+ Aé, the simple
zeros of Qo(z) become real. The potential graph on the real z-axis is drawn in Fig.B3.
In the context of the gauge theory, the restriction of u corresponds to the strong coupling
region.

The Stokes graph at arg(n) = 0 is drawn in Fig.64. There are four one-cycles Y8y V3

which encircle the classically forbidden intervals on the real z-axis (Fig.633), and 74, 7a,
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V(z) = —Aamcos(z) — Aé cos(2z)

—Z3, 3,24 ale

Figure 6.3: The potential on the real z-axis in z € [—m,7]. 21 = —2z4, 29

the simple zeros of Q(2).

which encircle the classically allowed intervals on the real z-axis. We choose the branch cuts

and the orientation of the one-cycles so that
(6.3.4)

7{ So(2)dz,

e _T170)
ms = HVB =
75

mg = _H(v(;) = —j{ So(2)dz, mg:
8
(6.3.5)

and
Mo = il_[g? = z]{ So(2)dz, mg := iHEf;) = 2]{ So(2)dz
Yo Y&

are real and positive. Because of the higher order coefficient S,(z) (n > 1) is holomorphic

at z = fioco (Proposition 2.8. in [25]), the WKB periods satisfy the following relations,
(6.3.6)

Iy =15 + 2miReS, 1 i0050(2) — 2miRes,,— _i00S0(2),

Ha = Hd + 27TiR€SZ:+iOOSO(Z) + 27TZ-R€SZ:,Z‘OOSO( ) (637)
For my = my = m case, we obtain 2miRes,—1,,50(z) = 2mm [70] and therefore
Il =11, (6.3.8)
(6.3.9)

Ha = Hd + 4mm.

As the pure SU(2) case, for the direction arg(n) = 0,7, the WKB periods for 73, 7 have
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Figure 6.4: The Stokes graph at arg(n) = 0 for the quantum Seiberg-Witten curve of 4-
dimensional N' =2 SU(2) N; = 2 SQCD with flavor symmetry in z € [—m, 7).

no discontinuity and for v,, 75 have the following discontinuity,

677607[1_{70‘] — enBOJr[H’Ya] (]_ + 67730[1_[“%,8]> (1 + enBO [H’Yﬁ]) , (6310)
e [Ta] — enBos (1] <1 + e”BO[Hw]> (1 + " [Hwa]> : (6.3.11)
eMBr—Mya] — onBr [Th,] (1 4 ¢ B [Hm]) (1 + Pl [Hvﬁ]) , (6.3.12)
eBr=[] — B[] (1 + e [Hm]> (1 +e [H”é]> . (6.3.13)

Similarly, for the direction arg(n) = 4+ /2, the WKB periods for ~,, 75 have no discontinuity
and for 7, v have the following discontinuity,

+

eMBeg-[Ms] _ 1Big (Mg (1 + ejF"Bi%[W)i (1 v J”Bi%[ﬂw]) , (6.3.14)
+

MBrg- (M| _ iBeg (1] (1 + e”sis[“m])i (1 + J”Bi%[“m]) . (6.3.15)

6.3.2 TBA equations for N =2 SU(2) Ny =2 SQCD

We introduce the epsilon functions as follows,
O . T .
€a(0 — i5 + i) =nB, [I1,,], ea(d — ig +ip) = nB, [I1,,],

(6.3.16)
es(0+ i) = —nB, [IL,], €5(0 +ip) = —nB, [Hw] .
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Then the discontinuity formulae (B2310)~(6231H) can be written as follows,

. I T . LT o) ]
lim |e. (e £iZ+ za) . (9 £iZ - 25>_ — +[Ls(0) + L3(9)] .
lim (e +is us) € (9 4l 2'5) — + [Ls(0) + Ls(9)] ,
=0 72T 7% : (6.3.17)
lim |5 <6iz§+2(5> € <6iz’§—z’(5>_ = £ [Lo(0) + La(0)],
lim [¢5 (6izg+z(5> € ((H:zg—ié)_ = £ [Lo(0) + La(0)],
where
Lo(0) :==1log (1 +e @), Ls(0) :=log (1 + e
(0) ( ) (6) ( ) (6.3.18)

