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Enhancing Aggregation Scheme in Graph Neural Networks to Improve
Learning

by Sunil Kumar Maurya

Graph neural networks (GNNs) are indispensable tools for learning on graph-
structured data. One of the most important steps of GNN training is the feature
aggregation step, where a node aggregate features from its neighboring nodes in the
graph to capture the neighborhood structural information. The graph-structured
data can come from a wide variety of fields, and many different types of learning
tasks, like node classification, node ranking, link prediction, etc., can be performed
on these datasets. However, often GNNs with the default aggregation scheme are
used to learn on data, and domain-specific knowledge is not leveraged to improve
the learning capabilities of the model. Hence, the use of the default aggregation
scheme in GNNs may not always be optimal. In this thesis, the author proposes im-
proved aggregation schemes relevant to two different graph learning tasks. The first
task is node ranking, where the author proposes a shortest-path based aggregation
scheme and introduces two GNN models, GNN-Bet and GNN-Close, to approximate
Betweenness and Closeness centrality of the nodes, respectively. The second task is
node classification, where first, the author empirically demonstrates the effectiveness
of selective feature aggregation over default feature aggregation. Then based on the
observations, the author proposes a GNN model FSGNN, which can automatically
learn to select hop features enabling high classification accuracy on homophily and
heterophily datasets. With extensive experimental results on both tasks, the author
shows that the proposed GNN models with improved aggregation schemes outper-
form other state-of-the-art methods and GNN models.
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Chapter 1

Introduction

1.1 Introduction

In recent decades, computational and data storage technologies have advanced at a
rapid rate. With these technologies, we now have the capability to store information
about almost every aspect of human civilization. In addition to storing data related
to our daily activities, we are also gathering data from tiny atoms, molecules, DNA,
proteins, to large number of stars and galaxies.

With inquisitive human nature, we are always trying to understand the world
around us and try to find patterns that could be useful. The vast amount of data
available now provides us with a unique opportunity which has not been available
before. However, the sheer magnitude of data poses a significant challenge in under-
standing and getting insights from the data. To approach this problem, the prac-
titioner often categorizes the data and try to find appropriate tools that can help
us to efficiently process and analyze the data. Some commonly used data formats
are image format, text format, tabular format, audio format, etc. With the help of
appropriate tools, it becomes easier to uncover hidden patterns and gain essential
insights into the data. For example, by analyzing transaction data, financial insti-
tutions can detect and avoid fraudulent transactions. Similarly, email providers and
social media companies can detect spam content or bots by taking advantage of the
analysis of a significant amount of available text data.

Graphs are one of the important tools developed to represent the entities and
relationships between them. The entities are represented by nodes, and the rela-
tionships between them are represented by edges. Often, edges exist between nodes
that might share some common property or attributes. For example, in a social
network, nodes represent the users, and edges represent the friendship between the
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users. Users may share common attributes like geographical location, interests, po-
litical affiliation, workplace, etc. Graphs can be constructed on a wide-variety of
data. They can represent social interactions [Mislove et al. 2007], communication
systems [Monge, Contractor, and Contractor 2003], transport systems [Ferber et al.
2009], computer networks [Erciyes 2013], biological processes [Brohée and Helden
2006], and many more.

1.2 Why Graphs are important?

At first view, a graph may seem a simplistic representation of nodes connected by
edges. However, graphs can be quite versatile. The edges can be used as such
(undirected graphs) or can be assigned directions (directed graphs), emphasizing that
the relationship is uni-directional. In addition, multiple edges or weighted edges can
also exist between nodes. While creating graphs from the data derived from various
sources, different connectivity patterns between nodes can be observed. Based on
these connectivity patterns, graphs can often be categorized into different types.
Random graphs, scale-free graphs, bipartite graphs, multi-layered graphs, etc. are
some of these commonly used types of graphs.

The connectivity pattern of edges often encodes the information about real-world
phenomenon associated with the dataset. For example, in scale-free graphs, few
nodes are connected to most of the other nodes, while the majority of nodes have
sparse connections with other nodes. Hence, the degree distribution often follows
the power-law distribution. In real-world social networks, we often see that famous
people/ influencers often have millions of followers. However, an average person has
a few hundred to a few thousand followers. Hence, a set of a small number of nodes
in social network graphs is significantly more influential in spreading information
across the network. This knowledge is useful if we are interested in stopping the
spread of misinformation or spreading awareness about a product among people.

Another example of using connectivity patterns in graphs is recommendation
systems. Often users connected on social networks share common interests. Social
media companies can then utilize this information to do selective targeting of adver-
tisements on a group of people. Similarly, in e-commerce related websites, similar
products can be connected in a graph, and if a user buys an item, similar items can
be recommended, as they have a higher likelihood of being bought by the user.
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1.3 Learning on Graphs with Neural Networks

Learning on graph-structured data has a long history, and researchers have been
continuously improving the learning methods for better prediction capabilities. There
are many approaches to solve graph learning problems [Xia et al. 2021]. Some of them
are matrix factorization based methods [Kuang, Ding, and Park 2012|, graph signal
processing based methods [Ortega et al. 2018], random walk based methods [Laszl6
1996] and more recently deep learning based methods [Wu et al. 2019b].

Recently the field of deep learning has seen tremendous progress. The use of
large-scale neural network models has continuously produced state-of-the-art (SOTA)
results on a wide variety of real-world data and tasks. Naturally, researchers have
also applied neural network models on graph-structured data and have achieved
significant improvements over traditional approaches. These neural network models
are commonly referred to as Graph Neural Networks (GNNs) [Wu et al. 2019b;
Zhang, Cui, and Zhu 2020; Zhou et al. 2019]. The applications using GNNs range
in wide variety of tasks like recommendation systems [Fan et al. 2019b; Ying et
al. 2018a; Wu et al. 2021], graph data mining [Li et al. 2019; Ying et al. 2018b],
molecular properties predictions/ molecule generation [Gilmer et al. 2017; Madhawa
et al. 2019; Jin et al. 2019] , natural language processing [Yin et al. 2020; Guo, Zhang,
and Lu 2019], vision tasks [Yang et al. 2018; Woo et al. 2018], physics simulations
[Pfaff et al. 2021], node ranking [Maurya, Liu, and Murata 2019; Maurya, Liu, and
Murata 2021; He et al. 2022] etc. Due to the robustness of GNNs; continuous effort
is being made to improve the learning capabilities of GNN models by designing new
architectures that can adapt to data with various underlying patterns and properties.

1.4 Inductive bias of Graph Neural Networks

Neural networks have been shown to learn on a wide variety of data. Often the
architecture of the neural network is based on the type of input data. For example,
image-based data uses convolutional neural networks, text data uses Recurrent Neu-
ral Networks (RNNs) or Gated Recurrent Units (GRUs), graph-structured data uses
Graph Neural Networks, and so on. Recently, Transformers have evolved as general
neural network models that can be adapted to vision tasks [Dosovitskiy et al. 2021],
natural language processing (NLP) tasks [Vaswani et al. 2017] or a combination of
both [Ramesh et al. 2021].

Most neural network model architectures are made of some common components.
For example, almost all neural network models use neural network layers with learn-
able weights, non-linear activation like ReLLU, Dropout for regularization, etc. The
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architecture of the models is often designed based on the type of input and task at
hand. This is often considered as the inductive bias in the design of neural network
models. For image/video related data, convolution operation is necessary and is
useful to learn translation-equivariant features [Mouton, Myburgh, and Davel 2020].
Even recent vision transformer models require patches of images as input which are
equivalent to the convolution operation on the images [Dosovitskiy et al. 2021]. Sim-
ilarly, with text data, neural networks learn to preserve the context of words with
other words in a sentence. Different types of NLP models like RNNs, LSTMs, GRUs,
Transformers models, etc, use this inductive bias while training on the text data.
Even though deep learning models are evolving and becoming more sophisticated,
the fundamental inductive biases of these models remain the same. Researchers have
proposed numerous ways to modify the architectures to make them more complex
and expressive, thus enhancing their learning capabilities. For example, the use of
residual layers has helped to make models deeper, or the use of attention layers helps
to emphasize useful features during the model training.

Graph neural networks use feature aggregation operation based on the graph
structure as the inductive bias to compute node features. Features from the neigh-
boring nodes are aggregated over multiple hop distances from the source node, and
final node embeddings are computed, which can be used in downstream tasks. Hence
the aggregation operation plays a significant role in learning via graph neural net-
works.

1.5 Importance of Feature Aggregation

As the graph structure can store a wide variety of information, learning on a graph is a
very complex problem and is highly dependent on the type of downstream tasks. For
example, in social network, we might be interested in finding local clusters of people
sharing some common attribute; in contact networks, we might be interested in how
disease might spread among people; in transport networks, we might be interested in
finding optimal paths to reduce time/cost in deliveries; in drug discovery research,
we model molecules as graphs and train models to generate new molecule structures
with desirable properties, and so on.

The aggregation scheme in a GNN model dictates the feature propagation and
aggregation step. It helps to learn and map the structure of the graph and node/edge
features into meaningful and useful node embeddings. In the last few years, there
have been many variants of GNN models proposed to improve the learning aspect of
the GNNs. Some of these models have improved the neural network component of
GNNs, like the introduction of residual layers, transformer layers, etc. Some other
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models have proposed to improve the feature aggregation step, like the introduction
of the random sampling of neighbors to improve scalability, using attention layers to
assign weights to node’s neighbors for feature aggregation step.

As the GNNs are now being applied to many different fields, the same aggregation
scheme might not be helpful for every task. It is imperative to modify and improve
the default aggregation scheme in congruence with the task. Recently, researchers
have proposed GNN models for specific tasks that leverage domain knowledge and
use modified aggregation schemes that can perform better than GNN models with
the simple aggregation scheme. Some of these models are PC-GNN [Liu et al. 2021],
PAGTN [Chen, Barzilay, and Jaakkola 2019], GMT [Baek, Kang, and Hwang 2021],
ete.

1.6 Thesis Synopsis

1.6.1 Motivation

Recent years have seen rapid growth of Graph Neural Networks (GNNs) being uti-
lized in real-world applications in a multitude of domains. These applications range
in wide variety of tasks like node classification [Kipf and Welling 2017; Velickovic
et al. 2018b; Abu-El-Haija et al. 2019; Chen et al. 2020; Wang and Derr 2021], link
prediction [Ying et al. 2018a; Berg, Kipf, and Welling 2017; Chami et al. 2019],
graph classification [Ying et al. 2018b; Zhang et al. 2018], prediction of molecular
properties [Gilmer et al. 2017; Madhawa et al. 2019], node ranking [He et al. 2022;
Fan et al. 2019a] and natural language processing [Marcheggiani and Titov 2017].
However, we observe that many of these applications use basic GNN architectures
with default aggregation scheme similar to earlier GNN models like GCN [Kipf and
Welling 2017]. The default aggregation scheme, while useful, may not be optimal for
all applications, as they may have different requirements related to graph learning.
Hence, there is a need to explore application-oriented GNN feature aggregation
schemes. Since introduction of earlier GNN models [Kipf and Welling 2017; Def-
ferrard, Bresson, and Vandergheynst 2016], researchers have proposed variety of
improvements in the GNN models. Some of the techniques used in these variants
include neighbor sampling [Hamilton, Ying, and Leskovec 2017; Chen, Ma, and Xiao
2018], attention mechanism [Velickovic et al. 2018b], use of Personalized PageRank
matrix instead of adjacency matrix [Klicpera, Bojchevski, and Giinnemann 2018],
leveraging proximity in feature space [Jin et al. 2021] and simplified model design
[Wu et al. 2019a]. Also, similar to deep vision models, there have been proposals
to make GNN models deep by stacking a large number of layers and using residual
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connections to stabilize the training [Rong et al. 2020; Chen et al. 2020]. Most of
these works have approached the problem by bringing in architecture design and
model training techniques from the vision and natural language processing (NLP)
fields, and they have indeed improved the performance of the GNN models. However,
we still need to develop approaches from graph-centric point of view. Since feature
aggregation in GNNs is a fundamental and graph-centric operation, in this work, we
explore how it can be adapted and improved based on the given downstream task.

In this thesis, we explore two different problems: node ranking and node clas-
sification. Node ranking is the problem of identifying the importance of the nodes
in terms of connectivity and information propagation based on the structure of the
graph. For our work, we choose two ranking measures: Betweenness Centrality and
Closeness Centrality. These node ranking measures are based on shortest-path dis-
tances in a graph and are computationally expensive to calculate. There are many
node centrality approximation methods in the literature; however, they suffer from
the trade-off of ranking accuracy versus execution time. We aim to use the GNN
model to learn to predict node rankings of the input graph and take advantage of
its low inference time. We propose a new aggregation scheme that is based on the
approximation of the shortest paths in a given graph. Using it, we propose two GNN
models [Maurya, Liu, and Murata 2019; Maurya, Liu, and Murata 2021], GNN-Bet
and GNN-Close to approximate betweenness and closeness centrality, respectively.
In addition, we experimentally found that our proposed aggregation scheme is better
than the default aggregation scheme of GNN models.

For the node classification task, in a simple GNN model, features of neighboring
nodes are aggregated over all hops as set by the hyper-parameter. However, we exper-
imentally show that this scheme is not useful in case node features show heterophily
characteristics in the graph structure and can cause the adverse performance of the
model. In addition, features of neighboring nodes located at multiple hops may not
be similar to the source node and act as noisy feature information for the source
node. We experimentally verify the degradation of the model’s performance, in this
case, on the node classification task. Hence we propose an adaptive aggregation
scheme that learns to select features from hops that are useful and ignores others.
Our proposed new GNN model [Maurya, Liu, and Murata 2022b; Maurya, Liu, and
Murata 2022a] outperforms other state-of-the-art GNN models on real-world node
classification datasets.

In both our works, we improve the GNN models by proposing modifications of
the aggregation scheme over the default aggregation scheme of GNN. These modi-
fications are inspired by the knowledge derived from the task of node ranking and
node classification. For the node ranking model, we propose the aggregation scheme
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that aggregates feature information along possible shortest paths in the graph. For
the node classification model, we propose the aggregation scheme that dynamically
learns to select the best possible hop-features with respect to the label distribution
of the nodes. Our work follows the recent trend in GNN literature where new GNN
models are proposed that utilize domain /task-specific knowledge in their architecture
design. Our work or other recent works in GNN literature show that the traditional
design of the GNN model, like GCN, often fails to perform optimally on new dif-
ferent tasks. With the improvements in the GNN architecture, new GNN models
outperform traditional GNN models and are more useful.

1.6.2 Structure and Organization

The thesis is organized into the following structure:

1. In Chapter 1, we present a brief introduction to graphs, why their study is
essential, and how graph neural networks have an important tool for graph
learning on real-world data. We discuss the importance of inductive bias in the
design of graph neural networks and neural networks in general. Taking it into
consideration, we discuss the importance of feature aggregation schemes and
provide brief explanation of our proposed GNN models for the tasks of node
ranking and node classification.

2. Chapter 2 provides an overview of terminologies and concepts which have been
used in this thesis. We discuss the basic properties of the graph, introduce
neural networks, and provide details on graph neural networks and feature
aggregation operation.

3. Chapter 3 provides detailed information on different aggregation schemes in
GNN literature. We discuss the distinctions between general-purpose and
domain-specific aggregation schemes and the current trend of new GNN models
with improved aggregation schemes.

4. In Chapter 4, we introduce two centrality measures: Betweenness Centrality
and Closeness Centrality. We discuss challenges in calculating these measures
for large graphs and the shortcomings of approximations methods. We then
propose our GNN model, which learns to approximate these measures by us-
ing a modified feature aggregation scheme based on the shortest paths in the
graphs. We conduct extensive experiments on synthetic and real-world graph
datasets and report results of ranking performance on all nodes and top-k
nodes.
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5. In Chapter 5, we introduce the problem of node classification in graph learning.
We introduce concepts of Homophily and Heterophily in graph-structured data
and demonstrate that a simple aggregation scheme is not optimal for learning.
We present our proposed model that learns to dynamically adapt aggregation
scheme over multiple hops and leads to improvements in node classification on
real-world datasets.

6. In Chapter 6, we discuss the design considerations, limitations, and applications
of our proposed GNN models. We then present a unified framework of feature
aggregation that combines both our works and paves the way to improve GNNs
by modifying feature aggregation schemes in GNNs.

7. Chapter 7 provides key contributions and the future directions of our work.

In any research field, the reproducibility of research and related experiments are
of paramount importance. Hence, we aim to provide comprehensive information
about our experiments including model design details, hyper-parameters, software
environment and hardware details. In Appendix A, we provide methods, statistics,
and hyper-parameters of generating synthetic graphs used in experiments in Chapter
4. In Appendix B, we provide training hyper-parameters for our proposed model
FSGNN. We also include additional experiments to show the performance of our
model under more varied settings and the scalability of the model on large datasets.
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Chapter 2

Background

In this chapter, we briefly introduce the topics that will build the foundation of our
discussion in later chapters. Topics specifically related to the graph-related tasks in
Chapter 4 & 5 are introduced and discussed in relevant chapters.

2.1 Notations

Let G = (V, E) be an undirected graph with n nodes and m edges. For numerical
calculations, graph is represented as adjacency matrix denoted by A € {0,1}"*"
with each element A;; = 1 if there exists an edge between node v; and v;, otherwise
A;; = 0. For undirected graphs, their adjacency matrices are symmetric, i.e. A;; =
Aj;. When self-loops are added to the graph then, resultant adajcency matrix is
denoted as A = A + I. Diagonal degree matrix of A and A are denoted as D and
D respectively. Usually each node is associated with a d-dimensional feature vector
and the feature matrix for all nodes is represented as X € R™*?. In our discussion,
we will interchangeably refer to feature matrix as features of the nodes.

2.2 Properties of Graphs

In any type of graph learning task, graph structure plays a crucial role and often
captures the properties of underlying processes that generate the data. Contact net-
works/ social networks often show local clusters where edge density among the nodes
is higher than average and represent community among people in real life. Road net-
works often form grid-like graph structures. Citation networks are represented both
as directed or undirected graphs. Directed citation graphs can be used to tempo-
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rally infer which papers were published earlier than others. With these examples,
it is easy to observe that graph-structured data can vary widely and often require
targeted approaches to solve a given problem.

As the literature on graphs is vast, it is difficult to summarize all properties of
graphs here. In the following section, we describe graph-related terminologies that
we will be using in chapters ahead.

2.2.1 Paths

A path in a graph is a sequence of nodes such that every consecutive pair of nodes in
the sequence is connected by an edge in the graph structure [Newman 2010]. Paths
can be defined for both directed or undirected graphs. For directed graphs, the path
must be traversed along the direction of the edges. Hence it is possible for a path
to exist between two nodes in the undirected graph but not in the directed graph.
Often, paths in a graph are calculated to analyze how information flows from one
node to another.

Shortest Path

The shortest path between two nodes is the path that traverses the least number of
edges. It is possible to have many shortest paths (same length) between two nodes.

2.2.2 Distance

The distance between two nodes is the length of the shortest path between two nodes.
In GNN literature, the term hop is often used to denote how far the node is from
the source node.

2.2.3 Centrality Measures

In any given graph derived from the data, it is helpful to know which nodes are
more important than the others. For example, in a social network, a person with a
large following (high degree) is more useful for spreading information across network
than a person with a small number of followers (low degree). In network science,
many measures have been developed to calculate the importance of nodes given a
certain criterion. These measures are collectively called as centrality measures. Some
frequently used centrality measures are Betweenness Centrality, Closeness Centrality,
Degree Centrality, Eigenvector Centrality, PageRank etc. Often these centrality
measures assign a numeric value to each node called as a centrality value. A node

11
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Figure 2.1: In general, higher importance nodes are assigned higher centrality scores

with a higher centrality value than other nodes will be denoted as a high-ranking
node for the centrality measure (Figure 2.1).

2.2.4 Node/Edge Features

Graph structure from any real-world data is often derived after pre-processing of data.
In addition to the graph structure, data may contain numeric or categorical values
describing attributes of the nodes or edges. This attribute information is referred to
as node/edge features in machine learning literature. Taking the example of a social
network, nodes and edges define users and their friendship status with other users.
Each user also has attributes like gender, location, age, political affiliation, interests,
etc. These attributes can be encoded numerically and considered as node features.

2.3 Neural Networks

In the last decade, neural networks have rapidly become one of the go-to tools for
researchers on a wide variety of problems. Neural network models have achieved
state-of-the-art (SOTA) performance on various types of tasks and data. Though
they have become successful recently, they were envisioned in the 1940s and 50s.
They achieved significant milestones with the invention of the backpropagation al-

12
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gorithm and the introduction of CNNs. In the late 2000s and early 2010s, due to
availability of sufficient computing resources and large quantities of data, it became
easier to train neural networks in real-world applications. Since then, neural net-
works have improved due to better architecture design, training methodology, and
availability of ever-increasing data.

Basic block of neural network is defined as a Perceptron. For given input signals
XT1,T9, T3, , Ty, learnable weights w1, Wi, W3, - -+, Wim, Ok is the linear combina-
tion of input signals.

o = Zwijj (2.1)
j=1

Scalar value of bias by is added to o, which has the effect of applying affine
transformation. To introduce non-linearity, ¢(-) activation function (e.g. sigmoid) is
used. Combining these, we get neuron functionality which is defined as,

Y = ¢(ok + b) (2.2)

In practice, many layers of neural network layers are stacked together to create
Deep Neural Networks. Deep neural networks have the ability to learn complex
patterns present in the data that are useful for downstream tasks. In addition, many
other techniques like the use of different types of non-linear activation functions like
ReLU, GeLU, LeakyReLU, etc., use of regularization techniques like Dropout and
weight decay, and splitting data into smaller batches are used to improve the quality
and efficiency of the training. During training, the output of the neural network
is compared with the desired target value, an error is calculated, and using the
backpropagation algorithm, gradients with respect to the neural network weights are
calculated. Using optimizers like Adam, AdamW, AdaGrad etc. weights are updated
and next training iteration is continued. Training is continued till a criterion like
early stopping is fulfilled, and the trained neural network is deployed on test data or
data in production.

2.4 Graph Neural Networks

With the rapid advancement in technologies, we now have access to vast troves
of data. A significant portion of this data is non-euclidean or irregular by na-
ture. Hence, graphs become the default tool to process this type of data. Analysis
of graph-structured data can often uncover hidden attributes or missing informa-
tion. Graph Neural Networks (GNNs) are neural network models commonly used

13
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Figure 2.2: Applications of GNNs

on graph-structured data. Based on user-defined relationships in the data, a graph
is constructed, and nodes/edges are assigned attributes (or features) in the form of
real-valued vectors. Using these feature vectors as input, GNNs perform feature ag-
gregation step where each node collects feature information from its neighbors based
on the graph. Utilizing the feature aggregation step, GNNs learn over the simi-
larity /dissimilarity of node features and use this information for various prediction
tasks. With rapid development of the field and easy accessibility of computation
and data, GNNs have been used to solve a variety of problems like node classifica-
tion [Kipf and Welling 2017; Velickovic et al. 2018b; Abu-El-Haija et al. 2019; Chen
et al. 2020; Wang and Derr 2021], link prediction [Ying et al. 2018a; Berg, Kipf,
and Welling 2017; Chami et al. 2019], graph classification [Ying et al. 2018b; Zhang
et al. 2018], prediction of molecular properties [Gilmer et al. 2017; Madhawa et al.
2019], node ranking [Maurya, Liu, and Murata 2021; Fan et al. 2019a] and natural
language processing [Marcheggiani and Titov 2017].

For a GNN model, input is the graph structure, usually in the form of an adja-
cency matrix and node/edge feature matrix. Feature aggregation step is performed
implicitly in the GNN layer, or explicitly pre-computed, and the neural network is
trained to predict node property value as close as possible to the actual node prop-
erty value (target value). Figure 2.3 shows a simple formulation of a GNN model.
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Figure 2.3: Simple Formulation of Graph Neural Network. Input is graph structure
and node (/edge) features. Output is predicted node property which is compared
with the target value.

Graph neural networks are often used for tasks like classification, regression, gener-
ative modeling, etc. The output of the GNN model is designed based on the given
task in hand. For node classification tasks, the model predicts probabilities of la-
bel assignment. In molecular drug design tasks, the model is designed to predict
the properties of molecules represented as graphs using regression-based learning.
Also, the GNN model may be trained to learn to generate new molecule structures
following some statistical properties learned from the data in the training set.

Hence the study of the graph neural models is a very vast, diverse, and challeng-
ing field. Due to its immense benefits and applicability in multiple domains, there
has been a significant focus and continuous effort from researchers to improve the
capabilities of GNN models.

2.5 Feature Aggregation

Feature Aggregation is the fundamental operation of a GNN model. In each aggrega-
tion step, nodes aggregate the features of their neighboring nodes (Figure 2.4). The
number of aggregation steps for a model is set as a hyperparameter of the model
training. In a default aggregation step, nodes are explored in a Breath-first search
(BFS) type setting, and features from all nodes are aggregated by the source node.
Some works [Chen, Ma, and Xiao 2018; Hamilton, Ying, and Leskovec 2017] have
proposed to instead randomly sample nodes from a set of all explored nodes and
combine the features of those sampled nodes. This step was proposed to scale GNN
models to large graphs with millions of nodes.
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Figure 2.4: Feature aggregation over two hops

However, the default aggregation scheme, while useful, is not optimal for all types
of tasks. For example, on graph learning tasks that rely on shortest path informa-
tion flow or tasks on graphs where nodes with dissimilar features are connected,
default aggregation might not be suitable and, in the worst case, can degrade the
performance of the GNN model. Hence, it is necessary to explore new ways to per-
form feature aggregation relevant to the task. In recent years, many works have
proposed improved feature aggregation schemes that are relevant to domain-specific
tasks [Liu et al. 2021; Chen, Barzilay, and Jaakkola 2019; Baek, Kang, and Hwang
2021]. These improvements often entails including domain knowledge to modify the

default aggregation scheme.
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Chapter 3

Aggregation Schemes in Graph
Neural Networks

3.1 Introduction

Data from various domains can be modeled as a graph with entities represented as
nodes and relationships between them as edges. Graph Neural Networks leverage
graph structure to utilize the relationships between the nodes. These edges can
provide additional information or context that can help to improve learning on given
data and provide better predictions. For example, in a social network, users with
similar attributes might be connected with each other. These attributes can be work
location, interests, political affiliations, etc. In many instances, a user may have
incomplete information on their profile regarding these attributes. In those cases, we
may use the graph structure of the social network to learn and predict these missing
attributes (Figure 3.1).

3.1.1 Default Aggregation Scheme

In a default aggregation scheme, a node combines the feature information from all
its neighbors. If we repeat this process, the node can get the feature information of
neighbors of neighbors, thus effectively increasing the scope of information gathering.
The node explores its neighborhood similar to the Breadth-first search (BFS) type
setting. The range of neighborhood exploration is determined by the number of times
the feature aggregation step is applied and is set as a hyper-parameter of the GNN
model. The feature aggregation step, in general, is implemented as a multiplication
of the adjacency matrix with the node feature matrix, i.e., AX, where A denotes
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Figure 3.1: Users with similar attributes are likely to be connected with each other.
Using graph structure with users as nodes and friendship status as edges, missing
attribute information can be predicted for users.

the adjacency matrix and X denotes the node feature matrix. k-step aggregation
is implemented with the k-th power of the adjacency matrix as A¥X. The feature
aggregation step can be either embedded in the GNN layer or aggregated features
can be pre-computed and then can be used as input to a neural network model.
These two formulations are described as follows:

H = g(AHOW®) (3.1)

Equation (3.1) denotes the formulation of feature aggregation embedded in the
GNN layer. H® denotes node features/embedding input to i layer, W is the
learnable weight matrix in the neural network layerand o denotes the non-linearity
like ReLU. Multiple GNN layers can be stacked together, and output is used for
the downstream task. This formulation is utilized by many GNN models [Kipf and
Welling 2017; Hamilton, Ying, and Leskovec 2017; Velickovic et al. 2018b; Chen et al.
2020].

Y = softmax(A*XO) (3.2)

Equation (3.2) denotes the pre-computation of aggregated features, and the re-
sultant matrix is mapped to the classifier ©. Softmax function converts the output
logits of the classifier to the relevant probability values with respect to the class
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labels. This formulation was proposed in the SGC model [Wu et al. 2019a] and has
been used in other GNN models [Frasca et al. 2020; Maurya, Liu, and Murata 2022b].

