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Abstract

Regular expressions and context-free grammars (CFGs) are central concepts in formal language theory
and various important results are known. They are also important in practice and are applied in regular
expression libraries and parsers. However, there are some differences between these concepts in practice
and in theory. The aim of this study is to develop a theory of practical regular expressions and CFGs.
Typical extension of practical regular expressions and CFGs are positive and negative lookahead. Looka-
head is a constraint for the following string. Lookahead is important because it can represent intersection
and complement, which are difficult to represent in regular expressions and CFGs.

We first develop a theory of regular expressions with lookahead (RELAs). We give the semantics of
RELA by languages with lookahead, which is a set of pairs of strings. We then develop derivatives of
RELA and a conversion from RELA to DFA using derivatives.

We then introduce context-free grammars with lookahead (CFGLAs). To accommodate negative
lookahead, we give the limit semantics with the limit of iterations from the empty set. We show some
closure properties and that the grammars are an extension of both CFGs and PEGs. However, the limit
semantics has some problems: it is not defined for all grammars and not preserved by substitution and
replacement. In addition, it has a problem for a computational complexity. To overcome the problems,
we introduce the least interval semantics of CFGLA with the least fixed point of pairs of lower and upper
bounds. Finally, we develop a recognition algorithm for CFGLA by combining derivatives of CFG and
RELA. The recognition algorithm runs in O(n®|G|) time and O(n?|G|) space for an input string of the

length n and a given CFGLA G under the least interval semantics.
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Chapter 1

Introduction

Regular expressions and context-free grammars (CFGs) are central concepts in formal language theory
and various important results are known. They are also important in practice and are applied in regular
expression libraries and parsers. However, there are some differences between these concepts in practice

and in theory. The aim of this study is to develop a theory of practical regular expressions and CFGs.

1.1 Background

1.1.1 Regular Expressions with Lookahead

A regular expression library is a tool for searching and matching text using regular expressions. Un-
like theoretical regular expressions, many regular expression libraries use extended regular expressions.
Typical extensions are positive lookahead, negative lookahead, capturing, and backreference. Regular
expression libraries use backtracking matching algorithms to accommodate these extensions.

We describe regular expressions with lookahead (RELAs). In many implementations, a positive looka-
head and a negative lookahead are written as (?=e) and (?!e) for a regular expression e, respectively.
However, in this paper, we adopt the simpler notation from parsing expression grammars (PEGs) [16]
and denote them as &e and le. Lookahead is a constraint on the following string. A positive lookahead
&e and a negative lookahead !e indicate that the following string starts and does not start with e, respec-
tively. For example, the expression a &b is a concatenation of a and &b, and represents a letter a with a
constraint that the following string starts with b. For a practical example, by searching for Java!(Script)
in regular expression libraries, we can find a string Java that is not a prefix of JavaScript. Lookahead
do not consume letters and affect only the success or failure of the matching.

Lookahead is important because it can represent intersection and complement, which are difficult to
represent in regular expressions. The expression &(e1$) &(e2$) &(e38) .* represents the intersection of

W

three languages of regular expressions ey, es, and e3, where the expression represents an arbitrary
letter, and $ represents the end of a string. Furthermore, the expression !(e$) .* represents the complement
of the language of e. For a practical example, the expression representing passwords can be written as

the following.
’ &(*[a-z]) &(.*[0-9]) [a-=z0-9]{8, 64}

This represents the set of strings of 8 to 64 letters including both lowercase letters [a-z] and digits [0-9].

Furthermore, using the features of lookahead, the expression representing comments in the C language,



which cannot be nested, can be written as the following.
[x(10x/).)" */

Note that * is a letter, and * represents iteration. This expression represents that a comment starts with
/*, followed by characters such that each of them is not at the start of %/, and finally ends with */.
The theoretical study of RELA was initiated by Morihata [27]. He showed a conversion similar to
Thompson’s construction [39] from RELA to Boolean automata [10] that recognize the same language.
Therefore, a RELA can be converted to a deterministic finite automaton (DFA) that accepts the same
language because a Boolean automaton can be converted to a DFA. This shows that the language of a
RELA is a regular language. He also showed the number of states of the obtained Boolean automaton
is linear and the number of states of DFA is double exponential in the size of the RELA. This indicates
that adding lookahead is a better choice than adding intersection and complement because the number
of states of DFA obtained from regular expressions with complement is not bounded by any elementary

function [38].

1.1.2 Grammars with Lookahead

Some parsers use grammars with extensions that are not present in CFGs. Typical extensions are positive
lookahead, negative lookahead, and ordered choice. For example, parsers that support these extensions
include Scala’s parser combinators and PEG parser. Such parsers use a backtracking matching algorithm
to accommodate these extensions.

An ordered choice is written as ey /es for two expressions including variables e; and es. The backtrack-
ing matching algorithm runs for e; /eq, first trying e; and only trying es if it fails in e;. An ordered choice
suppresses branching to e; and removes ambiguity. It is related to negative lookahead. An ordered choice
e1/es can be represented as e|(le;)es using negative lookahead and usual alternation. Scala’s parser
combinators supports positive and negative lookahead in addition to usual CFG syntax and does not
support left recursion.

PEG is a grammar introduced by Ford [16]. It supports positive lookahead, negative lookahead, and
ordered choices, and it does not support alternation. A recursive descending parsing algorithm is given for
PEG, which defines the language of PEG. PEG is unambiguous, has expressiveness beyond deterministic
context-free languages and has a linear time recognition algorithm [16]. However, the language of PEG

sometimes differs from intuition. For example, the grammar

S <« aSa/e

defines the language {a®" =2 | n > 1}.

We briefly review related grammars. Chida and Kuramitsu introduced parsing expression grammars
with unordered choices [11], which are grammars that support alternation in addition to PEG syntax.
The semantics is given by a recursive descending parsing algorithm, hence it does not support left-
recursion. Barash and Okhotin introduced context-free grammars with right contexts (CFGRCs) [5],
which are grammars that support right context >, extended right context > and intersection N. CFGRC
can support positive lookahead by N> eX*. Okhotin introduced Boolean grammars [32], which support



intersection and complement in addition to CFG syntax. This is technically relevant to our study in the

sence that the grammars supports negative operations.

1.1.3 Derivatives

Derivatives of regular expressions are classical concepts given by Brzozowski [9]. They are the compu-
tation of the left quotients on regular expressions, where the left quotient of a language L by a string
xis 2 'L = {y | xy € L}. It is the opration to remove z from L. Then, x € L holds if and only if
¢ € x7'L. Therefore, if we can compute derivatives and decide the membership of the empty string,
then the membership of a string is decidable.

Brzozowski gave a conversion from a regular expression to a DFA by derivatives [9]. The set of
states obtained by repeatedly applying derivatives is finite under some equivalence relation; thus, a
regular expression can be converted to DFA with derivatives. Antimirov [3] showed that the number
of states of the DFA is bounded by 21l + 1 under some equivalence relation, where ||| represents
the number of occurrence of letters. The conversion by derivatives is relatively easy to implement in
programming languages with pattern matching, and it is known that the number of states of DFA
obtained by derivatives is small [33]. About half a century later, Might et al. presented a recognition
algorithm by derivatives for CFGs [26]. It is proven that a recognition algorithm of CFG by derivatives
runs in O(n?) time [1] and O(n?) space [20], where n is the length of an input string. Derivatives of
PEGs [17,29,30] are also introduced. Recognition by derivatives can handle CFGs and regular expressions

with the same algorithm.

1.2 Contributions

We develop a theory of regular expressions and context-free grammars with lookahead by using derivatives

as a main tool.

o We introduce a language with lookahead, which is a set of pairs of strings, and we show the set
of languages with lookahead forms a Kleene algebra with tests. We reformulate the semantics of
RELA by a language with lookahead. We then develop derivatives of RELA and a conversion from
RELA to DFA using derivatives.

e We introduce context-free grammars with lookahead (CFGLAs). To accommodate negative looka-
head, we give the limit semantics with the limit of iterations from the empty set. We show that the
grammars are an extension of both CFGs and PEGs. We show that the language class is closed
under union, intersection, complement, marked concatenation, and marked Kleene star.

e We point out the problems of the limit semantics: the semantics is not defined for all grammars and
not preserved by substitution and replacement. In addition, it has a problem for a computational
complexity. To overcome the problems, we introduce the least interval semantics of CFGLA with
the least fixed point of pairs of lower and upper bounds.

o We develop a recognition algorithm for CFGLA by combining derivatives of CFG and RELA. The

recognition algorithm runs in O(n?|G|) time and O(n?|G|) space for an input string of the length



n and a given CFGLA G under the least interval semantics.

We consider that practical aspects of the contribution include the following. Formal definitions of
RELA and CFGLA allow us to distinguish between specifications and bugs. The recognition algorithm
by derivatives is easy to implement and useful for prototype implementations. The introduction of
CFGLA allows us to use CFG and PEG mixed together.

1.3 Overview

In Chapter 2, we study on RELA. The main contributions are a semantics of RELA closer to the standard
definition of regular expressions, the derivatives of RELA, and a conversion to DFA using derivatives. In
particular, we show that derivatives of RELAs are a neat extension of derivatives of regular expressions.
These results correspond to Publication 1.

In Chapter 3, we initiate a study on CFGLA. We describe limit semantics, closure properties, and its
relationship to other grammars. In particular, we show that it is an extension of both CFG and PEG.
These results correspond to Publication 2.

In Chapter 4, we first describe the problem of the limit semantics for CFGLA. Next, we define the
least interval semantics. We show that this semantics preserves most of the good properties of the
limit semantics and solves its problems. We show that a binary normal form is obtained. These results
correspond to half of Publication 3.

In Chapter 5, we introduce derivatives of CFGLA and a recognition algorithm by derivatives. We
show the recognition algorithm runs in cubic time and quadratic space for the length of an input string

under least interval semantics. These results correspond to half of Publication 3.



Chapter 2

Regular Expressions with Lookahead

We introduce l-languages and reformulate the semantics of RELA by a I-language. We define the left
quotients of l-languages and define the derivatives of RELA. We show a conversion from RELA to DFA

by derivatives.

2.1 Preliminaries
2.1.1 Languages, Regular Expressions

A string is a finite sequence of letters. The set of strings over an alphabet ¥ is written as ¥*. For strings
x and y, the concatenation of x and y, written xy, is the string obtained by appending y to the end of
x. For a string x, the length of x, written |z|, is the number of letters that it contains. The string of
length zero is called the empty string and is written e.

A language L C ¥* is a set of strings. For languages L; and Lo, the concatenation of L; and Lo,
written Lj - Lo, is the language {xy | € L1, y € Lo}. For language L, the n-th power of L is defined
by L° = {e} and L"*' = L - L™. Then, the Kleene star of L is defined by L* = J;2, L".

A regular expression e is defined by the following syntax.
ex=0|e|alele|ee|e” (a€X)

The Kleene star has the highest priority, then concatenation and then alternation. For a regular expres-

sion e, the language of e is defined by the following.

L) =0, L(e) = {e}, L(a) = {a},
L(e1les) = L(e1) U L(ez), L(erez) = L(e1) - L(ez), L(e*) = L(e)".

For a language L, if there exists a regular expression e such that L = L(e), then L is called a regular
language.
2.1.2  Algebraic Structures

We review a Kleene algebra and a Boolean algebra.
A monoid (M, -, 1) is a tuple that consists of a set M, a binary operation -, and an element 1 € M and

satisfies the following.

ez (y-2)=(x-y) zforany z,y,z € M.



er-1=x=1 -z forany x € M.
A commutative idempotent monoid (M, -, 1) is a monoid that satisfies the following.

e r-y=y-x forany x,y € M.

o r-x =g forany x € M.

An idempotent semiring (S, V, -, 0,1) is a tuple that consists of a set S, two binary operations V, -, and

two elements 0,1 € S and satisfies the following.

e (S,V,0) is a commutative idempotent monoid.

e (S5,-,1) is a monoid.

ez -(yVz)=xz-yVa-zand (xVy)-z=x-2Vy-zforany z,y,z € S.
ez-0=0=0-zforany x € S.

A Kleene algebra (K, V,-,* 0,1) is a tuple that consists of a set K, two binary operations V, -, an unary

operation *, and two elements 0,1 € K and satisfies the following.

e (K,V,-,0,1) is an idempotent semiring.

e rx*=zx-z*Vlandz* =2* -2z V1forany z € K.

er-z2Vy<:z —= zf-y<zandz-zVy<z = y-a* <z for any z,y,z € K, where
Ty < xVy=y.

*

For example, the set of languages (P(X*),U, -, *,0,{c}) forms a Kleene algebra.
A bounded distributive lattice (L,V,A,0,1) is a tuple that consists of a set L, two binary operations
V, A, and two elements 0,1 € L and satisfies the following.

(L,V,0) is a commutative idempotent monoid.

(L, A, 1) is a commutative idempotent monoid.

xA(yVz)=(xAy)V(xAz) forany x,y,z € L.

xV(yNz)=(zVy)A(zVz) for any z,y,z € L.

zA(xVy)=xzand z V (x Ay) ==z for any z,y € L.

A Boolean algebra (B,V,A,—,0,1) is a tuple that consists of a set B, two binary operations V, A, an

unary operation —, and two elements 0,1 € B and satisfies the following.

e (B,V,A,0,1) is a bounded distributive lattice.

e xV—-x=1and x A—z =0 for any x € B.

For example, the set of languages (P(X*),U,N, <, 0, X*) forms a Boolean algebra.
A Kleene algebra with tests [24] (K, B,V,-,*,—,0,1) is a tuple that consists of a set K, a subset
B C K, two binary operations V, -, two unary operations *, -, and two elements 0,1 € K and satisfies

the following.

e (K,V,-,*0,1) is a Kleene algebra.
e (B,V,:,—,0,1) is a Boolean algebra.



2.2 Languages with Lookahead

In this section, we introduce languages with lookahead (l-languages) and define their operations: the
concatenation, Kleene star, positive lookahead, and negative lookahead. We show that the set of I-
languages with these operations forms Kleene algebra with tests. We also describe the mutual conversion
between languages and l-languages.

