[2R2 Exflsks U H—FURI Y

Science Tokyo Research Repository

oo /00000
Article / Book Information
oo@a) OO0000000000D0O0DOO0DOO0DOO0ooOoooooooooon
Title(English) On well-posed variational principle and degrees of freedom counting of

geometrical trinity of gravity

oo@a) oood
Author(English) Kyosuke Tomonari
oo@a) O0:00@0),
oOooooo:0oo0ooa,
O000:00126390,
000 00:20240 30 260,
ooooo:0o0o0a,
OO00:00 00,00 00,00 00,00 00,00 00,00 00

Citation(English) Degree:Doctor (Science),

Conferring organization: Tokyo Institute of Technology,
Report number:J [0 1263901,

Conferred date:2024/3/26,

Degree Type:Course doctor,

Examiner:,,,,,

Type(English) Doctoral Thesis

Powered by T2R2 (Science Tokyo Research Repository)


http://t2r2.star.titech.ac.jp/

DOCTORAL THESIS
On
well-posed variational principle
and
degrees of freedom counting of

geometrical trinity of gravity

Kyosuke TOMONARI

Department of Physics, Tokyo Institute of Technology
Degree of Doctor of Science

February 28th, 2024

Supervisor of doctoral thesis Co-Supervisor of doctoral thesis
Teruaki SUYAMA Masahide YAMAGUCHI

- Department of Physiscs, Tokyo In- - Cosmology, Gravity and Astropar-
stitute of Technology. ticle Physics Group, Center for The-

oretical Physics of the Universe, In-
stitute for Basic Science (IBS).

- Department of Physiscs, Tokyo In-
stitute of Technology.



Committee of doctoral thesis (in alphabetical order)
Daisuke Jido (1)

Katsushi Ito (1)

Kazuyuki Sekizawa (1)

Masahide Yamaguchi (1)(2)

Teruaki Suyama (1)

Yosuke Imamura (1)

Affiliations

(1) Department of Physiscs, Tokyo Institute of Technology.
(2) Cosmology, Gravity and Astroparticle Physics Group, Center for Theoretical Physics of
the Universe, Institute for Basic Science (IBS).



Abstract

This thesis is devoted to searching for fundamental issues of constraint systems, aiming for
applications to theories of gravity. Theories of constraint systems play a crucial role in
constructing theories of gravity since these theories are constraint systems, and theories of
gravity provide the fundamentals of cosmology. Hence, it would be no exaggeration to say
that theories of constraint systems are a fundamental ground of cosmology.

A wide range of theories of modern physics is constructed upon the variational principle,
and so are the theories of gravity. The variational principle requires appropriate boundary
conditions to derive the equations of motion of a given theory. For non-degenerate systems,
the Dirichlet boundary conditions are imposed as usual. For degenerate systems, however,
the existence of constraints generically disturbs the consistency of the boundary conditions
with the possible dynamics. This means that an inappropriate choice of boundary conditions
is prone to restrict the possible solutions to a narrow region. Therefore, the well-posed
variational principle demands a methodology to compose valid boundary conditions without
such restriction to the solutions. In particular, since the theories of gravity have the property
of higher-order derivative degenerate systems, the identification of such boundary conditions
is important for introducing counter-terms like the Gibbons-York-Hawking counter-terms.
The first topic of this thesis is the study of establishing the methodology.

Metric-affine gauge theories of gravity are one of the modified /extended theories of gen-
eral relativity in a geometric and the most generic manner and describe gravity by using
curvature, torsion, and non-metricity, and it is expected to give perspectives into prob-
lems such as the late-time accelerated expansion of the universe (, or equivalently, dark
energy problem, cosmological constant problem), the origin of inflation from the viewpoint

of low-energy effective theories of quantum gravity based on the UV-competition, Hy- and/or
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og-tension problems. These theories are classified into eight subclasses from viewpoints of
gauge structures in the internal space based on the Mobius representations. In particular,
the three subclasses of the so-called geometrical trinity of gravity, which is composed of
General Relativity (GR), Teleparallel Equivalent to GR (TEGR), and Symmetric TEGR
(STEGR), have gathered attention in recent days since the non-linear extensions of these
subclasses have the potential for explaining problems given in above. However, the propa-
gating Degrees of Freedom (pDoF) of those subclasses has not been unveiled yet, and the
study of investigating these numbers is the second topic of this thesis.

One of the methods to identify the pDoF of a given theory is the use of the so-called Dirac-
Bergmann analysis. The heart of this analysis is very simple; the time evolution of a given
system is described by the so-called total Hamiltonian, which is composed of the Legendre
transformation of the Lagrangian of the given system such that it is compatible with the
existence of the primary constraints, and all constraints satisfy the so-called consistency
conditions, which demands all constraints to be static. For point particle systems, this
analysis is mathematically well-formulated, meaning that the Poisson brackets are always
well-defined. For field theories, which include, of course, theories of gravity, however, the
well-definedness should be reconsidered since the existence of the Dirac delta function causes
problematic situations when determining the Lagrange multipliers such as contradictions in
the consistency conditions to the properties of the given system that are derived from its
action functional. In this thesis, the issues of the Dirac-Bergmann analysis in field theories
are scrutinized and clarified, and a prescription to make the pathological situation easier is
proposed. This prescription may restrict the solution space to a narrow region but makes
it possible to give a reliable result to each analysis. Then, based on the prescription, the
analysis is performed for each subclass in the geometrical trinity of gravity and its non-linear
extension.

Finally, the uncompleted works and future directions of this thesis are discussed.
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Impact statement

The new results of this thesis are based on two published papers and two peer-reviewing pa-
pers when this thesis was submitted but confirmed their validity by the committee of doctoral
thesis. This thesis is devoted to providing new perspectives for the following two problems:
the well-posedness of the variational principle in degenerate systems and the degrees of free-
dom counting in the use of the Dirac-Bergmann analysis of the modified /extended theories of
gravity, in particular, the so-called geometrical trinity of gravity and its non-linear extension.

There are three impacts of this thesis. The first impact is that a methodology for set-
ting appropriate boundary conditions for the well-posed variational principle in degenerate
systems is established. Before the methodology appeared, boundary conditions of constraint
systems were naively determined as the apparent variables in the first-order variation of the
action functional, and there generically were incompatibilities with constraints of the given
system on the boundaries. This methodology would also provide the fundamentals of deriv-
ing the counter-terms in the action functionals of theories of gravity since a counter-term is
derived only after appropriate boundary conditions are determined for the given theory.

The second impact is that the geometric quantities, i.e., curvature, torsion, and non-
metricity, are formulated in a unified manner based on the Moébius representation. Before this
approach appeared, these geometric quantities were separately introduced in each own and
ad hoc way. This unified perspective would provide a more comprehensive understanding of
geometric quantities and gauge theories of gravity constructed by such geometric quantities,
and it might bring a discovery of new geometric quantities. If it is realized, the construction
of a new theory of gravity by using the new geometric quantity could be possible.

The third impact is that the issues of the Dirac-Bergmann analysis in field theories are
revealed and a prescription to make the analysis valid is established. Before the issues were

clarified and the prescription appeared, the result of the analysis of a given theory was based
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on a set of PDEs with respect to the Lagrange multipliers which is not guaranteed whether
or not it is solvable, therefore, the degrees of freedom derived by the method was always
nothing more than a speculation. The prescription provides a reliable result of the analysis

and a set of concrete conditions to guarantee it.
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Chapter 1

Introduction

The quest for the universe has fascinated mankind over the ages. In modern physics, this
quest is positioned as cosmology, and researchers have continued to devote all their efforts to
unveiling the mysteries of the universe from both theoretical and phenomenological points of
view. The beginning of cosmology dates back to the era of A. Einstein, who established the
general theory of relativity. This theory is the most successful classical theory of gravity and
describes how the universe evolves together with matter. Hence, combining the standard
model of particle physics, cosmology has challenged to unveil the history of the universe.
ACDM model is the standard model of cosmology based on FLRW spacetime with cos-
mological parameters that are determined by observations. (Stage 1 in Figure 1.1.) This
model became the standard model of cosmology around the beginning of twenty-first cen-
tury based on the observations of the cosmic microwave background [Spergel et al. (2003)],
the large-scale structure [Tegmark et al. (2004)], and the late-time accelerated expansion of
the universe [Riess et al. (1998); Perlmutter et al. (1999)]. The most recent observation at
the moment writing this thesis is provided in Planck 18 [Aghanim et al. (2020a,b)]. These
observations further indicated that the universe is anisotropic and inhomogeneous in the
distribution of photons and matter, respectively. In order to understand these observational
facts, it is mandatory to take the cosmological perturbation into account of the standard
model of cosmology together with the Big Bang and inflation hypothesis. A series of Boltz-
mann equations with respect to the perturbations of cosmic ingredients and Einstein field
equations describe how the ingredients develop with time under the influence of gravity.
(Stage 3 in Figure 1.1.) Based on this system, the power spectrum of each ingredient is

derived and compared to the observations. (Stages 4 and 5 in Figure 1.1.) This is the basic
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Figure 1.1: Modern framework for cosmology

formulation of the modern cosmology [Dodelson (2003); Mukhanov (2005); Weinberg (2008)].

The modern cosmology has also unveiled a series of new mysteries. The ingredients of
the universe should contain the so-called dark energy and dark matter in the percentile
of about 95% but the true identity and the origin of these ingredients have not been un-
veiled yet. So is the mechanism of how inflation occurs and its origin. Furthermore, the
recent, observations point out the so-called tension problem in the cosmological parameters
of og and Hy [Aghanim et al. (2020b)], which is the discrepancy of the estimated values of
Hy and og between the estimation based on the ACDM model and the model-independent
observation. Hy- and og-tensions are confirmed in about 50 and 30 confidence level, respec-
tively [Wong et al. (2020); Nunes and Vagnozzi (2021)]. In particular, Figure 1.2 indicates

that the discrepancies of Hj between the value obtained from the CMB measurement (based
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Figure 1.2: The recent observations of Hubble parameter Hy and its discrepancy. The left-
and right-panels are given in Ref [Di Valentino et al. (2021)] and Ref [Hu and Wang (2023)],
respectively.

on the ACDM model) and the Type Ia Supernovae (model-independent) have not gradually
been impossible to ignore. These problems may be related to the expansion of the universe,
or equivalently, spacetime, and such phenomena could be ascribed to the nature of grav-
ity. It would imply a possibility of the alternation of the basic theory of gravity: Stage 1
in Figure 1.1 should be scrutinized. Combined further with the recent development in the
accuracy of the observation of gravitational waves, the elaboration of modified/extended
theories of gravity is rapidly proceeding. This provides a natural motivation to investigate
the modified /extended theories of gravity.

The current thesis treats three topics. Metric-affine gauge theories of gravity are one

of the modified /extended theories of gravity, which describes gravity in terms of geometric



quantities of curvature, torsion, and non-metricity |Blagojevic (2001)], and the Weitzenboch
connection introduces the covariant derivatives [Weitzenboch (1923)]. Since the metric-
affine gauge theory of gravity is the most generic extension of the general theory of relativity
in a geometric manner, the extended theories have a possibility to explain gravitational
phenomena that are hard to treat within the general theory of relativity. The beginning
of the gauge approach to gravity dates back to the era of the birth of Yang-Mills gauge
theory [Yang and Mills (1954)], which provides the foundation of modern particle physics.
Inspired by this theory, R. Utiyama extended it into describing gravity in a unification
manner under the concept of gauge invariant principle [Utiyama (1956)]. Combined the
series of works by E. Cartan [Cartan (1924)] and H. Weyl [Weyl (1952); Hehl et al. (1986);
Blagojevic (2001)], the fundamentals of the theories are formulated as the formulation in the
current days. This is one of three topics of the present thesis.

A set of subclasses of the metric-affine gauge theories of gravity called the geometri-
cal trinity of gravity is the most actively researched one on the purpose of the cosmolog-
ical application for explaining the problems such as dark energy (the late-time accelerat-
ing expansion of the universe without the cosmological constant) and the origin of infla-
tion [Beltran Jiménez et al. (2019); Heisenberg (2023); Bahamonde et al. (2023a)]. This set
includes the general theory of relativity as a special case and these subclasses are equivalent
to one another up to boundary terms in action functional. The notable point is that this
equivalence gets changed when some extension or modification is performed and it gives
rise to the fertility for resolving the problems in cosmology. For instance, f (]%)—gravity
is one of the non-linear extensions of the geometrical trinity of gravity, and it includes
the most successful inflation model so-called Starobinsky R*-inflation model (Figure 1.3).
In addition, the non-linear extensions of the teleparallel and symmetric teleparallel grav-
ity, which are also subclasses of the geometrical trinity of gravity, generically provide the

so-called effective cosmological constant, and it can explain the late-time accelerated ex-
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Figure 1.3: Tensor-to-scalar ratio [Aghanim et al. (2020a)].

pansion of the universe. Furthermore, those extensions in quadratic, non-linear, and non-
local ways have also gathered attention as possible candidates for consistent low-energy
effective theories of quantum gravity from the viewpoint of UV-completion [Stelle (1978);
Starobinsky (1980); Koshelev et al. (2023)], which are ways to grasp a clue for understanding
the mechanism of inflation [De Felice and Tsujikawa (2010); Capozziello and De Laurentis
(2011); Donoghue and Menezes (2022)]. However, the cosmological application of the modi-
fied /extended theories of gravity demands unveiling such as the constraint structure of those
theories such as gauge symmetry, propagating degrees of freedom, the existence of (Ostrigrad-
ski’s) ghost modes. The Hamiltonian/Dirac-Bergmann analysis makes it possible to unveil
such structures [Dirac (1950, 1958a,b); Anderson and Bergmann (1951); Bergmann et al.
(1950); Bergmann (1949); Bergmann and Brunings (1949)]. (Stage 2 in Figure 1.1.) For

instance, the analysis of f (}o?)—gravity unveils that this theory has diffeomorphism and local



Lorentz invariance, three possible propagating degrees of freedom, and no ghost degrees of
freedom. The first and third properties are completely the same as the general theory of
relativity. The different property is the second one, and it is important since one of three
propagating degrees of freedom can be used for generating inflation and the remaining two
degrees of freedom are precisely the same modes in the general theory of relativity. The
Dirac-Bergmann analyses of these theories are also one of three topics of the present thesis.

The last one of three topics of the present thesis is a consideration of the well-posedness
of the variational principle. This topic is important in particular for the theories of grav-
ity since these theories are degenerate systems and many of these theories include second-
order or higher-order derivative terms in those action functionals. The former property
(degenerate system), on one hand, implies that the variational principle requires appropriate
boundary conditions that are consistent with the constraints of the theory. On the other
hand, the latter property (higher-order derivative system) indicates that the action func-
tional demands appropriate counter-terms under the imposition of the well-posed bound-
ary conditions of the variational principle known as the Gibbons-York-Hawking counter-
terms in the general theory of relativity [York (1972, 1986a); Gibbons and Hawking (1977);
Hawking and Horowitz (1996)]. It is well known that this sort of counter-terms plays a crucial
role in constructing theories of quantum gravity in the use of the path-integral formulation
and blackhole thermodynamics [Gibbons and Hawking (1977); York (1986Db); Braden et al.
(1990); Brown and York (1993b,a)|, which could contribute to understanding of the origin
of inflation. In this thesis, the well-posedness provides the action functionals of the theories
of gravity being suitable for the Dirac-Bergmann analysis, in which the absence of Ostro-
gradsky’s ghost modes is guaranteed by virtue of the work of the Gibbons-York-Hawking
counter-term.

Reassembling these three topics in theoretical order, the current thesis aims to give new

perspectives for the following three problems:



1. Well-posedness of the variational principle
2. Classification of the metric-affine gauge theory of gravity

3. Degrees of freedom counting of the geometrical trinity of gravity and its non-linear

extension with the Dirac-Bergmann analysis

Based on these problems, the current thesis is composed as follows:
The first two chapters are devoted to a review of degenerate systems and a method of making
the variational principle well-posed, respectively.

In chapter 2, a theory of analytical mechanics for theories of gravity is provided in a self-
contained manner. Theories of gravity have the properties of degenerate and higher-order
derivative systems. Starting with reviewing the basic concepts of non-degenerate point par-
ticle systems, a theory of degenerate point particle systems is introduced. In particular, the
Dirac-Bergmann analysis is reconstructed in detail. Based on these ingredients, the con-
cepts of gauge symmetry /transformation, Dirac structure, propagating degrees of freedom,
and gauge degrees of freedom are established. Finally, higher-order derivative point particle
systems are introduced. The problematic situations caused by the Ostrogradsky instabil-
ity /degrees of freedom are pointed out, and a methodology for removing these problematic
degrees of freedom is provided.

In chapter 3, a methodology for making the variational principle in point particle sys-
tems well-posed is established. The extension to field theories has been developing, but
some specific cases will be provided in the succeeding chapters of the present thesis. First
of all, the problems of degenerate systems in the variational principle are explained. It is
shown that the valid boundary conditions in a higher-order time derivative system but which
has equations of motion up to second-order time derivative are restricted to position-fixing

boundary conditions. Based on the Pons formulation, which is introduced in Section 2.5,
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Frobenius integrability conditions of first-order degenerate time derivative systems are inves-
tigated, and the concrete formulae of the conditions are derived. After these preparations,
the well-posedness of the variational principle is reformulated. Introducing two types of
embeddings of the symplectic manifold based on the Shanmugadhasan-Maskawa-Nakajima
theorem, i.e., quasi-canonical embeddings and canonical embeddings, the well-posedness is
investigated. As a result, appropriate boundary conditions are specified. Finally, examples
are given, and this chapter is summarized with the outlook for these works.

Chapter 2 is based on

e K. Tomonari, “On the well-posed variational principle in degenerate point particle
systems using embeddings of the symplectic manifold”, PTEP 2023 6 063A05.
DOI: 10.1093/ptep/ptad073, arXiv:2304.00877 [math-ph].

Copyright (2023) by the Physical Society of Japan [Tomonari (2023b)].

e K. Izumi, K. Shimada, K. Tomonari, and M. Yamaguchi, “Boundary Conditions for
Constraint Systems in Variational Principle”, PTEP 2023 10 103E03.
DOI: 10.1093/ptep/ptad122, arXiv:2303.03805 |hep-th].

Copyright (2023) by the Physical Society of Japan [[zumi et al. (2023)].

The next two chapters provide a review of the general theory of relativity and bundle
theory in a self-contained form. Many of the recent works of the metric-affine gauge theories
of gravity are discussed just by imposing some conditions on three fundamental geometric
quantities: curvature, torsion, and non-metricity, but, in the author’s opinion, it is over-
simplified. These geometric quantities and conditions are closely and precisely related to
the gauge structures of internal space, and, in order to unveil the relations and structures,
it is mandatory to discuss them based on bundle theories. Otherwise, the fertility of the
metric-affine gauge theories of gravity would be lost.

In chapter 4, the general theory of relativity, which is the most successful classical theory



of gravity in the modern physics, is established. First of all, the fundamental concepts of
the theory such as spacetime, weak/Einstein/strong equivalence principles are introduced.
Based on these concepts, the geodesic equations and the Einstein field equations are derived
from both viewpoints of physical considerations (bottom-up approach) and the variational
principle (top-down approach). As mentioned in Section 3.9, we assume that the well-
posedness of the variational principle demands consistency with the primary constraint(s):
¢, In particular, before deriving the Einstein field equations by using the variational
principle, the ADM-foliation /decomposition of the spacetime is introduced. This technique is
mandatory not only to apply the variational principle in a well-posed manner being consistent
with ¢V but also to perform the Dirac-Bergmann analysis. Finally, performing the Dirac-
Bergmann analysis, the propagating and gauge degrees of freedom of the theory are clarified.

In chapter 5, a mathematical framework for gauge approach to gravity is constructed.
First of all, three fundamental bundles, i.e., fiber bundles, G-bundles, and principal G-
bundles are defined. For principal G-bundles, the Ehresmann connection and its curvature
are introduced. After that, vector bundles together with gauge fields and those curvature
(field strengths) are derived. Internal space bundles, which play a crucial role in constructing
the metric-affine gauge theories of gravity, are also derived, in particular, focusing on frame
fields and Weitzenbd6ch connection. Finally, a gauge-approach derivation of the Einstein field
equations is described. This chapter gives mathematical basics for the succeeding chapters.

Based on the previous chapters, the final two chapters are devoted to formulating the
metric-affine gauge theory of gravity, in particular, focusing on the geometrical trinity of
gravity and those non-linear extension, and performing the Dirac-Bergmann analysis of these
theories.

In chapter 6, the metric-affine gauge theories of gravity are constructed. First, based on
Sections 5.2 and 5.4, three fundamental geometric quantities, i.e., curvature, torsion, and

non-metricity are introduced. Second, using the so-called M&bius representation of a gauge



group, the metric-affine geometries are classified into eight subclasses: Riemann-Cartan,
teleparallel, Riemann, Minkowski, Weyl-Cartan, Weyl, metric-affine, and symmetric telepar-
allel geometries. In this formulation, each geometric quantity is given by the exterior co-
variant derivative of each corresponding potential. Third, The geometrical trinity of gravity,
which is composed of the three subclasses: Riemann (general relativity), symmetric telepar-
allel, and torsion teleparallel, is established. These three subclasses are equivalent up to
boundary terms in the meaning of action functional. Finally, two extensions of the geomet-
rical trinity of gravity, that is, quadratic extension and non-linear extension, are introduced.
The latter extension plays a main role in the next section.

In chapter 7, the Dirac-Bergmann analysis is performed for each subclass of the geomet-
rical trinity of gravity and its non-linear extension. In order to apply the analysis, which
was introduced in Section 2.2 but restricted to point particle systems, to field theories, three
fundamental issues are clarified. These issues are commonly caused by the spatial derivatives
of the Dirac delta function. And then a prescription that circumvents the issues is proposed.
Based on the prescription, the analysis is performed for TEGR, CGR, a non-linear extension
of GR, TEGR, and CGR, and the propagating degrees of freedom of each theory is unveiled.
Throughout these analyses, the three issues in field theories of the Dirac-Bergmann analysis
are concretely clarified for each subclass, and the reason why the prescription is valid for
removing the issues is investigated. I emphasize that these analyses are not a complete ma-
nipulation of the issues; it is just a prescription to circumvent the issues and make it possible
to perform the Dirac-Bergmann analysis. Therefore, the results could be valid only for some
classes of solutions. Finally, this chapter is summarized with the outlook for these works.

Chapter 6 is based on

e K. Tomonari , “A unified description of curvature, torsion, and non-metricity of the
metric-affine geometry with the Mébius representation”, arXiv:2312.11558 [gr-qc|. [Tomonari
(2023a)].
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Chapter 7 is based on

e K. Tomonari and S. Bahamonde, “Dirac-Bergmann analysis and Degrees of Freedom
of Coincident f(Q)-gravity”, arXiv:2308.06469 [gr-qc|. [Tomonari and Bahamonde

(2023)].

Finally, in Chapter 8, I summarize the conclusions of this thesis.
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Chapter 2
Analytical mechanics on degenerate point

particle systems

Chapter abstract

In this chapter, a theory of analytical mechanics for theories of gravity is provided in a self-
contained manner. Theories of gravity have the properties of degenerate and higher-order
derivative systems. Starting with reviewing the basic concepts of non-degenerate point par-
ticle systems, a theory of degenerate point particle systems is introduced. In particular, the
Dirac-Bergmann analysis is reconstructed in detail. Based on these ingredients, the con-
cepts of gauge symmetry /transformation, Dirac structure, propagating degrees of freedom,
and gauge degrees of freedom are established. Finally, higher-order derivative point particle
systems are introduced. The problematic situations caused by the Ostrogradsky instabil-
ity /degrees of freedom are pointed out, and a methodology for removing these problematic

degrees of freedom is provided.

2.1. Non-degenerate systems

In this section, the basics of the Lagrangian and Hamiltonian formalism of non-degenerate
point particle systems are briefly reviewed. First of all, let us introduce the Lagrangian
formalism.

The principle of least action/variational principle plays the most fundamental role in this
formalism. This principle derives the equations of motion of a given system with respect to
the generic variations: not only to the variations of the configuration variables and those

velocity variables but also to the time variable. Assume that it exists that a system which

12



is described by a Lagrangian L = L(¢',q",t) (: € {1,2,---,N}) defined on the velocity
phase space T'Q x R of a configuration space Q. Here, ¢° = ¢'(t) are a coordinate system for
the configuration space. ¢' = ¢*(t) are the velocity variables of ¢‘(t), respectively, and then,
¢* and ¢' give a coordinate system for the velocity phase space. A non-degenerate system

satisfies a condition that the rank of the kinetic (or Hessian) matrix, i.e.,

9%L
J aqzaq] ( )
is full rank. Then the action functional is introduced as follows:
i = [ L g0 dr (2:2)
t1

where “ [¢",#] ” denotes that the right-hand side of the equation is a functional defined on
the configuration space T'Q x R. The principle of least action/variational principle, stating
that the path in nature locally minimizes the value of the action functional, leads to a set
of equations of motion. Consider the following variations:

q'(t) = ¢"(t') = ¢'(t) + 6¢'(t)
(2.3)

t—t' =1+ 0t(t).

Since the time variable is also varied, the commutativity of the variational operation ¢ and
the time derivative operation d/dt is lost; it indicates the necessity to reconsider the variation

of the time variables. Introducing the equal-time variation, 7.e.,

13



the following variation formula is derived:
0q'(t) = 84’ (t) + §'(t)t, (2.5)

where second-order variational terms are neglected. In the same manner, the variation of

the configurations are also calculated as follows:
5q'(t) = 8q'(t) + ¢'(t)dt. (2.6)
Then the first variation of the action functional (2.2) is calculated as follows:

Z. BT(OL  d (OL\) ., d ([OL\ -,
51[q ,t]—/tl Haqz’ - (aqi>}5q +E{(a_q'i) 5 +L6tH gt (@2)

Under the imposition of the Dirichlet boundary conditions, i.e.,

5q'(ty) = 6¢'(t1) =0,  St(ty) = 0t(t,) =0, (2.8)

then the variational principle, 61[¢*,t] = 0, leads to the equations of motion, 7,e., Euler-

Lagrange equations, as follows:

oL d (0L
ooy, o

The above derivation is based on the variational principle with respect to the generic vari-
ations Eq (2.5). Without the time variation, the boundary conditions dt(ty) = dt(t1) = 0
are satisfied by definition, and the derivation results back to the ordinary one in which the
variations are taken only to the configuration and those velocity variables.

Second, assuming that the Euler-Lagrange equations hold, Noether’s first theorem is

14



derived. Then, using Eq (2.6), Eq (2.7) becomes as follows:

51lg' 1] = / Lo (1),51(1) 1)

O(dq", ot ,t) = (g;) Y — {(%) — L} ot .

Since boundary terms do not affect to the Euler-Lagrange equations, the Lagrangian has an

(2.10)

arbitrariness of the boundary terms. That is,

d )
Lo L'=L+2W(g 1), (2.11)

and this symmetry is called quasi-invariance of the system. Therefore, the following formula

holds:

4 {000 (1) 0(0).1) - W(g'(1) .0} =0, 212)

This formula indicates that the quantity © — W is invariant with respect to the variation
Eq (2.3) in the time evolution of the system; © — W is a conserved quantity of the system.
This is a result of the quasi-invariance given in Eq (2.11).

Third, to exist a Lagrangian for given equations of motion, a set of relations have to be
satisfied as necessary and sufficient conditions. This theorem is crucial to validate Noether’s
first theorem since it is meaningless without the existence of a Lagrangian for the equations of
motion even if symmetries exist. All physics of a given system is engraved into a Lagrangian
excepting initial conditions. Assume that a set of equations of motion is given such that
these equations include up to second-order time derivative terms of the configurations as
follows:

[EoMJ;(¢", ", ¢" . t) = Ki;(d" . ¢" , )i + Ai(d",q",t) =0, (2.13)

where Kj;; is the kinetic matrix defined in Eq (2.1) and A, are arbitrary functions. The
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well-posedness of the variational principle under the imposition of the Dirichlet boundary
conditions guarantees the validity of the generic expression of these equations of motion
above. This point will be discussed in Section 3.2. The necessary conditions are nothing but

the satisfaction of the following formula:

(2.14)

j d (0L oL

0§) 9¢"

Comparing the coefficients of §*, ¢*, ¢*, and other terms, it leads to the following equivalent

formulae:

Kij = Kji,

0K 0Ky

a¢ ¢’

A, 0A; _ ( 0 a> (2.15)
0/ 8qi ot " 0 ’

(94 p 00 (0404
oq 6 o¢  0¢ )

Therefore, for a set of the equations of motion (2.13), if a Lagrangian exists then the above
relations have to be satisfied.

Conversely, if the above relations hold then the Lagrangian can be derived as follows:
L=K(,¢ t)+ D¢, t)d" +C(¢ ), (2.16)
where K, D;, and C are given as follows:

1
K(¢,q ) —/ ¢ H(@T,q ) dr + Wi(¢, 1),
0
) 1
mww=¢/74ﬂ&wwwww¢w, (2.17)
0

1
mwwzf/mwnwm+wm%m
0
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where Wy, Ws, and W3 are arbitrary functions and H;, Zj;;), and Y; are defined as follows:

1
H; Z/ ¢ Kij(¢"7. ¢",t) dr,
0
S _L(0A 04\ PK  PK
W9 \ag  a¢ ) " 0goy  dgiag
2 , , , 2 .
po [P 100 OANY 0K 0K oD,
oq'q? 2 \ O¢J g oq 0¢ ot ot

(2.18)

These arbitrary functions can be neglected as total divergent terms. This statement is
shown as follows: Without any loss of generality, these functions are encapsulated as K’ =
K+Ui(¢? ,t)¢+V (¢’ ,t) for appropriate functions U; and V. Using K’, Eq (2.16) is rewritten
as L' = K'+ Di¢'+C" = L+ D;¢' + C, where D; = D} +U; — D; and C = C'"+V —C. Since
Eq (2.14) leads to dD;/0¢’ — 0D,/dq¢' = 0 and 9C/dq" — OD; /0t = 0, it exists a function
W = W(q',t) such that D; = OW/dq" and C = OW/0t, and these conditions indicate that
L' =L+ dW/dt.

There is a remark; Eq (2.13) has an arbitrariness of the multiplication of a non-singular
matrix X;7: [EoM]; = X/[EoM]; = 0. It indicates that the correspondence between a
Lagrangian and a set of the equations of motion, Eq (2.13), is not generically determined
uniquely and also implies that there is a possibility for the existence of a Lagrangian even
though once the initial set of Eq (2.13) does not satisfy the necessary and sufficient conditions
given in Eq (2.15). That is, it is enough to satisfy the conditions (2.15) up to this arbitrariness
to exist a Lagrangian for Eq (2.13).

Finally, Hamiltonian formalism is introduced. The second equation in Eq (2.10) intro-
duces canonical momentum variables as follows:

oL

pi = B .

(2.19)

Then ¢* and p; span a coordinate system for the phase space T*Q x R by virtue of the
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implicit function theorem since the system is non-degenerate. For the coordinate system,

the Hamiltonian is introduced as follows:

H(qj 7pj 7t) = p’qu - L(qj 7qj 7t>‘qj:Fj(qk Dk ,t) ? (220>

where F'(¢’ , p; ,t) are a set of functions that are determined by the implicit function theorem.
This is nothing but the Legendre transformation of the Lagrangian L = L(¢', ¢*,t). The vari-
ation of the Hamiltonian under the Euler-Lagrange equations leads to 6 H = F*(¢’ ,p; ,t)0p;—
pidq', and it guarantees that the Hamiltonian formalism is described in the phase space
T*Q x R in a well-defined manner. The action functional in the phase space is given as

follows:

*I[ql y Di :t] = / (plql - H(q] 7pj 7t)) dt? (221)

t1
where the left under “,” of ,I[q",p;,t] denotes a quantity in the phase space. The varia-
tional principle under the Dirichlet boundary conditions, d¢'(t2) = d¢'(t1) = 0, leads to the

Hamilton equations as follows:

OH _ OH

i = P = ——. 2.22
‘=5 P o7 (2.22)

Under the satisfaction of the Legendre transformation Eq (2.20) and its inverse transforma-
tion, the first equations reproduce the relations ¢/ = F7(¢* , p ,t) and the second equations
are equivalent to the Euler-Lagrange equations given in Eq (2.9). This derivation is valid
only in the case that d¢’ and dp; are independent. If a set of constraints to the phase space
exist then the derivation has to be reconsidered. We need a theory on constraint/degenerate
systems. The derivation of the Hamilton equations under the existence of constraints will

be discussed in Sections 3.6 and 3.7.
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2.2. Degenerate systems and Dirac-Bergmann analysis

In this section, degenerate systems are defined, and a methodology to determine the time evo-
lution of a given system, i.e ., the Dirac-Bergmann analysis [Dirac (1950, 1958a,b); Bergmann
(1949); Bergmann and Brunings (1949); Bergmann et al. (1950); Anderson and Bergmann
(1951)], is introduced. First of all, let us introduce the Hamiltonian formulation of degener-
ate systems.

The rank of the kinetic matrix of the system, i.e., Eq (2.1), discriminates the degener-
acy /singularity of a given system from the non-degenerate systems. Assume that the rank
of the kinematic matrix is N — R: rank K = N — R (R > 1). Then the number of R primary
constraints exist, and such system is defined as a degenerate/singular system. Let us denote
these primary constraints as , gl)(qi ,pi) =0 (€ {1,2,---,R}) and the phase subspace
which is restricted by the constraints as €V (¢) = {P € T*Q x {t}.¢% (¢'(t) , ps(t)) = 0}
(t € R), where P is a point in 7*Q x R at a time t; P is coordinated by ¢' and p; un-
der the satisfaction of *gbg})(qi ,p;) == 0, and “ := 7 denotes the imposition as a condi-
tion. The degeneracy also implies the existence of the number of r zero-eigenvalue vec-
tors of the kinetic matrix. Based on this, taking into account that the number of N — R
velocity variables ¢* (a € {1,2,---,N — R}) can be expressed as ¢* = Fq",py; ¢%)
be{l1,2,- , N—-Ryae {N-—R+1,N—R+2--- N} by virtue of the implicit
function theorem, it is shown that the Lagrangian depends linearly on the velocity variables

(@€ {N—R+1,N—R+2, -, N}) [Saito et al. (1989, 1993)]

0 OL

= =0. 2.23
8@‘3‘ 8q5 qa:F“( ( )

q* pp;q®)

Therefore, the Legendre transformation of the Lagrangian becomes as follows:

H=Ho+ "¢y . Ho= [pad® +pad® — L(g", F*(¢" ;13 4%); 4V)] ju._y (2.24)

19



under the imposition of ¢* := 0, where ,gb&l) = Do — falq*,p;) := 0 for some functions
fa(q",p;) which are determined by the given Lagrangian. If the Legendre transformation
is restricted to the subspace €M) (¢) then H ~ H,, where “ ~ ” denotes the weak equality:
equality under the imposition of all the constraints. It indicates that ¢ can be expressed by
the phase space variables of a neighbor region of € (¢) in 7*Q x R, denoted by O(€M(t)),
and therefore ¢* in Eq (2.24) can be replaced as a set of Lagrange multipliers, denoted by
A = \¥(¢%, p;), as follows:

Hyp = Hy+ \*,¢0 . (2.25)

This quantity is noting but the so-called total Hamiltonian of the system, and this quantity
governs the time evolution of the system. Hj is called as the kernel Hamiltonian of the
system. Remark that the total Hamiltonian is defined in O(€()(¢)), which is a region of
T*Q x R, not in the subspace Qi(l)(t) of T*Q x R.

In order to reveal the dynamics of the system, it is necessary to determine the multipliers.
For this purpose, let us introduce the Dirac-Bergmann analysis. A natural way to resolve
this problem is that, since the constraints restrict the phase space to a possible subspace

in which the dynamics live, the constraints should not develop according to passing time.

o)
Expressing in a formula, denoting “ =~ 7 as the weak equality under the imposition of the

primary constraints, it becomes as follows:

. (1)
S0 = {00 Hrdpy & {6, Hobps + M Dag := 0, (2.26)

these equations are called consistency conditions, where “ {- - }p, 7 denotes the Poisson

bracket and D,g is called as Dirac matrix which is defined as follows:

Dop = {0, *¢(51)}P.b. : (2.27)
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Therefore, the consistency conditions determine the multipliers depending on the number of
the rank of the Dirac matrix. Assume that the rank of the Dirac matrix is R — Ry (R; > 1).
Then the number of R— R; multipliers are determined but that of R; multipliers remain arbi-
trary. It indicates that the same number of new constraints, higher-order constraints, appear.
The fundamental matrix transformations can split out the higher-order constraints from the
consistency conditions. This manipulation is allowed since the constraints can be reorganized
up to linear combinations. Applying this manipulation, the Dirac matrix is transformed as
follows: D;%) = PODWQWO for appropriate non-degenerate matrices P and QM. The
shape of the transformed matrix D’O%) is free to choose for the purpose of the analysis. In
this section, let us choose the shape as D/a(l) = diag(Tl(l) ,7'2(1) o ,TI(QRI ,0,0,--+,0). Using

these ingredients, the consistency conditions are transformed as follows:
PO, Hobpy, + DN =0, (2.28)

where Y = Q(l)_la/j)\ﬁ. Eq (2.26) is equivalent to Eq (2.28) by virtue of the regularity
of the matrices P and Q). For the indices ) € {1,2,--- R — R;}, on one hand, the
multipliers are determined as X\, 1) = —T(l)au)P(l)f(l){*(ﬁg),Ho}. Remark that we do not
sum over with respect to a®). On the other hand, for the indices o) € {R — R, +1,R —

R1+2,---, R}, new constraints, i. e., secondary constraints, have to be imposed as follows:

B

*gb(o?()l) = P(l)a(l){*gb/(ﬁl) 7H0}P.b. =0. (229)

In addition, there is a case that, in Eq (2.28), removing some multipliers from an equation
using other equations, a new constraint appears. In such cases, these constrains include in
*gb(z) extending the range of the index o). Then the total Hamiltonian can be reassembled

a)

as follows:

7Y = 7Y 4 2,00 (2.30)

a®)
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where Hél) and *q)&l()l) are defined as follows:

HP = Hy+ 200, 0l =000 0. (2.31)

a1

That is, the determined terms are encapsulated as the first term H(()l) in the reassembled-total
Hamiltonian H:(Fl). The second term in H}l) still has arbitrariness.

Repeating the same procedure for the secondary constraints under the reassembled-total
Hamiltonian Eq (2.30), and if it gives rise to new constraints then repeat over the same

process until all the multipliers are determined or the new constraint does not appear up

to linear combinations. Let us assume the process stops by S-steps. Then we obtain the

final results; the constraints *qﬁg}) =0, *QSS()U =0, @fjg,l) := 0 appear, the multipliers
/\“(1), /\‘1(2)7 cee 2 are determined, the reassembled-total Hamiltonian
Y = B + 2 0 (2.32)
where
S S— al® S S B
H[g ) = H((] b + A *(b;l()S) ) *(I)i[(g) = *¢(ﬁ )Q(S)a(s) (233>

is derived, and the dynamics of the system is restricted to the phase subspace ¢ (t) = {P €
T*Q x {t}|« O = 0, *¢i2()1) =0, 7*<Z52:271> := 0}. The multipliers A remain arbitrary
and the existence of such multipliers then implies that this system has gauge symmetry. This
point will be discussed in detail in the next Section 2.3. There is a remark; as long as all
the consistency conditions for up to sth-order constraints hold, where s € {1,2,--- S}, the
argument “ (¢) ” can be removed from the subspaces €1 (¢), €@)(¢), ...  &)(t) since all the
constraints up to sth-order are static.

The Dirac-Bergmann analysis reveals all the constraints of the system. These constraints

are classified into two classes: first-class and second-class. The former is defined as a set of
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constraints that are commutative with all other constraints in the phase subspace €(%) with
respect to the Poisson bracket. The number of the set of first-class constraints has to be taken
into the maximum number. Otherwise, the constraints are classified into second-class and the
total number of second-class constraints is always even as long as the first-class constraints
are taken in the maximum number |[Castellani (1982)]. The constraints satisfy the following
propositions; (i) A Poisson bracket between two first-class constraints is also classified into
first-class constraint; (ii) The product of two constraints is classified into first-class constraint.
For a function f in 7*Q x R such that f = 0 in ¢, (iii) f is expressed in a neighbor
O(€®) as a linear combination of the constraints with appropriate coefficient functions:

- : . e
f= g(o‘s() U@S&,l), where oy = a. In more detail, for first-class constraints ,x, =~ 0 (v €

()
{1,2,---,V}) and second-class constraints .6, ~ 0 (w € {1,2,---,2W}), (iv) A first-
class function f is expressed in a neighbor O(€¥)) as a linear combination of the first-class
constraints with appropriate coefficient functions: f = ¢".x,; (v) A second-class function f

is expressed in a neighbor O(€)) as a linear combination of both the first-class and second-

class constraints with appropriate coefficient functions: f = ¢".x, + h"6,. In particular,

Proposition (ii) indicates that the first-class constraints *gb((j;r)l) = {*gbfj;m ,Hr}pyp can be
expressed as a linear combination of the first-class constraints *qbs(l_l) (s e {1,2,---,5},

o e(S)
a9 = ) with appropriate coefficient functions: @Ej;l) = 0 1)a<5)(8) *¢S()sfl) ~

Based on the above manipulations for the system, the time evolution of a quantity,
denoted by f, of the system is described by the reassembled-total Hamiltonian H;S) as
follows: f =1{f, H,_(FS)}P,b. = X:(Fs)f = L s [, where X:(FS) and L, (s) denote the Hamiltonian

T T

vector field with respect to Hés), which is defined by

T T Tog op, op, 0 ot

(5) (S)
o _OHP 9 0HP 9 9 (234

)

and the Lie derivative with respect to X;S , respectively. The remarkable point here is that,
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in the cases that the Dirac-Bergmann analysis does not determine all the multipliers, the
time evolution of quantities of the system cannot be uniquely determined, and it is caused
by the existence of first-class constraints. Therefore, it needs to construct a theory to resolve

this situation and to identify the unique time evolution.

2.3. Gauge symmetries and Dirac structures

In this section, based on the properties of constraints of a given degenerate system, gauge
symmetry is formulated [Sugano and Kimura (1983); Sugano et al. (1986); Sugano and Kimura
(1990a,b); Sugano and Kagraoka (1991a,b)|. Then, the Dirac structure [Dirac (1950, 1958b)],
which identifies the time evolution of dynamical /physical quantities of the system, is intro-
duced. First of all, let us formulate the gauge symmetry.

In order to formulate the change of quantities of a given system, let us introduce the
concept of infinitesimal canonical transformation. For a canonical coordinate system ¢* and
pi, denoted by {q’,p;}, consider a canonical transformation from {q*,p;} to {Q?, P,} which
is generated by a generator: W = —p,Q" 4+ eG(Q’, P; ,t), where € and G are an infinitesimal
parameter and an arbitrary function of Q°, P;, and t, respectively. Then, taking into account
up to first-order terms of €, ¢ and p; are transformed as follows:

8G(qj 7pj ) t)

aG(q] 7pj 3 t)
Op; ’ ‘ .

¢ = Q =q+e pi— Pi=pi—e— (2.35)
ql

Remark that, in Eq (2.35), G becomes a function of ¢’, p;, and ¢ in the first-order approxima-
tion with respect to € due to the existence of € in the front of the partial derivatives. For this
infinitesimal canonical transformation, a quantity of the system, denoted by f = f(¢*,p;, 1),

is transformed into as follows:

daf ={f.Glpp. = Xaf = Lx,f. (2.36)
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In the above manipulation, G governs the transformation; G can be regarded as the generator
of the transformation rather than W. Replacing the generator G by the total Hamiltonian
Hrp, the Hamilton equations are derived; the time evolution of the system is nothing but
the sequences of the infinitesimal canonical transformations that are generated by the total
Hamiltonian.

The perspective described above for the change of quantities of the system reveals the
relation between first-class constraints and gauge transformations. For simplicity, assume

e(s)
that a degenerate system has only first-class constraints: *\11(5)571) ~ 0(se{l,2,---,S},

al
a® =a e {1,2,---,N —rank K}). Then the total Hamiltonian is given by Hy = Hy +
X"*\Ifg). Since the multipliers A* can be arbitrarily determined, for the transformation of a

generator G and a quantity f, it is possible to impose the following relation:

Lxo(Xrf) =X, o0 f, (2.37)

or equivalently, it is calculated as follows:

{G ., Hr}py. + % =A% ey

¢

0. (2.38)

That is, the generator G is static under the imposition of the primary constraints; it in-
dicates that dqf = Lx,f is nothing but a gauge transformation of the quantity f and G
is the generator of the gauge transformation, and the system is, of course, invariant un-
der the satisfaction of the relation Eq (2.38). That is, using the Hamilton equations and
the relations from the Legendre transformation, the variation of the Lagrangian L with re-
spect to the gauge transformation in the phase subspace €V, i.e., 0oL, is calculated as

) (€Y .
OcL = d(pidgq' —G)/dt — Ao, ol S d(pidcq' —G)/dt, and it varies up to a total divergent

25



term: ,dgL = dF'/dt. Therefore, the following relation is derived:

¢ OG
F =~ p——G. 2.

This relation implies a possible explicit form of the generator G.
In order to derive a concrete form of the generator G, let us consider an infinitesimal

transformation for the Lagrangian formulation which includes a set of arbitrary functions:
0cq' = (D" e(t))g' s (¢, 4) (2.40)

where Dle = dle /dt!> €*(t) are arbitrary functions of time, ¢, (¢’,¢’) are determined
by the Lagrangian, and I, € {0,1,---, M, — 1}. D'e%(t) are independent functions with
respect to [, and «. The invariance of the system to the above transformation indicates that

the Lagrangian varies up to a total divergent term: 6. = DF', where F' is defined by
F = D'e(t) funa (¢, ). (2.41)

The functions f,, (¢ ,¢’) are also determined by the Lagrangian. Since d.L = [EoM];d.¢" +

D(pid.q') = DF, the following identity is derived:

[EoM];(D"€*) g’ 1, + D{(D"e*)Ag1.} =0,
(2.42)

7
Aa,la =DPig al, — fa,la )

where [EoM]; denote the equations of motion in Lagrange formulation. Integrating by parts in

the range of (1 ,t,) under the imposition of the boundary conditions D' e®(ty) = Dle(t;) =
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0, the following identities are derived:

Mo—1
S (< 1) D' ([EoM]ig'as,) = 0, (2.43)
la=0
and
Aoz,Ma—l = 07
thla + DAa,la+1 + [EOM]igia,la+l = 0, (la € {1 , 2 gttt 7Ma - 2}) (244)
Mq—1
DAuo— Y (~1)* D' ([EoM]igay,]) = 0.
la=1

Eq (2.43) and the third identity of Eq (2.44) lead to the following identity:
DAy + [EoM]ig' a1 =0. (2.45)

The first identity of Eq (2.44) is nothing but the primary constraints in the Lagrangian
formulation: ¥ = Ag,—1 = 0. The second identity of Eq (2.44) leads to higher-
order constraints in the Lagrangian formulation under the imposition of the Euler-Lagrange
equations: ,WMele) — Ayt = —DAys, 11— [EoM]igiai, 11 = — D, yMele=l) applying

sequentially in the order of I, = M, — 2, M, — 3,--- ,0. This sequence implies that
) = Ay =0, (la€{1,2,--,M,}). (2.46)

In the Hamiltonian formulation, using the Hamilton equations, these constraints are con-

verted into

(la)
*\D((ll&+1) = Aa,Maflafl = {*\Ijga)7 HT}P~5~ C% 0. <247>

This indicates M, = S,. Based on these ingredients, Eq (2.40), Eq (2.41), the definition of
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A, given in Eq (2.42), and Eq (2.47) derive the following expression of the generator G:

Ma—1 Ma—1
(1) .
G = Z (Dla€a>Aa,la % Z (DIQEQ)*\P(SMQ*ZQ) = pidg — F (2.48)
la=0 la=0

in a consistent manner with Eq (2.39). Therefore, since D' e can be regarded as independent
functions € , a possible expression of the generator G' is nothing but a linear combination

of the first-class constraints , ¥4 with coefficient functions e (t)

G =€ (1), (2.49)

That is, the first-class constraints dominate gauge transformations under the satisfaction of
the condition of Eq (2.38).

The coefficient functions €f* (f) are restricted from the conditions of Eq (2.38) as follows:

oG )
{G,Ho}ps + = —\*, ol ~ 0
t (2.50)
1) 1)
{G7*\I;£¢ }P.b. ~ 0.
Taking into account Eq (2.49), the first relations above lead to
S Sa—1 Sa )
el 3" wlet) N "eg 07,05 &0, (2.51)
la=1 la=1 la=1

where the Greek letters run from 1 to the total number of the primary first-class constraints.

Therefore, a set of recurrence relations hold as follow:
& e e, Ca, =0, (2.52)

where [, € {2,3,---,5,}. The recurrence relations indicate that, providing the number of
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the primary first-class constraints functions ega under the satisfaction of the conditions in

B

., are sequentially determined. That is, the generator

Eq (2.50), all the remaining functions e
of a gauge transformation in Eq (2.49) is determined from the recurrence relations Eq (2.52)
under the satisfaction of the second conditions in Eq (2.50), and for this transformation, the
system is invariant; gauge symmetries are now formulated. The Poisson bracket algebra of
the first-class constraints, {. ¥, , *\Ijﬁ}p.b. = (7,5+V,, characterise the symmetries. In the
existence of second-class constraints, the above construction is valid for the reassembled-total
Hamiltonian Hés) = Hés) + /\"‘(S)*\Ilgg), recomposing the first-class constraints *\IJS(Y;) into

the form *\Ilg") up to linear combinations.

There is a remark on Eq (2.44); if S, = 2, the identities becomes as follows:

A04,1 = 07
(2.53)
Aoz,[) + DAa,l + [EOM]igzoz,l = A04,0 + [EOM]igZa,l =0.

These identities are noting but Noether’s second theorem with no time variation. Considering

time variation, 6.t = €*(t)7,(¢", ¢", t), the second identity becomes as follows:

Ao — E7o + [EoM]ig'a1 =0,
(2.54)

The first identity in Eq (2.53) and Eq (2.54) are nothing but Noether’s second theorem in
the most general form.