3.1.2 Problems associated with GNN aggregation scheme

In GNN literature, researchers have proposed numerous variants of GNN models
applicable for a wide range of tasks like node classification, graph classification, graph
regression, link prediction, etc. In the process of studying GNN models, researchers
have identified two problems described as follows:

Oversmoothing in GNNs

In the default aggregation scheme, the number of neighboring nodes increases as
we increase the aggregation steps. With a high number of aggregation steps, the
aggregated features of the nodes converge and tend to become similar to each other.
This creates a problem of distinguishing embeddings of different nodes and causes
the performance of the model to drop [Chen et al. 2019; Oono and Suzuki 2020]. Due
to this phenomenon, many conventional GNN models cannot be designed with an
arbitrarily high number of GNN layers. Recently, many architectural improvements
have been proposed in GNN literature that helps to alleviate the oversmoothing
problem and enable a practitioner to create deep GNN models [Chen et al. 2020; Li
et al. 2021; Rong et al. 2020].

Oversquashing in GNNs

The oversmoothing problem in GNNs is a widely known phenomenon, and many
publications in GNN literature have provided in-depth analysis and ways to alleviate
this problem. Recently, researchers have brought into light another problem asso-
ciated with GNNs, which is known as the oversquashing problem [Alon and Yahav
2021; Banerjee et al. 2022]. With each subsequent aggregation step, the number of
neighboring nodes can increase exponentially. However, the aggregated feature infor-
mation is encoded into fixed-dimension embedding. This leads to a substantial loss
of information. [Alon and Yahav 2021] highlight that this problem is more prominent
in GNN models, which treat all neighbors as equal like GCN [Kipf and Welling 2017]
and GIN [Xu et al. 2019]. While GNN models with weighted aggregation schemes
like GAT [Velickovic et al. 2018b] and GGNN [Li et al. 2017b] are more effective
against this problem. This research area is still under exploration, and more results
and solutions tackling this problem might come in the future.
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3.2 Modified Aggregation Schemes

As discussed in Section 3.1, the feature aggregation step helps to encode graph
structure into the node embeddings. Though many GNN models use the default ag-
gregation scheme, many researchers in recent years have proposed modified versions
of the aggregation scheme. These modifications are either based on some constraints
or inspired by the domain knowledge of the given task. We separate the modified
aggregation schemes in two categories. The first category includes general-purpose
schemes that can be employed in any given task. The second category includes aggre-
gation schemes that can be applied to models learning on tasks related to a specific
domain.

3.2.1 General-Purpose Aggregation Schemes

The modified aggregation schemes in this category are proposed to solve general
problems encountered while training GNN models. Some of the objectives of these
schemes are scaling GNN models to very large datasets, adding regularization in
model training to avoid over-fitting and improved robustness, improving the learning
capability of the GNN model, etc.

Scaling GNN models

These schemes propose sampling of neighbors for feature aggregation instead of using
features of all neighbors of the node. By fixing the sample size, the GNN model can be
trained in small batches on large datasets with millions or billons of nodes. FastGCN
[Chen, Ma, and Xiao 2018], GraphSAGE [Hamilton, Ying, and Leskovec 2017], and
PinSage [Ying et al. 2018a] are examples of GNN models that employ sampling-based
feature aggregation schemes. One potential disadvantage of this approach is loss of
the feature information due to neighborhood sampling, which can cause a reduction
in the performance of the GNN model.

Improving learning capability of GNNs

Much of deep learning progress has been achieved by the improvements in archi-
tectural designs and the addition of novel neural network components like attention
layers, residual layers, and so on. For GNNs, GAT [Velickovic et al. 2018b] intro-
duced the attention mechanism on edges to weight the features aggregated from the
neighbors. GATv2 [Brody, Alon, and Yahav 2022] improves the implementation of
GAT by introducing the concept of dynamic attention. [Yun et al. 2020] introduces

20



CHAPTER 3. AGGREGATION SCHEMES IN GRAPH NEURAL
NETWORKS

transformer architecture in GNNs that improves over the default aggregation scheme
by learning meta paths in heterogeneous graphs. H2GCN [Zhu et al. 2020] introduces
the concept of two types of aggregation, with self-loop and without self-loop aggrega-
tion. Though the motivation behind this idea is homophily and heterophily in social
graphs, this aggregation scheme can be implemented and used in any domain.

Adding regularization in GNN training

Regularization has become an essential component of training neural networks. Dropout
and weight decay are the two most commonly used regularization techniques. DropE-
dge [Rong et al. 2020], and GRAND [Feng et al. 2020] introduces the concept of
randomly dropping edges or nodes during training to force the model to learn more
robust embeddings. However, these techniques can be considered as a partial mod-
ification of the aggregation scheme as they are only applied during training of the
GNN model, and during inference, the complete graph is present in the input.

3.2.2 Domain-specific Aggregation Schemes

In the previous section, we discussed modified aggregation schemes that, in general,
can be applied to problems from any domain and do not account for any domain
knowledge that might help to improve the performance of the GNN model. However,
as the GNN models are now being used in a wide range of fields, leveraging domain
knowledge can provide better prediction capabilities. In this section, we discuss some
new feature aggregation schemes from GNN literature that improve upon default
aggregation scheme with domain-specific bias.

Need for new aggregation schemes

In the default aggregation scheme, all neighbors are considered equal, and graph
structure or node information does not affect the importance of nodes in the feature
aggregation step. However, a real-world data often exhibit wide-range of properties;
e.g., the connected nodes may be of different types or have an imbalanced ratio,
the graph structure and connectivity can range from homogeneous to power-law
distribution, missing feature/label information, etc. These properties often depend
on domain characteristics or the method by which the data is collected. These factors
require a more customized approach to the design of the GNN model. The following
are some examples where researchers have proposed new task-oriented GNN models.

1. PC-GNN Pick and Choose Graph Neural Network (PC-GNN) [Liu et al.
2021] solves the problem of detecting fraud detection in graph-structured data.
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Figure 3.2: Aggregation Scheme of PC-GNN model. Nodes are sampled to maintain
label-balance of fraudulent vs non-fraudulent nodes.

Fraud detection is challenging as the number of fraudulent nodes are very small
compared to normal nodes. While training a GNN model on the data, using
a simple aggregation scheme would lead to the dilution of feature information
of fraudulent nodes due to their small number resulting in the model’s failure
to detect such nodes. PC-GNN proposes a label-balanced sampler to bring
back the balance of normal vs. fraudulent nodes, which leads to better fraud
detection capabilities of the model.

2. PAGTN This model is proposed for the prediction of molecular properties.
Authors of the paper [Chen, Barzilay, and Jaakkola 2019] state that default
aggregation scheme in models like GCN exploit the feature locality of graphs
and long-range dependencies are difficult to learn. PAGTN model aggregates
feature information from all nodes by utilizing path features in global attention
layers, resulting in a richer and more expressive model. Path features between
each node pair are computed by using the shortest path between them. The ex-
perimental results show the PAGTN model performs better than GCN. Similar
to PAGTN, SPN model [Abboud, Dimitrov, and Ceylan 2022] also proposes a
shortest-path based message passing scheme for GNNs to improve graph prop-
erty prediction. The authors also show that shortest-paths networks alleviate
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Figure 3.3: PAGTN model proposes to aggregate the feature information from all
nodes in the graph via the shortest paths between node pairs.

the problem of over-squashing in GNNs.

3. GMT Graph-level tasks require a two-step aggregation process. First, the
features of neighbors of nodes are aggregated. Then to get graph-level embed-
dings, features of all nodes are combined using a pooling operation which can
be sum-pooling, mean-pooling, or max-pooling. The authors of the GMT paper
[Baek, Kang, and Hwang 2021] state that simple default pooling operation can-
not generate meaningful graph representation in a task-specific manner. GMT
encodes the given set of node embeddings as multisets and considers both the
global structure of the graph and their task relevance in compressing the node
features.
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Figure 3.4: GMT model improves over the default pooling scheme by learning to
group nodes into multisets using an attention-based pooling block (GMPool) and a
self-attention block (SelfAtt) to compress the nodes into a few important nodes.
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3.3 Discussion on Aggregation Schemes

In previous sections, we explored different types of aggregation schemes along with
their utilities for different purposes. Based on the discussion earlier, we can broadly
classify these schemes into two categories: General-purpose schemes and domain /task-
based schemes.

In Table 3.1, we categorize various GNN models broadly into these two categories.
Many GNN models like GCN [Kipf and Welling 2017], GraphSAGE [Hamilton, Ying,
and Leskovec 2017], GIN [Xu et al. 2019], FastGCN [Chen, Ma, and Xiao 2018], etc.
are categorized into general-purpose category. While models like PC-GNN [Liu et
al. 2021], PAGTN [Chen, Barzilay, and Jaakkola 2019], SPN [Abboud, Dimitrov,
and Ceylan 2022], etc. are designed and proposed based on domain-knowledge and
to tackle certain challenges in the specific field. Hence, they are categorized into
domain/task-specific category.

Table 3.1: GNN models are broadly divided into two categories based on the aggre-
gation schemes. Underlined models are proposed and discussed in this thesis.

General-Purpose Scheme Domain/Task Specific Scheme
GNN Model Objective GNN Model Objective
GCN, GIN Simple aggregation PC-GNN Minority class prediction
GraphSAGE, FastGCN | Scaling GNNs PAGTN, SPN Molecular property prediction
DropEdge, GRAND Regularization in training | GNN-Bet, GNN-Close | Node Ranking
GAT, GATv2 Attention layer in GNNs | FSGNN Feature Selection in GNN

Need for introducing task-based aggregation schemes

As discussed in Sections 3.1 and 3.2, the default aggregation scheme is not always op-
timal for tasks and also exhibit some problems like oversmoothing and oversquashing.
As GNNs are now being applied to a wide range of fields, it becomes an interesting
and challenging problem to adapt the aggregation scheme to the given task to get the
most out of GNN-based learning. As discussed in the previous section, researchers
are proposing new GNN models by improving the aggregation schemes that take
advantage of the domain knowledge and show better learning capability over tra-
ditional GNN models. In this thesis, we tackle the problem of node ranking and
node classification and propose new GNN models with better aggregation schemes
providing better performance.
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Chapter 4

Node Ranking

4.1 Introduction

Graphs provide a simple way to abstract the data into simple structures that are
easy to understand and convenient to process. They preserve the flow of information
and interaction patterns in real-world data. Thus graphs can be used to uncover
properties of the data and gain meaningful knowledge from it. One of the crucial
tasks is to find the ranking of the nodes in graphs in terms of information spread
and connectivity[Liao et al. 2017; Medo 2013]. Node ranking helps narrow down
our focus from a huge population of data points to small and more relevant data
points. Based on the situation, it can help us to take appropriate actions. For
example, in the case of infectious diseases[Wang et al. 2016; Brockmann and Helbing
2013], it can help to find susceptible people who are more prone to spread disease
once infected. Targeted immunization can curb the disease spread in its infancy
and before it becomes an epidemic while minimizing resource utilization. Similarly,
in social networks, spread of misinformation can be prevented[Pei et al. 2014]. In
road and power infrastructures, finding critical points can help to take preemptive
actions to make systems more robust to failures. Thus the study of node ranking is
an essential part of graph analysis.

In general, researchers have proposed centrality measures for node ranking and
these measures provide us a quantitative view of how nodes play a certain role in the
graph and how their presence or absence affects the graph structure as a whole. Some
of the proposed measures are Betweenness Centrality[Freeman 1977; Brandes 2001;
Newman 2005], Closeness Centrality[Bavelas 1950; Sabidussi 1966; Borgatti 1995],
PageRank Centrality[Brin and Page 1998; Ding et al. 2009; Franceschet 2011; Gleich
2015] and so on. All of these measures rank nodes based on certain criteria. In this
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paper, we will focus on two widely used shortest path based measures: Betweenness
Centrality and Closeness Centrality.

Betweenness centrality ranks nodes based on how they facilitate the information
flow in the graph. Removal of nodes with high betweenness can disrupt the flow of
information in graph structure significantly[Borgatti 1995]. Betweenness centrality
has been used for various purposes such as analysis of knowledge networks[Pham
and Klamma 2010}, contingency analysis in power grid systems[Jin et al. 2010], the
study of biological graphs[Joy et al. 2005] and traffic monitoring in transportation
networks[Puzis et al. 2012].

Closeness centrality is a measure of how close a given node is with respect to all
other nodes in the graph. It determines the ease with which a node can propagate in-
formation across the graph. Closeness centrality has been used to identify influential
nodes in social network community[Mika 2004], and to determine the expected arrival
or hitting time for information or disease spreading through the community|[Borgatti
1995; Borgatti 2005].

Both betweenness centrality and closeness centrality require the calculation of
the shortest paths in the graph. As such, calculating the exact centrality value is
prohibitive for large graphs in practice, many approximation algorithms based on
sampling techniques have been proposed. Geisberger et al.[Geisberger, Sanders, and
Schultes 2008] propose a method to approximate betweenness centrality by sam-
pling k starting nodes (pivots) to find the shortest paths and estimate betweenness
centrality for all nodes. Riondato et al.[Riondato and Kornaropoulos 2016] take
a different approach while providing a theoretical guarantee. r shortest paths are
chosen between randomly sampled source-target node pairs, and betweenness is ap-
proximated based on these paths. Borassi’s algorithm [Borassi and Natale 2019] pro-
vides an adaptive sampling technique for sampling shortest paths, which provides
a faster computation of betweenness within a given absolute error. For approxima-
tions of closeness centrality, Eppstein et al.[Eppstein and Wang 2001] and Okamoto
et al.[Okamoto, Chen, and Li 2008] provide algorithms based on single-source short-
est path computations on uniformly sampled nodes for a given graph. Cohen et
al.[Cohen et al. 2014] propose an improved algorithm based on a hybrid approach.

However, more often, these random sampling-based methods lead to sub-optimal
ranking accuracy. There is usually a trade-off between time and accuracy with higher
accuracy requiring more samples, thus higher execution time and vice versa. In this
chapter, we propose the use of Graph Neural Networks (GNN) to solve the problem
of approximation of shortest-path based centrality measures with higher ranking
accuracy in a low amount of time. GNN is a type of neural network architecture that
leverages graph structure and node/edge feature information to learn node or graph
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representations that can be used for many different downstream tasks. The general
principle behind GNNs is the node feature aggregation scheme along the edges in the
graph. In a multilayer GNN model, each node aggregates features of its neighbors,
which lie along all the paths starting or ending at the given node. With repetitive
aggregation, the resulting node representation captures the structural information
of its neighborhood. One prominent example is the use of graph representations to
classify input graphs based on their structure [Xu et al. 2019; Errica et al. 2020;
Loukas 2020; Hu et al. 2019]. Building on capability of GNN to learn the graph
structure, we propose a novel selective feature aggregation scheme based on the
shortest paths in the graph. The input graph is preprocessed, and the adjacency
matrix is modified such that the node aggregate features over multiple hops along
possible shortest paths in the graph. We then use a ranking based loss to learn
a scoring function that maps the aggregated information of the node to a score
correlated with the centrality measure scores.

We propose two variants of the model GNN-Bet and GNN-Close for approximat-
ing betweenness and closeness centrality, respectively. As per our knowledge, we are
the first to propose robust GNN based algorithms for this task. One of the signifi-
cant benefits of our model is that we can use the computational power of GPUs and
once trained, the inference time of our model is very small, in order of milliseconds.
Another benefit of our approach is that the model training is inductive, which means
that it can be trained on one set of graphs and can be evaluated on another set of
graphs with varying structures. The trained model can be used to perform ranking
approximations for both static graphs as well as dynamic graphs (with multiple snap-
shot representation). We demonstrate that our approach dramatically outperforms
current techniques (while taking less amount of time) through extensive experiments
on a series of synthetic and real-world datasets. For betweenness approximation on
static graphs, our model is up to 37 times faster than other methods while providing
higher ranking performance. We also show that our proposed betweenness variant
of the model is suitable for betweenness approximations for dynamic graphs and is
up to 14 times faster in providing node ranking approximations. Closeness approx-
imation variant of our model takes a similar time to the comparison method while
providing comparable or better approximations.
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Figure 4.1: Hlustration of betweenness and closeness centrality in a graph.

4.2 Preliminaries

4.2.1 Betweenness Centrality

One of the ways a node can be ranked is based on its ability to control the spread of
information between other nodes. Ranking of nodes based on this criterion is called
betweenness centrality[Freeman 1977; Brandes 2001; Newman 2005]. The main idea
behind betweenness centrality is that a given node is central if many shortest paths
pass through it. A high value of betweenness centrality for a node means this node lies
on many shortest paths between other nodes and helps to pass information between
other nodes. In other words, these nodes act as “bridges” in the graph. Removing
these nodes from the graph will lead to longer paths for information to travel between
other nodes. For a given graph G = (V, F), betweenness centrality of a node v is
defined as

BC(w)= Y Tun(v) (4.1)

g
uFvFEW uw

where 0, denotes the total number of shortest paths from node u to w and o, (v)
denotes the number of paths from u to w going through node v.

4.2.2 Closeness Centrality

Closeness centrality [Beauchamp 1965; Freeman 1978; Bavelas 1948] gives a measure
of how close a given node is to other nodes. Higher closeness centrality means that
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the node can spread information easier to other nodes. The closeness centrality of a

node v can be defined as ]
n —

ZUGV d(’l}, U)

where d(v,u) denotes shortest distance from node v to u.

In simple terms, closeness centrality is proportional to the average of shortest
distances from node v to other nodes.
Both betweenness and closeness centrality require calculation of the shortest paths
in the graph. Calculating the exact centrality value requires time complexity of
O(|V]|E|), and thus it is prohibitive for large graphs. To overcome this issue, re-
searchers have proposed approximations algorithms based on sampling techniques.
However, these are either less efficient or suboptimal or both. For more details,
please refer to Section 4.5.

CC(v) = (4.2)

4.2.3 Graph Neural Networks

In recent years, many neural network models[Duvenaud et al. 2015][Kipf and Welling
2017; Chen, Ma, and Xiao 2018; Velickovic et al. 2018b] have been proposed for
graph-structured data and generally known as Graph Neural Networks (GNNs). In
all of these models, the structure of the graph is used to aggregate the feature in-
formation of nodes and edges[Hamilton, Ying, and Leskovec 2017]. Based on the
feature aggregation pattern, a neural network is trained to predict node labels, edge
existence probabilities between two nodes and so on. All of these existing models
can be generalized under a single common Message Passing Neural Network (MPNN)
framework [Gilmer et al. 2017].

Framework Design

Let G = (V, E) denote the graph with given node feature vectors as X, for v € V.
A GNN is designed in such a way that it takes the graph G and feature information
matrix of nodes/edges as input and is trained against some arbitrary loss function
designated for a specific task. Similar to any other neural network architecture, GNN
has a predetermined number of layers decided based on the multitude of factors like
task in hand, characteristics of input graphs, the diameter of graph etc.

At any given GNN layer, each node aggregates the features of its neighbors, which
can also be considered as a message passing phase. Node feature vector is updated
by combining its own feature vector with aggregated features from its neighbors.
This aggregation operation is repeated for each layer in GNN. Mathematically, the
aggregation operation can be formulated as follows.
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al® = AGGREGATE® ({n%~V : 4 € N,}) (4.3)
hF) = COMBINE®) (h{E=1) q(+=1)) (4.4)

v

In equation (4.3), the feature vectors h,, of neighboring nodes are aggregated for
k-th layer. The AGGREGATE operation can vary based on the model requirement
and can represent summing, averaging, or max-pooling of feature vectors. In equation
(4.4), the aggregate feature vector is then added to the node feature vector. At the
end of each layer, the node has cumulative feature information of the node’s neighbors
in the current layer and all previous layers. Then, the aggregated features are mapped
to a learnable weight matrix and a non-linear transformation like ReLU is used. The
output of each layer is then forwarded as the input to the next layer. After K number
of iterations, the node embedding vector at the final layer captures the structural as
well as node feature information of all neighbors from 1-hop distance to K-th hop
distance.

Our proposed GNN framework is constructed following a similar design as men-
tioned above. In [Wu et al. 2019a], the authors propose a simplified GNN model
by removing weights and non-linearity from layers. The simplified model has simi-
lar performance to the standard GNN model in classification tasks. However, in our
proposed framework, we keep the learnable weights and non-linearity between neural
network layers, as we found that the model performed better in this case.

Message Passing in GNN

As discussed earlier, each node aggregates feature information of its neighbors for
multiple hop distances. This aggregation scheme resembles breadth first search (BFS)
from a node and the feature information flow through all available paths in the graph.
Both betweenness centrality and closeness centrality measures, in their calculation,
aggregate node contributions by performing BFS (to find shortest paths) from each
node. Similarly, in our proposed message passing scheme, we restrict the flow of
feature information along certain paths, which are more likely to be the shortest
paths in the graph.

Most straightforward formulation to aggregate feature information is multiplying
the adjacency matrix to the feature matrix. As rows of adjacency matrix denote
indices of node’s neighbors, the process of matrix multiplication is similar to the
embedding lookup of neighbors from the feature matrix and adding them together.
To implement our message passing scheme, we modify the adjacency matrix and
perform feature aggregation operation. In-depth details of the construction of our
model with the proposed scheme are explored in Section 4.3.
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4.3 Proposed Framework

In section 4.2, we observe the similarity in betweenness/closeness centrality formu-
lation and aggregation scheme of GNNs. Taking advantage of this similarity, we
propose two variants of GNN-based models that can be trained to approximate be-
tweenness centrality (GNN-Bet) and closeness centrality (GNN-Close) in the graphs.
In message passing scheme of GNNs, we observe that each node accumulates the
feature vectors of its multi-hop neighbors with the increase in the number of layers
or conversely, each node’s feature is spread across the graph with each consecutive
layer. We use this feature information flow to model paths in the graph. A node
that is connected to many other nodes through paths of varying length is able to
accumulate more features across the graph.

As both betweenness centrality and closeness centrality measures are based on
paths in the graph, we can use GNNs to model the approximation of their calculation.
Some other ranking methods like Eigenvector centrality, PageRank centrality are
based on iterative methods on the graph. In this chapter, we have not explored the
approximations of these types of centrality measures.

The general construction of our proposed framework is similar to other GNNs;
however, there are two key differences in our framework, which aid to approximate
betweenness and closeness centrality:

(i) First major difference is the use of constrained message passing scheme. In cal-
culations of betweenness and closeness centrality, we do not consider all paths
between nodes but shortest paths. In order to approximate these centrality
measures in our model, we restrict the feature information flow through edges
that lie along the shortest paths. Unlike other GNN frameworks, where regular
adjacency matrix is used, we use a modified adjacency matrix such that the
feature aggregation in each layer is confined along possible shortest paths. The
modification procedure for betweenness variant and closeness variant differs
slightly based on the feature gathering scheme.

(ii) The second main difference is that we do not add the node’s own feature vectors
with the current layer neighborhood feature aggregation vector. This avoids
cumulative feature aggregation with subsequent layers and at each layer, the
node has unique information about its neighborhood at k-th hop.
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4.3.1 Zero Shortest Path Nodes

Both betweenness centrality and closeness centrality measures are based on the cal-
culation of the shortest paths. In our proposed model, we identify beforehand the
nodes which have no shortest paths going through them. There are two possible
ways to identify such nodes:

(1) When a node has no path going through it. This condition arises when the node
either does not have incoming neighbors or does not have outgoing neighbors.
For example in Figure4.2, node 1 & 5 have no incoming neighbors and node
12 & 13 have no outgoing neighbors. Hence these nodes have no paths going
through them.

(2) When a node’s neighbors form cliques such that there is no shortest path going
through the node. To identify such nodes, we look at incoming neighbors
and outgoing neighbors of a given node. Then we check of there are edges
from each incoming neighbor to all outgoing neighbors. For nodes where all
incoming neighbors are directly connected to outgoing neighbors, there will be
no shortest paths going through them. For instance in Figure4.2, node 2 has
incoming neighbor node 1 and outgoing neighbor node 3. However, node 1 is
directly connected to node 3, therefore there is no shortest path going through
node 2.

With following above mentioned criteria, we can identify nodes with no shortest paths
going through them. We refer to these nodes collectively as N,,. In general GNN
aggregation scheme, a node aggregates the feature of neighboring node N at k-th
hop via a path going through sequence of neighboring nodes lying on consecutively
decreasing hop distance from source node i.e (N, — Ny_1 — Ny_o — ... = Ny —
Ni). In order to restrict feature information flow along possible shortest paths, we
can modify the aggregation scheme such that nodes V., do not act as intermediary
nodes and no feature information of can flow through the paths that are passing
through the nodes V.

In the rest of the section, we provide details about the construction of both between-
ness and closeness variant.

4.3.2 Betweenness Variant

In a given graph, a node with high betweenness centrality has a large number of
shortest paths going through it, and these paths can be considered as a combination
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of a set of incoming paths and a set of outgoing paths to the node. In betweenness
variant GNN-Bet, we use a selective feature aggregation scheme to estimate the
number of shortest paths through the node. Incoming paths and outgoing paths are
considered separately, and feature aggregation for both types of paths are performed
in parallel. The adjacency matrix of the graph is used for outgoing paths and the
transpose of adjacency matrix for incoming paths.

Adjacency Matrix

The first step is to identify the nodes V,,, which have no shortest paths passing
through them (as discussed previously in Sec 4.3.1). During the feature aggrega-
tion step, feature information should not flow through these nodes. To achieve that,
we set the rows corresponding to nodes N, in the adjacency matrix and its trans-
pose to zero (refer Figure.4.2). With this modification, nodes N,, have no entries
for neighbors in their corresponding rows in the adjacency matrix. Hence during
the aggregation step, these nodes do not receive any feature information from other
nodes and have zero feature information at the output of the layer. This helps to
avoid feature flow information through paths that are passing through such nodes as
intermediary nodes. Please note in during model initialization all nodes are assigned
unique embeddings. In the aggregation step of the first layer, N, nodes pass their
own feature information to neighboring nodes(path length is one). However, in sub-
sequent steps, N, nodes act as an intermediary(for path length 2 or more) and do
not propagate any feature information.

We denote the new modified adjacency matrix as A,od—row. The nodes N,
have zero betweenness as per the definition, so with zero feature information, during
training, the model learns to distinguish their ranking with respect to other nodes
with aggregated feature information.

Model Layer

Initial features of nodes are embedding lookup from the weight matrix of the first
layer. At the k-th layer, node aggregates features of its k-hop neighbors. In our
model, we define aggregation as the sum of feature vectors. At each layer when
the feature matrix is multiplied with the adjacency matrix, each node sums up the
features of all of its neighbors. Then the aggregated node features from each layer
are mapped to a Multilayer Perceptron (MLP) unit to output a vector whose values
contain a single score corresponding to the node. This MLP learns to predict a
single score based on the input features. Single MLP unit is used to output scores
for all layers. The output score of all layers are summed separately for incoming
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Figure 4.2: Figure shows aggregation scheme for betweenness variant on a directed
graph. Features of nodes on both incoming and outgoing paths are aggregated at
green node. Dashed arrows show direction of feature flow along the edges. Nodes
lying on incoming paths are marked red and outgoing paths marked as black. Yellow
nodes do not have shortest paths going through and the corresponding rows are set
as zero.
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Figure 4.3: Figure shows aggregation scheme of closeness variant along outgoing
paths on a directed graph. Features are being aggregated at green node. Dashed
arrows show direction of feature flow along the edges. Yellow node do not have
shortest paths going through them and the corresponding columns are set as zero.
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and outgoing paths for a node. In our experiments, we use an MLP unit comprising
three fully connected layers with ReLLU as non-linearity.

The feature vectors of in-degree neighbors and out-degree neighbors are accu-
mulated for multiple hops using two matrices. This aggregation approximates the
information of incoming paths and outgoing paths to a given node. Hence using our
proposed framework, we get two scores for all in-degree neighbors and out-degree
neighbors. As the number of paths passing through a given node is the combinations
of incoming paths and outgoing paths through the node, the in-degree and out-degree
scores are multiplied in order to get the final score for each node. Figure 4.4 shows
the schematic diagram of the betweenness variant of the model. Pseudo-code of the
forward propagation of the model with feature aggregation scheme is presented in Al-
gorithm 1. At line 1 and 2, adjacency matrix and its transpose is modified (row-wise)
to get input matrices flout_degree and flin_degree to GNN layer. For each k-th layer {k =
1..K}, W® represents the weight matrix and H®*~1) represents the output from the
previous layer. MLP is used to map the output node embeddings from each layer to
a score vector S*). Scores are combined from each layer as represented in the line
9-11 to get final centrality scores for all the nodes.