Ls(0) :=log (1 + 6_6*8(9)) , Lj(0) = log <1 +e” 5(9)>

Taking the convolution of (E23T4) with K () = 1/ (27 cosh(f)) and using the asymptotic
behavior of the epsilon function as we have derived (BI=24), we obtain the TBA equations
for 4-dimensional N' = 2 SU(2) Ny = 2 SQCD with flavor symmetry [66],

ea(Q)Zmaea—/—Lﬁ(el) d_e/_/_LB(el) a9
rcosh (0 —0)2r  Jgp cosh (6 —0) 21’
ed(g):mdeﬁ_/ﬂd_‘q_/ﬂd_y

g cosh (0 —0) 2  Jp cosh (6 — ) 27’

Lo(0)) o' La(0))  do’
9) = Y Y s S A
€p(6) = mge /Rcosh (0 —0)2r /Rcosh 0—0)2r’

L,(0) db Ls(0)  db
. —mef — _ e\ 7 e\ 7
5(6) = mge /R cosh (§ — ¢ 27 /R cosh (0 — ) 2w

The identification (E3H) leads €5(0) = €3(¢) and the TBA equations can be collapsed to
three,

(6.3.19)

Ly(@) do'
J0) =mgef —2 [ =570 77
al6) = mae /Rcosh(ﬁ—ﬁ’)%r’

Ls(¢) dof
() = m~e? — 8V 7
ea(0) = mge Z/R cosh (0 — ) 21 (6.3.20)

B Lo(6)  adv La(0)  d¢f
€s(6) = mge’ _/ cosh (0 — 0') 27 / cosh (0 — 0) 27

So far we only consider the special parameter region, but we can also derive the TBA
equations for a pure imaginary region (m, Ay € iR) and an anti-same mass region (m; =

—ms) in the same way.
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For general parameter region, we need to analytically continue the TBA equations [83].

After analytically continuing (62319), we obtain the following equations,

Mo = |Male®, mg = |male’®s, mg = |mgle™?, mg = \mﬁ\ew’ﬁ, (6.3.21)

£0(0) = [male’ log (1+e~%@)  qo log (1 1 e %0 >> 50
€all) = Imyle /R cosh(0 — 0" + i — ida) omr /R cosh(f — 6’ + i% i) b

0 o~ [ ) (%) w
@ e r cosh(d — 0" +ips —ips) 21 g cosh(6 — 0 + 2¢B —is) 27’
) = me? — [ oLt ) [ el o) _dn
p P g cosh(f — 0 +i¢, — idg) 27 g cosh(0 — 0" + idg — idg) 27
&5(0) = Imgle” - / log (1+e =) dap / log (1 +e®)  ap
B B g cosh(0 — 0/ +igo — i) 2m g cosh(f — 0 +igs — igg) 2’
(6.3.22)

where

€a(l) == €n(0 —i0n), €all):=ea(0 —ida), €3(0):=ep(0 —ipp), 65(9) = 63(9 — i@;),
(6.3.23)

and the absolute values of the difference of the two of ¢q, ¢g, da, @5 are less than 7 (e.g.

|pa — @3] < F). For the larger than F case, the residue of the pole deforms the TBA
equations and typically we find an infinite number of the integral equations.

For the N = 2 SU(2) Ny = 2 SQCD, there are four stable BPS states in the strong
coupling region and an infinite number of the states in the weak coupling region. According
to [[70,89], we conclude that the TBA equations (E23722) is valid for the strong coupling
region.

In principle, we can also derive the TBA equations for m; # msy by computing the
discontinuity of the WKB periods. But in this case Qo(z) is not a real-valued function on the
real z-axis and there is no way to analytically determine the directions of the discontinuity
as the same-mass case. This difficulty also exists for 4-dimensional N =2 SU(2) Ny =1,3,4
SQCD. However, the number of the stable BPS states for the N =2 SU(2) Ny =2 SQCD
with my # ms is the same for the same-mass case. Therefore we conjecture that the TBA
equations (B23722) is also valid for the m; # my case.

Now we discuss the TBA equations at some special points in the moduli space. In the

massless case m = 0, (6239) leads to II, = II; or equivalently €,(0) = €5(0) and the TBA
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equations can be collapsed to two,

Ls(¢) dof

_ 0 _ B -
al6) = mae 2/R cosh (f — ¢ 27’
L,(0) d¢

e’ 2 [ e
€s(6) = mge g cosh (0 — 0") 27

(B2324) agrees with the TBA equations for 4-dimensional N = 2 SU(2) SYM given in
(B2Z1). This agreement is compatible with that the quantum SW curve for N = 2 SU(2) Ny =
2 SQCD (B30) becomes the one for N =2 SU(2) SYM in the massless case. We also obtain
the TBA equations (62324) in the decoupling limit (m — oo and Ay — 0 while mA, being
fixes), which turns the Ny =2 SQCD into the SYM, because in this limit the quantum SW
curve (B23d) becomes the one for N =2 SU(2) SYM.

