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Abstract

This thesis is devoted to searching for fundamental issues of constraint systems, aiming for

applications to theories of gravity. Theories of constraint systems play a crucial role in

constructing theories of gravity since these theories are constraint systems, and theories of

gravity provide the fundamentals of cosmology. Hence, it would be no exaggeration to say

that theories of constraint systems are a fundamental ground of cosmology.

A wide range of theories of modern physics is constructed upon the variational principle,

and so are the theories of gravity. The variational principle requires appropriate boundary

conditions to derive the equations of motion of a given theory. For non-degenerate systems,

the Dirichlet boundary conditions are imposed as usual. For degenerate systems, however,

the existence of constraints generically disturbs the consistency of the boundary conditions

with the possible dynamics. This means that an inappropriate choice of boundary conditions

is prone to restrict the possible solutions to a narrow region. Therefore, the well-posed

variational principle demands a methodology to compose valid boundary conditions without

such restriction to the solutions. In particular, since the theories of gravity have the property

of higher-order derivative degenerate systems, the identification of such boundary conditions

is important for introducing counter-terms like the Gibbons-York-Hawking counter-terms.

The first topic of this thesis is the study of establishing the methodology.

Metric-affine gauge theories of gravity are one of the modified/extended theories of gen-

eral relativity in a geometric and the most generic manner and describe gravity by using

curvature, torsion, and non-metricity, and it is expected to give perspectives into prob-

lems such as the late-time accelerated expansion of the universe (, or equivalently, dark

energy problem, cosmological constant problem), the origin of inflation from the viewpoint

of low-energy effective theories of quantum gravity based on the UV-competition, H0- and/or
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σ8-tension problems. These theories are classified into eight subclasses from viewpoints of

gauge structures in the internal space based on the Möbius representations. In particular,

the three subclasses of the so-called geometrical trinity of gravity, which is composed of

General Relativity (GR), Teleparallel Equivalent to GR (TEGR), and Symmetric TEGR

(STEGR), have gathered attention in recent days since the non-linear extensions of these

subclasses have the potential for explaining problems given in above. However, the propa-

gating Degrees of Freedom (pDoF) of those subclasses has not been unveiled yet, and the

study of investigating these numbers is the second topic of this thesis.

One of the methods to identify the pDoF of a given theory is the use of the so-called Dirac-

Bergmann analysis. The heart of this analysis is very simple; the time evolution of a given

system is described by the so-called total Hamiltonian, which is composed of the Legendre

transformation of the Lagrangian of the given system such that it is compatible with the

existence of the primary constraints, and all constraints satisfy the so-called consistency

conditions, which demands all constraints to be static. For point particle systems, this

analysis is mathematically well-formulated, meaning that the Poisson brackets are always

well-defined. For field theories, which include, of course, theories of gravity, however, the

well-definedness should be reconsidered since the existence of the Dirac delta function causes

problematic situations when determining the Lagrange multipliers such as contradictions in

the consistency conditions to the properties of the given system that are derived from its

action functional. In this thesis, the issues of the Dirac-Bergmann analysis in field theories

are scrutinized and clarified, and a prescription to make the pathological situation easier is

proposed. This prescription may restrict the solution space to a narrow region but makes

it possible to give a reliable result to each analysis. Then, based on the prescription, the

analysis is performed for each subclass in the geometrical trinity of gravity and its non-linear

extension.

Finally, the uncompleted works and future directions of this thesis are discussed.
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Impact statement
The new results of this thesis are based on two published papers and two peer-reviewing pa-

pers when this thesis was submitted but confirmed their validity by the committee of doctoral

thesis. This thesis is devoted to providing new perspectives for the following two problems:

the well-posedness of the variational principle in degenerate systems and the degrees of free-

dom counting in the use of the Dirac-Bergmann analysis of the modified/extended theories of

gravity, in particular, the so-called geometrical trinity of gravity and its non-linear extension.

There are three impacts of this thesis. The first impact is that a methodology for set-

ting appropriate boundary conditions for the well-posed variational principle in degenerate

systems is established. Before the methodology appeared, boundary conditions of constraint

systems were naively determined as the apparent variables in the first-order variation of the

action functional, and there generically were incompatibilities with constraints of the given

system on the boundaries. This methodology would also provide the fundamentals of deriv-

ing the counter-terms in the action functionals of theories of gravity since a counter-term is

derived only after appropriate boundary conditions are determined for the given theory.

The second impact is that the geometric quantities, i .e ., curvature, torsion, and non-

metricity, are formulated in a unified manner based on the Möbius representation. Before this

approach appeared, these geometric quantities were separately introduced in each own and

ad hoc way. This unified perspective would provide a more comprehensive understanding of

geometric quantities and gauge theories of gravity constructed by such geometric quantities,

and it might bring a discovery of new geometric quantities. If it is realized, the construction

of a new theory of gravity by using the new geometric quantity could be possible.

The third impact is that the issues of the Dirac-Bergmann analysis in field theories are

revealed and a prescription to make the analysis valid is established. Before the issues were

clarified and the prescription appeared, the result of the analysis of a given theory was based
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on a set of PDEs with respect to the Lagrange multipliers which is not guaranteed whether

or not it is solvable, therefore, the degrees of freedom derived by the method was always

nothing more than a speculation. The prescription provides a reliable result of the analysis

and a set of concrete conditions to guarantee it.
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Chapter 1

Introduction
The quest for the universe has fascinated mankind over the ages. In modern physics, this

quest is positioned as cosmology, and researchers have continued to devote all their efforts to

unveiling the mysteries of the universe from both theoretical and phenomenological points of

view. The beginning of cosmology dates back to the era of A. Einstein, who established the

general theory of relativity. This theory is the most successful classical theory of gravity and

describes how the universe evolves together with matter. Hence, combining the standard

model of particle physics, cosmology has challenged to unveil the history of the universe.

ΛCDM model is the standard model of cosmology based on FLRW spacetime with cos-

mological parameters that are determined by observations. (Stage 1 in Figure 1.1.) This

model became the standard model of cosmology around the beginning of twenty-first cen-

tury based on the observations of the cosmic microwave background [Spergel et al. (2003)],

the large-scale structure [Tegmark et al. (2004)], and the late-time accelerated expansion of

the universe [Riess et al. (1998); Perlmutter et al. (1999)]. The most recent observation at

the moment writing this thesis is provided in Planck 18 [Aghanim et al. (2020a,b)]. These

observations further indicated that the universe is anisotropic and inhomogeneous in the

distribution of photons and matter, respectively. In order to understand these observational

facts, it is mandatory to take the cosmological perturbation into account of the standard

model of cosmology together with the Big Bang and inflation hypothesis. A series of Boltz-

mann equations with respect to the perturbations of cosmic ingredients and Einstein field

equations describe how the ingredients develop with time under the influence of gravity.

(Stage 3 in Figure 1.1.) Based on this system, the power spectrum of each ingredient is

derived and compared to the observations. (Stages 4 and 5 in Figure 1.1.) This is the basic
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Figure 1.1: Modern framework for cosmology

formulation of the modern cosmology [Dodelson (2003); Mukhanov (2005); Weinberg (2008)].

The modern cosmology has also unveiled a series of new mysteries. The ingredients of

the universe should contain the so-called dark energy and dark matter in the percentile

of about 95% but the true identity and the origin of these ingredients have not been un-

veiled yet. So is the mechanism of how inflation occurs and its origin. Furthermore, the

recent observations point out the so-called tension problem in the cosmological parameters

of σ8 and H0 [Aghanim et al. (2020b)], which is the discrepancy of the estimated values of

H0 and σ8 between the estimation based on the ΛCDM model and the model-independent

observation. H0- and σ8-tensions are confirmed in about 5σ and 3σ confidence level, respec-

tively [Wong et al. (2020); Nunes and Vagnozzi (2021)]. In particular, Figure 1.2 indicates

that the discrepancies of H0 between the value obtained from the CMB measurement (based
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Figure 1.2: The recent observations of Hubble parameter H0 and its discrepancy. The left-
and right-panels are given in Ref [Di Valentino et al. (2021)] and Ref [Hu and Wang (2023)],
respectively.

on the ΛCDM model) and the Type Ia Supernovae (model-independent) have not gradually

been impossible to ignore. These problems may be related to the expansion of the universe,

or equivalently, spacetime, and such phenomena could be ascribed to the nature of grav-

ity. It would imply a possibility of the alternation of the basic theory of gravity: Stage 1

in Figure 1.1 should be scrutinized. Combined further with the recent development in the

accuracy of the observation of gravitational waves, the elaboration of modified/extended

theories of gravity is rapidly proceeding. This provides a natural motivation to investigate

the modified/extended theories of gravity.

The current thesis treats three topics. Metric-affine gauge theories of gravity are one

of the modified/extended theories of gravity, which describes gravity in terms of geometric
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quantities of curvature, torsion, and non-metricity [Blagojevic (2001)], and the Weitzenböch

connection introduces the covariant derivatives [Weitzenboch (1923)]. Since the metric-

affine gauge theory of gravity is the most generic extension of the general theory of relativity

in a geometric manner, the extended theories have a possibility to explain gravitational

phenomena that are hard to treat within the general theory of relativity. The beginning

of the gauge approach to gravity dates back to the era of the birth of Yang-Mills gauge

theory [Yang and Mills (1954)], which provides the foundation of modern particle physics.

Inspired by this theory, R. Utiyama extended it into describing gravity in a unification

manner under the concept of gauge invariant principle [Utiyama (1956)]. Combined the

series of works by E. Cartan [Cartan (1924)] and H. Weyl [Weyl (1952); Hehl et al. (1986);

Blagojevic (2001)], the fundamentals of the theories are formulated as the formulation in the

current days. This is one of three topics of the present thesis.

A set of subclasses of the metric-affine gauge theories of gravity called the geometri-

cal trinity of gravity is the most actively researched one on the purpose of the cosmolog-

ical application for explaining the problems such as dark energy (the late-time accelerat-

ing expansion of the universe without the cosmological constant) and the origin of infla-

tion [Beltrán Jiménez et al. (2019); Heisenberg (2023); Bahamonde et al. (2023a)]. This set

includes the general theory of relativity as a special case and these subclasses are equivalent

to one another up to boundary terms in action functional. The notable point is that this

equivalence gets changed when some extension or modification is performed and it gives

rise to the fertility for resolving the problems in cosmology. For instance, f(
◦
R)-gravity

is one of the non-linear extensions of the geometrical trinity of gravity, and it includes

the most successful inflation model so-called Starobinsky R2-inflation model (Figure 1.3).

In addition, the non-linear extensions of the teleparallel and symmetric teleparallel grav-

ity, which are also subclasses of the geometrical trinity of gravity, generically provide the

so-called effective cosmological constant, and it can explain the late-time accelerated ex-
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Figure 1.3: Tensor-to-scalar ratio [Aghanim et al. (2020a)].

pansion of the universe. Furthermore, those extensions in quadratic, non-linear, and non-

local ways have also gathered attention as possible candidates for consistent low-energy

effective theories of quantum gravity from the viewpoint of UV-completion [Stelle (1978);

Starobinsky (1980); Koshelev et al. (2023)], which are ways to grasp a clue for understanding

the mechanism of inflation [De Felice and Tsujikawa (2010); Capozziello and De Laurentis

(2011); Donoghue and Menezes (2022)]. However, the cosmological application of the modi-

fied/extended theories of gravity demands unveiling such as the constraint structure of those

theories such as gauge symmetry, propagating degrees of freedom, the existence of (Ostrigrad-

ski’s) ghost modes. The Hamiltonian/Dirac-Bergmann analysis makes it possible to unveil

such structures [Dirac (1950, 1958a,b); Anderson and Bergmann (1951); Bergmann et al.

(1950); Bergmann (1949); Bergmann and Brunings (1949)]. (Stage 2 in Figure 1.1.) For

instance, the analysis of f(
◦
R)-gravity unveils that this theory has diffeomorphism and local
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Lorentz invariance, three possible propagating degrees of freedom, and no ghost degrees of

freedom. The first and third properties are completely the same as the general theory of

relativity. The different property is the second one, and it is important since one of three

propagating degrees of freedom can be used for generating inflation and the remaining two

degrees of freedom are precisely the same modes in the general theory of relativity. The

Dirac-Bergmann analyses of these theories are also one of three topics of the present thesis.

The last one of three topics of the present thesis is a consideration of the well-posedness

of the variational principle. This topic is important in particular for the theories of grav-

ity since these theories are degenerate systems and many of these theories include second-

order or higher-order derivative terms in those action functionals. The former property

(degenerate system), on one hand, implies that the variational principle requires appropriate

boundary conditions that are consistent with the constraints of the theory. On the other

hand, the latter property (higher-order derivative system) indicates that the action func-

tional demands appropriate counter-terms under the imposition of the well-posed bound-

ary conditions of the variational principle known as the Gibbons-York-Hawking counter-

terms in the general theory of relativity [York (1972, 1986a); Gibbons and Hawking (1977);

Hawking and Horowitz (1996)]. It is well known that this sort of counter-terms plays a crucial

role in constructing theories of quantum gravity in the use of the path-integral formulation

and blackhole thermodynamics [Gibbons and Hawking (1977); York (1986b); Braden et al.

(1990); Brown and York (1993b,a)], which could contribute to understanding of the origin

of inflation. In this thesis, the well-posedness provides the action functionals of the theories

of gravity being suitable for the Dirac-Bergmann analysis, in which the absence of Ostro-

gradsky’s ghost modes is guaranteed by virtue of the work of the Gibbons-York-Hawking

counter-term.

Reassembling these three topics in theoretical order, the current thesis aims to give new

perspectives for the following three problems:

6



1. Well-posedness of the variational principle

2. Classification of the metric-affine gauge theory of gravity

3. Degrees of freedom counting of the geometrical trinity of gravity and its non-linear

extension with the Dirac-Bergmann analysis

Based on these problems, the current thesis is composed as follows:

The first two chapters are devoted to a review of degenerate systems and a method of making

the variational principle well-posed, respectively.

In chapter 2, a theory of analytical mechanics for theories of gravity is provided in a self-

contained manner. Theories of gravity have the properties of degenerate and higher-order

derivative systems. Starting with reviewing the basic concepts of non-degenerate point par-

ticle systems, a theory of degenerate point particle systems is introduced. In particular, the

Dirac-Bergmann analysis is reconstructed in detail. Based on these ingredients, the con-

cepts of gauge symmetry/transformation, Dirac structure, propagating degrees of freedom,

and gauge degrees of freedom are established. Finally, higher-order derivative point particle

systems are introduced. The problematic situations caused by the Ostrogradsky instabil-

ity/degrees of freedom are pointed out, and a methodology for removing these problematic

degrees of freedom is provided.

In chapter 3, a methodology for making the variational principle in point particle sys-

tems well-posed is established. The extension to field theories has been developing, but

some specific cases will be provided in the succeeding chapters of the present thesis. First

of all, the problems of degenerate systems in the variational principle are explained. It is

shown that the valid boundary conditions in a higher-order time derivative system but which

has equations of motion up to second-order time derivative are restricted to position-fixing

boundary conditions. Based on the Pons formulation, which is introduced in Section 2.5,
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Frobenius integrability conditions of first-order degenerate time derivative systems are inves-

tigated, and the concrete formulae of the conditions are derived. After these preparations,

the well-posedness of the variational principle is reformulated. Introducing two types of

embeddings of the symplectic manifold based on the Shanmugadhasan-Maskawa-Nakajima

theorem, i .e ., quasi-canonical embeddings and canonical embeddings, the well-posedness is

investigated. As a result, appropriate boundary conditions are specified. Finally, examples

are given, and this chapter is summarized with the outlook for these works.

Chapter 2 is based on

• K. Tomonari, “On the well-posed variational principle in degenerate point particle

systems using embeddings of the symplectic manifold”, PTEP 2023 6 063A05.

DOI: 10.1093/ptep/ptad073, arXiv:2304.00877 [math-ph].

Copyright (2023) by the Physical Society of Japan [Tomonari (2023b)].

• K. Izumi, K. Shimada, K. Tomonari, and M. Yamaguchi, “Boundary Conditions for

Constraint Systems in Variational Principle”, PTEP 2023 10 103E03.

DOI: 10.1093/ptep/ptad122, arXiv:2303.03805 [hep-th].

Copyright (2023) by the Physical Society of Japan [Izumi et al. (2023)].

The next two chapters provide a review of the general theory of relativity and bundle

theory in a self-contained form. Many of the recent works of the metric-affine gauge theories

of gravity are discussed just by imposing some conditions on three fundamental geometric

quantities: curvature, torsion, and non-metricity, but, in the author’s opinion, it is over-

simplified. These geometric quantities and conditions are closely and precisely related to

the gauge structures of internal space, and, in order to unveil the relations and structures,

it is mandatory to discuss them based on bundle theories. Otherwise, the fertility of the

metric-affine gauge theories of gravity would be lost.

In chapter 4, the general theory of relativity, which is the most successful classical theory
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of gravity in the modern physics, is established. First of all, the fundamental concepts of

the theory such as spacetime, weak/Einstein/strong equivalence principles are introduced.

Based on these concepts, the geodesic equations and the Einstein field equations are derived

from both viewpoints of physical considerations (bottom-up approach) and the variational

principle (top-down approach). As mentioned in Section 3.9, we assume that the well-

posedness of the variational principle demands consistency with the primary constraint(s):

C(1). In particular, before deriving the Einstein field equations by using the variational

principle, the ADM-foliation/decomposition of the spacetime is introduced. This technique is

mandatory not only to apply the variational principle in a well-posed manner being consistent

with C(1) but also to perform the Dirac-Bergmann analysis. Finally, performing the Dirac-

Bergmann analysis, the propagating and gauge degrees of freedom of the theory are clarified.

In chapter 5, a mathematical framework for gauge approach to gravity is constructed.

First of all, three fundamental bundles, i .e ., fiber bundles, G-bundles, and principal G-

bundles are defined. For principal G-bundles, the Ehresmann connection and its curvature

are introduced. After that, vector bundles together with gauge fields and those curvature

(field strengths) are derived. Internal space bundles, which play a crucial role in constructing

the metric-affine gauge theories of gravity, are also derived, in particular, focusing on frame

fields and Weitzenböch connection. Finally, a gauge-approach derivation of the Einstein field

equations is described. This chapter gives mathematical basics for the succeeding chapters.

Based on the previous chapters, the final two chapters are devoted to formulating the

metric-affine gauge theory of gravity, in particular, focusing on the geometrical trinity of

gravity and those non-linear extension, and performing the Dirac-Bergmann analysis of these

theories.

In chapter 6, the metric-affine gauge theories of gravity are constructed. First, based on

Sections 5.2 and 5.4, three fundamental geometric quantities, i .e ., curvature, torsion, and

non-metricity are introduced. Second, using the so-called Möbius representation of a gauge
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group, the metric-affine geometries are classified into eight subclasses: Riemann-Cartan,

teleparallel, Riemann, Minkowski, Weyl-Cartan, Weyl, metric-affine, and symmetric telepar-

allel geometries. In this formulation, each geometric quantity is given by the exterior co-

variant derivative of each corresponding potential. Third, The geometrical trinity of gravity,

which is composed of the three subclasses: Riemann (general relativity), symmetric telepar-

allel, and torsion teleparallel, is established. These three subclasses are equivalent up to

boundary terms in the meaning of action functional. Finally, two extensions of the geomet-

rical trinity of gravity, that is, quadratic extension and non-linear extension, are introduced.

The latter extension plays a main role in the next section.

In chapter 7, the Dirac-Bergmann analysis is performed for each subclass of the geomet-

rical trinity of gravity and its non-linear extension. In order to apply the analysis, which

was introduced in Section 2.2 but restricted to point particle systems, to field theories, three

fundamental issues are clarified. These issues are commonly caused by the spatial derivatives

of the Dirac delta function. And then a prescription that circumvents the issues is proposed.

Based on the prescription, the analysis is performed for TEGR, CGR, a non-linear extension

of GR, TEGR, and CGR, and the propagating degrees of freedom of each theory is unveiled.

Throughout these analyses, the three issues in field theories of the Dirac-Bergmann analysis

are concretely clarified for each subclass, and the reason why the prescription is valid for

removing the issues is investigated. I emphasize that these analyses are not a complete ma-

nipulation of the issues; it is just a prescription to circumvent the issues and make it possible

to perform the Dirac-Bergmann analysis. Therefore, the results could be valid only for some

classes of solutions. Finally, this chapter is summarized with the outlook for these works.

Chapter 6 is based on

• K. Tomonari , “A unified description of curvature, torsion, and non-metricity of the

metric-affine geometry with the Möbius representation”, arXiv:2312.11558 [gr-qc]. [Tomonari

(2023a)].
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Chapter 7 is based on

• K. Tomonari and S. Bahamonde, “Dirac-Bergmann analysis and Degrees of Freedom

of Coincident f(Q)-gravity”, arXiv:2308.06469 [gr-qc]. [Tomonari and Bahamonde

(2023)].

Finally, in Chapter 8, I summarize the conclusions of this thesis.
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Chapter 2

Analytical mechanics on degenerate point

particle systems
Chapter abstract

In this chapter, a theory of analytical mechanics for theories of gravity is provided in a self-

contained manner. Theories of gravity have the properties of degenerate and higher-order

derivative systems. Starting with reviewing the basic concepts of non-degenerate point par-

ticle systems, a theory of degenerate point particle systems is introduced. In particular, the

Dirac-Bergmann analysis is reconstructed in detail. Based on these ingredients, the con-

cepts of gauge symmetry/transformation, Dirac structure, propagating degrees of freedom,

and gauge degrees of freedom are established. Finally, higher-order derivative point particle

systems are introduced. The problematic situations caused by the Ostrogradsky instabil-

ity/degrees of freedom are pointed out, and a methodology for removing these problematic

degrees of freedom is provided.

2.1. Non-degenerate systems

In this section, the basics of the Lagrangian and Hamiltonian formalism of non-degenerate

point particle systems are briefly reviewed. First of all, let us introduce the Lagrangian

formalism.

The principle of least action/variational principle plays the most fundamental role in this

formalism. This principle derives the equations of motion of a given system with respect to

the generic variations: not only to the variations of the configuration variables and those

velocity variables but also to the time variable. Assume that it exists that a system which
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is described by a Lagrangian L = L(q̇i , qi , t) (i ∈ {1 , 2 , · · · , N}) defined on the velocity

phase space TQ×R of a configuration space Q. Here, qi = qi(t) are a coordinate system for

the configuration space. q̇i = q̇i(t) are the velocity variables of qi(t), respectively, and then,

q̇i and qi give a coordinate system for the velocity phase space. A non-degenerate system

satisfies a condition that the rank of the kinetic (or Hessian) matrix, i .e .,

Kij =
∂2L

∂q̇i∂q̇j
(2.1)

is full rank. Then the action functional is introduced as follows:

I[qi , t] =

∫ t2

t1

L(q̇i , qi , t) dt , (2.2)

where “ [qi , t] ” denotes that the right-hand side of the equation is a functional defined on

the configuration space TQ× R. The principle of least action/variational principle, stating

that the path in nature locally minimizes the value of the action functional, leads to a set

of equations of motion. Consider the following variations:

qi(t) → q′i(t′) = qi(t) + δqi(t) ,

t→ t′ = t+ δt(t).

(2.3)

Since the time variable is also varied, the commutativity of the variational operation δ and

the time derivative operation d/dt is lost; it indicates the necessity to reconsider the variation

of the time variables. Introducing the equal-time variation, i .e .,

δ̄qi = q′i(t)− qi(t) , (2.4)
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the following variation formula is derived:

δq̇i(t) = δ̄q̇i(t) + q̈i(t)δt , (2.5)

where second-order variational terms are neglected. In the same manner, the variation of

the configurations are also calculated as follows:

δqi(t) = δ̄qi(t) + q̇i(t)δt. (2.6)

Then the first variation of the action functional (2.2) is calculated as follows:

δI[qi , t] =

∫ t2

t1

[{
∂L

∂qi
− d

dt

(
∂L

∂q̇i

)}
δ̄qi +

d

dt

{(
∂L

∂q̇i

)
δ̄qi + Lδt

}]
dt . (2.7)

Under the imposition of the Dirichlet boundary conditions, i .e .,

δ̄qi(t2) = δ̄qi(t1) = 0 , δt(t2) = δt(t1) = 0 , (2.8)

then the variational principle, δI[qi , t] = 0, leads to the equations of motion, i ,e ., Euler-

Lagrange equations, as follows:

∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0 . (2.9)

The above derivation is based on the variational principle with respect to the generic vari-

ations Eq (2.5). Without the time variation, the boundary conditions δt(t2) = δt(t1) = 0

are satisfied by definition, and the derivation results back to the ordinary one in which the

variations are taken only to the configuration and those velocity variables.

Second, assuming that the Euler-Lagrange equations hold, Noether’s first theorem is
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derived. Then, using Eq (2.6), Eq (2.7) becomes as follows:

δI[qi , t] =

∫ t2

t1

d

dt
Θ(δqi(t) , δt(t) , t) ,

Θ(δqi , δt , t) =

(
∂L

∂q̇i

)
δqi −

{(
∂L

∂q̇i

)
q̇i − L

}
δt .

(2.10)

Since boundary terms do not affect to the Euler-Lagrange equations, the Lagrangian has an

arbitrariness of the boundary terms. That is,

L→ L′ = L+
d

dt
W (qi , t) , (2.11)

and this symmetry is called quasi-invariance of the system. Therefore, the following formula

holds:
d

dt

{
Θ(δqi(t) , δt(t) , t)−W (qi(t) , t)

}
= 0 . (2.12)

This formula indicates that the quantity Θ −W is invariant with respect to the variation

Eq (2.3) in the time evolution of the system; Θ−W is a conserved quantity of the system.

This is a result of the quasi-invariance given in Eq (2.11).

Third, to exist a Lagrangian for given equations of motion, a set of relations have to be

satisfied as necessary and sufficient conditions. This theorem is crucial to validate Noether’s

first theorem since it is meaningless without the existence of a Lagrangian for the equations of

motion even if symmetries exist. All physics of a given system is engraved into a Lagrangian

excepting initial conditions. Assume that a set of equations of motion is given such that

these equations include up to second-order time derivative terms of the configurations as

follows:

[EoM]i(q̈
k , q̇k , qk , t) = Kij(q̇

k , qk , t)q̈j + Ai(q̇
k , qk , t) = 0 , (2.13)

where Kij is the kinetic matrix defined in Eq (2.1) and Ai are arbitrary functions. The
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well-posedness of the variational principle under the imposition of the Dirichlet boundary

conditions guarantees the validity of the generic expression of these equations of motion

above. This point will be discussed in Section 3.2. The necessary conditions are nothing but

the satisfaction of the following formula:

Kij(q̇
k , qk , t)q̈j + Ai(q̇

k , qk , t) =
d

dt

(
∂L

∂q̇i

)
− ∂L

∂qi
. (2.14)

Comparing the coefficients of q̈i, q̇i, qi, and other terms, it leads to the following equivalent

formulae:

Kij = Kji ,

∂Kjk

∂q̇i
=
∂Kki

∂q̇j
,

∂Ai

∂q̇j
+
∂Aj

∂q̇i
= 2

(
q̇k

∂

∂qk
+
∂

∂t

)
Kij ,

2

(
∂Ai

∂qj
− ∂Aj

∂qi

)
=

(
q̇k

∂

∂qk
+
∂

∂t

)(
∂Ai

∂q̇j
− ∂Aj

∂q̇i

)
.

(2.15)

Therefore, for a set of the equations of motion (2.13), if a Lagrangian exists then the above

relations have to be satisfied.

Conversely, if the above relations hold then the Lagrangian can be derived as follows:

L = K(q̇j , qj , t) +Di(q
j , t)q̇i + C(qj , t) , (2.16)

where K, Di, and C are given as follows:

K(q̇i , qi , t) =

∫ 1

0

q̇iHi(q̇
jτ , qj , t) dτ +W1(q

j, t) ,

Di(q
k, t) = qj

∫ 1

0

τZ[ij](q
kτ, t) dτ +W2(q̇

k, t) ,

C(qi , t) = qi
∫ 1

0

Yi(q
jτ , t) dτ +W3(q̇

j , t) ,

(2.17)
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where W1, W2, and W3 are arbitrary functions and Hi, Z[ij], and Yi are defined as follows:

Hi =

∫ 1

0

q̇jKij(q̇
kτ, qk, t) dτ ,

Z[ij] =
1

2

(
∂Ai

∂q̇j
− ∂Aj

∂q̇i

)
+

∂2K

∂qi∂q̇j
− ∂2K

∂qj∂q̇i
,

Yi =

{
∂2K

∂qiq̇j
+

1

2

(
∂Ai

∂q̇j
− ∂Aj

∂q̇i

)}
q̇j − ∂K

∂qi
− Ai +

∂2K

∂q̇i∂t
+
∂Di

∂t
.

(2.18)

These arbitrary functions can be neglected as total divergent terms. This statement is

shown as follows: Without any loss of generality, these functions are encapsulated as K ′ =

K+Ui(q
j , t)q̇i+V (qj , t) for appropriate functions Ui and V . Using K ′, Eq (2.16) is rewritten

as L′ = K ′+D′
iq̇

i+C ′ = L+ D̄iq̇
i+ C̄, where D̄i = D′

i+Ui−Di and C̄ = C ′+V −C. Since

Eq (2.14) leads to ∂D̄i/∂q
j − ∂D̄j/∂q

i = 0 and ∂C̄/∂qi − ∂D̄i/∂t = 0, it exists a function

W = W (qi, t) such that D̄i = ∂W/∂qi and C̄ = ∂W/∂t, and these conditions indicate that

L′ = L+ dW/dt.

There is a remark; Eq (2.13) has an arbitrariness of the multiplication of a non-singular

matrix Xi
j: [EoM]′i = Xi

j[EoM]j = 0. It indicates that the correspondence between a

Lagrangian and a set of the equations of motion, Eq (2.13), is not generically determined

uniquely and also implies that there is a possibility for the existence of a Lagrangian even

though once the initial set of Eq (2.13) does not satisfy the necessary and sufficient conditions

given in Eq (2.15). That is, it is enough to satisfy the conditions (2.15) up to this arbitrariness

to exist a Lagrangian for Eq (2.13).

Finally, Hamiltonian formalism is introduced. The second equation in Eq (2.10) intro-

duces canonical momentum variables as follows:

pi =
∂L

∂q̇i
. (2.19)

Then qi and pi span a coordinate system for the phase space T ∗Q × R by virtue of the
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implicit function theorem since the system is non-degenerate. For the coordinate system,

the Hamiltonian is introduced as follows:

H(qj , pj , t) = piq̇
i − L(q̇j , qj , t)

∣∣
q̇j=F j(qk ,pk ,t)

, (2.20)

where F i(qj , pj , t) are a set of functions that are determined by the implicit function theorem.

This is nothing but the Legendre transformation of the Lagrangian L = L(q̇i , qi , t). The vari-

ation of the Hamiltonian under the Euler-Lagrange equations leads to δH = F i(qj , pj , t)δpi−

piδq
i, and it guarantees that the Hamiltonian formalism is described in the phase space

T ∗Q × R in a well-defined manner. The action functional in the phase space is given as

follows:

∗I[q
i , pi , t] =

∫ t2

t1

(
piq̇

i −H(qj , pj , t)
)
dt , (2.21)

where the left under “ ∗ ” of ∗I[q
i , pi , t] denotes a quantity in the phase space. The varia-

tional principle under the Dirichlet boundary conditions, δqi(t2) = δqi(t1) = 0, leads to the

Hamilton equations as follows:

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
. (2.22)

Under the satisfaction of the Legendre transformation Eq (2.20) and its inverse transforma-

tion, the first equations reproduce the relations q̇j = F j(qk , pk , t) and the second equations

are equivalent to the Euler-Lagrange equations given in Eq (2.9). This derivation is valid

only in the case that δqi and δpi are independent. If a set of constraints to the phase space

exist then the derivation has to be reconsidered. We need a theory on constraint/degenerate

systems. The derivation of the Hamilton equations under the existence of constraints will

be discussed in Sections 3.6 and 3.7.
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2.2. Degenerate systems and Dirac-Bergmann analysis

In this section, degenerate systems are defined, and a methodology to determine the time evo-

lution of a given system, i .e ., the Dirac-Bergmann analysis [Dirac (1950, 1958a,b); Bergmann

(1949); Bergmann and Brunings (1949); Bergmann et al. (1950); Anderson and Bergmann

(1951)], is introduced. First of all, let us introduce the Hamiltonian formulation of degener-

ate systems.

The rank of the kinetic matrix of the system, i .e ., Eq (2.1), discriminates the degener-

acy/singularity of a given system from the non-degenerate systems. Assume that the rank

of the kinematic matrix is N −R: rankK = N −R (R ≥ 1). Then the number of R primary

constraints exist, and such system is defined as a degenerate/singular system. Let us denote

these primary constraints as ∗ϕ
(1)
α (qi , pi) := 0 (α ∈ {1 , 2 , · · · , R}) and the phase subspace

which is restricted by the constraints as C(1)(t) = {P ∈ T ∗Q × {t}|∗ϕ(1)
α (qi(t) , pi(t)) := 0}

(t ∈ R), where P is a point in T ∗Q × R at a time t; P is coordinated by qi and pi un-

der the satisfaction of ∗ϕ
(1)
α (qi , pi) := 0, and “ := ” denotes the imposition as a condi-

tion. The degeneracy also implies the existence of the number of r zero-eigenvalue vec-

tors of the kinetic matrix. Based on this, taking into account that the number of N − R

velocity variables q̇a (a ∈ {1 , 2 , · · · , N − R}) can be expressed as q̇a = F a(qi , pb ; q̇
α)

(b ∈ {1 , 2 , · · · , N − R} α ∈ {N − R + 1, N − R + 2, · · · , N}) by virtue of the implicit

function theorem, it is shown that the Lagrangian depends linearly on the velocity variables

q̇α (α ∈ {N −R + 1 , N −R + 2 , · · · , N}) [Saito et al. (1989, 1993)]

∂

∂q̇α
∂L

∂q̇β

∣∣∣∣
q̇a=Fa(qi ,pb;q̇α)

= 0 . (2.23)

Therefore, the Legendre transformation of the Lagrangian becomes as follows:

H = H0 + q̇α∗ϕ
(1)
α , H0 =

[
paq̇

a + pαq̇
α − L(qi , F a(qi , pa; q̇

α); q̇α)
]
q̇α:=0

(2.24)
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under the imposition of q̇α := 0, where ∗ϕ
(1)
α = pα − fα(q

i , pi) := 0 for some functions

fα(q
i , pi) which are determined by the given Lagrangian. If the Legendre transformation

is restricted to the subspace C(1)(t) then H ≈ H0, where “ ≈ ” denotes the weak equality:

equality under the imposition of all the constraints. It indicates that q̇α can be expressed by

the phase space variables of a neighbor region of C(1)(t) in T ∗Q×R, denoted by O(C(1)(t)),

and therefore q̇α in Eq (2.24) can be replaced as a set of Lagrange multipliers, denoted by

λα = λα(qi, pi), as follows:

HT = H0 + λα∗ϕ
(1)
α . (2.25)

This quantity is noting but the so-called total Hamiltonian of the system, and this quantity

governs the time evolution of the system. H0 is called as the kernel Hamiltonian of the

system. Remark that the total Hamiltonian is defined in O(C(1)(t)), which is a region of

T ∗Q× R, not in the subspace C(1)(t) of T ∗Q× R.

In order to reveal the dynamics of the system, it is necessary to determine the multipliers.

For this purpose, let us introduce the Dirac-Bergmann analysis. A natural way to resolve

this problem is that, since the constraints restrict the phase space to a possible subspace

in which the dynamics live, the constraints should not develop according to passing time.

Expressing in a formula, denoting “
C(1)

≈ ” as the weak equality under the imposition of the

primary constraints, it becomes as follows:

∗ϕ̇
(1)
α = {∗ϕ(1)

α , HT}P.b.
C(1)

≈ {∗ϕ(1)
α , H0}P.b. + λβDαβ := 0 , (2.26)

these equations are called consistency conditions, where “ { · , · }P.b. ” denotes the Poisson

bracket and Dαβ is called as Dirac matrix which is defined as follows:

Dαβ = {∗ϕ(1)
α , ∗ϕ

(1)
β }P.b. . (2.27)
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Therefore, the consistency conditions determine the multipliers depending on the number of

the rank of the Dirac matrix. Assume that the rank of the Dirac matrix is R−R1 (R1 ≥ 1).

Then the number of R−R1 multipliers are determined but that of R1 multipliers remain arbi-

trary. It indicates that the same number of new constraints, higher-order constraints, appear.

The fundamental matrix transformations can split out the higher-order constraints from the

consistency conditions. This manipulation is allowed since the constraints can be reorganized

up to linear combinations. Applying this manipulation, the Dirac matrix is transformed as

follows: D′(1)
αβ = P (1)D(1)Q(1) for appropriate non-degenerate matrices P (1) and Q(1). The

shape of the transformed matrix D
′(1)
αβ is free to choose for the purpose of the analysis. In

this section, let us choose the shape as D′(1)
αβ = diag(τ

(1)
1 , τ

(1)
2 , · · · , τ (1)R−R1

, 0 , 0 , · · · , 0). Using

these ingredients, the consistency conditions are transformed as follows:

P (1)
α
β{∗ϕ(1)

β , H0}P.b. +D
′(1)
αβ λ

′(1)β := 0 , (2.28)

where λ′(1)α = Q(1)−1α

βλ
β. Eq (2.26) is equivalent to Eq (2.28) by virtue of the regularity

of the matrices P (1) and Q(1). For the indices a(1) ∈ {1 , 2 , · · · , R − R1}, on one hand, the

multipliers are determined as λ′a(1) = −τ (1)a(1)P (1)β

a(1){∗ϕ
(1)
β , H0}. Remark that we do not

sum over with respect to a(1). On the other hand, for the indices α(1) ∈ {R − R1 + 1 , R −

R1+2 , · · · , R}, new constraints, i. e ., secondary constraints, have to be imposed as follows:

∗ϕ
(2)

α(1) = P (1)β

α(1){∗ϕ(1)
β , H0}P.b. := 0 . (2.29)

In addition, there is a case that, in Eq (2.28), removing some multipliers from an equation

using other equations, a new constraint appears. In such cases, these constrains include in

∗ϕ
(2)

α(1) extending the range of the index α(1). Then the total Hamiltonian can be reassembled

as follows:

H
(1)
T = H

(1)
0 + λα

(1)

∗Φ
(1)

α(1) , (2.30)
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where H(1)
0 and ∗Φ

(1)

α(1) are defined as follows:

H
(1)
0 = H0 + λa

(1)

∗ϕ
(1)

a(1)
, ∗Φ

(1)

α(1) = ∗ϕ
(1)
β Q(1)β

α(1) . (2.31)

That is, the determined terms are encapsulated as the first termH
(1)
0 in the reassembled-total

Hamiltonian H(1)
T . The second term in H(1)

T still has arbitrariness.

Repeating the same procedure for the secondary constraints under the reassembled-total

Hamiltonian Eq (2.30), and if it gives rise to new constraints then repeat over the same

process until all the multipliers are determined or the new constraint does not appear up

to linear combinations. Let us assume the process stops by S-steps. Then we obtain the

final results; the constraints ∗ϕ
(1)
α := 0, ∗ϕ

(2)

α(1) := 0, · · · , ∗ϕ
(S)

α(S−1) := 0 appear, the multipliers

λa
(1)
, λa

(2)
, · · · , λa(S) are determined, the reassembled-total Hamiltonian

H
(S)
T = H

(S)
0 + λα

(S)

∗Φ
(S)

α(S) , (2.32)

where

H
(S)
0 = H

(S−1)
0 + λα

(S)

∗ϕ
(1)

α(S) , ∗Φ
(S)

α(S) = ∗ϕ
(S)
β Q(S)β

α(S) (2.33)

is derived, and the dynamics of the system is restricted to the phase subspace C(S)(t) = {P ∈

T ∗Q× {t}|∗ϕ(1)
α := 0, ∗ϕ

(2)

α(1) := 0, · · · , ∗ϕ(S)

α(S−1) := 0}. The multipliers λα(S) remain arbitrary

and the existence of such multipliers then implies that this system has gauge symmetry. This

point will be discussed in detail in the next Section 2.3. There is a remark; as long as all

the consistency conditions for up to sth-order constraints hold, where s ∈ {1, 2, · · · , S}, the

argument “ (t) ” can be removed from the subspaces C(1)(t),C(2)(t), · · · ,C(s)(t) since all the

constraints up to sth-order are static.

The Dirac-Bergmann analysis reveals all the constraints of the system. These constraints

are classified into two classes: first-class and second-class. The former is defined as a set of
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constraints that are commutative with all other constraints in the phase subspace C(S) with

respect to the Poisson bracket. The number of the set of first-class constraints has to be taken

into the maximum number. Otherwise, the constraints are classified into second-class and the

total number of second-class constraints is always even as long as the first-class constraints

are taken in the maximum number [Castellani (1982)]. The constraints satisfy the following

propositions; (i) A Poisson bracket between two first-class constraints is also classified into

first-class constraint; (ii) The product of two constraints is classified into first-class constraint.