Algorithm 1: GNN-Bet (Forward propagation)

Input : Directed Graph adjacency matrix A; depth K; non-linearity
ReLU; weight matrices W)
Output: Betweenness Centrality value vector, S(ges)

1 Aout-degree < ModifyAdjacencyRow(A)

2 Aindegree < ModifyAdjacencyRow(AT)
s fork=1...K do
4

Hc()ﬁz-degree < ReLU (Aout—degreeHéﬁ;élgreeW(k))
5 Hi(nk—)degree < ReLU (Ain‘degreeHi(nk—gig)reeW(k))
(k) (k)
6 Sout—degree — MLP<Hout—degree)
7 Si(rlf—)clegree A MLP(Hi(nk—)degree)
8 end
S R
9 Oout-degree out-degree
k=1..K
k
10 Sin—degree — Z |Si(n-)degree|
k=1..K

11 S(Bet) < Sout—degree X Sin—degree
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Algorithm 2: GNN-Close (Forward propagation)

Input : Directed Graph adjacency matrix A; depth K; weight matrices
W)
Output: Closeness Centrality value vector, S(ciose)
Amod-col < ModifyAdjacencyCol(A)
HO « AW
SW « MLP(HW)
for k =2..K do
H® « ReLU(Apog—cor H*DW*))
S« MLP(H®)
end
S(Close) «— Z |S(k)|

k=1..K

[y

® N o ok wN

4.3.3 Closeness Variant

Closeness centrality has two variations: incoming closeness centrality and outgoing
closeness centrality, based on consideration of incoming paths or outgoing paths for
the nodes. We focus on the outgoing closeness centrality and use a simple adja-
cency matrix as input in our model. In case incoming closeness centrality is to be
approximated, transpose of adjacency matrix can be used in the model.

For closeness variant of model GNN-Close, we consider paths that originate from
source node and end at other nodes. The paths in the graph, which go through N,
are not considered, so we need to identify V., in this case as well. Unlike betweenness
centrality, nodes N, can have non-zero closeness centrality values, so we use different
adjacency matrix modification scheme.

Adjacency Matrix

Similar to the betweenness variant, we identify the nodes which have no shortest
paths going through them. To ensure no features flow through edges of these nodes
to other nodes, we modify the adjacency matrix by setting the columns corresponding
to these nodes to zero (refer Figure. 4.3). We refer to this matrix as A,q_coi- This
operation removes the entries of N,, nodes as neighbor of other nodes and avoids
any feature aggregation through them when the path length is 2 or more. However,
for the first layer, we still aggregate V., nodes own features. Therefore, we use
the normal adjacency matrix for the first layer and modified adjacency matrix for
subsequent GNN layers. To summarize, with this scheme, V., pass their own feature
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information to other neighbors in first iteration but do not act as intermediary for
further feature aggregation in later iterations.

Model Layer

As we use an unchanged adjacency matrix in the first layer, nodes aggregate features
of all its neighbors. For further layers, we use a modified adjacency matrix and
restrict the feature aggregation. Aggregated features of each layer are mapped to
an MLP unit to output scores for all layers for each node. Then for each node,
output scores from each layer are summed together to get a final score. The output
of the model is a score vector. The schematic diagram of GNN-Close is shown in
Figure 4.5 and pseudo-code for the model is described in Algorithm 2. At line 1,
input adjacency matrix is modified (column-wise) to output A,,eq—cor - Line 2 and
3 represent feature aggregation in the first layer with the normal adjacency matrix,
the output of which is mapped to the MLP layer. For the rest of the layers, the
modified adjacency matrix is used for feature aggregation. Layerwise score vectors
are then combined to get final closeness centrality score vector S(ciose) at line 8.

4.3.4 Loss Function

We use a ranking loss function to calculate the loss for scores predicted by model with
respect to actual betweenness or closeness centrality scores. Ranking loss functions
are commonly used in recommender systems [Chen et al. 2009][Burges 2010]. Using
this function helps the MLP to learn to predict the score based on the neighborhood
of the node at each layer. For the model score, SZ-(m) and actual betweenness score

Si(b), the loss function is defined as follows,
Loss (z,y) = max (0, —y * (Si(m) - SZ-(b)) + Margin), (4.5)

)

) 1 s ™) should be ranked higher than 5.
Y711 it Y should be ranked higher than S

4.4 Experiments

In this section, we present the details of the training and testing of the model. We
evaluate our model on synthetic graphs as well as real-world graphs and compare its
performance with other betweenness and closeness approximation techniques.
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Figure 4.4: Figure above shows the model of betweenness variant. Graph input is
represented as an adjacency matrix. There are two parallel aggregation pipelines
for incoming and outgoing paths for nodes using adjacency matrix and its transpose
respectively. At each layer, node features are aggregated and the output is mapped
to a MLP layer. The output of MLP are added together and then subsequently

multiplied to get final output scores of nodes.
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Message Passing Layers
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Figure 4.5: Figure shows the model of closeness variant. Graph input is represented
as an adjacency matrix. For first layer simple adjacency matrix is used and for
further layers modified representation of adjacency matrix (for closeness variant) is
used. Feature aggregation is performed at each layer and layer output is mapped to
a MLP layer. Sum of output vectors from MLP give final node ranking vector.
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4.4.1 Training Setup

Hardware and Software Setup

All experiments were conducted on Intel Core i7-8700K CPU @ 3.70GHz machine
with 12-cores, 64 GB RAM and a single NVIDIA GeForce GTX 1080Ti GPU with
12 GB graphics memory. Software frameworks used are PyTorch[Paszke et al. 2017]
for implementing the proposed model, NetworkX [Hagberg, Schult, and Swart 2008]
and NetworKit[Staudt, Sazonovs, and Meyerhenke 2016] for graph generation and
betweenness calculations.

Hyper-parameters

The model size is determined by the largest training/test graph size. For smaller
graph inputs, the adjacency matrix of the input graph is placed along diagonal and
the rest is padded with zeros. We train the model with Adam as an optimizer with
a learning rate parameter set to 0.005. The number of GNN layers in our model is
set to 4. Calculation of loss value during training requires comparison of node pair
rankings, but the total number of combinations of all node pairs can be really large
(@ with n nodes) and computationally prohibitive. In order to avoid this, we
randomly sampled node pairs equal to 20 times the number of nodes.

For the betweenness variant, we have used dimension embedding of 12 (limited
by GPU memory). For closeness centrality, we set dimension of embedding as 15.

Training

Given set of graphs are divided into training dataset and test dataset. For graphs in
both datasets, exact betweenness centrality and closeness centrality values of nodes
are calculated. These values are used in target vectors to train the model and to
evaluate the performance of the model during inference time for the test dataset. Self-
loops are removed from the input graphs while multi-edges are kept, if present in the
graphs. We train the model for 5-10 epochs and training time is approximately 10-15
minutes. While training the model, it is possible to have different sizes of graphs for
training and test datasets. To accommodate all the graphs, the model size is set to
be equal to or greater than the number of nodes of the largest graph in training and
test datasets combined. The adjacency matrices of smaller input graphs placed along
the diagonals and rest dimensions are padded with zeros to make its size compatible
to the input layer.
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Note that the test graphs are totally unseen during the training stage (inductive
settings). As the model is trained, it learns to map aggregated features for each
node via MLP to ranking scores. Once trained, the model is able to take new graphs
with different sizes or structures as input and provide node ranking approximations.
Hence the model is very robust and can be deployed in various scenarios.

Evaluation Measure

In order to evaluate the ranking quality of model output, we use Kendall’s Tau rank
correlation coefficient (refer as KT Score)[Kendall 1938] as a ranking measure. For
any given pair (z;,y;) and (z;,y;), where i < j, are said to be concordant if the
ranks of both elements in both pairs agree, i.e. both z; < x; and y; < y; or both
x; > x; and y; > y;. If the ranks don’t agree, then they are said to be discordant.
For two given lists with n items each, let’s N, be the total number of concordant
pairs and Ny be total number of discordant pairs, then Kendall’s ranking coefficient

is calculated by:
N. — Ny
T= n(n—1)
2

(4.6)

7 denotes Kendall’s Tau ranking coefficient and its value varies in the range
—1 <7 < 1. Value of 1 means all pairs are concordant (same order) and -1 means
all pairs are discordant (opposite order). In our case, we compare the ranking of
model output for nodes to the ranking of their real centrality values.

4.4.2 Dataset Preparation

To test the efficacy of our model on various graphs with unique structural properties
and show that the model is able to generalize well, we use extensive set of synthetic
as well as real-world graphs. We evaluate and compare our proposed model to other
betweenness and closeness approximation methods on these graphs.

Synthetic Datasets

For synthetic datasets, we generate three classes of directed graphs namely, Erdos-
Renyi random graphs, Scale-free graphs, and Gaussian random partition graphs.
Sizes of graphs vary from 50,000 to 100,000 nodes. For each class, 15 graphs are
generated with the number of nodes and generation parameters set randomly to
incorporate structural variations of the dataset. More details of graph generation
parameters and statistics of graphs are provided in Appendix A.1. For training of
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Table 4.1: Summary of real world datasets used
Dataset #Nodes #Edges

Wiki-Vote 7,115 103,689
P2p-Gnutella31 62,586 147,892
Soc-Epinions 75,879 508,837
Soc-Slashdot 77,350 516,575
Ego-Gplus 107,614 13,673,453
Email-EuAll 265,214 420,045
Web-Google 875,713 5,105,039
Wiki-Talk 1,140,149 7,833,140

the model, 5 graphs are chosen to create 500 training samples by randomly permuting
the node sequence in adjacency matrices and their corresponding target centrality
vector. We train the model on the training set and evaluate the performance on 10
graphs in the test set.

Real-world Datasets

For model evaluation on real-world datasets, we have taken 8 datasets from Stanford
Large Network Dataset (SNAP) website'. Table 4.1 shows the details for these
datasets. Real-world graphs have varying structural properties. Under the weak
assumption that real-world graphs have some scale-free graph properties, the model
is trained on synthetic scale-free graphs. To create training dataset, 5 synthetic
directed scale-free graphs of 100,000 nodes each are generated using NetworkX. From
these 5 graphs, 250 adjacency matrices are obtained by permuting the node sequences
and corresponding betweenness or closeness centrality vectors. 200 of these adjacency
matrices are used for training and 50 for validation.

4.4.3 Static Betweenness Approximations

We compare the ranking performance and execution time comparison of our model
GNN-Bet to the following betweenness approximation methods for static graphs.
Parameters used in these methods are as follows:

e Geisberger et al.[Geisberger, Sanders, and Schultes 2008]: referred as GS. For
GS, we need to provide the number of random nodes to be sampled. We set it
to 8,192 which is the maximum number of samples used in the literature even
for large graphs.

ISNAP Dataset: https://snap.stanford.edu/data/index.html
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e Riondato et al.[Riondato and Kornaropoulos 2016]: referred as RK. Two pa-
rameters are required, 0 = 0.1 and A = 0.005. These values are used by the au-
thors in their paper. However, we found that RK was taking too much time for
approximation calculations with A < 0.02, sometimes approaching/exceeding
the exact betweenness centrality calculation time. So far large graphs, we show
results for A = 0.02 marked with "’

e Borassi et al.[Borassi and Natale 2019]: referred as BN. Parameters are set as
0 = 0.1 and XA = 0.005 as used in the paper.

In Table 4.2, we compare the ranking performance of our model with other be-
tweenness approximation methods using KT Score. Similarly, Table 4.3 shows the
comparison of execution time in seconds for betweenness approximations. We also
show the time taken by exact betweenness centrality computation algorithm provided
by Brandes[Brandes 2001] as a reference to compare all approximate algorithms.
Execution time of our model is the sum of time taken to identify nodes with zero
betweenness and model inference time. For other algorithms, the execution time is
shown. For synthetic graphs, the average KT score (in Table 4.2) and the average
time taken (in Table 4.3) for 10 test graphs are calculated and presented.

KT Score Comparison

Table 4.2 shows KT score for betweenness approximation values for our model and
other comparison methods. For real-world graphs, all methods have good ranking
performance but the KT Score drops for larger graphs. However, GS has consistently
good performance compared to RK and BN for all graph sizes. For synthetic graphs,
all methods show high ranking performance on ER graphs, while lower KT Scores
for SF graphs and GRP graphs. Our model GNN-Bet, consistently performs well on
real-world as well as synthetic datasets with up to 44% improvement for real-world
graphs and up to 70% for synthetic graphs with respect to the best KT Score on
comparison methods.

Execution Time Comparison

Execution time comparison is presented in Table 4.3. We observe that GS provides
good approximations with reasonable execution time, which is lower than exact be-
tweenness values calculations. For RK, the execution frequently approaches/exceeds
exact betweenness calculation time if we set parameters for better approximations.
The method is therefore good if higher error tolerance is allowed. BN is the fastest
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Table 4.2: KT ranking scores comparison static betweenness approximation on real
world and synthetic datasets. Highest KT Score among comparison methods(GS,
RK and BN) is underlined and best ranking performance among all is highlighted
with bold font. Performance gain for GNN-Bet is compared with respect to the best
KT Score among comparison methods.

Dataset KT Score
GS RK BN GNN-Bet Gain

Wiki-Vote 0.866 0.844 0.900 0.967 +0.067 ( +7.4%)
P2p-Gnutella31 0.849 0.963 0.876 0.924 -0.039 ( -4.0%)

Soc-Epinions 0.723 0.826 0.687 0.891 +0.065 ( +7.8%)
Soc-Slashdot 0.766 0.793 0.639 0.909 +0.116 (+14.6%)
Ego-Gplus 0.817 0.673 0.515 0.821 +0.004 ( +0.4%)
Email-EuAll 0.889 0.508 0.380 0.990 +0.101 (+11.3%)
Web-Google 0.755 0.366* 0.498 0.779 +0.024 ( +3.1%)
Wiki-Talk 0.679 0.204* 0.271 0.979 +0.300 (—|—44.1%)
Synthetic-ER 0.84540.05 | 0.829+0.07 | 0.629+0.14 | 0.902+0.03 | +0.057 ( +6.7%)
Synthetic-SF | 0.464%0.02 | 0.57440.03 | 0.4112£0.03 | 0.976£0.01 | +0.402 (+70.0%)
Synthetic-GRP | 0.56240.06 | 0.342+0.17 | 0.14140.08 | 0.899+0.04 | +0.337 (+59.9%)

among all the comparison methods, taking very little time to output approximation
values. However, as evident from Table 4.2, the ranking accuracy drops at the ex-
pense of speed. Our proposed model is up to 37 times faster than BN for real-world
datasets and up to 33 times faster for synthetic graph datasets.

4.4.4 Dynamic Betweenness Approximations

Our model can readily be applied to dynamic graphs, where nodes and edges changes
with time. With these changes, we get multiple slices of graphs. Traditionally,
we have to re-calculate betweenness centrality on each slice from scratch, which is
computationally expensive. More recent methods overcome this limitation by first
calculating betweenness for all nodes and then updating the values as the graph
changes. However, in practice, this approach is still slower and may not provide good
approximations with larger changes in graph. Since our model training is inductive,
we can use the trained model for betweenness approximations to get approximations
of all slices of dynamic graphs. In this way, our model can provide more accurate
and faster approximations.

We compare our model with the algorithm proposed by [Hayashi, Akiba, and
Yoshida 2015] referred to as HA. In the experiments, for each graph, we initially
removed 1000 edges. Then from those 1000 edges, we randomly take 200 edges and
add them back to the graph structure while removing 200 different edges from the
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Table 4.3: Time comparison for static betweenness approximation methods. Lowest
execution time among all comparison methods is underlined and bold fonts denotes
the fastest method. Speedup gains for GNN-Bet are calculated with respect to fastest
among comparison methods.

Datasot Timetyain(s) Time (s)
GNN-Bet Exact GS RK BN GNN-Bet | Speedup
Wiki-Vote 0.8 7.1 1.6 0.2 0.1 ~ 2x
P2p-Gnutella3l 57.2 18.06 163.4 5.4 0.2 ~ 27Tx
Soc-Epinions 222.1 86.5 567.9 6.8 0.5 ~ 14x
Soc-Slashdot 633.5 206.7 71.2 510.3 5.96 0.9 ~ Tx
Ego-Gplus ’ 3845.7 979.4 T7787.5 11.8 7.2 ~ 2x
Email-EuAll 1091.5 99.8 985.1 8.1 1.1 ~ Tx
Web-Google 52422 2264 8548* 3144 8.5 ~ 37x
Wiki-Talk 32385 624.2 1115.4%* 324 3.6 ~ Ox
Synthetic-ER 726.8 811.6+£560.1 | 206.3+£142.0 | 1354.2+765.7 | 20.2+3.3 | 0.6+0.3 ~ 33x
Synthetic-SF 317.0 33.814+4.4 5.24+1.7 114.04+30.7 1.8+0.3 0.3£0.2 ~ 6x
Synthetic-GRP 757.8 27.8+12.5 29+1.4 98.0£30.7 1.540.4 0.6+0.2 ~ 2x

graph. We repeat this step five times. So at each step, there is a change of 400
edges. We then compare the resulting KT Score and time taken by our model and
the comparison method.

Table 4.4 & 4.5 show KT Score and time performance results. Results show
significant gains in KT Score (up to 300% improvement) while still being faster (up
to 14 times faster). This shows the versatility of the model to be used for both static
and dynamic graphs. We note that if the number of edge changes is smaller (number
of edge changes in tens or less), HA may have execution time comparable to our
model. However, with smaller changes in graphs, changes in centrality values are not
significant and may not be very useful in real-world applications.

4.4.5 Static Closeness Approximations

In this section, we evaluate our closeness variant of our model with respect to other
closeness centrality approximation methods. For this, we compare to the methods
proposed by Okamoto et al.[Okamoto, Chen, and Li 2008] and Cohen et al.[Cohen
et al. 2014] and refer to the methods as OC and CD respectively. KT-Score and
execution time for algorithms are used as comparison metrics. For CD, the param-
eter for the number of nodes to be randomly sampled is chosen as 100, as used in
the paper[Cohen et al. 2014] and we set parameter ¢ = 0.001. The number of nodes
to be sampled for OC is also set as 100.

For closeness centrality approximations, Table 4.7 shows the results for real-
world and synthetic datasets. Our model outperforms OC and CD for synthetic
datasets with performance improvements up to 85% and 214% respectively. For

46



CHAPTER 4. NODE RANKING

Table 4.4: KT ranking scores comparison for dynamic betweenness approximation
method on real world dataset. Best KT Score are highlighted in bold.

Dataset KT Score
Update-1 | Update-2 | Update-3 | Update-4 | Update-5 | Gain(avg)

WiiVote | oxhe | oioass | 0sas6 | 0623 | 062 | osgss | TO0NT (+72%)
PapGuuteladl | (<X | ot | owes | owos | o028 | oome | 02028 (12789
SocBpinions | oxCr | gmasz | omsar | osear | ossas | ossas | 037 (43440
SooSlashdot | XX | gooas | 05053 | 05053 | 05057 | oo | 0503 (+092%
BeoGois | oxChe | omitt | osi1o | osus | osn | osin | 0201 (3270
st | 18, S| Dm0 S|
oo | ol | B3| B | S| g |80 g
WAk | oxChe | 0mrro | 0mrra | 0mrrs | omrrs | oarra | 0TI (3056%

the real-world datasets, approximation performance is higher in five out of eight
datasets when compared with OC and seven out of eight datasets when compared
with CD. However, our model’s execution time is slightly higher than CD, though
the absolute differences between values are not significant. Compared to OC, our
model has significantly faster execution time in most of the comparison datasets. In
our model implementation, most of the time is taken by the function to find nodes
with no shortest path passing through them. As the code is implemented in Python,
it is relatively slower. The time taken during GNN model inference is only a few
milliseconds. Hence, there is a scope to reduce the approximation time even further.
Interestingly, we found that the output of CD had a negative KT score for synthetic
Gaussian Random Partition graphs.

4.4.6 Scalability Tests

In previous sections, we have demonstrated the ranking performance of GNN-Bet &
GNN-Close and their robustness with different types of graphs. In this section, we
study the effect on time to find zero shortest path nodes and the execution time of
the model in forward propagation with respect to the increase in the size of the input
graph.

As discussed in Section 3.1, there are two possible ways to identify N, nodes.
First, if either in-degree or out-degree of the node is zero, there is no path passing
through the node. Time complexity of finding such nodes is O(V). We identify

47



CHAPTER 4. NODE RANKING

Table 4.5: Time comparison for dynamic betweenness approximation methods. Low-
est execution values are highlighted in bold.

Dataset Time(s)
Update-1 | Update-2 | Update-3 | Update-4 | Update-5 | Speedup
. HA 3.42 281 3.67 387 314
Wiki-Vote CGNN-Bet 0.53 0.52 0.51 0.54 0.44 ~ Tx
HA 207 917 210 2.07 .04
P2p-Guutella3l | o po 0.17 0.16 0.17 0.16 0.16 ~ 13x
SocEoini HA 10.69 12.74 11.51 13.16 10.77 -
OCEPILONS | NN Bet 0.97 0.80 0.83 0.80 0.80 A
HA 579 3.82 456 420 4.20
Soc-Slashdot | N Bt 0.77 0.77 0.76 0.76 0.77 ~ Ox
Eao Gl HA 99.06 7495 7795 79.34 7T AT ~ 1o
s0-pi CGNN-Bet 6.94 6.82 6.91 6.86 6.25 ~
_ HA 701 8.25 8.22 391 759
Email-EuAll CNN-Bet 0.89 0.90 0.89 0.90 1.10 X
) HA 4.56 4.53 4.57 4.51 4.61
Web-Google CGNN-Bet 5.45 5.48 5.52 5.52 5.56 ~ 0.8x
o HA 3.48 3.48 404 377 3.67
Wiki-Tall CNN-Bet 3.45 3.50 3.61 3.66 3.72 ~ Ix

such nodes in first step. Second, if the node’s neighbors form cliques such that there
is no shortest path going through the node. We identify such nodes by iterating
through the remaining nodes v € V¢pmain from the first step and check if any of the
in-degree neighbors Nj;,, of the node v is not connected directly to all out-degree
neighbors Nyy,. If such a node in Ny, , is found, it means that there is a path
going through node v, and the node is not considered to be in V,,. Then iteration
over other in-degree nodes is skipped, and the process is repeated for the next node
in Viemain. Considering the average number of in-degree or out-degree as Ny, qvg =
Nout_avg = Navg, the time complexity of the operation is O(VN(ng). In case of low
density graphs, N,,, << V and we do not have to iterate over all N;,,, hence the
complexity is almost linear (in number of nodes), approaching O(V N,,,). However,
if the graph is dense and approaching a fully connected graph, then Ng,, >~ V' and
the time complexity of the operation becomes O(V?). To experimentally verify the
time scalability of the method to find zero shortest paths nodes, we generate three
sets of Erdos-Renyi random graphs with number of edges to number of nodes ratio
set to 2, 4 and 6 respectively. This provides a variation in density of the graphs.
We chose ER graphs for this experiment for the convenience of setting the desired
number of nodes and edges in the generated graphs easily. The number of nodes are
varies from a hundred thousand nodes to a million nodes for each set. Figure 4.6
shows the plot of execution time to find zero shortest path nodes with respect to
change in the graph size. We observe that execution time grows proportional to the
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Table 4.6: KT ranking scores comparison for closeness approximations on real-world
and synthetic datasets. Higher KT Score between comparison methods(OC and CD)
is underlined and best ranking performance among all is highlighted with bold font.
Performance gain for GNN-Close is compared with respect to the best KT Score of
comparison methods.

Dataset KT Score
ocC CD GNN-Close Gain
Wiki-Vote 0.916 0.567 0.937 +0.021 ( +2.2%)
P2p-Gnutella3l 0.930 0.926 0.978 +0.052 ( +5.1%)
Soc-Epinions 0.945 0.810 0.917 -0.028 ( -3.0%)
Soc-Slashdot 0.928 0.778 0.955 +0.027 ( +2.9%)
Ego-Gplus 0.964 0.909 0.923 +0.041 ( -4.4%)
Email-EuAll 0.847 0.494 0.927 +0.080 ( +9.4%)
Web-Google 0.920 0.533 0.699 -0.221 (-31.6%)
Wiki-Talk 0.963 0.979 0.978 -0.001 ( -0.1%)
Synthetic-ER 0.812 + 0.04 | 0.651£0.26 | 0.907+0.03 | +0.095 (+11.6%)
Synthetic-SF | 0.861 + 0.04 | 0.287+0.10 | 0.903+0.01 | +0.042 ( +4.8%)
Synthetic-GRP | 0.527 & 0.18 | -0.403+0.11 | 0.979+0.01 | +0.452 (+85.7%)

Table 4.7: Time comparison for closeness approximation methods. Lowest execution
time among all comparison methods is underlined and bold fonts denotes the fastest
method. Speedup gains for GNN-Close are calculated with respect to fastest among
comparison methods.

Dataset Timegrain(s) Time(s)
GNN-Close Exact ocC CD GNN-Close | Speedup
Wiki-Vote 0.6 0.03 0.02 0.1 ~ 0.2x
P2p-Gnutella3l 42.9 1.3 0.1 0.2 ~ 0.5x
Soc-Epinions 160.7 2.1 0.3 0.4 ~ 0.7x
Soc-Slashdot 349.0 152.7 2.0 0.3 0.5 ~ 0.6x
Ego-Gplus ’ 3458.1 4.5 2.7 6.2 ~ 0.4x
Email-EuAll 807.6 3.7 0.8 0.5 ~ 1.6x
Web-Google 38176.7 18.6 10.3 5.3 ~ 1.9x
Wiki-Talk 28792.0 9.7 2.6 3.1 ~ 0.8x
Synthetic-ER 371.4 484.14+452.0 | 3.0 £ 1.1 | 0.53+0.36 0.840.6 ~ 0.6x
Synthetic-SF 235.2 26.4£114 | 0.9+ 0.2 | 0.16£0.02 0.3+0.4 ~ 0.5x
Synthetic-GRP 383.3 28.84+21.1 1.0 £0.2 | 0.24+0.1 0.44+0.56 ~ 0.6x
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Figure 4.6: Figure depicts the execution time with respect to increase in number of
nodes in the input graph. The ratio of number of nodes to number of edges is fixed
as 2, 4 and 6 respectively.

number of nodes, and time increments are rather small.

Now we study the scalability of the inference time of model with an increase
in size of the input graphs. Here we use the betweenness centrality variant of the
model, as calculation of betweenness centrality takes a longer time compared to
that of closeness centrality. For static betweenness centrality approximation, BN
is the fastest betweenness approximation method. In order to compare the speed
of approximation of our model(GNN-Bet) with BN, we test them on 10 synthetic
scale-free graphs with the number of nodes ranging from 100,000 to 1,000,000. We set
the size of the model to accommodate for all input graphs (i.e. maximum 1 million
nodes). Input adjacency matrices of smaller graphs are padded with zeros to match
with model size. Hence the density of all input matrices is proportional to the number
of edges in each graph. Therefore, the time taken is approximately proportional to
the number of edges and time complexity is O(|E|) (similar to Graph Convolutional
Network (GCN)[Wu et al. 2019b]). Figure 4.7 shows the execution time taken by
BN and betweenness variant of model for all graphs. We observe that in both
cases, execution time grows proportional to the size of the graph. Nevertheless, our
proposed model GNN-Bet has a lower rate of increment, thus scaling well with the
size of graphs and providing faster approximations.
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Figure 4.7: Time taken by model as number of nodes increases for synthetic scale-free
graphs
4.4.7 Ablation tests

In this section, we conduct a series of experiments to study the effect of hyper-
parameters on the model’s performance for both variants of our proposed model.
As the main parameters of the model are the number of layers and the number of
dimensions of the embeddings, we vary both of them and evaluate the performance
of the model. We choose to use synthetic datasets for these experiments, as it
provides a better understanding of the model’s performance on different types of
graph structures. The experiments follow the same methodology as discussed earlier.

o Varying number of layers: The number of layers in the model affects how much
information any given node can accumulate about its neighborhood. With the
increase in the number of layers, nodes have access to features of their neighbors
located at multi-hop distances away. In this experiment, we vary the number
of layers from 1 to 7 for both betweenness and closeness centrality variants.
Fig. 4.8 and Fig. 4.10 show Kendall’s Tau score for betweenness and closeness
variant respectively for all three types of synthetic graphs. We observe that for
a lower number of layers model performs poorly, which is within expectation
as the nodes aggregation reach is limited. For both variants GNN-Bet and
GNN-Close, we observe that an increase in the number of layers leads to better
approximations accuracy.
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o Varying embedding dimensions: While training any neural network, the em-
bedding dimension determines the number of learnable model parameters. An
under-parameterized neural network model may not learn very well while the
over-parameterized model can overfit the data and have poor generalization
ability. In this experiment, we look into the effect of changing embedding di-
mensions on the performance of our proposed model. We vary the model’s
embedding dimensions as [2, 4, 8, 12, 16, 20| and evaluate the ranking perfor-
mance on synthetic graph datasets. Results are plotted in Fig.4.9 and Fig.4.11
for betweenness and closeness variant respectively. With lower dimensions of
embedding (2 & 4), we observe lower performance which is natural due to the
limited number of parameters for optimal learning.

