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Abstract

The Boolean Satisfiability Problem (SAT in short) is the decision problem of determining
whether there exists an assignment of boolean values, 0 (false) or 1 (true), to the variables
of a boolean formula such that the whole formula evaluates to 1 (then the assignment
is called a satisfying assignment). The problem k-SAT is a special case of SAT, where
the input formula is given in k-CNF (Conjunctive Normal Form), i.e., as a conjunction
of clauses of at most k literals. 2-SAT can be solved in linear time. In contrast, 3-SAT
is the first known NP-complete problem (k-SAT for any k > 3 is also NP-complete), as
proven independently by Cook [2] and Levin [8]. A lot of problems have been proven to
be NP-complete using reductions from 3-SAT, which is seen as a basic method to prove
a problem NP-complete. Thus, finding better exponential-time algorithms for solving
3-SAT has been an active research target for decades.

Though we cannot expect a polynomial-time algorithm for 3-SAT (unless P = NP),
it is still possible to obtain an exponential-time algorithm that solves 3-SAT significantly
faster than the naive exponential-time algorithm that runs in 2" - poly(n)-time to solve
a given 3-CNF formula with n variables. Many researchers have proposed better algo-
rithms for solving 3-SAT. Among them, the randomized algorithm proposed by Paturi,
Pudlak, Saks, and Zane [12] (PPSZ in short) is simple but strong, and it has been stud-
ied as one of the standard templates of 3-SAT algorithms. The key idea of PPSZ is
simple. Choose a random order 7 on the variables and fix them one by one in this order.
Set each variable x to “your best knowledge” under the assumption that all previous

choices can still be extended to a satisfying assignment. If you can somehow figure out



the correct assignment for variable z, then follow your assignment; otherwise, you guess
its value uniformly ar random.

Usually, we discuss k-SAT in two different cases. Unique k-SAT is a problem where
the input formula F' has at most one satisfying assignment, and General k-SAT is a
problem where the input formula F' has more than one satisfying assignment. Because
of the proved theorem that if we can improve Unique k-SAT, we can also get a similar
(smaller) improvement for General k-SAT [17], most researchers focus on the study of
Unique k-SAT. There are two main kinds of improvements over PPSZ for Unique 3-SAT.
One is based on the idea from Hertli [4], and the other is biased-PPSZ [3]. In this thesis,
we give two corresponding improvements for each algorithm.

In [4], Hertli studies the special cases of PPSZ in which PPSZ behaves better than
usual. He emphasizes the importance of the critical clause, where there is only one true
literal under a satisfying assignment. He shows that we can divide the input formulas
into two groups, one has many variables that have more than one critical clause; and
the other has few variables that have more than one critical clause. For the first kind of
formula, PPSZ itself can give us a faster running time. For the second kind of formula,
Hertli uses brute-force search to screen those variables having more than one critical
clause and gives a careful case by case method combing with [19] to deal with the rest
part. In chapter 3, we push his idea further. We give a smarter way to deal with the rest
part, which returns a better result than Hertli’s. Although the amount of improvement
is insignificant, it at least shows that the improvement of the algorithm in question is
far from over.

As for another method, biased-PPSZ in [3], Hansen, Kaplan, Zamir, and Zwick
introduce a new idea of using “bias” and claimed that a relatively large improvement
is possible by using “bias”. There are two interesting points in their approach. Firstly,
they propose a systematic way to use “bias” for predicting an assignment to a variable
when the assignment cannot be inferred from the previous assignments, whereas an
assignment is guessed uniformly at random in PPSZ. Since this idea is natural, we

may be able to introduce several variations following this approach. In chapter 4, we
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propose an additional way to use “bias” and define an algorithm QW _biased-PPSZ that
would improve their algorithm further. Secondly, they introduce a numerical method
for analyzing the computational complexity of their algorithm. The analysis is rigorous
at least on grid points, and we may expect that the accuracy of the analysis increases
by reducing the grid interval. We introduce in this thesis another way to justify the
complexity bound that is obtained numerically for our algorithm, which is the best

result for Unique 3-SAT so far.

iii



Acknowledgements

First of all, I would like to thank my advisor Watanabe Osamu, for his help with my
Ph.D. thesis and other research, as well as for his support in studying and living at
Tokyo Tech. We had a lot of enlightening discussions about k-SAT and computational
complexity. In particular, he has been patient in guiding me through my research during
this recent year when things have not been going well.

Then I would like to thank my parents, Qin Changhong and He Ben, for supporting
my study in Japan. I am very appreciative that they always trust me and give their love
and care to me. I am sorry that I cannot spend much more time with them.

Last, I would like to thank my family in Japan. My girlfriend, Wang Ping, has been
a source of joy and spiritual support in my life. Without her patient care and support, I
would not have completed my Ph.D. thesis and started my new career life. And thanks
to my pets, Pi Pi (the cat) and Mao Mao (the dog), for their companion in such difficult

times.

iv



Contents

Abstract
Acknowledgements

1 Introduction

1.1 Background . . . . . ...
1.2 Our contributions . . . . . . . . .. L Lo
1.3 Notation . . . . . . . . . e
1.4 Outline . . . . . . . e

2 The PPZ and PPSZ Algorithms

2.1 The PPZ algorithm . . . . . . .. .. .. ...
2.2 The PPSZ algorithm . . . . . .. .. .. .. .
2.3 The Analysis of PPSZ . . . . . . . . . ...
2.4 Proof of Theorem 2.9 . . . . . . . .. .. .. ..
2.4.1 Critical Clause Trees . . . . . . . . . . . . . .
2.4.2 Relation to Forced Variables . . . . . ... ... ... .......
2.4.3 Probability Analysis . . . . . . .. ...
2.4.4 Extra Omitted Proofs . . . .. ... ... ... ... ...
3 The Hertli’s Algorithm and its Improvements
3.1 Hertli’s Algorithm . . . . . ... ...
3.2 Our Improvements . . . . . . . . . . . ...

iv

11
11
13
15
23



3.3 Detail Efficiency Improvement Analysis and Our Choice of Parameters . .

4 Biased-PPSZ Algorithms and Our Improvements
4.1 The Generic Biased-PPSZ Algorithm . . . . . . ... .. ... ... ....
4.2 The HKZZ biased-PPSZ Algorithm . . . . . . . ... ... ... ... ...
4.3 The biased-Search and QW _biased-PPSZ Algorithm . . ... .. ... ..
4.4 Numerical Analysis for an Exponential Coefiicient of QW _biased-PPSZ . .
4.4.1 Zamir’s numerical analysis. . . . . ... ..o oo

4.4.2 Derivation of our exponential coefficient eqw . . . . . . ... ...
5 Conclusion
Bibliography
Appendix 1

Appendix 2

vi

41

44
45
49
53
58
59
75

(4

78

82

84



Chapter 1

Introduction

1.1 Background

The Boolean Satisfiability Problem (SAT in short) is the decision problem of determining
whether there exists an assignment of boolean values, 0 (false) or 1 (true), to the variables
of a boolean formula such that the whole formula evaluates to 1 (then the assignment
is called a satisfying assignment). The problem k-SAT is a special case of SAT, where
the input formula is given in k-CNF (Conjunctive Normal Form), i.e., as a conjunction
of clauses of at most k literals. 2-SAT can be solved in linear time. In contrast, 3-SAT
is the first known NP-complete problem (k-SAT for any k > 3 is also NP-complete), as
proven independently by Cook [2] and Levin [8]. A lot of problems have been proven
to be NP-complete using reductions from 3-SAT, which is seen as a basic method to
prove a problem NP-complete. Thus, finding better exponential-time algorithms for
solving 3-SAT has been an active research target for decades. A naive brute-force search
algorithm solves it in time O(2"poly(n))!, where n is the number of variables. The first
non-trivial upper bound on the exponent, for any k£ > 3, was obtained by Monien and
Speckenmeyer [9]. They used a deterministic branching algorithm to show that it runs
in time O(1.619") when k = 3. Improved deterministic algorithms were then obtained,

culminating with the time bound O(1.476™) by Rodosek [16].

'From now on, we omit the poly(n) term for simplicity.



Further improved upper bounds came from randomized algorithms. Schoning [18]
proposed a very simple randomized algorithm based on a simple random walk. 1t solves
k-SAT in O((2 — %)") time. In 1997, Paturi, Pudldk and Zane [11] found another ran-
domized algorithm (which is commonly called PPZ) for k-SAT in 0(2(17%)”) time. Af-
terward, Paturi, Pudldk, Saks, and Zane [12] presented an improved version of the PPZ
algorithm by using the bounded resolution, which is known as the PPSZ algorithm. It
solves k-SAT in a faster running time, for example, O(1.364") for 3-SAT and O(1.308")
for Unique 3-SAT, where Unique k-SAT means that there is only one satisfying assign-
ment for the input formula. They showed that for k& > 5, the PPSZ algorithm behaves the
same in both unique and general cases. However, when k = 3,4, their analysis showed
that the PPSZ algorithm for the general case behaves worse than the unique case. Many
researchers tried to close the gap between the unique case and the general case for sev-
eral years. There were many improved results of the general case for k = 3,4 but still
not close to the time bounds of the unique case. Until Hertli [5] found a new method
called d-implication instead of the bounded resolution to predict the values of variables,
which closed the gap. Hertli [4] also showed that the PPSZ exponent for Unique 3-SAT
can be improved by about 10724, He used an algorithm from Wahlstrém [19] that is
faster than PPSZ on short formulas, that is, formulas with a relatively small number of
clauses. I and Watanabe [13, 14] pushed the idea of Hertli a bit further and analyzed
the algorithm more carefully, which reduced the exponent by about 107! and lead to
the best result for Unique 3-SAT. A year later, Hansen, Kaplan, Zamir, and Zwick [3]
presented a biased version of the PPSZ algorithm. Even with an incomplete analysis,
they showed that the biased-PPSZ algorithm runs in time, for example, O(1.306996™)
for Unique 3-SAT. It updates our result and has become the best for the Unique k-SAT
problem now.

In 2017, Scheder and Steinberger [17] simplified Hertli’s analysis [5] of the general
case, and also showed that improvements over the PPSZ-type algorithms for the unique
case imply small(er) improvements also for the general case. Thus, by using the theo-

rem, the improvement obtained from biased-PPSZ [3] for Unique k-SAT also ensures an



improvement for General k-SAT, which is also the best result so far. The theorem is
meaningful since we only need to focus on the Unique k-SAT problem, which is usually

believed easier to improve than the General k-SAT problem.

1.2 Our contributions

There are two main contributions in this thesis.

First, we analyze Hertli’s methods in [4] and push his idea further, which gives us a
better time bound for Unique 3-SAT.

Second, we give a more efficient algorithm than biased-PPSZ from [3]. We present a
biased-Search instead of the brute-force search that is used when the maximum disjoint
set is small. We give a natural enhanced version of the biased-PPSZ algorithm, which
is named by QW _biased-PPSZ and thereby has a faster running time O(1.306984™) for
Unique 3-SAT. The algorithm and the proof of the improvement can be applied to Unique
k-SAT for k > 3. However, the numerical part would be very complicated and has no
guarantee that it is tight. Therefore we have to omit the computation for simplicity like
[10] and give a careful analysis for Unique 3-SAT as an example.

Furthermore, as discussed previously, the improvement for Unique k-SAT can easily
be extended to General k-SAT by the main theorem in [17], which gives the best results
for both Unique and General 3-SAT so far. Table 3.1 shows the main results for Unique
3-SAT on the exponential coefficient e, which is the exponent of base 2 of the running

time.

1.3 Notation

A Dboolean formula in propositional is an expression built from boolean variables, the
operators AND (A), OR (V) and NOT (— or an upper bar ~ over a variable). Let V/
be a finite set of boolean variables. n is the number of the variables in V. Variables
are indexed as x1,...,x,. But we can use z,y, z to denote variables in {z1,...,x,} for

simplicity. A literal I; over x; € V is itself x; or its negation denoted by Z;. If [; = Z;,



Algorithm € 2¢

Naive: €paive 1.0 2

PPSZ: eppsyz 0.386295 1.307031

Qin, Watanabe[2018]: €215 | 0.386295 — 2.47 x 10~ 19
HKZZ biased-PPSZ: epkzz, 0.386254 1.306995
QW _biased-PPSZ: eqw 0.386241 1.306984

Table 1.1: Comparison of exponential coefficient e

then [; is defined as x;. A (CNF) clause C over V is a finite disjunction of literals from
V such as 1 V z3 V T4. A (CNF) boolean formula F is a finite conjunction of clauses
over V. For a clause C (resp., a formula F'), we write var(C') (resp., var(F')) for the set
of variables appearing in C' (resp., F'). We say that formula F' is a k-CNF formula if
every clause of F' contains at most k literals. For any k-CNF formula F', let |F'| denote
the size of F', which is the number of the clauses contained in F'.

A (truth) assignment on V is a mapping « : V +— {0,1}, which assigns a boolean
value to each variable. An assignment « satisfies a formula F' if F' evaluates to 1 when
substituting the variables with their values under a. Such an assignment is called a
satisfying assignment. The set of all satisfying assignments of F' is denoted by sat(F).
For a given formula F', assigning b to x, denoted by x < b, means that substitute
the value b to variable x in formula F' and update it. We call b the single (satisfying)
assignment of x, and the obtained formula is denoted by F'|,.p. Similarly, the obtained
formula, called current formula, after assigning a partial assignment o’ to F' is denoted
by F'|a,- In this thesis, we only consider the case that the k-CNF formula F is satisfiable.

And we use log to denote log, for short.

1.4 Outline

In Chapter 2, we introduce the PPZ and PPSZ algorithm from top to bottom. In Chapter

3, we firstly explain Hertli’s approach of improving PPSZ for Unique 3-SAT. Then we



introduce our improvement over him and give a more reliable analysis. In Chapter 4, we
do the same thing again. First, we explain the biased-PPSZ algorithm and its analysis
according to [3] and [10]. Then we introduce biased-Search and the QW-PPSZ algorithm
for Unique 3-SAT. Last, we show the improvement over biased-PPSZ and give a careful
numerical analysis for the success probability. Finally, in Chapter 5, we conclude this

thesis and give some open problems for further study.



Chapter 2

The PPZ and PPSZ Algorithms

In this chapter, we introduce the PPZ [11], and PPSZ [12] algorithms (in short, PPZ
and PPSZ) by following Hertli’s modified version of PPSZ [5] and his doctor thesis [6].
We use the same notations as much as possible to avoid confusion. The differences from

the original paper [12] will be mentioned if needed.

2.1 The PPZ algorithm

The idea behind PPZ (also PPSZ) is simple. Choose a random order 7 on the variables
and assign them one by one in this order. If a single assignment to a variable is “obvious”,
that is, it can be implied from the previously assigned values and the current formula by
some approach, then assign the variable by following the “obvious” single assignment and
call the variable forced. Otherwise, assign the variable uniformly at random from {0, 1}
and call the variable guessed. Then, substitute the single assignment to the variable and
update the current formula; that is, a clause containing a literal whose value becomes 1
is removed, and a literal whose value becomes 0 is removed from clauses containing this
literal. If the “empty” clause, a clause with no literal, appears in the current formula,
the algorithm stops with failure. Otherwise, if all clauses are removed (satisfied), then
the algorithm outputs the obtained assignment as a satisfying assignment.

The critical point is how to decide whether the single assignment to each variable



is“obvious”. The PPZ algorithm uses a special kind of clauses called unit clause.
Definition 2.1. A clause is called unit clause if it consists of only contains one literal.

If there is a unit clause of x in the current formula, it is straightforward to decide the
single assignment of z. For example, if there is a clause C' = Z, then x must be assigned

0 to satisfy C. The PPZ algorithm (in short, PPZ) is described below formally.

Algorithm 1 The PPZ algorithm
1: 7 := a random permutation on V'

2: o := an empty assignment

3: for x € V in the order of w do

4: if there is a unit clause of x then

5: assign x the value that can satisfy the unit clause
6: else

7 assign x from {0, 1} uniformly randomly

8: end if

9: end for

A little bit further, we have the following special clauses deeply related to unit clauses

and essential in the PPSZ algorithm.

Definition 2.2. Let F' be a CNF formula satisfied by a. We call a clause C' critical for
x (w.r.t. «) if there is only one literal, which is over z, evaluated to 1 under . We also

say that x is critical in clause C.

Consider any unique k-CNF formula F'. Since it has only one satisfying assignment,
each variable in F' has at least one critical clause. Because otherwise, we can obtain
another satisfying assignment by flipping the value of a variable with no critical clause.
Since F' is k-CNF formula, there are at most k literals in any clause C € F. For
a critical clause C, of x, recall that only the literal over x is true under the unique
satisfying assignment «. Therefore if the other (at most) k& — 1 variables in C, appear

before x in m and these variables are assigned consistent with «, then C, should become



a unit clause of x since the other literals are all false under «. As the permutation is
chosen randomly, we can hope for a “good” enough permutation to produce such a unit

clause. The probability that x is forced is at least %, which proves the following bound.

Theorem 2.3. Given a k-CNF formula F' with a unique satisfying assignment, then the

probability that PPZ returns the unique satisfying assignment is at least 9-(1=3)n,

The proof can be found in [11, Theorem 9.

2.2 The PPSZ algorithm

The PPSZ algorithm (in short, PPSZ) is an improved version of PPZ. In [12], the authors
use bounded resolution to increase the probability that a variable is forced. Later, Hertli
[5] uses a weaker approach called “d-implication” to deduce a single assignment for each
variable and shows that it works as well as original bounded resolution for Unique k-
SAT. Thus, we use his approach for explaining PPSZ. First, we define the notion of

“d-imply” as follows.

Definition 2.4. For any d, we say that a CNF formula F' d-implies a literal ¢ (or the
variable x for a literal ¢) if there exists a subformula G C F with |G| < d such that all

satisfying assignments of G set £ to 1.

We use F' Fg4 ¢ (resp., F' EFq [x < b]) to denote that F' d-implies ¢ (resp., < b),
where b € {0, 1}.

Fact 2.5 ([6, Observation 3.2]). For any k-CNF formula F over n variables and any
literal £, F =g £ can be decided in time O(n¥?® . 2% . poly(n)).

The d-implication is to determine the single assignment to a variable x if F'Fy [z +
b]. We use Py(z) to denote a procedure implementing the d-implication. For any variable
x, Py(z) returns b if F' F4 [z < b] for some b € {0,1}. Otherwise, P;(x) returns “7”.
From the above fact, we have a subexponential algorithm for P, if d = O(logn). Our

PPSZ algorithm stated below as Algorithm 2 uses P; with d = logn. Note that the



“unit clause implication” of PPZ is nothing but 1-implication. In other words, PPZ is a

special case of PPSZ in this sense.

Algorithm 2 The PPSZ algorithm
1: m := a random permutation on V'

2: o := an empty assignment

3: for x € V in the order of m do

(PPSZ process)

4: if Py(x) € {0,1} then >d=1logn
5: assign Py(z) to = > z is forced
6: else

T: assign x from {0, 1} uniformly randomly > z is guessed
8: end if

9: end for

2.3 The Analysis of PPSZ

In this section, we review the analysis of the PPSZ algorithm for Unique k-SAT. Here
we introduce a way to determine a random permutation on V', which is quite helpful
for the analysis of PPSZ. We assume that a random permutation of variables is defined

according to their values under the random placement defined below.

Definition 2.6. A random placement 7 is a mapping from V' to [0, 1] such that for each
x, w(x) is chosen independently and uniformly at random from [0, 1]. In general, for any
parameter p € [0,1), a random (> p)-placement 7 is a mapping from V to [p, 1] defined

in the same way.

We use 7 to denote this mapping throughout this thesis and assume that variables
are sorted according to their m-values (ascending). Note that we may ignore the case
where some two variables have the same m-values. We consider any k-CNF formula F
with a unique satisfying assignment and let it be fixed throughout this section. For

convenience, we assume that a(xz) =1 for all variables of F.



Note that for all forced variables, PPSZ always assigns correctly. So if all guessed
variables are assigned correctly, PPSZ returns the unique satisfying assignment «. A
variable is whether forced or guessed is based on the previous partial assignment. Notice
that both the values and the order (or which variables are assigned previously) matter.
Thus, the guessed variables during PPSZ are decided by formula F', satisfying assignment
« and permutation 7. Since the formula F' is given and fixed, we are allowed to omit it
for simplicity. Let Guessed(m, ) denote the set of guessed variables after a complete run

of PPSZ in the order of 7 following the values from «. Let G(7, ) := |Guessed(w, o).