So far all the quantities of the system are arbitrary functions that are defined in the
phase space T*Q x R. A dynamical /physical quantity, denoted by f, is restricted to a

gauge invariant quantity: dgf = Lx.f = {f,G}prs. = 0, or equivalently, {f,.¥.}ps. =0

st st
for all the first-class constraints .U, ~ 0 (a € {1,2,---,U}), where “ ~ ” denotes the

equality under the satisfaction of all the first-class constraints. In addition to the first-class
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constraints, hereinafter in the rest of the section, assume that second-class constraints exist:

2nd 2nd
O, = 0(ae{l,2,---,2V}), where “ = ” denotes the equality under the imposition of all

1st

the second-class constraints. The Poisson brackets among f and .V, ~ 0 are already weak
2nd

equal to zero by its definition, but that among f and .0, ~ 0 do generically not vanish in

the weak equality even under the imposition of all the constraints. The Dirac bracket realizes

the weak equal vanishing not only for the first-class constraints but also for the second-class

constraints. Let us consider the following quantity:

2V U
Fr=rf= > {f:0ur(D w0y + Y A", U, (2.55)
a:l,b:l a=1

where A% are arbitrary functions. This quantity satisfies not only { f*, . Wo}ps. = {f,«¥a}ps.
0 but also {f*,.0.}ps. ~ 0. Since f** 2 f, the map f — f* is interpreted as a projection
map under the imposition of all the first-class constraints. Considering another physical
quantity g, the Dirac bracket, denoted by “ {-,-}p, 7, between f and g is introduced as

follows:

{ftpo = g Yoo = {f 0kpe. — D {f+:Oudro(D " )ar{-Op.g}ps.  (256)

a=1,b=1

The Dirac bracket inherits all algebraic properties of the Poisson bracket and satisfies the
following properties: {f,g}ps =~ {f*,9}ps. = {f,9*}ps.. Then the Dirac structure is

introduced as follows: For the linear transformation of the constraints
U, ==X, .0,—.0 =Y"0,+2%V,, (2.57)
where X Y*? and Z¢ are arbitrary functions, the Dirac bracket is invariant

{f,9Yps. = {f.9}ps. (2.58)
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Using the Dirac bracket, the time evolution of the physical quantity f is described as follows

f={f.Hrlps~{f. H(SS)}D.b, (2.59)

where Hés) is the determined part of the reassembled-total Hamiltonian Hy = H:(FS) =
H(()S) —i—)\“(s)*@f(;). That is, for a gauge invariant quantity, ¢.e., a physical quantity, the time
evolution is given by Eq (2.59). The Dirac structure introduces the dynamical/propagating

degrees of freedom and the gauge degrees of freedom.

2.4. Propagating and gauge degrees of freedom

In this section, the concepts of dynamical /propagating and gauge degrees of freedom are in-
troduced. The gauge Degrees of Freedom (gDoF') of a given system, on one hand, is already
implied in Section 2.3; the number of the undetermined multipliers Ao (c.f. Eq(2.32) and
Eq (2.33) in Section 2.2), or equivalently, that of the functions ¢* = €§ (c.f. Eqs (2.52) in
Section 2.3) is nothing but the gDoF. On the other hand, the propagating Degrees of Freedom
(pDoF) can be introduced in two different ways: based either on the Dirac structure or a the-
orem known as the Shanmugadhasan-Maskawa-Nakajima theorem [Shanmugadhasan (1973);
Dominici and Gomis (1980, 1982); Maskawa and Nakajima (1976); Tomonari (2023b)]. First
of all, let us consider the first case.

Assume that only second-class constraints, .0, =~ 0, exist. Then the Dirac structure
holds for any quantities of the system, and then the time evolutions of these quantities
are uniquely determined by Eq (2.59). Since the second-class constraints are static for the
unique time evolution, the number of possible canonical coordinate variables to describe the
system, i.e., propagating Degrees of Freedom (pDoF), is counted out as follows: pDoF =
(2N —2V)/2 = N — V. In the case of existing first-class constraints, .V, ~ 0, the situation
is different; the time evolution is no longer uniquely determined until the gauge degrees of

freedom are removed. One of the methods to realize this removal is the gauge fixing method.
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This method turns the first-class constraints into second-class constraints by imposing a set
of additional constraints.

Assume that the gDoF is 7 and ,UY’ ~ 0, .0 = {*\IJS) JHrlpy =0, LU =
{*\I/(as_l) JHr}pp =0 (a=1,2,---,T) are first-class constraints. Since the total Hamilto-
nian contains the number of T undetermined multipliers, only the number of T" additional

constraints can be imposed. Let us denote these T additional constraints as *u(l) := 0. Then

a gauge fixing condition is given as follows [Sugano et al. (1992)]:

— 1st;1
{*\Il(k) H(l)}P.b. ?3 07

a o x=p
NOT:1st;1
det ({*\D((XK ) *ug }Pb ) ~ 0, (2.60)

— NOT:1st;1
{*:Egl),Ho}P.b. ~ 0,

« Ist;1 « NOT:1st;1 ’ . . .
where“ ~ 7 and R~ denote the weak equality and the weak not equality, respectively,

(1)

under the imposition of all the first-class constraints and .=, ’ := 0. The remaining T x

1st;1,2,--- s
(S —1) additional constraints are automatlcally derived as ,E5™ = {*_a JHrtpy &~
{*_a ,Ho}pp.. Then, impose: 28 =0 (s €{1,2,---,5}). Using the Jacobi identity, it is

shown that ,U$ ~ 0 and .= ~ 0 satisfy the following relation:

NOT:1st;1,2,---,S
det ({U),,EE ) p,) T 0, (2.61)

otherwise the determinant among U and L2 are weak equal to zero under the imposition

of all the first-class constraints and all the additional constraints, as desired; This relation
indicates that *\Ifgf )~ 0 and *E((f) ~ 0 are now classified into second-class constraint. The
third conditions in Eq (2.60) determine the multipliers A“.

The pDoF in the case of existing the first-class constraints, 7.e., *\IIS) ~ 0, *\I!g) =

{*‘If((xl) yHr}pp, =0, RSO {*\D((qu) ,Hrypp = 0 (= 1,2,---,T), or equivalently,
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gathering these into , ¥, ~ 0 (o € {1,2,---,V =T x S}), is now obvious by applying the
pDoF in the case of existing only second-class constraints: pDoF = (2N — (V +V))/2 =
N — V. In addition, in the case of existing the second-class constraints ,0, ~ 0, the pDoF
is (2N —2U -2V)/2=N-U-V.

Finally, let us introduce the pDoF in a direct way based on the Shanmugadhasan-
Maskawa-Nakajima theorem. The statement of the theorem is expressed as follows:
Theorem 1.

For a symplectic 2-form of the given system: Q = dq¢' Ndp; (i € {1,2,---,N}), it ex-
ists a canonical coordinate system such that Q = dQ! A dP; + d,0°% A d,0, + d,Z° A d, ¥,
(Ile{1,2,--- N-V-U};aec{l,2,--- ,V};ae{l,2,--- ,U}), where ,0% ~ 0 and
«O4 = 0 are composed only of all the 2V second-class constraints, .V, ~ 0 are composed

only of all the U first-class constraints.
[

Applying this theorem, the pDoF and gDoF of a given system are counted out. A point
which should be careful is that the conjugate pairs of the second-class constraints, ¢.e.,
0% =~ 0 and .0, ~ 0, are static in the time evolution, but so are not the configuration
variables for the first-class constraints, 7.e., ,=%, unless appropriate gauge fixing conditions
are imposed. Therefore, on one hand, if the system has only second-class constraints then
the counting is performed in the same manner as the previous paragraph. On the other hand,
if the system has first-class constraints then the counting for pDoF' in the phase space turns
out to be ,pDoF = 2N — 2V — U. In order to convert ,pDoF into that of the velocity-phase
space, i.e., pDoF, speculating the possibility of gauge fixing, pDoF should be counted out as
follows: pDoF = (,pDoF —U)/2 = N —V — U. This means that, when counting out pDoF
based on the above theorem, the resulting number of pDoF is generically different from the
number of actual propagating modes since the set of degrees of freedom which evolves in

time, i.e,., .=, is removed out. That is, there may occur a situation such that the pDoF
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counted out based on the above theorem is less than the number of actual propagating
modes. If encountering such a situation, we should perform gauge fixing and check whether
this discrepancy is reconciled or not.

There is a remark; Taking into account the rank of the kinetic matrix Eq (2.1), it gives
the upper limit of the pDoF of the given system. That is, let us assume rank K = N — R. If
R is an even number then the theorem indicates that the upper limit becomes (2N — R)/2:
pDoF < N — R/2. If R is an odd number then the theorem implies that the limit becomes
(2N —R—1) = (2N —2R' —2)/2: pDoF < N — R’ — 1, where R = 2R’ 4+ 1. The pDoF
counted out by the Dirac-Bergmann analysis has to satisfy this upper limit as consistency

with existing constraints.

2.5. Higher-order derivative systems and Ostrogradsky ghost degrees
of freedom

In this section, higher-order derivative systems, of which Lagrangian contains higher-order
time derivatives, are introduced. Such systems generically have the so-called Ostrogradsky
instability. There are two ways to formulate such systems: Ostrogradsky’s original formu-
lation [Ostrogradsky (1850); Woodard (2015); Saito et al. (1989, 1993)] and Pons’ modified
formulation [Pons (1989)]. First of all, let us introduce Ostrogradsky’s formulation.
Assume that a Lagrangian L = L(¢%, D¢',--- ,DMq") (i € {1,2,--- ,N},D = d/dt)

exists. Then the kinetic matrix of the system is given as follows:

K" = : —, (2.62)
O(DQiy) (D)
and the action functional is introduced as follows:
. . . t2 . . . .
t1
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where

Qly=D""¢", DQiy,=D"¢ (se{1,2,-- ,M}). (2.64)

First, let us consider the non-degenerate case: det K M) £ 0.
The variational principle is applied under the imposition of the Dirichlet boundary con-
ditions, Qés) (t2) = Qés) (t1) = 0; the variation of the action functional with respect to the

configurations Qés) = D*1¢' is computed as follows:

B(OL s i () ¢ i |7
51_/tl (a—Qi—Pi )5@ dt + [R 6Q(S)L1, (2.65)

where Pz-(s), canonical momentum variables with respect to Qés), are defined as follows:

M
Pi(S) _ Z(_l)r—sDr—s (8552( )) ] (266)

r=s

These definitions can be reassembled as a reccurence relation, the so-called Ostogradsky

transformation, as follows:

oL _ oL .
p . pth = 92 pl) (2.67)
ADQ ) ODQ,_ )

together with Eq (2.64), where s € {2,3,--- ,M}. Therefore, the variational principle,

01 := 0, the Euler-Lagrange equations are derived as follows:

oL )

- — P =0. 2.68
5o~ P (2.68)

Remark that the second equations in Eq (2.67) do not describe the time evolution of the
system, although each equation contains the time derivative of the canonical momentum
variable. From the viewpoint of the variational principle, the equations of motion are given

only as Eq (2.68).
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In order to introduce the Hamiltonian formalism, let us consider the canonical variables
{Q%S), Pi(s)} (s€{1,2,---,M}) and the Legendre transformation, the so-called Ostrograd-

sky Hamiltonian, given as follows:

M-1
H(Ql,, P*) =" PYDQ, + PMF' — L(Qhy), Qlyy. - . Qlary FY). (2.69)
s=1

where

i i i i M
F'=DQyy = F'(Qlry, Q-+ aQ(M);Pi( ) (2.70)

is determined by the implicit function theorem for Eq (2.62). Notice that all the velocity
variables are removed from the theory. The first term depends linearly on P . Since P( *)
(s €{1,2,---, M —1}) can take the range of arbitrary value, on one hand, H would not be
bounded from below; the system may have an instability. If this is the case, it is nothing but
the Ostrogradsky instability and the corresponding degrees of freedom is called Ostrogradsky
ghosts, the total number of them is N x (M — 1) in this case. On the other hand, since

the canonical momentum variables Pi(M)

can be bounded from below via the relation (2.70),
therefore, if the first terms are absent, H is bounded from below. The variational principle

of the Ostrogradsky Hamiltonian derives the equations of motion as follows:

OH (s oOH

op;° 0L
The first equations for s € {1,2,--- | M —1} and the second equations for s € {2,3,--- | M}
reproduce the Ostrogradski transformation. The first equations for s = M lead to the

relations in Eq (2.70). The second equations for s = 1 derive the Euler-Lagrange equa-
tions (2.68).
The next stage is the degenerate cases but it is easy to describe from the knowledge in

Section 2.2. Let us assume that the rank of the kinetic matrix is N — R: rank K™) = N — R.
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In the same manner as Section 2.2, the total Hamiltonian can be introduced as follows:
Hp = Hy+ X*,¢ (2.72)

whete o = 60 (@ly Q- Uy P (o € {1.2,-++ . RY). The Dirac-Bergmann
analysis is also applied in the same manner as Section 2.2. The time evolution of the canonical

variables is calculated as follows:

DQZ@ = {Qés);HT}P.b. ~ Qésﬂ) se{l,2,--- M—1},

a a 7 7 i M a
DQ(M) ~ I (Q(l)vQ(Q)v"' 7Q(M);Pb( )§)\ )

DQy = A%, (2.73)
ppW ~ 9L
9Q()
_ oL
DPz(S)%_pZ(S 1)_|_— 56{2,375]\/[}
aDQ(s—l)

The fourth equations describe the time evolution of the system. The others reproduce the
Ostrogradsky transformation.

Finally, let us introduce Pons’ formulation; a method to decompose a higher-order deriva-
tive system into a first-order system with the corresponding second-class constraints using
a set of auxiliary variables. This formulation is frequently used in the studies of modi-
fied/extended theories of gravity. Assume that a Lagrangian L = L(q%, D¢, --- , DMg')
(1€ {1,2,--- ,N},D = d/dt) exists. Then let us require the first relations of the Ostro-

gradsky transformation Eq (2.64) as a set of constraints:

DQiy = Qlorry =0, (se{l,2,--- ,M—1}). (2.74)
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These constraints decompose the Lagrangian into

N M-1
L— L= L'(Qlﬁ) >Q%2) s Qi vDQéM)) * Z A’(S)(DQ@) n Qésﬂ)) ' (2.75)
i=1 s=1
or schematically,
L— L= L/(Qlﬁl) ; Ql@) o ,QéM) ; DQlﬁl) 7DQ22) e >DQZ(M) ) D)‘is)’ és)) ' (2.76)

That is, the original system is decomposed into the first-order derivative system with a set
of auxiliary variables. Remark that, in the Ostrogradsky formulation, Eq (2.74) is not a set
of constraints but just that of replacement Eq (2.64); the given system remains M th-order

derivative system. First, let us consider the case: det K™ £ 0 for the kernel kinetic matrix

2Ll
M) = 9 —, (2.77)
3(DQLy) 0D Q)
but det K@) = 0 for the entire kinetic matrix
~ 0L/
(M) — : : 2.78
d(DX7)(DX7) "’ (2.78)

where X7 = {QE M): /\’@}; the sector for the configurations Qé ary 18 non-degenerate but the
whole sector for X* is degenerate due to the existence of the configurations )\és). It indicates

that there is a set of primary constraints as follows:

*0(1);9 = 7TZ‘(8) = O, *9 = P(S) - )\(S) = Oa (279)
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where 7rz-(s) and R(s) are canonical momentum variables

(S) o aL/ O P(s) aL/

T oDx, Tt T aDQ;

— =\ (2.80)
(s)

7

Since the sector for the configurations )¢, ,, is non-degenerate, the system does not give rise
g (M) g Y g

to another primary constraint. The Poisson brackets among *H(I)f and *Q(I)ZM_HS

are
{007 *9(1);\471“} pb. = 0;;0""; these constraints are classified into second class constraint.

The total Hamiltonian is derived as follows:

Hy =P DQiy + P F = L'(Qy . Qlyy -+ - Qlany » )

- ¥ D@ O M—1+ (2.81)
! [ i i 1)8 i 1\ M—1+s
Z Z A(S)( (s) — (3+1)) + oy L0 )i + 7 L0 )i ,
=1 s=1

where ¢! and 7! are multipliers, F* are implied from the implicit functions theorem for K®)

as follows:

i i i )i i i M
F' = DQ(M) =F (Q(1) 7@(2) T 7Q(M) ) Pi( )) ) (2-82)
and PZ-(M) are canonical momentum variables as follows:

(M) oL’

P = — 2.83
= oo (28

The linear dependence on B(S) that is not bounded from below gives rise to the Ostrogradsky
instability. Since the first three terms in Eq (2.81) do not contain 7TZ-(S) and )\Z(»S), the consistency

conditions determine all multipliers as

oL’ e _ A
s—1 i % %
s—1

e
1 ~
O-S ~

Therefore, the Pons formulation is completely equivalent to the Ostrogradsky formulation

39



in terms of Dirac brackets. In particular, applying the equations of motion with respect to

(s) - X . e
N te., DQ%S) — Qs41) ® 0, then 77 ~ 0.
The next consideration is a degenerate case for the configurations QéM); assume that

rank K™ = N — R. Then the number of R primary constraints

*Qﬁs) = *ngzl)(Qél) 7Qé2) e aQéM) ) Pi(M)) =0 ac {1 2,0 7R} (285>

are added to the above consideration. Then the total Hamiltonian (2.81) becomes as follows:

N M-1
s i i i i i s i M—-1+s o
Hy, = Ho+ P DQly = > >~ Xy (DQly) = Qlyyny) + 0.0 + 70,0, + R0,
=1 s=1

Hy=PMF* — L'(Qly), Qlay .+ Qiagy » ).

(2.86)

where a € {N —R+1,N—R+2,--- ,N}. The linear dependence on P that is not

7

bounded from below gives rise to the Ostrogradsky instability also in the degenerate case.

s 1) 11 €@ . N
The consistency conditions for () % 0 and *6(1)?4 s & 0 determine the multipliers
7! and o as follows:
0 _pen 9L Oge) i e DQj, - Q; (2.87)
U; ~ o + i — K ) TsZ R Zs - ls : .
3DQ(S_1) 3@(3) (s) (s+1)

In particular, the second equations turn into being weak equal zero under the equations
of motion with respect to )\és). This situation is different from the non-degenerate case;
the multipliers 0! are not determined until the multipliers xk® are fixed. It indicates that
the constraint structure, which is given by the primary constraints *gb&l) ~ 0 and those
consistency conditions, dominates all physics of the system. Notice that if it exists first-

class constraints then the equivalence in terms of Dirac brackets between the Pons and
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Ostrogradsky formulation only holds for physical quantities (gauge invariant quantities).

Only the cases of existing second-class constraints hold the complete equivalence.

2.6. Ostrogradsky ghost-free theories

In this section, a set of conditions to remove the Ostrogradsky instability is introduced. The
most general theorem is very complicated, therefore, let us first discuss two simple cases:
L=L($,¢,¢;4,q) and L = L(¢*, ¢, 6% ¢" ,¢') (a € {1,2,--- ,A};ie{1,2,--- ,N}) to
understand the essential points. After that, the general statement is just given without proof.
The detailed considerations including the explicit proofs are given in Refs [Motohashi et al.
(2016, 2018a,b)].

The first case is L = L(qﬁ b, q); the Lagrangian contains at most second-order time
derivative and first-order time derivative of ¢ = ¢(t) and g = ¢(t), respectively. The Ostro-
gradsky instability is generated by the variable ¢. In Pons’ formulation given in Section 2.5,

the Lagrangian is decomposed by using an auxiliary variable as follows:

L—=I'=L(Q,Q,6:4,9) + Ao —Q), (2.88)

where @) is an auxiliary variable, A is a multiplier. The total Hamiltonian is derived as

follows:

Hp = Hi+XQ + 11.® + v, ¥, Hy=PF+pf—L'(F,Q,¢:f,q), (2.89)

where P, p, m, and p are canonical momentum variables with respect to @, ¢, ¢, and A,
respectively. p and v are multipliers. ,® =7 — A~ 0 and ,¥ = p =~ 0 are primary second-
class constraints. Remark that the multiplier A\ is regarded as a configuration variable.
F=F(Q,P;q.p)|sxr,and f = f(q,p;Q, P)|srx, are functions that are determined from

the implicit function theorem under arbitrarily fixing values of ¢, 7, A, p for the kernel kinetic
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matrix given by

Loy L., 2y
K® = | 799 e 0 (2.90)

) LXY - .

Q4
Here, the kernel kinetic matrix is assumed as non-degenerate. The entire kinetic matrix
K@ = Lyy, where X,Y € {Q .q, qb , )\}, has its rank of 4 — 2 = 2; this is consistent with the
existence of the two primary constraints. Then the consistency conditions for ,® =~ 0 and
V¥ = 0 determine all the multipliers p and v as follows: pu g) 0 and v g) {:®, H\}ps..
That is, there is no secondary constraint. Therefore, the degrees of freedom of the system is
(4 x2—2)/2 =2+ 1. The extra degrees of freedom is caused by the term AQ in Eq (2.89)
since A %(1) 7 is unbounded from below; this is nothing but an Ostrogradsky ghost degrees

of freedom.

In order to remove this difficulty, an extra condition has to be imposed as follows:

R(P,p; Q,9.9) =0. (2.91)

In a local region, this additional condition leads to the following conditions by virtue of the
implicit function theorem: either P = G1(p; Q,¢,q) or p = Go(P; Q, ¢, q). Therefore, the

following additional primary constraint can be imposed; either

or
T =p—Gy(P; Q,6,q) =0 (2.93)

Let us consider the first condition (2.92). The total Hamiltonian of the system is modified

as follows:

H} =H)+2Q+p.2+v,V+E.2, (2.94)
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where H{ is given in Eq (2.89). The consistency conditions for these primary constraints,
(1)
@ =0, ¥ := 0, and ,= := 0, determine the two multipliers © and v as p ~ 0 and

1)
v =~ {.®,H}pp + &(0G1/09), respectively, and give rise to a secondary constraint

—. " — ! aG
O =02 H}py = -1+ {2, H}py — 8—¢1 =0, (2.95)

1)
Notice that the momentum variable 7 =~ X is now related to other phase space variables

by virtue of Eq (2.95). Furthermore, since all constraints that appeared here are classified
into second-class constraints, therefore, the degrees of freedom is at least (4 x 2 —4)/2 = 2.
Taking into account the fact that = %\S) A is bounded with other phase space variables,
the Ostrogradsky instability is now removed from the system. Remark that the second
condition (2.93) concludes the same result.

There is an important theorem that relates either the additional condition (2.92) or (2.93)

to the degeneracy of the system and vice versa, stated as Condition (2.92) is equivalent to
det K® = LegLyg — (Lgg)* =0 (2.96)

under the imposition of Ly, # 0. The same statement holds for Condition (2.93) under the
imposition of Ly # 0. If Ly; = Lygg = 0 then the dependence on p and P is eliminated from
both the conditions and these coincide one another. This theorem can be shown by using
the implicit function theorem. Using this theorem and the fact that the degeneracy of the
kinetic matrix K leads to the existence of its null-eigenvalue vector, it is shown that the
Euler-Lagrange equations of the system contain at most second-order time derivative not
only for ¢ but also for ¢. This is another signal for removing the Ostrogradsky instability
from the system.

The above arguments can be generalized into the case of existing multiple variables: L =
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L(¢%, ¢, ¢% 4", ¢") (ae{1,2,---,A>2};ie{1,2,---,N}). The original Lagrangian is

decomposed as follows:

L— L= L/(Qa ) Qa; (Zga ’ ¢a; ql ’ qz ) )\a> + >\ll<(ba o Q“) ) (297>

where Q* are auxiliary variables and ), are multipliers. The total Hamiltonian is derived as

follows:

HC/ZC = H(/)_'_)\(J,Qa—i_ua *®a+ya *\Ija+€a *Ea 9 H(l) = PaFa—i_p'Lf’L_L,(Fa) Qa’ ¢a; fl7 ql) Y (2'98)

a

where P,, p;, m, and p, are canonical momentum variables with respect to Q%, ¢, ¢,

and \,, respectively. F'* = F(Q% Pu; ¢", pi)| g ner, po and f* = f(q", pi; Q% Po)|pa ra rg,pa aTE
functions that are determined from the implicit function theorem. ,®, = 71, — A\, := 0 and

VU, = p, := 0 are primary constraints, and

*Ea == Pa - Ga(pi ) C]Z ) Qb ) ¢b> =0 (299)

are additional primary constraints that need to remove the Ostrogradsky instability, and

that are equivalent to the following condition:

det K® = L, — Ly L7 Ly =0, (2.100)

where K@ is defined as follows:

La La'
I e (2.101)

Lip L
where Lo, = 02L/0Q%0Q", Lo; = 0*L/0Q%0¢, and L;; = 9*L/¢d¢’. Then the consistency
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conditions for ,®, := 0, ,¥, := 0, and ,=, := 0 determine the multipliers y* and v* as
1) (1)
p* ~ 0and v* =~ {,Q,,Hj}ps + £ (OG/09"), respectively, and give rise to secondary

constraints as follows:

—_— — aGa [ —
w2 = —Tg + {*‘:a ) H(/)}P.b. - wa + gb{*:a sxzvppb = 0. (2102)

Here, a departure from the single variable case appears; the rank of the matrix A, =
{24, «Zp}pp. in the last terms dominates whether or not the above conditions derive sec-
ondary constraints. To remove the Ostrigradsky instabilities, it is necessary and sufficient

conditions to impose the rank of A, is zero, or equivalently,
Ay = {:Za,+Eptpp. == 0. (2.103)

These conditions are new additional conditions when existing multiple second-order time

derivative variables. Then the number of A secondary constraints appear, that is

0Ga _ 0, (2.104)

_ = b
*q)a = —Tq + {*k—*a;H(l)}P.b. - Q 8§bb i

and the degrees of freedom are now (6A+2N —2A—-2A)/2 = A+ N. Taking into account that
Eq (2.102) under Eq (2.103) relate m, to the other phase space variables, the Ostrogradsky
instability is now removed from the system. Then the additional constraints ,=* := 0 and
the degeneracy of K lead to the fact that the Euler-Lagrange equations contain at most

second-order time derivative terms.

Finally, let us state a most general case: L = L(¢% , D¢"; ¢t | D¢ | D*¢'t; - - ;

@', Dpla  Dgid ... DI*1gid) That is, a system which includes at most (d + 1)-order time
derivative terms. Here, the indices ix (k € {0,1,2,---,d}) run the range of as follows:
ip =1,2,--- ,ng and iy, = Z?;Ol(nqul), A2, S u ) (k> 1), In
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order to apply Pons’ formulation in Section 2.5, the following configurations are introduced:
o=¢0, QL=¢1, ... QY=g (2.105)
Then the original Lagrangian is decomposed as follows:

L/_L( io Yo . )it i1 i, )iz i2 i A2, ... )i td . id 'id)
- 00 » =00 10> w1l 211> 20 219 w22 W22 ) d0 %dl ) odd o ¥dd

+AL(Q — Q)

+ A5 (@5 — Q%) + XA (Q%F — Q)
+)‘f1%( Zl%_ fiiHAiﬁ( fiCll_ fid2)+' d,d 1(Qdd 1 Qifd)

The configurations of the system, i.e., Q, )\Z} lead to the corresponding canonical mo-
mentum variables; let us denote them as P,j, sz In particular, ¢ € {Q@}, pi € {PS} =
{L:}, Qll € {Q1, Q%+, Q) and Ph € {Pli. Py, P} = {Ln}, where I, €
{149, ,i4}. Then the following notations are introduced: Q € {Qp} \ {Q Noa e
(AN ALY, P = {P)\ {PI1 } =X, and p € {pi} \ {pi5} = 0. Therefore, the dimension
of the entire phase space is Nigia = 2 Zk,o ng+4 Zk—1 kny,. Assembling further notations as
Q11 e {(Q, Q% . Q% -, dd o QIQE{Q207 B Q' q o} nglle{QdeOv

and Qld € {Qld where Ij, € {ix,--- ,iq}, and then Q € {Qk07QII,:)+1}a

QIkH S {Q;:Llu ;:4:222 o 7fofd—k}7 and Pl(k < {P128> kzzlrfl o >P(§:1d—k}v the above La-

grangian is arranged as follows:

d .
=Ll ¢ QY QP QPP - Q") + SAP@QP — Q). (2.100)
k=1
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Therefore, the total Hamiltonian is derived as follows:

Hf = H" + [t .o + i s o + 73 LT
~ > ~ 0 d
H" = H! + Q(I?)P}j) +QWPY + -+ QU VP, (2.107)

H” Qll + qu LH?

where ,®, € {P — A} oy 0 and ,®, € {p} oy 0. o and fi, are Lagrange multipliers.
Notice that the linear terms Q?}j‘”ﬁ}f’ cause the Ostrogradsky instability.

The degeneracy conditions that have to be imposed to eliminate the Ostrogradsky insta-
bilities are derived by performing the Dirac-Bergmann analysis. The same considerations of
the case as L = L(¢% ¢*, ¢*;¢',¢") (a € {1,2,--- ,A>2};ie{1,2,--- N}) leads to the

following degeneracy conditions:

L]1J1 — L[liLiijjl = 0,

o (2.108)
{*\Pg?) ’*\I[f][i)}P.b. =
where \If ) e {L0% U %Y are defined as follows:
~ ~ 1)
AP =PV~ Fi ¢ QY .Q) & 0. (2.109)

The higher-order structure which is more than third-order requires further degeneracy con-
ditions to remove the Ostrogradsky instability. The consistency conditions for the secondary

constraints, , T ) ¢ T T G- s« L'q 1}, that is,

AP = LV 1Yy = B - 6P 0 0 .QY Q) & (2.110)
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demand the following degeneracy conditions:
{*T,*@Eg)}P_b_ =0 except i (2.111)

where ,Y is defined as follows:

~(k < (k— Sk AR i A (k)
W = LY Yy = PP -GV ¢ .0 ,Q) = 0 (2.112)

e (k)

for ke {1,2,---,d}. {*TZ%,*\ilg?)}p.b. ~ 0 (ke{2,3,---,d}) are included since these
(k)
conditions will be required below. Notice that .Y = 0 fix the linear dependence of the

canonical momentum in Eq (2.107). The counterpart of the consistency conditions are given

as follows:
i H” O ik HlO < 0 (k 1,2,---.d 2.113
{0, H Y eo. + YL {14+« h tpn A (ke{l,2, ,d}) (2.113)

L (k)
Imposing {.T}%, *\Ifg?)}p_b_ * 0 (k€{2,3,---,d}), these conditions yield the following
additional constraints:
. . ¢ (k)
S = {0k H" }py = 0 (k€{2,3,--,d}), (2.114)

oglR)
and the consistency conditions for £} ~ 0 demand the following degeneracy conditions

{*Q,*‘i’sol)}p,b, =0 except *Qg), (2.115)

k)

. (
where ,Q € {—{.QF, |, H"}py =~ 0} (ke {l+1,0+2,---,d;1e{2,3,-,d—3}).
Then, since all the constraints are classified into second-class constraints, therefore, the

number of degrees of freedom is IV}, = ZZ:O ny; the number of the Ostrogradsky ghost
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degrees of freedom is now removed out.

These conditions correspond to Eq (2.96) in the single second-order time derivative sys-
tems, or Eq (2.100) in the multiple second-order time derivative systems, and Eq (2.103),
respectively. The existence of the higher-order time derivative terms that are more than
third-order requires the additional degeneracy conditions, that is, the third and the fourth
conditions, Eq (2.111) and Eq (2.115), to remove the Ostrogradsky instability. Furthermore,
under these conditions, it is shown that the Euler-Lagrange equations of the system include

the time derivative terms up to second-order by applying the implicit function theorem.

2.7. Summary

In this chapter, a theory of analytical mechanics for theories of gravity, focusing on degener-
ate and higher-order derivative point particle systems, was established. The Dirac-Bergmann
analysis reveals the constraint structure of a given system. It also provides a set of funda-
mental concepts that play the main role of the present thesis: the propagating degrees of
freedom, the gauge degrees of freedom, and the methodology of removing the Ostrogradsky
degrees of freedom. Since theories of gravity have the properties of degenerate and higher-
order derivative systems, therefore, a theory established in this chapter provides fundamental

tools for treating theories of gravity.
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Chapter 3
The well-posed variational principle in

degenerate point particle systems

Chapter abstract

In this chapter, a methodology for making the variational principle in point particle sys-
tems well-posed is established. The extension to field theories has been developing, but
some specific cases will be provided in the succeeding chapters of the present thesis. First
of all, the problems of degenerate systems in the variational principle are explained. It is
shown that the valid boundary conditions in a higher-order time derivative system but which
has equations of motion up to second-order time derivative are restricted to position-fixing
boundary conditions. Based on the Pons formulation, which is introduced in Section 2.5,
Frobenius integrability conditions of first-order degenerate time derivative systems are inves-
tigated, and the concrete formulae of the conditions are derived. After these preparations,
the well-posedness of the variational principle is reformulated. Introducing two types of
embeddings of the symplectic manifold based on the Shanmugadhasan-Maskawa-Nakajima
theorem, i.e., quasi-canonical embeddings and canonical embeddings, the well-posedness is
investigated. As a result, appropriate boundary conditions are specified. Finally, examples

are given, and this chapter is summarized with the outlook for these works.
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3.1. Cumbersome situations of the variational principle in degenerate

systems

In this section, the difficulties of applying the variational principle to degenerate point par-

ticle systems are clarified. Let us start with considering four examples

1 1
Ly =i+ 9"+ Mz +y),

2 2

. 1
Ly =¢'¢*+ =¢*(¢*)?,

2 (3.1)
Ly =q¢'¢ — ¢*¢" — (¢")* — (¢*)°,
1 1
L= —~qi— —q°.
4 2(161 26]

The first system is a textbook example of existing an exterior constraint that is taken
into account by a Lagrange multiplier. The second and third ones are systems only with
first-class constraints and only with second-class constraints, respectively [Cawley (1979);
Dirac (1928)]. The last one is an example of existing with a second-order time derivative
term [Dyer and Hinterbichler (2009); Izumi et al. (2023)].

The first-order variation of these systems are computed as follows:

6Ly = {\— '} o6q" + {\ — @} 0¢* + (¢ + ¢*)oN + % [¢"6q" + ¢*6¢%]

1
0Ly ={—=q"}dq' + {5(613)2} 0" +{—q" + ¢’} 0¢° + % (664" + ¢'6¢°] |
(3.2)
0Ly = {24* —2¢' } 6" + {—24¢" — 24} 6¢° + a [(—¢*)dq" + ¢"6¢%] |

dt
. d[1
0Ly ={—j—q)oqg+ = [—

1
Sa — b
di 2(]Q QQQ]7

where in the first system the multiplier is regarded as a configuration. Integrating these
over an open interval (t1,t3), and imposing appropriate boundary conditions at each end-

point ¢; and t,, the variational principle leads to the Euler-Lagrange equations for each
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system are obtained. It is easy to confirm that the naive imposition of Dirichlet boundary
conditions for all the configuration variables in the boundary term does not work well; For
the first system, the boundary conditions dq'(t2) = d¢*(t1) := 0 and d¢?(ty) = d¢*(t) := 0
are equivalent to ¢'(t,;) := al and ¢3(t;) := a2 (1 = 1,2), where a! and a? are arbitrary
constants. Then the variational principle leads to the Euler-Lagrange equations of motion
but one of the equations, i.e., ¢! + ¢> = 0, it is nothing but an exterior constraint, is
generically inconsistent with the boundary conditions at each end-point ¢; and ¢5; For the
second system, in the same manner as the first case, it is shown that the naive boundary
conditions dq'(ty) = dq*(t1) := 0 and d¢*(t2) = d¢*(t1) := 0 are inconsistent at least with
the constraint ¢® = 0; For the third system, the system has only one propagating degrees
of freedom since the equations of motion are either ¢! + ¢ = 0 or ¢ + ¢*> = 0. Therefore,
the naive boundary conditions d¢*(t2) = d¢*(t;) = 0 and d¢*(ta) = d¢*(t1) = 0 become
over-imposing, and these boundary conditions cannot uniquely determine the two initial
conditions in the solution; the dynamics of the system cannot be determined uniquely; For
the last system, the naive boundary conditions dq(t2) = dq(t1) = 0 and 0¢(t2) = d¢(t1) =0
are themselves inconsistent in general since there is one equation of motion and therefore
the velocities at the boundaries are of course determined by the derivative of the solution
q = q(t); it is impossible to fix the configuration and its velocity variable at the boundaries
in an independent and arbitrary manner. These cumbersome situations are caused by the
constraint structure of each system. That is, in order to make the variational principle well-
posed in degenerate systems, a methodology for taking appropriate boundary conditions is
mandatory.

A clue to formulating the well-posed variational principle is the coincidence between
the number of boundary conditions and that of initial conditions, and the half numbers
of them are also equivalent to the propagating degrees of freedom. Therefore, in order to

approach the problem, the following guiding principle is assumed, stated as “as many inte-
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gral constants (/initial conditions) in the solutions of a given system as possible should be
uniquely determined through the boundary conditions’. While, as mentioned in Section 2.4,
the Shanmugadhasan-Maskawa-Nakajima theorem decomposes the entire phase space into a
physical subspace and a constraint subspace, and it indicates that the existence of a canonical
coordinate system that spans each subspace and that the original canonical coordinate system
can be transformed into the new canonical coordinate system by performing the correspond-
ing canonical transformation. Therefore, it would be expected that fixing the configurations
for the physical space is a possible candidate for appropriate boundary conditions that are
to make the variational principle well-posed from the viewpoints of the coincidence of the
numbers. In fact, this insight gives a correct way, although the cases of existing first-class
constraints need more careful considerations. In order to proceed with this strategy, the
Dirac-Bergmann analysis has to be valid without depending on the well-posedness of the
variational principle. Finally, let us confirm this statement.

This statement can be proved by noticing that the well-posedness relates only to the sym-
plectic potential w = p;dq’; this quantity is nothing but the boundary term of the first varia-
tion of a Lagrangian with p; = L/d¢'. That is, after performing the appropriate canonical
transformation, when varying, the well-posed variational principle should give rise to a sym-
plectic potential schematically such that w’ = P;dQ! + Constraint Structure in 1-form-+ W
as its boundary term up to some total divergent term . While this transformation does
not affect the symplectic structure since Q = dw = d¢* A Ip; s = QT N OPr +
Constraint Structure in 2-form = ', where "7 denotes the equality under a canonical
transformation; canonical transformations never change the symptectic structure, or equiv-
alently, the symplectic 2-form. Therefore, taking into account the following two facts; (i)
The definition of the Poisson bracket: {f,g}ps. = Q(X;,X,), where Xy and X, are the
Hamiltonian vector fields with respect to some functions f and g, respectively; (ii) The time

development of a quantity f of the system is given as f = {f,Hr}ps, where Hr is the total
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Hamiltonian of the given system, it shows that the statement holds.

3.2. Dirichlet boundary conditions and second-order derivative equa-
tions of motions

In this section, the meaning of Dirichlet/position-fixing boundary conditions is clarified in the
variational principle [Tomonari (2023b)|. In higher-order derivative systems, the first-order
variation of the Lagrangian of a given system gives generically rise not only to the first-order
variation of position variables but also to that of the derivatives of these variables at the
boundaries. In such theories, the Euler-Lagrange equations generically include higher-order
derivative terms that are more than second-order. However, in order to make sense of the
equations as physical meanings, these equations have to be at most second-order differential
equations. This ansatz restricts the boundary conditions in the variational principle.

Let us first consider a second-order derivative system given as follows:

19(gi i 1] = / L g ) dt, (3.3)

t1

where @ € {1,2,---  N}. This is a special case of Eq (2.63) with M = 2. The first-order

variation is given as follows:

t N

2 OL® 4 [oL® d? (oL@ ,
@) _ _ e a i

o / Zlaqi dt(aq'i>+dt2(aqi ﬂéth

1 =1

N N t2
oL® d (oL@ . oL@\
Z{ o _%( o )}5“’ +;( o )‘”"L |

=1

(3.4)

check also Eq (2.65). The variational principle leads to the following Euler-Lagrange equa-
tions (check also Eq (2.66) and Eq (2.68)):

L2 7,2 2 7,2
OL 4 (0L @ (0L (3.5)
oq* dt \ 0¢ dt?> \  0q
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under fixing both the position and velocity coordinates as follows:

8q'(t1) =6¢'(t2) =0,

84’ (ty) =04’ (t2) = 0

(3.6)

if the system is non-degenerate, i.e., K® = 92L®?) /00§’ is full rank, but this condition is
not satisfied due to the ansatz; the order of the Euler-Lagrange equations has to be at most
second-order in time derivative. That is, the Euler-Lagrange equations (3.5) are rewritten
as follows:

KZ.(J?)'q"j + Eff)qj + (up to 2nd-order terms) =0 (3.7)
where we defined

g _ LY ey PL® 2L®
i T ggog U T dgog  0@ogq

(3.8)

To turn the equations into at most second-order time differential equations, the matrices

K® and E® have to be zero-matrices:
K® =0, E®=o. (3.9)

Then the Euler-Lagrange equations have at most second-order time derivative. The first
condition in (3.9) indicates that this system has to be degenerate as the second-order deriva-
tive theory. Notice also that Condition (3.9) are noting but the Ostrogradsky ghost-free
conditions given in Section 2.6.

In addition, on one hand, the first condition of Eq (3.9) leads to a specific form of
Lagrangian [Motohashi and Suyama (2015); Motohashi et al. (2016)]:

N
LO =% fd . a)i + 9@, d). (3.10)

=1
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On the other hand, this second-order time derivative system should be equivalent to a first-
order time derivative system discussed in Section 2.1. It indicates that the Lagrangian of

the system should be equivalent up to surface terms. That is,

dw
L@ W =r1® 4 3.11
where W = W (4", ¢"). If W satisfies the following conditions:
ow
i+ —=>=0 3.12
fit 53¢ (3.12)

or equivalently,

W= — ; / fidd® + C(¢7), (3.13)

where C'is an arbitrary function of position coordinates, the first terms in the Lagrangian (3.10)
vanish, and the system turns into a first-order time derivative system. Note, here, that
Eq (3.13) is nothing but a counter-term in the second-order time derivative system. Fur-

thermore, the first-order variation of the action functional of L' becomes as follows:
t2

N
oL® d (oL®\ oW .,
S 4% i (o) aqi}5q] 4y

=1 t1

oI'M) = the same terms to 61 +

Therefore, the boundary condition (3.6) for the variational principle now turns into position-
fixing boundary conditions:

8¢'(t) = dq' () = 0 (3.15)

if the kinetic matrix K i(jl) = 92L'M /0§’ 0¢’ is non-degenerate. This coincides with the bound-
ary conditions for the first-order time derivative systems: Eq (2.8) with no time variation. It
makes sense since boundary conditions should uniquely determine the dynamics. From these

considerations, the ansatz reveals that appropriate boundary conditions for the variational
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principle in second-order time derivative theories are position-fixing boundary conditions.

In general, the action functional for the systems is given as follows:

to
100 :/ LOD (DM . Dq g 1) dt, (3.16)

t1

this is nothing but Eq (2.63). The first-order variation of the action functional is given as

follows (check Eq (2.65)):

o1 /tXN: JZV[:( 1)"D OL™D 6q' d XN: i( 1)"*D oL 5(D*1q)
— _ T ‘s . q’L t+ _ r—S rT—S8 . S— q’L
t1 =1 Lr=0 d(Drq’) = . d(Drq?)

r=s> t
(3.17)
If the following differential equations for W = W (¢*, Dq*,--- , DM~14%):
M
OLUD oW }
—1)—D"* — + —| =0, 3.18
> |V S s (315)

r=s>2

are solvable, the Euler-Lagrange equations are derived as follows (check also Eq (2.66) and

Eq (2.68)):
M
LW LM d oL
> (-1Dr oL _ oL’ doL’ : (3.19)
— d(Drq?) d¢t  dt 04
where LV = L@ 4 dW/dt, under position-fixing boundary conditions:
5q'(t) = 8q'(t2) = 0, (3.20)

if the kinetic matrix Kg) = 92L'M /0§ 0¢’ is non-degenerate. Therefore, the ansatz indicates
that appropriate boundary conditions for the variational principle in Mth-order derivative
theories are nothing but position-fixing boundary conditions. Remark, finally, that the
Ostrogradsky ghost-free conditions given in Section 2.6 are also verified by a straightforward

computation although it is so tedious.
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Based on the above considerations, as long as the ansatz, stated as the order of the
Euler-Lagrange equations has to be at most second-order in time derivative, is assumed,
the higher-order time derivative systems need the position-fixing boundary conditions when
applying the variational principle. Therefore, the problem is a methodology to identify
a set of position variables that should be fixed on the boundaries when the variational
principle applies in the first-order time derivative degenerate systems under the addition of

an appropriate counter-term if needed.

3.3. Frobenius integrability of first-order time derivative systems

In this section, based on the Frobenius theorem, the existence of solutions in both non-
degenerate and degenerate systems is considered [Sugano and Kamo (1982)]. This existence
also means that a set of integral constants is derived, and these play a crucial role in formulat-
ing the well-posed variational principle [Tomonari (2023b)]; it relates to the realization of the
guiding principle, stated as “as many integral constants (/initial conditions) in the solutions
of a given system as possible should be uniquely determined through the boundary conditions’.
From the previous section 3.2, introducing appropriate counter-terms, it revealed that the
Lagrangian describing a system of which equations of motion contain at most second-order
time derivative terms becomes first-order. This indicates that it is enough to investigate the
cases that Lagrangians contain at most first-order time derivative terms. Let us start with
introducing the Pfaffian system of the Lagrangian formulation in a non-degenerate system
and investigating its Frobenius integrability.

The Euler-Lagrange equations, Eq (2.9), are given as follows:

oL d (0L
- — — -1 =0. 21
o dt (aq'@) ’ (3.21)
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Pfaffian system is introduced by splitting the equations into 1-forms as follows:

ph=dq' —v'dt =0,

91‘ = Kijd’l}i - Sldt = 0,
where K;; and S; are defined as follows:

9°L L 0L 9L oL

Ki=s500° = Vogov  owov oq

(3.22)

(3.23)

Remark that the 1-forms in Eq (3.22) can be derived by calculating the exterior derivative

of the second equation in Eq (2.10). It implies another viewpoint from the Lagrangian

formulation for the validity of the Dirac-Bergmann analysis without depending on the well-

posedness of the variational principle as mentioned in Section 3.1. The Frobenius theorem

states that the Pfaffian system is Frobenius integrable, or equivalently, the system described

by Eq (2.9) has solutions, if and only if a system of generators for the Pfaffian system,

that is, a closed algebra in the Lie bracket composed of vector fields that are orthogonal to

the Pfaffian system, exists. Since the Pfaffian system spans 2/N-dimensional subspace of

T*(T'Q x R), the system of generators is 1-dimensional subspace of T(T'Q x R) as follows:

—a"i—i-b"a —1—2
ol dqt  Ot’

@ = (KNS, b=y,

Xy

(3.24)

Then the Frobenius theorem indicates the existence of the number of 2n functions f! and

integral constants ¢! such that

(3.25)

where I € {1,2,--- ,2N}. Therefore, the implicit function theorem leads to the solutions
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as follows:

¢ =t c), v =vit,). (3.26)

Under the solutions of the first equation in Eq (3.22), the second solutions above can be
rewritten as ¢' = ¢'(t,c’).

In the Hamiltonian formulation, the Hamilton equations, Eq (2.22), are given as follows:

. OH 0OH
/= = —— 3.27

and expressed as the following Pfaffian system:

) . H
*p’:dql—a dt =0,
Op;

H
aq"

(3.28)

The same considerations as the Lagrangian formulations but in the phase space 7*Q x R

lead to the following generator:

o) 0 0
*X = % z_~ *bz_ P
t= s it o

*a — 9 xU; — — .
Op; aq"
Then the Frobenius theorem leads to the following relations:
S i t) = i (3.30)

where I runs from 1 to 2N, ,f! and .c’ are functions and integral constants, respectively,
which are implied from this theorem. Therefore, the implicit function theorem gives the

solutions:

¢ =.q't,.c"), pi=pit,.). (3.31)
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Since the configurations are given by the first formulae in Eq (3.26) and both the formula-

tions have a common configuration space, .¢'(t, .c!) should exactly be the same as ¢'(t, c!).

Therefore, ¢! = ¢! are concluded, and the solutions become

qi = qz(t ) CI) ) bi = pz(t ) CI) . (332)

The non-degeneracy, det K # 0, implies the equivalence between the solution (3.26) and
(3.32) by virtue of the implicit function theorem. This is also a conclusion from the following

one-to-one COI‘I‘GSpOHdGHCGS:

0 o 0 n Op; i
d¢¢  Id¢°  O¢ Op;’

0 op; 0 0

' < ' G_pj = Ky ap; (3.33)
0 Op; O 0

o orap ot

where the left-hand side and the right-hand side are composed of the coordinate basis of
T(TQ x R) and T(T*Q x R), respectively.

Next, let us consider the Frobenius integrability of the given degenerate system in the La-
grangian formulation, i.e., in the velocity phase space T'Q x R. Assume that the degeneracy

condition rank K = R(< N), or equivalently, the following condition:

KijTg =0 y (334)

is taken into account, where o € {1,2,--- , N — R} and 7’ are zero-eigenvalue vectors. The
given system has the number of R primary constraints: ¢&1) = 0, and these are satisfied as
identity. This property and the second equation in Eq (3.22) lead to the following secondary
constraints:

¢ =78 =0. (3.35)
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The completeness of the zero-eigenvalue vectors implies the existence of a set of vectors, 1,

such that

(2 .
S & Ky . (3.36)

The generator of the Pfaffian system (3.22) are derived as follows:
Xr =X+, + €Y%, (3.37)

where (* and &% are multipliers, X;, Z,, and Y,, are defined as follows:

16 28 3 . 18 . o 18 7 i
Xt_n%_'_vaqz—i_a’ Za——Ta%, Ya_[Xt’Za]_Taa_qi+( ZQT] XtTa)

0
ot
(3.38)
In the presence of the constraints, ¢>£5) ~ 0 (s € {1,2}), the space in where the dynamics
processes is restricted into a subspace of the entire phase space, T*Q x R. It implies that
the generators of the Pfaffian system have to be formed with respect not to the entire phase

space but to the constraint subspace that is restricted by all the constraints. In order to find

all other constraints, the following condition has to be imposed:
dpP?(Xr) :=0. (3.39)

If d¢£3)(Y5<1>) # 0 hold for a /8 then this condition determines a multiplier (*. Otherwise
it gives rise to a new constraint: ¢y = dgbg)(XT) := 0. Remark that dgbg)(Zﬁ) =0
are automatically satisfied therefore the multipliers £* remain arbitrary. Repeating this

procedure, all constraints are derived as follows:

P = dp(Xp) =0 (s=2,3,---,5, — 1),
(3.40)

@(Sa)

B = dol) (Xp) = Clef) R0,
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where CZ, are some coefficients functions. The above conditions are called consistency con-
ditions in the Lagrangian formulation. Under these constraints, if the following conditions

are satisfied then the system is Frobenius integrable:

. . (Sa)
0,(Xr) = —CKiy(Zan + X,70) & 0. (3.41)

(Sa) )
pi(Xr) ‘<~ 0 are automatically satisfied by virtue of p; := K;;jp’. Then the number of

(2N — all constraints) functions and integral constraints exist, and the implicit function
theorem derives the solution of the Euler-Lagrange equations (3.22) of the system, in the
same manner as the non-degenerate case, under the imposition of the Frobenius integrablity
condition (3.41).

Finally, let us consider the Frobenius integrability of the given system in the Hamilto-

nian formulation. Under the degeneracy condition rank KX = R(< N), the Dirac-Bergmann

analysis in Section 2.2 leads to all constraints from the primary constraints *gzﬁ,g) =0 as
follows:
, , ERO
D = (o) Heypy + —57— =0,
ot (3.42)
/) Q:(S(lx)

*(ﬁésgﬂ) _ *XHT@&SA) — *Ci,*q)(ﬁs =~ 0,

where s’ € {1,2,---,5! — 1} and the total Hamiltonian Hyp is given by Hr = Hy + Ca*@g).
Remark that all indices are primed since the equivalence of constraints between the La-
grangian and Hamiltonian formulations is not proved yet (it will be proved later). Under
these constraints, for the Pfaffian system of Eq (3.28), if the following conditions are satisfied

then the system is Frobenius integrable:

N &kgb((xl) e(Sh)

*gi(*XT> =—C a—q’ 0, (3-43)
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(54) .
«0; (X 7) ‘<" 0 are automatically satisfied, where ,p; = Kj;.p’. Then the number of

(2N — all constraints) functions and integral constraints exist, and the implicit function
theorem derives the solution of the Hamilton equations (3.28) of the system, in the same
manner as the non-degenerate case, under the imposition of the Frobenius integrability
conditions (3.43).