4.4.8 Ranking performance on top-k nodes

In our main experiments for betweenness and closeness centrality approximations, we
have focused on the overall ranking of nodes predicted by the model and compared
our results with similar node centrality approximation methods. In addition to this
approach, we can also measure the performance of the model on identifying top-
k high centrality nodes. We can measure the ranking performance quality using
measures like NDCG. In this section, we provide brief experiment results on above
mentioned criteria.

Measuring NDCG score for top-k nodes

Normalized Discounted Cumulative Gain (NDCG) is used to measure the quality of
search results and is often used in recommender or web search systems [Wang et al.
2013]. The NDCG score value ranges from 0 to 1, with 0 denoting low relevancy to
1 denoting very high relevancy of search results. We use this score to measure the
ranking performance of top-k nodes with high centrality values. The value of k is
chosen as 100, 1%, 2%, 3%, 5%, and 10% of the total number of nodes in the graph.

Table 4.8, 4.9 & 4.10 show the comparison of NDCG scores for GS, RK, and BN
betweenness centrality approximation methods with GNN-Bet respectively. Table
4.11 & 4.12 shows the comparison of closeness centrality approximation method OC
and CD with GNN-Close, respectively.

e Betweenness Centrality Approximations For synthetic graphs, GNN-Bet

performs better or at par with other approximation methods on ER and SF
graph datasets. On these two datasets for all methods, the NDCG scores
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Figure 4.8: Change in KT Score with respect to number of layers for Betweenness
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remains higher than 0.9. On the GRP graph dataset, the model performs sig-
nificantly better than other methods, with NDCG scores closer to 1. Among
comparison methods, GS performs best with NDCG score higher than 0.8,
while for RK and BN, the NDCG scores remains close to 0.6 and 0.3, respec-
tively.

On the other hand, for real-world graph datasets, the NDCG scores of compar-
ison methods GS, RK, and BN remain high for all datasets. GNN-Bet shows
good performance on some datasets like Wiki-Vote, P2p-Gnutella3l, and Soc-
Slashdot while the performance is lower on other datasets. It is to be noted
that for inference on real-world datasets, we trained the model on synthetic
scale-free datasets.

While analyzing the results, we find that the NDCG scores of comparison
methods go down slightly as we increase the value of the k. While for GNN-
Bet model, the score values tend to increase as we increase the value of k.
These observations also match with our main experiment results, where our
model has a high KTScore for ranking all nodes in the graph.

e Closeness Centrality Approximations For synthetic graphs, we see a simi-
lar pattern where our model has higher or at par performance with OC method
on ER and SF graph datasets and significantly higher performance on the GRP
dataset. On real-world datasets, the performance of GNN-Close is at par with
OC on most datasets while lower in some datasets. However, the approxi-
mation method CD does not perform well on this measure and has very low
NDCG values for both synthetic and real-world datasets.

Analyzing the above results, we find that our proposed model performs well
on synthetic datasets for both centrality measures. While on real-world datasets,
the performance of our model is at par or lower compared to other approximation
methods. The top-k performance drop of our model on real-world datasets is higher
in the case of betweenness centrality than closeness centrality. There are two reasons
that can be attributed to these performance characteristics:

(1) In our model training, the loss function does not include a scheme to provide
higher weights to high-ranking nodes and calculates pairwise ranking loss for
the nodes as a learning measure.

(2) For training on synthetic graph datasets, we could generate a training set
by creating distinct graphs with similar graph structural properties, and our
model achieves good testing performance. However, for real-world datasets,

55



CHAPTER 4. NODE RANKING

it is challenging to generate a training set. Hence, we train our model on
the synthetic scale-free graph dataset and inference on all real-world dataset
graphs. As the training dataset is significantly different from the real-world
testing dataset and may not share the same graph structural properties, the
performance on all test datasets may not be optimal.

Model training with real-world datasets

In previous section, we observed that our proposed model does not perform well for
predicting top-k ranking on many real-world datasets. This effect is more pronounced
with betweenness centrality. To identify the primary reason for worse performance,
we switch the training dataset from a synthetic graph dataset to a real-world graph
dataset. For each real-world dataset, we create new graphs derived from the orig-
inal graph by modifying its structure. We use the graph-randomization procedure
proposed by [Gkantsidis, Mihail, and Zegura 2003] and implemented in NetworKit
[Staudt, Sazonovs, and Meyerhenke 2016]. In this procedure, two edges are selected
uniformly at random and nodes are interchanged. This step can be repeated multiple
times and is set as a hyper-parameter.

For our experiment, we selected 10% of the total number of edges for each dataset
and generated 10 different randomized graphs. For Wiki-Vote, P2p-Gnutellad1, Soc-
Slashdot, and Email-EuAll datasets, we generated 50 training samples from each
graph by permuting the node sequence and created 500 training samples. For Ego-
Gplus, Web-Google, and Wiki-Talk datasets, due to system memory constraints, we
generated 10 training samples from each graph and created 100 training samples. As
GNN-Bet shows significant drop in top-k performance, we focused our experiment
on the betweenness centrality case. We trained the model for each real-world dataset
with training samples from the derived graph and measured test dataset performance
for top-100, top-1%, top-2%, and top-3% NDCG ranking scores.

Table 4.13 shows the comparison of NDCG scores of GNN-Bet when trained
on synthetic graph dataset versus real-world graph dataset. We observe significant
improvements in NDCG score values for all datasets, especially for datasets with
larger training sample sizes. These results show that if our proposed model is trained
on graph datasets similar to the test graphs, our model can perform quite well on
the top-k ranking task.

4.4.9 Discussion

The experimental results in Section 4.4.3, 4.4.4 & 4.4.5 show our GNN based ap-
proach to node ranking in graphs is highly performant and robust. However, like all
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Table 4.8: NDCG Score comparison between GS and GNN-Bet of top-k nodes for

betweenness centrality.

Dataset GS
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.995 0.997 0.993 0.994 0.993 0.994
P2p-Gnutella31 0.973 0.980 0.980 0.982 0.985 0.987
Soc-Epinions 0.984 0.985 0.985 0.985 0.985 0.984
Soc-Slashdot 0.978 0.982 0.983 0.982 0.982 0.981
Ego-Gplus 0.993 0.992 0.992 0.990 0.989 0.990
Email-EuAll 0.983 0.992 0.993 0.993 0.993 0.993
‘Web-Google 0.994 0.989 0.989 0.988 0.988 0.988
Wiki-Talk 0.986 0.987 0.985 0.987 0.989 0.991

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.976+0.0102  0.97940.0083 0.981£0.0069 0.982+£0.0062 0.98440.0056 0.98640.0047
0.986+0.0149 0.9874+0.0133 0.987+0.0134 0.986+0.0133 0.98540.0132 0.986+0.0132
0.883+0.0421 0.88840.0357 0.888+0.0319 0.88940.0294 0.89040.0279 0.893£0.0277

Dataset GNN-Bet
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.945 0.951 0.952 0.959 0.964 0.976
P2p-Gnutella31 0.901 0.934 0.947 0.953 0.959 0.967
Soc-Epinions 0.660 0.716 0.751 0.782 0.823 0.873
Soc-Slashdot 0.764 0.862 0.900 0.919 0.934 0.950
Ego-Gplus 0.408 0.488 0.563 0.606 0.649 0.700
Email-EuAll 0.694 0.831 0.841 0.852 0.867 0.868
‘Web-Google 0.611 0.609 0.652 0.684 0.726 0.788
Wiki-Talk 0.605 0.755 0.765 0.770 0.782 0.807

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.981£0.0192 0.98440.0166 0.986£0.0151 0.98740.0140 0.98840.0120 0.990+£0.0095
0.935+£0.0770  0.94540.0555 0.951+£0.0452 0.95440.0409 0.95940.0342 0.969+0.0266
0.981£0.0075 0.98640.0048 0.988+0.0042 0.98940.0040 0.99240.0033 0.993+£0.0028
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Table 4.9: NDCG Score comparison between RK and GNN-Bet of top-k nodes for
betweenness centrality.

Dataset RK
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.999 0.999 0.999 0.999 0.999 0.999
P2p-Gnutella31 0.998 0.997 0.996 0.995 0.995 0.995
Soc-Epinions 0.999 0.999 0.988 0.998 0.998 0.997
Soc-Slashdot 0.999 0.999 0.998 0.998 0.997 0.996
Ego-Gplus 0.999 0.999 0.999 0.998 0.997 0.996
Email-EuAll 0.999 0.998 0.997 0.997 0.997 0.997
‘Web-Google 0.998 0.971 0.956 0.950 0.945 0.918
Wiki-Talk 0.961 0.861 0.852 0.852 0.854 0.859

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.96940.0269 0.97240.0249 0.973£0.0230 0.974+£0.0221 0.97540.0215 0.97740.0199
0.99940.0003  0.9984+0.0004 0.997+£0.0007 0.997+0.0006 0.99640.0009 0.997+0.0006
0.607£0.2459 0.61340.2220 0.605£0.2265 0.607+£0.2241 0.61940.2150 0.632£0.2046

Dataset GNN-Bet
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.945 0.951 0.952 0.959 0.964 0.976
P2p-Gnutella31 0.901 0.934 0.947 0.953 0.959 0.967
Soc-Epinions 0.660 0.716 0.751 0.782 0.823 0.873
Soc-Slashdot 0.764 0.862 0.900 0.919 0.934 0.950
Ego-Gplus 0.408 0.488 0.563 0.606 0.649 0.700
Email-EuAll 0.694 0.831 0.841 0.852 0.867 0.868
‘Web-Google 0.611 0.609 0.652 0.684 0.726 0.788
Wiki-Talk 0.605 0.755 0.765 0.770 0.782 0.807

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.981£0.0192 0.98440.0166 0.986£0.0151 0.987+0.0140 0.98840.0120 0.990+£0.0095
0.935£0.0770  0.94540.0555 0.951+£0.0452 0.95440.0409 0.95940.0342 0.969+0.0266
0.981£0.0075 0.9864+0.0048 0.988+0.0042 0.98940.0040 0.99240.0033 0.993+£0.0028
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Table 4.10: NDCG Score comparison between BN and GNN-Bet of top-k nodes for

betweenness centrality.

Dataset BN
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.998 0.996 0.996 0.995 0.995 0.995
P2p-Gnutella31 0.984 0.975 0.972 0.972 0.971 0.970
Soc-Epinions 0.998 0.995 0.993 0.991 0.988 0.984
Soc-Slashdot 0.997 0.993 0.993 0.989 0.986 0.983
Ego-Gplus 0.998 0.994 0.991 0.990 0.987 0.983
Email-EuAll 0.993 0.987 0.986 0.985 0.986 0.986
‘Web-Google 0.999 0.990 0.985 0.981 0.977 0.971
Wiki-Talk 0.966 0.921 0.911 0.911 0.912 0.915

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.85240.1181 0.86740.0994 0.873£0.0945 0.877%0.0908 0.88140.0869 0.892+0.0796
0.99440.0022 0.98640.0033 0.984+0.0045 0.98240.0038 0.98340.0035 0.988+0.0024
0.323£0.1489  0.342+0.1457 0.337£0.1356 0.346£0.1351 0.371£0.1411 0.392£0.1184

Dataset GNN-Bet
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.945 0.951 0.952 0.959 0.964 0.976
P2p-Gnutella31 0.901 0.934 0.947 0.953 0.959 0.967
Soc-Epinions 0.660 0.716 0.751 0.782 0.823 0.873
Soc-Slashdot 0.764 0.862 0.900 0.919 0.934 0.950
Ego-Gplus 0.408 0.488 0.563 0.606 0.649 0.700
Email-EuAll 0.694 0.831 0.841 0.852 0.867 0.868
‘Web-Google 0.611 0.609 0.652 0.684 0.726 0.788
Wiki-Talk 0.605 0.755 0.765 0.770 0.782 0.807

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.981£0.0192 0.98440.0166 0.986£0.0151 0.98740.0140 0.98840.0120 0.990+£0.0095
0.935+£0.0770  0.94540.0555 0.951+£0.0452 0.95440.0409 0.95940.0342 0.969+0.0266
0.981£0.0075 0.98640.0048 0.988+0.0042 0.98940.0040 0.99240.0033 0.993+£0.0028
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Table 4.11: NDCG Score comparison between OC and GNN-Close of top-k nodes
for closeness centrality.

Dataset 0c
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

‘Wiki-Vote 0.986 0.983 0.988 0.987 0.990 0.994
P2p-Gnutella3l 0.985 0.990 0.993 0.994 0.995 0.997
Soc-Epinions 0.992 0.995 0.996 0.996 0.997 0.999
Soc-Slashdot 0.993 0.996 0.998 0.998 0.999 0.999
Ego-Gplus 0.992 0.996 0.997 0.997 0.998 0.999
Email-EuAll 0.983 0.988 0.991 0.986 0.988 0.991
‘Web-Google 0.998 0.998 0.998 0.997 0.998 0.998
‘Wiki-Talk 0.996 0.999 0.999 0.999 0.999 1.000

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.941£0.0587 0.970£0.0274 0.978£0.0183 0.982£0.0137 0.98640.0096 0.991+0.0052
0.848+0.0715 0.928£0.0401 0.950£0.0296 0.959£0.0261 0..966£0.0210 0.977£0.0125
0.698+£0.2714 0.712£0.2687 0.746+0.2321 0.759£0.2162 0.79540.1783 0.800+0.1886

Dataset

‘Wiki-Vote
P2p-Gnutella31
Soc-Epinions
Soc-Slashdot
Ego-Gplus
Email-EuAll
‘Web-Google
Wiki-Talk

GNN-Close
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%
0.972 0.977 0.976 0.973 0.978 0.983
0.965 0.968 0.974 0.977 0.982 0.989
0.921 0.939 0.953 0.960 0.969 0.979
0.982 0.985 0.990 0.991 0.992 0.993
0.714 0.760 0.809 0.844 0.882 0.929
0.971 0.983 0.979 0.974 0.974 0.980
0.476 0.775 0.807 0.826 0.843 0.877
0.579 0.845 0.860 0.869 0.883 0.914

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.973+0.0232  0.97940.0018 0.980£0.0169 0.981+£0.0168 0.9834+0.0161 0.98540.0148
0.94840.0386 0.967+0.0143 0.970+£0.0108 0.9724+0.0108 0.9724+0.0125 0.978+0.0075
0.992+0.0014  0.99540.0009  0.995+£0.0008 0.996+0.0008 0.99740.0007 0.997£0.0007

60




CHAPTER 4.

NODE RANKING

Table 4.12: NDCG Score comparison between CD and GNN-Close of top-k nodes
for closeness centrality.

Dataset CD
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

‘Wiki-Vote 0.001 0.001 0.001 0.001 0.001 0.001
P2p-Gnutella31 0.001 0.001 0.001 0.013 0.362 0.649
Soc-Epinions 0.000 0.000 0.000 0.000 0.000 0.451
Soc-Slashdot 0.000 0.000 0.000 0.000 0.000 0.132
Ego-Gplus 0.000 0.000 0.000 0.195 0.483 0.717
Email-EuAll 0.000 0.000 0.000 0.000 0.000 0.000
‘Web-Google 0.000 0.000 0.000 0.000 0.000 0.000
‘Wiki-Talk 0.000 0.175 0.561 0.692 0.802 0.896

Synthetic-ER
Synthetic-SF
Synthetic-GRP

0.406+0.4577  0.50540.4630  0.5264+0.4733 0.546+0.4655 0.619£0.4150 0.68940.3930
0.001£0.0006  0.0015£0.0007  0.00240.0007  0.00240.0007 0.002£0.0007  0.00240.0008
0.002£0.0031  0.00440.0045 0.0044-0.0054 0.00540.0060 0.006£0.0071 0.00840.0090

Dataset GNN-Close
Top-100 Top 1% Top 2% Top 3% Top 5% Top 10%

Wiki-Vote 0.972 0.977 0.976 0.973 0.978 0.983
P2p-Gnutella31 0.965 0.968 0.974 0.977 0.982 0.989
Soc-Epinions 0.921 0.939 0.953 0.960 0.969 0.979
Soc-Slashdot 0.982 0.985 0.990 0.991 0.992 0.993
Ego-Gplus 0.714 0.760 0.809 0.844 0.882 0.929
Email-EuAll 0.971 0.983 0.979 0.974 0.974 0.980
Web-Google 0.476 0.775 0.807 0.826 0.843 0.877
‘Wiki-Talk 0.579 0.845 0.860 0.869 0.883 0.914
Synthetic-ER 0.97340.0232 0.979£0.0018 0.980+0.0169 0.98140.0168 0.983+0.0161 0.985+0.0148

Synthetic-SF
Synthetic-GRP

0.948+0.0386 0.9674+0.0143 0.970£0.0108 0.972+0.0108 0.9724+0.0125 0.978+0.0075
0.9924+0.0014  0.99540.0009 0.995£0.0008 0.996£0.0008 0.9974+0.0007 0.99740.0007
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Table 4.13: NDCG Score for top-k nodes for GNN-Bet when trained on synthetic
graph datasets and derived real-world graph datasets.

.. GNN-Bet
Dataset Training data Top-100 Top 1% Top 2% Top 3%
- Synthetic 0.945 0.951 0.952 0.959
Wiki-Vote Derived 0.966  0.971  0.968  0.972
e s 11-a+ | Synthetic | 0901  0.934 0947 0953 |
ee-enuteldl  paived | 0.008 0939 0951  0.955 |
Soc-Epini Synthetic 0.660 0.716 0.751 0.782
OTTPERR [ Derived | 0.877 0940  0.956  0.962 |
Synthetic 0.764 0.862 0.900 0.919
SoeSlashdot I perived | 0.920 0965 0973 0976 |
Eeo-Gplus Synthetic 0.408 0.488 0.563 0.606
SRR [ Derived | 0.866 _ 0.870  0.888  0.894 |
. Synthetic 0.694 0.831 0.841 0.852
Email-EuAll Derived 0.846  0.941  0.946  0.954
<crv o~ 1| Synthetic | 0.611 0609  0.652  0.684 |
Web-Google I Daived | 056 0.T60 .79  0.816 |
s Synthetic 0.605 0.755 0.765 0.770
Wiki-Talk Derived 0.857  0.907  0.908  0.909

other neural network based methods, they do require some hyper-parameters that
need to be set to get the best out of the model. With ablation experiments, we
see that the model’s performance is relatively stable with various combinations of
parameters. Thus it does not require extensive hyper-parameter tuning. In Ap-
pendix A.2, we briefly discuss about oversmoothing in GNNs and our observations
with respect to the proposed model. For betweenness and closeness approximations,
we have set the number of layers in our model to four and seven respectively for all
graph datasets to compare results on a single model. Nevertheless, the number of
layers can be chosen based on the structure and diameter of the target graph.

Even though the models are trained on synthetic scale-free graphs, tests on real-
world graph datasets show good approximation accuracy. This implies that the
proposed model is inductive in nature and has the ability to learn on one set of graphs
and predict node ranking scores on others. Furthermore, the model is invariant to
the node sequence in the adjacency matrix, providing the additional benefit of having
no constraint of ordering the nodes to any specific sequence in graphs.

With almost all deep learning models, even though training time may vary, usu-
ally their inference time is really small. Another advantage of neural network models
is to take advantage of high-performance GPUs for faster calculations. Our proposed
model has the advantage of small training time as well as inference time.
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As shown in results, our proposed frameworks are able to perform really well on
different types of graphs. However, since the model training is based on ranking loss
function where gradients rely on differences in score values. Therefore, it is possible
that if the given graph has lots of nodes with similar (or same) centrality values,
the model may not be able to distinguish the ranking of nodes and may not perform
very well.

4.5 Related Work

In previous sections, we have shown the viability of neural network based approach
for approximating betweenness and closeness centrality of nodes in the graphs. Our
proposed model provides a new way to approach the problem and adds to the tool-
set in addition to algorithmic based approaches. In this section, we provide a brief
summary of current related works on betweenness and closeness centrality approx-
imation methods and various applications of neural networks on graph-structured
data.

4.5.1 Betweenness Centrality

Intuitively, we have to find all the shortest paths between all pairs of nodes to cal-
culate betweenness. Brandes[Brandes 2001] improves upon the naive algorithm by
proposing to generate directed acyclic graph (DAG) starting from each node v € V/
using BFS and aggregating the contributions of nodes on paths in DAG for all nodes.
Calculating exact betweenness centrality value for nodes is computationally expen-
sive and has a time complexity of ©(|V'||E|). Hence it is prohibitive for large graphs.
Two different approaches have been taken to tackle the problem of high computation
time. The first approach is to adapt the betweenness centrality algorithm for dis-
tributed computation. Recently many algorithms[Edmonds, Hoefler, and Lumsdaine
2010; Hoang et al. 2019; Crescenzi, Fraigniaud, and Paz 2020] have been proposed
which extend the computation from a single machine to a cluster of high perfor-
mance machines. This approach reduces the computation time significantly for large
graphs. However, access to such computation resources is rather limited. The second
approach is to rely on approximation methods.

In most of the cases, we do not require an exact calculation of rankings of nodes,
so an approximation is sufficient for tasks in hand. Many algorithms have been
proposed. Brandes and Pich [Brandes and Pich 2007] proposed an algorithm by tak-
ing a subset of k£ starting nodes (pivots) rather than all the nodes. Selecting these
pivots uniformly at random and with £ << N where N is the number of nodes
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and betweenness centrality values are extrapolated in the graph. Unfortunately,
this method produces large overestimates for unimportant nodes that happen to be
near the pivot. Geisberger et al. [Geisberger, Sanders, and Schultes 2008] solve the
problem of overestimation by changing the scheme of aggregation of betweenness
contributions so that the nodes near pivot do not get extra contributions. To limit
the bias, they introduce a scaling function, which gives less importance to contribu-
tions from the pivots that are close to the node. Since this algorithm works with
random sampling of nodes (pivots), as the number of samples increases, approxima-
tion accuracy also increases. Although a higher number of samples also cause higher
computation overhead of calculating more shortest paths in the graph.

Riondato et al.[Riondato and Kornaropoulos 2016] takes a different approach
while providing a theoretical guarantee. The idea is to sample a set of r shortest paths
between randomly sampled source-target pairs (s,t). Then the algorithm computes
the approximated betweenness centrality of a given node v as the fraction of sampled
paths that v is internal to, by adding % to the node’s score for each of these paths.
Borassi et al.[Borassi and Natale 2019] provide a new adaptive sampling technique
for sampling shortest paths, which provides a faster computation of betweenness
within a given absolute error.

While finalizing this manuscript, we became aware that Fan et al. [Fan et al.
2019a] have also concurrently proposed a GNN based method for approximation of
betweenness centrality. There are several significant differences from our work. First,
their method is limited to undirected graphs, while ours is proposed for the more
general case of directed graphs. Second, their method is limited to betweenness
centrality in static graphs while our model is more flexible and is able to handle both
betweenness and closeness centrality in both static and dynamic graphs. Third, their
method is proposed for identifying top-N high betweenness nodes while our model is
able to make a complete ranking of all the nodes in a graph. Due to these constraints,
we do not compare to this work[Fan et al. 2019a] in our paper.

In addition to the regular graphs, the concept of betweenness centrality has been
applied to directed hypergraphs[Ausiello and Laura 2017], where relations (also called
hyper-edges) are defined from a set of source nodes to a single target node. [Lee and
Kim 2020] proposes a new measure called Participation-based Between Centrality
(PBC) for a special case of directed hypergraphs called B-hypergraphs and provides
an exact and approximate method for calculation of PBC.
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4.5.2 Closeness Centrality

To approximate the closeness centrality Eppstein et al.[Eppstein and Wang 2001] and
Okamoto et al.[Okamoto, Chen, and Li 2008] proposed algorithm based on sampling
k nodes from the graph. However, these algorithms are not optimal when distance
distribution of sampled nodes with other nodes is heavy-tailed. Cohen et al. [Cohen
et al. 2014] provided an improved algorithm with a hybrid approach of sampling and
pivoting. For directed graphs, there are two variations of closeness centrality based
on the direction of paths. One is incoming closeness centrality for paths incoming to
the node and outgoing closeness centrality for paths going away from the given node
to other nodes. In this thesis, we have focused on outgoing closeness centrality as it
is more meaningful in terms of node importance to spread information.

4.5.3 Centrality for Dynamic Graphs

In the real world, node interactions and the level of activity of nodes change all the
time. Some nodes and edges can disappear and new nodes and edges can appear
with time. There is some research on updating betweenness centrality of nodes
in dynamic graphs. A naive way is to recompute from scratch, which is however
computationally expensive. Many dynamic algorithms|Green, McColl, and Bader
2012; Kas et al. 2013; Lee et al. 2012; Kourtellis, Morales, and Bonchi 2016] have
been proposed which avoid recomputation by maintaining data structure based on
original graph structure and update it as the structure changes. These algorithms
have faster updates compared to Brandes’s exact algorithm. However, they are not
scalable as they require a huge amount of memory o(n?) to store the data structures.

Bergamini et al. [Bergamini, Meyerhenke, and Staudt 2014] proposed a method
to approximate the dynamic centrality of nodes with the insertion of edges. This
method is based on Riondato et al.[Riondato and Kornaropoulos 2016], although the
proposed method does not support the removal of edges. Hayashi et al.[Hayashi, Ak-
iba, and Yoshida 2015] propose a new method based on the data structure named hy-
pergraph sketch, which is used to represent the shortest paths between nodes sampled
randomly. Their proposed method supports both nodes and edges addition/removal
operations.

4.5.4 Graph Neural Networks

Due to an abundance of graph-structured data, many graph-centric neural network
models have been proposed. These GNNs have been designed to solve multitude
of problems like node classification|[Kipf and Welling 2017; Velickovic et al. 2018b;
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Velickovic et al. 2018a], graph classification[Ying et al. 2018b][Zhang et al. 2018],
link prediction[Ying et al. 2018a; Berg, Kipf, and Welling 2017], prediction of molec-
ular properties|Gilmer et al. 2017], functional analysis of brain[Parisot et al. 2017;
Rakhimberdina and Murata 2020], synthesize chemical compounds[Li et al. 2018;
Cao and Kipf 2018] and so on.

All of these GNN frameworks utilize node or edge feature aggregation scheme
guided by the structure of the graph[Wu et al. 2019b; Zhou et al. 2019]. In addition
to the simple summation for node features as described in this paper, Hamilton et
al.[Hamilton, Ying, and Leskovec 2017] have proposed aggregation based on LSTM
and max-pooling operation of randomly sampled neighbors. Earlier proposed GNN
models were transductive in nature, in other words the models can only be trained
and tested on the same graph[Kipf and Welling 2017; Defferrard, Bresson, and Van-
dergheynst 2016; Defferrard, Bresson, and Vandergheynst 2016]. However, there have
been many emerging works, which are inductive by construction[Hamilton, Ying, and
Leskovec 2017; Chen, Ma, and Xiao 2018; Velickovic et al. 2018a]. The models can
be trained on one set of graphs and tested on another set of graphs. Recent works
are now delving deeper into the working of GNNs from a theoretical perspective,
exploring their learning capacity[Corso et al. 2020] and expressiveness with respect
to graph isomorphism heuristic algorithms[Xu et al. 2019; Maron et al. 2019; Morris
et al. 2018].

4.6 Conclusion

In this paper, we propose a novel approach to solve the betweenness and closeness
approximation problem in graphs using GNN. Using the constrained message passing
scheme, we train graph neural network model to output ranking scores for nodes in
correlation with betweenness and closeness centrality values. We compare the per-
formance of the model with other state of the art approximation techniques and the
experimental results show better performance of our model while taking significantly
less time.