Fact 2.7 ([6, Observation 3.4]). Given a k-CNF formula F' and a satisfying assignment
a. Then PPSZ returns « if and only if x is assigned (guessed) correctly (equal to a(x))

for all z € Guessed(, av).

By the above fact, the probability that PPSZ returns « is the following expectation,

Lo-cema) _ g, [2*6'(”7&)] (2.1)

n!

Pr [PPSZ returns o] = Z

s

By Jensen’s inequality on the convex function x — 277 we have:

Pr [PPSZ returns a] > 27 ExlG(ma)] (2.2)

Next, we need to bound the expected size of the guessed variables. By the defini-
tion, Ex[G(m, )] = >, cy Prz[z € Guessed(w, a)]. The task becomes finding a way to
compute the probability Pr.[z € Guessed (7, «)], the probability that any fixed variable
x is guessed conditioned on the previous variables (in the order of 7) assigned correctly.

First, we define Si that will be used to bound this probability.

Definition 2.8.

Theorem 2.9 ([5, Theorem 2.4]). Given a k-CNF formula F with a unique satisfying
assignment «, then

Pr [z € Guessed(r, )] < Sk + €}

10



where e,‘f goes to 0 for d — oo for any fized k.

So far, one run of PPSZ spends subexponential time and finds the satisfying assign-
ment with an exponentially small probability. To turn this into a randomized algorithm
for Unique k-SAT, we need to repeat PPSZ, proportional to the inverse success proba-
bility. The runs are all independent; once a satisfying assignment is found, it is returned,
and the algorithm stops. If no satisfying assignment has been found, then the formula

is declared unsatisfiable.

Corollary 2.10 ([5, Theorem 2.5]). Given a k-CNF formula F with a unique satisfy-
ing assignment, then PPSZ can be turned into a randomized algorithm that returns a

satisfying assginment in time 2(Skto(L)n,

2.4 Proof of Theorem 2.9

In this section, we prove the main theorem of PPSZ. Consider any k-CNF formula F'
with a unique satisfying assignment, and let it be fixed. For convenience, we assume
that a(x) =1 forallz € V.

For better understanding, we state the outline of this section here. First, in Sub-
section 2.4.1, we define critical clause trees that represent the structure of a uniquely
satisfiable k-CNF formula. Then in Subsection 2.4.2, we show the relation between the
critical clause trees and the probability that a variable z is forced during the PPSZ
process by reducing the problem into another equivalent probability calculation. Third,
in Subsection 2.4.3, we prove the main theorem and compute the alternative probability
defined in Subsection 2.4.2 to help us to bound the target probability in (2.2). Last, in
Subsection 2.4.4, we state some extra theorems needed in the previous three subsections.

Note that the whole proof is kind of different from the one in [12].

2.4.1 Critical Clause Trees

We construct a collection of (k — 1)-ary trees {1y }zev, with T} called a critical clause

tree of x, which in some way represents multiple ways that x can become d-implied

11



during a run of the PPSZ algorithm. For a tree T', we denote by V(T") the set of nodes
of T. The depth of a node is its distance to the root (where the root’s depth is 0). The
length of T, denoted by I(T"), is the maximum depth of a node of T'.

T, is a rooted (k — 1)-ary tree in which every node has at most k — 1 children. Every
node u € V(T is labeled both with a variable € V' | which is denoted by var-label(u),
and with a clause C' € F, denoted by clause-label(u). Here is how T}, is built for a fixed

rzeV:

1. Start with T}, consisting of a single root. The root has var-label(z), and does not

have any clause-label yet.

2. As long as there is a leaf u € V(T") that does not have any clause-label, execute as

follows:

(a) Define W := {var-label(v)|v is an ancestor of u in T'}, where an ancestor of

u is a node one the path from u to the root, including wu itself.
(b) Define the assignment [ as
l—a(z) ifzeW
a(z) otherwise
(c) Let C' € F be a clause not satisfied by . Since § # « and « is the unique
satisfying assignment, such a clause exists. Set clause-label(u):= C.

(d) For each variable w in C' whose literal in C is evaluated to false by «, create

a new child of u with var-label(w) and non clause-label.

We denote the resulting tree by 7. Note that every clause in F' has at most k — 1
literals evaluated to false by «, and thus in step (d) we append at most k& — 1 children.
Suppose v is an ancestor of u with var-label(v) = y. Since f(y) # a(y), there is no
literal over y that is evaluated to false by « contained in clause-label(u). Therefore, the

following fact holds.

Fact 2.11 ([6, Obsercation 3.9]). In T, no node has the same var-label with one of its

ancestors. And [(T,) <n — 1.

12



2.4.2 Relation to Forced Variables

The next step is to find the relation between critical clause trees and forced variables to
compute the probability that a variable is forced (or equally, guessed).

Let p € [0,1] and T, be the critical clause tree of fixed . We call a node u € T,
reachable at time p w.r.t. 7 if the path P := (root = vy, v1,..., vy = u) from root to u
in T, satisfies that 7(var-label(v;)) > p for all 1 <1i < m. Let Reachable(T},p, ) be the

set of all nodes in T, reachable at time p w.r.t. 7.

Lemma 2.12 ([6, Lemma 3.10]). If we have |Reachable(T,,w(x), )| < d, then = €

Forced(m, o).

Proof. Let o be the partial assignment to the variables which come before x and
compatible with «, where o = (1,1,...,1) by assumption. By Definition 2.4, x
is forced if there is a subformula F' C F|, with |F’| < d that implies z. Let G
be a subformula of F' consisting of the clause labels of Reachable(T,,m(x), ). Since
|Reachable(Ty, (), 7)| < d, |G| < d. If G|y implies z, the statement is true since
Glo CF|y.

Assume that G|, does not imply z. Then there is an assignment (3 that is compatible
with o/, where 5(z) = 0 and 3 satisfies G. Choose a longest path in T}, starting at the
root and containing only nodes v such that S(var-label(v)) # «(var-label(v)). Since
B(x) # «a(x), the path is not empty. Let u be its endpoint and u must be reachable.
Otherwise there is an ancestor y on the path from root to u such that 7(y) < p and
B(var-label(y)) # a(var-label(y)), which is a contradiction to that /3 is compatible with
o

Since the path from root to u is the longest in T} such that [(var-label(v)) #
a(var-label(v)), any child w of u satisfies that S(var-label(w)) = a(var-label(w)). And
for any ancestor y of u, S(var-label(y)) # «a(var-label(y)). By the construction of T,
all literals of clause-label(u) satisfied by a must be over var-labels of the nodes on the
path from u to the root, while all literals of clause-label(u) unsatisfied by o must be over

the var-labels of the children of u. Thus, clause-label(u) is unsatisfied by 5. However,

13



clause-label(u) is reachable and in G. It should be satisfied by 5. A contradiction.
O

The proof is different from the original PPSZ in [12]. However, the usage of the

properties of critical clause trees is similar. And it is clear from the lemma above that
Pr [x € Forced(m, o)] > Pr[|Reachable(Ty, w(x),m)| < d] (2.3)

This reduces the problem to a probabilistic calculation on (k — 1)-ary trees, more
specifically, the probability that T, has at most d reachable nodes at time 7 (z). It can
be considered as another probability that T, has at most d nodes left after deleting! all
nodes whose var-labels come before x in the permutation induced by 7. More generally,

this alternative probability can be stated and bounded by the following theorem.

Theorem 2.13. For any € > 0 there is a di(€) € N such that the following holds. Let
1,2y Zy € {0,1} be mutually independent binary random variables, each of which
takes value one with probability p. Let T' be any finite (not necessarily full) (k — 1)-ary
tree with a labeling o : V(T)\{root} — {1,...,r} of the non-root nodes of T with indices
with the property that on each path from the root to a leaf, o is injetive. Draw Z1,...,Z,
according to their distribution and delet all nodes u from T for which Zy ) = 1. The
resulting tree is T'. Then the probability that T’ contains more than di(e) nodes is at

most Sy, + 6%, where e% goes to 0 for d — oo for any fized k.

With the above theorem, we can prove Theorem 2.9 directly.

Proof of Theorem 2.9. By Theorem 2.13, the probability that T” contains more than
di(€) nodes is at most Sy, + €f after the random deletion. Let d := dj(€), then assume
the root of 7' has var-label z. Then, Pr[|Reachable(T}, m(x), )| > d] < Sk + €. Hence
we have the following inequalities by (2.3):
Pr [z € Forced(r, a))] > Pr[|Reachable(T,, 7(x),7)| < d]
=1 — Pr[|Reachable(T,, (), r)| > d] (2.4)

>1—8) — €l

Here “deleting” a node means erasing the whole subtree rooted at this node.

14



Thus, Pr [z € Guessed(m, a)] = 1 — Pr [z € Forced(m, )] < Sj + €. O

2.4.3 Probability Analysis

In this subsection, we prove Theorem 2.13. Note that this theorem is purely about
probabilities in a combinatorial random experiment on (k — 1)-ary trees while there is
no reference to PPSZ.

At first, consider an easier case: an infinite (k — 1)-ary tree T, where each node
(with subtree) is deleted with a fixed probability p independently. We want to find
out the probability, denoted by ¢, that the remaining tree T” is finite. We consider the
probability that the length of the remaining tree T is at most L instead. Somehow, we
can bound this probability with some expression of p. Also, we observe that a (k—1)-ary
tree with bounded length has a bounded number of nodes, which is related to the number
of reachable nodes used in the analysis of PPSZ. Next, since we can embed any finite
(k—1)-ary tree into the infinite one, so the only remaining problem are the dependencies
between the nodes. We show that these dependencies do not destroy our proof of the
independent case. In the end, we show what happens if the deletion probability p is also
random; that is, if it is chosen uniformly randomly from [0, 1].

Note that 7" is finite if and only if for each child u of T”s root, either (D has been
deleted; or (2 the subtree rooted at u is finite. Case () happens with probability p,
and case (2) happens with probability q. Hence for one child u, the condition holds with
probability p 4+ (1 — p)g, and by independence we have

g=(p+(1—-p))! (2.5)

Let Ry(p) denote the smallest non-negative solution ¢ to (2.5). And we have the

following fact.

Fact 2.14. Let Ty, be the infinite rooted full k — 1-ary tree. For each non-root node from
Tw is deleted independently with probability p. Then the probability that the remaining
tree T is finite is at least Ry(p).
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Ry(p) has the following lemma which is important to help us to compute the value

of Rk(p)

1
Lemma 2.15 ([6, Lemma 3.14]). Define Si(t) := tkl__lt_t fort € [0,1), and Sg(1) = £=2,
Then

1. Sk and Ry are monotonically non-decreasing and continuous on [0,1).
2. Forp € |0, %), Sy (t) is the inverse function® of Ry(p).
3. Forpe [%, 1], Ri(p) = 1.

4. Especially,
P’ : 1
Ry ={ T TP
1 otherwise

Proof. Recall that Ry (p) is the smallest non-negative solution to (2.5). For k = 3, the
2

equation is a quadratic polynomial with solutions 1 and (1%) , and the statement 4

for the k = 3 case is true.

Since t € [0, 1), we have

N

-2
i 1—1t
th1 = ——— (2.6)
1 —tr1

g

7

Combine it with the definition of Sk (t), we can rewrite

1
Sp(t)=1— ——— (2.7)
SISt
Thus, it is clear that lim, ,;+ Sk(t) = Sk(1), and that Si(¢) is continuous and monoton-
ically non-decreasing on [0, 1], which completes the half of the proof for the statement
1.

Then we show the statement 3. Since ¢ = 1 is a solution to (2.5), Ri(p) < 1. Define

fr(p,q) == (p+ (1 —p)g)*~1. Since fj, is increasing in p when p € {%, 1} and ¢ < 1, fx

is minimized at p = % Thus, we have

*We say function g is an inverse function of function f if and only if g(f(z)) = .
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fepyq) = (p+ (1 —p)g)F!

J(k=2 1 AT
“\k-1" k17

B (2.8)
1 k—1
<1—k_1(1—Q))
>1—(k—1)-%:

Since fx(p,q) > q when ¢ < 1, ¢ = 1 is the smallest non-negative solution to (2.5). Thus,
for p € [’]2 %, 1} Ry(p) = 1, and statement 3 is true.

Next, let’s show the statement 2. For ¢ € [0,1) satisfying (2.5), we have

P+ (1—pg)t=gq

1 (2.9)

Thus, if Ri(p) < 1, then Si(q) is the inverse function of Ry (p). To avoid any confusion,
we use notation ¢ to replace ¢ in Si(.) function.

For proving the statement 2, we still need to prove that for p € { )
Note that for p = 0, the smallest ¢ > 0 satisfying ¢ = (p+ (1 —p))g)* ' =¢"lis ¢ =0;
hence Ry,(0) = 0 < 1. For 0 < p < 222, by definition of Ry(p), we have

Ri(p) = (p+ (1 = p) Ri(p))" ™ (2.10)
Let & =1 — Ry(p), and it implies that:
P+ (1-pA-a)t+s=1
(1-(1—=p)d)t4+5-1=0

Define g(p,8) := (1 — (1 — p)§)* 1 4+ — 1. For a fixed 0 < p < k , g is a continuous
function of §. Moreover, ¢'(p,0) = (k —1)(p — 1) + 1. Since k > 3, ¢’(p,0) < 0. We
also have that g(p,0) = 0, and that g(p,1) > 0 for p > 0. So for all 0 < p < there
is ' > 0 such that g(p,0’) = 0. Thus, 1 — ¢ < 1 is a solution of (2.5), which 1mphes
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that Ry(p) < 1, and therefore that Si(¢) is the inverse function of Ry(p) on the interval
[0, %) Since Sk(t) is continuous and monotonically non-decreasing function, so is

Ry (p). O
Next, we consider the relation between the probability that 7" is finite after the

random deletion and the probability that the length of 7" is bounded. For any tree T,
let I(T) denote its length. If T is infinite, I[(T) = oco.

Lemma 2.16. Let To, be the infinite rooted full (k — 1)-ary tree. Each non-root node
from Ty is deleted independently with probability p, and let T' be the remaining tree.

Then we have

lim Pr [l (T’) < L} =Pr [T’ is ﬁnite]

L—o0
Proof. Let B; be the event that there is a path from the root to some node at depth 4
in T". If this event B; happens, then there exists a path from the root to some node at
depth i in T" after the deletion. Consider the event ﬂiZI B; that happens, which means
that T” contains finite paths of arbitrary length. Thus, T” cannot be finite. And if T is
infinite, it is trivial that ﬂi21 B, happens. From Theorem 2.21, we have?
211}1})10 Pr[B;] = Pr [T" is infinite]

Taking complements,

limy oo Pr[l(T') < L] = limy o B
=1—limy 0o By, =1 —Pr [T is infinite]

= Pr[T” is finite]

O
Then we have the following result by combining Lemma 2.15 and Lemma 2.16.

Lemma 2.17. For each p € [0,1], there is a sequence €i(p),ex(p), -~ € Ry with

Llim ek (p) = 0 such that the following is true. Let T be any finite (k — 1)-ary tree.
—00

3Pr[Bi} means event B; happens.
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Each non-root node from T is deleted independently with probability p, and let T" be the

remaining tree. Then for any L, we have
Pr [1(T") < L] > Ri(p) — ¢} ()

Proof. The random deletion we are conducting on 7' can be coupled to a random deletion
conducted on T, in the following way: T is embeddable into T,, with the two roots
coinciding and then if we delete a node from T, the same deletion happens on T'. Let
T" be the remaining tree from T,,. Obviously, 7" is a subtree of T”. Therefore we
have I(T") < I(T") and hence Pr[l(T") < L] > Pr[l(T") < L]. Recall that Ry(p) is the
probability that T” is finite after the random deletion, which means the length of 7" can
be bounded by some constant (for example L). Thus, we have Ri(p) > Pr[l(T") < L]
for all L > 1, and limy,_,o Pr [l (T") < L] = Pr[T"” is finite] = Ri(p) by Lemma 2.16.
Define
et (p) == max { Ry(p) — Pr [| (T") < L] ,0}

where the sequence €} (p), ez(p), - € R} with Llim el (p) = 0. Thus,
—00
Pr [I(T") < L] > Pr [1(T") < L] = Ri(p) — - (p)
O

Simply speaking, Lemma 2.17 implies that the random deletion on a finite tree
T won’t cause much difference comparing with the random deletion on a infinite tree
Two; that is, the difference can be bounded by a “small” value eZ(p). Thus, we have the

following theorem.

Theorem 2.18 ([6, Theorem 3.11)). For any € > 0 there is a di(€) € N such that the
following holds. Let X1, X, ..., X, € [0,1] be real random variables distributed uniformly
and mutually independently. Let T be any finite (k — 1)-ary tree and o be a mapping
(labeling) from nodes in T to {X1,...,X,} such that o is injective on each path from the
root to a leaf of T. Consider drawing X1, Xo, ..., X, according to their distribution and

then deleting all nodes u from T for which X, < Xg(roor). Let T' be the remaining
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tree after the deletion. Then the probability that T' contains more than di(€) nodes is at

most Sy + ez.

In the random deletion studied so far, each node was deleted independently of all
other nodes. However, this is not the case in the PPSZ analysis (critical clause tree),
where nodes of the tree are linked to one another and if one of these linked nodes is
deleted, all of them are deleted. The following lemma shows that these dependencies
can only improve the probability to have a smaller remaining tree, which implies that

the above theorem still works for these dependencies.

Lemma 2.19. For any € > 0 there is a dig(€) € N such that the following holds. Let
Z1,Zo, ..., Zy € {0,1} be mutually independent binary random variables, each of which
takes value one with probability p. Let T be any finite (not necessarily full) (k —1)-ary
tree with a labeling o : V(T)\{root} — {1,...,r} of the non-root nodes of T' with indices
with the property that on each path from the root to a leaf, o is injetive. Draw Zy, ..., Z,
according to their distribution and delet all nodes u from T for which Zs ) = 1. The
resulting tree is T'. Juxtapose the deletion in T where every mon-root node is deleted
independently from all other nodes with probability p. The resulting tree is T"'. Then for
any L,
Pr[((T") < L] > Pr[I(T") < L]

Proof. If o is globally injective, the statement is trivial. We now use the FKG inequality
(Theorem 2.22) to demonstrate that correlations arising from duplicate labels can-
not decrease this probability if none of these duplicates are in an ancestor-descendant
relation.

Consider an induction on L. For L = 0 the statement is trivial.

For the induction step, let L > 0. If the root of 7" has no child, the statement is
trivial. Suppose the root has 0 < j < k — 1 children uy,ua, ... ,u;. Let i € {1,2,...,j}
and let us look at each of the root’s subtrees separately. Let T; be the subtree rooted at
u; and let Z; = o(u;). Let T denote the subtree of T” rooted at u; and T’ the subtree

of T/ rooted at u; (empty trees if u; is deleted). The hypothesis on o entails that no
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other node in T; is labeled with Z;, so whatever happens in the non-root nodes of Tj is

independent of whether u; itself is being deleted or note. Let
Bi:={Z=1V (Zi=0Al(T]) <L-1)}

We have that A
j
{i(r)y <L} = \E
i=1

Moreover, the E; are events which are determined by {Z1, ..., Z,} and as one can easily
check, monotonically increasing in these. Therefore we can use the FKG inequality to

obtain that ' ,
J J
i=1 i=1

For these separate events, we have, due to the independence of T; from Z;
Pr(E)=p+(1-p)Pr(I(T}) <L-1)>2p+(1—-p)Pr(I(T}) <L-1)

where we have used the induction hypothesis for the inequalities. Combining the last

two inequalities, we obtain

Pe((r) <1)> [T+ (- Pr(U()) < - 1)

=Pr(I(T") <L)
O

Then, we are ready to prove Theorem 2.13 with the previous results. Recall it

here.