For a function f in T ∗Q × R such that f = 0 in C(S), (iii) f is expressed in a neighbor

O(C(S)) as a linear combination of the constraints with appropriate coefficient functions:

f = gα
(s−1)

(s) ∗ϕ
(s)

α(s−1) , where α0 = α. In more detail, for first-class constraints ∗χv
C(S)

≈ 0 (v ∈

{1 , 2 , · · · , V }) and second-class constraints ∗θw
C(S)

≈ 0 (w ∈ {1 , 2 , · · · , 2W}), (iv) A first-

class function f is expressed in a neighbor O(C(S)) as a linear combination of the first-class

constraints with appropriate coefficient functions: f = gv∗χv; (v) A second-class function f

is expressed in a neighbor O(C(S)) as a linear combination of both the first-class and second-

class constraints with appropriate coefficient functions: f = gv∗χv + hw∗θw. In particular,

Proposition (ii) indicates that the first-class constraints ∗ϕ
(S+1)

α(S) = {∗ϕ(S)

α(S−1) , HT}P.b. can be

expressed as a linear combination of the first-class constraints ∗ϕ
(s)

α(s−1) (s ∈ {1 , 2 , · · · , S},

α(0) = α) with appropriate coefficient functions: ∗ϕ
(S+1)

α(S) = Cα(s−1)

α(S)(s) ∗ϕ
(s)

α(s−1)

C(S)

≈ 0.

Based on the above manipulations for the system, the time evolution of a quantity,

denoted by f , of the system is described by the reassembled-total Hamiltonian H
(S)
T as

follows: ḟ = {f ,H(S)
T }P.b. = X

(S)
T f = L

X
(S)
T
f , where X(S)

T and L
X

(S)
T

denote the Hamiltonian

vector field with respect to H(S)
T , which is defined by

X
(S)
T =

∂H
(S)
T

∂qi
∂

∂pi
− ∂H

(S)
T

∂pi

∂

∂qi
+
∂

∂t
, (2.34)

and the Lie derivative with respect to X(S)
T , respectively. The remarkable point here is that,
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in the cases that the Dirac-Bergmann analysis does not determine all the multipliers, the

time evolution of quantities of the system cannot be uniquely determined, and it is caused

by the existence of first-class constraints. Therefore, it needs to construct a theory to resolve

this situation and to identify the unique time evolution.

2.3. Gauge symmetries and Dirac structures

In this section, based on the properties of constraints of a given degenerate system, gauge

symmetry is formulated [Sugano and Kimura (1983); Sugano et al. (1986); Sugano and Kimura

(1990a,b); Sugano and Kagraoka (1991a,b)]. Then, the Dirac structure [Dirac (1950, 1958b)],

which identifies the time evolution of dynamical/physical quantities of the system, is intro-

duced. First of all, let us formulate the gauge symmetry.

In order to formulate the change of quantities of a given system, let us introduce the

concept of infinitesimal canonical transformation. For a canonical coordinate system qi and

pi, denoted by {qi , pi}, consider a canonical transformation from {qi , pi} to {Qi, Pi} which

is generated by a generator: W = −piQi + ϵG(Qj , Pj , t), where ϵ and G are an infinitesimal

parameter and an arbitrary function of Qi, Pi, and t, respectively. Then, taking into account

up to first-order terms of ϵ, qi and pi are transformed as follows:

qi → Qi = qi + ϵ
∂G(qj , pj , t)

∂pi
, pi → Pi = pi − ϵ

∂G(qj , pj , t)

∂qi
. (2.35)

Remark that, in Eq (2.35), G becomes a function of qi, pi, and t in the first-order approxima-

tion with respect to ϵ due to the existence of ϵ in the front of the partial derivatives. For this

infinitesimal canonical transformation, a quantity of the system, denoted by f = f(qi , pi , t),

is transformed into as follows:

δGf = {f ,G}P.b. = XGf = LXG
f . (2.36)
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In the above manipulation, G governs the transformation; G can be regarded as the generator

of the transformation rather than W . Replacing the generator G by the total Hamiltonian

HT , the Hamilton equations are derived; the time evolution of the system is nothing but

the sequences of the infinitesimal canonical transformations that are generated by the total

Hamiltonian.

The perspective described above for the change of quantities of the system reveals the

relation between first-class constraints and gauge transformations. For simplicity, assume

that a degenerate system has only first-class constraints: ∗Ψ
(s)

α(s−1)

C(s)

≈ 0 (s ∈ {1 , 2 , · · · , S},

α(0) = α ∈ {1 , 2 , · · · , N − rankK}). Then the total Hamiltonian is given by HT = H0 +

λα∗Ψ
(1)
α . Since the multipliers λα can be arbitrarily determined, for the transformation of a

generator G and a quantity f , it is possible to impose the following relation:

LXG
(XTf) := X

λα∗Ψ
(1)
α
f , (2.37)

or equivalently, it is calculated as follows:

{G ,HT}P.b. +
∂G

∂t
:= −λα∗Ψ(1)

α

C(1)

≈ 0 . (2.38)

That is, the generator G is static under the imposition of the primary constraints; it in-

dicates that δGf = LXG
f is nothing but a gauge transformation of the quantity f and G

is the generator of the gauge transformation, and the system is, of course, invariant un-

der the satisfaction of the relation Eq (2.38). That is, using the Hamilton equations and

the relations from the Legendre transformation, the variation of the Lagrangian L with re-

spect to the gauge transformation in the phase subspace C(1), i .e ., ∗δGL, is calculated as

∗δGL = d(piδGq
i−G)/dt−λα∗Ψ(1)

α
C(1)

≈ d(piδGq
i−G)/dt, and it varies up to a total divergent
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term: ∗δGL = dF/dt. Therefore, the following relation is derived:

F
C(1)

≈ pi
∂G

∂pi
−G . (2.39)

This relation implies a possible explicit form of the generator G.

In order to derive a concrete form of the generator G, let us consider an infinitesimal

transformation for the Lagrangian formulation which includes a set of arbitrary functions:

δϵq
i = (Dlαϵα(t))giα,lα(q̇

j , qj) , (2.40)

where Dlα = dlα/dtlα , ϵα(t) are arbitrary functions of time, giα,lα(q̇j , qj) are determined

by the Lagrangian, and lα ∈ {0 , 1 , · · · ,Mα − 1}. Dlαϵα(t) are independent functions with

respect to lα and α. The invariance of the system to the above transformation indicates that

the Lagrangian varies up to a total divergent term: δϵL = DF , where F is defined by

F = Dlαϵα(t)fα,lα(q̇
j , qj) . (2.41)

The functions fα,lα(q̇j , qj) are also determined by the Lagrangian. Since δϵL = [EoM]iδϵq
i +

D(piδϵq
i) = DF , the following identity is derived:

[EoM]i(D
lαϵα)giα,lα +D{(Dlαϵα)∆α,lα} = 0 ,

∆α,lα = pig
i
α,lα − fα,lα ,

(2.42)

where [EoM]i denote the equations of motion in Lagrange formulation. Integrating by parts in

the range of (t1 , t2) under the imposition of the boundary conditions Dlαϵα(t2) = Dlαϵα(t1) =
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0, the following identities are derived:

Mα−1∑
lα=0

(−1)lαDlα([EoM]ig
i
α,lα) = 0 , (2.43)

and

∆α,Mα−1 = 0 ,

∆α,lα +D∆α,lα+1 + [EoM]ig
i
α,lα+1 = 0 , (lα ∈ {1 , 2 , · · · ,Mα − 2})

D∆α0 −
Mα−1∑
lα=1

(−1)lαDlα([EoM]ig
i
α,lα ]) = 0 .

(2.44)

Eq (2.43) and the third identity of Eq (2.44) lead to the following identity:

D∆α0 + [EoM]ig
i
α,lα−1 = 0 . (2.45)

The first identity of Eq (2.44) is nothing but the primary constraints in the Lagrangian

formulation: ∗Ψ
(1)
α = ∆α,Mα−1 = 0. The second identity of Eq (2.44) leads to higher-

order constraints in the Lagrangian formulation under the imposition of the Euler-Lagrange

equations: ∗Ψ
(Mα−lα)
α = ∆α,lα = −D∆α,lα+1− [EoM]ig

i
α,lα+1 = −D∗Ψ

(Mα−lα−1)
α = 0, applying

sequentially in the order of lα =Mα − 2,Mα − 3, · · · , 0. This sequence implies that

∗Ψ
(lα)
α = ∆α,Mα−lα = 0 , (lα ∈ {1, 2, · · · ,Mα}) . (2.46)

In the Hamiltonian formulation, using the Hamilton equations, these constraints are con-

verted into

∗Ψ
(lα+1)
α = ∆α,Mα−lα−1 = {∗Ψ(lα)

α , HT}P.b.
C(lα)

≈ 0 . (2.47)

This indicates Mα = Sα. Based on these ingredients, Eq (2.40), Eq (2.41), the definition of
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∆α,lα given in Eq (2.42), and Eq (2.47) derive the following expression of the generator G:

G =
Mα−1∑
lα=0

(Dlαϵα)∆α,lα

C(1)

≈
Mα−1∑
lα=0

(DIαϵα)∗Ψ
(Mα−lα)
α = piδϵq

i − F (2.48)

in a consistent manner with Eq (2.39). Therefore, sinceDlαϵα can be regarded as independent

functions ϵαlα , a possible expression of the generator G is nothing but a linear combination

of the first-class constraints ∗Ψ
(s)
α with coefficient functions ϵαlα(t)

G = ϵαlα(t)∗Ψ
(lα)
α . (2.49)

That is, the first-class constraints dominate gauge transformations under the satisfaction of

the condition of Eq (2.38).

The coefficient functions ϵαlα(t) are restricted from the conditions of Eq (2.38) as follows:

{G ,H0}P.b. +
∂G

∂t
= −λα∗Ψ(1)

α

C(1)

≈ 0 ,

{G , ∗Ψ(1)
α }P.b.

C(1)

≈ 0 .

(2.50)

Taking into account Eq (2.49), the first relations above lead to

Sα∑
lα=1

ϵ̇αlα∗Ψ
(lα)
α +

Sα−1∑
lα=1

ϵαlα∗Ψ
(lα+1)
α +

Sα∑
lα=1

ϵαSα
Cβ

α,lα∗Ψ
(lα)
β

C(1)

≈ 0 , (2.51)

where the Greek letters run from 1 to the total number of the primary first-class constraints.

Therefore, a set of recurrence relations hold as follow:

ϵ̇αlα + ϵαlα−1 + ϵβSα
Cα

β,lα = 0 , (2.52)

where lα ∈ {2 , 3 , · · · , Sα}. The recurrence relations indicate that, providing the number of
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the primary first-class constraints functions ϵβSα
under the satisfaction of the conditions in

Eq (2.50), all the remaining functions ϵβlα are sequentially determined. That is, the generator

of a gauge transformation in Eq (2.49) is determined from the recurrence relations Eq (2.52)

under the satisfaction of the second conditions in Eq (2.50), and for this transformation, the

system is invariant; gauge symmetries are now formulated. The Poisson bracket algebra of

the first-class constraints, {∗Ψα , ∗Ψβ}P.b. = Cγ
αβ∗Ψγ, characterise the symmetries. In the

existence of second-class constraints, the above construction is valid for the reassembled-total

Hamiltonian H
(S)
T = H

(S)
0 + λα

(S)

∗Ψ
(S)

α(S) , recomposing the first-class constraints ∗Ψ
(S)

α(S) into

the form ∗Ψ
(lα)
α up to linear combinations.

There is a remark on Eq (2.44); if Sα = 2, the identities becomes as follows:

∆α,1 = 0 ,

∆α,0 +D∆α,1 + [EoM]ig
i
α,1 = ∆α,0 + [EoM]ig

i
α,1 = 0 .

(2.53)

These identities are noting but Noether’s second theorem with no time variation. Considering

time variation, δϵt = ϵα(t)τα(q̇
i, qi, t), the second identity becomes as follows:

∆α,0 − Eτα + [EoM]ig
i
α,1 = 0 ,

E = piq̇
i − L(q̇i, qi, t) .

(2.54)

The first identity in Eq (2.53) and Eq (2.54) are nothing but Noether’s second theorem in

the most general form.

So far all the quantities of the system are arbitrary functions that are defined in the

phase space T ∗Q × R. A dynamical/physical quantity, denoted by f , is restricted to a

gauge invariant quantity: δGf = LXG
f = {f ,G}P.b.

1st
≈ 0, or equivalently, {f , ∗Ψα}P.b.

1st
≈ 0

for all the first-class constraints ∗Ψα
1st
≈ 0 (α ∈ {1 , 2 , · · · , U}), where “

1st
≈ ” denotes the

equality under the satisfaction of all the first-class constraints. In addition to the first-class
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constraints, hereinafter in the rest of the section, assume that second-class constraints exist:

∗Θa
2nd
≈ 0 (a ∈ {1 , 2 , · · · , 2V }), where “

2nd
≈ ” denotes the equality under the imposition of all

the second-class constraints. The Poisson brackets among f and ∗Ψα
1st
≈ 0 are already weak

equal to zero by its definition, but that among f and ∗Θa
2nd
≈ 0 do generically not vanish in

the weak equality even under the imposition of all the constraints. The Dirac bracket realizes

the weak equal vanishing not only for the first-class constraints but also for the second-class

constraints. Let us consider the following quantity:

f ∗ = f −
2V∑

a=1,b=1

{f , ∗Θa}P.b.(D−1)ab ∗Θb +
U∑

α=1

Aα
∗Ψα , (2.55)

whereAα are arbitrary functions. This quantity satisfies not only {f ∗ , ∗Ψα}P.b. ≈ {f , ∗Ψα}P.b. ≈

0 but also {f ∗ , ∗Θa}P.b. ≈ 0. Since f ∗∗ 1st
≈ f , the map f 7→ f ∗ is interpreted as a projection

map under the imposition of all the first-class constraints. Considering another physical

quantity g, the Dirac bracket, denoted by “ { · , · }D.b. ”, between f and g is introduced as

follows:

{f , g}D.b. = {f ∗ , g∗}P.b. ≈ {f , g}P.b. −
2v∑

a=1,b=1

{f , ∗Θa}P.b.(D−1)ab{∗Θb , g}P.b . (2.56)

The Dirac bracket inherits all algebraic properties of the Poisson bracket and satisfies the

following properties: {f , g}D.b. ≈ {f ∗ , g}P.b. ≈ {f , g∗}P.b.. Then the Dirac structure is

introduced as follows: For the linear transformation of the constraints

∗Ψα → ∗Ψ
′
α = Xα

∗Ψα , ∗Θa → ∗Θ
′
a = Y a

∗Θa + Zα
∗Ψα , (2.57)

where Xα, Y a, and Zα are arbitrary functions, the Dirac bracket is invariant

{f , g}′D.b. ≈ {f , g}D.b. . (2.58)
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Using the Dirac bracket, the time evolution of the physical quantity f is described as follows

ḟ = {f ,HT}D.b ≈ {f ,H(S)
0 }D.b , (2.59)

where H
(S)
0 is the determined part of the reassembled-total Hamiltonian HT = H

(S)
T =

H
(S)
0 +λα

(S)

∗Φ
(S)

α(S) . That is, for a gauge invariant quantity, i .e ., a physical quantity, the time

evolution is given by Eq (2.59). The Dirac structure introduces the dynamical/propagating

degrees of freedom and the gauge degrees of freedom.

2.4. Propagating and gauge degrees of freedom

In this section, the concepts of dynamical/propagating and gauge degrees of freedom are in-

troduced. The gauge Degrees of Freedom (gDoF) of a given system, on one hand, is already

implied in Section 2.3; the number of the undetermined multipliers λα(S) (c .f . Eq (2.32) and

Eq (2.33) in Section 2.2), or equivalently, that of the functions ϵα = ϵαSα
(c .f . Eqs (2.52) in

Section 2.3) is nothing but the gDoF. On the other hand, the propagating Degrees of Freedom

(pDoF) can be introduced in two different ways: based either on the Dirac structure or a the-

orem known as the Shanmugadhasan-Maskawa-Nakajima theorem [Shanmugadhasan (1973);

Dominici and Gomis (1980, 1982); Maskawa and Nakajima (1976); Tomonari (2023b)]. First

of all, let us consider the first case.

Assume that only second-class constraints, ∗Θa ≈ 0, exist. Then the Dirac structure

holds for any quantities of the system, and then the time evolutions of these quantities

are uniquely determined by Eq (2.59). Since the second-class constraints are static for the

unique time evolution, the number of possible canonical coordinate variables to describe the

system, i .e ., propagating Degrees of Freedom (pDoF), is counted out as follows: pDoF =

(2N − 2V )/2 = N − V . In the case of existing first-class constraints, ∗Ψα ≈ 0, the situation

is different; the time evolution is no longer uniquely determined until the gauge degrees of

freedom are removed. One of the methods to realize this removal is the gauge fixing method.
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This method turns the first-class constraints into second-class constraints by imposing a set

of additional constraints.

Assume that the gDoF is T and ∗Ψ
(1)
α ≈ 0 , ∗Ψ

(2)
α = {∗Ψ(1)

α , HT}P.b. ≈ 0 , · · · , ∗Ψ(S)
α =

{∗Ψ(S−1)
α , HT}P.b. ≈ 0 (α = 1 , 2 , · · · , T ) are first-class constraints. Since the total Hamilto-

nian contains the number of T undetermined multipliers, only the number of T additional

constraints can be imposed. Let us denote these T additional constraints as ∗Ξ
(1)
α := 0. Then

a gauge fixing condition is given as follows [Sugano et al. (1992)]:

{∗Ψ(k)
α , ∗Ξ

(1)
β }P.b.

1st;1
≈ 0 ,

det ({∗Ψ(K)
α , ∗Ξ

(1)
β }P.b.)

NOT:1st;1
≈ 0 ,

{∗Ξ(1)
β , H0}P.b.

NOT:1st;1
≈ 0 ,

(2.60)

where “
1st;1
≈ ” and “

NOT:1st;1
≈ ” denote the weak equality and the weak not equality, respectively,

under the imposition of all the first-class constraints and ∗Ξ
(1)
α := 0. The remaining T ×

(S−1) additional constraints are automatically derived as ∗Ξ
(s+1)
α = {∗Ξ(s)

α , HT}P.b.
1st;1 ,2 ,··· ,s

≈

{∗Ξ(s)
α , H0}P.b.. Then, impose: ∗Ξ

(s)
α := 0 (s ∈ {1 , 2 , · · · , S}). Using the Jacobi identity, it is

shown that ∗Ψ
(s)
α ≈ 0 and ∗Ξ

(s)
α ≈ 0 satisfy the following relation:

det ({∗Ψ(s)
α , ∗Ξ

(S−s+1)
α }P.b.)

NOT:1st;1 ,2 ,··· ,S
≈ 0 , (2.61)

otherwise the determinant among ∗Ψ
(s)
α and ∗Ξ

(s)
α are weak equal to zero under the imposition

of all the first-class constraints and all the additional constraints, as desired; This relation

indicates that ∗Ψ
(s)
α ≈ 0 and ∗Ξ

(s)
α ≈ 0 are now classified into second-class constraint. The

third conditions in Eq (2.60) determine the multipliers λα.

The pDoF in the case of existing the first-class constraints, i .e ., ∗Ψ
(1)
α ≈ 0 , ∗Ψ

(2)
α =

{∗Ψ(1)
α , HT}P.b. ≈ 0 , · · · , ∗Ψ(S)

α = {∗Ψ(S−1)
α , HT}P.b. ≈ 0 (α = 1 , 2 , · · · , T ), or equivalently,
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gathering these into ∗Ψα ≈ 0 (α ∈ {1, 2, · · · , V = T × S}), is now obvious by applying the

pDoF in the case of existing only second-class constraints: pDoF = (2N − (V + V ))/2 =

N − V . In addition, in the case of existing the second-class constraints ∗Θa ≈ 0, the pDoF

is (2N − 2U − 2V )/2 = N − U − V .

Finally, let us introduce the pDoF in a direct way based on the Shanmugadhasan-

Maskawa-Nakajima theorem. The statement of the theorem is expressed as follows:

Theorem 1.

For a symplectic 2-form of the given system: Ω = dqi ∧ dpi (i ∈ {1 , 2 , · · · , N}), it ex-

ists a canonical coordinate system such that Ω = dQI ∧ dPI + d∗Θ
a ∧ d∗Θa + d∗Ξ

α ∧ d∗Ψα

(I ∈ {1 , 2 , · · · , N − V − U}; a ∈ {1 , 2 , · · · , V }; α ∈ {1 , 2 , · · · , U}), where ∗Θ
a ≈ 0 and

∗Θa ≈ 0 are composed only of all the 2V second-class constraints, ∗Ψa ≈ 0 are composed

only of all the U first-class constraints.

■

Applying this theorem, the pDoF and gDoF of a given system are counted out. A point

which should be careful is that the conjugate pairs of the second-class constraints, i .e .,

∗Θ
a ≈ 0 and ∗Θa ≈ 0, are static in the time evolution, but so are not the configuration

variables for the first-class constraints, i .e ., ∗Ξ
α, unless appropriate gauge fixing conditions

are imposed. Therefore, on one hand, if the system has only second-class constraints then

the counting is performed in the same manner as the previous paragraph. On the other hand,

if the system has first-class constraints then the counting for pDoF in the phase space turns

out to be ∗pDoF = 2N − 2V −U . In order to convert ∗pDoF into that of the velocity-phase

space, i .e ., pDoF, speculating the possibility of gauge fixing, pDoF should be counted out as

follows: pDoF = (∗pDoF − U)/2 = N − V − U . This means that, when counting out pDoF

based on the above theorem, the resulting number of pDoF is generically different from the

number of actual propagating modes since the set of degrees of freedom which evolves in

time, i .e,., ∗Ξ
α, is removed out. That is, there may occur a situation such that the pDoF
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counted out based on the above theorem is less than the number of actual propagating

modes. If encountering such a situation, we should perform gauge fixing and check whether

this discrepancy is reconciled or not.

There is a remark; Taking into account the rank of the kinetic matrix Eq (2.1), it gives

the upper limit of the pDoF of the given system. That is, let us assume rankK = N −R. If

R is an even number then the theorem indicates that the upper limit becomes (2N −R)/2:

pDoF ≤ N − R/2. If R is an odd number then the theorem implies that the limit becomes

(2N − R − 1) = (2N − 2R′ − 2)/2: pDoF ≤ N − R′ − 1, where R = 2R′ + 1. The pDoF

counted out by the Dirac-Bergmann analysis has to satisfy this upper limit as consistency

with existing constraints.

2.5. Higher-order derivative systems and Ostrogradsky ghost degrees

of freedom

In this section, higher-order derivative systems, of which Lagrangian contains higher-order

time derivatives, are introduced. Such systems generically have the so-called Ostrogradsky

instability. There are two ways to formulate such systems: Ostrogradsky’s original formu-

lation [Ostrogradsky (1850); Woodard (2015); Saito et al. (1989, 1993)] and Pons’ modified

formulation [Pons (1989)]. First of all, let us introduce Ostrogradsky’s formulation.

Assume that a Lagrangian L = L(qi, Dqi, · · · , DMqi) (i ∈ {1 , 2 , · · · , N} , D = d/dt)

exists. Then the kinetic matrix of the system is given as follows:

K
(M)
ij =

∂2L

∂(DQi
(M))∂(DQ

j
(M))

, (2.62)

and the action functional is introduced as follows:

I[Qi
(1), Q

i
(2), · · · , Qi

(M)] =

∫ t2

t1

L(Qi
(1), Q

i
(2), · · · , Qi

(M), DQ
i
(M)) dt , (2.63)

34



where

Qi
(s) = Ds−1qi , DQi

(M) = DMqi (s ∈ {1 , 2 , · · · ,M}) . (2.64)

First, let us consider the non-degenerate case: detK(M) ̸= 0.

The variational principle is applied under the imposition of the Dirichlet boundary con-

ditions, Qi
(s)(t2) = Qi

(s)(t1) = 0; the variation of the action functional with respect to the

configurations Qi
(s) = Ds−1qi is computed as follows:

δI =

∫ t2

t1

(
∂L

∂Qi
− Ṗ

(1)
i

)
δ Qi dt+

[
P

(s)
i δ Qi

(s)

]t2
t1
, (2.65)

where P (s)
i , canonical momentum variables with respect to Qi

(s), are defined as follows:

P
(s)
i =

M∑
r=s

(−1)r−sDr−s

(
∂L

∂DQi
(r)

)
. (2.66)

These definitions can be reassembled as a reccurence relation, the so-called Ostogradsky

transformation, as follows:

P
(M)
i =

∂L

∂(DQi
(M))

, P
(s−1)
i =

∂L

∂DQi
(s−1)

− Ṗ
(s)
i , (2.67)

together with Eq (2.64), where s ∈ {2 , 3 , · · · ,M}. Therefore, the variational principle,

δI := 0, the Euler-Lagrange equations are derived as follows:

∂L

∂Qi
− Ṗ

(1)
i = 0 . (2.68)

Remark that the second equations in Eq (2.67) do not describe the time evolution of the

system, although each equation contains the time derivative of the canonical momentum

variable. From the viewpoint of the variational principle, the equations of motion are given

only as Eq (2.68).
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In order to introduce the Hamiltonian formalism, let us consider the canonical variables

{Qi
(s), P

(s)
i } (s ∈ {1 , 2 , · · · ,M}) and the Legendre transformation, the so-called Ostrograd-

sky Hamiltonian, given as follows:

H(Qi
(s), P

(s)
i ) =

M−1∑
s=1

P
(s)
i DQi

(s) + P
(M)
i F i − L(Qi

(1), Q
i
(2), · · · , Qi

(M);F
i) , (2.69)

where

F i = DQi
(M) = F i(Qi

(1), Q
i
(2), · · · , Qi

(M);P
(M)
i ) (2.70)

is determined by the implicit function theorem for Eq (2.62). Notice that all the velocity

variables are removed from the theory. The first term depends linearly on P
(s)
i . Since P (s)

i

(s ∈ {1 , 2 , · · · ,M − 1}) can take the range of arbitrary value, on one hand, H would not be

bounded from below; the system may have an instability. If this is the case, it is nothing but

the Ostrogradsky instability and the corresponding degrees of freedom is called Ostrogradsky

ghosts, the total number of them is N × (M − 1) in this case. On the other hand, since

the canonical momentum variables P (M)
i can be bounded from below via the relation (2.70),

therefore, if the first terms are absent, H is bounded from below. The variational principle

of the Ostrogradsky Hamiltonian derives the equations of motion as follows:

Q̇i
(s) =

∂H

∂P
(s)
i

, Ṗ
(s)
i = − ∂H

∂Qi
(s)

. (2.71)

The first equations for s ∈ {1 , 2 , · · · ,M−1} and the second equations for s ∈ {2 , 3 , · · · ,M}

reproduce the Ostrogradski transformation. The first equations for s = M lead to the

relations in Eq (2.70). The second equations for s = 1 derive the Euler-Lagrange equa-

tions (2.68).

The next stage is the degenerate cases but it is easy to describe from the knowledge in

Section 2.2. Let us assume that the rank of the kinetic matrix is N−R: rankK(M) = N−R.
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In the same manner as Section 2.2, the total Hamiltonian can be introduced as follows:

HT = H0 + λα∗ϕ
(1)
α , (2.72)

where ∗ϕ
(1)
α = ∗ϕ

(1)
α (Qi

(1) , Q
i
(2) , · · · , Qi

(M);P
(M)
i ) (α ∈ {1 , 2 , · · · , R}). The Dirac-Bergmann

analysis is also applied in the same manner as Section 2.2. The time evolution of the canonical

variables is calculated as follows:

DQi
(s) = {Qi

(s) , HT}P.b. ≈ Qi
(s+1) s ∈ {1 , 2 , · · · ,M − 1} ,

DQa
(M) ≈ F a(Qi

(1) , Q
i
(2) , · · · , Qi

(M);P
(M)
b ;λα) ,

DQα
(M) ≈ λα ,

DP
(1)
i ≈ ∂L

∂Qi
(1)

,

DP
(s)
i ≈ −P (s−1)

i +
∂L

∂DQi
(s−1)

s ∈ {2 , 3 , · · · ,M} .

(2.73)

The fourth equations describe the time evolution of the system. The others reproduce the

Ostrogradsky transformation.

Finally, let us introduce Pons’ formulation; a method to decompose a higher-order deriva-

tive system into a first-order system with the corresponding second-class constraints using

a set of auxiliary variables. This formulation is frequently used in the studies of modi-

fied/extended theories of gravity. Assume that a Lagrangian L = L(qi, Dqi, · · · , DMqi)

(i ∈ {1 , 2 , · · · , N} , D = d/dt) exists. Then let us require the first relations of the Ostro-

gradsky transformation Eq (2.64) as a set of constraints:

DQi
(s) −Qi

(s+1) := 0 , (s ∈ {1 , 2 , · · · ,M − 1}) . (2.74)
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These constraints decompose the Lagrangian into

L→ L′ = L′(Qi
(1) , Q

i
(2) , · · · , Qi

(M) , DQ
i
(M)) +

N∑
i=1

M−1∑
s=1

λi(s)(DQ
i
(s) −Qi

(s+1)) , (2.75)

or schematically,

L→ L′ = L′(Qi
(1) , Q

i
(2) , · · · , Qi

(M) ;DQ
i
(1) , DQ

i
(2) , · · · , DQi

(M) ;Dλ
i
(s), λ

i
(s)) . (2.76)

That is, the original system is decomposed into the first-order derivative system with a set

of auxiliary variables. Remark that, in the Ostrogradsky formulation, Eq (2.74) is not a set

of constraints but just that of replacement Eq (2.64); the given system remains Mth-order

derivative system. First, let us consider the case: detK(M) ̸= 0 for the kernel kinetic matrix

K(M) =
∂2L′

∂(DQi
(M))∂(DQ

j
(M))

, (2.77)

but det K̃(M) = 0 for the entire kinetic matrix

K̃(M) =
∂2L′

∂(DX i′)∂(DXj′)
, (2.78)

where X i′ = {Qi
(M), λ

i
(s)}; the sector for the configurations Qi

(M) is non-degenerate but the

whole sector for X i′ is degenerate due to the existence of the configurations λi(s). It indicates

that there is a set of primary constraints as follows:

∗θ
(1)s

i = π
(s)
i := 0 , ∗θ

(1)M−1+s

i = P
(s)
i − λ

(s)
i := 0 , (2.79)
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where π(s)
i and P (s)

i are canonical momentum variables

π
(s)
i =

∂L′

∂Dλi(s)
= 0 , P

(s)
i =

∂L′

∂DQi
(s)

= λ
(s)
i . (2.80)

Since the sector for the configurations Qi
(M) is non-degenerate, the system does not give rise

to another primary constraint. The Poisson brackets among ∗θ
(1)s

i and ∗θ
(1)M−1+s

i are

{∗θ(1)
u

i , ∗θ
(1)M−1+v

j }P.b. = δijδ
uv; these constraints are classified into second class constraint.

The total Hamiltonian is derived as follows:

H ′
T =P

(s)
i DQi

(s) + P
(M)
i F i − L′(Qi

(1) , Q
i
(2) , · · · , Qi

(M) , F
i)

−
N∑
i=1

M−1∑
s=1

λi(s)(DQ
i
(s) −Qi

(s+1)) + σi
s ∗θ

(1)s

i + τ is ∗θ
(1)M−1+s

i ,
(2.81)

where σi
s and τ is are multipliers, F i are implied from the implicit functions theorem for K̃(M)

as follows:

F i = DQi
(M) = F i(Qi

(1) , Q
i
(2) , · · · , Qi

(M) , P
(M)
i ) , (2.82)

and P (M)
i are canonical momentum variables as follows:

P
(M)
i =

∂L′

∂DQi
(M)

. (2.83)

The linear dependence on P (s)
i that is not bounded from below gives rise to the Ostrogradsky

instability. Since the first three terms in Eq (2.81) do not contain π(s)
i and λ(s)i , the consistency

conditions determine all multipliers as

σi
s

C(1)

≈ −P (s−1)
i +

∂L′

∂DQi
(s−1)

, τ is
C(1)

≈ DQi
(s) −Qi

(s+1) . (2.84)

Therefore, the Pons formulation is completely equivalent to the Ostrogradsky formulation
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in terms of Dirac brackets. In particular, applying the equations of motion with respect to

λ
(s)
i , i .e ., DQi

(s) −Qi
(s+1) ≈ 0, then τ is

C(1)

≈ 0.

The next consideration is a degenerate case for the configurations Qi
(M); assume that

rank K̃(M) = N −R. Then the number of R primary constraints

∗ϕ
(1)
α = ∗ϕ

(1)
α (Qi

(1) , Q
i
(2) , · · · , Qi

(M) , P
(M)
i ) := 0 α ∈ {1 , 2 , · · · , R} (2.85)

are added to the above consideration. Then the total Hamiltonian (2.81) becomes as follows:

H ′
T = H0 + P

(s)
i DQi

(s) −
N∑
i=1

M−1∑
s=1

λi(s)(DQ
i
(s) −Qi

(s+1)) + σi
s ∗θ

(1)s

i + τ is ∗θ
(1)M−1+s

i + κα ∗ϕ
(1)
α ,

H ′
0 = P (M)

a F a − L′(Qi
(1) , Q

i
(2) , · · · , Qi

(M) , F
b) ,

(2.86)

where a ∈ {N − R + 1 , N − R + 2 , · · · , N}. The linear dependence on P
(s)
i that is not

bounded from below gives rise to the Ostrogradsky instability also in the degenerate case.

The consistency conditions for ∗θ
(1)s

i

C(1)

≈ 0 and ∗θ
(1)M−1+s

i

C(1)

≈ 0 determine the multipliers

τ is and σi
s as follows:

σi
s

C(1)

≈ −P (s−1)
i +

∂L′

∂DQi
(s−1)

− κα
∂ϕ

(1)
α

∂Qi
(s)

, τ is
C(1)

≈ DQi
(s) −Qi

(s+1) . (2.87)

In particular, the second equations turn into being weak equal zero under the equations

of motion with respect to λi(s). This situation is different from the non-degenerate case;

the multipliers σi
s are not determined until the multipliers κα are fixed. It indicates that

the constraint structure, which is given by the primary constraints ∗ϕ
(1)
α ≈ 0 and those

consistency conditions, dominates all physics of the system. Notice that if it exists first-

class constraints then the equivalence in terms of Dirac brackets between the Pons and
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Ostrogradsky formulation only holds for physical quantities (gauge invariant quantities).

Only the cases of existing second-class constraints hold the complete equivalence.

2.6. Ostrogradsky ghost-free theories

In this section, a set of conditions to remove the Ostrogradsky instability is introduced. The

most general theorem is very complicated, therefore, let us first discuss two simple cases:

L = L(ϕ̈ , ϕ̇ , ϕ; q̇, q) and L = L(ϕ̈a , ϕ̇a , ϕa; q̇i , qi) (a ∈ {1 , 2 , · · · , A}; i ∈ {1 , 2 , · · · , N}) to

understand the essential points. After that, the general statement is just given without proof.

The detailed considerations including the explicit proofs are given in Refs [Motohashi et al.

(2016, 2018a,b)].

The first case is L = L(ϕ̈ , ϕ̇ , ϕ; q̇ , q); the Lagrangian contains at most second-order time

derivative and first-order time derivative of ϕ = ϕ(t) and q = q(t), respectively. The Ostro-

gradsky instability is generated by the variable ϕ. In Pons’ formulation given in Section 2.5,

the Lagrangian is decomposed by using an auxiliary variable as follows:

L→ L′ = L′(Q̇ , Q , ϕ; q̇ , q) + λ(ϕ̇−Q) , (2.88)

where Q is an auxiliary variable, λ is a multiplier. The total Hamiltonian is derived as

follows:

H ′
T = H ′

0 + λQ+ µ∗Φ + ν∗Ψ , H ′
0 = PF + pf − L′(F ,Q , ϕ; f , q) , (2.89)

where P , p, π, and ρ are canonical momentum variables with respect to Q, q, ϕ, and λ,

respectively. µ and ν are multipliers. ∗Φ = π − λ ≈ 0 and ∗Ψ = ρ ≈ 0 are primary second-

class constraints. Remark that the multiplier λ is regarded as a configuration variable.

F = F (Q ,P ; q , p)|ϕ,π,λ,ρ and f = f(q , p;Q ,P )|ϕ,π,λ,ρ are functions that are determined from

the implicit function theorem under arbitrarily fixing values of ϕ, π, λ, ρ for the kernel kinetic
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matrix given by

K(2) =

LQ̇Q̇ Lq̇Q̇

LQ̇q̇ Lq̇q̇

 , LXY =
∂2L

∂X∂Y
. (2.90)

Here, the kernel kinetic matrix is assumed as non-degenerate. The entire kinetic matrix

K̃(2) = LXY , where X, Y ∈ {Q̇ , q̇ , ϕ̇ , λ̇}, has its rank of 4−2 = 2; this is consistent with the

existence of the two primary constraints. Then the consistency conditions for ∗Φ ≈ 0 and

∗Ψ ≈ 0 determine all the multipliers µ and ν as follows: µ
C(1)

≈ 0 and ν
C(1)

≈ {∗Φ , H ′
0}P.b..

That is, there is no secondary constraint. Therefore, the degrees of freedom of the system is

(4× 2− 2)/2 = 2 + 1. The extra degrees of freedom is caused by the term λQ in Eq (2.89)

since λ
C(1)

≈ π is unbounded from below; this is nothing but an Ostrogradsky ghost degrees

of freedom.

In order to remove this difficulty, an extra condition has to be imposed as follows:

R(P , p ; Q , ϕ, q) = 0 . (2.91)

In a local region, this additional condition leads to the following conditions by virtue of the

implicit function theorem: either P = G1(p ; Q , ϕ , q) or p = G2(P ; Q , ϕ , q). Therefore, the

following additional primary constraint can be imposed; either

∗Ξ = P −G1(p ; Q , ϕ , q) := 0 (2.92)

or

∗Π = p−G2(P ; Q , ϕ , q) := 0 . (2.93)

Let us consider the first condition (2.92). The total Hamiltonian of the system is modified

as follows:

H ′′
T = H ′

0 + λQ+ µ ∗Φ + ν ∗Ψ+ ξ ∗Ξ , (2.94)
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where H ′
0 is given in Eq (2.89). The consistency conditions for these primary constraints,

∗Φ := 0, ∗Ψ := 0, and ∗Ξ := 0, determine the two multipliers µ and ν as µ
C(1)

≈ 0 and

ν
C(1)

≈ {∗Φ , H ′
0}P.b. + ξ(∂G1/∂ϕ), respectively, and give rise to a secondary constraint

∗Θ = {∗Ξ , H ′′
T}P.b. = −π + {∗Ξ , H ′

0}P.b. −Q
∂G1

∂ϕ
:= 0 . (2.95)

Notice that the momentum variable π
C(1)

≈ λ is now related to other phase space variables

by virtue of Eq (2.95). Furthermore, since all constraints that appeared here are classified

into second-class constraints, therefore, the degrees of freedom is at least (4× 2− 4)/2 = 2.

Taking into account the fact that π
C(1)

≈ λ is bounded with other phase space variables,

the Ostrogradsky instability is now removed from the system. Remark that the second

condition (2.93) concludes the same result.

There is an important theorem that relates either the additional condition (2.92) or (2.93)

to the degeneracy of the system and vice versa, stated as Condition (2.92) is equivalent to

detK(2) = LQ̇Q̇Lq̇q̇ − (LQ̇q̇)
2 = 0 (2.96)

under the imposition of Lq̇q̇ ̸= 0. The same statement holds for Condition (2.93) under the

imposition of LQ̇Q̇ ̸= 0. If Lq̇q̇ = Lq̇q̇ = 0 then the dependence on p and P is eliminated from

both the conditions and these coincide one another. This theorem can be shown by using

the implicit function theorem. Using this theorem and the fact that the degeneracy of the

kinetic matrix K(2) leads to the existence of its null-eigenvalue vector, it is shown that the

Euler-Lagrange equations of the system contain at most second-order time derivative not

only for q but also for ϕ. This is another signal for removing the Ostrogradsky instability

from the system.