To accommodate lookahead, it is necessary to use a set of pairs of strings. This concept was first
introduced in the CFGRC paper [5] as the concept of language with context. Later, it was independently
introduced as the concept of language with lookahead. These two concepts are equivalent as sets, but
not as algebraic structures. The former has context operations and the latter has lookahead.

A language with lookahead (I-language) R C 3* x X* is a set of pairs of strings. We call the first element
of a pair “matched part” and the second element “remaining part”. The remaining part represents the
constraint on what can follow. For example, an l-language {(a,bz) | x € ¥*} can be regarded a letter a
that has the constraint that the following string starts with b.

The concatenation operation - is defined on l-languages as the following.
R-S={(zy,2) | (x,y2) € R, (y,2) € S}

By considering only the matched part, if = is matched in R, and y is matched in S, then zy is matched
in R-S. Hence, this is an usual concatenation operation. By considering the remaining part, if yz is
allowed as the remaining string in R, y is matched in S, and z is allowed as the remaining string in .S,
then z is allowed as the remaining string in R - S.

The set of I-languages form a monoid with the concatenation. Indeed, the following holds.

Ry (R2- Rs3) = {(zy,2) | (z,yz) € R1,(y,2) € (R2- R3)}

= {(zy1y2, 2) | (@, 91922) € 1, (y1,Y22) € Ro, (y2,2) € Rs}
(R1- Ro) - Ry = {(zy,2) | (z,y2) € (R1 - R2), (y,2) € Rs}

= {(z122y, 2) | (x1,22yz) € Ry, (z2,y2) € Ro, (y,2) € R3}

Thus, associativity Ry - (Ra-Rs) = (Ry - Rz)- R3 holds. The unit element is {¢} x ¥* and R- ({e} x ¥*) =
({e} x ¥*) - R = R holds. In addition, @ is absorbing element, i.e., R - = - R = () holds. The
distributivity (Ri UR2)- S =R;-SURy-Sand S-(RiURy) =S5 R US - Ry hold. More generally,
(Uier Bi) - S = U (Ri - S) and S - (U;e; Ri) = U, (S - R;) hold for any index set I. Therefore, the set
of llanguages (P(X* x ¥*),U, -, 0, {e} x ¥*) forms an idempotent semiring.

A subset of {e} x X* can be expressed as {e} x L for some language L. It is just a constraint and only

matches e. For subsets of {¢} x ¥*, the following holds.

({e} x Ln) - ({e} x L2) = {(zy, 2) | (z,y2) € ({e} x L1), (y,2) € ({e} x L2)}
={(e,2) [ (6,2) € ({e} x L), (¢, 2) € ({e} x L)}
= ({e} x L) N ({e} x L)

That is, for R, S C ({e} x ¥*), R-S = RN S holds. The concatenation operation behaves as intersection
operation for constraints. Therefore, the set of constraints (P({e} x X*),U, -, 0, {e} x £*) forms a bounded

distributive lattice.



The Kleene star operation is defined in the same manner as for a usual language.
RF=JR" (R"={e}x¥", R""' =R"-R)
i=0

For a l-language R, we have R* = R- R* U ({e¢} x ¥*) and R* = R* - RU ({e} x ¥*) by infinite
distributivity. The set of l-languages (P(X* x ¥*),U, -, *, 0, {e} x ¥*) forms a Kleene algebra. For the

Kleene star operation, the following lemma holds.
Lemma 2.2.1. Let R be an l-language and I be {e} x ¥*.
R*=(R\I)-R*UI

Proof. For any l-language S, we show (SUI)" = (J", S* by induction on n. The case of 0, both sides are
I. The case of n+1, (SUI)™ = (SUI)™-(SUT) = (U, S)-(SUl) = (U sHuUl, S = Uy S
Therefore, (SUI)* = Uiy (SUI) = U2, U;:o S7 = §* holds. We obtain (R\ I)* = (R\I)UI)* =
(RUI)* = R*. Finally, we obtain R* = (R\ I)* = (R\I)- (R\I)*UI=(R\I)-R*UI O

We describe the lookahead operations. The positive lookahead operation & is defined as follows.
&R ={e} x {zy | (z,y) € R}

The language {xy | (x,y) € R} represents successful inputs for R. Hence, positive lookahead &R is a
constraint that the following string is a successful input for R.

For a positive lookahead operation, &(RUS) = &RU&S holds. If R C ({e} x¥*), then &(R-S) = R-&S
holds. These properties are similar to the linear mapping of vector spaces. In fact, it can be regarded
as a homomorphism of the left semimodule [19], which is a generalization of vector space. Furthermore,
&(&R) = &R holds.

The negative lookahead operation ! is defined as the following.
IR ={e} x (X" \{=zy | (x,y) € R})

The negative lookahead can be written as |R = ({e} x £*) \ &R by using positive lookahead and the
set difference. Hence, for R C ({e} x £*), IR = ({e} x £*) \ R holds. Therefore, the set of constraints
(P({e} xX*),0,{e} xX*, U, -,!) forms a Boolean algebra. The positive lookahead is written as &R = !(!R)
by using negative lookahead. Therefore, positive lookahead can be treated as an abbreviation.

Finally, the set of l-languages (P(X* x ¥*),P({e} x £*),U,-,*,1,0,{e} x ¥*) forms a Kleene algebra
with tests. In addition, the following two properties hold.

e For l-languages R and S, I(RUS) =R - 1S holds.
e For R C ({e} x ¥*) and an l-language S, (R -S) = !RU!S holds.

These properties are used to prove the finiteness of the number of expressions obtained by derivatives.
A language can be converted to l-language by L — L x »*. Here, ¥* means that all strings can be
followed, i.e., there is no constraint. This is obviously injection, i.e., this is a bijection to their image

P(X*) x {E*}. Moreover, this is an isomorphism of Kleene algebra to their image. Conversely, there is

10



a standard way to convert an l-language to a language, which is R+ {x | (x,¢) € R}. The fact that the
remaining part contains the empty string means that the end of the string can be followed. Hence, the
obtained language is a collection of strings that can be followed by the end of a string. The restriction
of this mapping to P(X*) x {¥*} is the inverse mapping of the first convertion. These convertions and

their properties are used to prove the compatibility with regular expressions.

2.3 Regular Expressions with Lookahead
The regular expressions with lookahead RELA(Y) is given by the following syntax.
ex=0lelalelelee|e*|le (a€X)

W

We define several abbreviations. The expression represents any letter and is an abbreviation for

a1l ...|a, when ¥ = {a1,...,a,}. The expression $ represents the end of input and is an abbreviation
for “I.”. A positive lookahead &e is an abbreviation for !(le). An expression e is an expression in which
e is concatenated n times. We write ||e|| for the number of occurrence of letters (elements of 3) in RELA
e.

The semantics (or behavior) B is a mapping from RELA(Y) to l-languages given by the following.

A regular expression r can be regarded as a RELA. Then, B(r) = L(r) x £* holds. For abbreviations,
the following hold.

The language of RELA L(e) is defined by the following.
L(e) ={x | (z,e) € B(e)}

This definition extends that of the language of regular expressions. That is, for a regular expression,
the language of regular expression and the language of RELA coinside. For abbreviations, the following
hold.

B(e$) = L(e) x {e}
B(&(e$)) = {e} x L(e)

11



RELA given by the following grammar are called logical expressions of RELA.
la=0|el|lll]ll|'le (e€ RELA(X))

The reason these RELA are called logical expressions is that concatenation operation behaves similarly

to intersection. For any logical expressions [, B(l) C {e} x £* holds.

2.4 Derivatives

Let R be an l-language and x be a string. The left quotient of matched part ~'R and the left quotient

of remaining part £ 'R are defined as follows.

t'R={(y,2) | (xy,2) € R}
T'R={(e,y) | (e,xzy) € R} (T #¢)

Here, 27 'R is the left quotient for the matching part, which is the operation to remove x from the
matching part. This operation is an extension of the left quotient of usual languages without lookahead.
Z7'R is the left quotient for the remaining part. We write it as 2~ 'R using a letter with tilde as z.
Because it is the left quotient for the remaining part, it is the operation to remove x from the remaining
part of a pair that does not consume any letters. Thus, it removes x only from a pair where the matching
part is e.

For one combination of the two left quotients, if x,y # ¢, then y=}(Z7'R) = 0 holds. For the other
combination, we write (zg) 'R for g~ !(z7'R), and (z,y) € R <= (c,¢) € (27) 'R holds. From the
above, in order to decide whether (x,y) is included in R, it is sufficient to calculate the left quotient of R
by xy and check whether it includes the end of input (e,¢). If it is possible to calculate the left quotient
on RELA and judge whether the end of input is included, then we can implement matching of RELA.

For the left quotient by letter a, the following holds.

Lemma 2.4.1.
—1(Ru S
( - S
( *
(IR

)=(a""R)U(a"'S)
)=(a"'R)- S ( “'R) - (a719)
)=(a"'R)-R

) =10

Proof. This lemma follows from the equational reasoning on sets. In the case of concatenation, RS =
(R\I)-SU(RNI)-S is used. In the case of star, R* =T U (R\ I) - R* is used. O

For the left quotient by letter a, the following holds.

Lemma 2.4.2.



Proof. This lemma follows from the equational reasoning on sets. In the case of star, R* = TU(R\I)- R*
is used. In the case of negative lookahead, R = (R\ I) U (RN I) is used. O

Derivatives calculate the left quotient on RELA. There are two types of derivatives, D, and Dz, both

of which are functions from RELA to RELA and are defined by mutual recursion.

Definition 2.4.1. The derivative of e by a, written D,e, is defined as follows.

D0 =10
Dae =10
e (a=Db)
Dab = {@ (a #b)
D, (e1|es) = Dye1|Dges
D, (e1e2) = (Dgeq)ea|(Dger)(Dgez)
D,(e*) = (Dge)e*
D,(le) =10

The derivative of e by a, written Dze, is defined as follows.

D0 =10
Dze=¢
Dzb=10
Dg(e1lea) = Dgeq|Dges
Dg(ere2) = (Dge1)(Dgez)
Ds(e") =«
Dj(le) = {(Dqe|Dge)

These derivatives are extensions of derivatives of regular expressions. Derivatives of regular expressions
require an auxiliary function. In contrast, in RELA, Dz is an extension of the auxiliary function, and

the two derivatives only require the corresponding functions.
Example 2.4.1. D,(a*), Dy(a'b), and D5(!b) are calculated as follows.

D,(a*) = (Dga)a” = ea*
D, (alb) = (Dga)'b|(Dza)(Dgb) = e!b|0)

The following theorem is obtained from the lemma of the left quotient.

Theorem 2.4.3. (Correctness of Derivatives)

Derivatives are also extended to a string w € (X U X)*.

D.e=c¢

13



Dewe = Dy(Dee) (ceXUS, we (TUXD))
For the extended derivative, the following holds.
B(Dye) = w ' Ble)

In addition, from the definition of derivative, Dze is a logical expression of RELA. Therefore, if

v € (SUX)*\ (%), then Dye is a logical expression of RELA.

2.5 Construction of DFA by Derivatives

We show that the set of states obtained by repeatedly applying derivatives is finite under some equivalence
relation. Afterward, we show the upper bound 92"l 1 1 of the size of the set of states in the worst case
and discuss the lower bound. Lastly, we show the conversion to DFA and prove several theorems as its

corollaries.

2.5.1 Conversion to Automata

It is possible to decide whether an RELA accepts the end of input. v is a function from RELA to Boolean

values and is defined as follows.

v(0) = v(a) = false

v(e) =v(e") = true

v(eile2) = v(er) Vv(es)

v(ejes) = v(er) Av(es)
)

v(e) is true if and only if (e,e) € B(e). Therefore, matching is achieved: v(D,ye) determines whether

(z,y) € B(e).
We describe the conversion to DFA. The set of states Q(e) is defined as follows.

Qe) = {Dye | w e (SUE)"}

If Q(e) is finite, then we can convert RELA to DFA on S UY. The DFA by derivatives, A(eg), is defined

as follows.

Aleo) = (Q(eg), S U, b, €0, F)
F={e€Qe) | v(e)}
d(e,¢) = D.e

If Q(eo) is finite, then the following holds.

L(A(eo)) C B
2y € L(A(eo)) < (2,y) € Bleo)

However, Q(ep) is not necessarily finite.

If some equivalence relation = exists such that the following three conditions are true:

14



1. Q(e)/= is finite,
2. e1 =ea = d(eq,c) = d(eg, ),
3. e1 =€y — (€1€F <~ GQGF),

then it is possible to construct the DFA on the quotient of A(e) by the equivalence relation. In the next

subsection, we show that such an equivalence relation exists.
2.5.2 Finiteness of Equivalence Classes

A congruence on RELA is an equivalence relation that satisfies the following.

€1 =eg,e3 =e4 = ejles = ealey
€] =€g,63 = €4 —> €163 = €964
e1=ey = €] =e;

e1=es — leg =les

We define an equivalence relation that satisfies the three conditions presented in the previous subsec-

tion.

Definition 2.5.1. Let = be a congruence generated by the following rule.

(1) e1l(ezles) = (erlez)les (| assoc)
(2) e1les = esles (| comm)
(3) ele=e (| idem)
(4) eld=e, Dle=e (0 unit)
(5) e=e ce=e (€ unit)
(6) eh=0, e=0 (0 zero)
(7) (e1lea)es = (eres)|(eze3) (right dist)
(8) e1(eales) = (erea)|(eres) (left dist)
(9) e1(ezes) = (erea)es (- assoc)
(10) lily = oy (- comm)
(11) =l (- idem)
(12) W=e (10 rule)
(13) le=0 (e rule)
(14) (e1]ez) = lerles (!| rule)
(15) I(le) = l|le (I rule)

(1)—(9) are the rules of the idempotent semiring. (10)—(13) are some rules of Boolean algebra. (14)
and (15) are the rules corresponding to properties of negative lookahead.