In a non-degenearate case, a one-to-one correspondence of vector fields between T'(7T°Q x
R) and T(T*Q x R) given as Eq (3.33) exists, but in a degenerate case such correspondence

is violated due to the degeneracy of the kinetic matrix Kj;:

0 op; 0 0
vt - vt 8_])] = Ky op;

(3.44)

Therefore, the Hamiltonian formulation cannot be transformed into the Lagrangian formu-

lation but the opposite is possible as follows:

OHy 0 0Hy 0 0 0
X X = - — — =X —,
T S 0 og opn Lo T g
Lo = 24 =0, (3.45)
3*¢(1) ) 3*¢(1) o
Y,—>.Y,= B - — < — =X .
- Op; Oq' gl Op; 0%
Therefore, Xy, — .X gy, becomes
N 0 0
Xr = Xy, =Xy, +¢ *X*¢511>+§:*XHT+§= (3.46)

where Hr = Hy + Co‘*gbg) is nothing but the total Hamiltonian of the system. Therefore,

the indices s and s’ are identified and so are S, and S/; qﬁ((f) and ., ((f/) have a one-to-one

correspondence, respectively.
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3.4. Reformulation of the well-posed variational principle

In this section, introducing three fundamental maps that are correspondences between inte-
gral constants from the Frobenius integrability and position-fixing boundary conditions in the
variational principle, velocity variables and momentum variables, and the Hamiltonian vec-
tor fields in the Lagrangian and Hamiltonian formulations, respectively, the well-posedness
of the variational principle is reformulated [Tomonari (2023b)]. First of all, let us start by
introducing the three fundamental maps scrutinizing a non-degenerate system.

Based on the considerations in the previous section, a non-degenerate system is Frobenius
integrable and has the solutions Eq (3.26) in the Lagrangian formulation, or equivalently
Eq (3.32) in the Hamiltonian formulation, and vice versa. The solutions of configurations
are common in both the formulations as follows: ¢ = ¢4(¢,c?) (A, B € {1,2,--- ,2N}).
In a local open region U of the configuration space Q, regarding the integral constants, ¢,
as continuous parameters and assuming 9¢*/0cP # 0 on U, the implicit function theorem
becomes applicable. This leads to a map ¢ that maps the configurations at times ¢, and ¢,

to a 2N-dimensional parameter space C which is spanned by all the integral constants:

v Q)X Qlto] = C; (¢' (1), ¢* (1), -+ a™ (1), ' (82) , @ (t) .-+ g™ (t2)) = (¢ - ),
(3.47)
where Q[t] is the space spanned by the configurations at a time ¢ and ¢‘(¢;) are the values of
configuration coordinates at the time ¢;. ¢‘(ty) are defined in the same manner. The space
Q[t] is usually a local region since the variational principle leads to a local minimum of the
action functional. The important point is that map ¢ is invertible by virtue of the implicit
function theorem. In other words, the position-fixing boundary conditions can be replaced
by the integral constants in the solutions and determine the dynamics uniquely when the

propagating degrees of freedom matches the number of the independent integral constants.
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This is the first correspondence and nothing but the realization of the guiding principle,
that is, “as many integral constants (/initial conditions) in the solutions of a given system
as possible should be uniquely determined through the boundary conditions”.

The second correspondence is introduced by a map as follows:

)
-5

K:TQ xR = T*Q x R; ¢ (t) > p;(t) (3.48)

In the non-degenerate system, that is, det K # 0 implies that map « is invertible by virtue

of the implicity function theorem:

KT O X R = TQO X R;pi(t) = ¢'(t) =v'(¢/ ,p;, t). (3.49)

This property is of course satisfied in a local region.

The final correspondence is expressed in a map as follows:

9 B[T(TQ x R)] = S[T(T*Q x R)]; Xy — , Xy | (3.50)

where B[T'(TQ x R)] and &[T*(T'Q x R)] denote spaces of the system of generator for the
Pfaffian systems (3.22) and (3.28), respectively. The Hamiltonian vector fields X; and ,X;
are defined in Eq (3.37) and Eq (3.46), respectively. Note that Eq (3.46) is directly indicates
the existence of the above map O and its well-definedness. The existence of its inverse map
is guranteed from Eq (3.33).
Finally, let us define the well-posedness of the variational principle as follows:

Definition 1.

The variational principle s well-posed if and only if the three fundamental maps ¢, k, and
O are well-defined and invertible on a phase (sub)space in which the physical phase space

exists.
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In a degenerate system, the degeneracy makes it generically impossible to introduce
map ¢ in a well-defined manner. Furthermore, maps x and © are always introduced in
a well-defined manner, but their inverses generically do not exist. Therefore, in order to
establish a well-posed variational principle in the degenerate system, we have to remove these
incompatibilities from the theory. The strategy to tackle this problem is that we restrict the
entire phase space to a subspace such that each invertible map for x and O exists, and
then we construct a well-defined map ¢ in the subspace of which the inverse map exists.
The construction of subspaces of phase space, however, differs from the cases of ordinary
differential manifolds. That is, arbitrary restrictions, or strictly speaking, embeddings, are

not allowed, unlike ordinary differential manifolds.

3.5. Embeddings of Symplectic manifolds

In this section, based on the Shanmugadhasan-Maskawa-Nakajima theorem, which is already
stated in Section 2.4, the embeddings of a symplectic manifold are introduced [Tomonari
(2023b)]. The embeddings are classified into two types, “canonical’ or “quasi-canonical’
embeddings, according to the existence of first-class constraints. In order to formulate the
embeddings, a method of fixing coordinate functions is applied. This method introduces
an embedding and a submanifold simultaneously. Let us start by reviewing this method in
ordinary differential manifolds by using examples.

Assume that an abstract embedding “¢p” : “S” — R? for some differential submani-
fold S of R? exists. The submanifold “S” is also abstract one; it symbolically denotes all
possible submanifolds of R®. That is, any concrete embedding and submanifold are deter-
mined yet; there is only a structure (“¢”, “S”). Now, let us equip R*® with a coordinate
system. For instance, assume that R? is equipped with polar-coordinates (r,6,¢). Then

the abstract embedding becomes 9 : “S” — R3; (v*r,9*0 ,9*p) — (r,0,p), where ¥* is
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the pullback operator of 1; the structure can be identified by fixing a set of pullback of
the coordinate functions by . If ¥*r is fixed as 1 then the abstract embedding turns into
S = R3; (Yrr = 1,90 ,¢*p) — (r,0,¢); this is nothing but the embedding of the unit
sphere. Similarly, fixing either ¢*0 or ¥*¢ leads to an embedding of a 2-dimensional plane,
respectively, fixing both ¢*6 and 1*p derives an embedding of a line. In general, for a differ-
ential manifold, M and a possible submanifold “S”, an abstract embedding “¢)” : “§” — M
can be introduced, and it forms a structure (“¢o” , “S”). Then, equipping a coordinate sys-
tem with M and fixing a set of the pullbacks of the coordinate functions, the structure is
identified: (¢, S).

In the case of phase space, however, embeddings by fixing coordinate functions are gener-
ically restricted. For instance, any odd-number dimensional subspaces cannot be embedded
into the entire phase space. Therefore, this restriction has to be realized as an embedding
into the entire phase space such that the canonical structure holds at least for the subspace
wn which the dynamics lives. Let us call such embedding “canonical’ if it exists. To consider
canonical embeddings, we need to introduce the concept of symplectic manifolds.

At each time ¢t € I, where I C R is an open interval of the time variable, a space T*Q x R
is equivalent to T*Q. Then a symplectic manifold of 7*Q is defined as the structure (T*Q , Q)

equipped with a 2-form € on T*Q represented by
1
Q= §QAdeA A dzP (3.51)

satisfying the following three conditions:

(). Qap = —Qpa
(ii). det Qup # 0 (3.52)

(iii). d2 =0,
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where A, B € {1,2,---,2N}. The Darboux theorem under the conditions in Eq (3.52)

leads to the canonical structure:
1 .
Q= 5JAdeA AdzP = dgt A dp; (3.53)

at least in a local region on the symplectic manifold (7*Q,Q), where (2%, 2V = (¢*, pi)

and

0 I
J— NN (3.54)
—Inxn 0

Inyn 1s an N x N unit matrix. Then the Poisson bracket is defined as follows:

{f.g}tps. =Q(X;, X,), (3.55)

where Xy and X, are the Hamiltonian vector fields of f and g, respectively. Using these
concepts, we can define a canonical transformation as a coordinate transformation ¢ : T*Q —
T*Q; (¢',p;) — (Q', P;) such that the symplectic 2-form is invariant under the pullback
operation ¢*:

o Qg p=Q, (3.56)
where

, 1
Qq pi=dqg" Ndp, = §JAdeA AdZP

: (3.57)
Qo.p:=dQ' NdP; = §JABdZA NdZE
and (Z, ZNT) = (Q', P;). The condition (3.56) is equivalent to
STJS =, (3.58)
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where S7 is the transpose of S, and S is given as follows:

p*dZ* = S4pdzP, (3.59)
or more concretely,
0ZA
SAp = o (3.60)

for Z4 = (¢~1)*24. The definition of Poisson bracket given in Eq (3.55) implies that a
canonical transformation does not change the Poisson bracket. That is, the equations of
motion are invariant; the dynamics remains unchanged before and after the transformation.
Conversely, since the time evolution is decomposed into a series of infinitesimal canonical
transformations, the symplectic 2-form in Eq (3.52), or more general form Eq (3.51), is invari-
ant under the time evolution. Note that when we consider a subspace as an embedding into
the symplectic manifold (7*Q,2) by fixing some coordinates, a set of conjugate variables,
i.e. pairs: ¢¢ and p;, have to be fixed simultaneously. Fixing either ¢* or p; would destroy
the symplectic structure of the phase space. That is, the first and/or second conditions in
the definition (3.52) would be violated. This is the peculiar property of symplectic manifolds
differing from ordinary differential manifolds.

Now, let us introduce embeddings of a given symplectic manifold. The method needs to
introduce an abstract embedding “o” : “S” x R — T*Q x R and a coordinate system for
the entire phase space T*Q x R. The required coordinate system is of course provided by
the Shanmugadhasan-Maskawa-Nakajima theorem. Therefore, the abstract embedding turns
into o(t) : “S”" xR — T*QxR; (¢*(1)Q , o (t) P;,0*(t) .O%, 0% (t) vO4 , 0% () L2, 0*(t) L Vs,
o*(u = t) — (Q, Pr,,0%,,0,,,2% . V,,u), where [ € {1,2,--- ,N -V —U}; a €
{1,2,---,V};a€{1,2,--- ,U}. Hereinafter, we abbreviate the notation of “,” for the phase
space variables if it is apparent. The possible set of pullback of the coordinate functions is

only constraint coordinate functions, i.e., ©% ©,, and V¥, since other coordinate functions
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evolve in time passing. In other words, the consistency conditions for ©¢, ©,, and ¥, make it
possible to fix for incarnating the abstract embedding. In addition, fixing = is also possible
since this manipulation corresponds to gauge fixing. Therefore, there are eight possibilities
to incarnate the abstract embedding; (i) Fix ©* and ©, when ¥, do not exist; (ii) Impose
gauge fixing conditions to =%, and fix Z* and ¥, when © and 6, do not exist; (iii) Impose
gauge fixing conditions to =%, and fix 0%, ©,, =%, and ¥,; (iv) Fix ¥, when © and 6, do
not exist; (v) Fix 0%, 0,, and V,; (i)’ Fix only ©* and ©, when V¥, do exist; (ii)’ Impose
gauge fixing conditions to =%, and fix only =* and ¥, when ©% and 0, do exist; (iv)’ Fix
only ¥, when ©% and O, do exist; (vi) Impose gauge fixing conditions to =%, and fix only ©*
and ©,. Here, the prime “ ’” of (i)’ denotes the existence of W,. If this is not the case then

W m

we remove the prime “ ’ 7 from it. So are for the prime of (ii)” and (iv)’ with respect to

0, and ©“. Remark that imposing gauge fixing conditions to =“ means that these variables

. . . . .. —~  all constraints
turn into a set of constraints and satisfy those consistency conditions: = ~ 0, where

all constraints
« ~

” denotes the weak equality under the imposition of all the constraints including
the gauge fixing conditions.

First, let us consider Cases (i), (ii), and (iii). Case (i) leads to the following embedding;:

O'Q(t) ZT*Q|Q7p xR — T*Q x R
: (aé(t}QI L0 ()P, o5 (1)0 := € ,05(1)O, := €4, 05(H)u =1t) — (QI ,Pr,0%,0,,u),
(3.61)

where €* and ¢, are constant parameters, and 7%Q|g p denotes that the phase subspace
coordinated by Q! and P;. This embedding pulls back the entire symplectic manifold,
(T*Q x R,Q = dg'(u) A dpi(u)), to the submanifold, (T*Q|g pr x R,Qqg p = doj(t)Q" A
doy(t)Pr): o5(t)(T* QxR ,Q = dq'(u)Adp;(u)) = (T*Qlg pXR, Qg p = doj(t)Q  Ndas (t) Pr).

Qo(t) = doj(t)O* A doy(t)O, = 0 on T*Q|e x R throughout all time implies that it does
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not relate to the dynamics, but Qg p(t) # 0 on T*M|g p x R with the symplectic structure
describes the dynamics, and this subspace is nothing but the physical one. Notice that taking
limits of €* — 0 and ¢, — 0, 09(t) restores the constraint space. Therefore, Case (i) leads
to a canonical embedding: o5(t). 02(t) occupies 2V integral constants that are indicated by
the Frobenius integrability in Section 3.3.

In the same manner, Cases (ii) and (iii) lead to the following embeddings:

O'l(t) ZT*Q|Q’p xR — T*Q x R
;(Jf(t)QI,af(t)PI,af(t)Ea =€ 0i(t)Vy =€y, 0(Du=1) — (QI P 2% W, ),

(3.62)
and

o3(t) :T"Qlg p x R—>T"Q xR
H(03(0)Q", o3 (1) Pr, o3 (DE = €, 03 ()W = €, 05(1)O" := €, 03(1)O, 1= €, 03 (t)u = 1)
= (QF, P2, ¥, ,0%,0,,u).
(3.63)

In the both cases, o1(t) and o3(t), the original symplectic structure, (T*Q x R, Q = dq*(u) A
dp;(u)), is pulled back to (T*Q|g p X R,Qq p = doj(t)Q A doj(t)Pr); it is the same con-
clusion as o9(t). Therefore, Cases (ii) and (iii) also lead to the canonical embeddings: o, ()
(1 € {1,2,3}), and occupy 2V integral constants that are indicated by the Frobenius inte-

grability in Section 3.3.
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Second, let us consider Cases (iv) and (v). Case (iv) leads to the following embedding:

g1(t) :T" QxR —->T"Q xR
(ot)Q", ot () Py, ot ()EY 0t () i= €, 0 (Du=1t) — (Q, P;, 2, U, ,u).

(3.64)

Remark that o} (¢)=* cannot be fixed since the corresponding variables = evolve in time
unless gauge fixing conditions, or equivalently, a set of consistency conditions, are imposed.

In the case of the above embedding, the symplectic 2-form is pulled back as follows:

Gr (1) = dar(H)Q" A d&; (t) Py + dot (1) = A O . (3.65)

This result indicates that the case without the consistency conditions for =* does not reduce
the phase space into the physical space. In addition, since the first and/or the second condi-
tion of the definition for symplectic 2-form in Eq (3.52) would be violated, this embedding is
not canonical as it is. However, we will confirm that this embedding can be canonical as we
impose gauge fixing conditions. This is a peculiar feature of systems existing of first-class
constraints. Let us call this sort of embeddings being “quasi-canonical’. Notice that if we
take the limit of €, — 0, then &;(¢) restores the constraint space wherein all the constraints
are satisfied; this is another reason why o} (#)=“ cannot be fixed in o7(t). Z* do not restrict
the constraint space at all. Notice also that &;(¢) occupies U integral constants that are

indicated by the Frobenius integrability given in Section 3.3.
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In the same manner, Case (v) leads to the following embedding:

G3(t) :T"Qlzw x T"Qlg p x R—=T"Q xR
(G5 (0QT 5P G5 (E 55(1) Ve = €0, 55(1)0" = € 55(1)O, 1= 0, 55(t)u = 1)
= (Q', Pr,2*,¥,,0,0,,u).
(3.66)

This embedding is also quasi-canonical and occupies 2V + U integral constants that are
indicated by the Frobenius integrability given in Section 3.3.

Finally, let us consider Cases (i)', (ii)’, (iv)’, and (vi). Considering in the same manner
as above, it is shown that (i), (ii)’, and (vi) become canonical embeddings, and (iv)’ be-
comes a quasi-canonical embedding. Cases (i)’, (ii)’, (iv)’, and (vi) occupy 2U, 2V, V, 2U
integral constants that are indicated by the Frobenius integrability in Section 3.3. However,
it is also shown that these embeddings cannot introduce the well-posed variational princi-
ple [Tomonari (2023b)], although these embeddings are also well-defined ones as embeddings
of the symplectic manifold. A way to grasp this point is that if all the parameters are taken
as the limit vanishing, the embeddings have to restore the original constraint subspace; How-
ever, the embeddings above cannot realize this specific case. Therefore, as the results, only
the embeddings o.(t) (7 € {1,2,3}), 61(¢), and &3(¢) are valid to formulate the well-posed

variational principle.
3.6. Well-posed variational principle 1: Cases of canonical embed-
dings

In this section, based on Definition 1 and the canonical embeddings, o, (t) (7 € {1,2,3}),
which are introduced in the previous section 3.5, the well-posed variational principle for a

system that includes second-class constraints or first-class constraints under the imposition

74



of gauge fixing conditions is formulated [Tomonari (2023b)]. Hereinafter, we abbreviate the
notation of “ , ” for the phase space variables if it is apparent. First of all, let us show that,
in the pullback of the entire symplectic manifold (7*Q, ) by o,(t), oX(t)(T*Q x R, Q) =
(TQlg.pxR,Qqp(t) =dQ'(t) NdPs(t)), it restores the existence of the inverse of £ and O,
respectively.

The dual bundle of T*Q|g p x R = ¢(t)(T*Q x R) is determined as TQ|g r X R up
to isomorphism, where R!(t) are a set of contra-variant vector components on Q|g, where
|o denotes the configuration space Q equipped with the coordinates @Q!. Then assume that
there is a function L = L(Q'(t),R(t),t) defined on T'Q|g r X R such that the following

conditions are satisfied:

oL OP;(t)
Pilt) = 5pry et ( e (t)) £0. (3.67)

Using the implicit function theorem, we get a set of functions: R! = RI(Q!(t), P'(t),t).
Since Q! (t) are contra-variant vector components on Q| as well, without any loss of general-
ity, R! can be identified as Q7 (t). Therefore, we acquire a coordinate system for the velocity
phase space T'Q: Q'(t) and Q(t). This construction leads to a one-to-one correspondence

between P;(t) and Q’(t). That is, the following map is a well-defined and invertible map:
Koty TQlo o xR = T*Qlo.p x R; Q' (t) = Pr(t), (3.68)

which restricts the domain 7Q x R and the range 7*Q X R of x to o(t)(TQ x R) =
TQlg o xR and o7 (t)(T*Q x R) = T*Q|q p x R, respectively. Of course, there is a relation:
TQlgo xR ~T*Qlg p xR, and it implies that TQ|, 5 x T*Q|q p X R is equivalent to
TQ|Q,Q x R and T*Q|g p x R.

Second, we define a Lagrangian in the space T'Q|, 5 x T*Q|g p X R, denoted by Lr,
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which corresponds to the total Hamiltonian Hr, as follows:

Ly = o'(t) | PO +0,6° — Hp(0%,0,.Q, PI)]
(3.69)

= Pi()Q"(t) — Hp(©%(t) = €,0,(t) = €., QL (1), Pr(2)).

That is, L = Ly and P;(t) are introduced by Eq (3.67). Here, 0%(t)(dX/ds) = d(c%(t)X)/d(c%(t)s) =
dX (t)/dt is applied, replacing X by Q' and ©%. This leads to o*(t)0% = o*(t){0%, Hr} ps, =
gi(t)F*(©) = F*(cX(t)®) = constant, where F*(©) denote a function depending only on
the constraint coordinates: ©% and O,. It is used also that, for 7 € {1,3}, all of =* and ¥,
in the Shanmugadhasan-Maskawa-Nakajima theorem turn into second-class by virtue of the
gauge fixing conditions. Based on this, these variables are gathered together into % and
O,. The Lagrangian Ly is uniquely determined by its construction up to surface terms. Let
us define the pullback of “total Lagrangian” by o*(t) as in the above. Taking into account

the k|, (1), it suggests that the following map is a well-defined and invertible map:
Olo,y + B[T(TQg o x R)] = B[T(T"Qlo.r x R)|; Xilg o = «Xilq.p (3.70)

where Xi|, 5 and Xy p are Hamiltonian vector fields restricted to T(T'Q|, ; x R) and
T(T*Qlg p x R), respectively, and these corresponds in a one-to-one manner.

Finally, let us consider the map . When varied, Eq (3.69) becomes as follows;

_ OHr
oP;

SLp = {Q’

Jopi+ [ 2] s

307 6Q" + - [PréQ’] (3.71)

where the argument ¢ in Q!(t) and P;(t) are abbreviated. In the form of action functional,

it can be written as follows:

i 1., OH . OH ta
§ (ax(t)I) :/tl lQI— 8PIT] S Prdt + [—PI— an} 0Q'dt + [ProQ"],” . (3.72)
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In the subspace TQ|, o X T*Qlq.p X R, the formulas in Eq (3.67) or the invertible map

k|s, (1) can be used. Therefore, the above formula becomes as follows:

. ([, O0Hr OLp OHyp OLp 2
seion= [ [o- S Jonas [ (5) - s 0] om

The one-to-one correspondence between o*(t) Hr and Ly indicates that

cX(t)Hr == PiQ" — Ly (Q', Q1) (3.74)

in the subspace T'Q|, 3 X T*Q|q p X R under Eq (3.67). Therefore, Eq (3.73) becomes as

5 (o (1)]) = /tt[ d (gg) +gg§} 5O dt + {67215@] , (3.75)

which is now defined in the subspace T'Q|, 4 x R. The second condition of Eq (3.67) implies

follows:

that L7 is non-degenerate. Therefore, the boundary conditions are given as follows:

0Q" (t1) = 6Q"(t2) = 0., (3.76)

Here, notice that in the subspace T Q| 0.0 X R this system always holds the Frobenius inte-
grability based on the consideration given in Section 3.3. In this formulation, map ¢ can be

introduced in a well-defined manner as an invertible map automatically:

o, = Qlolti] x Qlalta] = Clos (Q7(t1), Q" (t2)) = ¢, (3.77)

where Q|glt] is the configuration subspace restricted by the canonical embedding o, and
C|,. is a parameter space spanned by the independent integral constants restricted by all
the constraints. A’ runs from 1 to the twice number of Q7. Therefore, based on Definition

1, 6 (oX(t)]) := 0 is the well-posed variational principle.
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Summarising, the well-posed variational principle is
d(or(t)]) =0 (3.78)

under the boundary condition (3.76).

3.7. Well-posed variational principle 2: Cases of quasi-canonical em-
beddings

In this section, based on Definition 1 and the quasi-canonical embeddings, 6(¢) and &3(t),
which are introduced in the previous section 3.5, the well-posed variational principle for a
system that includes first-class constraints without any gauge fixing conditions is formu-
lated |[Tomonari (2023b)|. Hereinafter, we abbreviate the notation of ¢ , ” for the phase
space variables if it is apparent. First of all, let us consider the case of G3(¢). The same
considerations are applicable to &;(t).

The quasi-canonical embedding &5(t) leads to &5 (t)(T* QxR , Q) = (T*Qz w xT* Qg p X
R,Qq p(t) + Qu =(t) = dQ(t) AdPr(t) + d=2(t) ANd¥,(t)). For T*Qlz ¢ x T*Qlg.p X R, a
function L = L(Z%(t), R*(t), Q' (t) ,Q(t) ,t) defined in TQ|z r x TQ|, o x R such that

L
Gf?a(t) = U, (t) = constant (3.79)
can be introduced, but, of course,
OV, (t)
=0. 3.80
ORA(t) ( )

This indicates that invertible map x does not exist even if the entire phase space 79 x R is
restricted to the subspace 35(¢)(7*Q x R). However, if 7%Q x R is restricted to T*Q|g.p X R,

then P; and Q! correspond to one another in a one-to-one manner. Then an invertible map
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Kls5(r) between TQ, 5 X R and T*Q|g p X R is introduced as follows:
Klos) : TQlg.o X R = T*Qlg.p x Ry Q' () — Pr(t) (3.81)

in a well-defined manner. In addition, under the same restriction of the phase space T*Q xR,
an invertible map Ols,) @ S[T(T'Q|y o X R)] = S[T(T"Qlq.p x R)|; Xtlg o = «Xilg.p is
introduced in a well-defined manner.

Now, let us consider the map ¢. The pullback of the total Lagrangian by &3(¢) corre-

sponding to the total Hamiltonian Hrp is defined as follows:

Pr(t)Q"(t) + Wa(t)E(t) + 4 ()% (1)
— Hp(E%(t), Pa(t) = €0, 0°(t) = €, Ou(t) = €. ¢, Q" (1), Pr(t))
=P1(1)Q"(t) — Hr(E(1) , Ya(t) = €0, 0%(t) = €, O4(t) = ea, (™, Q(t) , Pr(t)) +
(3.82)

in the space TQ|Q7Q X T*Q|g p % TQ]EE X T*Q|z v X R, where a; denotes the indices that
correspond to the primary first-class constraints. Remark that Condition (3.67) on Q and
Py holds in the subspace T'Q|, o x T*Qlq p X R as well. (* are Lagrange multipliers and «
runs from 1 to the number of the primary first-class constraints. Hereinafter, the argument
tin Q'(t), Py(t), Z*(t) and W,(t) is abbreviated. Since P; and Q' have the one-to-one
correspondence by virtue of det(9P;/0Q”) # 0 in Eq (3.67), when varying Eq (3.82) in the

action functional form, it becomes as follows:

1. OH . OH
5 (G5()T) = / {Q, _ apﬂ SPrdt + {—PI - 8@;] 50"t
" 3.83
aHT Hadt o 8—T(5Ca1dt—|— [P 5@[ + /] (5:&}@ ( )
o= BCan 1 a0="],

Note, here, that 0Hy/9(*" correspond to the pullback of the primary first-class constraints
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by &3(t). Therefore, we get

t2 OLr OLr OLr _ OLr f2
§(6E()I) = + SQdt + —=0=Ydt + | —0Q + U,
@on = | [ (a@f) a@f] Qi+ o o .
t2 aLT Q1 a (o5} o 15]
= o= dHaC Locodt + [U,, 62 [

(3.84)

in the subspace TQ|Q 0 xTQ|= = xT*Q|z v xR, where we used the one-to-one correspondence
between Q' and P; which is described by K|s51)- ' denotes the indices that eliminate the
range of ay form {1,2,---,U}. Notice that in this subspace the symplectic structure breaks
down: Qg p(t) satisfies the definition (3.52), but so is not =z ¢(¢) as mention in Section 3.5.
Here, let us define the “effective first-order variation” of the action functional as follows:

t2 @LT 8LT 8LT 8LT &
Sefrective (T4 (0)I) := —— Q! dt+ ,5:°‘dt —0 Ty, .

(3.815)
The coordinate variables Q7 and =% are now independent. The reason why the terms
concerning primary first-class constraints are split out will be revealed soon. Therefore, to
vanish the effective first-order variation, all the position variables Q! have to be fixed at

both t =t and t = t, as boundary conditions:
5Q1 (ty) = 6Q' (t1) =0 (3.86)

and, since ¥,/ are constant, we have to impose
=2 (ty) = 02 (1) . (3.87)

Taking into account the equations of motion =% = {Z% Hy}p,., appropriate boundary
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conditions for these variables Z* have to be either

02 (t,) =0, (3.88)
then 6Z% (ty) = 0 are automatically satisfied, or

02 (t5) := 0, (3.89)

then 6= (t;) = 0 are automatically satisfied, since each solution of 2 = {EO‘/ ,Hr}pyp. has

one integral constant, respectively. That is, each solution with a given integral constant on

a boundary determines the value on the other boundary. Therefore, Eq (3.87) is satisfied

and becomes zero if either Eq (3.88) or Eq (3.89) is imposed. In this work, we adopt the

first choice; this choice is none other than setting initial conditions. Here, notice that for Ly

on TQ|, ¢ x TQ|z = x R the Frobenius integrability (3.43) has to be imposed. That is,
on’

QI(XT) = 5]iCanglKijﬁ - 0, (390)

where I runs the range of indices eliminating the ones for the second-class constraint coor-
dinates, 74 are zero-eigenvalue vectors of the kinetic matrix, and n ~ (K *1)“ S;. Remark
that the (I, .J)-block of the kinetic matrix is non-degenerate. In contrast, for &5(¢t)Hr on

T*Qlg pxT*Q|=z v xR, the Frobenius integrability (3.43) is automatically satisfied as follows:

OV,
RS

ov,,
aQ’

01X 1) = —61aC" 0rs¢™" ~ 0, (3.91)

since =* and W, form a part of the entire canonical coordinate system and all ¥, are
canonical momentum variables with respect to =, respectively.

In order to introduce the map ¢ in a well-defined manner, the following two conditions
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have to be taken into account; The first is that if gauge fixing conditions are imposed then
d3(t) turns into o3(t); The second is that the dimension of a parameter space that is spanned
by all independent integral constants is up to 2N —2V —U. Then the map ¢ can be introduced

as follows:

’

sy + Qlozlti] x Qlgltal = Clay; (Q(t1) ,E¥ (1), Q' (t2)) — ¢, (3.92)

E%(ty) = 0 are automatically satisfied, where Q| and Q|q = are the configuration subspace
of T%Q|g p and T*Q|g p x T*Q|z w, respectively, and C|s, is the parameter space spanned
by the independent integral constants restricted by all the constraints. A’ runs from 1 to the
sum of twice number of Q' and . Then map ¢ is invertible. Therefore, based on Definition
1, Oeffective (05 (t)1) := 0 is the well-posed variational principle.

Under the well-posed variational principle degrective (735(¢)I) := 0 with the boundary con-
ditions (3.86) and (3.88), the original first-order variation of the action functional (3.84)

becomes as follows:

to
5§ (GL()]) = /t SEL; 5zaldt+%wldtﬂ\pmazaqgj. (3.93)

1

Applying the variational principle: § (65(¢)I) := 0, we derive

OLyp OHyp
95 —  pmer 0 (3.94)
if the following equations are identically satisfied:
OLy OHyp
S =~ em = Va0 (395)

In fact, the boundary conditions 62 (t;) = d=% (¢, ) are not satisfied since Z** = {Z* | Hy} p,, &
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¢ + f(QF, Pr) leads to

to to
S= (L) — 02 (t) = 5/ (¢ + f(QF, Pr)] dt = 5/ ¢, (3.96)

where f is the definite function determined by H7 and we used the fact that the integral on
the interval t; < t < t, of f has a definite value since Q' and P; are propagating degrees
of freedom and the equations of motion for these variables are already derived by virtue
of the well-posed variational principle efrective (05 (t)1) := 0. This result indicates that the
configurations corresponding to the primary first-class constraints cannot be fixed on the
boundaries. Therefore, we have to impose ¥, (t) = constant = 0 in advance and this means
that the existence of first-class constraints restricts the possible embedding &5(t). Therefore,

Eq (3.93) becomes as follows:

2 9Ly

, 0=

SEdt (3.97)

The variational principle, § (65(¢)I) := 0, derives the equations of motion, Ly /0=* = 0,
without any boundary condition. Under this assumption, if the effective first-order variation
vanishes: defrective (05 (¢)]) := 0, the variational principle is applied to the entire phase space,
and vice versa. As another aspect, it would be convenient to introduce the “effective-total
Hamiltonian” as follows:

Heffective = HT|\II¢11::0- (398)

For this Hefective, repeating the same consideration going back to Eq (3.82), Eq (3.85) is
directly derived. Of course, the appropriate boundary conditions are given by Eq (3.86) and
Eq (3.88).
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There is a remark. Eq (3.82) can be rewritten as follows:

Lp(Q", Pr, 2%, W) == PIQ" — &5(t) Hy (3.99)

where

d
=Ly — — [V°E, 1
o= Ly — 2 0°Z,] (3100

and we abbreviatied ©* and ©,. L. in Eq (3.100) has the arbitrariness of continuous infinite
since ¥ can be regarded as continuous parameters. In other words, L. is parametrized by
U, The arbitrariness is not the one deriving from a canonical transformation on 7*Q|g p X
R. That is, for a total Hamiltonian Hy, the corresponding Lagrangian is not uniquely
determined, unlike the case of canonical embeddings. It is another aspect of the absence of
the inverse map O~ ! in the entire space T*Q x R.

Summarising, the well-posed variational principle is

5effective (6-;: (t)l) =0 (3101)

under the boundary conditions (3.86) and (3.88). The important result is that the configu-
rations corresponding to the primary first-class constraint coordinates never be fixed on the

boundaries until some gauge fixing conditions are imposed.

3.8. Examples

In this section, the difficulties in the examples given in Section 3.1 are resolved by apply-
ing the theory that is established throughout this chapter [[zumi et al. (2023); Tomonari
(2023b)|. Hereinafter, we abbreviate the notation of “ , ” for the phase space variables if it

is apparent.
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The first examples is the Lagrangian L; in Eq (3.1):

1 1
L1=§¢?+§fﬁmux+yy (3.102)
The kinetic matrix is
1 00
K=10 1 ol, (3.103)
000

where the following canonical momentum variables are used: p; = &, po = 9, px = 0. Remark
that the Lagrange multiplier A is regarded as a configuration variable. Since the rank of the

kinetic matrix is 2, there is a primary constraint as follows:
¢ =py:=0. (3.104)
The total Hamiltonian is given as follows:

1 1
Hyp = Hy+ (¢, Hy= 517926 + 5]72 — Mz +y). (3.105)

The Dirac-Bergmann procedure derives a secondary, a tertiary, and a quaternary constraint

as follows:
1
69 = (o +p) = 0, (3.106)

The consistency for ¢¥) is automatically satisfied. Therefore, the procedure stops here. The
Poisson brackets are {¢1), ¢ }p, =1, {9 ¢} p;, = 1, otherwise vanish; all constraints

are classified into second-class constraint and the propagating degrees of freedom of the
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system is (3 x 2 —4)/2 = 1. The Shanmugadhasan-Maskawa-Nakajima theorem indicates
that the system has a canonical transformation from the original coordinates to the ones such
that a part of the entire canonical coordinates are represented by the linear combination of

the second-class constraints. In fact, the symplectic 2-form is computed as follows:
Q=d¢' Ndp; =dQ NdP +0* N O, , (3.107)
where @, P, ©% and O, (a € {1,2}) are defined as follows:

1
Q=5@-y), P=p.—p,
Ol =¢@W, @, =W (3.108)
@ =9, ©,=¢9.
Notice that the second equality of €2 is the strong equality, not weak equality. In terms of

these canonical variables, the total Hamiltonian is transformed as follows:
1
Hp = ZP2 +(09)* — ©'07. (3.109)
The pullback of total Lagrangian by the canonical embedding o9(t) is derived as follows:

LT = O';(t) [PQ + @a@a - HT
_ PO %p? (@) —0'e?, (3.110)

. 1
oLy = PQ — 1P2 + constant ,

which is defined in the subspace TQ|Q,Q x T*Q|qg.p x R. Here, we abbreviated the pullback
operator o;(t), which is defined in Section 3.5, in the second and the last line. Remark

that the pullback of Hr by o5(t) above is defined in the symplectic submanifold (7% Q|q p X
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R,Qq p = dQ N dP). This system is Frobenius integrable as mentioned in Section 3.6. In
fact, it can be shown that this system has a unique solution.

The first-order variation of the action functional is calculated as follows:

S(o3 (D)) = /t2 {—%P + Q} 5P+ [P 6Qat + [P5Q): (3.111)

The appropriate boudnary conditions are set as follows:

3Q(t2) = 6Q(t)) =0 (3.112)

Then the variational principle leads to the following equations:

1 ) .
—5P+Q=0, —P=0. (3.113)

The first equation gives the explicit form the canonical momentum variable P. Therefore,
L is rewritten as follows:

Ly = 2Q* + constant (3.114)

which is now defined in the subspace T'Q)| 0.0 < R. It indicates that the system is always
Frobenius integrable as mentioned in Section 3.6 and that two integral constants exist. In
fact, Ly is nothing but describing the uniform motion in a straight line. The equation of
motion is given as follows:

—2Q =0. (3.115)

This equation has a unique solution: Q(t) = At + B, where A and B are integral constants
and the boundary conditions uniquely determine these constants. The fundamental maps
are given as follows: k[o,u) @ TQlg o — TQlq p; Q — P and O, : Xy = Q(3/9Q) +
Q(2/0Q) + (8/0t) — X, = (0Hp/OP)(0/0Q) — (0Hy/dQ)(0/OP) + (9/0t), where Hp =
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P? /4+ constant; these are introduced in a well-defined manner and invertible. The invertible
map ¢ 15 ogr) : Qlolti] x Qlalte] = Cloy; (Qt1), Q(t2)) = (A, B) with A = (Q(tx —

Q(t2))/(t1 — t2) and B = (L1Q(t2) — 12Q(1))/(t1 — t2).
The second example is the Lagrangian Lo in Eq (3.1):

- 1
Ly =q'¢"+ 5¢°(¢"). (3.116)

This model has no propagating degrees of freedom but is historically crucial; it was proposed

as a counter-example for the Dirac conjecture [Dirac (1950)]. The kinetic matrix K is

0 0 1
K=10 0 ol, (3.117)

1 00

where the following canonical momentum variables are used: p; = ¢>,ps = 0,p3 = ¢*. There

is a primary constraint due to rank K = 2:
oM =py:=0. (3.118)

The total Hamiltonian is derived as follows:

1
Hy = Ho+ ¢!V, Ho=pips — 50°(¢°)"- (3.119)
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The Dirac-Bergmann procedure generates a secondary and a tertiary constraint as follows:

(3.120)
¢ =6 = {¢®  Hr}py ~ pr

L ¢® =p=0.

#® ~ 0 is automatically satisfied. All ¢, @, and ¢®) are classified into first-class con-
straint: all Poisson brackets among them vanish. The Shanmugadhasan-Maskawa-Nakajima
theorem indicate that this system has a canonical transformation from the original coordi-
nates to the ones such that a part of their canonical momenta themselves are the first-class

constraints. In fact, the symplectic 2-form of the system is computed as follows:
Q=dg¢' ANdp; = d=* N d¥,, (3.121)

where =% and ¥, are defined as follows:
(3.122)

Notice that the second equality in the equation of € is the strong equality, not weak equality.

The total Hamiltonian is transformed as follows:
1
Hp=—U,=°% — 552(\1/3)2 + (0, (3.123)

This system is always Frobenius integrable as mentioned in the section 3.3. In fact, Eq (3.41)
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can be computed as follows:

OH o
OH
=dWa(Xn) + d¥a(¢Xu,) + o=
OH
~{ W, HY + (W, Wa} + o0 (3.124)

=0,

... *ea(*XT) ~ O .

Therefore, the system has six integral constants, of which three integral constants are occu-
pied by the consistency conditions of the constraints. Therefore, the remaining three inde-
pendent integral constants, which originated from the three equations: ' = —=3, =2 = (,
and Z* = —=205, have to be fixed by imposing boundary conditions in the variational
principle. There are a possible quasi-canonical embedding ;(¢) and a possible canonical
embedding (), which are defined in Sections 3.6 and 3.7, respectively.

We derive the pullback of total Lagrangian Ly by &1(¢f) and compute the first-order

variation of the action functional for Ly. Lz is defined as follows:

Ly = 6%(1) [\Izaéa - HT}

1 d /
Ly = U= 4 S22 —<x11a/5a)
T 1 +2 (U3) +dt )

(3.125)

which is defined in the space T’ Q|E,E x R. Here, we abbreviated the pullback operator &7 (t),
o € {1,3}, and we used 7{(t)¥Uy = 0. Then the effective first-order variation is given as

follows:

t2
t1

to
Setfective (77 (1)) = Wy / dto=? + [U16Z" + U56=7] (3.126)

t1
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The appropriate boundary conditions are set as follows:
6= (t) =0, (3.127)

then 6% (t,) = 0 are automatically satisfied since each solution of the equations of motion
for = is only one integral constant, respectively. That is, each solution gives a definite
value at the boundary t = ¢3. Then the variational principle for the effective first-order
variation, Oefrective (075 (£)I) := 0, leads to ¥y = 0. In addition, (a7 (t)I) := 0 derives W3 = 0.
Here, we abbreviated the pullback operator &7 (t). Remark that the Frobenius integrability
condition (3.43) in Section 3.3 restricted to & (¢)(7°Q x R) is also satisfied, and there occurs
no phase space reduction. It indicates that the six integral constants hold, of which the
three constants are occupied by the consistency conditions, or equivalently the embedding
g7(t). This fact can be also led by that Eq (3.41) given in Section 3.3 is always satisfied
in this system by virtue of a zero-eigenvector 7 = (0,7%,0) and 7' ~ (0,7*,0) where

72 and 7n? are arbitrary function in the space TQ|z = x R. Then the invertible map ¢

is iz, @ Qlz[ti] = Clsy; (EY(t1),Z3(t1)) = (c',c?). In fact, we have the two equations:
=! = —Z% and Z° = 0. Therefore, ¢; = Z!(t;) — Z3(t))t1, ca = Z3(t;). Remark that s, ()
and O|s () do not exist in this case since this system does not have any dynamics. The
remaining one integral constant is assigned for =2 = (; this constant is not determined until
some gauge fixing conditions are imposed.

Next, let us impose the following gauge fixing conditions to all Z*: =' = —Z3 := 0,
=2 = ¢ := 0, and 2> = —Z2U, := 0. The first and the third equations are automatically
satisfied by virtue of 2% = 0 (a € {1,2,3}). The second equation is satisfied if and only if
¢ := 0. Remark that all these ingredients are derived in the entire space T*Qly = x R: the

target space of the embedding o(t). Then the pullback of total Lagrangian Ly by oy (t) is
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introduced as follows:

Ly = o5(t) [\IIQEO‘ - HT} = constant , (3.128)

which is defined in the null subspace {0} x R. That is, this system does not describe any
dynamics. Therefore, of course, s, ;) and Oz, () do not exist. Map ¢ is in the same situation:
all the integral constants, which are implied by Eq (3.41) given in Section 3.3 by virtue of
the same reason as the previous paragraph, are occupied by the consistency conditions for
U, and =, or equivalently fixing the embedding o (¢).

The third example is the Lagrangian Lj in Eq (3.1):
Ls=q'¢* - ¢*¢' — (¢")° — (¢*)*. (3.129)

This model is an imitation of the Dirac system for spin 1/2-particles in field theory. The

kinetic matrix K is

0 0
K = , (3.130)
0 0
where the following canonical momentum variables are used: p; = —¢?,p2 = ¢'. There are
two primary constraints due to rank K = 0:
o =pitq =0, o) =p—q' =0. (3.131)

The Poisson bracket is {¢§1) ,¢§1)}P.b, = 2 and otherwise vanish. The total Hamiltonian is
derived as follows:

Hp = Hy + Ca¢((11) . Ho=(¢")+ (%) (3.132)

The Dirac procedure determines all Lagrange multipliers:

O —g?, (CPmgt. (3.133)



Then the consistency conditions for ¢ | ¢ are satisfied: ¢V ~ 0,$® ~ 0. That is, all
constraints are classified into second-class constraints and the propagating degrees of freedom
of the system is (2 x 2 — 2)/2 = 1. The Shanmugadhasan-Maskawa-Nakajima theorem
indicates that the system has a canonical transformation from the original coordinates to
the ones such that a part of the entire canonical coordinates are represented by the linear
combination of the second-class constraints. In fact, the symplectic 2-form is computed as

follows:

QO =dq' Adp; = dQ N dP + dO' A dO, , (3.134)
where ©!, ©1, Q and P are defined as follows:

1 1
@1:_(1), @__(1)’

v2r V2 (3.135)
1 1 '
Q:E(C]H‘m), P:E(pl—q2)~

Notice that the second equality in the equation of € is the strong equality, not weak equality.

The total Hamiltonian is transformed as follows:

IR S TR ¢ 2
Hr = P+ 5Q° = 5(0') = 5(61)”. (3.136)

The pullback of total Lagrangian by o5(t) is derived as follows:

Ly =ai(t) (@191 + PO — HT>

-1 1 1 1
—PO—-0?_-pP21 (@24 = 2 3.137
-1 1
oLy = PQ — §Q2 — §P2 + constant ,

which is defined in the subspace T'Q|, 5 X T*Q|q p X R. Here, we abbreviated the pullback

operator o;(t), which is defined in Section 3.5, in the second and the last line. Remark
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that the pullback of Hy by o2(t) above is defined in the symplectic submanifold (T*Q|g p X
R,Qqo p = dQ N dP). This system is Frobenius integrable as mentioned in Section 3.6. In
fact, it can be shown that this system has a unique solution.

The first-order variation of the action functional of Lt is computed as follows:

5 (o3(6)) = /t2 [—P - Q] 5Q dt + [Q - P} SPdt + [PSQ]? . (3.138)

t1

The appropriate boundary conditions are set as follows:
IQ(ty) = dQ(t1) :==0. (3.139)
Then the variational principle leads to the following equations:
—-P-Q=0, Q-P=0. (3.140)

The second equation gives the explicit form for the canonical momentum variable P. There-

fore, Lt is rewritten as follows:
ve 1o
Ly =-(Q)" — 5@ + constant , (3.141)

which is now defined in the subspace T'Q| 0.0 < R. It indicates that the system is always
Frobenius integrable as mentioned in Section 3.6 and that two integral constants exist. In
fact, Ly is nothing but describing the one-dimensional harmonic oscillator. The equation of

motion is as follows:

—H-0Q=0. (3.142)

This equation has the unique solution Q(t) = A exp(+it) + B exp(—it) and the boundary

condition uniquely determines the integral constant A, B. The fundamental maps are given

94



as follows: Kl : TQlg o = TQlo.r; @ — P and Ols, : X = Q(0/0Q) + Q(0/0Q) +
(8/0t) — X, = (OH7/OP)(8/0Q) — (0H /0Q)(0/OP)+(d/dt), where Hy = Q2 /2+ P2 /2+
constant; these are introduced in a well-defined manner and invertible. The invertible map
Lis toyey ¢ Qlolta] X Qloltz] = Clayw; (Qt1), Q(t2)) = (A, B) with A = (Q(t1)exp(it2) —
Q(t)exp(ity))/2isin(ty — t1) and B = (Q(t2)exp(—it1) — Q(t1)exp(—its))/2isin(ts — t1).

The final example is the Lagrangian L, in Eq (3.1):

1 1
L= ——qij— —q*. 3.143
s 510 — 54 ( )

For this system, applying the consideration given in Section 3.2, there exists the counter-term
W given as follows:

1.
W= 54i+Cla), (3.144)

where C'(q) is an arbitrary function of ¢. Then L, becomes as follows:

aw 1,. 1 oC .
L) =Ly + o §(Q)2 - 592 + a—qq. (3.145)

This is none other than the Lagrangian for a one-dimensional harmonic oscillator. In fact,

the first-order variation of L):

) b2 d /. oC t2

t1

and the well-posed variational principle under the Dirichlet boundary condition dq(ty) =
dq(t1) = 0 leads to an equation: —§ — ¢ = 0. The solution is, of course, ¢(t) = Aexp(+it) +
Bexp(—it), where A, B are integral constants that are determined by the boundary condi-
tions. For this trivial system, we apply the two different methodologies which are introduced

in Section 2.5, to formulate the well-defined variational principle without any counter-term.
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That is, (i) Ostrogradsky’s original formulation and (ii) Pons’ modified formulation.

Let us consider applying (i) Ostrogradsky’s original formulation. The configuration space,
denoted by Q, in this method is coordinated by (1) = ¢ and Q) = ¢. Then the corre-
sponding canonical momenta are given as follows: P1) = 0L,/0Q ) — (d/dt)(0L4/Q) =
Q(2)/2 and P@ = 8L4/Q(2) = —Qq)/2. Therefore, the rank of the kinetic matrix K® =
8P(2)/8Q(2) is zero, and there is a primary constraint: ¢ = P 4 Q1)/2 := 0. Then the
total Hamiltonian is Hy = P(l)Q(g) + P(Q)Q(g) — Ly + (o) = P(l)Q(g) + (Q(l))2/2 + oW,
where ¢ is a Lagrange multiplier. The consistency condition for ¢! generates a secondary
constraint: ¢ = —PW + Q) /2 := 0, but it expected from the definition of PM. The
consistency condition for ¢ determines the Lagrange multiplier ¢ as Q) in the weak
equality. Therefore, the procedure stops here. The Poisson brackets between ¢(!) and ¢
is {gzﬁ(l) ,¢(2)} pp. = —1 and otherwise vanish. This system has two second-class constraints,
and it indicates that the propagating degrees of freedom of the system is (2 x 2 —2)/2 =1
and that we have to use the canonical embedding o5(¢) given in Section 3.5 to introduce the
well-posed variational principle.

The symplectic 2-form is computed as follows: Q = dQ AdPY = dO' AdO; +dQ AdP,
where ©! = ¢?), 01 = ¢V, Q = PW +Q(5)/2, and P = P® —Q;,/2. The Poisson brackets
are {0',01}py. =1, {Q, P}ps. = 1, and otherwise vanish. The original variables Q1y, Q(2),
PWM and Py are expressed by using the transformed variables as follows: Q) = ©' + @Q,
Qe = 61— P, PV = (Q —6")/2, and P® = (P + ©,)/2. Then the total Hamiltonian
is transformed as follows: Hy = P%/2 4+ Q?/2 — 20, P — (©)?/2 + 3(01)?/2 and is defined
in the symplectic manifold (T*Q|g p X T*Qle x R,Q). The pullback of Hr by o5(t) is
os(t)Hr = P?/2 + Q*/2 — 20, P + constant in the symplectic submanifold (T*Q|qg p X
R,o5(t)Q2 = dQ A dP), and this is a Frobenius integrable system. That is, there are two
integral constants. The pullback of total Lagrangian is Ly := o3(t)[PQ 4+ ©,0' — Hy| =

PQ — P?/2—Q%/2 — 20, P + constant in the subspace TQ|, o x T*Qlo.p x R. Therefore,
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the first-order variation of the action functional is given as follows:

S(o(t)) = / ; [—P - Q] 5Qdt + [Q — P—260,| 6Pdt + [P5Q)" . (3.147)

t1

Under the boundary conditions:

3Q(ts) = 6Q(t) = 0, (3.148)

the well-posed variational principle 6 (¢ (¢)I) := 0 leads to the equations of motion: —P—Q =
0 and Q — P —20; = 0. That is, using 0(t)©; = constant, —(Q) — Q = 0; this is none other
than the equation of a one-dimensional harmonic oscillator. Remark, here, that Ly is now
defined in the subspace TQ|Q,Q X T*Qlg p x R TQ|Q,Q x R and Frobenius integrable.
In fact, the solution is Q(t) = Aexp(+it) + Bexp(—it), and this includes the two integral
constants: A and B. The boundary conditions fix these constants.