The above arguments can be generalized into the case of existing multiple variables: L =
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L(ϕ̈a , ϕ̇a , ϕa; q̇i , qi) (a ∈ {1 , 2 , · · · , A ≥ 2}; i ∈ {1 , 2 , · · · , N}). The original Lagrangian is

decomposed as follows:

L→ L′ = L′(Q̇a , Qa; ϕ̇a , ϕa; q̇i , qi , λa) + λa(ϕ̇
a −Qa) , (2.97)

where Qa are auxiliary variables and λa are multipliers. The total Hamiltonian is derived as

follows:

H ′′
T = H ′

0+λaQ
a+µa

∗Φa+ν
a
∗Ψa+ξ

a
∗Ξa , H ′

0 = PaF
a+pif

i−L′(F a, Qa, ϕa; f i, qi) , (2.98)

where Pa, pi, πa, and ρa are canonical momentum variables with respect to Qa, qi, ϕa,

and λa, respectively. F a = F (Qa, Pa; q
i, pi)|ϕa,πa,λa,ρa and fa = f(qi, pi;Q

a, Pa)|ϕa,πa,λa,ρa are

functions that are determined from the implicit function theorem. ∗Φa = πa − λa := 0 and

∗Ψa = ρa := 0 are primary constraints, and

∗Ξa = Pa −Ga(pi , q
i , Qb , ϕb) := 0 (2.99)

are additional primary constraints that need to remove the Ostrogradsky instability, and

that are equivalent to the following condition:

detK(2) = Lab − LaiL
ijLjb = 0 , (2.100)

where K(2) is defined as follows:

K(2) =

Lab Laj

Lib Lij

 , (2.101)

where Lab = ∂2L/∂Q̇a∂Q̇b, Laj = ∂2L/∂Q̇a∂q̇j, and Lij = ∂2L/∂q̇i∂q̇j. Then the consistency
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conditions for ∗Φa := 0, ∗Ψa := 0, and ∗Ξa := 0 determine the multipliers µa and νa as

µa C(1)

≈ 0 and νa
C(1)

≈ {∗Φa , H
′
0}P.b. + ξa(∂G/∂ϕa), respectively, and give rise to secondary

constraints as follows:

∗Ξ̇a = −πa + {∗Ξa , H
′
0}P.b. −Qb∂Ga

∂ϕb
+ ξb{∗Ξa , ∗Ξb}P.b. := 0 . (2.102)

Here, a departure from the single variable case appears; the rank of the matrix ∆ab =

{∗Ξa , ∗Ξb}P.b. in the last terms dominates whether or not the above conditions derive sec-

ondary constraints. To remove the Ostrigradsky instabilities, it is necessary and sufficient

conditions to impose the rank of ∆ab is zero, or equivalently,

∆ab = {∗Ξa , ∗Ξb}P.b. := 0 . (2.103)

These conditions are new additional conditions when existing multiple second-order time

derivative variables. Then the number of A secondary constraints appear, that is

∗Φa = −πa + {∗Ξa , H
′
0}P.b. −Qb∂Ga

∂ϕb
:= 0 , (2.104)

and the degrees of freedom are now (6A+2N−2A−2A)/2 = A+N . Taking into account that

Eq (2.102) under Eq (2.103) relate πa to the other phase space variables, the Ostrogradsky

instability is now removed from the system. Then the additional constraints ∗Ξ
a := 0 and

the degeneracy of K(2) lead to the fact that the Euler-Lagrange equations contain at most

second-order time derivative terms.

Finally, let us state a most general case: L = L(ϕi0 , Dϕi0 ; ϕi1 , Dϕi1 , D2ϕi1 ; · · · ;

ϕid , Dϕid , D2ϕid , · · · , Dd+1ϕid). That is, a system which includes at most (d+1)-order time

derivative terms. Here, the indices ik (k ∈ {0 , 1 , 2 , · · · , d}) run the range of as follows:

i0 = 1 , 2 , · · · , n0 and ik =
∑d−1

l=0 (nl + 1) ,
∑d−1

l=0 (nl + 2) , · · · ,
∑d−1

l=0 (nl + nk) (k ≥ 1). In
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order to apply Pons’ formulation in Section 2.5, the following configurations are introduced:

Qi0
00 = ϕi0 , Qi1

10 = ϕi1 , · · · Qid
d0 = ϕid . (2.105)

Then the original Lagrangian is decomposed as follows:

L′ = L(Qi0
00 , Q̇

i0
00; Q

i1
10 , Q

i1
11 , Q̇

i1
11; Q

i2
20 , Q

i2
21 , Q

i2
22 , Q̇

i2
22; · · · ; Q

id
d0 , Q

id
d1 , · · · , Q

id
dd , Q̇

id
dd)

+ λi110(Q̇
i1
10 −Qi1

11)

+ λi220(Q̇
i2
20 −Qi2

21) + λi221(Q̇
i2
21 −Qi2

22)

+ · · ·

+ λidd0(Q̇
id
d0 −Qid

d1) + λidd1(Q̇
id
d1 −Qid

d2) + · · ·+ λidd,d−1(Q̇
id
d,d−1 −Qid

dd) .

The configurations of the system, i .e ., Qik
kl, λ

ik
kl lead to the corresponding canonical mo-

mentum variables; let us denote them as P ik
kl , ρ

ik
kl. In particular, qi ∈ {Qi0

00}, pi ∈ {P i0
00} =

{Li}, Q̃(0)
I1

∈ {Qi1
11 , Q

i2
22 , · · · , Q

id
dd}, and P̃

(0)
I1

∈ {P i1
11 , P

i2
22 , · · · , P

id
dd} = {LI1}, where I1 ∈

{i1 , i2 , · · · , id}. Then the following notations are introduced: Q ∈ {Qik
kl} \ {Q̃(0)

I1
}, λ ∈

{λikkl} \ {λ
i0
kl}, P = {P ik

kl } \ {P̃
(0)
I1

} = λ, and ρ ∈ {ρikkl} \ {ρ
i0
kl} = 0. Therefore, the dimension

of the entire phase space is Ntotal = 2
∑d

k=0 nk+4
∑d

k=1 knk. Assembling further notations as

Q̃
(1)
I1

∈ {(Qi1
10 , Q

i2
21 , Q

i3
32 , · · · , Q

id
d,d−1}, Q̃

(2)
I2

∈ {Qi2
20 , Q

i3
31 , · · · , Q

id
d,d−2}, Q̃

(d−1)
Id−1

∈ {Qid−1

d−1,0 , Q
id
d1},

and Q̃(d)
Id

∈ {Qid
d0}, where Ik ∈ {ik , · · · , id}, and then Q̃(k)

Ik
∈ {Qik

k0 , Q̃
(k)
Ik+1

},

Q̃
(k)
Ik+1

∈ {Qik+1

k+1,1 , Q
ik+2

k+2,2 , · · · , Q
id
d,d−k}, and P̃

(k)
Ik

∈ {P ik
k0 , P

ik+1

k+1,1 , · · · , P
id
d,d−k}, the above La-

grangian is arranged as follows:

L′′ = L(qi , q̇i; Q̃
(0)
I1
, ˙̃Q

(0)
I1
; Q̃

(1)
I1
, Q̃

(2)
I2
, · · · , Q̃(d)

Id
) +

d∑
k=1

λ̃
(k)
Ik
( ˙̃Q

(k)
Ik

− Q̃
(k−1)
Ik

) . (2.106)
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Therefore, the total Hamiltonian is derived as follows:

H ′′
T = H ′′ + µα ∗Φα + µ̄α ∗Φ̄α + ν̃

(0)
I1 ∗Ψ̃

(0)
I1
,

H ′′ = H ′′
0 + Q̃

(0)
I1
P̃

(1)
I1

+ Q̃
(1)
I2
P̃

(2)
I2

+ · · ·+ Q̃
(d−1)
Id

P̃
(d)
Id
,

H ′′
0 = ˙̃Q

(0)
I1
P̃

(0)
I1

+ q̇ipi − L′′ ,

(2.107)

where ∗Φα ∈ {P − λ}
C(1)

≈ 0 and ∗Φ̄α ∈ {ρ}
C(1)

≈ 0. µα and µ̄α are Lagrange multipliers.

Notice that the linear terms Q̃(k−1)
Ik

P̃
(k)
Ik

cause the Ostrogradsky instability.

The degeneracy conditions that have to be imposed to eliminate the Ostrogradsky insta-

bilities are derived by performing the Dirac-Bergmann analysis. The same considerations of

the case as L = L(ϕ̈a, ϕ̇a, ϕa; q̇i, qi) (a ∈ {1 , 2 , · · · , A ≥ 2}; i ∈ {1 , 2 , · · · , N}) leads to the

following degeneracy conditions:

LI1J1 − LI1iL
ijLjJ1 := 0 ,

{∗Ψ̃(0)
I1
, ∗Ψ̃

(0)
J1
}P.b. := 0 ,

(2.108)

where ∗Ψ̃
(0)
I1

∈ {∗Ψi1
11 , ∗Ψ

i2
22 , · · · , ∗Ψ

id
dd} are defined as follows:

∗Ψ̃
(0)
I1

= P̃
(0)
I1

− F̃
(0)
I1

(pi , q
i , Q̃

(0)
I1
,Q)

C(1)

≈ 0 . (2.109)

The higher-order structure which is more than third-order requires further degeneracy con-

ditions to remove the Ostrogradsky instability. The consistency conditions for the secondary

constraints, ∗Υ̃
(1)
I1

∈ {∗Υi1
10 , ∗Υ

i2
21 , · · · , ∗Υ

id
d,d−1}, that is,

∗Υ̃
(1)
I1

= −{∗Ψ̃(0)
I1
, H ′′}P.b. = P̃

(1)
I1

−G
(1)
I1
(pi , qi , Q̃

(0)
I1
,Q)

C(2)

≈ 0 (2.110)
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demand the following degeneracy conditions:

{∗Υ , ∗Ψ̃
(0)
J1
}P.b. := 0 except ∗Υ

i1
10 (2.111)

where ∗Υ is defined as follows:

∗Υ̃
(k)
Ik

≡ −{∗Υ̃(k−1)
Ik

, H ′′}P.b. = P̃
(k)
Ik

− G̃
(k)
Ik
(pi , qi , Q̃

(0)
I1
,Q)

C(k)

≈ 0 (2.112)

for k ∈ {1 , 2 , · · · , d}. {∗Υik
k0 , ∗Ψ̃

(0)
I1
}P.b.

C(k)

≈ 0 (k ∈ {2 , 3 , · · · , d}) are included since these

conditions will be required below. Notice that ∗Υ
C(k)

≈ 0 fix the linear dependence of the

canonical momentum in Eq (2.107). The counterpart of the consistency conditions are given

as follows:

{∗Υik
k0 , H

′′}P.b. + ν̃
(0)
I1

{∗Υik
k0 , ∗Ψ̃

(0)
I1
}P.b.

C(k)

≈ 0 (k ∈ {1 , 2 , · · · , d}) (2.113)

Imposing {∗Υik
k0 , ∗Ψ̃

(0)
I1
}P.b.

C(k)

≈ 0 (k ∈ {2 , 3 , · · · , d}), these conditions yield the following

additional constraints:

∗Ω
ik
k0 = −{∗Υik

k0 , H
′′}P.b.

C(k)

≈ 0 (k ∈ {2 , 3 , · · · , d}) , (2.114)

and the consistency conditions for ∗Ω
ik
k0

C(k)

≈ 0 demand the following degeneracy conditions

{∗Ω , ∗Ψ̃
(0)
J1
}P.b. := 0 except ∗Ω̃

(2)
I2
, (2.115)

where ∗Ω ∈ {−{∗Ωik
k,l−1 , H

′′}P.b.
C(k)

≈ 0} (k ∈ {l + 1 , l + 2 , · · · , d}; l ∈ {2 , 3 , · · · , d − 3}).

Then, since all the constraints are classified into second-class constraints, therefore, the

number of degrees of freedom is N ′
total =

∑d
k=0 nk; the number of the Ostrogradsky ghost
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degrees of freedom is now removed out.

These conditions correspond to Eq (2.96) in the single second-order time derivative sys-

tems, or Eq (2.100) in the multiple second-order time derivative systems, and Eq (2.103),

respectively. The existence of the higher-order time derivative terms that are more than

third-order requires the additional degeneracy conditions, that is, the third and the fourth

conditions, Eq (2.111) and Eq (2.115), to remove the Ostrogradsky instability. Furthermore,

under these conditions, it is shown that the Euler-Lagrange equations of the system include

the time derivative terms up to second-order by applying the implicit function theorem.

2.7. Summary

In this chapter, a theory of analytical mechanics for theories of gravity, focusing on degener-

ate and higher-order derivative point particle systems, was established. The Dirac-Bergmann

analysis reveals the constraint structure of a given system. It also provides a set of funda-

mental concepts that play the main role of the present thesis: the propagating degrees of

freedom, the gauge degrees of freedom, and the methodology of removing the Ostrogradsky

degrees of freedom. Since theories of gravity have the properties of degenerate and higher-

order derivative systems, therefore, a theory established in this chapter provides fundamental

tools for treating theories of gravity.
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Chapter 3

The well-posed variational principle in

degenerate point particle systems
Chapter abstract

In this chapter, a methodology for making the variational principle in point particle sys-

tems well-posed is established. The extension to field theories has been developing, but

some specific cases will be provided in the succeeding chapters of the present thesis. First

of all, the problems of degenerate systems in the variational principle are explained. It is

shown that the valid boundary conditions in a higher-order time derivative system but which

has equations of motion up to second-order time derivative are restricted to position-fixing

boundary conditions. Based on the Pons formulation, which is introduced in Section 2.5,

Frobenius integrability conditions of first-order degenerate time derivative systems are inves-

tigated, and the concrete formulae of the conditions are derived. After these preparations,

the well-posedness of the variational principle is reformulated. Introducing two types of

embeddings of the symplectic manifold based on the Shanmugadhasan-Maskawa-Nakajima

theorem, i .e ., quasi-canonical embeddings and canonical embeddings, the well-posedness is

investigated. As a result, appropriate boundary conditions are specified. Finally, examples

are given, and this chapter is summarized with the outlook for these works.
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3.1. Cumbersome situations of the variational principle in degenerate

systems

In this section, the difficulties of applying the variational principle to degenerate point par-

ticle systems are clarified. Let us start with considering four examples

L1 =
1

2
ẋ2 +

1

2
ẏ2 + λ(x+ y) ,

L2 = q̇1q̇3 +
1

2
q2(q3)2 ,

L3 = q1q̇2 − q2q̇1 − (q1)2 − (q2)2 ,

L4 = −1

2
qq̈ − 1

2
q2 .

(3.1)

The first system is a textbook example of existing an exterior constraint that is taken

into account by a Lagrange multiplier. The second and third ones are systems only with

first-class constraints and only with second-class constraints, respectively [Cawley (1979);

Dirac (1928)]. The last one is an example of existing with a second-order time derivative

term [Dyer and Hinterbichler (2009); Izumi et al. (2023)].

The first-order variation of these systems are computed as follows:

δL1 =
{
λ− q̈1

}
δq1 +

{
λ− q̈2

}
δq2 + (q1 + q2)δλ+

d

dt

[
q̇1δq1 + q̇2δq2

]
,

δL2 =
{
−q̈3

}
δq1 +

{
1

2
(q3)2

}
δq2 +

{
−q̈1 + q2q3

}
δq3 +

d

dt

[
q̇3δq1 + q̇1δq3

]
,

δL3 =
{
2q̇2 − 2q1

}
δq1 +

{
−2q̇1 − 2q2

}
δq2 +

d

dt

[
(−q2)δq1 + q1δq2

]
,

δL4 = {−q̈ − q} δq + d

dt

[
1

2
q̇δq − 1

2
qδq̇

]
,

(3.2)

where in the first system the multiplier is regarded as a configuration. Integrating these

over an open interval (t1 , t2), and imposing appropriate boundary conditions at each end-

point t1 and t2, the variational principle leads to the Euler-Lagrange equations for each
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system are obtained. It is easy to confirm that the naive imposition of Dirichlet boundary

conditions for all the configuration variables in the boundary term does not work well; For

the first system, the boundary conditions δq1(t2) = δq1(t1) := 0 and δq2(t2) = δq2(t1) := 0

are equivalent to q1(tτ ) := a1τ and q2(tτ ) := a2τ (τ = 1 , 2), where a1τ and a2τ are arbitrary

constants. Then the variational principle leads to the Euler-Lagrange equations of motion

but one of the equations, i .e ., q1 + q2 = 0, it is nothing but an exterior constraint, is

generically inconsistent with the boundary conditions at each end-point t1 and t2; For the

second system, in the same manner as the first case, it is shown that the naive boundary

conditions δq1(t2) = δq1(t1) := 0 and δq3(t2) = δq3(t1) := 0 are inconsistent at least with

the constraint q3 = 0; For the third system, the system has only one propagating degrees

of freedom since the equations of motion are either q̈1 + q1 = 0 or q̈2 + q2 = 0. Therefore,

the naive boundary conditions δq1(t2) = δq1(t1) = 0 and δq2(t2) = δq2(t1) = 0 become

over-imposing, and these boundary conditions cannot uniquely determine the two initial

conditions in the solution; the dynamics of the system cannot be determined uniquely; For

the last system, the naive boundary conditions δq(t2) = δq(t1) = 0 and δq̇(t2) = δq̇(t1) = 0

are themselves inconsistent in general since there is one equation of motion and therefore

the velocities at the boundaries are of course determined by the derivative of the solution

q = q(t); it is impossible to fix the configuration and its velocity variable at the boundaries

in an independent and arbitrary manner. These cumbersome situations are caused by the

constraint structure of each system. That is, in order to make the variational principle well-

posed in degenerate systems, a methodology for taking appropriate boundary conditions is

mandatory.

A clue to formulating the well-posed variational principle is the coincidence between

the number of boundary conditions and that of initial conditions, and the half numbers

of them are also equivalent to the propagating degrees of freedom. Therefore, in order to

approach the problem, the following guiding principle is assumed, stated as “as many inte-

52



gral constants (/initial conditions) in the solutions of a given system as possible should be

uniquely determined through the boundary conditions”. While, as mentioned in Section 2.4,

the Shanmugadhasan-Maskawa-Nakajima theorem decomposes the entire phase space into a

physical subspace and a constraint subspace, and it indicates that the existence of a canonical

coordinate system that spans each subspace and that the original canonical coordinate system

can be transformed into the new canonical coordinate system by performing the correspond-

ing canonical transformation. Therefore, it would be expected that fixing the configurations

for the physical space is a possible candidate for appropriate boundary conditions that are

to make the variational principle well-posed from the viewpoints of the coincidence of the

numbers. In fact, this insight gives a correct way, although the cases of existing first-class

constraints need more careful considerations. In order to proceed with this strategy, the

Dirac-Bergmann analysis has to be valid without depending on the well-posedness of the

variational principle. Finally, let us confirm this statement.

This statement can be proved by noticing that the well-posedness relates only to the sym-

plectic potential ω = pidq
i; this quantity is nothing but the boundary term of the first varia-

tion of a Lagrangian with pi = ∂L/∂q̇i. That is, after performing the appropriate canonical

transformation, when varying, the well-posed variational principle should give rise to a sym-

plectic potential schematically such that ω′ = PIdQ
I +Constraint Structure in 1-form+ δW

as its boundary term up to some total divergent term W . While this transformation does

not affect the symplectic structure since Ω = δω = δqi ∧ δpi
C.T.
= δω′ = δQI ∧ δPI +

Constraint Structure in 2-form = Ω′, where “ C.T.
= ” denotes the equality under a canonical

transformation; canonical transformations never change the symptectic structure, or equiv-

alently, the symplectic 2-form. Therefore, taking into account the following two facts; (i)

The definition of the Poisson bracket: {f , g}P.b. = Ω(Xf , Xg), where Xf and Xg are the

Hamiltonian vector fields with respect to some functions f and g, respectively; (ii) The time

development of a quantity f of the system is given as ḟ = {f ,HT}P.b., where HT is the total
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Hamiltonian of the given system, it shows that the statement holds.

3.2. Dirichlet boundary conditions and second-order derivative equa-

tions of motions

In this section, the meaning of Dirichlet/position-fixing boundary conditions is clarified in the

variational principle [Tomonari (2023b)]. In higher-order derivative systems, the first-order

variation of the Lagrangian of a given system gives generically rise not only to the first-order

variation of position variables but also to that of the derivatives of these variables at the

boundaries. In such theories, the Euler-Lagrange equations generically include higher-order

derivative terms that are more than second-order. However, in order to make sense of the

equations as physical meanings, these equations have to be at most second-order differential

equations. This ansatz restricts the boundary conditions in the variational principle.

Let us first consider a second-order derivative system given as follows:

I(2)[qi , q̇i , t] =

∫ t2

t1

L(q̈i , q̇i , qi , t) dt , (3.3)

where i ∈ {1 , 2 , · · · , N}. This is a special case of Eq (2.63) with M = 2. The first-order

variation is given as follows:

δI(2) =

∫ t2

t1

N∑
i=1

[
∂L(2)

∂qi
− d

dt

(
∂L(2)

∂q̇i

)
+
d2

dt2

(
∂L(2)

∂q̈i

)]
δqidt

+

[
N∑
i=1

{
∂L(2)

∂q̇i
− d

dt

(
∂L(2)

∂q̈i

)}
δqi +

N∑
i=1

(
∂L(2)

∂q̈i

)
δq̇i

]t2
t1

,

(3.4)

check also Eq (2.65). The variational principle leads to the following Euler-Lagrange equa-

tions (check also Eq (2.66) and Eq (2.68)):

∂L(2)

∂qi
− d

dt

(
∂L(2)

∂q̇i

)
+
d2

dt2

(
∂L(2)

∂q̈i

)
= 0 (3.5)
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under fixing both the position and velocity coordinates as follows:

δqi(t1) =δq
i(t2) = 0,

δq̇i(t1) =δq̇
i(t2) = 0

(3.6)

if the system is non-degenerate, i .e ., K(2) = ∂2L(2)/∂q̈i∂q̈j is full rank, but this condition is

not satisfied due to the ansatz; the order of the Euler-Lagrange equations has to be at most

second-order in time derivative. That is, the Euler-Lagrange equations (3.5) are rewritten

as follows:

K
(2)
ij
....
qj + E

(2)
ij
...
qj + (up to 2nd-order terms) = 0 (3.7)

where we defined

K
(2)
ij =

∂2L(2)

∂q̈i∂q̈j
, E

(2)
ij =

∂2L(2)

∂q̈i∂q̇j
− ∂2L(2)

∂q̈j∂q̇i
. (3.8)

To turn the equations into at most second-order time differential equations, the matrices

K(2) and E(2) have to be zero-matrices:

K(2) = 0 , E(2) = 0. (3.9)

Then the Euler-Lagrange equations have at most second-order time derivative. The first

condition in (3.9) indicates that this system has to be degenerate as the second-order deriva-

tive theory. Notice also that Condition (3.9) are noting but the Ostrogradsky ghost-free

conditions given in Section 2.6.

In addition, on one hand, the first condition of Eq (3.9) leads to a specific form of

Lagrangian [Motohashi and Suyama (2015); Motohashi et al. (2016)]:

L(2) =
N∑
i=1

fi(q̇
j , qj)q̈i + g(q̇j , qj). (3.10)
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On the other hand, this second-order time derivative system should be equivalent to a first-

order time derivative system discussed in Section 2.1. It indicates that the Lagrangian of

the system should be equivalent up to surface terms. That is,

L(2) → L′(1) = L(2) +
dW

dt
, (3.11)

where W = W (q̇i , qi). If W satisfies the following conditions:

fi +
∂W

∂q̇i
= 0 (3.12)

or equivalently,

W = −
N∑
i=1

∫
fidq̇

i + C(qj), (3.13)

where C is an arbitrary function of position coordinates, the first terms in the Lagrangian (3.10)

vanish, and the system turns into a first-order time derivative system. Note, here, that

Eq (3.13) is nothing but a counter-term in the second-order time derivative system. Fur-

thermore, the first-order variation of the action functional of L′(1) becomes as follows:

δI ′(1) = the same terms to δI(2) +

[
N∑
i=1

{
∂L(2)

∂q̇i
− d

dt

(
∂L(2)

∂q̈i

)
+
∂W

∂qi

}
δqi

]t2
t1

(3.14)

Therefore, the boundary condition (3.6) for the variational principle now turns into position-

fixing boundary conditions:

δqi(t1) = δqi(t2) = 0 (3.15)

if the kinetic matrix K(1)
ij = ∂2L′(1)/∂q̇i∂q̇j is non-degenerate. This coincides with the bound-

ary conditions for the first-order time derivative systems: Eq (2.8) with no time variation. It

makes sense since boundary conditions should uniquely determine the dynamics. From these

considerations, the ansatz reveals that appropriate boundary conditions for the variational
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principle in second-order time derivative theories are position-fixing boundary conditions.

In general, the action functional for the systems is given as follows:

I(M) =

∫ t2

t1

L(M)
(
DMqi , · · · , Dqi , qi , t

)
dt , (3.16)

this is nothing but Eq (2.63). The first-order variation of the action functional is given as

follows (check Eq (2.65)):

δI(M) =

∫ t2

t1

N∑
i=1

[
M∑
r=0

(−1)rDr ∂L
(M)

∂(Drqi)

]
δqi dt+

[
N∑
i=1

M∑
r=s≥1

(−1)r−sDr−s ∂L
(M)

∂(Drqi)
δ(Ds−1qi)

]t2
t1

.

(3.17)

If the following differential equations for W = W (qi , Dqi , · · · , DM−1qi):

M∑
r=s≥2

[
(−1)r−sDr−s ∂L

(M)

∂(Drqi)
+

∂W

∂(Ds−1qi)

]
= 0 , (3.18)

are solvable, the Euler-Lagrange equations are derived as follows (check also Eq (2.66) and

Eq (2.68)):
M∑
r=0

(−1)rDr ∂L(1)

∂(Drqi)
=
∂L(1)

∂qi
− d

dt

∂L(1)

∂q̇i
= 0 , (3.19)

where L(1) = L(d) + dW/dt, under position-fixing boundary conditions:

δqi(t1) = δqi(t2) = 0 , (3.20)

if the kinetic matrix K(1)
ij = ∂2L′(1)/∂q̇i∂q̇j is non-degenerate. Therefore, the ansatz indicates

that appropriate boundary conditions for the variational principle in Mth-order derivative

theories are nothing but position-fixing boundary conditions. Remark, finally, that the

Ostrogradsky ghost-free conditions given in Section 2.6 are also verified by a straightforward

computation although it is so tedious.
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Based on the above considerations, as long as the ansatz, stated as the order of the

Euler-Lagrange equations has to be at most second-order in time derivative, is assumed,

the higher-order time derivative systems need the position-fixing boundary conditions when

applying the variational principle. Therefore, the problem is a methodology to identify

a set of position variables that should be fixed on the boundaries when the variational

principle applies in the first-order time derivative degenerate systems under the addition of

an appropriate counter-term if needed.

3.3. Frobenius integrability of first-order time derivative systems

In this section, based on the Frobenius theorem, the existence of solutions in both non-

degenerate and degenerate systems is considered [Sugano and Kamo (1982)]. This existence

also means that a set of integral constants is derived, and these play a crucial role in formulat-

ing the well-posed variational principle [Tomonari (2023b)]; it relates to the realization of the

guiding principle, stated as “as many integral constants (/initial conditions) in the solutions

of a given system as possible should be uniquely determined through the boundary conditions”.

From the previous section 3.2, introducing appropriate counter-terms, it revealed that the

Lagrangian describing a system of which equations of motion contain at most second-order

time derivative terms becomes first-order. This indicates that it is enough to investigate the

cases that Lagrangians contain at most first-order time derivative terms. Let us start with

introducing the Pfaffian system of the Lagrangian formulation in a non-degenerate system

and investigating its Frobenius integrability.

The Euler-Lagrange equations, Eq (2.9), are given as follows:

∂L

∂qi
− d

dt

(
∂L

∂q̇i

)
= 0 . (3.21)
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Pfaffian system is introduced by splitting the equations into 1-forms as follows:

ρi = dqi − vidt = 0 ,

θi = Kijdv
i − Sidt = 0 ,

(3.22)

where Kij and Si are defined as follows:

Kij =
∂2L

∂q̇i∂q̇j
, Si = −vi ∂2L

∂qi∂vi
− ∂2L

∂t∂vi
+
∂L

∂qi
. (3.23)

Remark that the 1-forms in Eq (3.22) can be derived by calculating the exterior derivative

of the second equation in Eq (2.10). It implies another viewpoint from the Lagrangian

formulation for the validity of the Dirac-Bergmann analysis without depending on the well-

posedness of the variational principle as mentioned in Section 3.1. The Frobenius theorem

states that the Pfaffian system is Frobenius integrable, or equivalently, the system described

by Eq (2.9) has solutions, if and only if a system of generators for the Pfaffian system,

that is, a closed algebra in the Lie bracket composed of vector fields that are orthogonal to

the Pfaffian system, exists. Since the Pfaffian system spans 2N -dimensional subspace of

T ∗(TQ× R), the system of generators is 1-dimensional subspace of T (TQ× R) as follows:

Xt = ai
∂

∂vi
+ bi

∂

∂qi
+
∂

∂t
,

ai = (K−1)ijSj , bi = vi .

(3.24)

Then the Frobenius theorem indicates the existence of the number of 2n functions f I and

integral constants cI such that

f I(qi , vi , t) = cI , (3.25)

where I ∈ {1 , 2 , · · · , 2N}. Therefore, the implicit function theorem leads to the solutions
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as follows:

qi = qi(t , cI) , vi = vi(t , cI). (3.26)

Under the solutions of the first equation in Eq (3.22), the second solutions above can be

rewritten as q̇i = q̇i(t , cI).

In the Hamiltonian formulation, the Hamilton equations, Eq (2.22), are given as follows:

q̇i =
∂H

∂pi
, ṗi = −∂H

∂qi
(3.27)

and expressed as the following Pfaffian system:

∗ρ
i = dqi − ∂H

∂pi
dt = 0 ,

∗θi = dpi +
∂H

∂qi
dt = 0 .

(3.28)

The same considerations as the Lagrangian formulations but in the phase space T ∗Q × R

lead to the following generator:

∗Xt = ∗a
i ∂

∂qi
+ ∗bi

∂

∂pi
+
∂

∂t
,

∗a
i =

∂H

∂pi
, ∗bi = −∂H

∂qi
.

(3.29)

Then the Frobenius theorem leads to the following relations:

∗f
I(qi , pi , t) = ∗c

I , (3.30)

where I runs from 1 to 2N , ∗f
I and ∗c

I are functions and integral constants, respectively,

which are implied from this theorem. Therefore, the implicit function theorem gives the

solutions:

qi = ∗q
i(t , ∗c

I) , pi = pi(t , ∗c
I) . (3.31)
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Since the configurations are given by the first formulae in Eq (3.26) and both the formula-

tions have a common configuration space, ∗q
i(t , ∗c

I) should exactly be the same as qi(t , cI).

Therefore, ∗c
I = cI are concluded, and the solutions become

qi = qi(t , cI) , pi = pi(t , c
I) . (3.32)

The non-degeneracy, detK ̸= 0, implies the equivalence between the solution (3.26) and

(3.32) by virtue of the implicit function theorem. This is also a conclusion from the following

one-to-one correspondences:

∂

∂qi
↔ ∂

∂qi
+
∂pj
∂qi

∂

∂pj
,

∂

∂vi
↔ ∂pj

∂vi
∂

∂pj
= Kij

∂

∂pj
,

∂

∂t
↔ ∂pi

∂t

∂

∂pi
+
∂

∂t
,

(3.33)

where the left-hand side and the right-hand side are composed of the coordinate basis of

T (TQ× R) and T (T ∗Q× R), respectively.

Next, let us consider the Frobenius integrability of the given degenerate system in the La-

grangian formulation, i .e ., in the velocity phase space TQ×R. Assume that the degeneracy

condition rankK = R(< N), or equivalently, the following condition:

Kijτ
j
α = 0 , (3.34)

is taken into account, where α ∈ {1 , 2 , · · · , N −R} and τ iα are zero-eigenvalue vectors. The

given system has the number of R primary constraints: ϕ(1)
α = 0, and these are satisfied as

identity. This property and the second equation in Eq (3.22) lead to the following secondary

constraints:

ϕ(2)
α = τ iαSi := 0 . (3.35)
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The completeness of the zero-eigenvalue vectors implies the existence of a set of vectors, ηi,

such that

Si
C(2)

≈ Kijη
j . (3.36)

The generator of the Pfaffian system (3.22) are derived as follows:

XT = Xt + ζαYα + ξαZα , (3.37)

where ζα and ξα are multipliers, Xt, Zα, and Yα are defined as follows:

Xt = ηi
∂

∂vi
+ vi

∂

∂qi
+
∂

∂t
, Zα = −τ iα

∂

∂vi
, Yα = [Xt , Zα] = τ iα

∂

∂qi
+
(
−Zαη

i −Xtτ
i
α

) ∂

∂vi
.

(3.38)

In the presence of the constraints, ϕ(s)
α ≈ 0 (s ∈ {1 , 2}), the space in where the dynamics

processes is restricted into a subspace of the entire phase space, T ∗Q × R. It implies that

the generators of the Pfaffian system have to be formed with respect not to the entire phase

space but to the constraint subspace that is restricted by all the constraints. In order to find

all other constraints, the following condition has to be imposed:

dϕ(2)
α (XT ) := 0 . (3.39)

If dϕ(2)
α (Y

(1)
β ) ̸= 0 hold for a β then this condition determines a multiplier ζα. Otherwise

it gives rise to a new constraint: ϕ
(3)
α = dϕ

(2)
α (XT ) := 0. Remark that dϕ(2)

α (Zβ) = 0

are automatically satisfied therefore the multipliers ξα remain arbitrary. Repeating this

procedure, all constraints are derived as follows:

ϕ(s+1)
α = dϕ(s)

α (XT ) := 0 (s = 2, 3, · · · , Sα − 1),

ϕ(Sα+1)
α = dϕ(Sα)

α (XT ) = Cβ
αsϕ

(s)
β

C(Sα)

≈ 0 ,

(3.40)
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where Cβ
αs are some coefficients functions. The above conditions are called consistency con-

ditions in the Lagrangian formulation. Under these constraints, if the following conditions

are satisfied then the system is Frobenius integrable:

θi(XT ) = −ζαKij(Zαη
j +Xtτ

j
α)

C(Sα)

≈ 0 . (3.41)

ρi(XT )
C(Sα)

≈ 0 are automatically satisfied by virtue of ρi := Kijρ
j. Then the number of

(2N − all constraints) functions and integral constraints exist, and the implicit function

theorem derives the solution of the Euler-Lagrange equations (3.22) of the system, in the

same manner as the non-degenerate case, under the imposition of the Frobenius integrablity

condition (3.41).

Finally, let us consider the Frobenius integrability of the given system in the Hamilto-

nian formulation. Under the degeneracy condition rankK = R(< N), the Dirac-Bergmann

analysis in Section 2.2 leads to all constraints from the primary constraints ∗ϕ
(1)
α := 0 as

follows:

∗ϕ
(s′+1)
α = {∗ϕ(s′)

α , HT}P.b. +
∂∗ϕ

(s′)
α

∂t
:= 0 ,

∗ϕ
(S′

α+1)
α = ∗XHT ∗ϕ

(S′
α)

α = ∗C
β
αs′∗Φ

(s′)
β

C(S′
α)

≈ 0 ,

(3.42)

where s′ ∈ {1 , 2 , · · · , S ′
α − 1} and the total Hamiltonian HT is given by HT = H0 + ζα∗ϕ

(1)
α .

Remark that all indices are primed since the equivalence of constraints between the La-

grangian and Hamiltonian formulations is not proved yet (it will be proved later). Under

these constraints, for the Pfaffian system of Eq (3.28), if the following conditions are satisfied

then the system is Frobenius integrable:

∗θi(∗XT ) = −ζα∂∗ϕ
(1)
α

∂qi
C(S′

α)

≈ 0 , (3.43)
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∗ρi(∗XT )
C(S′

α)

≈ 0 are automatically satisfied, where ∗ρi = Kij∗ρ
j. Then the number of

(2N − all constraints) functions and integral constraints exist, and the implicit function

theorem derives the solution of the Hamilton equations (3.28) of the system, in the same

manner as the non-degenerate case, under the imposition of the Frobenius integrability

conditions (3.43).

In a non-degenearate case, a one-to-one correspondence of vector fields between T (TQ×

R) and T (T ∗Q×R) given as Eq (3.33) exists, but in a degenerate case such correspondence

is violated due to the degeneracy of the kinetic matrix Kij:

∂

∂vi
→ ∂pj

∂vi
∂

∂pj
= Kij

∂

∂pj
. (3.44)

Therefore, the Hamiltonian formulation cannot be transformed into the Lagrangian formu-

lation but the opposite is possible as follows:

Xt → ∗X t =
∂H0

∂pi

∂

∂qi
− ∂H0

∂qi
∂

∂pi
+
∂

∂t
= XH0 +

∂

∂t
,

Zα → ∗Zα = 0,

Yα → ∗Y α =
∂∗ϕ

(1)
α

∂pi

∂

∂qi
− ∂∗ϕ

(1)
α

∂qi
∂

∂pi
= X

∗ϕ
(1)
α
.

(3.45)

Therefore, XHT
→ ∗XHT

becomes

XT → ∗XHT
= ∗XH0

+ ζα∗X∗ϕ
(1)
α

+
∂

∂t
= ∗XHT

+
∂

∂t
, (3.46)

where HT = H0 + ζα∗ϕ
(1)
α is nothing but the total Hamiltonian of the system. Therefore,

the indices s and s′ are identified and so are Sα and S ′
α; ϕ(s)

α and ∗ϕ
(s′)
α have a one-to-one

correspondence, respectively.
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3.4. Reformulation of the well-posed variational principle

In this section, introducing three fundamental maps that are correspondences between inte-

gral constants from the Frobenius integrability and position-fixing boundary conditions in the

variational principle, velocity variables and momentum variables, and the Hamiltonian vec-

tor fields in the Lagrangian and Hamiltonian formulations, respectively, the well-posedness

of the variational principle is reformulated [Tomonari (2023b)]. First of all, let us start by

introducing the three fundamental maps scrutinizing a non-degenerate system.

Based on the considerations in the previous section, a non-degenerate system is Frobenius

integrable and has the solutions Eq (3.26) in the Lagrangian formulation, or equivalently

Eq (3.32) in the Hamiltonian formulation, and vice versa. The solutions of configurations

are common in both the formulations as follows: qA = qA(t , cB) (A,B ∈ {1 , 2 , · · · , 2N}).

In a local open region U of the configuration space Q, regarding the integral constants, cI ,

as continuous parameters and assuming ∂qA/∂cB ̸= 0 on U , the implicit function theorem

becomes applicable. This leads to a map ι that maps the configurations at times t1 and t2

to a 2N -dimensional parameter space C which is spanned by all the integral constants:

ι : Q[t1]×Q[t2] → C; (q1(t1) , q2(t1) , · · · , qN(t1) , q1(t2) , q2(t2) , · · · , qN(t2)) 7→ (c1 , c2 , · · · , c2N) ,

(3.47)

where Q[t] is the space spanned by the configurations at a time t and qi(t1) are the values of

configuration coordinates at the time t1. qi(t2) are defined in the same manner. The space

Q[t] is usually a local region since the variational principle leads to a local minimum of the

action functional. The important point is that map ι is invertible by virtue of the implicit

function theorem. In other words, the position-fixing boundary conditions can be replaced

by the integral constants in the solutions and determine the dynamics uniquely when the

propagating degrees of freedom matches the number of the independent integral constants.
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This is the first correspondence and nothing but the realization of the guiding principle,

that is, “as many integral constants (/initial conditions) in the solutions of a given system

as possible should be uniquely determined through the boundary conditions”.

The second correspondence is introduced by a map as follows:

κ : TQ× R → T ∗Q× R; q̇i(t) 7→ pi(t) =
∂L

∂q̇i
. (3.48)

In the non-degenerate system, that is, detK ̸= 0 implies that map κ is invertible by virtue

of the implicity function theorem:

κ−1 : T ∗Q× R → TQ× R; pi(t) 7→ q̇i(t) = vi(qj , pj , t) . (3.49)

This property is of course satisfied in a local region.

The final correspondence is expressed in a map as follows:

O : G[T (TQ× R)] → G[T (T ∗Q× R)];XT 7→ ∗XHT
, (3.50)

where G[T (TQ× R)] and G[T ∗(TQ× R)] denote spaces of the system of generator for the

Pfaffian systems (3.22) and (3.28), respectively. The Hamiltonian vector fields Xt and ∗Xt

are defined in Eq (3.37) and Eq (3.46), respectively. Note that Eq (3.46) is directly indicates

the existence of the above map O and its well-definedness. The existence of its inverse map

is guranteed from Eq (3.33).

Finally, let us define the well-posedness of the variational principle as follows:

Definition 1.

The variational principle is well-posed if and only if the three fundamental maps ι, κ, and

O are well-defined and invertible on a phase (sub)space in which the physical phase space

exists.
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In a degenerate system, the degeneracy makes it generically impossible to introduce

map ι in a well-defined manner. Furthermore, maps κ and O are always introduced in

a well-defined manner, but their inverses generically do not exist. Therefore, in order to

establish a well-posed variational principle in the degenerate system, we have to remove these

incompatibilities from the theory. The strategy to tackle this problem is that we restrict the

entire phase space to a subspace such that each invertible map for κ and O exists, and

then we construct a well-defined map ι in the subspace of which the inverse map exists.