(6.3.24)

. . A o 3 2 .
The point m = %2, u = {A® is the supercomformal or Argyres-Douglas point where
mutually nonlocal BPS states become massless [102]. In the limit m — —, u — 3A2 with
keeping the theory in the strong coupling region, a-cycle shrinks and Il goes to zero. If we

neglect a-cycle, we obtain the following TBA equations,

Lg(0) do'
e 9 / _ Ls®) dv
€al6) = mae r cosh (0 — ¢) 27

L,(0") do'
— 6 _ e 77
s(6) = mge /Rcosh(ﬁ—ﬁ/) 21

(6.3.25)

These TBA equations agree with the ones for the double-well potential (5=21), which is the
quantum SW curve for (A;, A3) AD theory. Under the universality of the AD theory [G1],
the quantum SW curve for (A;, A3) AD theory is equivalent to the SU(2) Ny = 2 AD
theory.

The large 6 expansion of the TBA equations (62319) provides the all-order aasymptotic

expansion of the epsilon functions,

mae—{—E m 12n7

n>1
= Mmge —I—Z elt=2m

. (6.3.26)
= mge +Zm e=2n)o,

n>1

2n —2n
e5(0) = mge’ + Zm% Je1-2m)0

n>1
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(O, () @0 @ @ e, e

n Vo a Mg Y8 s V5 8 7m5
1 —0.50248407 —0.50248411 —0.23951302 —0.23951316
2 0.31200029 0.31200019 0.01588744 0.01588743

Table 6.3: The numerical results of the coefficients of the quantum periods (Ay =4, u = 1,
m = 1/8). The numerical calculation in the TBA equations is done by Fourier discretization
with 2'® points and a cutoff of the integrals (—L, L) where L = 40 + log (27).

with

PV [Lg(0) + L;(0)] do,

/R (6.3.27)
/

VO [L,(0) + La(0)] df.
The coefficients of the WKB periods can be determined from (623721) as follows,

n 2n n- n n: n 2n 2n n n
m((f ) = mé ) = (—1) @H% )= (=1 @H% ), m(ﬂ ) = m;} ) = —H% ) = —H% ). (6.3.28)
The identifications of the higher-order coefficients of the WKB periods (B3328) are agree
with (B33) and (6239). We compare the calculation of the WKB periods using the TBA
equations and the differential operator (22220). For 4-dimensional N' = 2 SU(2) Ny = 2
SQCD with flavor symmetry, the second and fourth order of the differential operator is given

as follows [46],

10 1 8 1 o
50 1 8 7T o 71 o 23 o 7 o
O, =~ - S Lam—2 42 L 2 9 (63.30
1= 210w T 3% T 90" 8a T 60 amow T 06 " ameaw T 160" oo\ )

Note that there are at least first order u-derivative in each terms. Therefore we can evaluate

the higher order coefficients of the WKB periods by using the u-derivative of Hgo),

&JHgLO) — auH((iO) — i_ﬂ— (eiz1 . eiZQ)_% (eiZ4 o ei,@)‘% 2F1 |:
2

1 1 (eiz;g . eiZQ) (eizl _ 6i24)
27277 (e — eiz2) (e — em)} ’
' ‘ ' (6.3.31)
11 (e —es) (e — ™)
97977 (ei*2 — ¢izs) (e — i)

(6.3.32)
In Table.633, we have compared the differential operator results and the TBA results.

auH(BO) _ auﬂg)) _ j‘L\_ﬂ- (eizz . 67;23)_% (eizl . 6i24>_% 2F1 |:
2

Y
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6.3.3 Effective central charge and PNP-relation for V' =2 SU(2) Ny =
2 SQCD

For (62319), the effective central charge of the underlying 2d CFT is given as follows [95,096],

6 3 . o e
Catt = — Z Mg /R e’ Ly(0)dl = 4 + = Z (exlog(1 + e%) + 2Liy(—e)) . (6.3.33)

a:a’d7675 a=a,f3

where € is defined in (2223). In # — —oo limit, The TBA equations (E2319) lead

1
e = ¢ % = (1 + 67623)% (1 + 67%) ’ ,

1 ) (6.3.34)
e B =¢ B = (1 + 6_63)E (1 + 6_53)5 )
and therefore
e =1+eP, e F=1+e . (6.3.35)

These are the same equations as (B2224)) and we have formally regarded € — —oo as the

solutions. By substituting the solutions into (E23233), we obtain

Cot = 4. (6.3.36)

This result also agrees with the numerical calculation.