Finally, the maps «, O, and ¢ are introduced as follows: £l|s,) 1 TQ|g o — TQlg p; Q
P and D)y, : DIT(TQy ¢ x B)] = O[T Qo p x B)): X, = Q(/0Q) + Q0/0Q) +
(0/0t) — X, = (0Hr/OP)(0/0Q) — (0Hr/0Q)(0/OP) + (0/0t) are introduced in a well-
defined manner and invertible, where Hr = P?/2 + Q?/2 — 20, P + constant in T*Q|g p X
TQlzw X R. vis tloyy : Qlolt] x Qloltz] = Cloywy; (Q(t1),Q(t2)) — (A, B) with A =
(Q(t1)exp(ita)—Q(t2)exp(ity))/2isin(ty — t1) and B = (Q(t2)exp(—it1)—Q(t1)exp(—its))/2isin(ty — t1).

Let us consider applying (ii) Pons’ modified formulation. The original Lagrangian L, is

represented by using a Lagrange multiplier A as follows:

1 1
L = —54t = 5q2 + Az —q) . (3.149)

Regarding A also as a position coordinate of the configuration space, the canonical momenta

are derived as follows: p = —\, y = —¢/2, and m = 0. Therefore, the rank of the kinetic
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matrix K;; = 9p;/0¢’ (where p1 = p,ps = y,p3 = 7,¢" = q¢,¢* = z,¢° = \) is zero,
and there are three primary constraints: ¢§1) =p+ A =0, ¢§1) =y +q/2 := 0, and
gb:())l) = 7 := 0. The total Hamiltonian is computed as follows: Hy = q2/2—)\x+C°‘¢,&1), where
¢“ are Lagrange multipliers and « € {1,2,3}. The consistency conditions for gb&l) become
as follows: ¢\ ~ —¢— ¢2/2+ 3 =0, ¢ ~ A+ (/2 := 0 and ¢\") ~ z — ¢! := 0; there
is a secondary constraint: ¢? = \ 4 x/2 where we used ¢! ~ x. The consistency condition
for ¢ restricts the relation between ¢ and (3, and this determines all the multipliers as
follows: (* ~ —q and (* ~ ¢/2. The Poisson brackets among the constraints are computed as
follows: {01, 85" }pu. = =1/2, {61 .65 Y i = 1. {605 pi = 1/2, {6 6} pn = 1,
and otherwise vanish. This system has four second-class constraints, and this indicates that
the propagating degrees of freedom of the system is (3 x2—4)/2 = 1 and that we have to use
the canonical embedding o9(t) given in Section 3.5 to introduce the well-posed variational
principle.

The symplectic 2-form is computed as follows: Q = dg A dp + dx A dy + dX\ A\ dr = dO' A
dO1 +dO* AdOs+dQ AdP, where O = ¢@ — ¢V 0, = ¢l 02 = (6@ +¢{V) /2, 0, = ¢V,
Q=q/2—y+7/2,and P = p+ x/2. Then the total Hamiltonian is transformed as follows:

r = Q%2+ P?/2 — (©Y)?/2 in the symplectic manifold (T*Q|qg p X T*Qle x R,). The
pullback of Hr by o5(t) is o3(t)Hy = Q?/2+ P?/2+ constant in the symplectic submanifold
(T Qg p xR ,03(t)Q2 = dQ NdP), and this is a Frobenius integrable system. That is, there
are two integral constants. The pullback of total Lagrangian is Ly = o3 (t)[PQ + 0,0 —
Hr] = PQ — Q*/2 — P?/2 + constant in the subspace TQ|, o x T*Qlqp x R. Therefore,

the first-order variation of the action functional is given as follows:

S(ot()]) = / ” [—P - Q} 5Qdt + [Q - P} 5P+ [PSQ)2 . (3.150)

t1
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Under the boundary conditions

0Q(t2) = 9Q(t1) =0, (3.151)
the well-posed variational principle §(o%(¢)I) := 0 leads to the equations of motion, re-
solving as an equation —() — @ = 0; this is none other than the equation of a one-

dimensional harmonic oscillator. Remark, here, that Ly is now defined in the subspace
TQ|Q7Q X T*Qlop xR ~ TQ|Q7Q x R and Frobenius integrable. In fact, the solution is
Q(t) = Aexp(+it)+ B exp(—it), and this includes the two integral constants: A and B. The
boundary conditions fix these constants. The maps «, O, and ¢ are the same as the previous

case by just replacing Hr = P?/2+Q?/2—20, P+constant by Hr = P?/2+Q?/2+constant.

3.9. Summary

In this chapter, a methodology to make the variational principle well-posed in degenerate
point particle systems was constructed, although that of field theories is under development.
The guiding principle is stated as “as many integral constants (/initial conditions) in the
solutions of a given system as possible should be uniquely determined through the boundary
conditions’. The resulting methodology can be summarized into three steps as follows:

(1). For a given system, just performing Hamilton-Dirac analysis, reveal the constraint struc-
ture.

(2). Construct constraint coordinates. (Refer to the proof of Theorem 1 (Shanmugadhasan-
Maskawa-Nakajima theorem) ( or Lemma 1 and/or 2) in [Tomonari (2023b)].) Then, com-
puting the symplectic 2-form, find a new canonical coordinate system which is indicated by
Theorem 1 (Shanmugadhasan-Maskawa-Nakajima theorem). Then select a suitable embed-
ding (see Table 3.1).

(3). Consider the pullback of the Legendre transformation of the total Hamiltonian by the

selected embedding: the pullback of the total Lagrangian by the selected embedding.
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Table 3.1: Embeddings for each type of system. “Ist-class system” means a system with
Ist-class constraint(s). Others are defined in the same manner.

’ Gauge fixing H 1st-class system \ 2nd-class system \ 1st- and 2nd-class system
Yes 01 (t) - O'g(t)
No (or no gauge d.o.f) || 1(t) oo(t) as(t)

-(i) If one uses o,(t) (1 = 1,2,3), take the first-order variation of its action functional,
and just fiz the emerged configurations in the boundary term at both end-points. Then the
variational principle becomes well-posed.

-(i) If one uses 6z(t) (T = 1,3), take the first-order variation of its action functional, under
the assumption that the pullback of primary first-class constraint coordinates by 6z (t) is set to
be zero in advance. Then fix the configurations for the propagating degrees of freedom at both
end-points and the configurations which correspond to higher-order (more than secondary)
first-class constraint coordinates at either end-point. Then the variational principle becomes
well-posed.

The embeddings in Table 3.1 have those proper constant parameters, and these parame-
ters correspond to the existence of the constraints of a given system. In the case of systems
with only existing second-class constraints, these constant parameters form a set of conjugate
pairs and drop out from the symplectic 2-form; the symplectic manifold reduces to its phys-
ical submanifold not depending on the values of these parameters. This indicates that these
parameters can be set as zeros as a formality. In the case of systems with existing first-class
constraints, however, the situation gets changed. The conjugate configurations with respect
to (the linear combinations of) the first-class constraints are not constraints; these variables
are also dynamical although not physical. Therefore, in general, the symplectic manifold
does not reduce to its physical submanifold. This indicates that these conjugate configura-
tions need those initial conditions via the boundary conditions of the variational principle.

While the existence of the undetermined Lagrange multipliers forbids fixing the conjugate
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configurations of the primary first-class constraints on the boundaries; the primary first-class
constraints have to be set as zeros in advance. In other words, these constraints cannot be
taken as coordinates to be fixed for introducing the embeddings. Taking into account this
regard, the configurations only of the higher-order first-class constraints should be fixed on
the boundaries.

If the guiding principle is neglected, it is also possible to demand consistency only with the
constraint structure of a given system. In this case, in order to make the variational principle
well-posed, just evaluating the symplectic potential around the constraint surface: w =
PioQ"+0,00%+ W, 0= ~ P;6Q", it reveals that fixing the configurations of the propagating
degrees of freedom Q! on the boundaries provides appropriate boundary conditions for the
well-posed variational principle [Izumi et al. (2023)]. Therefore, depending on whether or
not the guiding principle is assumed, there occurs a case that the well-posed variational
principle needs additional surface terms. In the case of systems with only existing second-
class constraints, the assumption does not change the situation: w = P;i6Q! + 0,60 ~
P;6Q". However, in the case of systems with existing first-class constraints, the situation
gets changed; if the boundary terms appear as w = P;0Q! + =%V, (i) When not assuming
the guiding principle, the term =*0W¥, have to be switched in Z¢ and ¥, by introducing a

— — —a €O .
counter-term W = —2V,: =4V, — W = —¥,0=* = 0 as a necessary and sufficient

condition; (ii) When assuming the guiding principle, the term Z“0W¥,, vanishes since all ¥, are
arbitrary constants in the restriction to an embedded phase subspace, excepting the primary
first-class constraint coordinates: ¥,, = 0, i.e., these are not taken as arbitrary. That is,
it is possible to add some counter-terms in the completely same manner as Case (i) only
for the primary first-class constraint coordinates. That is, in Case (ii), counter-terms have
a different meaning: 06, — W = —W,62% — —, 50 — W62 = —W, 5= % 0

as a necessary and sufficient condition due to the boundary conditions either Eq (3.88) or

Eq (3.89). In this case, the imposition of full constraints is a sufficient condition.
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The well-posedness discussed in [Tomonari (2023b); Izumi et al. (2023)] is considered
under the consistency with €5). As mentioned in Section 3.1, the Dirac-Bergmann anal-
ysis itself is valid independently from the well-posedness of the variational principle. This
implies the possibility of arguing the well-posedness in each constraint surface: ¢®) (k =
1,2,---,K). Taking into account the consideration in the previous paragraph, hereinafter
in the present thesis, let us treat the well-posedness under the consistency only with ¢
and call it the “weak” well-posedness of the variational principle. Otherwise, let us call the

well-posedness under the consistency with full constraints that of “strong” one.
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Chapter 4

General theory of relativity

Chapter abstract

In this chapter, the general theory of relativity, which is the most successful classical theory of
gravity in modern physics, is established. First of all, the fundamental concepts of the theory
such as spacetime, and weak /Einstein /strong equivalence principles are introduced. Based on
these concepts, the geodesic equations and the Einstein field equations are derived from both
viewpoints of physical considerations (bottom-up approach) and the variational principle
(top-down approach). As mentioned in Section 3.9, we assume that the well-posedness
of the variational principle demands consistency with the primary constraint(s): €. In
particular, before deriving the Einstein field equations by using the variational principle, the
ADM-foliation/decomposition of the spacetime is introduced. This technique is mandatory
not only to apply the variational principle in a well-posed manner being consistent with ¢!
but also to perform the Dirac-Bergmann analysis. Finally, performing the Dirac-Bergmann

analysis, the propagating and gauge degrees of freedom of the theory are identified.

4.1. Spacetime and fundamental principles

In this section, the concept of spacetime and fundamental principles for establishing the
general theory of relativity, that is, the principle of equivalence and of general relativ-
ity /covariance, are introduced. First of all, let us formulate Minkowski spacetime.

In the absence of gravity, the special theory of relativity describes the motions of nature,
and the theory is established upon the following two fundamental principles: the principle of
constant speed of light, stated as the speed of light does not depend on inertial frames, and the

principle of special relativity/Lorentz covariance, stated as the physical laws do not depend
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on wnertial frames. Then the first principle formulates Minkowski spacetime. Let & be an
inertial frame equipped with coordinates (ct,z') (i € {1,2,---,n}), where c is the speed
of light, and an arbitrary particle and a photon are emitted from the origin O, coordinated
by (0,0), of the system S. After passing time At, let the particle and the photon exist at
a point ) coordinated by (cAt,x’é) and a point R coordinated by (cAt,z%), respectively.
Then an observer can consider the subtraction of OR, which is the square of the length of the
photon path, from the square of the Fuclidean distance of QR in the n-dimensional space as

follows:

(As)? = —(A)? + Z(Aﬂ)% (4.1)

where Az’ = 2% — xf,. If the time At is infinitesimal, i.e., At — dt then the above
equation inserts a distance of the (n + 1)-dimensional space which is coordinated by (ct, z%).
Introducing the metric tensor 7, = diag(—1,+1,---,+1), the distance can be expressed

as follows:

ds® = n,,dztdz” . (4.2)

This space is nothing but Minkowski spacetime. In the special theory of relativity, all the laws
of physics have to be described in Minkowski spacetime. The fundamental property of the
distance ds? is that it does not depend on inertial frames. That is, for another inertial frame
S’ the distance is invariant: (ds’)? = ds?, and it can be shown that this crucial property is
a conclusion of the first principle. This property introduces the Lorentz symmetry, in terms
of group theories, SO(1,7n), and all physical laws have to satisfy this symmetry. Explicitly,

the Lorentz symmetry is expressed as follows:
n,uVA#pAya = TNpo » (43)

where A#, is originated from the coordinate transformation ¢ : & — &5 2# — 2'* =
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A*,x?. The coordinate transformation ¢ which satisfies the Lorentz symmetry is the so-
called Lorentz transformation. Furthermore, more generically, the symmetry of Minkowski
spacetime can be extended into the Poincaré symmetry, i.e., P"™t = T x SO(1,n)
with the well-defined operation (a;, A1) - (a2, As) = (a1 + Ay - ag, Ay - As), which is nothing
but an affine transformation: z* — a2/ = A*,2¥ + a* for a constant (n + 1)-vector a* in
Minkowski spacetime. Therefore, the second principle is a requirement under the Lorentz
transformation, and it is achieved by expressing all quantities and laws of physics in terms
of tensor fields in Minkowski spacetime.

The special theory of relativity can describe physics only in inertial frames, but the real
world requires the description of physics in accelerating frames. The principle of equivalence
makes it possible to realize the latter requirement of nature and has three different state-
ments: Weak Equivalence Principle (WEP), Einstein’s Equivalence Principle (EEP), and
Strong Equivalence Principle (SEP). The essential point of the principle is the reconsidera-
tion of the meaning of the accelerating frames when subjecting only to gravity.

Let us consider a freely falling test particle. The second law of Newtonian mechanics

describes this motion in an equation as follows:

mia=—mgVP, (4.4)

where a, m;, and mg are the acceleration vector, the inertial mass, and the gravitational
mass of the test particle, respectively. ® is a Newtonian gravitational field. The WEP states

that the two types of mass are equivalent: m; = mg, and it leads to

a=—-Vo. (4.5)

That is, the acceleration does not depend on the sort of the test particle; only depends on the

gravitational field. Experimentally, the E6tvos experiment and its modern successors verify
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this statement in high precision. Further considerations of this result give insight into a
new understanding of the acceleration; the gravitational effect cannot be distinguished from
uniform acceleration in a small enough region. That is, the WEP states more generically that
i small enough regions of spacetime, the motion of freely falling particles in a gravitational
field and of particles in a uniform accelerating frame are not distinguishable. Here, spacetime
is the generalized concept of Minkowski spacetime: a space, or more generically, a pseudo-
Riemannian manifold, equipped with a metric tensor g,, (), not restricting to 1,,.

The statement of the WEP restricts its application only to freely falling particles, but
A. Einstein extended the statement to any other experiments that obey special relativity,
which is nothing but the EEP, stated as in small enough regions of spacetime, the laws of
physics restore those of special relativity. This means that any local experiments cannot
detect a gravitational field. Remark here that the EEP is the statement only for the non-
gravitational laws of physics due to its own property. Including the gravitational laws of
physics, the statement is distinguished as the SEP.

In the special theory of relativity, on one hand, the laws of physics are invariant under
the Poincaré transformation. On the other hand, in the presence of gravity, it demands the
invariance of that under the general coordinate transformations, or more generically, diffeo-
morphisms, x# — 2 = (02" /0z")z”, of spacetime. Remark that in this case dz™/0z”
is not a constant matrix like A*, in the Poincaré transformation but a function matrix, or
equivalently, a Jacobian matrix; a system of coordinate functions spans only a local region
of the entire spacetime. This statement is nothing but the principle of general relativ-
ity /covariance and is easily realized by expressing all quantities and laws of physics in terms
of tensor fields in spacetime; it is a straightforward generalization of the principle of special
relativity /covariance. Explicitly, let ¢ : M — M and T be a diffeomorphism of space-

time M and a tensor field of some physical quantity on M. Then the principle claims the
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satisfaction of the following condition:

¢"T'="T, orequivalently LT =0, (4.6)

where & is a vector field which generates the diffeomorphism ¢ and L is the Lie derivative

generated by €. Expressing it in a component form, the first condition becomes as follows:

ort 0x'1

= BT D

(" T, (x) T (2, (4.7)

z'=¢(x)

as desired.

So far the main concepts and principles have been introduced: (Minkowski) spacetime,
the EEP, and the principle of general relativity /covariance. Based on these ingredients, the
general theory of relativity is established. In particular, the EEP leads to an interpretation
that a freely falling frame is equivalent to the state of a frame in un-accelerated, the so-called
local inertial frame, if subjecting only to gravity, and it gives an implication of describing

the trajectory of a particle in a gravitational field as geodesics.

4.2. Geodesic equations

In this section, geodesic equations are introduced in two ways: a bottom-up approach focused
on the motion of particles for grasping the meaning of physics and a top-down approach based
on the variational principle for formulating the geodesics in a mathematical manner. Finally,
the geometrical interpretation of gravity is presented. Let us start first with the bottom-up
approach for introducing geodesics. Hereinafter, the speed of light ¢ is set as unity: ¢ = 1.
In the absence of forces including gravity, although it will be revealed that gravity is not

a force but the bending of spacetime, a test particle (of which mass is unity in the system
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of units) satisfies the following equations of motion:

a?

&t
S (4.8)

dr? ’

where z# = z#(7) and 7 are the position (n+1)-vector and the proper time of the test particle,
respectively. Performing a general coordinate transformation z# +— z* = (92" /0x")x” of

which Jacobian matrix being non-singular, the above equation becomes as follows:

d?z'? dz'* dx'” ox'?  0%x°
P __ p __ /p _ /p _
=0 at= dr? MR dr dr =0 F“V_ax"ax/“ﬁx”" (4.9)

This equation is nothing but the geodesic equation in the pseudo-Riemannian geometry, if
replacing I, by the so-called Christoffel symbols/Levi-Civita connection Io’f’w,, given as

follows:

° 1 -
Fp;w = Egp (a,ugua + al/gua - aag;u/) ) (410)
and the connection I w transforms by the general coordinate transformation as follows:

« B p o p 2.0
_ Ox® O02° Ox £ +8x 0“x . (4.11)

o
p oL vt or-_gvL
W o 9z 9z P 9o dxrdz

Then the equation describes the trajectory of the test particle as a geodesic. If t# = da# /dr

is a tangent vector of the geodesic then the equation can be expressed as follows:
@ =1Vt =0, (4.12)

An important insight here is that the first term in Eq (4.11) is absent in Eq (4.9); vanishing
the connection lowag in some coordinate system is an implication of the test particle existing
in a local inertial frame. Therefore, taking into account the statement of the EEP, the

existence of gravity has something to do with the Levi-Civita connection. In fact, it will be
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revealed in the last part of this section that the connection corresponds to the gravitational
force itself.
Next, let us derive the geodesic equation from the variational principle and consider its

properties. The action functional is introduced as follows:

! dat dz¥ e
Hor(r) el = [ o) S o8] ar (113

where 0 = +1,0, —1 for space-like, null, and time-like geodesic, respectively. The auxiliary
variable e = e(7) makes it possible to treat the null geodesic, o = 0, in a unified manner.
This system has a primary constraint with respect to the auxiliary variable. Therefore, the
symplectic potential becomes w = 7.de + 702" = m,0z" in the Lagrangian formulation,
since m. = 0 is automatically satisfied as an identity, where 7. and 7, are the canonical
momentum variables with respect to e and pu, respectively. (In the Hamiltonian formulation,
it becomes ,w = m.de + w0zt gw w0zt since m, = 0 have to be imposed: 7. := 0). It
indicates that the well-posedness of the variational principle on € demands the boundary

conditions dz*(mp) = dx*(m) = 0 [Tomonari (2023b); Izumi et al. (2023)]. Varying this

action functional with respect to e, the following equation is derived:

= g, _ 4.14
7€ In dr dr ( )
on the other hand, with respect to z*, the following equation is derived:
d?zP o dxtdxv  éda?
- r == 7 4.15
dr? T dr dr edr ( )

under the imposition of the boundary conditions. These two equations are nothing but the

geodesic equations. The action functional (4.13) has a symmetry; it is invariant under the
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following one-dimensional diffeomorphism:

¢ (11,7) = (11, 79); T—= T = ¢(1). (4.16)

Then z# and e are transformed as follows:

(1) = a = ¢"(2(7)) = 2"(7 = ¢(7)), e(r) = €(1) = ¢"(e(T)) = e(7' = ¢(7)),
(4.17)
where ¢* is the pull back operator of ¢. Therefore, using this diffeomorphism, the parameter

7 can be always taken under the satisfaction of the condition

é(r) = 0. (4.18)

In such case, Eq (4.15) results in the geodesic equation (4.12). A parameter under the
satisfaction of the condition (4.18) is called the affine-parameter, and it can be generically
expressed as follows:

77 =ar +b, (4.19)

where a and b are constants. In this formulation, the proper time is redefined as a parameter
7 such that e(7) = 1, or equivalently, g, (dz"/d7)(dz"/dr) = —1. Notice that the proper
time has a symmetry for 7 — 7 + constant.

Finally, let us consider the geodesic equation in spacetime which slightly deforms from

Minkowski spacetime. That is, the metric tensor g, is expressed as follows:

Juv = N + h,uz/ s ‘h/ux| <1 , aoh/ux =0. (420)

Then the spatial part of the geodesic equation (4.15) under the imposition of the condi-
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tion (4.18) is approximated as follows:

Azt o. dxt dz”
~ I 4.21
dr? modr dr ( )

If dz'/dT < 1 is satisfied, the above equation is further approximated as follows:

d?at

2

— = T, (4.22)

where the explicit formula of the Levi-Civita connection (4.10) is used. Comparing this
equation to the equation for the freely falling test particle, Eq (4.5), the following relation
is derived:

IO%O ~ 8,<I>, or ho() = —-20. (423)

It indicates that the Levi-Civita connection and the metric tensor are nothing but the ex-
pression of gravity and of the gravitational potential, respectively. That is, gravity is nothing
but a property of spacetime how it different is from Minkowski spacetime. Therefore, the
statement of the EEP is translated in terms of the Levi-Civita connection into as follows:
in small enough regions of spacetime, it exists a coordinate system such that the Levi-Civita
connection vanishes, and this statement is guaranteed by a theorem: [t exists a coordinate
system such that f’ﬁy = 0 if and only if the lower two indices in the connection is commu-
tative: fﬁy = f’,j#. Here, remark that the connection is not restricted to the Levi-Civita
connection f";u. Therefore, the EEP is now expressed only in an equation: f‘ZV = f‘ﬁu. The
Levi-Civita connection fﬁﬂ apparently satisfies this condition by virtue of its expression in
Eq (4.10).

Summarizing this section, using the pseudo-Riemannian geometry, the trajectory of a
particle is described by the geodesic equation (4.15) under the imposition of the condi-

tion (4.18), or equivalently, Eq (4.12), and the connection of the theory is the Levi-Civita
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connection (4.10). In this geometry, the EEP is automatically satisfied, and gravity and the
gravitational potential are expressed by the Levi-Civita connection and the metric tensor,
respectively. Since the geodesic equation is the generalization of the Newton equation for a
freely falling particle, that is, Eq (4.8), therefore, a particle subjecting only to gravity does
continue the uniform motion as a straight line in spacetime, i.e., a geodesic; gravity is now
engraved into a property of spacetime. Therefore, once the gravitational potential, 7.e., the
metric tensor, is determined, the geodesic equations describe how a particle evolves in time.
The Einstein field equations provide a set of field equations to govern the evolution of the

metric tensor.

4.3. Einstein field equations

In this section, the Einstein field equations are derived based on two bottom-up approaches
by using the Poisson equation of gravity and the equations of geodesic deviation respectively.
The modern approach based on the variational principle will be presented in Section 4.5.
The speed of light c is set as unity: ¢ = 1. Let us start with the first approach.

The Poisson equation of gravity is given as follows:
V2® = 47Gp, (4.24)

where G is the Newtonian constant and p is the matter density of sources. Using Eq (4.20),

Eq (4.22), and the above equation, the following equation is derived:
V2900 = 87TG7L00 ; (4.25)

where %oo = —p is the (0,0)-component of the energy-momentum tensor 70'#,,. Generalizing
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this equation in a covariant manner, the field equation should be the following form:
G =87GT . (4.26)

Therefore, revealing G w, the field equations for gravity are obtained, under the satisfaction
of the following conditions; (i) é/w is composed of the metric tensor and its derivative up
to second-order; (ii) In the Newtonian limit, Eq (4.26) restores Eq (4.25); (iii) The lower
two indices of éuv are symmetric; (iv) é,ﬂ, satisfies the covariant conservative property.
Conditions (i) and (iii) allows that éuu is written as follows: éw/ = AFOBW + Bgm,lo%, where
R%,, and R are the Ricei tensor and the Ricci scalar, A and B are arbitrary constants. There
may be some leaps to make up this form, but the validity will be able to be confirmed in the
second approach. Condition (iv) leads to A = —2B. Therefore, G w should be the following
formula:

o o 1 o
G = Ry — §gWR. (4.27)

This is nothing but the so-called Einstein tensor, which is derived from the Bianchi identity:

V[pﬁm,]cm = 0, and satisfies Condition (iv). Therefore, the Einstein field equations are

derived as follows:

o 1 o o o <] 1 )
RMV - §guuR = 87TGTMV7 or RMV =8rG (T/U/ - §gMVT) ) (428)

From the second equation above, Condition (ii) leads the Poisson equation of gravity:
Eq (4.25).

The second approach is based on a consideration of the tidal effect. The EEP indicates
that, in small enough regions of spacetime, gravity can be removed by performing appropriate
general coordinate transformation but that, in global regions of spacetime, it is not the case;

the tidal effect appears. Let us consider the congruence of geodesics. The two particles in
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geodesics have the relative acceleration given as follows:
& =tV 1"V, nf) (4.29)

where n” are the normal vector of geodesics. Using the geodesic equation (4.12) and the
relation /Ent“ = 0, where Eon is the Lie derivative with respect to the normal vector n*, the

equation of geodesic congruence are derived as follows:
a* = R, t"t'n” | (4.30)

This equation describes the tidal effect between two test particles. In the Newtonian case,
the following equation holds:
a' = —-nl0;0'®. (4.31)

Now, let us derive the Einstein field equations. Generalizing Eq (4.31) into a covariant form,
it becomes a* = —n”0,0"®. Therefore, comparing it to Eq (4.30) and using the Poisson
equation of gravity, Eq (4.24), and then tracing out the un-contracted indices, the following
equation holds:

R 't = Kp, (4.32)

2

where k° is a constant coefficient. The right-hand side can be generalized as 70'#1,75“75” in a

covariant form, therefore, the following relation is derived:

o

Ry = kT (4.33)

This equation does not satisfy the covariant conservative property but the Bianchi identity:

o

V{mfiw]m =0 leads to %#éuv = 0, where COJW is defined in Eq (4.27). Therefore, the above
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equation should be modified as follows:

o

Guu = ’1270—uu . (434)

The coefficient x? can be determined by considering the Newtonian limit: x* = 87G. This
is nothing but the Einstein field equations (4.28).

In the first approach, the form of COJW = AI%W + Bg,wé is assumed and it satisfies
all Conditions (i) - (iv), whereas a term Cg,, satisfies only Conditions (i), (ii), and (iv).
Therefore, if the coefficient C' is small enough to be consistent with the Newtonian limit,

then it would be possible to modify the Einstein equation as follows:
G + Mgy = 87GT . (4.35)

The constant coefficient, A, is the so-called Einstein’s cosmological constant. He was moti-
vated to introduce this term from a philosophy that the universe should be static, although
modern observations indicate that the universe is expanding, and it is rather accelerating.
The Einstein field equations are composed of (n + 1)(n + 2)/2 independent equations
in (n 4+ 1)-dimensional spacetime and non-linear partial differential equations. Therefore,
it is generically difficult to solve the equations and to find the true propagating degrees
of freedom. Of course, in order to reveal the latter point, the Dirac-Bergmann analysis
is a powerful tool, but it demands the ADM-foliation of spacetime and the Lagrangian

formulation of the theory.

4.4. ADM-foliation of spacetime and Einstein field equations

In this section, ADM-foliation of spacetime is introduced [Arnowitt et al. (1959, 1960);
Deser et al. (1960); Arnowitt et al. (2008); Baez and Muniain (1995); Nakahara (2003); Carroll

(2019); Padmanabhan (2014b)|, and it is one of the most important fundamentals of the
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present thesis. The concepts introduced in this section are as follows: ADM-foliation of
spacetime, the metric of the geometry, first fundamental form (projection map), covariant
derivative in a foliation of spacetime, second fundamental form (extrinsic curvature), Gauss-
Codazzi equations, and the ADM-foliation of Einstein field equation.

Let M be a (n + 1)-dimensional manifold of spacetime that has a Cauchy surface. Then
ADM-foliation of spacetime is a diffeomorphism ¢ : M — R x § such that it decomposes

the spacetime M as a disjoint union of hypersurfaces as follows:

M=]Z, Si={peMi¢r(p) =t}, (4.36)

tel

where S is a n-dimensional hypersurface, ¢ and 7 are a time coordinate of M and of R x
S, respectively, Z is a time interval of M, and ¢* is the pullback operator of ¢. Each
hypersurface >, which is called a leaf, is diffeomorphic to S. The ADM-foliation of spacetime
is denoted as (M, S, ¢).

Let g = g0 dz" ® dz¥ and n* be a metric tensor of M and a normal vector of a leaf ¥,

respectively. Then the line element ds® = gudxtdz” is decomposed as follows:

ds* = eN?d7” + hy;(da’ + N'dr)(da? + N7dr),

hij = (&)1l T s »

(4.37)

where € is either —1 or +1 according to either time-like or space-like hypersurface ¥;, respec-
tively. N and N are the lapse function and shift vector, respectively, which is introduced
as follows:

(0" = eNn* + [(¢~1)*]"sN". (4.38)

Therefore, the components of the metric tensor on M are expressed by the spatial metric
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hi;, the lapse function N, and the shift vector N* as follows:

goo = €N2 -+ h”NZN] s
goi = Gio = hiij ) (4-39)
gij = hij .
The components of the inverse metric tensor on M are derived as follows:
900 — EN_Q ,
g% = g0 — NN (4.40)

g7 =h7 + eNT>N'N.

The normal vector n* can be expressed in terms of the lapse function and the shift vector

as follows:
nt = eN_l(—l,Ni) = —Ng™,
(4.41)
n, = (—N,0) = —Ng, .
Remark that a normal vector satisfies the Frobenius theorem: n(,V,n, = 0, where V,

is a covariant derivative for any geometries/connections, not restricting to the Levi-Civita
connection. Remark also that the expression of n,, above can be extended into a more generic

form as follows:

n, = (—N,NN;) = —=N(6), — N;6},) (4.42)

under the condition N’N; = 0.

In order to describe the geometry of the foliation of spacetime, let us introduce the first
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and second fundamental forms. The first fundamental form is defined as follows:

= Gy — €N (4.43)

or in the components form

Poo = hijNiNj7

Poi = Pg = hij N7, (4.44)
Pi' = hl] 3
or equivalently,
P® =0
PY— pi0 _ (4.45)
PY = hv.

This quantity is also called the projection map by virtue of the following properties:

n*P, =0, P*P’, =P, (4.46)

Hereinafter, we call it the projection map. Using this quantity, the covariant derivative on a

leaf 33; is introduced as follows:

12 g _ po pu1_ pH2_ ... PH1_ P I 517} paf2cfig
DPT Vi =P PP #1P w2 P #kP V1P V2 P l/zVUT Vv v (447>

where T2, o o is a (k,l)-tensor in the spacetime M and Tr#2-#k, . is a (k,1)-
tensor in a leaf ;. Remark that this formula holds for any geometries/connections. In

particular, in a (pseudo-)Riemannian manifold, the projection map satisfies the following
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properties:

DyPy =0,
(4.48)
(n) Tk L
This is nothing but the Levi-Civita connection on a leaf >3;.
The second fundamental form is defined as follows:
1
K;w = E'Cnp,uz/y (449)

where L, is the Lie derivative with respect to the normal vector n*. Remark that this quan-

tity is viable in any geometries/connections. This quantity satisfies the following properties:

K v = KV )
8 8 (4.50)
'K, =0,
and has four equivalent expressions as follows:
o 1 a 8 o
K, = EP WP v Lngas
[%l,:% n, — €n,a,
8 8 : (4.51)
K, =P,V n,,

where the Frobenius theorem is used. Remark that the properties in Eq (4.50) hold for
any geometries/connections. That is, the quantity is symmetric with respect to the lower
two indices and spatial in any geometries/connections. Using these properties, the following
property is derived:

Lo(P*, PP Kop) = P, PP LoK g . (4.52)
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This property shows that the projection map behaves just like the metric tensor in (pseudo-
JRiemannian geometry regarding the Lie derivative of the second fundamental form with
respect to the normal vector. Notice that these equations excepting the fourth equation in
Eq (4.51) do not depend on a concrete form of the normal vector n*. If n* is expressed in
terms of the lapse function and the shift vector, i.e., n* = eN~!(—1, N%), then the following

important formula is derived:

o

Q) o gN—l(i)iNj + D;N; — hyj) . (4.53)

This formula plays a crucial role in performing the Dirac-Bergmann analysis of theories of
gravity. The geometrical meaning of the second fundamental form can be interpreted by
considering a way of embedding a leaf 3; into the spacetime M. Let C be an integral
curve with respect to ¢#. Then we can verify the following relation: t*D,t" = P ,t°V ,t# —
en’tPt? K,,. If the curve C'is a geodesic on the leaf then this relation turns into as follows:
en"tPt? K,, = PY,t°V,t?. This relation implies that if the curve also is a geodesic of the
spacetime M then the second fundamental form vanishes, and vice versa. Therefore, the
second fundamental form can be interpreted as a quantity that measures the difference in a
way of freely falling a test particle. That is, let C’ be a geodesic in the spacetime M and
both C' and C’ path through a common point P. Then, to restrict a test particle on C,
the parallel transformation along with the curve C” have to be modified by the amount of
en”tPt? K, from that of P¥,t°V,t”. Therefore, the second fundamental form is interpreted
as a sort of curvature. Hereinafter, we call it the extrinsic curvature.

Next, let us introduce the Gauss-Codazzi equations. The Gauss equation is given as
follows:

Ry = PP P, P, PP R 505 + 2¢ KP1, Ky, . (4.54)
This relation can be shown by using the relation [lo)a , lo)ﬁ]t‘S = (n)éwaagté, where 0 is a

120



tangent vector on a leaf >;. The first and second Codazzi equations are given as follows:

P, PP, P n° Rs.5 = 2D, K,)"

(4.55)
P PP n’ Raygs = K,V Ky — LoKpw + Dydy — €dyay
respectively, where a, = n”%yn#. These relations can be shown by using the relation

[%a , %B]Tﬂ = }%ﬂ(ga/gn‘s. Concerning the terms lo)#&,, and/or a,, it can be replaced by using
the following relations:
a, = —npnulO?VlnN,

(4.56)
D,é4, = —e(N"'D,D,N — G,a,) .

From the Gauss equation (4.54), the Ricci tensor and scalar on a leaf are expressed as follows:

™R, = PP’ PR+ e(KK,, — K,,K”,),
(4.57)
MR =R —e2R,,n"'n" + K"K, — K?).
Contracting the first Codazzi equation, it relates the extrinsic curvature to the Ricci tensor

as follows:

2Dy, K", = n PP Ry, (4.58)

The above equations in this paragraph hold only for (pseudo-)Riemannian geometry. A

generalization of these equations into metric-affine geometries is given in [Ariwahjoedi et al.
(2021a,b)].

Finally, let us decompose the Einstein field equations. The Einstein tensor and the
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extrinsic curvature have the following relations:

2GOMV7’LMTLV = —¢€ (")}O% + IO(Q - f(lﬂlf(uu7

(4.59)
D,K", — D,K =n"P",G, .
These relations are shown by using Pp"PW}o%pWZ, = —2enfn’G w- Using these relations, the
Einstein field equations (4.28) are decomposed into the following three equations:
(n)é + K?— [%'MV[O{MV _ 2/{27;,,71“71” :
(4.60)

D,K — D,K*, = k*P*,n°T,, ,
and, using also the second equation in Eq (4.55) and the second equation in Eq (4.56),

o

o o o o o o o o o 1 o
LoKop=—""Ros+ 2K K3 — KKo5+ N 'D,DgN + P, P"4 (TW - —gWT) :

n—1
(4.61)
where € = —1; leaves are taken as space-like hypersurfaces. The third equations (4.61)
describe the time evolution of the spacetime. In fact, using the following formula:
ﬁnQuu - N_l(aOQuV - ‘CnQuu) y (462)

where @), is spatial tensor, i.e., n*Q,, = 0, then Eq (4.61) is further split into as follows:

o o O o o o o o o o 1 o
Ky — LxKy; = NYR,; + N(KK;; — 2K*K;;) — D;D;N — 2x>P";P"; (T,w - mg,wfr) N,

(4.63)

where N# = (0,N) = (0, N*). These equations imply the possibility of reformulating the

Einstein field equations in a Hamiltonian formulation, and the first and second equations
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would correspond to “ ¢ = 0H/0p ” and “ p = —0H/Jq ”, respectively. In this section, we
have discussed based on the equations of motion. In order to verify this statement, however,

it needs to establish the Lagrangian formulation of the general theory of relativity.

4.5. Reformulation based on the well-posed variational principle

In this section, Einstein-Hilbert action is introduced in the Lagrangian formulation, and,
based on the well-posed variational principle on the primary constraint phase space €M) the
Einstein field equations are derived |Einstein (1916)|. This is the first time to consider the
well-posedness of the variational principle in field theories in the current thesis, therefore,
all computations are performed in detail. The Einstein-Hilbert action in the Hamiltonian
formulation is also established, and the Einstein field equations as Hamilton equation are
derived [Padmanabhan (2014b,a); Parattu et al. (2016a,b); Danieli (2020); Jha (2023)].

The Einstein-Hilbert action functional in vacuum is given as follows:

1 o
Iarlgw] = 502 /M "2 Lo, Lor=RV—g, (4.64)

where M is a (n + 1)-dimensional spacetime, g is the determinant of the metric tensor g,
of M, R is the Ricei scalar of M, and k? = 87G. In order to apply the variational principle
in a well-posed manner on the primary constraint phase subspace €, let us derive the
canonical momentum variables of the system. Using the second relation of the contracted
Gauss equation (4.57) in the case of € = —1 and the relation: ]?Bw,n“n” = %p(&p — nplo() -
IO(WIO(“” + IO(2, which can be derived from [%ﬁﬁ]m = }O%V(;agn‘s, the Ricci scalar in the

action functional can be decomposed as follows:

o

R=WR4 K, K" — K*—2V,(n"K — &"). (4.65)
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Therefore, the Einstein-Hilbert action functional (4.64) becomes as follows:

S 1 t2 1 o
IgrIN N b = — [ dt | d"zLapy +=— | d"z (+2VhEK) (4.66)

where L apys, the so-called Arnowit-Deser-Misner Lagrangian density, is defined as follows:
Lapy = NV (MR + K K - K2) (4.67)

The canonical momentum density variables of the ADM Lagrangian are derived as follows:

rola) = EAME) oy - 0Lapu(@)
SN (y) C SN (y) ’ (4.68)
() = 2200 RS R @y () — R ()5 (x — y) |
zg( ) 5h’3(y) 1) 1) .

These results indicates that there are the total number of (n + 1) primary constraints as
follows:

B =m0 =0, ¢ =m:=0 (4.69)

in the Hamiltonian formulation. In the Lagrangian formulation, these equations are satisfied
as identities. The symplectic potential in the Lagrangian formulation is given as follows:
w = 10N + mON" + m;;0h = 7;;6hY. (In the Hamiltonian formulation, .w = mdN +
T ON +m;;0hY £ 7;;0h"). Therefore, the well-posedness of the variational principle on the
constraint phase subspace ¢(!) demands the imposition of the boundary condition as follows:
dh = 0 on the boundary M [Tomonari (2023b); Tzumi et al. (2023)].

Now, let us apply the variational principle to the Einstein-Hilbert action (4.64) under

the imposition of the boundary condition 6h*” = 0 on M. Varying the Lagrangian density
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Lar in Eq (4.64), the following equation is derived:
0Lk = Gudg™ + v =gVuV, (—89"™ + 6" gasdg™) . (4.70)

The first term is the bulk term and it governs the dynamics of the system when coupling
to matters as discussed later. The second term generates the surface term of the theory.

Integrating out the second term on the spacetime M, it becomes as follows:

(5V:/ dz"eVhoV
oM (4.71)

5V = nM%V (=0g" + " gapbg™”) .

Using the relation g, 09" = P, 0 P" + 2en,0n* and dn” = n,dg" — en*nangdg®? /2 (, or
equivalently on, = —en,n,n,dg""), the density V is rewritten as follows:
8V = (V,m,)69" — Kg,,69™ + V,6V"

(4.72)
SV = —no P 36g°" + nt P,z PP .

A direct calculation leads to the following property: %MW“ = ﬁMW“ + en”%y(nMW“) —

eW*a,. Therefore, using this property, the density V becomes as follows:

5V = (K — K Py )5P™ + %5(-2@1‘%) 4 Dy(na PP 53" (4.73)

The third term in the above equation vanishes when integrating it out on 0 M. Therefore,

neglecting this term and using Eq (4.45), Eq (4.73) becomes as follows:

o o ’I, 1 o
§V = (K;; — Kh)ohV + ﬁé(—%/ﬁf() , (4.74)
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or Eq (4.71) becomes as follows:
% :/ d"z(—€)m;;j0h" +/ d”x5(—26\/ﬁfof), (4.75)
oM oM

where the third equation in Eq (4.68) is used. Assembling all results, the first-order variation

of the Einstein-Hilbert action (4.64) is calculated as follows:

1 ° 1 . 1 o
0op = — Logt + — d"z(—e)m;:0hY + — d"x0(—2eVhK). 4,
GR =53 /MG# g+ 5,2 /8/\/1 z(—€)m; + 2 xd( evVh ) (4.76)

The second term vanishes under the imposition of the boundary condition dh;; = 0 on OM,
but the third term remains. Therefore, let us modify the Einstein-Hilbert action on the

ground of the following equation:

T 1 . v 1 n i
5-[GR = ? /M Guu(sgu + ﬁ o d $(—€)ﬂij5h]7 (477)

where I~GR is defined as follows:

~ ) . ) - 1 °
Tor[N, N h] = Igr[N | N¥, hi] + — / d"w (26\/EK> . (4.78)
252 AM

The second term is nothing but the so-called Gibbons-York-Hawking counter-term [York
(1972, 1986a); Gibbons and Hawking (1977); Hawking and Horowitz (1996); Padmanabhan
(2014a); Parattu et al. (2016a,b); Chakraborty et al. (2017); Chakraborty and Padmanabhan
(2020)]. At last, the well-posed variational principle on the constraint phase subspace €

leads to the vacuum Einstein field equations as follows:
G =0. (4.79)

Remark that, in this case, the equations are just sufficient conditions to satisfy 6lgr =0
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due to the dependence among dg"”, that is, dg"” are not independent. In fact, the number
of components of g,, is (n + 1)(n + 2)/2 in (n + 1)-dimensional spacetime, but at least
(n + 1) components of them depend on other components since there exist at least that
number of primary constraints; the number of (n + 1) components of the metric tensor can
be expressed by the remaining (n + 1)(n + 2)/2 — (n + 1) components. Notice, finally, that,

based on Eq (4.78) in the case of ¢ = —1, Eq (4.66) becomes as follows:
- o 1 [*
I[N ,N* hV] = —/ dt/ d"xLapns - (4.80)
2/€2 t1 ¥

That is, the second term in Eq (4.66) and the second term in Eq (4.78) are canceled out one
another; the canonical momentum variables in Eq (4.68), which were derived by neglecting
the second term in Eq (4.66), are now justified.

Let us introduce matters. Taking into account a matter Lagrangian L .iter, the net
Lagrangian becomes L, = ENEH + Loatter- In the case of existing matters, the variational
principle with respect to the matter fields leads to those equations of motion. Assuming

these equations, the first-order variation of the net Lagrangian becomes schematically as

follows:
5£ma er 5£ma er 6£ma er
6£matter = ( i > 5(25 + < tyt ) (59’“/ — ( Zt ) 5g’uy y (481)
6¢ g :fixed 59” ¢ fixed 59“ ¢ fixed
or, in the form of action functional,
1 7 v gn+1
(5Irnatter = —= 7:“,(59“ d xT. (482)
2 M

Therefore, the variational principle leads to the Einstein field equations as follows:

G = KT, . (4.83)



Finally, let us derive the Hamilton equations of motion, although this formulation is
not complete: it needs to take into account that the theory is a degenerate system. The

ADM-Hamiltonian is derived from the Legendre transformation as follows:
Hapar = mi;h" — Lapar - (4.84)
Using Eq (4.53) in the case of € = —1, the above equation turns into as follows:

Hapy = NVA (KK = K2 = @ R) = aN'Dimy; + 2D (i NY)

(4.85)
PNV (KK — K2 = O R) — 2N DIy,
where “"2” denotes the equality under the ignorance of the total divergent term. Varying
Hapw, the following formula is obtained:
5HADM = PZ](WLU + Qi‘jéﬂij + 005N + C,5NZ s (486)

where P;;, QY, Cy, and C; are given as follows:

o 1 o o
P)ij = — N\/E ((R)R” — §hw(n)R) — Dk (WikNj + ijNi — Wiij)

o o o o N 2 2N i
+ \/ﬁ (DZD]N — h”DkaN> + — <7Tkl7Tkl __7 ) _ <7Tik7rjk T ) 7
n

2vh n=1) Vh -1
(4.87)
4N » m i

i NV s 4,
V= (W n—1 ) )
& N/ () -SRI (R S (4.89)

\/E ij n—1 )

C; = —2Dr; . (4.90)
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Conversely, the inverse Legendre transformation is given as follows:
»CADM Zﬂijhij _HADM- (491)

Therefore, using Eq (4.86), the first-order variation of £4pys in the phase space is calculated

as follows:

T.D.

OLapr "2 (P + i5) 6h + (Q = ) 6 — CodN — CoN'. (4.92)
The variational principle leads to the following constraint densities:
Co=0, C;=0, (4.93)
and the following Hamilton equations of motion:
W =Q7, #j=—Py, (4.94)

as a set of sufficient conditions. Each equation in Eq (4.94) corresponds to that of Eq (4.63),
respectively. In order to apply the variational principle in a necessary and sufficient manner
for deriving the Hamilton equations of motion, the methodology that is established in Sec-
tions 3.6 and 3.7 is mandatory, although it is hard to find the canonical variables that are
indicated by the Shanmugadhasan-Maskawa-Nakajima theorem. In fact, no one has achieved
it yet at the moment writing this thesis. If this problem is solved, the well-posedness of the
variational principle on the full constraint phase subspace €) (K = 2 will be revealed in
the next section) can be established. In this case, it may need to add another counter-term,
which is different from the Gibbons-York-Hawking counter-term, to the action functional.

Anyway, even if one tries to apply the method, the Dirac-Bergmann analysis is necessary to
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reveal the constraint structure of the theory and the propagating degrees of freedom.

4.6. Dirac-Bergmann analysis and degrees of freedom

In this section, performing the Dirac-Bergmann analysis, the degrees of freedom of gravity in
the general theory of relativity is investigated [Danieli (2020); Jha (2023); Tomonari and Bahamonde
(2023)]. This is the first time to apply the analysis to field theories, therefore, all computa-
tions are presented in detail. The analysis is separated into two main steps: (i) The derivation
of a set of primary constraint densities and the total Hamiltonian; (ii) The verification of
the consistency conditions for all constraint densities. Let us start with the main step (i):
Building the total Hamiltonian.

Based on Eq (4.78), the ADM-Lagrangian (4.67) is derived without any boundary term.
This is the starting point of the analysis. The canonical momentum variables and the
primary constraint densities are already derived: Eq (4.68) and Eq (4.69), respectively. The

fundamental Poisson brackets (PBs) are given as follows:

{N(@), mo@)}ps. = 8 (x—y), {N'(2),m;(y)}ps. = 50" (x —y),

o (4.95)
(R (x), T (y)}pa = 0676 (x — y).

Under these PB-algebras, the primary constraint densities Eq (4.69) are commutative with
respect to the Poisson brackets (PBs). The Hessian/kinetic matrix given in Eq (2.1) (but in

field theories: See Eq (7.6) in Section 7.1 for detail) is computed as follows:

0 Ol,n 017n(n+1)/2
Vh

n k¢l
KaVh = 0,1 Onn  Opngrnyz | 0" (x=y),  Kajoen = N (hz’jhkl — 4 5j)> )

On(nt1)/21 Ongntry/zn (i), k0
(4.96)

where (4,7), (k, 1) € {(1,1),(1,2),--- ,(1,n);(2,2),(2,3),---,(2,n);--- ;(n,n)}. Therank
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of this matrix is six. The kernel Hamiltonian is calculated as follows:
Ho = NCy + N'C;, (4.97)

where C' and C; are given in Eqs (4.89) and (4.90). Therefore, the total Hamiltonian is
derived as follows:

He = Ho + Mol (4.98)

where M\ are the Lagrange multipliers.
The next main step (ii) is the verification of the consistency conditions for all constraint

(1)
densities. Those of the primary constraint densities *¢;(}) ~ 0 are calculated as follows:

P =C, =0, (4.99)

Notice that Eq (4.99) is nothing but Eq (4.93). The PBs between ,¢’ and ¢ are commu-

tative. The PBs among the secondary constraint densities (4.99) are calculated as follows:

¢(2)

Lot .07t 0k = (67 (1,00 — 6P (1. 3)0 ) W (x—y) & 0,

(87 (t,%) .05 (t,9) po. = w03 (8, x)0 6 (x —y) = 0,
(2

Lo (300 (3} en = (R0 (%) + 0 (1, 3).07(t,y)) 970 (x —y) & 0.

(4.100)

Therefore, all the secondary constraint densities are classified into first-class constraint den-
sities. Based on these algebras, straightforward computations show that the consistency
conditions for the secondary constraint densities are automatically satisfied on the constraint
phase subspace €? and then The Dirac-Bergmann analysis stops here.

Another way of verifying this statement is calculations with the smeared variables. This

calculation method is convenient if the system has only first-class constraints by virtue of
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the closed algebra (4.100). The definition of smeared variables is given as follows:
Cs(N) = /E de®NCy, Cy(N)= /E de®N'C; (4.101)
where N = N*9;. Then, first, the following relation holds:
{(F(h'7 7;), Cy (N) Y poyp. = L F (WY, 75) (4.102)

for arbitrary function F'(h*, ;). Using this, the following algebras are derived:

¢ ¢(2)
{Cv(N1),Cv(Na)tpy = Cv(LnN2) ~ 0, {Cv(N),Cs(N)}tps. = Cs(LaN) = 0.
(4.103)
Neglecting spatial boundary terms, the following algebra holds:
spatial T.D. i i e
{Cs(Nl) , CS(NQ)}P.b‘ = CV ((Nla NQ — N28 Nl)&) ~ O, (4104)

« L TP Jonotes the ignorance of spatial total divergence terms.! Using these

where
algebras, it is obvious to verify the satisfaction of the consistency conditions for the secondary
constraint densities. Therefore, the Dirac-Bergmann analysis stops here.