The construction of subspaces of phase space, however, differs from the cases of ordinary

differential manifolds. That is, arbitrary restrictions, or strictly speaking, embeddings, are

not allowed, unlike ordinary differential manifolds.

3.5. Embeddings of Symplectic manifolds

In this section, based on the Shanmugadhasan-Maskawa-Nakajima theorem, which is already

stated in Section 2.4, the embeddings of a symplectic manifold are introduced [Tomonari

(2023b)]. The embeddings are classified into two types, “canonical” or “quasi-canonical”

embeddings, according to the existence of first-class constraints. In order to formulate the

embeddings, a method of fixing coordinate functions is applied. This method introduces

an embedding and a submanifold simultaneously. Let us start by reviewing this method in

ordinary differential manifolds by using examples.

Assume that an abstract embedding “ψ” : “S” → R3 for some differential submani-

fold S of R3 exists. The submanifold “S” is also abstract one; it symbolically denotes all

possible submanifolds of R3. That is, any concrete embedding and submanifold are deter-

mined yet; there is only a structure (“ψ” , “S”). Now, let us equip R3 with a coordinate

system. For instance, assume that R3 is equipped with polar-coordinates (r , θ , φ). Then

the abstract embedding becomes ψ : “S” → R3; (ψ∗r , ψ∗θ , ψ∗φ) 7→ (r , θ , φ), where ψ∗ is
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the pullback operator of ψ; the structure can be identified by fixing a set of pullback of

the coordinate functions by ψ. If ψ∗r is fixed as 1 then the abstract embedding turns into

ψ : S → R3; (ψ∗r := 1 , ψ∗θ , ψ∗φ) 7→ (r , θ , φ); this is nothing but the embedding of the unit

sphere. Similarly, fixing either ψ∗θ or ψ∗φ leads to an embedding of a 2-dimensional plane,

respectively, fixing both ψ∗θ and ψ∗φ derives an embedding of a line. In general, for a differ-

ential manifold, M and a possible submanifold “S”, an abstract embedding “ψ” : “S” → M

can be introduced, and it forms a structure (“ψ” , “S”). Then, equipping a coordinate sys-

tem with M and fixing a set of the pullbacks of the coordinate functions, the structure is

identified: (ψ ,S).

In the case of phase space, however, embeddings by fixing coordinate functions are gener-

ically restricted. For instance, any odd-number dimensional subspaces cannot be embedded

into the entire phase space. Therefore, this restriction has to be realized as an embedding

into the entire phase space such that the canonical structure holds at least for the subspace

in which the dynamics lives. Let us call such embedding “canonical” if it exists. To consider

canonical embeddings, we need to introduce the concept of symplectic manifolds.

At each time t ∈ I, where I ⊂ R is an open interval of the time variable, a space T ∗Q×R

is equivalent to T ∗Q. Then a symplectic manifold of T ∗Q is defined as the structure (T ∗Q ,Ω)

equipped with a 2-form Ω on T ∗Q represented by

Ω :=
1

2
ΩABdz

A ∧ dzB (3.51)

satisfying the following three conditions:

(i). ΩAB = −ΩBA

(ii). det ΩAB ̸= 0

(iii). dΩ = 0 ,

(3.52)
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where A ,B ∈ {1 , 2 , · · · , 2N}. The Darboux theorem under the conditions in Eq (3.52)

leads to the canonical structure:

Ω :=
1

2
JABdz

A ∧ dzB = dqi ∧ dpi (3.53)

at least in a local region on the symplectic manifold (T ∗Q ,Ω), where (zi , zN+i) = (qi , pi)

and

J =

 0 IN×N

−IN×N 0

 . (3.54)

IN×N is an N ×N unit matrix. Then the Poisson bracket is defined as follows:

{f , g}P.b. := Ω(Xf , Xg) , (3.55)

where Xf and Xg are the Hamiltonian vector fields of f and g, respectively. Using these

concepts, we can define a canonical transformation as a coordinate transformation ϕ : T ∗Q →

T ∗Q; (qi , pi) 7→ (Qi , Pi) such that the symplectic 2-form is invariant under the pullback

operation ϕ∗:

ϕ∗ΩQ ,P = Ωq ,p (3.56)

where

Ωq ,p := dqi ∧ dpi =
1

2
JABdz

A ∧ dzB ,

ΩQ ,P := dQi ∧ dPi =
1

2
JABdZ

A ∧ dZB ,

(3.57)

and (Zi, ZN+i) = (Qi, Pi). The condition (3.56) is equivalent to

STJS = J, (3.58)
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where ST is the transpose of S, and S is given as follows:

ϕ∗dZA = SA
Bdz

B, (3.59)

or more concretely,

SA
B :=

∂ZA

∂zB
(3.60)

for ZA = (ϕ−1)∗zA. The definition of Poisson bracket given in Eq (3.55) implies that a

canonical transformation does not change the Poisson bracket. That is, the equations of

motion are invariant; the dynamics remains unchanged before and after the transformation.

Conversely, since the time evolution is decomposed into a series of infinitesimal canonical

transformations, the symplectic 2-form in Eq (3.52), or more general form Eq (3.51), is invari-

ant under the time evolution. Note that when we consider a subspace as an embedding into

the symplectic manifold (T ∗Q ,Ω) by fixing some coordinates, a set of conjugate variables,

i .e . pairs: qi and pi, have to be fixed simultaneously. Fixing either qi or pi would destroy

the symplectic structure of the phase space. That is, the first and/or second conditions in

the definition (3.52) would be violated. This is the peculiar property of symplectic manifolds

differing from ordinary differential manifolds.

Now, let us introduce embeddings of a given symplectic manifold. The method needs to

introduce an abstract embedding “σ” : “S” × R → T ∗Q × R and a coordinate system for

the entire phase space T ∗Q × R. The required coordinate system is of course provided by

the Shanmugadhasan-Maskawa-Nakajima theorem. Therefore, the abstract embedding turns

into σ(t) : “S”×R → T ∗Q×R; (σ∗(t)QI , σ∗(t)PI , σ
∗(t) ∗Θ

a , σ∗(t) ∗Θa , σ
∗(t) ∗Ξ

α , σ∗(t) ∗Ψα,

σ∗(t)u = t) 7→ (QI , PI , ∗Θ
a , ∗Θa , ∗Ξ

α , ∗Ψα, u), where I ∈ {1 , 2 , · · · , N − V − U}; a ∈

{1 , 2 , · · · , V }; α ∈ {1, 2, · · · , U}. Hereinafter, we abbreviate the notation of “∗” for the phase

space variables if it is apparent. The possible set of pullback of the coordinate functions is

only constraint coordinate functions, i .e ., Θa, Θa, and Ψα, since other coordinate functions
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evolve in time passing. In other words, the consistency conditions for Θa, Θa, and Ψα make it

possible to fix for incarnating the abstract embedding. In addition, fixing Ξα is also possible

since this manipulation corresponds to gauge fixing. Therefore, there are eight possibilities

to incarnate the abstract embedding; (i) Fix Θa and Θa when Ψα do not exist; (ii) Impose

gauge fixing conditions to Ξα, and fix Ξα and Ψα when Θa and Θa do not exist; (iii) Impose

gauge fixing conditions to Ξα, and fix Θa, Θa, Ξα, and Ψα; (iv) Fix Ψα when Θa and Θa do

not exist; (v) Fix Θa, Θa, and Ψα; (i)’ Fix only Θa and Θa when Ψα do exist; (ii)’ Impose

gauge fixing conditions to Ξα, and fix only Ξα and Ψα when Θa and Θa do exist; (iv)’ Fix

only Ψα when Θa and Θa do exist; (vi) Impose gauge fixing conditions to Ξα, and fix only Θa

and Θa. Here, the prime “ ’ ” of (i)’ denotes the existence of Ψα. If this is not the case then

we remove the prime “ ’ ” from it. So are for the prime “ ’ ” of (ii)’ and (iv)’ with respect to

Θa and Θa. Remark that imposing gauge fixing conditions to Ξα means that these variables

turn into a set of constraints and satisfy those consistency conditions: Ξ̇α all constraints
≈ 0, where

“
all constraints

≈ ” denotes the weak equality under the imposition of all the constraints including

the gauge fixing conditions.

First, let us consider Cases (i), (ii), and (iii). Case (i) leads to the following embedding:

σ2(t) :T
∗Q|Q ,P × R → T ∗Q× R

; (σ∗
2(t)Q

I , σ∗
2(t)PI , σ

∗
2(t)Θ

a := ϵa , σ∗
2(t)Θa := ϵa , σ

∗
2(t)u = t) 7→ (QI , PI ,Θ

a ,Θa , u) ,

(3.61)

where ϵa and ϵa are constant parameters, and T ∗Q|Q ,P denotes that the phase subspace

coordinated by QI and PI . This embedding pulls back the entire symplectic manifold,

(T ∗Q × R ,Ω = dqi(u) ∧ dpi(u)), to the submanifold, (T ∗Q|Q ,P × R ,ΩQ ,P = dσ∗
2(t)Q

I ∧

dσ∗
2(t)PI): σ∗

2(t)(T
∗Q×R ,Ω = dqi(u)∧dpi(u)) = (T ∗Q|Q ,P×R ,ΩQ,P = dσ∗

2(t)Q
I∧dσ∗

2(t)PI).

ΩΘ(t) = dσ∗
2(t)Θ

a ∧ dσ∗
2(t)Θa = 0 on T ∗Q|Θ × R throughout all time implies that it does
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not relate to the dynamics, but ΩQ,P (t) ̸= 0 on T ∗M |Q ,P × R with the symplectic structure

describes the dynamics, and this subspace is nothing but the physical one. Notice that taking

limits of ϵa → 0 and ϵa → 0, σ2(t) restores the constraint space. Therefore, Case (i) leads

to a canonical embedding: σ2(t). σ2(t) occupies 2V integral constants that are indicated by

the Frobenius integrability in Section 3.3.

In the same manner, Cases (ii) and (iii) lead to the following embeddings:

σ1(t) :T
∗Q|Q ,P × R → T ∗Q× R

; (σ∗
1(t)Q

I , σ∗
1(t)PI , σ

∗
1(t)Ξ

α := ϵα , σ∗
1(t)Ψα := ϵα , σ

∗
1(t)u = t) 7→ (QI , PI ,Ξ

α ,Ψα , u) ,

(3.62)

and

σ3(t) :T
∗Q|Q ,P × R → T ∗Q× R

; (σ∗
3(t)Q

I , σ∗
3(t)PI , σ

∗
3(t)Ξ

α := ϵα , σ∗
3(t)Ψα := ϵα , σ

∗
3(t)Θ

a := ϵa , σ∗
3(t)Θa := ϵa , σ

∗
3(t)u = t)

7→ (QI , PI ,Ξ
α ,Ψα ,Θ

a ,Θa , u) .

(3.63)

In the both cases, σ1(t) and σ3(t), the original symplectic structure, (T ∗Q×R ,Ω = dqi(u)∧

dpi(u)), is pulled back to (T ∗Q|Q ,P × R ,ΩQ ,P = dσ∗
2(t)Q

I ∧ dσ∗
2(t)PI); it is the same con-

clusion as σ2(t). Therefore, Cases (ii) and (iii) also lead to the canonical embeddings: στ (t)

(τ ∈ {1 , 2 , 3}), and occupy 2V integral constants that are indicated by the Frobenius inte-

grability in Section 3.3.
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Second, let us consider Cases (iv) and (v). Case (iv) leads to the following embedding:

σ̃1(t) :T
∗Q× R → T ∗Q× R

; (σ∗
1(t)Q

I , σ∗
1(t)PI , σ

∗
1(t)Ξ

α , σ∗
1(t)Ψα := ϵα , σ

∗
1(t)u = t) 7→ (QI , PI ,Ξ

α ,Ψα , u) .

(3.64)

Remark that σ∗
1(t)Ξ

α cannot be fixed since the corresponding variables Ξα evolve in time

unless gauge fixing conditions, or equivalently, a set of consistency conditions, are imposed.

In the case of the above embedding, the symplectic 2-form is pulled back as follows:

σ̃∗
1(t)Ω = dσ̃∗

1(t)Q
I ∧ dσ̃∗

1(t)PI + dσ̃∗
1(t)Ξ

α ∧ 0 . (3.65)

This result indicates that the case without the consistency conditions for Ξα does not reduce

the phase space into the physical space. In addition, since the first and/or the second condi-

tion of the definition for symplectic 2-form in Eq (3.52) would be violated, this embedding is

not canonical as it is. However, we will confirm that this embedding can be canonical as we

impose gauge fixing conditions. This is a peculiar feature of systems existing of first-class

constraints. Let us call this sort of embeddings being “quasi-canonical”. Notice that if we

take the limit of ϵα → 0, then σ̃1(t) restores the constraint space wherein all the constraints

are satisfied; this is another reason why σ∗
1(t)Ξ

α cannot be fixed in σ∗
1(t). Ξα do not restrict

the constraint space at all. Notice also that σ̃1(t) occupies U integral constants that are

indicated by the Frobenius integrability given in Section 3.3.
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In the same manner, Case (v) leads to the following embedding:

σ̃3(t) :T
∗Q|Ξ ,Ψ × T ∗Q|Q ,P × R → T ∗Q× R

; (σ̃∗
3(t)Q

I , σ̃∗
3(t)PI , σ̃

∗
3(t)Ξ

α , σ̃∗
3(t)Ψα := ϵα , σ̃

∗
3(t)Θ

a := ϵa , σ̃∗
3(t)Θa := ϵa , σ̃

∗
3(t)u = t)

7→ (QI , PI ,Ξ
α ,Ψα ,Θ

a ,Θa , u) .

(3.66)

This embedding is also quasi-canonical and occupies 2V + U integral constants that are

indicated by the Frobenius integrability given in Section 3.3.

Finally, let us consider Cases (i)’, (ii)’, (iv)’, and (vi). Considering in the same manner

as above, it is shown that (i)’, (ii)’, and (vi) become canonical embeddings, and (iv)’ be-

comes a quasi-canonical embedding. Cases (i)’, (ii)’, (iv)’, and (vi) occupy 2U , 2V , V , 2U

integral constants that are indicated by the Frobenius integrability in Section 3.3. However,

it is also shown that these embeddings cannot introduce the well-posed variational princi-

ple [Tomonari (2023b)], although these embeddings are also well-defined ones as embeddings

of the symplectic manifold. A way to grasp this point is that if all the parameters are taken

as the limit vanishing, the embeddings have to restore the original constraint subspace; How-

ever, the embeddings above cannot realize this specific case. Therefore, as the results, only

the embeddings στ (t) (τ ∈ {1 , 2 , 3}), σ̃1(t), and σ̃3(t) are valid to formulate the well-posed

variational principle.

3.6. Well-posed variational principle 1: Cases of canonical embed-

dings

In this section, based on Definition 1 and the canonical embeddings, στ (t) (τ ∈ {1, 2, 3}),

which are introduced in the previous section 3.5, the well-posed variational principle for a

system that includes second-class constraints or first-class constraints under the imposition
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of gauge fixing conditions is formulated [Tomonari (2023b)]. Hereinafter, we abbreviate the

notation of “ ∗ ” for the phase space variables if it is apparent. First of all, let us show that,

in the pullback of the entire symplectic manifold (T ∗Q ,Ω) by στ (t), σ∗
τ (t)(T

∗Q × R ,Ω) =

(TQ|Q ,P ×R ,ΩQ,P (t) = dQI(t)∧ dPI(t)), it restores the existence of the inverse of κ and O,

respectively.

The dual bundle of T ∗Q|Q ,P × R = σ∗
τ (t)(T

∗Q × R) is determined as TQ|Q ,R × R up

to isomorphism, where RI(t) are a set of contra-variant vector components on Q|Q, where

|Q denotes the configuration space Q equipped with the coordinates QI . Then assume that

there is a function L = L(QI(t) , RI(t) , t) defined on TQ|Q ,R × R such that the following

conditions are satisfied:

PI(t) =
∂L

∂RI(t)
, det

(
∂PI(t)

∂RJ(t)

)
̸= 0 . (3.67)

Using the implicit function theorem, we get a set of functions: RI = RI(QI(t) , P I(t) , t).

Since Q̇I(t) are contra-variant vector components on Q|Q as well, without any loss of general-

ity, RI can be identified as Q̇I(t). Therefore, we acquire a coordinate system for the velocity

phase space TQ: QI(t) and Q̇I(t). This construction leads to a one-to-one correspondence

between PI(t) and Q̇I(t). That is, the following map is a well-defined and invertible map:

κ|στ (t) : TQ|Q ,Q̇ × R → T ∗Q|Q ,P × R; Q̇I(t) 7→ PI(t) , (3.68)

which restricts the domain TQ × R and the range T ∗Q × R of κ to σ∗
τ (t)(TQ × R) =

TQ|Q ,Q̇×R and σ∗
τ (t)(T

∗Q×R) = T ∗Q|Q,P ×R, respectively. Of course, there is a relation:

TQ|Q ,Q̇ × R ≃ T ∗Q|Q ,P × R, and it implies that TQ|Q ,Q̇ × T ∗Q|Q ,P × R is equivalent to

TQ|Q ,Q̇ × R and T ∗Q|Q ,P × R.

Second, we define a Lagrangian in the space TQ|Q ,Q̇ × T ∗Q|Q ,P × R, denoted by LT ,
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which corresponds to the total Hamiltonian HT , as follows:

LT := σ∗
τ (t)

[
PIQ̇

I +ΘaΘ̇
a −HT (Θ

a ,Θa , Q
I , PI)

]
= PI(t)Q̇

I(t)−HT (Θ
a(t) = ϵa ,Θa(t) = ϵa , Q

I(t) , PI(t)) .

(3.69)

That is, L = LT and PI(t) are introduced by Eq (3.67). Here, σ∗
τ (t)(dX/ds) = d(σ∗

τ (t)X)/d(σ∗
τ (t)s) =

dX(t)/dt is applied, replacing X by QI and Θa. This leads to σ∗
τ (t)Θ̇

a = σ∗
τ (t){Θa , HT}P.b. =

σ∗
τ (t)F

a(Θ) = F a(σ∗
τ (t)Θ) = constant, where F a(Θ) denote a function depending only on

the constraint coordinates: Θa and Θa. It is used also that, for τ ∈ {1 , 3}, all of Ξα and Ψα

in the Shanmugadhasan-Maskawa-Nakajima theorem turn into second-class by virtue of the

gauge fixing conditions. Based on this, these variables are gathered together into Θa and

Θa. The Lagrangian LT is uniquely determined by its construction up to surface terms. Let

us define the pullback of “total Lagrangian” by σ∗
τ (t) as in the above. Taking into account

the κ|στ (t), it suggests that the following map is a well-defined and invertible map:

O|στ (t) : G[T (TQ|Q ,Q̇ × R)] → G[T (T ∗Q|Q ,P × R)]; Xt|Q ,Q̇ 7→ ∗X t|Q ,P (3.70)

where Xt|Q ,Q̇ and ∗X t|Q ,P are Hamiltonian vector fields restricted to T (TQ|Q ,Q̇ × R) and

T (T ∗Q|Q ,P × R), respectively, and these corresponds in a one-to-one manner.

Finally, let us consider the map ι. When varied, Eq (3.69) becomes as follows;

δLT =

[
Q̇I − ∂HT

∂PI

]
δPI +

[
−ṖI −

∂HT

∂QI

]
δQI +

d

dt

[
PIδQ

I
]

(3.71)

where the argument t in QI(t) and PI(t) are abbreviated. In the form of action functional,

it can be written as follows:

δ (σ∗
τ (t)I) =

∫ t2

t1

[
Q̇I − ∂HT

∂PI

]
δPIdt+

[
−ṖI −

∂HT

∂QI

]
δQIdt+

[
PIδQ

I
]t2
t1
. (3.72)
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In the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P × R, the formulas in Eq (3.67) or the invertible map

κ|στ (t) can be used. Therefore, the above formula becomes as follows:

δ (σ∗
τ (t)I) =

∫ t2

t1

[
Q̇I − ∂HT

∂PI

]
δPIdt+

[
− d

dt

(
∂LT

∂Q̇I

)
− ∂HT

∂QI

]
δQIdt+

[
∂LT

∂Q̇I
δQI

]t2
t1

. (3.73)

The one-to-one correspondence between σ∗
τ (t)HT and LT indicates that

σ∗
τ (t)HT := PIQ̇

I − LT (Q
I , Q̇I) (3.74)

in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P × R under Eq (3.67). Therefore, Eq (3.73) becomes as

follows:

δ (σ∗
τ (t)I) =

∫ t2

t1

[
− d

dt

(
∂LT

∂Q̇I

)
+
∂LT

∂QI

]
δQIdt+

[
∂LT

∂Q̇I
δQI

]t2
t1

, (3.75)

which is now defined in the subspace TQ|Q ,Q̇×R. The second condition of Eq (3.67) implies

that LT is non-degenerate. Therefore, the boundary conditions are given as follows:

δQI(t1) = δQI(t2) = 0 . (3.76)

Here, notice that in the subspace TQ|Q ,Q̇ × R this system always holds the Frobenius inte-

grability based on the consideration given in Section 3.3. In this formulation, map ι can be

introduced in a well-defined manner as an invertible map automatically:

ι|στ : Q|Q[t1]×Q|Q[t2] → C|στ ; (Q
I(t1) , Q

I(t2)) 7→ cA
′
, (3.77)

where Q|Q[t] is the configuration subspace restricted by the canonical embedding στ and

C|στ is a parameter space spanned by the independent integral constants restricted by all

the constraints. A′ runs from 1 to the twice number of QI . Therefore, based on Definition

1, δ (σ∗
τ (t)I) := 0 is the well-posed variational principle.
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Summarising, the well-posed variational principle is

δ (σ∗
τ (t)I) := 0 (3.78)

under the boundary condition (3.76).

3.7. Well-posed variational principle 2: Cases of quasi-canonical em-

beddings

In this section, based on Definition 1 and the quasi-canonical embeddings, σ̃1(t) and σ̃3(t),

which are introduced in the previous section 3.5, the well-posed variational principle for a

system that includes first-class constraints without any gauge fixing conditions is formu-

lated [Tomonari (2023b)]. Hereinafter, we abbreviate the notation of “ ∗ ” for the phase

space variables if it is apparent. First of all, let us consider the case of σ̃3(t). The same

considerations are applicable to σ̃1(t).

The quasi-canonical embedding σ̃3(t) leads to σ̃∗
3(t)(T

∗Q×R ,Ω) = (T ∗Q|Ξ ,Ψ×T ∗Q|Q ,P×

R ,ΩQ ,P (t) + ΩΨ ,Ξ(t) = dQI(t) ∧ dPI(t) + dΞα(t) ∧ dΨα(t)). For T ∗Q|Ξ ,Ψ × T ∗Q|Q ,P × R, a

function L = L(Ξα(t) , Rα(t) , QI(t) , Q̇I(t) , t) defined in TQ|Ξ ,R × TQ|Q ,Q̇ × R such that

∂L

∂Rα(t)
= Ψα(t) = constant (3.79)

can be introduced, but, of course,
∂Ψα(t)

∂Rβ(t)
= 0 . (3.80)

This indicates that invertible map κ does not exist even if the entire phase space T ∗Q×R is

restricted to the subspace σ̃∗
3(t)(T

∗Q×R). However, if T ∗Q×R is restricted to T ∗Q|Q,P ×R,

then PI and Q̇I correspond to one another in a one-to-one manner. Then an invertible map
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κ|σ̃3(t) between TQ|Q ,Q̇ × R and T ∗Q|Q ,P × R is introduced as follows:

κ|σ̃3(t) : TQ|Q ,Q̇ × R → T ∗Q|Q ,P × R; Q̇I(t) 7→ PI(t) (3.81)

in a well-defined manner. In addition, under the same restriction of the phase space T ∗Q×R,

an invertible map O|σ̃3(t) : G[T (TQ|Q ,Q̇ × R)] → G[T (T ∗Q|Q ,P × R)]; Xt|Q ,Q̇ 7→ ∗X t|Q ,P is

introduced in a well-defined manner.

Now, let us consider the map ι. The pullback of the total Lagrangian by σ̃3(t) corre-

sponding to the total Hamiltonian HT is defined as follows:

LT =PI(t)Q̇
I(t) + Ψα(t)Ξ̇

α(t) + Θa(t)Θ̇
a(t)

−HT (Ξ
α(t) ,Ψα(t) = ϵα ,Θ

a(t) = ϵa ,Θa(t) = ϵa , ζ
α1 , QI(t) , PI(t))

=PI(t)Q̇
I(t)−HT (Ξ

α(t) ,Ψα(t) = ϵα ,Θ
a(t) = ϵa ,Θa(t) = ϵa , ζ

α1 , QI(t) , PI(t)) +
d

dt
[Ψα(t)Ξ

α(t)]

(3.82)

in the space TQ|Q ,Q̇ × T ∗Q|Q ,P × TQ|Ξ ,Ξ̇ × T ∗Q|Ξ ,Ψ ×R, where α1 denotes the indices that

correspond to the primary first-class constraints. Remark that Condition (3.67) on QI and

PI holds in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P ×R as well. ζα are Lagrange multipliers and α

runs from 1 to the number of the primary first-class constraints. Hereinafter, the argument

t in QI(t), PI(t), Ξα(t) and Ψα(t) is abbreviated. Since PI and Q̇I have the one-to-one

correspondence by virtue of det(∂PI/∂Q̇
J) ̸= 0 in Eq (3.67), when varying Eq (3.82) in the

action functional form, it becomes as follows:

δ (σ̃∗
3(t)I) =

∫ t2

t1

[
Q̇I − ∂HT

∂PI

]
δPIdt+

[
−ṖI −

∂HT

∂QI

]
δQIdt

− ∂HT

∂Ξα
δΞαdt− ∂HT

∂ζα1
δζα1dt+

[
PIδQ

I +ΨαδΞ
α
]t2
t1
.

(3.83)

Note, here, that ∂HT/∂ζ
α1 correspond to the pullback of the primary first-class constraints
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by σ̃3(t). Therefore, we get

δ (σ̃∗
3(t)I) =

∫ t2

t1

[
− d

dt

(
∂LT

∂Q̇I

)
+
∂LT

∂QI

]
δQIdt+

∂LT

∂Ξα′ δΞ
α′
dt+

[
∂LT

∂Q̇I
δQI +Ψα′δΞα′

]t2
t1

+

∫ t2

t1

∂LT

∂Ξα1
δΞα1dt+

∂LT

∂ζα1
δζα1dt+ [Ψα1δΞ

α1 ]t2t1

(3.84)

in the subspace TQ|Q ,Q̇×TQ|Ξ ,Ξ̇×T ∗Q|Ξ ,Ψ×R, where we used the one-to-one correspondence

between Q̇I and PI which is described by κ|σ̃3(t). α′ denotes the indices that eliminate the

range of α1 form {1 , 2 , · · · , U}. Notice that in this subspace the symplectic structure breaks

down: ΩQ ,P (t) satisfies the definition (3.52), but so is not ΩΞ ,Ψ(t) as mention in Section 3.5.

Here, let us define the “effective first-order variation” of the action functional as follows:

δeffective (σ̃
∗
3(t)I) :=

∫ t2

t1

[
− d

dt

(
∂LT

∂Q̇I

)
+
∂LT

∂QI

]
δQIdt+

∂LT

∂Ξα′ δΞ
α′
dt+

[
∂LT

∂Q̇I
δQI +Ψα′δΞα′

]t2
t1

.

(3.85)

The coordinate variables QI and Ξα′ are now independent. The reason why the terms

concerning primary first-class constraints are split out will be revealed soon. Therefore, to

vanish the effective first-order variation, all the position variables QI have to be fixed at

both t = t1 and t = t2 as boundary conditions:

δQI(t2) = δQI(t1) := 0 (3.86)

and, since Ψα′ are constant, we have to impose

δΞα′
(t2) = δΞα′

(t1) . (3.87)

Taking into account the equations of motion Ξ̇α′
= {Ξα′

, HT}P.b., appropriate boundary
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conditions for these variables Ξα′ have to be either

δΞα′
(t1) := 0 , (3.88)

then δΞα′
(t2) = 0 are automatically satisfied, or

δΞα′
(t2) := 0 , (3.89)

then δΞα′
(t1) = 0 are automatically satisfied, since each solution of Ξ̇α′

= {Ξα′
, HT}P.b. has

one integral constant, respectively. That is, each solution with a given integral constant on

a boundary determines the value on the other boundary. Therefore, Eq (3.87) is satisfied

and becomes zero if either Eq (3.88) or Eq (3.89) is imposed. In this work, we adopt the

first choice; this choice is none other than setting initial conditions. Here, notice that for LT

on TQ|Q ,Q̇ × TQ|Ξ ,Ξ̇ × R the Frobenius integrability (3.43) has to be imposed. That is,

θI(XT ) = δ i
I ζ

α1ταα1
Kij

∂ηj

∂Ξ̇α
:≈ 0 , (3.90)

where I runs the range of indices eliminating the ones for the second-class constraint coor-

dinates, ταβ are zero-eigenvalue vectors of the kinetic matrix, and ηi ≈ (K−1)
ij
Sj. Remark

that the (I , J)-block of the kinetic matrix is non-degenerate. In contrast, for σ̃∗
3(t)HT on

T ∗Q|Q ,P×T ∗Q|Ξ ,Ψ×R, the Frobenius integrability (3.43) is automatically satisfied as follows:

∗θI(∗XT ) = −δIαζα1
∂Ψα1

∂Ξα
− δIJζ

α1
∂Ψα1

∂QJ
≈ 0 , (3.91)

since Ξα and Ψα form a part of the entire canonical coordinate system and all Ψα are

canonical momentum variables with respect to Ξα, respectively.

In order to introduce the map ι in a well-defined manner, the following two conditions
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have to be taken into account; The first is that if gauge fixing conditions are imposed then

σ̃3(t) turns into σ3(t); The second is that the dimension of a parameter space that is spanned

by all independent integral constants is up to 2N−2V −U . Then the map ι can be introduced

as follows:

ι|σ̃3 : Q|Q ,Ξ[t1]×Q|Q[t2] → C|σ̃3 ; (Q
I(t1) ,Ξ

α′
(t1) , Q

I(t2)) 7→ cA
′
, (3.92)

δΞα′
(t2) = 0 are automatically satisfied, where Q|Q and Q|Q ,Ξ are the configuration subspace

of T ∗Q|Q ,P and T ∗Q|Q ,P × T ∗Q|Ξ ,Ψ, respectively, and C|σ̃3 is the parameter space spanned

by the independent integral constants restricted by all the constraints. A′ runs from 1 to the

sum of twice number of QI and Ξα′ . Then map ι is invertible. Therefore, based on Definition

1, δeffective (σ̃
∗
3(t)I) := 0 is the well-posed variational principle.

Under the well-posed variational principle δeffective (σ̃
∗
3(t)I) := 0 with the boundary con-

ditions (3.86) and (3.88), the original first-order variation of the action functional (3.84)

becomes as follows:

δ (σ̃∗
3(t)I) =

∫ t2

t1

∂LT

∂Ξα1
δΞα1dt+

∂LT

∂ζα1
δζα1dt+ [Ψα1δΞ

α1 ]t2t1 . (3.93)

Applying the variational principle: δ (σ̃∗
3(t)I) := 0, we derive

∂LT

∂Ξα1
= − ∂HT

∂Ξα1
= 0 (3.94)

if the following equations are identically satisfied:

∂LT

∂ζα1
= −∂HT

∂ζα1
= Ψα1(t) = 0 . (3.95)

In fact, the boundary conditions δΞα1(t2) = δΞα1(t1) are not satisfied since Ξ̇α1 = {Ξα1 , HT}P.b. ≈
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ζα1 + f(QI , PI) leads to

δΞα1(t2)− δΞα1(t1) = δ

∫ t2

t1

[
ζα1 + f(QI , PI)

]
dt = δ

∫ t2

t1

ζα1dt , (3.96)

where f is the definite function determined by HT and we used the fact that the integral on

the interval t1 ≤ t ≤ t2 of f has a definite value since QI and PI are propagating degrees

of freedom and the equations of motion for these variables are already derived by virtue

of the well-posed variational principle δeffective (σ̃
∗
3(t)I) := 0. This result indicates that the

configurations corresponding to the primary first-class constraints cannot be fixed on the

boundaries. Therefore, we have to impose Ψα1(t) = constant = 0 in advance and this means

that the existence of first-class constraints restricts the possible embedding σ̃3(t). Therefore,

Eq (3.93) becomes as follows:

δ (σ̃∗
3(t)I) =

∫ t2

t1

∂LT

∂Ξα1
δΞα1dt . (3.97)

The variational principle, δ (σ̃∗
3(t)I) := 0, derives the equations of motion, ∂LT/∂Ξ

α1 = 0,

without any boundary condition. Under this assumption, if the effective first-order variation

vanishes: δeffective (σ̃
∗
3(t)I) := 0, the variational principle is applied to the entire phase space,

and vice versa. As another aspect, it would be convenient to introduce the “effective-total

Hamiltonian” as follows:

Heffective := HT |Ψα1 :=0 . (3.98)

For this Heffective, repeating the same consideration going back to Eq (3.82), Eq (3.85) is

directly derived. Of course, the appropriate boundary conditions are given by Eq (3.86) and

Eq (3.88).
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There is a remark. Eq (3.82) can be rewritten as follows:

L′
T (Q

I , PI ,Ξ
α ,Ψα) := PIQ̇

I − σ̃∗
3(t)HT (3.99)

where

L′
T = LT − d

dt
[ΨαΞα] , (3.100)

and we abbreviatied Θa and Θa. L′
T in Eq (3.100) has the arbitrariness of continuous infinite

since Ψα can be regarded as continuous parameters. In other words, L′
T is parametrized by

Ψα. The arbitrariness is not the one deriving from a canonical transformation on T ∗Q|Q ,P ×

R. That is, for a total Hamiltonian HT , the corresponding Lagrangian is not uniquely

determined, unlike the case of canonical embeddings. It is another aspect of the absence of

the inverse map O−1 in the entire space T ∗Q× R.

Summarising, the well-posed variational principle is

δeffective (σ̃
∗
3(t)I) := 0 (3.101)

under the boundary conditions (3.86) and (3.88). The important result is that the configu-

rations corresponding to the primary first-class constraint coordinates never be fixed on the

boundaries until some gauge fixing conditions are imposed.

3.8. Examples

In this section, the difficulties in the examples given in Section 3.1 are resolved by apply-

ing the theory that is established throughout this chapter [Izumi et al. (2023); Tomonari

(2023b)]. Hereinafter, we abbreviate the notation of “ ∗ ” for the phase space variables if it

is apparent.
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The first examples is the Lagrangian L1 in Eq (3.1):

L1 =
1

2
ẋ2 +

1

2
ẏ2 + λ(x+ y) . (3.102)

The kinetic matrix is

K =


1 0 0

0 1 0

0 0 0

 , (3.103)

where the following canonical momentum variables are used: p1 = ẋ, p2 = ẏ, pλ = 0. Remark

that the Lagrange multiplier λ is regarded as a configuration variable. Since the rank of the

kinetic matrix is 2, there is a primary constraint as follows:

ϕ(1) = pλ := 0 . (3.104)

The total Hamiltonian is given as follows:

HT = H0 + ζϕ(1) , H0 =
1

2
p2x +

1

2
p2y − λ(x+ y) . (3.105)

The Dirac-Bergmann procedure derives a secondary, a tertiary, and a quaternary constraint

as follows:

ϕ(2) = x+ y := 0 ,

ϕ(3) =
1

2
(px + py) := 0 ,

ϕ(4) = λ := 0 .

(3.106)

The consistency for ϕ(4) is automatically satisfied. Therefore, the procedure stops here. The

Poisson brackets are {ϕ(1) , ϕ(4)}P.b. = 1, {ϕ(2) , ϕ(3)}P.b. = 1, otherwise vanish; all constraints

are classified into second-class constraint and the propagating degrees of freedom of the
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system is (3 × 2 − 4)/2 = 1. The Shanmugadhasan-Maskawa-Nakajima theorem indicates

that the system has a canonical transformation from the original coordinates to the ones such

that a part of the entire canonical coordinates are represented by the linear combination of

the second-class constraints. In fact, the symplectic 2-form is computed as follows:

Ω = dqi ∧ dpi = dQ ∧ dP +Θa ∧Θa , (3.107)

where Q, P , Θa, and Θa (a ∈ {1 , 2}) are defined as follows:

Q =
1

2
(x− y) , P = px − py

Θ1 = ϕ(4) , Θ1 = ϕ(1)

Θ2 = ϕ(2) , Θ2 = ϕ(3) .

(3.108)

Notice that the second equality of Ω is the strong equality, not weak equality. In terms of

these canonical variables, the total Hamiltonian is transformed as follows:

HT =
1

4
P 2 + (Θ2)

2 −Θ1Θ2 . (3.109)

The pullback of total Lagrangian by the canonical embedding σ2(t) is derived as follows:

LT = σ∗
2(t)

[
PQ̇+ΘaΘ̇a −HT

]
= PQ̇− 1

4
P 2 − (Θ2)

2 −Θ1Θ2 ,

∴ LT = PQ̇− 1

4
P 2 + constant ,

(3.110)

which is defined in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P ×R. Here, we abbreviated the pullback

operator σ∗
2(t), which is defined in Section 3.5, in the second and the last line. Remark

that the pullback of HT by σ2(t) above is defined in the symplectic submanifold (T ∗Q|Q ,P ×
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R ,ΩQ ,P = dQ ∧ dP ). This system is Frobenius integrable as mentioned in Section 3.6. In

fact, it can be shown that this system has a unique solution.

The first-order variation of the action functional is calculated as follows:

δ(σ∗
2(t)I) =

∫ t2

t1

[
−1

2
P + Q̇

]
δP dt+

[
−Ṗ
]
δQdt+ [PδQ]t2t1 . (3.111)

The appropriate boudnary conditions are set as follows:

δQ(t2) = δQ(t1) := 0 (3.112)

Then the variational principle leads to the following equations:

−1

2
P + Q̇ = 0 , −Ṗ = 0 . (3.113)

The first equation gives the explicit form the canonical momentum variable P . Therefore,

LT is rewritten as follows:

LT = 2Q̇2 + constant , (3.114)

which is now defined in the subspace TQ|Q ,Q̇ × R. It indicates that the system is always

Frobenius integrable as mentioned in Section 3.6 and that two integral constants exist. In

fact, LT is nothing but describing the uniform motion in a straight line. The equation of

motion is given as follows:

−2Q̈ = 0 . (3.115)

This equation has a unique solution: Q(t) = At+ B, where A and B are integral constants

and the boundary conditions uniquely determine these constants. The fundamental maps

are given as follows: κ|σ2(t) : TQ|Q ,Q̇ → TQ|Q ,P ; Q̇ 7→ P and O|σ2(t) : Xt = Q(∂/∂Q̇) +

Q̇(∂/∂Q) + (∂/∂t) 7→ ∗X t = (∂HT/∂P )(∂/∂Q) − (∂HT/∂Q)(∂/∂P ) + (∂/∂t), where HT =
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P 2/4+constant; these are introduced in a well-defined manner and invertible. The invertible

map ι is ι|σ3(t) : Q|Q[t1] × Q|Q[t2] → C|σ3(t); (Q(t1) , Q(t2)) 7→ (A ,B) with A = (Q(t1 −

Q(t2))/(t1 − t2) and B = (t1Q(t2)− t2Q(t1))/(t1 − t2).

The second example is the Lagrangian L2 in Eq (3.1):

L2 = q̇1q̇3 +
1

2
q2(q3)2 . (3.116)

This model has no propagating degrees of freedom but is historically crucial; it was proposed

as a counter-example for the Dirac conjecture [Dirac (1950)]. The kinetic matrix K is

K =


0 0 1

0 0 0

1 0 0

 , (3.117)

where the following canonical momentum variables are used: p1 = q̇3 , p2 = 0 , p3 = q̇1. There

is a primary constraint due to rankK = 2:

ϕ(1) = p2 := 0 . (3.118)

The total Hamiltonian is derived as follows:

HT = H0 + ζϕ(1) , H0 = p1p3 −
1

2
q2(q3)2 . (3.119)
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The Dirac-Bergmann procedure generates a secondary and a tertiary constraint as follows:

ϕ̇(1) = {ϕ(1) , HT}P.b. ≈
1

2
(q3)2

∴ ϕ(2) = q3 := 0 ,

ϕ(3) = ϕ̇(2) = {ϕ(2) , HT}P.b. ≈ p1

∴ ϕ(3) = p1 := 0 .

