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Abstract

In the thesis, we propose a new formula for the Schur index of the N = 4
U(N) supersymmetric Yang-Mills theory (SYM) via the AdS/CFT corre-
spondence.

The AdS/CFT correspondence is a conjectural relation between a super-
string theory in the anti-de sitter (AdS) space and a conformal field the-
ory (CFT). The simplest example which is discussed in this thesis is the
correspondence between the Type IIB string theory in AdS5 × S5 and the
four-dimensional N = 4 U(N) SYM. In the large-N limit, the Type IIB
string theory can be described by a classical supergravity, while the N = 4
SYM is in a strongly coupled region. Then, we can analyze quantities of the
N = 4 SYM in the strongly coupled region via the corresponding classical
supergravity. The AdS/CFT correspondence in the large-N limit is useful to
study strongly coupled CFTs.

How to tackle the AdS/CFT correspondence in the finite-N region is also
an important question because the rank of CFT that we are interested in is
usually not large N but finite N . If N is finite, quantum gravity corrections
are not negligible in the Type IIB string theory, and this is a difficulty in the
finite-N AdS/CFT correspondence. Fortunately, in recent years, there has
been progress in the study of the finite-N AdS/CFT correspondence. We
can study the finite-N AdS/CFT correspondence by using quantities that
are protected from quantum gravity corrections. One of such quantities is
the superconformal index, which is a kind of the supersymmetric partition
function. The superconformal index can be calculated in Lagrangian gauge
theories for the arbitrary rank N and arbitrary coupling constant by using the
localization method. The agreement of the index calculated on the gravity
(AdS) side and that on the gauge theory (CFT) side has been confirmed at
large N in different AdS/CFT examples. For example, the large-N index of
N = 4 U(N) SYM is the same as the index of the contribution from the



Kaluza-Klein modes in AdS5 × S5.
The index on the gauge theory side can be calculated in principle as long

as the Lagrangian is known, while contributions to the index on the gravity
side are non-trivial. It was found by Arai and Imamura that on the gravity
side not only the Kaluza-Klein modes in AdS5×S5 but also giant gravitons,
which are objects wrapped around three-cycles in S5, contribute to the index.
The contribution from giant gravitons is expected to be expressed as the sum
over wrapping number m = 1, 2, . . .. In previous works with the author and
the collaborators only m = 1 contribution was taken into account. To obtain
the complete index we need to include m ≥ 2 contributions. To calculate
m ≥ 2 contributions we need to carry out certain contour integrals, and
it has not yet been well understood how we should choose contours in the
integrals.

The difficulty of the choice of the integration contours is caused by an
unusual pole structure of the integrand. In particular, the existence of in-
tersection strings makes the problem complicated. An intersection string is
an open string appearing in the system of multiple-wrapping giant gravitons
and stretches between two giant gravitons wrapped on different cycles.

In the thesis, we show that the problem of the intersection string can
be avoided by taking the Schur limit, which is a specialization limit of the
superconformal index. In the Schur limit, we find that the intersection string
contribution in the integrand becomes a simple form and can be factor out
of the integrals. Thanks to this, the multiple integrals factorize into integrals
each of which is associated with coincident giant gravitons wrapped on a
single cycle. This factorization makes the problem much simpler.

We also show a prescription for the choice of the integration contours.
By using the prescription, we can calculate the contributions of the multiple-
wrapping giant gravitons up to an arbitrary wrapping number in principle.
As a consistency check, we confirm that the formula reproduces the correct
index on the gauge theory side in the small N cases.

Although we use the Schur index to simplify the problem, it is desirable
to use the superconformal index because the superconformal index has more
information rather than the Schur index. Even so, the Schur index itself
has been attracted and great interesting, and plays an important role in
the analysis of superconformal field theories whose Lagrangian has not been
known. We leave the analysis using such properties of the Schur index for
future works.
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Chapter 1

Introduction

One of the most significant achievements of research of superstring theory
is the AdS/CFT correspondence [1]. The AdS/CFT correspondence is a
conjectural relation between a superstring theory in the anti-de sitter (AdS)
space and a conformal field theory (CFT). It is also called the gauge/gravity
correspondence because conformal field theories often are described by gauge
theories and superstring theories are approximated by gravity theories. Many
examples of the AdS/CFT correspondence have been studied and we focus
on the simplest one, which is the correspondence between the Type IIB
superstring theory in AdS5 × S5 and the four-dimensional N = 4 U(N)
1 supersymmetric Yang-Mills (SYM) theory [2].

An important parameter in the AdS/CFT correspondence that we are
interested in is the rank of the gauge group N , which is associated with the
scale of the gravity L as follows:

N ∼ L4

l4p
, (1.0.1)

where lp is the Planck length. In the large-N limit, gauge theories have
the rank N = ∞ while the scale of the gravity is much larger than the
Planck length and the Type IIB superstring theory can be described by the
classical supergravity. In addition, gauge theories are often in a strongly
coupled region. It follows that one can analyze quantities of gauge theories

1 In some contexts one often considers an SU(N) gauge theory because the diagonal
U(1) in U(N) is decoupled in the IR. However, we consider a U(N) gauge theory
to simplify some formulas. This is a matter of convention and does not affect the
conclusion of the thesis.



in the strongly coupled region via the corresponding classical supergravity.
For example, in [3], the Wilson loop of the strongly coupled N = 4 SYM
was calculated via the corresponding supergravity. Therefore, the AdS/CFT
correspondence is useful to study strongly coupled gauge theories. Further-
more, there are theories that are only defined in the strongly coupled region
and have no Lagrangian description. It is difficult to directly analyze such
non-Lagrangian theories and the AdS/CFT correspondence is useful to study
such theories.

The AdS/CFT correspondence has been tested with respect to various
quantities. In this thesis, we focus on the superconformal index [4], which is
defined as a supersymmetric partition function on S1×S3 and has informa-
tion of Bogomolnyi-Prasad-Sommerfield (BPS) states in the Hilbert space on
S3. The superconformal index can be calculated in principle in arbitrary La-
grangian gauge theories. In the simplest AdS/CFT example the agreement
of the superconformal index in the large N limit was confirmed in [4]. The
superconformal index on the gauge theory side is calculated in the N = 4
U(∞) SYM by using the localization method. On the gravity side, Kaluza-
Klein modes of massless fields in AdS5×S5 contribute to the superconformal
index. Such an agreement has been confirmed in different examples in the
large-N limit [5, 6, 7, 8, 9].

We are interested in not only the large-N limit but also the finite N case
because gauge theories we are interested in usually have finite ranks. To
tackle the finite-N AdS/CFT correspondence plays an important role also
for understanding quantum gravity.

The purpose of this thesis is to establish a new formula in the finite-N
AdS/CFT correspondence. In this thesis, we focus on the N = 4 U(N) SYM
because the superconformal index on the gauge theory side is known and we
can confirm the correctness of the formula. It would be nice if we can extend
it to other examples and use it to predict the index of theories that can not
be analyzed directly. We leave such analysis for future works.

In general, it is difficult to study the finite-N AdS/CFT correspondence
because, if N is finite, quantum gravity corrections are not negligible in the
Type IIB string theory. Fortunately, in recent years, there has been progress
in the study of the finite-N AdS/CFT correspondence. We can study the
finite-N AdS/CFT correspondence by using quantities that are protected
from quantum gravity corrections. We assume that quantum gravity cor-
rections give continuous deformations to the background geometry with the
Planck scale. The superconformal index is independent of deformations of
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continuous parameters of the background geometry and is not affected by
quantum gravity corrections. In fact, D3-brane corrections must be taken
into account even if the superconformal index is protected from quantum
gravity corrections.

An importance of extended branes in the context of the AdS/CFT cor-
respondence was first pointed out in [10]. [10] discussed the correspon-
dence between N = 4 SO(N) SYM and the Type IIB superstring theory
in AdS5 × S5/Z2. D3-branes wrapped on non-trivial three-cycles in S5/Z2

correspond to certain BPS operators, which must contribute to the index. A
BPS D3-brane solution in AdS5 × S5 was proposed in [11], and it is called
the giant graviton. More general BPS configurations were found in [12]. In
[13] they confirmed that a BPS partition function, which counts only the op-
erators consisting of the scalar fields, in the N = 4 U(N) SYM is reproduced
by the geometric quantization of the giant gravitons.

We are interested in the superconformal index at finite N . As we men-
tioned above we need to include the contribution from the giant gravitons. It
is expected to be expressed as the sum over wrapping number m = 1, 2, . . ..
Them = 1 case has already been studied in previous works [14, 15, 16, 17, 18],
and we study the m ≥ 2 case of multiple-wrapping giant gravitons to obtain
the complete index . The calculation of the m ≥ 2 contributions includes
certain contour integrals, and the choice of integration contours has not yet
been well understood.

There is a problem caused by an unusual pole structure of the integrand.
In addition, the integrand is more complicated by the existence of intersec-
tion strings, which are open strings stretching between two giant gravitons
wrapped on different cycles. In the thesis, we show that the complication
of the integrand caused by the intersection string is resolved by taking the
Schur limit, which is a specialization limit of the superconformal index. In
the Schur limit, we find that the contribution of the intersection string in the
integrand becomes a tractable form and can be factor out of the integrals.
Due to this property, the multiple integrals factorize into integrals each of
which is associated with coincident giant gravitons wrapped on a single cycle.
This factorization makes the problem much simpler.

There remains the problem of an unusual pole structure of the integrand,
and we give a prescription for the choice of the integration contours. By
using the prescription, we can calculate the contributions of the multiple-
wrapping giant gravitons up to an arbitrary wrapping number in principle.
We propose a formula to calculate the Schur index of the N = 4 U(N)
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SYM from the contributions of the multiple-wrapping giant gravitons. As a
consistency check, we numerically confirm that the formula reproduces the
correct index on the gauge theory side in the small N cases. We mean by
“numerical confirmation” that we expand indices and confirm the agreement
of the coefficients up to the order we computed.

Although in the thesis we use the Schur index instead of the supercon-
formal index to simplify the problem, the Schur index itself has various in-
teresting properties and applications.

In the context of the M-theory, which is a eleven-dimensional theory that
comprehensively describes all string theories, the six-dimensional (2, 0) su-
perconformal field theory (SCFT) is an important theory that provides clues
to elucidate the M-theory. Although the (2, 0) theory itself has not been well
understood, there is a rich class, called the class S, of four-dimensional SCFTs
obtained by compactifying the (2, 0) theory on a two-dimensional Riemann
surface Σ [19] and the relations between four-dimensional SCFTs and two-
dimensional theories realized on Σ are widely studied. Such relations has
been studied with respect to various quantities. For an SU(2) SCFT with
flavors, the superconformal index is interpreted as a correlator in a corre-
sponding two-dimensional topological QFT [20]. This relation was applied
to several limits of the N = 2 superconformal index [21]. The Schur limit
case has been also studied and it was found in [22] that the Schur index of
an N = 2 generalized SU(N) quiver theory is captured by the structure con-
stants and the metric of the two-dimensional q-deformed Yang-Mills theory
[23] in the zero-area limit. This relation enables us to investigate interacting
field theories with no Lagrangian description.

The Schur index also appears in the context of the relation between the
four-dimensional SCFT and the two-dimensional chiral algebra. For an ar-
bitrary four-dimensional SCFT with the extended supersymmetry, a two-
dimensional chiral algebra can be constructed as a sub-sector of the opera-
tors algebra [24]. In the literature, it was found that the Schur index of a
corresponding SCFT is identified to the torus partition function called the
vacuum character in the chiral algebra . Several application of the chiral
algebra has been studied for the class S [25, 26], Argyres-Douglas theories
[27, 28, 29], and N = 3 SCFTs [30, 31].

In the Coulomb branch of a four-dimensional N = 2 SCFT a gauge group
is spontaneously broken to U(1)r, where r is the rank of the gauge group,
and BPS states are characterized by the electric and magnetic charges. By
using the information of the BPS spectrum in the Coulomb branch, the

9



procedure to calculate the Schur index was proposed in [27]. This procedure
is called the infrared (IR) formula. In the literature, by using the IR formula
the Schur index of non-Lagrangian theories such as Argyres-Douglas theories
[32, 33] was calculated. Furthermore, in [34, 35], the IR formula for the Schur
index of an N = 2 SCFT with surface defects was developed and the Schur
index including surface defects contributions is identified to a character of a
non-vacuum module in the corresponding chiral algebra.

The Schur index has a wide range of applications and we leave the relation
between our works and such applications of the Schur index for future works.

This thesis is organized as follows. In Chapter 2, we explain the super-
conformal index. In 2.1 we first introduce the Witten index and explain
fundamental properties of the index. In order to extend the Witten index to
the superconformal index we introduce the superconformal algebra in 2.2 and
Bogomolnyi-Prasad-Sommerfield states in 2.3. In 2.4 we define the supercon-
formal index. We also explain the localization formula, which is obtained by
reducing the trace over the Hilbert space in the definition of the superconfor-
mal index to a tractable form. In 2.5 we define the Schur index and explain
the relation between the superconformal index and the Schur index.

In Chapter 3, we review theN = 4 U(N) SYM. First, in 3.1, we introduce
the N = 4 vector multiplet. In 3.2 we define the Lagrangian of the N = 4
SYM. In 3.3 and 3.4 we define the superconformal index and the Schur index
of the N = 4 U(N) SYM, respectively. In particular, in 3.3, we write down
the method to derive the single-particle index of the N = 4 U(N) SYM.
In 3.5 we give some numerical results of the superconformal index and the
Schur index for small N and N =∞ cases.

In Chapter 4, we review the AdS/CFT correspondence. We first consider
a system of N coincident D3-branes. In 4.1 we explain the gauge theory de-
scription of the system and explain that the N = 4 U(N) SYM appears. In
4.2 we explain the gravity description of the system and show that the metric
of the supergravity solution given by the branes is expressed as AdS5 × S5

in the near horizon region. In 4.3 we explain the claim of the AdS/CFT
correspondence in [1] and explain some properties. In 4.4 we discuss the su-
perconformal index in the large-N limit on both the gauge theory and gravity
sides and explain that the contribution from Kaluza-Klein modes is identified
to the large-N index on the gauge theory side. In 4.4 we discuss the super-
conformal index in the finite-N case and suggest that the difference between
the finite-N and large-N indices should be reproduced by the contribution
from giant gravitons.

10



In Chapter 5, we explain the main topic of the thesis, which is based on
the author’s and the collaborators’s paper [36]. The purpose of this chapter
is to construct a formula to calculate the index by using the contributions on
the gravity side, especially giant graviton contributions, and to confirm the
correctness of the formula. In preparation for calculating the contributions
of multiple-wrapping giant gravitons, in 5.1, we define BPS configurations of
giant gravitons according to [12]. Following [14] we introduce the index of
single-wrapping giant gravitons. In 5.2 we expect that the superconformal
index of the N = 4 SYM includes all contributions from giant gravitons, and
give a formula by generalizing the index of single-wrapping giant gravitons.
In the formula, the multiple-wrapping contributions are given by certain
contour integrals. We explain the difficulty of this contour integrals and
give a procedure in the case for the system of giant gravitons wrapped on
a single cycle. In 5.3 we show that, by taking the Schur limit, the multiple
integrals factorize into the integrals for the system of giant gravitons wrapped
on a single cycle. Following the factorization, we propose a new formula
to calculate the Schur index of the N = 4 SYM from the contributions
of multiple-wrapping giant gravitons. In 5.4 we explain the supergravity
contribution in the Schur limit. In 5.5 we explain the procedure to calculate
the integrals for the system of giant gravitons wrapped on a single cycle. In
5.6 we compare the numerical results of the multiple-wrapping contributions
with the known results of the N = 4 SYM and numerically confirm the
agreement of these results.

In Chapter 6, we conclude this thesis.
Technical details are shown in the Appendix.
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Chapter 2

Superconformal index

In Chapter 2, we define several kinds of indices. We first introduce the
Witten index and discuss some properties of the index. We also give the
general definition of the superconformal index and Schur index by extensions
of the Witten index.

2.1 Witten index

The Witten index [37] is a kind of partition functions defined in a system
with supersymmetry. The supersymmetry is a symmetry between bosons and
fermions. The generators of the supersymmetry are called the supercharge,
which is often denoted by Q. The generators Q act as

Q |boson〉 = |fermion〉 and Q |fermion〉 = |boson〉 . (2.1.1)

Let us consider a system with the Hamiltonian H, a supercharge Q and its
hermitian conjugate Q† satisfying

H = {Q,Q†}, [Q,H] = [Q†, H] = 0. (2.1.2)

The Witten index is defined by

IW = Tr(−1)FxH , (2.1.3)

where the trace is taken over the Hilbert space. x is a complex parameter and
F is a fermion number which distinguish bosonic and fermionic states. The



important property of the Witten index is that it receive only the contribution
from ground states with H = 0.

Let us calculate the Witten index in a simple quantum mechanics and
explicitly show that the index pick up only the contribution of the ground
states. We consider a supersymmetric quantum mechanics of bosonic and
fermionic harmonic oscillators. (See [38]). The Hamiltonian of the super-
symmetric quantum mechanics is given by

H =
p2

2
+
x2

2
+

1

2

[
ψ†, ψ

]
, (2.1.4)

where x is a position and p is canonical conjugate to x. ψ is a complex
fermion. We define creation and annihilation operators,

aB =
1√
2

(x+ ip), a†B =
1√
2

(x− ip), aF = ψ, a†F = ψ†. (2.1.5)

These operators satisfy the following commutation and anti-commutation
relations,

[aB, a
†
B] = 1, {aF , a†F} = 1, (2.1.6)

where the other commutation relations vanish. The Hamiltonian (2.1.4) is
rewritten as

H = a†BaB + a†FaF . (2.1.7)

The supercharges are given by

Q = a†BaF =
1√
2

(x− ip)ψ,

Q† = a†FaB =
1√
2

(x+ ip)ψ†. (2.1.8)

These operators satisfy the relations in (2.1.2). We investigate the spectrum
of the model. Let |0〉 be the unique bosonic ground state, which satisfies
aB |0〉 = aF |0〉 = 0. The excitations by the creation operators are given by

|n〉B = (a†B)n |0〉 , |n〉F = (a†B)n−1a†F |0〉 , (n ≥ 1). (2.1.9)

The excited states |n〉B and |n〉F are eigenstates for the H with the eigen-
values n. The fermionic number F counts the number of the fermionic anni-
hilation operator a†F and F is even for the state |n〉B while F is odd for the

13



state |n〉F . The supercharges act on the excited states and transform them
as the following forms,

Q† |n〉B = n |n〉F , Q |n〉F = |n〉B , Q |n〉B = Q† |n〉F = 0. (2.1.10)

The structure of the Hilbert space is shown in Figure 2.1.

H

(−1)F

−1 +1

H = 0

H = 1

H = 2

H = 3

H = 4

|0〉

|1〉B

|2〉B

|3〉B

|4〉B

|1〉F

|2〉F

|3〉F

|4〉F

Figure 2.1: The energy spectrum of the supersymmetric harmonic oscillator.
Two states connected by the arrow construct supersymmetric multiplets.

Let us calculate the Witten index. The trace counts the spectrum in
Figure 2.1 and we obtain

IW = Tr(−1)FxH = 1 + (x+ x2 + · · · )− (x+ x2 + · · · ) = 1. (2.1.11)

We see that only the state with H = 0 contributes to the Witten index
and the other states are cancelled out with the bosons and the fermions
respectively at each energy level.
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An important property of the index is that it is invariant under a con-
tinuous deformation of the system. For example, we can deform the system
considered above by replacing the supercharges in (2.1.8) by

Q =
1√
2

(f(x)− ip)ψ, Q† =
1√
2

(f(x) + ip)ψ†. (2.1.12)

f(x) is a function given by

f(x) = x+ gh(x), (2.1.13)

where g is a coupling constant and h(x) is a function that goes to zero at
infinity. Then, the Hamiltonian H = {Q,Q†} is given by

H =
1

2
f(x)2 +

1

2
p2 +

1

2
f(x)′

[
ψ†, ψ

]
. (2.1.14)

The system is a particle in the potential

V (x) =
1

2
f(x)2 =

1

2
(x+ gh(x))2 , (2.1.15)

coupling to the fermionic degrees of freedom.
If g changes, the Hilbert space also changes and it is in general difficult

to calculate the eigenvalues of H. Even so, the degeneracy of the excited
states is preserved, and excited states always appear in a pair of a boson and
a fermion. Let |ψ〉 be an eigenstate of the Hamiltonian with non-zero energy,

H |ψ〉 = E |ψ〉 , E 6= 0. (2.1.16)

By using the relations (2.1.2) we can show that E > 0 and Q |ψ〉 or Q† |ψ〉
gives another state |ψ′〉 with the same energy and the opposite the statistics.
This means that an excited state with E > 0 always appears with the pair
of |ψ〉 and |ψ′〉 and the contributions to the Witten index cancel with each
other. Therefore, the Witten index is given by

IW = TrH=0(−1)F = nB − nF , (2.1.17)

where nB and nF are the numbers of the bosonic and fermionic zero-energy
states, respectively. Although each of nB and nF change, the difference
nB − nF is preserved under continuous deformations of the system because
of the degeneracy of excited states. (See Figure 2.2). Therefore, the Witten
index is independent of the coupling constant.
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H

H = 0

g = 0 g 6= 0

Figure 2.2: The Hilbert spaces with g = 0 and g 6= 0. The white and black
circles represent respectively bosons and fermions. The transition of states
always occur in the pair of bosons and fermions.