The Dirac-Bergmann analysis reveals that the number of (n + 1) primary and the same

number of secondary constraint densities exist, and all the multipliers remain arbitrary.

! As discussed in Section 7.1 in detail, this ignorance is restricted to a system such that the diffeomorphism
invariance holds, meaning that Eq (4.100) is satisfied. In this case, imposing appropriate spatial boundary
conditions, i.e., N;(t,spatial boundary) := 0, the spatial total divergence terms can be neglected. However,
fortunately, in the case of GR, the boundary terms are composed only of the constraint densities, therefore,
even if this ignorance is not necessary.
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Therefore, the propagating degrees of freedom (see Section 2.4) is given as follows:

(4D +2)

DoF = |2
pLo 5

X 0—2x{(n+1)+m+1)} x :%(n—f—l)(n—Q).

(4.105)

1
2

The gauge degrees of freedom (see Section 2.4) is the number of the primary first-class
constraints as follows:

gDoF =n+1. (4.106)

The gauge generator (see Section 2.3) is given as the linear combination of the first-class
constraints: ,G = e’,j*@(f) (k € {1,2}). This gDoF inherits the principle of general relativ-
ity /covariance.

The symplectic potential becomes the following form: ,w = PdQ! + ¥,6= g\f) ProQ*,
where W, are linear combinations of *qbff) with some function coefficients, Q! and P; are
the propagating degrees of freedom, and I € {1,2}; a € {1,2,---,8}. Since this system
has only the first-class constraint densities, in order to identify appropriate boundary con-
ditions, the symplectic potential has to be pulled back by the quasi-embedding & (t). (See
Section 3.7.) That is, &(t)w = Pi(E)0QT(E) + Wa(t)5Z0(t), where Uo(t) % &4 (1) Wa:
only the primary first-class constraint densities *¢,(}) 22) 0 in ¥, are set to be zero; other-
wise the secondary first-class constraint densities *gbf) gz) 0 in ¥, are set to be constant
parameters. Therefore, the well-posedness of the variational principle for the effective action
(see Section 3.7) on the full constraint phase subspace € demands the boundary condi-
tions Q7 = 0 and, in generically, =% = 0, on the boundary M. However, the explicit

expressions of these variables are difficult to lead, as mentioned in the final paragraph in

Section 4.5. No one has achieved it yet at the moment writing this thesis.
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4.7. Summary

In this chapter, the general theory of relativity was constructed; the geodesic equations
and the Einstein field equations are derived based on the well-posed variational principle
being consistent with the primary constraint densities. In particular, the latter case showed
that the Gibbons-York-Hawking term is automatically derived and the well-posedness being
consistent with all constraint densities expect to generate new sorts of counter-terms. Every
modified /extended theory of gravity has to be able to restore the Einstein field equations
as a special case under the satisfaction of some specific conditions. Then the dynamics
is described by the geodesic equations of the spacetime of a given theory of gravity. The
ADM-foliation/decomposition introduced in Section 4.4 plays a crucial role in performing
the Dirac-Bergmann analysis of theories of gravity. An example of the analysis for the
general theory of relativity was given in Section 4.6. This technique can also apply to
modified /extended theories of gravity and provides one of the fundamental ingredients to

the present thesis.
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Chapter 5

Gauge approach to gravity

Chapter abstract

In this chapter, a mathematical framework for the gauge approach to gravity is constructed.
First of all, three fundamental bundles, i.e., fiber bundle, G-bundle, and principal G-bundle
are defined. For the principal G-bundle, the Ehresmann connection and its curvature are
introduced. After that, vector bundles together with gauge fields and those curvature (field
strengths) are derived. Internal space bundles, which play a crucial role in constructing
the metric-affine gauge theories of gravity, are also derived, in particular, focusing on frame
fields and Weitzenbo6ch connection. Finally, a gauge approach derivation of the Einstein field

equations is described. This chapter gives mathematical basics for the succeeding chapters.

5.1. Fiber bundles and G-bundles

In this section, the basics of fiber bundles for physics are briefly introduced [Kobayashi
(1989); Baez and Muniain (1995); Kobayashi and Nomizu (1996); Sharpe (1997); Nakahara
(2003)]. First, fiber bundles are defined, and restrictions of the application to physics are
described. Second, G-bundles are introduced. Finally, the construction of G-bundles is
explained aiming to clarify geometrical meanings.

A fiber bundle is a structure between two topological spaces, denoted by a total space &€
and a base space M, related by a continuous surjective map (, or equivalently, projection
map,) ™ : & — M such that, for an open set U, 77}(U) is homeomorphic to the direct
product of U and a given topological space F, i.e., p: Ely = 7 Y(U) - U x F; (p,§) —
{p} x F = F, = é(p,§&). This homeomorphism is called local trivialization. Then the fiber

bundle is denoted as B = (£, M ,7,F), and F is called the standard fiber of the fiber
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bundle. On the fiber bundle, a quantity s which is defined on M and valued in &£, that is
s: M — &£, can be introduced as satisfying m o s = id. This map is called a section of £ on
M., and the set of all sections is denoted as “ I'(€) 7.

For applications to physics, the two topological spaces £ and M are often assumed as
some differential manifolds, so is for the fiber F'. Then the projection map 7 is also assumed
to be differentiable. In particular, M is taken to be a spacetime manifold, and then, of
course, coordinate transformations on local regions in M are considered. That is, for an
atlas of charts {¢; : U; — R%i € I}, where $ = {U,};cs is an open covering of M and d
is the dimension of M, and p € U; N Uj, a coordinate transformation is given as follows:
piog; i RY = R (2 2?) = ¢ilp) = (¥, ,y%) = ¢;(p). Then, making a set by
gathering all transition functions “ t;; = ¢;0¢; ' ” and inducing the composition of functions
“ 0”7 as a binary operation into the set, denoted by G = (¢;;,0), G forms (a subgroup of) a
general linear group GL(d;R).

For the total space £, the resemble concepts of a chart and an atlas of charts in a manifold

can be introduced: G-chart(, or equivalently, local trivialization,) and G-atlas, where G is

a given Lie group. That is, for U; € U, a G-chart is a homeomorphism given as follows:

i Ely, = 7N U) = Ui x F; (p,&) = {p} x F = F, = ¢i(p,&). Then the set of all G-
charts is defined as G-atlas: {¢;|i € I}. If a G-atlas is given, for each point p € U; N Uj;, there
exists an element 7;;(p) € G such that p; o ;71 : (U; NU;) x F — (U; N U;) X F; (p,&) —

17 and called a transition function,

(p,7ij(p)n). This map is denoted also as “ 7;; = @; 0 p;~
and it plays the role of a coordinate transformation for each fiber. In this way, the group
structure of G is implemented into the fiber bundle B as the way of the transformation of
the fiber F. This sort of fiber bundle is called as a G-bundle with a structure group G and
denotesd by & = (€, M 7, F,G).

Conversely, if a set of transition functions 7;; € G, where G is a Lie group, is provided,

then a G-bundle can be constructed as follows: Let M and {U, };c; be a differential manifold
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and an open covering of M. Giving a differential manifold F', a set of the direct product

manifolds and its disjoint union are constructed: {U; x F};cr and & = [],.; U; X F, respec-

iel
tively. Now, using the transition functions 7;;, an equivalence relation, denoted by “ ~ ", in
&' can be induced in a well-defined manner. That is, for (p,¢) € U; x F and (¢,n) € U; x F,
the equivalence relation “ ~ 7 is defined as satisfying the following two conditions: (i) p = ¢;
(ii) &€ = m;m. Let [(p,&)] be an equivalent class of the representative element (p,¢). Then
the quotient space of & by “ ~ 7 i.e., £ =&’/ ~, becomes G-bundle. In fact, the projection
map and the local trivialization are given as w : |y = U x F — M; [(p,€)] — p and
o: 7 W U) = UxF;|[(p,&)]— (p,§), respectively: & = (£, M, 7, F,G).

Famous examples of G-bundles are a cylinder and a Mdbius strip. Let B = (8! x
F,S8' 7, F) be a fiber bundle, where S' and F are a circle and an interval [—1,1]. Then,
if a group Geylinder = {€} is given then the G-bundle, & = (S' x F,8' 7, F, Geylinder),
becomes a cylinder. If a group Gyjeebius = {€, —€} is given then the G-bundle, & = (S! x
F,8Y, 7, F, Grocbius), becomes a Mobius strip.

For applications to physics, G-bundles need more additional structure. In particular,
connection /covariant derivative and curvature/field strength are mandatory. In order to for-
mulate these concepts, a right action of the group G to a G-bundle is introduced, (the left
action of the group G to G-bundle is nothing but a generalization of coordinate transforma-

tions) and it invokes a new geometric structure: the principal bundles.

5.2. Principal G-bundles, Ehresmann connections, and curvatures

In this section, making a relation between the fiber, F, and the structure group, G, to a G-
bundle, 8 = (£, M, 7, F ,G), as a group action, a principal G-bundle is introduced [Kobayashi
(1989); Kobayashi and Nomizu (1996); Sharpe (1997)]. For the principal G-bundle, a con-
nection so-called Ehresmann connection is formulated, and its fundamental properties are

derived [Kobayashi (1989); Kobayashi and Nomizu (1996)|. Let us start by introducing a
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principal G-bundle.

A principal G-bundle is a G-bundle with a right action of the group G, i.e., R: PxG —
P; (u,g) — u- g, acting on the total space P in the following manner: (u-g)g = u - (94’)
and u - g = u, and it satisfies the following conditions; (i) 7(u - ¢) = m(u); (ii) w(u) = w(u)
implies the existence of an element g € G as follows ' = u - ¢ (simply transitivity). In
addition, assume that (iii) all sections o; : U; — 7 1(U;) = U; x G are differentiable, where

14

U; € U and 4 is an open covering of the base space M. “ -7 denotes the right action
of the group G. Conditions (i) and (ii) identify the fiber F with the structure group G.
Therefore, the principal G-bundle is denoted as P = (P, M ,7,G; R). Condition (iii) leads
to a local trivialization ¢; : Ply, — U; X G; 0:(p) — (p,g) for U; € i, where the relation,
i.e., 0i(p) = oi(p)-e=0ip) (g7 g) = (oi(p) - g7") - g = cl(p) - g for g € G, is used. The
transition functions are defined by using the local trivializations, {¢;};cr, with respect to the
right action of the structure group G as usual: {7;; = ;' o p;}.

A famous example of a principal G-bundle is the Hopf fibration. Let & = (83 ,8% 7, F,U(1))
be a U(1)-bundle with a fiber F', where U(1) is the 1-rank unitary group. Introducing a right
action of U(1) into &, for the projection map 7 : (z', 2%, 23, 2%) — (£',£2,£3) such that
= 2(xta? + 2%2t) &2 = 2(2?2® — 2lat) 8 = (1) + (22)? — (23)? — (2*)?, becomes a
principal U(1)-bundle: B = (8*,8%,7,U(1); R). Notice that, since the elements in U(1)
can be expressed as exp(if) for § € (—m, ), the right action is not distinguished from the
left action of the group.

Next, let us introduce the Ehresmann connection. The definition is given as follows:

() wd)=A (Aeg),
(5.1)
(i) Ry w(X) = Ady(w) = gy
where g is the Lie algebra of the structure group G, w is a g-valued 1-form, w € g ® TP,

R,* is the pull back operator of the right action with respect to an element g € G, and Ad,
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is the adjoint representation with respect to g € G. A* is the so-called fundamental vector

field defined as follows:

Auf = 5 [ )| 5:2)

where u € P, g(t) = exp(tA) € G, and f is an arbitrary function on P. The right action,
R : P x G — P, induces the differential map dR : TP x TG — TP; it means that the
right action of g = T.G to P is well-defined. Therefore, the specific form of the fundamental

vector field can be written as follows:
A", =uA, (5.3)

and it of course belongs to T, P.

The Ehresmann connection has two different expressions: the geometric and algebraic
formulations. The geometric formulation is given as follows: a g-valued 1-form w on P is the
Ehresmann connection if and only if the following conditions are satisfied:

(i) T,P=V,P&H,P,
(5.4)

(ii) Ry"(H,P) = HyP,

where VP and H,P are the vertical and horizontal subspaces, respectively, defined as fol-

lows:

V,P = {X € ,P|m(X) =0}, H,P={XeTP|wX)=0}, (5.5)

where 7, is the push forward operator of the projection map 7. In particular, the vertical

subspace is expressed equivalently as follows:

ViP={A =uAeT,P|Acg}. (5.6)
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The equivalence of the two definitions (5.1) and (5.4) is obvious from the definitions of
the horizontal and vertical subspaces. Since the Principal G-bundle P is expressed as a
direct product 7#71(U) = U x G in a local region, the above properties give a geometrical
interpretation that U and G represent the horizontal and vertical direction on 7~(U) C P,
respectively.

The curvature/field strength of the Ehresmann connection in the geometrical represen-

tation (5.4) is introduced as follows:
QX,Y) =dw(X? Y, (5.7)

where € is a g-valued 2-form on P, X and Y belong to TP, and X and Y# belong to HP.

Expanding this, the following equation is derived:

1
QX ,Y) = —5w (X7, v . (5.8)
Therefore, the flatness, which is of course expressed as {2 = 0, of the principal G-bundle P

is equivalent to satisfying the following condition:
X7, vy" =0. (5.9)

This condition means that the horizontal subspace HP = | |, ., H,P is Frobenius integrable,

uepP
and it restores the entire of the total space P; in other words, if €2 # 0, the Frobenius theorem
restores only a part of the total space P as a submanifold. Notice that the vertical subspace

Ve =

wep VuP is always Frobenius integrable, and it restores the total space P.
Finally, let us introduce the algebraic formulation of the Ehresmann connection. This

formulation plays the main role in establishing gauge theories. The algebraic formulation is
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given as follows: for the Ehresmann connection w in Eq (5.1),
W =0;w, (5.10)

where U; € §l, of is the pull back operator of o; : U; — 7 !(U;). Then the following relation
is satisfied:

wj = Tij_lwiTij + Tl'j_ldTZ’j s (511)

where 7;; € G is the transition function on U; U U; for U;,U; € . Conversely, if the
relations (5.11) are given then the Ehressmann connection in Eq (5.1) is derived. The proof
of this statement is not trivial but easy to give as follows: Eq (5.10) is transformed from
U; to U; by using the transition function 7;; as w; = w((0;7;;)+X), where X € T'P. Here,
(0:7i5)«X is calculated as follows: (0;7;;).X = o5, (u)(X)7;(u) + A;j(u)(X), where z; is a
curve in P such that zo = w and (dz;/dt)|;=o = X. Eq (5.3) is also used. Therefore,
wj = [1i; " Hofw) Ty + 73,7 dr](X), e, w; = Ty twiTi; + 7 tdTi;, where Eq (5.1) are used.
Conversely, if Eq (5.11) holds then, using the fact that 7;;7'dr; is Maurer-Cartan form (left-
invariant g-valued 1-form with respect to the group action of L : G x P — P) |Kobayashi
(1989); Kobayashi and Nomizu (1996)], it is shown that @; = 7;; 7 (7*w;)7i; + 75, 1d7; is also
valid on 7~ H(U; N U;); @; is defined on the entire region of P: w = 7;; ' (7*w;)7; + 735 1d7i;.
Taking into account w;(A*) = 0, w derives the first condition in Eq (5.1). (The satisfaction
of the second condition in Eq (5.1) is obvious.) The pull back of w by a section o; leads to
w; = 0" (w).

The curvature/field strength of the Ehresmann connection in the algebraic representa-
tion (5.11) is introduced as follows:

1
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This expression can be derived by calculating the pull back of the definition (5.7) by a section
o; and is now defined on g-valued 2-form on M. For the curvature €2; on Uj, the following
relation is easily verified:

Qj = Adﬂ.j (Qz) = Tij_IQiTZ‘j s (513)

where 7;; is the transition function from U; to U;. These quantities also live as g-valued
2-forms on M.

For applications to physics, sections in a principal G-bundle, 8, have to express the fields
that describe physical phenomena. In order to achieve this, representations of the structure
group G and those actions to the total space P are introduced, and then a new sort of fiber

bundle is invoked: the vector bundles.

5.3. Vector bundles, gauge fields, and curvatures

In this section, introducing a representation of the structure group G of a principal G-bundle
B =(P,M,n,G; R), denoted by p : G — End(V) for a r-dimensional representation space
V', an associated vector bundle is introduced [Kobayashi (1989); Kobayashi and Nomizu
(1996); Sharpe (1997); Nakahara (2003)]. Inheriting its properties, the generic definition of
vector bundles is also given. Then gauge fields/connection 1-form in covariant exterior deriva-
tive and its curvature are introduced, respectively [Kobayashi (1989); Kobayashi and Nomizu
(1996)]. Sections of a vector bundle are nothing but fields that describe physical phenomena.
Therefore, these concepts play a central role in constructing a theory of physics. First of all,
let us introduce an associated vector bundle.

An associated vector bundle is derived from a quotient space of P x V with an equivalent
relation, denoted by “ ~ 7, of the structure group G such that, for (£,u) and (n,v) in P xV,
these two elements are equivalent if and only if the following two relations hold: (i) £ = R,n;
(ii) v = p~'(g)v. The quotient space is V, = P x,V = (P x V)/ ~ and an equivalent

class is denoted as [(£,v)]. Then the structure ¥ = (V,, M, 7,V ; R,p) has a one-to-one
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correspondence on a local region U C M as follows: Ply x V — U x G x V; (o(p) ,v)
(p,e,v), where p € U, o is a section of P on U, and e is the unit element of G, since the
group action R is simply transitive. Therefore, the quotient space V can be identified in a
local region U with V,|y = U x V. That is, the representation space V' is nothing but the
standard fiber of the associated vector bundle V,. This property also indicates the existence
of local trivializations as follows: ¢; : 7 1(U;) — U; x V, where U; € U and the projection
map is given as follows: = : V, — M [(o;(p),v)] — p, where o; is a section of P on
U; € Y. Based on these properties, it would be interpreted that an associated vector bundle
is nothing but a result of replacing the structure group GG by a representation space V' using
a group representation p in a principal G-bundle.

Based on the properties of an associated vector bundle described above, the generic

definition of vector bundles is defined as follows: a fiber bundle U = (V, M 7, V) such

that (i) the fiber V' is a vector space; (ii) for each U; € 4, a local trivialization ¢; : V|y,
71 (U;) = U x V exists. Conversely, if a vector bundle is given then a principal G-bundle
exits such that its associated vector bundle by the representation p = i¢d coincides with the
original vector bundle: “ V =3V’_,, ” [Kobayashi and Nomizu (1996)]. Therefore, in order
to reveal the properties of vector bundles, it is enough to consider that of associated vector
bundles.

Next, let us introduce gauge fields/connection 1-form of an associated vector bundle. In
order to define the operation of covariant exterior derivative, it needs to prepare V-valued
p-form, denoted by €, on P as a section on V @ AP T*P as follows: for X, ,---, X, € I(T'P),
it satisfies

f(XlW" 7Xp) :uil(g(ﬂ-*Xl T 77T*Xp))7 (5'14>

where € € T(V, @ AP T*M). If p = 0 then £ is a V-valued function given as follows:

£:P—=Viumu(E(n(w)). (5.15)
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This V-valued p-from & on P obviously satisfies the following two properties:

) (5.16)
(i) Xy, € HP then &(Xi,---,X,)=0.

These two properties lead to a one-to-one correspondence between € € I'(V @ AP T*P) and
eV, ® A"T*M) in Eq (5.14). Then the covariant exterior derivative, denoted by dp,

of € € I(V @ N’ T*P) is introduced in a well-defined manner as follows:

dDg(le"' vXp) = dg(Xffv >XH)7 (517)

p

where X;,---, X, € I(TP) and X[ ,--- | X[ € T(HP). In terms of the Ehresmann con-

nection, the above equation can be expressed as follows:

dpé = dé + dp(w) N €, (5.18)

where dp is the representation of the Lie algebra g induced by p. Then the properties in
Eq (5.16) lead also to dpé € (V@ A*T T*P). For a € T(A’ TM) and € € T'(V @ \* T*P),

the following formula holds:

dp(EAa) =dpé Ao+ (1) Ad(r*a). (5.19)

The one-to-one correspondence between € € T'(V @ AP T*P) and & € T(V, @ AP T* M) leads
to the covariant exterior derivative in T'(V @ AP T*P); just removing ¢ ~ 7, “ # 7 «“ dp 7,
and “ 77, from Eqgs (5.17), (5.18) and (5.19), and just replacing TP by TM, HP by TM,
and V by V,, the covariant exterior derivative dp in I'(V, ® A" T*M) is introduced in a

well-defined manner. Notice that in this case the Ehresmann connection becomes a section
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of End(V) x T*M: w = w';,e;®@e! @dat. This Ehresmann connection is, in particular, called
gauge fields. Since the theorem “V =3V/_,” [Kobayashi and Nomizu (1996)] as mentioned
in the previous paragraph guarantees that a vector bundle has its associated principal G-
bundle, all formulae above, i.e., Egs (5.18) and (5.19), can apply also to any given vector
bundle.

For a vector bundle U = (V, M, 7, V), the covariant derivative of a section of V can be
derived by considering a special case of the covariant exterior derivative; let p in Eq (5.18) set
zero. Then dp becomes a linear operator as follows: dp : I'(V) = (V@ T*M); £ — dp€.
In particular, for a function f on M, it satisfies dp(f§) = df ® £ + fdp&. The image of £
by dp is defined as the covariant derivative of £ and denoted by dp& = VE&. Explicitly, it is
expressed as follows:

dpé = VE = (d+ w)E . (5.20)

From the definition of dp, the covariant derivative V can be interpreted as a linear operator
as follows: for a vector field X € I'(T'M), Vx : T'(V) = I'(V); £ — Vx& such that (i)
Vix& = fVxE (1) VxiyvE = V& + Vy¢&, where f is a function on M, XY € I'(TM),
and ¢ € I'(V). In other words, Vx € End(I'(V)). Then Eq (5.20) becomes as follows:

Vxé = X(&) +w(X)E. (5.21)

Since the fiber V' of the vector bundle V is vector space, V|y = 71 (U) = U x V has a basis
of T'(V): ef = ef(p) for p € U, where I € {1,--- ,r} and r is the dimension of V. Therefore,

Egs (5.20) and (5.21) can be rewritten as follows:

VE = (dg' +w' s e,

vu€ = (augl + WIJugJ)ela

(5.22)
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respectively, where X = 0,. Defining the components of V,§ as (V,.€)!, i.e., V., =

(V,.€) er, the second equation becomes as follows:

(Vi)' = 0.8" + i€’ (5.23)

This is a familiar form of covariant derivative in physics. For a component &/ the second
formula in Eq (5.22) becomes more familiar form: V¢ = 9,&" +w!;,¢7.
Finally, let us introduce the curvature (2-form on M) of the covariant derivative V given

in (5.20). Based on Eq (5.7), the following equation is derived:

R(X,Y)¢ =2 (VxVy = VyVx = Vixy)) &, (5.24)

N | —

where R is End(V)-valued 2-form on M, X and Y are vector fields on M, and £ is a section
of the vector bundle V. This formula is called the Ricci identity. Calculating it for & = ey,

the following equations are derived:

Re; = Q" ®@ey,
(5.25)

Q7 = dwr’ +wi? Aw® = dpwr?,

where Eq (5.18) is used. The first equation and second relation are the so-called structure
equation and curvature form of the covariant derivative V, respectively. Notice that the
curvature form coincides with Eq (5.12). That is, it is nothing but a relation replaced wj,
which lives as a g-valued 1-form on M, by w;/, which lives as a End(V)-valued 1-form on
M. Therefore, for the gauge transformation of Eq (5.11), the curvature 2-form changes as
Eq (5.13).

So far, it is revealed that the connection 1-form w and curvature 2-form ) are the first-

and second-order covariant exterior derivative of a basis e; of the fiber V| respectively.
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Considering the third-order covariant exterior derivative of e;, or more generically, £ € T'(V),
the following identity is derived
dpR=0. (5.26)

This is nothing but the so-called Bianchi identity.

Depending on the structure group G and its representation, the mathematical theory
presented above can describe a specific physics. For instance, for G = U(1), Maxwell’s elec-
tromagnetic interaction is obtained [Weyl (1929); O’Raifeartaigh and Straumann (1998)].
The structure group G = U(1) x SU(2) and G = SU(3) describe the electroweak inter-
action [Weinberg (1967); Salam (1968)] and the quantum chromodynamics/strong interac-
tion [Greenberg (1964); Han and Nambu (1965)], as non-abelian gauge Yang-Mills gauge
theory [Yang and Mills (1954)], respectively. In addition, identifying irreducible representa-
tions for each theory, gauge fields/particles are taken into account. In the same manner, it
may be expected that a theory of gravity is also obtained from the proper structure group
and its representation |[Utiyama (1956)|. This is the motivation for gauge theories of grav-
ity. Before introducing these theories, let us relate the Ehresmann connection to the affine

connection.

5.4. Internal space bundles, frame fields, and Weitzenb6ch connec-
tions

In this section, the main concepts for gauge theories of gravity, and internal space bundles,
in particular, focusing on frame fields/vielbein, are introduced. Relating it, an important
formula, 7.e., the Weitzenb6ch connection, between the so-called spin connection and the
affine connection is derived. This relation plays a crucial role in formulating the metric-affine
gauge theories of gravity as presented in the next Chapter 6.

Frame fields/vielbein are the components of a bundle morphism, denoted by e, from a vec-

tor bundle U = (V, M, ) to the tangent bundle of a spacetime manifold ¥ = (TM , M ,1).
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That is, for any open set U of an open covering of M and a smooth function f : M — M,
the bundle map e = 7' o f ot : V = TM; V|y — e(V|y) = TM|y defines a set of
sections as follows:

€y = e(&) = 61“8#, (527)

where &; and 0, are a basis of sections of V| and the local coordinate/holonomic basis
of TM|y, respectively. Then the set of components e;*, or equivalently, e;, and the vector
bundle U are called frame fields/vielbein with respect to the vector bundle 20 and the internal
space bundle, respectively. Remark that both e; and e;* are sections of the tangent bundle
TM, although the indices represent that of the internal space bundle V. Therefore, the

bundle morphism can be written also as follows:

e=¢e/M0,®¢", (5.28)

where &7 are the dual basis of &;. This is a section of the vector bundle of the tensor product,
i.e., TM ® V*. The projection map of the constructed bundle is obtained just by taking
the tensor product of each projection map in the order; so are the local trivializations.

The inverse map of e can be introduced in a well-defined manner by virtue of its definition
e=7ntofou Thatis,e!=11o floxg:TM—=V;TM|y— e (TM|y) =V|v.

Using this map, the dual basis of &;, i.e., £, are pulled back to T*M as follows:

el = (e ) (&) = e dat, (5.29)

where dz# are the dual basis of d,. Then the components e, or equivalently, e/, are called
co-frame fields/co-vielbein with respect to the internal space bundle . Remark that both

el and e!, are sections of the co-tangent vector bundle T7*M. Therefore, the inverse map
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can be expressed as follows:

(e )y =el dat ¢ . (5.30)

This is a section of the dual vector bundle T*"M ® V of TM & V*. The projection map and
local trivializations are also introduced in a dual manner.

The frame fields/co-frame fields satisfy the following relations:

61“6‘]# =67, eprel, =", (5.31)

For a metric tensor of the tangent space g = g, dz" ® dz” and a metric of the internal space

bundle g = g7;¢7 ® &7, pulling back it by e and (e!)*, the following relation are obtained:

gy =¢ei'es" g, G = elp,eJl/gIJ) (5.32)

respectively. The total number of independent variables in the tangent bundle is, on one
hand, (n+1)(n+2)/2 for the metric tensor g,,. On the other hand, that in the internal space
bundle is the total number of (n+41)(n+1) for the frame fields e;* and of (n+1)(n+2)/2 for
the metric tensor g;;, respectively. Therefore, in order to make the correspondence between
9w, and, er” and gry in a one-to-one manner, the internal space variables have to be imposed
some conditions. In many applications in theories of gravity, the internal space bundle is
taken to be a trivial vector bundle M x R"*!. This indicates that all components of the
metric gy are constant; it reduces the number of the independent variables in the internal
space bundle into the number of the frame fields. The remaining extra degrees of freedom,
ie., n+1)(n+2)/2—(n+1)(n+1) = n(n+1)/2, can be erased by imposing a gauge
symmetry of the (co-)frame fields. In the case of the trivial bundle M x R™"! the structure
group G is sometimes set to be the Lorentz group: G = SO(n,1). Then, since an element of

G = SO(n,1) has the number of n(n + 1)/2 independent components, the (co-)frame fields
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are restricted by the group via the transition functions. Therefore, in this case, the number
of independent variables on each bundle coincides with one another.

The covariant derivative of sections of the internal space bundle is also given by Eq (5.20)
or Eq (5.22) in the previous section 5.3. Since the frame field e can be expressed as Eq (5.28),
i.e., a section of the tensor product bundle T* M ® V), the covariant derivative of e, denoted
by De, becomes as follows:

De = (de!, — T e ,da” + W' e ,da?)da" @ &; (5.33)

vu- P

where I'f, and w’ 7, are the affine connection of the tangent bundle and the spin connection

of the internal space bundle. In component form, the above formula is expressed as follows:
D,el, =0,e’, — fzyelp +w! e’y (5.34)
In the same way, D,e;” is calculated as follows:
D,er” = 0uer” + fzpel" — wJIueJ” ) (5.35)

These formulae are the result from V| ~ T M|y on a local region U in M; this local relation
implies that the affine connection and the spin connection can be identified in the local region
U. The transition functions 7;; = ;' o ¢, of the internal space bundle V form its structure
group G. Therefore, for A € G, Eq (5.11) leads to the transformation of the spin connection
as follows:

CL)IJM — WIIJN = (A_l)IKGMAKJ + (A_l)IKwKLMALJ . (536)

1

Then the co-frame fields e’ x and those covariant derivatives Dﬂel » are transformed as e’ ,, —

e’Iu = AIJe‘]u and Due’IV = AIJDMGJV, respectively. D,e;” transforms in the same manner
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under the gauge transformation (5.36): D,e}” = (A~1)/ /D, e;".

Finally, let us derive the Weitzenboch connection. A section, denoted by X, of the
tangent bundle 7'M is of course expressed as X = X*0,. Pulling back X* to the internal
space bundle by using co-frame fields e’ ,, the components of a section on the internal space
are obtained: X! = ¢! pXH, or equivalently, X* = el X1, Therefore, X is equivalent to

X = X7¢;. The covariant derivative of X and X become as follows:
VX = (9, X" +T% X*)0, ® dz” (5.37)

and

DX = (e]l,aﬂX” + Xl'a#e[l, + wIJ#eJVX”)& ® dzt | (5.38)
respectively. Using the pull back of d,, by the frame fields e;*, 5 = e/*0,, the left-hand side
of the second formula becomes as follows:

DX = (0, X" + XPe/ 0,e’ , + w! jer'e’ ,XP)0, @ da” . (5.39)

This formula is of course the same as the first one; the covariant derivatives VX and DX

are also equivalent. Therefore, the following relation is derived:
fZV = ejpauell, + wljuelpejl, ) (5.40)

This is the so-called Weitzenboch connection, which relates the spin connection to the affine
connection via the (co-)frame fields. Notice that Eq (5.40) implies D,e!,, = 0, or equivalently,
D,er” = 0. These properties are sometimes called vielbein postulate but, as shown in the
above, always satisfied. That is, it is not a postulate. In addition, taking into account the

gauge invariant property of them, it guarantees that these properties hold in the global region
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of M.
The metric-vielbein relation (5.32) and the Weitzenboch connection (5.40) play a funda-
mental role of gauge theories of gravity. That is, assume that an action of gravy is given as

follows:

g, I0,] = /M L(Gu - OpGpu -+ L0, N0, ) /=g d™ . (5.41)

Then, using the metric-vielbein relation and the Weitzenboch connection, the above action
is rewritten in terms of the metric of the internal space, the (co-)frame fields, and the spin

connection as follows:

I[gIJ,eIN,wIJu} = / L(g1s 0,915, ; elu,ﬁpelu,--- : wIJM,8,\wIJM,---)det(e_l)d"+1m,

" (5.42)
where det(e™!) denotes the determinant of the co-frame fields. This quantity is well-defined
by virtue of V|y ~ TM]|y. Remark that the theory given in Eq (5.42) does not always
restore that in Eq (5.41). Conversely, starting with constructing an internal space bundle
U = (V,M,7), a generic theory which is described by the action functional (5.42) is
obtained. This theory is much richer than the original theory given by Eq (5.41) since
impositions of proper gauge conditions would give rise to a lot of theories of gravity. As a
special case, for the trivial internal space bundle V = M x Ry, Eq (5.42) becomes as

follows:
[[elu ,CUIJH] = / E(elu,apelﬂ IR WIJM78)\CUIJ“ o) det(e ) d" . (5.43)
M

The metric tensor g;; has those components as constant and defined on the global region of

M x R, This theory is always equivalent to that given by Eq (5.41).
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5.5. A derivation of Einstein field equations based on gauge approach
to gravity

In this section, the Einstein field equations (4.28) are derived in the way of the gauge theories
of gravity that is provided in the previous section 5.4 [Palatini (1919); Utiyama (1956);
Baez and Muniain (1995)].

The action functional given as Eq (5.43) of the internal space bundle U = (V = M x

R™ M, 7) realize this purpose. First, in order to specify the metric gr;, the following

metric-preserving condition is imposed:

vg(€,€) = g(Du& . &)+ g(&, DL, (5.44)

where v is a vector field on M, and, £ and £ are sections of the internal space M x R,
Considering it with respect to the basis of sections of the internal space M x R**1 i .¢e., &;,

the connection w’, satisfies the following property:
Wiy = —Wily - (5.45)

Therefore, under the metric-preserving condition, this connection is nothing but the Lorentz
connection: w®;;, € so(n,1). This satisfies the demand from the EEP. Second, a specific

Lagrangian in Eq (5.43) is given as follows:
Ile', &%) = / Ldet(e™ ) dz"t! = / etre” ;Y det(e™!) da™ (5.46)
M M

where 17 v 18 the curvature form given in Eq (5.25). Explicitly, QL7 v 1s written as follows:

QIJ/U/ — @[#&:}IJV} 4 C:)IK[;L(DKJV] ’ (547)
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where @u is the covariant derivative of the Weitzenb6ch connection fﬁy given in Eq (5.40).
To apply the variational principle in a well-posed manner with respect to the constraint
phase space €| let us clarify appropriate boundary conditions. The action functional (5.46)

can be rewritten as follows [Lagraa et al. (2017); Lagraa and Lagraa (2018)]:
1le!, &t y,] = /M (AT (o215 — Viorso) — A Qpy] dete™)dam, (5.49)
where A*"7 ig defined as follows:
AV — elredv _ olvedi (5.49)

Canonical momentum variables are calculated as follows:

ol ~5£ _o, Pl ~5£~ _ A0 pOIT _ ~5/f _ 40107 _
5(V0€m) 5(Vowui) 5(V0w1J0)
(5.50)
All of these variables become primary constraint densities, and these constraint densities
specify the phase subspace €. Then the symplectic potential is given as follows: 6 =
méer, + P16k + P17 6010 = P76,y Therefore, the variational principle becomes
well-posed on the constraint phase subspace €1 under the imposition of boundary conditions

5(1)]Ji =0 on OM.

Varying Eq (5.46) with respect to the frame fields e;*, the following equation is derived:

g 1 -
01 = 2/ <RW — égu,,R) n'7er"d(e;%)det(e!)da" ! (5.51)
M

Note that there are no boundary terms: this is consistent with the appropriate boundary

conditions that are derived in the previous paragraph. Therefore, the variational principle
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leads to the following equations in a well-posed manner:

~ ~ 1 ~
G/,LV = R,uy - §9WR =0. (552)

Varying Eq (5.46) with respect to the connection w’ ;, around the Lorentz connection W’ Ju

(IJIJu = w(L)IJu + a)/IJ“, the following equation is derived:

6L, :/ guu(_ 3,86051/ + CEM(SCNV _ Oiu(soga + ngéofja) det(e_l)dﬂc”+1
M
(5.53)
—I—/ (n,g""6C%, — g"'n,0CY,) det(e™)da™
oM

T & T .,. Applying the appropriate boundary conditions §C*, = 0 that are

Po— P
where Cf), = e;’e =

derived in the previous paragraph, the above equation becomes as follows:
0, =+ / (ng™6Ch — g"n,6C",) det(e™)da™ . (5.54)
oM

Remark that the frame fields are fixed in this variation. To erase this boundary term, let us

impose a gauge condition as follows:

&' 50=0, orequivalently, Cly=0. (5.55)

14

This is the so-called temporal gauge condition. Then the boundary term is removed from

the first-order variation of the action as follows:
51, = / g (~C8CE, + CF 6CY, — C%8C%, +C3,6C8 ) det(e V)da™ . (5.56)
M
Therefore, the variational principle leads to the following conditions are derived:

Cl. =0, or equivalently, & =0. (5.57)

155



Taking into account Egs (5.55) and (5.57), the Weitzenb6ch connection (5.40) becomes as
follows:

0, = er0ue’y +w®' erfe’, . (5.58)

This is equivalent to the Christoffel /Levi-Civita connection given in Eq (4.10). That is,
Eq (5.52) becomes the Einstein field equations in vacuum. In the case of coupling matter

with this theory, using the covariant derivative of spinor fields v

D,=0,— iw(m”

i

5 [vr sl (5.59)

w01y, Orj=

where 77 are Dirac matrices, and pull-backed Dirac matrices v*(z) = e;*(z)y!, the La-

4

grangian of matters are constructed as M”y“Duw — map1) 7 on a generic spacetime M.

Other fields are also coupled with gravity in the same manner provided in Section 4.5.

5.6. Summary

In this chapter, the mathematical basics for the gauge approach to gravity were introduced.
The gauge approach to gravity provides a method to construct gravity theories based on a
local symmetry just like the Yang-Mills gauge field theories in the elementary particle physics.
In particular, the ingredients introduced in Sections 5.2 and 5.4 are repetitively utilized
for constructing the metric-affine gauge theories of gravity in the next chapter. A local
symmetry is introduced into the internal space and leads to possible geometric quantities.
The Weitzenboch connection bridges these geometric quantities on a spacetime manifold to
ones on an internal space via (co-)frame fields, and vice versa. This dual structure plays a

crucial role in constructing the metric-affine gauge theories of gravity.

156



Chapter 6

Metric-affine gauge theories of gravity

Chapter abstract

In this chapter, the metric-affine gauge theories of gravity are constructed. First, based on
Sections 5.2 and 5.4, three fundamental geometric quantities, i.e., curvature, torsion, and
non-metricity are introduced. Second, using the so-called Mobius representation of a gauge
group, the metric-affine geometries are classified into eight subclasses: Riemann-Cartan,
teleparallel, Riemann, Minkowski, Weyl-Cartan, Weyl, metric-affine, and symmetric telepar-
allel geometries. In this formulation, each geometric quantity is given by the covariant ex-
terior derivative of each corresponding potential. Third, The geometrical trinity of gravity,
which is composed of the three subclasses: Riemann (general relativity), symmetric telepar-
allel, and torsion teleparallel, is established. These three subclasses are equivalent up to
boundary terms in the meaning of action functional. Finally, two extensions of the geomet-
rical trinity of gravity, that is, quadratic extension and non-linear extension, are introduced.

The latter extension plays a main role in the next Chapter 7.

6.1. Curvatures, torsions, and non-metricities

In this section, based on the tangent bundle 7'M of a spacetime manifold M, three funda-
mental geometric quantities, i.e ., curvature, torsion, and non-metricitie are introduced [Kobayashi
(1989); Kobayashi and Nomizu (1996); Nakahara (2003)]. Throughout those introductions,
the positioning of the affine connection in these quantities is also clarified. Let us first refor-
mulate curvature and define torsion. To do this, it needs to introduce an associated principal
bundle from the tangent bundle.

Each fiber T, M of the tangent bundle T M has a basis {e;}, where p € M and i €
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{1,2,--- ,n+1}. n+1is the dimension of each fiber, or equivalently, that of the spacetime
manifold. Then an isomorphism from R™"™! to T,M, i.e., u : R"™ — (e, 69, -+ ,en11) =
T, M always exists, where (- - - ) denotes a vector space spanned by the basis “ - - - 7. Gathering
all such u, denotes the set as L(./\/l)p and then construct a disjoint union as follows: L(M) =
L,eas LIM),,. For each L(M),, a right action R of GL(n+1;R) is defined in a well-defined

,i (u,g) — uogsince Ry(u) =uog

manner as follows: R, : L(M), xGL(n+1;R) — L(M)
is nothing but a basis transformation of 7, M. Then a manifold structure is inserted into
the disjoint union L(M) by using the inverse map of a local trivialization ¢y : L(M)|y —
UxGL(n+1;R); oy(p) o g — (p,g), where oy is a set of a basis of T, M at point p € U.
Based on these structures, the disjoint union L(M) becomes a principal GL(n + 1;R)-
bundle associated to the tangent bundle TM: £ = (L(M) , M ,t,GL(n+1;R); R), where
the projection map is given as follows: ¢ : L(M) — M ; L(M)|, — p.

From Chapter 5, in particular, Sections 5.2 and 5.3, the associated principal bundle L(M)
has, on one hand, the Ehresmann connection, w € I'(gl(n+ 1; R) @ T*L(M)), defined as
Eq (5.1). These 1-forms w lives in the dual space of the vertical space V L(M). On the other
hand, the associated principal bundle L(M) has its proper R"™!-valued 1-forms on L(M),

denoted by 6, defined as follows:

0'(X) = O’El(p)(b*X) , (6.1)

where X is a vector field on L(M) and oy is a section of L(M). Then the pull back of 6
becomes the dual basis of a basis of a tangent space T, M: 07,6 (e;) = 0%, where {e;} denotes
a basis of T,M. Therefore, these 1-forms 6’ lives in the dual space of the horizontal space
HL(M). Remark that the existence of such 1-forms is a proper characteristic of associated
principle bundles since generic principle bundles do not have any basis of those fibers.

For the Ehresmann connection w, the curvature 2-form is defined by Eq (5.7). Similarly,
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for the 1-forms 6%, R™-valued 2-form ' is defined as follows:
T(X,Y)=do(X" Yy, (6.2)

where X Y € T(TL(M)), 6 € (6", and X Y € HL(M). This quantity is called the
torsion tensor of the spacetime manifold M. In the same manner as the curvature 2-form

given in Eq (5.12), the torsion 2-form has the algebraic expression given as follows:
* * 1 * *

This relation holds on the spacetime manifold M. Here, U is an open set of M. Since the
curvature 2-form 2 given in Eq (5.7) and the torsion 2-form given in the above vanish for

X,Y € VL(M), these quantities can be expressed in algebraic forms as follows:

and

T=0"®e¢, (6.5)

respectively, where Q'; and © are defined as follows:

. 1_.
Q= alek,@’f NG (6.6)
and
) 1 . .
O = STxt" A oF (6.7)

respectively. Eqgs (6.4) and (6.5) are a gl(n+1; R)-valued 2-form on L(M) and a T'M-valued

2-form on L(M), respectively.
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Now, let us apply the framework given in Section 5.3 to the associated principle bundle
L(M) and its geometrical quantities 2 and 7. For the representation p = id, the principal
bundle L(M) turns back into the original vector bundle T M. Then the Ehresmann connec-
tion w becomes a section of End(7'M)-valued 1-form on M; this connection w is nothing
but the affine connection. That is, a connection of the tangent bundle is defined as an affine
connection. Then, for the curvature 2-form, on one hand, it becomes a section of End(7T'M)-
valued 2-form on M, and the Ricci identity (5.24) and the structure equation (5.25) hold.
On the other hand, for the torsion 2-form, it becomes T'M-valued 2-form on M, and the

resemble formula to the curvature 2-form is derived as follows:

T(X,Y) = (@XY Wy X - X, Y]) , (6.8)

N —

where X and Y are vector fields on M, i.e., sections of T M. Hereinafter, we denote the
quantities in the affine connection by putting “~” over those notations. Calculating it for a

basis {e;} of T M|y, where U is an open set of M, the following equations are derived:
T(@i y €j) = (d@k -+ wkl VAN 91) (61‘ s €j) X e N (69)

where ¢ are the dual basis of ¢;; these 6 correspond to Eq (6.1). Comparing the above

equation with Eq (6.5), the components ©° are determined as follows:
O =df' +w NG =dpb", (6.10)

where w;’ are the components of the Ehresmann connection w and dp is the covariant exterior

derivative of the connection w. This equation is called Cartan’s first structure equation. The
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equation of the curvature 2-form, i.e.,
Qij = dwij + wkj VAN wik = df)a)ij s (611)

is called Cartan’s second structure equation.
In the existence of the torsion, in addition to the Bianchi identity given in Eq (5.26),

another identity that relates the curvature to the torsion exists:
diT = Re; N6 (6.12)

This identity is defined on TM ® /\3 T*M. Acting it to three vector fields X, Y, and Z,

the above identity is expressed as follows:
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =2(dzT)(X,Y ,Z). (6.13)

These identities (6.12) and (6.13) are called Bianchi’s first identity. The Bianchi identity
is given in Eq (5.26) with replacing dp by dp is then called the Bianchi’s second identity,
distinguishing from the first one.

Next, let us introduce the non-metricity tensor. Assume that a metric tensor g = g,;6'®6?
of the tangent bundle is given. Then the metric tensor generically satisfies the following
relation:

dg(X,Y) = (Vg)(X,Y)+g(VX,Y)+g(X,VY), (6.14)

or equivalently,

Zdg(X,Y) = (Vzg)(X,Y)+g(VzX,Y)+ g(X,V,Y), (6.15)

where X, Y, and Z are vector fields on M. Then the quantity Vg, or equivalently, Vg is
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defined as the non-metricity tensor and denoted by Q, or equivalently, Qx. For the basis

{e;}, the non-metricity tensor is expressed as follows:
Q=dpg, (6.16)
or equivalently,

Qij = @gij = dgij — Wikgkj - ijgik ;
(6.17)

ka‘j = @kgij = dgij(ek) - Wz‘klglj - ijlgz'l .
Both the curvature tensor and the torsion tensor have those Bianchi identities. The non-
metricity tensor is the same as these quantities. Considering the exterior covariant derivative

of it, the following identity is derived:
dsQ = RO A ge; . (6.18)

This identity is called the zero-th Bianchi identity.

Finally, let us express these geometrical quantities, .e., curvature R, torsion T, and
non-metricity @, in terms of the standard coordinate basis, i.e., {z#} and those partial
derivatives {0, }. In this basis, the affine connection w is denoted as I, and the italic indices
i,j,k,--- are replaced by the greek indices u,v,p,---. Then the Ricci identity (5.24) of

the curvature tensor is expressed as follows:

R? 0, = 20,19, + 205, T 0,19, —o,I'g, + 1,10, — 5,5, (6.19)

A
plu
For the torsion tensor, using Eq (6.8), the following expression is derived:

T°,, = 2I7

] = f,ﬁu - fly)u : (620)
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These expressions can be also derived from Eqs (6.6) and (6.7), respectively. The non-

metricity tensor is expressed as follows:

Qp/w = OpGuv — 2f2(#9|>\|V) = apguv - fzugAu - fzug)\# . (621)

Remark that the order of the lower two indices in T' has to be as this order.

Conversely, using the torsion and non-metricity tensors, the affine connection is decom-
posed as follows [Schouten (1954); Hehl et al. (1989, 1995); Heisenberg (2019); Beltran Jiménez et al.
(2019)]:

0% =17 + K* W+ L, (6.22)

where the contorsion tensor K7, and the disformation tensor L*,, are defined as follows:

1
K?,, = §TPW + T(Mp ») (6.23)
and
1
Lr, = §QPW — Q(M”V) (6.24)

respectively. This decomposition can be shown by a straightforward calculation. According

to this decomposition, the curvature tensor (6.19) is also decomposed into as follows:

Ry = Ry + 2V, N+ 2N N2 (6.25)

where 17 uvp 1s the curvature tensor of the Levi-Civita connection f‘zy, N?,, is the distorsion
tensor defined as follows:

Nt =T, —T7,,. (6.26)

That is, the distorsion tensor is nothing but the difference between the affine connection and

the Levi-Civita connection and can be taken as the contorsion tensor and/or the disformation
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tensor.

In Section 5.4, a frame field e is nothing but a bundle map from an internal space bundle
¥ = (V,M,n) to the tangent bundle T = (M, M ). Notice that the isomorphism
u @ R"™ — (e;,e9, -+ ,en41) = T,M 7 is possible to play the role of a frame field by
replacing the basis {e;} by {0, }. Therefore, all statements for the frame fields in Section 5.4
hold also for the sections of the associated principle bundle L(M). This means also that
the italic indices 7, ,k,--- are identified as the capital indices I,.J, K ,---. In particular,
the affine connection (6.22) is equivalent to the Weitzenboch connection (5.40). That is, the

following important equation holds:
erfoel, +w! jerfe’, = fpuy +K*,,+ L7, . (6.27)

This equation relates the gauge structure of the internal space to the metric-affine geometry.

6.2. Metric-affine gauge approach to gravity and its subclass

In this section, based on the following gauge groups, i.e., affine group A(n + 1;R) =
T(n+1;R)xGL(n+1;R) [Hayashi and Shirafuji (1980); Baekler et al. (2011)], Weyl group
W(n+1;R)=D(n+1;R)xA(n+1;R) [Charap and Tait (1974); Kopczynski et al. (1988);
Hehl et al. (1989); Blagojevic (2001)], and metric-affine group M A(n+1;R) = S(n+1;R) x
W(n + 1;R) [Hehl et al. (1995, 1989); Tomonari (2023a)|, the full theory is classified into
eight subclasses: (i) Riemann-Cartan geometry: U,q, (ii) Teleparallel geometry: T4,
(iii) Riemann geometry: V;, 11, (iv) Minkowski geometry: M, .1, (v) Weyl-Cartan geometry:
Y11, (vi) Weyl geometry: W, .1, (vil) metric-affine geometry: L, q, and (viii) symmetric
teleparallel geometry: S, ;. Throughout these considerations, the relations between each
gauge group structure and the relevant geometries are clarified. Further, the so-called spin,
dilation, and shear currents are introduced, and the relations between each gauge group

structure and these currents are briefly discussed. First of all, let us reconstruct the metric-
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affine geometry from the viewpoint of the gauge group structure in a bottom-up approach.
Let us first consider the case of the affine group: A(n+ 1;R) =T(n+ 1;R) x GL(n +
1;R). This group forms an internal space bundle introduced in Section 5.4. The group

multiplication of A(n + 1;R), denoted by “ o ”, is defined as follows:
(s1,t1) 0 (sg,t2) = (51 S2,81t2 +11), (6.28)

where s; = s1(p),s2 = sa(p) € GL(d;R), t1 = t1(p) ,t2 = ta2(p) € T(d;R) for p € M, and
“ .7 is the group multiplication of GL(n + 1;R). This law of multiplication is the common
one for the semi-direct products. The Lie algebra of this group, denoted by a(n + 1;R) =

t(n 4+ 1;R) x gl(n + 1;R), is given as follows:
[R J PJ] =0 [L J ’Pk‘] = O(A) jkPl ) [L Jo Lkl] = C(A) jlmL n (6'29>

where P; and L; are the generator of the Lie groups T'(n+1;R) and GL(n+1;R), respectively.
C(A)iljk and C(A)iknﬂm are structure constants. In this case, C(A)iljk = 6ik(5lj and C(A)“mﬂm =
6410, 0™ — 6" ,6% ;6. The affine group A(d ; R) can be regarded as a subgroup of GL(n+2;R)

as follows:

gp) 7(p)

AMObius(” + 1 ; R) = {
0 1

‘ g(p) € GL(n+ 1;R) ,7(p) € T'(n + 1;R)} . (6.30)
This representation is called the Mébius representation [Kobayashi (1972); Mielke (1987);
Hehl et al. (1995)]. Then the ordinary matrix product of the elements of Apjopins(n + 1;R)
restores the semi-direct product defined in Eq (6.28) in as the first row of the result of
the matrix computations. In addition, acting an element A(p) € Apjopius o0 * (7, 1), where

x = x(p) is the coordinates of the point p € M, it is revealed that the first component of
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the result is nothing but the affine transformation of the point p as follows: A(p)T(x,1) =
T(s(p)x(p)+7(p),1). Therefore, the action of the affine group A(n+1;R) leaves the (n+1)-
dimensional hyperplane R"*! invariant.