Theorem 2.13. For any € > 0 there is a di(€) € N such that the following holds. Let
21,2, ... Zy € {0,1} be mutually independent binary random variables, each of which
takes value one with probability p. Let T' be any finite (not necessarily full) (k — 1)-ary
tree with a labeling o : V(T)\{root} — {1,...,r} of the non-root nodes of T with indices
with the property that on each path from the root to a leaf, o is injetive. Draw Z1,...,Z,
according to their distribution and delet all nodes u from T for which Zy,) = 1. The
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resulting tree is T'. Then the probability that T’ contains more than di(e) nodes is at

most S + ez, where eg goes to 0 for d — oo for any fized k.

Proof. For a fixed €, consider an arbitrary tree T is labeled with real-valued random
variables as o : V(T) — {X1,X2,...,X,} in such a way that o is injective on any
path from the root to a leaf of T. Now each X; is drawn independently and uniformly
from [0, 1]. Then all nodes are deleted (along with their subtrees) whose corresponding
random variable is smaller than that of the root, producing the resultant random tree
T

Without loss of generality, suppose o(root) = X,.. Note that this value is independent
from all other values used because the root must be contained in all paths and o is
injective on each path. Let X, = pg for some fixed value py € [0, 1], and consider for

1 <+¢ <r —1 the binary random variables:

1 ifX;<
7, = i < Po
0 otherwise
The {Z1, Zs, ..., Z,_1} are independent binary random variables, each of which takes

value 1 with probability pg. By Theorem 2.18 and Lemma 2.19, we have
Pl (T") < L| X, = po] > Ri(po) — e-(o)
and (2.11)
limy o Pr{l(T") < L | X, = po] > Ri(po)
That is, the probability that the length of 7" conditioned on X, = pg is at most L is at
least Ry (po).
Since X, is uniformly distributed, we can convert the conditional into an uncondi-

tional probability, that is,
1
Pr[((T') < L] = / Pr [[(T") < L|X, = po] dpo (2.12)
0

Since the probability above and Ry (pg) are monotonically non-decreasing, we have

1
lim PrI(T') < L] = lim [ Pr[i(T") <L|X,=podpo

L—oo L—oo Jg

1
> / Ry.(po)dpo
0
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By Lemma 2.15, since Ry (p) is the inverse of Si(t), we have
1
1—Sg=1-1-5,(1)+0-Sk(0) +/ Sy.(t)dt
0

1 1
_ 1y / Ry (Su(t)) Sp(t)dt
k-1 ),
Sk (1)

=77 i : +/0 Ry (p)dp (2.13)
1 =t

— [, metoyio+ [ By
k-2 0
1

= [ Ri(p)dp

0

Thus, the probability that 7" contains more than d(e) nodes is at most

1
1— / (Ry(p) — e£(p)) dp = S, + €
0

Especially, for k = 3, since
1
/ Rs3(p)dp =2 —2In2
0

then S3 =2In2 — 1.
O

Thus, by (2.3), we complete the proof of Theorem 2.9. Particularly, together with
(2.2), we have

Lemma 2.20. Given a 3-CNF formula F with a unique satisfying assignment, then

Pr [PPSZ returns o] > 27 (S3e(l)n > 9=(2In2=1+o(1)n

2.4.4 Extra Omitted Proofs

In this subsection, we state below several mathematical theorems that are used in the
previous proofs. We omit the proofs of these theorems here, which can be found in [12]

and [6].
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Theorem 2.21. [6, Theorem A.J] Let By, Ba, ... be an infinite sequence of events such
that B; O Bit1 for all i > 1. Then we have

nh_}rgo Pr(B,)=Pr (q BZ->

Theorem 2.22 (FKG Inequality). [6, Theorem A.7] Let A = {A1,As,..., A} be a
collection of mutually independent binary random variables and E1 and Eo events which

are determined by A and monotonically increasing in A. Then
Pr (El A EQ) > Pr (El) - Pr (EQ)

Furthermore, for m, the events E1, Fo, ..., Ep

=1 i=1
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Chapter 3

The Hertli’s Algorithm and its

Improvements

In this chapter, we recall Hertli’s algorithm and some of the facts from [4] necessary for
our discussion firstly. We follow [4] and use the same algorithms and lemmas including
the usage of symbols as much as possible (except for correcting some minor errors and
keep the same notation used in the last chapter). Note that we only consider Unique

3-SAT in this chapter.

3.1 Hertli’s Algorithm

Hertli’s algorithm uses PPSZ [12] and Wahlstrom’s algorithm [19]. First consider PPSZ
and discuss two minor changes on PPSZ introduced in [4] for simplifying analysis. We
start with some notions.

We prepare some of the key notions for our discussion. For any k& > 1, a k-clause is a
clause having exactly k literals. For simplifying our statement, unless otherwise stated
explicitly, we use F' to denote any satisfiable 3-CNF formula and « to denote its unique
satisfying assignment regarded as a target assignment. We may assume that F also
satisfies a certain condition given in each context. For any algorithm A, let E5 denote

the event that A(F) yields a. Below let PPSZ(F') denote the execution of PPSZ on
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F. Similar to Chapter 2, let G(m, «) be the number of the guessed variables during the
execution of PPSZ. Since there is only one satisfying assignemnt « in the unique case,
we can omit it and write G () instead for simlicity. We restate the following two lemmas
and PPSZ below. Note that although they are somewhat different in their description
from those in Chapter 2, they have the same meaning and can be easily verified using

(2.13) and Lemma 2.15.

Lemma 3.1. Define S3; by

e [ (oo

For any t € [0,1/2], let G¢(m) be the number of variables with placement > t that are
guessed during the execution PPSZ(F|r, «). Then we have
(1) for any t € [0,1/2), BrlGi(m)] = (S50 + o(1)n,
2
(2) S3:=S3—t+I(t), where I(t) := fg ufip)de and

1 2
Ss _/ <1—min{1,p2}> dp=2In2 — 1 = 0.386295 - - -
0 (1-p)

From these lemmas, we have the following bounds.

Lemma 3.2. Let F' be any satisfiable 3-CNF that has a unique satisfying assignment
«. Then Pr[Eppgz] is at least o~ (SstoW)n  Fyrthermore, suppose that we pick every
variable of F' with probability t independently, and let V; be the resulting set. Let Eppsz, v,
denote the event that PPSZ(F|y),, ) returns afy\v,. Then we have Ey, log Pr[Eppsz,v;]] =
E;[—Gi(m)] = —(S3+ + o(1))n.

We consider the above bound 2~ (53+e()n a5 a target, and we propose algorithms for
certain types of input formulas with some “efficiency improvements” that is, algorithms
that have success probabilities larger than 27 (Ss=¢+o() for some € > 0. The first such
example is PPSZ itself; PPSZ performs better if a given formula has many variables

with more than one critical clauses [4, 10].
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Lemma 3.3. Let F' be any satisfiable 3-CNF that has a unique satisfying assignment .

If An variables of F' have more than one critical clause, then

Pr[EPPSZ] > 2*(5370.00145---A+0(1))n

Furthermore, if F has more than An wvariables that have a critical 2-clause, then

Pr[EPPSZ] > 2—(5’3—0.0353A+0(1))n'

Wabhlstréom [19] proposed a deterministic algorithm for solving the CNF-SAT prob-
lem. Here we denote by WAHLSTROM the following procedure based on Wahlstrom’s

algorithm.

Remark. Wahlstrom’s algorithm is valid for any k-CNF-SAT problem. However, in this
thesis, we only use it for 3-SAT.

Definition 3.4. For a CNF formula F' and a variable x, the degree of x in I is defined to
be the number of clauses in F' that contain the variable x, which is denoted by deg(F, z).

The average degree of any CNF formula F' is the average degree among all variables in

F.

Lemma 3.5. For any CNF formula F with no unit clause that has average degree at
most d, 4 < d < 5, WAHLSTROM (F') computes one of its satisfying assignments in

time 0(20.115707~--(d—1)n) )

Note that the time complexity of WAHLSTROM is not 2°(™. Thus, we consider
the following randomized procedure W_rand: For a given input CNF formula F' over
n variables with average degree < d, W_rand(d, F') executes the above procedure with

2 0-115707(d=1)n  and otherwise it stops the computation immediately with

probability
failure. We remark here that WAHLSTROM halts in time O(20-115707+(d=1)n) eyen for an
input that does not satisfy the condition of the above lemma. Thus, the expected running
time of W_rand, which executes WAHLSTROM with probability 2-0-115707(d=1)n g 90(n)

for any input (including the case where the input does not satisfy the condition of the

lemma).

27



Now we consider Hertil’s algorithm HERTLI stated as Algorithm 3. First we re-
mark on our way to state algorithms by pseudo codes. In the following algorithms such
as Algorithm 3, we consider several cases on a given formula, and execute a sat. algo-
rithm on the formula or its subformula that works efficiently for each case. Though it is
not stated explicitly, by, e.g., “Execute PPSZ(F’)” we mean to (i) execute the procedure
PPSZ on F’, (ii) compute a satisfying assignment of the input formula of the procedure
based on the obtained satisfying assignment, and then (iii) terminate the computation
by yielding the computed satisfying assignment. Clearly, if the execution at the step
(i) fails, then the computation is terminated reporting “failure”. Note also that it may
not be easy to determine which case actually holds for a given formula. Therefore, we

”

consider all the cases in parallel. By “assume ® then ---” in our algorithm descrip-

tions, we mean to execute the “. -.”

® holds.

part in parallel with the other cases assuming that

Algorithm 3 HERTLI

input: a 3-CNF formula F', parameter: A, As, d3, 04,1
1: assume F' has more than Ayn var.s with more than one critical clause then

2:  Execute PPSZ(F)

3: assume otherwise then
4: Choose u.a.r. a size Ajn subset Wi of V and an assignment a1 on Wy
> assume below that W7 and a; are correctly chosen
5  F' « Flay; V' < var(F'); n' < |V/|
6: assume F’ is Ay-dense then > what follows is the dense-case algorithm
7 F5 + GetInd2Clauses(F")
8: Execute DensePPSZ.(F', F»)
9:  assume otherwise then > what follows is the sparse-case algorithm
10: Choose u.a.r. a size Agon’ subset Wy of V/ and an assignment ap on Wo
> assume below that Wy and asg are correctly chosen
11: F" +— F/|a,

12: Execute SparsePPSZ(F")
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Algorithm 4 GetInd2Clauses

input: a 3-CNF formula F’, parameter: A
L V'« var(F'); n' « |V/|

2 B3« {CeF:|C|=3}; Fo« 0; W)« 0
3: for T»(n) times do > Define Th(n) = [Aan/2]

4: x < a variable of F3 with degs(F3,2) > 5
> failure stop if no such variable exists
5: Choose C u.a.r. from all clauses of F3 with ¢, € C
6: Oy« C\{l;}
7 Fy «+ F,U{Cy}; Wi« WiUvar(Ca)
8: F5 + {C € F5 : var(C) Nnvar(Cs) = (I}
9: end for

10: return F5

Subprocedures GetInd2Clauses, DensePPSZ,, and SparsePPSZ that are used in
HERTLI are stated as Algorithms 4, 5, and 6.
Based on [4, 6]' we can show that the following efficiency improvement is possible

by HERTLI on uniquely satisfiable 3CNF formulas.

Theorem 3.6. Use values given in the “value of [6]” column of Table 3.1 for the param-
eters of the procedure HERTLI and its subprocedures, and also for 9. For any uniquely
satisfiable 3CNF formula F, let Exgrrir denote the event that HERTLI(F') yields the

unique satisfying assignment of F'. Then we have log Pr[Exggrrri] > —(S3 —eo +o(1))n.

We explain the proof of the theorem by showing that each procedure achieves its
required task with desired probability. Since our target F' is any 3-CNF formula with a
unique satisfying assignment «. Thus, by “success probability” we mean the probability
that « is obtained. We assume that variables in the procedures with the same name

are given these values and that parameters used in the procedures are set values given

'Due to some minor error in [4], the choice of parameters in [4] is not appropriate, which has been

corrected in [6]. Here we use this corrected version.
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Algorithm 5 DensePPSZ;,

input: a 3-CNF formula F’ and a 2CNF formula F», parameter: ¢ € (0,1)
L V'« var(F'); n' « |V/|

2: V/ « pick each z € V' with probability ¢
3: Let o), be a partial assignment on V’ initially undefined for all z € V'

4: for CQ e Fy do

5: if var(Cy) C V, then > let u and v are two literals of Cy
, , (0,0) with probability 1/5 (= 3/15), and
6: (a3(u), a5(v))
(0,1), (1,0), or (1,1) with probability 4/15 for each
7: end if
8: end for

9: foerV;fdo

10: if o4(x) is undefined then
11: ah(x) —yar {0,1}

12: end if

13: end for

14: execute PPSZ(F|,;)
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Algorithm 6 SparsePPSZ

input: a 3-CNF formula F”, parameter: 03, i,

1: Let o be a partial assignment on F” initially undefined for all x € var(F")
2. F « F"
3. if F has a unit clause then
4: Extend o’ to satisfy all unit clauses and simplify F
> if an unsat. clause is derived in F during this step, then stop with “failure”
5. end if
6: while F has some clause do
. Ve var(F); 7+ |V
8 P+« {CeF:|C|=2}

9: if |F2| < 63n then

10: Execute W_rand(203 + 4, F)

11: else

12: assume F has 6,7 critical 2-clauses then Execute PPSZ(F)
13: assume otherwise then

> that is, more than 1 — d4/d3 of 2-clauses of F, are noncritical

14: Choose C u.a.r. from Fy
15: Extend o to satisfy all literals in C' and simplify F
16: end if

17: end while
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name ref. value in [6] new value note

€0 Thm. 3.6 10725 2.47 x 1071 the efficiency improvement totally
€1 Lem. 3.9 1073 (2.32---) x 1073 | the efficiency improvement for (H3)
€2 | Lem. 3.10 10~20 (9.23---) x 10712 | the efficiency improvement for (H2)
Aq 10722 1.6595 x 1016 the fraction of W3

A 5x 107 3.7736 x 1073 the fraction of Ws

53 1/10 0.159227

04 1/30 0.06572

t t 5x 1077 | (3.82---)x107°

q - (105Agn)~!

Table 3.1: Parameters used in Hertli’s algorithm and our improvements

in the “value in [6]” column of Table 3.1. Values of this column are also used efficiency
improvements g, €1, and £5. We also assume that n is quite large so that our choice of
parameters would make sense.

First consider the outline of HERTLI. From Algorithm 3 we see that HERTLI uses

three algorithms for the following three cases:

(H1) := [ F has more than Ajn variables with more than one critical clause ]
(H2) := [ = (H1) A F] is Ag-dense |
(H3) := [ = (H1) A F] is Ag-sparse |

That is, PPSZ(F), DensePPSZ,(F}, F5 ), and SparsePPSZ(F)) are executed when (H1),
(H2), and (H3) holds.

Definition 3.7. The k-clauses degree (or degree;,) of x in F' is defined to be the number
of k-clauses in F' that contain the variable x, which is denoted by degy, (F, x).

Note we say that a formula is b-degree;, bounded if the largest k-clauses degree of its

variables is at most b.
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Here we consider the situation where the values of the variables W1y, aq, W5, and as

of HERTLI are guessed “appropriately” and take the following values:

Wi+ = the set of variables with more than one critical clause,
Wy, = aset of varriables of size < 2T5(n) s.t. F'\ Wa, is 4-degrees bounded,
Qs = a*(Wl,*)a and g« = a*(WQ,*)

Then the variables F’, F”, Fy are set the following values:

F,=Fla,,, F) = Fl|a,., and Fy, = GetInd2Clauses(F}),

* 7

where the last one is for the case that GetInd2Clauses(F)) successfully returns a result.
We also use V/, n!,, V) and n/ for the corresponding values, i.e., var(F)), [var(F})|, var(F}),
and |var(F})|.

The case where (H1) holds is simple; in fact, we have already prepared Lemma 3.3

for this case, which gives the following success probability bound.

Lemma 3.8. Suppose that (H1) holds for F. Then we have log Pr[Eppgz] > —(S3 —
0.00145--- Ay + o(1))n. That is, the log of the success probability of the line 2 — 3 of
HERTLI is at least —(S3—0.00145 - - - Ay +o0(1))n, which is larger than —(Ss—eo+o(1))n

Thus, for proving the theorem, it suffices to guarantee the improvement over expo-
nential coefficient, which is called as efficiency imrpovement shortly, ¢y for the other
cases.

For the case where (H3) holds, the procedure SparsePPSZ is used. Its task is simply
to get a satisfying assignment for F!' given in this case. For its success probability, we
have the following lemma?, which is proved in [4, Lemma 6]. Below we use H(r) to
denote the binary entropy, and use the well-known bound log (;}1) < H(r)n that holds

for any r € [0, 1] such that rn is an integer.

2The success probability bound can be improved by analyzing it more carefully using n) = (1 —
A1)(1 — Az)n. Here we follow [4] and omit this consideration in this and the next lemmas; we will

discuss such detail improvements in the next section.
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Lemma 3.9. Suppose that (H3) holds for F. Let Egparse denote the event that
SparsePPSZ(F}) returns ou|yy. Then we have log Pr[Egparse] > —(S — €1 4+ o(1))nf.
That is, the efficiency improvement of SparsePPSZ on F!' is at least 1. Furthermore,
including the probability of guessing W1, a1, Was, and as«, the log of the success
probability of the lines from 9 to 12 of HERTLI is at least —(S3 + A1 + H(A1) + Ag +
H(As2) — e1)n, which is larger than —(S3 — o + o(1))n.

Finally consider the case where (H2) holds. In this case, HERTLI first executes
GetInd2Clauses(F}) to get a set Fy . of Th(n) independent 2-clauses, and then executes
DensePPSZ,(F, F» ) to get a satisfying assignment for F,. Since (H2) holds, it is easy
to see that the execution GetInd2Clauses(F)) always terminates successfully. Then 2-
clauses of F , are obtained from 3-clauses of F}; furthermore, it follows from (H2) that
on average (w.r.t. the randomness of GetInd2Clauses) at least 4/5 2-clauses in Fy , are
from noncritical 3-clauses of F. This is a key to derive the following lower bound on

the success probability of the execution DensePPSZ;(F}, F> ).

Lemma 3.10. Suppose that (H2) holds for F. Then Getlnd2Clauses successfully re-
turns a set of To(n) independent 2-clauses. Let Epense, denote the event that

DensePPSZ(F}, Fy ) returns axly;. Then we have log Pr[Epense,] > —(S3 + I(t) —
aoAot? + o(1))nl,, where ag = 0.00505---. That is, the efficiency improvement of
DensePPSZ; on (F!, Fy.) is at least g3 := maxy(—1(t) + agAqot?). Thus, including the
probability of guessing W1 . and a1 «, the log of the success probability of the lines from
6 to 8 of HERTLI is at least —(S3 + A1 + H(A1) — €2 + o(1))n, which is larger than

—(Sg — &0+ 0(1))n.
(Since this lemma is related to our improvement, we state the outline of the proof from

[4].)

Proof Outline. We give an outline of the analysis of Pr[Epepse,]. Consider Algorithm
5, i.e., the procedure DensePPSZ. We borrow the symbols V/ and o, there and use them
also as random variables to denote respectively a set selected randomly at the line 2 and

an assignment on V/ defined randomly at the line 3. Let Eguess denote the event that ol
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= ax(V}). Note that Egyess also depends on the execution of GetInd2Clauses(Fy). Then

as shown in [4, Lemma 5], we have

log Pr[Epense,] > IEV,{ [log Pr[EgueSSW;t/] + log PT[EPPSZ,Vt’] ]
= By [log PrlEguess|V/]] + Ev; [log Pr[Eppgz,v/]]

Note that Lemma 3.2 gives a bound for the second term. That is, we have
By, [log Pr[Eppszvy]] > — (S5 +o(1))n = —(S3 + I(t) — t)n.

Hence, what we need is to bound Eyy [log Pr[Eguess| VY ]] That is, our task is to analyze
the probability that of is consistent with a, on VY.

We introduce useful notions. Consider any 2-clause C' € F,. Recall that it is
obtained from some 3-clause of F by removing a literal ¢ in the execution
GetInd2Clauses(F)). We say that C' is critical clause origin (resp., noncritical clause
origin) if C' is obtained from a 3-clause that is critical for the variable z.