2.2 Superconformal algebra

We want to define an index in a superconformal field theory. Let us first
summarize the symmetry algebra. In this thesis we use a cylinder R×S3. It is
more convenient for construction of the irreducible unitary representations of
the superconformal algebra [39]. Furthermore, we define the superconformal
index as the partition function on the cylinder R × S3 as the background
spacetime.

The superconformal algebra is an extension of the conformal algebra by
the supersymmetry. The four-dimensional superconformal algebra is gener-
ated by

H, Jαβ, J
α̇

β̇, P α̇
β, Kα

β̇
, QI

α, Q
α̇

I , SαI , S
I

α̇, RI
J , r.

(2.2.1)

The first five generate the conformal algebra so(2, 4). In R × S3 H is the
Hamiltonian generating the translation along R. The rotation group on S3 is

SO(4) = SU(2)left×SU(2)right. J
α
β and J

α̇

β̇ are respectively the generators
of SU(2)left and SU(2)right. Indices α and α̇ are respectively spin indices of
SU(2)left and SU(2)right.

In the literature the Minkowski spacetime R1,3 is also used. It is related
to R × S3 by the Weyl transformation and the Wick rotation. For R1,3 H
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is the dilatation, Jαβ, J
α̇

β̇ are the Lorentz spins, P α̇
β are the translations

generator, and Kα
β̇

are the generators of special conformal transformations.

The commutation relations for the generators of the conformal algebra
are

[Jαβ, J
γ
δ] = δγβJ

α
δ − δαδ J

γ
β,

[J
α̇

β̇, J
γ̇

δ̇] = δγ̇
β̇
J
α̇

δ̇ − δα̇δ̇ J
γ̇

β̇,

[Jαβ, P
γ̇
δ] = δαδ P

γ̇
β −

1

2
δαβP

γ̇
δ,

[J
α̇

β̇, P
γ̇
δ] = −δγ̇

β̇
P α̇

δ +
1

2
δα̇
β̇
P γ̇

δ,

[Jαβ, K
γ

δ̇
] = −δγβK

α
δ̇

+
1

2
δαβK

γ

δ̇
,

[J
α̇

β̇, K
γ

δ̇
] = δα̇

δ̇
Kγ

β̇
− 1

2
δα̇
β̇
Kγ

δ̇
,

[H,P α̇
β] = P α̇

β,

[H,Kα
β̇
] = −Kα

β̇
,

[Kα
β̇
, P γ̇

δ] = δαδ δ
γ̇

β̇
H + δγ̇

β̇
Jαδ − δαδ J

γ̇

β̇.

The hermitian conjugates of the conformal generators are given by

H† = H, (Jαβ)† = Jβα, (J
α̇

β̇)† = J
β̇

α̇, (P α̇
β)† = Kα

β̇
. (2.2.2)

The generators P and K on the cylinder R×S3 are swapped by the hermitian
conjugate. P and K change the energy by +1 and −1, respectively. In the
construction of irreducible unitary representations we treat P and K as the
raising and lowing operator for the energy.

The supercharges QI
α, Q

α̇

I , SαI , and S
I

α̇ are fermionic generators with
SU(2) spin indices α and α̇. The indices I, J run from 1 to N , where N
represents the number of supersymmetries. In four-dimensional field theories
without gravity the maximum number of N is four. The anti-commutation
relations for the supercharges are given by

{QI
α, Q

β̇

J} = δIJP
β̇
α, (2.2.3)

{SαI , S
J

β̇} = δJIK
α
β̇
, (2.2.4)

{SαI , QJ
β} = δJI δ

α
β

(
1

2
H +

4−N
4N

r

)
+ δJI J

α
β + δαβR

J
I , (2.2.5)
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{Qα̇

I , S
J

β̇} = δJI δ
α̇
β̇

(
1

2
H − 4−N

4N
r

)
− δJI J

α̇

β̇ − δα̇β̇R
J
I , (2.2.6)

and the other anti-commutation relations for Q,Q, S, S vanish. The U(N )
(or SU(N )) global symmetry acting on the index I is called the R-symmetry.
RI

J are the generators of SU(N ) and r is the generator of U(1) ⊂ U(N ).
In the case of N = 4 the coefficients of r in (2.2.5) and (2.2.6) are zero and
the generator r appears in no (anti-)commutation relations. This means the
U(1) symmetry can be removed and the R-symmetry for N = 4 is SU(4).
RI

J obey the following relations:

[RI
J , Q

K
α ] = −δKJ QI

α +
1

N
δIJQ

K
α , (2.2.7)

[RI
J , R

K
L] = δILR

K
J − δKJ RI

L. (2.2.8)

The U(1) charge r is normalized so that

[r,QI
α] = −QI

α, [r,Q
α̇

I ] = Q
α̇

I , [r, SαI ] = −SαI , [r, S
I

α̇] = S
I

α̇. (2.2.9)

The hermiticity of the supercharges and R-symmetry generators is

(QI
α)† = SαI , (Q

α̇

I )† = S
I

α̇, (RI
J)† = RJ

I , r† = r. (2.2.10)

The commutation relations between the Hamiltonian and the supercharges
are given by

[H,Q] =
1

2
Q, [H,Q] =

1

2
Q, [H,S] = −1

2
S, [H,S] = −1

2
S. (2.2.11)

The other commutation relations between fermionic generators and confor-
mal generators are

[Jαβ, Q
I
γ] = δαγQ

I
β −

1

2
δαβQ

I
γ, [Jαβ, S

γ
I ] = −δγβS

α
I +

1

2
δαβS

γ
I ,

[J
α̇

β̇, Q
γ̇

I ] = −δγ̇
β̇
Q
α̇

I +
1

2
δα̇
β̇
Q
γ̇

I , [J
α̇

β̇, S
I

γ̇] = δα̇γ̇S
I

β̇ −
1

2
δα̇
β̇
S
I

γ̇,

[Kα
β̇
, QI

γ] = δαγS
I

β̇, [P α̇
β, S

γ
I ] = −δγβQ

α̇

I ,

[Kα
β̇
, Q

γ̇

I ] = δγ̇
β̇
SαI , [P α̇

β, S
I

γ̇] = −δα̇γ̇QI
β.
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The maximal compact subgroup of the superconformal symmetry with
N ≤ 3 is SO(2)× SU(2)2×U(N ) and the Cartan charges of it are given by

H, J ≡ J1
1 = −J2

2, J ≡ J
1̇

1̇ = −J 2̇

2̇, Rn
n −Rn+1

n+1, r. (2.2.12)

There are N + 3 Cartan generators. In the case of N = 4 the U(1) Cartan
generator r is removed and there are six Cartan generators.

2.3 Bogomolnyi-Prasad-Sommerfield states

In the definition of the Witten index in 2.1 the relation H = {Q,Q†} plays
an important role and states satisfying Q |ψ〉 = Q† |ψ〉 = 0 contribute to
the index. Although there is no supercharge satisfying H = {Q,Q†} in the
superconformal algebra, we can define an operator ∆ which plays a similar
role to H. We focus on the anti-commutation relations in (2.2.5) and (2.2.6).

Because of the hermiticity S = Q† and S = Q
†

in (2.2.10),

{QI
α, S

α
I } = {QI

α, (Q
I
α)†} ≥ 0, (2.3.1)

{Qα̇

I , S
I

α̇} = {Qα̇

I , (Q
α̇

I )†} ≥ 0. (2.3.2)

These bounds come from the unitarity. 1 These bounds give conditions on
the Cartan charges for each choice of α, α̇, I. Namely, the Cartan charges
appearing in the (2.2.5) and (2.2.6) have the following bounds:

1

2
H +

4−N
4N

r + Jαα +RI
I ≥ 0, (2.3.4)

1

2
H − 4−N

4N
r − J α̇ α̇ −RI

I ≥ 0. (2.3.5)

Because the total number of the supercharges QI
α and Q

α̇

I is 4N , there are
4N conditions corresponding to the respective supercharges.

1 We act an operator O satisfying {O,O†} = c, where c is a constant parameter, on a
ket vector,

|O |ψ〉 |2 + |O† |ψ〉 |2 = 〈ψ| {O,O†} |ψ〉 = c 〈ψ|ψ〉 . (2.3.3)

If a theory is unitary, the norm of the ket vector is positive. In such a case, the left
hand side on the (2.3.3) is positive, and it follows that the constant c must be positive,
namely c ≥ 0.
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Let us consider a state saturating the bound for a supercharge QI′

α′ with
the fixed indices I ′ and α′. Such a saturating state is called the Bogomolnyi-
Prasad-Sommerfield (BPS) state. A BPS state is invariant under the trans-
formation generated by QI′

α′ while it is generically transformed by the other
generators. It follows that a supersymmetric multiplet is lack for one part
regarding the generator QI′

α′ . Such a lacking multiplet is called the short
multiplet and may have a manageable property in terms of non-perturbation
theories. We define a quantity for the QI′

α′ ,

∆ ≡ {QI′

α′ , (Q
I′

α′)
†}. (2.3.6)

An eigenstate for ∆ has a non-negative eigenvalue and ∆ plays a similar role
toH in the Witten index defined in 2.1. All states with ∆ > 0 appear in a pair
of bosonic and fermionic states and do not contribute to the index. Therefore,
the index dose not change under deformations of continuous parameters.

2.4 Superconformal index

Superconformal index [4, 8] is an extension of the Witten index defined in an
N = 1 superconformal field theory. Let Q be one of the supercharges. The
general definition of the superconformal index is

I = TrHGI

[
(−1)Fx∆

∏
a

yMa
a

]
, ∆ ≡ 2{Q,Q†}, (2.4.1)

where the trace is taken over the Hilbert space HGI on the cylinder R× S3.
HGI includes only physical (gauge invariant) states. F is the fermion number
and the factor (−1)F gives +1 for bosons and −1 for fermions. Ma are linear
combination of the Cartan generators of the global symmetry of the theory
which satisfy

[Ma,Mb] = [Ma, Q] = 0. (2.4.2)

The variables x, ya are complex free parameters called “fugacities”.
This index is invariant under continuous deformations [4]. The reason is

essentially the same as the coupling independence of the Witten index. As
we explained in the previous section, non-BPS states with ∆ > 0 do not
contribute to the the index because all non-BPS states appear in pairs of
bosons and fermions.
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It follows that I is independent of the fugacity x. We can easily check the
x-independence of I from the definition (2.4.1) as follows. The derivative of
I with respect to x is

∂I
∂x

= Tr

[
(−1)F∆x∆−1

∏
a

yMa
a

]
= 0, (2.4.3)

where in the last equality we use the following relation:

Tr
[
(−1)FQQ†C

]
= −Tr

[
Q(−1)FQ†C

]
= −Tr

[
(−1)FQ†CQ

]
= −Tr

[
(−1)FQ†QC

]
, (2.4.4)

where the first equality uses the relation (−1)fQ = −Q(−1)F , the second
equality uses the property that the trace is invariant under the cyclic permu-
tations, and the third quality uses the relation CQ = QC.

Now, let us give Ma explicitly for the N = 1 superconformal index case.

First, we choose a superchargeQ = Q
α̇=1̇

I=1 , whose quantum numbers are shown
in Table 2.1. There are four Cartan generators of the N = 1 superconformal
symmetry given in (2.2.12):

H, J, J, r1, (2.4.5)

where we denote the U(1)R charge r by r1 for distinction from the U(1)
charge in N = 2 theory discussed in the next section. From the relation
(2.2.6) ∆ is given by

∆ = H − 3

2
r1 − 2J. (2.4.6)

There are three independent linear combinations of (2.4.5) satisfying (2.4.2).
One of three is ∆ because [∆, Q] = 0. The remaining two, M1 and M2, can
be chosen as follows:

M1 = H + J + J, M2 = J. (2.4.7)

In addition, we may also have flavor charges

Mi = Fi (2.4.8)
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where Fi are the generators of flavor symmetries. Because the index is in-
dependent of the fugacity x corresponding to ∆, the N = 1 superconformal
index is written as

I(y1, y2, yi) = Tr

[
(−1)Fx∆yH+J+J

1 yJ2
∏
i

yFii

]
. (2.4.9)

Table 2.1: The Cartan charges for the N = 1 supercharges.

QI , QI H J J r1

QI=1
α=1

1
2

1
2

0 −1

QI=1
α=2

1
2
−1

2
0 −1

Q
α̇=1̇

I=1
1
2

0 −1
2

1

Q
α̇=2̇

I=1
1
2

0 1
2

1

Localization formula
Thanks to the property that the index is independent of coupling constants,
the index can be calculated in the weak coupling limit g = 0. In the limit
all fields become free fields and we can construct the Hilbert space explicitly.
As a simple example let us consider a free real scalar field φ with mass m on
R× S3. The equation of motion for φ is(

−∂2
t + ∆−m2

)
φ = 0, (2.4.10)

where ∆ is the Laplacian on S3. We first expand φ by spherical harmonics
in S3. Let Yn be the eigenfunctions of m2 − ∆ and ω2

n (ωn > 0) be the
associated eigenvalues: (

m2 −∆
)
Yn = −ω2

nYn. (2.4.11)

By using Yn, the mode expansion of φ is expressed as

φ =
∑
n

(
Ane

−iωntYn + A†ne
iωntYn

)
, (2.4.12)
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where An and A†n are annihilation and creation operators, respectively, and
they satisfy [

An, A
†
m

]
= δnm. (2.4.13)

The Hilbert space H for φ is

H :

{∏
n

(
A†n
)an |0〉}

an

, an ∈ Z≥0, (2.4.14)

where |0〉 is the vacuum state annihilated by An.
Even in more general theories including fermions and gauge fields, we

can construct the Hilbert space explicitly in a similar way by using the mode
expansion. The index is given by

IG = TrH

[
(−1)Fx∆

∏
a

yMa
a

∏
i

ζαii

]
=
∑
{an}

∏
n

〈0| (An)an · (−1)Fx∆
∏
a

yMa
a

∏
i

ζαii · (A†n)an |0〉 . (2.4.15)

Because we are considering the free theory with g = 0, we can treat the gauge
symmetry as the global symmetry. In (2.4.15) we introduced fugacities ζi for
Cartan charges αi of the gauge symmetry G. To obtain the index I in (2.4.1)
defined as the trace over HGI, we need to extract the contributions of only
physical states from (2.4.15). This can be done by extracting gauge invariant
contributions by ζi integrals:

I =

∫
dµIG, (2.4.16)

where dµ is the Haar measure of the gauge group G. If G = U(N), dµ is
defined by ∫

dµN =
1

N !

N∏
i=1

∮
|ζi|=1

dζi
2πiζi

N∏
i,j=1
i 6=j

(
1− ζi

ζj

)
. (2.4.17)

Because we have constructed the Hilbert space (2.4.14), we can calculate
the summation over the states in (2.4.15) straightforwardly. There is a con-
venient way to do it. We first define the sub-space H1 ⊂ H of single-particle
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states:

H1 :
{
A†n |0〉

}
n
. (2.4.18)

We define the index iG for this sub-space

iG = TrH1

[
(−1)Fx∆

∏
a

yMa
a

∏
i

ζαii

]
=
∑
n

〈0|An(−1)Fx∆
∏
a

yMa
a

∏
i

ζαii A
†
n |0〉 . (2.4.19)

This is called the single-particle index. Once we obtain iG, we can calculate
IG by the following formula:

IG = Pexp (iG) . (2.4.20)

Pexp is the plethystic exponential defined by

Pexp

(∑
i

cixi

)
=
∏
i

1

(1− xi)ci
, (2.4.21)

where ci are numerical coefficients and xi are fugacities. Pexp converts
single-particle contributions to multiple-particle contributions. By combin-
ing (2.4.16) and (2.4.20) we obtain the localization formula

I =

∫
dµPexp (iG) . (2.4.22)

2.5 Schur index

The Schur index is a specialization of the superconformal index. In addition
to Q used in the definition of the superconformal index (2.4.1), we choose

another supercharge Q̃ which has opposite chirality to Q and anti-commutes
with Q. By using the supercharge Q̃ we define

∆̃ ≡ 2{Q̃, Q̃†}. (2.5.1)

The Schur index is defined by

I = Tr

[
(−1)Fx∆x̃∆̃

∏
a

uMa
a

]
, (2.5.2)
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where the trace is taken over the Hilbert space on the cylinder. The fugacities
x, x̃, ua are complex parameters. Ma are linear combination of the Cartan
generators satisfying

[Ma,Mb] = [Ma, Q] = [Ma, Q̃] = 0. (2.5.3)

Only states satisfying ∆ = ∆̃ = 0 contribute to the Schur index, and the
Schur index is independent of the fugacities x, x̃. The Schur index inherits
the properties of the superconformal index that it is independent of coupling
constants, so that the Schur index can be calculated exactly even in strong-
coupled theories.

Table 2.2: The Cartan charges for the N = 2 supercharges.

QI , QI H J J (R, r2)

QI=1
α=1

1
2

1
2

0
(
−1

2
,−1

)
QI=1
α=2

1
2
−1

2
0

(
−1

2
,−1

)
QI=2
α=1

1
2

1
2

0
(

1
2
,−1

)
QI=2
α=2

1
2
−1

2
0

(
1
2
,−1

)
Q
α̇=1̇

I=1
1
2

0 −1
2

(
1
2
, 1
)

Q
α̇=2̇

I=1
1
2

0 1
2

(
1
2
, 1
)

Q
α̇=1̇

I=2
1
2

0 −1
2

(
−1

2
, 1
)

Q
α̇=2̇

I=2
1
2

0 1
2

(
−1

2
, 1
)

In this thesis, we use the convention with Q = Q
α̇=1̇

I=1 and Q̃ = QI=2
α=2. Their

quantum numbers are shown in Table 2.2. There are five Cartan generators
of the N = 2 superconformal symmetry given in (2.2.12):

H, J, J, R, r2, (2.5.4)

where R ≡ R1
1 and r2 ≡ r. From the relations (2.2.5) and (2.2.6) ∆ and ∆̃

are given by

∆ = H − 1

2
r2 − 2J − 2R, (2.5.5)

∆̃ = H +
1

2
r2 − 2J − 2R. (2.5.6)
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There are three independent linear combinations of (2.5.4) satisfying (2.5.3)

and two of three are ∆ and ∆̃. The remaining one, M1, can be chosen as
follows:

M1 = H + J + J. (2.5.7)

We may also have flavor generators

Mi = Fi. (2.5.8)

The N = 2 Schur index is written as

I(y1, yi) = Tr

[
(−1)Fx∆x̃∆̃yH+J+J

1

∏
i

yFii

]
. (2.5.9)

We can regard the N = 2 theory as a special N = 1 theory. Let us use

the N = 1 sub-algebra with Q = Q
α̇=1̇

I=1 to define the superconformal index of
the N = 2 theory. Cartan generators commuting with Q are

∆, M0 = H +
1

2
r2 − 2J − 2R, M1 = H + J + J, M2 = J, Mi = Fi.

(2.5.10)

The N = 2 superconformal index is written as

I(y0, y1, y2, yi) = Tr

[
(−1)Fx∆y

H+ 1
2
r2−2J−2R

0 yH+J+J
1 yJ2

∏
i

yFii

]
. (2.5.11)

Now, we consider the limit y2 → 1 in the N = 2 superconformal index
(2.5.11). In this limit M2 in (2.5.10) corresponding to y2 does not contribute
to the index. All generators in (2.5.10) except for M2 satisfy the condition

(2.5.3) and M0 in (2.5.10) is nothing but ∆̃ in (2.5.6). It follows that the N =
2 superconformal index (2.5.11) at y2 = 1 is independent of y0 corresponding

to M0 = ∆̃. Namely, in taking the limit y2 → 1, the limit y0 → 1 is
automatically taken and the N = 2 superconformal index reduces to the
N = 2 Schur index.

We can relate the N = 1 superconformal index (2.4.9) and the N = 2
superconformal index (2.5.11) by using the relations

3r1 = r2 + 4R, F = 2R− r2, (2.5.12)

where F commutes with QI=2
α=2 and we can regard F as a flavor symmetry

from the view point of the N = 1 theory.
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Chapter 3

N = 4 supersymmetric
Yang-Mills theory

In Chapter 3, we review the N = 4 U(N) supersymmetric Yang-Mills theory
in four-dimensions and define the superconformal index of the theory. This
theory has the N = 4 superconformal symmetry.

We consider the theory in R × S3, because it is the boundary of the
five-dimensional anti-de Sitter space AdS5 in the global coordinate. We will
discuss the AdS/CFT correspondence in detail in Chapter 4. On the gauge
theory side the superconformal index is the partition function in R×S3, and
is calculated by the localization method from the Lagrangian on the cylinder
[40]. See also the Lagrangians and the conformal Killing spinors in [41, 42].

3.1 N = 4 vector multiplet

The four-dimensional N = 4 supersymmetric Yang-Mills theory consists of
an N = 4 vector multiplet, whose components are

Aµ: four-dimensional vector,

φIJ : six real scalars, (3.1.1)

χI , χ
I : four Weyl fermions and their conjugates.