(3.120)

ϕ̇(3) ≈ 0 is automatically satisfied. All ϕ(1), ϕ(2), and ϕ(3) are classified into first-class con-

straint: all Poisson brackets among them vanish. The Shanmugadhasan-Maskawa-Nakajima

theorem indicate that this system has a canonical transformation from the original coordi-

nates to the ones such that a part of their canonical momenta themselves are the first-class

constraints. In fact, the symplectic 2-form of the system is computed as follows:

Ω = dqi ∧ dpi = dΞα ∧ dΨα , (3.121)

where Ξα and Ψα are defined as follows:

Ξ1 = q1 , Ξ2 = q2 , Ξ3 = −p3

Ψ1 = ϕ(3) , Ψ2 = ϕ(1) , Ψ3 = ϕ(2) .

(3.122)

Notice that the second equality in the equation of Ω is the strong equality, not weak equality.

The total Hamiltonian is transformed as follows:

HT = −Ψ1Ξ
3 − 1

2
Ξ2(Ψ3)

2 + ζΨ2 . (3.123)

This system is always Frobenius integrable as mentioned in the section 3.3. In fact, Eq (3.41)
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can be computed as follows:

∗θα(∗XT ) =

(
dΨα +

∂H

∂Ξα
dt

)(
XH + ζXΨ2 +

∂

∂t

)
=dΨα(XH) + dΨα(ζXΨ2) +

∂H

∂Ξα

≈{Ψα , H}+ ζ{Ψα ,Ψ2}+
∂H

∂Ξα

=0 ,

∴ ∗θα(∗XT ) ≈ 0 .

(3.124)

Therefore, the system has six integral constants, of which three integral constants are occu-

pied by the consistency conditions of the constraints. Therefore, the remaining three inde-

pendent integral constants, which originated from the three equations: Ξ̇1 = −Ξ3, Ξ̇2 = ζ,

and Ξ̇3 = −Ξ2Ψ3, have to be fixed by imposing boundary conditions in the variational

principle. There are a possible quasi-canonical embedding σ̃1(t) and a possible canonical

embedding σ1(t), which are defined in Sections 3.6 and 3.7, respectively.

We derive the pullback of total Lagrangian LT by σ̃1(t) and compute the first-order

variation of the action functional for LT . LT is defined as follows:

LT := σ̃∗
1(t)

[
ΨαΞ̇

α −HT

]
∴ LT = Ψ1Ξ

3 +
1

2
Ξ2(Ψ3)

2 +
d

dt

(
Ψα′Ξα′

)
,

(3.125)

which is defined in the space TQ|Ξ ,Ξ̇×R. Here, we abbreviated the pullback operator σ̃∗
1(t),

α′ ∈ {1 , 3}, and we used σ̃∗
1(t)Ψ2 = 0. Then the effective first-order variation is given as

follows:

δeffective(σ̃
∗
1(t)I) = Ψ1

∫ t2

t1

dtδΞ3 +
[
Ψ1δΞ

1 +Ψ3δΞ
3
]t2
t1
. (3.126)
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The appropriate boundary conditions are set as follows:

δΞα′
(t1) = 0 , (3.127)

then δΞα′
(t2) = 0 are automatically satisfied since each solution of the equations of motion

for Ξα′ is only one integral constant, respectively. That is, each solution gives a definite

value at the boundary t = t2. Then the variational principle for the effective first-order

variation, δeffective(σ̃
∗
1(t)I) := 0, leads to Ψ1 = 0. In addition, δ(σ̃∗

1(t)I) := 0 derives Ψ3 = 0.

Here, we abbreviated the pullback operator σ̃∗
1(t). Remark that the Frobenius integrability

condition (3.43) in Section 3.3 restricted to σ̃∗
1(t)(TQ×R) is also satisfied, and there occurs

no phase space reduction. It indicates that the six integral constants hold, of which the

three constants are occupied by the consistency conditions, or equivalently the embedding

σ̃∗
1(t). This fact can be also led by that Eq (3.41) given in Section 3.3 is always satisfied

in this system by virtue of a zero-eigenvector τ i = (0 , τ 2 , 0) and ηi ≈ (0 , η2 , 0) where

τ 2 and η2 are arbitrary function in the space TQ|Ξ ,Ξ̇ × R. Then the invertible map ι

is ι|σ̃3 : Q|Ξ[t1] → C|σ̃3 ; (Ξ
1(t1) ,Ξ

3(t1)) 7→ (c1 , c2). In fact, we have the two equations:

Ξ̇1 = −Ξ3 and Ξ̇3 = 0. Therefore, c1 = Ξ1(t1) − Ξ3(t1)t1, c2 = Ξ3(t1). Remark that κ|σ̃1(t)

and O|σ̃1(t) do not exist in this case since this system does not have any dynamics. The

remaining one integral constant is assigned for Ξ̇2 = ζ; this constant is not determined until

some gauge fixing conditions are imposed.

Next, let us impose the following gauge fixing conditions to all Ξα: Ξ̇1 = −Ξ3 := 0,

Ξ̇2 = ζ := 0, and Ξ̇3 = −Ξ2Ψ3 := 0. The first and the third equations are automatically

satisfied by virtue of Ξα ≈ 0 (α ∈ {1 , 2 , 3}). The second equation is satisfied if and only if

ζ := 0. Remark that all these ingredients are derived in the entire space T ∗Q|Ψ,Ξ × R: the

target space of the embedding σ1(t). Then the pullback of total Lagrangian LT by σ1(t) is
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introduced as follows:

LT = σ∗
1(t)

[
ΨαΞ̇

α −HT

]
= constant , (3.128)

which is defined in the null subspace {0} × R. That is, this system does not describe any

dynamics. Therefore, of course, κ|σ̃1(t) and O|σ̃1(t) do not exist. Map ι is in the same situation:

all the integral constants, which are implied by Eq (3.41) given in Section 3.3 by virtue of

the same reason as the previous paragraph, are occupied by the consistency conditions for

Ψα and Ξα, or equivalently fixing the embedding σ1(t).

The third example is the Lagrangian L3 in Eq (3.1):

L3 = q1q̇2 − q2q̇1 − (q1)2 − (q2)2 . (3.129)

This model is an imitation of the Dirac system for spin 1/2-particles in field theory. The

kinetic matrix K is

K =

0 0

0 0

 , (3.130)

where the following canonical momentum variables are used: p1 = −q2, p2 = q1. There are

two primary constraints due to rankK = 0:

ϕ
(1)
1 = p1 + q2 := 0 , ϕ

(1)
2 = p2 − q1 = 0 . (3.131)

The Poisson bracket is {ϕ(1)
1 , ϕ

(1)
2 }P.b. = 2 and otherwise vanish. The total Hamiltonian is

derived as follows:

HT = H0 + ζαϕ(1)
α , H0 = (q1)2 + (q2)2 . (3.132)

The Dirac procedure determines all Lagrange multipliers:

ζ1 ≈ −q2 , ζ2 ≈ q1 . (3.133)
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Then the consistency conditions for ϕ(1) , ϕ(2) are satisfied: ϕ̇(1) ≈ 0 , ϕ̇(2) ≈ 0. That is, all

constraints are classified into second-class constraints and the propagating degrees of freedom

of the system is (2 × 2 − 2)/2 = 1. The Shanmugadhasan-Maskawa-Nakajima theorem

indicates that the system has a canonical transformation from the original coordinates to

the ones such that a part of the entire canonical coordinates are represented by the linear

combination of the second-class constraints. In fact, the symplectic 2-form is computed as

follows:

Ω = dqi ∧ dpi = dQ ∧ dP + dΘ1 ∧ dΘ1 , (3.134)

where Θ1, Θ1, Q and P are defined as follows:

Θ1 =
1√
2
ϕ
(1)
1 , Θ1 =

1√
2
ϕ
(1)
2 ,

Q =
1√
2
(q1 + p2) , P =

1√
2
(p1 − q2) .

(3.135)

Notice that the second equality in the equation of Ω is the strong equality, not weak equality.

The total Hamiltonian is transformed as follows:

HT =
1

2
P 2 +

1

2
Q2 − 1

2
(Θ1)2 − 1

2
(Θ1)

2 . (3.136)

The pullback of total Lagrangian by σ2(t) is derived as follows:

LT =σ∗
2(t)

(
Θ1Θ̇

1 + PQ̇−HT

)
=PQ̇− 1

2
Q2 − 1

2
P 2 +

1

2
(Θ1)2 +

1

2
(Θ1)

2 ,

∴ LT = PQ̇− 1

2
Q2 − 1

2
P 2 + constant ,

(3.137)

which is defined in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P ×R. Here, we abbreviated the pullback

operator σ∗
2(t), which is defined in Section 3.5, in the second and the last line. Remark

93



that the pullback of HT by σ2(t) above is defined in the symplectic submanifold (T ∗Q|Q ,P ×

R ,ΩQ ,P = dQ ∧ dP ). This system is Frobenius integrable as mentioned in Section 3.6. In

fact, it can be shown that this system has a unique solution.

The first-order variation of the action functional of LT is computed as follows:

δ (σ∗
2(t)I) =

∫ t2

t1

[
−Ṗ −Q

]
δQdt+

[
Q̇− P

]
δP dt+ [PδQ]t2t1 . (3.138)

The appropriate boundary conditions are set as follows:

δQ(t2) = δQ(t1) := 0 . (3.139)

Then the variational principle leads to the following equations:

−Ṗ −Q = 0 , Q̇− P = 0 . (3.140)

The second equation gives the explicit form for the canonical momentum variable P . There-

fore, LT is rewritten as follows:

LT =
1

2
(Q̇)2 − 1

2
Q2 + constant , (3.141)

which is now defined in the subspace TQ|Q ,Q̇ × R. It indicates that the system is always

Frobenius integrable as mentioned in Section 3.6 and that two integral constants exist. In

fact, LT is nothing but describing the one-dimensional harmonic oscillator. The equation of

motion is as follows:

−Q̈−Q = 0 . (3.142)

This equation has the unique solution Q(t) = A exp(+it) + B exp(−it) and the boundary

condition uniquely determines the integral constant A ,B. The fundamental maps are given
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as follows: κ|σ2(t) : TQ|Q ,Q̇ → TQ|Q ,P ; Q̇ 7→ P and O|σ2(t) : Xt = Q(∂/∂Q̇) + Q̇(∂/∂Q) +

(∂/∂t) 7→ ∗X t = (∂HT/∂P )(∂/∂Q)−(∂HT/∂Q)(∂/∂P )+(∂/∂t), where HT = Q2/2+P 2/2+

constant; these are introduced in a well-defined manner and invertible. The invertible map

ι is ι|σ3(t) : Q|Q[t1] ×Q|Q[t2] → C|σ3(t); (Q(t1) , Q(t2)) 7→ (A ,B) with A = (Q(t1)exp(it2) −

Q(t2)exp(it1))/2i sin(t2 − t1) and B = (Q(t2)exp(−it1)−Q(t1)exp(−it2))/2i sin(t2 − t1).

The final example is the Lagrangian L4 in Eq (3.1):

L4 = −1

2
qq̈ − 1

2
q2 . (3.143)

For this system, applying the consideration given in Section 3.2, there exists the counter-term

W given as follows:

W =
1

2
qq̇ + C(q) , (3.144)

where C(q) is an arbitrary function of q. Then L4 becomes as follows:

L′
4 = L4 +

dW

dt
=

1

2
(q̇)2 − 1

2
q2 +

∂C

∂q
q̇ . (3.145)

This is none other than the Lagrangian for a one-dimensional harmonic oscillator. In fact,

the first-order variation of L′
4:

δI ′ =

∫ t2

t1

(−q̈ − q)δqdt+
d

dt

[(
q̇ +

∂C

∂q

)
δq

]t2
t1

(3.146)

and the well-posed variational principle under the Dirichlet boundary condition δq(t2) =

δq(t1) = 0 leads to an equation: −q̈ − q = 0. The solution is, of course, q(t) = A exp(+it) +

B exp(−it), where A ,B are integral constants that are determined by the boundary condi-

tions. For this trivial system, we apply the two different methodologies which are introduced

in Section 2.5, to formulate the well-defined variational principle without any counter-term.
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That is, (i) Ostrogradsky’s original formulation and (ii) Pons’ modified formulation.

Let us consider applying (i) Ostrogradsky’s original formulation. The configuration space,

denoted by Q, in this method is coordinated by Q(1) = q and Q(2) = q̇. Then the corre-

sponding canonical momenta are given as follows: P (1) = ∂L4/∂Q(2) − (d/dt)(∂L4/Q̇(2)) =

Q(2)/2 and P (2) = ∂L4/Q̇(2) = −Q(1)/2. Therefore, the rank of the kinetic matrix K(2) =

∂P (2)/∂Q̇(2) is zero, and there is a primary constraint: ϕ(1) = P (2) + Q(1)/2 := 0. Then the

total Hamiltonian is HT = P (1)Q(2) + P (2)Q̇(2) − L4 + ζϕ(1) = P (1)Q(2) + (Q(1))
2/2 + ζϕ(1),

where ζ is a Lagrange multiplier. The consistency condition for ϕ(1) generates a secondary

constraint: ϕ(2) = −P (1) + Q(2)/2 := 0, but it expected from the definition of P (1). The

consistency condition for ϕ(2) determines the Lagrange multiplier ζ as Q(1) in the weak

equality. Therefore, the procedure stops here. The Poisson brackets between ϕ(1) and ϕ(2)

is {ϕ(1) , ϕ(2)}P.b. = −1 and otherwise vanish. This system has two second-class constraints,

and it indicates that the propagating degrees of freedom of the system is (2× 2− 2)/2 = 1

and that we have to use the canonical embedding σ2(t) given in Section 3.5 to introduce the

well-posed variational principle.

The symplectic 2-form is computed as follows: Ω = dQ(i)∧dP (i) = dΘ1∧dΘ1+dQ∧dP ,

where Θ1 = ϕ(2), Θ1 = ϕ(1), Q = P (1)+Q(2)/2, and P = P (2)−Q(1)/2. The Poisson brackets

are {Θ1,Θ1}P.b. = 1, {Q,P}P.b. = 1, and otherwise vanish. The original variables Q(1), Q(2),

P (1), and P(2) are expressed by using the transformed variables as follows: Q(1) = Θ1 + Q,

Q(2) = Θ1 − P , P (1) = (Q − Θ1)/2, and P (2) = (P + Θ1)/2. Then the total Hamiltonian

is transformed as follows: HT = P 2/2 + Q2/2 − 2Θ1P − (Θ1)2/2 + 3(Θ1)
2/2 and is defined

in the symplectic manifold (T ∗Q|Q ,P × T ∗Q|Θ × R ,Ω). The pullback of HT by σ2(t) is

σ∗
2(t)HT = P 2/2 + Q2/2 − 2Θ1P + constant in the symplectic submanifold (T ∗Q|Q ,P ×

R , σ∗
2(t)Ω = dQ ∧ dP ), and this is a Frobenius integrable system. That is, there are two

integral constants. The pullback of total Lagrangian is LT := σ∗
2(t)[PQ̇ + Θ1Θ̇

1 − HT ] =

PQ̇− P 2/2−Q2/2− 2Θ1P + constant in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P ×R. Therefore,
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the first-order variation of the action functional is given as follows:

δ(σ∗
2(t)I) =

∫ t2

t1

[
−Ṗ −Q

]
δQdt+

[
Q̇− P − 2Θ1

]
δPdt+ [PδQ]t2t1 . (3.147)

Under the boundary conditions:

δQ(t2) = δQ(t1) = 0 , (3.148)

the well-posed variational principle δ(σ∗
2(t)I) := 0 leads to the equations of motion: −Ṗ−Q =

0 and Q̇− P − 2Θ1 = 0. That is, using σ∗
2(t)Θ1 = constant, −Q̈−Q = 0; this is none other

than the equation of a one-dimensional harmonic oscillator. Remark, here, that LT is now

defined in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P × R ≃ TQ|Q ,Q̇ × R and Frobenius integrable.

In fact, the solution is Q(t) = A exp(+it) + B exp(−it), and this includes the two integral

constants: A and B. The boundary conditions fix these constants.

Finally, the maps κ, O, and ι are introduced as follows: κ|σ2(t) : TQ|Q ,Q̇ → TQ|Q ,P ; Q̇ 7→

P and O|σ2(t) : O[T (TQ|Q ,Q̇ × R)] → O[T (T ∗Q|Q ,P × R)]; Xt = Q(∂/∂Q̇) + Q̇(∂/∂Q) +

(∂/∂t) 7→ ∗X t = (∂HT/∂P )(∂/∂Q) − (∂HT/∂Q)(∂/∂P ) + (∂/∂t) are introduced in a well-

defined manner and invertible, where HT = P 2/2 +Q2/2− 2Θ1P + constant in T ∗Q|Q ,P ×

TQ|Ξ ,Ψ × R. ι is ι|σ2(t) : Q|Q[t1] × Q|Q[t2] → C|σ3(t); (Q(t1) , Q(t2)) 7→ (A ,B) with A =

(Q(t1)exp(it2)−Q(t2)exp(it1))/2i sin(t2 − t1) andB = (Q(t2)exp(−it1)−Q(t1)exp(−it2))/2i sin(t2 − t1).

Let us consider applying (ii) Pons’ modified formulation. The original Lagrangian L4 is

represented by using a Lagrange multiplier λ as follows:

L′′
4 = −1

2
qẋ− 1

2
q2 + λ(x− q̇) . (3.149)

Regarding λ also as a position coordinate of the configuration space, the canonical momenta

are derived as follows: p = −λ, y = −q/2, and π = 0. Therefore, the rank of the kinetic
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matrix Kij = ∂pi/∂q̇
j (where p1 = p , p2 = y , p3 = π , q1 = q , q2 = x , q3 = λ) is zero,

and there are three primary constraints: ϕ
(1)
1 = p + λ :≈ 0, ϕ(1)

2 = y + q/2 := 0, and

ϕ
(1)
3 = π := 0. The total Hamiltonian is computed as follows: HT = q2/2−λx+ζαϕ(1)

α , where

ζα are Lagrange multipliers and α ∈ {1, 2, 3}. The consistency conditions for ϕ(1)
α become

as follows: ϕ̇(1)
1 ≈ −q − ζ2/2 + ζ3 := 0, ϕ̇(1)

2 ≈ λ + ζ1/2 := 0 and ϕ̇
(1)
3 ≈ x − ζ1 := 0; there

is a secondary constraint: ϕ(2) = λ+ x/2 where we used ζ1 ≈ x. The consistency condition

for ϕ(2) restricts the relation between ζ2 and ζ3, and this determines all the multipliers as

follows: ζ2 ≈ −q and ζ3 ≈ q/2. The Poisson brackets among the constraints are computed as

follows: {ϕ(1)
1 , ϕ

(1)
2 }P.b. = −1/2, {ϕ(1)

1 , ϕ
(1)
3 }P.b. = 1, {ϕ(2) , ϕ

(1)
2 }P.b. = 1/2, {ϕ(2) , ϕ

(1)
3 }P.b. = 1,

and otherwise vanish. This system has four second-class constraints, and this indicates that

the propagating degrees of freedom of the system is (3×2−4)/2 = 1 and that we have to use

the canonical embedding σ2(t) given in Section 3.5 to introduce the well-posed variational

principle.

The symplectic 2-form is computed as follows: Ω = dq ∧ dp+ dx∧ dy+ dλ∧ dπ = dΘ1 ∧

dΘ1+dΘ
2∧dΘ2+dQ∧dP , where Θ1 = ϕ(2)−ϕ(1)

1 , Θ1 = ϕ
(1)
2 , Θ2 = (ϕ(2)+ϕ

(1)
1 )/2, Θ2 = ϕ

(1)
3 ,

Q = q/2− y+ π/2, and P = p+ x/2. Then the total Hamiltonian is transformed as follows:

HT = Q2/2 + P 2/2 − (Θ1)2/2 in the symplectic manifold (T ∗Q|Q ,P × T ∗Q|Θ × R,Ω). The

pullback of HT by σ2(t) is σ∗
2(t)HT = Q2/2+P 2/2+ constant in the symplectic submanifold

(T ∗Q|Q ,P ×R , σ∗
2(t)Ω = dQ∧ dP ), and this is a Frobenius integrable system. That is, there

are two integral constants. The pullback of total Lagrangian is LT = σ∗
2(t)[PQ̇ + ΘaΘ̇

a −

HT ] = PQ̇ − Q2/2 − P 2/2 + constant in the subspace TQ|Q ,Q̇ × T ∗Q|Q ,P × R. Therefore,

the first-order variation of the action functional is given as follows:

δ(σ∗
2(t)I) =

∫ t2

t1

[
−Ṗ −Q

]
δQdt+

[
Q̇− P

]
δP + [PδQ]t2t1 . (3.150)
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Under the boundary conditions

δQ(t2) = δQ(t1) := 0 , (3.151)

the well-posed variational principle δ(σ∗
2(t)I) := 0 leads to the equations of motion, re-

solving as an equation −Q̈ − Q = 0; this is none other than the equation of a one-

dimensional harmonic oscillator. Remark, here, that LT is now defined in the subspace

TQ|Q ,Q̇ × T ∗Q|Q ,P × R ≃ TQ|Q ,Q̇ × R and Frobenius integrable. In fact, the solution is

Q(t) = A exp(+it)+B exp(−it), and this includes the two integral constants: A and B. The

boundary conditions fix these constants. The maps κ, O, and ι are the same as the previous

case by just replacing HT = P 2/2+Q2/2−2Θ1P+constant by HT = P 2/2+Q2/2+constant.

3.9. Summary

In this chapter, a methodology to make the variational principle well-posed in degenerate

point particle systems was constructed, although that of field theories is under development.

The guiding principle is stated as “as many integral constants (/initial conditions) in the

solutions of a given system as possible should be uniquely determined through the boundary

conditions”. The resulting methodology can be summarized into three steps as follows:

(1). For a given system, just performing Hamilton-Dirac analysis, reveal the constraint struc-

ture.

(2). Construct constraint coordinates. (Refer to the proof of Theorem 1 (Shanmugadhasan-

Maskawa-Nakajima theorem) ( or Lemma 1 and/or 2) in [Tomonari (2023b)].) Then, com-

puting the symplectic 2-form, find a new canonical coordinate system which is indicated by

Theorem 1 (Shanmugadhasan-Maskawa-Nakajima theorem). Then select a suitable embed-

ding (see Table 3.1).

(3). Consider the pullback of the Legendre transformation of the total Hamiltonian by the

selected embedding: the pullback of the total Lagrangian by the selected embedding.
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Table 3.1: Embeddings for each type of system. “1st-class system” means a system with
1st-class constraint(s). Others are defined in the same manner.

Gauge fixing 1st-class system 2nd-class system 1st- and 2nd-class system
Yes σ1(t) - σ3(t)
No (or no gauge d.o.f) σ̃1(t) σ2(t) σ̃3(t)

-(i) If one uses στ (t) (τ = 1 , 2 , 3), take the first-order variation of its action functional,

and just fix the emerged configurations in the boundary term at both end-points. Then the

variational principle becomes well-posed.

-(ii) If one uses σ̃τ̃ (t) (τ̃ = 1 , 3), take the first-order variation of its action functional, under

the assumption that the pullback of primary first-class constraint coordinates by σ̃τ̃ (t) is set to

be zero in advance. Then fix the configurations for the propagating degrees of freedom at both

end-points and the configurations which correspond to higher-order (more than secondary)

first-class constraint coordinates at either end-point. Then the variational principle becomes

well-posed.

The embeddings in Table 3.1 have those proper constant parameters, and these parame-

ters correspond to the existence of the constraints of a given system. In the case of systems

with only existing second-class constraints, these constant parameters form a set of conjugate

pairs and drop out from the symplectic 2-form; the symplectic manifold reduces to its phys-

ical submanifold not depending on the values of these parameters. This indicates that these

parameters can be set as zeros as a formality. In the case of systems with existing first-class

constraints, however, the situation gets changed. The conjugate configurations with respect

to (the linear combinations of) the first-class constraints are not constraints; these variables

are also dynamical although not physical. Therefore, in general, the symplectic manifold

does not reduce to its physical submanifold. This indicates that these conjugate configura-

tions need those initial conditions via the boundary conditions of the variational principle.

While the existence of the undetermined Lagrange multipliers forbids fixing the conjugate
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configurations of the primary first-class constraints on the boundaries; the primary first-class

constraints have to be set as zeros in advance. In other words, these constraints cannot be

taken as coordinates to be fixed for introducing the embeddings. Taking into account this

regard, the configurations only of the higher-order first-class constraints should be fixed on

the boundaries.

If the guiding principle is neglected, it is also possible to demand consistency only with the

constraint structure of a given system. In this case, in order to make the variational principle

well-posed, just evaluating the symplectic potential around the constraint surface: ω =

PIδQ
I+ΘaδΘ

a+ΨαδΞ
α ≈ PIδQ

I , it reveals that fixing the configurations of the propagating

degrees of freedom QI on the boundaries provides appropriate boundary conditions for the

well-posed variational principle [Izumi et al. (2023)]. Therefore, depending on whether or

not the guiding principle is assumed, there occurs a case that the well-posed variational

principle needs additional surface terms. In the case of systems with only existing second-

class constraints, the assumption does not change the situation: ω = PIδQ
I + ΘaδΘ

a ≈

PIδQ
I . However, in the case of systems with existing first-class constraints, the situation

gets changed; if the boundary terms appear as ω = PIδQ
I +ΞαδΨα, (i) When not assuming

the guiding principle, the term ΞαδΨα have to be switched in Ξα and Ψα by introducing a

counter-term W = −ΞαΨα: ΞαδΨα − δW = −ΨαδΞ
α C(K)

≈ 0 as a necessary and sufficient

condition; (ii) When assuming the guiding principle, the term ΞαδΨα vanishes since all Ψα are

arbitrary constants in the restriction to an embedded phase subspace, excepting the primary

first-class constraint coordinates: Ψα1 = 0, i .e ., these are not taken as arbitrary. That is,

it is possible to add some counter-terms in the completely same manner as Case (i) only

for the primary first-class constraint coordinates. That is, in Case (ii), counter-terms have

a different meaning: ΞαδΨα − δW = −ΨαδΞ
α = −Ψα1δΞ

α1 − Ψα′δΞα′
= −Ψα1δΞ

α1
C(1)

≈ 0

as a necessary and sufficient condition due to the boundary conditions either Eq (3.88) or

Eq (3.89). In this case, the imposition of full constraints is a sufficient condition.
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The well-posedness discussed in [Tomonari (2023b); Izumi et al. (2023)] is considered

under the consistency with C(K). As mentioned in Section 3.1, the Dirac-Bergmann anal-

ysis itself is valid independently from the well-posedness of the variational principle. This

implies the possibility of arguing the well-posedness in each constraint surface: C(k) (k =

1 , 2 , · · · , K). Taking into account the consideration in the previous paragraph, hereinafter

in the present thesis, let us treat the well-posedness under the consistency only with C(1)

and call it the “weak” well-posedness of the variational principle. Otherwise, let us call the

well-posedness under the consistency with full constraints that of “strong” one.
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Chapter 4

General theory of relativity
Chapter abstract

In this chapter, the general theory of relativity, which is the most successful classical theory of

gravity in modern physics, is established. First of all, the fundamental concepts of the theory

such as spacetime, and weak/Einstein/strong equivalence principles are introduced. Based on

these concepts, the geodesic equations and the Einstein field equations are derived from both

viewpoints of physical considerations (bottom-up approach) and the variational principle

(top-down approach). As mentioned in Section 3.9, we assume that the well-posedness

of the variational principle demands consistency with the primary constraint(s): C(1). In

particular, before deriving the Einstein field equations by using the variational principle, the

ADM-foliation/decomposition of the spacetime is introduced. This technique is mandatory

not only to apply the variational principle in a well-posed manner being consistent with C(1)

but also to perform the Dirac-Bergmann analysis. Finally, performing the Dirac-Bergmann

analysis, the propagating and gauge degrees of freedom of the theory are identified.

4.1. Spacetime and fundamental principles

In this section, the concept of spacetime and fundamental principles for establishing the

general theory of relativity, that is, the principle of equivalence and of general relativ-

ity/covariance, are introduced. First of all, let us formulate Minkowski spacetime.

In the absence of gravity, the special theory of relativity describes the motions of nature,

and the theory is established upon the following two fundamental principles: the principle of

constant speed of light, stated as the speed of light does not depend on inertial frames, and the

principle of special relativity/Lorentz covariance, stated as the physical laws do not depend
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on inertial frames. Then the first principle formulates Minkowski spacetime. Let S be an

inertial frame equipped with coordinates (ct, xi) (i ∈ {1 , 2 , · · · , n}), where c is the speed

of light, and an arbitrary particle and a photon are emitted from the origin O, coordinated

by (0,0), of the system S. After passing time ∆t, let the particle and the photon exist at

a point Q coordinated by (c∆t, xiQ) and a point R coordinated by (c∆t, xiR), respectively.

Then an observer can consider the subtraction of OR, which is the square of the length of the

photon path, from the square of the Euclidean distance of QR in the n-dimensional space as

follows:

(∆s)2 = −c2(∆t)2 +
n∑

i=1

(∆xi)2 , (4.1)

where ∆xi = xiR − xiQ. If the time ∆t is infinitesimal, i .e ., ∆t → dt then the above

equation inserts a distance of the (n+1)-dimensional space which is coordinated by (ct, xi).

Introducing the metric tensor ηµν = diag (−1 ,+1 , · · · ,+1), the distance can be expressed

as follows:

ds2 = ηµνdx
µdxν . (4.2)

This space is nothing but Minkowski spacetime. In the special theory of relativity, all the laws

of physics have to be described in Minkowski spacetime. The fundamental property of the

distance ds2 is that it does not depend on inertial frames. That is, for another inertial frame

S ′, the distance is invariant: (ds′)2 = ds2, and it can be shown that this crucial property is

a conclusion of the first principle. This property introduces the Lorentz symmetry, in terms

of group theories, SO(1, n), and all physical laws have to satisfy this symmetry. Explicitly,

the Lorentz symmetry is expressed as follows:

ηµνΛ
µ
ρΛ

ν
σ = ηρσ , (4.3)

where Λµ
ρ is originated from the coordinate transformation ϕ : S → S ′; xµ 7→ x′µ =
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Λµ
ρx

ρ. The coordinate transformation ϕ which satisfies the Lorentz symmetry is the so-

called Lorentz transformation. Furthermore, more generically, the symmetry of Minkowski

spacetime can be extended into the Poincaré symmetry, i .e ., P n+1 = T n+1 ⋊ SO(1, n)

with the well-defined operation (a1 ,Λ1) · (a2 ,Λ2) = (a1 + Λ1 · a2 ,Λ1 · Λ2), which is nothing

but an affine transformation: xµ 7→ x′µ = Λµ
νx

ν + aµ for a constant (n + 1)-vector aµ in

Minkowski spacetime. Therefore, the second principle is a requirement under the Lorentz

transformation, and it is achieved by expressing all quantities and laws of physics in terms

of tensor fields in Minkowski spacetime.

The special theory of relativity can describe physics only in inertial frames, but the real

world requires the description of physics in accelerating frames. The principle of equivalence

makes it possible to realize the latter requirement of nature and has three different state-

ments: Weak Equivalence Principle (WEP), Einstein’s Equivalence Principle (EEP), and

Strong Equivalence Principle (SEP). The essential point of the principle is the reconsidera-

tion of the meaning of the accelerating frames when subjecting only to gravity.

Let us consider a freely falling test particle. The second law of Newtonian mechanics

describes this motion in an equation as follows:

mia = −mg∇Φ , (4.4)

where a, mi, and mg are the acceleration vector, the inertial mass, and the gravitational

mass of the test particle, respectively. Φ is a Newtonian gravitational field. The WEP states

that the two types of mass are equivalent: mi = mg, and it leads to

a = −∇Φ . (4.5)

That is, the acceleration does not depend on the sort of the test particle; only depends on the

gravitational field. Experimentally, the Eötvös experiment and its modern successors verify
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this statement in high precision. Further considerations of this result give insight into a

new understanding of the acceleration; the gravitational effect cannot be distinguished from

uniform acceleration in a small enough region. That is, the WEP states more generically that

in small enough regions of spacetime, the motion of freely falling particles in a gravitational

field and of particles in a uniform accelerating frame are not distinguishable. Here, spacetime

is the generalized concept of Minkowski spacetime: a space, or more generically, a pseudo-

Riemannian manifold, equipped with a metric tensor gµν(x), not restricting to ηµν .

The statement of the WEP restricts its application only to freely falling particles, but

A. Einstein extended the statement to any other experiments that obey special relativity,

which is nothing but the EEP, stated as in small enough regions of spacetime, the laws of

physics restore those of special relativity. This means that any local experiments cannot

detect a gravitational field. Remark here that the EEP is the statement only for the non-

gravitational laws of physics due to its own property. Including the gravitational laws of

physics, the statement is distinguished as the SEP.

In the special theory of relativity, on one hand, the laws of physics are invariant under

the Poincaré transformation. On the other hand, in the presence of gravity, it demands the

invariance of that under the general coordinate transformations, or more generically, diffeo-

morphisms, xµ 7→ x′µ = (∂x′µ/∂xν)xν , of spacetime. Remark that in this case ∂x′µ/∂xν

is not a constant matrix like Λµ
ν in the Poincaré transformation but a function matrix, or

equivalently, a Jacobian matrix; a system of coordinate functions spans only a local region

of the entire spacetime. This statement is nothing but the principle of general relativ-

ity/covariance and is easily realized by expressing all quantities and laws of physics in terms

of tensor fields in spacetime; it is a straightforward generalization of the principle of special

relativity/covariance. Explicitly, let ϕ : M → M and T be a diffeomorphism of space-

time M and a tensor field of some physical quantity on M. Then the principle claims the
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satisfaction of the following condition:

ϕ∗T = T , or equivalently LξT = 0 , (4.6)

where ξ is a vector field which generates the diffeomorphism ϕ and Lξ is the Lie derivative

generated by ξ. Expressing it in a component form, the first condition becomes as follows:

(ϕ∗T )µ1···
ν1···(x) =

[
∂xµ1

∂x′ρ1
· · · ∂x

′σ1

∂xν1
· · ·
]
x′=ϕ(x)

T ρ1···
σ1···(x

′) , (4.7)

as desired.

So far the main concepts and principles have been introduced: (Minkowski) spacetime,

the EEP, and the principle of general relativity/covariance. Based on these ingredients, the

general theory of relativity is established. In particular, the EEP leads to an interpretation

that a freely falling frame is equivalent to the state of a frame in un-accelerated, the so-called

local inertial frame, if subjecting only to gravity, and it gives an implication of describing

the trajectory of a particle in a gravitational field as geodesics.

4.2. Geodesic equations

In this section, geodesic equations are introduced in two ways: a bottom-up approach focused

on the motion of particles for grasping the meaning of physics and a top-down approach based

on the variational principle for formulating the geodesics in a mathematical manner. Finally,

the geometrical interpretation of gravity is presented. Let us start first with the bottom-up

approach for introducing geodesics. Hereinafter, the speed of light c is set as unity: c = 1.

In the absence of forces including gravity, although it will be revealed that gravity is not

a force but the bending of spacetime, a test particle (of which mass is unity in the system
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of units) satisfies the following equations of motion:

aµ =
d2xµ

dτ 2
= 0 , (4.8)

where xµ = xµ(τ) and τ are the position (n+1)-vector and the proper time of the test particle,

respectively. Performing a general coordinate transformation xµ 7→ x′µ = (∂x′µ/∂xν)xν of

which Jacobian matrix being non-singular, the above equation becomes as follows:

aρ = 0 7→ a′ρ =
d2x′ρ

dτ 2
+ Γ′ρ

µν
dx′µ

dτ

dx′ν

dτ
= 0 , Γ′ρ

µν =
∂x′ρ

∂xσ
∂2xσ

∂x′µ∂x′ν
. (4.9)

This equation is nothing but the geodesic equation in the pseudo-Riemannian geometry, if

replacing Γ′ρ
µν by the so-called Christoffel symbols/Levi-Civita connection

◦
Γρ

µν , given as

follows:
◦
Γρ

µν =
1

2
gρσ (∂µgνσ + ∂νgµσ − ∂σgµν) , (4.10)

and the connection
◦
Γρ

µν transforms by the general coordinate transformation as follows:

◦
Γ′ρ

µν =
∂xα

∂x′µ
∂xβ

∂x′ν
∂x′ρ

∂xγ
◦
Γγ

αβ +
∂x′ρ

∂xσ
∂2xσ

∂x′µ∂x′ν
. (4.11)

Then the equation describes the trajectory of the test particle as a geodesic. If tµ = dxµ/dτ

is a tangent vector of the geodesic then the equation can be expressed as follows:

◦
aµ = tν

◦
∇νt

µ = 0 . (4.12)

An important insight here is that the first term in Eq (4.11) is absent in Eq (4.9); vanishing

the connection
◦
Γγ

αβ in some coordinate system is an implication of the test particle existing

in a local inertial frame. Therefore, taking into account the statement of the EEP, the

existence of gravity has something to do with the Levi-Civita connection. In fact, it will be
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revealed in the last part of this section that the connection corresponds to the gravitational

force itself.

Next, let us derive the geodesic equation from the variational principle and consider its

properties. The action functional is introduced as follows:

I[xµ(τ) , e(τ)] =

∫ τ2

τ1

[
1

2e
gµν(x

ρ)
dxµ

dτ

dxν

dτ
+ σ

e

2

]
dτ , (4.13)

where σ = +1, 0,−1 for space-like, null, and time-like geodesic, respectively. The auxiliary

variable e = e(τ) makes it possible to treat the null geodesic, σ = 0, in a unified manner.

This system has a primary constraint with respect to the auxiliary variable. Therefore, the

symplectic potential becomes ω = πeδe + πµδx
µ = πµδx

µ in the Lagrangian formulation,

since πe = 0 is automatically satisfied as an identity, where πe and πµ are the canonical

momentum variables with respect to e and µ, respectively. (In the Hamiltonian formulation,

it becomes ∗ω = πeδe + πµδx
µ C(1)

≈ πµδx
µ, since πe = 0 have to be imposed: πe := 0). It

indicates that the well-posedness of the variational principle on C(1) demands the boundary

conditions δxµ(τ2) = δxµ(τ1) = 0 [Tomonari (2023b); Izumi et al. (2023)]. Varying this

action functional with respect to e, the following equation is derived:

σe2 = gµν
dxµ

dτ

dxν

dτ
, (4.14)

on the other hand, with respect to xµ, the following equation is derived:

d2xρ

dτ 2
+

◦
Γρ

µν
dxµ

dτ

dxν

dτ
=
ė

e

dxµ

dτ
, (4.15)

under the imposition of the boundary conditions. These two equations are nothing but the

geodesic equations. The action functional (4.13) has a symmetry; it is invariant under the
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following one-dimensional diffeomorphism:

ϕ : (τ1, τ2) → (τ ′1, τ
′
2); τ 7→ τ ′ = ϕ(τ) . (4.16)

Then xµ and e are transformed as follows:

xµ(τ) → x′µ = ϕ∗(xµ(τ)) = xµ(τ ′ = ϕ(τ)) , e(τ) → e′(τ) = ϕ∗(e(τ)) = e(τ ′ = ϕ(τ)) ,

(4.17)

where ϕ∗ is the pull back operator of ϕ. Therefore, using this diffeomorphism, the parameter

τ can be always taken under the satisfaction of the condition

ė(τ) = 0 . (4.18)

In such case, Eq (4.15) results in the geodesic equation (4.12). A parameter under the

satisfaction of the condition (4.18) is called the affine-parameter, and it can be generically

expressed as follows:

τ → τ ′ = aτ + b , (4.19)

where a and b are constants. In this formulation, the proper time is redefined as a parameter

τ such that e(τ) = 1, or equivalently, gµν(dxµ/dτ)(dxν/dτ) = −1. Notice that the proper

time has a symmetry for τ 7→ τ + constant.

Finally, let us consider the geodesic equation in spacetime which slightly deforms from

Minkowski spacetime. That is, the metric tensor gµν is expressed as follows:

gµν = ηµν + hµν , |hµν | ≪ 1 , ∂0hµν = 0 . (4.20)

Then the spatial part of the geodesic equation (4.15) under the imposition of the condi-
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tion (4.18) is approximated as follows:

d2xi

dτ 2
≃ −

◦
Γi
µν

dxµ

dτ

dxν

dτ
. (4.21)

If dxi/dτ ≪ 1 is satisfied, the above equation is further approximated as follows:

d2xi

dτ 2
≃ −

◦
Γi
00 , (4.22)

where the explicit formula of the Levi-Civita connection (4.10) is used. Comparing this

equation to the equation for the freely falling test particle, Eq (4.5), the following relation

is derived:
◦
Γi
00 ≃ ∂iΦ , or h00 = −2Φ . (4.23)

It indicates that the Levi-Civita connection and the metric tensor are nothing but the ex-

pression of gravity and of the gravitational potential, respectively. That is, gravity is nothing

but a property of spacetime how it different is from Minkowski spacetime. Therefore, the

statement of the EEP is translated in terms of the Levi-Civita connection into as follows:

in small enough regions of spacetime, it exists a coordinate system such that the Levi-Civita

connection vanishes, and this statement is guaranteed by a theorem: It exists a coordinate

system such that Γ̃ρ
µν = 0 if and only if the lower two indices in the connection is commu-

tative: Γ̃ρ
µν = Γ̃ρ

νµ. Here, remark that the connection is not restricted to the Levi-Civita

connection
◦
Γρ
νµ. Therefore, the EEP is now expressed only in an equation: Γ̃ρ

µν = Γ̃ρ
νµ. The

Levi-Civita connection
◦
Γρ
νµ apparently satisfies this condition by virtue of its expression in

Eq (4.10).