In this representation, the affine connection is given as follows [Kobayashi and Nomizu

(1996)):

) () WP e L, wDig P,
w = = , (6.31)
0 0 0 0

where w® and w™ are a gl(n + 1;R)-valued 1-form on M and a t(n + 1;R)-valued 1-form
on M, respectively. Then, for a frame transformation e’ — €* = A';e/, a(n + 1;R)-valued

1-form w™® on M is transformed as follows:

W = '@ = AN + ATTWA (6.32)

where A € Appepius(n + 1;R), or equivalently,

W — W E) = 5745 4+ 571w B
(6.33)
W — WD = s7Vapt + 57w | dpt = dt + dp(w D)t

where s € GL(n + 1;R) and t € T(n + 1;R). The first transformation law in Eq (6.33)
indicates that w'®) is nothing but the Ehresmann connection of the principal GL(n+1,;R)-
bundle. Therefore, dpt = dt +dp(w)t is actually the covariant exterior derivative of ¢ with
respect to the connection w®, where dp is a representation of the Lie algebra gl(n 4+ 1;R).

Similarly, the curvature 2-form is given as follows:

0 0 0 0
(6.34)
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Then Q@ is a gl(n+1; R)-valued 2-form on M. For a frame transformation e’ — e = A%;e/,

Q@ is transformed as follows:

QW — W = ATIQWA (6.35)

This is the same only in the form as Eq (5.13). That is, w™) is not an Ehresmann connection
of the principal T'(d; R)-bundle; the above law is not a gauge transformation law.

Eq (6.3), or equivalently, Eq (6.10) implies the meaning of Q) = dw™ + W& A ™),
That is, if the w™ is equivalent to the coframe field e~!, Q) is nothing but the torsion of
the spacetime manifold M. To confirm this speculation, let us introduce an auxiliary vector

field ¢ = ¢'P;. Then the coframe field e~! can be expressed as follows:

el =w® 4 dpe, (6.36)

where e ! = ' ®@ P, = €' ,do" ® P, and w'") = wDi @ P, = w1 dat ® P,. Therefore, if the

following condition holds then the statement is shown:

dpé =0. (6.37)

Under the imposition of the above condition, the affine connection (6.31) and curvature

2-form become as follows [Kobayashi (1972)]:

(B) g-1 (B)
w(© = “ © ;O = dw© 4 AW = . 5 ) (6.38)
0 0 0 0
where Q) and T are givens as follows:
T=de'+wP net=dpe, QF =du® 4 w® AWE = qpw® . (6.39)
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These two equations are nothing but Cartan’s first and second structure equations. This

E) »

connection w(©) is the so-called Cartan connection, although only the part “ w! in w(©)

is an Ehresmann connection; the remaining part “ e™! ” has nothing to do with Ehresmann

4 9

connections, therefore, strictly speaking, this use “ connection ” is just an abuse of jargon.

Note that, for a frame transformation ¢! — ¢ = A%;e?, QF) and T transform as follows:
QF) o B = ATIQEIN . T T = AT, (6.40)

respectively. Remark also that this decomposition is valid only in the satisfaction of Eq (6.37).

The geometry based on the affine group A(n + 1;R) = T'(n 4+ 1;R) x GL(n + 1;R)
is, therefore, the so-called (i) Riemann-Cartan geometry, which includes not only curvature
but also torsion. The Riemann-Cartan geometry is denoted by “ U,.; 7, where n + 1 is
the dimension of the geometry. U,,; has four subclasses depending on whether or not the
curvature and /or torsion vanishes; (ii-a) “ T},,; ™ The curvature vanishes: Q) = 0 then the
geometry turns into teleparallel geometry; (iii) “ V;,41 ”: The torsion vanishes: 7" = 0 then the
geometry turns into Riemann geometry; (iv) “ M, 1 ”: The curvature and torsion vanish:
QF) = 0 and T = 0 then the geometry turns into Minkowski geometry. Therefore, the
Riemann-Cartan geometry provides geometrical extensions of the general theory of relativity.
In particular, the existence of torsion gives rise to a new subclass, i.e., T, 1, for theories of
gravity.

Next, let us extend the affine group to the so-called Weyl group: W(n + 1;R) = D(n +
1;R) x A(n + 1;R). The Lie algebra of W(n + 1;R), i.e., w(n+ 1;R) =9d(n+ 1;R) x

a(n + 1;R), is identified by the affine algebra (6.29) and the following algebra:
D, P]=Cc™ P, [D,L]=0, (6.41)

where C"), is structure constant. In this case, CW); = 67, [Charap and Tait (1974)]. The
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Mébius representation of the Weyl group is given as follows |Tomonari (2023a)]:

g(p) 7(p) d(p)
M/Mobius(n"i_1 ,R) = { 0 1 0

0 0 1

g(p) € GL(n+1;R),7(p) € T(n+1;R),d € D(n+1 ;]R)} .

(6.42)
This is of course a subgroup of GL(n + 3;R). Then the Weyl connection is defined as

follows [Tomonari (2023a)]:

wW=10 0 o0 |= 0 0 0 , (6.43)
0 0 0 0 0 0
where
1
WP = - 1111(—det(g))e_1 . (6.44)

The same consideration as the case of the affine group leads the following transformation

law [Tomonari (2023a)]:

WE) s B = s71ds 4+ g1

87
wh — WD = s7dpt + 572w ™ | dpt = dt + dp(w )t (6.45)

WP o WP = s7rdpd + s WP dpd = dd + dp(wP))d

for the frame transformation e — €’ = A?;e’. Therefore, the d(n + 1 ;R)-valued 1-form w®)

is not an Ehresmann connection. Alternatively, this valued 1-form becomes a potential to

generate the following geometric quantity [Tomonari (2023a)]:

A = dgw!? — 111n(ydet(g)\):r: L Tr(deg)el = Tr(Q)et.  (6.46)
n

n+1 n+1
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where “ Tr 7 is the trace operator and () = dyg is the non-metricity 2-form defined in
Eq (6.16). Remark that the commutativity of the generators D and E'; ensures w® A
wP) = 0. This quantity A is the so-called dilation 2-form. Notice that if the torsion 2-form

vanishes: T'= 0, Eq (6.46) turn to simply to be [Tomonari (2023a)]

1
n+1

A = dgw® = Tr(dvg)e ' = Tr(Q)et, (6.47)

n+1

The torsion-free condition can be realized by taking the auxiliary field ¢ in Eq (6.36) as
follows [Tomonari (2023a)]:

dyw'D + dy?¢ :=0. (6.48)

Remark that dy? = dydy does not vanish unlike the ordinary exterior derivative: d? = dd =
0. Based on the classification of the Riemann-Cartan geometry, such geometry can contain
the subclasses V1 and E,, 1 (or M,1).

The geometry based on the Weyl group W(n+1;R) = D(n+1;R) x A(n+1;R) is richer
than the Riemann-Cartan geomrtry by virtue of the exixtence of the dilation. This geometry
is called (v) the Weyl-Cartan geometry and denoted as “ Y11 ”. On one hand, Y,,;1 contains
U,1 as a special case of vanishing the dilation: A = 0. On the other hand, Y, 1 gives new
subclasses; (vi-a) “ W, 11 " The torsion vanishes: 7' = 0 then the geometry turns into the
Weyl geometry; (ii-b) T},41: The curvature vanishes: Q) = 0 then the geometry turns into
one of the teleparallel geometry with the dilation.

Further generalization of the Weyl geometry is possible; the dilation given in Eq (6.46)
implies the existence of a geometry such that the non-metricity tensor is generated from a
covariant exterior derivative of some potential quantity. Consider the metric-affine group:
MA(n+1;R) = S(n+ 1;R) x W(n+ 1;R). The Lie algebra of MA(n + 1;R), ma(n +
1;R) =s(n+1;R) xw(n+1;R), is identified by the affine algebra (6.29) and the following
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algebra [Tomonari (2023a):
. il . . ikm
[D';, P =CYY" P, (DY, LY =0, [D'y,D%)=CcMY™" D, (6.49)

where C(MA)ﬂjk and C’(MA)ikmﬂn are structure constants. In this case, C'(MA)ﬂjk = 5ik(5’j
and C(MA)iknﬂm = 0. Notice that this algebra is nothing but a generalization of the Weyl
algebra (6.41); in the case of its dimension being one, Eq (6.49) results in Eq (6.41). The

Mébius representation of the metric-affine group is given as follows [Tomonari (2023a)]:

0
M A \obius(n + 15 R) = { g(p) e GL(n+1;R),7(p) e T(n+1;R),
0

de D(n+1;R), $€S(n+1;R)}.

(6.50)

This is a subgroup of GL((n + 2)(n + 3)/2 + 1;R). Then the metric-affine connection is

introduced as follows |[Tomonari (2023a)]:

L) 0 0 0 0 _ 0 0 0 0 |
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
(6.51)

171



where

WO = )5

(6.52)

W) = (g — ni 11n(—det(g))> e !

For a frame transformation, w) obeys the same rule as w™, W in Eq (6.45). Then
the s5(n + 1;R)-valued 1-form w®) becomes a potential to generate the following geometric

quantity [Tomonari (2023a)]:

1
n+1

1
n+1

= dew®~ (g - —hu(del))) T= Qe - A= (Q- T (Q)) e (659

This quantity X is the so-called shear 2-form. Remark that the commutativity of the gen-
erators D and E'; ensures w® A w®) = 0. Notice that the case of vanishing torsion turns
Eq (6.53) to be [Tomonari (2023a)]

K=dyw™ =Qe ! - A= (Q—%HTr(Q)) e ! (6.54)

Taking into account the dilation 2-form, the non-metricity 2-form is restored as follows;

L 1) (6.55)

Q:Q—i_n—l—l

as a 1-form on M, where ¢ is defined as X = J'e”! under Eq (6.53). Therefore, the
existence of both the dilation and shear 2-forms is equivalent to that of the non-metricity
2-form, and vice versa. Notice, finally, that Eq (6.55) holds not depending on whether or
not Condition (6.48) is satisfied.

The geometry based on the metric-affine group M A(n+1;R) = S(n+1;R)xW(n+1;R)

is the most generic geometry by virtue of the existence not only the dilation but also the
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shear. This geometry is nothing but (vii) the metric-affine geometry and denoted as * L, 4
”. On one hand, L, contains Y, as a special case of vanishing the shear: X' = 0. On the
other hand, L, gives new subclasses: (vi-b) W,1: The torsion vanishes: 7" = 0 then the
geometry turns into the most generic subclass of the Weyl geometry with the shear; (viii)
“ Sp41 7t The torsion and the curvature vanish: 7= 0 and Q) = 0 then the geometry
turns into the symmetric telepalallel; (ii-c) 7},11: The curvature vanishes: Q) = 0 then the
geometry turns into the most generic subclass of the teleparallel geometry with the dilation
and the shear: the non-metricity.

Finally, let us consider the relation between the above classification and the field equa-

tions. The action functional is given as follows [Hehl et al. (1989)]:

hiac :/ L vol :/ Lyac(gi e, w7 Qi , T, R?) vol + Lonatier(gij , €', @, DP) vol ,
M M

(6.56)

where €’ is the coframe fields, ® denotes a set of matter fields, and D is the covariant

(14

derivative given in Eq (5.59). vol 7 is the volume form on M. Varying this action

functional, the following field equations are derived:

D( a»CMAG> + 28£MAG o O'ij

an] agz’j 7
OLyiac OLviac
D( o )+ A -3, (6.57)
a»CMAG . 0Lmac 0Lwmac ;
D i 2% "
< ORI >+€/\ ori Y50, 7

where 0”7, ¥, and II'; are the metric stress-energy tensor, the canonical energy-momentum

tensor, and the hypermomentum, respectively, given as follows:

i7 6£matter 6£matter ; 5£matter
U= S = ter o = i
? 8gi; Jet T Sw B,

(6.58)
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The equations of motion of the matter fields ® are given by the Euler-Lagrange equations as
usual. The connection decomposition (, strictly speaking, the pull back of it by the coframe
field,) in Eq (6.22) implies that the hypermomentum is decomposed as follows:

I = 7 4 —— giTl 4+ PV 6.59
g +n—|—1g ’ ( )

where the spin current 7%/ and shear current ¥ are given as follows:

3 5L g iy 1,
iy J — — H(l]) — YT 6.60

The dilation current II is the trace of the hypermomentum, which is also given as follows:

1L

Therefore, the gauge structures are engraved also into the hypermomentum structure. That
is, the metric-affine geometry L, includes all components: the spin, the dilation, and the
shear current. the Weyl-Cartan geometry Y,, .1 contains the spin and the dilation current.
The affine geometry U, has only the spin current. In the Riemann geometry V,, ., the
teleparallel geometry 7},,1, and the Minkowski geometry M,, .1, the hypermomentum van-
ishes.

Summarizing, the most generic class is the metric affine geometry denoted as L, of
which the gauge group is the metric-affine group MA(n + 1;R) = S(n + 1;R) x W(n +
1;R). L, is described by the three geometric quantities: the curvature R, the torsion T,
and the non-metricity ¢ and has two subclasses: the Weyl-Cartan geometry Y, .1, which
is described by the curvature R, the torsion 7T, and the dilation A, and the symmetric
teleparallel geometry S, .1, which is described by the non-metricity ). In the viewpoint

of the equations of motion, the entire class L,,.; has all the three currents: the spin, the
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dilation, and the shear current. The subclass Y, .; has its gauge group as the Weyl group
W(n+1;R) = D(n+1;R)xA(n+1;R). The possible subclasses of Y,,; are Weyl geometry
W11, which is described by the curvature R and the dilation A, and the Riemann-Cartan
geometry U, 1, which is described by the curvature R and the torsion 7. In the viewpoint
of the equations of motion, this subclass Y, has the spin and dilation currents. The
latter geometry U, 1 has its gauge group as the affine group A(n + 1;R) =T(n+ 1;R) x
GL(n + 1;R) and the three subclasses: the Riemann geometry V., which is described
by the curvature R, the teleparallel geometry 7,1, which is described by the torsion T,
and the Minkowski geometry M, .1, which is described by vanishing all the three geometric
quantities. From the viewpoint of the equations of motion, this subclass U, has only the
spin current. The subclasses V,,11, Ty,+1, and M,,; do not have any hypermomentum.

Remark that the geometric classification based on whether or not each of the three
geometric quantities vanish(es) does not take into account the gauge group structure of the
theory. However, notice that the four geometries V,,11, Ty,41, Snt1, and M, 1 are the common
subclasses in the algebraic classification and the geometrical classification. In addition, V,, 4
and M, are nothing but the geometry of the general and the special theory of relativity,
respectively. Therefore, let us focus on these two subclasses in the next chapter: gravity
theories based on the teleparallel geometry 7,,,; and the symmetric teleparallel geometry
Spi1: the so-called geometrical trinity of gravity/general relativity.

Notice, finally, that, if it is possible to further extend the metric-affine gauge group using
a semi-direct product then a new geometric quantity would be discovered, and then it would
also be possible to construct a new subclass of gravity. The investigation of this perspective

is for an intriguing future work including its realizability.?

2See Appendix C.
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6.3. Geometrical trinity of gravity

In this section, the so-called geometrical trinity of gravity, of which geometries are taken in a
set of subclasses, i.e., Vi1, Thi1, Sni1, in the metric-affine gauge theories of gravity, is estab-
lished [Beltran Jiménez et al. (2019)]. Since these subclasses satisfy the common condition of
vanishing curvature, let us start by introducing the most generic class of the teleparallel grav-
ity: (ii-c) [Beltran Jiménez et al. (2020a); Gomes et al. (2023b); Bahamonde et al. (2023a);
Heisenberg (2023)]. In order to construct the Lagrangian of the theory, it needs to unveil
the relation between the Ricci scalar of the Levi-Civita connection in the (pseudo-)Riemann
geometry and the geometric quantities in the metric-affine geometry.

The decomposition of the curvature tensor given in Eq (6.25) provides the fundamental
relation to establishing the metric-affine gauge theories of gravity. Contracting Eq (6.25),

the following relation is derived:
R=R+T+Q+T"Qu,—T'Q, +T"'Q, + V. (Q" — Q" + 2T"), (6.62)

where Q, = ¢"°Qvp, Qp = g"'Quvp, T = g"T?,,, and T and Q are defined as follows:

1/1 1 .
T= 2 (ZTWP + §Tuup - guva) e (6.63)
and
1 pwp _ 1 vup _ 1 v 1o pu
@ = ZQ,uupQ - QQ,uupQ - ZQ#Q + §QuQ s (664)
respectively. Here, we abbreviated “ ™7 for each geometric quantity excepting the Ricci scalar

and the covariant derivative “ V 7. The latter scalar quantity is also expressed in terms of

the disformation tensor given in Eq (6.24) as follows:

Q=g" (Lpp)\L)\uV - Lp)\uL)\Vp) . (665)
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Notice that the decomposition (6.62) can represent the Ricci scalar in terms of the geometric
quantities in the metric-affine gauge theories of gravity. Therefore, generalizing the pseudo-
Riemannian geometry of the Einstein-Hilbert action functional given in Eq (4.64) into the
metric-affine geometry and replacing the Ricci scalar in the action functional by the quantities

in the metric-affine geometry, the following action functional is derived:

1 - _
Ivaclguw , | ] = o2 /M [R—T-Q—T"Qu,+T'Q, —T"'Q,

(6.66)

— V,u(Q" — Q" +2T")] /=g d" ' + Lyasier[®, DP] .

This action functional is defined in the tangent bundle of the spacetime manifold. In order
to move to the internal space bundle, it is just to replace the variables g,, and f‘ﬁy by e,
and w’ ;, making use of Eq (5.32) and Eq (5.40). In the case of the teleparallel gravity (ii-c),
the vanishing curvature is assumed: R?,,, = 0. Therefore, the action functional becomes as

follows:

1 _
IGTEGR[guV ) FZV ) (D] = 2_%2 [\/{ [ —T— Q — TP/WQMV/) - TMQM - TMQ,u

— Vu(@u - Q” + 2T“>] \/__gdnJrlx + Imatter[q) ) D(I)] :
(6.67)

This theory is called the General Teleparallel Equivalnt to General Relativity (GTEGR) and
provides the basics of the geometrical trinity of gravity. Here, notice that the assumption of
vanishing curvature tensor, this condition is called teleparallel condition/teleparallelism in
the metric-affine gauge theories of gravity, leads to the following connection:

r'r =0, (6.68)

j12%

in some coordinate system. Conversely, this connection trivially satisfies the teleparallel
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condition. In addition, for a general coordinate transformation: z# — x'* = 2/#(z"), recall

that the affine connection obeys the following transformation law:

, 0z 0x* 0x° _,\  Oxf O’2"
B Qh Qg QxR Q! QanOxv

(6.69)

This law holds by virtue of the transformation law for the Levi-Civita connection ffw and
that both the contorsion and the disformation in Eq (6.22) are tensorial quantities. Under
the imposition of Eq (6.68), the affine connection with the teleparallel condition in a generic

coordinate system is, on one hand, expressed as follows:
FZV = (A71>p)\8,uA)\1/7 (670)

where A*, = 0x*/0x'. This connection also satisfies the teleparallel condition. On the other

hand, the relation given in Eq (5.40) always has the following form in some local region:
I, = e, (6.71)

by virtue that any vector bundle has the so-called standard flat connection in some local
region: w’;, = 0. In the case of restricting such local region, the matrix components
A¥, can be replaced by the coframe field components e’,. In particular, the case that the
internal space bundle is M x R™™! makes it possible to identify the index “ X\ ” in Eq (6.70)
with the index “ I ” in Eq (6.71) and the matrix components A*, with the coframe field
components e’,,. In this special case, e, or equivalently, A*,, belongs to the general linear
group GL(n + 1;R), which is nothing but the structure group of the internal space bundle.
Hereinafter, we assume this special case.

Next, let us consider the case of vanishing non-metricity tensor: ¢”,, = 0. The GTEGR
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action functional turns into as follows:

1

hmmww,ﬂuzziﬁf;LJE—QVMWﬂMiEJ”%%kAMWHLD¢L (6.72)

This theory is called Teleparallel Equivalent to General Relativity (TEGR) and implies
the equivalence to the general theory of relativity up to boundary terms |[Einstein (1928);

Unzicker and Case (2005)]. Varying this, the following equations of motion are derived:

1
Ty — 5']1‘9“” = “277w o T = (Vo +T1,) S’ + s

(6.73)
(V) + 1) [V=95,"] = 0.

where the symmetric tensors S,*”, which is called the torsion conjugate tensor, and t,, are

defined as follows:

oT 1 1
S = 5T = é_lTpW + §T[“p v _ 5,)[“T”} ’
nv
oT

= _ag/“/

(6.74)

1 AR A&
b = 55 Ty = T (Sl -

The first equations in Eq (6.73) has the same form as the Einstein field equations.
The TEGR action functional is also written in terms of (co)frame fields. The assumption

of vanishing non-metricity tensor leads to the following equation:
Qeip(‘?ﬁei(ﬂgy)p = 030w - (6.75)
This equation is easily solved in terms of coframe field components as follows:
G = elueJuCIJ> (6.76)

where ¢y is arbitrary constant symmetric tensor. This solution includes the case of Eq (5.32);
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crs is nothing but the internal space metric n;;. The torsion tensor is also expressed as
follows:

Tpu,, = 26'”18[“6*',,] . (6.77)

Of course, this relation corresponds to Eq (5.40). Using Eq (5.32), or more generically
Eq (6.76), and Eq (5.40), or equivalently, Eq (6.77), Eq (6.72) becomes as follows:

1
Itrerle’ ] = 53 / [T — 2D,;T"] det(e™") d"™'z + Lnatter[®, DP] . (6.78)
M

The action functionals Eq (6.72) and Eq (6.78) correspond to each other in a one-to-one
manner. (See Section 5.4 in detail.)
Finally, let us consider the case of vanishing torsion tensor: 7*,, = 0. The GTEGR

action functional turns into as follows:

1

Istecr |G , 1,] = 22

[ Q- V@ - @) VIS el DO (679

This is called Symmetric Teleparallel Equivalent to General Relativity (STEGR) [Nester and Yo
(1999)| and implies the equivalence to the general relativity up to boundary terms. Varying

this, the following equations of motion are derived:

1
—vp [\/ —gPpw/} + Quv »

1
QV__Q V:’K‘;ZTV7 sz:
w T Ve (6.80)

V.V, (vV=gP",) =0.

where the symmetric tensors P?,,, which is called the non-metricity conjugate tensor, and
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¢ are defined as follows:

1

1 00 1 1 1,
= _ZquV + §Q(upy) + Zgull@p - Z (g/pr + 5p(u@u))

W:§W

a@ K K
Quv = W = P(u\)\fiQu))\ - 2P>\ (VQ)\KIM) .

(6.81)

Note that the non-metricity scalar Q can be expressed by using the non-metricity conjugate

tensor P*,, as follows:

@ = Pp,uszpwj . (682)

The first equations in Eq (6.80) has the same form as the Einstein field equations.

The STEGR action functional is of course written in terms of (co)frame fields by using
Eqgs (5.32) and (5.40). This is the same formulation as the TEGR case. Whereas, in the
STEGR case, a specific formulation exists; the theory can be expressed in terms of the
so-called Stiikelberg fields. To see this, let us focus on a proper solution of the following
equation:

due’, =0. (6.83)

This equation is derived from the assumption of vanishing torsion tensor and easily solved

in terms of the so-called Stiikelberg fields, denoted by &/ = &7(xz), as follows:

¢!
I _
elp= 50 (6.84)
Then the affine connection becomes as follows:
ox”
e, = a_gaﬂaygl. (6.85)
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Therefore, the STEGR action functional given in Eq (6.79) becomes as follows:

rq 1

Istegrlé e — /M [—Q —D(Q"— Q"] det(e™) d"™ & + Lnaseer[®, DP] . (6.86)

ll/] - 2/4:2

Notice that the above action functional contains the second-order derivative terms of the
Stiikelberg fields &#. This is the reason why the action functional includes the variables
el p = 8,@’1 ; higher-order terms have to be treated as independent variables in its own
right. Such higher-order terms could cause the Ostrogradski ghost modes as explained in
Sections 2.5 and 2.6. However, the work given in [Hu et al. (2023)] showed that the theory
does not suffer from such ghost modes. Notice also that, under the condition of fixing
the internal space metric, the use of the variables e, is equivalent to that of the variables
Gut Istrarlé" e’ ,] = Istrar[€', guw]. Since the original action functional (6.79) includes
the derivatives of the metric tensor only up to first-order, this alternative expression is an
implication of the absence of the Ostrogradski ghost modes.

The STEGR subclass has a special case known as the so-called Coincident General Rela-
tivity (CGR) [Beltran Jiménez et al. (2018)]. This special theory can be derived by imposing
the so-called coincident gauge condition to the STEGR subclass [Beltran Jiménez and Koivisto

(2022)]. In order to clarify this gauge condition, let us go back to Eq (6.85). This equation

is apparently invariant under the following global transformation:
¢x) = &M(x) = M! ;¢ (2) + ¢, (6.87)

where M'; € GL(n + 1;R) and ¢! are arbitrary constant (n + 1)-vector components. Since
the internal space bundle is locally isomorphic to U x R, a section on the bundle can be
identified with that on the tangent bundle 7'M by virtue of the local relation U xR ~ T M|y,
where U is an open set of M. This indicates that the internal space indices I,.J, K ,--- can

be replaced by the spacetime indices p,v,p,---. Therefore, Eq (6.87) gives the following
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equation in a local region:

' (x) = MT ot + ¢ (6.88)

This relation is equivalent to the case just replacing &/(x) by z* in Eq (6.87) as follows:
(x) =6 o + AL, (6.89)

where Al are arbitrary constant (n + 1)-vector components. That is, the coincident gauge
is nothing but a condition on the Stiikelberg fields such that it restricts to those that are
obtained only from an affine transformation of a spacetime point. This indicates also that,
based on Eq (6.84), the co-frame fields are obtained from a given spacetime coordinates.
Notice that in this gauge Eq (6.84) turns into !, = 67, and it is nothing but the coefficients
of “ a# 7 in Eq (6.89). This is the another signal of the local relation: “ U x R ~ TM|y
” [Tomonari and Bahamonde (2023)]. Under the imposition of the coincident gauge, i.e.,

Eq (6.88), Eq (6.85) becomes as follows:
T, =0. (6.90)

This indicates that the coincident gauge condition changes the covariant derivative “ V 7 to
the partial derivative “ 0 ”.

The CGR action functional is of course directly obtained from Eq (6.79) just replacing “
V 7 in the action functional by “ 9 ”. However, this naive replacement unfortunately blinds
the essence of the theory. Therefore, using Eq (6.65), let us express the STEGR action

functional and impose the coincident gauge condition.
1
[STEGR[guV ) Fﬁy] = ﬁ //\/[ [_gwj (Lpp)\[/\;w - Lp)\,uL)\yp)] vV —g dn+1x + [matter [(I) ; D(I)] ;
(6.91)
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where the boundary terms are neglected. Imposing the coincident gauge condition (6.88) and
using the decomposition (6.22), the disformation tensor can be expressed by the Levi-Civita
connection as follows:

[Py, = 1%, (6.92)

Therefore, the CGR action functional is given as follows:

1

Icarlgw] = 22

/ |:g/"/y <f‘pp>\f‘)\uu - fpkuf‘AVp>} \/__gdn+1$ + Imatter [(I) ) D(I)] . (6‘93)
M

Notice that this is nothing but the Einstein-Hilbert action functional without boundary terms.
That is, the dynamics of CGR is equivalent to that of the general relativity.

The theories discussed in this section, ¢.e., the geometrical trinity of gravity, so far are
just equivalent subclasses to the general theory of relativity from the viewpoint of the action
functional up to boundary terms. That is, there is no departure from the general theory
of relativity. However, by extending these theories in a proper manner, the situations get
changed; the theories may acquire the possibility to provide explanations for dark energy
and dark matter and also to generate new propagating degrees of freedom and symmetry

breaking.

6.4. Modified theories of geometrical trinity of gravity

In this section, two ways of extension/modification of the geometrical trinity of gravity, i.e.,
quadratic extensions and non-linear extensions, are presented. Let us start by investigating
the quadratic extension of TEGR and STEGR.

The TEGR action functional (6.72) (, or equivalently, Eq (6.78),) contains terms up to
quadratic with respect to the torsion tensor 7%, and its contraction 7% under neglecting

boundary terms. Therefore, the possible quadratic Lagrangian with respect to these quan-
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tities are given as follows:

1 N
IqTEGR = _ﬁ T V=g dn—Hx + Imatter[q) ) D(P] )
R Jm (6.94)

T = C1 p,w,TplW + CQTM)VTPIW + CngTp s

where ¢, c9, and c3 are arbitrary constant parameters. Therefore, the extension of TEGR in
this manner forms the theory of a three-parameters family. These three parameters have to
do with the emergence of new degrees of freedom of the theory [Blixt et al. (2019b,a, 2021);
D’ambrosio and Heisenberg (2021); Heisenberg (2023)]. However, a complete Hamiltonian
analysis has not been performed yet at the moment of writing this thesis. Remark that in the
case of ¢; = 1/4,¢9 = 1/2,¢3 = —1 the theory results in the TEGR action functional (6.72)

(, or equivalently, Eq (6.78)). Varying Eq (6.94), the following field equations are derived:

A, ~

1 N A A
T;W - §Tg,ul/ = 527;1/ ) T#V = (VP + TP) S(W’)p + tl“/ ) (6 95)

(Vo +1,) <\/__g§[upu]> =0,

where Sp‘“’ and fu,, are defined as follows:

A

o aT

S, = T = aT,™ + C2T[up vl 635p[HTV] 7
o m . (6.96)
py = Dghv - QS(MPRTI/)M — T"" (1S prpw)

Eq (6.95) is the field equations with respect to the metric tensor and to the connection,
respectively. Notice that in the case of ¢; = 1/4,¢5 = 1/2,¢3 = —1 the theory results in the
equations of motion of TEGR: Eq (6.73) with Eq (6.74).

In the same way as the TEGR case, the STEGR action functional (6.79) (, or equivalently,
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Eq (6.86),) can be extended into the theory of a five-parameters family as follows:

1 ~
]CISTEGR = _@ / @ V=g dn_Hx + Imatter[q) 7D(I)] ) )
M (6.97

Q = A1Quuw @™ + 2Qupy Q™ + 3Q,Q° + c1QpQ” + ¢:Q,Q”

where ¢y, co, c3, ¢4, and c; are arbitrary constant parameters. Notice that the fourth term
« Qpr 7 is a proper term in this extended theory; the original action functional (6.79)
(, or equivalently, Eq (6.86)) does not contain this sort of term. These parameters relate
to new degrees of freedom of the theory [D’ambrosio and Heisenberg (2021); Heisenberg
(2023)]. However, a complete Hamiltonian analysis has not been performed yet at the
moment of writing this thesis. Remark that the caseof ¢; = 1/4,¢c0 = —1/2,¢c5 = —1/4,¢4 =
0,c5 = 1/2 results in the STEGR action functional (6.79) (, or equivalently (6.86)). Varying
Eq (6.97), the following field equations with respect to the metric tensor and the connection
are derived:
2 ~ 1. )
ﬁvp (\/—_gP W) G = 5 Q0 = 5 T
(6.98)
vV (v=gP",) =0,

respectively, where P, and ¢, are defined as follows:

\p 1 0Q 1 _
P wr = 58@{)#” = lep;w + CQQ(; v) + CSQ,uVQp + 645'0(#@1/) + 505 (guqu + 5p(uQu)) s
.00

® AR DR
Qo = Gguwr = Plupan @)™ = 2P Q) -

(6.99)

The relation “ Q = P, QP ” also holds. Notice that the case of ¢; = 1/4,00=—-1/2,¢c3 =

puv

—1/4,¢4 =0,c5 = 1/2 results in the STEGR field equations: Eq (6.80) with Eq (6.81).

Finally, let us consider the non-linear extension of TEGR and STEGR. The main idea
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of this extension is the same known as the so-called f(R)-gravity [Buchdahl (1970)]:

_[fGR QW - / f \/ —q dn+lx + Imatter[q) s ch] . (6100)

Varying this, the following field equations are derived:

o 1 o o

P (R) Ry = 5 (R) gy + (908 = Vi Vo) f'(R) = KTy, (6.101)

where f’ (R) = df (]?2) / dR. This extension contains the Einstein-Hilbert action functional (4.64)
as a special case of f (}?i) = ]?i; this is nothing but a linear case. Further, the case of

f (]O%) = R — 2A leads to the following equations:
G + Ay = KT - (6.102)

This is nothing but the Einstein field equations with the cosmological constant: Eq (4.35).
Therefore, non-linear extensions need to be f”(R ) # 0, where f"(R ) d*f (é) / dR2.

In the TEGR case, the extended action functional is given as follows:

Irregr = ——/ f(T) /=g d" 'z + Lyater [P, DP] (6.103)

Varying this, the field equations with respect to the metric tensor and the connection are

given as follows:

(Vo +T,) (F'(T)Su)”) + f' (Tt — o (T) gy = 6" T

2 (6.104)
(Vo +T,) (F(T)S,0)

respectively. In the case of f(T) =T, the theory results in the TEGR case: Eq (6.73). The

187



first equations are rewritten by using the Einstein tensor G, as follows:

L (FT) = F(T)T) g + F'(T)S ) 0pT = KT - (6.105)

f/(T)G/w - 92

The cases of f(T) = T and f(T) = T — 2A results in the Einstein field equations (4.28)
and (4.35), respectively. In particular, even if a non-linear case, it is possible to obtain the
Einstein field equations with the cosmological constant (4.35) as an effective theory: let us
consider the case of T = Ty = constant . Then the third term in Eq (6.105) vanishes, and

then the following equations are derived:
G + Nett G = K Tott o (6.106)

where Aeg and Teg,, are defined as follows:

1 / _ 1
Aer = T2P(Ty) (f(To) = f(To)To) , Tty = f(To)EV’ (6.107)

Notice that this sort of effectiveness is absent in the f (}%L)—gravity. In order to understand this
difference, the Dirac-Bergmann analysis is available. In fact, the authors in [Blagojevi¢ and Nester
(2020)] unveiled that the theory has a specific sector (s4) in their notation and the corre-
sponding term emerges caused by the difference of the constraint structure by virtue of the
violation of the local Lorentz symmetry.

In the STEGR case, the extended action functional is given as follows:

1
Itstecr = 9.2 /M f(Q) V=g d" 'z + Lnatter[® , DD (6.108)

188



Varying this, the following field equations are derived:

2 1
—V, (v —gf'(@)PpW + f,(QM/w — 5 Q9w = kT,
V=g ( ) 2 (6.109)

v,uvu (\/__gf/<Q)Ple) = 07

with respect to the metric tensor and the connection, respectively. The former equations

can be rewritten as follows:

! (f(Q) = f(QQ) g + 2" (Q) P*,0,Q = KT, . (6.110)

QG —

These equations are also resemble structure to the non-linear extension of the TEGR case;
(i) The case of f(Q) = Q and f(Q) = Q — 2A results in the Einstein field equations (4.28)
and (4.35), respectively; (ii) The case of Q = Qp = constant leads to an effective field
equations: Eq (6.106) with the following Aeg and T, :

1 1

21" (Qo) (f(Qo) — f(Q0)Qo) , 7;ff,u/ = mﬂw (6.111)

Aeff:_

Notice also that this sort of effectiveness is absent in the f (}O%)—gravity. Similar to the non-
linear extension of TEGR, the Dirac-Bergmann analysis would unveil the reason for the

difference from the viewpoint of constraint structures.

6.5. Summary

In this chapter, the metric-affine gauge theories of gravity were constructed. There were
eight possible geometries depending on the corresponding Md&bius representation of each
gauge group. In particular, the subclasses that are called the geometrical trinity of grav-
ity, i.e., GR (Riemann), TEGR (Teleparallel Equivalent to GR), and STEGR (Symmetric

Teleparalle Equivalent to GR) are important since these subclasses are equivalent to one
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another up to boundary terms in the meaning of action functional and include general rel-
ativity. These subclasses satisfy the teleparallel condition, or equivalently, the Weitzenbch
gauge condition. STEGR includes a special subclass so-called Coincident GR (CGR) which
satisfies the coincident gauge. In addition, if it is possible further to extend the metric-affine
gauge group using a semi-direct product then a new geometric quantity would be discovered,
and then it would also be possible to construct a new subclass of gravity. The investigation
of this perspective is for an intriguing future work. In the next chapter, the Dirac-Bergmann
analysis will be performed for each subclass and its non-linear extension to unveil those

propagating degrees of freedom.
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Chapter 7
Dirac-Bergmann analysis of geometrical trinity

of gravity and its extension

Chapter abstract

In this chapter, the Dirac-Bergmann analysis is performed for each subclass of the geometrical
trinity of gravity and its non-linear extension. In order to apply the analysis, which was
introduced in Section 2.2 but restricted to point particle systems, to field theories, three
fundamental issues are clarified. These issues are commonly caused by the spatial derivatives
of the Dirac delta function. And then a prescription that circumvents the issues is proposed.
Based on the prescription, the analysis is performed for TEGR, CGR, non-linear extensions
of GR, TEGR, and CGR, and the propagating degrees of freedom of each theory is unveiled.
Throughout these analyses, the three issues in field theories of the Dirac-Bergmann analysis
are concretely clarified for each subclass, and the reason why the prescription is valid for
removing the issues is investigated. I emphasize that these analyses are not a complete
manipulation of the issues; it is just a prescription to circumvent the issues and make it
possible to perform the Dirac-Bergmann analysis. Therefore, the results could be valid only
for some classes of solutions. Finally, this chapter is summarized with the outlook for these

works.

7.1. Issues of Dirac-Bergmann analysis in field theories and a pre-
scription
In this section, three issues concerning spatial derivative terms in Poisson brackets are clari-

fied. A correct understanding of these issues is important when applying the Dirac-Bergmann
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analysis to field theories. A prescription that settles these issues is also given. Let us first
scrutinize each step of the extension of the analysis into field theories.

The Dirac-Bergmann analysis of the general theory of relativity, which is one of the
analyses in field theories, was already performed in Section 4.6. The analysis revealed that the
theory has the number of (n+1) gauge degrees of freedom (gDoF') and that of (n+1)(n—2)/2
propagating degrees of freedom (pDoF). The former result is reasonable since this number
is the same as that of the maximal and independent generators of a diffeomorphism. The
validity of the latter result can also be confirmed by using the Einstein field equations of
motion (4.28) and the Bianchi identity: %[p‘}o%w]a,i = 0. That is, contracting the Bianchi
identity, %#GW = 0 is derived, and it can be expanded as follows: 9,G® + 9;G™ + f‘i LG+
prG“p = 0. The second, third, and fourth terms include the time derivative terms up to
second-order, therefore, the first term should be the same order with respect to the time
derivative. This indicates that G® contains the time derivative terms up to first-order; the
Einstein field equations with respect to time-space components become constraint densities,
and that number is n + 1. Therefore, the number of pDoF is (n 4+ 1)(n+2)/2 — (n + 1) —
(n+1) = (n+1)(n—2)/2. However, it is difficult to perform this sort of degrees of freedom
counting when the theory gets complicated including the geometrical trinity of gravity and
its extensions. In such cases, a systematic method would be a powerful tool to achieve
this purpose. The Dirac-Bergmann analysis provides this convenience although we have to
manage to do with the following issues.

The extension of the Dirac-Bergmann analysis into field theories is achieved in a straight-
forward manner as usual; it just introduces density variables and those fundamental Poisson
brackets (PBs). That is, integrating field variables ¢(t,x), denote it as ®%(¢), on a hyper-
surface >; in the spacetime manifold, it just regards as variables in point particle systems as

follows:

dUt) = /E o (t,x)/|h| d"x , (7.1)
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where a stands for schematic index of the fields and % is the determinant of the metric h;;
of 3;. Then, in this formulation, the fields ¢*(¢,x)+/|h| are, in particular, called density
variables. The Lagrangian density of a given system is composed in terms of these fields like

L(¢*, V0", --)4/]g|, and the action functional is defined as follows:

106 ()] = / 2 / L(p" V") gl e dt = / CL(@(), (V,00)(t) )t (7.2)

t1

where |g| = N+/|h| is the determinant of the metric tensor g,, of the spacetime manifold.

Then the canonical momentum density variables are introduced as follows:

o1
5

Ta(t,X) = (7.3)

In this formulation, therefore, ¢® play the role of configuration variables. Then the funda-

mental PBs are introduced as follows:

{90a<t ) X) ’ Wb(t ) y)}P.b. = 5ab5(n) (X - Y) . (74)

In the right-hand side, there is no time dependence of ¢p® and m, on the same leaf ;. Here,

the PB itself is defined as follows:

0F 6G  0G OF
F a a — _— —_— dn .
{ (90 77Tb) 7G(90 aﬂ-b)}P.b. /Et zc: (5@6 O, 590c 57rc> 25 (7 5)

where F' and G are functional with respect to the canonical variables ¢* and m,. Based
on the above formulation, the Dirac-Bergmann analysis is applied to field theories. An
important example is of course the analysis of the general theory of relativity. The variables
©” correspond to the lapse function, N = N(¢,x), the shift vector, N* = N(¢,x), and the

induced metric, h;; = h;j(t,x). The corresponding canonical momentum variables, mo(t,x),
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m;(t,x), and 7;;(t,x) are given as Eq (4.68) in Section 4.5. The fundamental PBs are defined
as Eq (4.95).
In order to investigate the existence of primary constraint densities, it is necessary to

introduce the Hessian /Kinetic matrix

o)

() 090 (y) Jy, (7.6)

Kale ) VIl = oo [ £6%(), D (2), ) VT
(), V(@) )z — ),

=

and to scrutinize the rank of the matrix density: K.(¢®(z),V,p%(z),---). If the matrix
density is degenerate and has its rank of n + 1 — 7 then there exist the number of r primary

constraint densities. Let us denote these primary constraint densities as follows:

1)

1 a ~
*QS(()Ll)(SO (t,X) 77Tb(t7x)) ~ 0, (77)
where a4 ranges 1,2,--- ,r. Then the total Hamiltonian density is introduced as follows:

H(p (%), m(t,x)) = Ho("(t, %), m(t, %)) +X™ (01, %) 1 (t, %)) 08 (0" (1, %), my(t, %)) 4
(7.8)

or abbreviating the arguments with respect to the support manifold (the spacetime manifold

M),

Hr(p®, m) = Ho(p", m) + A (9", m) o) (9", )., (7.9)

where \** = A\ (¢*,m,) are Lagrange multipliers. Remark that the variable dependence.
That is, if it was A = A\*(x) = A*'(¢,x) then these variables are not the Lagrange multi-
pliers; these variables are instead auxiliary field variables, although it also is mathematically
inappropriate. A great amount of authors mistakes in this regard. Remember over and

over again that we are considering the extremum problem in the phase space but not in
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the spacetime manifold. That is, for each spacetime point x, we consider the first-order
variation of the total Hamiltonian density with respect to ¢*(z) — ¢%(z) + d0p*(z) and
Ta(x) — mo(x) 4+ dme(2): not to the spacetime points. As an example of these quantities,
in the case of the general theory of relativity, the Hessian matrix K, is given by Eq (4.96),
and its rank is six. Therefore, there are four primary constraint densities: Eq (4.69), and
the total Hamiltonian is derived as Eqs (4.98) and (4.97).

So far, every extension of ingredients in the Dirac-Bergmann analysis to field theories has
been straightforwardly achieved, and no problematic situation has occurred. The next step
is, of course, the computations of consistency conditions for the derived constraint densities.
In this step, we will encounter three issues with the analysis of field theories [Sundermeyer
(1982); Blagojevi¢ and Nester (2020); D’Ambrosio et al. (2023); Tomonari and Bahamonde
(2023); Heisenberg (2023)]. Let us consider the consistency conditions of the primary con-

straint densities as follows:

*Q.ﬁz(mll) (Qpa(t ) X) 77Tb(t ) X))
- {*¢gll)(¢a(t ) X) 77Tb(t ) X)) JHT(Qpa(t ) Y) 77Tb(t ) Y))}p.b,

R LoD (1, %) Tt %)) Aol (1Y) Tolt 3D} gy + N 3) Tl ¥)) D@, 9) /] = 0,

(7.10)
where “ := " denotes the equation as an imposition and D, (¢*,m,) is defined as follows:
Dassn(,9) VIRl = {000 %) mt %) 080 y) mlt v} (T

This matrix density is called the Dirac matrix density. The Dirac matrix in point particle

systems is already defined in Eq (2.27). Remark that if A% (p%(t,x),m(t,x)) are not La-
o)
grange multipliers but auxiliary fields A\*1(¢,x) then the weak equal “ X s just an equal

13

= 7. This is easily verified from the definition of Poisson bracket (7.5). Therefore, needless
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to say, Egs (7.10) and (7.11) are defined on the phase space: not on the support manifold
(spacetime manifold) itself. In field theories, Eq (7.11) can be schematically calculated as

follows:

Deysr (z,y) VIh| =

AR (e (@) m(@)) , gD (@), (1)) a8 (x — y)

+ 800" (@) (7)), D) (9" (2) () -+ 5 (9" (@) (), D (9" () () -+ 5
me(i6(2) , (@) , O™ (@) 7o (2)) - Va0 (X = )

+ 97 (ol (" (@) m(2)) , 0D (9% (2) 7)) s+ a3, 070 (x — )

+ 98 (oD (" () m()) , Db (9% () my(2)) - 1 (9" (@)  mo(2) D (p% (@) () -
me(i0"(2) , (@), O (@), 7o (7)) Ve, O (x = y)

L

+ 1 GO (" () m(w) 0 d D (" (1) (1)) s+ e 07 6™ (x — y)

+ 0 (M (0 () () L B dD (D), m(y)) - 5 (0 (), m(y))) L D (0 () oY) - 5

(0 (1) s 7(9)) , Oe( D (W) , () s - Vo O 6 (x — y)
(7.12)

where we abbreviated “ (t,x) 7 as“ = ". fi, ggi), and hgi) are functionals that are composed
only of the primary constraint densities and those spatial derivatives. fs, géi), and hg) are
functionals that are constituted not only of the primary constraint densities and those spatial
derivatives but also of the canonical variables ©*, m,, and those spatial derivatives, such that
not Vanishing under the imposition of the primary constraint densities. In particular, if
f1, g1 , and h() do not contain any spatial derivatives then these terms vanish under the
imposition of the primary constraint densities. The terms including hll and hg give rise to

total derivative terms. The terms including gy) and gg) give rise to the same sort of terms
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as hgi)&d() 7 and ¢ hg)aié() ", respectively, and as “ f10(-) 7 and ¢ fo0(-) ", respectively.

Therefore, Eq (7.12) can be written schematically as follows:

Do (,9) VI = Fas 67 (x — y) + 0, |HD, 60 (x —y)| (7.13)

where F,, 5, and Hc(jl)gl are specific functionals of *(;581), p®, m,, and those spatial derivatives.
So far, only primary constraint densities have been considered but this manipulation works
as well in the same manner for higher-order constraint densities. Remark that if ggi) and
géi) are composed only of the constraint densities up to those linear combinations then the
manipulation of integral by parts does not need since, just imposing the constraints, these
functionals vanish. The PB-algebras (4.99) in Section 4.6 of the general theory of relativity
has this property.

Now, let us clarify the issues of the Dirac-Bergmann analysis in field theories. The first is-
sue relates to the existence of the inverse matrix of the Dirac matrix density Da, s, (7, y) \/|2];
the second term 0; [Ho(fl)ﬂl 60 (x — y)} in Eq (7.13) generically leads to the following equa-

tions:

L, (Pacste V) (27 V)

= 0" (x — y)da,”" + total divergent terms on 9% ,

(7.14)

where 0%; denotes the boundary of the leaf ¥;. That is, the total divergent terms on 0%,
may disturb the well-defined calculation of the inverse matrix. That is, the question here
is the method to define the inverse matrix. More fundamentally, “the first issue concerns
the method to define the degeneracy/rank of the matriz under the existence of the boundary
terms.” Since the rank determines the total number of primary constraint densities, therefore,
this issue cannot be ignored. It is also crucial in particular for a system that has second-class

constraint densities since the definition has something to do with determining the multipliers.
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The second issue relates to the mathematical meaning of the density equations. In order
to obtain the mathematical meaning of Eq (7.13) in a well-defined manner, the density

equations should be integrated over on a leaf 3J; with respect to x and y as follows:

/ Dalﬁl(‘rhy) \/dexdny - {/ *Qﬁgll)(gpa(t?X) ,Wb(t,X))dnLL’,/ *qb(ﬁll)(goa(tJY> 77Tb(tJY>>dny}
S J 5 Tt Xt

_ n m r7 (%)
B /Z]t Falﬁl d' + [niHalﬁl}azt ’

P.b.

(7.15)

where 0%; denotes the boundary of the leaf 3;. Here, remark that, when integrating over
Eq (7.13), there may occur the cancellation between the terms from Fy,, 5, and Ho(jl)ﬂl' Taking

into account this cancellation, F,, 3, and Hsl)ﬂl are redefined as F,, 3, and H, % respectively.

a181?

Excepting the last term [n,ﬁ[ SB&] , all other terms are the so-called smeared variables.
%

That is, the boundary terms may disturb to make the smeared algebras closed. To make
matters worse, if F,, g, @S 0, the existence of the boundary terms relates directly to whether
or not a primary constraint density, *gb&ll)(gp“(t ,X), mp(t, %)) g) 0, is classified into first-class
constraint: if the boundary terms are absent then there is a possibility to be the primary
constraint density as a first-class one. Furthermore, even if non-vanishing boundary terms do
not appear in the consistency conditions for the primary constraint densities, that for higher-
order constraint densities would face the same problem. That is, “the second issue is whether
should the boundary terms be also taken into account when classifying a constraint into either
first- or second-class constraint density.” This issue is the most crucial for counting degrees
of freedom. As a special case, we can use the normal vector given in Eq (4.41), and then
the boundary terms in Eq (7.15) always vanish. In this case, another issue occurs; which
equation, either Eq (7.13) or Eq (7.15), should be applied for the classification? Furthermore,
this issue implies that the constraint structure of a given theory depends on the way of taking

a foliation. For a diffeomorphism invariant theory, this property is at a glance pathological.
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How to resolve this situation? These are also the second issue.