I, J are indices of SU(4) R-symmetry. χI and χI belong to 4 and 4 of
SU(4), respectively. All component fields of the vector multiplet belong to
the adjoint representation of the gauge group G and they are expanded by



hermitian generators Tα labeled by α = 1, . . . , dim G,

Φ =
dim G∑
α=1

ΦαTα. (3.1.2)

The scalar φIJ belongs to the anti-symmetric representation 6 of SU(4) and
satisfy

φIJ = −φJI , φIJ =
1

2
εIJKLφKL = (φIJ)†. (3.1.3)

φIJ consists of three independent complex scalars and we denote them by

X = φ12, Y = φ13, Z = φ14. (3.1.4)

In the following we only consider G = U(N). Then, Tα are N × N
hermitian matrices and α runs from 1 to N2. The commutation relation and
the trace for Φs are expressed as

[Φ,Φ] =
∑
α,β

ΦαΦβ[Tα, T β], (3.1.5)

Tr[ΦΦ · · ·Φ] =
∑
α,β,γ

ΦαΦβ · · ·Φγ Tr
[
TαT β · · ·T γ

]
. (3.1.6)

The N = 4 supersymmetric transformations on R×S3 are generated by
the conformal Killing spinors εI , ε

I satisfying the Killing spinor equations on
the cylinder R× S3,

∇µεI = γµκI , ∇µε
I = γµκ

I , (3.1.7)

where κI and κI are arbitrary spinor parameters. γµ are gamma matrices and
satisfy the Clifford algebra {γµ, γν} = 2gµν . ∇µ are the covariant derivatives
for spinors, which are expressed as

∇µχ = ∂µχ+
1

4
ωabµ γabχ. (3.1.8)

ωabµ are the spin-connections satisfying dea + ωab ∧ eb = 0. The N = 4
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supersymmetric transformations for the vector multiplet are

δAµ = i
(
εIγµχI + εIγµχ

I
)
,

δχI =
1

2
γµνF

µνεI + 2γµ (DµφIJ) εJ + 4κJφIJ + 2i[φIK , φ
KJ ]εJ ,

δχI =
1

2
γµνF

µνεI + 2γµ
(
Dµφ

IJ
)
εJ + 4κJφ

IJ + 2i[φIK , φKJ ]εJ ,

δφIJ = i
(
εIχJ − εJχI + εIJKLε

KχL
)
,

δφIJ = i
(
εIχJ − εJχI + εIJKLεKχL

)
. (3.1.9)

The covariant derivatives Dµ acting on the scalar and spinor fields are

DµφIJ = ∂µφIJ + i[Aµ, φIJ ], DµχI = ∇µχI + i[Aµ, χI ]. (3.1.10)

3.2 Lagrangian

The Lagrangian of the N = 4 supersymmetric Yang-Mills theory on R× S3

is given by

LN=4 =
1

g2
YM

Tr

[
−1

4
FµνF

µν + iχIγµDµχI −
1

2
DµφIJD

µφIJ − 1

2l2
φIJφ

IJ

+χI [χJ , φ
IJ ] + χI [χJ , φIJ ] +

1

4
[φIJ , φKL][φIJ , φKL]

]
,

(3.2.1)

where gYM is a coupling constant and the trace is taken over the N × N
matrix representation. In the large-N limit, ’t Hooft coupling

λ ≡ g2
YMN (3.2.2)

is also defined. The potential − 1
2l2
φIJφ

IJ comes from the coupling of the
scalars to the scalar curvature R = 6/l2, where l is the radius of S3.

In the weak coupling limit gYM → 0 the N = 4 supersymmetric Yang-
Mills theory with the Lagrangian (3.2.1) becomes a free theory with the
potential − 1

2l2
φIJφ

IJ :

Lfree
N=4 = Tr

[
−1

4
FµνF

µν + iχIγµ∇µχI −
1

2

(
|∂µX|2 + |∂µY |2 + |∂µZ|2

)
− 1

2l2
(
|X|2 + |Y |2 + |Z|2

)]
, (3.2.3)
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where we rescaled all fields by Φ→ gYMΦ. The Lagrangian (3.2.3) play a role
in calculating the index via the localization method, which was explained in
2.4.

3.3 Definition of superconformal index

Let us define the superconformal index for the N = 4 supersymmetric Yang-
Mills theory explicitly following the general definition in 2.4. The N = 4
SYM has the N = 4 superconformal symmetry, which was introduced in
2.2. The four-dimensional N = 4 superconformal algebra has six Cartan
generators

H, J, J, RX , RY , RZ . (3.3.1)

The Hamiltonian H and the spins J and J are Cartan generators for the
four-dimensional conformal algebra so(2, 4), and RX , RY , and RZ are Cartan
generators of the R-symmetry so(6), which are related to RI

J defined in 2.2
by

R1
1 =

1

2
(RX +RY +RZ) ,

R2
2 =

1

2
(RX −RY −RZ) ,

R3
3 =

1

2
(−RX +RY −RZ) ,

R4
4 =

1

2
(−RX −RY +RZ) . (3.3.2)

The Cartan charges for the supercharges QI and QI are listed in Table
3.1. QI and QI belong to 4 and 4 of SU(4) representations, respectively.

The Cartan charges for the component fields in the vector multiplet are
listed in Table 3.2.

In order to define the superconformal index we choose the supercharge
with the following Cartan charges:

Q = Q
α̇=1̇

I=1 : (H, J, J,RX , RY , RZ) = (1
2
, 0,−1

2
,+1

2
,+1

2
,+1

2
). (3.3.3)

Then, ∆ is given by

∆ ≡ 2{(Q1̇

1)†, Q
1̇

1} = H − 2J −RX −RY −RZ . (3.3.4)
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Table 3.1: The Cartan charges for the supercharges. [1
2
] means the spin-half

representation for SU(2).

QI , QI H J J (RX , RY , RZ)

Q1 1
2

[1
2
] 0

(
−1

2
,−1

2
,−1

2

)
Q2 1

2
[1
2
] 0

(
−1

2
,+1

2
,+1

2

)
Q3 1

2
[1
2
] 0

(
+1

2
,−1

2
,+1

2

)
Q4 1

2
[1
2
] 0

(
+1

2
,+1

2
,−1

2

)
Q1

1
2

0 [1
2
]
(
+1

2
,+1

2
,+1

2

)
Q2

1
2

0 [1
2
]
(
+1

2
,−1

2
,−1

2

)
Q3

1
2

0 [1
2
]
(
−1

2
,+1

2
,−1

2

)
Q4

1
2

0 [1
2
]
(
−1

2
,−1

2
,+1

2

)
Table 3.2: The Cartan charges of the N = 4 vector multiplet.

FIelds H J J SO(6) rep.

Fab, Fȧḃ 2 ±1
2
±1

2
1

χI
3
2
±1

2
0 4

χI 3
2

0 ±1
2

4
φIJ 1 0 0 6

There are five independent linear combinations for Cartan generators com-
muting with Q:

∆, H + J, J, RX −RY , RY −RZ . (3.3.5)

We define the superconformal index by

I(q, y, u, v) = Tr
[
(−1)Fx∆qH+Jy2JuRX−RY vRY −RZ

]
. (3.3.6)

Because the index I counts only the BPS states with ∆ = 0, I is independent
of x. We also use the following notation:

u1 = u, u2 =
v

u
, u3 =

1

v
, (u1u2u3 = 1). (3.3.7)

In this notation the corresponding part of the index becomes

uRX1 uRY2 uRZ3 = uRX−RY vRY −RZ . (3.3.8)
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The Cartan generators RX−RY and RY −RZ are the ones of the R-symmetry
subgroup SU(3) ⊂ SU(4).

By using the localization method we rewrite the superconformal index
into a tractable form,

IU(N)(q, y, u, v) =

∫
dµNPexp

(
ivec(q, y, u, v)χadj

N

)
, (3.3.9)

where χadj
N is the character for the adjoint representation of U(N) given by

χadj
N =

N∑
i,j=1

ζi
ζj
. (3.3.10)

Now, let us calculate the single-particle index ivec(q, y, u, v). The proce-
dure is as follows: Since we are considering the weakly coupled limit, the
fields that appear in the theory are free fields. We calculate the mode ex-
pansions of free fields and construct the single-particle states as given in
(2.4.18). The single-particle states are composed by a single action of the
creation operators A†n on the vacuum |0〉: A†n |0〉. The single-particle index
can be obtained by examining the quantum numbers of such single-particle
states. A convenient way to investigate the quantum numbers is to use lo-
cal operators corresponding to the single-particle states. In general CFT,
there is a one-to-one correspondence between states |n〉 on R×S3 and local
operators On inserted at the origin on R4:

|n〉 ←→ On. (3.3.11)

It is called the state/operator correspondence. R×S3 is related to R4 by the
Weyl transformation and Wick rotation, and the origin on R4 corresponds to
the infinite past t = −∞ on R×S3. It follows that any state at t = t0 can be
generated by an operator inserted in the infinite past given as the origin. (See
Figure 3.1). If |n〉 is a k-particle state, the corresponding operator consists
of k elementary fields and derivatives on R4. Now, we consider the k = 1
case. The local operator consists of one elementary field and derivatives. As
a simple example, let us consider the case for the scalar field φ12 given in
(3.1.4). The general form of the local operator is given by

(∂11̇)l1 (∂12̇)l2 (∂21̇)l3 (∂22̇)l4 φ12, (3.3.12)
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R

t = t0

R× S3

Weyl transformation

×

On

|n〉

R4

Figure 3.1: A state/operator correspondence. The infinite past t = −∞ on
R×S3 is moved onto the origin on R4 by the Weyl transformation. A state
|n〉 at t = t0 corresponds to a local operator inserted at the origin.

where l1,2,3,4 ∈ Z≥0 and the derivatives ∂αα̇ have the quantum numbers listed
in Table 3.3. By summing over l1,2,3,4 we obtain the contributions of φ12 to
the single-particle index:

∞∑
l1,l2,l3,l4=0

(
q

3
2y
)l1 (

q
1
2y
)l2 (

q
3
2y−1

)l3 (
q

1
2y−1

)l4
qu. (3.3.13)

Note that operators in (3.3.12) are not all linearly independent. Among the
contributions we need to subtract the degree of freedom in the equation of

Table 3.3: The quantum numbers of the derivatives ∂αα̇ and the elementary
field φ12.

QI , QI H J J (RX , RY , RZ)

∂11̇ 1 1
2

1
2

(0, 0, 0)

∂12̇ 1 1
2
−1

2
(0, 0, 0)

∂21̇ 1 −1
2

1
2

(0, 0, 0)

∂22̇ 1 −1
2
−1

2
(0, 0, 0)

φ12 1 0 0 (1, 0, 0)
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motion for φ12:

∂ · · · ∂∂2φ12 = 0. (3.3.14)

The subtracted contributions are

∞∑
l1,l2,l3,l4=0

(
q

3
2y
)l1 (

q
1
2y
)l2 (

q
3
2y−1

)l3 (
q

1
2y−1

)l4
q3u. (3.3.15)

Performing the above operations for all elementary fields in (3.1.1) yields the
single-particle index. In fact, since the cancellation between the contributions
from bosons and fermions, in the construction of the local operator in (3.3.12)
we do not have to take account of derivatives and fields with ∆ > 0.

By summing up all the contributions from each component fields in the
free vector multiplet listed in Table 3.4, we obtain the single-particle index

ivec(q, y, u, v) =
qχ[1,0] − q

3
2 (y + y−1)− q2χ[0,1] + 2q3

(1− q 3
2y)(1− q 3

2y−1)
, (3.3.16)

where χ[a,b] is the SU(3) Weyl character for the representation with the
Dynkin label [a, b] given by

χ[a,b] =

∣∣∣∣∣∣
ua+1 1 u−b−1

(v/u)a+1 1 (v/u)−b−1

(1/v)a+1 1 (1/v)−b−1

∣∣∣∣∣∣
/ ∣∣∣∣∣∣

u 1 u−1

(v/u) 1 (v/u)−1

(1/v) 1 (1/v)−1

∣∣∣∣∣∣ , (3.3.17)

and we give simple examples of the SU(3) Weyl characters:

χ[1,0] = u+
v

u
+

1

v
, χ[0,1] =

1

u
+
u

v
+ v. (3.3.18)

3.4 Definition of Schur index

Let us define the Schur index for the N = 4 supersymmetric Yang-Mills
theory explicitly following the general definition in 2.5. We need to choose
another supercharge Q̃ which has opposite chirality to Q and anti-commutes
with Q. We use the one with the following Cartan charges:

Q̃ = QI=4
α=2 : (H, J, J,RX , RY , RZ) = (1

2
,−1

2
, 0,+1

2
,+1

2
,−1

2
). (3.4.1)

34



Table 3.4: ∆ = 0 states in the N = 4 vector multiplet.

Field [J, J ]
(RX ,RY ,RZ)
E index

X [0, 0]
(1,0,0)
1 +qu

Y [0, 0]
(0,1,0)
1 +qu−1v

Z [0, 0]
(0,0,1)
1 +qv−1

λI=1,α=1 [+1
2
, 0]

( 1
2
, 1
2
, 1
2

)
3
2

−q 3
2y

λI=1,α=2 [−1
2
, 0]

( 1
2
, 1
2
, 1
2

)
3
2

−q 3
2y−1

λ
I=2

α̇=1̇ [0,+1
2
]
( 1
2
, 1
2
,− 1

2
)

3
2

−q2u−1

λ
I=3

α̇=1̇ [0,+1
2
]
( 1
2
, 1
2
,− 1

2
)

3
2

−q2uv−1

λ
I=4

α̇=1̇ [0,+1
2
]
( 1
2
, 1
2
,− 1

2
)

3
2

−q2v

∂λI=1,α̇=1̇ [0,+1
2
]
( 1
2
, 1
2
, 1
2

)
5
2

+q3

F1̇1̇ [0,+1]
(0,0,0)
2 +q3

∂11̇ [+1
2
,+1

2
]
(0,0,0)
1 +q

3
2y

∂21̇ [−1
2
,+1

2
]
(0,0,0)
1 +q

3
2y−1
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The anti-commutation relation for the supercharge is

∆̃ ≡ 2{(Q4
2)†, Q4

2} = H − 2J −RX −RY +RZ . (3.4.2)

∆ and ∆̃ have bounds ∆, ∆̃ ≥ 0 and states saturating the bounds reproduce
a short multiplet. There are four linear combinations of the Cartan charges
which commute with Q and Q̃:

∆, ∆̃, H + J + J, RX −RY . (3.4.3)

We define the Schur index,

I(q, u) = Tr
[
(−1)Fx∆x̃∆̃qH+J+JuRX−RY

]
. (3.4.4)

Because only the BPS states with ∆ = ∆̃ = 0 contribute to the Schur index,
I is independent of x and x̃. The Schur index is a specialization of the super-
conformal index, and the Schur index is obtained from the superconformal
index by taking the limit y = q

1
2 , v = 1. The survived R-symmetry is SU(2)

and the corresponding Cartan charge is RX −RY .
The localization method can be used for the Schur index:

IU(N)(q, u) =

∫
dµNPexp

(
ivec(q, u)χadj

N

)
. (3.4.5)

The contribution from each component field in the free vector multiplet is
listed in Table 3.5. The single-particle index is given by

ivec(q, u) =
qχ1 − 2q2

1− q2
, (3.4.6)

where χa is the SU(2) Weyl character given by

χa(u) =
ua+1 − u−(a+1)

u− u−1
. (3.4.7)

In [43], Bourdier, Drukker, and Felix analyzed the Schur index (3.4.5)
at u = 1 and derived the exact solution of IU(N)(q, u = 1). The following
general formula is known:

IU(N)

IU(∞)

∣∣∣∣
u=1

=
∞∑
n=0

IBDF
n , IBDF

n = (−1)n(N+nCN + N+n−1CN)qnN+n2

,

(3.4.8)

where nCk is the binomial coefficient.

36



Table 3.5: ∆ = ∆̃ = 0 states in the N = 4 vector multiplet.

Field [J, J ]
(RX ,RY ,RZ)
E index

X [0, 0]
(1,0,0)
1 +qu

Y [0, 0]
(0,1,0)
1 +qu−1

λ1+ [+1
2
, 0]

( 1
2
, 1
2
, 1
2

)
3
2

−q2

λ
4

+̇ [0,+1
2
]
( 1
2
, 1
2
,− 1

2
)

3
2

−q2

∂++̇ [+1
2
,+1

2
]
(0,0,0)
1 +q2

3.5 Numerical results

3.5.1 Superconformal index

We give numerical results of IU(N)(q, y, u, v) for small N cases:

IU(0) = 1,

IU(1) = 1 + qχ[1,0] − q
3
2χ1(y) + q2(χ[2,0] − χ[0,1]) + q3(−χ[1,1] + χ[3,0] − χ2(y)

+ 1) + q
7
2χ1(y)χ[0,1] + · · · ,

IU(2) = 1 + qχ[1,0] − q
3
2χ1(y) + q2(2χ[2,0] − χ[0,1])− q

5
2χ1(y)χ[1,0] + q3(−χ[1,1]

+ 2χ[3,0] − χ2(y) + 2) + q
7
2χ1(y)(χ[0,1] − χ[2,0]) + · · · ,

IU(3) = 1 + qχ[1,0] − q
3
2χ1(y) + q2(2χ[2,0] − χ[0,1])− q

5
2χ1(y)χ[1,0] + q3(−χ[1,1]

+ 3χ[3,0] − χ2(y) + 2) + q
7
2χ1(y)(χ[0,1] − 2χ[2,0]) + · · · ,

IU(4) = 1 + qχ[1,0] − q
3
2χ1(y) + q2(2χ[2,0] − χ[0,1])− q

5
2χ1(y)χ[1,0] + q3(−χ[1,1]

+ 3χ[3,0] − χ2(y) + 2) + q
7
2χ1(y)(χ[0,1] − 2χ[2,0]) + · · · . (3.5.1)

The above numerical results (3.5.1) show that each term in the q-expansion
converge to some values as the rank N increases. In fact, IU(N) converge in
the large-N limit to the large-N index IU(∞). IU(∞) can be obtain from the
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saddle point analysis [4] given by

IU(∞) = Pexp

(
qu

1− qu
+

qu−1v

1− qu−1v
+

qv−1

1− qv−1
− q

3
2y

1− q 3
2y
− q

3
2y−1

1− q 3
2y−1

)
.

(3.5.2)

The numerical result of IU(∞) is

IU(∞) = 1 + qχ[1,0] − q
3
2χ1(y) + q2(2χ[2,0] − χ[0,1])− q

5
2χ1(y)χ[1,0] + q3(−χ[1,1]

+ 3χ[3,0] − χ2(y) + 2) + q7/2χ1(y)(χ[0,1] − 2χ[2,0]) + · · · (3.5.3)

3.5.2 Schur index

We give numerical results of IU(N)(q, u) for small N cases:

IU(0) = 1,

IU(1) = 1 + qχ1 + q2 (χ2 − 2) + q3 (χ3 − χ1) + q4 (χ4 − χ2) + · · · ,
IU(2) = 1 + qχ1 + q2 (2χ2 − 2) + q3 (2χ3 − 2χ1) + q4 (3χ4 − 3χ2) + · · · ,
IU(3) = 1 + qχ1 + q2 (2χ2 − 2) + q3 (3χ3 − 2χ1) + q4 (−4χ2 + 4χ4 + 1) + · · · ,
IU(4) = 1 + qχ1 + q2 (2χ2 − 2) + q3 (3χ3 − 2χ1) + q4 (−4χ2 + 5χ4 + 1) + · · · .

(3.5.4)

As in the case of the superconformal index, IU(N)(q, u) converge in the large-
N limit to the large-N index IU(∞)(q, u) given by

IU(∞) = Pexp

(
qu

1− qu
+

qu−1

1− qu−1
− q2

1− q2

)
. (3.5.5)

The numerical result of IU(∞) is

IU(∞) = 1 + qχ1 + q2 (2χ2 − 2) + q3 (3χ3 − 2χ1) + q4 (−4χ2 + 5χ4 + 1) + · · · .
(3.5.6)

We are interested in the difference between IU(N) and IU(∞), and it is useful
to take the form IU(N)/IU(∞). We give the numerical results of IU(N)/IU(∞):

IU(0)/IU(∞) = 1− qχ1 + q2 (3− χ2) + q4 (5− χ2) + q5 (−χ1 − χ3 + χ5) + · · · ,
IU(1)/IU(∞) = 1− q2χ2 + q3 (2χ1 − χ3) + q4 (2χ2 − χ4 − 1) + q6 (2χ2 − 1) + · · · ,
IU(2)/IU(∞) = 1− q3χ3 + q4 (2χ2 − χ4 − 1) + q5 (χ1 + χ3 − χ5) + · · · ,
IU(3)/IU(∞) = 1− q4χ4 + q5 (−χ1 + 2χ3 − χ5) + q6 (χ4 − χ6 + 2) + · · · ,
IU(4)/IU(∞) = 1− q5χ5 + q6 (−χ2 + 2χ4 − χ6) + q7 (χ1 + χ5 − χ7) + · · · .