Summarizing this section, using the pseudo-Riemannian geometry, the trajectory of a

particle is described by the geodesic equation (4.15) under the imposition of the condi-

tion (4.18), or equivalently, Eq (4.12), and the connection of the theory is the Levi-Civita
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connection (4.10). In this geometry, the EEP is automatically satisfied, and gravity and the

gravitational potential are expressed by the Levi-Civita connection and the metric tensor,

respectively. Since the geodesic equation is the generalization of the Newton equation for a

freely falling particle, that is, Eq (4.8), therefore, a particle subjecting only to gravity does

continue the uniform motion as a straight line in spacetime, i .e ., a geodesic; gravity is now

engraved into a property of spacetime. Therefore, once the gravitational potential, i .e ., the

metric tensor, is determined, the geodesic equations describe how a particle evolves in time.

The Einstein field equations provide a set of field equations to govern the evolution of the

metric tensor.

4.3. Einstein field equations

In this section, the Einstein field equations are derived based on two bottom-up approaches

by using the Poisson equation of gravity and the equations of geodesic deviation respectively.

The modern approach based on the variational principle will be presented in Section 4.5.

The speed of light c is set as unity: c = 1. Let us start with the first approach.

The Poisson equation of gravity is given as follows:

∇2Φ = 4πGρ , (4.24)

where G is the Newtonian constant and ρ is the matter density of sources. Using Eq (4.20),

Eq (4.22), and the above equation, the following equation is derived:

∇2g00 = 8πG
◦
T 00 , (4.25)

where
◦
T 00 = −ρ is the (0, 0)-component of the energy-momentum tensor

◦
T µν . Generalizing
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this equation in a covariant manner, the field equation should be the following form:

◦
Gµν = 8πG

◦
T µν . (4.26)

Therefore, revealing
◦
Gµν , the field equations for gravity are obtained, under the satisfaction

of the following conditions; (i)
◦
Gµν is composed of the metric tensor and its derivative up

to second-order; (ii) In the Newtonian limit, Eq (4.26) restores Eq (4.25); (iii) The lower

two indices of
◦
Gµν are symmetric; (iv)

◦
Gµν satisfies the covariant conservative property.

Conditions (i) and (iii) allows that
◦
Gµν is written as follows:

◦
Gµν = A

◦
Rµν + Bgµν

◦
R, where

◦
Rµν and

◦
R are the Ricci tensor and the Ricci scalar, A and B are arbitrary constants. There

may be some leaps to make up this form, but the validity will be able to be confirmed in the

second approach. Condition (iv) leads to A = −2B. Therefore,
◦
Gµν should be the following

formula:
◦
Gµν =

◦
Rµν −

1

2
gµν

◦
R . (4.27)

This is nothing but the so-called Einstein tensor, which is derived from the Bianchi identity:
◦
∇[ρ|

◦
Rµν]σκ = 0, and satisfies Condition (iv). Therefore, the Einstein field equations are

derived as follows:

◦
Rµν −

1

2
gµν

◦
R = 8πG

◦
T µν , or

◦
Rµν = 8πG

(
◦
T µν −

1

2
gµν

◦
T
)
. (4.28)

From the second equation above, Condition (ii) leads the Poisson equation of gravity:

Eq (4.25).

The second approach is based on a consideration of the tidal effect. The EEP indicates

that, in small enough regions of spacetime, gravity can be removed by performing appropriate

general coordinate transformation but that, in global regions of spacetime, it is not the case;

the tidal effect appears. Let us consider the congruence of geodesics. The two particles in
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geodesics have the relative acceleration given as follows:

◦
aµ = tµ

◦
∇µ(t

ν
◦
∇νn

ρ) , (4.29)

where nρ are the normal vector of geodesics. Using the geodesic equation (4.12) and the

relation
◦
Lnt

µ = 0, where
◦
Ln is the Lie derivative with respect to the normal vector nµ, the

equation of geodesic congruence are derived as follows:

aµ =
◦
Rµ

νρσt
νtρnσ . (4.30)

This equation describes the tidal effect between two test particles. In the Newtonian case,

the following equation holds:

ai = −nj∂j∂
iΦ . (4.31)

Now, let us derive the Einstein field equations. Generalizing Eq (4.31) into a covariant form,

it becomes aµ = −nν∂ν∂
µΦ. Therefore, comparing it to Eq (4.30) and using the Poisson

equation of gravity, Eq (4.24), and then tracing out the un-contracted indices, the following

equation holds:
◦
Rµνt

µtν = κ2ρ , (4.32)

where κ2 is a constant coefficient. The right-hand side can be generalized as
◦
T µνt

µtν in a

covariant form, therefore, the following relation is derived:

◦
Rµν = κ2

◦
T µν (4.33)

This equation does not satisfy the covariant conservative property but the Bianchi identity:
◦
∇[ρ|

◦
Rµν]σκ = 0 leads to

◦
∇µ

◦
Gµν = 0, where

◦
Gµν is defined in Eq (4.27). Therefore, the above
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equation should be modified as follows:

◦
Gµν = κ2

◦
T µν . (4.34)

The coefficient κ2 can be determined by considering the Newtonian limit: κ2 = 8πG. This

is nothing but the Einstein field equations (4.28).

In the first approach, the form of
◦
Gµν = A

◦
Rµν + Bgµν

◦
R is assumed and it satisfies

all Conditions (i) - (iv), whereas a term Cgµν satisfies only Conditions (i), (ii), and (iv).

Therefore, if the coefficient C is small enough to be consistent with the Newtonian limit,

then it would be possible to modify the Einstein equation as follows:

◦
Gµν + Λgµν = 8πG

◦
T µν . (4.35)

The constant coefficient, Λ, is the so-called Einstein’s cosmological constant. He was moti-

vated to introduce this term from a philosophy that the universe should be static, although

modern observations indicate that the universe is expanding, and it is rather accelerating.

The Einstein field equations are composed of (n + 1)(n + 2)/2 independent equations

in (n + 1)-dimensional spacetime and non-linear partial differential equations. Therefore,

it is generically difficult to solve the equations and to find the true propagating degrees

of freedom. Of course, in order to reveal the latter point, the Dirac-Bergmann analysis

is a powerful tool, but it demands the ADM-foliation of spacetime and the Lagrangian

formulation of the theory.

4.4. ADM-foliation of spacetime and Einstein field equations

In this section, ADM-foliation of spacetime is introduced [Arnowitt et al. (1959, 1960);

Deser et al. (1960); Arnowitt et al. (2008); Baez and Muniain (1995); Nakahara (2003); Carroll

(2019); Padmanabhan (2014b)], and it is one of the most important fundamentals of the
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present thesis. The concepts introduced in this section are as follows: ADM-foliation of

spacetime, the metric of the geometry, first fundamental form (projection map), covariant

derivative in a foliation of spacetime, second fundamental form (extrinsic curvature), Gauss-

Codazzi equations, and the ADM-foliation of Einstein field equation.

Let M be a (n+1)-dimensional manifold of spacetime that has a Cauchy surface. Then

ADM-foliation of spacetime is a diffeomorphism ϕ : M → R × S such that it decomposes

the spacetime M as a disjoint union of hypersurfaces as follows:

M =
⋃
t∈I

Σt , Σt = {p ∈ M|ϕ∗τ(p) = t} , (4.36)

where S is a n-dimensional hypersurface, t and τ are a time coordinate of M and of R ×

S, respectively, I is a time interval of M, and ϕ∗ is the pullback operator of ϕ. Each

hypersurface Σt, which is called a leaf, is diffeomorphic to S. The ADM-foliation of spacetime

is denoted as (M ,S , ϕ).

Let g = gµν dx
µ ⊗ dxν and nµ be a metric tensor of M and a normal vector of a leaf Σt,

respectively. Then the line element ds2 = gµνdx
µdxν is decomposed as follows:

ds2 = ϵN2dτ 2 + hij(dx
i +N idτ)(dxj +N jdτ) ,

hij = [(ϕ−1)∗]µi[(ϕ
−1)∗]νjgµν ,

(4.37)

where ϵ is either −1 or +1 according to either time-like or space-like hypersurface Σt, respec-

tively. N and N i are the lapse function and shift vector, respectively, which is introduced

as follows:

(∂t)
µ = ϵNnµ + [(ϕ−1)∗]µiN

i . (4.38)

Therefore, the components of the metric tensor on M are expressed by the spatial metric
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hij, the lapse function N , and the shift vector N i as follows:

g00 = ϵN2 + hijN
iN j ,

g0i = gi0 = hijN
j ,

gij = hij .

(4.39)

The components of the inverse metric tensor on M are derived as follows:

g00 = ϵN−2 ,

g0i = gi0 = −ϵN−2N i ,

gij = hij + ϵN−2N iN j .

(4.40)

The normal vector nµ can be expressed in terms of the lapse function and the shift vector

as follows:

nµ = ϵN−1(−1 , N i) = −Ng0µ ,

nµ = (−N , 0) = −Nδ0µ .
(4.41)

Remark that a normal vector satisfies the Frobenius theorem: n[µ∇νnρ] = 0, where ∇µ

is a covariant derivative for any geometries/connections, not restricting to the Levi-Civita

connection. Remark also that the expression of nµ above can be extended into a more generic

form as follows:

nµ = (−N ,NNi) = −N(δ0µ −Niδ
i
µ) (4.42)

under the condition N iNi = 0.

In order to describe the geometry of the foliation of spacetime, let us introduce the first
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and second fundamental forms. The first fundamental form is defined as follows:

Pµν = gµν − ϵnµnν , (4.43)

or in the components form

P00 = hijN
iN j ,

P0i = Pi0 = hijN
j ,

Pij = hij ,

(4.44)

or equivalently,

P 00 = 0 ,

P 0i = P i0 = 0 ,

P ij = hij .

(4.45)

This quantity is also called the projection map by virtue of the following properties:

nµPµν = 0 , P µ
νP

ν
ρ = P µ

ρ . (4.46)

Hereinafter, we call it the projection map. Using this quantity, the covariant derivative on a

leaf Σt is introduced as follows:

DρT
µ1µ2···µk

ν1ν2···νl = P σ
ρP

µ1
µ̃1P

µ2
µ̃2 · · ·P µ1

µ̃k
P ν̃1

ν1P
ν̃2

ν2 · · ·P ν̃l
νl∇σT

µ̃1µ̃2···µ̃k
ν̃1ν̃2···ν̃l , (4.47)

where T µ̃1µ̃2···µ̃k
ν̃1ν̃2···ν̃l is a (k , l)-tensor in the spacetime M and T µ1µ2···µk

ν1ν2···νl is a (k , l)-

tensor in a leaf Σt. Remark that this formula holds for any geometries/connections. In

particular, in a (pseudo-)Riemannian manifold, the projection map satisfies the following
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properties:

◦
DkPij = 0 ,

(n)
◦
Γk
ij =

1

2
P kl(∂iPjl + ∂jPil − ∂lPij) .

(4.48)

This is nothing but the Levi-Civita connection on a leaf Σt.

The second fundamental form is defined as follows:

Kµν =
1

2
LnPµν , (4.49)

where Ln is the Lie derivative with respect to the normal vector nµ. Remark that this quan-

tity is viable in any geometries/connections. This quantity satisfies the following properties:

Kµν = Kνµ ,

nµKµν = 0 ,

(4.50)

and has four equivalent expressions as follows:

◦
Kµν =

1

2
Pα

µP
β
ν

◦
Lngαβ ,

◦
Kµν =

◦
∇µnν − ϵnµ

◦
aν ,

◦
Kµν = P ρ

µ

◦
∇ρnν ,

◦
Kµν =

◦
∇µnν + nµ

◦
Dν lnN ,

(4.51)

where the Frobenius theorem is used. Remark that the properties in Eq (4.50) hold for

any geometries/connections. That is, the quantity is symmetric with respect to the lower

two indices and spatial in any geometries/connections. Using these properties, the following

property is derived:
◦
Ln(P

α
µP

β
ν

◦
Kαβ) = Pα

µP
β
ν

◦
Ln

◦
Kαβ . (4.52)
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This property shows that the projection map behaves just like the metric tensor in (pseudo-

)Riemannian geometry regarding the Lie derivative of the second fundamental form with

respect to the normal vector. Notice that these equations excepting the fourth equation in

Eq (4.51) do not depend on a concrete form of the normal vector nµ. If nµ is expressed in

terms of the lapse function and the shift vector, i .e ., nµ = ϵN−1(−1, N i), then the following

important formula is derived:

(n)
◦
Kij =

ϵ

2
N−1(

◦
DiNj +

◦
DjNi − ḣij) . (4.53)

This formula plays a crucial role in performing the Dirac-Bergmann analysis of theories of

gravity. The geometrical meaning of the second fundamental form can be interpreted by

considering a way of embedding a leaf Σt into the spacetime M. Let C be an integral

curve with respect to tµ. Then we can verify the following relation: tµDµt
ν = P ν

ρt
σ∇σt

ρ −

ϵnνtρtσKσρ. If the curve C is a geodesic on the leaf then this relation turns into as follows:

ϵnνtρtσKσρ = P ν
ρt

σ∇σt
ρ. This relation implies that if the curve also is a geodesic of the

spacetime M then the second fundamental form vanishes, and vice versa. Therefore, the

second fundamental form can be interpreted as a quantity that measures the difference in a

way of freely falling a test particle. That is, let C ′ be a geodesic in the spacetime M and

both C and C ′ path through a common point P . Then, to restrict a test particle on C,

the parallel transformation along with the curve C ′ have to be modified by the amount of

ϵnνtρtσKσρ from that of P ν
ρt

σ∇σt
ρ. Therefore, the second fundamental form is interpreted

as a sort of curvature. Hereinafter, we call it the extrinsic curvature.

Next, let us introduce the Gauss-Codazzi equations. The Gauss equation is given as

follows:

(n)
◦
Rρ

σµν = P ρ
γP

δ
σP

α
µP

β
ν

◦
Rγ

δαβ + 2ϵ
◦
Kρ

[µ

◦
Kν]σ . (4.54)

This relation can be shown by using the relation [
◦
Dα ,

◦
Dβ]t

δ = (n)
◦
Rγ

δαβt
δ, where tδ is a
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tangent vector on a leaf Σt. The first and second Codazzi equations are given as follows:

Pα
µP

β
νP

σ
γn

δ
◦
Rγ

δαβ = 2
◦
D[µ

◦
Kν]

σ ,

Pα
µn

γP β
νn

δ
◦
Rαγβδ =

◦
K ρ

µ

◦
Kρν − Ln

◦
Kµν +

◦
Dµ

◦
aν − ϵ

◦
aµ

◦
aν ,

(4.55)

respectively, where ◦
aµ = nν

◦
∇νnµ. These relations can be shown by using the relation

[
◦
∇α ,

◦
∇β]n

γ =
◦
Rγ

δαβn
δ. Concerning the terms

◦
Dµ

◦
aν and/or ◦

aµ, it can be replaced by using

the following relations:

◦
aµ = −nρnµ

◦
Dν lnN ,

◦
Dµ

◦
aν = −ϵ(N−1

◦
Dµ

◦
DνN − ◦

aµ
◦
aν) .

(4.56)

From the Gauss equation (4.54), the Ricci tensor and scalar on a leaf are expressed as follows:

(n)
◦
Rµν = Pα

µP
β
νP

γ
δ

◦
Rδ

αγβ + ϵ(
◦
K

◦
Kµν −

◦
Kµρ

◦
Kρ

ν) ,

(n)
◦
R =

◦
R− ϵ(2

◦
Rµνn

µnν +
◦
Kµν

◦
Kµν −

◦
K2) .

(4.57)

Contracting the first Codazzi equation, it relates the extrinsic curvature to the Ricci tensor

as follows:

2
◦
D[µ

◦
Kµ

ν] = nλP ρ
ν

◦
Rλρ . (4.58)

The above equations in this paragraph hold only for (pseudo-)Riemannian geometry. A

generalization of these equations into metric-affine geometries is given in [Ariwahjoedi et al.

(2021a,b)].

Finally, let us decompose the Einstein field equations. The Einstein tensor and the
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extrinsic curvature have the following relations:

2
◦
Gµνn

µnν = −ϵ (n)
◦
R +

◦
K2 −

◦
Kµν

◦
Kµν ,

◦
Dµ

◦
Kµ

ν −
◦
Dν

◦
K = nµP ν

ρ

◦
Gµν .

(4.59)

These relations are shown by using P ρσP µν
◦
Rρµσν = −2ϵnµnν

◦
Gµν . Using these relations, the

Einstein field equations (4.28) are decomposed into the following three equations:

(n)
◦
R +K2 −

◦
Kµν

◦
Kµν = 2κ2Tµνn

µnν ,

◦
Dµ

◦
K −

◦
Dν

◦
Kν

µ = κ2P ρ
µn

σTρσ ,

(4.60)

and, using also the second equation in Eq (4.55) and the second equation in Eq (4.56),

◦
Ln

◦
Kαβ = −(n)

◦
Rαβ + 2

◦
Kγ

α

◦
Kγβ −

◦
K

◦
Kαβ +N−1

◦
Dα

◦
DβN + P µ

αP
ν
β

(
◦
T µν −

1

n− 1
gµν

◦
T
)
,

(4.61)

where ϵ = −1; leaves are taken as space-like hypersurfaces. The third equations (4.61)

describe the time evolution of the spacetime. In fact, using the following formula:

◦
LnQµν = N−1(∂0Qµν −

◦
LnQµν) , (4.62)

where Qµν is spatial tensor, i .e ., nµQµν = 0, then Eq (4.61) is further split into as follows:

∂0hij −
◦
LNhij = −2N

◦
Kij ,

∂0Kij −
◦
LN

◦
Kij = N (3)

◦
Rij +N(

◦
K

◦
Kij − 2

◦
Kk

i

◦
Kkj)−

◦
Di

◦
DjN − 2κ2P µ

iP
ν
j

(
◦
T µν −

1

n− 1
gµν

◦
T
)
N ,

(4.63)

where Nµ = (0 ,N) = (0 , N i). These equations imply the possibility of reformulating the

Einstein field equations in a Hamiltonian formulation, and the first and second equations
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would correspond to “ q̇ = ∂H/∂p ” and “ ṗ = −∂H/∂q ”, respectively. In this section, we

have discussed based on the equations of motion. In order to verify this statement, however,

it needs to establish the Lagrangian formulation of the general theory of relativity.

4.5. Reformulation based on the well-posed variational principle

In this section, Einstein-Hilbert action is introduced in the Lagrangian formulation, and,

based on the well-posed variational principle on the primary constraint phase space C(1), the

Einstein field equations are derived [Einstein (1916)]. This is the first time to consider the

well-posedness of the variational principle in field theories in the current thesis, therefore,

all computations are performed in detail. The Einstein-Hilbert action in the Hamiltonian

formulation is also established, and the Einstein field equations as Hamilton equation are

derived [Padmanabhan (2014b,a); Parattu et al. (2016a,b); Danieli (2020); Jha (2023)].

The Einstein-Hilbert action functional in vacuum is given as follows:

IGR[gµν ] =
1

2κ2

∫
M
dn+1xLGR , LGR =

◦
R
√
−g , (4.64)

where M is a (n + 1)-dimensional spacetime, g is the determinant of the metric tensor gµν

of M,
◦
R is the Ricci scalar of M, and κ2 = 8πG. In order to apply the variational principle

in a well-posed manner on the primary constraint phase subspace C(1), let us derive the

canonical momentum variables of the system. Using the second relation of the contracted

Gauss equation (4.57) in the case of ϵ = −1 and the relation:
◦
Rµνn

µnν =
◦
∇ρ(

◦
aρ − nρ

◦
K) −

◦
Kµν

◦
Kµν +

◦
K2, which can be derived from [

◦
∇α ,

◦
∇β]n

γ =
◦
Rγ

δαβn
δ, the Ricci scalar in the

action functional can be decomposed as follows:

◦
R = (n)

◦
R +

◦
Kµν

◦
Kµν −

◦
K2 − 2

◦
∇ρ(n

ρ
◦
K − ◦

aρ) . (4.65)
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Therefore, the Einstein-Hilbert action functional (4.64) becomes as follows:

IGR[N ,N i , hij] =
1

2κ2

∫ t2

t1

dt

∫
Σt

dnxLADM +
1

2κ2

∫
∂M

dnx
(
+2

√
h

◦
K
)
, (4.66)

where LADM , the so-called Arnowit-Deser-Misner Lagrangian density, is defined as follows:

LADM = N
√
h
(
(n)

◦
R +

◦
Kµν

◦
Kµν −

◦
K2
)
. (4.67)

The canonical momentum density variables of the ADM Lagrangian are derived as follows:

π0(x) =
δLADM(x)

δṄ(y)
= 0 , πi(x) =

δLADM(x)

δṄ i(y)
= 0 ,

πij(x) =
δLADM(x)

δḣij(y)
=
√
h(x)(

◦
K(x)hij(x)−

◦
Kij(x))δ

(n)(x− y) .

(4.68)

These results indicates that there are the total number of (n + 1) primary constraints as

follows:

∗ϕ
(1)
0 = π0 := 0 , ∗ϕ

(1)
i = πi := 0 (4.69)

in the Hamiltonian formulation. In the Lagrangian formulation, these equations are satisfied

as identities. The symplectic potential in the Lagrangian formulation is given as follows:

ω = π0δN + πiδN
i + πijδh

ij = πijδh
ij. (In the Hamiltonian formulation, ∗ω = π0δN +

πiδN
i+πijδh

ij C(1)

≈ πijδh
ij). Therefore, the well-posedness of the variational principle on the

constraint phase subspace C(1) demands the imposition of the boundary condition as follows:

δhij = 0 on the boundary ∂M [Tomonari (2023b); Izumi et al. (2023)].

Now, let us apply the variational principle to the Einstein-Hilbert action (4.64) under

the imposition of the boundary condition δhij = 0 on ∂M. Varying the Lagrangian density
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LGR in Eq (4.64), the following equation is derived:

δLGR =
◦
Gµνδg

µν +
√
−g

◦
∇µ

◦
∇ν

(
−δgµν + gµνgαβδg

αβ
)
. (4.70)

The first term is the bulk term and it governs the dynamics of the system when coupling

to matters as discussed later. The second term generates the surface term of the theory.

Integrating out the second term on the spacetime M, it becomes as follows:

δV =

∫
∂M

dxnϵ
√
hδV ,

δV = nµ

◦
∇ν

(
−δgµν + gµνgαβδg

αβ
)
.

(4.71)

Using the relation gµνδg
µν = PµνδP

µν + 2ϵnµδn
µ and δnν = nνδg

µν − ϵnµnαnβδg
αβ/2 (, or

equivalently δnρ = −ϵnρnµnνδg
µν), the density V is rewritten as follows:

δV = (
◦
∇µnν)δg

µν −
◦
Kgµνδg

µν +
◦
∇µδVµ ,

δVµ = −nαP
µ
βδg

αβ + nµPαβδP
αβ .

(4.72)

A direct calculation leads to the following property:
◦
∇µW

µ =
◦
DµW

µ + ϵnν
◦
∇ν(nµW

µ) −

ϵW µ ◦
aµ. Therefore, using this property, the density V becomes as follows:

δV = (
◦
Kµν −

◦
KPµν)δP

µν +
1√
h
δ(−2

√
h

◦
K) +

◦
Dµ(nαP

µ
βδg

αβ) . (4.73)

The third term in the above equation vanishes when integrating it out on ∂M. Therefore,

neglecting this term and using Eq (4.45), Eq (4.73) becomes as follows:

δV = (
◦
Kij −

◦
Khij)δh

ij +
1√
h
δ(−2

√
h

◦
K) , (4.74)
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or Eq (4.71) becomes as follows:

δV =

∫
∂M

dnx(−ϵ)πijδhij +
∫
∂M

dnxδ(−2ϵ
√
h

◦
K) , (4.75)

where the third equation in Eq (4.68) is used. Assembling all results, the first-order variation

of the Einstein-Hilbert action (4.64) is calculated as follows:

δIGR =
1

2κ2

∫
M

◦
Gµνδg

µν +
1

2κ2

∫
∂M

dnx(−ϵ)πijδhij +
1

2κ2

∫
∂M

dnxδ(−2ϵ
√
h

◦
K) . (4.76)

The second term vanishes under the imposition of the boundary condition δhij = 0 on ∂M,

but the third term remains. Therefore, let us modify the Einstein-Hilbert action on the

ground of the following equation:

δĨGR =
1

κ2

∫
M

◦
Gµνδg

µν +
1

2κ2

∫
∂M

dnx(−ϵ)πijδhij , (4.77)

where ĨGR is defined as follows:

ĨGR[N ,N i , hij] = IGR[N ,N i , hij] +
1

2κ2

∫
∂M

dnx
(
2ϵ
√
h

◦
K
)
. (4.78)

The second term is nothing but the so-called Gibbons-York-Hawking counter-term [York

(1972, 1986a); Gibbons and Hawking (1977); Hawking and Horowitz (1996); Padmanabhan

(2014a); Parattu et al. (2016a,b); Chakraborty et al. (2017); Chakraborty and Padmanabhan

(2020)]. At last, the well-posed variational principle on the constraint phase subspace C(1)

leads to the vacuum Einstein field equations as follows:

◦
Gµν = 0 . (4.79)

Remark that, in this case, the equations are just sufficient conditions to satisfy δĨGR := 0
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due to the dependence among δgµν , that is, δgµν are not independent. In fact, the number

of components of gµν is (n + 1)(n + 2)/2 in (n + 1)-dimensional spacetime, but at least

(n + 1) components of them depend on other components since there exist at least that

number of primary constraints; the number of (n+ 1) components of the metric tensor can

be expressed by the remaining (n+ 1)(n+ 2)/2− (n+ 1) components. Notice, finally, that,

based on Eq (4.78) in the case of ϵ = −1, Eq (4.66) becomes as follows:

ĨGR[N ,N i , hij] =
1

2κ2

∫ t2

t1

dt

∫
Σt

dnxLADM . (4.80)

That is, the second term in Eq (4.66) and the second term in Eq (4.78) are canceled out one

another; the canonical momentum variables in Eq (4.68), which were derived by neglecting

the second term in Eq (4.66), are now justified.

Let us introduce matters. Taking into account a matter Lagrangian Lmatter, the net

Lagrangian becomes Lnet = L̃EH + Lmatter. In the case of existing matters, the variational

principle with respect to the matter fields leads to those equations of motion. Assuming

these equations, the first-order variation of the net Lagrangian becomes schematically as

follows:

δLmatter =

(
δLmatter

δϕ

)∣∣∣∣
g :fixed

δϕ+

(
δLmatter

δgµν

)∣∣∣∣
ϕ :fixed

δgµν =

(
δLmatter

δgµν

)∣∣∣∣
ϕ :fixed

δgµν , (4.81)

or, in the form of action functional,

δImatter = −1

2

∫
M

◦
Tµνδg

µν dn+1x . (4.82)

Therefore, the variational principle leads to the Einstein field equations as follows:

◦
Gµν = κ2

◦
Tµν . (4.83)
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Finally, let us derive the Hamilton equations of motion, although this formulation is

not complete: it needs to take into account that the theory is a degenerate system. The

ADM-Hamiltonian is derived from the Legendre transformation as follows:

HADM = πijḣ
ij − LADM . (4.84)

Using Eq (4.53) in the case of ϵ = −1, the above equation turns into as follows:

HADM = N
√
h
( ◦
Kij

◦
Kij −

◦
K2 − (n)

◦
R
)
− 2N i

◦
Djπij + 2

◦
Di
(
πijN

j
)

T.D.
= N

√
h
( ◦
Kij

◦
Kij −

◦
K2 − (n)

◦
R
)
− 2N i

◦
Djπij ,

(4.85)

where “T.D.
= ” denotes the equality under the ignorance of the total divergent term. Varying

HADM , the following formula is obtained:

δHADM = Pijδh
ij +Qijδπij + C0δN + CiδN

i , (4.86)

where Pij, Qij, C0, and Ci are given as follows:

Pij =−N
√
h

(
(n)

◦
Rij −

1

2
hij

(n)
◦
R

)
−

◦
Dk (πikNj + πjkNi − πijNk)

+
√
h
( ◦
Di

◦
DjN − hij

◦
Dk

◦
DkN

)
+

N

2
√
h

(
πklπ

kl − π2

n− 1

)
− 2N√

h

(
πi

kπjk −
ππij
n− 1

)
,

(4.87)

Qij =
4N√
h

(
πij − π

n− 1
hij
)

(4.88)

C0 = −
√
h(n)

◦
R +

1√
h

(
πijπij −

1

n− 1
π2

)
, (4.89)

Ci = −2
◦
Djπij . (4.90)
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Conversely, the inverse Legendre transformation is given as follows:

LADM = πijḣ
ij −HADM . (4.91)

Therefore, using Eq (4.86), the first-order variation of LADM in the phase space is calculated

as follows:

δLADM
T.D.
= (Pij + π̇ij) δh

ij +
(
Qij − ḣij

)
δπij − C0δN − CiδN

i . (4.92)

The variational principle leads to the following constraint densities:

C0 = 0 , Ci = 0 , (4.93)

and the following Hamilton equations of motion:

ḣij = Qij , π̇ij = −Pij , (4.94)

as a set of sufficient conditions. Each equation in Eq (4.94) corresponds to that of Eq (4.63),

respectively. In order to apply the variational principle in a necessary and sufficient manner

for deriving the Hamilton equations of motion, the methodology that is established in Sec-

tions 3.6 and 3.7 is mandatory, although it is hard to find the canonical variables that are

indicated by the Shanmugadhasan-Maskawa-Nakajima theorem. In fact, no one has achieved

it yet at the moment writing this thesis. If this problem is solved, the well-posedness of the

variational principle on the full constraint phase subspace C(K) (K = 2 will be revealed in

the next section) can be established. In this case, it may need to add another counter-term,

which is different from the Gibbons-York-Hawking counter-term, to the action functional.

Anyway, even if one tries to apply the method, the Dirac-Bergmann analysis is necessary to
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reveal the constraint structure of the theory and the propagating degrees of freedom.

4.6. Dirac-Bergmann analysis and degrees of freedom

In this section, performing the Dirac-Bergmann analysis, the degrees of freedom of gravity in

the general theory of relativity is investigated [Danieli (2020); Jha (2023); Tomonari and Bahamonde

(2023)]. This is the first time to apply the analysis to field theories, therefore, all computa-

tions are presented in detail. The analysis is separated into two main steps: (i) The derivation

of a set of primary constraint densities and the total Hamiltonian; (ii) The verification of

the consistency conditions for all constraint densities. Let us start with the main step (i):

Building the total Hamiltonian.

Based on Eq (4.78), the ADM-Lagrangian (4.67) is derived without any boundary term.

This is the starting point of the analysis. The canonical momentum variables and the

primary constraint densities are already derived: Eq (4.68) and Eq (4.69), respectively. The

fundamental Poisson brackets (PBs) are given as follows:

{N(x) , π0(y)}P.b. = δ(n)(x− y) , {N i(x) , πj(y)}P.b. = δijδ
(n)(x− y) ,

{hij(x) , πkl(y)}P.b. = δ
(i
k δ

j)
l δ

(n)(x− y) .

(4.95)

Under these PB-algebras, the primary constraint densities Eq (4.69) are commutative with

respect to the Poisson brackets (PBs). The Hessian/kinetic matrix given in Eq (2.1) (but in

field theories: See Eq (7.6) in Section 7.1 for detail) is computed as follows:

Kab

√
h =


0 01,n 01,n(n+1)/2

0n,1 0n,n 0n,n(n+1)/2

0n(n+1)/2,1 0n(n+1)/2,n K(i,j),(k,l)

· δ(n)(x−y) , K(i,j),(k,l) =

√
h

2N

(
hijh

kl − δ
(k
i δ

l)
j

)
,

(4.96)

where (i, j) , (k, l) ∈ {(1, 1) , (1, 2) , · · · , (1, n) ; (2, 2) , (2, 3) , · · · , (2, n) ; · · · ; (n, n)}. The rank
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of this matrix is six. The kernel Hamiltonian is calculated as follows:

H0 = NC0 +N iCi , (4.97)

where C and Ci are given in Eqs (4.89) and (4.90). Therefore, the total Hamiltonian is

derived as follows:

HT = H0 + λµ∗ϕ
(1)
µ , (4.98)

where λµ are the Lagrange multipliers.

The next main step (ii) is the verification of the consistency conditions for all constraint

densities. Those of the primary constraint densities ∗ϕ
(1)
µ

C(1)

≈ 0 are calculated as follows:

∗ϕ
(2)
µ = Cµ := 0 . (4.99)

Notice that Eq (4.99) is nothing but Eq (4.93). The PBs between ∗ϕ
(1)
µ and ∗ϕ

(2)
µ are commu-

tative. The PBs among the secondary constraint densities (4.99) are calculated as follows:

{∗ϕ(2)
i (t ,x) , ∗ϕ

(2)
j (t ,x)}P.b. =

(
∗ϕ

(2)
j (t ,x)∂

(x)
i − ∗ϕ

(2)
i (t ,y)∂

(y)
j

)
δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(2)
i (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. = ∗ϕ

(2)
0 (t ,x)∂

(x)
i δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(2)
0 (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. =

(
hij(t ,x)∗ϕ

(2)
j (t ,x) + hij(t ,y)∗ϕ

(2)
j (t ,y)

)
∂
(x)
i δ(n)(x− y)

C(2)

≈ 0 .

(4.100)

Therefore, all the secondary constraint densities are classified into first-class constraint den-

sities. Based on these algebras, straightforward computations show that the consistency

conditions for the secondary constraint densities are automatically satisfied on the constraint

phase subspace C(2), and then The Dirac-Bergmann analysis stops here.

Another way of verifying this statement is calculations with the smeared variables. This

calculation method is convenient if the system has only first-class constraints by virtue of
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the closed algebra (4.100). The definition of smeared variables is given as follows:

CS(N) =

∫
Σt

dx3NC0 , CV (N) =

∫
Σt

dx3N iCi , (4.101)

where N = N i∂i. Then, first, the following relation holds:

{F (hij , πij), CV (N)}P.b. = LNF (h
ij , πij) (4.102)

for arbitrary function F (hij, πij). Using this, the following algebras are derived:

{CV (N1) , CV (N2)}P.b. = CV (LN1N2)
C(2)

≈ 0 , {CV (N) , CS(N)}P.b. = CS(LNN)
C(2)

≈ 0 .

(4.103)

Neglecting spatial boundary terms, the following algebra holds:

{CS(N1) , CS(N2)}P.b.
spatial T.D.

= CV

(
(N1∂

iN2 −N2∂
iN1)∂i

) C(2)

≈ 0 , (4.104)

where “ spatial T.D.
= ” denotes the ignorance of spatial total divergence terms.1 Using these

algebras, it is obvious to verify the satisfaction of the consistency conditions for the secondary

constraint densities. Therefore, the Dirac-Bergmann analysis stops here.

The Dirac-Bergmann analysis reveals that the number of (n+ 1) primary and the same

number of secondary constraint densities exist, and all the multipliers remain arbitrary.
1As discussed in Section 7.1 in detail, this ignorance is restricted to a system such that the diffeomorphism

invariance holds, meaning that Eq (4.100) is satisfied. In this case, imposing appropriate spatial boundary
conditions, i .e ., Ni(t , spatial boundary) := 0, the spatial total divergence terms can be neglected. However,
fortunately, in the case of GR, the boundary terms are composed only of the constraint densities, therefore,
even if this ignorance is not necessary.
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Therefore, the propagating degrees of freedom (see Section 2.4) is given as follows:

pDoF =

[
2× (n+ 1)(n+ 2)

2
− 2× 0− 2× {(n+ 1) + (n+ 1)}

]
× 1

2
=

1

2
(n+ 1)(n− 2) .

(4.105)

The gauge degrees of freedom (see Section 2.4) is the number of the primary first-class

constraints as follows:

gDoF = n+ 1 . (4.106)

The gauge generator (see Section 2.3) is given as the linear combination of the first-class

constraints: ∗G = ϵµk∗ϕ
(k)
µ (k ∈ {1 , 2}). This gDoF inherits the principle of general relativ-

ity/covariance.

The symplectic potential becomes the following form: ∗ω = PIδQ
I +ΨαδΞ

α C(2)

≈ PIδQ
I ,

where Ψα are linear combinations of ∗ϕ
(k)
µ with some function coefficients, QI and PI are

the propagating degrees of freedom, and I ∈ {1 , 2}; α ∈ {1 , 2 , · · · , 8}. Since this system

has only the first-class constraint densities, in order to identify appropriate boundary con-

ditions, the symplectic potential has to be pulled back by the quasi-embedding σ̃1(t). (See

Section 3.7.) That is, σ̃∗
1(t)∗ω

C(2)

≈ PI(t)δQ
I(t) + Ψ̃α(t)δΞ

α(t), where Ψ̃α(t)
C(2)

≈ σ̃∗
1(t)Ψα:

only the primary first-class constraint densities ∗ϕ
(1)
µ

C(2)

≈ 0 in Ψα are set to be zero; other-

wise the secondary first-class constraint densities ∗ϕ
(2)
µ

C(2)

≈ 0 in Ψα are set to be constant

parameters. Therefore, the well-posedness of the variational principle for the effective action

(see Section 3.7) on the full constraint phase subspace C(2) demands the boundary condi-

tions δQI = 0 and, in generically, δΞα = 0, on the boundary ∂M. However, the explicit

expressions of these variables are difficult to lead, as mentioned in the final paragraph in

Section 4.5. No one has achieved it yet at the moment writing this thesis.
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4.7. Summary

In this chapter, the general theory of relativity was constructed; the geodesic equations

and the Einstein field equations are derived based on the well-posed variational principle

being consistent with the primary constraint densities. In particular, the latter case showed

that the Gibbons-York-Hawking term is automatically derived and the well-posedness being

consistent with all constraint densities expect to generate new sorts of counter-terms. Every

modified/extended theory of gravity has to be able to restore the Einstein field equations

as a special case under the satisfaction of some specific conditions. Then the dynamics

is described by the geodesic equations of the spacetime of a given theory of gravity. The

ADM-foliation/decomposition introduced in Section 4.4 plays a crucial role in performing

the Dirac-Bergmann analysis of theories of gravity. An example of the analysis for the

general theory of relativity was given in Section 4.6. This technique can also apply to

modified/extended theories of gravity and provides one of the fundamental ingredients to

the present thesis.
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Chapter 5

Gauge approach to gravity
Chapter abstract

In this chapter, a mathematical framework for the gauge approach to gravity is constructed.

First of all, three fundamental bundles, i .e ., fiber bundle, G-bundle, and principal G-bundle

are defined. For the principal G-bundle, the Ehresmann connection and its curvature are

introduced. After that, vector bundles together with gauge fields and those curvature (field

strengths) are derived. Internal space bundles, which play a crucial role in constructing

the metric-affine gauge theories of gravity, are also derived, in particular, focusing on frame

fields and Weitzenböch connection. Finally, a gauge approach derivation of the Einstein field

equations is described. This chapter gives mathematical basics for the succeeding chapters.

5.1. Fiber bundles and G-bundles

In this section, the basics of fiber bundles for physics are briefly introduced [Kobayashi

(1989); Baez and Muniain (1995); Kobayashi and Nomizu (1996); Sharpe (1997); Nakahara

(2003)]. First, fiber bundles are defined, and restrictions of the application to physics are

described. Second, G-bundles are introduced. Finally, the construction of G-bundles is

explained aiming to clarify geometrical meanings.

A fiber bundle is a structure between two topological spaces, denoted by a total space E

and a base space M, related by a continuous surjective map (, or equivalently, projection

map,) π : E → M such that, for an open set U , π−1(U) is homeomorphic to the direct

product of U and a given topological space F , i .e ., φ : E|U = π−1(U) → U × F ; (p , ξ) 7→

{p} × F = Fp = ϕ(p , ξ). This homeomorphism is called local trivialization. Then the fiber

bundle is denoted as B = (E ,M , π ,F), and F is called the standard fiber of the fiber
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bundle. On the fiber bundle, a quantity s which is defined on M and valued in E , that is

s : M → E , can be introduced as satisfying π ◦ s = id. This map is called a section of E on

M, and the set of all sections is denoted as “ Γ(E) ”.