We can also compute the effective central charge from the coefficients of the WKB

periods. The large 6 expansion of the TBA equations (63721), (E2328) leads to a relational

expression between c.¢ and the WKB periods,

6 6
ot = i— TS =TT | 4 — (ma — ma) /R e’ Lsdo. (6.3.37)

Hg(i)l'[%) — H%)Hf(y%) can be expressed only Hg(i), Hg%) by using the differential operator Oy

(B33729). After some transpositions, we get the following relation,

= —iTCer + 3u |11

Yo au2 8u2 8

©  HO
@ hs I o)
T Qu ou %

(0) (0)
0’1, O°IL, H(o)]

211® o)
L3 (@ @s 1 o
2 T Omou  Omdu P

, 0
— z;(m& — Mgy,) /Re Lsdb.

(6.3.38)
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In the massless case m = 0, H(V(l), Hg,%) satisfies the second order Picard-Fuchs equation [46]

and the second, third and forth terms in the r.h.s of (623238) become zero,

© o
0 Ol
Yo au au B

I

= —iﬂceﬁ. (6339)

Because, at the massless point, the quantum periods agree with the ones for the pure SU(2)
(0) 015

(0)
Yo B — %Hgﬂ,’] satisfies the Wronskian relation for the pure

theory, the combination [H
SU(2) theory [99],

Ve au au B

aH(O) H(O)
nohs e gl _ (6.3.40)

where the difference from (E2229) comes from the difference of the normalization of the
parameter A? = —Aé. Comparing (E320) with (E23239), we obtain ceg = 4.

As the pure SU(2) case, it is shown that the Lh.s of (E2320) is proportional to the
coefficient of the one-loop beta function for the 4-dimensional N' =2 SU(2) N; =2 SQCD

the 4d gauge theory is governed by the effective central charge of the 2d CFT.

Summary

In this chapter, we have derived the TBA equations for the quantum Seiberg-Witten curves
of 4-dimensional N' = 2 SU(2) supersymmetric gauge theories with N; = 0,2 fundamental
hypermultiplets. The TBA equations determine the mass of the BPS particles in the low-
energy effective theories exactly. We have also computed the effective central charges of the
underlying 2d CFTs from the TBA equations. We have shown that the effective central
charges are proportional to the one-loop beta functions for the 4d gauge theories. The
quantum Seiberg-Witten curve for Ny = 0 SYM agrees with the E.O.M. for the massless
scalar field in the extremal D3-branes background. Combining the exact QNMs condition,

we have checked that the TBA equations provide the spectrum exactly.



Chapter 7
Conclusions and Discussions

In this thesis, we have studied the QNMs spectral problems and the quantum Seiberg-
Witten curves based on the Exact WKB analysis. We state the conclusions and list some

open problems below.

QNMs spectral problems

In Chapter 8, we have applied the Exact WKB analysis to the QNMs spectral problem of
the massless scalar perturbation to the extremal D3/M5-branes metric. We have solved the
connection problems of the Borel resummed WKB solutions. Combining with the boundary
conditions, we have obtained the exact conditions of the QNMs that are expressed by
the Borel resummed WKB periods. Based on our exact conditions, we have numerically
calculated the QNMs by using the Borel-Padé approximation and have derived analytic
expressions of the QNMs in some regions. We have also shown that the radial component
of the E.O.M for the massless scalar fields can be transformed to the quantum Seiberg-
Witten curves for 4-dimensional N' = 2 SU(2) supersymmetric theories, which enable us
to utilize the gauge theory results to compute the QNMs. For the D3-branes, we have
compared the results of the exact QNMs condition with the Leaver’s numerical method and
they are matched. This results indicates that the Exact WKB analysis works in the study
of the QNMs properly. For the M5-branes, we have obtained two exact QNMs conditions
depending on the argument of the complex frequency of the scalar field. The exact conditions
are connected by the Delabaere-Pham formula and have shown that the discontinuity of the
perturbative part of the QNMs leads the non-perturbative part of themselves.