For future works, possibilities can be explored to extend the neural network frame-
work to other centrality measures. Graphs based on real-world data often accompany
explicit node/edge feature information. Current graph centrality measures lack in
utilizing this additional information in ranking nodes as they are solely based on
the structure of the graph. However, GNN based models can easily incorporate any
additional data for learning. There is a potential to find new ways to rank nodes
based on the graph structure of data and node/edge external features, which explains
real-world interactions more consistently.
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Chapter 5

Node Classification

5.1 Introduction

One of the popular applications of GNN is the node classification task, where a
GNN model learns to predict unknown labels of the nodes based on similarity or
dissimilarity to the nodes for which labels are known. Early GNN models such as
Graph Convolutional Network (GCN) [Kipf and Welling 2017] use simple feature
aggregation schemes. Since then, researchers have incorporated many techniques
from deep learning literature and proposed numerous GNN variants [Wu et al. 2019b]
to address various shortcomings in GNN model training and to improve the prediction
capabilities. Some of the techniques used in these variants include neighbor sampling
[Hamilton, Ying, and Leskovec 2017; Chen, Ma, and Xiao 2018], attention mechanism
[Velickovic et al. 2018b], use of Personalized PageRank matrix instead of adjacency
matrix [Klicpera, Bojchevski, and Giinnemann 2018], leveraging proximity in feature
space [Jin et al. 2021] and simplified model design [Wu et al. 2019a]. Also, there has
been an increasing trend in making the models deeper by stacking more layers and
using the residual connections to improve the expressiveness of the model [Rong et al.
2020; Chen et al. 2020]. For example, GCNII [Chen et al. 2020] incorporates up to
64 layers with scaled residual weights. However, most of these models by design are
more suitable for homophily datasets, where nodes that are linked to each other are
more likely to belong to the same class. As a result, these GNNs may not perform well
with heterophily datasets, which are more likely to have nodes with different labels
connected together. This problem was highlighted by Zhu et al. [Zhu et al. 2020]
and the authors proposed node’s ego-embedding and neighbor-embedding separation
to improve performance on heterophily datasets. Other recent works approach this
problem in different manner e.g, [Zhu et al. 2021] utilizes belief propagation, [Bo
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et al. 2021] uses adaptive gating on edges etc.

With increasing complexity in GNN architecture design, it becomes challenging
to analyze GNN models and determine which components contribute more to the
model’s performance over a specific prediction task. In this work, we study the
problem of node classification using GNN and approach it using feature importance
and feature selection perspective. With results from extensive experiments, we show
that input features often contain noisy components, and minimizing their effects dur-
ing learning can improve prediction performance even with a simple neural network
model. This also highlights that with simple feature-centric approach, use of com-
plex and deep GNN models is often unnecessary. Based on our analysis, we propose
a simple GNN model to improve prediction accuracy in the node classification task.
Our Contributions

e We run extensive experiments on multiple node classification benchmark datasets
and show that aggregated features generated in GNNs have noisy components.
In addition, feature selection is an essential requirement for higher prediction
accuracy.

e We experimentally confirm the feature generation requirements for homophily
and heterophily graphs.

e We propose a simple 2-layered GNN model, “FSGNN”, which incorporates a
“soft-selection” mechanism to learn the importance of features during training
of the model.

e Our proposed model empirically outperforms other state-of-art (SOTA) GNN
models (both shallow and deep) and achieves up to 51.1% higher node classi-
fication accuracy.

The rest of the chapter is organized as follows: Section 5.2 outlines node classifi-
cation task and formulation of graph neural networks. In Section 5.3, we explore the
importance of features by running extensive experiments and present our observa-
tions. Based on our experimental observations, in Section 5.4, we propose our GNN
model FSGNN. In Section 5.5, we briefly introduce relevant GNN literature. Sec-
tion 5.6 contains the experimental details and comparison with other GNN models.
In Section 5.7, we present our results and empirically analyze our proposed design
strategies and their effect on the model’s performance. Section 5.8 summarizes the

paper.
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Figure 5.1: (a) Each node has a d-dimensional feature vector and aggregates the
features from its neighbors. (b) After aggregation step, each node gets an updated
aggregated feature vector with neighborhood information.

5.2 Preliminaries

5.2.1 Node Classification

The rapid advancement of technologies has enabled us to capture and store a tremen-
dous amount of data. However, often this data is noisy and incomplete. For exam-
ple, in social networks, users may not provide all profile related information like
their geographical location, hobbies, interests, political inclination etc. These data
attributes can be considered as labels associated with the users [Bhagat, Cormode,
and Muthukrishnan 2011]. The labels for users can be described in many ways, for
example, labels based on gender, interests, hobbies, locations, etc. By predicting
these labels, online platforms can help users by suggesting them new friends with
similar profiles or recommending them new products through advertisement systems.
Considering a social network as a graph with nodes as users and friendship between
users as edges, only a subset of nodes are labeled. Node classification is the method
to classify /group all nodes based on their likely labels.

Definition 1. For given graph G = (V, E) with subset of nodes V, C V that are
labeled, and V,, = V\Vy is the set of unlabeled nodes. Let Y be the set of m possible
labels, and Yy = {y1, Y2, - - - ye } be the known labels of nodes of V. Node classification
is the task to infer labels Y for all nodes in the graph.

One approach to solve this problem is to utilize human experts to label the
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nodes. However, this approach does not scale with large-sized graphs with hundreds
of thousands to millions of nodes. Hence, researchers have approached this problem
using computational based learning approaches. These approaches take advantage
of the fact that nodes with the same labels would often share common attributes.

Learning on graph data often requires transforming the data into appropriate for-
mats. Graph is represented as an adjacency matrix or a laplacian matrix. Attribute
information pertaining to the nodes or edges is often stored in a real-valued vector
representation. For example, for a node representing a user in a social network,
the attributes from the user’s profile are encoded in numeric form. Each index of
the vector represents an individual attribute. Each node has a d-dimensional vector
representation, also known as node feature vector, encoding all node attribute infor-
mation (Figure 5.1). X € R™ is node feature matrix containing feature vectors of
all nodes. For the node classification problem, A and X are main input for learning
algorithms.

5.2.2 Homophily and Heterophily

Homophily or heterophily in a graph describes similarity or dissimilarity of attributes
of connected nodes [McPherson, Smith-Lovin, and Cook 2001; Zhu et al. 2020]. A
graph is said to have high homophily when most edges connect nodes with similar
attributes or same labels. Conversely, a graph has high heterophily if most edges
connect nodes with dissimilar attributes or different labels (Figure 5.2). One example
of homophily is social networks where users with common attributes like geography,
interests, political affiliations etc. are friends with each other. An example of het-
erophily in graphs is some dating networks where a user connects to other users of
the opposite gender.

One way to measure homophily /heterophily in graph is through edge homophily
ratio (%) [Zhu et al. 2020; Zhu et al. 2021]. It is defined as a fraction of the number
of edges with both nodes having same labels to the total number of edges in the
graph.

H(Uhvj) : (Uiavj) €eENy = ?JJ}’
|E|

Graphs with strong homophily has high edge homophily ratio, Z — 1, while
graphs with strong heterophily has small edge homophily ratio, Z — 0. Real-world
datasets often show varying level of edge homophily ratio. Table 5.2 shows homophily
ratio of some standard graph datasets.

5 —

(5.1)
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Graph with strong homophily Graph with strong heterophily

Figure 5.2: Graph with strong homophily have nodes with similar attributes or labels
connected together. In case of graphs with strong heterophily, nodes with dissimilar
attributes or labels are connected to each other.

As the node classification task requires identifying similarities between node at-
tributes, the study of homophily and heterophily properties in the data helps to
guide the design of the GNNs. In the next section, we provide more details on the
basic architecture design of the GNN model.

5.2.3 Graph Neural Networks

Graph Neural Networks (GNNs) are a class of neural network models specifically
designed to learn on graph-structured data. GNNs learn to map high dimensional
graph data to low dimensional node representations, which are then used for predic-
tions on various downstream tasks. Nodes with similar input features are embedded
closer to each other in the embedding vector space, while dissimilar nodes have a
greater distance between them (Figure 5.4).

Hop-Feature Generation

One of the primary operations of GNN is feature aggregation. In the feature aggrega-
tion step, each node combines the features of its neighbors (Figure 5.1). The number
of aggregation steps corresponds to the number of hops a neighbor node is from the
source node for feature aggregation. For example, three aggregation steps correspond
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to the node aggregating features of neighboring nodes lying at up to 3-hop distance
from the node in the graph. Sharing of feature information among neighbors helps to
define common neighborhood properties, which in turn helps GNN models to learn
and predict effectively.

Feature aggregation step is calculated by matrix multiplication of adjacency ma-
trix with node feature matrix. For K-step aggregation, aggregated features are
calculated as A*X € R™4 k € (1---K). Hence, with multiple aggregation steps,
each node gets an additional feature information vector corresponding to the neigh-
borhood at each hop.

Layer design

GNNs leverage feature propagation mechanism [Gilmer et al. 2017] to aggregate
neighborhood information of a node and use non-linear transformation with trainable
weight matrix to get the final embeddings for the nodes. Conventionally, a simple
GNN layer is defined as

HY = g (A, HOW ) (5.2)

where flsym = D 3AD 5 is a symmetric normalized adjacency matrix with added
self-loops. H® represents features from the previous layer, W denotes the learnable
weight matrix, and o is a non-linear activation function, which is usually ReLLU in
most implementations of GNNs. However, this formulation is suitable for homophily
datasets as features are cumulatively aggregated, i.e. node’s own features are added
together with neighbor’s features. The cumulative aggregation of node’s self-features
with that of neighbors reinforces the signal corresponding to the label and helps to
improve accuracy of the predictions. On the other hand, in the case of heterophily,
nodes are assumed to have dissimilar features and labels to their neighbors. For het-
erophily datasets, H2GCN [Zhu et al. 2020] proposes to separate features of neighbors
from node’s own features, thus avoiding aggregation of dissimilar features. So we use
the following formulation for the GNN layer,

HY = (A HOW ) (5.3)

where Ay, = D 2AD" 3 is symmetric normalized adjacency matrix without added
self-loops. Figure 5.3 shows difference between no-loop and self-looped aggregation.
To combine features from multiple hops, concatenation operator can be used before
the final layer.

One of the popular example of GNN is Graph Convolutional Network (GCN)
[Kipf and Welling 2017]. GCN is a two-layered GNN model with layer design based
on Equation 5.2. Formulation of GCN model is defined as,
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7 = Ao (A XWO) @ (5.4)

GOCN aggregates the features of two hops of neighbors and outputs Z. Softmax
function is applied row-wise , and cross-entropy error is calculated over all labeled
training examples. The gradients of loss are back-propagated through the GNN
layers. Once trained, the model can be used to predict labels of the nodes in the test
set.

5.2.4 Node Classification with GNNs

Node classification is an extensively studied graph based semi-supervised learning
problem. It encompasses training the GNN to predict unknown labels of nodes based
on the features and neighborhood structure of the nodes. GNN model is considered
as a function f(X, A) conditioned on node features X and adjacency matrix A. After
training the model, nodes with similar features and proximity in graph structure are
embedded closer to each other in vector space forming clusters as shown in Figure
5.4. Then, unknown labels of the nodes can be predicted based on distance from
labeled nodes in vector or embedding space.

For clarity, we provide an example of node classification using Cora, a real-world
benchmark dataset for node classification.

Example: Cora is a citation graph for machine learning papers. It has 2,708
nodes and 5,429 edges.

Nodes V: Each academic paper is denoted as a node.

FEdges E: An edge is defined when a paper cites another paper.

Node Labels Y : The papers are divided into seven classes based on the research
field of these papers. Labels for nodes in the training set are visible to the GNN
model. Once GNN 1is trained, predicted labels of the test set are compared with real
labels.

Node Features X: Node feature vector is bag of word representation of 1,433
distinct words [Sen et al. 2008; Zhu et al. 2020]. Each index contains 1 or 0 depending
upon the presence or absence of the word in the paper. Papers in the same field may
share common words related to the area. Hence, the nodes representing them will
have similar feature vectors.

In order to train a GNN model, the dataset is split into training, validation, and
test set. Labels of nodes in the training set are accessible to the GNN model during
training. Validation set is used to tune the hyper-parameters of the model. Once
the model is trained, labels of nodes in the test set are predicted using the model.
Predicted labels are compared with the real labels of the nodes and the accuracy
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Figure 5.3: No-loop (top) and Self-loop (bottom) aggregation of node features. No-
loop aggregation step does not combine the node’s features to neighbors’ as they are
dissimilar (heterophily). Self-looped aggregation step combines the node’s features
with neighbors’ as they share common attributes (homophily).
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GNN
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Figure 5.4: Figure shows a simple representation of graph neural network. Graph is
represented as adjacency matrix and along with node feature matrix is set as input
to GNN model. Preprocessing includes normalization of the adjacency matrix and
the node feature matrix. GNN models learns to map input node features to node
representations in embedding space. Colors of the nodes denote their class labels.

of prediction is calculated. Figure 5.5 shows the embedding plots of original node
features and learned node embeddings after training a GNN model (FSGNN) on the
Cora dataset. For initial node features (on left), we observe that distance between
intra-class nodes and inter-class nodes is not significant. On the other hand, for
learned node features, the inter-class distance is significantly higher and nodes of
same class form higher quality clusters. Thus, the model can predict unknown labels
of the nodes with higher accuracy.

5.2.5 Feature Generation in GNNs

As discussed in section 5.2.3, we can generate different features for the nodes cap-
turing homophilic and heterophilic properties in the graph by modifying the feature
aggregation step. The number of different features generated is dependent on the
number of hops of aggregation over neighbors. In addition, node features can also be
generated based on proximity in feature space or based on some other arbitrary cri-
terion. Feature generation steps can differ among GNNs based on their architecture.
Many GNN models have feature aggregation and representation learning combined
in single layer [Kipf and Welling 2017; Klicpera, Bojchevski, and Giinnemann 2018;
Chen et al. 2020], while in other models features can be precomputed beforehand
[Wu et al. 2019a; Frasca et al. 2020].

75



CHAPTER 5. NODE CLASSIFICATION

(a) (b)

Figure 5.5: Figure shows t-SNE embedding plots of the node features of Cora dataset.
Each node belongs to one of the seven classes represented by different colors. (a)
Plot of initial node features, (b) Plot of node embeddings learned after training GNN
model on the dataset.

5.2.6 Challenges with current GNNs

Following the progress in the deep learning field, there have been many recent ad-
vances in the design of GNNs. Recent works have proposed to make models deeper,
using residual connections, attention layers, scaling output of GNN layers and resid-
ual connections etc. However, these improvements also bring challenges of increased
complexity in GNN models. The new GNN models requires more number of hyper-
parameters that need to be tuned. Moreover, it also becomes difficult to analyze
which components of the model are contributing to the performance in prediction
tasks. These challenges make it harder for any practitioner to decide which GNN
model or architecture to use out of many when approaching a new problem or task.

In the next section, we reevaluate the problem of node classification and try to
simplify the approach to GNN model design. We explore the problem from the
perspective of feature selection and demonstrate that we can reduce the complexity
of the GNN model by using an appropriate feature selection strategy.

5.3 Feature Selection in Graph Neural Networks

On any given graph-structured data, a set of features can be generated for the nodes
(e.g. using Eq. (5.2) & (5.3)). The number of features depends on the problem in
hand, properties of the dataset, design choice of practitioner etc.

76



CHAPTER 5. NODE CLASSIFICATION

We assume a function,
g(X,A,K) — {Xl,XQ,...,Xl}

The function takes X € R™ ¢ as node features matrix, A as an adjacency matrix, K
as the power of the adjacency matrix or number of hops to propagate features and
outputs a set of [ node features.

With the increase in value of K, the node aggregates features of other nodes
that lie multiple hops away from it. Features of such nodes may not be similar or
correlated with that of the source node. Thus, some aggregated features may be
uninformative for learning over a task. Finding the best value of K can require some
experimental exploration, and often practitioner chooses K based on the task and
dataset.

In the node classification task, for given label distribution, only a subset of these
features are relevant to predict the label of the node. For example, a feature X; is
relevant to class O, if X; and C; are highly correlated|[Tang, Alelyani, and Liu 2014;
Li et al. 2017a; Chandrashekar and Sahin 2014]. Irrelevant or noisy features may not
correlate with target labels but can still affect the learning process.

In this section, we explore the importance of features generated by the aggregation
step at different hops. We run a series of extensive experiments to study how different
features affect predictions for graph neural networks in the node classification task.
Using these experiments, we aim to answer the following three questions:

Q.1 How useful are individual features generated from multi-step aggregation in
graph neural networks?

Q.2 What s the effect of training the model over all the features, and what are
the effects of different aggregator schemes?

Q.3 What is the impact of adding or removing features on the model’s perfor-
mance?

Exploring these questions provides a deeper understanding of how GNN models
can be designed to have better prediction capabilities.

5.3.1 Experiment Setting
Model Design

Conventionally, GNN models have feature propagation and transformation combined
into a single layer, and the layers are stacked together. This step makes it difficult to
distinguish the importance of the features and the role of MLP, and it becomes harder
to analyze their impact on the prediction results of the model. For our experiments,
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we decouple the feature generation step and representation learning over features
separately.

We use 2-layer neural network for our experiments. For the model design, instead
of a single input channel, we propose to have all these features as input in parallel.
Each feature is mapped to a separate linear layer. Hence the linear transformations
are uniquely learned for all input features. In addition, we use L2-normalization to
row-wise normalize the output of the linear layer. L2-normalization scales the node
embedding vectors to lie on the “unit sphere”. ReLU and Dropout are used for non-
linear transformation of hidden features and regularization respectively. In the case
of a single input feature matrix, hidden features are mapped to the final layer, and
in the case of multiple input features, all hidden features of the node are aggregated
and mapped to the final layer. We use two different aggregator schemes: sum and
concatenation, and compare the results.

Input Features

In our experiments, we consider node features of up to 3-hop neighbors (commonly
used setting) in the graph. As we analyze both heterophily and homophily properties
in a graph, we calculate both self-looped and no-loop features of the nodes. Hence, in-
cluding node’s own features, our feature set has total of 7 (14+2x3) different features
for the node X.op = {X, AX, (A+1)X, A%X, (A+1)*X, A3X, (A+1)*X}. To explore
the answers to the three questions defined earlier, we design three experiment set-
tings: Single feature, A1l _feature and Sub_feature. In Single_feature setting,
we use only one out of seven features to train the model, and results are compared
among all features. In this way, we analyze how informative each feature is for the la-
bel prediction of the nodes. In A11_feature setting, we train the model on all features
together and ascertain the model’s performance. In addition, we use two aggregation
schemes, i.e. sum and concatenation of hidden node features as they are commonly
used in GNN models. Please note that A11_feature with concatenate setting is sim-
ilar to the SIGN model[Frasca et al. 2020] as the model uses simple concatenation
of features. In Sub_feature setting, we train the model on all possible combina-
tions of the features in Xy, excluding the subsets already used in Single_feature
and A1l feature. Examples of such subset are {X, A?X, (A+1)3X} and {X, AX}.
Hence in this setting, we train the model on 119 different subsets of input features.
Using all combinations of feature matrices, we perform an explicit selection of feature
matrices. We report the result of the subset with the best accuracy. We use both
aggregator schemes in this case too.
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Datasets and Hyperparameters

We run experiments on nine different datasets with varying homophily and het-
erophily properties. More details on datasets and preprocessing are provided in Sec-
tion 5.6. For each input feature setting, we perform a search over 54 hyperparameter
combinations of learning rate, weight decay and dropout.

5.3.2 Analysis of results

Table 5.1 shows the mean node classification accuracy with different input features
for hidden dimension size of 64. We also include current state-of-the-art (SOTA)
results for a comparison with our results. We find many interesting observations as
follows:

Observation 1. We find that each hop features contribute differently to the pre-
diction performance of the model. Some hop features are more informative than the
others. For homophily datasets: Cora, Citeseer, and Pubmed self-looped features
have higher node classification accuracy. In many recent publications that have con-
sidered heterophily, there is often more emphasis on Texas, Wisconsin and Cornell
as good heterophily datasets, and Squirrel and Chameleon are considered to have
low-quality node features as heterophily datasets [Zhu et al. 2020]. However, we
observe that for Wisconsin, Texas, Cornell and Actor, the best features are node’s
own features, and features of the neighbors are not informative enough. In case of
Squirrel and Chameleon, we achieve best performance with node’s first hop no-loop
features. In these two datasets, node’s own features and self-looped features have a
low correlation with node’s labels. Hence, they are, in fact, very good representation
of heterophily datasets. These observations highlight the importance of using both
self-looped and no-looped adjacency matrices in GNNs for better generalization over
homophily and heterophily datasets respectively.

Based on our above observations, we postulate that the problem of homophily
and heterophily in graphs is a feature generation problem. With appropriate feature
generation measures, GNNs can learn on different types of graph datasets.
Observation 2. In All feature setting, we train the model on all features with
both concatenation and sum as aggregation operation. Our first observation is im-
proved performance compared to Single feature, which is natural as all features
in combination provide more information. Comparing the aggregator schemes, for
many datasets: Chameleon, Wisconsin, Texas, Cornell, and Squirrel sum opera-
tion has significantly lower accuracy compared to concatenation operation even with
higher dimension embeddings (Please refer to Table B.1 for additional results with
d=128 & 256). In this setting, we find concatenation operation overall provides
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better accuracy values compared with sum operation.
Observation 3. In Sub_feature setting, we find significant improvements in per-
formance of the model on all datasets compared to both Single feature setting
and All feature settings. This observation implies that among all features, there
are subsets of features that are more informative than others for better prediction
performance. In addition, other less informative features, if present in the input, can
act as noise and may lead to worse performance of the model. This leads to the idea
that feature selection is an important aspect of the design of graph neural networks.
By reducing the effect of less informative/noisy features, higher prediction accuracy
can be achieved even with a simple two-layered neural network. Over-smoothing
problem in GNNs is considered to be due to node features becoming less informa-
tive because of feature averaging over many hops. However, with a feature selection
mechanism, these uninformative features can be ignored. With these observations,
we postulate that graph learning and over-smoothing mitigation is a feature selec-
tion problem. With a good feature selection strategy, GNN model can provide good
prediction accuracy and eliminate the over-smoothing problem.

In addition, we find another interesting observation that in Sub_feature setting,
the difference in the performance of concatenation and sum aggregation operation is
reduced and is not as significant as observed with A1l feature setting.

5.4 Proposed Architecture

As discussed in Section 5.3.2 that feature selection is important to improve prediction
capability of the model. However, using Sub_Feature is not feasible for real-world
applications as the number of input feature combinations increase exponentially with
an increase in the number of hops, making it computationally expensive. Neverthe-
less, a GNN model can be designed to approximate feature selection strategy. When
all input features are provided, the model should be able learn to assign higher
weights to more relevant and informative features and actively reject features that
are not useful. To construct such a model, we propose to weight input features with
a single scalar value that is multiplied to each input feature matrix. We impose a
constraint on these scalar values by the softmax function as follows. Let «; be the
scalar value for the " feature matrix, then o; scales the magnitude of the features
as aiXiWi(O). Softmax function is used in deep learning as a non-linear normalizer,
and its output is often practically interpreted as probabilities. Before training, the
scalar values corresponding to each feature matrix are initialized with equal values,
and softmax is applied on these values. The resultant normalized values «; are then
multiplied with the input features, and the concatenation operator is applied. Con-
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sidering L number of input feature matrices X;, [ € {1.. L} , the formulation can be
described as,

L
HY = || arx, " (5.5)

=1

L : :
where >, oy =1 and || denotes concatenation operation.

While training, the scalar values of relevant features corresponding to the labels
increase towards 1 while others decrease towards 0. The features that are not useful
and represent more noise than signal have their magnitudes reduced with a corre-
sponding decrease in their scalar values. Since we are not using a binary selection of
features, we term this selection procedure as ”soft-selection” of features.

The formulation discussed above can be understood in two ways. As GNNs have
been represented with a polynomial filter,

go(P) =Y 6P (5.6)

where § € RE is a vector of polynomial coefficients and P can be adjacency matrix
[Kipf and Welling 2017; Chen et al. 2020; Chien et al. 2021], laplacian matrix [NT,
Maehara, and Murata 2020] or PageRank based matrix [Berberidis, Nikolakopou-
los, and Giannakis 2019]. As the polynomial coefficients are scalar parameters then
our scheme can be considered as applying regularization on these parameters using
the softmax function. The other way to look is to simply consider it as a weight-
ing scheme. The input features can be arbitrarily chosen, and instead of a scalar
weighting scheme, a more sophisticated scheme can be used.

For practical implementation since all weights are initialized as equal, they are
all set to 1. After normalizing with softmax function, the individual scalar values
become equal to 1/L. During training, these values change, denoting the importance
of the features. As the scalar values affect the magnitude of the features, they also
affect the gradients propagated back to the linear layer, which transforms the input
features. Hence it is important to have a unique weight matrix for each input feature
matrix.

Feature Selection Graph Neural Network

Combining the model designs formulated earlier, we propose a simple and shal-
low (2-layered) graph GNN model called Feature Selection Graph Neural Network
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Figure 5.6: Figure shows model diagram of FSGNN. Input features are generated
based on powers of A and A.

(FSGNN). Figure 5.6 shows the diagrammatic representation of our model. Input
features are precomputed using Ay, and flsym and transformed using a linear layer
unique to each feature matrix. L2-normalization is applied on the output activa-
tions of the first layer and weighted with scalar weights regularized by the softmax
function. Output features are then concatenated and non-linearly transformed using
ReLU and mapped to the second linear layer. Cross-entropy loss is calculated with
output logits of the second layer. The model can be represented as,

Z=0 (CONCATZ(aleWl(O))> o (5.7)

where CONCAT,,VI € {1 .. L}, X, are input features and o is ReLLU activation
function.

5.5 Related Work

GNNs have emerged as an indispensable tool to learn graph-centric data. Many
prediction tasks like node classification, link prediction, graph classification, etc.
[Defferrard, Bresson, and Vandergheynst 2016][Kipf and Welling 2017] introduced a
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simple end-to-end training framework using approximations of spectral graph con-
volutions. Since then, there has been efforts in the research community to improve
the performance of GNNs, and a variety of techniques have been introduced. Earlier
GNN frameworks utilized a fixed propagation scheme along all edges, which is not
always scalable for larger graphs. GraphSAGE[Hamilton, Ying, and Leskovec 2017]
and FastGCN[Chen, Ma, and Xiao 2018] introduce neighbor sampling approaches
in graph neural networks. GAT [Velickovic et al. 2018b] introduces the use of the
attention mechanism to provide weights to features that are aggregated from the
neighbors. APPNP [Klicpera, Bojchevski, and Giinnemann 2018], JK [Xu et al.
2018], Geom-GCN [Pei et al. 2020], SimP-GCN [Jin et al. 2021], and CPGNN [Zhu
et al. 2021] aim to improve the feature propagation scheme within layers of the
model. More recently, researchers are proposing to make GNN models deeper [Chen
et al. 2020; Li et al. 2021; Godwin et al. 2021]. However, deeper models suffer from
over-smoothing, where after stacking many GNN layers, features of the node become
indistinguishable from each other, and there is a drop in the performance of the
model. DropEdge [Rong et al. 2020] proposes to drop a certain number of edges
to reduce the speed of convergence of over-smoothing and relieves the information
loss. GOCNII [Chen et al. 2020] use residual connections and identity mapping in
GNN layers to enable deeper networks. RevGNN [Li et al. 2021] uses deep reversible
architectures and [Godwin et al. 2021] uses noise regularisation to train deep GNN
models.

Researchers find that traditional GNNs work well in homophily graphs but fail
to generalize to heterophily graphs. Several models propose to handle heterophily
properties in graph data: H2GCN [Zhu et al. 2020], CPGNN [Zhu et al. 2021],
TDGNN [Wang and Derr 2021], Geom-GCN [Pei et al. 2020], and GPRGNN [Chien
et al. 2021]. However, a recent work [Ma et al. 2021] reveals that GCNs can achieve
strong performance on heterophily graphs under certain conditions.

Similar to our work, the idea of decoupling feature generation and represen-
tation learning has been adopted by several existing works, such as SGC [Wu et
al. 2019a] and SIGN [Frasca et al. 2020]. However, these models are equivalent to
Single feature and A1l _feature setting, thus suffer from similar drawbacks. Many
GNN models exhibit similarity of weighting the features, however, many of them have
fixed weighting scheme like JK-Net [Xu et al. 2018], APPNP [Klicpera, Bojchevski,
and Giinnemann 2018}, and GCNII [Chen et al. 2020]. In case of models with adapt-
able weighting scheme like ChebyNet [Defferrard, Bresson, and Vandergheynst 2016]
and GPR-GNN [Chien et al. 2021], learned weights do not show feature selection
pattern due to lack of explicit regularization. Moreover, these GNN models do not
use no-loop features by design, thus limiting their learning capability on heterophily
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Table 5.2: Statistics of the node classification datasets
Datasets Hom. Ratio Nodes Edges Features Classes

Cora 0.81 2,708 5,429 1,433 7
Citeseer 0.74 3,327 4,732 3,703 6
Pubmed 0.80 19,717 44,338 500 3
Chameleon 0.23 2,277 36,101 2,325 4
Wisconsin 0.21 251 499 1,703 5
Texas 0.11 183 309 1,703 5
Cornell 0.30 183 295 1,703 5
Squirrel 0.22 5,201 198,353 2,089 5
Actor 0.22 7,600 26,659 932 5

datasets.