(3.5.7)
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For u = 1 case most of the terms in the numerical results in (3.5.7) vanish,
and the numerical results with u = 1 become simpler:

IU(0)/IU(∞)

∣∣
u=1

= 1− 2q + 2q4 − 2q9 + 2q16 − 2q25 + · · · ,
IU(1)/IU(∞)

∣∣
u=1

= 1− 3q2 + 5q6 − 7q12 + 9q20 − 11q30 + · · · ,
IU(2)/IU(∞)

∣∣
u=1

= 1− 4q3 + 9q8 − 16q15 + 25q24 + · · · ,
IU(3)/IU(∞)

∣∣
u=1

= 1− 5q4 + 14q10 − 30q18 + 55q28 + · · · ,
IU(4)/IU(∞)

∣∣
u=1

= 1− 6q5 + 20q12 − 50q21 + · · · . (3.5.8)

These results are consistent with the general formula (3.4.8).
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Chapter 4

AdS/CFT correspondence

In Chapter 4, we review the AdS/CFT correspondence, which is a conjectural
relationship between a superstring theory on the anti-de Sitter space and
a conformal field theory. Especially, we introduce the original model [1]
of the AdS/CFT correspondence, which is a relationship between the four-
dimensional N = 4 U(N) supersymmetric Yang-Mills theory and the Type
IIB string theory in the AdS5 × S5 spacetime.

We first consider a system ofN coincident D3-branes in the ten-dimensional
flat spacetime R1,9. There are two descriptions of the system, the gauge the-
ory description and the gravity description. We first explain the gauge theory
description in 4.1 and also explain the gravity description in 4.2.

After that, we focus on the superconformal index in the AdS/CFT cor-
respondence and discuss the case for large N and finite N , respectively.

4.1 N = 4 SYM from open strings

An open string is a string with endpoints. The endpoints are attached to
objects, so-called D-branes. A D-brane is a dynamical object with different
dimensions. D-branes with spatial dimension p are called Dp-branes. The
motion of the open string attached to the D-branes generates gauge theories
in various dimensions.

We discuss a system of coincident N Dp-branes labeled by i = 1. . . . , N .
Because an open string has two endpoints, there are N2 ways for the two
endpoints to be attached to the Dp-branes. The degrees of freedom are
described by the Chan-Paton factor [44] specified by (i, j).



Table 4.1: Massless states of the open string on the Dp-brane. The index a
running from one to N2 labels the adjoint representation of the U(N) gauge
group.

Sector Field

NS Aaµ (p+ 1)-dimensional vector
φaI (9− p) real scalars

R λa fermion

Let us quantize the open string with the Chan-Paton factor (i, j) and
obtain states described by the fluctuation modes of the open string. The
states have also the Chan-Paton factor (i, j) and belong to the adjoint rep-
resentation of the U(N) gauge group. We denote the parallel and transverse
directions to the Dp-brane as µ = 0, . . . , p and I = p+ 1, . . . , 9, respectively.
We obtain the massless states listed in Table 4.1. The index a in Table 4.1
labels the adjoint representation of the U(N) gauge group. In summary, the
worldvolume theory on the coincident N Dp-branes is the supersymmetric
U(N) Yang-Mills theory with the maximal supersymmetry.

The Lorentz symmetry SO(1, 9) in the target space is broken down to
the following symmetry:

SO(1, p)× SO(9− p) ⊂ SO(1, 9). (4.1.1)

The SO(1, p) is the Lorentz symmetry in the worldvolume theory on the
Dp-brane. The SO(9 − p) is a rotation of the transverse coordinates to the
Dp-brane, and it is an internal symmetry in the worldvolume theory.

In particular, the worldvolume theory on the N coincident D3-branes is
the N = 4 U(N) supersymmetric Yang-Mills theory introduced in Chapter
3. The internal symmetry SO(6) ' SU(4) is interpreted as the R-symmetry
of the N = 4 supersymmetry. The fields on the worldvolume form an N =
4 vector multiplet, which contains a four-dimensional vector field, six real
scalars, and four Weyl fermions.
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4.2 Near horizon geometry of N coincident

D3-branes

We consider a system of the N coincident D3-branes along x0, x1, x2, x3. In
the gravity description, the branes are given as a supergravity solution. The
metric is given by

ds2 = f−
1
2ds2

R1,3 + f
1
2

(
dr2 + r2dΩ2

5

)
,

f ≡ 1 +
L4

r4
, L ≡ (4πgsN)

1
4 ls, (4.2.1)

where ds2
R1,3 = ηµνdx

µdxν and dΩ2
5 is the metric on the unit five-dimensional

sphere. The classical solution is almost flat in the asymptotic region r � L.
Degrees of freedom propagating in the asymptotic region are decoupled

from localized degrees of freedom near the horizon at r = 0 in the limit
ls → 0. We are interested in the localized degrees of freedom. In the near
horizon region r � L the metric (4.2.1) becomes

ds2 = L2

(
r2

L4
ds2

R1,3 +
dr2

r2

)
+ L2dΩ2

5. (4.2.2)

The first term represents the five-dimensional anti-de Sitter (AdS5) spacetime
with the radius L and the second term is the five-dimensional sphere (S5)
with the radius L. Therefore, localized degrees of freedom around the event
horizon are described by the Type IIB string theory in AdS5 × S5.

In the gravity description, there is a background gauge field, which is
induced by the charge of the N coincident D3-branes. The N coincident D3-
branes couple to the four-form gauge field C4 in the Type IIB supergravity.
The flux of the gauge field is given by∫

S5

dC4 = 2πN. (4.2.3)

In order to obtain a concrete form for C4 we introduce the metric for S5,

L2dΩ2
5 = L2

(
sin2 θdφ2 + dθ2 + cos2 θdΩ2

3

)
, (4.2.4)

and the volume element on S5,

ω5 = L5 sin θ cos3 θdθ ∧ dφ ∧ dΩ3, (4.2.5)
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where 0 ≤ θ < π
2

and 0 ≤ φ < 2π. Note that the volume of S5 is given by
V5 =

∫
S5 ω5 = π3L5. By using the volume element, the flux is written by

dC4 =
2πN

V5

ω5 =
4TD3

L
ω5. (4.2.6)

We integrate (4.2.6) for θ and C4 is given by

C4 =
2πN

V5

r5

4

(
1− cos4 θ

) ∂φ
∂t
dt ∧ dΩ3, (4.2.7)

where the integration constant is determined so that C4 = 0 at θ = 0.

Global coordinate system
The five-dimensional AdS space can be given as the hypersurface in R2,4,

X2
−1 +X2

0 −X2
1 − · · · −X2

4 = L2. (4.2.8)

The coordinates xµ and r in (4.2.2) are related to XI by

X−1 =
L2

2r

(
1 +

r2

L4

(
L2 + ηµνx

µxν
))

,

Xµ =
r

L
xµ,

X4 =
L2

2r

(
1− r2

L4

(
L2 − ηµνxµxν

))
, (4.2.9)

and the metric of AdS5 is given by

ds2 = −dX2
−1 − dX2

0 +
4∑
i=1

dX2
i . (4.2.10)

We introduce the global coordinates (ρ, τ, ωi) in AdS5 by

X−1 = L cosh ρ cos τ,

X0 = L cosh ρ sin τ,

Xi = Lωi sinh ρ, for i = 1, 2, 3, 4, (4.2.11)

where 0 ≤ τ < 2π and ρ ∈ R≥0. ωi are the coordinates of S3 satisfying∑
i ω

2
i = 1 . The metric of AdS5 is

ds2 = L2
(
− cosh2 ρdτ 2 + dρ2 + sinh2 ρdΩ2

3

)
. (4.2.12)
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The boundary is given by the limit ρ → ∞. For large ρ, the metric is
approximately

ds2 ' L2e2ρ

4

(
−dτ 2 + dΩ2

3

)
(4.2.13)

and we see that the boundary of AdS5 is R× S3.

4.3 AdS/CFT correspondence

The AdS/CFT correspondence claims that a superstring theory in d + 1-
dimensional AdS spacetime (AdSd+1) with a compact internal manifold X is
equivalent to a d-dimensional CFT on the boundary of AdSd+1. The more
precise statement in [1] for the simplest example is that

the Type IIB string theory with the string length ls and the string coupling gs

in AdS5 × S5 with the AdS radius L and N units of five-form flux on S5

is equivalent to

the N = 4 U(N) SYM on R× S3 with the coupling constant gYM.

We can see from the metric (4.2.12) that the topology of AdS5 is R×B4, where
B4 is the four-dimensional open ball. It has the boundary R×S3 and the CFT
realizes on the boundary. See Figure 4.1. The AdS/CFT correspondence is an
example for the holography. As a simple consistency check of the AdS/CFT
correspondence, let us compare the symmetries of two theories. From the
metric (4.2.10) we see that the AdS5 space has the isometry SO(2, 4). The
five-dimensional sphere S5 has the isometry SO(6). Therefore, the Type IIB
string theory in AdS5×S5 has the symmetry SO(2, 4)×SO(6). On the other
hand, the N = 4 SYM has N = 4 superconformal symmetry and its bosonic
part is SO(2, 4) × SO(6), where SO(2, 4) is the four-dimensional conformal
group and SO(6) is the R-symmetry. We see that two theories have the
same symmetry. This fact is important because it enable us to define the
superconformal index on both sides of the correspondence. The AdS/CFT
correspondence also claim that their Hilbert spaces of two systems should
be the same. This means that two indices calculated on each side must be
identical.

There are many different ways to choose a compact space X and various
CFTs or gauge theories appear depending on how X is chosen. Several
examples are shown in Table 4.2.
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R

Type IIB
string theory

(a)

S3

N = 4 SYM

(b)

Figure 4.1: (a) The Type IIB string theory in R×B4. (b) The N = 4 SYM
in R× S3.

We can give a more quantitative relation called the Gubser-Klebanov-
Polyakov-Witten (GKP-Witten) relation [45, 46]:〈

e
∫
ddx

∑
i JiOi

〉
CFT

=

∫ ∏
i

DΦie
−S[Φi]. (4.3.1)

The left hand side is the generating function of correlation functions in the
CFT. Oi are operators in the CFT and Ji are corresponding source fields.
The left hand side is given by the following path integral with respect to the
fields in the CFT:〈

e
∫
ddx

∑
i JiOi

〉
CFT

=

∫
D[fields]e−SCFT+

∫
ddx

∑
i JiOi . (4.3.2)

The right hand side in (4.3.1) is defined as the path integral with respect
to the fields Φi in AdSd+1 satisfying the boundary condition imposed on the
AdS boundary:

Φi|boundary ∼ Ji. (4.3.3)

Both the left and right hand sides in (4.3.1) are the functional of the source
field Ji and (4.3.1) claim that they are the same. With this relation we can
calculate the correlation function in the CFT by using the supergravity or
superstring theory in AdSd+1. For this relation to hold for each operator Oi
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Table 4.2: Several examples of the AdS/CFT correspondence. SE5 is the
five-dimensional Sasaki-Einstein manifold.

boundary CFT compact internal space X

d = 4 N = 4 SO, Sp SYMs X = S5/Z2

N = 1, 2 orbifold quiver gauge theories X = S5/Γ
N = 1, 2 toric quiver gauge theories X = SE5

N = 3 S-fold SCFTs X = S5/Zk
N = 2 SCFTs X = S5/Z∆7

d = 6 N = (2, 0) SCFTs X = S4

N = (1, 0) SCFTs X = S4/Zk
d = 3 N = 6, 8 ABJM theories X = S7

in the CFT there must be a corresponding field Φi. For a special class of
operators the fields Φi are the massless supergravity fields, while in general
they may be stringy excited states or fields associated with expanded branes.

For a four-dimensional N = 4 CFT the operators Oi carry the quantum
numbers related to the SU(4) R-symmetry. The corresponding fields Φi are
Kaluza-Klein modes in S5 and carry the charges of the isometry SO(6) '
SU(4). In addition to the quantum numbers, the dimension of the operators
corresponds to the energy of the fields. Especially, an operator with the
dimension ∆ corresponds to a field with the energy of the order ∆/L.

Parameter relation
The four-dimensional N = 4 supersymmetric Yang-Mills theory is character-
ized by two parameters; the gauge coupling gYM and the rank N of the gauge
group. On the other hand the Type IIB string theory in AdS5 × S5 is also
characterized by two dimensionless parameters L/ls and gs, where ls, L, and
gs are the string length, the AdS radius, and the string coupling constant,

respectively. 1 The Planck length lp is given by lp ≡ g
1
4
s ls. There are two

parameter relations:

N ∼ L4

l4p
, λYM ∼

L4

l4s
. (4.3.4)

1 In both the N = 4 SYM and the Type IIB string theory, there is one more parameter:
θ-angle. It does not play any role in the following arguments and we ignore it.
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Note that we ignore the numerical coefficients.
There are two conditions for the string theory to be approximated accu-

rately by the classical supergravity. One is that a correction from quantum
gravity is small:

1� GN

L8
∼
(
lp
L

)8

∼ N−2. (4.3.5)

This means N must be sufficiently greater than one. The other condition is
that stringy excitations can be ignored. This requires

1� ls
L
∼ (4πgsN)−

1
4 ∼ λ−

1
4 . (4.3.6)

This means λ must be sufficiently greater than one. In the large-N limit and
λ � 1 the Type IIB string theory becomes a weakly coupled supergravity,
while the corresponding N = 4 SYM is strongly coupled. On the other hand,
in the large-N limit and λ � 1 the N = 4 SYM is weakly coupled, and we
need to consider the stringy excitations in the Type IIB string theory.

4.4 Large-N index and supergravity Kaluza-

Klein modes

It is difficult to prove the AdS/CFT correspondence because when one side of
the correspondence is weakly coupled, the other side is strongly coupled and
we cannot calculate quantities on the both sides. However, in the parameter
region of a weakly coupled string theory and a strongly coupled gauge theory,
we can calculate the superconformal index in a strongly coupled gauge theory
by using the localization method and we can obtain strong evidence of the
AdS/CFT correspondence by comparing the indices on the both sides of the
duality.

First of all, we consider the large N case. The superconformal index
IU(∞) on the gauge theory side can be calculated by the localization method
and is given by (3.5.2). On the gravity side, the Kaluza-Klein modes, which
we will explain shortly, contribute to the superconformal index IKK. It was
found in [4] that the superconformal indices on the both sides, IU(∞) and
IKK, agree

IU(∞) = IKK. (4.4.1)
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This relation also holds in the Schur limit.
In the large-N limit and λ� 1 the dynamical degree of freedom is a free

supergravity multiplet in AdS5×S5. The mode expansion of the supergravity
multiplet in AdS5×S5 has been studied in [47, 48]. The Kaluza-Klein modes
satisfying the BPS condition ∆ = 0 are labeled by the Cartan charges; the
energy E, SU(2) spins J and J , and R-charges RX , RY , and RZ . We denote

the BPS states as [J, J ]
(RX ,RY ,RZ)
E . The Kaluza-Klein modes with ∆ = 0 are

listed in Table 4.3. For the Kaluza-Klein modes in Table 4.3 we consider the

Table 4.3: The Kaluza-Klein modes in AdS5 × S5 with ∆ = 0 and their
contribution to the superconformal index.

[J, J ]
(RX ,RY ,RZ)
E index

n ≥ 1 [0, 0]
(n,0,0)
n +qnχ[n,0]

[1
2
, 0]

(n− 1
2
, 1
2
, 1
2

)

n+ 1
2

−qn+1(y + y−1)χ[n−1,0]

[0, 1
2
]
(n− 1

2
, 1
2
,− 1

2
)

n+ 1
2

−qn+1χ[n−1,1]

[0, 1]
(n−1,0,0)
n+1 +qn+2χ[n−1,0]

n ≥ 2 [0, 0]
(n−1,1,1)
n+1 +qn+1χ[n−2,0]

[1
2
, 1

2
]
(n−1,1,0)
n+1 +qn+ 3

2 (y + y−1)χ[n−2,1]

[1
2
, 1]

(n− 3
2
, 1
2
, 1
2

)

n+ 3
2

−qn+ 5
2 (y + y−1)χ[n−2,0]

n ≥ 3 [0, 1
2
]
(n− 3

2
, 3
2
, 1
2

)

n+ 3
2

−qn+2χ[n−3,1]

[0, 1]
(n−1,1,1)
n+2 +qn+3χ[n−3,0]

excitation by the following differential operators satisfying ∆ = 0,

∂++̇ : (H, J, J,RX , RY , RZ) = (1,+1
2
,+1

2
, 0, 0, 0), (4.4.2)

∂−+̇ : (H, J, J,RX , RY , RZ) = (1,−1
2
,+1

2
, 0, 0, 0). (4.4.3)

The contribution of single ∂++̇, ∂−+̇ to the superconformal index is q
3
2y±1

and the multiple excitations give the factor

Pexp
(
q

3
2 (y + y−1)

)
=

1

(1− q 3
2y)(1− q 3

2y−1)
. (4.4.4)

The superconformal index of the single-particle state of the Kaluza-Klein

48



modes in Table 4.3 with specific n is given by

isn =
1

(1− q 3
2y)(1− q 3

2y−1)

(
qnχ[n,0] − qn+1(y + y−1)χ[n−1,0] − qn+1χ[n−1,1]

+qn+2χ[n−1,0] + qn+1χ[n−2,0] + qn+ 3
2 (y + y−1)χ[n−2,1]

−qn+ 5
2 (y + y−1)χ[n−2,0] − qn+2χ[n−3,1] + qn+3χ[n−3,0]

)
, (4.4.5)

where some SU(3) Weyl characters are formally calculated according to
(3.3.17) as follows:

χ[−1,0] = χ[−1,1] = χ[−2,0] = 0, χ[−2,1] = −1. (4.4.6)

In summing over n, we obtain the single-particle index 2

iKK =
∞∑
n=1

isn =
qu

1− qu
+

qu−1v

1− qu−1v
+

qv−1

1− qv−1
− q

3
2y

1− q 3
2y
− q

3
2y−1

1− q 3
2y−1

.

(4.4.8)

The contribution of the Kaluza-Klein modes including multiple-particle states
is given by

IKK ≡ Pexp (iKK)

= 1 + qχ[1,0] + q2(2χ[2,0] − χ[0,1]) + q3(−χ[1,1] + 3χ[3,0] − χ2(y) + 2) + · · · ,
(4.4.9)

and this agrees with IU(∞)(q, y, u, v) in (3.5.3).

4.5 Finite-N index and giant gravitons

In the previous section, we confirmed the large-N index IU(∞) is the same
with the index of the supergravity Kaluza-Klein modes IKK. Now, we con-
sider the case when N is finite.

2 The following formula is useful in calculating the summation over n:

∞∑
n=0

qnχ[n,0] = Pexp
(
qχ[1,0]

)
=

1

(1− qu)(1− qu−1v)(1− qv−1)
,

∞∑
n=0

qn+1χ[n−1,1] =

∞∑
n=0

qn+1
(
χ[n−1,0]χ[0,1] − χ[n−2,0]

)
=

q2χ[0,1] − q3

(1− qu)(1− qu−1v)(1− qv−1)
.

(4.4.7)
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The difference between the superconformal indices in the large N and
finite N cases is

IU(N) − IKK = −qN+1χ[N+1,0] + · · · . (4.5.1)

This suggests that the corresponding object has the energy in the order of
N/L. In fact, an object called a giant graviton can have this energy.

A giant graviton is a D3-brane expanded in S5. 3 Let us consider a giant
graviton wrapped around a large S3 in S5. Its energy is the product of the
volume 2π2L3 and the tension TD3,

2π2L3 × TD3 =
N

L
, (4.5.2)

and this reproduce the order of the difference (4.5.1) up to the constant shift
+1.

In fact, a giant graviton can take general configurations [11]. Let σa

(a = 0, 1, 2, 3) be the coordinates on the worldvolume of the D3-brane and
XM (M = 0, 1, . . . , 9) be the coordinates of the background spacetime. The
motion of the D3-brane is described by maps XM(σa) from the worldvolume
of the D3-brane to the background spacetime. The action of a D3-brane in
a curved spacetime with non-vanishing C4 is

SD3 = −TD3

∫
d4σ
√
− detGab −

∫
C4. (4.5.3)

We set the gauge field and the fermion fields on the D3-brane, which we are
not interested in here, to be zero. The first term is the Nambu-Goto action
and the second term is the minimal coupling to the background gauge field
C4. TD3 is the tension of the D3-brane given in terms of the string length ls
and the string coupling gs by

TD3 =
2π

(2πls)4gs
. (4.5.4)

3 In the Type IIB string theory in AdS5 × S5 there are two types of giant gravitons;
one wraps around S3 in S5 called the sphere giant [11] and the other wraps around
S3 in AdS5 called the AdS giant [49, 50]. These giant gravitons are complementary
in the sense that they reproduce the same BPS partition function of the N = 4 U(N)
SYM [13, 51]. We focus on only the sphere giant. The role of the AdS giant in the
finite N index has not been known. Henceforth, we often call a sphere giant a giant
graviton.
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Gab is the induced metric defined by

Gab =
∂XM

∂σa
∂XN

∂σb
gMN . (4.5.5)

We use the coordinate system in S5 (4.2.4). Let us consider a D3-brane
with the worldvolume (4.5.3) given by

θ = const., φ = φ(t). (4.5.6)

This ansatz represents a giant graviton moving along the φ direction. (See
Figure 4.2). For this giant graviton the action (4.5.3) reduces to∫

dt

(
−M

√
1− (L sin θφ̇)2 +ML cos θφ̇

)
, (4.5.7)

where M ≡ TD3(L cos θ)3Ω3.