For applications to physics, the two topological spaces E and M are often assumed as

some differential manifolds, so is for the fiber F . Then the projection map π is also assumed

to be differentiable. In particular, M is taken to be a spacetime manifold, and then, of

course, coordinate transformations on local regions in M are considered. That is, for an

atlas of charts {ϕi : Ui → Rd| i ∈ I}, where U = {Ui}i∈I is an open covering of M and d

is the dimension of M, and p ∈ Ui ∩ Uj, a coordinate transformation is given as follows:

ϕi ◦ ϕj
−1 : Rd → Rd; (x1 , · · · , xd) = ϕi(p) 7→ (y1 , · · · , yd) = ϕj(p). Then, making a set by

gathering all transition functions “ tij = ϕi◦ϕj
−1 ” and inducing the composition of functions

“ ◦ ” as a binary operation into the set, denoted by G = (tij , ◦), G forms (a subgroup of) a

general linear group GL(d ;R).

For the total space E , the resemble concepts of a chart and an atlas of charts in a manifold

can be introduced: G-chart(, or equivalently, local trivialization,) and G-atlas, where G is

a given Lie group. That is, for Ui ∈ U, a G-chart is a homeomorphism given as follows:

φi : E|Ui
= π−1(Ui) → Ui × F ; (p , ξ) 7→ {p} × F = Fp = ϕi(p , ξ). Then the set of all G-

charts is defined as G-atlas: {φi| i ∈ I}. If a G-atlas is given, for each point p ∈ Ui ∩ Uj, there

exists an element τij(p) ∈ G such that φi ◦ φj
−1 : (Ui ∩ Uj)×F → (Ui ∩ Uj)×F ; (p , ξ) 7→

(p , τij(p)η). This map is denoted also as “ τij = φi ◦ φj
−1 ” and called a transition function,

and it plays the role of a coordinate transformation for each fiber. In this way, the group

structure of G is implemented into the fiber bundle B as the way of the transformation of

the fiber F . This sort of fiber bundle is called as a G-bundle with a structure group G and

denotesd by G = (E ,M , π ,F , G).

Conversely, if a set of transition functions τij ∈ G, where G is a Lie group, is provided,

then a G-bundle can be constructed as follows: Let M and {Ui}i∈I be a differential manifold
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and an open covering of M. Giving a differential manifold F , a set of the direct product

manifolds and its disjoint union are constructed: {Ui ×F}i∈I and E ′ =
∐

i∈I Ui ×F , respec-

tively. Now, using the transition functions τij, an equivalence relation, denoted by “ ∼ ”, in

E ′ can be induced in a well-defined manner. That is, for (p , ξ) ∈ Ui×F and (q , η) ∈ Uj ×F ,

the equivalence relation “ ∼ ” is defined as satisfying the following two conditions: (i) p = q;

(ii) ξ = τijη. Let [(p , ξ)] be an equivalent class of the representative element (p , ξ). Then

the quotient space of E ′ by “ ∼ ”, i .e ., E = E ′/ ∼, becomes G-bundle. In fact, the projection

map and the local trivialization are given as π : E|U = U × F → M; [(p , ξ)] 7→ p and

φ : π−1(U) → U ×F ; [(p , ξ)] 7→ (p , ξ), respectively: G = (E ,M , π ,F , G).

Famous examples of G-bundles are a cylinder and a Möbius strip. Let B = (S1 ×

F ,S1 , π ,F) be a fiber bundle, where S1 and F are a circle and an interval [−1 , 1]. Then,

if a group Gcylinder = {e} is given then the G-bundle, G = (S1 × F ,S1 , π ,F , Gcylinder),

becomes a cylinder. If a group GMoebius = {e ,−e} is given then the G-bundle, G = (S1 ×

F ,S1 , π ,F , GMoebius), becomes a Möbius strip.

For applications to physics, G-bundles need more additional structure. In particular,

connection/covariant derivative and curvature/field strength are mandatory. In order to for-

mulate these concepts, a right action of the group G to a G-bundle is introduced, (the left

action of the group G to G-bundle is nothing but a generalization of coordinate transforma-

tions) and it invokes a new geometric structure: the principal bundles.

5.2. Principal G-bundles, Ehresmann connections, and curvatures

In this section, making a relation between the fiber, F , and the structure group, G, to a G-

bundle, G = (E ,M , π ,F , G), as a group action, a principalG-bundle is introduced [Kobayashi

(1989); Kobayashi and Nomizu (1996); Sharpe (1997)]. For the principal G-bundle, a con-

nection so-called Ehresmann connection is formulated, and its fundamental properties are

derived [Kobayashi (1989); Kobayashi and Nomizu (1996)]. Let us start by introducing a
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principal G-bundle.

A principal G-bundle is a G-bundle with a right action of the group G, i .e ., R : P×G→

P ; (u , g) 7→ u · g, acting on the total space P in the following manner: (u · g)g′ = u · (gg′)

and u · g = u, and it satisfies the following conditions; (i) π(u · g) = π(u); (ii) π(u) = π(u′)

implies the existence of an element g ∈ G as follows u′ = u · g (simply transitivity). In

addition, assume that (iii) all sections σi : Ui → π−1(Ui) = Ui ×G are differentiable, where

Ui ∈ U and U is an open covering of the base space M. “ · ” denotes the right action

of the group G. Conditions (i) and (ii) identify the fiber F with the structure group G.

Therefore, the principal G-bundle is denoted as P = (P ,M , π ,G ; R). Condition (iii) leads

to a local trivialization φi : P|Ui
→ Ui × G; σi(p) 7→ (p , g) for Ui ∈ U, where the relation,

i .e ., σi(p) = σi(p) · e = σi(p) · (g−1g) = (σi(p) · g−1) · g = σ′
i(p) · g for g ∈ G, is used. The

transition functions are defined by using the local trivializations, {φi}i∈I , with respect to the

right action of the structure group G as usual: {τij = φ−1
i ◦ φj}.

A famous example of a principalG-bundle is the Hopf fibration. Let G = (S3 ,S2 , π , F , U(1))

be a U(1)-bundle with a fiber F , where U(1) is the 1-rank unitary group. Introducing a right

action of U(1) into G, for the projection map π : (x1 , x2 , x3 , x4) 7→ (ξ1 , ξ2 , ξ3) such that

ξ1 = 2(x1x3 + x2x4) , ξ2 = 2(x2x3 − x1x4) , ξ3 = (x1)2 + (x2)2 − (x3)2 − (x4)2, becomes a

principal U(1)-bundle: P = (S3 ,S2 , π , U(1) ; R). Notice that, since the elements in U(1)

can be expressed as exp(iθ) for θ ∈ (−π , π), the right action is not distinguished from the

left action of the group.

Next, let us introduce the Ehresmann connection. The definition is given as follows:

(i) ω(A∗) = A (A ∈ g) ,

(ii) Rg
∗ω(X) = Adg(ω) = g−1ωg ,

(5.1)

where g is the Lie algebra of the structure group G, ω is a g-valued 1-form, ω ∈ g ⊗ T ∗P ,

Rg
∗ is the pull back operator of the right action with respect to an element g ∈ G, and Adg
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is the adjoint representation with respect to g ∈ G. A∗ is the so-called fundamental vector

field defined as follows:

A∗
uf(u) =

d

dt
[f (ug(t))]

∣∣∣∣
t=0

, (5.2)

where u ∈ P , g(t) = exp(tA) ∈ G, and f is an arbitrary function on P . The right action,

R : P × G → P , induces the differential map dR : TP × TG → TP ; it means that the

right action of g = TeG to P is well-defined. Therefore, the specific form of the fundamental

vector field can be written as follows:

A∗
u = uA , (5.3)

and it of course belongs to TuP .

The Ehresmann connection has two different expressions: the geometric and algebraic

formulations. The geometric formulation is given as follows: a g-valued 1-form ω on P is the

Ehresmann connection if and only if the following conditions are satisfied:

(i) TuP = VuP ⊕HuP ,

(ii) Rg
∗(HuP) = HugP ,

(5.4)

where VuP and HuP are the vertical and horizontal subspaces, respectively, defined as fol-

lows:

VuP = {X ∈ TuP |π∗(X) = 0} , HuP = {X ∈ TuP |ω(X) = 0} , (5.5)

where π∗ is the push forward operator of the projection map π. In particular, the vertical

subspace is expressed equivalently as follows:

VuP = {A∗
u = uA ∈ TuP |A ∈ g} . (5.6)
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The equivalence of the two definitions (5.1) and (5.4) is obvious from the definitions of

the horizontal and vertical subspaces. Since the Principal G-bundle P is expressed as a

direct product π−1(U) = U × G in a local region, the above properties give a geometrical

interpretation that U and G represent the horizontal and vertical direction on π−1(U) ⊂ P ,

respectively.

The curvature/field strength of the Ehresmann connection in the geometrical represen-

tation (5.4) is introduced as follows:

Ω(X , Y ) = dω(XH , Y H) , (5.7)

where Ω is a g-valued 2-form on P , X and Y belong to TP , and XH and Y H belong to HP .

Expanding this, the following equation is derived:

Ω(X , Y ) = −1

2
ω
(
[XH , Y H ]

)
. (5.8)

Therefore, the flatness, which is of course expressed as Ω = 0, of the principal G-bundle P

is equivalent to satisfying the following condition:

[XH , Y H ] = 0 . (5.9)

This condition means that the horizontal subspace HP =
⊔

u∈P HuP is Frobenius integrable,

and it restores the entire of the total space P ; in other words, if Ω ̸= 0, the Frobenius theorem

restores only a part of the total space P as a submanifold. Notice that the vertical subspace

V P =
⊔

u∈P VuP is always Frobenius integrable, and it restores the total space P .

Finally, let us introduce the algebraic formulation of the Ehresmann connection. This

formulation plays the main role in establishing gauge theories. The algebraic formulation is
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given as follows: for the Ehresmann connection ω in Eq (5.1),

ωi = σ∗
i ω , (5.10)

where Ui ∈ U, σ∗
i is the pull back operator of σi : Ui → π−1(Ui). Then the following relation

is satisfied:

ωj = τij
−1ωiτij + τij

−1dτij , (5.11)

where τij ∈ G is the transition function on Ui ∪ Uj for Ui , Uj ∈ U. Conversely, if the

relations (5.11) are given then the Ehressmann connection in Eq (5.1) is derived. The proof

of this statement is not trivial but easy to give as follows: Eq (5.10) is transformed from

Ui to Uj by using the transition function τij as ωj = ω((σiτij)∗X), where X ∈ TP . Here,

(σiτij)∗X is calculated as follows: (σiτij)∗X = σi∗(u)(X)τij(u) + A∗
σj(u)

(X), where xt is a

curve in P such that x0 = u and (dxt/dt)|t=0 = X. Eq (5.3) is also used. Therefore,

ωj = [τij
−1(σ∗

i ω)τij + τij
−1dτij](X), i .e ., ωj = τij

−1ωiτij + τij
−1dτij, where Eq (5.1) are used.

Conversely, if Eq (5.11) holds then, using the fact that τij−1dτij is Maurer-Cartan form (left-

invariant g-valued 1-form with respect to the group action of L : G × P → P) [Kobayashi

(1989); Kobayashi and Nomizu (1996)], it is shown that ω̃i = τij
−1(π∗ωi)τij+τij

−1dτij is also

valid on π−1(Ui ∩ Uj); ω̃i is defined on the entire region of P : ω = τij
−1(π∗ωi)τij + τij

−1dτij.

Taking into account ωi(A
∗) = 0, ω derives the first condition in Eq (5.1). (The satisfaction

of the second condition in Eq (5.1) is obvious.) The pull back of ω by a section σi leads to

ωi = σi
∗(ω).

The curvature/field strength of the Ehresmann connection in the algebraic representa-

tion (5.11) is introduced as follows:

Ωi = dωi +
1

2
[ωi , ωi] . (5.12)
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This expression can be derived by calculating the pull back of the definition (5.7) by a section

σi and is now defined on g-valued 2-form on M. For the curvature Ωj on Uj, the following

relation is easily verified:

Ωj = Adτij(Ωi) = τij
−1Ωiτij , (5.13)

where τij is the transition function from Ui to Uj. These quantities also live as g-valued

2-forms on M.

For applications to physics, sections in a principal G-bundle, P, have to express the fields

that describe physical phenomena. In order to achieve this, representations of the structure

group G and those actions to the total space P are introduced, and then a new sort of fiber

bundle is invoked: the vector bundles.

5.3. Vector bundles, gauge fields, and curvatures

In this section, introducing a representation of the structure group G of a principal G-bundle

P = (P ,M , π ,G ; R), denoted by ρ : G→ End(V ) for a r-dimensional representation space

V , an associated vector bundle is introduced [Kobayashi (1989); Kobayashi and Nomizu

(1996); Sharpe (1997); Nakahara (2003)]. Inheriting its properties, the generic definition of

vector bundles is also given. Then gauge fields/connection 1-form in covariant exterior deriva-

tive and its curvature are introduced, respectively [Kobayashi (1989); Kobayashi and Nomizu

(1996)]. Sections of a vector bundle are nothing but fields that describe physical phenomena.

Therefore, these concepts play a central role in constructing a theory of physics. First of all,

let us introduce an associated vector bundle.

An associated vector bundle is derived from a quotient space of P×V with an equivalent

relation, denoted by “ ∼ ”, of the structure group G such that, for (ξ , u) and (η , v) in P×V ,

these two elements are equivalent if and only if the following two relations hold: (i) ξ = Rgη;

(ii) u = ρ−1(g)v. The quotient space is Vρ = P ×ρ V = (P × V )/ ∼ and an equivalent

class is denoted as [(ξ , v)]. Then the structure V = (Vρ ,M , π , V ; R , ρ) has a one-to-one
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correspondence on a local region U ⊂ M as follows: P|U × V → U × G × V ; (σ(p) , v) 7→

(p , e , v), where p ∈ U , σ is a section of P on U , and e is the unit element of G, since the

group action R is simply transitive. Therefore, the quotient space V can be identified in a

local region U with Vρ|U = U × V . That is, the representation space V is nothing but the

standard fiber of the associated vector bundle Vρ. This property also indicates the existence

of local trivializations as follows: φi : π−1(Ui) → Ui × V , where Ui ∈ U and the projection

map is given as follows: π : Vρ → M ; [(σi(p) , v)] 7→ p, where σi is a section of P on

Ui ∈ U. Based on these properties, it would be interpreted that an associated vector bundle

is nothing but a result of replacing the structure group G by a representation space V using

a group representation ρ in a principal G-bundle.

Based on the properties of an associated vector bundle described above, the generic

definition of vector bundles is defined as follows: a fiber bundle V = (V ,M , π , V ) such

that (i) the fiber V is a vector space; (ii) for each Ui ∈ U, a local trivialization φi : V|Ui
=

π−1(Ui) → U × V exists. Conversely, if a vector bundle is given then a principal G-bundle

exits such that its associated vector bundle by the representation ρ = id coincides with the

original vector bundle: “ V = ∃V ′
ρ=id ” [Kobayashi and Nomizu (1996)]. Therefore, in order

to reveal the properties of vector bundles, it is enough to consider that of associated vector

bundles.

Next, let us introduce gauge fields/connection 1-form of an associated vector bundle. In

order to define the operation of covariant exterior derivative, it needs to prepare V -valued

p-form, denoted by ξ̃, on P as a section on V ⊗
∧p T ∗P as follows: for X1 , · · · , Xp ∈ Γ(TP),

it satisfies

ξ̃(X1 , · · · , Xp) = u−1(ξ(π∗X1 , · · · , π∗Xp)) , (5.14)

where ξ ∈ Γ(Vρ ⊗
∧p T ∗M). If p = 0 then ξ̃ is a V -valued function given as follows:

ξ̃ : P → V ; u 7→ u−1(ξ(π(u))) . (5.15)
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This V -valued p-from ξ̃ on P obviously satisfies the following two properties:

(i) R∗
g ξ̃ = ρ−1(g)ξ̃ ,

(ii) X1 ∈ HP then ξ̃(X1 , · · · , Xp) = 0 .

(5.16)

These two properties lead to a one-to-one correspondence between ξ̃ ∈ Γ(V ⊗
∧p T ∗P) and

ξ ∈ Γ(Vρ ⊗
∧p T ∗M) in Eq (5.14). Then the covariant exterior derivative, denoted by dD,

of ξ̃ ∈ Γ(V ⊗
∧p T ∗P) is introduced in a well-defined manner as follows:

dDξ̃(X1 , · · · , Xp) = dξ̃(XH
1 , · · · , XH

p ) , (5.17)

where X1 , · · · , Xp ∈ Γ(TP) and XH
1 , · · · , XH

p ∈ Γ(HP). In terms of the Ehresmann con-

nection, the above equation can be expressed as follows:

dDξ̃ = dξ̃ + dρ(ω) ∧ ξ̃ , (5.18)

where dρ is the representation of the Lie algebra g induced by ρ. Then the properties in

Eq (5.16) lead also to dDξ̃ ∈ Γ(V ⊗
∧p+1 T ∗P). For α ∈ Γ(

∧p TM) and ξ̃ ∈ Γ(V ⊗
∧q T ∗P),

the following formula holds:

dD(ξ̃ ∧ α) = dDξ̃ ∧ α + (−1)q ξ̃ ∧ d(π∗α) . (5.19)

The one-to-one correspondence between ξ̃ ∈ Γ(V ⊗
∧p T ∗P) and ξ ∈ Γ(Vρ ⊗

∧p T ∗M) leads

to the covariant exterior derivative in Γ(V ⊗
∧p T ∗P); just removing “ ˜ ”, “ H ”, “ dρ ”,

and “ π∗ ”, from Eqs (5.17), (5.18) and (5.19), and just replacing TP by TM, HP by TM,

and V by Vρ, the covariant exterior derivative dD in Γ(Vρ ⊗
∧p T ∗M) is introduced in a

well-defined manner. Notice that in this case the Ehresmann connection becomes a section
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of End(V)× T∗M: ω = ωi
jµei⊗ej⊗dxµ. This Ehresmann connection is, in particular, called

gauge fields. Since the theorem “ V = ∃V ′
ρ=id ” [Kobayashi and Nomizu (1996)] as mentioned

in the previous paragraph guarantees that a vector bundle has its associated principal G-

bundle, all formulae above, i .e ., Eqs (5.18) and (5.19), can apply also to any given vector

bundle.

For a vector bundle V = (V ,M , π , V ), the covariant derivative of a section of V can be

derived by considering a special case of the covariant exterior derivative; let p in Eq (5.18) set

zero. Then dD becomes a linear operator as follows: dD : Γ(V) → Γ(V ⊗ T ∗M) ; ξ 7→ dDξ.

In particular, for a function f on M, it satisfies dD(fξ) = df ⊗ ξ + fdDξ. The image of ξ

by dD is defined as the covariant derivative of ξ and denoted by dDξ = ∇ξ. Explicitly, it is

expressed as follows:

dDξ = ∇ξ = (d+ ω)ξ . (5.20)

From the definition of dD, the covariant derivative ∇ can be interpreted as a linear operator

as follows: for a vector field X ∈ Γ(TM), ∇X : Γ(V) → Γ(V) ; ξ 7→ ∇Xξ such that (i)

∇fXξ = f∇Xξ; (ii) ∇X+Y ξ = ∇Xξ +∇Y ξ, where f is a function on M, X , Y ∈ Γ(TM),

and ξ ∈ Γ(V). In other words, ∇X ∈ End(Γ(V)). Then Eq (5.20) becomes as follows:

∇Xξ = X(ξ) + ω(X)ξ . (5.21)

Since the fiber V of the vector bundle V is vector space, V|U = π−1(U) = U × V has a basis

of Γ(V): eI = eI(p) for p ∈ U , where I ∈ {1 , · · · , r} and r is the dimension of V . Therefore,

Eqs (5.20) and (5.21) can be rewritten as follows:

∇ξ = (dξI + ωI
Jξ

J)eI ,

∇µξ = (∂µξ
I + ωI

Jµξ
J)eI ,

(5.22)
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respectively, where X = ∂µ. Defining the components of ∇µξ as (∇µξ)
I , i .e ., ∇µξ =

(∇µξ)
IeI , the second equation becomes as follows:

(∇µξ)
I = ∂µξ

I + ωI
Jµξ

J . (5.23)

This is a familiar form of covariant derivative in physics. For a component ξI the second

formula in Eq (5.22) becomes more familiar form: ∇µξ
I = ∂µξ

I + ωI
Jµξ

J .

Finally, let us introduce the curvature (2-form on M) of the covariant derivative ∇ given

in (5.20). Based on Eq (5.7), the following equation is derived:

R(X , Y )ξ =
1

2

(
∇X∇Y −∇Y∇X −∇[X ,Y ]

)
ξ , (5.24)

where R is End(V)-valued 2-form on M, X and Y are vector fields on M, and ξ is a section

of the vector bundle V . This formula is called the Ricci identity. Calculating it for ξ = eI ,

the following equations are derived:

ReI = ΩI
J ⊗ eJ ,

ΩI
J = dωI

J + ωK
J ∧ ωI

K = dDωI
J ,

(5.25)

where Eq (5.18) is used. The first equation and second relation are the so-called structure

equation and curvature form of the covariant derivative ∇, respectively. Notice that the

curvature form coincides with Eq (5.12). That is, it is nothing but a relation replaced ωi,

which lives as a g-valued 1-form on M, by ωI
J , which lives as a End(V)-valued 1-form on

M. Therefore, for the gauge transformation of Eq (5.11), the curvature 2-form changes as

Eq (5.13).

So far, it is revealed that the connection 1-form ω and curvature 2-form Ω are the first-

and second-order covariant exterior derivative of a basis eI of the fiber V , respectively.
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Considering the third-order covariant exterior derivative of eI , or more generically, ξ ∈ Γ(V),

the following identity is derived

dDR = 0 . (5.26)

This is nothing but the so-called Bianchi identity.

Depending on the structure group G and its representation, the mathematical theory

presented above can describe a specific physics. For instance, for G = U(1), Maxwell’s elec-

tromagnetic interaction is obtained [Weyl (1929); O’Raifeartaigh and Straumann (1998)].

The structure group G = U(1) × SU(2) and G = SU(3) describe the electroweak inter-

action [Weinberg (1967); Salam (1968)] and the quantum chromodynamics/strong interac-

tion [Greenberg (1964); Han and Nambu (1965)], as non-abelian gauge Yang-Mills gauge

theory [Yang and Mills (1954)], respectively. In addition, identifying irreducible representa-

tions for each theory, gauge fields/particles are taken into account. In the same manner, it

may be expected that a theory of gravity is also obtained from the proper structure group

and its representation [Utiyama (1956)]. This is the motivation for gauge theories of grav-

ity. Before introducing these theories, let us relate the Ehresmann connection to the affine

connection.

5.4. Internal space bundles, frame fields, and Weitzenböch connec-

tions

In this section, the main concepts for gauge theories of gravity, and internal space bundles,

in particular, focusing on frame fields/vielbein, are introduced. Relating it, an important

formula, i .e ., the Weitzenböch connection, between the so-called spin connection and the

affine connection is derived. This relation plays a crucial role in formulating the metric-affine

gauge theories of gravity as presented in the next Chapter 6.

Frame fields/vielbein are the components of a bundle morphism, denoted by e, from a vec-

tor bundle V = (V ,M , π) to the tangent bundle of a spacetime manifold T = (TM ,M , ι).
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That is, for any open set U of an open covering of M and a smooth function f : M → M ,

the bundle map e = π−1 ◦ f ◦ ι : V → TM ; V|U 7→ e(V|U) = TM|U defines a set of

sections as follows:

eI = e(ξI) = eI
µ∂µ , (5.27)

where ξI and ∂µ are a basis of sections of V|U and the local coordinate/holonomic basis

of TM|U , respectively. Then the set of components eIµ, or equivalently, eI , and the vector

bundle V are called frame fields/vielbein with respect to the vector bundle V and the internal

space bundle, respectively. Remark that both eI and eIµ are sections of the tangent bundle

TM, although the indices represent that of the internal space bundle V . Therefore, the

bundle morphism can be written also as follows:

e = eI
µ∂µ ⊗ ξI , (5.28)

where ξI are the dual basis of ξI . This is a section of the vector bundle of the tensor product,

i .e ., TM ⊗ V∗. The projection map of the constructed bundle is obtained just by taking

the tensor product of each projection map in the order; so are the local trivializations.

The inverse map of e can be introduced in a well-defined manner by virtue of its definition

e = π−1 ◦ f ◦ ι. That is, e−1 = ι−1 ◦ f−1 ◦ π : TM → V ; TM|U 7→ e−1(TM|U) = V|U .

Using this map, the dual basis of ξI , i .e ., ξI , are pulled back to T ∗M as follows:

eI = (e−1)∗(ξI) = eIµdx
µ , (5.29)

where dxµ are the dual basis of ∂µ. Then the components eIµ, or equivalently, eI , are called

co-frame fields/co-vielbein with respect to the internal space bundle V. Remark that both

eI and eIµ are sections of the co-tangent vector bundle T ∗M. Therefore, the inverse map
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can be expressed as follows:

(e−1)∗ = eIµdx
µ ⊗ ξI . (5.30)

This is a section of the dual vector bundle T ∗M⊗V of TM⊗V∗. The projection map and

local trivializations are also introduced in a dual manner.

The frame fields/co-frame fields satisfy the following relations:

eI
µeJµ = δJI , eI

µeIν = δµν . (5.31)

For a metric tensor of the tangent space g = gµνdx
µ⊗ dxν and a metric of the internal space

bundle g = gIJξ
I ⊗ ξJ , pulling back it by e and (e−1)∗, the following relation are obtained:

gIJ = eI
µeJ

νgµν , gµν = eIµe
J
νgIJ , (5.32)

respectively. The total number of independent variables in the tangent bundle is, on one

hand, (n+1)(n+2)/2 for the metric tensor gµν . On the other hand, that in the internal space

bundle is the total number of (n+1)(n+1) for the frame fields eIµ and of (n+1)(n+2)/2 for

the metric tensor gIJ , respectively. Therefore, in order to make the correspondence between

gµν , and, eIµ and gIJ in a one-to-one manner, the internal space variables have to be imposed

some conditions. In many applications in theories of gravity, the internal space bundle is

taken to be a trivial vector bundle M × Rn+1. This indicates that all components of the

metric gIJ are constant; it reduces the number of the independent variables in the internal

space bundle into the number of the frame fields. The remaining extra degrees of freedom,

i .e ., (n + 1)(n + 2)/2 − (n + 1)(n + 1) = n(n + 1)/2, can be erased by imposing a gauge

symmetry of the (co-)frame fields. In the case of the trivial bundle M×Rn+1, the structure

group G is sometimes set to be the Lorentz group: G = SO(n , 1). Then, since an element of

G = SO(n , 1) has the number of n(n+ 1)/2 independent components, the (co-)frame fields
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are restricted by the group via the transition functions. Therefore, in this case, the number

of independent variables on each bundle coincides with one another.

The covariant derivative of sections of the internal space bundle is also given by Eq (5.20)

or Eq (5.22) in the previous section 5.3. Since the frame field e can be expressed as Eq (5.28),

i .e ., a section of the tensor product bundle T ∗M⊗V , the covariant derivative of e, denoted

by De, becomes as follows:

De = (deIµ − Γ̃ρ
νµe

I
ρdx

ν + ωI
Jµe

J
νdx

ν)dxµ ⊗ ξI , (5.33)

where Γρ
µν and ωI

Jµ are the affine connection of the tangent bundle and the spin connection

of the internal space bundle. In component form, the above formula is expressed as follows:

Dµe
I
ν = ∂µe

I
ν − Γ̃ρ

µνe
I
ρ + ωI

Jµe
J
ν . (5.34)

In the same way, DµeI
ν is calculated as follows:

DµeI
ν = ∂µeI

ν + Γ̃ν
µρeI

ρ − ωJ
IµeJ

ν . (5.35)

These formulae are the result from V|U ≃ TM|U on a local region U in M; this local relation

implies that the affine connection and the spin connection can be identified in the local region

U . The transition functions τij = φ−1
i ◦ φj of the internal space bundle V form its structure

group G. Therefore, for Λ ∈ G, Eq (5.11) leads to the transformation of the spin connection

as follows:

ωI
Jµ → ω′I

Jµ = (Λ−1)IK∂µΛ
K

J + (Λ−1)IKω
K

LµΛ
L
J . (5.36)

Then the co-frame fields eIµ and those covariant derivatives Dµe
I
ν are transformed as eIµ →

e′Iµ = ΛI
Je

J
µ and Dµe

′I
ν = ΛI

JDµe
J
ν , respectively. DµeI

ν transforms in the same manner

150



under the gauge transformation (5.36): Dµe
′
I
ν = (Λ−1)J IDµeJ

ν .

Finally, let us derive the Weitzenböch connection. A section, denoted by X, of the

tangent bundle TM is of course expressed as X = Xµ∂µ. Pulling back Xµ to the internal

space bundle by using co-frame fields eIµ, the components of a section on the internal space

are obtained: X̃I = eIµX
µ, or equivalently, Xµ = eµIX̃

I . Therefore, X is equivalent to

X̃ = X̃IξI . The covariant derivative of X and X̃ become as follows:

∇X = (∂νX
µ + Γ̃µ

νρX
ρ)∂µ ⊗ dxν (5.37)

and

DX̃ = (eIν∂µX
ν +Xν∂µe

I
ν + ωI

Jµe
J
νX

ν)ξI ⊗ dxµ , (5.38)

respectively. Using the pull back of ∂µ by the frame fields eIµ, ξI = eI
µ∂µ, the left-hand side

of the second formula becomes as follows:

DX̃ = (∂νX
µ +XρeI

µ∂νe
I
ρ + ωI

JνeI
µeJρX

ρ)∂µ ⊗ dxν . (5.39)

This formula is of course the same as the first one; the covariant derivatives ∇X and DX̃

are also equivalent. Therefore, the following relation is derived:

Γ̃ρ
µν = eI

ρ∂µe
I
ν + ωI

JµeI
ρeJν . (5.40)

This is the so-called Weitzenböch connection, which relates the spin connection to the affine

connection via the (co-)frame fields. Notice that Eq (5.40) implies Dµe
I
ν = 0, or equivalently,

DµeI
ν = 0. These properties are sometimes called vielbein postulate but, as shown in the

above, always satisfied. That is, it is not a postulate. In addition, taking into account the

gauge invariant property of them, it guarantees that these properties hold in the global region
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of M.

The metric-vielbein relation (5.32) and the Weitzenböch connection (5.40) play a funda-

mental role of gauge theories of gravity. That is, assume that an action of gravy is given as

follows:

I[gµν , Γ̃
ρ
µν ] =

∫
M

L(gµν , ∂ρgµν , · · · ; Γ̃ρ
µν , ∂λΓ̃

ρ
µν , · · · )

√
−g dn+1x . (5.41)

Then, using the metric-vielbein relation and the Weitzenböch connection, the above action

is rewritten in terms of the metric of the internal space, the (co-)frame fields, and the spin

connection as follows:

I[gIJ , e
I
µ , ω

I
Jµ] =

∫
M

L(gIJ , ∂ρgIJ , · · · ; eIµ , ∂ρeIµ , · · · ; ωI
Jµ , ∂λω

I
Jµ , · · · ) det(e−1) dn+1x ,

(5.42)

where det(e−1) denotes the determinant of the co-frame fields. This quantity is well-defined

by virtue of V|U ≃ TM|U . Remark that the theory given in Eq (5.42) does not always

restore that in Eq (5.41). Conversely, starting with constructing an internal space bundle

V = (V ,M , π), a generic theory which is described by the action functional (5.42) is

obtained. This theory is much richer than the original theory given by Eq (5.41) since

impositions of proper gauge conditions would give rise to a lot of theories of gravity. As a

special case, for the trivial internal space bundle V = M × Rn+1|U , Eq (5.42) becomes as

follows:

I[eIµ , ω
I
Jµ] =

∫
M

L(eIµ , ∂ρeIµ , · · · ; ωI
Jµ , ∂λω

I
Jµ , · · · ) det(e−1) dn+1x . (5.43)

The metric tensor gIJ has those components as constant and defined on the global region of

M× Rn+1. This theory is always equivalent to that given by Eq (5.41).
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5.5. A derivation of Einstein field equations based on gauge approach

to gravity

In this section, the Einstein field equations (4.28) are derived in the way of the gauge theories

of gravity that is provided in the previous section 5.4 [Palatini (1919); Utiyama (1956);

Baez and Muniain (1995)].

The action functional given as Eq (5.43) of the internal space bundle V = (V = M ×

Rn+1 ,M , π) realize this purpose. First, in order to specify the metric gIJ , the following

metric-preserving condition is imposed:

vg(ξ , ξ′) = g(Dvξ , ξ
′) + g(ξ ,Dvξ

′) , (5.44)

where v is a vector field on M, and, ξ and ξ′ are sections of the internal space M× Rn+1.

Considering it with respect to the basis of sections of the internal space M×Rn+1, i .e ., ξI ,

the connection ωI
Jµ satisfies the following property:

ωIJµ = −ωJIµ . (5.45)

Therefore, under the metric-preserving condition, this connection is nothing but the Lorentz

connection: ω(L)
IJµ ∈ so(n , 1). This satisfies the demand from the EEP. Second, a specific

Lagrangian in Eq (5.43) is given as follows:

I[eIµ , ω̃
I
Jµ] =

∫
M

L det(e−1) dxn+1 =

∫
M
eµIe

ν
JΩ̃

IJ
µν det(e

−1) dxn+1 , (5.46)

where Ω̃IJ
µν is the curvature form given in Eq (5.25). Explicitly, Ω̃IJ

µν is written as follows:

Ω̃IJ
µν = ∇̃[µω̃

IJ
ν] + ω̃I

K[µω̃
KJ

ν] , (5.47)
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where ∇̃µ is the covariant derivative of the Weitzenböch connection Γ̃ρ
µν given in Eq (5.40).

To apply the variational principle in a well-posed manner with respect to the constraint

phase space C(1), let us clarify appropriate boundary conditions. The action functional (5.46)

can be rewritten as follows [Lagraa et al. (2017); Lagraa and Lagraa (2018)]:

I[eIµ , ω̃
I
Jµ] =

∫
M

[
AiI0J(∇̃0ω̃IJi − ∇̃iω̃IJ0)− AiIjJΩ̃IJij

]
det(e−1) dxn+1 , (5.48)

where AµIνJ is defined as follows:

AµIνJ = eIµeJν − eIνeJµ . (5.49)

Canonical momentum variables are calculated as follows:

πµI =
δL

δ(∇̃0eIµ)
= 0 , P iIJ =

δL
δ(∇̃0ω̃IJi)

= AiI0J , P0IJ =
δL

δ(∇̃0ω̃IJ0)
= A0I0J = 0 .

(5.50)

All of these variables become primary constraint densities, and these constraint densities

specify the phase subspace C(1). Then the symplectic potential is given as follows: θ =

πµIδeIµ + P iIJδω̃IJi + P0IJδω̃IJ0 = P iIJδω̃IJi. Therefore, the variational principle becomes

well-posed on the constraint phase subspace C(1) under the imposition of boundary conditions

δω̃IJi = 0 on ∂M.

Varying Eq (5.46) with respect to the frame fields eIα, the following equation is derived:

δeI = 2

∫
M

(
R̃µν −

1

2
gµνR̃

)
ηIJeI

µδ(eJ
β)det(e−1)dxn+1 . (5.51)

Note that there are no boundary terms: this is consistent with the appropriate boundary

conditions that are derived in the previous paragraph. Therefore, the variational principle
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leads to the following equations in a well-posed manner:

G̃µν = R̃µν −
1

2
gµνR̃ = 0 . (5.52)

Varying Eq (5.46) with respect to the connection ωI
Jµ around the Lorentz connection ω(L)I

Jµ:

ω̃I
Jµ = ω(L)I

Jµ + ω̃′I
Jµ, the following equation is derived:

δIω =

∫
M
gµν(−Cα

αβδC
β
µν + Cβ

γµδC
γ
βν − Cα

µνδC
β
βα + Cα

βνδC
β
µα) det(e

−1)dxn+1

+

∫
∂M

(nνg
µνδCρ

ρµ − gµνnρδC
ρ
µν) det(e

−1)dxn ,

(5.53)

where Cρ
µν = eI

ρeJµω̃
′I
Jν . Applying the appropriate boundary conditions δCν

µI = 0 that are

derived in the previous paragraph, the above equation becomes as follows:

δIω = · · ·+
∫
∂M

(nνg
0νδCρ

ρ0 − gµ0nρδC
ρ
µ0) det(e

−1)dxn . (5.54)

Remark that the frame fields are fixed in this variation. To erase this boundary term, let us

impose a gauge condition as follows:

ω̃′I
J0 = 0 , or equivalently, Cµ

ν0 = 0 . (5.55)

This is the so-called temporal gauge condition. Then the boundary term is removed from

the first-order variation of the action as follows:

δIω =

∫
M
gµν(−Cα

αβδC
β
µν + Cβ

γµδC
γ
βν − Cα

µνδC
β
βα + Cα

βνδC
β
µα) det(e

−1)dxn+1 . (5.56)

Therefore, the variational principle leads to the following conditions are derived:

Cµ
νi = 0 , or equivalently, ω̃′I

Ji = 0 . (5.57)
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Taking into account Eqs (5.55) and (5.57), the Weitzenböch connection (5.40) becomes as

follows:

Γ̃ρ
µν = eI

ρ∂µe
I
ν + ω(L)I

JµeI
ρeJν . (5.58)

This is equivalent to the Christoffel/Levi-Civita connection given in Eq (4.10). That is,

Eq (5.52) becomes the Einstein field equations in vacuum. In the case of coupling matter

with this theory, using the covariant derivative of spinor fields ψ

Dµ = ∂µ −
i

4
ω(L)IJ

µσIJ , σIJ =
i

2
[γI , γJ ] , (5.59)

where γI are Dirac matrices, and pull-backed Dirac matrices γµ(x) = eI
µ(x)γI , the La-

grangian of matters are constructed as “ iψ̄γµDµψ − mψ̄ψ ” on a generic spacetime M.

Other fields are also coupled with gravity in the same manner provided in Section 4.5.

5.6. Summary

In this chapter, the mathematical basics for the gauge approach to gravity were introduced.

The gauge approach to gravity provides a method to construct gravity theories based on a

local symmetry just like the Yang-Mills gauge field theories in the elementary particle physics.

In particular, the ingredients introduced in Sections 5.2 and 5.4 are repetitively utilized

for constructing the metric-affine gauge theories of gravity in the next chapter. A local

symmetry is introduced into the internal space and leads to possible geometric quantities.

The Weitzenböch connection bridges these geometric quantities on a spacetime manifold to

ones on an internal space via (co-)frame fields, and vice versa. This dual structure plays a

crucial role in constructing the metric-affine gauge theories of gravity.
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Chapter 6

Metric-affine gauge theories of gravity
Chapter abstract

In this chapter, the metric-affine gauge theories of gravity are constructed. First, based on

Sections 5.2 and 5.4, three fundamental geometric quantities, i .e ., curvature, torsion, and

non-metricity are introduced. Second, using the so-called Möbius representation of a gauge

group, the metric-affine geometries are classified into eight subclasses: Riemann-Cartan,

teleparallel, Riemann, Minkowski, Weyl-Cartan, Weyl, metric-affine, and symmetric telepar-

allel geometries. In this formulation, each geometric quantity is given by the covariant ex-

terior derivative of each corresponding potential. Third, The geometrical trinity of gravity,

which is composed of the three subclasses: Riemann (general relativity), symmetric telepar-

allel, and torsion teleparallel, is established. These three subclasses are equivalent up to

boundary terms in the meaning of action functional. Finally, two extensions of the geomet-

rical trinity of gravity, that is, quadratic extension and non-linear extension, are introduced.

The latter extension plays a main role in the next Chapter 7.

6.1. Curvatures, torsions, and non-metricities

In this section, based on the tangent bundle TM of a spacetime manifold M, three funda-

mental geometric quantities, i .e ., curvature, torsion, and non-metricitie are introduced [Kobayashi

(1989); Kobayashi and Nomizu (1996); Nakahara (2003)]. Throughout those introductions,

the positioning of the affine connection in these quantities is also clarified. Let us first refor-

mulate curvature and define torsion. To do this, it needs to introduce an associated principal

bundle from the tangent bundle.

Each fiber TpM of the tangent bundle TM has a basis {ei}, where p ∈ M and i ∈
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{1 , 2 , · · · , n+1}. n+1 is the dimension of each fiber, or equivalently, that of the spacetime

manifold. Then an isomorphism from Rn+1 to TpM, i .e ., u : Rn+1 → ⟨e1 , e2 , · · · , en+1⟩ =

TpM always exists, where ⟨· · · ⟩ denotes a vector space spanned by the basis “ · · · ”. Gathering

all such u, denotes the set as L(M)p and then construct a disjoint union as follows: L(M) =⊔
p∈M L(M)p. For each L(M)p, a right action R of GL(n+1 ;R) is defined in a well-defined

manner as follows: Rg : L(M)p×GL(n+1 ;R) → L(M)p ; (u , g) 7→ u◦g since Rg(u) = u ◦ g

is nothing but a basis transformation of TpM. Then a manifold structure is inserted into

the disjoint union L(M) by using the inverse map of a local trivialization φU : L(M)|U →

U ×GL(n+ 1 ;R) ; σU(p) ◦ g → (p , g), where σU is a set of a basis of TpM at point p ∈ U .