5.6 Experiments

In this section, we evaluate the empirical performance of our proposed model on
real-world datasets on the node classification task and compare with other graph
neural network models.

5.6.1 Datasets

For fully-supervised node classification tasks, we perform experiments on nine datasets
commonly used in graph neural networks literature. Details of the datasets are pre-
sented in Table 5.2. Homophily ratio [Zhu et al. 2020] denotes the fraction of edges
which connects two nodes of the same label. Cora, Citeseer, and Pubmed [Sen et
al. 2008] are citation networks based datasets and in general, are considered as ho-
mophily datasets. Graphs in Wisconsin, Cornell, Texas [Pei et al. 2020] represent
links between webpages, Actor [Tang et al. 2009] represent actor co-occurrence in
Wikipedia pages, Chameleon and Squirrel [Rozemberczki, Allen, and Sarkar 2020]
represent the web pages in Wikipedia discussing corresponding topics. These datasets
are considered as heterophily datasets. To provide a fair comparison on experimen-
tal results, we use publicly available data splits taken from [Pei et al. 2020]'. These
splits have been frequently used by researchers for experiments in their publications.
The results of comparison methods presented in this paper are also based on this
split.

thttps://github.com/graphdml-uiuc-jlu/geom-gen

85



CHAPTER 5. NODE CLASSIFICATION

5.6.2 Preprocessing

We follow the same preprocessing steps used by [Pei et al. 2020] and [Chen et al.
2020]. Other models to which we compare our results also follow the same set of
procedures. Initial node features are row-normalized. To account for both homophily
and heterophily, we use the adjacency matrix and adjacency matrix with added self-
loops for feature transformation. Both matrices are symmetrically normalized. For
efficient computation, adjacency matrices are stored and used as sparse matrices.

5.6.3 Settings and Baselines

For a fully-supervised node classification task, each dataset is split evenly for each
class into 48%, 32%, and 20% for training, validation, and testing [Pei et al. 2020;
Zhu et al. 2020]. We report the performance as mean classification accuracy over 10
random splits.

We fix the embedding size to 64 and set the initial learnable scalar parameter
with respect to each hop to 1. Thus, the initial scalar value «; is set to 1/L. Hyper-
parameter settings of the model for best performance are found by performing a
grid-search over a range of hyper-parameters. We train the model under two input
settings. In first setting, we follow the conventional classification of the datasets as
homophily datasets and heterophily datasets. For homophily datasets, we use input
features as node’s self feature and self-looped aggregated features. For heterophily
datasets, we use self-features and no-loop aggregated features. In the second setting,
we use all features to train the model.

We compare our model to 10 different baselines and use the published results as
the best performance of these models. GCNII [Chen et al. 2020] and H2GCN [Zhu
et al. 2020] have proposed multiple variants of their model. We have chosen the
variant with the best performance on most datasets. GPRGNN uses random splits
in their published results. For fair comparison, we ran their publicly available code
on our standard splits while keeping other settings same. To get the best results, we
performed hyperparameter search as mentioned in their code repository.

5.7 Results

5.7.1 Node Classification Results

Table 5.3 shows the comparison of the mean classification accuracy of our model
and other popular GNN models. In general, traditional GNN models like GCN and
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GAT have higher performance on homophily datasets, however, they perform poorly
on heterophily datasets. More recent models like H2GCN, WRGAT and GPRGNN
perform relatively better on both homophily and heterophily datasets.

On heterophily datasets, our model shows significant improvements especially
51.1% on Squirrel and 18.8% on Chameleon dataset. Similarly, on Wisconsin, Texas,
and Cornell, improvements are 1.6%, 1.2%, and 6.9%, respectively. On homophily
datasets, we observe that different models perform best on different datasets. Our
model still has consistent and comparable performance to SOTA.

5.7.2 Comparison with Sub_feature

In our work, we aim to maintain performance as close as possible to Sub_feature
(hidden dimension, d = 64) in Table 5.1. On five datasets: Cora, Chameleon, Cornell,
Squirrel and Actor, our model performs as well as Sub_feature, however for other
datasets, performance is comparable, albeit a bit lower. During the training, our
model starts with all input features and learns to identify relevant features and
reduce the effect of irrelevant features. However, it is difficult to completely reduce
the effect of noisy/irrelevant features without an explicit forgetting scheme. We
consider the development of such a scheme to completely remove the impact of noisy
features in GNN training as the future direction of our work.

5.7.3 Ablation Studies

In this section, we consider the effect of various proposed design strategies in section
5.3.1 on the performance of the model. In general, graph neural networks are sensitive
to the hyperparameters used in training and require some amount of tuning to get
the best performance. Since each dataset may have a different set of best hyperpa-
rameters, it can be difficult to judge design decisions based just on best performance
of the model with single hyperparameter setting. To provide a comprehensive evalu-
ation, we compare the average accuracy of the model over 1,080 combinations of the
hyperparameters. The hyperparameters we tune are learning rate and weight decay
of layers and dropout value applied as regularization between layers. Table 5.4 shows
the average of classification accuracy values under various settings.

For most datasets, our proposed design schemes lead to better average accuracy.
Cora and Citeseer show better average performance without softmax regularization;
however, the peak performance is marginally less with regularization. Even though
Wisconsin shows higher average accuracy without normalization, however, the best
performance on the dataset was achieved with the normalization layer. We found
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that Actor was the only dataset where accuracy was reduced with the addition of
the normalization layer. Without the normalization layer, our model achieves 37.63%
accuracy. However, to maintain consistency, we do not include it in the main results.
These variations also highlight that a single set of design choices may not apply to
all datasets/tasks and some level of exploration is required.

It is interesting to note that performance on almost all datasets is sensitive to
the choice of the hyperparameters for training the model as there is a wide gap
between best and average performance. One exception is Pubmed, where the model’s
performance is relatively unperturbed under various hyperparameter combinations.

Citeseer

0.7

Pubmed
0.6

Chameleon
0.5

Wisconsin
0.4

Cornell
Texas 03
Squirrel -0.2
Actor -0.1
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Figure 5.7: Heatmap of average of learned soft-selection scalar for all datasets

5.7.4 Soft-Selection Parameter Analysis

We analyze the learned soft-selection parameters on average over different model hy-
perparameter combinations. We use four different settings: 1) Proposed model set-
ting, 2) without softmax regularization on scalar weight parameters, 3) shared linear
transformation layer on input features, and 4) without L2-normalization on input

90



CHAPTER 5. NODE CLASSIFICATION

feature activations. For homophily datasets, it is easy to see that self-looped fea-
tures are given more importance. Among heterophily datasets, Wisconsin, Cornell,
Texas, and Actor have the most weights on node’s self features. In these datasets,
graph structure plays a limited role in the performance accuracy of the model. For
Chameleon and Squirrel datasets, we observed that the node’s own features and first-
hop features (without self-loop) were more useful for classification than any other
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Figure 5.8: Figure shows the effect on classification accuracy of FSGNN with increase
in the number of hops of feature aggregation. x-axis is in logarithmic scale.
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5.7.5 Over-smoothing Analysis

Many GNN models suffer from the over-smoothing problem when the number of
hops for feature aggregation is increased. In section 5.3.2, we discussed how feature
selection can be helpful to overcome over-smoothing problem. In this section, we
evaluate the change in model’s performance with increase in the hops for aggregation.
We run additional experiments with hop values set to 16, and 32 with all features
as input as described in Section 6. Figure 5.8 shows the performance of the model
for hop setting of 3,8,16 and 32. We observe that there is little variation in the
performance of the model on various datasets and the model does not suffer from
over-smoothing. This result is intuitive as aggregated features from higher hops are
not very useful, and the model can learn to place low weights on them. For few
datasets, we were able to achieve higher accuracy values: Citeseer (77.46%), Cornell
(88.11%) and Squirrel (74.15%).

5.8 Conclusion

In this work, we explore the importance of feature selection in GNN training. We run
extensive experiments to investigate GNN model design requirements for homophily
and heterophily datasets and how feature selection can lead to higher prediction
accuracy on benchmark datasets. Our experimental observations provide a definite
confirmation that feature selection is a good direction for the exploration of GNN
architectures. Based on our experimental observations, we propose a novel GNN
model called FSGNN. Using extensive experiments, we show that simple 2-layered
FSGNN outperforms the current state-of-the-art GNN models with complex designs
on the node classification task. Analysis of the learned parameters provides us the
crucial information of feature importance. In addition, we show that even shallow
models can learn and provide high prediction accuracy, and with our model over-
smoothing phenomenon can be easily avoided.
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Chapter 6

Discussion

In this chapter, we cover several additional points related to the proposed GNN mod-
els on node ranking and node classification. We discuss the design decisions of these
GNN models, their implications, and limitations. We provide details on possible ap-
plications of our models on real-world tasks. Finally, we combine our models under
a unified framework to show the usefulness of domain-specific aggregation schemes
in graph neural networks.

6.1 GNN model for Ranking

6.1.1 Design Considerations of Ranking Models

In Chapter 4, we explore the problem of approximating node ranking measures Be-
tweenness Centrality and Closeness Centrality. Both ranking measures are based on
the calculation of pairwise shortest paths between nodes in the given graph. This
calculation is computationally expensive and requires significant execution time. To
reduce the computational time for node ranking approximation, we propose to train
GNN models to learn to approximate these ranking measures and inference on new
graphs in significantly less time. Our model includes three unique design considera-
tions as follows:

I. Finding nodes lying on possible shortest paths

As a pre-processing step, we identify nodes that have no shortest paths going through
them. As these nodes do not contribute to the calculation of ranking measures,
we exclude their effect on GNN aggregation operation by modifying the adjacency
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matrix. This step is essential as it leads to the flow of feature information in the
GNN model along possible shortest paths in the graph. Here, we actively avoid
unnecessary aggregation of feature information which might be detrimental to the
learning of the GNN model for node ranking.

II. Using simple Adjacency Matrix

In most GNN models, self-looped version of the adjacency matrix is used by adding
a self-loop to all nodes in the graph. This process leads to cumulative aggregation of
node features (discussed in Chapter 4), and is useful in tasks like node classification
[Kipf and Welling 2017], but not useful in node ranking problem. For our model,
we want to avoid cumulative aggregation of features and would like to map features
of nodes lying at different hops separately. Using a simple adjacency matrix in the
GNN model helps to achieve this result.

Table 6.1: Table shows comparison of ranking performance with KT Score values
between proposed model and modified model with self-loops to non-zero centrality
nodes.

ER SF GRP
Original | With self-loops | Original | With self-loops | Original | With self-loops
Betweenness | 0.902+0.03 0.596+0.16 0.976+0.01 0.960+0.01 0.899+0.04 0.5134+0.08
Closeness 0.90740.03 0.814+0.06 0.903+£0.01 0.877+0.02 0.979+ 0.01 0.880-+£0.01

Table 6.1 shows the comparison of our proposed GNN models with self-looped and
simple adjacency matrix for approximation of Betweenness and Closeness centrality
on synthetic graph datasets. KT Score for the GNN model with self-looped adjacency
matrix is significantly lower than the one with just the simple adjacency matrix. The
results indicate that cumulative aggregation is indeed not suitable for the GNN model
and separating node features from different hops helps to learn node rankings better.

I1I. Separating Incoming and Outgoing Paths to the Nodes

Since we are accumulating neighborhood information for each node in a directed
graph with incoming and outgoing edges, we separate the feature aggregation process
into two parts. Neighborhood aggregation for neighbors on incoming paths and
outgoing paths is done separately, and relevant scores are combined at the final
stage of the model’s predictions.
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6.1.2 Implications of the model design

Default aggregation scheme in GNN models aggregates feature information flows
along edges of the graph similar to the breath first search (BFS) algorithm. Our
model differs from the standard GNN model with three different design consider-
ations. With these design modifications, we explicitly introduce inductive bias of
calculation of centrality measures that is not possible with the default aggregation
scheme of GNN models. With design modifications I and II, we also exclude node
features that can act as noise for the learning task of node ranking. Hence, our
proposed models GNN-Bet and GNN-Close use a selective aggregation scheme that
aims to approximate information flow along possible shortest paths in the graph.

Another design consideration of the models pertains to the loss function dur-
ing the training of the model. Our model uses only ranking loss, more specifically
TripletMarginLoss from PyTorch to learn to rank the nodes. Another possible way
to approach the learning problem is to use error losses like Mean Absolute Error
(MAE) or Mean Square Error (MSE) with respect to the real centrality values of the
nodes. However, this approach has a challenging problem. In many cases, the abso-
lute values of centrality measures in a graph can vary by large factors. For example,
in Table 6.2, we have shown the maximum and minimum values of normalized cen-
trality values for different types of synthetic datasets. We observe that the maximum
value is many order times higher than the minimum value. The range of variation
can go higher with larger graphs. Such a large variation makes it challenging to train
a neural network model on MAE or MSE loss to approximate the absolute centrality
values.

Table 6.2: Maximum and minimum values of betweenness centrality and closeness
centrality for synthetic datasets.

Betweenness Centrality Closeness Centrality

Max Value | Min Value | Max Value | Min Value
ER 7.37x 1073 | 1.28 x 10710 0.183 1.07 x 107°
SF 2.66 x 1072 | 1.89 x 10713 0.316 1.00 x 107°
GRP | 9.01 x 107® | 1.09 x 10710 0.060 1.04 x 10710

To experimentally verify our observations, we train our models with Mean Abso-
lute Error(MAE) and Mean Square Error(MSE) loss functions and report the results
in Table 6.3. We observed lower ranking performance with respect to KT Score.
Even though the magnitude difference AS = MEAN(| Spredict — Strue |) 1S quite
small, the wider range of centrality values still makes it difficult to achieve high
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performance. We also experimented with a combination of ranking loss along with
the MAE/MSE loss function. However, we still observed a lower performance of the
model. Therefore, for our model, we exclusively use ranking loss during the training
process.

Table 6.3: Table shows the KT score and AS for the model GNN-Bet and GNN-Close
with MAE and MSE loss functions for synthetic datasets.

GNN-Bet GNN-Close
KT Score AS KT Score AS
ER 0.587+0.134 | 6.0 x 10°°+52x 107° | 0.616 +0.228 | 9.1 x 1073 +2.9 x 1073
MAE Loss | SF 0.5890+0.073 | 1.6 x 107°+ 7.9 x 1076 | 0.667+0.054 | 2.7 x 1073+ 1.9 x 1073
GRP | 0479 £0.045 | 1.0 x 107+ 7.8 x 1077 | 0.579 £0.108 | 8.0 x 107* £ 5.0 x 10~*
ER 0.246 +£0.351 | 7.6 x 107° £4.6 x 107 | 0.662 £0.082 | 8.3 x 107> £3.9 x 10~
MSE Loss | SF 0.291 +£0.070 | 3.4 x 107+ 1.9 x 1075 | 0.602+0.064 | 2.9 x 1073+ 1.5 x 1073
GRP | 0.379 £0.049 | 2.6 x 107 £ 6.0 x 1077 | 0.635£0.062 | 1.4 x 1073 £ 5.0 x 10~*

6.1.3 Limitations of the models

In the results section of Chapter 4, we demonstrate that our proposed GNN models
significantly outperform traditional algorithms in node ranking while taking less
execution time. However, there are still some limitations to our models. In this
section, we provide details on some of these limitations:

Applicable to limited node ranking measures

Our proposed model is based on approximating shortest paths in a graph using graph
neural networks. This aspect of the model is useful for approximating centrality
measures like betweenness and closeness centrality. However, there are many other
centrality measures like PageRank, Katz centrality, Eigenvector centrality, Degree
centrality etc. that do not follow the assumption of information flow along the
shortest paths in the graph. Hence, our modified aggregation scheme is not suitable
for all node ranking measures and would require further modifications to make it
suitable for other ranking measures.

Prediction of centrality values

In our proposed models, we aim to approximate the ranking of nodes and compare
them with the ranking of real centrality values using Kendall’s Tau score as a ranking
measure. While the output values of the model are useful for predicting the ranking
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of the nodes, they do not match with the actual betweenness centrality or closeness
centrality values. As we already discussed in Section 6.1.2, high variability in real
centrality values makes their prediction by the GNN model a challenging task. How-
ever, for many tasks, absolute value of centrality may have limited importance, and
the relative ranking of the nodes might provide more useful information. Therefore,
the utility of the model might vary with respect to the task at hand.

Prediction of top-k nodes

Determining the centrality value of a node is a purely numeric calculation process.
Some recent works [Bisenius et al. 2018; Bergamini et al. 2019; Borassi and Natale
2019] have taken advantage of approximation algorithms to compute top-k centrality
values with certain guarantees. For GNN models or any other neural network models
in general, the quality of predictions is often tested on a test set, and no guarantees
can be provided for the performance of the model on any input data. With our
experiments, we verified that our model can provide good top-k performance when
the training dataset is similar to the test dataset in terms of graph structural prop-
erties. Otherwise, the top-k performance of the model may suffer due to sub-optimal
learning.

6.1.4 Applications

Betweenness and Closeness centrality measures are useful to identify nodes that play
an important role in the spread of information across the graph. In this section, we
discuss applications and scenarios where our proposed ranking model can be utilized.

Small graphs vs large graph datasets

We discussed in Chapter 4 that shortest-path measures like betweenness centrality
and closeness centrality are computationally expensive, and therefore, there are mul-
tiple works in the literature to approximate these measures. However, when tackling
real-world problems, we should determine the size of the graphs to select the best
way to calculate node centrality values. For graphs up to hundreds to a few thousand
nodes, modern computing hardware is powerful enough to compute these measures
in a short amount of time. However, for larger graphs, we can select approximation
algorithms, including our proposed model.
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Influential nodes in Social Networks

One important field our ranking model can find its application is the analysis of social
networks. Social networks consist of large graphs with often hundreds of thousands
to millions of nodes. In addition to being large, they are also dynamic by nature i.e.,
graph structure changes rapidly, and the nature of information flow might change
along with it. Social networks have become an integral part of our society and have
the powerful capability to reach a massive number of users within a short period
of time. They also have significant power to spread information and affect people’s
political and non-political opinions. However, not all users play a significant role in
the network, and identifying influential users can help to spread useful information
(e.g., Ad networks) and reduce the spread of misinformation (e.g., fake news). With
our proposed model, we can quickly identify such influential nodes.

Another challenge is the rapid change in the graph structure. In Chapter 4, we
also propose an application of our model in dynamic networks. Due to short inference
time, our model can predict influential nodes in rapidly changing networks.

Potential applications and future work of our model

One major disadvantage of centrality measures is that they rely purely on the graph
structure to identify influential nodes. Most graph-structured data also includes
node/edge attribute information that can provide more context toward ranking the
importance of the nodes. However, these measures fail to utilize these attributes.
Our proposed models GNN-Bet and GNN-Close by default initialize random unique
embeddings for the nodes and learn the ranking of the nodes based solely on the
graph structure. Similar to other GNN models, these models can also include node
and edge attributes as additional features and learn to rank the nodes in a broader
context. We have not explored it in our work and consider it as a future direction
where we can expand the utility of our model.

6.2 GNN model for Node Classification

In this section, we review design choices for our proposed model FSGNN for the node
classification task and discuss the implications of our choices on the model’s perfor-
mance. We then discuss the limitations of our model and provide details on possible
applications of the model on real-world tasks.
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6.2.1 Design considerations of the model

The architecture of FSGNN model is based on many different considerations while
aiming to improve prediction accuracy and scalability over large datasets. Some key
design highlights of the model are as follows.

Homophily and Heterophily in graph datasets

Earlier GNN models like GCN [Kipf and Welling 2017] were based on the assumption
of homophily as discussed in Chapter 5. However, recent papers in literature have
proposed more complex and varied heterophily datasets [Pei et al. 2020; Lim et al.
2021] to benchmark GNN models on node classification task. Availability of these
new datasets has been challenging for many GNN models as they fail to perform well
and often show poor prediction accuracy [Lim et al. 2021]. The main reason behind
the poor performance is strict assumptions of properties of datasets (in this case,
homophily) that cause them to be less robust. Real-world datasets can often have
varying levels of homophily/heterophily properties; hence the optimal GNN model
needs to be versatile enough to learn on these properties. Our proposed model
considers the possibility of both homophily and heterophily in datasets and learns
to select best features corresponding to the node labels.

Pre-computation of node features

Most GNN models combine feature generation and feature learning operations within
the GNN layer. Some GNN models [Wu et al. 2019a; Frasca et al. 2020] have taken
a different approach of pre-calculating node features before using neural network to
learn on the data. The motivation for these models to pre-calculate node features is to
either study the effectiveness of learnable weights at each GNN layer or to improve the
scalability of the GNN model. In our case, we also use the same approach; however,
the motivation is to generate node features that are suitable for both homophily and
heterophily characteristics in the data. We use both self-looped and simple adjacency
matrices to achieve our goal. The ability to scale model for larger datasets provides
an additional benefit of pre-calculating node features.

Learning to identify important hop-features

In our proposed model, we pre-compute node features by feature aggregation over
multiple hops. The number of hops is selected as a hyper-parameter for the model.
In our experiments in Chapter 5, we set this hyper-parameter as 3 and 8 for all
datasets. After the feature aggregation step, we get a set of features for each node.
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However, all features are not useful, and some of them might be unrelated /noisy with
respect to the node labels. Hence, we propose to learn to select only features that
are optimal for higher performance of the model. With our experiment results, our
proposed models in both Chapter 5 and Appendix C show that learning to select the
best node features while discarding noisy features helps to improve the performance
of the GNN model.

6.2.2 Implications of the model design

In Chapter 5, in Table 5.1 we show empirical results that with default aggregation
scheme in GNNs, we do not always get optimal results, and some type of feature
selection scheme is required to avoid learning on noisy data. With our specific design
considerations of FSGNN, we are able to train the model to learn specifically on useful
features for the node classification task. Instead of using the default aggregation
scheme in GNN, we are using adaptive hop selection of features that leads to higher
accuracies, and our model outperforms other state-of-the-art GNN models.

With keeping fundamental design considerations in mind, we propose Dual-Net
GNN model, which is different from FSGNN both in terms of model architecture and
training procedure. However, we still keep the principle of choosing the best hop fea-
tures. Once again, our model outperforms other GNN models. With the experiment
results of both models, we empirically confirm that a learnable selective feature ag-
gregation model is an improvement over the default aggregation model for the node
classification task.

6.2.3 Limitations of the proposed model

Our proposed models FSGNN and Dual-Net GNN outperform other SOTA GNN mod-
els on many node classification datasets. However, these models still suffer from
some limitations which are described as follows.

Unavailability of graph regularization measures

In recent years, in addition to novel GNN architectures, many training regulariza-
tion techniques have been proposed in the literature. Some of these techniques are
DropEdge [Rong et al. 2020], which randomly drops edges of the input graph in
each forwards propagation, DropNode [Feng et al. 2020; Papp et al. 2021], which
drops nodes of the input graph randomly and independently, embedding smoothing
with random propagation [Feng et al. 2020] etc. These techniques are similar to
Dropout [Srivastava et al. 2014] regularization but on graph structure and have been
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experimentally shown to improve the performance of the GNN models. Since in our
models, we pre-calculate node features with the fixed graph structure, our models
cannot utilize these regularization techniques to improve performance further.

Memory requirements for pre-calculation of features

One advantage of our proposed model is the ability to train on large graph datasets
with small input batches on GPU while utilizing complete graph information. Hence,
the training of our model is significantly faster compared to other GNN models,
which cannot be trained on GPU with full graph structure or would need to randomly
sample nodes in each iteration of training. However, the initial step of pre-calculation
of node features required multiplication of the adjacency matrix with the node feature
matrix. For large graph datasets, a sparse adjacency matrix can occupy tens of GBs,
and a node feature matrix can occupy 100GB+ memory. Therefore, in such cases,
for the pre-calculation of node features, higher CPU memory is required. However,
this requirement arises only once, and later smaller GPU memory is sufficient for
training the model.

6.2.4 Applications

Our proposed models have been specifically designed and trained for the node classi-
fication task. Though our improved aggregation mechanism might be applicable for
other graph learning tasks like link prediction, graph classification, graph clustering,
etc., we restrict the discussion of applications to node classification.

Node classification task, in general, is predicting unknown labels of the node based
on available node/edge feature data and the graph structure. These node labels can
often be attributes of the users or properties of entities that are represented as nodes.
Though the problem of node classification can be defined in a wide variety of fields,
we limit the discussion of applications to tasks that are often used by the community
as a benchmark for GNN models.

Prediction of user attributes in Social Networks

In social networks, users connected to each other via friendship often share common
attributes. These attributes can be geographical location, workplace, political affil-
iations, etc. These attributes can be considered as labels of the nodes and can be
predicted for users who have not provided this information in their profile. With this
information, social media companies can introduce new people to users who share
common interests, thus effectively increasing their social circles.
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Predictions of User Interests in Recommender Systems

One of the biggest challenges of e-commerce companies is to suggest products to
users that are relevant to their interests. For example, a tech-enthusiastic user might
be interested in tech products like CPUs, GPUs, monitors, VR headsets, etc. By
building profiles of users and connecting users with similar purchase histories, new
users can be classified into categories relevant to their interests. This simplifies
the challenge of suggesting new products out of hundreds of thousands of products
available on the websites and making the process of purchasing a product easier for
both seller and buyer.

Labeling papers in Citation Networks

One of the largest benchmarking node classification datasets [Hu et al. 2021] tries
to solve the problem of classifying research papers. There are millions of papers
published every year, and classifying them into research field categories is a chal-
lenging problem. GNN models solve this problem as a node classification task. As
research papers often cite multiple papers of the same field, GNN models can learn
to classify labels of papers by aggregating features of nodes via edges in the citation
network. Nodes sharing similar features will have the same labels and vice versa. In
Appendix B.2, we show that our model outperforms other GNN models on the task
of predicting labels of nodes in a large citation network.

6.3 Unified Framework for Graph Neural Networks

In this section, we review our proposed models and analyze them from a common uni-
fied perspective. We then discuss the necessity of task-specific adaptive aggregation
schemes and their role in improving the performance of graph neural networks.

6.3.1 Commonalities between our proposed GNN frameworks

In Sections 6.1 and 6.2, we discussed specific strategies for designing architecture of
our proposed GNN models. The strategies and the tasks they were applied to are
significantly different from each other. However, they share a common approach to
improving the model’s performance by modifying the default aggregation scheme of
graph neural networks.

GNN-Bet and GNN-Close use feature aggregation via possible shortest paths and
FSGNN and Dual-Net GNN models use learnable hop feature selection as their fea-
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ture aggregation scheme. The common strategy of all models is to avoid unneces-
sary /noisy node features and rely on useful high-signal features to learn on a given
task. This approach is similar to feature selection methods [Tang, Alelyani, and Liu
2014; Li et al. 2017a] where a subset of features is selected from given input data
that can maximize the signal-to-noise ratio present in the data.

As we have already shown in our experiments that completely relying on neural
network models to learn on noisy data may not be optimal. The use of explicit
schemes that can help to filter out noise are significantly more helpful and leads to
better-performing model. Considering that the use of graph neural networks has
been spreading into a wide variety of fields, always using the default aggregation
scheme might restrict the utility of GNNs. Similar to the example of homophily and
heterophily in social networks, different fields have different characteristics present
in the data. Since feature aggregation is a fundamental operation of GNNs, by
leveraging domain-specific knowledge, we can enhance the capabilities of GNNs by
integrating this knowledge into the architecture design of novel GNN models.

6.3.2 Challenges of graph-structured data

Proposing domain-specific aggregation scheme for graph neural networks paint a
pessimistic picture of graph learning. As the deep learning community is trying
to develop general-purpose models that can be applied to any area, using domain-
specific GNN models seems like a step back.

However, we argue that graph learning problems have their own unique challenges
when compared with other learning tasks like vision or natural language processing
(NLP). For example, for learning visual tasks, the same type of objects will have
similar characteristics irrespective of the source of the image. For example, in Figure
6.1, the vision model can be trained on data from different sources but can success-
fully detect entities like humans, planes, buses, animals etc. [Lee and Park 2020].
Recently large image models have been successfully trained on huge datasets, and
features extracted from these models can be used for a wide variety of vision tasks.