S5

φ

Figure 4.2: The giant graviton moving along the φ direction in S5.

The angular momentum Pφ conjugate to φ and the energy E are given
by

E =
N

L

√√√√cos6 θ +

(
Pφ
N
− cos4 θ

sin θ

)2

, (4.5.8)

Pφ =
ML2 sin2 θφ̇√
1− (L sin θφ̇)2

+ML cos θ. (4.5.9)
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Figure 4.3: The energy E in (4.5.8). We set Pφ/N = 0.8. The left minimum
point at cos2 θ = Pφ/N represents the giant graviton. The right minimum
point at cos2 θ = 0 represents the point-like Kaluza-Klein graviton.
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The energy has a minimum value Emin = Pφ/L at two points cos2 θ = 0, Pφ/N
(Figure 4.3). The point cos2 θ = 0 represents the point-like Kaluza-Klein
graviton and the point cos2 θ = Pφ/N represents the giant graviton with the
finite radius.

In the following chapter, we show that we can reproduce the finite-N
Schur index by taking account of the contribution of the degrees of freedom
on systems consisting of different numbers of giant gravitons.
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Chapter 5

Finite-N Schur index from
giant gravitons

In this chapter we show a new method for calculating the Schur index of the
N = 4 U(N) supersymmetric Yang-Mills theory on the gravity side via the
AdS/CFT correspondence.

In [14] in calculating the superconformal index on the gravity side they
take account of the contribution from configurations with a single giant gravi-
ton because there is a difficulty in the calculation for multiple giant gravitons.
It is about the choice of contours in the integrals appearing in the calculation
for multiple giant gravitons. We point out that this difficulty can be par-
tially avoided if we take the Schur limit, and propose a rule for the contour
determination.

5.1 BPS configuration and Rigid motion

In order to describe the configuration of giant gravitons, we introduce C3

with the coordinates (zX , zY , zZ) and embed the five-dimensional sphere S5

in C3. The coordinates of C3 satisfy

|zX |2 + |zY |2 + |zZ |2 = 1 on S5. (5.1.1)

We are interested in BPS configurations of giant gravitons wrapped on S5.
According to [12], a BPS configuration can be given by the intersection of a
holomorphic surface f(zX , zY , zZ) = 0 in C3 and the S5. The holomorphic



function is expanded by the holomorphic coordinates as

f(zX , zY , zZ) =
∞∑

nX ,nY ,nZ=0

anXnY nZz
nX
X znYY znZZ . (5.1.2)

The overall factor in (5.1.2) is irrelevant to determine the holomorphic surface
f = 0.

We consider the case that f is a homogeneous polynomial with degree
m, and we call m = nX + nY + nZ the wrapping number. Let us consider a
single giant graviton with m = 1. The corresponding holomorphic surface is
represented by

aXzX + aY zY + aZzZ = 0, (5.1.3)

where we set aX ≡ a100, aY ≡ a010, and aZ ≡ a001. Let us focus on the giant
graviton wrapped around zX = 0, which carries

H = RX = N, RY = RZ = 0. (5.1.4)

Note that we use the same notations of the Cartan generators in (3.3.1). The
system of the single giant graviton has the SU(3) R-symmetry that can be
interpreted as rotations in S5. The SU(3) rotations give the rigid motion
of the giant graviton and change the R-charges (RX , RY , RZ) as the BPS
condition

H −RX −RY −RZ = 0, (5.1.5)

and RX , RY , RZ ≥ 0 are satisfied. Let the state with (RX , RY , RZ) =
(N, 0, 0) be a highest weight for the SU(3) symmetry. The general weights
are composed by reducing RX = N of the highest weight and have the charge

(RX , RY , RZ) = (N − a− b, a, b), (5.1.6)

where a and b run from 0 to N and satisfy a+ b ≤ N . There are two lowest
weights, (RX , RY , RZ) = (0, N, 0) and (0, 0, N). We see that these weights
construct the [N, 0] representation of SU(3). Their contribution to the index
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is

qNχ
SU(3)
[N,0] (u1, u2, u3)

= qN

 uN1(
1− u2

u1

)(
1− u3

u1

) +
uN2(

1− u3
u2

)(
1− u1

u2

) +
uN3(

1− u1
u3

)(
1− u2

u3

)


= (qu1)N Pexp

(
u2

u1

+
u3

u1

)
+ (qu2)N Pexp

(
u3

u2

+
u1

u2

)
+ (qu3)N Pexp

(
u1

u3

+
u2

u3

)
,

(5.1.7)

where u1,2,3 are given in (3.3.7). Each of three terms in (5.1.7) can be inter-
preted as the contribution from one highest weight and two lowest weights.

The giant graviton wrapped around zX = 0 carries the charges (5.1.4).
This gives the factor (qu1)N in the first term of (5.1.7). The factor Pexp(u2

u1
+

u3
u1

) can be regarded as the contribution from rigid motion around zX = 0.
Combining these two factors we obtain the first term in (5.1.7).

It was found in [14] that the correct index for single-wrapping giant gravi-
tons can be reproduced by replacing the Pexp factors in (5.1.7) by the index
of the field theory realized on the giant graviton. Namely, the contribution
from the single-wrapping configurations is

(qu1)NPexp [iX ] + (qu2)NPexp [iY ] + (qu3)NPexp [iZ ] , (5.1.8)

where iX is given by [14]

iX = 1− (1− q−1u−1
1 )(1− q 3

2y)(1− q 3
2y−1)

(1− qu2)(1− qu3)
, (5.1.9)

and iY and iZ , the index for the giant graviton on zY = 0 and zZ = 0,
respectively, are given by cyclic permutations of u1,2,3. The q-expansion of
iX is

iX =
1

u1q
+
u2

u1

+
u3

u1

+ · · · , (5.1.10)

and it includes negative and zero power of q. We define the plethystic expo-
nential of the negative power term, called tachyonic term, according to the
formula (2.4.21),

Pexp

(
1

u1q

)
=

1

1− 1
u1q

= − u1q

1− u1q
. (5.1.11)
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This means the tachyonic term raises the power of q. The terms of the
zero power of q correspond to the rigid motion associated with the SU(3)
symmetry. These zero modes from iX , iY , and iZ generates SU(3) characters.

5.2 Multiple giant gravitons

By generalizing (5.1.8) we expect that the superconformal index of theN = 4
SYM including all contributions from giant gravitons is given by

IU(N)

IU(∞)

=
∞∑

nX ,nY ,nZ=0

I(nX ,nY ,nZ), (5.2.1)

where

I(nX ,nY ,nZ) = (qu1)nXN(qu2)nY N(qu3)nZNH(nX ,nY ,nZ). (5.2.2)

H(nX ,nY ,nZ) is the index of the field theory realized on the brane configuration
specified by (nX , nY , nZ). It consists of nX giant gravitons on zX = 0, nY
giant gravitons on zY = 0, and nZ giant gravitons on zZ = 0. On each cycle
U(nI) gauge theory is realized. The whole theory is the gauge theory with
U(nX)×U(nY )×U(nZ) gauge group. In addition, when there exist D3-branes
wrapped around different S3 cycles in S5 at the same time, we need to include
the contribution from open strings stretching between these D3-branes. We
call them intersection strings. For example, an intersection string attached
on two cycles zX = 0 and zY = 0 belong to the bi-fundamental representation
of U(nX) × U(nY ). Namely, the system consists of fields belonging to the
adjoint representations and the bi-fundamental representations.

The index of the theory is

H(nX ,nY ,nZ) =

∫ ∏
I=X,Y,Z

dµnIPexp

( ∑
I=X,Y,Z

iIχ
adj
nI

+
1

2

∑
I 6=J

iint
I,Jχ

bi-fund
nI ,nJ

)
.

(5.2.3)

The first term in the parentheses is the contributions of the fields belonging
to the adjoint representations and iI are given in (5.1.9) and χadj

nI
are given

in (3.3.10).
The second term is the the contributions of the fields belonging to the

bi-fundamental representations. The contribution of the intersection string
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between the D3-branes on zX = 0 and zY = 0 to the single-particle index is

iint
X,Y =

u
1
2
3

q

(1− q 3
2y)(1− q 3

2y−1)

1− qu3

, (5.2.4)

and

χbi-fund
nI ,nJ

=

nI∑
a=1

nJ∑
b=1

(
ζa
ζ ′b

+
ζ ′b
ζa

)
. (5.2.5)

The fugacities ζa and ζ ′a in (5.2.5) correspond to the D3-branes wrapped
around zI = 0 and zJ = 0, respectively.

Integration contour problem
In the integration for the gauge fugacities ζa in (5.2.3), we need to determine
contours and there is a problem about the choice of contours. The rest of
this section will discuss the problem of contours.

Let us remember how we choose integration contours in standard index
calculation. The q-expansion of the single-particle index is denoted by

i =
∑
k

αk(q, y, u, v)−
∑
j

βj(q, y, u, v), (5.2.6)

where αk and βj have the positive and negative sign, respectively. Usually,
we assume |q| < 1 and the absolute value of the other fugacities is one, and
all αk and βj consist of positive power of q and |αk| < 1 and |βj| < 1. In
such a case, we use integration contours |ζa| = 1 and poles in |ζa| < 1 are
picked up.

However, it is not the case for the system on the giant gravitons. As we
saw in (5.1.10), αk appearing in the expansion of iX include negative power
of q or q0 and if we assume |q| < 1, such αk do not satisfy |αk| < 1.

Let us consider (nX , nY , nZ) = (2, 0, 0) as a simple example. H(nX ,nY ,nZ)

is simply written by

H(2,0,0) =

∫
dµ2Pexp

(
iXχ

adj
2

)
. (5.2.7)

The integrand depends on gauge fugacities ζ1 and ζ2 only through ζ ≡ ζ1/ζ2

and the Haar measure is∫
dµ2 =

1

2

∫
dζ

2πiζ
(1− ζ)(1− ζ−1). (5.2.8)
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U(2) character is given by χadj
2 = 2 + ζ + ζ−1. By using the expansion of iX

in the form of (5.2.6), the above integrand is given by

Pexp
(
iXχ

adj
2

)
=
∏
j,k

(1− βj)2(1− βjζ)(1− βjζ−1)

(1− αk)2(1− αkζ)(1− αkζ−1)
. (5.2.9)

The integrand has the poles ζ = α±1
k . If we consider the standard parameter

region,

|q| < 1, |u| = |v| = |y| = 1, (5.2.10)

the following three αk appear in |ζ| ≥ 1:

α1 =
1

uq
, α2 =

v

u2
, α3 =

1

uv
. (5.2.11)

The structure of the poles is shown in Figure 5.1 (a). If we use the contour
|ζ| = 1, the pole ζ = α1 is excluded in the contour integration and for the
poles ζ = α2,3 some special treatment is required because they are on the
contour. In fact, the integration with |ζ| = 1 under the condition (5.2.10)
does not give the correct result.

ζ

|ζ| = 1

× 0

×××αk≥4

× × α2

× α3
× α1

C

×α−1
2

×α−1
3

×α−1
1

×

×
×α−1

k≥4

×

(a)

ζ

|ζ| = 1

× 0
×
××αk

×

×

×
× α−1

k

×

(b)

Figure 5.1: The structure of the poles in the ζ plane for iX (a) in (5.2.10)
and (b) in (5.2.14).

How do we obtain the correct result? A natural way is to use a contour
that picks up all poles at αk and excludes all poles at α−1

k . See a contour C in
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Figure 5.1 (a). We find that the integration with such a contour works well.
This is equivalent to the following prescription. We adjust the fugacities
so that all αk satisfy |αk| < 1 and use the contour |ζ| = 1. In fact, such
adjustments are possible in the case of iX because iX is written by changing
the fugacities from ivec in (3.3.16) in [14],

iX(q, y, u, v) = ivec(q
2
3u−

1
3 , u−

1
2v, q−

5
3u−

2
3 , q−

5
6yu−

1
3 ). (5.2.12)

We know that all αk in the expansion of ivec(q, y, u, v) satisfy |αk| < 1 under
the condition (5.2.10). According to the analytically continuation from ivec

to iX all αk of iX also satisfy |αk| < 1 by using the standard parameter region
for ivec given by

|q
2
3u−

1
3 | < 1, |u−

1
2v| = |q−

5
3u−

2
3 | = |q−

5
6yu−

1
3 | = 1. (5.2.13)

We rewrite the above condition into the following form:

|q| < 1, |u| = |v2| > 1, |y| = 1. (5.2.14)

Under the condition (5.2.14), all αk in the expansion of iX satisfy |αk| < 1
and we can obtain the correct result with the contour |ζ| = 1. See Figure
5.1 (b). In a natural extension, as long as we consider one cycle, H(nX ,0,0),
H(0,nY ,0), and H(0,0,nZ) can be calculated in appropriate adjustments of the
fugacities and the contours |ζa| = 1.

However, in the case for multiple contributions, the single-particle index
includes the contributions from more than one cycle,

i = iX + iY + iZ + · · · , (5.2.15)

and we can not make all αk satisfy |αk| < 1 no matter how we adjust the
values of the fugacities. Namely, H(nX ,nY ,nZ) can not be calculated well for in
the contours |ζa| = 1. A procedure for the integration contours was proposed
in [52] after some trial errors, but no obvious way to determine the integration
contours based in the first principle has yet been found.

As we will show in the next section, taking the Schur limit solves the
problem of contours.

5.3 Schur limit

In order to simplify the formula (5.2.3), let us consider the Schur limit

y = q
1
2 , v = 1. (5.3.1)
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The giant graviton on zZ = 0 does not contribute to the Schur index. It is
because iZ is given by

iZ = 1− (1− q−1u−1
3 )(1− q 3

2y)(1− q 3
2y−1)

(1− qu1)(1− qu2)

=
v

q
+ uv +

v2

u
− vyq

1
2 − v

y
q

1
2 + · · · , (5.3.2)

and in the Schur limit this becomes

iZ =
1

q
+ u+

1

u
− q − 1 + · · · . (5.3.3)

Due to the term −1 appearing in (5.3.3), Pexp(iZ) vanishes and we can set
nZ = 0 in (5.2.3). iX in (5.1.9) reduces

iX(q, u) =

1
uq
− 2q

u
+ q2

1− q
u

, iY (q, u) = iX(q, u−1), (5.3.4)

and the superconformal index of the intersection string (5.2.4) reduces to

iint
X,Y =

1

q
− q. (5.3.5)

We find that Pexp(iint
X,Y χ

bi-fund
nX ,nY

) becomes

Pexp(iint
X,Y χ

bi-fund
nX ,nY

) =

nX∏
a=1

nY∏
b=1

(
1− q ζa

ζ′b

)
(

1− 1
q

ζ′b
ζa

)
(

1− q ζ
′
b

ζa

)
(

1− 1
q
ζa
ζ′b

) = q2nXnY . (5.3.6)

Because the contribution from the intersection string becomes the simple
form (5.3.6), we can divide the integration in (5.2.3) into two independent
parts; the D3-branes wrapped around zX = 0 and zY = 0. The formula in
(5.2.3) becomes

H(nX ,nY ,nZ=0) = q2nXnY FnX (q, u)FnY (q, u−1), (5.3.7)

where

Fn(q, u) ≡ H(n,0,0) =

∫
dµnPexp

(
iXχ

adj
n

)
. (5.3.8)
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In order to calculate I(nX ,nY ,nZ) in (5.2.1) in the Schur limit, only Fn in (5.3.8)
need to be calculated and it is possible by using the rule for integration
contours explained in the previous section.

By substituting (5.3.7) into (5.2.1) we obtain

IU(N)

IU(∞)

(q, u) =
∞∑

nX ,nY =0

(qu)nXN
(
qu−1

)nY N q2nXnY FnX (q, u)FnY (q, u−1).

(5.3.9)

5.4 Supergravity contribution

IU(∞) on the left hand side in (5.3.9) is the supergravity contribution. The
Kaluza-Klein modes contributing the Schur index are shown in Table 5.1.
The contributions of the modes with specific n are given by

isn =
qnχn

1− q2
− 2qn+1χn−1

1− q2
+
qn+2χn−2

1− q2
(n ≥ 1), (5.4.1)

where χ−1 = 0. We take the sum over n and obtain the single-particle index
1

iKK =
∞∑
n=1

isn =
qu

1− qu
+

qu−1

1− qu−1
− q2

1− q2
. (5.4.3)

Of course, we obtain this result by applying the Schur limit (5.3.1) to (4.4.8).
The contribution of the Kaluza-Klein modes is given by

IKK ≡ Pexp (iKK) = 1 + qχ1 + q2(2χ2 − 2) + q3(3χ3 − 2χ1) + q4(5χ4 − 4χ2 + 1) + · · ·
(5.4.4)

and this agrees with IU(∞) in (3.5.6).

1 The following formula is useful in calculating the summation over n,

∞∑
n=0

qnχn = Pexp (qχ1) =
1

(1− qu)(1− qu−1)
. (5.4.2)

62



Table 5.1: The Kaluza-Klein modes in AdS5×S5 with ∆ = ∆̃ = 0 and their
contribution to the Schur index.

[J, J ]
(RX ,RY ,RZ)
E index

n ≥ 1 [0, 0]
(n,0,0)
n +qnχn

[1
2
, 0]

(n− 1
2
, 1
2
, 1
2

)

n+ 1
2

−qn+1χn−1

[0, 1
2
]
(n− 1

2
, 1
2
,− 1

2
)

n+ 1
2

−qn+1χn−1

n ≥ 2 [1
2
, 1

2
]
(n−1,1,1)
n+1 +qn+2χn−2

5.5 Contour integrals

We show procedure to calculate Fn in (5.3.8) and give an analytic expression
for the leading term of Fn in q-expansion. We also give numerical results for
Fn≤4 and compare them with gauge theory side results.

5.5.1 Pole selection rule

We will find that Fn is an integral of a function with infinite poles, and we
need to select appropriate poles to obtain correct result. First of all, we
investigate the poles appearing in the integrand. The series expansion of iX
with respect to q is

iX =
1

uq
+

1

u2
+

(
1

u3
− 2

u

)
q +

∑
k=2

(
1

uk+2
− 2

uk
+

1

uk−2

)
qk. (5.5.1)

We classify the terms in (5.5.1) into the two sets

AM ≡
{

qk

uk+2
,
ql

ul−2

}
−1≤k≤M
2≤l≤M

, BM ≡
{
qk

uk

}
1≤k≤M

, (5.5.2)

where A includes the positive terms and B includes the negative ones with
negative sign excluded. M is cut-off for the order of q, and A and B include
the monomial up to the order qM . If M is infinity A and B include all the
monomials in (5.5.1). Let αk, βj be elements belonging to the sets AM , BM ,
respectively:

αk ∈ AM , βj ∈ BM , (5.5.3)
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where k runs 1, 2, . . . , 2M + 1 and j runs 1, 2, . . . ,M . With the series expan-
sion (5.5.1) and the adjoint character (3.3.10), Fn is written as

Fn(q, u) = lim
M→∞

∫
dµn

n∏
a,b=1

∏M
j=1

(
1− βj ζbζa

)2

∏2M+1
k=1

(
1− αk ζbζa

) . (5.5.4)

Fn is the integral for the gauge fugacities {ζ1, . . . , ζn} included in dµn. Since
the integrand of Fn is invariant under any permutation of gauge fugacities,
the ordering of the integration on {ζ1, . . . , ζn} does not affect the result.
Thus, we fix the order of integration as ζ1, ζ2, . . . , ζn. The part of integrand
related to poles with ζa 6= 0 is

lim
M→∞

2M+1∏
k=1

n∏
a,b=1
a6=b

1(
1− αk ζbζa

) . (5.5.5)

If the cut-off M is taken to the infinity limit there are infinite poles. When
we compute Fn numerically we need to determine the cut-off M as an ap-
propriate value. The cut-off is discussed in the next subsection.

We call the pole at ζa = 0 the “zero” pole and a pole at ζa 6= 0 a “non-
zero” pole.

Now we explain the selection rule for the poles. We supposes that |αk| < 1
and take |ζa| = 1 for the contour of the ζa integral. We sum up residue of the
poles inside the contour. A non-zero pole on ζa-plane takes one of two forms
ζa = αkζb and ζa = α−1

k ζb if a < b. The former pole is inside the contour
|ζa| = 1 and the latter is outside, and we select the inside one ζa = αkζb in
the ζa integral. A pole appearing on the ζa-plane depends on values of poles
of {ζ1, . . . , ζa−1}.

We explain how to determine the poles in order from ζ1 to ζn (n ≥ 2) in
three steps. Note that if n = 1 there is no integral and the following steps
are not required.

1. ζ1 integration: there are three types of poles. One is zero pole ζ1 = 0
and the other two types are non-zero poles ζ1 = α±k1ζa (a ≥ 2). We
select the ones inside the contour:

ζ1 = 0 and ζ1 = αk1ζa, (5.5.6)

where αk1 belongs to AM .
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2. ζ2 integration: in the n = 2 case there is no non-zero poles and only
the ζ2 = 0 pole is selected.