Let us first see how to assign variables in V/. The assignment is determined at the
lines from 4 to 13 of DensePPSZ;. In particular, for a randomly chosen set V of variables
of F, if it has a pair of literals appearing in some C' € F} ., then the assignment on these
literals is determined as stated at the line 6. It can be shown that this is an optimal
way to obtain an assignment consistent with «, when we know that the probability that
C € F5, is critical clause origin is at most 1/5 (hence, the probability that its two literals
are assigned (0,0) by a, is at most 1/5).

We analyze this method and give a lower bound for the probability that o is con-
sistent with a, on V/. We consider two random variables my and my. Let mq (resp.,
m1) denote the number of 2-clauses C' of Fs . such that var(C) C V/ and it is critical
(resp., noncritical) clause origin. Note that mg and m; are random variables depending
on both V/ and the randomness in the execution GetInd2Clauses(F}). Thus, by, e.g.,
“IE[mo]” we mean the expectation of mg over the random variable V}/ and the random-
ness in GetInd2Clauses(F,). Note, however, mg + m; depends only on V/; in fact, we
have E[mg + m1] = t*T5(n), which is independent from GetInd2Clauses(F.). On the

other hand, we have E[mg] < t2(1/5)T2(n) because, on average, at most 1/5 clauses of
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F» . are critical clause origin. The probability that 0/2 is consistent with «, on V/ is
(1/2)lVi1=2(motmi) (1 /5)mo (4/15)m1.,

Based on this observation, the following bound is shown in [4].

EV’ [log Pr [Eguess ’ V;fl]]

= —E[[V}| - 2(mo + m1)] + Efmo] log @) + B[] log (145>

= —pn+ <2 + log <145>> E[mo 4+ m1] — E[mo]log (g)
= —tn+tTr(n <2 + log <£45>) mo] log (i) (3.1)
2 e () ()

= —(t — GQA2t2) n,

where ag = (2 + log(4/15) — (1/5)1og(4/3))/2 = 0.00505 - - -. This is sufficient for the

desired bound.

3.2 Owur Improvements

The key idea of our main improvement is to use GetInd2Clauses for obtaining W5 instead
of guessing it randomly in the straightforward way, thereby removing the —H(Aj) term
from the efficiency improvement of the sparse case (Lemma 3.9). In order to give
a condition that this idea works, we introduce a “soft” version of the A-sparseness/-
denseness.

The new algorithm is given as Algorithm 7. It uses a procedure GetInd2Clauses;"
for computing a set Ws corresponding to the one guessed in the original Hertli’s al-
gorithm. This procedure is obtained by modifying the procedure GetInd2Clauses on
two points. For a given formula F’, instead of computing a set Fy of independent 2-
clauses, GetInd2C1ausesf aims to compute a set W5 such that F'\ W5 becomes 4-degrees

bounded. Thus, the line 4 of Algorithm 4 is modified so that if  cannot be found, then

the algorithm stops successfully by reporting Ws. On the other hand, the termination of
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Algorithm 7 newPPSZ

input: a 3-CNF formula F, parameter: A, Ay, 03,04,t, ¢
1: assume F' has more than Ajn variables with more than one critical clause then

2:  Execute PPSZ(F)

3: assume otherwise then

4: Choose u.a.r. a size Ayn subset Wi of V' and an assignment «q on Wi;
5  F' + Flay; V' < var(F'); n/ « |V/|

6: assume F’ is (Ag, q)-dense then

7 F5 + GetInd2Clauses(F")

8: Execute DensePPSZ.(F', F»)

9:  assume otherwise then

10: Wy < GetInd2Clauses; (F)

11: Choose as u.a.r. from all assignments on Wa;

12: F" «— F'|o,

13: Execute SparsePPSZ(F")

its main for-loop, i.e., the lines from 3 to 9 of Algorithm 4, is regarded as an undesired
situation. GetIndZClauuses;r tries this part for 1/¢ times for a given parameter ¢ and
stops with “failure” if a desired W5 is not obtained by all trials. We state this procedure
as Algorithm 8 below.

Our new condition is to determine which of GetInd2Clauses and GetInd2Clauses;”
is likely to succeed. Consider the execution GetInd2Clauses(F’). We regard it as a
random process of collecting an independent 2-clause from F’\ W5 to F» while choosing
a variables z with degs(z) > 5 randomly. For each j > 1, let N; denote the event
that there exists a degrees > 5 variable in Fj at beginning of the jth iteration of the

main for-loop and hence the algorithm executes the jth iteration. We define N<; <=

/\1§z’§j Ni and g; = Pr[=N; | N<j-1].

Definition 3.11. For any ¢ € [0,1] and A > 0, a 3-CNF formula F is (A, q)-dense if
g; < qforall j,1<j <[An/2]; otherwise, F' is (A, q)-sparse.
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Algorithm 8 GetInd2Clauses;”

input: a 3-CNF formula F’
1 V'« var(F'); n' « |V'[;

2 3+ {CeF:|C|=3}; Fo«0; Wi

3: for 1/q times do

4: if there is no variable of F3 with degs(F3,z) > 5 then

5: return Wy

6: break

7: else

8: x < a variable of F3 with degs(F3,z) > 5

9: Choose C u.a.r. from all clauses of I3 with £, € C
10: Cy + O\ {{:}

11: Fy « F U{Cs}; Wi+ WiUvar(Cy)

12: F5 <+ {C € F; : var(C) Nnvar(Cy) = 0}

13: end if

14: end for

15: return failure

This is the new condition used in Algorithm 7. Although not exactly the same, the
(A, 0)-dense/sparse condition is practically the same as the A-dense/sparse condition
w.r.t. the execution of GetInd2Clauses.

Now our task is to show that the success probability of the new sparse case is in
fact improved and that the success probability of the new dense case is not so affected.
Similar to the previous discussion, we consider the execution of the procedure newPPSZ
when some sufficiently large and uniquely satisfiable 3-CNF formula F' is given as an
input; the symbols such as F., etc. are used in the same way as before while we leave
the choice of parameter values for a later discussion. For a given parameter ¢, we define
(H2);” and (H3); by

(H2);” := [~(H1) A F! is (Ag, q)-dense]
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(H3);” := [~(H1) A F! is (Ag, q)-sparse]
We first show that the success probability is improved for the (Ag, ¢)-sparse case. In
the following, let 75 denote T5(n) and N denote the event A\, 7, N;.

Lemma 3.12. Suppose that (H3); holds for F. Then with (1) probability Wy is suc-
cessfully computed by GetInd2Clauses; (F!). Thus, including the probability of guessing
Wi s, a1 5, and o «, the log of the success probability of the lines from 9 to 13 of newPPSZ
is at least —(S + A1 + H(A1) + Ag — e1)n, where £1 is a lower bound for the efficiency

improvement of SparsePPSZ on F/.

Proof. Suppose that (HB);|r holds for F. That is, there is some ¢y such that ¢;, > q.

Then we have

Pr[N] = Pr| A Ni| = [ Pr[Ni|N<isa]
1<i<T 1<i<T>
= H (I-a) < 1-g, <1—g¢
1<i<Ty

Note that Pr[N] is the probability that W5 is not obtained at one execution of the main
for-loop of GetInd2Clauses; (F!). Since GetInd2Clauses; tries the main for-loop for
1/q times, the probability that W5 cannot be obtained by all these trials is at most
(1—¢q)'/4 < e !, proving the first claim of the lemma.

Let Wa. be the set obtained by GetInd2Clauses; (F.). Then F! := F\ Wa, is 4-
degrees bounded, and for such F) it is easy to see that the efficiency improvement of
SparsePPSZ(F}') is the same as the one given before by Lemma 3.9, which is sufficient

for proving the rest of the lemma. O

Then by following lemma we can say that DensePPSZ works as well even under the

condition (H2); .

Lemma 3.13. Suppose that (H,Q)tJr holds for F'. Then with probability at least 1 — Taq,
Fy . is successfully computed by GetInd2Clauses(F}). Recall that Epense, denote the
event that DensePPSZ.(F}, F, ) returns o (V)). We have log Pr[Epense,] > — (53 +
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I(t) — agAat? + o(1))n, where
9 = 3 B\15) T 5(1-Tug) 2\3))
which is close to ag of Lemma 3.10 by setting ¢ = (10°T3)~! = (10°Agn) 1.

Proof. Here again we analyze Pr[N] as the probability that F5 , is obtained successfully
in the execution of GetInd2Clauses(FY).

PI‘[N] = 1—Pr \/ _‘Ni/\NSi—l = 1- Z Pr[—!Ni/\NSZ‘_l]
1<i<T> 1<i<T>
- 1- Z Pr[=N;j| N<j—1] - Pr[N<;_1]
1<i<T»
> 1- Z Pr[-N; | N<i—1] = 1— Z ¢ > 1-"Ty.
1<i<T» 1<i<T»

This proves the first claim of the lemma.

The log of the success probability of DensePPSZ, i.e., log Pr[Epense,] can be analyzed
in the same way as the proof of Lemma 3.10. In fact, we can start from the equation
(3.1), and for the analysis, it suffices to estimate E[m]. Recall that the random variable
mo denotes the number of “critical clause origin” 2-clauses C' of F3 , such that var(C) C
VZ. Since variables are chosen to V;f uniformly at random, E[mg] is determined by
E[mg|N], where my, is the number of “critical clause origin” 2-clauses selected for F; , in
the execution of GetInd2Clauses(F}) and the expectation is over the randomness of the
execution of GetInd2Clauses(F) (under the condition that the execution is terminated
successfully). For each i, 1 <1i < Ty, let I; denote a random variable that takes 1 if the
2-clause selected at the 4 iteration is critical clause origin, and takes 0 otherwise. Let
I; 1 denote the event that I; = 1. Note that Pr[l; ;|N<;—1] < 1/5 since the variable x

selected at the ¢th iteration appears in at least five 3-clauses and each variable has at
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most one critical 3-clause. Then we have

E[mg|N] = E| Y L|N| = > Prl|N]
1<t<Ty 1<i<Ty
Pr[I;1 AN] 1
= : < Pr|l;1 AN Ne;_
1S§§:T2 Pr[N] — PI‘[N:I ISZZS:TQ r[ 1,1 <i 1]
1
= Y Pr[Lii|Neioa] - Pr[Nei]
Pr[N] ST
1 1 1 TS
< Z Pr[;1 | N<i—1] < - <
Pr[N] = Pr[N] S 5 5(1 — Taq)

Hence, we have E[mg] < t*T5/(5(1 — Toq). By substituting this to (3.1), we have the

bound of the lemma. O

As stated in Lemma 3.10, a lower bound for the efficiency improvement of
DensePPSZ;(F., F,) is calculated as 5 := max;(—1(t) + a;Ast?). Then including the
probability of guessing W1 «, a1 «, and ao 4, the log of the success probability of the lines
from 6 to 8 of newPPSZ is at least —{A; + H(A1) + (S5 —e2)(1 — Ayp) }n.

3.3 Detail Efficiency Improvement Analysis and Our Choice

of Parameters

Now by setting the parameters used in the algorithms appropriately, we can show the

following efficiency improvement.

Theorem 3.14. For the procedure newPPSZ, use values given in the “new value” col-
umn of Table 3.1 for its parameters and also for 9. For any uniquely satisfiable 3-CNF
formula, the log of its success probability is at least —(S3 — €9 + o(1))n.

We explain how to set the parameters to obtain the efficiency improvement in The-
orem 3.14.
We choose the parameter values so that the final efficiency improvement, i.e., &g,

is optimal up to three significant figures. Values stated as, e.g., (2.32---) - 1073, are
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estimated to enough significant figures, while values stated as, e.g., 1.71527 - 10716 are
used ones by confirming that they are precise enough to guarantee that ¢ is optimal up
to three significant figures.

In order to achieve the optimal efficiency improvement, we need to be a bit more
careful than [4, 6]. First consider the procedure SparsePPSZ. See Algorithm 6; we
use symbols defined there. In this procedure, three methods are used to compute a
satisfying assignment depending on the condition of a given formula F”. Let v3 and
4 denote respectively the proportion of 2-clauses and critical 2-clauses of F”. If v3 is
small enough, Walhstrom’s algorithm (more precisely, W_rand) works better. If ~3 is
large and 4 is also large, then PPSZ works better. Otherwise, we had better reduce
the current formula by assigning values to two variables to satisfy all two literals of a
randomly chosen clause in F,. Considering the worst case (which is the case where all
three methods are equally good), we compute thresholds for v3 and 74 that are used as
parameters d3 and 4. The efficiency improvement e of this procedure is also estimated
from the worst case success probability. Note that while 73 is easy to compute, 4 may
not be computable easily. Thus, in the procedure SparsePPSZ, the procedure W _rand
is simply used when 3 < d3; on the other hand, both PPSZ and the variable number
reduction are executed in parallel.

Once €7 is estimated, we need to choose Ay so that the success probability is large
enough compared with €g. In Lemma 3.9 and Lemma 3.12, we stated a slightly weak
bound for comparison. In fact, there should be two more precise bounds and we use
these instead for better accuracy. For Lemma 3.9, the log of the success probability
of the lines from 9 to 12 of HERTLI is at least —{A; + H(A1) + Ay + H(A2) + (S35 —
£1)(1— A1 —Ay)}n; for Lemma 3.12, the log of the success probability of the lines from
6 to 8 of newPPSZ is at least —{A; + H(A1) + Ag + (S5 —€1)(1 — A; — Ag)}n. Since
A1 <« Ay, we may be able to ignore A; for determining As and check whether this gives
an enough room later after determining A;. The rest of the calculation for parameter
values is almost the same as [4, 6]. We compute the optimal value for p following

Lemma 3.10. As mentioned in Lemma 3.13, we use a, with ¢ = (10°A9n)~!, which
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gives a success probability bound e; close enough to the one calculated using ag for
obtaining the optimal £g. From &1, we determine A; so that the success probability
given in the explanation below Lemma 3.13 is large enough compared with £q. Finally,
we use Lemma 3.8 to estimate ¢y and obtain the results of our improvements shown in

Table 3.1.
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Chapter 4

Biased-PPSZ Algorithms and Our

Improvements

In 2019, Hansen, Kaplan, Zamir, and Zwick [3] claimed that a relatively! large im-
provement is possible by introducing “bias”, and they in fact gave the complexity upper
bound of their concrete algorithm (we call it HKZZ biased-PPSZ in short) for Unique
3-SAT [10]. There are two interesting points in their approach. Firstly, they propose
a systematic way to use “bias” for predicting a single assignment to a variable (when
the assignment cannot be inferred from the previous assignments), whereas the assign-
ment is guessed uniformly at random in PPSZ. Since this idea is natural, we may be
able to introduce several variations following this approach. In fact, we propose here
an additional way to use “bias” and define an algorithm QW _biased-PPSZ that would
improve their algorithm further. Secondly, they introduced in [10] (not in [3]) a numeri-
cal method for analyzing the computational complexity of their algorithm. The analysis
is rigorous, at least on examined grid points, and we may expect that the accuracy of
the analysis increases by reducing the grid interval. Unfortunately, we could not under-
stand how they justify the precision of their obtained complexity bound; on the other

hand, we introduce here another way to justify (under a certain technical assumption)

!Compared with the improvements we discussed in Chapter 3.
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the complexity bound that is obtained numerically for our algorithm. In this chapter,
we explain first the idea of a general biased-PPSZ algorithm and a more concrete one
proposed by Hansen et al. in [3]. We then explain our new idea of using “bias” and the
algorithm QW _biased-PPSZ implementing this idea. Finally, we explain the numerical
method of Zamir [10] and give our new detail analysis deriving the success probability
lower bound (more specifically, the exponential constant eqw-ppsz of Table 1.1 given in
Introduction).

Though biased-PPSZ algorithms could be defined for any k-SAT, we focus on 3-SAT
in this chapter, and we define algorithms for 3-SAT, and analyze their success probability
on Unique 3-SAT instances. Thus, throughout this chapter, we use F' to denote any
uniquely satisfiable 3-CNF formula, and let « denote its unique sat. assignment. For
simplicity, we only discuss the exact Unique 3-SAT problem in this chapter that is, all
clauses in the input formula F' have exactly 3 literals. Note that all the algorithms stated
in this chapter are also valid for (< k)-CNF formula with a similar analysis like Chapter

2 and Chapter 3.

4.1 The Generic Biased-PPSZ Algorithm

As we explained in Chapter 2, PPSZ deduces the value of a variable from single assign-
ments set so far by some proof heuristic such as d-implication. If this fails, it guesses the
value of the variable uniformly at random. However, even if the proof heuristic cannot
determine the current single assignment, it may be possible to infer, e.g., x = 0 is more
likely than « = 1, which we call in general “bias.” Hansen, Kaplan, Zamir, and Zwick [3]
introduced a systematic way to use such “bias”, which we refer to as biased-PPSZ algo-
rithms. Here we first explain the generic biased-PPSZ algorithm as a template of these
biased-PPSZ algorithms, giving an idea as well as properties common to all biased-PPSZ
algorithms.

In the execution of a biased-PPSZ algorithm in general, when a variable x needs to

be guessed, it is assigned 0 with probability Sr and 1 with probability 1— 7, where B is
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the “bias” of x determined based on its “type.” Thus, roughly speaking, a biased-PPSZ
algorithm is defined once we determine a way to give a type T to a guessed variable and
a way to define its bias Sr. For example, PPSZ is regarded as a biased-PPSZ algorithm,
where there is only one type and its bias is the trivial one, 1/2.

Now we explain the generic biased-PPSZ algorithm that is regarded as a general
template of all biased-PPSZ algorithms. Algorithm 9 is its description. Let us first
ignore the first for-loop, and consider the body of this loop starting from line 5. This
part corresponds to the standard PPSZ process, which we call the biased-PPSZ process.
At each iteration of this biased-PPSZ process, if the algorithm needs to guess the single
assignment of a variable x, it determines a random value following a bias fBp that is
given based on the “type” T of x. Here the key is the choice of S for each type T.
Below we will drive the definition of the “best” biases {8} }re7, where T is the set of
all types used in the algorithm. As we will see, they are defined based on the statistical
parameters of an input formula and its target satisfying assignment, and it is quite likely
that some of such parameters are hard to compute. Thus, instead of computing these
biases, we “guess” them with reasonable precision. In its actual execution, the algorithm
tries all possible values of Oy from the set {1/e(n),...,(e(n) — 1)/e(n)} for each type
T'. This is the role of the first for-loop. We need to execute the biased-PPSZ process for
e(n)!7! times, which is subexponential if | 7| log e(n) = o(n). Note that for the ideal bias
value (7}, there is some choice of S that is 1/e(n)-close to it, that is, |8} — Br| < 1/e(n)
holds. Thus, there is at least one execution of the biased-PPSZ process where (p’s are
1/e(n)-close to B5’s for all T € T. We will show that a similar success probability lower
bound holds in this case provided that e(n) = w(1). Note that even with wrong choices
of biases, the biased-PPSZ process never outputs a wrong answer, i.e., an unsatisfying
assignment.

To derive the ideal bias values, we analyze the success probability of one execution
of the biased-PPSZ process by using biases {Or}re7. The analysis of PPSZ extends

naturally to this case. Recall (2.2). For each random permutation 7, let G(7, @) denote
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Algorithm 9 The generic biased-PPSZ algorithm
1: m:= a random permutation on V'

2: o := an empty assignment

3: for every choice of values 3 € {e(ln), 2, e(gz)n;l} forall T € T do

e(n)’
4: (biased-PPSZ process)

5: for x € V in the order of 7 do

6: if P(z) #7 then

7: assign P(z) to =

8: else

9: identify the type T of x

10: assign 0 to x with probability S, and
11: assign 1 to x with probability 1 — B
12: end if

13: end for

14: end for

the number of guessed variables in the PPSZ process following? m and «. Then the
probability that « is produced by the PPSZ process following m is 2-G(ma). this is
because the probability that each guessed variable z is assigned «(zx) is 1/2. Then its
expectation over w, i.e., EW[Q*G(’T’Q)}, is the probability that the PPSZ returns « as
stated (2.1). Here for each type T € T, let®> Gr () be the number of guessed variables
of type T during the biased-PPSZ process following 7 and «. Additionally, let G(TO ) (m)
and G(Tl )(7[') be the number of guessed variables of type T" whose values by « is 0 and 1,
respectively. Note that Gp(7) = Ggpo) (m) + G,Frl)(w). Then it is easy to see that 2-¢(™a)

is now replaced with

1 857 1 - gy,
TeT

2Recall that by “following «” we mean the PPSZ process where each guessed variable z is assigned

a(z).
3Since o has been fixed throughout our analysis, we will omit specifying a.
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Thus, by taking its expectation, we get the following generalization of (2.1) and (2.2).