As future works, we are interested in to derive the exact QNMs conditions for other

metrics and perturbations. Following the extremal Mb-branes, we have already done some
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computations for a massless scalar perturbation to the extremal M2-branes. In this case,
we observed the saddle reduction of the Stokes graph like the M5-branes case. But for the
M2-branes, the leading contributions of the WKB periods are integrals of a hypergeometric
curve and therefore it is difficult to compute them. We are also interested in applying
the Exact WKB analysis to the black hole metrics that were studied in the context of the
Seiberg-Witten /gravity correspondence [67-6Y]. In these papers, the authors conjectured
that the QNMs are calculated by only the all-order Bohr-Sommerfeld condition with suitable
WKB period. The conjectures were numerically verified in some lower modes of the QNMs,
but it may happen the saddle reduction as we go to higher modes and we may obtain
other conditions. It is also interesting to discuss the physical origin of the non-perturbative
contribution, which arises from the quantum tunnel effect in quantum mechanics, to the
QNMs.

Not only the generalization to other geometries, there are still some questions in the
study of the extremal D3/Mb5-branes. First, it is important to re-derive the exact conditions
in different ways. In the ODE/IM method [82, 104], the QNMs conditions is identified
with the Bethe roots condition for the Baxter’s @)-function, which can be expressed by
the WKB periods. The QNMs conditions can also be derived by using two-dimensional
CFT technique [T05-107]. The differential equation for the QNMs spectral problem is
identified with the semiclassical limit of the differential equation for the conformal block
with a degenerate field insertion in the CFT. The connection problem in the CFT then
provides the QNMs conditions, which can also be expressed by the WKB periods. The
re-derivations of our exact conditions reinforce the correctness of themselves. It is also
interesting to discuss the meaning of the exact QNMs conditions in the context of the
branes world volume theory [34].

Other direction of the future work is to compute the absorption probability of the scalar
fields in the extremal D3/Mb5-branes metric [74,103]. At large [ limit, the absorption prob-
ability can be determined by the Gamow factor, which is the exponent of the integrals ap-
pearing in the Bohr-Sommerfeld quantization conditions for the QNMs (E177) and (E=277).
We expect that the Gamow factor is generalized to the exponent of the Borel resummed

WKB period for the potential barrier interval in the Exact WKB analysis.
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TBA equations and quantum Seiberg-Witten curves

In Chapter B, we have studied the Exact WKB analysis for the quantum Seiberg-Witten
curves of 4-dimensional N' = 2 SU(2) N; = 0,2 supersymmetric theories. We have deter-
mined the discontinuity of the Borel resummed WKB periods in the whole of the complex
n-plane. The TBA equations governing the Borel resummed WKB periods have been de-
rived so that the discontinuity and the asymptotic behavior of the periods are satisfied.
We have computed the effective central charges of the TBA equations and found that they
are proportional to the one-loop beta functions of the 4d N = 2 theories. By using the
TBA equations for Ny = 0 case, we have also calculated the exact QNMs condition for the
extremal D3-branes, which is consistent with the Leaver’s numerical method.

There are many directions for the future work of the derivation of the TBA equations.
Firstly we are interested in the generalization to 4-dimensional N' = 2 SU(2) N; < 4
form the Schrodinger type second-order differential equations. Particularly, we are interested
in the TBA equations for the Ny = 1 theory, which compute the QNMs for the extremal
Mb5-branes by combining with our exact QNMs conditions. The discontinuity of the Borel
resummed WKB periods for the Ny = 1 theory is also studied in [TT].

More ambitious generalization is the N/ = 2 supersymmetric gauge theories with higher
rank gauge group, whose quantum Seiberg-Witten curves form higher-order differential
equations (for pure SU(N) case [b8] and with matters [69]). A good starting point is the
A,-type ODE studied in [IT2], which relates to the quantum Seiberg-Witten curve for the
(A, An)-type Argyres-Douglas theories [I13]. The Exact WKB analysis for SU(3) theory
is also studied in [I14,0T5]. It is also important to derive the TBA equations for Refined
topological string theory [I16] and 3-dimensional N' = 6 supersymmetric gauge theory [I17],
whose spectral curves are infinite-order differential equations (or difference equations). The
Exact WKB analysis for the difference equations is considered in [IT8].

The open problem we are most interested in is the possibility to apply the same discussion
to more general physical observables. In this thesis, we focus on the derivation of the TBA
equations for the Borel resummed WKB periods. But the discontinuity and the asymp-
totic behavior we used to derive the TBA equations are universal character for physical
observables. It is then possible to determine integral equations governing the exact physical
observables even for more complicated theories, including quantum field theory and string

theory.
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