In the case n ≥ 3 we select following poles:

ζ2 = 0, ζ2 = αk2ζa, and ζ2 = αk1αk2ζa (a ≥ 3), (5.5.7)

where ak1 is given by the step 1 and ak2 belongs to AM . We explain
how the third type pole appears. In the step 1 when we take ζ1 = αk1ζa
with a ≥ 3, the factors (1− αk2 ζ2ζ1 )−1 and (1− αk2 ζ1ζ2 )−1 in (5.5.5) give
poles

ζ2 = α±k2ζ1 = αk1α
±1
k2
ζa. (5.5.8)

The pole with the positive power of αk2 is just the third type pole
in (5.5.7). If we take ζ1 = αk1ζ2 in the step 1 the gauge fugacity ζ2

vanishes in the factors and no poles appear from the factors.

3. ζa integration (3 ≤ a ≤ n− 1): We select only the pole for the positive
power of αk:

ζa = 0 and ζa = αt1k1α
t2
k2
· · ·αta−1

a−1 αkaζb (a < b), (5.5.9)

where t1,...,a−1 takes the value of 0 or 1. In the integral of ζn the pole
is only ζn = 0 because all the ratio of the two gauge fugacities is
determined by some values.

5.5.2 Excluded poles

In this subsection we discuss excluded poles in the pole selection rule. In the
pole selection rule all the selected poles takes the form (5.5.9), and it has
only the positive power of αk. In other words a pole with the negative power
of αk is excluded in the pole selection rule.

There are two types of the excluded pole. One is inverse type with the
negative power of all αk,

ζa =
1

αk1αk2 · · ·αkm
ζb. (5.5.10)

A pole of this type always is outside of the contour |ζa| = 1 because of the
condition |αk| < 1, and it is not considered in the ζa integral. The other type
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is mixed one, which have both the positive and negative power of αk,

ζa =
δ′

δ
ζb (a < b)

with δ = αk1αk2 · · ·αkl , δ′ = αkl+1
αkl+2

· · ·αkm . (5.5.11)

When |δ′/δ| < 1 it seems that we have to take account of the contribution of
this pole. However, in summing up all the combinations for the poles inside
the contour, we will see that the mixed type contribution is cancelled out
with another mixed type contribution. Therefore, we need not to consider
the mixed type poles.

For example, we can show the cancellation for the mixed type poles for
the simple pole case. Let the poles ζp = δζa and ζp = δ′ζb (p < a < b) be
simple poles and the integral takes the form∫

dζadζbdζp

(
1− δ ζa

ζp

)−1(
1− δ′ ζb

ζp

)−1

f, (5.5.12)

where we pick up the part related to the poles of ζp = δζa and ζp = δ′ζb and
the function f is the remaining part. There are two ways to reproduce the
pole (5.5.11) on the ζa-plane. One way is to start from the pole ζp = δζa and
the other is to start from the pole ζp = δ′ζb. Let us sum residues at the poles
ζp = δζa and ζp = δ′ζb. After the residue integral of ζp the summation is

lim
ζp→δζa

∫
dζadζb

(
1− δ′

δ

ζb
ζa

)−1

ζpf + lim
ζp→δ′ζb

∫
dζadζb

(
1− δ

δ′
ζa
ζb

)−1

ζpf,

(5.5.13)

where the former term is given by the pole ζp = δζa and the latter is by
ζp = δ′ζb. We see that the mixed type pole (5.5.11) appears in ζa integral.
We perform the residue integral for the mixed type pole

lim
ζa→ δ′

δ
ζb

(
lim

ζp→δζa

∫
dζbζaζpf

)
+ lim

ζa→ δ′
δ
ζb

(
lim

ζp→δ′ζb

∫
dζb(−ζaζpf)

)
= 0,

(5.5.14)

and we see the cancellation occurs. Unfortunately, we have no analytically
explanation for the cancellation in the case of multiple poles, but some nu-
merical results indicate such cancellations occur.

66



5.5.3 Cut-off

We consider a cut-off M , which means the q-expansion of iX up to the order
qM is taken into account. The following factor in the integrand of Fn is
related to the order qM terms in iX ,

Pexp

[(
1

uM+2
− 2

uM
+

1

uM−2

)
qMχadj

n

]
=

n∏
a,b=1

(
1− qM

uM
ζb
ζa

)2(
1− qM

uM+2
ζb
ζa

)(
1− qM

uM−2
ζb
ζa

) .
(5.5.15)

Although this factor seems to have the order qM ignoring the gauge fugacities,
a pole choice related for the tachyonic term (uq)−1 decreases the order of q.
Let us select a following set for the poles,

ζa =
ζa+1

uq
(a = 1, 2, . . . , n− 1), ζn = 0. (5.5.16)

These poles decreases the order of qM by the residue integrals

qM
ζ1

ζn
→ qM

1

uq

ζ2

ζn
→ · · · → qM

(
1

uq

)n−1
ζn
ζn

= qM−(n−1)u−(n−1), (5.5.17)

where the right arrows mean the substitution for the gauge fugacity asso-
ciated with the gauge integration. We see that the factor (5.5.15) has the
lowest order qM−n+1 after all the integrations. For the order of qM−n+1 to
be positive, M ≥ n − 1 should hold. Because Fn has the leading term qn

2

the contribution of the cut-off M appears from the order qM+n2−n+1 in the
q-expansion of Fn.

5.5.4 Leading term of Fn

In this subsection we compute Fn for n = 1, 2, 3, 4 in the pole selection rule
and give explicit results for leading terms of Fn in q-expansion. We also
predict leading term of Fn for an arbitrary n.
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F1 In the case of n = 1 the character is χ1 = 1 and the integrand of F1 has
no gauge fugacity. F1 is given by

F1(q, u) =
∞∏
k=1

(
1− qk

uk

)2(
1− qk−2

uk

)(
1− qk+1

uk−1

) . (5.5.18)

F1 corresponds to U(1) part of Fn, which means Fn is proportional to (F1)n.
In expanding F1 with respect to q we should be careful for the power of q on

product factors in (5.5.18). The factor (1− qk−2

uk
) with k = 1 has the negative

power of q, and we need to rewrite it to expand with the positive power of q,

1

1− 1
uq

=
−uq

1− uq
. (5.5.19)

We see that the overall factor −uq raises the order of q by one, and the
q-expansion of F1 starts from the order of q1. Although we supposed the
condition 1/|uq| < 1 in the pole selection rule, we formally write down the
right-hand side in (5.5.19) as the series expansion with the positive power

of q. The factor (1 − qk−2

uk
) includes zero power of q with k = 2, which is a

factor (1 − 1
u2

)−1 and does not shift the order of q. Thus, the leading term
of the q-expansion of F1 is the product of (5.5.19) and (1 − 1

u2
)−1, namely

F̃1 ≡ qu3/(1− u2).

F2 In the case of n = 2 the formula of F2 is

F2(q, u) =
1

2
(F1)2

∫
dζ1

2πiζ1

dζ2

2πiζ2

(
1− ζ2

ζ1

)(
1− ζ1

ζ2

) ∏
j

(
1− βj ζ2ζ1

)2 (
1− βj ζ1ζ2

)2

∏
k

(
1− αk ζ2ζ1

)(
1− αk ζ1ζ2

) .
(5.5.20)

The poles on the ζ1-plane we have to pick up are

ζ1 = 0, αkζ2. (5.5.21)

In the calculation of F2 we perform the residue integral for the pole ζ2 = 0
after the ζ1 integral. To obtain the complete result of F2 we should sum up
residues for all the above poles. In computing numerical result we introduce
appropriate cut-off.
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Let us look into the leading term of the q-expansion of F2 for the poles
(5.5.21). First, we consider the pole ζ1 = 0. In the procedure for the residue
calculation the ratio ζ1/ζ2 can be regarded as zero while the ratio ζ2/ζ1

diverges. We pick up ζ2/ζ1 as a pre-factor(
1− αk

ζ2

ζ1

)
= −αk

ζ2

ζ1

(
1− ζ1

ζ2

)
. (5.5.22)

We perform the above operation on all the factors in the integrand and find
all the ratios ζ2/ζ1 in the pre-factors are cancelled out each other in the
denominator and numerator. After the limit ζ1 → 0 the remaining factor is
given by (

− q
u

)2(
− 1
uq

) (
− 1
u2

) (
− q
u3

) = q2u4. (5.5.23)

We obtain the leading term for ζ1 = 0 as the product 1
2
(F̃1)2 × q2u4.

Next, we consider the non-zero poles ζ1/ζ2 = qm/ul, where l = m + 2
for m ≥ −1 and l = m − 2 for m ≥ 2. Similarly to F1 we focus on the
product factors with the negative power of q in the integrand. Since all the
poles appearing on F2 is simple, there is no derivative of ζ1,2 in the residue
calculation and we just remove the factor which gives the pole and substitute
associated value. The residue of the pole ζ1/ζ2 = qm/ul is formally expanded
with respect to q for any m as

(
1− ul

qm

)(
1− qm

ul

)∏
k=1

(
1− qk

uk
ul

qm

)2 (
1− qk

uk
qm

ul

)2(
1− qk−2

uk
ul

qm

)(
1− qk−2

uk
qm

ul

)(
1− qk+1

uk−1
ul

qm

)(
1− qk+1

uk−1
qm

ul

)
= q2u4 (1− uγ)2

(1− uγ−2)(1− uγ+2)
+ · · · , (5.5.24)

where we define the parameter γ ≡ l −m. We see that the leading term is
classified by the value γ. In order to obtain the leading term of F2 we need
to sum up with respect to m and l. Note that this formula (5.5.24) includes
divergence because the pole factor is not removed yet. In determining the
value γ we need to eliminate the associated pole factor. The pole listed in
(5.5.21) has the value with γ = ±2. When the pole is ζ1/ζ2 = qm/um+2,
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which has γ = +2, the factor 1− uγ−2 is eliminated and the leading term is
given by

1

2
(F̃1)2 × q2u4 (1− u2)2

1− u4
=
q2u10

2

1

1− u4
. (5.5.25)

The case when the pole is ζ1/ζ2 = qm+3/um+1 with γ = −2 makes the factor
1− uγ+2 eliminated. For the poles (5.5.21) the leading terms of F2 are given
by

ζ1 = 0 :
q4u10

2

1

(1− u2)3
,

ζ1

ζ2

=
qm

um+2
:
q4u10

2

1

1− u4
,

ζ1

ζ2

=
qm+3

um+1
: −q

4u10

2

1

1− u4
,

(5.5.26)

where m ≥ −1. We see that the last two leading terms are the same absolute
value but the opposite sign, and most of them are cancelled out in summing
up with m ≥ −1. The survived number in sum over m is three, which
corresponds to three poles ζ1/ζ2 = (qu)−1, u−2, qu−3 (Figure 5.2). We denote

such a number as R. Namely, q4u10

2
1

1−u4 has R = 3. The leading term of F2

is given by

F2 =
q4u10

2

(
1

(1− u2)3
+

3

1− u4

)
+ · · · . (5.5.27)

m| | | | |
−1 0 1 2 · · · M

Figure 5.2: The structure of the residue. Only m = 0,±1 contribute to the
leading term of F2.

F3 In the case of F3 the candidates for the pole are

(ζ1, ζ2) = (0, 0), (0, αk2ζ3), (αk1ζ2, 0), (αk1ζ2, αk2ζ3),

(αk1ζ3, 0), (αk1ζ3, αk2ζ3), (αk1ζ3, αk1αk2ζ3). (5.5.28)
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F3 has no multiple poles and only simple poles, so the procedure of the
residue computation is simple similarly with F2. The adjoint character χadj

n=3

has three ratios of gauge fugacities,

ζ1

ζ2

,
ζ1

ζ3

,
ζ2

ζ3

(5.5.29)

and their inverses. The integrand of F3 can be regarded as a separated form
with respect to the above three gauge ratios and their inverses. A part related
with each ratios is calculated by the same method with F2. To classify leading
terms of F3 for the poles, we just consider whether the three ratios (5.5.29)
are zero or non-zero in the pole selection rule, and if a ratio is non-zero and
takes a value qm/ul, we can classify a leading term by the parameter γ = l−m
according to (5.5.24). In the case with the poles ζ1 = ζ2 = 0 each three parts
related with (5.5.29) produce the factor q2u4 respectively, and the leading

term is given by 1
3!

(F̃1)3× (q2u4)3. In the case when one of the poles for ζ1, ζ2

is zero and the other is non-zero, one of the three ratios (5.5.29) is non-zero.
One non-zero ratio takes the value αk, which has γ = ±2. The other two
ratios produce the value q2u4 respectively. The leading term is

1

3!
(F̃1)3 × (q2u4)2 ×

(
±q2u4 (1− u2)

2

(1− u4)

)
= ±q

9u21

3!

1

(1− u2)(1− u4)
,

(5.5.30)

where ± comes from the value γ = ±2 for αk. Similarly as F2 there exist only
three value with positive sign in summing up to k. Because there are three
choices which ratio is non-zero, the remaining number of the value (5.5.30)
with positive sign is nine, namely R = 9.

We consider the case when the three ratios (5.5.29) are non-zero. Note
that there is no case when two ratios are non-zero because if two ratios among
(5.5.29) are non-zero the last ratio is automatically non-zero. According to
the pole selection rule, pole candidates are listed in Table 5.2. The values
of γ of αk1 , αk2 are ±2 and αk1α

±
k2

has γ = 0,±4. If γ = 0 the leading term
(5.5.24) vanishes. In the case for γ = ±4 the leading term is given by

± 1

3!
(F̃1)3 × q2u4 (1− u2)

2

(1− u4)
× q2u4 (1− u2)

2

(1− u4)
× q2u4 (1− u4)

2

(1− u2) (1− u6)

= ±q
9u21

3!

1

(1− u6)
, (5.5.31)
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Table 5.2: Non-zero poles for F3. Non-bracket terms are selected as the
poles and bracket terms are automatically determined by the product of the
non-bracket terms.

ζ1/ζ2 ζ1/ζ3 ζ2/ζ3

αk1 (αk1αk2) αk2
(α−1

k2
) αk1 αk1αk2

(αk1α
−1
k2

) αk1 αk2

where the overall sign depends on two factors; one is a kind of the poles listed
in Table 5.2 and the other is the value γ for αk1 and αk2 . The signs are shown
in Table 5.3. Although the values (5.5.31) are generated infinitely, most of

Table 5.3: The values of γ and the signs of q9u21

3!
1

(1−u6)
.

ζ1/ζ2 ζ1/ζ3 ζ2/ζ3 sign of q9u21

3!
1

(1−u6)

γ
+2 +4 +2 +
−2 −4 −2 +

γ
−2 +2 +4 +
+2 −2 −4 +

γ
+4 +2 −2 −
−4 −2 +2 −

them are cancelled out and only a finite number R of them remains. In order
to investigate R, let m1 and m2 be the exponents of αk1 and αk2 for q. We
find that R is determined by the number of (m1,m2) satisfying m1 +m2 ≤ 1
and −1 ≤ m1,2 (Figure 5.3) and R = 2·3−1C3 = 10. There are two cases with
both αk1 and αk2 having the value γ = +2 and the numerical coefficient of
(5.5.31) is 2R = 20. In summary the leading term of F3 is given by

F3 =
q9u21

3!

(
1

(1− u2)3
+

9

(1− u2)(1− u4)
+

20

1− u6

)
+ · · · . (5.5.32)

There is a natural generalization in the case for n non-zero ratios. The
remaining number R is determined by the number of the set (m1, . . . ,mn)
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m1

m2

| | | | |
−1 0 1 2 · · · M

−

−

−

−

−

−1

0

1

2

...

M

−1 0 1 2 · · · M

Figure 5.3: The structure of the residue contributing to the leading term of
F3.

satisfying

n∑
i=1

mi ≤ 1 and − 1 ≤ mi (for any i), (5.5.33)

and R = 2n−1Cn.

F4 F4 has double-poles and it is not simple to analyze the leading term.
From the results of some numerical calculation we guess a residue from a
double pole does not contribute to a leading term of F4, in other words a
double pole residue is cancelled out with a simple pole residue.

Let us calculate the leading term of F4 only for the simple poles. The
adjoint character χadj

4 has six ratios for the gauge fugacities,

ζ1

ζ2

,
ζ1

ζ3

,
ζ1

ζ4

,
ζ2

ζ3

,
ζ2

ζ4

,
ζ3

ζ4

. (5.5.34)

and their inverse. In the case for no non-zero pole the leading term is given
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by 1
4!

(F̃1)4(q2u4)6. In the case for one non-zero pole the leading term is

1

4!
(F̃1)4(q2u4)6

(
±(1− u2)2

1− u4

)
= ±q

16u36

4!

1

(1− u2)2(1− u4)
. (5.5.35)

The choices of the ratios of the gauge fugacities (5.5.34) are six. Each re-
maining number is three and, namely the numerical coefficient of the leading
term is 6× 3 = 18.

In the case for two non-zero poles the leading term is

1

4!
(F̃1)4(q2u4)6

(
±(1− u2)2

1− u4

)2

= ±q
16u36

4!

1

(1− u4)2
. (5.5.36)

The choice of the ratios is three sets, (ζ1/ζ2, ζ3/ζ4), (ζ1/ζ3, ζ2/ζ4), (ζ1/ζ4, ζ2/ζ3).
Each remaining number is nine and the numerical coefficient 3× 9 = 27.

In the case for three non-zero poles the leading term is

1

4!
(F̃1)4(q2u4)6

(
±(1− u2)2

1− u4

)2
(1− u4)2

(1− u2)(1− u6)
= ±q

16u36

4!

1

(1− u2)(1− u6)
.

(5.5.37)

The choices of the ratios are four,(
ζ1

ζ2

,
ζ1

ζ3

,
ζ2

ζ3

)
,

(
ζ1

ζ2

,
ζ1

ζ4

,
ζ2

ζ4

)
,

(
ζ1

ζ3

,
ζ1

ζ4

,
ζ3

ζ4

)
,

(
ζ2

ζ3

,
ζ2

ζ4

,
ζ3

ζ4

)
. (5.5.38)

Each remaining number is twenty and the numerical coefficient is 4×20 = 80.
Four and five non-zero poles are automatically six non-zero poles. In the

case for six non-zero poles the leading term is

1

4!
(F̃1)4(q2u4)6

(
±(1− u2)2

1− u4

)3(
(1− u4)2

(1− u2)(1− u6)

)2
(1− u6)2

(1− u4)(1− u8)

= ±q
16u36

4!

1

1− u8
(5.5.39)

The choice of the ratios is 3! and each remaining number is 2×4−1C4 = 35.
The numerical coefficient is 210.

In summary the leading term of F4 is given by

F4 =
q16u36

4!

(
1

(1− u2)4
+

18

(1− u2)2(1− u4)
+

27

(1− u4)2

+
80

(1− u2)(1− u6)
+

210

1− u8

)
+ · · · . (5.5.40)
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Fn From the results of the leading terms of Fn≤4 we anticipate the leading
term of Fn for arbitrary n.

First, we focus on the fractional terms 1/(1 − u2k). These terms appear
according to the partition of the number n. Let {ak}k=1,...,n be sets satisfying
n =

∑n
k=1 kak and ak ≥ 0. For example, the partition of n = 3 is represented

as (a1, a2, a3) = (3, 0, 0), (1, 1, 0), (0, 0, 1). By using the set {ak} the fractional
terms in the leading term is written by∑

{ak}

n∏
k=1

1

(1− u2k)ak
, (5.5.41)

where the summation is taken over all the sets {ak}.
Next, the coefficient for 1/(1−u2k) consists of the product of two factors.

One is the remaining number R = 2k−1Ck. The other is the number of
elements in the conjugacy class for Sn. With the partition n =

∑n
k=1 kak the

number of the elements is written by

n!∏n
k=1 k

akak!
. (5.5.42)

We predict that the leading term in Fn takes the following form:

Fn =qn
2

u2n2+n
∑
{ak}

n∏
k=1

(2k−1Ck)
ak

kakak!(1− u2k)ak
+ · · ·

≡qn2

u2n2

Gn + · · · . (5.5.43)

The function Gn(u) has a following generating function

∞∑
n=0

Gn(u)tn = exp

(
∞∑
p=1

2p−1Cp
p

tp

u−p − up

)
. (5.5.44)

5.5.5 Numerical results

We compute Fn for q-expansion for n ≤ 4 by using the Mathematica and
show several terms. (More details are shown in Appendix A.2.)

F0 = 1,

F1 = qu3 1

1− u2
+ q2

(
1− u2

)
+ q3

(
1

u3
− u3

)
+ q4

(
1

u6
− u4 − 1

u2
+ 1

)
+ · · · ,
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F2 =
q4u10

2

(
1

(1− u2)2
+

3

1− u4

)
− q5u5

(
u4 − 2

)
+ q6

(
−u12 + 2u6 + 2

)
+ · · · ,

F3 =
q9u21

3!

(
1

(1− u2)3
+

9

(1− u2)(1− u4)
+

20

1− u6

)
+ · · · ,

F4 =
q16u36

4!

(
1

(1− u2)4
+

18

(1− u2)2(1− u4)
+

27

(1− u4)2

+
80

(1− u2)(1− u6)
+

210

1− u8

)
+ · · · . (5.5.45)

Note that for n = 0 there is no wrapped D3-brane and its excitation also
vanishes, which means the value of the index is one. The orders of q in the
numerical results for F1,2,3,4 we computed are shown in Table 5.4 2 and they
are determined by the limit of the computational resources for the ordinary
laptop. In computing Fn numerically we introduce the cut-off M , which
determines the highest order of q in the q-expansion.