For regular expressions, the sufficient set of rules to prove finiteness is (1)—(6). In Brzozowski’s paper
[9], it is shown that (1)—(3) are sufficient. However, unlike our definition, the derivative of concatenation
ei1es is defined by case analysis on the auxiliary function. In order to prove the number of states is
bounded by an exponential function, it is sufficient to add right distributivity (7). For RELA, the
sufficient set of rules to prove finiteness is (1)—(6) and (8)—(11). The sufficient set of rules to prove that

the number of states is bounded by a double exponential function is (1)—(15).
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For the congruence =, the following holds.

e1 =es = B(e1) = B(ea)
e1 =ex = v(er) =v(es)
e1 =ey = D.ex = D.egy

The proposition for B follows from the discussion on l-languages in Section 2.2. The proposition for v
follows from the proposition for B and v(e) <= (e,e) € B(e). The proposition for D, is proved by

induction on =.

We show that Q(eq)/= is finite. First, we find the normal form of D,e. For (J, e, and a, the following
holds.

We define the abbreviation ) as follows:

n
Zei =e1|...|en,
i=1

where > e; = 0 if n = 0. In addition, we write Y ., e;e; for "  (e;e;). For derivatives,
Da(3212y €i) = 32i-1(Daei) and Da(325 ei) = 321 (Dae;) hold.

In the case of concatenation, we find the following normal form of D,e.

Lemma 2.5.1. For any w, there exist some n, v; € (X U i)* \ (£%), and w; # € such that the following
holds.
_ J(Dwer)ea|37i, (Dy,e1)(Due2)  (w € X¥)
Dw(€1€2) = n k
> iz1(Dov,e1)(Du,e2) (otherwise)

Proof. This lemma is proved by induction on w. In the case of &, we use the fact @ is the unit element.

That is, De(e1e2) = (Deeq)es|d. In the case of we, we use the associativity of |. We show the case where
¢=a, and Dy(e1ez) = (Dyer)ea|d i (Dy,e1) (D, e2).

Dua(e1€2) = Dy((Dyer)ea| S0 (Dy,e1)(Du,€2))
= (((Dyae1)ez|(Dyaer)(Daea))]
Z?:l((Dviael)(Dwie2>|(DU1‘561)(D“““€2)))
(Duaer)ez] 2301 (Duger) (Duges)
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In the case of negative lookahead, we find the following normal form of D,e.

Lemma 2.5.2. For any w, there exist n and w; # € such that the following holds.

Do) = { !@((22‘_1 Dy, €)| Due) Ef;}thej;e)

Proof. This is proved by induction on w. It is proved in a manner similar to the case of concatenation. [

We define the abbreviation [] as follows:

n
Hei =e1...€ey,
i=1

where [[}", e; = ¢ if n = 0. For derivatives, D5(I]"_, e;) = [[;—,(Dze;) holds. Moreover, we have
Da(H?:l 6]-) = Z?:l(n?:l(Dwijej))? where W45 = a (Z > .7)7 a (Z = ])a € (Z < ])

In the case of the star, we find the following form of D,e.

Lemma 2.5.3. For any w, there exist n, m;, v;j; € (XU $)*\ (2%), and w; € St such that the following
holds.

¢ (w=2)
Due* = { S0 (1 (Dayy ) (Duse)e”  (w € 5)
Z?:l(H;n:il(Dvij e)) (otherwise)

Proof. This is proved by induction on w. The case of ¢ is clear. In the case of we, we show the case
where ¢ = a, and Dye* = (Dye)(Dy, e)e*.

Dyee* = Do((Dye)(Dy,e)e®)
= (Dva€)(Dw, €)€"|(Dyze) (Da((Du, €)e”))
= (Dva€)(Duw, €)e*[(Doge) ((Duwyae)e™|(Du,ge)(Dae)e”)
= (Duva€)(D w16) *|(Dvge)(Duw,ae)e™|(Doge)(Duw,ae) (Dae)e”
= (Dvy,€)(Duwye)e”|(Duy, €) (D, €)€”|(Dg, €) (Dug, €) (D €)€”

Theorem 2.5.4. Q(e)/= is finite.

Proof. Let f(e) = |Q(e)/=|. Because = is idempotent and commutative, the following holds for each

normal form of D,e.

f@) =1
fle)=2
fla)=3
fletlez) < fler) x f(e2)
fleres) <2 flen)x f(e2)
f(e*> S 2 2><f(e) + 1
flle) <27 41

Hence, Q(e)/= is finite.
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We explain the case of the star. From Lemma 2.5.3, there exist n, m;, v;; € (XU %)%\ (%), wy, and
e; € {(Dy,e)e*, e} such that the following holds.

ot = e (w=¢)
Do = {Z?_1(H?_i1(Dvij€))6i (otherwise)

Then, D,, e is a logical expression of RELA. Thus, the number of equivalence classes of H;nz"'l(DviJ e)

is less than or equal to 2/(¢). Because the number of equivalence classes of e; is less than or equal

'Ul]

to f(e) +1 < 2/(¢) the number of equivalence classes of (H;nll(Dv -e))e; is less than or equal to
2f(e) % 2f(e) — 92xf(e)  Therefore, the number of equivalence classes of D,e* is less than or equal to
227 4, m

We have proved that Q(e)/= is finite; thus, we obtained a conversion to DFA by derivatives. In the
next two subsections, we discuss the number of states of the DFA. In the subsection of application, we

show several theorems as corollaries of the conversion to DFA.

2.5.3 Upper Bound

We have proved Q(e)/= is finite. Although it is sufficient for DFA construction, we show a stronger
result that

Qe)/=| < 22" + 1.

my
j=1lij)ei-

This is shown in the following manner. First, for w # £, we represent D,,e in the form Y., (IT
Next, we identify the sets of expressions V;,, (e) and V;(e) that appear as e;, [;;. Lastly, we show |Q(e)/=| <
22"V 1 1 because Vi (e)| + [Vi(e)| < [le]l-

We generalize concatenation and negative lookahead. For a set Fy, of RELA and an RELA ey, Ei1es =
{e1e2 | €1 € E1}. For aset E of RELA, |E = {le| e € E}.

The set of RELA, V,,,(e), is defined as follows.

Vin(0)

m(5 )
Vin(a)

Vin(eile2) = m(el) Vin(e2)

(61 €2) )

Vin(e”)

Vin(le)

If r is a regular expression, V,,(r) U{r} is the set of regular expressions obtained by repeatedly applying

partial derivatives [3].

The set of RELA, V(e), is defined as follows.

Vi) =0
Vi(e) =0
Vi(a) =10
Vi(eilez) = Vi(er) U Vi(ez)



Vi(ere2) = Vi(e1) U Vi(e2)
Vi(e®) = Vi(e)
Ville) = (Vin(e) UVi(e))

Vi(e) is a concept unique to RELA because V;(r) = @) for a regular expression r.

Vin(e) and Vi(e) satisfy |Vin(e)| 4+ |Vi(e)] < |le||. We confirm this in the case of concatenation.

[Vin(ere2)| + [Vi(ere2)| = [Vin(e1)ea U Vin(e2)| + [Vi(e1) U Vi(ea)|
< [Vin(er)ea| + [Vin(e2)| + [Vi(er)] + [Vi(e2)]

< llexll + [le2ll = [lexez]|
Lemma 2.5.5. For any w, there exist n, m;, l;; € Vi(e), and e; € Vi, (e) such that the following holds.

e (w=¢)
Dye =3 (IT2 lij)e: (we Xt
Z?zl(H}":H Lij) (otherwise)
Proof. This is proved by induction on e. We use associativity and distributivity. We show a part of the
case of concatenation. From Lemma 2.5.1, there exist N, v; € (SUX)* \ (£*), and w; # ¢ such that the

following holds.
(Dwer)ea| S (Dy,e1)(Due2)  (w € B)

Dy, =
(cre2) {Zﬁ\il(Dviel)(Dwieg) (otherwise)

We prove the case of w € ¥* and N = 1. For the first half part (D,e;)es, from induction hypothesis,
the following holds.

(Dwer)ea = (322 (T2 Lij)es)es
= Z?:l(ngllij)(e;:@)

For the latter half part (D,, e1)(D.,e2), we use the following equality.
(Duyer)(Duyea) = (00 (TT7210i) (o (T2 0 er)
= 32 Ok (T2 ) (T2 g )er)

The other cases are the same except for the negative lookahead. For the case of negative lookahead,

the following holds from the rule of congruence for negative lookahead.

(D, e) =102 (T2 i )es)
= Lo (T2 kg )ed) (rules (12) (14))
= T1m (252 1) es) (rules (13) (15))

Then, this case is shown by using associativity and distributivity. O
Theorem 2.5.6. |Q(e)/=| < 92!l 4

Proof. From the above lemma, for any w, there exist n, m;, l;; € Vi(e), and e; € (V;,,(e) U{e}) such that
the following holds.
Dye = {6 (w=¢)

Soimi (IT52, lij)ei  (otherwise)
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Therefore, we have the following.

Q(e)/=| < 22 V(1D 1
< 22IV1(E)\+IVm(e)I +1

<92l 11

This completes the proof of the theorem. O

In the proof of the upper bound, the form Z?Zl(HTzl l;j)e; is essential. As a result, it is expected that
the double exponential size is essential, and the number of states cannot be bounded by an exponential.

In the next section, we show that this intuition is correct.

2.5.4 Worst Case Lower Bound

When we convert an RELA to a DFA, we estimate a lower bound of the number of states of the DFA in
22 here m is the size of RELA.

Let p; be an ¢ th prime number; we consider the following RELA.

the worst case. We give a lower bound of 2

T = "a&((P1)*8) ... &((.P")*8)."$
B(T,,) is ¥*a(XPr>*Pn)* x {e}. The language of the corresponding DFA L(A) is X*q (3Pt *Pnr)*,
For the size of T,,, the following holds.
Lemma 2.5.7. The size of RELA T;, is O(p2).
Proof. The size of T,, is O(Y_}_, pi). If i < j then p; < p;. Hence, > p; <> 0" i < p2. O
For the size of DFA, the following holds.

Lemma 2.5.8. The number of states of the minimum DFA on (SUX)* that satisfies L(A) = S*a(SN)*
is 2N + 1.
Proof. 2V states are needed to memorize whether a came at the i + (multiple of N) th position for

1 < i < N. In addition, the state of the empty set is necessary because the automaton does not accept

strings containing a@. Thus, 2V + 1 states are necessary. O
We use the following lemma proved in [35].

Lemma 2.5.9. [, p; = 29
From the presented lemmas, the following theorem is obtained.

Theorem 2.5.10. The lower bound of the number of states of DFA in the worst case is 9270V

m is the size of an RELA.

, where

Proof. From Lemma 2.5.7, the size of T}, is O(p%). The number of states corresponding to the minimum
DFA is 2I1i=ipi 1. Tt is 2277, ;

. Q(vm)
As a result, we have given a lower bound 22 .
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a,b,c,a,b, ¢

Fig. 2.1 DFA for a&b

Morihata pointed out that a better lower bound is obtained by the application of research on XPath
[28]. The lower bound is 22" if the dot expression “” is introduced as a primitive. For ¥ =
{a,b,c,x1,..., 2y}, he analyzed *a(b|.&(.*z1)) ... (b.&(*zy,)).*$.

The following results were shown in related work. The lower bound 92" is shown for semi-extended
regular expressions that are extended by intersection [18]. The lower bound is not bounded by an
elementary function for extended regular expressions that are extended by complement [38].

As pointed out by Morihata [27], it is worth noting that despite RELA have negative lookahead, the
size of the corresponding DFA can still be bounded by a double exponential.

2.5.5 Applications

We convert the RELA ey to DFA A(eg)/= on S UX. A(eg)/= is defined as follows:

(Aleo)/=) = (Qeo)/=, DU, 4, [eq], F),
F={[e] € Qeo)/= | v(e)},
([ ]70) [Dce]

where [e] is equivalence classes defined as [e] = {¢/ | e = €'}.
Q(ep)/= is a finite set by Theorem 2.5.4. In addition, F' and ¢ are well-defined. Thus, A(eg)/= is a
DFA.

Theorem 2.5.11. (Correctness of DFA)

L(A(eg)/=) C ©*%*
zy € L(Aleo)/=) < (z,y) € B(eo)

Example 2.5.1. When ¥ = {a, b, ¢}, the DFA converted from a&b is shown in Figure 2.1.

Several theorems are obtained as corollaries.

Corollary 2.5.12. (Matching) Let A be the DFA converted from the RELA e, n be the length of x, and
m be the number of states. It is decidable whether x € L(e) in O(n) time, and it is possible to calculate

{(z1,22) € B(e) | x = x122} in O(nm) time.

Proof. In order to determine whether x € L(e), it is sufficient to run A with input x. Since A is DFA,
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Table 2.1 Experimental result

RELA letters | states
a* 1 3
a&eb 2 4
((ab).)* 3 4
ba(!(ab).)*ab 7 6
&(.*a)&(.*b)(.8).*$ 13 33
Fa&((3)*$)&((.5)*$).* ¢ 11 32769

it is determined in O(n) time. In order to calculate {(z1,22) € B(e) | * = z122}, when z = ay ... ay,,
for 0 < i < mn, it is sufficient to run A with input a; ...a;a;11...a,. These can run in parallel, which is
similar to the behavior of a nondeterministic automaton. The number of states at each step is bounded

by the number of states m. Thus, it is calculated in O(nm) time. O

Corollary 2.5.13. (Backward Movement of Lookahead) For any RELA e, there exist reqular expressions
TOy«-«yTn,s S0,-- -8y Such that B(e) = B(ro&(s0%)]. .. |rn&(s,9)).