(0) - (1)
Pr[the biased-PPSZ process yields o] = E, H B?T ™) (1-— ﬁT)GT1 (™)
TeT

LA el

TeT
_ o(Zrer Ba [6F) ()] lo8(87) +Ex |G (m)] 1o(1-51))

Let Gt := E;[Gr(7)] and

B 1= Br [P (m)] /G (4.1)

Then the exponent of the above equation can be rewritten as

> Gr-(Bylog (Br) + (1 - 7) log (1 - fr)) (4.2)

TeT
Let f(z) := Brlog(x) + (1 — B7)log(l — ). Then it is easy to see that f(z) is
maximized at x = 37.. Hence, the best choice of 37 for the algorithm is Sr = 8. That
is, (4.1) is the ideal bias value. Now suppose that all fr’s are 1/e(n)-close to 3}’s, and
estimate how the exponent changes from the ideal case. By using the Talor series of

f(z) at B, we have

Brlog (Br) + (1 — Br)log (1 — Br) = frlog (Br) + (1 — Br)log (1 — B1) — O <1>

(51 -0 (0 ).

where we use the binary entropy function H(z) := —xlog z — (1 —x) log(1—x) to simplify

the expression. From this, the exponent (4.2) is evaluated as follows.

> Gr- (Bplog (Br) + (1 - Bp)log (1 - pr)) = = > _ G- ( (57) +O< (n )))

TeT TeT
> Y orn -0 ).

The last bound follows from the fact that ), G < n. Therefore, if we can let e(n) =
w(1), the above error term can be bounded by o(n). From this analysis, we have the

following lemma.
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Lemma 4.1. Let e(n) be any function such that e(n) = w(1). For some choice of

Br € {ﬁ,%,...,e?{gl} for all T € T, the biased-PPSZ process of the generic

biased-PPSZ algorithm on F returns the unique satisfying assignment o with probability

at least 2~ (Erer GrH(Br))—o(n) _ 2_(<ZT€TGT'H(B;))+O(”)), where {f].}reT are the best
biases defined by (4.1).

Note that H(}) < 1 and ) ey G = Ef[G(7, )] > S3n + o(n). Thus, the advan-
tage of a biased-PPSZ algorithm over PPSZ is determined by the amount that we can
reduce ) .- Gr - H(B}) from Szn.

4.2 The HKZZ biased-PPSZ Algorithm

We explain the biased-PPSZ algorithm that Hansen et al. proposed in [3]. Below we refer
to their algorithm as HKZZ biased-PPSZ and their way of defining biases as HKZZ bias.
They show that the exponential coefficient can be improved by HKZZ biased-PPSZ in
general for any k-SAT. Here we omit explaining their analysis since we will give an
improved result in Section 4.4 (though for Unique 3-SAT).

See Algorithm 10 for the description of HKZZ _biased-PPSZ. A key idea of this
algorithm is to use a “maximal set of disjoint clauses.” We say that two clauses are dis-
joint if they have no variable in common. HKZZ _biased-PPSZ first computes a maximal
set D of disjoint clauses of F'; it simply collects clauses to D until no disjoint clause
exists in F'\D. Let Vp denote the set of variables appearing in D, where |Vp| = 3|D].

An important property here is that every clause in F'\ D has at least one variable in
Vp. Using this property, we can design an efficient algorithm if | D] is small, say, less than
An for some small constant 4. First, note that there are 7/°! assignments? to Vp that
satisfy all clauses of D, and it is easy to enumerate them. Hence, for each such assignment

o/, we can check whether it can be extended to satisfy remaining clauses F'\ D, in other

“Baumer and Schuler [1] gave a better way to select a disjoint clause set, by which the number of
possible assignments can be bounded by 6! ‘7 which immediately gives a better exponential coefficient
0.386249 - - - when used with the biased-PPSZ part of HKZZ biased-PPSZ. Note, on the other hand,

that our improvement introduced next section gives a better exponential constant.

49



Algorithm 10 HKZZ biased-PPSZ
1: compute a maximal set D of disjoint clauses of F’

2: if |D| < yn then (brute force search part)

3: for all possible satisfying assignments o’ of D do
4: search for a sat. assignment o of F|, and return o/ U if o is obtained
5: end for

6: else (biased-PPSZ part)
7 7 := a random permutation on V
8: o := an empty assignment

9: for every weight vector (Wi, Wy, W3),

10: every threshold time ¢ € (0,1), and

11: every choice of values for {fp}pecp do

12: execute the biased-PPSZ process of the generic biased-PPSZ
13: end for

14: end if

words, whether (F\D)|, is satisfiable. Since D is a set of disjoint clauses in F, the
remaining clauses in F\D are regarded as a 2-CNF formula. Note that since 2-SAT is
polynomial-time solvable, checking whether (F'\D)|, is satisfiable (and computing its
satisfying assignment) can be done in polynomial-time. Thus, the total running time is
of this algorithm is bounded by 77" -poly(n), and we can easily convert this deterministic
algorithm to a randomized algorithm whose success probability is at least 7~7". Hence,
if v < 0.1 for example, this approach is much better than the existing algorithms.

We use the generic biased-PPSZ with HKZZ bias for the case when |D| > yn, which
we refer the biased-PPSZ part starting from line 9 of Algorithm 10. Before executing
this part (for simplifying the following discussion), we assume that the algorithm flips
negated variables appearing in D so that all clauses of D consist of only nonnegative
variables (which is possible since all clauses in D are disjoint).

Now we explain how to define HKZZ bias. We consider only variables in Vp. For

the other variables, we use the trivial bias 1/2; that is, these variables are assigned 0
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or 1 uniformly at random if they have to be guessed. As we discussed for the generic
biased-PPSZ algorithm, a bias value is determined depending on the variable’s “type.”
Suppose that a variable x € Vp is chosen as the next and guessed variable. At this point,
we need to determine its type. Note that x appears in exactly one clause C' of D because
all clauses of D are disjoint. Let C' = (z V y V z) be this clause. At the point when z is
chosen, some of the other variables in C, i.e., y and z, might have been already assigned
values®. We use the pattern of this assignment as a type, which we call the “prefix” of
x. More specifically, the prefiz of x is the pattern of fixed literal values in the order of
7. For example, if a(y) = 0 and «(z) =1, and if 7(y) < 7(z) < 7(x), then the prefix P
of x (when z is chosen) is 01; and if 7(z) < w(x) < 7(y), then P = 1. The domain of
prefixes is P := {0,0,1,00,01, 10, 11}; ) denotes the case where x is the first variable in
C' chosen in biased-PPSZ process (i.e., m(z) < 7(y), 7(2)).

Now that we have defined our types, the best biases {85} pcp are defined by (4.1)
as we discussed for the generic biased-PPSZ algorithm. But some additional factors
are considered in HKZZ bias. The first one is a “weight distribution” on clauses in D.
The weight of a clause is the number of literals evaluated 1 under the unique satisfy-
ing assignment «. For a given set D of disjoint clauses, its weight vector is a triple
(W1, Wy, W3), where for each i € {1,2,3}, W is the number of clauses of D with weight
i. Since all clauses of D have a positive weight, we have W; + Wy + W3 = | D|; hence,
the vector is determined by two parameters such as W; and Ws. A weight vector is a
statistical property of a given formula; in HKZZ bias, we consider that the best bias
values are chosen depending on® each weight vector. The second factor is the “time”
that a variable x is chosen. For a given parameter ¢ (which we call a time threshold) that

is fixed “appropriately” from (0,1), we determine the bias of x depending on whether

"We may assume that these values are correct since we consider only the execution where all (so far)

guessed assignments are assigned consistent with the unique satisfying assignment a.
SThis interpretation is in fact for the sake of our analysis because the best biases (more precisely, their

1/e(n)-close approximation) are chosen (based on the brute force search) for each given input formula
F anyway, and there is no need to choose them depending on F’s weight vector (which again is chosen

based on the brute force search as explained below).
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7(x) < t or not. In HKZZ bias, biases {8p}pcp are considered only variables = such
that 7(x) < t. For variables that are chosen later are given again the trivial bias 1/2.

We need to explain a way to determine a weight vector and a threshold ¢. Formally
speaking, they need to be chosen (and fixed) before determining biases. Clearly, it is
hard to determine F’s weight vector correctly and choose a time threshold appropriately.
Thus, here again, we “guess” them. For a weight vector, there are at most n? possibilities,
we can try all possible values, and one of them (and exactly one of them) must be the
correct one. On the other hand, for a time threshold, we simply try all possible values
from some finite set TH, where TH := {7,27,...,7|0.5/7|} for some constant 7. (We
do not have to consider a time threshold greater than 0.5 since it is known that any
variable z with 7(z) > 0.5 is forced with probability 1 by Lemma 2.15.) While we may
expect a better result by choosing smaller 7, from our numerical analysis, we can get a
reasonable improvement by using 7 = 1.0 x 1072.

Here is an intuitive idea of these types. Suppose that Wi is large for the input
formula F'; that is, it has many clauses in D that have only one variable that is assigned
1 under . (Recall that all clauses of D consists of non-negated literals.) Suppose that
the prefix of a variable z when it is chosen in the biased-PPSZ process is 1. Then
it is more likely that a(x) = 0. More specifically, it would be better to determine the
assignment of x proportional to the fraction of variables that should be assigned 0 (resp.,
1) under o among all such variables with prefix 1 (which idea is indeed the fact that 57,
is the best choice). Of course, this fraction would vary depending on the timing when x
is considered in the biased-PPSZ process. For this, HKZZ bias uses the time threshold
t and classifies a variable = whether it appears in the biased-PPSZ process early (i.e.,
m(x) <t) or not. Intuitively, a variable appearing later is likely forced. Thus, the trivial
bias is used (for simplifying our analysis) by HKZZ bias if 7(z) > t.

For our later discussion, we introduce type D and L for variables z ¢ Vp and for
variables x in Vp with 7(z) > t respectively. Formally speaking, the set of types is
P U{L, D}; but we will keep using P as the domain of types for which nontrivial biases

are used. We point out here that |P| is constant (hence, we can choose e(n) = w(1)),
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and that it is easy to determine the type of z when it is chosen in the biased-PPSZ
process.

In [3], Hansen et al. prove that the algorithm HKZZ biased-PPSZ gives an expo-
nential coefficient better than PPSZ for Unique k-SAT. In particular, by numeri-
cal analysis, they show [10] that the algorithm guarantees the exponential coefficient

enkzz = 0.386254 for Unique 3-SAT (as stated in Table 1.1).

4.3 The biased-Search and QW _biased-PPSZ Algorithm

We present a new method called “biased-Search” as an additional way to improve
HKZZ biased-PPSZ. The idea is simple. In HKZZ biased-PPSZ, in the case where
the obtained set D of disjoint clauses is small, a satisfying assignment is searched in a
brute force way. We propose an algorithm for conducting this search more efficiently
when there is some “bias.” Let us call this new search algorithm the biased-Search.

We should mention here that the idea similar to this has been proposed by Hofmeis-
ter, Schoning, Schuler, and Watanabe in [7], where they proposed to use a search al-
gorithm that is essentially the same as our biased-Search with the random walk type
algorithm to improve its success probability. Here we applied the same idea for improving
HKZZ Biased-PPSZ.

See Algorithm 11 for the description of the biased-Search. The algorithm chooses
an assignment to variables in Vp uniformly at random from all possible choices of Dy,
Dy, and D3 and all possible choices of literals evaluated as 1 (resp., 0) in clauses of D,
(resp., D). After this random selection of an assignment o satisfying clauses in D, the
algorithm simply executes a 2-SAT solver for computing the sat. assignment o of the
remaining clauses, i.e., F'|,, and it returns o/ U o if o’ is obtained.

Consider the success probability of the biased-Search. This is nothing but the prob-
ability that all variables in Vp are assigned correctly. Note that the correct assignment

to Vp is exactly one of the above random choices. Letting M := |D| = Wy + Wy + W3,
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Algorithm 11 The Biased-Search
(Assume that (W1, Wy, W3) is the correct weight vector)

D1 := W clauses randomly chosen from D

determine randomly single assignments to all variables in D;
so that each clause has exactly one literal evaluated 1

Dy := W5 clauses randomly chosen from D\ W;

determine randomly single assignments to all variables in Do
so that each clause has exactly one literal evaluated 0

D5 := D\ (W3 UWs)

determine single assignments to all variables in Ds
so that all literals of each clause are evaluated 1

o’ := the obtained assignment to all variables in Vp

search for a sat. assignment o of F|, and return o/ U if o is obtained

this probability is expressed by
-1
IR g g
Wi IWolWs!

This is approximated (by Stirling’s approximation) and bounded as follows, ignoring

some (1 — poly(n)~!)-factor that is negligible for evaluating the exponential coefficient.

MU ‘1%<6)M W\ W\ (T (4.3)
Wi IWo!Ws! M 3e 3e e '
(W1+Wa+W3)

e Wy + Wy + Wy )

M
Z(M) W1S8 + Wase + Wil
1W1+ 2W2+ 3W3

1 M
—(—=—) =7
3+3+1

The second inequality is from the relation between arithmetic and geometric means,

and the equality (i.e., the worst-case) holds if (w1, we,ws) = (3/7,3/7,1/7). 1t is easy to
see that the success probability of biased-Search improves exponentially by any weight
vector deviate from the above worst-case by a small constant. On the other hand, the

numerical analysis of Section 4.4 shows that this worst-case weight vector is preferable for
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(the biased-PPSZ part of ) HKZZ_biased-PPSZ, and its success probability gets improved
exponentially. Therefore, we can conclude that an exponential coefficient better than
HKZZ biased-PPSZ is obtained by this additional improvement (at least for Unique
3-SAT).
Next, consider an algorithm including this biased-Search, which we call

QW _biased-PPSZ. See Algorithm 12 for the description of QW _biased-PPSZ. Here we
simply execute both the biased-Search and the biased-PPSZ part of HKZZ biased-PPSZ
by omitting the decision whether D is small or not in order to avoid estimating the

parameter v used in HKZZ _biased-PPSZ".

Algorithm 12 The QW _biased-PPSZ Algorithm
compute a maximal set D of disjoint clauses of F

for every weight vector (Wi, Wy, W3) do
execute the biased-Search (and return the sat. assignment if it finds)
execute the biased-PPSZ part of HKZZ biased-PPSZ
using the weight vector (Wi, Wy, W3) (and return the sat. assignment if it finds)

end for

Now we analyze the success probability of this QW _biased-PPSZ, that is, the prob-
ability that QW _biased-PPSZ outputs «.

We consider the situation where the weight vector (W7, Wa, W3) is correct and for
some e(n) = w(1), the biases {fp}pcp are all 1/e(n)-close to the ideal ones {85} pecp
w.r.t. (Wy, W, W3) and ¢. Since the difference from the ideal ones can be ignored as
shown in Section 4.1, we simply assume here that {Sp}pcp are the ideal ones defined
by (4.1). We express various parameters used in the analysis in a fractional way. Let
w = (wy,ws,ws) is the fractional version of (Wy, Wa, W3); that is, w; = W;/|D|. Let
v := |D|/n so that the size of D is expressed as yn. Recall that in the analysis of
the success probability of the biased-PPSZ process, we used variables, e.g., GFE,? ) (m), the

number of guessed variables of type T whose values by « is 0. Here we consider their

"In fact, we could have stated HKZZ_biased-PPSZ in the same way; but we followed the original

explanation of [3] for the sake of intuitively clear explanation.
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fractional version. For any P € P and b € {0, 1}, let Gg) () be the number of guessed
variables z of type P in Vp such that w(z) <t and a(x) = b in the biased-PPSZ process
following 7. Also let G| () (resp., G5(7)) the number of guessed variables x such that

x € Vp and m(x) >t (resp., x € Vp). Then define the following parameters.

go(m) =GO (M) /|Vpl, ¢b:=TEx

—

g?o(?f)} . 9P =gd+gb,

g1 =B, [GL(m)/[Vpl], and g5 =By [Gp(m)/[V \ Vil].

Then for the ideal bias (which is now denoted by p), we have
0 0
g g
Bp =L =+ (4.4)
gp gp +9p
Let us analyze the success probability of each part; more specifically, its exponent

w.r.t. base 2. First for the biased-Search, by taking the log of (4.3), the success proba-

bility exponent (ignoring the o(n) term) can be expressed by

os ()" ()" ()™ (%)™

3
= —|D|log|D| + > Wilog W; — (W1 + W) log 3
=1

3
= —|D| (— Zwi log w; + (w1 + w2) log 3) = —YSwh, (4.5)
i=1
where
3
Sw = (w1 + wsz)log3 — Z w; log w;. (4.6)
i=1

Secondly, for the biased-PPSZ part, we follow the analysis of the genetic biased-PPSZ
and use the fact that the exponent of the success probability is at least

— (ETGT Gr-H(B}) + o(n)) (Lemma 4.1). This bound (ignoring the minor o(n) term)
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is restated by using the current notation as follows.

— > Gr-H(B) == gr|Vp|-H(Bp) — g1 [VD| — 95|V \ V|

TeT PeP
> = gp[Vpl-H(Bp) — g1 [Vbl = (S5 + o())[V\Vp|  (47)
pep
= -3 (Z grH(BpP) + 9¢> — (n —3yn)(S3 + o(1))
pep
= - (53 -3 (Ss — Y gpH(Bp) - 9L>> n —o(n). (4.8)
Pep

Note that g5|V \ Vp| = Ex [G5(7)] is simply the expected number of guessed variables
in V' \ Vp, which can be bounded by (S5 + o(1))|V \ Vp| in the same way as proving
Theorem 2.9. The bound of (4.7) follows from this observation.
Define Ay by
Ay =S5 — >  gpH(Bp) — g1 (4.9)
pPeP

as the variable-wise advantage of using HKZZ_bias under the time threshold ¢ for in-
stances with weight vector w. We may assume that the algorithm uses the best threshold

in TH; hence,

FAWREES tnel%g Awt (4.10)

is the variable-wise advantage of using HKZZ bias for instances with weight vector w,
and with this we express the success probability exponent of the biased-PPSZ part as

follows.
(4.8) = — (83 — 37Aw + 0(1)) n. (4.11)

Since the algorithm executes both parts, the total success probability lower bound
is the largest one of 2(+%) and 2(+11). The worst situation is the case when they are

balanced; more specifically, when the size of D (or, its size parameter ) satisfies

VS = 53 — 37
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Let ~,, denote v satisfying the above; that is, it is defined by

S3
= — 4.12
Tw Sw + 34w ( )

From the viewpoint of instances, an instance F' with a disjoint clause set D of size v,yn
(if it exists) is the worst-case instance among those with weight vector w.
What we show here is that for any weight vector w, the success probability of

QW _biased-PPSZ is at least

9~ (Ywswto(1))n _ 9—(S3—3vw Aw+o(1))n_
From this, we define wyg; by
Wiyt = argmin,, 3vep Aw, (4.13)
and claim that

S3 - 37wwst A'wwst

is an exponential coefficient, that is, a lower bound of the coefficient of n in the base
2 exponent of the success probability of QW _biased-PPSZ on Unique 3-SAT instances.

We state this as the following theorem.

Theorem 4.2. Use symbols defined by (4.10), (4.12), and (4.13). For any instance of
Unique 3-SAT, the algorithm QW_biased-PPSZ outputs its satisfying assignment (if it

exists) with probability at least 2~ (533 Vwwst Awws FoIP - Thys s — 37y, A can be

Wwst

regarded as an exponential coefficient of QW_biased-PPSZ.

We may regard 37y, Awy. as the improvement of QW_biased-PPSZ. In the next
section, we obtain the actual value of the above exponential coefficient by evaluating

At (defined by (4.9)) for each ¢ and w by some numerical method.