Table 5.4: The orders of q in the numerical result for Fn≤4. We omit the
coefficients of u and describe only the order of q.

the order we computed cut-off M

F1 q + · · ·+ q22 21
F2 q4 + · · ·+ q20 17
F3 q9 + · · ·+ q19 12
F4 q16 + · · ·+ q19 6

5.6 Comparison

In this section, we will confirm that (5.3.9) holds. We rewrite (5.3.9) to
emphasize the wrapping number m = nX + nY as follows:

IU(N)

IU(∞)

(q, u) =
∞∑
m=0

Im, (5.6.1)

2 The highest orders of Fn are updated in the thesis in comparing the author’s and the
collaborator’s paper [36]. In [36] the highest orders of Fn were q20−n for n ≤ 4.
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where

Im ≡
∑

m=nX+nY

(qu)nXN
(
qu−1

)nY N q2nXnY FnX (q, u)FnY (q, u−1). (5.6.2)

The numerical results of the left hand side in (5.6.1) are shown in Appendix
A.1. In the following we confirm that they are reproduced by the right hand
side in (5.6.1).

Let us take N = 2 case for an example. The left hand side in (5.6.1) is

IU(2)/IU(∞) = 1− q3χ3 + q4 (2χ2 − χ4 − 1) + q5 (χ1 + χ3 − χ5)

+ q6 (2χ4 − χ6 − 3) + q8 (χ2 + χ4 + 1) + q9 (−3χ1 + χ3 − χ7 + χ9)

+ q10 (−2χ2 + χ4 + χ6 − 2χ8 + χ10 + 1)

+ q11 (χ1 + 2χ3 − χ5 − χ7 − 2χ9 + 2χ11)

+ q12 (−5χ2 + χ4 + 2χ6 − 2χ10 + χ12 + 5)

+ q13 (−2χ1 + 3χ5 − χ7 − χ9 − 2χ11 + 2χ13)

+ q14 (2χ2 + χ4 + χ8 − χ10 − 2χ12 + χ14 + 2)

+ q15 (4χ1 − 9χ3 + 4χ5 − 2χ7 − χ11 + χ15)

+ q16 (2χ2 − χ4 + 3χ6 + χ8 − χ10 − χ14 − 5)

+ q17 (χ1 + 2χ3 − χ5 + 2χ7 − χ9 − χ11 − χ13 + χ15)

+ q18 (2χ2 − 5χ4 + 3χ6 + 2χ8 − 2χ10 + χ16 − χ18 + 4)

+ q19 (−2χ1 + 3χ3 − 3χ5 + 4χ7 − 4χ9 − χ13 + χ15 + 2χ17 − χ19)

+ q20 (3χ6 + 2χ8 + χ10 − χ12 − 2χ14 + 2χ18 − 2χ20 − 3)

+ q21 (χ1 + 2χ3 − 9χ5 + 4χ7 − 2χ11 − χ13 + χ15 + χ17 + 3χ19

−2χ21)

+ q22 (5χ2 − 2χ6 + 3χ8 − 2χ12 − χ16 + χ18 + 2χ20 − 2χ22)

+ q23 (−3χ3 + 2χ5 + 2χ7 + χ9 − 2χ11 − 3χ13 − χ15 + χ17 + χ19

+3χ21 − 2χ23)

+ q24 (5χ2 + 9χ4 − 8χ6 + 2χ8 + 5χ10 − 3χ12 − χ18 + χ20 + 2χ22

−2χ24 − 11)

+O
(
q25
)
. (5.6.3)

Let Dmmax be the difference of the left hand side in (5.6.1) and the right
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hand side with cut-off m ≤ mmax:

Dmmax ≡
IU(N)

IU(∞)

−
mmax∑
m=0

Im. (5.6.4)

We want to check that this difference. The order of Dmmax becomes larger as
we increase mmax. The results of numerical analysis are as follows:

D1 = q8 (−χ2 + 2χ4 − χ6 + 2χ8 − χ10 + 2) + · · · , (5.6.5)

D2 = q15 (3χ1 − 4χ3 − χ5 + 2χ7 − 3χ9 − χ11 + 4χ13 − 4χ15 + χ17 + 3χ19

−2χ21) + · · · , (5.6.6)

D3 = q24 (−χ2 − χ4 − 5χ6 + 10χ8 − 2χ10 + 3χ12 − 7χ14 + 3χ16 + 5χ18 − 5χ20

−6χ22 + 6χ24 + 4χ26 − 7χ28 + χ32 + 7χ34 − 5χ36 + 15) + · · · ,
(5.6.7)

D4 = q25(−χ9 + χ11 − 8χ23 + 8χ25 − 7χ33 + 7χ35 − 2χ69 + 2χ71) + · · · .
(5.6.8)

By summing up the contributions with m ≤ 4, all terms in (5.6.3) are repro-
duced. This strongly suggests that the formula (5.6.1) correctly reproduces
the Schur index. We also carry out similar analysis for N ≤ 4.

The left hand side in (5.6.1) can be calculated by the localization method.
We calculate the left hand side up to q19 for N = 0, q22 for N = 1, q24 for
N = 2, q25 for N = 3, and q22 for N = 4. For N = 0, 1, 2, 3 cases the
calculation is performed to match the highest order on the result for the
right hand side in (5.6.1) shown in Figure 5.4. For N = 4 case, due to the
limitations of computer performance, the calculations are made to the order
q22 smaller than the highest order q26 on the right-hand side in (5.6.1).

We have found that the numerical results of the left hand side in (5.6.1)
are completely reproduced by the terms in the order in the shaded region in
Figure 5.4.

For the N = −1 case the gravity side in (5.3.9) is formally zero, and we
see that IU(−1) = 0.

In the relation (5.6.1), let us take the limit u→ 1. The left hand side in
(5.6.1) reduces to the BDF formula in (3.4.8) and we obtain a relation

IBDF
m (q) = lim

u→1
Im(q, u). (5.6.9)

Note that although Fn has a divergence at u = 1, the divergence is cancelled
each other in the summation for nX and nY .
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Let us consider m = 2 case for an example. Following (5.6.2) I2 is given
by

I2 = (qu)2N F2(q, u)F0(q, u−1) + (qu)N
(
qu−1

)N
q2F1(q, u)F1(q, u−1)

+
(
qu−1

)2N
F0(q, u)F2(q, u−1)

= q2N+4U1(u) + q2N+5U2(u) + · · · , (5.6.10)

where

U1 ≡
u2N+10(2− u2)

(1− u2)2(1 + u2)
+

1

(1− u2)(1− u−2)
+

u−2N−10(2− u−2)

(1− u−2)2(1 + u−2)
,

U2 ≡ u2N+5(2− u4) +
u3

1− u2
(1− u−2) +

u−3

1− u−2
(1− u2) + u−2N−5(2− u−4).

(5.6.11)

We calculate U1 and U2 in the limit u→ 1 3 and we find

lim
u→1

U1 =
1

2
(N2 + 5N + 4), lim

u→1
U2 = 0. (5.6.13)

We see that the leading term q2N+4U1 of I2 reproduces IBDF
2 and the sub-

leading term vanishes in the limit as expected. We also carry out similar
analysis for m ≤ 4.

We find that the leading term in the numerical result in the right hand
side (5.6.9) reproduces the result in left hand side and the sub-leading terms
in the right-hand side vanish. We confirm that (5.6.9) holds up to qn(N−1)+20

in the q-expansion for arbitrary N and m = 1, 2, 3, 4.

3 The following formula is useful for the calculation:

lim
u→1

1− ub

1− ua
=
b

a
. (5.6.12)
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Figure 5.4: The orders we computed in the right-hand side in (5.6.1). The
previous works for the supergravity [4] and the single-wrapping contributions
[14] give the light gray region. Our works for the multi-wrapping contribu-
tions give the dark gray region. The dashed lines lm labeled by the wrapping
numbers m represent the lowest order of the contribution from that wrap-
ping number, and the lines l̃m represent the highest order corresponding the
wrapping numbers m.
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Chapter 6

Conclusions and discussion

In the thesis, we studied the Schur index of the N = 4 U(N) supersymmetric
Yang-Mills theory via the AdS/CFT correspondence. While, in the previous
work [14], only the contributions of the single-wrapping giant gravitons were
considered, we succeeded to develop the method to calculate the contribu-
tions of multiple-wrapping giant gravitons. We proposed the formula (5.3.9)
to calculate the Schur index of the N = 4 U(N) SYM from the contributions
of multiple-wrapping giant gravitons and numerically confirmed the correct-
ness of the formula. In general, it is expected that it would be difficult to
analyze the finite-N AdS/CFT correspondence because quantum gravity cor-
rections are not negligible in the Type IIB string theory. In such a situation,
we succeeded to establish the formula (5.3.9) that gives the complete finite-N
index via the AdS/CFT correspondence without taking account of quantum
gravity corrections.

In Chapter 2, we first introduced the Witten index (2.1.3) for a theory
with the relations (2.1.2) and explained the property that only the ground
states with H = 0 contribute the Witten index. We also explained the
property that the Witten index is independent of the coupling constant.
As the extension of the Witten index, we defined the superconformal index
(2.4.1) and the Schur index (2.5.2). We explained the localization formula
and, thanks to the localization formula, we saw that the superconformal
index can be expressed as the tractable form (2.4.22).

In Chapter 3, we reviewed the N = 4 U(N) SYM. The fields in the N = 4
U(N) SYM belong to the N = 4 vector multiplet (3.1.1) and are described
by the Lagrangian (3.2.1). We defined the superconformal index (3.3.6) and
the Schur index (3.4.4) of the N = 4 U(N) SYM, respectively. In particular,



we wrote down the method to derive the single-particle index (3.3.16) of the
N = 4 U(N) SYM. We gave some numerical results of the superconformal
index and the Schur index for small N and N =∞ cases.

In Chapter 4, we reviewed the AdS/CFT correspondence. We first con-
sidered a system of N coincident D3-branes and explained the gauge theory
and gravity descriptions of the system, which give the N = 4 U(N) SYM in
R×S3 and the Type IIB superstring theory in AdS5×S5, respectively. The
AdS/CFT correspondence claims that the above two theories are equivalent.
We explained some properties; the symmetry matching, GKP-Witten rela-
tion (4.3.1), and parameter relations (4.3.4). Especially, thanks to the sym-
metry matching, the two theories have the same symmetry SO(2, 4)×SO(6).
Following this, we can define the index on the gravity side and, following the
claim of the AdS/CFT correspondence, the indices on both the gauge theory
and gravity sides should match. We discussed the superconformal index in
the large-N limit on both the gauge theory and gravity sides and explained
in (4.4.1) that the contribution from Kaluza-Klein modes is identified to the
large-N index on the gauge theory side. We also discussed the supercon-
formal index in the finite-N case and suggested that the difference (4.5.1)
between the finite-N and large-N indices should be reproduced by the con-
tribution from giant gravitons.

In Chapter 5, we explained the main topic of the thesis, which is based on
the author’s and the collaborators’s paper [36]. The purpose of this chapter
is to construct a formula to calculate the index by using the contributions
on the gravity side, especially giant graviton contributions, and to confirm
the correctness of the formula. First, we defined BPS configurations of giant
gravitons according to [12] and, following [14], we introduced the index (5.1.8)
of single-wrapping giant gravitons. We expected that the superconformal in-
dex of the N = 4 SYM includes all the contributions of multiple-wrapping
giant gravitons, and gave the formula (5.2.1) by generalizing the index of
single-wrapping giant gravitons. In the formula, the multiple-wrapping con-
tributions are given by certain contour integrals H(nX ,nY ,nZ) in (5.2.3). We
explained the difficulty of this contour integrals and gave the procedure in
the case for the system of giant gravitons wrapped on a single cycle: H(nX ,0,0),
H(0,nY ,0), and H(0,0,nZ). We showed that, by taking the Schur limit, the mul-
tiple integrals factorize into the integrals for the system of giant gravitons
wrapped on a single cycle. Following the factorization, we proposed the new
formula (5.3.9) to calculate the Schur index of the N = 4 SYM from the con-
tributions of multiple-wrapping giant gravitons Fn in (5.3.8). We explained
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the procedure to calculate the integrals in Fn and compared the formula with
the known results and numerically confirmed the agreement of these results.
This suggests the correctness of the formula (5.3.9).

There are several future directions. The formula (5.3.9) of which we
confirmed the correctness is for the Schur index, and it would be nice if it
is extended to the superconformal index. The version of the formula for the
superconformal index is the formula (5.2.1) and there is a difficult calculation
problem: we have not yet understood well the calculation of H(nX ,nY ,nZ)

with arbitral wrapping numbers (nX , nY , nZ). Although a procedure for the
integration contours was proposed in [52] after some trial errors, no obvious
way to determine the integration contours based in the first principle has yet
been found.

A Similar formula to (5.2.1) was found in [53]. In their formula, the left
hand side in (5.2.1) is given by the summation over not the three wrapping
numbers nX,Y,Z but only the single wrapping number nX . This study is
based on the analysis of determinant operators on the gauge theory side
corresponding to the giant gravitons. More general analysis for determinant
operators was studied in [54]. The formulas in (5.2.1) and in [53] are related
to each other via the analytic continuation [55] of the fugacities and the
authors claim essentially the same statement.

We can extend the works of the thesis to other examples of the AdS/CFT
correspondence. The author and the collaborators studied the single-wrapping
case for several examples; the four-dimensional orbifold quiver gauge theories
[15] and the four-dimensional toric quiver gauge theories [16]. The gauge the-
ories of these examples have the Lagrangian and the index can be calculated.
If we can establish a similar formula to calculate the index from the giant
graviton contributions, we can confirm the correctness of the formula.

The works of the thesis will be useful to analyze non-Lagrangian theo-
ries. Examples of the AdS/CFT correspondence which have non-Lagrangian
theories on the CFT side are as follows; the four-dimensional N = 3 S-fold
theories [56, 57], the six-dimensional N = (2, 0) theories, the six-dimensional
N = (1, 0) theories, the four-dimensionalN = 2 Argyres-Douglas (AD) theo-
ries [32, 33], and the four-dimensional N = 2 Minahan-Nemeschansky (MN)
theories [58, 59]. The single-wrapping case for the above non-Lagrangian
examples was studied in [14, 17, 18, 60]. The index of the non-Lagrangian
theories can not be calculated directly. If there is a formula similar to (5.3.9)
to calculate the index from the dual gravity side, we can analyze the non-
Lagrangian theories by using the index.
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There is another interesting direction for the Schur index. Among the
non-Lagrangian theories listed above, the S-fold theories, the AD theories,
and the MN theories are the four-dimensional SCFT with the extended su-
persymmetry. It follows that these theories have the corresponding chiral
algebras. In fact, serval papers studied the chiral algebra for the S-fold the-
ories [30, 31] and for the AD theories [27, 28, 29]. It would be nice if we can
derive the Schur index of these theories via the AdS/CFT correspondence
and can compare the Schur index with the vacuum character of the chiral
algebra.
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Appendix A

Numerical results

A.1 IU(N)/IU(∞)(q, u)

We give numerical results of the Schur index of IU(N)/IU(∞)(q, u) for N =
0, 1, 2, 3, 4.

IU(0)/IU(∞) = 1− qχ1 + q2 (3− χ2) + q4 (5− χ2) + q5 (−χ1 − χ3 + χ5)

+ q6 (−χ2 − χ4 + 8) + q7 (χ7 − 2χ3) + q8 (−2χ2 − χ6 + 13)

+ q9 (−χ1 − 2χ3 + χ7) + q10 (−3χ2 − χ4 − χ6 + 21) + q11 (2χ7 − 4χ3)

+ q12 (−3χ2 − χ4 − 2χ6 + χ10 − χ12 + 30)

+ q13(−χ1 − 6χ3 + 3χ7 − χ9 + χ11)

+ q14(−5χ2 − 2χ4 − 3χ6 − χ8 + 2χ10 − χ12 + 46)

+ q15(χ1 − 9χ3 − χ5 + 5χ7 − χ9 + χ11 + χ13 − χ15)

+ q16(−6χ2 − 2χ4 − 5χ6 − χ8 + 3χ10 − 3χ12 + χ14 + 65)

+ q17(−13χ3 + 6χ7 − 2χ9 + χ11 + 2χ13 − χ15)

+ q18(−8χ2 − 4χ4 − 7χ6 − 2χ8 + 5χ10 − 4χ12 + χ14 + 93)

+ q19(3χ1 − 18χ3 − 3χ5 + 10χ7 − 3χ9 + 2χ11 + 3χ13 − 2χ15)

+ q20(−10χ2 − 4χ4 − 11χ6 − 2χ8 + 7χ10 − 7χ12 + 2χ14 + 129) +O
(
q20
)

(A.1.1)

IU(1)/IU(∞) = 1− q2χ2 + q3 (2χ1 − χ3) + q4 (2χ2 − χ4 − 1)

+ q6 (2χ2 − 1) + q7 (χ3 − 2χ5 + χ7) + q8 (−χ2 − χ6 + χ8 + 1)



+ q9 (−2χ1 + 4χ3 − χ5 − 2χ7 + χ9)

+ q10 (χ2 − χ6 − χ8 + χ10 + 2)

+ q11 (χ5 − χ7 − χ9 + χ11) + q12 (2χ4 − χ6 − χ8 − 1)

+ q13 (χ1 + χ5 − χ7) + q14 (2χ4 − χ6 − 2χ8 + χ12 + 2)

+ q15 (2χ1 − χ3 + 3χ5 − 2χ7 + χ13 − χ15)

+ q16 (2χ4 − χ8 − χ10 + χ12 + χ14 − χ16 − 1)

+ q17 (2χ1 + χ3 − χ5 − χ7 − χ9 − χ11 + χ13 + 2χ15 − χ17)

+ q18 (χ4 + 2χ6 − χ8 − 2χ10 + χ12 + χ16 − χ18 + 1)

+ q19 (2χ3 + χ5 − 4χ9 + χ11 + χ15 + χ17 − χ19)

+ q20 (4χ2 + χ4 − χ6 − χ8 − 2χ10 + χ14 + χ16 + χ18 − χ20)

+ q21(3χ1 + 3χ7 − 3χ9 − χ11 + χ13 + χ19 − χ21)

+ q22(χ4 + 2χ6 − 3χ8 − 2χ12 + χ14 + χ16 + 2) +O
(
q23
)
(A.1.2)

IU(2)/IU(∞) = 1− q3χ3 + q4 (2χ2 − χ4 − 1) + q5 (χ1 + χ3 − χ5)

+ q6 (2χ4 − χ6 − 3) + q8 (χ2 + χ4 + 1) + q9 (−3χ1 + χ3 − χ7 + χ9)

+ q10 (−2χ2 + χ4 + χ6 − 2χ8 + χ10 + 1)

+ q11 (χ1 + 2χ3 − χ5 − χ7 − 2χ9 + 2χ11)

+ q12 (−5χ2 + χ4 + 2χ6 − 2χ10 + χ12 + 5)

+ q13 (−2χ1 + 3χ5 − χ7 − χ9 − 2χ11 + 2χ13)

+ q14 (2χ2 + χ4 + χ8 − χ10 − 2χ12 + χ14 + 2)

+ q15 (4χ1 − 9χ3 + 4χ5 − 2χ7 − χ11 + χ15)

+ q16 (2χ2 − χ4 + 3χ6 + χ8 − χ10 − χ14 − 5)

+ q17 (χ1 + 2χ3 − χ5 + 2χ7 − χ9 − χ11 − χ13 + χ15)

+ q18 (2χ2 − 5χ4 + 3χ6 + 2χ8 − 2χ10 + χ16 − χ18 + 4)

+ q19 (−2χ1 + 3χ3 − 3χ5 + 4χ7 − 4χ9 − χ13 + χ15 + 2χ17 − χ19)

+ q20 (3χ6 + 2χ8 + χ10 − χ12 − 2χ14 + 2χ18 − 2χ20 − 3)

+ q21 (χ1 + 2χ3 − 9χ5 + 4χ7 − 2χ11 − χ13 + χ15 + χ17 + 3χ19

−2χ21)

+ q22 (5χ2 − 2χ6 + 3χ8 − 2χ12 − χ16 + χ18 + 2χ20 − 2χ22)

+ q23 (−3χ3 + 2χ5 + 2χ7 + χ9 − 2χ11 − 3χ13 − χ15 + χ17 + χ19
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+3χ21 − 2χ23)

+ q24 (5χ2 + 9χ4 − 8χ6 + 2χ8 + 5χ10 − 3χ12 − χ18 + χ20 + 2χ22

−2χ24 − 11)

+O
(
q25
)

(A.1.3)

IU(3)/IU(∞) = 1− q4χ4 + q5 (−χ1 + 2χ3 − χ5) + q6 (χ4 − χ6 + 2)

+ q7 (−3χ1 + 2χ3 + χ5 − χ7) + q8 (−χ4 + 2χ6 − χ8)

+ q10 (3χ2 − χ4 + 2χ6 − 4) + q11 (−2χ1 + χ3 + χ5 − χ7 − χ9 + χ11)