Proof. Let A be the DFA converted from RELA e, A = (Q,X U 2,6, q, F), and @ = {qo,--.,qn}
Let A; = (Q,%,0|oxs, 9, {¢:}), and B; = <Q,§75\QX§,%’,F>~ L(A) = !, L(A;)L(B;) holds because
L(A) C ¥*¥*. Therefore, L(A) = L(rSo| - - - |rnSn) where r; and §; are the regular expressions converted
from DFA A; and B;. Thus, B(e) = B(ro&(s0%)] ... |rn&(s,$)) from Theorem 2.5.11. O

Corollary 2.5.14. (Regularity) For any RELA e, there exist reqular languages Ay, ..., An, B1,..., By,
such that B(e) = U;_,(A; x B;). Therefore, L(e) is a regular language.

Proof. This follows from Corollary 2.5.13. O
A similar representation appears also in recognizable relation [8] and w regular languages [22].
Corollary 2.5.15. (Equivalence Checking) Given RELA ey, es, it is decidable whether B(e1) = B(ea).

Proof. This can be determined by converting to DFA, minimizing, and comparing. O

2.6 Implementation

We implemented the conversion from RELA to DFA in the programming language Scala. It is easy to
implement derivatives in programming languages having pattern matching, as indicated in [33].

In the previous section, states are equivalence classes, and each equivalence class is a possibly infinite
set. Therefore, the implementation calculates representatives and makes them states. The computation of
representatives is based on the implementation of derivatives of regular expressions in Isabelle/HOL [25].

Some examples were converted to DFA. Table 2.1 shows the number of states of obtained DFA. The
fourth from the top is an expression for comments of C languages, the fifth is an expression similar to

passwords, and the sixth is an example of state explosion. The number of letters of “.” is counted as 1,
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and the number of letters of $ is counted as 0.

We describe one scheme used in our implementation. The expression (a|b)(a|b) expands to aa|ab|ba|bb
by distributivity. We use literal classes rather than letters as primitives, and we represent the expression
as [ab][ab], preventing excessive expansion by the distributive law. Furthermore, we can handle letters

and the dot expression uniformly as a special case of literal class.
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Chapter 3

Context-Free Grammars with Lookahead and
Limit Semantics

We introduce CFGLAs. We give the limit semantics with the limit of iterations from the empty set. We
then show that the language class is closed under union, intersection, complement, marked concatenation,

and marked Kleene star. We show that the grammars are an extension of both CFGs and PEGs.

3.1 Preliminaries
3.1.1 Complete Partially Ordered Set and Limit of Sets

A complete partially ordered set (CPO) is used in the denotational semantics of programs [31]. A subset
of a partially ordered set is called a chain if it is a totally ordered set. A partially ordered set P is called a
CPO if P has a least element and any chain A of P has the least upper bound | | A. A function f is called
a monotonically increasing function if f(x) < f(y) holds for any x < y. A function f between two CPOs
P and @ is called a continuous function if f is a monotonically increasing function and f(| | A) = | | f(A)
for any chain A. For two CPOs P and @, the product set P x @ forms a CPO by the componentwise
ordering, which is defined by (p1,¢1) < (p2,¢2) <= p1 < p2, 1 < g2. The set of functions from a set
to a CPO forms a CPO by pointwise ordering, which is defined by f < g <= f(x) < g(z) for any x.
The set of languages P(X*) with set inclusion C forms a CPO.

Theorem 3.1.1 ( [31]). Let f: P — P be a continuous function on the CPO P with least element L.
Then, | |,>q f"(L) defines an element of P, and this element is the least fized point of f.

Let A,, be a sequence over sets. The limit superior lim A, and the limit inferior lim A, are defined
n—oo n—oo
by ﬂizo UjZiAj and Uizo ﬂjziAj, respectively. If the limit superior and the limit inferior coincide,
then A,, converges and the limit lim A, is defined and equal to the common value. For convergent
n—roo
sequences over sets A, and B,, we define the limit lim (4,,B,) as ( lim A,, lim B,). Let f, be a
n—oo n—oo n—oo
sequence over functions to sets. If for all z the limit lim f,(z) converges, then f,, converges and the
n—oo

limit is ( lim f,)(z) = lim f,(x). For a monotonically increasing sequence A,, lim A, =J,~, An.
n—oo n—oo n— 00 =
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3.1.2 Context-Free Grammars

The language of a CFG is often defined by rewriting or parse trees [37]. In this subsection, we explain

the definition by the least solution [4,12]. The semantics makes it easier to handle negative operations.

We define the syntax of CFGs in a way that allows for nesting expressions, such as X = (a|b)X | e.
First, the set of expressions including variables RE(3, V') is defined by the following syntax.

ex=0lelalX|elelee (a€eX, XeV)

The language of e is determined by defining the language of all variables. An interpretation is a
function L : V — P(¥*). It can be extended to the function L : RE(X, V) — P(Z*) by L(0) = 0,
L(e) = {e}, L(a) = {a}, L(X) = L(X), L(e1|ea) = L(e1) U L(ey), and L(ejes) = L(e1) - L(es). The
empty interpretation Ly is defined by Ly(X) =0 for all X € V.

A context-free grammar G is a tuple (V, %, P, S) where

e V is a set of variables,
e Y is an alphabet disjoint from V,
e P:V — RE(X,V) is a production function,

e S €V is a start variable.

An interpretation L is called a solution of P if L satisfies L = LoP. Note that L =Lo P represents
L(X) = L(P(X)) for any X. We define a function [P] by [P](L) = L o P. This is a continuous
function on the CPO P(X*). Thus, the least solution Lcrg can be defined by Lere = U,,50[P]" (Lg).
In addition, the following holds.

Lera = | JIP]™(Ly)

n>0
= Jim [P (L)
=L | L=[PI(L)}.

The language of CFG G is defined by £L(G) = Lopa(S).

An extended production function P : RELA(Z, V) — RELA(X, V) is defined by P(0) = 0, P(e) =
e, P(a) = a, P(X) = P(X), P(eiles) = P(e1)|P(es), and P(ejes) = P(e1)P(ez). The power of a
production function is defined by P°(X) = X and P"t'(X) = P(P"(X)). For P(X) = XX | a, the
square of P is P?(X) = (XX|a)(XX]|a) | a. For an interpretation L and an expression e, [[f]](\L)(e) =
L(P(e)) holds. Therefore, [P]™(Ly)(X) = Lg(P™(X)) for a variable X.

We write G : X1 = P(X3y), ..., X,, = P(X,) for CFG G = ({X3,...,X,}, %, P, X1), where ¥ is the

set of letters appearing in P.

Example 3.1.1. G: X =aXb| e

[P (Lo)(X) = Lo(aXble) = {&}
[PI*(Lo)(X) = Lo(a(aXble)ble) = {e, ab}
[PI3(Lo)(X) = Ly(a(a(aXble)ble)ble) = {e, ab, aabb}
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[PT"(Lo)(X) = {a™b™ [ m < n}
Therefore, £(G) = U, 5o[P]"(Lg)(X) = {a™b™ | m > 0}.

The calculation of P™ is similar to rewriting. Indeed, the semantics of both rewriting and least solution

define the same language for a given grammar.

3.2 Context-Free Grammars with Lookahead

In this section, we introduce CFGLA and illustrate some examples. We discuss closure properties and
show CFGLA is an extension of PEG [16].

First, we show the continuity of the operations of I-languages. Secondly, we introduce RELA including
variables and their interpretation. Thirdly, we introduce CFGLA and define the l-language of CFGLA
by the limit semantics, which is the limit of iterations from the empty set. A CFGLA is called valid if it
converges. This technique is related to Boolean grammars [32] and partial fixed-point logic [41]. Lastly,
we see that CFGLA is an extension of CFG and illustrate some examples.

We show the operations of I-languages are continuous with respect to the limit of sets. It is a standard
result that union is continuous, i.e. nhﬁngO (R,US,) = nl;n;o R, U lim S, for convergent sequences R,

n—oo
and S,,. We show that concatenation and negative lookahead are also continuous.

Lemma 3.2.1. For convergent sequences R, and S,,, lim (R, -S,)= lim R, - lim S,.
n—oo n— o0 n— oo

Proof. The key is that for a given a string pair r, there is a finite number of combinations of r1 and
such that r = ry-75. First, ifr € lim (R, -Sy), then there are infinitely many n such that r € R,,-S,,. By
the finiteness of combinations, tﬁle?eooare r1, ro and infinitely many n such that r =ry -9, 1 € R, and
ro € S,,. Therefore, n@o(R”'S”) - (n@o Rn)(n@o Sp). Easily, lim (R, -S,) 2 (lim R,)-(lim S,).

n—oo n—oo n— oo

Thus, nlggo(R" -Sy) = (nlingc R,) - (nlgngc Sn)- O
Lemma 3.2.2. For convergent sequences R,, lim !R, =! lim R,.
n— 00 n— 00

Proof. We can show this using the following equations.

(| Ba) = () 1B () Ba) = | 'Rn

nel nel nel nel

The following lemma is useful to prove convergence of a sequence over sets.

Lemma 3.2.3. Let R, and M, be sequences of sets, if R, N M, converges and M, converges to the

universal set, then R, converges and lim R, = lim (R, N M,).

Proof. In general, lim (R, N M,) = lim R, N lim M, holds. If M, converges to the universal set,
n—o00 n— o0 n— 00
then lim (R, N M,) = lim R,. Therefore, R, converges and lim R, = lim (R, N M,). O
n—oo n—oo n—oo n—oo

Definition 3.2.1 (Regular expressions with lookahead). Let ¥ be an alphabet and V' be a set of variables
disjoint from Y. The regular expressions with lookahead including variables RELA(X, V) are given by
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the following syntax.
ex=0le|lalX|elelee|le (aex, X V)

The lookahead has the highest priority, then concatenation and then alternation. For example, an
expression XY | ¢ is equal to ((!X)Y) | e. The positive lookahead &e is an abbreviation for !(le).

(43

Any character is an abbreviation for a1]...|a, when ¥ = {a1,...,a,}. The end of a string $

LL' 7

is an abbreviation for The size of an expression |e| is defined by |0] = |e| = |a| = |X]| = 1,
lei|ea] = |erea]| = |ex] + |ez2| + 1, and |le| = |e] + 1.
An interpretation is a function B : V — P(X* x ¥*). For an interpretation B, the extended interpre-

tation B : RELA(X, V) — P(Z* x £*) is defined by the following.

The empty interpretation By is defined by By(X) = 0 for all X € V. For example, By(a &b) = {(a, bz) |
x € ¥*} and By(!X) = 10 = {e} x £*. For two interpretations B; and Bs, we define By C Bs by
B1(X) C By(X) for all X. For an interpretation B and e € RELA(X, V), the language Lp(e) is defined
as {z | (z,e) € B(e)}. The language is the set of strings that the end of a string can follow. We have
B(e$) = Lp(e) x{c} and B(&(e$)) = {e} x Lr(e). If e does not contain lookahead, By(e) = Lp,(e) x X*.

Definition 3.2.2 (Context-free grammars with lookahead). A context-free grammar with lookahead G
is a tuple (V, X, P, S) where

e V is a set of variables,
e Y is an alphabet disjoint from V,
e P:V — RELA(X,V) is a production function,

e S €V is a start variable.

An extended production function P : RELA(X, V) — RELA(X, V) is defined by P(0) = 0, P(e) = ¢,
P(a) = a, P(X) = P(X), P(ei|es) = P(e1)|P(es), P(eres) = P(e1)P(es), and P(le) = !P(e). The
power of a production function is defined by P°(X) = X and P"t1(X) = P(P"(X)). For example, if
P(X) = aXble, then P*(X) = a(aXble)ble. The size of a CFGLA |G| is defined as Y- vy |P(X)|.

A production function can be regarded as a system of equations. An interpretation B is called a
solution of P if B satisfies B = B o P. Note that B = B o P represents B(X) = B(P(X)) for any X.
We define a function [P] by [P](B) = Bo P.

Lemma 3.2.4. For an interpretation B, if a sequence Bo P converges, then the limit Bppae =
lim (B o P") is a solution of P.

n—oQ

Proof. First, we show Bpﬁmt = lim (B o ]5”) We show the case of concatenation.
n— oo

lim_ B(P"(e1e2)) = lim_ B(P"(e1)P"(e3)) (induction on n)
= nlgn;o(B(P”(el)) - B(P"(e2)))
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= lim B(P"(e1))- lim B(P"(ez)) (Lemma 3.2.1)

n—oo n—oo
Next, we have lim (B o ]5”) oP = lim (B o P = lim (B o P”) Thus, Bp pet is a solution. O
n—oo n—roo n—oo

The limit semantics is defined by Bppe = lim (Bgo P™). A CFGLA is called valid if Bp pnq: exists.
n—oo
A CFGLA is called uniquely convergent if for all interpretation B, the limit 1Lm (B o P™) converges to

the same value. A uniquely convergent CFGLA is valid and has a unique solution.

Definition 3.2.3 (Language with lookahead). The language with lookahead (l-language) of a valid
CFGLA G = (V, %, P, S) is the set B(G) = Bp,nat(S) and the language of G is the set L(G) = Lp, ., (5).

For a CFGLA without lookahead G = (V, %, P,S), the function [P] is a monotone function, hence

B(G) = U (Bgo P™). In addition, B(G) = L(G) x ¥* holds. Therefore, the language of CFGLA without
n>0
lookahead and the language of CFG coincide. Thus, CFGLA is an extension of CFG.

Example 3.2.1 (Valid Grammars).

1. A CFGLA X = aXb| ¢ is uniquely convergent. The limit semantics is calculated as follows.

By(P°(X)) = By(X) = 0,

By(P'(X)) = Bp(aXble) = {e} x T*,

By(P*(X)) = By(a(aXble)ble) = {e,ab} x X*,
By(P?*(X)) = By(a(a(aXble)ble)ble) = {e, ab, aabb} x ¥

Therefore, Bp nqt(X) = nlgréo By(P™"(X)) ={a™b" | n >0} x %,

2. A CFGLA X = X is valid and Bp pq:(X) = 0. It is the same as CFG.

3. A CFGLA “X =1Y, Y = &Y is valid. For any language L, an interpretation B(X) = {e} x
L¢, B(Y) = {e} x L is a solution. Unlike in the case of CFG, there is no least solution. The limit
semantics is Bpnat(X) = {e} X ¥, Bpnat(Y) = 0.