4.4 Numerical Analysis for an Exponential Coefiicient of

QW _biased-PPSZ

Hansen et al. [3] claimed the exponential coefficient epxzz (= 0.386254) of their biased
PPSZ algorithm (more specifically, HKZZ_biased-PPSZ) for Unique 3-SAT. This bound
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is obtained by numerical analysis given by Zamir in his doctoral thesis [10]. Here in order
to show the actual effect of our improvement, we follow Zamir’s thesis [10] to derive an

exponential coefficient eqw of our algorithm QW _biased-PPSZ for Unique 3-SAT.

4.4.1 Zamir’s numerical analysis

We explain Zamir’s numerical analysis applied to our algorithm, in particular, its biased-
PPSZ part.

First, we prepare some notations and recall some key facts for our discussion. Through-
out this section, we fix the domain of type P to P, and we omit to specify it. Also,
the usage of the symbol b is fixed to denote a Boolean value, i.e., 0 or 1; thus, we omit
to specify its domain. Let ¢ be any time threshold in the set TH; recall that ¢t < 0.5.
We use Guessed(m) and Forced(m) to denote the sets of variables that are guessed and
forced respectively in the biased-PPSZ process following 7 and a.

The following lemma can be proved as a generalization of Lemma 2.15.

Lemma 4.3. For any variable x, we have

» \?
Pr[z € Forced(n)|m(z) = p] > <1—p> —o(1), and

» \?
Priz € Guessed(m)|n(z) =p] <1— <l—p> +o(1).

Then it follows that for any variable z, the probability that x appears as a forced

variable before the time threshold ¢ is bounded as follows.

t 2
Pr[z appears as a forced variable before time ¢] > / (1p> dp —o(1).  (4.14)
0

-p
Now consider the difference of the success probability exponent between HKZZ bias

and PPSZ; more precisely, the variable-wise advantage on the variables in Vp, that is,

Ayt defined by (4.9). We can restate it as follows.
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Ayt =53 — <Z gpH (Bp) + 9L>

P

> 53— <;QPH(5P)+S3—75+/;(1€p)2dp>
:t—/ot <p>2dp—zp:9PH(5P)~ (4.15)

1-p

Here we use the above lemma and Lemma 3.1 for bounding g, by

gL = /t1 Prfz is guessed|r(z) = pldp < /tl <1 — min ((&)2 , 1)) dp + o(1)
:/01 <1min<<1fp>2,1>>dp/ot <1min<<1fp>2,1>>dp+o(1)
—Sg—t—l—/ot <1fp)zdp+o(1),

where the last equality holds since we assume that ¢ < 1/2. Recall that by “o(1)” we
mean a term that goes to 0 when n gets large. Here and in the following discussion, we
may assume that n is large enough so that o(1) is negligible, or more precisely, this term
is within the margin introduced by rounding up the final bound.

Our plan is to give a lower bound of A+ in terms of only (besides t) the weight
vector w := (wq,ws,ws), i.e., the fractions of clauses of D with weights 1 ~ 3. We
focus on Y, gpH(Bp) = =D p (g?g log <Z—%> + gplog <Z—j‘:)). Consider any g%. Note
that it is the expected fraction of x € Vp such that (i) n(x) < ¢, (ii) a(z) = b, and (iii)
x appears as a guessed variable with prefix P in the biased-PPSZ process. While this
g?g depends on the input formula F', we can express a similar fraction by only using w.

Define v% be the expected fraction of € Vp such that (i) (x) < ¢, (ii) a(x) = b, and
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(iii)" = appears with prefix P. We can express these vﬁ,’;’s as follows.

0 2 1 ¢ ) 1 1 2 t 9
vy = gwl + §w2 (1—p)<dp Vg = gwl + §w2 + w3 (1—p)=dp
0 0

1 t 1 1 ¢
vy = 3w1/ 2p(1 —p)dp v = <3w1 + 3w2> / 2p(1 — p)dp
0 0
1 1 t 1 !
U? = <3w1 + 3w2> /0 2p(1 — p)dp U% = <3w2 + w3> /0 2p(1 —p)dp
1 1 t 2
Vg = wl/ p-dp
3 0
1 ¢ 1 ¢
voy = 3w1/ p*dp Vo1 = 3w2/ p*dp
0 0
1 ¢ 1 ¢
vlp = 31 /0 pdp vip = 3w /O pdp
1 ¢ ¢
ofy = 02 /0 p*dp vy = ws /0 p*dp

We explain a reason, e.g., for the estimate of v?. The factor fot 2p(1 — p)dp is the
probability, for any given x € Vp (letting C be the clause of D that contains x), that
m(x) = p < t and exactly one of the other two variables of C' has appeared before
time p. On the other hand, (w;/3 4+ w2/3) is the expected fraction of clauses in D
with assignment pattern 10 under the condition that two of its variables are assigned.
Hence, by multiplying them, we get the expected fraction v?g of x € Vp that satisfies the
conditions (i), (ii), and (iii’) for P =1 and b = 0.

Here we consider this estimate more carefully for later reference. Again we focus on
v9. Consider any z € Vp, and let C = (z V y V z) be the clause of D that contains
x. Suppose that a(x) = 0, a(y) = 0, and a(z) = 1; hence, C’s weight is 1. Then x
is counted v¢ if and only if (i) 7(x) < ¢ (which is a probabilistic event), (ii) a(z) = 0
(which holds from our assumption), and (iii’) its appears with prefix 1 (which is the
probabilistic event that 7(z) < w(x) < w(y)). For any p < t, under the condition
7(x) = p, the probability that one of the variables y and z appears earlier than x is
2p(1—p). Hence, fg 2p(1 —p)dp is the probability that m(z) < ¢t and one of the variables
y and z appears earlier than . Then under this condition, the probability that z is the

variable that comes faster than x (which is equivalent to the event 7(z) < m(y) occurs) is
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1/2. Thus, for this x, the probability that (i), (ii), and (iii’) hold is (1/2) fot 2p(1 —p)dp.
Note that there are 2W; variables that are assiged 0 under « in weight one clauses of D.
Hence, the expected number of variables in weight one clauses of D satisfying (i), (ii),

and (iii’) is
1t !
2W - 2/ 2p(1 — p)dp = Wl/ 2p(1 = p)dp.
0 0

Then dividing this by |[Vp| = 3(W1 + Wa + W3), we get (w1/3) fot 2p(1 — p)dp as the
expected fraction of variables in weight one clauses satisfying (i), (ii), and (iii’). The
other term (w2/3) fg 2p(1 — p)dp is derived similarly, and this is how v is estimated as
the above.

Clearly, the difference between g% and v% is due to the conditions (iii) and (iii)’;
then we can see that g% = ’U?D — flbg, where flbg is the expected fraction of variable x € Vp
satisfying (i), (ii), (iii)’, and forced. We use a vector notation to express the values of
{£2} pep pefo.y; more concretely, we express them by £ = (9, 1, £9, f3, 19, £L, £, fio:

f(())p foll, f?o» fllo, 19, fiy), and, for example, the forth component of f is called the (0, 1)th

component. Then we have

zp:ng Br)==>_ (9?3 log (ﬁ) +gplog <‘Zj’j)>

P
=> h(g% 9p)
P
=> "h(vp— fp,vb— fb), (4.16)
P

where we define h(z,y) := —zlog(z/(z +y)) — ylog(y/(x + y)).

We say that a vector f is realizable if there is some (F, D) with weight w such that
each component f% is the expected fraction of variables = such that (i) 7(z) < ¢, (ii)
a(z) = b, and (iii) = appears as a forced variable of type P. Among all realizable f,
define f.; be the one that maximizes Y, gpH(Bp) = Y ph(v) — f2,v5 — f1). Then
this, i.e., > ph(v} — gpt,P’ vh — f(}phP), gives a lower bound of A ; by (4.15). In the

following, we let

h(f) ==Y h(wh — fp,vp — f}),
P

62



and call it an objective function®. Tt seems, however, difficult to compute f.; thus, we
aim to compute f,; such that h(f ;) > h(fys) and h(fop) —h(F ) is small enough,
which can be used as a good upper bound of h(f) that can be used to derive a lower
bound of Ay .

We give below a sweep-line algorithm for computing f . First, we show some facts
that are useful for discussing our sweep-line algorithm, and define f,; precisely. Con-
sider any realizable f. By definition (i.e., from the meaning of f), we have 0 < f% <%
for any P and b. These bounds are “trivial constraints” for f. On the other hand, we have
some nontrivial constraints for f. Recall that (Z Pb flbg) |Vp| is the expected number of
forced variables x such that m(z) < t. Then it is at least (f(f p?/(1 —p)%dp — 0(1)) \%5)
because the probability that z appears as a forced variable before time ¢ is at least
fgpQ/(l — p)2dp — o(1) for every variable x from (4.14). Hence, we have >pb fe >

gpg/(l — p)%dp ignoring the o(1) term. On the other hand, from the analysis of the
objective function h(f) we will show later (Fact 4.13), h(f) gets larger by f with smaller

ZP,b f]bg. Thus, we use

;; = /Ot <1fp>2 dp. (4.17)

as a key constraint for f;.

Remark 4.1. While f . satisfies 3 _p, fo > f(f p?/(1—p)?dp+o(1) (and hence, we have
h(fopt) = h(Fust) by Fopt satisfying (4.17) from Fact 4.13), it is quite likely that (4.17)
does not hold for f

wst- 11 general we introduce constraints to make h(f,,) closer to

h(fst) while keeping h(f,,¢) > h(f). Furthermore, we introduce only those easy to
use. (Note that h(f) can take a larger value under weaker constraints.) For example, we
know that for every variable, the probability that it appears as a forced variable before
time ¢ is at least fot p?/(1 —p)%dp — o(1); hence, we could introduce this as a constraint.

We consider, however, the above constraint only for >, ffé,.

The next constraints are from some lemmas in [3, 10]. We first consider the simplest

8When h(f) is regarded as an objective function, the components of f = (f§,..., fi1) are regarded

as variables.
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case. Here consider any clause C' of D, and let z, y, and z be three variables appearing

in C; also let p be any number in (0,1). Let us use the following abbreviations.
Pr[Gz, 3rd|p] := Pr[(z € Guessed(r)) A (r(y) < p) A (7(z) < p)|m(z) =p], and
Pr[Fz|p] := Pr[z € Forced(m)|m(z) = p].

Lemma 4.4. [10, Lemma 2.10.4] For at least two variables of C (denoting this variable

by x and the other variables of C' by y and z), the following holds.
Pr[Gz, 3rd|p] + Pr[Fz|p] > 2p* — p°. (4.18)
From these lemmas, we can show the following bound.

Lemma 4.5. For any realizable fi,, we have
t

<ol =1vol™ > (2p* — p* — Pr[Fz[p]) dp
2€V3 1 0k
2 t t
<wvj, — 3w3/ (20° = p*) dp+ Vo' ) / Pr(Fz|p]dp,
0 z€V3 1,0k

where we use, for any i € {1,2,3} and b € {0,1}, Vipox to denote the set of variables
x of some weight i clause in D such that a(x) = b, and the bound (4.18) of the above

lemma holds.

Proof. Reall that gi; = v, — fl; hence, we derive the above upper bound from a lower
bound of gi;. Recall also that gi; is the expected fraction of variables z in Vp such
that such that (i) 7w(z) <t, (ii) a(z) = 1, and (iii) = appears as a guessed variable with
prefix 11. Candidates of such variables = are those in weight three clauses such that
a(xz) = 1. Among them, we consider only variables satisfying the bound (4.18). V31 ok
is the set of such variables. Consider any variable z in V3 ok, and let C' be the clause
containing z. For each p < ¢, reall that Pr[Gz, 3rd|p] is the probability that z is the last
and guessed variable of C' appearing in the PPSZ process under the condition 7 (z) = p.
Since this event is equivalent to the event that (i), (ii), and (iii) hold, the probability
that x satisfies the above (i), (ii), and (iii) is

t t
/ Pr[Gz, 3rd|pldp > / (2192 —p’ - PT[F$|p]) dp,
0 0
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from the bound (4.18). Then summing up this bound for all variables in V3 ok and
dividing by |Vp|, we obtain a lower bound for gi;, from which the first upper bound of
the lemma follows.

For showing the second bound, we use Lemma 4.4. From the lemma, it follows
that each weight three clause has at least two variables satisfying the bound (4.18), both
of which are clearly assigned 1 by «. Hence, |V31 k| > 2Ws3; thus, deviding this by
|[Vp| = 3(W1 4+ Wy + W3), we have 2ws /3 because wz = W3 /(W1 + Wo + W3). Then the

second bound follows. O

Now consider the term |Vp|~! erv&l’ok fot Pr[Fz|p]dp in the upper bound of the
above lemma. Note again that fg Pr[Fx|p]dp, the probability that x appears as a forced
variable before time ¢, is at least fot p?/(1 — p)2dp — o(1) for every variable x. On the
other hand, it is clear that the success probability of the biased-PPSZ part gets worse if
this forced probability gets smaller. In fact, under the assumption that fot Pr[Fz|p]dp >

g p?/(1 — p)?dp for every variable x, we can show (by the argument proving Fact 4.13)
that h(f) becomes largest if fot Pr[Fz|p]dp = fot p?/(1 — p)2dp for every x. Thus, under
this senario we have

2 t 2
1 _ 1 _2 / p
oIt S /PrF:c|pdp Vol Z /(1_ ) t=2us [ (1) a

Z‘EVg, 1,0k :EEV

From this consideration, we derive the followmg constraint.

2 t p 2
f111 < ]?111 = U%l - w3/ 2172 —P3 — |\ dp. (4.19)
3 0 1 -p

Remark 4.2. Note that we use the condition [} Pr[Fz|pldp = [ p*/(1 — p)2dp for every

x only for deriving our bounds for f}’,, and we would not use it as our constraint.

Next consider constraints for f§; and f{y.

Lemma 4.6. For any realizable fgl and f{)o, we have

f01 U01 Z / 2p* —p _Pr[F‘T|pD P

HCGVQ 0,0k

f?oév(fo— Z / 2p° — p* — Pr[Fx|p]) dp

SEEVQ 0,0k
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Proof. The proof goes in the same way as that of Lemma 4.5 except that the probability
that (i) m(xz) <t, (ii) a(x) = 1, and (iii) = appears as a guessed variable with prefix 01
(resp., 10) is the half of Pr[Gz, 3rd|p] due to the order of the other two variables by .

The rest is the same and it is omitted here. O

Unfortunately, a bound derived from this lemma is weaker than the previous one.
The problem is that we cannot guarantee |Vj gok| > 2W;. There are certainly at least
2W7 variables in weight one clauses of D that satisfy the bound (4.18); however, there
may be some weight one clause in which a variable satisfying (4.18) is the one assigned 1
and there is only one variable that is assigned 0 and that satisfies (4.18). In other words,
while we have |V} g ok|+|Vi 1,0k| > 2W1, it does not guarantee that |V g ox| > 2W; because
it may be the case V1 1 ok # (). We show below that we may expect a larger variable-wise
advantage in this case, which guarantees us to ignore this case for estimating a lower
bound of Aq¢.

We prepare some lemmas. Recall that a clause C is called a critical clause of x if x
is the variable of only one literal evaluated 1 in C' by (the target sat. assignment) «. Let
C(x;y, z) be the clause composed of literals of the variables x,y, z such that the clause
is a critical clause of z. Note that the clause C(x;y,2) may or may not appear in the

input formula F.

Lemma 4.7. [10, Lemma 2.8.5.][3, Lemma 7.5] If the clause C(x;y, z) does not appear
in the input formula F, then x satisfies (4.18).

Lemma 4.8. [10, Lemma 2.7.1.][3, Lemma 6.1.] Let x be a variable with more than
one critical clause, then for any p < 1/2, we have Prlx € Forced(rw)|r(z) = p] >

p?/(1—p)+p* —p’.

Lemma 4.9. [10, Lemma 2.7.3.][3, Lemma 6.2.] Let x,y, z1, z2 be some variables such
that © has a critical clause containing literals of y and z1, and y has a critical clause

containing literals of x and zo. Then, for any p < 1/2, either x or y satisfies
Pr[z € Forced(n)|n(z) = p| > p*/(1 — p) + p* — p°
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Prly € Forced(r)|r(y) = p] > p*/(1 —p) +p* — p°

Corollary 4.10. Let x,y, 21, 2o be some variables such that x has a critical clause con-
taining literals of y and z1, and y has a critical clause containing literals of x and zo. If

both x and y has only one critical clause, then for any p < 1/2, both x and y satisfy
Prlz € Forced(r)|m(z) = p] > p*/(1 —p) +p* - p’
Prly € Forced(m)|n(y) = p| > p*/(1 = p) +p* = p’

Proof. First, consider the construction of the critical clause tree of . As we assume
that = has only one critical clause, the var-labels of the children of the root must be y
and z;. When we extend the tree further by adding children to the node whose var-
label is y, we flip the values of both x and y in the unique satisfying assignment and
look for an unsatisfied clause. If such clause does not contain neither x nor y, then the
assignment is not satisfying assignment to begin with. If it contains only one of them,
then this variable has an additional critical clause, which contrasts to our assumption.
Thus, each such unsatisfied clause must contain both x and y. It implies that the node
whose var-label is y has at most one child. Therefore, by a similar analysis to (2.5) and
the proof of Theorem 2.13, y’s subtree in z’s critical clause tree has a probability of at
least p+ (1 —p) - % = 2p to contain more than d3(e) nodes at time p after the random
deletion. Thus the total probability of the entir critical clause tree to contain more than
d3(e) nodes at time p after the random deletion is at least 2p - 2= = 2. The same

holds for y’s critical clause tree. Thus, this corollary holds with 12% > 4p?—pd. O

hS]

Thus, we have the following lemma.

Lemma 4.11. Consider any weight one clause C = (zVyV z) in D, and assume that
a(x) =1 and a(y) = a(z) = 0. Then if either y or z does not satisfy (4.18) for some
p < 1/2, then, for any p < 1/2, we have

2 2
Pr[z € Forced(n)|n(z) = p] > max <1p—p T p? b, (p) > (4.20)
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Proof. Without loss of generality, assume that y does not satisfy (4.18) and z does.
Then, we have C(y;x,z) € F, because, otherwise, y satisfies (4.18) by Lemma 4.7.
Consider the number of critical clauses of y in F'. If y has more than one critical clause,
then y satisfies (4.18) by Lemma 4.8. So y must have only one critical clause. Next,
if  have only one critical clause (which is C(z;y,2)) in F, then y satisfies (4.18) by
Corollary 4.10. Thus, x must have more than one critical clause in F', and we can say
x satisfies (4.20) by Lemma 4.8.

O

Let D1 and Vi denote respectively the set of weight one clauses of D and the set
of variables in such weight one clauses. We focus on weight one clauses of D; fulfilling
the condition of the above lemma; let Dy ,, denote the set of such weight one clauses.
For such a clause C' € Dy e, we symbolically use here (only here) “z” to denote a
variable assigned 1 by «, “y” to denote a variable with a(y) = 0 for which (4.18) does
not hold, and “z2” to denote the third one in the clause. Then let Vi yex, Vi ngy, and
V1ngz denote respectively the set of variables “z”, “y”, and “2” defined above. Finally,
let Vi ng := V1 ngx U Vingy U Vi ngs; note that Vi g is the set of all variables appearing in
clauses of D1 pg.

We discuss below a lower bound of the variable-wise advantage of variables in Vj .
Recall (4.15); this is the definition of A,,;, the variable-wise advantage of variables in

Vp on average. We estimate this value for variables in V; . More specifically, for any

variable x € Vp, define Ay, () by

Awi(x) == S5 — (Z Pr[Gz, < t, Pz|- H(Bp) + Pr[Gzx, > t]) ,
P

where we use “Gz, < t, Px” and “Gz, > t” as abbreviations of “x appears before time ¢
as a guessed variable with prefix P” and “x appears after time ¢ as a guessed variable.”
It is easy to see that Ayt = (D _,cy, Awt(®))/|VD|. We estimate Ay ¢(z) for z € Vi ug,

in particular, z € Vi jex.
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Lemma 4.12. For any x € V1 ngx, we have

to p2 P 2
A () > / +p2—pd— | —— dp > 0.0035.
’ o \1-» 1-p

Here tq is the point from where (p/(1 — p))? is larger than p?/(1 — p) + p? — p; that is,

(p/(1—=p))* < p?/(1—p)+p*—p* for p € [0,t0) and (p/(1—p))* > p*/(1—p) +p* —p°
for p € (to,1). (Note that to = 0.31767---.)