Similarly, text data also contains similarly consistency irrespective of the source.
Word meanings, grammar rules, word positions, and contexts of words with respect
to each other remain consistent enough to enable language models to learn and
perform various tasks. Accurate machine translation of the 100 languages (Figure
6.2) is a great example of powerful and generalizable NLP models [Fan et al. 2021].
A huge corpus of data with billions of sentences can make the model generalizable
for various NLP related tasks.

In the case of graphs, graph structure alone reveals limited information, and the
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Figure 6.1: Instance segmentation task with vision models accurately detects objects
of various categories in the images. Source [Lee and Park 2020].
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Figure 6.2: Language translation model proposed by [Fan et al. 2021] can translate
any pair of 100 languages. Researchers used corpus of billions of sentences to train

the model.
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Figure 6.3: Data from different origins can be used to construct same graph. In
this case, train network of Yamanote Line (Tokyo) with 6 major stations, chemical
structure of Benzene, and computer network with 6 computation terminals form a
ring-shaped graph. The structure of graph remains same, however, node and edge
attributes will differ significantly.
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context of the dataset or application is required for successful learning. Figure 6.3
shows data sources of different origins can lead to the same ring-structured graph.
While the ring structure does encode some information, however, the context of
source of data whether it is a chemical structure or a transport network brings
significantly different conclusions. Similar observations can be derived from different
types of motifs in the graph that can be generated from the data.

6.3.3 General vs domain-specific approach

In Section 6.3.2, we described the challenges associated with graph-structured data
and the need to have the context of task and source of data for successful graph
learning. While pre-training and transfer learning has seen tremendous success in
vision and NLP models, such successful implementations on graph-structured data
have yet to be seen. There have been domain-specific pre-training approaches [Hu
et al. 2019], but it is a challenging task to carry their benefits to other domains.

105



CHAPTER 6. DISCUSSION

In addition to the challenges arising in simple graphs, graphs themselves can be
categorized into many types, like directed graphs, undirected graphs, heterogeneous
graphs, multi-layered graphs, hyper-graphs, dynamic graphs, temporal graphs, etc.
We already have numerous papers in literature proposing variants of graph neural
networks specialized for different types of graphs. Often these variants attempt to
leverage the unique characteristics in the structure of these graphs.

Above mentioned challenges and approaches make the case to approach the graph
learning problems in a domain-specific way. We can introduce novel graph aggre-
gation schemes relevant to the task and design the GNN architecture to leverage
domain-specific knowledge for better predictions.

6.3.4 Possible approaches for designing feature aggregation
schemes

So far, we have established the need for adaptive feature aggregation schemes for
domain-specific tasks. This leads to the question of how to approach the design of a
new aggregation scheme. There can be many different approaches based on the field,
and we explore some of them as follows.

Information flow based aggregation

Feature aggregation schemes can be designed based on the assumptions of infor-
mation flow in the graph. For our proposed node ranking models, we followed the
assumption of information flowing through the shortest available paths. Similarly,
for other types of networks, the information may transmit in a different way. Ex-
amples of such networks are heterogeneous information networks and multi-layered
networks. These networks with different types of nodes, edges, and connectivity pat-
terns might have information flow different than a simple graph. Hence, based on
the application relevant aggregation scheme can be designed.

Data characteristics based aggregation schemes

The characteristics of nodes and edges play a significant role in the feature aggrega-
tion step. The presence of homophily and heterophily in neighboring nodes guided
the design of our models FSGNN and Dual-Net. Study of these characteristics can help
us decide which features are useful and which of them are noisy, and an adaptive
aggregation scheme can be designed. Another example is in e-commerce systems,
where the graphs can exist within products, users, and in-between them. A user can
have multiple interests, and a product can belong to multiple categories; therefore,
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a selective aggregation scheme can provide a better recommendation to the user and
improve revenue for the companies.

Sub-graph based aggregation schemes

So far, we have discussed the aggregation of features within individual nodes. How-
ever, in some applications, feature aggregation between groups of nodes or a sub-
graph can also be considered. One example is mapping chemical structures to graphs
in drug-discovery applications. Atoms are represented as nodes, and chemical bonds
between them as edges in the graph. In these chemical structures, functional groups
like alkyl, benzyl, hydroxyl, etc., are a collection of atoms that have unique proper-
ties. Hence, in the graph, these functional groups can be denoted as sub-graphs, and
the feature aggregation step can be modified between these sub-graphs and other
nodes. A similar approach can be taken in other applications where a sub-graph can
play a unique role in the graph.

6.4 Relationships between Graph Learning Tasks

Graph learning encompasses many different types of tasks: node classification, link
prediction, node ranking, graph classification, graph regression, and so on. While
these tasks may seem different from each other, the learning process on these tasks
often shares similar principles. For example, the link prediction task requires identi-
fication of nodes with similar attributes that are likely to be connected to each other.
Likewise, the task of node classification needs to establish similarity between nodes
so that the labels of nodes can be predicted.

Graph neural networks have been applied to many different tasks, and the general
implementation requires features aggregation or message passing step. Using the
same basic principles, GNN models generate node embeddings or graph embeddings
that can be utilized in different downstream tasks.

6.4.1 Relationship between Node Ranking and Node Clas-
sification

In our thesis, we focus on the tasks of node ranking and node classification. The

first task emphasizes that some nodes play a more important role than other nodes

in the graph. The second task emphasizes the role of connectivity between nodes to
demonstrate the similarity or dissimilarity of the nodes.
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Node ranking measures rank the nodes based on the structure of the graph. High-
ranking nodes have a higher capacity to spread information or act as an information
bridge between clusters of nodes. Using this concept in feature aggregation step of
GNNs, high-ranking nodes also contribute to larger extent to pass feature information
to other nodes. Hence, such nodes can have a significant effect on the performance of
the GNN model. To verify this effect, we conducted experiments on three commonly
used node classification datasets: Cora, Citeseer and Pubmed. The nodes are sorted
with respect to betweenness centrality values, and step-by-step, we disconnect 20%
of sorted nodes at a time. We choose a larger percentage value for two reasons:

(1) We train the model with 3-hop aggregation as a standard practice reported
in the GNN literature. As the graph sizes are relatively smaller, aggregating
features over 3 hops sufficiently diffuse feature information in the graph. The
effect of disconnecting a smaller number of nodes or a single node might get
hidden due to compensation by other nodes. With a relatively larger number
of nodes disconnected, we can compare the effect of node ranking in a more
effective way.

(2) Choosing a larger number of nodes (i.e., 20%), we can observe more noticeable
variations in performance values and confirm that the phenomenon arises due
to the relationship between node ranking and classification and not due to
fluctuations that may arise due to the hyper-parameters of the model.

After diconnecting the nodes, we train the GNN model on the resultant graph
and measure the node classification performance. Figure 6.4 shows the performance
of the GNN model under various settings. The x-axis denotes the percentage of
nodes in sorted order, for example, 0-20% range denotes 20 percent nodes with the
lowest betweenness centrality values and so on. We observe that as we remove nodes
with subsequent higher centrality values, the accuracy of the GNN model decreases
on both datasets.

Such insights can be useful in cases where graph structure is known, and there
is limited availability of feature information of nodes and can be queried with a
limited budget. In the real-world, such scenarios exist in the form of multi-layer
networks, where there are multiple graph networks for the same nodes but from
different domains. For example, user connectivity over the social network is known,
but the availability of financial information of users is limited. The above method
can then be used to select specific users to query financial information and infer that
information (as labels) for other users.

However, the relation between node ranking and the model’s performance on node
classification may not always be correlated on real-world data. For many real-world
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Figure 6.5: Multi-layer networks can often share similar graph structure and can be
used to infer missing attributes of the nodes.

datasets, features of the nodes play a more important role than the graph structure
for classification performance. In such cases, message passing by high-ranking nodes
may not play a significant role, and utilizing ranking information may not be useful.
Hence, when learning on any real-world data, it is essential to verify how much graph
structure can play a role in the model’s performance.

6.4.2 Application utilizing node ranking and classification

In literature, most models often focus on a single task. However, in the real world,
data analysis often requires the use of multiple approaches/techniques. One such
application is the prediction of user data in multi-layer networks. Multi-layer or
multiplex networks have the same user as a node on multiple networks. For exam-
ple, the same user can join two social networks, Facebook and Twitter, and exhibit
similar connectivity patterns with friends on both social networks. Similarly, users
can be part of multiple networks like social networks, financial data networks, com-
munication/mobile networks and, so on. Figure 6.5 shows an example of a multi-layer
network consisting of a social network and a hidden financial data network. Users
who are friends in the social network can also share geographical locations or other
social attributes. Such users can also share similar financial information. While social
network data is easily available or queried, querying financial data can be expensive
or prohibitive on large scale. By mapping the social network, we can get information
on the graph structure, user’s attributes, and influential or well-connected users in
the community. Using this data, a shadow network can be created for financial data
and only data of selected influential users can be queried. By learning on this data,
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unknown attributes of other users can be predicted. Such an approach can be used
for targeted social welfare programs that are often already resource-constrained and
make it easy to provide benefits to the individuals.
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Chapter 7

Conclusion

Graph Neural Networks are becoming one of the important tools in deep learning
similar to vision and NLP models. They have been applied to a wide range of fields,
such as social network analysis, recommendation systems, drug discovery, physics
simulation, vision-related tasks, and so on. Feature aggregation is the fundamental
operation of GNNs and define how graph structure in the data is used for learn-
ing. The objective of this thesis is to propose novel GNN models with improved
aggregation scheme for node ranking and node classification task. Our proposed
models provide improvements over GNN models with default feature aggregation
schemes and achieve higher performance than other state-of-the-art GNN models.
We summarize the key contributions of this thesis in the following section.

7.1 Key Contributions

In our work, we demonstrate with experimental observations that the default aggre-
gation scheme in graph neural networks may not be optimal for all types of different
tasks. We explore alternate ways to aggregate features in the graph neural network
model. The thesis begins in Chapter 1 with an introduction to graph learning and
why it is becoming one of the essential and fastest-growing fields in deep learning.
In Chapter 2, we provide a summary of topics that serves as the foundation of our
work described in later chapters. In Chapter 4, we propose novel GNN models to
approximate betweenness and closeness centrality. We achieve this by modifying
the adjacency matrices so that the feature aggregation operation can approximate
information flow via the shortest available paths. With the help of a novel feature
aggregation scheme, our proposed model solves following the challenges related to
node ranking.
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e Betweenness Centrality and Closeness Centrality are computationally expen-
sive algorithms. The current approximation algorithms face the tradeoff be-
tween ranking performance vs. execution time. With our proposed GNN based
ranking models, we achieve higher ranking performance in significantly less ex-
ecution time.

e Another big challenge in the ranking of nodes is the continuously changing
graph structure. In real-life applications, graph structure rarely remains con-
stant, and with time influence of nodes changes. Hence, there is a need to keep
the node ranking updated with time. However, most node ranking algorithms
either need to recalculate node centrality values from scratch or suffer from
the inability to cope with both the addition/removal of nodes and edges. Our
ranking models can provide good ranking approximations in a very short du-
ration of time hence making them suitable for online applications with rapidly
changing graphs.

In Chapter 5, we undertake a different problem of node classification and observe
that the default node feature aggregation scheme is only useful under certain cir-
cumstances. We propose to learn an adaptive aggregation scheme where the model
learns to select hops at which neighboring nodes provide informative features for the
learning task. Our proposed method of adaptive aggregation solves the following
important issues in the training of GNNs on the node classification task.

e The first problem we solve is the presence of homophily /heterophily character-
istics in the datasets. Most GNN models are designed with homophily assump-
tions and perform poorly on heterophily datasets. Our model, due to adaptive
aggregation, learns to select the best features and can perform well with both
types of datasets.

e In recent years, GNN models are becoming more complex in their architecture
with introduction of the attention layers, residual layers, deep networks with
up to 64 layers, scaling output from each layer, and so on. With our approach,
we can achieve high classification accuracy with just a simple 2-layered MLP
model, which reduces model complexity and simplifies model training.

e Another major issue with graph neural networks is an over-smoothing problem
where features tend to become similar after multiple hops aggregation and re-
duces model performance on the classification task. Our models learn to select
the features that are useful with respect to label predictions and discard noisy
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features. Hence, the model performs well even with 8-hop feature aggregation
and solves the over-smoothing problem.

We explored two different graph learning tasks and observed that both benefited
from using modified aggregation schemes specifically designed for those tasks. We
studied these problems and introduced inductive biases of our understanding of the
problems into the default aggregation scheme of GNNs. In the first problem, we used
the shortest paths in the graph as our inductive bias, and in the second problem, we
used the concepts of homophily/heterophily and the concepts of noisy features with
respect to the labels to guide the design of our proposed model.

Finally, our contributions are not limited to improving GNN models on these
two tasks, but they pave the way for a broader approach to modifying and adapting
feature aggregation schemes for domain-specific tasks.

7.2 Future Directions

While problem-specific aggregation schemes can be tremendously helpful in model
training, developing one from scratch could still be a non-trivial problem. Developing
a good aggregation scheme might require sufficient domain knowledge and extensive
experiments on data. Another challenge is that a good adaptive aggregation scheme
for one task may not transfer well to other tasks.

It may seem that spending additional resources and time may not be a good
trade-off for just using default aggregation schemes in graph neural networks. In
the last decade, the field of deep learning has grown tremendously, with researchers
trying to apply neural networks to all sorts of data. Most of these developments
have primarily been fueled by the work of researchers in the field. However, in
the last few years, some of the focus of industry and academia has also begun to
develop task-oriented toolings for training deep learning models and approach the
field from an engineering perspective and not just a research perspective. The efforts
to develop these tools to deploy machine learning models in efficient and reliable
ways (also known as Machine Learning Ops or MLOps) are approaching the problem
in a domain-specific way.

With this information in mind, we can foresee the requirement of research to find
ways to optimize problems in very domain-specific ways. Hence, for graph-centric
data, finding aggregation schemes pertaining to a single domain can be helpful and
can be made part of toolings to be used by everyone in the field.
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Appendix A

Additional Information of Ranking
Models

A.1 Details of Synthetic Graphs

In this section, we provide generation parameters and other relevant statistics of
synthetic graphs used for evaluation of proposed models.

A.1.1 Synthetic Graph Generation Parameters

We have generated all graphs using a Python based graph library NetworkX'. Three
different graph types: Erdos-Renyi (ER), Scale-Free (SF) and Gaussian Random
Partition (GRP) are generated using graph generators provided in NetworkX. Table
A.1 provides the summary of NetworkX functions and generation parameters used.

The notation sample(start,end) represents uniform sampling function which
randomly samples an integer between start and end. Parameter names used are
the same as provided in NetworkX documentation. In the case of ER graphs, when
the probability value ”p” is low, it is possible for the generated graph to have isolated
nodes. We filter out these nodes in the pre-processing step.

A.1.2 Statistics of synthetic graphs

For evaluation of the model, 10 synthetic graphs were generated for each graph type
ER, SF, and GRP. Table A.2 provides the information of synthetic datasets used as
test datasets for the evaluation of our proposed model. All shortest path lengths

thttps:/ /networkx.github.io/
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Table A.1: NetworkX functions and parameters used to generate synthetic ER, SF

and GRP graphs

‘ Graph Type ‘ NetworkX function ‘ Generation Parameters ‘
Number of nodes | sample(50000,100000)
ER fast_gnp_random_graph b samplo(1,09) < 10-9
Number of nodes | sample(50000,100000)
alpha sample(40,60) x 102
SF scale_free_graph beta 05
gamma 1 - alpha - gamma
Number of nodes | sample(50000,100000)
s sample(2000,10000)
GRP gaussian_random_partition_graph v sample(2000,10000)
p-in sample(2,25)x 1072
p_out sample(2,25)x107°

were measured using Dijkstra’s algorithm and for each graph, average and maximum
of all shortest path lengths are shown in the table.

A.1.3 Nodes with zero centrality values

In our proposed model, one of the important steps is to identify the nodes in the
graph with no shortest paths going through them and use this information to modify
the aggregation scheme in GNN-Bet and GNN-Close. Please note that such nodes
in the graph will have zero betweenness centrality but not necessarily zero closeness
centrality. Here we show the percentage of the nodes with both zero betweenness
and closeness to provide the overview of statistics of the test graphs.

Figure A.1 & A.2, depicts the percentage of nodes which have zero betweenness
and closeness centrality for synthetic and real-world evaluation datasets. It is in-
teresting to find that the percentage of the nodes for synthetic scale-free graphs is
very similar(86%-88%) . To investigate further, we generated more synthetic graphs
with a wider range of generation parameters than presented in our paper. We find
that for betweenness centrality, the percentage of such nodes always varied between
86%-89%. With our experimental observations, we conclude that this is an inherent
property of graphs generated with NetworkX scale-free graph generation function.
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Table A.2: Statistics of three types synthetic graphs ER, SF and GRP used for test
datasets is provided.

Shortest Paths
Graph Type | #Nodes | #Edges Avg Max

88,203 126,162 | 19.8£ 15.5 | 91

69,357 175,354 11.5£2.6 30

52,369 71,773 19.6+17.2 96

91,279 491,778 6.94+0.9 14

ER 73,981 173,110 12.543.1 35
96,390 649,893 6.24+0.8 11

73,311 268,817 8.6+1.3 19

92,495 652,114 6.0£0.7 11

92,937 612,060 6.24+0.8 12

37,789 28,605 1.3+0.7 11

85,683 144,937 4.61+2.5 17

81,626 150,397 4.442.3 17

99,689 207,035 3.5+2.1 18

04,547 88,096 4.842.6 20

SF 70,828 154,573 4.0+1.8 13
67,673 137,958 3.7£1.9 17

60,137 98,727 4.3+2.8 17

64,155 126,305 3.842.2 16

83,106 136,311 4.5+2.7 18

63,653 111,007 4.442.3 18

95,447 571,347 4.3+ 2.7 24

64,922 391,928 4.442.7 23

50,096 188,980 2.9£+1.8 17

71,002 295,411 3.442.2 20

78,081 235,093 2.5+1.6 16

GRP 55,048 294,552 3.942.5 20
86,739 371,866 3.7£2.5 21

89,998 400,220 5.5£3.6 34

68,483 365,743 4.242.7 26

71,422 218,240 2.5+1.6 16
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Figure A.1: Figure shows the number of nodes with zero betweenness and closeness
centrality for different types of graphs in synthetic evaluation datasets
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Figure A.2: Figure shows the number of nodes with zero betweenness and closeness
centrality for different types of graphs in real-world datasets

A.2 Oversmoothing measurement in GNN-Bet &
GNN-Close

In the current literature of GNNs, most common tasks are classification or link-
prediction based tasks. In general, the performance of these types of tasks is de-
pendent on the node having similar features to its neighbors. In conventional GNN
models, a cumulative aggregation scheme is used by adding self-loops to gain and
retain features of the node’s neighbors at multiple hops. However, with a higher
number of layers in GNN, due to this scheme, nodes tend to have similar features at
the final layer, and hence it becomes difficult to learn to classify them with respect
to the labels. This problem in general is known as over-smoothing in GNNs.

In our proposed scheme, we aggregate the node features at each layer sepa-
rately(no self-loops) and map them to an MLP to get layer-specific scores of nodes.
The scores are dependent on each node’s unique neighborhood at multiple hops.
Ranking loss is then calculated based on the combination of the output of the multi-
ple layers. The shortest path lengths can go higher than seven and thus adding more
information with a higher number of layers. Nevertheless, the effect diminishes due
to fewer number of longer paths.

In order to empirically study the over-smoothing effect in our model, we use a
metric similar to one proposed by Chen et al.[Chen et al. 2019]. In [Chen et al.
2019], the authors calculate pairwise cosine distance between node embeddings after
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each layer. They observe that after each successive layer, the average cosine distance
reduces thus implying presence of over-smoothing effect. To measure the effect of
over-smoothing on our model’s performance, we take similar approach and perform
experiments on a 7-layered model. In our proposed model, the output from each
layer is a score vector corresponding to the nodes in the graph. Therefore we replace
cosine distance measure with the difference of two score values. As the total number
of pairs of nodes can become very large ( &~ N? pairs), we randomly sample 1000
non-zero centrality nodes and calculate pairwise score difference (5 x 10% node pairs)
for each layer. In Table A.3 & A.4, we show the average score difference values of
each layer for betweenness variant and closeness variant respectively. We observe
that there is no obvious consecutive decrease in difference values with respect to the
layers. Thus the model is still able to provide stable performance with 7-layers.

Table A.3: Table shows the average of pairwise score difference of nodes for each
layer in 7-layered GNN-Bet model.

Average Score Difference (GINN-Bet)
GNN Layers ER ST GRP
Layer-1 | 0.0025 £0.003 | 0.0274 £0.028 | 0.0042 £0.005
so | Layer-2 | 0.0959 £0.083 | 0.0520 £0.043 | 0.0717 £0.052
£ | Layer-3 | 0.0694 0.091 | 0.0771 £0.060 | 0.0456 £0.046
g Layer-4 | 0.1124 +0.108 | 0.0916 £+0.072 | 0.1605 £0.119
2 | Layer-5 | 0.0771 £0.062 | 0.0312 £0.028 | 0.0931 4-0.090
~ Layer-6 | 0.1223 £0.120 | 0.0282 £0.025 | 0.1355 £0.101
Layer-7 | 0.0959 £0.101 | 0.0993 £0.109 | 0.0605 £0.050
Layer-1 | 0.0025 £0.004 | 0.0265 +0.026 | 0.0040 £0.004
so | Layer-2 | 0.0956 £0.083 | 0.0647 +0.050 | 0.0719 £0.052
g Layer-3 | 0.0688 £0.090 | 0.0557 £0.056 | 0.0451 £0.046
& | Layer-4 | 0.1120 £0.108 | 0.0532 £0.059 | 0.1609 £0.119
O: Layer-5 | 0.0768 £0.063 | 0.0297 £0.035 | 0.0927 £0.089
Layer-6 | 0.1232 +0.122 | 0.02584 £0.022 | 0.1344 +£0.100
Layer-7 | 0.0970 £0.103 | 0.1491 4+0.192 | 0.0599 +0.049
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Table A.4: Table shows the average of pairwise score difference of nodes for each

layer in 7-layered GNN-Close model.

#Layer Average Score Difference (GINN-Close)
ER SF GRP

Layer-1 0.5202 £0.508 | 1.0771 £0.892 | 1.9355 £1.574
Layer-2 1.2834 £1.052 | 1.5232 £1.611 | 2.5324 £2.130
Layer-3 3.1149 £2.643 | 1.3551 £1.458 | 3.9440 +3.024
Layer-4 2.7950 £2.216 | 1.5866 +1.387 | 4.5423 +3.724
Layer-5 | 0.7851 £0.651 | 1.1937 £1.133 | 0.9860 £0.839
Layer-6 0.7561 £0.886 | 1.2197 +£1.192 | 0.8559 £0.681
Layer-7 0.8555 £0.716 | 0.8492 +0.921 | 1.4291 £1.481

A.3 Ablation studies over other ranking measures

In our main experimental results, the ranking performance of the model with Kendall’s
Tau ranking correlation measure. Many other works in the literature [AlGhamdi et
al. 2017; Fan et al. 2019a; He et al. 2022] have used this measure to evaluate ranking
performance. In this section, we include more ranking measures to perform ablation
studies over ranking measures.

A.3.1 Additional ranking measures

In this section we include Spearman’s correlation measure [Kokoska and Zwillinger
2000] and Normalized Discounted Cumulative Gain (NDCG) [Jarvelin and Kekaldinen
2002] as additional ranking measures. Table A.5 & A.6 shows the ranking scores for
betweenness centrality for Spearman’s correlation and NDCG correlation, respec-
tively. Similarly, Table A.7 & A.8 show corresponding scores for closeness centrality
for real-world and synthetic datasets.

A.3.2 Top-k ranking evaluation

In this section, we provide results for top-k ranking of the nodes for GNN-Bet and
GNN-Closeness. We compare the performance with algorithmic methods for top-k
centrality calculation. For betweenness centrality, we compare with [Borassi and
Natale 2019] and for closeness centrality, we compare our model’s performance with
[Bergamini et al. 2019]. Results are shown in Table A.9 & A.10 for betweenness
centrality and A.11 & A.12 for closeness centrality.
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Table A.5: Spearman’s correlation score comparison static betweenness approxima-
tion on real world and synthetic datasets.

Dataset Spearman rank-order Score
GS RK BN GNN-Bet
Wiki-Vote 0.998 0.960 0.921 0.997+0.0003
P2p-Gnutella31 0.995 0.982 0.915 0.994+0.0004
Soc-Epinions 0.937 0.874 0.741 0.976+0.0016
Soc-Slashdot 0.968 0.842 0.692 0.983+0.0004
Ego-Gplus 0.974 0.701 0.537 0.935+0.0032
Email-EuAll 0.968 0.513 0.383 0.999+0.0003
Web-Google 0.834 0.363 0.501 0.926+£0.0013
Wiki-Talk 0.932 0.160 0.213 0.999+0.0001
Synthetic-ER 0.957£0.0417 | 0.944+£0.0331 | 0.768+0.1318 | 0.979+0.0093
Synthetic-SF 0.620£0.0245 | 0.987£0.0132 | 0.368+0.0362 | 0.9994-0.0001
Synthetic-GRP | 0.77440.0442 | 0.439£0.2212 | 0.180+£0.1091 | 0.974+0.0169

Table A.6: NDCG correlation score comparison static betweenness approximation
on real world and synthetic datasets.

Dataset NDCG Score
GS RK BN GNN-Bet
Wiki-Vote 0.997 0.999 0.997 0.9444-0.0166
P2p-Gnutella31 0.995 0.998 0.990 0.91040.0160
Soc-Epinions 0.990 0.999 0.994 0.89940.013
Soc-Slashdot 0.988 0.998 0.993 0.91740.0219
Ego-Gplus 0.995 0.998 0.993 0.826+0.0794
Email-EuAll 0.993 0.998 0.992 0.83540.0526
Web-Google 0.994 0.977 0.990 0.71940.0227
Wiki-Talk 0.991 0.933 0.959 0.89440.0120
Synthetic-ER 0.997+0.0007 | 0.997+0.0021 | 0.98540.0084 | 0.98240.0271
Synthetic-SF 0.987+0.0132 | 0.998+0.0004 | 0.98940.0023 | 0.95140.0256
Synthetic-GRP | 0.97140.0100 | 0.901£0.0597 | 0.841+0.0377 | 0.980+0.0069
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Table A.7: Spearman’s correlation score comparison static closeness approximation
on real world and synthetic datasets.

Dataset Spearman rank-order Score

ocC CD GNN-Close
Wiki-Vote 0.986 0.495 0.984+0.0028
P2p-Gnutella31 0.956 0.982 0.997£0.0005
Soc-Epinions 0.993 0.815 0.9794+0.0014
Soc-Slashdot 0.965 0.849 0.996+0.0006
Ego-Gplus 0.994 0.935 0.971£0.0040
Email-EuAll 0.958 0.454 0.941+0.0047
Web-Google 0.984 0.488 0.839+0.0034
Wiki-Talk 0.970 0.998 0.998+0.0001
Synthetic-ER 0.939 + 0.0010 | 0.724+£0.2714 | 0.9724+0.0181
Synthetic-SF 0.952+ 0.0239 | 0.132+0.1355 | 0.97240.0127
Synthetic-GRP | 0.638 £ 0.2038 | -0.28740.1540 | 0.997+0.0015

Table A.8: NDCG correlation score comparison static closeness approximation on
real world and synthetic datasets.

Dataset NDCG Score

ocC CD GNN-Close
Wiki-Vote 0.999 0.894 0.99740.0005
P2p-Gnutella31l 0.999 0.935 0.99840.0002
Soc-Epinions 0.999 0.959 0.996+0.0015
Soc-Slashdot 0.999 0.928 0.99840.0002
Ego-Gplus 0.999 0.973 0.97240.0012
Email-EuAll 0.999 0.938 0.9984-0.0003
Web-Google 0.999 0.946 0.992+0.0014
Wiki-Talk 0.999 0.964 0.92740.0211
Synthetic-ER 0.999 + 0.0010 | 0.95140.0552 | 0.9984+0.0012
Synthetic-SF 0.998+ 0.0012 | 0.908+0.0155 | 0.997+0.0010
Synthetic-GRP | 0.946 + 0.0482 | 0.750+0.0257 | 0.999+0.0001
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Appendix B

Additional Experiments on Node
Classification

B.1 Extended experiment results

B.1.1 Node classification on higher dimensions

Table B.1 shows the mean node classification accuracy under Single Feature, A11 Feature
and Sub_Feature settings with hidden dimensions set to 64, 128 and 256. We ob-

serve that just with increase in hidden dimensions of 2-layered MLP, we approach
classification accuracy values similar or higher than state-of-the-art more complex
and/or deeper GNN models.