4. A CFGLA X =!(aX) is valid. When ¥ = {a}, we have the following.

{e} x {a’ | i < mn, iis even} (n is even)

By(P"(X)) = {{E} « ({a}* \ {ai | i<m, iis Odd}) (n is odd)

Therefore, Bpna(X) = {(¢,a®") | n > 0}. A proper right recursion in negative lookahead is
allowed.
5. A CFGLA G defined by

S = a&(Y(a|$))XSb | ab, X =bX |b, Y =bYDb|a

is valid and £(G) = {(ab™™ | n > 1}. If you ignore the lookahead part, the language is
{azy...axp_1ab™ | 0 > 1, x1,...,2,—1 € {b}*}. Lookahead requires that all lengths of x; be
equal.

6. For k > 1, let G be ({X},{a}, P, X), where P(X) = a$|&(X$)|a*'Xa. The CFGLA G is valid,
B(G) = {(a",a™) | 3. n + km = k'}, and L(G) = {a*" | n > 0}. This grammar takes advantage
of the property of lookahead and contains only positive lookahead without the end of a string.

This example is essentially the same as Example 4 in [6].
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Example 3.2.2 (Invalid Grammars).

1. A CFGLA X = !X has no solution, hence it is invalid. Indeed, if it has a solution {¢} x L, then
L = L° holds, which is a contradiction.

2. A CFGLA X = !(X«z) has no solution because (g, z) € B(X) if and only if (¢,z) ¢ B(!/(Xz)). A
left recursion in negative lookahead is not allowed.

3. A CFGLA “S =1X!S, X = &X?” is invalid but has a unique solution B(S) = 0, B(X) = {e} x &*.
Thus, validity and the existence of solutions are different. Also, uniquely convergence and the
existence of a unique solution are different.

4. A CFGLA “X =YY = !X” is invalid. For any language L, an interpretation B(X) = {e} x
L¢, B(Y) = {e} x L is a solution. However, iterations from the empty set oscillate between 0
and {e} x ¥* and do not converge. This invalid CFGLA is obtained by introducing a variable ¥’
from a valid grammar X = !(!X). The introduction of new variables does not change the set of

solutions but change the convergence.

What kind of grammars are valid? We conjecture that a CFGLA is valid if there is no left recursion
through negative lookahead. Intuitively, there are no such patterns X = !(Xz) or “X =YY =1X". It
is easy to see that a CFGLA with only positive lookahead is valid because the function [P] is a monotone

function.

3.3 Closure Properties

We write B(CFGLA) for the class of 1-languages of CFGLA and £(CFGLA) for the class of languages
of CFGLA. First, we show that B(CFGLA) is closed under union, concatenation, lookahead, and Kleene
star. Next, we show that £L(CFGLA) is closed under union, intersection, complement, and the weak

version of concatenation and Kleene star. Lastly, we show undecidability of emptiness checking.

Lemma 3.3.1. For two valid CFGLA G; = (V1,%, P1,51) and Go = (Vo, X, P2, S2), if Vi C Va and
Py (X) = Py(X) for all X € Vi, then Bp, nat(X) = Bp, nat(X) for any X € V7.

Proof. For any e € RELA(X, V1), Pi(e) = P2(e) by induction on e. For any X € V;, P[(X) = P}(X)
by induction on n, thus Bp, ne(X) = Bp, nat(X). O

Corollary 3.3.2. B(CFGLA) is closed under union, concatenation, and lookahead.
For Kleene star, we first show a restricted version.
Proposition 3.3.3. If R C X7 x X* is a I-language of CFGLA, then R* is a l-language of CFGLA.

Proof. Let G be (V,X, Py, X) where B(G1) = R and Gy be (VU {Y},X,PLUP,Y) where Y ¢ V
and P»(Y) = XYle. Let R, be By(P{*(X)) and S, be U R, - - Ry_j. Since B(Gz) = lim S, U
n—oo

0<k<n
({e} x ¥%), it is sufficient that we show lim S, = R*. First, for any k, R*"! = lim (R, - - R, _) =
n— 00 n—oo
lim (R, ---Rn_x) by Lemma 3.2.1. Therefore R*** C lim S, thus Rt C lim S,. Second, if r €
n—00 n—o0 n—r00
lim S, then there exists infinitely many n; and k; such that r € Ry, - - - Ry, —k,. There exists 1o, ..., ik,

n—oo
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such that r = ryo -+ i, 70 € Rn;y -+, Tik; € Rpn,—k,. By assumption, for x € ¥*, there are only finitely
many n such that (¢,z) € R,. Therefore, the set {k; | ¢ > 1} is finite. Hence, there exists k > 0
and infinitely many n} such that r € Ry -+ Ry . That is r € n@o(}?n o Ryk) = RF*1. Thus,
lim S, € R*. O

n—oo

Proposition 3.3.4. If R is a l-language of CFGLA, then R\ ({e} x ¥*) is a l-language of CFGLA.

Proof. Let V' be a copy of V. A function f : RELA(XZ,V) — RELA(X, V) is defined as follows.

f0)=10, f(e) =0, f(a)=a, f(X)=X
fleilea) = fle1)|f(e2), flere2) = fler)ealerf(ez), f(le) =0

We have By(f(e)) = By(e) \ ({e} x ¥*) by induction on e € RELA(3, V). For a given valid CFGLA

G, = (V,X,P,S), we consider G, = (VUV' X P, 5") where Po(X) = P(X) for any X € V and

Py(X') = f(P(X)) for any X' € V'. For any e € RELA(X,V), we have Py(f(e)) = f(P(e)), hence

P3(f(e)) = f(P"(e)). Thus, By(P3(S")) = By(P3'(f(5))) = Bo(f(P"(5))) = Bo(P"(5)) \ ({e} x £7).

Therefore, G5 is valid and B(G2) = B(G1) \ ({e} x ¥*). O
By two propositions, we obtain the following result.

Corollary 3.3.5. B(CFGLA) is closed under Kleene star.

Proof. Let R be al-language of CFGLA. From Proposition 3.3.4, R\ ({e} xX*) is a l-language of CFGLA.
From Proposition 3.3.3, (R \ ({e} x £*))* = R* is a l-language of CFGLA. O

It is open whether B(CFGLA) is closed under intersection, complement.
Next, we show closure properties of L(CFGLA).

Proposition 3.3.6. L(CFGLA) is closed under union, intersection, and complement.

Proof. For two variables X and Y, B(&(X$)Y$) = (Lp(X)NLp(Y)) x {e}. If B(Y) = £* x ¥*, then
B((X$)Y$) = (X*\ Lp(X)) x {e}. Thus, the statement holds by Lemma 3.3.1. O

Hence, CFGLA can represent {a"d"c¢" | n > 0} and {zz | z € ¥*}. It is open whether L(CFGLA) is

closed under concatenation and Kleene star. However, a weak version holds.

Lemma 3.3.7. Let L C ¥* be a language of CFGLA and # € X be a letter. L# x (S U {#})* is a
l-language of CFGLA.

Proof. Let G be (V, X, Py, X) where L(G1) = L. Let G = (VU{Y }, SU{#}, P2,Y) where P; C P, and
Py(Y) = X#. We define a predicate p(R) as “Vz,y € %, w € (EU{#})*. (z,y) € R <= (z,y#w) €
R”. If p(Bp,nat(X)) holds, then B(G2) = L# x (X U {#})*. For e € RELA(X,V), p(By(e)) holds by
induction on e. Since PJ(X) € RELA(E, V), p(Bp, nat(X)) holds. O

Corollary 3.3.8. Let Ly, Ly C X* be languages of CFGLA and # ¢ X be a letter. L1#Lo and (L1#)*
are languages of CFGLA.
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Lastly, it is undecidable whether the intersection of two context-free languages is empty. For two
context-free languages Ly and Lo, (L1 N La) x {e} is a l-language of CFGLA. Therefore, the following
holds.

Proposition 3.3.9. For a valid CFGLA G, emptiness B(G) = 0 and L(G) = 0 are also undecidable.

For a given valid CFGLA G; = (V, X, P, X), we consider a CFGLA Gy = (VU{Y }, ¥, PLUP,,Y) with
Py(Y) = &(X$)!Y. The CFGLA Gy is valid if and only if £(G1) = 0. Therefore, validity is undecidable.

3.4 Related Grammars
3.4.1 Parsing Expression Grammars

The limit semantics can be considered denotational semantics. We introduce operational semantics of
CFGLA and show that two semantics are consistent for a limited range of valid CFGLA. The results
show that PEG can be regarded as a subclass of CFGLA.

For an expression e € RELA(X, V'), we define the derivation (e,2) = O where z is an input string and

O is a set of the rest of the input string.

0,2) =0 (e,z) = {z} (a,az) = {z} (a,bx) =0 (a,e) =0

(e1,2) = O1 (e2,7) = Oy
(e1]ea, zy) = O1 U Oq

(e, ) = {y1,-- -, ¥Un} (e2,91) = O1 ... (e2,yn) = On
(6162,%) = 0 U"'UOn
(e,x) =0 (e,z) = {ytuoO (P(X),z) = O
(le,z) = {z} (le,z) =0 (X,2)=0

For example, (a|ab, abc) = {bc, c}.

For e € RELA(X, V), the operational semantics Bp op(e€) is defined as {(z,y) | (e,zy) = O, y € O}.
A CFGLA G is operationally complete if, for any string « and any variable X, there exists O such that
(X,z) = O. We consider that the semantics is given only if G is operationally complete. In general,
(e,x) = O if and only if (P(e),z) = O, hence Bp,, = Bp,op0 P. For an operationally complete CFGLA,
Bpop is an interpretation and a solution of P.

We show if a CFGLA is operationally complete then the CFGLA is uniquely convergent. The converse
does not hold. We write (e, z) = O for a derivation that the rule of variables is not used. We can define

= inductively as =-.

Lemma 3.4.1. If (e,z) = O, then Bp,,(e) N M, = B(e) N M, for all interpretation B where M, =
{(y:2) | & = yz}.

Proof. By induction on =-;. We show the case of concatenation. First, we have (e1,2) =0 {¥1,---,Un},
(e2,y1) =0 O1, ..., (e2,yn) =0 On. By the induction hypothesis, Bpop(e1) N M, = B(e1) N My,
Bpop(e2) N My, = B(e2) N My,, ..., Bpople2) N My, = B(ea) N M,,,. Thus, Bpgp(eres) N M, =
B(eres) N M. O

31



Lemma 3.4.2. If (e,z) = O, then there exists n such that (P™(e),x) =¢ O for any m > n.

Proof. By induction on =. We show the case of union. We have (e1,z) =¢ O1, (e2,z) = O2, and
O = 01 U O,. By the induction hypothesis, there exist n; and no such that for all m; > ni,ms > no,
(P™(e1),x) =0 O1, (P™(e2),x) =0 Oz. Let n = max(ny,no), for all m > n, (P™(e1),z) = O1,
(P™(e3),x) =9 Oz. We have P™(ejes) = P™(e1)P™(e2). Therefore, (P™(ejes),z) =¢ O. O

Proposition 3.4.3. An operationally complete CFGLA is uniquely convergent.

Proof. Let M(e) = {(z,y) | (e,zy) =0 O}. By Lemma 3.4.2 and operational completeness, we have
lim M(P"(X)) =% x £*,

Brop(X) = lim (Bpp(X) N M (P (X))
= lim (Brop(P"(X)) N M(P"(X))) (Bpp is a solution)

= lim (B(P™(X))NM(P™(X))) (Lemma 3.4.1)

= nl;ngo B(P"(X)) (Lemma 3.2.3)

0

Two semantics coincide for an operationally complete CFGLA, i.e. Bpqt = Bpop. The result shows
that PEG can be regarded as a subclass of CFGLA.

Definition 3.4.1 (Parsing expression grammars). We define an ordered choice ey /ey is an abbreviation
for ey |lejes. An expression e € RELA(X, V) is called a parsing expression if e can be written using only
/ without using |. A PEG G = (V,X, P,S) is a CFGLA that P(X) is a parsing expression for any X.

The original definition of the language of PEG [16] is the set of successful input strings and for the
derivation (e,x) = o, o is a consumed string or fail. We can easily show the language of PEG coincides
with our definition.

PEG can represent all deterministic context-free languages and L(PEG) is closed under union, inter-
section, and complement [16]. For PEG’s derivation (e,x) = O, there exists y such that O = {y} or
O = 0. That isif (z1,91), (x2,y2) € Bpop(e) and z1y1 = z2y2, then y; = yo. Hence, the class B(CFGLA)
is a proper superset of B(PEG).

Example 3.4.1.

1. A CFGLA X = Xa | ¢ is valid and uniquely convergent but is not operationally complete.

2. A PEG X = Xa/e is equivalent to X = Xa | !(Xa) and it is invalid. The reason is the same as
Example 2.2.

3. APEG X = aXa | !(aXa) is uniquely convergent. B(X) = {(a®",a™) | n +m = 2¥ — 1} is the
solution and £(G) = {a*" 2 | n > 1}.

3.4.2 Context-Free Grammars with Right Contexts

We describe the relationship between CFGLA and CFGRC [5]. A grammar with the right contexts
(CFGRC) is a quadruple G = (X,V, P, 5), where P is a finite set of rules. Each rule has the form
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X = ar1N---NagpN>F1N- N BNy N N>y, with X € V) k> 1, myn >0, ay, 5,7 € (BUV)*. The
semantics of > and > are defined by >R = {(x,v) | (y,¢) € R,z € ¥*} and >R = {(z,y) | (zy,¢) € R},
respectively. The semantics of concatenation is the same as in this paper. The semantics of a grammar
is defined by the least solution of the corresponding system of equations because there are no negative
operations. We call CFGRC(1) a grammar with the right contexts that satisfy & = 1 for any rule. We
call context-free grammars with positive lookahead (CFGPLA) a CFGLA with no negative lookahead
but with positive lookahead and the end of a string. The following holds.