The final issue relates to determining the Lagrange multipliers. Applying the schematic
relation (7.13) to the consistency conditions (7.10), the following schematic equations are
derived:

(A 8)\+B>\+C)6 (x—y) =0, (7.16)
or equivalently, integrating over with respect to either x or y on a leaf ¥,

—

ADYX+BX+C = (7.17)

where A’, B, and C are the matrices and the vector that are determined by the given action
functional (7.2) and composed of the phase space variables ¢®, m, and those spatial deriva-

tives, respectively. X is the column matrix of which components are the Lagrange multipliers

A% (p%(t,x),mp(t,x)) given in Eq (7.10). Notice here that the terms “ 9; [HSI)BI 5 (x — y)]
” in Eq (7.13) give rise to the first term “ A’9;X ” from the second terms in Eq (7.10) due to
the Leibniz law. Explicitly, Eq (7.17) can be expanded into as follows:

OX OX

aw@,cp + o b@

>
Q
=l

AW

(7.18)

On one hand, if A® = 0 then the above equation becomes an ordinary linear algebraic equa-
tion, and the situation is the same as the point particle systems as explained in Section 2.2;
the multipliers A*! as the same number of the rank of the matrix B are determined, and
otherwise secondary constraint densities occur. On the other hand, if the rank of A® is
not zero then the situation gets changed; the above equation turns into partial differential
equations of functionals (PDEs of functionals) with respect to the phase space variables ¢*
and m,. When the PDEs are solved, of course, the function forms of the Lagrange multipliers

are determined, and then the equation generically turns into the differential equations with
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respect to the phase space variables themselves. That is, the above equation determines
©® and 7, in terms of the coordinate variables x on the leaf 3;,. However, the equations of
motion also determine the variables ¢* and 7, in terms of the coordinate variables x (and
t). Therefore, “the third issue is whether or not the solved phase space variables p® and m, in
these two different ways are always consistent.” Remark that, hereinafter, we use the term
“solvable” for such PDEs in the means that all the Lagrange multipliers are expressed in
terms of the phase space variables under the satisfaction of this consistency.

These three issues of the Dirac-Bergmann analysis in field theories are commonly caused
by the problematic terms “ 0; H(gz?ﬂl M (x —y)| 7 in Eq (7.13). Therefore, it is mandatory
to unveil a valid treatment of the problematic terms. Furthermore, this problem relates
directly to the well-posedness of PBs. Based on the considerations in the previous three
paragraphs, the most naive treatment to settle these issues is to discard the problematic
terms. That is, if it is possible, Eq (7.14) turns out to give a definition of the inverse matrix
of the Dirac matrix density in the usual manner just like Eq (7.6) and then the total number
of first-class constraint densities becomes maximum number (See Section 2.2); Eq (7.15)
plays a role in classifying a constraint into first- or second-class constraint in a usual manner
just like the point particle cases; Eq (7.17) becomes an ordinary linear algebraic equations.
Since the consistency conditions have to be calculated by using the well-defined PB-algebras
in advance, it makes sense to consider the discard of the problematic terms in the step
of calculating the PB-algebras. Remark, here, that, in the general theory of relativity,
all primary constraint densities are commutative with respect to the PB-algebras; the terms
F,,5 in Eq (7.13) vanish and the terms “ 0; Hgil)ﬁl 6™ (x —y)| " in Eq (7.13) do not appear.
Therefore, the issues above do not occur.

In order to determine PB-algebras in a well-defined manner, the relations (7.13) should
be considered by integrating over. That is, Eq (7.15) has a key for the well-definedness. In

a1

particular, the possibility of vanishing the boundary terms “ [niH @) ]a 7 in the equations
p
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would relate to whether or not the problematic terms could be discarded. Then the possible
reasons to make the naive treatment of the spatial boundary terms mentioned in the previous
paragraph would be that Possibility (i): If the spatial normal vector n; is orthogonal to H C(”)Bl
on the leaf ¥, then the boundary terms vanishes (This include the specific use of Eq (4.41));
Possibility (ii): The boundary terms could be vanished under the imposition of appropriate
spatial boundary conditions to ¢® and/or m,. In the latter case, the variables that are fixed
on the spatial boundary 0%, should be unphysical variables. Possibility (iii): The spacetime
manifold is foliated into leaves with no boundaries. In particular, it seems that Possibility (ii)
is the most realizable and applicable to the wide range of theories. Extending this statement
into all other PBs that appear in the Dirac-Bergmann analysis, it is reasonable since the

well-definedness is a mathematical property although this statement needs to be proven, in

this thesis, let us assume that the following prescription [Tomonari and Bahamonde (2023)]:3

Prescription 1.

For functionals F% on a phase space which are coordinated by ©®(t ,x) and 74(t,X), the term
“ 0 []—" @ 5 (x — y)} 7in PB-algebras can be discarded by setting properly spatial boundary
conditions of the “unphysical variables” in @°(t,x) and m,(t,x) on the boundary of a leaf
Y. Here, the index i runs from 1 to the dimension of a leaf ¥y, i.e., n, and h are the

determinant of the metric on a leaf ;.
[ |

Here, “unphysical’ means that a variable corresponds to a constraint in the conjugate manner

3In the original paper [Tomonari and Bahamonde (2023)], the statement was deserted for the terms like

CVh(z)A(z 8(I (")(Z — ¢) ”. In the current thesis, we already integrated by parts this sort of term in
Eq (7.13). That is, 1f we expand as \/h(x)A(x)ai(x)é(”)(f B(m) (v/h(2)A(z)6™ (% — 7)) — 6™ (& —

*)8£x)(\/h(x)A(x)) then the first term is nothing but ones that have been cons&dered in the current thesis.
(The second term is encapsulated into the first term of Eq (7.13).) The important point here is that these
two statements are equivalent since, in order to evaluate the PBs, we integrate them over twice; every term
above turns into a spatial boundary term and appropriate spatial boundary conditions erase them.
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and we assume that the classification of constraint densities into either first- or second-class
is determined by the use of Eq (7.15). This makes sense since the Dirac delta function has
its mathematical meaning in a well-defined manner when integrated over and since before
performing the calculation for determining multipliers the PB-algebras should be given in a
well-defined manner in advance.

The possibilities (i) (excepting the specific use of Eq (4.41)) and (iii) could also be viable
but it would strongly depend on each theory. Therefore, in this thesis, we do not assume
these specific possibilities. Remark, here, that, in the case of the general theory of relativ-
ity, the secondary constraint densities given in Eq (4.100) contains the spatial derivative of
the Dirac delta function. However, these terms are not problematic in this meaning; the
coefficients of these terms are composed of the secondary constraint densities, as already
mentioned. Therefore, the imposition of the secondary constraint densities removes them
without applying Prescription 1. Notice, finally, that the imposition of spatial boundary
conditions restricts the solution space of a given theory |Heisenberg (2023)]. That is, the
Dirac-Bergmann analysis based on Prescription 1 gives the propagating degrees of freedom
for the restricted solutions by the spatial boundary condition. For example, let us consider
the Schwarzschild and FLRW spacetime as two solutions of the Einstein field equations. If
we impose the asymptotically flatness as a spatial boundary condition then FLRW space-
time no longer belongs to the solution space of the Einstein field equations. Therefore, in
compensation for the use of Prescription 1, the Dirac-Bergmann analysis does not always
unveil all propagating degrees of freedom of a given theory. This is the meaning of the word,
“prescription”, and it guarantees the reliable results of the Dirac-Bergmann analysis that do
not suffer from the three issues instead of its generality.

There is an important remark: the specific choice of the normal vector given in Eq (4.41)
always satisfies Prescription 1. For a diffeomorphism theory, on one hand, since taking an

ADM-foliation itself decomposes a spacetime manifold into another one which has a topology
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R xS in a diffecomorphic manner (See Section 4.4 in detail) and this manipulation is equivalent
to a choice of a coordinate system, without any loss of generality, it means that Prescription
1 can be applied and always provide the full pDoF of a given theory. On the other hand, for
a theory with violating its diffeomorphism invariant characteristics, the theory generically
depends on coordinate systems, or equivalently, the choices of ADM-foliations. It indicates
that the theory generically has several sectors and each sector generically derives a different
pDoF from that of the other sectors. In this regard, a detailed survey in f(7)-gravity is
given in [Tomonari and Bahamonde (2023)].

In the succeeding sections, the Dirac-Bergmann analysis of the geometrical trinity of
gravity and its non-linear extension is performed under the imposition of Prescription 1
when facing the three issues. These cases are also good examples for the application of
Prescription 1, or more fundamentally, for making the understanding of the three issues

deeper.

7.2. Degrees of freedom of TEGR

In this section, the Dirac-Bergmann analysis of TEGR is performed [Blagojevic and Nikolic
(2000); Blagojevic and Vasilic (2000); Maluf and da Rocha-Neto (2000); Ferraro and Guzméan
(2016)], and the propagating and gauge degrees of freedom are clarified. In the case of TEGR,
it is unveiled that the spatial boundary terms appear in PB-algebras but the analysis does
not need Prescription 1; this is just the same situation as the general theory of relativity.
The following derivation particularly obeys the authors of Ref [Ferraro and Guzman (2016)].
Let us start with the action functional of TEGR given in Eq (6.78) in Section 6.3. The
Lagrangian density is introduced as follows:
STEGR = /M "'z Lrper, Lrecr = —% det (e™1)T, (7.19)

where we discarded the boundary term in Eq (6.78). Hereinafter, we use the unit 2x% = 1
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and e = det(e™!). Expressing in terms of (co)frame fields, Eq (7.19) becomes as follows:

1
‘CTEGR = —5 (& auelyﬁpejae“Ke”Le”Me(’NE)ﬁUKLMN s (720)

where 9, XMN s called the supermetric and defined as follows:

M, KEMN — 9g oKIMNIL _ 45£M9N} [K5§] I 85EKgL][M5y] 7 (7.21)

where ¢;; is the metric of the internal space. Notice that the supermetic is antisymmetric
with respect to the indices (K, L) and (M, N). The canonical momentum density variables

are computed as follows:
it = —e ayereOKe“Le”MepNimuKLMN. (7.22)
The fundamental PBs are introduced as follows:
{eu(t,x), m"(t,y)}ps. = 65606 (x — y). (7.23)

The antisymmetric property of the supermetric with respect to K and L leads apparently

to the number of (n 4 1) primary constraint densities as follows:
oW =m0 =0. (7.24)

These trivial constraint densities give an insight into finding other remaining primary con-

straint densities. Eq (7.24) can be deformed as follows:

*qbgl) = e ;07 mte’ = 0. (7.25)
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This implies the following quantity:
@J[ == W[MGJM = —¢€ C[KJLGMLa()@KM — e@ieLM SOKGiMGMNm[LKJMN . (726)

In order to turn these quantities into constraint densities, multiplying '/ (x)s to the above
equations

Sx) =V (x)s8"1, (7.27)

and then impose the following conditions:
V!x)sCrc™ = 0. (7.28)

Here, the index “ (X) ” is a dummy one. For instance, V' ; = €' ;0% satisfies Eq (7.28), and
then Eq (7.27) restores the primary constraint densities (7.25), or equivalently, Eq (7.24).

7

In this case, the dummy index “ (X) 7 is taken as K. In the same way, let us take V7’ x),

as 25[IJgK]L: Vigry = 25[IJgK}L. Then V1 satisfies Eq (7.28), and then the number of

n(n + 1)/2 primary constraint densities are derived as follows:

*¢§1J) = QgK[JT(_[]ieKi + 4681'61{]' eO[JeijejK] =0. (7.29)

Then the PB-algebras among , 31) and *gb([? are computed as follows:

{60, %), .0t y)}ps. = 0,
(oMt %), .00t y) e =0,
L0 (%), 0L Y)Y po = (g0 w04k + g 05) = grc o681 — 911 00k ) 3 (x — y)

(7.30)

(1)

0,

where we abbreviated the argument “ (¢,x) ” on the right hand side in the third PB-
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algebras. These PB-algebras do not include the spatial derivative of d-function. Notice that
the third PB-algebras are exactly the same as the Lorentz algebra. Therefore, it is expected
that the primary constraint densities , 31} (t,x) becomes the generator of the local Lorentz
transformation and are classified into first-class constraint densities.

Next, let us calculate the consistency conditions for the primary constraint densities. The

total Hamiltonian is composed as follows:
Hy = Ho + M .0 + A7 o8 (7.31)

where H, is the kernel Hamiltonian and A and A\’ are Lagrange multipliers. Remark
that the multipliers are the functionals of the canonical variables e/, and 7;*. The kernel
Hamiltonian is derived from the temporal component of the Euler-Lagrange equations under

the primary constraint densities. That is,

P OLrEGR B OLtEgr €W aﬁTEGR B OLrrGR i OLrrGR _0
"9(8,ely)  Oely "0(8iely)  Oely o dely ’ (7:32)
PV OLTEGR 0 .
The second term on the left-hand side is calculated as follows:
oL A . . ,
%GR = 6[0 [82( J07TJZ) - HQ} - e‘]oejo(?ﬂf + 261]8[1'6‘]]'}71']1 . (733)
0

Substituting the second formulae into the first equations, the following equations are derived:

e‘]jeljﬁmf +e;° [@-(ejmrf) — Ho} + Zelja[ie‘]j]wf =0. (7.34)
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The temporal component gives the kernel Hamiltonian as follows:

Ho = elge[je‘]j(‘?iwij + 8¢(6107T[i) . (735)

e(1)
The consistency conditions for the primary constraint densities *gb(jl) ~ 0 generate the

secondary constraint densities as follows:

. ¢(1) .
*¢£)2) — *¢§)I) ~ HO - 82'(61071-11) = 07
T | (7.36)
B =0 = 9ehim?) = 0.

Notice that the first constraint densities of the above equations imply that the total Hamil-

tonian is composed only of the constraint densities with a total divergent term as follows:

. e2) .
Hr =05 + N o) + M7 60 + ai(elor'y) = i(elon'y) . (7.37)

Therefore, taking into account the PB-algebras (7.30), the consistency conditions for the

¢
Lorentz generators *gzﬁglj) ~ ( are automatically satisfied up to boundary terms. The PB-

)
algebras among *gb?) = 0 are calculated as follows:

0.

= n ¢(2)
Lo ()07 (0 0k = (67 (1,00 — 6P (1. 3)0 ) 6 (x—y) & 0,
L0 (,%) 073 b, = 02,0075 (x —y) K0,
. . ) o(n ¢(2)
Lo (830 6 (0 3) b = (07,3007 (830 + 07 (. 3).07 (£,3) ) 075 (x —y) &
(7.38)

Notice that these PB-algebras are exactly the same as the ones of general relativity given in

Eq (4.100). This fact means that TEGR has the same gauge symmetry as the one of general
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.. (1) e(2) ) ¢
relativity. The PB-algebras among .¢;’ ~ 0 and .¢,” =~ 0 are calculated as follows:
{0 (t, %), 0P (t,y) s =0,
{*gbgl)(t ) X) 7*¢§)2) (t 5 Y)}P.b. == (610*¢(()2) -+ 611*¢£2))5(n) (X — y) ~ 0 ,
{*gbglJ) (t ) X) ) *¢§2) (t 5 Y)}P.b. =0 X

{*nglj) (t,x) 7*¢82) (t,y)}ps = —eKogK[1€J]0*¢82)5(n) (x—y)

e2)

0.

Using these PB-algebras and the total Hamiltonian (7.37), the consistency condition for the
(2

secondary constraint densities *gb?) ~ (0 are automatically satisfied up to boundary terms.

Therefore, the Dirac-Bergman analysis stops here. The propagating degrees of freedom of

TEGR in a (n + 1)-dimensional spacetime is given as follows:

, (it Dmtd) 1

pDoF = (n+1) 5 = §(n +1)(n—2). (7.40)
The gauge degrees of freedom is given as follows:
gDoF of Diffeomorphism =n + 1 (7.41)
for the diffeomorphism (covariance) symmetry and
gDoF of Lorentz = %n(n +1) (7.42)

for the local Lorentz symmetry.

Finally, notice that the PB-algebras (7.30), (7.38), and (7.39) do not need the Prescription
1 since the coefficients of these PB-algebras are composed by the linear combination of the
primary and/or secondary constraint densities. This structure prevents moving from the

spatial differential operator to the Lagrange multipliers. That is, TEGR does not suffer
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from the third issue explained in Section 7.1. In addition, if the constraint densities are
satisfied on the spatial boundary then TEGR is also free from the second issue explained
in Section 7.1. The first issue does not arise since TEGR has only first-class constraint
densities: the Dirac matrix cannot be defined. Therefore, the pDoF given in Eq (7.40) holds

for any solutions of TEGR.

7.3. Degrees of freedom of Coincident GR

In this section, the Dirac-Bergmann analysis of Coincident GR (CGR) is performed [D’Ambrosio et al.
(2020)], and the propagating and gauge degrees of freedom are clarified. In the case of TEGR,
it is unveiled that the spatial boundary terms appear in PB-algebras, but the analysis does
not need Prescription 1; this is just the same situation as general relativity.
Let us start by decomposing the CGR action functional in the ADM-foliation manner.
The action functional of CGR is already derived as Eq (6.93) in Section 6.3. The action

functional can be rewritten as follows:
Scar = //vt dnHiU\/__g;1 MaﬁopWQa,Bonuv ) (7.43)
where 2k2 = 1 and M®P7PH is set as follows:
M Bopur gapgﬁogw _ gapgﬁugw + ngwgﬁugop _ 2ga6gwgap ) (7'44)

Remark that Q.s, = Vagps, is now in the coincident gauge: Qu.sy = 0agsy. Applying the
ADM-foliated metric Eq (4.37) and, after performing very long but straightforward algebraic

calculations, the above action can be rewritten as follows [D’Ambrosio et al. (2020)]:

ScGr = /dt/ d"zvh [N ((n)Q + KYK;j — K?) + By + By + Bs] (7.45)
A p
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where Q. By, Bs, and Bs are set as follows:

(n)Q _ [_hzlh]mhkn + 2hinhjmhkl + hilhjkhmn o Qh”hmnhkl} Qijk;len 7 (746)

AN

By =h7h™ Q1 — Qut) N

. ON' (BN (NI9;N
By =KO,N' + N _ )](VQ i) (7.47)
N'O;N)(O:N?) 9N

N2 2N

63:<

) . . 1 .
(20;N" + N'h"™ Q) + NkW(N W Qrij — 20k N) .

The sum of these boundary terms multiplying V&, i.e., VhBi, VhBs, and vVhBs, are cal-

culated, neglecting spatial boundary terms, as follows:
Vh(By + By + Bs) = —NVAD;(MWQ" — MQ") + 8,N70;(Vhn') — ;N9 (Vhn") . (7.48)

Remark that this ignorance is irrelevant to the Priscription 1. Therefore, the action becomes
as follows:
Scar = /dt/ d"x [N\/E {<”>Q Y KK, — K2 — Dy(MQ' — WQZ')}
7z I

(7.49)
— 0N, (Vhn") + aﬂNjaj(\/En#)] .

This is none other than the ADM-foliation of CGR [D’Ambrosio et al. (2020)]. Notice that
the derivation of Eq (7.49) neglected only spatial boundary terms. Integrating the sec-
ond term in Eq (7.49) by parts: —0;N'0,(vVhn*) = —0;[N'0,(vVhn*)] + 0,[N0;(v/hn*)] —
(0,N")(9;v/hn*), the third term is canceled out with the third term in Eq (7.49). The
remnant terms are only boundary terms; these terms can be neglected by introducing ap-

propriate counter-terms just like the case of general relativity. (See Section 4.5 in detail.)
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Therefore, we get the final result:
Scar = / dt / d"zNvVh [(”)Q + KK, — K* — Dy(™Q' — Wd)] . (7.50)
7z I

Note that the above derivation does not need the Gauss equation, unlike the case of the
general theory of relativity. (See Sections 4.4 and 4.5.) We just manipulated complicated
algebraic calculations.

The Dirac-Bergmann analysis is performed for the action functional Eq (7.50). The

canonical momentum variables are calculated as follows:
=0, m=0, m;=Vh(Khyj—K;), (7.51)
and therefore, the primary constraint densities are given as follows:
o =m:=0, Y =m:=0. (7.52)

These constraint densities restrict the entire phase space to a subspace €. The total

Hamiltonian density is derived as follows:

HT _ NCéCGR) + NiCi(CGR) + )\/L*(bl(}) , (753)

where CéCGR) and CZ»(CGR) are set as follows:

o . — . .. 1 o .
C(()CGR) _ _\/E (n)Q . Dz((n)QZ _ (H)Ql)i| 4 <7rlj7rij . 7T2> : C-(CGR) _ —2DJ7Tij .
(7.54)
The fundamental PB-algebras are the same as those of the general theory of relativity:

Eq (4.95). Therefore, the consistency conditions for the primary constraint densities Eqs (7.52)
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lead to four secondary constraint densities:
o) =0 =0, LeP =00 =0, (7.55)

and these constraint densities restrict € to a new subspace €. We can show that the
smeared PB-algebras of Eq (7.55) satisfy the same PB-algebras as those of the general theory
of relativity given in Eq (4.103) and (4.104) [D’Ambrosio et al. (2020)], and it indicates that
CGR has the same gauge symmetry as the general theory of relativity. That is, the analysis

stops here. Therefore, CGR has
1
pDoF = §(n +1)(n—2) (7.56)

and

gDoF =n+1. (7.57)

That is, CGR is completely equivalent to GR from both viewpoints of dynamics and gauge

symmetry. 4

7.4. Degrees of freedom of non-linear extension of GR

In this section, the Dirac-Bergmann analysis of the non-linear extension of the general theory
of relativity, denoted by “fGR”, is performed [Sotiriou and Faraoni (2010); Deruelle et al.
(2009); Capozziello and De Laurentis (2011); Liang et al. (2017)], and the propagating and
gauge degrees of freedom are clarified. In the case of f{GR, it is unveiled that the spatial

boundary terms generically appear in PB-algebras due to the existence of the non-linearity,

4However, the original Lagrangian density given in Eq (6.93) discards the boundary term of the Ricci
scalar in the Einstein-Hilbert action functional. It means that the diffeomorphism invariance is at least
partly violated, (it is also guessed from the imposition of the coincident gauge since this gauge destroys the
covariance of the theory,) and it might imply that the analysis gives rise to some second-class constraint
densities. I would like to leave to scrutinize the validity of the work [D’Ambrosio et al. (2020)] from this
perspective for future work.
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and the analysis generically needs Prescription 1; this is the departure from the case of the
general theory of relativity from the viewpoint of constraint mechanics. That is, the theory
suffers from the second issue, and, caused by it, the first issue may also occur. Further, it
might happen the third issue. It means that the result is viable only for the solutions that
satisfy the spatial boundary condition that is demanded by Prescription 1.

The action functional of the non-linear extension of the general theory of relativity is

already given as Eq (6.100) in Section 6.4:

Sen = /M oy =gf (), (7.58)

where 2k? = 1, f’(}o%) = df(}o%)/d}%, and f” # 0. Introducing an auxiliary field ¢, Eq (7.58)

is decomposed as follows:

San= [ a5 [P0+ 10) - of ()] (759
M
Using the Gauss equation Eq (4.57) to decompose }O%, this action becomes as follows:

Star = /dt/ I'zNVR [f’ <<">1% K2+ KK, — go) + f}
r Js (7.60)
— 2/ d" /=g [f/%u <n”%l,n“ — n“%ynl’)} :
M

Compared to Eq (4.66), the boundary terms cannot be neglected due to the existence of the

non-linearity of f’. Integrating by parts and then neglecting the boundary terms, Eq (7.60)
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becomes as follows [Liang et al. (2017)]:

St = /I dt /E | I'zNVh [ 7 (‘”U% K2+ KUk, — go) n f}

2K : O o o .
+ / dt / &"zNVh {W (NZDi f - f”gb) +2D; f’DllnN} :
A P

(7.61)
The canonical momentum variables are calculated as follows:
hij o .
=0, m=0, my= Vh |:fl(Khij — Kij) — Wj (Nkafl - f”90>1 v T = —QK\/EJC”-
(7.62)

In the case of f' = constant, as expected, Eq (7.62) becomes Eq (4.68). The primary

constraint densities are given as follows:
B =m:=0, Y =m:=0, (7.63)

and these constraint densities identify the subspace €. The total Hamiltonian density is

calculated as follows:

Hr = NCI + NC w6 = Ho + N, oV (7.64)

where A\* are Lagrange multipliers, and C;(fGR) are defined as follows:

(fGR) __ r{(n)p 1 g 1 A 1 g
clM = ﬁ[erf ( R w)] +—\/Ef' <7r17r” n—lﬂQ) +2VhD; D' f
1 n=1 (Y , (7.65)
n\/ﬁf”W%Jrn\/Ef’ (f”) e

fGR O o .
Cz( ) :’/T(PDZ'QO - 2D]7Tij .

In the case of f" = constant, Eq (7.65) coincides with Eqs (4.89) and (4.90). The consis-
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. . . o 1 e .
tency conditions for the primary constraint densities, , ,S) ~ 0, are gives four secondary

constraint densities as follows:

o =i =0, P =cY =0, (7.66)

under the same fundamental PB-algebras Eq (4.95) and

{o(z), ()} po. = 0™ (x —y). (7.67)

These constraint densities restrict €M) to a new subspace €. The consistency conditions

for these secondary constraint densities are computed as follows:

{02t %) .05 (t,y)}po. =
(-t 200 .07 (0.9 ) 5 (x—y) =0,
Lo (%) 2 3) e, =
O, x)000 (x — )+ 0 B 50 (x—y)| & o [HP 0 (x —y)] |
{08 (6,%) .08 () bps, =
@

(90200 (03) + 192, y).07 (1.3)) 075 (e = y) + 04 [HO 6 (x —y)] =

—

0; [HV 6" (x —y)] ,

(7.68)

where Hi(j ) and H® are composed of the phase space variables, the secondary constraint
densities, and those spatial derivatives up to second-order. Notice that these functionals
appear due to the non-linearlity of f; if f is a linear functional then H and H® vanish. The
concrete forms of these functionals are very complicated and may include terms that do not

vanish under the imposition of the constraint densities. That is, here, the second issue arises.
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However, it does not matter. Since the f (]O%)—gravity is a diffeomorphism invariant theory,
without any loss of generality, we can choose an ADM-foliation such that the Prescription
1 demands. Therefore, if we use Prescription 1, then the PB-algebras turn into that of the

general theory of relativity, and f (]%)—gravity has
1
pDoF = §(n +1)(n—2)+1 (7.69)

and

gDoF =n+1. (7.70)

Comparing to the case of the general theory of relativity, one additional pDoF appears and
the gauge symmetry does not change.

The calculations of the PB-algebras among the secondary constraint densities are per-
formed under the imposition of Prescription 1 (or other possibilities (i), (iii) explained in
Section 7.1), and then it is shown that the PB-algebras are the same as the ones of the
general theory of relativity. In other words, in general, the analysis performed in this section
is reliable only for the solutions that satisfy the boundary conditions: the shift vector on
the spatial boundary vanishes. This is a good example to scrutinize the influence of the
spatial boundary terms on the classification of constraint densities, i.e., the second issue.
If the spatial boundary terms can be neglected then the pDoF is given by Eq (7.69) and
the shift vector has to vanish at least on the spatial boundary. Otherwise, the pDoF may
generically be changed additionally from (n+ 1)(n —2)/2 + 1 since the secondary constraint

densities are no longer classified into first-class constraint densities. > However, since the

5 It is known that another sort of extra degrees of freedom is obtained by separating the conformal
mode in the general theory of relativity [Chamseddine and Mukhanov (2013)] and by considering the in-
vertible/disformal transformation of gravity [Jirousek et al. (2023, 2022)]. If the boundary terms cannot
be ignored, does the additional DoF become some sort of DoF similar to the above? This interpretation
might be a possible story since the Dirac-Bergmann analysis generically counts out the degrees of freedom
of a given theory including propagate but unphysical (ghost) modes. However, these statements have to be
proven more rigorously, and this problem is unsolved at the moment of writing this thesis.
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action functional given in Eq (7.61) indicates that the theory is diffeomorphism invariant,
the change of the constraint structure depending on the way of taking an ADM-foliation
would be a contradiction. As already mentioned in the final remark in Section 7.1, the result
of the analysis on a diffeomorphism invariant theory should be independent of the choice of
ADM-foliation. Therefore, it makes sense to neglect the boundary terms, and it should hold

even for the well-definedness of all PBs in the analysis of f (fi)—gravity.

7.5. Degrees of freedom of non-linear extension of TEGR

In this section, the Dirac-Bergmann analysis of the non-linear extension of TEGR, denoted by
““TEGR”, is performed [Li et al. (2011); Ferraro and Guzman (2018); Blagojevi¢ and Nester
(2020)], and the propagating and gauge degrees of freedom are clarified. In the case of
fTEGR, it is unveiled that the spatial boundary terms appear in PB-algebras and the analysis
generically needs Prescription 1; this is the departure from the case of the general theory of
relativity from the viewpoint of constraint mechanics. In addition, differing from the fGR
case, it is also unveiled that fTEGR suffers from the second issue and third issue. The second
issue may also cause the first issue. This means that the result is viable only for the solutions
that satisfy the spatial boundary condition that is demanded by Prescription 1.

We performed the Dirac-Bergmann analysis of GR, TEGR, CGR, f (}?i)—gravity in a
(n+1)-dimensional spacetime. However, since the non-linear extension of TEGR is described
by (co-)frame fields, it makes the theory far more complicated than the metric formalism.
Therefore, first of all, the analysis is performed in a 4-dimensional spacetime, and then, the
case of a generic dimension is estimated.

The Lagrangian density of TEGR is already given as Eq (7.19) in Section 7.2. The

Lagrangian density of the theory is given as follows:

1
StrEGR = / d*r Lerpar,  Lerear = 52 det(e™) f(T) (7.71)
M
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Hereinafter, we use the unit 2x* = 1 and e = det(e™!). Using an auxiliary field ¢, the above

Lagrangian density is decomposed as follows [Blagojevi¢ and Nester (2020)]:

Lerear = e [¢T — V(p)] (7.72)

under the imposition of the following condition:

oL
JHATEGR 0, (7.73)
0y
where V' = V(i) is a function such that V'(p) is invertible and V"() # 0. This method
of decomposing the Lagrangian density is different from that of f (]O%)—gravity, but it has
the advantage of simplifying the analysis of a non-linear theory in terms of the vielbein

formalism. That is, the explicit form of the torsion tensor
TIW = eIpT"W = 8#61,, + WIJ#QJV — &,elu + WIJVQJ# = 8#61,, — 81,61#, (7.74)

indicates that 77, can be used equivalently as velocity variables of the co-frame fields,
where the Weitzenboch gauge (, or equivalently, the teleparallel condition,) is applied. In
this formalism, canonical momentum variables of the decomposed Lagrangian density (7.72)
with respect to the velocity T7g, are computed as follows: First, we compute

oL 1 1
Mk = ﬁ =ep (ZTIJK + 5 — gI[JTK]) : (7.75)

Then the canonical momentum variables are given as follows:

p— OLMBGR _ gy op _ 0 o gy JK (7.76)

g 5Ty,
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The canonical momentum variable with respect to the auxiliary field ¢ is given as follows:

5L
T = —XEGR _ (7.77)

6(0oep)

Therefore, primary constraint densities are derived as follows:
oW =10:=0 oW =m,:=0. (7.78)

Taking into account the considerations in Section 7.2, it expects that there exist further
primary constraint densities corresponding to the generators of local Lorentz transformation.
In order to find the remaining other primary constraint densities, the (1+3)-decomposition

of a vector is introduced as follows:
Vi=n'V; Vi=V;—n;V,, (7.79)

where V = V&, is a vector of the internal space and n = n’¢; is a normal vector to a leaf 3.
&r are a basis of sections of the internal space. Using this decomposition and recalling the
process of deriving the canonical momentum variables (7.29) from Eq (7.26), the following

quantities

R ®
Ty = 7TIM€JM = NHILJU

(7.80)
Hig=Tig+ T —Tog) —2(nVy—g15V)
lead to the remaining primary constraint densities as follows:
@%;) =M1 +¢Br; =0, (7.81)
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where H;; and By; are defined as follows:

Hig =715 —7gr, (7.82)

[\]

Bry = —N(TLH — T g+ T gp)

Therefore, fTEGR has the number of (4 + 1) + 6 = 11 primary constraint densities. Then

the total Hamiltonian is derived as follows:

) 1 )
Hr = NH + NH; + Mo + 2200 + SN W 4 oy(mrlelo) (7.83)

where H | and H; are defined as follows:

. T 1 )
H, =7T" ;- NﬁfTEGR —nlom
(7.84)

Hi = WIjTIz‘j - BIiajWIj )
and A, \?, and AV are Lagrange multipliers. The PB-algebras are computed as follows:

{*¢‘(T1) (t ) X) ) *¢Sl) (t ) y)}P.b. =0 )
{0, %), 050t ¥) ps. = 0,

{*(bglj) (t ) X) ) *(ﬁg)l, (t 3 y)}P.b.

4 _
= (gJL *¢§1;)< + 91Kk *¢E]1L) — 9K *¢§1L) —gIL *¢81;)<> ¥ (x —y)+ NSOMQNLdi]]\;[{Nd(S) (x—y),

(7.85)

where p; = J7p. We abbreviated the argument “ (¢£,x) ” on the right-hand side in the
1)

third PB-algebras. Notice that the third PB-algebras implies that some of *ngglJ) ~ 0 are

classified into second-class constraint densities; there occurs a departure from the TEGR case.

m
(Compare to the PB-algebras (7.30) in Section 7.2.) The PB-algebras between *qsfj ) R0
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and others are computed as follows:

{*gbgol)(t ; X) ) *gb(jl) (t ) y)}P.b. =0 )

{oW(t,x) .0 (t,y) po. = —Brs(t,x)6® (x — y).

(7.86)

e e
The second PB-algebras imply that all the constraint densities *gb%) ~ 0 and *ngS) ~ 0

are classified into second-class constraint densities. Therefore, fTEGR does not have the full
local Lorentz symmetry.

(1)
Next, let us investigate the consistency conditions for these primary constraints: *gb(fl) ~

1) 1)

( (
0, *¢§f} ~ 0, and , 8) % 0. From the PB-algebras (7.85) and (7.86), it is easy to confirm

the first case relative to the second and third ones. The conditions
0 = Lo Hrter & NHL e Hy =0 (7.87)
lead to the following secondary constraints:
P =HL =0, P =H, =0. (7.88)

In order to construct a closed PB-algebra, the above constraints can be modified as fol-

lows [Mitri¢ (2019)]:

_ 2 - e
05 =00 +.00000 = 0, .67 = .67 + .00 = 0. (7.89)
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Then these modified PB-algebras form the following PB-algebras:

e2)

(o2 (t,%) .0 (1, y) s =
(2

(0Pt x)0 — 0Pt y)0" ) 6 (x ~y) = 0,

(2
Lo, %) P, y) ey, =
e2)

B2, %)M (x — y) + 0, [HU 50 (x — y)} ~ 0, [H}” 5 (x — y)] ,

{ag” (8. %) 007 (8,3} po. =
(W9, ). 62 (8, %) + W (2, 3).02 (¢, 3)) 078 (x — y) + 8, [HO 60 (x —y)] &
0, [HY 6™ (x —y)] ,

(7.90)

where H §I) and H) are composed of the phase space variables, the secondary constraint den-
sities, and those spatial derivatives up to second-order, which arise due to the non-linearity
f, or equivalently, V. Remark that the above algebras hold only in the weak equality on
the constraint phase subspace restricted at least by *gbfj) g) 0, *¢(11) Qél 0, and gzﬁ A 2(2) 0.
Here, notice that we face the second issue. If the total divergent terms in the second and
third PB-algebras remain then the secondary constraint densities , (12) %@) 0 are classified
into second-class constraint densities, and then the third issue occurs. Therefore, in order to
restrict our consideration to algebraically solvable cases, let us apply Prescription 1. Then
the PB-algebras of the secondary constraint densities gb( ) %2) 0 becomes commutative ones.
In addition, applying the Castellani algorithm [Castellani (1982)] to the primary constraint
densities *gbgl) %(2) 0 and . 52) %(2) 0, taking into account the second PB-algebras in Eq (7.85)
and the first PB-algebras in Eq (7.85), at least these constraint densities form a closed PB-
algebra up to linear combinations of these constraint densities. Therefore, under Prescription

1 €2 (2) €2 : : . . .
1, .¢;" =~ Oand.¢;” ~ 0 are classified into first-class constraint densities. The satisfac-

tion of the consistency conditions for these first-class constraint densities are now trivial; the

222



e2) (2
Dirac-Bergmann procedure on the sector *¢§1) ~ Oand., 32) ~ 0 stops here. Remark that

the action functional given in Eq (7.72) implies that the theory is diffeomorphism invariant.
Therefore, the application of Prescription 1 does not change the generality of the result of
the analysis, as already mentioned in Section 7.1.
: . . . L 1) ew a ¢
The consistency condition for the primary constraint densities +¢;; ~ 0and .¢,’ ~ 0
determine some of the Lagrange multipliers A/, \?, and A\’ by virtue of the PB-algebras (7.85)

and (7.86). The secondary constraint densities with respect to these constrain densities are

computed as follows:

-1
02 = —NO,H, — 5AMNBMN =0,
(7.91)

DY) =GOk =0,

where H | denotes H | evaluated on shell and G;;% are determined from the following rela-

tions:

Grym=NBy,
K_ 2 RN\M 1 RN ([, - X ENNpR (7.92)
Gr® = 0 Ay — Ne™'yg (nst gy — nuftarn) — 0prg - T -
These secondary constraint densities lead to the following equations:
-1 ) .
)\J_jBJ_J+ —)\jjBIJ g’tﬁ —NawHJ_,
2 (7.93)

_ 2 = - ¢
BrjAy + N@K(S]LJI](\JN)\MN ~ XiJ,
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respectively, where Xp, w7, and X are defined as follows:

5\90 = )\Sp — Nlafgp,
pr = Orp (7.94)
X1 =¥k [Nﬁ,fngM (naf gy — o) + 078 T iw

Performing (1 4 3)-decomposition, the following three equation are derived:

_ _ (2) ~
BN\ x +B¥\y & —NOH.,

BN, — ZyeKMN o & XM (7.95)
BN, — 2 KNy o K x
@ K€ 1IN =~ )
where Z5, 5, and \; are defined as follows:
2 1 NN 1 MN I RNINpI
Zr =1 Br=gemnB AL = SeminA X' =pre " T gy (7.96)

Let us consider the case of p; # 0. Combining the contraction of the second and third

equations in Eq (7.95) with ¢, the following equation is derived:

_\ 2 _\N2| _ ¢(2) _ _ _
{(wz\zBlM) + (SOMBM) } Ap R (@MBLM> e XN+ (SOMBM) e XN, (7.97)

This equation with the first relation in Eq (7.94) determines the multiplier A, when ((p M ) 2+

(gp uBM )2 # 0. Then a new secondary constraint density arises as follows:
60 = (o B (oxXY) = (ouB™) (pxX V) = 0. (7.98)

The emergence of the additional constraint density implies that some of the remaining mul-

tipliers A’ and A/ are determined since the PB-algebras between ,¢® and @f,) are not
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commutative under the imposition of all constraint densities [Blagojevi¢ and Nester (2020)].
The transformed multipliers A 7 and A\; can be decomposed into parallel and orthogonal

components as follows:

Ar=Adpr+ A, el =0,

) o (7.99)
A= dor+ A, Al =0.
Combining these decomposition with Eq (7.94), the following equation are derived:
AL (Bu_gpj> A (B%) — —NO,H. — BYA,; — BTA;. (7.100)

1)
In addition, the consistency condition for the secondary constraint density ,¢? =~ 0 leads

to the following equation:

_ 1 _
AL <<PI{*¢2_1}7*¢(2)}P.&> + A (§€MNK90K{*¢S\14)N : *¢(2)}P.b.>

o (7.101)
B multiplier independent and known terms .
Therefore, the following equation is derived:
Mz)D(z,2") = G(a'), (7.102)

where D(z,2') and G(z') are defined as follows:

_ 1 R _ _
D(z,2) = <BL1901‘) (§€JKL90L{*¢%)-<,*¢(2)}P.b.) - (BIQOI') <¢J{*¢$}7*¢(2)}P.b.> ;
G(z') = all known terms .

(7.103)

Here, the term D(z,z’) contains the spatial derivatives of the Dirac delta function: schemat-
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ically, “ A(x)az.(z)&(?’) (x —y) ”. Integrating Eq (7.102) by parts, the following PDE is derived:
A'Qu+ au =G, (7.104)

schematically. This is nothing but Eq (7.17); there gives rise to the third issue. However,

~
~

(2
applying Prescription 1 (we already imposed it to make the constraint densities , 32) 0

first-class constraint densities), the first term in the left-hand side does not appear since all
terms such like ¢ A(x)aﬁ)(ﬂ?ﬂ (x —y) 7 in the PB-brackets are erased by the imposition of the
spatial boundary condition NV;(t,0%;) = 0. As mentioned in the final remark in Section 7.1,
since f(T)-gravity is a diffcomorphism invariant theory, the imposition of Prescription 1
holds the generality of the analysis. Therefore, Eq (7.102) becomes just a linear algebraic
equation, and it is always solvable as long as D =# 0; the Dirac-Bergmann procedure stops

here. The pDoF of f(T')-gravity is

pDoF = —[(16 +1) —8x 2 — 8] =5, (7.105)

N —

the gDoF is
gDoF =4. (7.106)

The local Lorentz gauge symmetry is broken due to the third PB-algebras in Eq (7.85) and
the second PB-algebras in Eq (7.86). In general, for a (n + 1)-dimensional spacetime, the

pDoF and gDoF are given as follows [Blagojevi¢ and Nester (2020)]:
1
pDoF = g(n +1)(n—2)+n (7.107)

and

gDoF =n + 1. (7.108)
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The local Lorentz gauge symmetry is of course broken. Remark that the authors [Li et al.
(2011)] also derived the same result but overlooked the third issue. In the work [Blagojevi¢ and Nester
(2020)], other three possible cases are mentioned; (i) If 7 # 0 and D = 0 then pDoF is
N/A; (ii) If o7 # 0 and 6@ %@) 0 then pDoF = 4; (iii) If ¢; = 0 then pDoF = 2. Here,
we used Prescription 1. (The original work in [Blagojevi¢ and Nester (2020)] takes into
account the spatial derivatives of the Dirac delta function.) There is a remark: the work
in |Blagojevi¢ and Nester (2020)] overlooked a generic sector of (iii), which is indicated by
the work [Ferraro and Guzman (2018)]. In this work, the authors find out (iii)’ If p; = 0 then
pDoF = 3. The difference between (iii) and (iii)’ is that Sector (iii) implicitly demands also
¢ = constant. That is, ¢ = p(t) in Sector (iii)’ implies that one propagates but unphysical
DoF exists. In this regard, a detailed consideration is given in [Tomonari and Bahamonde
(2023)].

An important lesson from the analysis of f(7')-gravity is that the violation of the local
Lorentz symmetry provided several sectors and each sector has a different pDoF from the
other sectors. As mentioned in the final remark in Section 7.1, for a diffeomorphism invariant
theory, without any loss of generality, Prescription 1 can be applicable. Therefore, the above
analysis unveiled the full pDoF of each sector. However, for a theory with violating its
diffeomorphism invariance, the result of the analysis depends on the choice of an ADM-
foliation. That is, the analysis under the use of Prescription 1 does generically not provide the
full pDoF of the theory. Nevertheless, this sort of analysis has an advantage for circumventing
the three issues. In other words, as long as an analysis suffers from the three issues, any
result cannot be beyond a speculation. The use of Prescription 1 would unveil the pDoF
only of a special sector, which is not the full pDoF of the most generic sector, but the results
are exact, meaning that it is not a speculation since no pathological PDE(s) of Lagrange
multiplier(s) emerges, and, therefore, reliable. This situation happens rather in the analysis

of the coincident f(Q)-gravity.
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7.6. Degrees of freedom of non-linear extension of CGR

In this section, the Dirac-Bergmann analysis of the non-linear extension of CGR, denoted
by “ fCGR 7, is performed [Hu et al. (2022); Tomonari and Bahamonde (2023)], and the
propagating and gauge degrees of freedom are clarified. In the case of f{CGR, it is unveiled
that the spatial boundary terms appear in PB-algebras and the analysis generically needs
Prescription 1; this is the departure from the case of the general theory of relativity from the
viewpoint of constraint mechanics. In addition, differing from the f{GR and fTEGR cases,
it is also unveiled that fCGR suffers from the first issue and third issue. This means that
the result is viable only for the solutions that satisfy the spatial boundary condition that is
demanded by Prescription 1.

We performed the Dirac-Bergmann analysis of GR, TEGR, CGR, f (é)—gravity in a
(n 4+ 1)-dimensional spacetime. As we will see, however, the existence of the second-class
constraint densities makes it difficult to understand whether the consistency conditions de-
termine the multipliers or derive new constraint densities since the size of the Dirac matrix
becomes bigger. Therefore, in this section, for simplicity, we perform the analysis for f(Q)
in a (3 + 1)-dimensional spacetime and then estimate the general case of the dimension of
(n+1). A general proof would be completed by applying the mathematical induction.

In the same manner as the case of f (]%’)—gravity, the CGR can be extended non-linearly

into as follows:

Stogr = /Md%\/—_gf(Q% (7.109)

where f is an arbitrary function of the nonmetricity scalar. By introducing an auxiliary

variable we obtain:

Stcar = /M d'z/=g[fQ+ f —ef], (7.110)

where f is an arbitrary function of the auxiliary variable ¢ and f” = df/de* # 0. From

228



Section 7.3, using the ADM-foliation of @ given in Eq (7.49), Eq (7.110) can be decomposed

as follows:

Stoan = /Z dt /E o [NVRf{PQ + KKy — K2 = D (99" = 9Q") } + NVR (f = o)

+f {@N"&- (\/En“) — 9;N'0, (ﬁn#)} +Vhf'D, {N ((3)Qi _ <3>Qi> }] '
(7.111)

Remark that this foliation takes all boundary terms into account. Integrating by parts and
neglecting the spatial boundary terms by imposing appropriate spatial boundary conditions

on 9%, we get

SfCGR—/dt/EcP N\/_{ (DQ + KV K,; — K?) — {f( o - Q)}}+f gof}
+f{ N'o; <\/_n“)— .Nd), (fw) }

(7.112)

Further, integrating by parts the first term of and the second term of the boundary term with
respect to the spatial derivative and the spacetime derivative, respectively, and neglecting

each the boundary term on 0%; and OM, respectively, we obtain the following formula:

Scon= [ dt [ da [NR{F (9Q+ KK~ k) = D {1 (9Q' = 9Q) }} + 7 - o1}

\/E ) g g 7 / \/E AL \/E// 7\
+o (NONT = NINY) O f' = == (Of ) N* + = f (@N)go].

(7.113)

That is, the non-linearity of f changes the constraint structure of CGR. This action was first
derived in [Hu et al. (2022)] by a different method that resembles the GR case. At first glance,
the Lagrangian density is not a scalar, and it would indicate that this theory generically has

only second-class constraint densities. That is, this theory has no diffeomorphism invariance.
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It would be expected from the ignorance of the surface terms like ¢ OT' 7 in Eq (6.93) for the
comparison to the Ricci scalar and indicates that the diffeomorphism symmetry is at least
partly broken. A related consideration is shown in Ref [Mukhopadhyay and Padmanabhan
(2006)].

The canonical momentum variables are computed as follows:
:6SfCGR(t,X) _

SN(t,y)

T :M — _\/_Ef" 106@) (x — y),

7o

Y

5Ni(t73’) N (7.114)
_ 0Swcar(t,x) , 3) '
Tij = Tohity) Vhf' (K — Khi) 6% (x —y),
 0Sioar(t,x) VA

m, =GR B Y g N3 (x — y)

The canonical momentum variables with respect to the shift vectors depart from the ordinary
CGR case; it depends on the lapse function, the 3-metric hry, and the non-linearity part by
f". The canonical momentum with respect to the auxiliary variable ¢ generates a constraint
density, which is different from the case of f (]%L)—gravity. That is, in coincident f(Q)-gravity,
the auxiliary variable ¢ does not have any physical feature unlike f (]%)—gravity.

The Hessian matrix of the system has the size of 11 x 11 - components only being non-
vanishing components with respect to the canonical momenta 7;;. All other components of
the matrix vanish. Therefore, the rank of the Hessian matrix is six, and it implies that the

system has five primary constraint densities given as follows:

*Qb(()l) =To ‘= 07
h

o =m + \/W_f”@%ﬁ =0, (7.115)
A .

*¢L(p1) =T, — %f”@i]\f’ =0.
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This feature also implies that the physical DoF of the system is up to six. These constraint
densities restrict the entire phase space to the subspace ). The PB-algebras among these

primary constraint densities are computed as follows:

1 1
{0 (t, %), 0 (t,y) e, Zm\/ﬁf 003 (x —y) = 4;0¥ (x —y),

{08 (8. %) 00, y) b po = — %\/ﬁ FIONSD(x—y) = Bs®(x—y),  (7.116)

1
Lot .00, 3) oo, = VAL 000D (x = y) = GO (x — y),

where we used Prescription 1 proposed in Section 7.1. Explicitly, the problematic term

occurs in the third PB given in Eq (7.116) as follows:

(o, %), 00 (t,y)}po

(7.117)
~ca-n - | (3]

Y| 6 (x —y).

N

(z) \/E "
(8

Taking into account that gbgl)(x) and ¢8)(y) are density variables, in order to reveal the

4 Y

meaning of the above equations in mathematically correct manner, we have to integrate it
out with respect to d"x and d"y on a leaf ;. Then the first term in Eq (7.117) turns into

the smeared one, and then the second terms become generically as follows:

LLLG),

— /Zt /Et [az(x) (%ﬁfﬂ(g(”)(){ _ y)) i 81(56) (%fﬂ) 5(3)(X . y)] dxndyn (7.118)

— NV (1D =)

03¢

B s (x — y)] dz"dy"™

where we assumed n, = (=N, NN;) with N°N; = 0 and D(x = y) denotes the Lebesgue

7

integration of the second term. If the naive replacement of “ y ” in the spatial derivative

231



by “ x 7 is possible then ©®(x = y) = 1, and Eq (7.118) vanishes. Therefore, in this
case, if we fix the shift vectors N; = 0 as the spatial boundary condition, that is, applying
Prescription 1, the problematic term is removed from the analysis, and it is always consistent
with the coincident gauge since the gauge restricts only to the Stiikelberg fields via the affine
transformation of a given coordinate system. This is reasonable since the shift vectors are
just unphysical variables. In fact, the action functional (7.113) contains only the first-order
time derivative of IV;, and it indicates that N; cannot be any physical variable; it affects only
the constraint structure of the system. It would also be possible to impose f” = 0 on 0%;.
(If p* € f” then we modify the term ©? as ap? with & — 0 on 9%;). Hereinafter, we use this
prescription also for PBs, which is formulated in detail in Section 7.1. Therefore, these five
primary constraint densities are classified into second-class constraint densities, and, as we
will see, the Dirac matrix has its rank two. Note, here, that the theory is free from the second
issue at least for the primary constraint densities. Otherwise, only one additional secondary
second-class constraint density appears and the Dirac procedure stops, and then the pDoF
of the theory turns out to be eight [Hu et al. (2022)], although the normal vector should be
taken as Eq (4.41) with Eq (4.42) and N; # 0 at least on the spatial boundary. Since the
coincident f(Q)-gravity does not have diffeomorphism invariance, this difference of the shift
vectors indicates that we perform the analysis for another sector from the sector analyzed
by the authors in [Hu et al. (2022)]. This discrepancy of pDoF is caused by the difference
in the rank of the Dirac matrix density, and this problematic situation has something to do
with the first issue. In addition, strictly speaking, in the work [Hu et al. (2022)], the third
issue explained in Section 7.1 is overlooked in the calculation of the consistency conditions
for the primary constraint densities, therefore, a more exact analysis is mandatory.