+ q12 (−χ2 − 3χ4 + 2χ6 − χ10 + χ12 + 2)

+ q13 (−χ1 + 3χ3 − 2χ5 + χ9 − 3χ11 + 2χ13)

+ q14 (−5χ2 + χ4 + 3χ6 − χ8 − χ10 − 2χ12 + 2χ14 + 5)

+ q15 (−5χ1 + 3χ3 + χ5 − 2χ7 + 3χ9 − χ11 − 3χ13 + 2χ15)

+ q16 (−χ2 − 5χ4 + 3χ6 + χ8 − 2χ10 − 2χ14 + 2χ16 + 16)

+ q17 (−3χ1 + χ3 + 3χ5 − 4χ7 + 3χ9 + χ11 − χ13 − 3χ15 + 2χ17)

+ q18 (−3χ2 − 7χ4 + 6χ6 + χ8 − χ10 − χ12 − χ14 − χ16 + χ18)

+ q19 (7χ1 − 3χ3 + 4χ5 − 4χ7 + 3χ9 − 2χ11 + χ13 − χ15 − χ17 + χ19)

+ q20 (7χ2 − 9χ4 + 6χ6 − 2χ8 + 2χ12 − 2χ14 + 4)

+ q21 (−10χ1 + 4χ3 − 3χ5 + 4χ9 + χ11 − 2χ13 + χ19 − χ21)

+ q22 (6χ2 − 2χ4 − χ6 + 7χ8 − 8χ10 + 5χ12 − 2χ14 − χ16 − χ18 + 2χ20

−χ22 + 6)

+ q23 (−6χ1 + 10χ3 − 10χ5 + 7χ9 − χ11 − 3χ13 + χ19 + 2χ21 − 2χ23)

+ q24 (−5χ2 − 7χ4 + 5χ6 + 2χ8 − 5χ10 + 6χ12 − 2χ14 − 2χ18 + χ20

+4χ22 − 3χ24 + 4)

+ q25 (−23χ1 + 35χ3 − 12χ5 − 10χ7 + 11χ9 − 5χ13 + χ15 − 2χ17

+χ19 + 4χ23 − 3χ25)

+O
(
q26
)

(A.1.4)

IU(4)/IU(∞) = 1− q5χ5 + q6 (−χ2 + 2χ4 − χ6) + q7 (χ1 + χ5 − χ7)

+ q8 (−χ2 + χ4 + χ6 − χ8) + q9 (−χ3 + χ5 + χ7 − χ9)

+ q10 (−2χ2 + χ4 − χ6 + 2χ8 − χ10 + 1)
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+ q12 (−2χ2 + 4χ4 − 2χ6 + 2χ8 + 2) + q13 (−χ1 − χ11 + χ13)

+ q14 (−2χ2 − χ4 − χ6 + 3χ8 − χ10 − χ12 + χ14)

+ q15 (−4χ1 + 6χ3 − 2χ5 − χ7 − 2χ13 + 2χ15)

+ q16 (−χ2 + χ4 − 2χ6 + 2χ8 − χ10 + χ12 − 3χ14 + 2χ16 + 3)

+ q17 (−4χ1 + 2χ7 − χ13 − 3χ15 + 3χ17)

+ q18 (3χ2 − χ4 − 3χ6 + 4χ8 − 3χ10 + 3χ12 − χ14 − 3χ16 + 2χ18 + 3)

+ q19 (2χ1 − 3χ3 + 4χ5 − 4χ7 + 4χ9 − χ13 − χ15 − 3χ17 + 3χ19)

+ q20 (−8χ2 + 5χ4 − χ6 + 3χ8 − 3χ10 + 3χ12 − χ14 − 3χ18 + 2χ20 + 3)

+ q21 (10χ1 − 7χ3 − 2χ5 + 3χ7 − 4χ9 − χ17 − 2χ19 + 2χ21)

+ q22 (−8χ2 + 7χ4 − 10χ6 + 5χ8 + 5χ12 − 3χ14 + χ16 − χ18 − 2χ20

+χ22 + 15)

+O
(
q24
)

(A.1.5)

A.2 Fn

We give numerical results Fn for n = 1, 2, 3, 4.

F1 =
qu3

1− u2
+ q2

(
1− u2

)
+ q3

(
1

u3
− u3

)
+ q4

(
1

u6
− u4 − 1

u2
+ 1

)
+ q5

(
1

u9
− u5

)
+ q6

(
1

u12
− u6 − 1

u6
+ 1

)
+ q7

(
1

u15
− u7 +

1

u5
− 1

u3

)
+ q8

(
1

u18
− 1

u10
− u8 + 1

)
+ q9

(
1

u21
− u9

)
+ q10

(
1

u24
− 1

u14
− u10 +

1

u10
− 1

u4
+ 1

)
+ q11

(
1

u27
− u11 − 1

u9
+

1

u7

)
+ q12

(
1

u30
− 1

u18
− u12 + 1

)
+ q13

(
1

u33
+

1

u15
− u13 − 1

u5

)
+ q14

(
1

u36
− 1

u22
− u14 + 1

)
+ q15

(
1

u39
− u15 − 1

u15
+

1

u9

)
+ q16

(
1

u42
− 1

u26
+

1

u20
− u16 +

1

u14
− 1

u12
− 1

u6
+ 1

)
+ q17

(
1

u45
− u17

)
+ q18

(
1

u48
− 1

u30
− u18 + 1

)
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+ q19

(
−u19 − 1

u7
+

1

u11
− 1

u21
+

1

u25
+

1

u−51

)
+ q20

(
1

u54
− 1

u34
− u20 + 1

)
+ q21

(
−u21 − 1

u15
+

1

u21
+

1

u57

)
+ q22

(
1

u60
− 1

u38
+

1

u30
− u22 − 1

u20
+

1

u18
− 1

u8
+ 1

)
+O

(
q23
)

(A.2.1)

F2 =
q4u10

2

(
1

(1− u2)2
+

3

1− u4

)
− q5u5

(
u4 − 2

)
+ q6

(
−u12 + 2u6 + 2

)
+ q7

(
−u15 + 3u7 +

2

u5

)
+ q8

(
−u18 +

2

u10
+ 3u8 + 3

)
+ q9

(
−u21 +

2

u15
+ 4u9 +

1

u3

)
+ q10

(
−u24 +

2

u20
+ 4u10 +

4

u6
+ 3

)
+ q11

(
−u27 + 5u11 +

2

u9
+

2

u25

)
+ q12

(
−u30 +

2

u30
+ 5u12 +

5

u12
+ 4

)
+ q13

(
−u33 + 6u13 +

3

u7
+

3

u15
+

2

u35

)
+ q14

(
2

u40
− u36 +

6

u18
+ 6u14 +

1

u4
+ 4

)
+ q15

(
−u39 + 7u15 +

4

u21
+

2

u45

)
+ q16

(
2

u50
− u42 +

7

u24
+ 7u16 +

3

u14
+

5

u8
+ 5

)
+ q17

(
−u45 + 8u17 +

5

u27
+

2

u55

)
+ q18

(
2

u60
− u48 +

8

u30
+ 8u18 +

2

u12
+ 5

)
+ q19

(
−u51 + 9u19 +

1

u5
+

4

u9
+

3

u21
+

6

u33
+

2

u65

)
+ q20

(
2

u70
− u54 +

9

u36
+ 9u20 +

6

u16
+ 6

)
+O

(
q21
)

(A.2.2)

F3 =
q9u21

3!

(
1

(1− u2)3
+

9

(1− u2)(1− u4)
+

20

1− u6

)
+
q10u14

u4 − 1

(
−2u10 + 3u6 + 3u4 − 5

)
+

q11u7

u4 − 1

(
−2u22 + 2u18 + u16 + 2u14 − 4u8 − 2u6 + 5u4 − 5

)
+

q12

u2 − 1

(
−2u32 + 2u30 + u24 + u22 − 9u14 + 9u12 − 2u10 − 2u8 + 5u2 − 5

)
+

q13

u7 (u4 − 1)

(
−2u46 + 2u42 + u36 + 2u34 + u28 − 2u26 − 7u24 + 2u22 + 4u20
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−2u18 − 4u12 − 2u10 + 5u4 − 5
)

+
q14

u14 (u4 − 1)

(
−2u58 + 2u54 + u46 + 2u44 + u40 + u38 − 3u36 + u34 − 8u32

−4u30 + 8u28 + u26 − 2u24 − 3u22 − 2u20 + 7u18 − 4u14

−2u12 + 5u4 − 5
)

+
q15

u21 − u23

(
2u68 − 2u66 − u54 − u52 + u50 − u48 + 2u44 − 3u42 + u40

+14u38 − 14u36 + u34 + u32 + 2u30 − 2u28 + 6u26 − 4u24

+2u20 − 2u18 + 2u16 + 2u14 − 5u2 + 5
)

+
q16

u28 − u30

(
2u80 − 2u78 − u64 − u62 + u60 − u58 − u56 + 3u54 − 3u52

+u50 + 2u48 + 12u46 − 13u44 + u42 + u40 + u38 + 2u36

−4u32 − 2u30 + 6u28 + 3u26 − 7u24 + 2u22 − 2u20 + 2u18

+2u16 − 5u2 + 5
)

+
q17

u35 (u4 − 1)

(
−2u94 + 2u90 + u76 + 2u74 + u68 − 2u66 + u64 + 2u62

−3u60 − 14u56 + 14u52 − 2u50 − 3u48 + u44 − 4u42 − 3u40

−2u38 + 6u34 − 4u32 − 2u30 + 4u28 − 2u26 − 4u20 − 2u18

+5u4 − 5
)

+
q18

u42 (u4 − 1)

(
−2u106 + 2u102 + u86 + 2u84 + u78 − u76 + u74 + u72 − 3u70

+2u66 − 19u64 − 2u62 + 17u60 − 2u58 − 2u56 + 2u54 − 4u52

−2u50 − 2u48 + 8u46 + 4u44 − 7u42 − 4u40 + 6u36 − 11u34

−2u32 + 11u30 − 2u28 − 4u22 − 2u20 + 5u4 − 5
)

+
q19

u49 (u4 − 1)

(
−2u118 + 2u114 + u96 + 2u94 + u88 − 2u86 + u84 + 2u82

−3u80 + 2u76 − 22u72 + 19u68 − 2u66 + 2u64 − 2u62 − 5u60

−2u58 − 2u56 + 2u54 + u52 − 2u50 − 3u48 + 2u46 − 4u42

+6u38 − 4u36 − 2u34 + 4u32 − 2u30 − 4u24 − 2u22 + 5u4 − 5
)

+O
(
q20
)

(A.2.3)

F4 =
q16u36

4!

(
1

(1− u2)4
+

18

(1− u2)2(1− u4)
+

27

(1− u4)2
+

80

(1− u2)(1− u6)
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+
210

1− u8

)
+

+
q17u27

u10 − u6 − u4 + 1

(
−5u18 + 7u14 + 7u12 + 6u10 − 10u8 − 9u6 − 9u4 + 14

)
− q18u18

(u2 − 1)2 (u2 + 1)

(
5u30 − 5u28 − 5u26 + 3u24 + 2u18 + u16 + u14 + 2u12

−19u6 + 14u4 + 14u2 − 14
)

+
q19u9

u10 − u6 − u4 + 1

(
−5u50 + 5u46 + 5u44 + 2u42 − 3u40 + 2u38 − 4u36

+3u34 − u32 − 5u30 − 11u28 − 8u26 + 8u24 + 5u22

+20u20 + 2u18 − 16u16 − 10u14 + 5u12 + 19u10 + 5u8

−14u6 − 14u4 + 14
)

+O
(
q20
)

(A.2.4)
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Appendix B

Intersection string

We discuss fluctuation modes of the intersection string.
In order to calculate the fluctuation of the intersection string we intro-

duce a flat space R1,9 with coordinates (x0, x1, . . . , x9) and consider a quan-
tization of the intersection string on the flat space R1,9. AdS5 space becomes
a flat spacetime in five-dimension in region far enough from its center, and
we associate the flat spacetime for AdS5 with (x0, x1, . . . , x4). We also de-
note the coordinates in S5 as (x5, x6, . . . , x9) and the complex coordinates as
(zX , zY , zZ), which have the following relation:

zX = x5 + ix6, zY = x7 + ix8. (B.0.1)

We set a configuration of the D3-branes shown in Table B.1.

Table B.1: The D3-branes configuration on R1,9. D3X,Y means the D3-brane
wrapped around zX,Y = 0 respectively. D3-branes extend to the coordinates
with the circle signs.

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

D3X ◦ ◦ ◦ ◦
D3Y ◦ ◦ ◦ ◦

We are interested in the strings stretching on the D3-branes wrapped
around zX = 0 and zY = 0. Let the coordinates (x0, x9) be the light cone
coordinate, and we perform the light cone quantization. The bosonic string
for zX,Y direction on the worldsheet has the Dirichlet-Neumann boundary



condition and satisfies anti-periodic condition. Thus the fluctuation mode
of the bosonic string for zX,Y direction can be expanded with half-integer.
The fermionic string on the world sheet has two sectors associated with two
boundary conditions. Ramond (R) sector has the same anti-periodic condi-
tion with the bosonic string and Neveu-Schwarz (NS) sector has the opposite
periodic condition. Therefore, the fermionic string on R-sector is expanded
with half-integer while the fermionic string on NS-sector is expanded with
integer. (See Table B.2).

Table B.2: The parameter of the expansion for the fluctuation mode.

1 ∼ 4 5 ∼ 8
bosonic string integer half-integer

NS-sector half-integer integer
R-sector integer half-nteger

We investigate massless modes of the intersection string. On the NS-
sector we find the ground state is massless by using the regularization of
a zeta function. The ground state has four real fermionic modes, which
produce 24/2 = 4 degenerate ground states. We label the four degenerate
ground states by spins (RX , RY ) related for the rotations each on zX-plane
and zY -plane. These spins are the Cartan charges for the internal symmetry
SO(4)XY and the values are taken as RX , RY = ±1/2. After the Gliozi-
Scherk-Olive (GSO) projection two states with RX = RY = ±1/2 survive,
and they are the doublet of SO(4)XY denoted by 2 while they are invariant
under the little group SO(4)1234. Thus the two states behave two scalar
fields on the AdS5 space, and we denote them as φ with RX = RY = −1/2
and φ′ with RX = RY = +1/2. The SO(4)1234 is divied by two group
SU(2)J × SU(2)J and the charge relations are given by

J =
1

2
(R12 +R34) , J =

1

2
(R12 −R34) . (B.0.2)

We denote the SO(4) charges that a field holds as [J, J ;RX , RY ]. The two
scalars are written as

φ : [0, 0;−1
2
,−1

2
] and φ′ : [0, 0; +1

2
,+1

2
]. (B.0.3)

On the R-sector the ground state is also massless, and it has four real
fermionic modes. Due to the GSO projection the spin charges R12, R34 of
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the rotation for 12-, 34-plane satisfy R12 = ±R34, where the plus-minus sign
comes from the on-shell condition ∂0 = ±∂9. With both signs the chirality Γ
on SO(1, 5) is Γ = +1. In the frame ∂0 = +∂9 the charges of the states are
R12 = R34 = ±1/2 and the two states are the double by 2 for the little group
SO(4)1234, while in the frame ∂0 = −∂9 the two states with the charges
R12 = −R34 = ±1/2 are the double by 2′. In each frame the two states
behave a Weyl fermion on the AdS5 space, and we denote the Weyl fermion
as ψa(ȧ), where an index a(ȧ) is related for the SU(2)J(J). The charges that
the Weyl fermion holds are written by

ψ± : [±1
2
, 0; 0, 0] or ψ±̇ : [0,±1

2
; 0, 0]. (B.0.4)

The fields (B.0.3) and (B.0.4) are given by one of orientations of the intersec-
tion string. The intersection string with a reversed orientation has the same
charges except for gauge charges. There are totally four real scalars and two
Weyl fermions, and they compose a hypermultiplet.

In order to investigate a structure of the hypermultiplet we consider pre-
served supercharges on the brane configuration in Table B.1. The insertion
of the D3-brane wrapped around zX = 0 breaks the R-symmetry SO(6) into
SO(4)XZ × SO(2)Y . Accordingly, the four-dimensional representations 1 of
SO(6) are divided as

4→ 2+ 1
2

+ 2′− 1
2
, 4→ 2− 1

2
+ 2′

+ 1
2
, (B.0.5)

where the subscript in the lower right corner denotes the charge for SO(2)Y =
U(1)Y . Let 2′

+ 1
2

be left for the supercharge Q with 4. For the Q with 4, 2+ 1
2

is left so that the commutation relation with Q and Q has no momentum
operator. The Hermitian conjugate S, S have the 2′− 1

2

,2− 1
2

each other. The

conditions satisfied by the charges of SO(4)XZ for the supercharges are

Q : RXRZ < 0, Q : RXRZ > 0, S : RXRZ < 0, S : RXRZ > 0.
(B.0.6)

The supercharge preserved on the the D3-brane wrapped around zY = 0
is similarly discussed, and the conditions satisfied by the supercharges are

1The four-dimensional representation 4 has the highest weight with the Dynkin label
[0, 0, 1] and the charge (+ 1

2 ,+
1
2 ,+

1
2 ). The other four-dimensional representation 4

has the highest weight with the Dynkin label [0, 1, 0] and the charge (+ 1
2 ,+

1
2 ,−

1
2 ).
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obtained by replacing X and Y on (B.0.6),

Q : RYRZ < 0, Q : RYRZ > 0, S : RYRZ < 0, S : RYRZ > 0.
(B.0.7)

The preserved supercharge on the D3-branes wrapped around zX = 0 and
zY = 0 are shown in Table B.3. The preserved supercharges on the D3-branes

Table B.3: The supercharges remain on the D3-branes wrapped aroud zX = 0
and zY = 0. [1

2
] denotes the half-spin representation of SU(2)J,J .

H J J RX RY RZ

Q +1
2

[1
2
] 0 +1

2
+1

2
−1

2

S −1
2

[1
2
] 0 −1

2
−1

2
+1

2

Q +1
2

0 [1
2
] +1

2
+1

2
+1

2

S −1
2

0 [1
2
] −1

2
−1

2
−1

2

have the following commutation relations

∆̃ = 2{Q,S} = H − 2J − (RX +RY −RZ) ,

∆ = 2{Q,S} = H − 2J − (RX +RY +RZ) . (B.0.8)

Since the x9 direction is regarded as a S1 coordinate with a radius r in
S5, the fields are periodic for x9 ∼ x9 +2πr. A momentum RZ corresponding
to the x9 direction has discrete value. The fields are Fourier expanded for x9

direction,

φ =
∑
n∈Z

φne
inx9
r , φ′ =

∑
n′∈Z

φ′n′e
in′x9
r , ψ =

∑
m∈Z+ 1

2

ψme
imx9
r . (B.0.9)

The fields (φ, φ′, ψ) belong to a short multiplet. Let them be trivial for
the supercharges (Q,S) and φ be a lowest weight in a supermultiplet for the
supercharges (Q,S). The relations between the fields and the supercharges
are

[Qa, φ] = ψa, {Qa, ψb} = εabφ
′. (B.0.10)
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Table B.4: [1
2
] denotes the half-spin representation of SU(2)J,J .

Fields H J J RX RY RZ

φn |n| − 1 0 0 −1
2
−1

2
n ∈ Z

ψm>0

ψm<0
|m| [1

2
]

0
0

[1
2
]

0 0 m ∈ Z + 1
2

φ′n′ |n′|+ 1 0 0 +1
2

+1
2

n′ ∈ Z

The fields satisfy the BPS condition 2{Q,S} = 0 and the charges of them
are determined in Table B.4.

We assume that the norm of the lowest weight φ is one. Noting that
the Rz charge for the supercharges is non-zero, the norms of the field are
calculated as

〈φn|φn〉 = 1,
〈
ψa,n−

1
2

∣∣∣ψb,n− 1
2

〉
= δabn,

〈
φ′n−1

∣∣φ′n−1

〉
= n− 1. (B.0.11)

The supermultiplet components vary with the value of n and the supermul-
tiplet exists in the case for n ≥ 0. If n = 0 the field φ0 is the singlet and if
n = 1 the fields (φ1, ψ 1

2
) are doublet.

We can similarly discuss a supermultiplet for (Q,S) while it is trivial for
the (Q,S). A short multiplet for the supercharges (Q,S) exists in the case
φn≤0 and the structure of the short multiplet is shown in Figure B.1.

RZ

RX = RY

φ0 φ1 φ2 φ3φ−1φ−2φ−3

ψ 1
2

ψ 3
2

ψ 5
2

ψ− 1
2

ψ− 3
2

ψ− 5
2

φ′0 φ′1 φ′2φ′−1φ′−2

· · · · · ·

Figure B.1: The short multiplet on the intersection string.

The supermultiplet for (Q,S) contributes to the superconformal index
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and the single-particle index is given by

iint
X,Y =

∑
n∈Z≥0

qn−1v−n−
1
2 −

∑
m∈Z≥0+ 1

2

qm
(
y + y−1

)
v−m +

∑
n′∈Z≥0+1

qn
′+1v−n

′+ 1
2

=
1

qv
1
2

(
1− q 3

2y
)(

1− q 3
2y−1

)
1− qv− 1

2

. (B.0.12)
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