RN>R)---N>R, N>R} N>R/
={(z,y) | (z,y) € R, Vi. (y,¢) € R}, Vj. (xy,e) € R}
= &(R!$) ... &(R'$) R&(R.$) ... &(R.,$)

Therefore, CFGRC(1) can be converted into CFGPLA directly. Since CFGPLA allows replacement of
expressions by variables and &R = &(R(X* x £*)$) holds, the expressions in CFGPLA can be converted

into the expressions defined by the following syntax.
ex=0lelalX|ele|] XY |&(X8) (a€eX, X,Y €eV)

Hence, CFGPLA can be converted into CFGRC(1). The results for CFGRC can be used for CFGPLA.
For example, CFGRC has a cubic time recognition algorithm similar to the CYK algorithm; hence,

CFGPLA has a cubic time recognition algorithm.

3.4.3 Other Grammars

Finite lookahead is used in the traditional theory of parsing. Regular lookahead is used in various
domains of formal language theory, e.g. RELA [27], LL(*) [34], transducers with lookahead [36], and
tree transducers with lookahead [13]. A l-language of RELA is a finite union of the form A x B where
A and B are regular languages, hence it is expected that a l-language of CFG with regular lookahead is
a finite union of the form A x B where A is a context-free language and B is a regular language.
Regular expressions with complement and CFG with complement are called extended regular expres-
sions (ERE) [9,38] and Boolean grammars [32], respectively. Lookahead differs from complement in the
scope of influence and non-consumption of letters. RELA are more suitable for parsing than ERE [27].
The relationships of the language class are summarized below where an arrow means proper inclusion,

a dashed arrow means inclusion.

Deterministic CFL ~ CFL L(TAG) [21]

|

Boolean closure of CFL [42] — L(Boolean grammars)

\

L(PEG) ===~ ~ L(CFGLA)

The class L(CFGLA) is a proper superset of Boolean closure of context-free languages [42]. A context-
free language over one letter alphabet is regular, hence the Boolean closure of unary context-free languages

is also regular. On the other hand, a non-regular unary language {azn | n > 1} is represented by CFGLA.
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The class L{(CFGLA) is not a subset of £L(TAG) because of the decidability of emptiness. It is expected
that L(CFGLA) is not a superset of £L(TAG) because the complexity of recognition of TAG is relatively
large. A similar argument applies to some supersets of L(TAG) such as indexed languages [2].

We consider it is difficult to prove of inclusion between £L(CFGLA) and L(Boolean grammars). It is
because of the difference in the properties between lookahead and complement. For example, the class

L(Boolean grammars) is closed under concatenation and Kleene star.
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Chapter 4

| east Interval Semantics of Context-Free
Grammars with Lookahead

First, we point out problems of the limit semantics. We then introduce the least interval semantics with

the least fixed point of intervals.

4.1 Problems of Limit Semantics

The limit semantics does not allow for substitution and replacement. That is, the limit semantics does
not always coincide for two grammars even if the sets of solutions coincide. It is also not allowed to
use the results of computation on a subgrammar, where G' = (V', 3, P/, S’) is called subgrammar of

G=(V,X,P,S)if VCV and P’ is the restriction of P to V.
Example 4.1.1. We consider the following two grammars.

e G :X=IV|X Y=c

The language is computed as follows.

[P]°(Bg)(X) =0
[P]'(By)(X) = By('Y | X) =10 U0 = {e} x £~
[PI*(Bp)(X) =({e} x ") U ({e} x B%) = {e} x ¥*

Similarly, [P]"™(By)(X) = {e} x ¥* holds for n > 3. Therefore, £L(G1) = {e} holds.

e Gy: X=k|X,Y=c
First, [P](Bp)(X) = By(le | X) =!({e} x £*) UD = (. Similarly, [P]"(By) = 0 holds for n > 2.
Therefore, £(G2) = 0 holds.

G is obtained from G; by substituting € for Y. Conversely, G is obtained from G2 by replacing e
with Y. Since the languages of G; and G are different, substitution and replacement do not preserve
the limit semantics. “Y = &” is subgrammar of Gy, and B(Y) = {e} x £* is a unique solution. Then, we
consider using the results of computation on subgrammar. That is, let B(X) =0 and B(Y) = {e} x X*.
We consider nl;n;(}[[P]]”(B) Then, nhﬂn;o[[P]]”(B)(X) = (), and this is different from the result of Gj.

Hence, it is not allowed to use the results of computation on subgrammar in the limit semantics.

Example 4.1.2. We consider the following two grammars.
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¢ Gy: X =1(1X), Y = X
[P]™(By)(X) = 0 holds for any n. Therefore, £(G3) = () holds.
« Gy X =1V, Y =1X
[P]?"(By)(X) = 0 and [P]*"*1(By)(X) = {e} x £*. Therefore, the language of G4 does not exist.

The two grammars illustrate the same problem. They are obtained from each other by substitution

and replacement, but their languages are different.

Example 4.1.3. We consider another type of examples.
e G5:S=XY, X=1(aX), Y=aY|¢

[PI*"(By)(X) = {e} x {a™™ | m <n}
[PI*" 1 (By)(X) = {e} x ({a}" \ {a®"*" | m < n})
lim [P]"(By)(X) = {e} x {aa}"

n—oo

Therefore, £L(G5) = {aa}* holds.
e Gg:S=XY, X=1(aX)| X, Y=aY|¢
[P]°(Bg)(X) = 0 holds. [P]™(By)(X) = {e} x {a}* holds for n > 1. Therefore, L(Gg) = {a}*.

Since G5 is a unique solution grammar, there is no other solution of G5. Gg has some solutions, but the
language of G is bigger than the language of G5 in the limit semantics. This is caused by an l-language
being overestimated in the middle of the computation and then fixed. The variable X is computed as the
empty set first; hence, aX is minimized and !(aX) is maximized. This overestimated value {e} x {a}* is
fixed by |X. This is also true for G;. Considering that CFG is characterized by the least solution, the
computation should be done so that !(aX) is minimized.

We consider computing lower and upper bounds simultaneously, which is the idea of the new semantics.
For unknown l-languages X and Y, consider a situation where the lower bounds Rx and Ry and the upper
bounds Ux and Uy are available. If Ry C X CUx, Ry CY C Uy, then Rx -Ry C X -Y CUx -Uy
holds; hence, the lower and upper bounds of concatenation X - Y can be computed. If Rx C X C Uy,
then !Ux C !X C !|Rx holds; Hence, the lower and upper bounds of the negative lookahead !X can be

computed.

4.2 Least Interval Semantics

An interval of l-languages is a pair of l-languages (R,U) that satisfies R C U. We write it as [R, U]
and the set of intervals as Int(P(Z* x £*)). The union, concatenation, positive lookahead, and negative

lookahead are defined as follows.

[Ry,U1] U[Ra,Us] = [Ry U Ry, Uy U U
[R1,U1] - [Ra,Us] = [Ry - R, Uy - Us)
&[R,U] = [&R, &U]
[R,U] = [IU,R]



Positive lookahead &I can be expressed by !(!I) for an interval I. For I = [R, U], we define I} and I} as
R and U, respectively.

The knowledge ordering is defined by [Ry,U;] E [R2,Us] <= R; C Ry, Uy C U;. The interval
1 = [0,3* x ¥*] is the least element. It represents that () is a lower bound and ¥* X ¥* is an upper
bound. This is the weakest information. For l-language R, an interval [R, R] is a maximal element of
Int(P(X* x ¥*)). For a set of intervals A, the greatest lower bound exists, and we write it as [ ] A.
[MA=[Nir,ujea B Uir,jea Ul holds. If A is a chain, then the least upper bound exists, and we write
it as | | A. Therefore, the set of intervals forms CPO. | |A = [Ug yjea B: Nig,ujea U] holds.

Proposition 4.2.1 (Continuity of operations). The union, concatenation, and negative lookahead are
continuous functions with respect to knowledge ordering. That is, for a chain of pairs of intervals
{Ix, I},) | k € A}, the following hold.

I_lk(Ik U Ili) = (|_|k Ik) U (l_lk II;>7
L (T - 1) = (Ly Z) - (L 2
Ly (k) = (L, o)

Proof. To show this, it is sufficient to show that for a chain of pairs of l-languages A = {(R;, R}) | i € A},
the following hold.

1
2
3
4.
5
6

Each statement can be shown as follows.

l.reU,(RiUR])) < 3Fi. (re Rjorr € R))
< (Ji.re R;)or (Ji.reR))
— re(U;Ri) U U B
2.re((,R)U(N,R) < (Vi.r € R;) or (Vi.r € R])
= Vi.(re Rjorr € R)) < rc(),(R;UR;). Conversely, if & ([, R;)U([); R;), then there
exist i and j such that r ¢ R; and r ¢ R. We assume that r € R and r € R; hold, then (R;, It})
and (R;, R;) are not comparable, which contradicts that A is a chain. Therefore, r & R} or r & R;.
We obtain 7 ¢ R; U R} or r ¢ R; UR}. Thus, r ¢ (N, Ri) U (N, B}) = 7 & (R UR]).
3.7m € U,(Ri - R) <= F,z,y,zr = (2y,2), (z,y2) € R;, (y,2) € R, = 3F,y,z. r =
(zy, 2), Ji. (v,y2) € Ry, Jj. (y,2) € R <= re (U, R) (U, B)-
If (v,y2) € R; and (y,2) € R}, then (z,yz) € R; or (y,2) € R; holds because A is a chain.
Therefore, the reverse direction is also true.
4. re(,Ri)- (N, R) < 3x,y,z. 7= (xy,2), Vi. (x,y2) € Ry, (y,2) € R, = Vi. 3z, y,z. 1=
(xy,2), (z,y2) € R;, (y,2) € R, <= r€(),(R;-R)).
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Conversely, if r € ,(R; - R}), let C; = {(x,y,2) | 7 = (vy,2), (x,y2) € R;, (y,2) € R;}, then
C; # 0 for any 4. Since {(z,y,2) | 7 = (zy, )} is a finite set and A is a chain, {C; | ¢ € A} is a finite
chain and (), C; # (. Therefore, there exists (z,y, z) € [, C; such that (z,yz) € R;, (y,2) € R],
for any i. Thus, r € (), Ri) - ((; R})-
5. Both sides are subsets of {e} x X*.
(e,2) € N;,(IR) < Vi. (e,2) € IRy <= Vi,z1,22. (x = 2120 = (21,22) € R;)) —
Vi, 2o, (x = 2120 = Vi. (1,22) € R;) <= Va1,20. (. = 2120 = (21,22) € U, Ri) <=
(e,2) € (U, Ri)-
6. Both sides are subsets of {¢} x ¥*.
(e,7) € U;('R:)
— di. Va1,29. (x = 2120 = (21,22) € R;)
= V1,25 (x = 2120 = Ti. (21,22) € R;)
= (g,z) € (N, Ri)-
Conversely, if (¢, ) € !((), R;), then for any 1, xs (x = x122), there exists i such that (z1,z2) € R;.
Since {(x1,22) | * = x1x2} is a finite set and A is a chain, there exists ¢ such that (z1,22) € R;

for any @1, x2 (x = z122). Thus, (¢,2) € J,;('R;).

O
An interval interpretation is a function B : V — Int(P(X* x ¥*)). For an interval interpretation B,
the extended interpretation B : RELA(Z, V) — Int(P(X* x £*)) is defined by B(0) = [0, 0], B(e)
[{e} x ©* {e} x *], B(a) = [{a} x £*,{a} x ©*], B(X) = B(X), B(ei|ez) = B(e1) U B(ez), B(eres) =
B(ey) - B(es) and B(le) = !B(e). The bottom interpretation B, is defined by B, (X) = L for all
X € V. For a production function P, an interval interpretation B is called a solution of P if B satisfies
B = BoP. We define a function [P] by [P](B) = Bo P. Then, [P] is a continuous function. Therefore,
the least solution is defined by Bicast = |,,>o[P]"(B1). This new semantics is called least interval
semantics. The language of a CFGLA G :_(V, 3, P,S) under the least interval semantics is the set
Lint(G) ={z | (z,€) € Bieast(9),}-

Example 4.2.1.

e Gr: X=aXb|e| X

[PI(BL)(X) = [{e} x ¥¥, ¥ x &7
[P]*(BL)(X) = [{e,ab} x £*, ¥* x ©*]
[P]™"(BL)(X) = [{a™b™ | m < n} x &*, ¥* x ©*]

Therefore, Lin(G7) = {a™b™ | m > 0}.
e Gi:X=IY|X, YV=¢
[P](BL)(X)=1[0, * x X*] = L. [P]"(BL)(X) = L for any n. Therefore, L;,;(G1) = 0.
e Gg:S=XY, X=1(aX)| X, Y=aY|¢
[PI(BL)(X) =[{e} x {e}, &* x Z*]. [P]™"(BL)(X) =[{e} x {e}, E* x &*] for n > 1. Therefore,
Lint(Ge) = {e}.
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For two grammars, if the sets of solutions coincide, the least solutions coincide. Therefore, substitution

and replacement can be done freely. Formally, we define a context C' by the following syntax.
C:=:=0|Cle|e|lC|Ce|eC|!C (e € RELA(X,V))

A context C' can be regarded as a function C' : RELA(X,V) — RELA(X, V) by O(e) = e, (Cle')(e) =
C(e)le, (e'|C)(e) = €'|C(e), (Ce')(e) = C(e)e, (e'C)(e) = €'Cle) and (IC)(e) = !C(e). For a context C,
if B(e1) = B(ez), then B(C(e1)) = B(C(e2)) holds by induction on C.