The Legendre transformation of the coincident f(Q)-gravity is calculated as follows:
Ho = NCYOON 4 Nieloem) (7.119)
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(fFCGR) and C,L»(fCGR) are defined as follows:

where C;

CéfCGR) _ \/ﬁ |:f/(3)Q _ éz {f/ <(3)Q1 N (3)Q1>} + f . gOfl _ % (Wijﬂ'ij — %772):| >

f
Ci(fCGR) _ 21"33‘%, _ %f” (8ijaigp — &-Njajgp) :

(7.120)
Therefore, the total Hamiltonian density of the system is introduced as follows:
Hr = Ho + Xouty? + Nool + 20D (7.121)

The PB-algebras among the primary constraint densities and the density H, are given in
Appendix A.

The consistency conditions for the primary constraint densities ,@&1) are given as follows:

O = Lo Hertps ~ {0 Hotps, + N L8 .05 s =0, (7.122)

where «, 8 run in the range of a,8 € {0,1,2,3,¢}. Since all these primary constraint

densities are classified into second-class constraint densities, it is necessary to investigate the

rank of the Dirac matrix DSg,é(g) (x—y):= {*9258) ,*425(51)}131;.3

0 A Ay A3 B

DY =1_4, o0 0 0 Gyl (7.123)

where A;, C;, and B are defined by Eq (7.116). Applying the fundamental matrix transfor-
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mations to Eq (7.123), we get the following matrix:

0 0 0 B
0 A Az 0
—Ap, 0 Ay O, (7.124)

o o o O

—Ai3 —Ass 0 O

-B 0 0 0 0

where we set A;; :=2A4,;C;. P and Q) are set as follows:

000 0 1 -4 -2 S g
(G5 A
-4 100 -2 0 1 0 0 0
PU=1_¢ 910 -%, Q=10 0 1 0 0 (7.125)
~% 00 1 —4& o 0 0 1 0
0 000 1 | 0 —4 A 4 g

The straightforward computations lead to A;; = 0. Therefore, The Dirac matrix DM has
a rank of two. It indicates that two multipliers are determined, and then three secondary
constrain densities appear. Using these fundamental matrices P and Q), and the Dirac

matrix DY, the consistency conditions Eq (7.122) becomes as follows:
POALOY  Hodpy, + DAV 50 (x —y) =0, (7.126)

where we set

AT = QM8 (7.127)

234



For a = ¢ and a = 0, the corresponding multipliers )\8 ) and )\él) are determined as follows:

1 1
A = _E{*¢él) Hodpo , A = E{*¢8) ,Holps. - (7.128)

The explicit formulae of these multipliers are derived by using the formulae given in Appendix

A. The multipliers AW’ remain arbitrary. Converting A into the original multipliers A,

we get
o =540y Hotps — A"
Ap =— E{@()l)a/HO}P‘b. - E)\(l) ) (7.129)

A=A
The secondary constraint densities are derived in the correspondence to the undetermined

multipliers X' = AV’ (i € {1,2,3}):

D = PO Hobos = — L0 Hod e + {6 Hoben — ZL.00 Hobes = 0.

(7.130)

The explicit formulae of these secondary constraint densities can be derived by using the

formulae given in Appendix A and it reveals that all the secondary constraint densities are

classified into second-class constraint densities. These constraint densities restrict €M) to the
new subspace €2,

Using Eq (7.129), the multipliers Ay and A, in the total Hamiltonian density Eq (7.121)

are replaced by \“
Hy =HP + 1,0 (7.131)
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where ’H((]2) and *CIDZ@) are set as follows:

1 1
’HE?) =Ho — _{*ngl) >HO}PAb.*¢Epl) + —{*ébg(al) 77'[0}P.b.*¢((11) ,
B B (7.132)

)

A; C;
*(I)('2) :*gbz(l) - E*qbc(pl) - E*gb((]l) ~ 0

In the next section, we calculate the tertiary constraint densities.

The consistency conditions for the secondary constraint densities *qbz@) are given as follows:
B = L0 H Ve + 2 {0 0P py =0 (7.133)

The existence of tertiary constraint densities depends on the rank of the matrix fo)é ®)(x —

y) = {*@(2) ,*cbf)} ps.- Using the formulae in Appendix A, we get the following result:

D = 9,0(adjp + ;) (7.134)

)

where A; := ,70;¢ and the explicit formulae of « and ;7 are given in Appendix B. In

matrix form, D is expressed as follows:

o1(apr + A1) or(aps + Ag)  p1(aps + Asg)
D® = ooy + A1) paaps + Ag)  palaps + Ag) | - (7.135)

o3(apr + A1) @3(aps + Ag)  3(aps + As)

where ¢; := 0;p. Applying the fundamental matrix transformations to Eq (7.135), we get

p1(apr +A1) 0 0

D'® — p@peoE — 0 0 ol , (7.136)

0 0 0
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where P and Q® are set as follows:

_apatA _ ap3+A
Lo I —Gorar oA
PO =10, o 0], Q@%=]0 1 0 : (7.137)
—ps 0 @ 0 0 1

Therefore, the matrix D® has its rank of one. This indicates that one multiplier is de-
termined and then two tertiary constraint densities appear. The consistency conditions in

Eq (7.133) can be rewritten as follows:
p(2)ij{*¢§2)7 ,H((]Q)}P.b. + D;§2)A(2)j5(3) (x—y):=0, (7.138)

where /\(Z)i is set as follows:

i

A = Q@7 (7.139)
Therefore, the multiplier to the z-component, )\(2)1, is determined as follows:

1 1
A S pOdVy 4@ gy S — A S VA U (S P T)
p1(apr + Ar) Lo e o1 (g + Al){ o Ho e )

where we used P® in Eq (7.137). The explicit formula of Eq (7.140) can be derived by
using Eq (7.130), the first formula in Eq (7.132), and the formulae given in Appendix A. The

multipliers A7 (¢ € {2,3}) remain arbitrary. Converting A®" into the original multipliers

A\, we get
M= ;{*qﬁ?) HI by — MA(Q)Q _ O“’Oi‘——i_A?’)\@)g7
o1(opr + Ay) apr + Ay apr + Ay (7.141)
A =A@

The tertiary constraint densities are derived in the correspondence to the undetermined
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,L'l

multipliers \¥' = \(?
*QSE/?)) = P(z)i/j{*gbf) ,,H((f)}p_b. = O, (7.142)

that is,

0 = — ool HP Y ew + 01 {08 HD Y s =0,

(7.143)
05 = — 030 HP by + 01 {0y HE Yo = 0.

The explicit formulae can be derived by using Eq (7.130), the first formula in Eq (7.132),
and the formulae given in Appendix A and it reveals that all the tertiary constraint densities
are classified into second-class constraint densities. These constraint densities restrict ¢
to the new subspace €.

Using Eq (7.142), the total Hamiltonian density Eq (7.131) is rewritten as follows:
Hey = HE + 2,0 (7.144)

where H(()g) and *<I>§,3 ) are set as follows:

1
My =M A o e e
o1 (apr + Ay (7.145)
3 _ p@ _ Wt Qv Lo
Py =@y — Py
ag01+A1

The consistency conditions for the tertiary constraint densities *qbg,?' ) are given as follows:
B =108 H Y po + N {08 @y = 0. (7.146)

The existence of quaternary constraints depends on the rank of the matrix D5,3j),5 G (x—y) =
{*gzﬁg,g ) ,*(I>§3’)} pp.. It is easy to confirm that the rank of D® is two (full-rank; its determinant

does not vanish) since the spatial boundary terms no longer vanish without accidental cases
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due to that the primed indices run the range only of 2, 3, although it is very tedious to lead
to the explicit formula of D® and its determinant. Therefore, the remaining multipliers are
determined and then the procedure stops here excepting accidental cases. Since there are
five primary, three secondary, and two tertiary constraint densities and all the constraint
densities are classified into second-class constraint densities, therefore, the pDoF and the

gDoF of coincident f(Q)-gravity are

pDoF = - x(22—-5—-3—-2)=6, and gDoF =0. (7.147)

N | —

For simplicity, so far, we considered that the spacetime manifold has (3 + 1) dimensions,
however, it would be possible to extend this result for any spacetime dimension. This analysis
would also give an implication of pDoF and gDoF. Let M be a (n+1)-dimensional spacetime
manifold. To do this, we have to consider the two cases depending on whether n is odd or
even. If n is an odd number then we might get n+ 2 primary, n secondary, and n— 1 tertiary
constraint densities and all these constraint densities would be classified into second-class

constraint densities. Therefore, when n is an odd number, we have
Loy
pDoF = §(n +3), and gDoF =0, (7.148)

respectively. If n is an even number then we might get n + 2 primary, n secondary, n — 1
tertiary, and 1 quaternary constraint densities, and all these constraint densities would be
classified into second-class constraint densities. Therefore, when n is an even number, we
have

1
pDoF = §n2 +1, and gDoF =0. (7.149)

These pDoFs are just an estimation based on the result of the analysis in the case of a

(3 + 1)-dimensional spacetime. However, it would be possible to strictly prove these results
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by applying mathematical induction.

There is a remark: If the Lebesgue measure in Eq (7.118) is unity, i.e., D(x 2 y) = 1,
then the terms like ¢ A(z)0"™6®)(x —y) 7 in Eq (7.117) automatically vanish. In this case,
another scenario is possible: the case of the absence of Prescription 1. Then the PB-algebras
in the second term in Eq (7.133) contain the spatial boundary terms, and then the matrix
given in Eq (7.134) could be non-singular (full-rank). This means that the tertiary constraints
do not appear and the procedure stops here with the pathological PDEs of the Lagrange
multipliers (third issue): this is a resemble situation to the fTEGR case. The same issue
would arise also in Eqs (7.122) and (7.123). Therefore, if all of these PDEs are solvable, the
pDoF becomes seven |Tomonari and Bahamonde (2023)]. Notice that this is another sector
from the sector we have considered in the previous paragraphs so far and this perspective
would be consistent with the recent works of the cosmological perturbation [Gomes et al.
(2023a); Heisenberg et al. (2023)] in the non-trivial branch I [Gomes et al. (2023b)]. Where
the non-trivial branch I is one of five branches, which are the classification of the Stiikelberg

fields according to the possible Mobius representation in the teleparallel theories of gravity.

A detailed description is given in [Gomes et al. (2023b)].

7.7. Summary

In this chapter, the Dirac-Bergmann analysis performed for each subclass of the geomet-
rical trinity of gravity, 7.e., GR, TEGR, and CGR, and for each non-linear extension.
Before performing the analysis, the three issues in consistency conditions were revealed.
These issues were commonly caused by the existence of the total divergent terms like
0; [H 51),81 5 (x — y)] 7. Then Prescription 1 was introduced, and it demanded appropriate
spatial boundary conditions if it is necessary. Since all computations of consistency condi-

tions have to be based on the well-defined PB-algebras, Prescription 1 should be imposed at

every step of evaluating PB-algebras when emerging new constraints. As the points to be
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careful, for a theory with the characteristics of diffeomorphism invariance, without any loss
of generality, Prescription 1 can be applicable. If this is not the case, however, the applica-
tion of Prescription 1 provides the result of a special sector of the full theory. Nevertheless,
this prescription circumvents the three issues, therefore, the result is exact and reliable; it is
not a speculation.

For the analyses of GR and TEGR, on one hand, the analysis leads to two pDoF for
each theory without Prescription 1. For that of CGR, there is a question as mentioned in
footnote 4. The investigation of this question is a future work. On the other hand, for the
analyses of non-linear extensions of these theories, we assumed the imposition of Prescrip-
tion 1. This prescription generically demanded the spatial boundary condition of vanishing
the shift vector on the spatial boundary: N;(t,0%;) := 0. Otherwise, for f{GR and fTEGR,
some additional degrees of freedom appeared due to the breaking of the closed PB-algebras
of first-class constraints (second issue), and then, caused by it, the Dirac matrix arises. It
might cause a reduction of its rank (first issue). {CGR had the same issue as the latter case.
fTEGR and fCGR suffered from the pathological PDEs of the multipliers (third issue; See
Eq (7.17) in Section 7.1). fGR might also had such concern. The status of each subclass to

these issues is summarized as 7.1 as follows:

Table 7.1: Presence of issues in each non-linear extension of the geometrical trinity of gravity.
“ (07 denotes the theory is free from the issue, “ x ” denotes the theory suffers from the issue,
and Prescription 1 would be necessary. “ A 7 denotes the necessity of further investigating.

’ Subclass H GR \ TEGR \ CGR \ fGR \ fTEGR \ fCGR ‘

Istissue || O | O A JAN A X
2nd issue | O | O JAN X X O
rd issue | O | O A JAN X X

Prescription 1 removed these issues from the non-linear extended theories. For diffeomor-

phism theories, i.e., f (}O%)— and f(7T)-gravity, the generality of the results were remained.
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However, the coincident f(Q)-gravity, the result was restricted to a special sector. An anal-
ysis of the most generic sector is already performed in [Hu et al. (2022)], but the analysis
suffered from the first and third issues. In this regard, the most detailed investigation is
mandatory.

In particular, in the case of the non-linear extension of CGR, there are three possible
cases. The first criterion is the satisfaction of ®(x &= y) = 1. Since this is a mathematical
fact, it should be proved whether or not this statement holds, and the fact is common
for all subclasses once the truth is unveiled. The second criterion is the ignorance of the
total divergent term 0; [H 51)51 6™ (x —y)| under the imposition of some spatial boundary
condition. In this thesis, we have imposed N;(¢,x) = 0 on the spatial boundaries commonly
to all subclasses or taken a specific foliation characterized by the normal vector given in

Eq (4.41). The current status is given in the following table 7.2:

Table 7.2: Three possibilities of pDoF in coincident f(Q)-gravity. “ (O ” and “ x ” denote
the satisfaction and non-satisfaction of the condition, respectively. “BS” and “SB” denote
the bulk space and spatial boundaries, respectively.

Condition | D(x =2y) =1 | N;(t,x) =0 (Ignorance of 0; Hc(fl)ﬂl §"(x—y)|) | pDoF
Case 1 X x (Both on BS and SB) 8
Case 2 O X (Only on SB) 7
Case 3 Either O or x | O (Only on SB) 6

The most reasonable approach to settle this controversy is to clarify whether or not ®(x &
y) = 1 holds. If D(x = y) = 1 then Case 2 or 3 are possible cases since the problematic
term in the PB-algebras among the primary constraints vanish without applying Prescription
1 [Tomonari and Bahamonde (2023)]. In this case, there appear at least the number of
three secondary constraint densities. In these cases, the most generic case is Case 2 with
no restriction to the shift vector although this case suffers form the first issue and third

issue; the latter is the same situation as that f(7')-gravity faced in Eq (7.104). Applying
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Prescription 1 to Case 2, two tertiary constraints arise, and Case 3 is resulted; this situation
is different from the f(T')-gravity case. Otherwise, only Case 1 is possible case [Hu et al.
(2022)| although it suffers from the first issue and third issue. Case 1 and/or Case 2 is
compatible with the recent works of the cosmological perturbation |[Gomes et al. (2023b);
Heisenberg et al. (2023)] in the non-trivial branch I [Gomes et al. (2023a)]. Case 3 is still
alive for the trivial branch and non-trivial branch II, in which two tensor modes and up to
two scalar modes exist as propagating modes. A detailed description of these branches is
given in [Gomes et al. (2023b)].

It would be also viable either to alternate the method to count out the pDoF or to gener-
alize CGR itself into a theory without the coincident gauge: restoring STEGR. Concerning
the former case, the authors in [Errasti Diez et al. (2020, 2024)] proposed a new method of
degrees of freedom counting for first-order field theories. In this methodology, all procedures
proceed in Lagrange formulation; we do not make use of the problematic PB-algebras. For-
tunately, the method is applicable to CGR and fCGR since these subclasses are composed of
up to first-order derivatives. Concerning the latter case, when the diffeomorphism invariance
is restored, the analysis would be performed being analogous to the case of f(T')-gravity in
terms of vielbein formalism. Otherwise, an alternative formulation proposed in [Hu et al.
(2023)] is also viable. These considerations are important for future work.

Finally, we summarize the current status of the Dirac-Bergmann analysis of the geomet-
rical trinity of gravity and its non-linear extension. The analysis can be performed in the
following two formalisms: (i) Metric formalism and (ii) Vielbein formalism. In (i), the anal-
ysis can unveil the pDoF and the presence of diffeomorphism symmetry from the viewpoint
of gauge theory. In (ii), the analysis can unveil the pDoF and the presence not only of
diffeomorphism symmetry but also of internal space symmetry from the viewpoint of gauge
theory. Therefore, theoretically speaking, it is enough to analyze the latter case, although

computations are far more complicated relative to the former case. In this perspective, we
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could summarize the current status of our theories as follows:

Table 7.3: “MF” and “VF” denote the Dirac-Bergmann analysis in the metric formalism and
the vielbein formalism, respectively. “ (O ” denotes the analysis is performed and has a
common understanding. “ X ” denotes the analysis is not performed. “ A 7 denotes the
analysis is performed, but there is no common understanding.

’ Subclass H GR \ TEGR \ CGR \ fGR \ fTEGR \ fCGR ‘
MF O X A O X A
VF O O X X O X

The analysis of GR in the vielbein formalism is performed in the works [Deser and Isham
(1976); Henneaux (1983); Charap and Nelson (1983a,b); D’Adda et al. (1985); Charap (1987);

Charap et al. (1988)]. Fulfilling this table by O is a great future work.
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Chapter 8

Conclusions

This thesis has quested the following three pillars: the well-posedness of variational prin-
ciple, the classification of the metric-affine gauge theories of gravity based on the unified
understanding of the geometric quantities in the metric-affine geometry, i.e., curvature, tor-
sion, and non-metricity in the Mobius representations, and the Hamiltonian /Dirac-Bergmann
analysis of the geometrical trinity of gravity and its non-linear extension.

The summary and future directions of the first pillar are given as follows: In Chapter 2,
a theory of analytical mechanics for theories of gravity, focusing on degenerate and higher-
order derivative point particle systems, was established. The Hamiltonian/Dirac-Bergmann
analysis unveiled the constraint structures such as the gauge symmetries and the possible
propagating degrees of freedom of a given degenerate system. In Chapter 3, a methodology
to make the variational principle well-posed in degenerate point particle systems was con-
structed. Throughout the consideration in Summary 3.9, in this thesis, the well-posedness
only with the primary constraints is assumed. This methodology is still developing in the
following two points; (i) The elucidation of the difference of treatment between the secondary
or more higher-order first-class constraints and that in the primary first-class constraints;
(ii) The extension to field theories in a generic manner. In Chapter 4, the general the-
ory of relativity was reconstructed. In particular, the geodesic equations and the Einstein
field equations are derived based on the well-posed variational principle being consistent
with the primary constraints. In particular, the latter derivation showed that the Gibbons-
York-Hawking term is automatically derived and the well-posedness being consistent with
all constraints would generate other sort of counter-terms but specific formulae were not

unveiled; this is a future work.
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The summary and future directions of the second pillar are given as follows: In Chapter 5,
a mathematical framework for gauge approach to gravity, 7.e., a bundle theory, is reviewed.
The Ehresmann connection and its curvature on a principle G-bundle was introduced, and
using these ingredients, the internal space bundle and frame fields were introduced together
with the Weitzenboch connection. The gauge structures of the metric-affine gauge theories
of gravity were engraved into the internal space. In Chapter 6, deriving the tangent bundle
of a spacetime manifold from a principal G-bundle, curvature tensor, and torsion tensor were
introduced. The curvature was automatically derived from the Ehresmann connection of the
given principle G-bundle, but the torsion was deduced as an analogy of the derivation of
the curvature. The non-metricity tensor was introduced separately from the above approach
and in an ad hoc manner by considering the covariant derivative. In order to construct
these three quantities in a unified manner and classify the metric-affine gauge theories of
gravity into eight subclasses, the Mobius representations were applied. Then teleparallel
equivalent to general relativity (TEGR) and symmetric teleparallel equivalent to general
relativity (STEGR) were formulated. In particular, for the STEGR subclass, imposing
the coincident gauge condition, coincident general relativity (CGR) is derived. Further,
those quadratic and non-linear extensions were also introduced. Notice, finally, that if it is
possible to further extend the metric-affine gauge group using a semi-direct product then a
new geometric quantity would be discovered, and then it would also be possible to construct
a new subclass of gravity. The investigation of this perspective is for an intriguing future
work.

The summary and future directions of the third pillar are given as follows: In Chapter
7, the Dirac-Bergmann analysis was performed for each subclass of the geometrical trinity
of gravity and its non-linear extension. First of all, the three issues on the Dirac-Bergmann
analysis were clarified. The first issue was that “the method to define the degeneracy/rank of

the matriz under the existence of the boundary terms’. This issue concerns the rank of the
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Dirac matrix, and, therefore, it determines the total number of second-class constraints; this
issue relates not only to the propagating degrees of freedom counting but also to the deter-
mination of Lagrange multipliers. The second issue was that “whether should the boundary
terms be also taken into account when classifying a constraint into either a first- or second-
class constraint’. This issue concerns the gauge symmetry of a given theory, and, therefore,
the constraint structure of the given theory, since first-class constraints form the genera-
tor of the symmetry. This issue becomes crucial in particular for diffeomorphism invariant
theories in those consistencies. The third issue was that “whether or not the solved phase
space variables ¢* and m, in the consistency conditions Eq (7.16), or equivalently, Eq (7.17),
and that of the field equations of motion are always consistent’. Where the meaning of this
consistency is that whether or not the functional forms of the Lagrange multipliers exist such
that the solutions of Eq (7.16) provide that of the field equations motion. Only when this
consistency is satisfied, the Dirac-Bergmann analysis can count out the propagating degrees
of freedom of a given theory. All of these issues are caused by the spatial boundary term
like 0 H(Efl)ﬁl M (x —y)| 7 in Eq (7.13), or more fundamentally, A(;U)@Z-(m)é(?’) (x—y)”in
Eq (7.12). To manipulate the issues and make it possible to perform the Dirac-Bergmann
analysis reliably, Prescription 1 was proposed, stating that appropriate spatial boundary
conditions remove the spatial boundary terms from all PBs. In compensation for the use of
Prescription 1, the solution space of the given theory was restricted; the Dirac-Bergmann
analysis does not always unveil all propagating degrees of freedom of a given theory. In more
detail, for a theory with the characteristics of diffeomorphism invariance, on one hand, the
usage did not spoil any generality. On the other hand, for a theory with violating its diffeo-
morphism invariance, the result of the analysis lost its generality and generically provided
that of a special sector. Finally, based on Prescription 1, the Dirac-Bergmann analysis for

each subclass was performed, and the following results were obtained. (See Table 8.1.)

As for future directions of the third pillar, there are three problems; (i) To reveal the
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Table 8.1: Degrees of freedoms (DoF) of each subclass in 4-dimentional spacetime. “pDoF”,
“gDoF (Diffeo.)”, and “gDoF(Lorentz)” denote propagating DoF, diffeomorphism symmetry,
and local Lorentz symmetry, respectively. All analyses are based on Prescription 1. “ (A)
” denotes that further investigation based on the Dirac-Bergmann analysis is necessary (See
also Table 7.3 in Section 7.7.)

’ Subclass H GR \ TEGR \ CGR \ fGR \ fTEGR \ fCGR ‘
pDoF 2 2 2(A) 241 2+3 | 2+4
gDoF (Diffeo.) 4 4 4(AN) 4 4 0
gDoF(Lorentz) | 6 6 6(A) | 6(4) 0 6(A)

existence of each issue in each subclass (See Table 7.1 in Section 7.7); (ii) To perform the
Dirac-Bergmann analysis based on Prescription 1 for uncompleted subclasses (See Table 7.3
in Section 7.7); (iii) To settle down the controversies in coincident f(Q)-gravity (See Table 7.2
in Section 7.7.) More essentially, it should be investigated a mathematically correct way to
manipulate the spatial boundary terms. In particular, it is important to unveil whether or
not the consistency in the third issue is always satisfied since this problem relates directly
to the validity of the Dirac-Bergmann analysis.

Finally, as the future direction of this thesis, when completing the above problems (for
each subclass), the cosmological perturbation should be performed. (See Figure 1.1.) In this
stage, we should scrutinize the existence of (infinitely) strong couplings against a background
spacetime, which is a discrepancy between the true DoF derived from the Dirac-Bergmann
analysis and/or other alternative methodologies [Kaparulin et al. (2013); Errasti Diez et al.
(2020, 2024)| and the estimated DoF in the cosmological perturbation around a background
spacetime. In particular, aiming to the application to cosmology, the investigations of those
existences against Minkowski spacetime, the flat and non-flat FLRW spacetime are impor-
tant. If there exists a (infinitely) strong coupling then the theory cannot be applied to cosmol-
ogy since the perturbation theory breaks down. For instance, the Dirac-Bergmann analysis
unveiled that f(7)-gravity has five pDoF in a generic sector (See Section 7.5), whereas the lin-

ear perturbations around Minkowski spacetime [Golovnev and Guzman (2021); Beltran Jiménez et al.
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(2021)], the flat and non-flat FLRW spacetime [Bahamonde et al. (2023b)]| lead to only
two pDoF. This situation suggests that f(7')-gravity should not be applied in its current
form to cosmology in a theoretically consistent manner. The recent work also indicates
that the same pathology may appear in the coincident f(Q)-gravity [Beltran Jiménez et al.
(2020b); Beltran Jiménez and Koivisto (2021); Gomes et al. (2023a)]. That is, on one hand,
the linear perturbation theories around Minkowski spacetime and (the flat and non-flat)
FLRW spacetime lead to two, and, four, five, six or seven with respect to its connec-
tion dependence, respectively. On the other hand, as shown in Section 7.6, the possible
pDoF of the theory is six in a special sector [Tomonari and Bahamonde (2023)] or, either
seven [Tomonari and Bahamonde (2023)] or eight [Hu et al. (2022)] in a generic sector. The
modified /extended theories of gravity are valid for constructing cosmology only when the
issues are cured in some way, and the theory becomes a healthy one. Then, for each healthy
theory, the power spectrum of each ingredient should be derived for comparison to the recent
observations. (See Figure 1.1.) The perturbations and the power spectra of several subclasses
are already calculated. For GR and fGR, see Refs [De Felice and Tsujikawa (2010); Koivisto
(2006); Li et al. (2012)], for example. For TEGR and fTEGR, see Refs [Chen et al. (2011);
[zumi and Ong (2013); Bahamonde et al. (2023a,b)], for example. For CGR and fCGR, see
Refs [Beltran Jiménez et al. (2020b); Gomes et al. (2023b,a); Heisenberg et al. (2023)], for
example. For perturbations of the metric-affine gauge theories of gravity, see Ref [Aoki et al.
(2023)] for example. It would be intriguing to scrutinize the late-time accelerated expansion
of the universe (, or equivalently, dark energy problem, cosmological constant problem,) and

the tension problems based on healthy models.
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Figure 8.1: Modern framework for cosmology (Future direction)
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Appendix A
PB-algebras of coincident f(Q)-gravity in

(n + 1)-dimensional spacetime

In the below calculations, all spatial boundary terms are neglected according to Prescription
1 as discussed in Section 7.1. The assumed spatial boundary conditions are N;(t,0%;) :=0
for each leaf ¥3;. In this appendix, the Poisson brackets are denoted as “ {-,-} ” (abbreviate

14

po. ). Also, the argument “ (¢,x) ” is abbreviated as “ x ”. We abbreviate the notation of

“ .7 for the phase space variables.
The PB-algebras among the primary constraint densities gf)(Al) (Ae{0,i,0};i€{1,2,--- ,n})

and the density H:

{64 (), Ho(y)} = | —CJ'¥ - \]/V_]]\\[f " (9; N0, — az‘NjajsO)] "M(x—y),
@) Hal)} = | -¢/ @+ L Eno] 60—y, (a1
) Hal)) = |5~ L T 0 y),

where Hj, is defined by

e vame (5) (i itae) oo (o0 o))

1 Nt
NN

— " (8;N7 0 — 8N]8Jg0)]

(A.2)
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and Cg (@ is computed as follows:

C(J)”(Q) — _/h {f/(")Q _ f)l {f’ <(n)Qi B (n)Qi)} Ff—of — hif’ (Wijﬂij - 1 ﬂ)} )

Cif (@ does not change from Eq (7.120) excepting the range of summations. The PB-algebras

among two of the primary constraint densities qbi‘l) (Ae{0,i,0}; i €{1,2,--- ,n}) and the

density Hy:

1 NZ "
{o8” Ho}(x) 64" () :§Wﬁf< N 0ip — 0N 0;0) 0 (x — y)
({8 Habo) o)} = 3 T mueb i =),

(1) 1) _ v ) mya /1 ? S 1 2 1 ;
(0 Ho} ) 08 <y>}—[¢ﬁf{ @-v+3(5) (vm- )} T
—%%f”’ (3 NJ(()ZQD 3N]8]g0)] 5(”)(x—y).

(A.4)
{olV  Ho} (@), 0 (y)} = — i\/——f” (0;N70ip — O:N70;0) 6 (x — ) |
{6 Mo (@) 60 ()} = U g o o6 (x— ).
2(n—1)N f
\/_ /l/

{0 Ho} ) 600} = | K" (0,00 — AN 0y0) + —— i ( Iz f_”)

Lf I’
__n YRy
Sn—1) N _f'

0; N]@go] s (x—y).
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2 "
(00, Hob o), ) )} = [\/ﬁf” {(”)Q o1 (5) (Fm- m) - Do (

f
2vh f” i L 1 i
n—lf’ TN+ n—lf’NgN
fv_ ]XI " (05N 0y — aiNjajso)] 0" (x —y),
) Wy | VR s L
{{¢¢1 JHot (@), 6 (y)} = 2m—1) N f ;N7 Oyp n_1<f/)28190
\/ﬁ " ; i 1 " g
PR T 0L N U O T LA W
(o Hado), o) = |25+ 2 (£) o = L (- D o
n =) o i
+2(n—1)\/_ 7 8]\78]\/]]5 N(x—y),

where ) is defined as follows:

11 /1) 2 g 1
M= VA | (0= 11 () (1) (- )
+D: {7 (WQ - Q") } - }V]]VVf (0, Ny — azwajgp)}

The PB-algebras among the primary constraint densities qb(Al) (Ae{0,i,p};ie{l,2,---

A;/B, C;/B, and the density H, are calculated as follows:

{6 . (5) =0, {6 k). (5w} -0

The PB-algebras among the primary constraint densities gzﬁ(Al) (Ae{0,i,p};ie{1,2,--

A;/B, and C;/B are calculated as follows:

{(5)@awf=0. {($) a0} =—f 5oy,
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Appendix B

The explicit formulae of o and 5}

1 n h (f/l)2 1 1 f/// 1
o ==

n—IN f T n_IN fONi"

+ ﬁ -*/Wﬁam + ﬁ? (f”’ - fT/:/) - 2(nn_ 0 % (f}lr)2aka]
" &jv’f -_Q(nn— ) % (f;’)28’“Nk - (;’/;2 ' \/Wﬁfmamk . ﬁfi <f : ]}) aka]
R _\/Wﬁaka] +( a;v'f) N )
+ ( a,j\m) (?)2 {6, Ho}, 06} + ( 5 1\%) f;. N{{o4, Ho}, 6}
; (ﬁ) DN (o, Hab. of1} + ( - Nk) {60, Mo}, 00}
(B.1)
8= = iv \J/V_ "o,NT | (B.2)
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Appendix C
Inonii-Wigner contraction of metric-affine geometry and

1ts extensions

In this Appendix, based on the unified description of curvature, torsion, and non-metricity
(or equivalently, dilation and shear) given Section 6.2 and in Ref [Tomonari (2023a)], the
relationships between the algebraic structure and geometric quantities of each geometry
are scrutinized by using the so-called Inonii-Wigner contraction. The ultimate purpose is to
beyond the metric-affine geometry and to pursue a new class of geometry and its gauge theory
of gravity. First, the Inonii-Wigner contraction is introduced. Second, the contractions of
the metric-affine geometry and its extension are performed. Finally, the de Sitter/anti-de
Sitter cases are discussed.

In6nii-Wigner contraction is a method of parametrizing a Lie algebra to decompose it into
subalgebras [Segal (1951); Inonu and Wigner (1953); Lord (1985); Weimar-Woods (1995);
Khasanov and Kuperstein (2011); Subag et al. (2012)]. The contraction is originally valid
not only for Lie algebras but also for those representations, but, in this paper, we discuss
only the contraction of Lie algebras.

Let G be a Lie group and g be its Lie algebra. Then an element g = g(7;) € G, where
7 (i = 1,2,---,t) are the number of ¢ group parameters, leads to an element of the Lie
algebra of GG as its derivative with respect to the unit element e € GG. Let I; be such elements

of the Lie algebra. Then the following commutation relations hold:

where [-,-] is the Lie bracket and C*¥;; are the structure constants of the Lie algebra. For
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this algebra, a transformation of the elements I; and the group parameters 7; is introduced
as follows:

where P/; is a parametrization matrix. If the matrix is non-singular then the above transfor-
mation is just an automorphism of the Lie algebra. However, if it is singular, the situation
gets changed; a subalgebra can be obtained. In particular, it is an intriguing case that the
singularity is realized as some limits of the parameters.

A simple case is the contraction by the following matrix:

; 17" T 07" n—r € Or n—r
po| xmen) | 8 x(n=r)

O(n—r)xr O(n—'r)x(n—r) O(n—r)X'r €3

, (C.3)

where €3 € (0,1], €*5 € (0,1], a,f € {1,2,--- , ¢ < t}, and a,Be{t+1,t'+2,--- t}

Then, on one hand, the elements I; and those algebras are transformed as follows:

Il = (0% + 6%:e%5) I + 67 1¢% 51,5, (C.4)
and
[Iz/ ) Ij/]e = 6ai56i07aﬁly + O(E) 5 (C5)

respectively, where [-,-]. denotes the Lie brackets of the transformed elements I]. Let g.
and G, denote a new Lie algebra that is generated by I! with satisfying the above algebra
and the Lie group of g., respectively. Notice that g. and G, include g and G as a special
case of €5 — +0 and €5 — %5, where “ +0 ” means the right-limit to zero in (0,1].

Therefore, if the limit of the transformation of the above algebras with respect to €% — 40
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and %5 — 40 exists then the following new algebra is obtained:

I T sio = Capll . (C.6)

That is, a new subalgebra gy = g0 = (I}) is obtained, and gy generates the Lie group

Go = G 19. On the other hand, the group parameters 7; are contracted as follows:

T(; = Ta + GBaT,B — Ta (eﬂa — +0) )
(C.7)

L = EB@TB -0 (EB@ — +0).
Notice that the group parameters 77 of the group G, converge to zero while remaining the
corresponding parameters 75 of G. Since G. includes not only G but also Gy, this means
that the parametrization given in Eq (C.2) extended the original group G into a larger group
G as a topological space.
Now, first of all, let us consider the contraction of the metric-affine group. The Lie

algebra of M A(n + 1; R) is summarized as follows:

[P, P))=0, [E'),Pk]=0%kP;, [E'),EX[=6L,E%,—0",E",
[D7D]:0a [D7PI]:PI7 [DaEIJ]:Oa (CS)
1Sy Pl =6"kPy, [S";,EX]=0, [S";,D]=0, [5',,5%;]=0.

A parametrization for the Inonii-Wigner contraction of the above algebra can be set as

follows:

P=Pp Bl =e®El, D=MPp, g, =g, (C.9)

where €P) €®) ¢(P) and %) are a set of parameters and belong to the range (0,1]. Here-
inafter, let us denote the parameter space spanned by the above parameters as

€ type of contraction/geometry in MA — (G(P) ) E(E) 7€(D) 76(5)), where “type of Contraction/geometry
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in MA” denotes a geometry which is obtained by performing the contraction. Hereinafter,

we use this notation. Then the above algebras are parameterized as follows:

[P, P =0, [E", Pyl=ePd Py, [ET,) BN ] =P B, - 6% ,E")),
[D'.D'|=0, [D,P]=Pp;, [D,E';]=0,
[S/IJ,PI/(]:G(S)5IKP}, [S/IJ,EIKL}:O, [S/IJ,D/]:O, [S/IJ,S/KL]:O.

(C.10)

Notice that this algebra does not explicitly contain the parameter ). Therefore, it is
enough to express the parameter space without ) as e type of contraction/geometry in MA =
(e(B) eP) €9 and there are eight possible contractions. Of course, if all parameters are
taken to be unity then the above algebra (C.10) results in the original algebra (C.8). In
terms of the parameter space notation, the algebra is expressed as e, ., = (1,1,1).

The contraction generated by the parameters € v, ., = (1,1,40) derives the following

algebras:

[PI/ ) Pf]] = 07 [E/IJ ) P[/(] = 51KP}7 [E/IJ ) E/KL] = 5ILE/KJ — 5KJEIIL7
[D',D']=0, [D',P]=P,, [D,E")]=0, (C.11)

[S/IJ7PI,(] 207 [S/IJaE/KL] :Ov [S/IJ7D/] :07 [S,IJ7S,KL] =0.

This is nothing but the algebra of the Weyl geometry. In this algebra, the shear given in
Eq (6.53) vanishes, i.e., X = 0, for the metric tensor of the internal space with satisfying
the following equations:

1
9" 0ugrcs = " 6"y g™ OugLn - (C.12)

The contraction generated by the parameters € vy, ., with vanishing dilation = (1,40,1) leads to
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the following algebras:

[Pllap(/]] = Oa [E,IJ7P[/(] = 5IKP}a [E,IJyE/KL] - 6ILE,KJ - 6KJE,ILa
[D',D'l=0, [D,P]=0, [D ET]=0, (C.13)

[S/[J,P[,(]:(SIKPf]7 [S/IJ,E/KL]:O, [S/IJ,D/]:O, [S,IJ,S,KL]:O

Then the dilation given in Eq (6.46) vanishes, i.e., A = 0 for the metric tensor of the

internal space with satisfying the following equations:

9" 8,915 := 0. (C.14)

Therefore, choosing a constant metric tensor, g;; = ¢y, is a possible gauge condition for
vanishing non-metricity. That is, a flat internal space does not have non-vanishing non-
metricity. Remark that Conditions (C.12) and (C.14) can be independently imposed.

In the same manner, the contraction generated by € y,,, = (1,+0,40) derives the

algebra of the Riemann-Cartan geometry as follows:

[PI/ ) Pf]] - 07 [E/IJ 3 P[,{] = 5IKPL/]7 [E/IJ ; E/KL] = 5ILE/KJ - 5KJE/IL7
D', D=0, [D,P]=0, [D, E")]=0, (C.15)

[S,IJ7PI/(] :O7 [S/IJaE,KL] :()7 [S/[JvD/] :07 [S/IJ7S/KL] =0

The algebras in the first line above are nothing but the affine algebra. In the same manner
as the cases of the dilation and the shear, the full contraction, i.e., € o = (+0,+0,40) does

not lead directly to the vanishing curvature and/or torsion as follows:

T=de', QF =qu®. (C.16)

That is, to vanish the torsion and/or curvature 2-forms, some additional conditions are
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necessary. Using Eq (6.36), the condition of vanishing torsion is given as follows
de ' +d’¢C=de ' :=0, (C.17)

This is nothing but just imposing 7" := 0. That is, the theory is consistent. In the case of

the curvature, the so-called Weitzenboch gauge condition

w®) =0, or equivalently, W(E)]#J =0 (C.18)
realizes the vanishing curvature. Under the imposition of the above two conditions, the
geometry becomes either E,; or M,,;. In Section 5.4, in particular, the Weitzenboch
connection is derived as in Eq (5.40). Under the imposition of Eq (C.18), the connection is
given as follows:

f‘ZV =er0,e’, . (C.19)

Using Eq (6.8) in a coordinate/holonomic basis, the vanishing torsion is equivalent to the

existence of the so-called Stiikelberg fields, denoted by n = n’&;, as follows:

elu = ,ml, or equivalently, e '=e/ ® & =dn' ®&;. (C.20)
This, of course, satisfies Eq (C.17). Therefore, even if the flat geometries F, 1 or M, 1,
the internal space still has the degrees of freedom of the Stiikelberg fields. Furthermore,
the imposition of the so-called coincident gauge condition [Beltran Jiménez et al. (2018);
Beltran Jiménez and Koivisto (2022)], n' = A’ ,a* + B’, where z* are the coordinates of a
point in the base space M, A’, € G(n+ 1; R) (it is a global symmetry), and B = £ B’
is a constant vector with respect to the global symmetry, then the Weitzenbéch connection

given in Eq (C.19) vanishes.

261



Finally, let us consider the contraction generated by € apelian Ma = (+0,1,1). The algebra

is given as follows:

[P, P)|=0, [E'; P=0, [E; E¥]=0,
[D',D']=0, [D,P]=P, [D,E",]=0, (C.21)

[S/IJ,PI/(]:(;IKP}, [S/IJ,E/KL]:O, [SIIJ7D,]:O, [S/IJ,S/KL]:O

where “abelian” in the subscript of the parameter space means that the algebras in the first
line above, which was the Poincare algebra before performing the contraction, turn now to
be a set of commutative algebras. Hereinafter, we use this notation. Imposing Eqs (C.17)
and (C.18), the curvature and the torsion vanish; the geometry turns into the symmetric
teleparallel geometry, S, 11, which is described only by the dilation and shear, or equivalently,
the non-metricity. Notice that Eq (C.19) and Eq (C.20) hold for the contraction generated
by € abetian Ma = (+0,1,1). The dilation-free case, € apclian MA with dilation—free = (+0, 40, 1),
and the shear-free case, € apelian MA with shear—free = (04, 1,+0), can be constituted in the
same manner.

Second, let us consider an extension of the metric-affine group. An extension of the Lie

algebra of M A(n+ 1; R), let us denote EM A(n + 1; R), can be given follows:

)IL IKN

[P[,P]] :07 [EIJ7PK] :O(AS JKPL7 [EIJ>EKL] :C(Aﬁ) JLMEMNa

[D.D]=0, [D,P]=C"9"p,, [D ,E,)=C"D,

o (C.22)

IL
(817, Px] = CMAV™ P [ST;, EX ] = C(MALS) 7SN,

S';, D=0, [S';,8%.]=0.

IfCUDT e = 67 gty OO

6! 6% 7, and otherwise vanish then the Lie algebra ema(n + 1; R) of EMA(n + 1; R) turns

into that of M A(n+1; R). Therefore, the algebra of Eq (C.22) is an extension of the algebra
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of Eq (C.8). Another important algebra, which includes the Poincare algebra as a subal-

L

gebra, is obtained under the following structure constants: C439™ 0 = §76%; — g™ gk,

(A6)IKN

J
C siv = 9 596N — "N gund'n — 6% ;6 0N + g*N g6, CVVT = 67y,

cmantr 7K = 01 6T 7, and otherwise vanish. Then ema(n ; R) is an extension of the Poincare
algebra with the dilation and the shear. Hereinafter, however, we treat the algebra (C.22)
without specifying the structure constants: after obtaining a contraction, we specify a set
of structure constants and then develop a theory of gravity, although constructing physical
theories is out of scope of the current thesis.

The parametrization given in Eq (C.9) is also taken for the above algebra (C.22) to

perform the contraction. Then the parametrized algebra of Eq (C.22) is given as follows:

IKN

PP =0, [B7),P) =P opp (BT BRG] = D0 gy
D', D=0, [D,P]=DcW P D B = %ng)“ﬂ{,
€
7 / (S) ~(MANTL / 17 1K 9l (MA16) I KM /
[S7 ), Pg] =€2C kP, [S"5,E L]:Wo Py,
[S/I],D/]:O, [SIIJ,S/KL]:O
(C.23)

Notice that this algebra explicitly contains the parameter ). Therefore, we use the

— P E
parameter SPaCe€ € type of contraction/geometry in EMA — (6( ) 76( )

,eP) €9)) " This is a differ-

ent situation from the contraction of the metric-affine algebra. The geometric quanti-

ties of the contraction generated by € o = (1,40,40,+0), € apelian EMa = (1,40,1,1),

€ abelian EMA with dilation—free = (1,40, 40,1), and € apelian EMA with shear—tree = (1,40,1,40)

are constructed in the same manner as the metric-affine case up to the difference of structure

constants (local symmetry). That is, the departures from the metric-affine case are caused
(B)

by the non-vanishing parameter ¢~/ .

Let us consider the geometric quantities in the contraction generated by € gya = (1,1,1,1).
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Then the curvature and torsion 2-forms are given as Eq (6.39). The dilation and shear 2-

forms, which are given as Eq (6.46) and Eq (6.53), respectively, are changed as follows:

A= 1 Tr(Q)e ! +w® A (C.24)
n

and

X = (Q - %Tr(@)) el +w® A (C.25)

respectively. These changes are caused by the violation of the commutativity of D and
E';, and, S'; and E';. Of course, the contraction generated by € puma with dilation—free =
(1,1,40,1) and € gmA with shear—free = (1,1,1,40) leads to A = 0 and X = 0 under the
imposition of the gauge conditions given in Eq (C.14) and Eq (C.12), respectively.

The parameter space € (ype of contraction/geometry in EMA = (04, &) ,E(D ) ,e(s)) provides a
set of new sort of geometric quantities. The coefficients of the third algebra of the sec-
ond line and that of the second algebra of the third line in the algebra (C.23) diverge
unless an appropriate set of the parameters ) P) and € converges to zero simulta-
neously. The case of € apelian EMA = (+O,+0,6(D) ,E(S)) is the same situation as that of
€ abelian MA = (+0,1,1) in the metric-affine case up to the difference of structure constants
(local symmetry). Therefore, the intriguing cases are those of parameter spaces given by
€ type of contraction/geometry in EMA = (10,1 , D) ¢¥)) If the contraction is performed by the
parameters € gyA with shear—free = (+0,1,1,40) under the imposition of the gauge condi-
tions (C.12) and (C.14) then the dilation given in Eq (C.24) remains but the shear given in
Eq (C.25) turns into X = w® A w®). In the case of € pya with dilation—tree = (+0,1,40,1)
under the same gauge conditions (C.12) and (C.14), the shear given in Eq (C.25) remains
but the dilation given in Eq (C.24) turns into A = w®) A w(P), Remark, here, that the lim-
itations of €?) — +0 and €®) — 40 are taken in the same order magnitude as ) — +0.

The important point here is that these two algebras provide new geometric quantities, which
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are different from the dilation, the shear, or the non-metricity while holding the richness
of the curvature and torsion 2-forms. This richness together with new geometric quantities
would beyond the metric-affine geometry and yield a new class of gauge theories of gravity.

Finally, let us consider the following extended dS/AdS Lie algebra:

K IL
[Pr,Py) =CY)"  Br e, [B'y, Px)=CY)" kP,

(A6)IKN

[E', EX|=C s EY

(C.26)
[D,D]=0, [D,P]=PFP;, [D,E'j]=0,

(ST, Pg)=6"xPy, [S';,EX;]=0, [S;,Dl=0, [§';,5%;]=0,

where (42" = o™ yg11, cunt o= 6" k0" ;=g gk, and CUnttN = 9T g™ L—
5N g ot — 05 ;000N L 4+ g5 N g 6 . If € = +1, —1 then the algebras of the first line
become that of the de Sitter space and anti-de Sitter space, respectively [de Sitter (1917);
Wise (2010); Blagojevic and Hehl (2012); Blagojevi¢ and Hehl (2013)]. The case of e =0 is
contained as a special case of the extended metric-affine algebra in the previous section 7.3.
In order to perform the contraction, the generators P;, E';, D, and S’ ; are parametrized
by Eq (C.9). Then the following parametrized Lie algebras are derived:

(P))\2
€ K 1L
[PI/ ’ P}] ( ~ )) C(A2) 1L E/L ’ [E/IJ , P! ] E(E) C«(A3) J Pi 7

A6)TKN

[E"; B ) = B0l s EMy

(0.27)
[Dl;D/]:O’ [D,’PI,]:E(D)PI/7 [D/7E,IJ]:O7

[S,IJ,P[/(]:G(S)5IKP}, [S/IJ,E/KL]:O, [S/IJ,D]:O, [S/IJ,S/KL]:O

The contraction of the above algebra generated by € poincare in extended dS/Ads = (40,1, D) , s ))
results in that of the algebra ema(n+1,R) generated by € poincare in mva = (€7, 1, eP) €5,

where €), €(P) and €/®) can be taken as an arbitrary value in (0,1]. So is for the contraction
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of algebras between that generated by € abelian Poincare in extended ds/ads = (+0,+0, D) e(S))
in the extended dS/AdS algebra and that generated by
€ abelian Poincare in EMA = (€1, 40, €P) €)Y in the extended metric-affine algebra under the
choice of the structure constants as the Poincare algebra. Remark, here, that the contractions
generated by € type of contraction/geometry in extended ds/ads = (1,+0, e €)) do not exist due
to the divergence of the factor (¢))2/e(®) of the first algebra in the first line. Therefore, it
is enough to consider the case of € yype of contraction/geometry in extended ds/ads = (1,1, e
The contraction generated by € type of contraction/geometry in extended ds/ads = (1,1, €P),e®))

alternates the curvature 2-form given in Eq (6.39) as follows

QB = dow® = dw® + B AWE) et ne . (C.28)

The torsion 2-form given in Eq (6.39) does not change. So are the dilation and shear 2-forms,
which are given in Eq (6.46) and Eq (6.53), respectively. Notice that a new geometrical
quantity arises; the above quantity is not the curvature 2-form in the sense of the metric-
affine geometry due to the existence of the third term. That is, this departure in Eq (C.28)
from the metric-affine geometry would yield a new class of gauge theories of gravity. In
addition, this geometry is not just the (anti-)de Sitter geometry due to the existence of the
dilation and the shear (, or equivalently, the non-metricity).

Finally, it is known that the third term in Eq (C.28) relates to the so-called cosmological
constant in general relativity if the torsion, the dilation, and the shear vanish [MacDowell and Mansouri
(1977); Wise (2010)]. In order to realize this, of course, it is enough to perform further con-
traction generated by € gs/aas = (1,1,40,40) and to impose the torsion-free condition
given in Eq (C.17) and the gauge conditions (C.12) and (C.14). In addition, the contraction
generated by € v, ., = (+0,1,40,+0) removes out the third term in Eq (C.28), and the

geometry results in the (semi-)Riemann geometry; this is nothing but the contraction of the
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metric-affine geometry generated by € v, ., = (1,+0,40).
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