Proof. Consider any « € Vi ngx, and let C' = (x V y V 2z) be the weight one clause of D
containing z. Since a(x) = 1 and a(y) = a(z) = 0, the prefix z is ), 0, or 00. More
specifically, for example, the event of “Gx, 7(x) < t, and its prefix is ()7 is equivalent to
that of “Gz, m(x) < t, and 2nd,” where by “2nd” we mean the condition that = appears

second among x, y, and z. Then we have

A (x) = S3 — (Z Pr[Gz, < t, Px] - H(Bp) + Pr[Gz, > t])
P

= S3 — (Pr[Gz, < ¢, 1st] - H(By) + Pr[Ga, < ¢,2nd] - H(Bo)

+ Pr[Gz, < t,3rd] - H(Boo) + Pr[Gz, > t])
Noting that H(5p) < 1, we further have

> S3 — (Pr[Ga, < t, 1st] + Pr[Gz, < t,2nd] + Pr[Gz, < ¢, 3rd] + Pr[Gz, > t])

= S3 — Pr[Ga] = S3 — (1 — Pr[Fa])

o ([ (o) fon((55) ) )
() )

(G [ ((25) 1))
L (- (25))

proving the desired bound. Here we use the bound (4.20) and the fact that ¢; < 1/2

(and hence, (p/(1 —p))? < 1 for any p, 0 < p < tg). O
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Clearly, Ay (z) > 0 for any x. Thus, for the variable-wise advantage on Vi e, we

have

> weVing Awt(Z) _ 0.0035
Vi gl -3

>1.1x 1073,

As we will see in the next subsection, we estimate that A, at the worst-case weight
vector Wy (with ¢ = 0.17) is 1.188 x 10~%, which is much smaller than the above. Thus,
for searching such worst-case (i.e., the smallest A,,), we should assume? that Ding =0,
that is, there is no weight one clause satisfying the condition of Lemma 4.11; that is,
Viong = 0. Then we may assume that |V ocx| > 2Ws, from which we can derive the

following constraint.
1 t D 2
Vo< O =0 — —wq w? —pd— [ — dp, and 4.21
01 01 01 3 1
0 -bp

1 t 2
flo < J??o = vjp — w1/ 2p° —p° - L dp. (4.22)
3 Jo L—p

For the other components of f, we simply use the trivial constraints, that is, ﬁl =
v, for example. This is because a nontrivial constraint like flll is not necessary for
the other components from the actual execution of our numerical analysis (see the next
subsection). Thus, theoretically, we may consider that the trivial constraints are used
for these other components.

Now we formally define our f; as a vector f that maximizes the objective function

op
h(f) among vectors satisfying the above-defined constraints. This is the target of our
numerical analysis for a given w. Here we remark again that it is quite likely that the
obtained vector is not realizable, that is, it has no corresponding instance formula F'.

This is why f,,; may not be the same as f ., but at least we have f; > fyq-

9Formally speaking, when evaluating the average variable-wise gain A, ;, we consider variables in
weight one clauses of D1 g separately to show the above lower bound while variables in the other clauses
of D are evaluated by our numerical method. Then we confirm that the obtained lower bound is smaller
by assuming D1,z = (. Here we skip this process and assume that D1, = 0 for simplifying our

discussion.
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We show some basic properties that give useful suggestions for designing the search
algorithm. (Below we consider h(f) on vectors f satisfying the trivial constraints, i.e.,

0< flbg < v?g for any P and b.)
Fact 4.13. h(f) is component-wise monotonistically decreasing.

Proof. The fact follows from the following partial derivative of the objective function

with respect to each component flbg.

Ub —fb
(b (v® — fB,vp — fp)) = log <Ub — ivlj_ | <0
p—JptUp P

d

From this property, we see that h(f) takes the largest value at the zero vector
0=(0,0,...,0). But clearly, the zero vector does not satisfy our key constraint (4.17).
Thus, starting from f = 0, we increase some component of f bit by bit until it satisfies
the constraint (4.17). This is our basic strategy. Then we use the following facts to
determine the order of components to be increased their values. In the following, we use
¢ to denote any positive value that is small enough in each context. We use f +py) 0
to denote a vector with the same components as f except that the (P,b)th component
is not f% but f% + 6. For any type P, let Bp := (v% — f%)/(v% — f% + vh — f5) (which

is the same definition as the bias for type P).
Fact 4.14. Ifv% — f% > v]l;b — f};b, then h(f +pp 0) > h(f +pi-p) 0).

Proof. Note that

gz <h (v?a —(fp+ (0 —x),vp " = (fp° +$)>>

b _ (b _ b _ fb _
e <UP (S5 +0 x)) e (vpl_bfp 1_9b—|—m)>'
U J—

T (4 a) T e

This value is positive for small § and 0 < z < 6. Hence, h(f +pp) (0 — 7)) is largest

when x = 0, which implies the fact. O
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This fact suggests that if we need to increase the components corresponding to some
type P, we should increase only the (P, b)th component with larger v% P fP Note that
% — f9 > oL — fL (vesp., vh — f5 > v% — %) if and only if 8p > 1/2 (resp., Bp < 1/2).
Thus, while Sp > 1/2 (resp., Bp < 1/2), we need to increase only the (P,0)th (resp., the
(P, 1)th) component. Let us use b(P) to indicate whether Sp > 1/2 or p < 1/2; that is,
b(P)=0if Bp > 1/2, and b(P) = 1 if Bp < 1/2. Then we can restate the above strategy
as follows: While |Sp — 1/2| > 0, we need to increase only the (P,b(P))th component,
reducing |Bp — 1/2|.

This fact also suggests a way to increase some components of f when Sp = 1/2 (i.e.,

— f% =wvl — f1) for all types P. From this fact, we had better keep 8p = 1/2 when
increasing some components of f, which is, in fact, possible by increasing both f% and
f}; by the same amount x. Thus, if we need to increase some components by 6, we
should increase both f% and fp by 6/2 at some P. (Let us denote this type of update
by f +p 6/2.) The following fact shows that P can be chosen arbitrarily.

Fact 4.15. For any Py and P> such that Bp, = Bp, = 3, then we have h(f +p 0) =
h(f +p0).

Proof. We have

9 0

o (b (VB — (B, +2),vp, — (fB, + 7)) — % (b (vh, = (B, +2),vp, — (fB, + 7))

— log ”Pl (fP1+x) ~log UP2 (fp2+33)
vy, — (fp, +x) +vp — (fp, +2) v, — (fp, +2) +vp, — (fp, +2)

The fact follows from this. O

On the other hand, when there are some types such that Sp # 1/2, the following
fact suggests that we should increase the component corresponding to type P with the

largest Sp > 1/2 (resp., the smallest Sp < 1/2).

Fact 4.16. Consider the case where both Bp, and Bp, are larger than 1/2 (hence, v%i >

U}DZ_ fori=1,2). Then if Bp, > Bp,, then h(f +(p, 0y 0) > h(f +(p,0) 0). In general, if
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|1Bp, — 1/2| > |Bp, — 1/2|, then h(f +(Prbr) 0) > h(f +(Pa.b) 9), where Ul})% > v};:bi for
i=1,2.

Proof. Consider the case where both Bp, and Bp, are larger than 1/2. We have

0 0
% (h (U931 - (flgl —|—CL‘),1)11:>1 fpl)) 8$ (h (/U%Q - (fIODQ +$),U1132 - f]132))

_ vp, — (fp, +2) v, — (fp, + )
=log | 5 0 1 | —log| 5 0 1 T |-
vp, — (fp, + @) +vp, — fp vp, — (fp, T @) +vp, — fp,

This is positive for small = since Bp, > Sp, > 1/2, and the fact follows from this. The

general case can be shown by considering each case similarly. O

From these facts, we give an algorithm for computing an approximation of f..
Algorithm 13 states its outline!® Here we explain some key ideas and the meaning of
some notions and notations used in the algorithm.

As discussed above, our basic strategy is to increase some components of a vector

f starting from the zero vector until the target constraint (4.17) is satisfied. Let d(f)

denote the amount we need to increase until this goal; that is,

5(F) = / P10 = 35

On the other hand, there is a limit of an increment at each component. Firstly, for
each pair of P and b, there is a limit of increasing the (P,b)th component from our
constraints, which we denote by dp;(f). For example, since we have flll, oa(f) =
f}l — fi. On the other hand, by the trivial constraint, we define 80(f) = 1)8 — fg.
Secondly, there is a limit for using the same updating strategy. For example, suppose that
we need to increase the (P, 0)th component of f because |5p —1/2] is the largest among
all types and SBp > 1/2. Then let Op(f) denote the lmit of increasing the (P,b(P))th
component until this situation gets changed; more specifically, 6p(f) := min(61, 62),
where 6; and 0y are thresholds such that |Sp — 1/2| becomes the same as the second

largest one in f +(py(p)) 01, and Bp = 1/2 in f +(py(p)) 02 respectively.

10T his version is simpler than the one explained in our IEICE paper (Appendix A of [15]) because we

do not use a fixed update value by which we no longer need to consider f,;.
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In the algorithm, we use a variable B to keep the set of types P such that |fp—1/2] >
0. A variable A is used to keep the set of “active” types P in the sense dpypy > 0 if
there is some P € B and dpg,dp; > 0 if Bp = 1/2 for all types P.

Algorithm 13 The Sweep-line Search
f =0, a vector whose (P, b)th component is 0 for all P € P and b € {0,1}

A := the set of all “active” types
B := the set of all types P such that |8p — 1/2| >0
while AN B # 0 do
C := the set of all types P € AN B with the largest |Sp — 1/2|; m :=|C|
6 := min (6(f)/m, minpec 6pppy(f), minpec Op(f))
f = f +ppp) 0 for each P €C
if (4.17) is satisfied then return f as f;
update A and B
end while
(The case where B = ) and still §(f) > 0)
A := the set of all “active” types (under this situation)
while true do (the loop must be terminated unless w is not realizable)
§ :=min (6(f)/2, maxpea min(dpo(f),0p1(f)))
f = f +p 9, where P = argmaxpe 4 min(dpo(f), op1(f))
if (4.17) is satisfied then return f as f;
update A

end while

Remark. The program in Appendix 2, which is used for searching the worst case numeri-
cally, is a little different from Algorithm 13. In order to make the program simpler and
more readable, we have changed some algorithmic details. Please refer to the appendix

for more information.
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4.4.2 Derivation of our exponential coefficient eqw

For a given weight vector w (a fractional version) and a time threshold ¢, we can use
the numerical algorithm to compute f,,; and a lower bound for Ay, ;, which we simply

regard as Ay ;. Then taking a maximum over all t € TH, we get A. Then we have
eqw(w) := 53 — 37w Aw (4.23)

as a candidate of the exponential coefficient based on the weight vector w. Then to
estimate the success probability lower bound, we need to find the worst weight vector
that maximizes this value. It is, however, impossible to compute A,, for all weight
vectors, and we introduce some approximation approaches.

We consider weight vectors whose components are discrete values in [0, 1] at interval

Owstep := 1.0 X 1073; that is, those in a set VW defined by
VW = {(z,y,1 — (z + y))|z = k10wstep and y = kadwstep S0 that x +y < 1}.

In our numerical analysis, we computed A,, for all w € VW by the method of the
previous section, and obtained the worst one wp.x = (0.663,0.160,0.177) giving the
smallest Ay, in this set, which gives the value of eqw(Wmax) as 0.38624062... with
t = 0.17. While we can expect that this is close to the largest, the worst weight vector
likely exists that gives a yet larger estimate of eqw(w).

In order to check this point, we want to express f,,; as a relatively simple formula.
Fortunately, we found that this is possible by focusing on weight vectors that are close to
this wpax (W.r.t. the fixed time threshold ¢ = 0.17), and we could give a formula express-
ing f,p¢- Note that in our numerical method, i.e., in Algorithm 13, the essential part
of the computation is to update the component(s) of f corresponding to the “active”
type(s) P with the largest |Sp — 1/2|, among only six possible types. Here we consider
weight vectors in a small region around Wmax = (Wmax,1; Wmax,2; Wmax,3); Mmore concretely,
weight vectors w(z,y) in the set N := {(Wmax,1 + T, Wmax,2 + ¥, Wmax,3 — (€ + y))|z,y €
[—~50wsteps Dwstep] - Then we can confirm that the process of computing f,.; runs as
follows: first, (i) both f3 and f], are increased up to f%)l and f}o; next, (i) fi is in-

creased up to f}l; then, (iii) f& and f{) are increased while keeping By = 1 until the key
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constraint (4.17) is satisfied. The other components are not changed. Based on this ob-
servation, we can give a relatively simple formula expressing f,,; and then eqw (w(z,y))
in terms z and y for w(z, y) = (Wmax,1 +%, Wmax,2+Y, Wmax,3— (z+y)) € N. Then analyz-
ing eqw(w(x,y)) by Mathematica'', we derived that eqw (w(z,y)) takes the maximum
0.38624055 ... at (x,y) = (—0.00030637,0.00015844). (We also confirmed that ¢t = 0.17
is the best in TH for weight vectors in N.) Note that w(—0.00030637,0.00015844) is
component-wise dystep-close to wmax; hence, this result can be regarded as evidence that
our interval dystep grid is enough to find the worst-case weight vector. Therefore under
the assumption that the real worst-case weight vector is component-wise dystep-close to

Wiax, We can claim the following theorem.

Theorem 4.17. For any instance of Unique 3-SAT, the algorithm QW_biased-PPSZ
outputs its satisfying assignment (if it exists) with a probability of at least 27(EQW+0(1))TL,
with the exponential coefficient e gw = 0.386241 under the following technical condition
Technical Condition (x) We numerically confirmed that cqw(w) of (4.23), a can-
didate of exponential coefficient of QW_biased-PPSZ, takes the largest value at Wmax
with t = 0.17 among all w in the dystep = 1.0 X 10 3-interval grid VW. Our technical
condition is that the real worst-case weight vector (for the fized t = 0.17) exists within

component-wise dystep-close to this wmax.

1GSee Appendix 1 for details.

76



Chapter 5

Conclusion

In this thesis, we first introduced the k-SAT problem and the PPSZ algorithms. Then
we explained two different kinds of improvements over PPSZ, one is from Hertli [4] and
the other is biased-PPSZ [3]. For Hertli’s improvement, we pushed his idea further by
refining GetInd2Clauses, which returned an extremely small improvement. For biased-
PPSZ, we used biased-Search to replace brute-force search when the maximal disjoint
set D is small enough. We also gave a more careful numerical analysis of the worst case
of the algorithm. Finally, we obtained a better result comparing to [3], which becomes
the best result for Unique 3-SAT so far.

There are still many open problems for the k-SAT problem. First, although we only
considered biased-Search for Unique 3-SAT, the idea can be applied to Unique k-SAT
easily. However, the numerical analysis for Unique 3-SAT cannot be applied to Unique k-
SAT trivially. There may be a more clever way to search the worst case, which should not
be based on program computing and can be easily applied to Unique k-SAT. Second, we
believe that there should be some better way to define types and biases. The maximal
disjoint set maybe is not necessary. Third, the analysis of the success probability of
PPSZ is not tight. A better analysis may improve its result without any changes to
the algorithm. What’s more, we discussed the lower bound of the success probability of

PPSZ in this thesis. However, the research of the upper bound can be also interesting.
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Appendix 1

This is a script of Mathematica for searching the worst case around (0.663, 0,160,
0.177). The referenced part comes from pages 75-76 in Chapter 4.

n-1= Clear[t]
t=0.17;
S3 =2=xLog[2] -1;
int@=t+1/(1-t)-1+2=%Log[l-t];
intl= (1/3) *t"3-tr2+1t;
int2 = tA2- (2/3) «t"3;
int3 = (1/3) «t"3;
inth= (2/3) «t"3- (1/4) »t"4-1into;
wl[x_,y_ ] :=0.663+X
w2[x_,y_] :=0.160+y
w3[x_,y_] :=0.177- (X+Y)

veOd[x ,y ] (2/3) *#wl[x, yl+ (1/3) *w2[x, y]) »intl
vel[x_,y._] (1/3) »wil[x, yl+ (2/3) *+w2[x, y] +w3[x, y]) *intl
voO[Xx_, Yy ] 1/3) #wl[x, y] «int2

(1./3) #wi[x, y]+ (1./3) »w2[x, y]) = int2
(1./3) »wl[x, y]+ (1./3) »w2[x, y]) »int2
(1./3) *+w2[x, y] +w3[x, y]) »int2
VOOL[x_, y_] := (1./3) »wl[x, y] *int3
(
(
(
(

)
v1O[x_, y_] )
)
)
vO10[x_, y_] := (1./3) »wl[x, y] »int3
)
)
)

=
=
= |
vel[x_, y_1 := (
=
Vil[x_, y_] := (

vO1l[x_, y_] := (1./3) »w2[x, y] *int3

v100[x_, y_1 := (1./3) »wl[x, y] *int3

v101[x_, y_] := (1./3) »w2[x, y] *int3

V110[x_, y_] := (1./3) »w2[x, y] *int3

V111[x_, y_] :=w3[X, y] *int3

geod[x_, y_] :=ved[x, y]

gel[x_, y_] :=vel[x, yl]

g010[x_, y_] := (1/3) »wl[x, y] «inth

g011[x_, y_] :=Vv0O1ll[x, y]

g100[x_, y_] := (1/3) »wl[x, y] «inth

glol[x_, y_] :=Vv101[x, y]

gllo[x_, y_] :=v110[x, y]

glli[x_, y_] := (2/3) »w3[x, y] «inth

fremain[x_, y_] := int@-vee1[x, y] - (ve10[x, y] - go1@[x, y]) -
(viee[x, y1-gle0[x, y]) - (v111l[x, y] - gl11[x, y])

fol[x_,y_] := (vee[x, y] * fremain[x, y] +vO1l[x, y] *v11[x, y] -

veO[X, y] *v10[x, y]) / (ve0[x, y] +Vv1l[X, y])
flo[x_, y_] := fremain[x, y] - f01[x, y]
go0[x_, y_] :=Vv00O[x, y]



2 | seido_v3.nb

vOl([x, y] - fol[x, y]
glo[x_, y_] :=v10[x, y] - f10[x, y]
gll[x_, y_] :=v1ll[x, y]
hix_, y_1 := -xxLog[x/ (x+y)]/Log[2] -y« Logly / (x+Yy)] /Log[2]
he[x_, y_] :=h[veO[x, y], vel[x, y]]
he[x_, y_] :=h[g0e0[x, y], gol[x, y]]
hi[x_, y_1 :=h[glO[x, y], gll[x, y]]
hel[x_, y_] :=h[g010[x, y], g011[x, y]]
hi0[x_, y_] :=h[gle0[x, y], g101[x, y]]
hil[x_, y_] :=h[gll0o[Xx, y], gl11[x, y]]
sumh[x_, y_] :=he[x, y] +hO[x, y] +h1l[x, y] +hO1[x, y] +h1O[x, y] + h1l[Xx, y]
d[x_, y_] :=t-1nt0 -sumh[x, y]
s[x_,y_] :=
(wifx, y] +w2[x, y]) = Log[3] /Log[2] - (wl[x, y] = Log[wl[x, y]] /Log[2] +
w2[x, y] * Log[w2[x, y]] /Log[2] +w3[x, y] * Log[w3[x, y]] /Log[2])
gam[x_, y_] :=S3/(s[x, y] +3+d[x, y])
success[x_, y_] ¢=S3-3%xgam[x, y] *d[Xx, Y]

gO1[x_,y_]:

Clear[x, y]
FindMaximum[ {success[Xx, y], -0.005 < x < 0.005&&-0.005 <y < 0.005},
{x, 0}, {y, 0}, WorkingPrecision » 50, MaxIterations -» 100]

our-1- {0.38624055093686612855267743386619647116907958108192,

{Xx > -0.00030637621113654576934098860974131639522965997457504,
y - 0.00015844276446973223969154342949394731476786546409130} }
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Appendix 2

This is a program of Python in Jupyter Notebook format for computing the worst case. Please
refer Algorithm 13 in page 74.