Proposition 4.2.2. (Substitution and replacement) For two grammars G1 = (V, X, P, S) and Gy =
(V,%, P, S), if there exist X, Y € V (X #Y), P, and context C such that Pi|y\(xy = Paly\(xy = P,
Pl(X) = C(Y), and PQ(X) = C(P(Y)), then BPl,least = BPg,least~

Proof. Let B be a solution of P, then B(Y) = B(P(Y)) holds. Hence, B(C(Y)) = B(C(P(Y))) holds,
and we obtain B(X) = B(P2(X)). Thus, B is a solution of P,. Conversely, let B be a solution of P,
then B(Y) = B(P(Y)) holds. Hence, B(C(Y')) = B(C(P(Y))) holds, and we obtain B(X) = B(P;(X)).
Thus, B is a solution of P;. Since the sets of solutions of P; and P, coincide, the least solutions

coincide. O

Since a replacement is possible, a binary normal form is obtained. For an alphabet ¥ and a set of

variables V, RELA"™ (3, V) is the set of expressions given by the following syntax.
ex=0lelalX|ele| XY |!X (a€eX, X, YeV)

A binary normal form grammar is a CFGLA G = (V,%, P, S) such that P(X) € RELAP™(%, V) for any
X € V. Any CFGLA can be converted into a binary normal form by repeatedly applying replacement.
Then, the order of the grammar size does not change.

In the least interval semantics, it is allowed to use the results of computation on a subgrammar.
For CFGLA G = (V, %, P, S) and its subgrammar G’ = (V', X, P, S’), let Bieqst and Bj,, be the least

solutions of P and P’, respectively. By, can be extended to a function from V by B}, (X)) = L for X €

least
V' \ V'. We consider nan;oﬂPﬂ"(Bgeast). Since B T Bj,,; T Bieast, we have Biegst = nILH;oHPHH(BL) cC
nh—>H;o [P]™(Bjeust) © Bieast- Therefore, nh_}n;o [P]™(Bjeust) = Bieast holds. This property is used to reduce
space complexity in the next section.

If CFGLA has no negative lookahead, then lower bounds are calculated using only lower bounds.
Therefore, for CFGPLA G and a variable X, Bjeast(X) = [Bnrat(X), U] holds for some l-language U. If
G is CFG, then Bjeust(X) = [Lora(X) x X*, L x ¥*] holds for some language L. Hence, it is proven
that CFGLA is an extension of CFG and CFGRC(1).

Closure properties are preserved except for complement. That is, the language class of CFGLA is closed
under union, intersection, marked concatenation, and marked Kleene star. This is the same reason as
presented in the previous chapter. These operations only use lower bounds to calculate lower bounds.
The constructions of grammars to prove closure properties can be used as in the previous chapter. For
complement, if G has a unique solution in the set of intervals, then £;,:(G)¢ is the language of CFGLA.

CFG can be converted into Greibach normal form, which has a unique solution; hence, complement of a

context-free language can be expressed by CFGLA.

39



4.3 Relationship to Parsing Expression Grammars

As mentioned, PEG is characterized by derivation (e,z) = O, where e is an expression, x is an input
string, and O is a set of the remaining input strings. Then, we define B,,(e) as [R,U], where R =
{(z,y) | (e,xzy) = O,y € O} and U = RU {(z,y) | VO. (e,xy) & O} = {(z,y) | (e,xy) = O,y & O}°.

The set U is a collection of all pairs except those explicitly rejected.
Theorem 4.3.1. For e € RELA(X,V), B,y(e) C Bleast(e) holds.

Proof. If the derivation (e,z) = O does not contain the variable rule, we write (e,z) = O, where the
variable rule is the rule that derives (X,z) = O from (P(X),z) = O. We define B,,o(e) = [{(z,y) |
(e,zy) =0 O, y € O}, {(z,y) | (e,zy) =0 O, y & O}]. We have B,, = nh—>120 Bypo o P". Since
Bieast = nl;rx;o B o P", if we show that B,po T B, then By, T Bjeqs: holds.

The statement B,,o(e) C By (e) is equivalent to {(z,y) | (e,zy) =0 O, y € O} C Bj(e), and
Bi(e)r € {(x,9) ] (e,2y) =0 O, y & O}°. Therefore, we show by induction on e that for (e, zy) = O,
if y € O, then (z,y) € By (e)y, and if y ¢ O, then (x,y) & B, (e)r.

e We omit the cases of §), €, and X.

e When (a,2y) =0 O and y € O, z = a holds; hence, (z,y) € Bgl(a)i.

e When (a,zy) =0 O and y € O, & # a holds; hence, (z,y) ¢ By (a);.

e When (eqles, zy) = O and y € O, (e1,2y) = O1, (e2,2y) =¢ Oz, and O = O U O3 hold.
Since y € O1 or y € Oy holds, (x,y) € By(e1), or (z,y) € B (e2), holds. Thus, (z,y) €
Bi(e1)y UBL(e2), = B (e1lea)y.

e When (ejles, zy) =0 O and y € O, (e1,2y) =0 O1, (ea,2y) =¢ Oz, and O = O U O3 hold.
Since y ¢ Oy and y & Oa, (z,y) € By (e1)r and (z,y) ¢ By (e2)r hold. Thus, (z,y) ¢ B, (e1)4 U
B, (e2)r = Bl (e1e2)r.

e When (ejeq,zy) =0 O and y € O, (e1,xy) =0 {21,-.-,2n}, (e2,21) =0 O1, ..., (e2,2n) =0 On,
and O = O; U---UQO, hold. There exists ¢ such that y € O;, and there exist x1,zs such
that xy = x12;, z; = xoy. Therefore, (z1,z2y) € BL(61)¢7 and (z2,y) € BJ_(@Q)i hold. Thus,
(z,y) € BL(Blez)L.

e When (ejeq,2y) =0 O and y & O, (e1,zy) =0 {2z1,.--,2n}, (e2,21) =0 O1, ..., (é2,2n) =0 On
and O = O U---UO, hold. For any i, y ¢ O;. Therefore, for any z1,zy (z = z122), if 20y &
{z1,...,2n}, then (x1,z2y) & BJ_(€1)¢ holds, and if oy € {21,...,2,}, then (z2,y) & BJ_(@Q)T
holds. Thus, (z,y) & B, (e1e2)4.

e When (le,zy) =0 O and y € O, we have x = ¢ and (e,y) =0 0. For any y1,y2 (¥ = v1y2),
(y1,92) € B. (e)r holds. Thus, (z,y) € B, (le),.

e When (le,zy) =0 O and y € O, (e, xy) = O’ and O’ # () or = # ¢ hold. Since B (le)y C {e} xX*,
if x # ¢, then (z,y) ¢ BJ_(!@)T. Otherwise, O’ # @ holds; hence, there exist y1,y2 (y = y1y2) such
that yo € O and (y1,y2) € B (e);. Thus, (z,y) & By (le).
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This represents the soundness of the derivation. If PEG is complete, then R and U coincide. Since

[R, R] is a maximal element, B,, and Bleast coincide for a complete PEG.

Example 4.3.1. In general, B,, and Bleast do not coincide.

e Gg: X=1Y,Y=Ya
The derivation falls into a loop at Y by the left recursion. Hence, B,,(X) = [0, £* X X*], Bop(Y) =
[0,2* x 3*|. Bieast(X) = [{e} x *,{e} X *], Bieast(Y) = [0,0]. Therefore, the languages are ()
and {e}.

4.4 Related Work

The study of the well-founded semantics for Boolean grammars [23] is closely related to this paper.
Boolean grammars [32] are CFGs with intersection and complement operations. There are two differences
between our study and the method used in the study by [23]. First, our study uses intervals, whereas
their study uses three-valued languages. Second, our study uses Fitting semantics, whereas their study
uses well-founded semantics.

A three-valued language [23] is a function from X* to {0, 5,1}. Intuitively, 0, 3, and 1 represent true,
undefined, and false, respectively. There is a one-to-one correspondence between three-valued l-languages

1
)92

[R,U], where R = {(z,y) | T(x,y) = 1} and U = {(z,y) | T(x,y) # 0}. For the other direction, for
an interval [R, U], we obtain the corresponding three-valued l-languages T by T'(z,y) = 1 if (z,y) € R,

and intervals of I-languages. From a three-valued l-language T : ¥* x¥* — {0, 5, 1}, we obtain an interval

T(z,y) = 0if (z,y) € U, and T(x,y) = % otherwise. Since there is a one-to-one correspondence, they
are not essentially different. The use of intervals makes the definition of operations simple and easy to
understand.

Fitting semantics [14] and well-founded semantics [40] are terms used in the area of logic programming
[15]. Fitting semantics is the semantics used in this paper. To explain well-founded semantics, we consider
[P]B,.,, where B, is an interpretation. Then, [P]p,,, (Bpos) uses By,s for positive ocurrence variables
and B, for negative ocurrence variables. Let Q(B,,¢,) = Unzoﬂp]]%mg(B@) and Byyp = [ ,50 Q" (BL).
One of the advantages of well-founded semantics is that the elimination of unit rules preserves the
semantics. For example, X = !(aX) | X and X = !(aX) have the same B,. Indeed, L,4(Gs) = {aa}*
under the well-founded semantics. One of the disadvantages of well-founded semantics is that B, does
not always coincide for two grammars even if the sets of solutions coincide. As a result, substitution and
replacement may not preserve the semantics. For example, B, (Y) = [{e} x £*,{e} x £*] for G3 but
Buf(Y) = [0,{e} x ¥*] for G4. This is the reason why we have adopted Fitting semantics. In addition,
Fitting semantics is simpler, and Fitting model in a propositional logic program can be computed in

linear time, but the computation of a well-founded model takes quadratic time in general [7].
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Chapter 5

Derivatives of Context-Free Grammars with

L ookahead

We introduce the derivatives of CFGLA and the recognition algorithm by derivatives under limit se-
mantics. We explain that the limit semantics of CFGLA has some problems and that the recognition
algorithm does not run in polynomial time. We then show that the recognition algorithm runs in cubic

time and quadratic space for the length of the input string under the least interval semantics.

5.1 Derivatives in Limit Semantics
We introduce derivatives of CFGLA and the recognition algorithm based on it.

Lemma 5.1.1. The left quotients are continuous, i.e., for convergent sequences R,,, sequences t 'R,

and 'R, converge and the following hold.

lim 2 'R, =2"! lim R,
n—oo n— 00

lim 7 'R, =7' lim R,
n—oo n—oo

Proof. For any index set [ and w € {z,Z}, we have J,c; w™'R; = w'U,c; Ri and ;c,w 'R; =
w™t ic; Ri. Therefore, the lemma holds. 0

We define the derivatives of e € RELA(X, V) by extending the derivatives of RELA. For a set of
variables V and w € (XU X)*, let Vi, = {X, | X € V} be a copy of V if w # ¢ and V. = V. For
W C (XU i)*, we define Viy = {X,, | X € V, w € W}. For e € RELA(X,V) and a € 3, the derivative

of matched part Dge and the derivative of remaining part Dgze are defined by mutual recursion.

D, : RELA(S, V) — RELA(S, V. 0.ay)

D,0=10
Dy =10
e (a=0b)
D,b=
{(2) (a#0b)
DX =X,

D,(e1]e2) = Dger|Dge2
Da(€162) = (Da€1)62|(Da€1)(Da€2)
D,(le) =0
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Da : RELA(E, V) — RELA(Z, V{a,a,’d})

Dz:0=10
Dze=¢
Dzb= )
D; X = &X5

Dz(e1]e2) = Dger|Dge
Dz(ere2) = (Dger)(Dzez)
D;(le) = (Dye|Dgze)

We write B and P simply as B and P, respectively. The derivatives compute the left quotient correctly,
i.e., the following hold.

By(Dae) = a” ' By(e)
By(Dgze) = Zi*lB@ (e)

It is proved by induction on e. In the case of variables, both sides are the empty set. The other base
cases are easy to prove. The inductive cases directly follow from lemmas in Section 2.4.

For a CFGLA G = (V,X,P,S) and a € X, the derivative of CFGLA is defined by D,G =
Vie,aa1, %, P',Sa), where P'(X.) = D.P(X) for all X, € Vi.,5. Here, D.e = e. From the
construction of P’; for any e € RELA(X, V), the following hold.

By(P'(Dge)) = By(DaP(e))
By(P'(Dze)) = By(DaP(e))

It is proven by induction on e. In the case of variables and a, By(P'(DzX)) = By(&P'(X3)) =
By(&(DzP (X)) = By(DzP(X)) holds. The other cases are easy to prove.
For © = ajy - - - ay, we define the derivative D, G as Dy, (- - - (Dqy, G)).

Theorem 5.1.2. For a valid CFGLA G and x € ¥*, D,G is valid and L(D,G) = 27 1L(G) holds.
Hence, the languages of CFGLA are closed under the left quotient by a string.

Proof. Tt is sufficient to show L£(D,G) = a™*L(G) for any a € ¥. For D,G = (Vi aa}, 5, P, Sa), we
prove that lim By(P'™(X.)) = ¢ 'Bpnai(X) holds for any ¢ € {¢,a,a} and X € V. First, we have
n— oo
By(P'"1(X.)) = By(P'™"(D.P(X))) = By(D.P" (X)) = ¢ 1 By(P"*1(X)). Therefore, from Lemma
5.1.1, lim By(P'™(X,.)) = lim ¢ 'By(P"(X)) = ¢! lim By(P"(X)) = ¢ 'Bpnat(X). Thus, Bp/ nat
n—00 n—00 n—00
exists, D,G is valid, and £(D,G) = a~1L(G). O

A function Dg : RELA(X, V) — RELA((, V) is defined by Dgd) = 0, Dge = ¢, Dga = 0, DgX = X,
Dg(eilea) = Dgei|Dges, Dg(eres) = (Dger)(Dges), and Dg(le) = !(Dge). For any e € RELA(X,V),
By(Dge) = By(e) N {(g,&)} holds.

For a CFGLA G = (V, X, P,S), a CFGLA DgG is (V,0, P’,S), where P'(X) = DgP(X) for all X € V.
For a valid CFGLA G, DgG is valid. € € L(G) < e € L(DgG) holds. It can be proven in the same
way as Theorem 5.1.2. When ¥ = (), the set of l-languages (P(X* x ¥*),U, -, !) is isomorphic to the set
of truth values ({0, 1}, max, min, Az. 1 — x). Therefore, DgG can be regarded as a system of equations

over truth values.
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Theorem 5.1.3. For a given valid CFGLA G, € € L(G) is decidable.