B.1.2 Experiments with no non-linear activation

As we observe in Table B.1, with Sub_Feature scheme enabling feature selection, a
simple 2-layered MLP already trains to very high accuracy. However, we would like
to further understand the requirements of GNN complexity for the given datasets. In
this section, we compare the effect of non-linear activation ReLLU in 2-layered MLP
model under Sub_Feature setting with hidden dimensions set to 256. We remove the
ReLU unit between the two layers and keep other settings same for learning rate,
weight decay and dropout.

Table B.2 shows the accuracy comparisons of the models with and without non-
linear activation between layers. Comparing both settings, we find two interesting
observations. First, for Cora, Texas and Cornell datasets, we see further improvement
in accuracy values. Second, for other datasets while accuracy values have decreased
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CLASSIFICATION

(expectedly), the difference is not significant except for Chameleon and Squirrel

dataset.

With these results, we infer that for these datasets, simple graph convolution
operation over node features combined with hop-feature selection provides sufficient
information. Thus enabling a simple 2-layered model to perform well on the node

classification task.

Table B.2: Mean node classification accuracy under Sub_Feature setting with and
without using ReLLU activation and hidden dimensions set to 256.

Sub_Feature Sub_Feature

Dataset (With ReLU) (No ReLU) SOTA
CAT SUM CAT SUM
Cora 88.09 88.41 88.49 88.51 88.49
Citeseer 77.86 77.74 7772 7781 77.99
Pubmed 89.97 §89.89 89.52  89.54 90.30
Chameleon 79.01 77.63 76.95 76.69 66.47
Wisconsin  89.02 89.22 88.63 88.82 86.98
Texas 88.65 88.65 89.73 88.38 86.49
Cornell 88.11  87.57 88.38 &7.84 82.16
Squirrel 74.49 T72.76 70.45 69.94 49.03
Actor 36.22 36.31 36.11 35.8 36.53

B.2 FSGNN Scalability

Table B.3: Mean classification accuracy on ogbn-100M dataset. Best performance is
marked bold and second best performance is underlined.

Method Accuracy
SGC 63.29+0.19
Node2Vec 58.07+0.28
SIGN 65.11+0.14
SAGN 66.75+0.84
GAMLP  67.714+0.02
FSGNN 68.07+0.06
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In this paper, we have analyzed importance of feature selection by separating
feature aggregation process with neural network component. This setting provides
an additional benefit of making the model scalable. Many GNN models by design
are not scalable for large graph datasets with millions of nodes as they are limited
by the amount of GPU memory available in the system. To demonstrate the scala-
bility of our model, we run experiments on ogbn-papers100M dataset [Wang et al.
2020][Hu et al. 2021], which is the largest public graph learning benchmark with
about 111 million nodes, 1.6 billion edges and 172 node label classes. Similar to
our previous experimental settings, we generate a set of features with A and A for
4-hop aggregation. The dimension of the hidden layer is set to 1280 and + is set to
L=9 (equal to number of input features) to provide a stable training. The model is
trained batchwise with input features for 10 random initializations, and we report
mean accuracy.

We compare the accuracy of our model with SGC [Wu et al. 2019a], Node2Vec
[Grover and Leskovec 2016], SIGN [Frasca et al. 2020], SAGN (base-model) [Sun,
Gu, and Hu 2021] and GAMLP (base-model) [Zhang et al. 2021]. Similar to our
method, input features can be precomputed in many of these models, thus making
them scalable for larger datasets. Once features are computed, the model can be
trained with small input batches of node features on the GPU. Many other GNN
models cannot be trained for larger graphs as the feature generation, and model
training are combined.

Table B.3 shows the mean node classification accuracy of our model along with
published results of other methods taken from [Frasca et al. 2020; Hu et al. 2021; Sun,
Gu, and Hu 2021; Zhang et al. 2021]. As seen from the results, FSGNN outperforms
all other models. We would like to point out that classification accuracy of our
model in addition to other models may be increased further by utilizing additional
augmentation schemes or training measures [Li, Han, and Wu 2018; Sun, Lin, and
Zhu 2020; Huang et al. 2020; Sun, Gu, and Hu 2021; Zhang et al. 2021]. However,
as this is out of scope of our paper, hence we do not discuss it here.

B.3 Implementation Details of FSGNN

For reproducibility of experimental results, we provide the details of our experiment
setup and hyperparameters of the model.

We use PyTorch 1.6.0 as deep learning framework on Python 3.8. Model training
is done on Nvidia V100 GPU with 16 GB graphics memory and CUDA version
10.2.89.

For node classfication results (5.3), we do grid search for learning rate and weight
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Table B.4: Hyperparameter search space
Hyperparameter Values
W Dygeq 0.0, 0.0001, 0.001, 0.01, 0.1
LR, 0.04, 0.02, 0.01, 0.005
WDga 0.0, 0.0001, 0.001
WDgeo 0.0, 0.0001, 0.001
LRy, 0.01, 0.005
Dropout 0.5, 0.6, 0.7

Table B.5: Hyperparameters of the 3-hop model
Datasets WDso LRseq WDga WDygeo LRy Dropout

Cora 0.1 0.01 0.001  0.0001 0.01 0.6
Citeseer 0.0001 0.005  0.001 0.0 0.01 0.5
Pubmed 0.01 0.005 0.0001 0.0001 0.01 0.7
Chameleon 0.1 0.005 0.0 0.0 0.005 0.5
Wisconsin  0.0001  0.01 0.001  0.0001 0.01 0.5
Texas 0.001 0.01 0.001 0.0 0.01 0.7
Cornell 0.0 0.01 0.001 0.001  0.01 0.5
Squirrel 0.1 0.04 0.0 0.001  0.01 0.7
Actor 0.0 0.04 0.001  0.0001 0.01 0.7

decay of the layers and dropout between the layers. Hyperparameters are set for
first layer fcl, second layer fc2 and scalar weight parameter sca. ReLlU is used as
non-linear activation and Adam is used as the optimizer. Table B.4 shows details of
hyperparameter search space. Table B.5 and B.6 show the best hyperparameters for
the model in 3-hop and 8-hop configuration respectively. Patience value 100 is used
for all datasets.

For experiments on oghn-papers100M dataset, based on the data from earlier
experiments, we manually tuned the hyperparameters to get the best accuracy result.
Batch size of 4096 was used for training data and maximum training epoch was set to
1500. Table B.7 shows the relevant hyperparameters for the model. Patience value
300 was used in model training.
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Table B.6: Hyperparameters of the 8-hop model

Datasets WDso LRy WDga WDgo LRy Dropout

Cora 0.1 0.02 0.001  0.0001 0.01 0.6
Citeseer 0.0001 0.01 0.001  0.0001 0.01 0.5
Pubmed 0.01 0.02  0.0001 0.0 0.005 0.7
Chameleon 0.1 0.01 0.0 0.0 0.005 0.5
Wisconsin 0.001 0.02 0.001  0.0001 0.01 0.5
Texas 0.01 0.01 0.001 0.0 0.01 0.7
Cornell 0.0 0.01 0.001  0.0001 0.01 0.5
Squirrel 0.1 0.02 0.0 0.0001 0.01 0.5
Actor 0.0001  0.04 0.001  0.0001 0.01 0.7

Table B.7: Hyperparameters for the ogbn-paper100M dataset

Hyperparameters Values
WD1, WD2, WD3, WDsca 1e-05, 1e-06, 9e-06, 0.1
LR1, LR2, LR3, LR_sca 5e-05, 2e-04, 2e-05, 1e-04
Dropout1, Dropout?2 0.5, 0.6
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Appendix C

Alternate approach to Feature
Aggregation for Node
Classification

In Chapter 5, we discuss how improving feature aggregation by selecting hop features
is useful. Then, we propose a model FSGNN, which learns to select hops automat-
ically in end-to-end training of the model. Taking inspiration from our previous
experiments, we propose a new model that can also learn to select hop features that
are most relevant to the target labels of the nodes. In this section, we provide details
on the architecture of the model, and present our experiment results in comparison
with other state-of-the-art GNN models and feature selection algorithms.

C.1 Feature Selection in GNN

Problems to select optimal features has been explored in machine learning literature
using various feature selection strategies [Li, Chen, and Wasserman 2015; Wojtas
and Chen 2020]. However, with GNNs, it is more challenging in two ways. First,
node features in many datasets are sparse. For example, most datasets in Table 5.2
has more than 95% sparsity for node feature matrix. Second, the total dimension-
ality of node features increases rapidly with each aggregation step due to multiple
feature matrices after aggregation. Due to these challenges, many feature selection
algorithms are not optimal for the task. Furthermore, feature selection algorithms
are used for selecting individual indices of input feature vectors. However, in the
case of the node classification task, selecting hop-features is more useful as it helps
to establish the similarity /dissimilarity of nodes from their neighbors. Hence it be-
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comes challenging to use feature selection algorithms, and there is a need for new
approaches to tackle this problem.

C.1.1 Problem Formulation

Given the input 2 as a set of 2K + 1 node feature matrices and % as labels of the
nodes. We are interested in identifying a subset of & of length up to p < 2K + 1,
for which the GNN model gives the best performance. All such possible subsets are
defined as A and | M| = ?:1 (2Kj+1). Let m € M denote any one of such possible
subsets. Our objective is to identify the optimal subset m* for which GNN model
performs best.

C.2 Dual-Net GNN Architecture

As discussed in Section 5.3.2, the GNN model needs to have the capability to select
useful node features while discarding noisy /uninformative features. In this section,
we propose a new GNN model that takes all node feature matrices as input and
during training learns to select optimal node feature set for the task and discards
the remaining ones. Details of the model architecture and training methodology are
as follows:

C.2.1 Model Description

The model consists of two separate neural networks: classifier network and selector
network.

Classifier Network. It is a two-layered MLP neural network, similar to the
one used in Section 5.3.1 for predicting labels of the nodes. The classifier network
is parameterized with 6, represented as f.(0; 2, m). The input to the network is
a subset of node feature matrices, m € . In the first layer, each input matrix is
linearly transformed and the output is summed. The non-linearity (ReL.U) is applied
and then mapped to the second layer. After training of the joint model, f.(0*; 2", m*)
is applied on the test split of the dataset, where #* denotes learned parameters of
the classifier and m* is the optimal input subset of node feature matrices.

Selector Network. The selector network is also a two-layered MLP, yet with
a different input/output configuration. The role of the selector is to find out an
optimal feature subset of 2" based on the performance feedback of the classifier. The
selector model is parameterized with ¢, represented as fs(¢, m). The input to the
selector network is a one-hot encoding vector 7 of dimension 2K + 1 representing
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the subset of feature matrices to be selected as per m. For example, for K = 3, the
subset {X, (A+ )X, A>X} has = (1,0,1,0,0,1,0). The output is a single scalar
value. The purpose of the selector net is to learn to predict the average performance
of the classifier to the mask corresponding to the input subset.

Both networks are trained jointly in an alternate manner. However, the training
objective of both models are different.

M Y

m
"‘“‘d() —| Classifier [—

|
0 L
Classifier —»‘

““‘d() —*| Classifier

—

m
L[ Je]e 1 o]
[*Te[*[e[o][*} Selector o

1
11 1 1

1 HHH

1

Selector

Stage-1 Stage-2 Stage-3

Figure C.1: Figure shows the model operation in 3-stages. Classifier and Selector
are trained jointly in Stage 1 & 2, while only Classifier is trained in Stage 3.

C.2.2 Loss functions

Classifier Loss. The classifier is trained with simple Cross-Entropy loss commonly
used in the node classification task. For each training step, the input is a subset of
node features, m € . In implementation, it represents the masking operation of
input features to the model. Loss is calculated between output logits of the model
and true labels of the nodes,

1
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Selector Loss. The loss of selector is MSE (mean squared error) loss between the
output of selector, Os = f,(¢; W) and the classifier loss value Z,,

2(:0) = (R0 — 22 m:0)) (C2)

The selector learns to map the input mask vector to the classifier’s loss. Thus the
output of the selector varies with different input subset masks in congruence with
the classifier’s performance. With a good input subset, the classifier will have a lower
loss, and correspondingly selector will have a lower output value and vice versa.

C.2.3 Training Methodology

Our objective in training is to start with all input feature matrices in 2, and during
the process, learn the importance of each feature matrix. Based on the feature
ranking, we then aim to select the optimal subset m* to get the maximum prediction
accuracy. We train our model Dual-Net GNN in three stages, with each stage having
a different objective.

Stage 1. First stage is the exploration stage, where the model is trained on possible
combinations of node feature matrices. The objective is to explore the performance
characteristics of subsets of ./ in terms of the loss value of the classifier. For each
forward pass, a random subset m sampled from ., and corresponding node feature
matrices are used as input to the classifier. Similarly, one-hot encoded vector rep-
resentation 77 is set as input to the selector. Cross-entropy loss for the classifier is
calculated and backpropagated. For the selector, MSE loss is calculated between the
output of the selector Oy and loss of the classifier &, and backpropagated to update
selector network weights. The training is continued in this manner till the classifier
yields different losses for different mask combinations stably, and the selector learns
to map these masks to the classifier’s performance. The number of training epochs
in this stage is set as a hyperparameter, £1.

Stage 2. In this stage, our objective is to exploit the learned selector to identify
indices of useful feature matrices and generate possible optimal masks for the clas-
sifier. In machine learning literature, given a trained model, gradients with respect
to the input are often used to identify important input components [Ross, Hughes,
and Doshi-Velez 2017; Tsang, Cheng, and Liu 2018; Hechtlinger 2016]. The input
components with larger gradients contribute more toward the model’s output. Sim-
ilarly, we aim to identify important indices of the input mask vector to the trained
selector model. The node feature matrices corresponding to these indices would lead
to better performance of the classifier model.
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We use a mask vector with all indices initialized with equal initial weights (% e %)
as input to the selector meaning all indices have an equal chance of being selected. We
then calculate the gradients of the input vector with respect to the model. Indices
with top-p gradients (izp-,) are identified. It reduces the number of indices to
consider from 2K + 1 — p. However, the optimal subset m* might be a smaller
subset of these indices, i.e. len(m*) < p and the number of possible candidates for
optimal subset is Z?Zl (i’) A fixed number of combinations of these indices are
sampled, and validation loss on the classifier is calculated. Mask with the lowest loss
value is selected, and both classifier and selector are trained on it for one epoch. This
step is repeated each epoch, and the model is trained for a fixed number of times,

E2.

Stage 3. After Stage 2, the input mask with the lowest validation loss is identified
as m*. The training is continued with only the classifier with node feature matrices
corresponding to m* as input. The selector model is not utilized in this stage. The
training of the classifier is continued till the stopping criterion is satisfied.

C.3 Related Work

Details of related work on graph neural networks have already been discussed in
Chapter 5. However, we also compare the performance of our model with feature
selection methods, we provide a summary of feature selection algorithms here.

In machine learning field, feature selection has been used a way to discard noisy
features to improve performance [Chandrashekar and Sahin 2014; Li et al. 2017a;
Tang, Alelyani, and Liu 2014; Fukumizu and Leng 2012; Wojtas and Chen 2020].
It provides computational benefits (lower storage and faster computation) and sta-
tistical benefits including increased model interpretability [Chen et al. 2017]. There
are many supervised feature selection algorithms in use. LASSO [Tibshirani 1996],
random forest (RF) [Breiman 2001] , RFE (Recursive Feature Elimination) [Guyon
et al. 2002] is one of the off-the-shelf method. HSIC LASSO (Hilbert Schmidt Inde-
pendence Criterion Lasso)[Yamada et al. 2014] and CCM (Conditional Covariance
Minimization)[Chen et al. 2017] are two kernel based methods for feature selection.
Recently neural network based models [Li, Chen, and Wasserman 2016; Wojtas and
Chen 2020] for feature selection have been proposed.
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C.4 Experiments

In this section, we evaluate the results of experiments with our proposed model on
real-world node classification datasets. We compare the performance of our model
with other GNN models.

C.4.1 Settings and Baselines

For a fully-supervised node classification task, each dataset is split evenly for each
class into 48%, 32%, and 20% for training, validation, and testing [Pei et al. 2020;
Zhu et al. 2020]. We report the performance as mean classification accuracy over ten
random splits. To provide a comprehensive evaluation of our model’s performance,
we compare the accuracy results with feature selection methods as well as graph
neural network models.

Feature Selection Baselines. We ran experiments on 4 feature selections
methods: RFE [Guyon et al. 2002], HSIC LASSO [Yamada et al. 2014], CCM [Chen
et al. 2017], and DFS (Deep Feature Selection)[Li, Chen, and Wasserman 2016].
RFE, HSIC LASSO, and CCM algorithms work directly on feature matrices. Hence,
we concatenated all pre-computed seven node feature matrices to get a single feature
matrix, Lo € R™7 and provide it as input along with labels of the nodes in the
training split. For parity with our model, we set the number of dimensions that can
be selected by the algorithms up to pd. Due to intensive memory requirements with
high dimensional data, feature selection algorithms were run on a machine with 800
GB memory. Once the feature indices are selected by the algorithm, we trained a
two-layered MLP (similar to the classifier in our model) on selected features and
report the prediction accuracy. DFS is a neural network based feature selection
model. We modified the DFS model to select hop features similar to our model
keeping other architectural details and loss functions same.

GNN Baselines. We compare our model to 13 different GNN baselines and
use the published results as the best performance of these models. GCNII [Chen
et al. 2020], TDGNN [Wang and Derr 2021}, H2GCN [Zhu et al. 2020] and GloGNN
[Li et al. 2022] have proposed multiple variants of their model. We have chosen the
variant with the best performance on most datasets. GPRGNN uses random splits
in their published results. For a fair comparison, we ran their publicly available code
on our standard splits while keeping other settings the same.
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C.4.2 Results and Discussion

Accuracy Results

Table C.1 shows the comparison of the mean classification accuracy of our model with
other feature selection methods and GNN methods. These feature selection methods
overall do not perform better despite high execution time and intensive memory
requirements. CCM method runs out of memory on many datasets despite using a
high memory machine. The performance of DFS is comparable to a few GNN models,
however, it still is significantly lower than our model. Comparing the results with
other GNNs, we observe that our model overcomes the effect of noisy features and
significantly improves the performance on Chameleon (+10.2%), Wisconsin (+1.6%),
Texas (+4.19%), Cornell (4+2.51%) and Squirrel (+27.8%) datasets. For Cora (-
0.8%), Citeseer (-1.1%), Pubmed (-0.7%), and Actor (-1.1%), the performance of
our model is on par with other GNN models.

Training Time

Due to its simple architecture, the training time of our model is relatively low. Figure
C.2 shows a comparison of the training time of our model with a few SOTA GNN
models on commonly used benchmark datasets Cora, Citeseer, and Pubmed. Train-
ing time of our model is similar to GCN and GPRGNN. Due to its deep structure
with up to 64 layers, the training time of GCNII is one order magnitude higher than
our model. For feature selection methods, most of the execution time is spent on
running feature selection algorithm. In our experiments, feature selection algorithms
took significantly higher time (> 2+ hours) than graph neural network models.

C.5 Experiment Setup

C.5.1 Hardware

Experiments related feature selection algorithms (RFE, HSIC LASSO and CCM)
were conducted on machine with Intel Xeon Gold 6148 processor (limited to 8 cores)
and 800 GB memory. Training on feature selection algorithm, DFS and other GNN
related experiments were conducted on machine with Intel Xeon Gold 6148 processor

(limited to 5 cores), 60 GB memory and V100 GPU.
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Figure C.2: Comparison of training time of GNN models on Cora, Citeseer and
Pubmed datasets. Time(seconds) is plotted in log scale due to the training time of
GCNII being significantly higher than other models.

C.5.2 Model Hyperparameters

For Dual-net model, the number of hops for feature aggregation, K is set to 3 and p
is set as 4. Hidden dimension of both selector and classifier are set to 64. Table C.2 &
C.3 lists hyperparameters related to classifier and selector model respectively. W D
represents weight decay, LR represents learning rate, fcl & fc2 denote layers and
E1 & E2 are the number of epochs of training in Stage 1 and Stage 2 respectively.
Patience for Stage 3 training is set to 100. For the classifier network, learning rate
was selected from {0.001, 0.01, 0.05}, weight decay was selected from {0.0, 1e-05,
le-04, 1e-03} and dropout from {0.5, 0.6, 0.7}. For the selector network, learning
rate was selected from {0.01, 0.005}, weight decay was selected from {1e-06, 1e-05,
le-04} and dropout is kept at constant value of 0.5. Training epochs E1 for Stage 1,
were selected from 100, 200, 300, 400, 500. Search was done with mix of parameter
sweep with manual intervention to avoid unfruitful hyperparameter combinations.
Table C.4 shows indices of feature matrices learned for all 10 splits.
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Algorithm 3: Pseudo Code Dual-Net GNN

Input : Classifier f.(0;2,m), Selector f,(¢;nt)
Input : Node feature set X&', Max. subset size p, Stage 1 epochs E;, Stage
2 epochs Fjs, hidden dimensions h
Output: Logits (Classifier)
/* Stage-1 */
1 for it + 0 to F'1 do
2 m = Random(M ,iq,p)
3 | Z(X mif) = UL, m,y;0)
4 9// & 9/ - HVQQ?C(%, m; 9)|9:9/

s | Lih0) = (o) - 22 ms6)
6 | ¢ —nVyL(i:0)lo=s

7 end
/* Stage-2 */
11 1
8 Meg = (5, CERER) 5)
a S )
9 5meq - fa(f]m)lmzmeq

10 Gyop—p = argsort(dp,,, )[—p
11 for 57 < 0 to E2 do

12 my = Random( M ,irop—p, D)
13 Z(X,my; 0) = ﬁl(&”,ml,,y; 0)

14 0" = 0 — HV93C(%, mp; 9)|9:9/
2
15| Ll 0) = (fo(0i) = LULmyi0))

16 | ¢ &G — VL 6) o
17 end
/* Stage-3 */
18 m* = argmin(Z,(var))
19 for kk + 0 to E3 do
20 Ze(X,m*0) = ﬁl(&",m*,y;e)
21 0" 20 —nVeZ(L,m*;0)|o—e
22 if checkEarlyStopping(Z.(L,m*;0)) then

23 0, = restoreBestweights()
24 break

25 end

26 end
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Table C.2: Hyperparameters of the Classifier
Datasets WD¢y WDgeo LRy Dropout E1 E2

Cora le-04 le-04 0.01 0.7 400 20
Citeseer 1le-05 le-03  0.05 0.6 500 20
Pubmed le-05 le-03  0.05 0.6 400 20
Chameleon 0.0 0.0 0.001 0.6 600 20
Wisconsin le-04 le-04 0.05 0.5 100 20
Texas le-04 le-04  0.05 0.7 600 20
Cornell le-04 0.0 0.05 0.5 600 20
Squirrel le-04 0.0 0.001 0.5 600 20
Actor 1le-03 1le-05 0.05 0.7 600 20

Table C.3: Hyperparameters of the Selector
Datasets W Dpotr,  LRpotn,  Dropout

Cora 1le-05 0.005 0.5
Citeseer le-05 0.005 0.5
Pubmed le-05 0.01 0.5
Chameleon 1e-06 0.01 0.5
Wisconsin le-04 0.01 0.5
Texas le-04 0.005 0.5
Cornell le-04 0.005 0.5
Squirrel 1e-06 0.01 0.5
Actor le-04 0.01 0.5

Table C.4: Statistics of feature matrices selected in 10 random splits for each dataset

Datasets X AX  (A+DX A’X (A+1)PX AX (A+1)*X
Cora 6 0 2 4 3 6 10
Citeseer 10 3 5 4 8 2 6
Pubmed 10 0 1 2 6 0 3
Chameleon 0 10 4 9 1 1 1
Wisconsin 10 1 1 2 1 0 1
Texas 10 5 1 1 0 1 1
Cornell 10 2 0 1 2 2 1
Squirrel 0 10 1 3 0 2 1
Actor 10 0 0 0 0 0 0
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C.6 Additional Experiments on Larger Datasets

The datasets used in our main experiments consist of graphs with a few thousand of
nodes. In real-world applications, the graph size can be a few hundred of thousands
of nodes to millions of nodes. Hence, the benchmarking datasets for GNN models
need to be much larger than commonly used datasets. Recently [Lim et al. 2021] has
proposed new benchmark datasets with large graph sizes with fixed data splits and
also provided benchmark results on various GNN models. Statistics of the datasets
are provided in Table C.5. To demonstrate the scalability of our model, we run
experiments with Dual-Net GNN model on these datasets. Table C.6 shows the
performance comparison of our model with other SOTA models. Our model, in
general, outperforms other GNN models on most datasets.

Table C.5: Statistics for large graph datasets
Dataset # Nodes # Edges # Feat. # Classes

Penn94 41,554 1,362,229 5 2
pokec 1,632,803 30,622,564 65 2
arXiv-year 169,343 1,166,243 128 5
snap-patents 2,923,922 13,975,788 269 5
genius 421,961 984,979 12 2
twitch-gamers 168,114 6,797,557 7 2

C.6.1 Details of Experiments on Large Datasets
Data-Splits

For a fair comparison, we use the same data splits as provided by [Lim et al. 2021]
at their code repository (https://github.com/CUAI/Non-Homophily-Large-Scale).
Each dataset has five training/validation/test splits and we report mean accuracy/
ROC AUC scores in Table C.6.

Feature Calculation

We pre-calculate feature matrices with aggregation of up to 4-hops. In addition,
we also include adjacency matrices as feature inputs. Due to the higher complexity
of datasets, we use a 3-layered MLP model for the Classifier. Results for Penn94,
pokec, genius, and twitch-gamers datasets are for aggregation up to 4 hops, while
the results for arXiv-year and snap-patents are for up to 3 hops. Please note that
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due to the large size of these datasets and longer training time, analysis similar to
Table 5.1 is computationally prohibitive.

Hardware

Experiments were conducted on a machine with Intel Xeon Platinum 8360Y processor
(limited to 9 cores), 60 GB memory, and A100 GPU.

Parameter Optimization

To find the best hyperparameters for the model, we use Optuna [Akiba et al. 2019],
a hyperparameter optimization framework. For sampling hyperparameters during
the training, we used multivariate TPESampler (tree-structured Parzen Estimator)
algorithm [Bergstra et al. 2011] available in Optuna.

Table C.6: Experimental results on large node classification datasets. Mean Test
accuracy is shown for most datasets, while genius shows test ROC AUC. GloGNN-++
results are taken from [Li et al. 2022] and results for other models are taken from
[Lim et al. 2021]. Average is taken over default five train/val/test splits. OOM
denotes experiment ran out of memory. Best result for a dataset is shown in bold.

Penn94 pokec arXiv-year snap-patents genius twitch-gamers Mean Val.

MLP 73.61 £0.40  62.37+£0.02  36.70+0.21 31.3440.05 86.68 +0.09 60.924+0.07 58.60
GCN 82.47 £0.27  75.45+0.17  46.024+0.26 45.65+0.04 87.42 £0.37 62.184+0.26 66.53
GAT 81.53 £0.55  71.77+£6.18  46.05 £0.51 45.37+0.44 55.80 +0.87 59.89+4.12 60.07
GCNJK 81.63 £0.54  77.00+£0.14  46.2840.29 46.88+0.13 89.30 £0.19 63.45+0.22 67.42
GATJK 80.69 +£0.36  71.1946.96  45.80 +0.72 44.784+0.50 56.70 £2.07 59.98+2.87 59.86
APPNP 74.33 £0.38  62.58+0.08  38.15+0.26 32.1940.07 85.36 +0.62 60.9740.10 58.93
H2GCN OOM OOM 49.0940.10 OOM OOM OOM -

MixHop 83.47 £0.71  81.07+£0.16  51.81+0.17 52.1640.09 90.58 +0.16 65.6440.27 70.79
GPR-GNN 81.38 £0.16  78.83+£0.05  45.07+0.21 40.1940.03 90.05 +0.31 61.89+0.29 66.24
GCNII 82.92 £0.59 78.94 +£0.11 47.21 £0.28  37.88 £0.69  90.24 +0.09 63.3940.61 66.76
LINKX 84.71 £0.52  82.04+0.07 56.00 £1.34  61.95 +£0.12  90.77 £0.27 66.06+0.19 73.59
GloGNN++ 85.74+0.42 83.05+0.07 54.79+0.25 62.031+0.21 90.914+0.13 66.3440.29 73.81
Dual-Net GNN 86.09+0.56 81.55+0.09 62.65+0.39 70.224+0.44 91.45+0.12  66.36+0.11 76.35
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