1 Initial Setting

We mainly use sympy, a libarary of Python, to do the symbolic computation.

wl, w2 and w3 are the symbols to denote wi,ws, w3 in Chapter 4. t denotes the time threshold
parameter ¢t in the thesis. p denotes the value of placement function m(x). x is used for solving
some equations later.

from sympy import x*
import copy

wl, w2, w3 = symbols('wl w2 w3') # weight vector
t = symbols('t') # time

X = symbols('x') # variable in some equations

p = symbols('p', ) # pi(z)

recordW = {} # list for saving the results over w
recordT = {} # list for saving the results over t

# output the results
# file = open('/Users/scorpioares/Dropbox/CS PhD/Doctor Thesis/EX-result_v2/
—original.tzt', 'a')

# initial X_P7D
dict_ini_fO0 = {'empty': O, '0': O, '1': O, 'O1': O, '10': O, '"11': O}
dict_ini_f1 = {'empty': O, '0': O, '1': O, 'O1': O, '10': O, '11': O}

dict_ini_prefix = {'empty': 1, 'O': 1, '1': 1, 'O1': 1, '10': 1, '11': 1}

2 Searching space

As stated in Chapter 4, we check all weight vectors in VW. Firstly, we fix a value of w;, and then
fix a value of ws. Obviously, the value of ws is decided by 1 —w; — ws. Then for ¢ from 0.01 to 0.5,
we run the program to search the optimal values of { flbg} pp and record the values obtained. Finally,
the program returns the worst value. For every given weight vector (w1, ws,ws), we compute the



[]:

[1:

minimal value among diffrent ¢ and record it as minT. If there is a value returned in a loop in the
program that is smaller than minT, we are able to skip this weight vector and move to the next one
because that we only need a worse result comparing the current worst one.

# initial parameters
startwitl = 0.672
endwitl = 0.290

startwit3 = 0.184
starttime = 0.01
stepT = 0.01 # increment of t after each loop

stepB = 0.001 # decrement of beta
stepW = 0.001 # increment or decrement of weight after each loop
minT = 0.386156 # for skipping mon-worst case

witl startwitl # wl
wit3 = startwit3 # w3
wit2 1 - witl - wit3 # w2
time = starttime #t

3 Formulas

Here, we define some formulas we need for later computation. Note that all these formulas have
been metioned in Chapter 4. Note that we use f;, %, fiy defined in (4.19, 4.21, 4.22), and the
rest upper bound of flbD is given the naive upper bound v%.

# integrals: the case how many vars occur before x under permutation pi
dict_integral = {'none': (t - t ** 2 + t ** 3 / 3), 'one': (t ** 2 - 2 x (t **
-3) / 3), 'two': (t *x 3 / 3)}

# definitions of V_P7b

dict_v0 = {'empty': (2/3 * wl + 1/3 % w2) * dict_integral['mone'], '0': (1/3 *
—wl) * dict_integral['one'], '1': (1/3 * wl + 1/3 * w2) *
—dict_integral['one'], '01': 1/3 * wl * dict_integral['two'], '10': 1/3 * wi,
—* dict_integrall['two'], '11': 1/3 * w2 * dict_integral['two']}

dict_vl = {'empty': (1/3 * wl + 2/3 * w2 + w3) * dict_integral['none'], '0': (1/
3 *x wl + 1/3 * w2) * dict_integral['one'], '1': (w3 + 1/3 * w2) *
—dict_integral['one'], '01': 1/3 * w2 * dict_integral['two'], '10': 1/3 * w2,
—* dict_integrall['two'], '11': w3 * dict_integral['two']}

v001 = 1/3 * wl * dict_integrall['two']

var_forced = t *x (t-2) / (t-1) + 2 * log(1l-t) # force probability of ay
—vartable in PPSZ from O to t

var_ppsz = t - (t * (t-2) / (t-1) + 2 * log(l-t)) # PPSZ successy
—probability until t
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# upper bound of forced vars (hat(f)) where t <= 0.24

dict_small_hat_f0 = {'empty': (2/3 * wil + 1/3 * w2) * dict_integral['none'],
—'0': (1/3 * wl) * dict_integrall['one'], '1': (1/3 * wl + 1/3 * w2) *
—dict_integral['one'], '01': dict_vO['0O1'] - 1/3 * wl * (- t*x*4 /4 + 2/3 %,
—t**3 - var_forced), '10': dict_vO['10'] - 1/3 * wl * (- t**4 /4 + 2/3 * t**3
- var_forced), '11': dict_vO['11']}

dict_small_hat_f1 = {'empty': (1/3 * wl + 2/3 * w2 + w3) *,
—dict_integral['none'], '0': (1/3 * wl + 1/3 * w2) * dict_integral['one'],
—'1': (w3 + 1/3 * w2) * dict_integral['one']l, 'O1': dict_v1['01'], '10':
wdict_v1['10'], '"11': dict_vi['11'] - 2/3 * w3 *x (- t**4 /4 + 2/3 x t**x3 -
—var_forced)}

# upper bound of forced wvars where t > 0.24

dict_big_hat_fO0 = {'01': dict_vO['01'] - 1/3 * wl * (- t**4 /4 + 2/3 * t**3 - 0.
—00147078), '10': dict_vO['10'] - 1/3 * wl * (- t**x4 /4 + 2/3 * t*x3 - 0.
-00147078), '11': dict_vO['11']}

dict_big_hat_f1 = {'01': dict_v1['01'], '10': dict_vi['10'], '11':,
wdict_vi['11'] - 2/3 * w3 * (- t*x4 /4 + 2/3 * t*x*x3 - 0.00147078)}

# exponent of running time of biased-search (sw)
var_bs = (wl * log(3/wl, 2) + w2 * log(3/w2, 2) + w3 * log(l/w3, 2))

4 Definitons of Functions (Methods)

Remark: in this program, we decrease the largest current /3 a little bit (StepB) everytime, which
induces a small enough incresement of ff;. It is different from Algorithm 13 in Chapter 4, and it
may cause an issue that we may have a returned set { flbp} whose sum is larger than the fy,¢. Thus,
we will go back to the previous result (a smaller {f%}) during the program if the final one is larger
than fope. Although the result may be worse than the optimal one, which means that we will lose
some advantages about the final improvement, we can ensure no mistakes of finding the worst case.

4.1 wupdate_one(prefix, beta, f0, f1, yn)

When the current 3 (the one decreased by stepB) is larger than 0.5, we update the f% by solving
b
'l)P*x
R
decide whether ’UOP > v}lp at the initial state.

the equation = 3, where z is the variable to be solved. yn is a Boolean variable to

def update_one(prefix: str, beta: float, f0: dict, f1: dict, yn: bool):
" fynction to update forced vars when beta > 0.5"""
if yn == True:



[]:

return solve((dict_vO[prefix] - x) / (dict_vO[prefix] + dict_v1l[prefix],
—— x - fl[prefix]) - beta, x)[0].evalf (subs={wl:witl, w2:wit2, w3:wit3, t:
<time})
else:
return solve((dict_vl[prefix] - x) / (dict_vO[prefix] + dict_vl[prefix],
—- x - fO[prefix]) - beta, x)[0].evalf (subs={wl:witl, w2:wit2, w3:wit3, t:
—timel})

4.2 update_both(prefix, f0, f1)

When the current $ becomes 0.5, we no longer increase one of { f]%, f 11;,} but both of them to keep
st
vhtvp = fp 1P
can increase. We need to consider the following cases:

= 0.5. However, there are many restrictions to the maximum value of fIbD that we

o If we increase fjb3 or f };b too much, for example we increased x, it may cause fjb3 +x > flbg or

f};b +z > f};b. Thus, the maximum value of = should be bounded by min{flbD — ffé,, A};b —

i 2
e Similarly,  may be too large to let ZP,b f]bp is larger than fg (1%:) , we need to bound x by
this constraint too.

def update_both(prefix: str, f0: dict, f1: dict):
"""function to update forced wvars when beta = 0.5"""

var_sum0 = (fO['empty'] + £fO['0'] + fO['1'] + £fO['01'] + £O['10'] +,
—fo['11'1)

var_suml = (fi1['empty'] + £1['0'] + £1['1'] + £1['01'] + £1['10'] +,
~f1['11'] + v001.evalf (subs={wl:witl,w2:wit2,w3:wit3,t:timel}))

# difference from the opt
var_sa = var_forced.evalf (subs={wl:witl,w2:wit2,w3:wit3,t:time}) - var_sumO,
—— var_suml

if time < 0.24:
# increase fO and f1 until reaching the forced condition (stop)
if (fO[prefix] + var_sa/2) <= dict_small_hat_fO0[prefix] .evalf (subs={wl:
witl,w2:wit2,w3:wit3,t:time}) and (f1[prefix] + var_sa/2) <=,
—dict_small_hat_f1[prefix].evalf(subs={wl:witl,w2:wit2,w3:wit3,t:time}):
fO[prefix] += var_sa / 2
f1[prefix] += var_sa / 2
else: # increase fO and f1 until one of them reached hat_f
if dict_small_hat_£fO[prefix].evalf (subs={wl:witl,w2:wit2,w3:wit3,t:
—time}) - fO[prefix] < dict_small_hat_f1[prefix].evalf (subs={wl:witl,w2:
—wit2,w3:wit3,t:time}) - f1l[prefix]:
var_inc = dict_small_hat_fO[prefix] .evalf (subs={wl:witl,w2:
—wit2,w3:wit3,t:time}) - fO[prefix]
fO[prefix] = dict_small_hat_£fO0[prefix]
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f1[prefix] += var_inc
else:
var_inc = dict_small_hat_f1[prefix] .evalf (subs={wl:witl,w2:
wit2,w3:wit3,t:time}) - f1[prefix]
f1[prefix] = dict_small_hat_f1[prefix]
fO[prefix] += var_inc
else:
if (fO[prefix] + var_sa/2) <= dict_big_hat_fO[prefix].evalf (subs={wl:
witl,w2:wit2,w3:wit3,t:time}) and (f1[prefix] + var_sa/2) <=,
—dict_big_hat_f1[prefix].evalf(subs={wl:witl,w2:wit2,w3:wit3,t:timel}):
fO[prefix] += var_sa / 2
f1[prefix] += var_sa / 2
else: # increase fO and f1 until one of them reached hat_f
if dict_big_hat_fO[prefix].evalf (subs={wl:witl,w2:wit2,w3:wit3,t:
—time}) - fO[prefix] < dict_big_hat_f1[prefix].evalf(subs={wl:witl,w2:wit2,w3:
—wit3,t:time}) - fll[prefix]:
var_inc = dict_big_hat_fO[prefix].evalf (subs={wl:witl,w2:
—wit2,w3:wit3,t:time}) - fO[prefix]
fO[prefix] = dict_big_hat_£O[prefix]
f1[prefix] += var_inc
else:
var_inc = dict_big_hat_f1[prefix].evalf (subs={wl:witl,w2:
—wit2,w3:wit3,t:time}) - f1l[prefix]
f1[prefix] = dict_big_hat_f1[prefix]
fO[prefix] += var_inc

4.3 check_sum(f0, f1) and check_hat(prefix, f0, f1, dictA)

The first one is to check whether we already have the {f%}p; we want. The second function is to
check whether the current f% (obtained by the function update_one) is larger than f%. If so, make
f%equalu)ﬁsupperbound.

def check_sum(f0: dict, f1: dict):
"""function to check if the result is opt"""

suml = (£0['empty'] + £0['0'] + £O['1'] + £O['01'] + £0['10'] + £0['11'])
sum2 = (fi['empty'] + £1['0'] + £1['1'] + £1['01'] + £1['10'] + £f1['11'] +,
—v001.evalf (subs={wl:witl,w2:wit2,w3:wit3,t:time}))
if suml+sum2 >= var_forced.evalf (subs={wl:witl,w2:wit2,w3:wit3,t:time}):
return True
else:
return False

def check_hat(prefix: str, £0: dict, f1: dict, dictA: dict):
" fyunction to check tf f reaches the upper bound hat(f)"""



if time < 0.24:
if dictA[prefix] == 1:
if fO[prefix] >= dict_small_hat_£fO[prefix] .evalf (subs={wl:witl,w2:
wit2,w3:wit3,t:time}):
dictA[prefix] = 2
fO[prefix] = dict_small_hat_fO[prefix].evalf (subs={wl:witl,w2:
owit2,w3:wit3,t:time})
if fi[prefix] >= dict_small_hat_f1[prefix].evalf (subs={wl:witl,w2:
owit2,w3:wit3,t:timel}):
dictA[prefix] = 2
f1[prefix] = dict_small_hat_f1[prefix].evalf (subs={wl:witl,w2:
~wit2,w3:wit3,t:timel})
else:
if dictAlprefix] ==
if fO[prefix] >= dict_big_hat_fO[prefix].evalf (subs={wl:witl,w2:
~wit2,w3:wit3,t:time}):
dictA[prefix] = 2
fO[prefix] = dict_big_hat_fO[prefix].evalf (subs={wl:witl,w2:
owit2,w3:wit3,t:time})
if f1[prefix] >= dict_big_hat_f1[prefix].evalf (subs={wl:witl,w2:
wit2,w3:wit3,t:time}):
dictA[prefix] = 2
f1[prefix] = dict_big_hat_f1[prefix].evalf (subs={wl:witl,w2:
wit2,w3:wit3,t:time})

def entropy(varl: str, var2: str):
" function that compute the value of h function (not real entropy)

nmnn

return (-varl * log(varl / (varl + var2), 2) - var2 * log(var2 / (varl +,
—var2), 2))

5 Searching Process

We first fix a weight (w1, we, w3), and then search the results for different ¢ to find the best (fastest
running time) choice of ¢.

# begin "while witl > endwitl" here
while witl > endwitl:
wit3 = startwit3

# begin "while wit3 < 1 - witl" here
while wit3 < 1 - wit1l:
wit2 = 1 - witl - wit3

time = starttime



breaktrigger = False

{3

dict_record_fixtime
# begin "while time <= 0.5" here
while time <= 0.5:

dict_act_prefix = copy.deepcopy(dict_ini_prefix)

opttrigger = False

dict_f0 = copy.deepcopy(dict_ini_f£0)
dict_f1 = copy.deepcopy(dict_ini_f1)
dict_old_£f0 = copy.deepcopy(dict_ini_£0)
dict_old_f1 = copy.deepcopy(dict_ini_£f1)

# dict to store initial beta
dict_ini_beta = {'empty': False, 'O': False, 'l': False, '0O1':
—False, '10': False, '11': False}

# a trigger to tell whether v_P™0 <s larger than v_P~1
dict_isOlarger = {'empty': False, '0O': False, 'l': False, 'O1':
—False, '10': False, '11': False}

for prefix in dict_act_prefix:
if (dict_vO[prefix] / (dict_vO[prefix] + dict_vil[prefix])).
—evalf (subs={wl:witl, w2:wit2, w3:wit3, t:time}) >= (dict_vi[prefix] /.,
—(dict_vO[prefix] + dict_vl[prefix])).evalf(subs={wl:witl, w2:wit2, w3:wit3,
<t:timel):
dict_isOlarger [prefix] = True
dict_ini_betal[prefix] = (dict_vO[prefix] / (dict_vO[prefix],,
—+ dict_vl[prefix])) .evalf (subs={wl:witl,w2:wit2,w3:wit3,t:time})
else:
dict_ini_betal[prefix] = (dict_vl[prefix] / (dict_vO[prefix],
—+ dict_vl[prefix])).evalf (subs={wl:witl,w2:wit2,w3:wit3,t:time})

dict_temp_beta = copy.deepcopy(dict_ini_beta)

var_beta = 1

# print ("ok")

# 1f some f reaches its hat(f), then keep it fized



while max(dict_temp_beta.values()) > 0.5:
for prefix in dict_act_prefix:
if dict_act_prefix[prefix] == 2:
dict_temp_beta.pop(prefix)
dict_act_prefix[prefix] = 0

# the key beta, which is the maz of all temp beta
var_beta = max(dict_temp_beta.values())

dict_inverse_beta = {v : k for k, v in dict_temp_beta.items()}
var_max_prefix = dict_inverse_betalvar_betal

# every step, decrease the key beta a little
var_beta -= stepB

# 1f the decreased key beta ts smaller than 0.5, then make <t 0.
—5 and update the wvalue of f
if var_beta < 0.5 and dict_act_prefix[var_max_prefix]
if dict_isOlarger[var_max_prefix] == True:
dict_old_fO[var_max_prefix] = copy.
—deepcopy(dict_fO0[var_max_prefix])
dict_fO[var_max_prefix] = update_one(var_max_prefix, O.
5, dict_f0, dict_£f1, True)
else:
dict_old_f1[var_max_prefix] = copy.
—deepcopy(dict_f1[var_max_prefix])
dict_f1[var_max_prefix] = update_one(var_max_prefix, O.
5, dict_f0, dict_f1, False)
check_hat(var_max_prefix, dict_f0, dict_f1, dict_act_prefix)
if check_sum(dict_f0, dict_f1):
if dict_isOlarger[var_max_prefix] == True:
dict_fO[var_max_prefix] =,
—dict_old_fO[var_max_prefix]
else:
dict_f1[var_max_prefix] =,
—dict_old_f1[var_max_prefix]
breaktrigger = True
elif dict_act_prefix[var_max_prefix] == 1:
dict_temp_betal[var_max_prefix] = 0.5

I
I
-

# print (dict_temp_beta)

# breaktrigger can tell whether we already have the opt result
if breaktrigger:
break



# update the wvalue of f after decreasing the key beta
if dict_act_prefix[var_max_prefix] == 1 and var_beta >= 0.5:
if dict_isOlarger[var_max_prefix] == True:
dict_old_fO[var_max_prefix] = copy.
—deepcopy(dict_fO[var_max_prefix])
dict_fO0[var_max_prefix] = update_one(var_max_prefix,,
—var_beta, dict_fO0, dict_f1, True)
else:
dict_old_f1[var_max_prefix] = copy.
—deepcopy(dict_f1[var_max_prefix])
dict_f1[var_max_prefix] = update_one(var_max_prefix,,
. var_beta, dict_fO0, dict_f1, False)
check_hat (var_max_prefix, dict_fO0, dict_f1, dict_act_prefix)
if check_sum(dict_f0, dict_f1):
if dict_isOlarger[var_max_prefix] == True:
dict_fO[var_max_prefix] =,
—dict_old_fO[var_max_prefix]
else:
dict_f1[var_max_prefix] =,
—dict_old_f1[var_max_prefix]
breaktrigger = True
elif dict_act_prefix[var_max_prefix] == 1:
dict_temp_beta[var_max_prefix] = var_beta

if breaktrigger:
break

# end "while time <= 0.5" here

# beta = 0.5 and no stop
# print ("ok")

# if all temp beta = 0.5 and opt has not been found
if not breaktrigger:
for prefix in dict_act_prefix:
if dict_act_prefix[prefix] == 1:
update_both(prefix, dict_f0, dict_£f1)
dict_act_prefix[prefix] = 2

if check_sum(dict_fO0, dict_f1):

breaktrigger = True
break



if breaktrigger == False:
print("there is no break when", witl, wit3, time)

delta = var_ppsz
for prefix in dict_ini_prefix:
delta -= entropy((dict_vO[prefix] - dict_fO[prefix]),,
—(dict_vil[prefix] - dict_f1[prefix]))

# exponent part
result_expo = ((2 * log(2) - 1) / (1 + (3 * delta / var_bs))).
—evalf(subs={wl:witl, w2:wit2, w3:wit3, t:time})

print(result_expo)

# 1f there is some result better than the one which s so far the,
—best (worst case), then the one (weight) we are checking must not be they,
—worst case, and we can skip it.

if result_expo < minT:
breaktrigger = True
break

# print(dict_ini_beta)

# record the result and change to a new t
dict_record_fixtime[(witl, wit3, time)] = result_expo
time += stepT

# record the result for each weight
if breaktrigger == False:
minT = min(dict_record_fixtime.values())
new_dict = {v : k for k, v in dict_record_fixtime.items()}
recordW[new_dict[minT]] = minT
print (new_dict [minT], minT, file=file, flush=True)

# end "while wit3 < 1 - witl" here
wit3 += stepW

# end "while witl > endwitl" here

witl -= stepW
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