Proof. We compute DgG. Next, we assign false to any variable at the beginning and update the variable
assignments by iterations. Since DgG is valid, the iterations halt. Finally, we output the assignment of

the start variable. O

The number of iterations is at most 2!V, Hence, this method can take exponential time for the grammar
size. For example, let (e; xor eg) be lejeslerles. We consider the grammar S = Xy X3Xo0X;, Xy =
(X4 xor X3X5X1) | S, X3 =(X3xor XoX71) ]S, Xo=(Xgxor X7) |5, X; =!X;]|S5. A variable X,

oscillates with period 2" until S becomes true; hence, the number of iterations is 22.
Theorem 5.1.4. For a given valid CFGLA G and x € ¥*, x € L(G) is decidable.

Proof. We compute the derivative D, G and decide € € L(D,G). We have z € L(G) < ¢ € L(D,G);
thus, the theorem holds. O

For e1,es € RELA(X, V), we write e; ~ ey if B(ey) = B(ez) holds for any interpretation B.

Example 5.1.1. G: X = aXb | e, where let aXb be a(XDb).
We show ab € L(G) using derivatives.

Da(aXb|e) = e(Xb) | 0(Da(XD)) | 0 ~ Xb
Dg(aXb|e) =0(Dz(XDb)) |e~¢
Dy(aXb|e)~0
Dy(aXb|e) ~¢
Dab(aXb ‘ 6) ~ Db(Xb) ~ Xbb | XE
D ;(aXb|e) ~ Dy(Xb) ~ 0
Dgp(aXb|e) ~ Dy(e) =10
D (aXb|e) ~ Ds(e) =€

Therefore, we obtain the following grammar.
DabG : Xab = Xbb | Xg, Xb = @, XZ =&

Since € € L(DyG), we obtain ab € L(G).

The derivatives of PEG can be computed in PEG because the following hold.

D,(le
Dz(le
Dq(e1/e2
Da(e1/e2

| 2

2

~ ( e)!(Dge)
1/!( a€ 1)Da€2
Dze1 /Y (Dger)Dges

\ 2

)
)
)
)

| l

The derivatives of positive lookahead are defined without using negative lookahead.

Dy (&e) ~ 0
D;(&e) ~ &(D,e|Dze)
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In the case of CFG, for  # ¢ and an empty interpretation Ly, Lg(Dze) = Lg(Dge) € {0, {}} holds.
Hence, for the derivatives of CFG [20], the variable corresponding to Xz is eliminated in the middle of
the computation.

For G and input string x, the recognition algorithm determines the truth value of (z2,z3) € B(X) for
any strings x1, 22,3 (¢ = x129x3) and variable X. This can be regarded as filling in the table as well
as the CYK algorithm.

(e,abe)|  (a,bc)| (ab,c)| (abc,e)

(,bc) (b, ¢) (be,€)

In the case of CFG, each cell is dependent on the left cells and the lower cells. In CFGLA, cell (g, x) also
depends on a cell (21, x2) because of lookahead, where x1 and x5 are strings such that @ = 2125. Thus,
cells in the same row are interdependent and must be determined simultaneously. Hence, it is important
that membership of the empty string is decidable in polynomial time with respect to the number of
variables. However, the presented recognition algorithm of the empty string takes exponential time with
respect to the number of variables. Although we have not proven NP-hardness or other complexity
results, we believe that it is difficult to obtain a polynomial-time recognition algorithm in the limit

semantics.

5.2 Derivatives in Least Interval Semantics

In this section, we show that the derivatives can be defined in the least interval semantics. We show that
the recognition algorithm by derivatives runs in cubic time and quadratic space.
Let I = [R,U] be an interval and x be a string. The left quotient of matched part =11 and the left

quotient of remaining part LI (x # ¢) are defined as follows.

7R, U] = [z 'R, 27 U]
TR, U = [z 'R, 27U

For a letter a € X, intervals I and I’, the following hold.

all=1
a*Iuly=a'TUua™ 'l
aX(I-I'Y=(a"I)-TU@ ) -a 'l
a (1) = [0,0)]
a 'L =1[0,{e} x T

a'(Tur)y=a‘rua'r
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al(I-I'Y= (@' (a1
a () =Ya tTua 1)

The left quotient is continuous, i.e., for a chain of intervals A = {I, | k € A}, | |, 27 ' Iy =27 ' | A and
LI, 2 'y =27 '[ | A hold.

The derivative computes the left quotient correctly, i.e., the following holds.

Theorem 5.2.1. For a CFGLA G and v € ¥*, Lin(D,G) = 27 L;,1(G) holds. Hence, the languages
of CFGLA are closed under the left quotient by a string.

This theorem is proven in the same way as Theorem 5.1.2.

In the case of CFG, pruned derivatives [20], which are derivatives without some unnecessary variables,
are introduced to reduce the computational complexity. We follow this idea and introduce pruned
derivatives of CFGLA. However, the construction is quite different because the production function of
CFGLA is defined as a function to the set of expressions.

We define two binary functions ¢, ® on RELA(X, V) by the following. Here, €| and e} are expressions

that are not the empty set expression.

Dpl=0, e @0 =¢cy, 0Dey =ej, €] Dey = elles
P0=10,e,00=0, 0e,=0, ¢ e, =-¢€e)

We modify the definition of derivatives as follows and call them pruned derivatives.

Dy : RELA(S, Vi 5,.) — RELA(S, Vg, .)
DX, — Xwa (weX¥)
) (otherwise)

D, (e1]ez) =Dger @ Dgea
Dqy(e1e2) =(Dge1) @ e2 ® (Dger) @ (Dqe2)

Dg(le) =0
2 : RELA(Z, Vg 5.) = RELA(S, Vg 5:).)
D; X, = &Xya

Dz (e1lez2) = Dzer @ Dzes
Dg(eleg) = (Dael) (39 (Daeg)
D;(le) = (Dge @ Dge)

The base cases except variables are not changed. Expressions ej]es and ejes change to e; $es and e; ®es,
respectively. In addition, D, X 7 = () is introduced.
For pruned derivatives, a € ¥, e; and e3 € RELA(X, V), the following hold.

D,(e1 ®ez) = Dyey @ Dyes
(616962) Dzeq & Dges
D,(e1 ®e3) = D61®62®D~61®D e
D;(e1 ® e2) = Dge; ® Dges

For the case of D,(e; ® e3), if e; = () or es = (), then both sides are . Otherwise, the equation holds
from the definition of pruned derivatives. For e(y, 5,) € RELA(X, V), we define sz:x €(z1,02) S €(c.e)
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if  =¢and (3, ,,—0 Clazia2)) ® €(cr) if @ = az’. For ¢ € {a,a}, we have Dc(d_, .., €(2;,20)) =
Zwlwzzm De e, as)-

For pruned derivatives, Dy(Dgze) = 0 holds for a,b € ¥ and e € RELA(X,V). It can be shown by
induction on e. For the case of X, Dy(DgX) = Dyp(&X3) = 0. For the case of ejes, Dy(Dgzeies) =
Dy(Dger ® Dges) = Dy(Dge1) @ (Dgez) ® De1 @ Dy(Dgez) =0 @ (Dgzez) ® Dyer @ 0 = 0.

Forz =ay---an,y =b1-- by ande € RELA(E, V), we define Dy e as D= (- -+ (Dy, (Da, (- - - (Da,€)))))-

Lemma 5.2.2. For pruned derivatives and x,y € ¥*, the following hold.

D50 =10
Je (z=¢)
Daye = {@ (¢ # )
a (xy=e¢)
Dyga=<e (z=a)
0 (otherwise)
D.~X — X (y=e)

Dyy(e1 @ e2) = Dyger @ Dyges
Dmgj(€1 ®ez) = Z Dy z55€1 ® Dy,gea

T1To2=T

ng(!e) = !(Zylyzzy Dy1y~2€) (x=e¢)
0 (z #¢)
Proof. For base cases and the case of €1 @ e, we can easily show the equation. For the case of e; ® e,

we show the equation by induction on zy.

D.(e1 ® e3) = th:e D, ze1® Dy, en
Dyale1 ® €2) = Da (3, 4,y Daizze1 ® Dayen)
= Zzlzgzx Drlﬁael & Da:2€2
® Dy, 73061 @ Dyyaer
= Dyq1 ® €2

S3] Z Dmlmel®Dwgae2

T1To=x
= Z(L‘l(ljzzxa Dzlfgel & Dx262
Dyga(er ® e2) = Da (4,000 Darazg€s ® Dayges)

=2 vrws=s Darizgacl ® Duygaen

We can prove the case of le in the same way. Finally, for the case of X, we show the equation by
induction on zy. DX = X, Dy X = Xpo, DyaX = &Xy5, and for y # €, Dy X = Da(&Xyy) =
'(Do(!Xay) ® Da(!Xay)) = (! Xaga ® Xuga)) = &Xuga. In the computation, X,54(y # €) is replaced
with (. O

From Lemma 5.2.2, D,5(XY) = 7, . _ Xy a5y Ye,5 and Dy(1X) =132, ,,—, Xy 52) hold. There-
fore, for e € RELAP™(X, V), we obtain |D,gze| = O(|zy|le]).
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We write Part(z) for {1232 | © = z122} and Suf(x) for {zs | £ = z122}. Hence, Part(Suf(x)) = {z273 |
r = ziwox3}). For e € RELA(E,V), if xow3 € Part(Suf(z)), then Dy, zze € RELA(Y, Vpary(sut(a)))
holds from Lemma 5.2.2. Therefore, for a CFGLA G = (V,X,P,S), « € ¥* and pruned derivative
D.G = (V',%,P',S,;), we obtain V' = Vpu(suf(z))- Since [Part(Suf(z))| = O(|z|?), the following holds.

Theorem 5.2.3. For a binary normal form CFGLA G = (V,X,P,S), x € ¥* and pruned derivative
D, G, we have |D,G| = O(|z|?|G]).

Proof. The size of the grammar can be computed by the following: [D, G| ="y oy Sutler) |D,,zzP(X)| =
zoT3 art(Suf(z
Oz (X xev [2[[P(X)])) = O(2*|G)). B

The definition of DgG can be used without modification. Here, ¢ € L;(G) <= e € Linu(DgG)
holds. When ¥ = (), the set of intervals (Int(P(X* x 3*)),U, -,!) is isomorphic to the set of three-valued
truth values ({0, 1,1}, max, min, Az. 1 — z). Therefore, computation of the least solution for DgG can
be reduced to a computation of Fitting model [14] for a propositional logic program.

Theorem 5.2.4. For a given CFGLA G, € € L;,(G) is decidable in O(|G|) time.

Proof. We compute DgG = (V, (), P’,S) and the least solution Bp jeast for DgG. It can be done in linear
time, e.g., see Proposition 4 in [7]. Finally, we output true if (¢,¢) € Bps jeast (5)); otherwise, we output
false. O

Finally, we obtain the following theorem.

Theorem 5.2.5. For a CFGLA G and x € ¥* of length n, x € Lin(G) is decidable in O(n®|G|) time
and O(n?|G|) space.

Proof. We convert G into the binary normal form grammar G’, compute the pruned derivative D, G’, and
decide € € Lin(D,G"). The grammar D,G’ can be constructed in O(n?|G|) time, and the membership
of the empty string is decidable in O(|D,G’|) = O(n3|G|) time. Therefore, this algorithm takes O(n?|G|)
time.

Let « be a1...a,. We consider the subgrammar sequence DgG < D, ¢G < D, ., ¢G < -+ <
Dy, 0,3G <+ < D,,. a,sG. The numbers of variables of these grammar are O(n?|V|), and the size
difference |D,, . .4,$G| — |Da,..a,sG| is O(n?|G]) for any i. We can use the results of computation on

subgrammar. Therefore, the algorithm runs in O(n3|G|) time and O(n?|G|) space. O

This algorithm fills the cells in the table in Section 5.1, row by row, from the bottom.
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Chapter 6

Conclusions

We have studied regular expressions with lookahead (RELAs). We have first given the semantics of RELA
by languages with lookahead, which is a set of pairs of strings. We have then developed derivatives of
RELA and a conversion from RELA to DFA using derivatives.

We have introduced context-free grammars with lookahead (CFGLAs). To accommodate negative
lookahead, we have given the limit semantics with the limit of iterations from the empty set. We
have shown that the grammars are an extension of both CFGs and PEGs. We also have shown that the
language class is closed under union, intersection, complement, marked concatenation, and marked Kleene
star. To overcome the problems of the limit semantics, we have introduced the least interval semantics
of CFGLA with the least fixed point of pairs of lower and upper bounds. We finally have developed a
recognition algorithm for CFGLA by combining derivatives of CFG and RELA. The recognition algorithm
runs in O(n?|G|) time and O(n?|G|) space for an input string of the length n and a given CFGLA G

under the least interval semantics.

6.1 Open Problems

There are several open problems. First, there is the question of whether a CFGLA can be converted into
an equivalent CFGLA which has a unique solution. This is possible for CFGs and Boolean grammars, but
unsolved for CFGLAs. The difference is due to the fact that a CFGLA is characterized by l-languages.
In particular, the difficulty arises from the fact that there is an infinite number of l-languages of the
form {e} x L. This is related to the question of whether the language class of CFGLA is closed under
complement in the least interval semantics. If CFGLA can be converted into an equivalent CFGLA
which has a unique solution, then the language class of CFGLA is closed under complement. It is also
open whether the language class of CFGLA is closed under concatenation and Kleene star. If the class
is not closed, it is difficult to prove this. This is because there are no enough methods to show that a
language is not a language of CFGLA. PEGs and Boolean grammars have the same problem. Hence,
it is open whether there is a language of CFGLA that is not a language of a PEG and the relationship
between the language class of Boolean grammars. The former is related to the well-known conjecture

that there will be a context-free language that is not a language of a PEG.
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