Based on these structures, the disjoint union L(M) becomes a principal GL(n + 1;R)-

bundle associated to the tangent bundle TM: L = (L(M) ,M , ι , GL(n+ 1 ;R) ; R), where

the projection map is given as follows: ι : L(M) → M ; L(M)|p 7→ p.

From Chapter 5, in particular, Sections 5.2 and 5.3, the associated principal bundle L(M)

has, on one hand, the Ehresmann connection, ω ∈ Γ (gl(n+ 1 ; R)⊗ T ∗L(M)), defined as

Eq (5.1). These 1-forms ω lives in the dual space of the vertical space V L(M). On the other

hand, the associated principal bundle L(M) has its proper Rn+1-valued 1-forms on L(M),

denoted by θi, defined as follows:

θi(X) = σ−1
U (p)(ι∗X) , (6.1)

where X is a vector field on L(M) and σU is a section of L(M). Then the pull back of θi

becomes the dual basis of a basis of a tangent space TpM: σ∗
Uθ

i(ej) = δij, where {ei} denotes

a basis of TpM. Therefore, these 1-forms θi lives in the dual space of the horizontal space

HL(M). Remark that the existence of such 1-forms is a proper characteristic of associated

principle bundles since generic principle bundles do not have any basis of those fibers.

For the Ehresmann connection ω, the curvature 2-form is defined by Eq (5.7). Similarly,
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for the 1-forms θi, Rr-valued 2-form θi is defined as follows:

T (X , Y ) = dθ(XH , Y H) , (6.2)

where X , Y ∈ Γ(TL(M)), θ ∈ ⟨θi⟩, and XH , Y H ∈ HL(M). This quantity is called the

torsion tensor of the spacetime manifold M. In the same manner as the curvature 2-form

given in Eq (5.12), the torsion 2-form has the algebraic expression given as follows:

σ∗
UT = dσ∗

Uθ +
1

2
[σ∗

Uω , σ
∗
Uθ] . (6.3)

This relation holds on the spacetime manifold M. Here, U is an open set of M. Since the

curvature 2-form Ω given in Eq (5.7) and the torsion 2-form given in the above vanish for

X , Y ∈ V L(M), these quantities can be expressed in algebraic forms as follows:

Ω = Ωi
jei ⊗ θj (6.4)

and

T = Θi ⊗ ei , (6.5)

respectively, where Ωi
j and Θi are defined as follows:

Ωi
j =

1

2
Ri

jklθ
k ∧ θl (6.6)

and

Θi =
1

2
T i

jkθ
j ∧ θk , (6.7)

respectively. Eqs (6.4) and (6.5) are a gl(n+1 ;R)-valued 2-form on L(M) and a TM-valued

2-form on L(M), respectively.
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Now, let us apply the framework given in Section 5.3 to the associated principle bundle

L(M) and its geometrical quantities Ω and T . For the representation ρ = id, the principal

bundle L(M) turns back into the original vector bundle TM. Then the Ehresmann connec-

tion ω becomes a section of End(TM)-valued 1-form on M; this connection ω is nothing

but the affine connection. That is, a connection of the tangent bundle is defined as an affine

connection. Then, for the curvature 2-form, on one hand, it becomes a section of End(TM)-

valued 2-form on M, and the Ricci identity (5.24) and the structure equation (5.25) hold.

On the other hand, for the torsion 2-form, it becomes TM-valued 2-form on M, and the

resemble formula to the curvature 2-form is derived as follows:

T̃ (X , Y ) =
1

2

(
∇̃XY − ∇̃YX − [X , Y ]

)
, (6.8)

where X and Y are vector fields on M, i .e ., sections of TM. Hereinafter, we denote the

quantities in the affine connection by putting “ ˜ ” over those notations. Calculating it for a

basis {ei} of TM|U , where U is an open set of M, the following equations are derived:

T̃ (ei , ej) =
(
dθk + ωk

l ∧ θl
)
(ei , ej)⊗ ek , (6.9)

where θi are the dual basis of ei; these θi correspond to Eq (6.1). Comparing the above

equation with Eq (6.5), the components Θi are determined as follows:

Θ̃i = dθi + ωj
i ∧ θj = dD̃θ

i , (6.10)

where ωi
j are the components of the Ehresmann connection ω and dD is the covariant exterior

derivative of the connection ω. This equation is called Cartan’s first structure equation. The
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equation of the curvature 2-form, i .e .,

Ω̃i
j = dωi

j + ωk
j ∧ ωi

k = dD̃ωi
j , (6.11)

is called Cartan’s second structure equation.

In the existence of the torsion, in addition to the Bianchi identity given in Eq (5.26),

another identity that relates the curvature to the torsion exists:

dD̃T̃ = R̃ei ∧ θi . (6.12)

This identity is defined on TM ⊗
∧3 T ∗M. Acting it to three vector fields X, Y , and Z,

the above identity is expressed as follows:

R̃(X , Y )Z + R̃(Y , Z)X + R̃(Z ,X)Y = 2(dD̃T̃ )(X , Y , Z) . (6.13)

These identities (6.12) and (6.13) are called Bianchi’s first identity. The Bianchi identity

is given in Eq (5.26) with replacing dD by dD̃ is then called the Bianchi’s second identity,

distinguishing from the first one.

Next, let us introduce the non-metricity tensor. Assume that a metric tensor g = gijθ
i⊗θj

of the tangent bundle is given. Then the metric tensor generically satisfies the following

relation:

dg(X , Y ) = (∇̃g)(X , Y ) + g(∇̃X , Y ) + g(X , ∇̃Y ) , (6.14)

or equivalently,

Zdg(X , Y ) = (∇̃Zg)(X , Y ) + g(∇̃ZX , Y ) + g(X , ∇̃ZY ) , (6.15)

where X, Y , and Z are vector fields on M. Then the quantity ∇̃g, or equivalently, ∇̃Xg is
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defined as the non-metricity tensor and denoted by Q̃, or equivalently, Q̃X . For the basis

{ei}, the non-metricity tensor is expressed as follows:

Q̃ = dD̃g , (6.16)

or equivalently,

Q̃ij = ∇̃gij = dgij − ωi
kgkj − ωj

kgik ,

Q̃kij = ∇̃kgij = dgij(ek)− ωik
lglj − ωjk

lgil .

(6.17)

Both the curvature tensor and the torsion tensor have those Bianchi identities. The non-

metricity tensor is the same as these quantities. Considering the exterior covariant derivative

of it, the following identity is derived:

dD̃Q̃ = R̃θi ∧ gei . (6.18)

This identity is called the zero-th Bianchi identity.

Finally, let us express these geometrical quantities, i .e ., curvature R̃, torsion T̃ , and

non-metricity Q̃, in terms of the standard coordinate basis, i .e ., {xµ} and those partial

derivatives {∂µ}. In this basis, the affine connection ω is denoted as Γ̃, and the italic indices

i , j , k , · · · are replaced by the greek indices µ , ν , ρ , · · · . Then the Ricci identity (5.24) of

the curvature tensor is expressed as follows:

R̃σ
µνρ = 2∂[νΓ̃

σ
ρ]µ + 2Γ̃σ

λ[νΓ̃
λ
ρ]µ = ∂νΓ̃

σ
ρµ − ∂ρΓ̃

σ
νµ + Γ̃σ

λνΓ̃
λ
ρµ − Γ̃σ

λρΓ̃
λ
νµ . (6.19)

For the torsion tensor, using Eq (6.8), the following expression is derived:

T̃ ρ
µν = 2Γ̃ρ

[µν] = Γ̃ρ
µν − Γ̃ρ

νµ . (6.20)
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These expressions can be also derived from Eqs (6.6) and (6.7), respectively. The non-

metricity tensor is expressed as follows:

Q̃ρµν = ∂ρgµν − 2Γ̃λ
ρ(µg|λ|ν) = ∂ρgµν − Γ̃λ

ρµgλν − Γ̃λ
ρνgλµ . (6.21)

Remark that the order of the lower two indices in Γ̃ has to be as this order.

Conversely, using the torsion and non-metricity tensors, the affine connection is decom-

posed as follows [Schouten (1954); Hehl et al. (1989, 1995); Heisenberg (2019); Beltrán Jiménez et al.

(2019)]:

Γ̃ρ
µν =

◦
Γρ

µν +Kρ
µν + Lρ

µν , (6.22)

where the contorsion tensor Kρ
µν and the disformation tensor Lρ

µν are defined as follows:

Kρ
µν =

1

2
T ρ

µν + T ρ
(µ ν) (6.23)

and

Lρ
µν =

1

2
Qρ

µν −Q ρ
(µ ν) (6.24)

respectively. This decomposition can be shown by a straightforward calculation. According

to this decomposition, the curvature tensor (6.19) is also decomposed into as follows:

R̃σ
µνρ =

◦
Rσ

µνρ + 2
◦
∇[νN

σ
ρ]µ + 2Nσ

[ν|λ|N
λ
ρ]µ , (6.25)

where
◦
Rσ

µνρ is the curvature tensor of the Levi-Civita connection
◦
Γρ
µν , Nρ

µν is the distorsion

tensor defined as follows:

Nρ
µν = Γ̃ρ

µν −
◦
Γρ

µν . (6.26)

That is, the distorsion tensor is nothing but the difference between the affine connection and

the Levi-Civita connection and can be taken as the contorsion tensor and/or the disformation
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tensor.

In Section 5.4, a frame field e is nothing but a bundle map from an internal space bundle

V = (V ,M , π) to the tangent bundle T = (TM ,M , ι). Notice that the isomorphism “

u : Rn+1 → ⟨e1 , e2 , · · · , en+1⟩ = TpM ” is possible to play the role of a frame field by

replacing the basis {ei} by {∂µ}. Therefore, all statements for the frame fields in Section 5.4

hold also for the sections of the associated principle bundle L(M). This means also that

the italic indices i , j , k , · · · are identified as the capital indices I , J ,K , · · · . In particular,

the affine connection (6.22) is equivalent to the Weitzenböch connection (5.40). That is, the

following important equation holds:

eI
ρ∂µe

I
ν + ωI

JµeI
ρeJν =

◦
Γρ

µν +Kρ
µν + Lρ

µν . (6.27)

This equation relates the gauge structure of the internal space to the metric-affine geometry.

6.2. Metric-affine gauge approach to gravity and its subclass

In this section, based on the following gauge groups, i .e ., affine group A(n + 1 ;R) =

T (n+1 ;R)⋊GL(n+1 ;R) [Hayashi and Shirafuji (1980); Baekler et al. (2011)], Weyl group

W (n+1 ;R) = D(n+1 ;R)⋊A(n+1 ;R) [Charap and Tait (1974); Kopczyński et al. (1988);

Hehl et al. (1989); Blagojevic (2001)], and metric-affine group MA(n+1 ;R) = S(n+1 ;R)⋊

W (n + 1 ;R) [Hehl et al. (1995, 1989); Tomonari (2023a)], the full theory is classified into

eight subclasses: (i) Riemann-Cartan geometry: Un+1, (ii) Teleparallel geometry: Tn+1,

(iii) Riemann geometry: Vn+1, (iv) Minkowski geometry: Mn+1, (v) Weyl-Cartan geometry:

Yn+1, (vi) Weyl geometry: Wn+1, (vii) metric-affine geometry: Ln+1, and (viii) symmetric

teleparallel geometry: Sn+1. Throughout these considerations, the relations between each

gauge group structure and the relevant geometries are clarified. Further, the so-called spin,

dilation, and shear currents are introduced, and the relations between each gauge group

structure and these currents are briefly discussed. First of all, let us reconstruct the metric-
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affine geometry from the viewpoint of the gauge group structure in a bottom-up approach.

Let us first consider the case of the affine group: A(n + 1 ;R) = T (n + 1 ;R) ⋊ GL(n +

1 ;R). This group forms an internal space bundle introduced in Section 5.4. The group

multiplication of A(n+ 1 ;R), denoted by “ ◦ ”, is defined as follows:

(s1 , t1) ◦ (s2 , t2) = (s1 · s2 , s1t2 + t1) , (6.28)

where s1 = s1(p) , s2 = s2(p) ∈ GL(d ;R), t1 = t1(p) , t2 = t2(p) ∈ T (d ;R) for p ∈ M, and

“ · ” is the group multiplication of GL(n+ 1 ;R). This law of multiplication is the common

one for the semi-direct products. The Lie algebra of this group, denoted by a(n + 1 ;R) =

t(n+ 1 ;R)⋊ gl(n+ 1 ;R), is given as follows:

[Pi , Pj] = 0 [Li
j , Pk] = C(A)il

jkPl , [Li
j , L

k
l] = C(A)ikn

jlmL
m

n , (6.29)

where Pi and Li
j are the generator of the Lie groups T (n+1 ;R) andGL(n+1 ;R), respectively.

C(A)il
jk and C(A)ikn

jlm are structure constants. In this case, C(A)il
jk = δikδ

l
j and C(A)ikn

jlm =

δilδ
k
mδ

n
j−δimδkjδnl. The affine group A(d ;R) can be regarded as a subgroup ofGL(n+2 ;R)

as follows:

AMobius(n+ 1 ;R) =

{g(p) τ(p)

0 1

 ∣∣∣∣∣ g(p) ∈ GL(n+ 1 ;R) , τ(p) ∈ T (n+ 1 ;R)

}
. (6.30)

This representation is called the Möbius representation [Kobayashi (1972); Mielke (1987);

Hehl et al. (1995)]. Then the ordinary matrix product of the elements of AMobius(n + 1 ;R)

restores the semi-direct product defined in Eq (6.28) in as the first row of the result of

the matrix computations. In addition, acting an element Λ(p) ∈ AMobius on T (x , 1), where

x = x(p) is the coordinates of the point p ∈ M, it is revealed that the first component of
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the result is nothing but the affine transformation of the point p as follows: Λ(p) T (x , 1) =

T (s(p)x(p)+τ(p) , 1). Therefore, the action of the affine group A(n+1 ;R) leaves the (n+1)-

dimensional hyperplane Rn+1 invariant.

In this representation, the affine connection is given as follows [Kobayashi and Nomizu

(1996)]:

ω(A) =

ω(E) ω(T )

0 0

 =

ω(E) i
j ⊗ Lj

i ω(T ) i ⊗ Pi

0 0

 , (6.31)

where ω(E) and ω(T ) are a gl(n+1 ;R)-valued 1-form on M and a t(n+1 ;R)-valued 1-form

on M, respectively. Then, for a frame transformation ei → e′i = Λi
je

j, a(n + 1 ;R)-valued

1-form ω(A) on M is transformed as follows:

ω(A) → ω′(A) = Λ−1dΛ + Λ−1ω(A)Λ , (6.32)

where Λ ∈ AMebius(n+ 1 ;R), or equivalently,

ω(E) → ω′(E) = s−1ds+ s−1ω(E)s ,

ω(T ) → ω′(T ) = s−1dDt+ s−1ω(T ) , dDt = dt+ dρ(ω(E))t

(6.33)

where s ∈ GL(n + 1 ;R) and t ∈ T (n + 1 ;R). The first transformation law in Eq (6.33)

indicates that ω(E) is nothing but the Ehresmann connection of the principal GL(n+1 , ;R)-

bundle. Therefore, dDt = dt+dρ(ω(E))t is actually the covariant exterior derivative of t with

respect to the connection ω(E), where dρ is a representation of the Lie algebra gl(n+ 1 ;R).

Similarly, the curvature 2-form is given as follows:

Ω(A) = dω(A) + ω(A) ∧ ω(A) =

Ω(E) Ω(T )

0 0

 =

dω(E) + ω(E) ∧ ω(E) dω(T ) + ω(E) ∧ ω(T )

0 0

 .

(6.34)
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Then Ω(A) is a gl(n+1 ;R)-valued 2-form on M. For a frame transformation ei → e′i = Λi
je

j,

Ω(A) is transformed as follows:

Ω(A) → Ω′(A) = Λ−1Ω(A)Λ . (6.35)

This is the same only in the form as Eq (5.13). That is, ω(T ) is not an Ehresmann connection

of the principal T (d ;R)-bundle; the above law is not a gauge transformation law.

Eq (6.3), or equivalently, Eq (6.10) implies the meaning of Ω(T ) = dω(T ) + ω(E) ∧ ω(T ).

That is, if the ω(T ) is equivalent to the coframe field e−1, Ω(T ) is nothing but the torsion of

the spacetime manifold M. To confirm this speculation, let us introduce an auxiliary vector

field ξ = ξiPi . Then the coframe field e−1 can be expressed as follows:

e−1 = ω(T ) + dDξ , (6.36)

where e−1 = ei ⊗ Pi = eiµdx
µ ⊗ Pi and ω(T ) = ω(T ) i ⊗ Pi = ω(T ) i

µdx
µ ⊗ Pi. Therefore, if the

following condition holds then the statement is shown:

dDξ := 0 . (6.37)

Under the imposition of the above condition, the affine connection (6.31) and curvature

2-form become as follows [Kobayashi (1972)]:

ω(C) =

ω(E) e−1

0 0

 , Ω(C) = dω(C) + ω(C) ∧ ω(C) =

Ω(E) T,

0 0

 , (6.38)

where Ω(E) and T are givens as follows:

T = de−1 + ω(E) ∧ e−1 = dDe
−1 , Ω(E) = dω(E) + ω(E) ∧ ω(E) = dDω

(E) . (6.39)
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These two equations are nothing but Cartan’s first and second structure equations. This

connection ω(C) is the so-called Cartan connection, although only the part “ ω(E) ” in ω(C)

is an Ehresmann connection; the remaining part “ e−1 ” has nothing to do with Ehresmann

connections, therefore, strictly speaking, this use “ connection ” is just an abuse of jargon.

Note that, for a frame transformation ei → e′i = Λi
je

j, Ω(E) and T transform as follows:

Ω(E) → Ω′(E) = Λ−1Ω(E)Λ , T → T ′ = Λ−1T , (6.40)

respectively. Remark also that this decomposition is valid only in the satisfaction of Eq (6.37).

The geometry based on the affine group A(n + 1 ;R) = T (n + 1 ;R) ⋊ GL(n + 1 ;R)

is, therefore, the so-called (i) Riemann-Cartan geometry, which includes not only curvature

but also torsion. The Riemann-Cartan geometry is denoted by “ Un+1 ”, where n + 1 is

the dimension of the geometry. Un+1 has four subclasses depending on whether or not the

curvature and/or torsion vanishes; (ii-a) “ Tn+1 ”: The curvature vanishes: Ω(E) = 0 then the

geometry turns into teleparallel geometry; (iii) “ Vn+1 ”: The torsion vanishes: T = 0 then the

geometry turns into Riemann geometry; (iv) “ Mn+1 ”: The curvature and torsion vanish:

Ω(E) = 0 and T = 0 then the geometry turns into Minkowski geometry. Therefore, the

Riemann-Cartan geometry provides geometrical extensions of the general theory of relativity.

In particular, the existence of torsion gives rise to a new subclass, i .e ., Tn+1, for theories of

gravity.

Next, let us extend the affine group to the so-called Weyl group: W (n+ 1 ;R) = D(n+

1 ;R) ⋊ A(n + 1 ;R). The Lie algebra of W (n + 1 ;R), i .e ., w(n + 1 ;R) = d(n + 1 ;R) ⋊

a(n+ 1 ;R), is identified by the affine algebra (6.29) and the following algebra:

[D ,Pi] = C(W )j
iPj , [D ,Li

j] = 0 , (6.41)

where C(W )j
i is structure constant. In this case, C(W )j

i = δj i [Charap and Tait (1974)]. The
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Möbius representation of the Weyl group is given as follows [Tomonari (2023a)]:

WMobius(n+1 ;R) =

{
g(p) τ(p) d̄(p)

0 1 0

0 0 1


∣∣∣∣∣ g(p) ∈ GL(n+1 ;R) , τ(p) ∈ T (n+1 ;R) , d̄ ∈ D(n+1 ;R)

}
.

(6.42)

This is of course a subgroup of GL(n + 3 ;R). Then the Weyl connection is defined as

follows [Tomonari (2023a)]:

ω(A) =


ω(E) ω(T ) ω(D)

0 0 0

0 0 0

 =


ω(E) i

j ⊗ Lj
i ω(T ) i ⊗ Pi ω̃(D) ⊗D

0 0 0

0 0 0

 , (6.43)

where

ω̃(D) =
1

n+ 1
ln(−det(g))e−1 . (6.44)

The same consideration as the case of the affine group leads the following transformation

law [Tomonari (2023a)]:

ω(E) → ω′(E) = s−1ds+ s−1ω(E)s ,

ω(T ) → ω′(T ) = s−1dDt+ s−1ω(T ) , dDt = dt+ dρ(ω(E))t ,

ω(D) → ω′(D) = s−1dDd̄+ s−1ω(D) , dDd̄ = dd̄+ dρ(ω(E))d̄

(6.45)

for the frame transformation ei → e′i = Λi
je

j. Therefore, the d(n+1 ;R)-valued 1-form ω(D)

is not an Ehresmann connection. Alternatively, this valued 1-form becomes a potential to

generate the following geometric quantity [Tomonari (2023a)]:

∆ = d∇ω
(D) − 1

n+ 1
ln(|det(g)|)T =

1

n+ 1
Tr ( d∇ g ) e

−1 =
1

n+ 1
Tr (Q ) e−1 . (6.46)
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where “ Tr ” is the trace operator and Q = d∇g is the non-metricity 2-form defined in

Eq (6.16). Remark that the commutativity of the generators D and EI
J ensures ω(E) ∧

ω(D) = 0. This quantity ∆ is the so-called dilation 2-form. Notice that if the torsion 2-form

vanishes: T = 0, Eq (6.46) turn to simply to be [Tomonari (2023a)]

∆ = d∇ω
(D) =

1

n+ 1
Tr ( d∇ g ) e

−1 =
1

n+ 1
Tr (Q ) e−1 , (6.47)

The torsion-free condition can be realized by taking the auxiliary field ζ in Eq (6.36) as

follows [Tomonari (2023a)]:

d∇ω
(T ) + d∇

2ζ := 0 . (6.48)

Remark that d∇2 = d∇d∇ does not vanish unlike the ordinary exterior derivative: d2 = dd =

0. Based on the classification of the Riemann-Cartan geometry, such geometry can contain

the subclasses Vn+1 and En+1 (or Mn+1).

The geometry based on the Weyl group W (n+1 ;R) = D(n+1 ;R)⋊A(n+1 ;R) is richer

than the Riemann-Cartan geomrtry by virtue of the exixtence of the dilation. This geometry

is called (v) the Weyl-Cartan geometry and denoted as “ Yn+1 ”. On one hand, Yn+1 contains

Un+1 as a special case of vanishing the dilation: ∆ = 0. On the other hand, Yn+1 gives new

subclasses; (vi-a) “ Wn+1 ”: The torsion vanishes: T = 0 then the geometry turns into the

Weyl geometry; (ii-b) Tn+1: The curvature vanishes: Ω(E) = 0 then the geometry turns into

one of the teleparallel geometry with the dilation.

Further generalization of the Weyl geometry is possible; the dilation given in Eq (6.46)

implies the existence of a geometry such that the non-metricity tensor is generated from a

covariant exterior derivative of some potential quantity. Consider the metric-affine group:

MA(n + 1 ;R) = S(n + 1 ;R) ⋊W (n + 1 ;R). The Lie algebra of MA(n + 1 ;R), ma(n +

1 ;R) = s(n+1 ;R)⋊w(n+1 ;R), is identified by the affine algebra (6.29) and the following
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algebra [Tomonari (2023a)]:

[Di
j , Pk] = C(MA)il

jkPl , [Di
j , L

k
l] = 0 , [Di

j , D
k
l] = C(MA)ikm

jlnD
m

n , (6.49)

where C(MA)il
jk and C(MA)ikm

jln are structure constants. In this case, C(MA)il
jk = δikδ

l
j

and C(MA)ikn
jlm = 0. Notice that this algebra is nothing but a generalization of the Weyl

algebra (6.41); in the case of its dimension being one, Eq (6.49) results in Eq (6.41). The

Möbius representation of the metric-affine group is given as follows [Tomonari (2023a)]:

MA Mobius(n+ 1 ;R) =

{


g(p) τ(p) d̄(p) ps(p)

0 1 0 0

0 0 1 0

0 0 0 1


∣∣∣∣∣ g(p) ∈ GL(n+ 1 ;R) , τ(p) ∈ T (n+ 1 ;R) ,

d̄ ∈ D(n+ 1 ;R) , ps ∈ S(n+ 1 ;R)

}
.

(6.50)

This is a subgroup of GL((n + 2)(n + 3)/2 + 1 ;R). Then the metric-affine connection is

introduced as follows [Tomonari (2023a)]:

ω(A) =



ω(E) ω(T ) ω(D) ω(S)

0 0 0 0

0 0 0 0

0 0 0 0


=



ω(E) i
j ⊗ Lj

i ω(T ) i ⊗ Pi ω(D) ⊗D ω(S)i
j ⊗Dj

i

0 0 0 0

0 0 0 0

0 0 0 0


,

(6.51)
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where

ω(S)i
j = ω̃(S)δij ,

ω̃(S) =

(
g − 1

n+ 1
ln(−det(g))

)
e−1 .

(6.52)

For a frame transformation, ω(S) obeys the same rule as ω(T ), ω(D) in Eq (6.45). Then

the s(n + 1 ;R)-valued 1-form ω(S) becomes a potential to generate the following geometric

quantity [Tomonari (2023a)]:

↗∆ = d∇ω
(S)−

(
g − 1

n+ 1
ln(|det(g)|)

)
T = Q e−1−∆ =

(
Q− 1

n+ 1
Tr (Q )

)
e−1 . (6.53)

This quantity ↗∆ is the so-called shear 2-form. Remark that the commutativity of the gen-

erators D and EI
J ensures ω(E) ∧ ω(S) = 0. Notice that the case of vanishing torsion turns

Eq (6.53) to be [Tomonari (2023a)]

↗∆ = d∇ω
(S) = Q e−1 −∆ =

(
Q− 1

n+ 1
Tr (Q )

)
e−1 . (6.54)

Taking into account the dilation 2-form, the non-metricity 2-form is restored as follows;

Q = ↗Q+
1

n+ 1
Tr (Q) (6.55)

as a 1-form on M, where ↗Q is defined as ↗∆ = ↗Q e−1 under Eq (6.53). Therefore, the

existence of both the dilation and shear 2-forms is equivalent to that of the non-metricity

2-form, and vice versa. Notice, finally, that Eq (6.55) holds not depending on whether or

not Condition (6.48) is satisfied.

The geometry based on the metric-affine group MA(n+1 ;R) = S(n+1 ;R)⋊W (n+1 ;R)

is the most generic geometry by virtue of the existence not only the dilation but also the
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shear. This geometry is nothing but (vii) the metric-affine geometry and denoted as “ Ln+1

”. On one hand, Ln+1 contains Yn+1 as a special case of vanishing the shear: ↗∆ = 0. On the

other hand, Ln+1 gives new subclasses: (vi-b) Wn+1: The torsion vanishes: T = 0 then the

geometry turns into the most generic subclass of the Weyl geometry with the shear; (viii)

“ Sn+1 ”: The torsion and the curvature vanish: T = 0 and Ω(E) = 0 then the geometry

turns into the symmetric telepalallel; (ii-c) Tn+1: The curvature vanishes: Ω(E) = 0 then the

geometry turns into the most generic subclass of the teleparallel geometry with the dilation

and the shear: the non-metricity.

Finally, let us consider the relation between the above classification and the field equa-

tions. The action functional is given as follows [Hehl et al. (1989)]:

IMAG =

∫
M

L vol =

∫
M

LMAG(gij , e
i , ω(E)

i
j , Qij , T

i , Ri
j) vol + Lmatter(gij , e

i ,Φ ,DΦ) vol ,

(6.56)

where ei is the coframe fields, Φ denotes a set of matter fields, and D is the covariant

derivative given in Eq (5.59). “ vol ” is the volume form on M. Varying this action

functional, the following field equations are derived:

D
(
2
∂LMAG

∂Qij

)
+ 2

∂LMAG

∂gij
= −σij ,

D
(
∂LMAG

∂T i

)
+
∂LMAG

∂ei
= −Σi ,

D
(
2
∂LMAG

∂Ri
j

)
+ ei ∧ ∂LMAG

∂T j
+ 2gjk

∂LMAG

∂Qki

= −Πi
j ,

(6.57)

where σij, Σi, and Πi
j are the metric stress-energy tensor, the canonical energy-momentum

tensor, and the hypermomentum, respectively, given as follows:

σij = 2
δLmatter

δgij
, Σi =

δLmatter

δei
, Πi

j =
δLmatter

δω(E)
i
j
. (6.58)
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The equations of motion of the matter fields Φ are given by the Euler-Lagrange equations as

usual. The connection decomposition (, strictly speaking, the pull back of it by the coframe

field,) in Eq (6.22) implies that the hypermomentum is decomposed as follows:

Πij = τ ij +
1

n+ 1
gijΠ+↗Πij , (6.59)

where the spin current τ ij and shear current ↗Πij are given as follows:

τ ij =
δL
δKij

, ↗Πij =
δL
δ↗Qij

= Π(ij) − 1

n+ 1
gijΠ , (6.60)

The dilation current Π is the trace of the hypermomentum, which is also given as follows:

Π =
1

2

δL
δQ

. (6.61)

Therefore, the gauge structures are engraved also into the hypermomentum structure. That

is, the metric-affine geometry Ln+1 includes all components: the spin, the dilation, and the

shear current. the Weyl-Cartan geometry Yn+1 contains the spin and the dilation current.

The affine geometry Un+1 has only the spin current. In the Riemann geometry Vn+1, the

teleparallel geometry Tn+1, and the Minkowski geometry Mn+1, the hypermomentum van-

ishes.

Summarizing, the most generic class is the metric affine geometry denoted as Ln+1 of

which the gauge group is the metric-affine group MA(n + 1 ;R) = S(n + 1 ;R) ⋊W (n +

1 ;R). Ln+1 is described by the three geometric quantities: the curvature R, the torsion T ,

and the non-metricity Q and has two subclasses: the Weyl-Cartan geometry Yn+1, which

is described by the curvature R, the torsion T , and the dilation ∆, and the symmetric

teleparallel geometry Sn+1, which is described by the non-metricity Q. In the viewpoint

of the equations of motion, the entire class Ln+1 has all the three currents: the spin, the
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dilation, and the shear current. The subclass Yn+1 has its gauge group as the Weyl group

W (n+1 ;R) = D(n+1 ;R)⋊A(n+1 ;R). The possible subclasses of Yn+1 are Weyl geometry

Wn+1, which is described by the curvature R and the dilation ∆, and the Riemann-Cartan

geometry Un+1, which is described by the curvature R and the torsion T . In the viewpoint

of the equations of motion, this subclass Yn+1 has the spin and dilation currents. The

latter geometry Un+1 has its gauge group as the affine group A(n + 1 ;R) = T (n + 1 ;R) ⋊

GL(n + 1 ;R) and the three subclasses: the Riemann geometry Vn+1, which is described

by the curvature R, the teleparallel geometry Tn+1, which is described by the torsion T ,

and the Minkowski geometry Mn+1, which is described by vanishing all the three geometric

quantities. From the viewpoint of the equations of motion, this subclass Un+1 has only the

spin current. The subclasses Vn+1, Tn+1, and Mn+1 do not have any hypermomentum.

Remark that the geometric classification based on whether or not each of the three

geometric quantities vanish(es) does not take into account the gauge group structure of the

theory. However, notice that the four geometries Vn+1, Tn+1, Sn+1, andMn+1 are the common

subclasses in the algebraic classification and the geometrical classification. In addition, Vn+1

and Mn+1 are nothing but the geometry of the general and the special theory of relativity,

respectively. Therefore, let us focus on these two subclasses in the next chapter: gravity

theories based on the teleparallel geometry Tn+1 and the symmetric teleparallel geometry

Sn+1: the so-called geometrical trinity of gravity/general relativity.

Notice, finally, that, if it is possible to further extend the metric-affine gauge group using

a semi-direct product then a new geometric quantity would be discovered, and then it would

also be possible to construct a new subclass of gravity. The investigation of this perspective

is for an intriguing future work including its realizability.2

2See Appendix C.
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6.3. Geometrical trinity of gravity

In this section, the so-called geometrical trinity of gravity, of which geometries are taken in a

set of subclasses, i .e ., Vn+1, Tn+1, Sn+1, in the metric-affine gauge theories of gravity, is estab-

lished [Beltrán Jiménez et al. (2019)]. Since these subclasses satisfy the common condition of

vanishing curvature, let us start by introducing the most generic class of the teleparallel grav-

ity: (ii-c) [Beltrán Jiménez et al. (2020a); Gomes et al. (2023b); Bahamonde et al. (2023a);

Heisenberg (2023)]. In order to construct the Lagrangian of the theory, it needs to unveil

the relation between the Ricci scalar of the Levi-Civita connection in the (pseudo-)Riemann

geometry and the geometric quantities in the metric-affine geometry.

The decomposition of the curvature tensor given in Eq (6.25) provides the fundamental

relation to establishing the metric-affine gauge theories of gravity. Contracting Eq (6.25),

the following relation is derived:

R̃ =
◦
R + T+Q+ T ρµνQµνρ − T µQµ + T µQ̄µ + ∇̃µ(Q

µ − Q̄µ + 2T µ) , (6.62)

where Qµ = gνρQµνρ, Q̄ρ = gµνQµνρ, T µ = gµνT ρ
νρ, and T and Q are defined as follows:

T =
1

2

(
1

4
Tµνρ +

1

2
Tνµρ − gµνTρ

)
T µνρ (6.63)

and

Q =
1

4
QµνρQ

µνρ − 1

2
QµνρQ

νµρ − 1

4
QµQ

µ +
1

2
QµQ̄

µ , (6.64)

respectively. Here, we abbreviated “ ˜” for each geometric quantity excepting the Ricci scalar

and the covariant derivative “ ∇̃ ”. The latter scalar quantity is also expressed in terms of

the disformation tensor given in Eq (6.24) as follows:

Q = gµν
(
Lρ

ρλL
λ
µν − Lρ

λµL
λ
νρ

)
. (6.65)
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Notice that the decomposition (6.62) can represent the Ricci scalar in terms of the geometric

quantities in the metric-affine gauge theories of gravity. Therefore, generalizing the pseudo-

Riemannian geometry of the Einstein-Hilbert action functional given in Eq (4.64) into the

metric-affine geometry and replacing the Ricci scalar in the action functional by the quantities

in the metric-affine geometry, the following action functional is derived:

IMAG[gµν , Γ̃
ρ
µν ,Φ] =

1

2κ2

∫
M

[R̃− T−Q− T ρµνQµνρ + T µQµ − T µQ̄µ

− ∇̃µ(Q
µ − Q̄µ + 2T µ)]

√
−g dn+1x+ Imatter[Φ ,DΦ] .

(6.66)

This action functional is defined in the tangent bundle of the spacetime manifold. In order

to move to the internal space bundle, it is just to replace the variables gµν and Γ̃ρ
µν by eIµ

and ωI
Jµ making use of Eq (5.32) and Eq (5.40). In the case of the teleparallel gravity (ii-c),

the vanishing curvature is assumed: Rσ
µνρ = 0. Therefore, the action functional becomes as

follows:

IGTEGR[gµν ,Γ
ρ
µν ,Φ] =

1

2κ2

∫
M

[− T−Q− T ρµνQµνρ − T µQµ − T µQ̄µ

− ∇̃µ(Q
µ − Q̄µ + 2T µ)]

√
−g dn+1x+ Imatter[Φ ,DΦ] .

(6.67)

This theory is called the General Teleparallel Equivalnt to General Relativity (GTEGR) and

provides the basics of the geometrical trinity of gravity. Here, notice that the assumption of

vanishing curvature tensor, this condition is called teleparallel condition/teleparallelism in

the metric-affine gauge theories of gravity, leads to the following connection:

Γ′ρ
µν = 0 , (6.68)

in some coordinate system. Conversely, this connection trivially satisfies the teleparallel
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condition. In addition, for a general coordinate transformation: xµ → x′µ = x′µ(xν), recall

that the affine connection obeys the following transformation law:

Γρ
µν =

∂x′ρ

∂xλ
∂xκ

∂x′µ
∂xσ

∂x′ν
Γ′λ
κσ +

∂xρ

∂x′λ
∂2x′λ

∂xµ∂xν
. (6.69)

This law holds by virtue of the transformation law for the Levi-Civita connection
◦
Γρ
µν and

that both the contorsion and the disformation in Eq (6.22) are tensorial quantities. Under

the imposition of Eq (6.68), the affine connection with the teleparallel condition in a generic

coordinate system is, on one hand, expressed as follows:

Γρ
µν = (Λ−1)ρλ∂µΛ

λ
ν , (6.70)

where Λµ
ν = ∂xµ/∂x′ν . This connection also satisfies the teleparallel condition. On the other

hand, the relation given in Eq (5.40) always has the following form in some local region:

Γρ
µν = eI

ρ∂µe
I
ν (6.71)

by virtue that any vector bundle has the so-called standard flat connection in some local

region: ωI
Jµ = 0. In the case of restricting such local region, the matrix components

Λµ
ν can be replaced by the coframe field components eIµ. In particular, the case that the

internal space bundle is M×Rn+1 makes it possible to identify the index “ λ ” in Eq (6.70)

with the index “ I ” in Eq (6.71) and the matrix components Λµ
ν with the coframe field

components eIµ. In this special case, eIµ, or equivalently, Λµ
ν , belongs to the general linear

group GL(n+ 1 ;R), which is nothing but the structure group of the internal space bundle.

Hereinafter, we assume this special case.

Next, let us consider the case of vanishing non-metricity tensor: Qρ
µν = 0. The GTEGR
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action functional turns into as follows:

ITEGR[gµν ,Γ
ρ
µν ] =

1

2κ2

∫
M

[−T− 2∇µT
µ]

√
−g dn+1x+ Imatter[Φ ,DΦ] . (6.72)

This theory is called Teleparallel Equivalent to General Relativity (TEGR) and implies

the equivalence to the general theory of relativity up to boundary terms [Einstein (1928);

Unzicker and Case (2005)]. Varying this, the following equations of motion are derived:

Tµν −
1

2
Tgµν = κ2Tµν , Tµν = (∇ρ + Tρ)S(µν)

ρ + tµν ,

(∇ρ + Tρ)
[√

−gS ρ
[µ ν]

]
= 0 ,

(6.73)

where the symmetric tensors Sρ
µν , which is called the torsion conjugate tensor, and tµν are

defined as follows:

Sρ
µν =

∂T
∂T ρ

µν

=
1

4
Tρ

µν +
1

2
T [µ ν]

ρ − δρ
[µT ν] ,

tµν =
∂T
∂gµν

=
1

2
S(µ|

λκTν)λκ − T λκ
(µSλκ|ν) .

(6.74)

The first equations in Eq (6.73) has the same form as the Einstein field equations.

The TEGR action functional is also written in terms of (co)frame fields. The assumption

of vanishing non-metricity tensor leads to the following equation:

2ei
ρ∂βe

i
(µgν)ρ = ∂βgµν . (6.75)

This equation is easily solved in terms of coframe field components as follows:

gµν = eIµe
J
νcIJ , (6.76)

where cIJ is arbitrary constant symmetric tensor. This solution includes the case of Eq (5.32);
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cIJ is nothing but the internal space metric ηIJ . The torsion tensor is also expressed as

follows:

T ρ
µν = 2eρI∂[µe

I
ν] . (6.77)

Of course, this relation corresponds to Eq (5.40). Using Eq (5.32), or more generically

Eq (6.76), and Eq (5.40), or equivalently, Eq (6.77), Eq (6.72) becomes as follows:

ITEGR[e
I
µ] =

1

2κ2

∫
M

[
−T− 2DIT

I
]
det(e−1) dn+1x+ Imatter[Φ ,DΦ] . (6.78)

The action functionals Eq (6.72) and Eq (6.78) correspond to each other in a one-to-one

manner. (See Section 5.4 in detail.)

Finally, let us consider the case of vanishing torsion tensor: T ρ
µν = 0. The GTEGR

action functional turns into as follows:

ISTEGR[gµν ,Γ
ρ
µν ] =

1

2κ2

∫
M

[
−Q−∇µ(Q

µ − Q̄µ)
] √

−g dn+1x+ Imatter[Φ ,DΦ] . (6.79)

This is called Symmetric Teleparallel Equivalent to General Relativity (STEGR) [Nester and Yo

(1999)] and implies the equivalence to the general relativity up to boundary terms. Varying

this, the following equations of motion are derived:

Qµν −
1

2
Qgµν = κ2Tµν , Qµν =

1√
−g

∇ρ

[√
−gP ρ

µν

]
+ qµν ,

∇µ∇ν

(√
−gP µν

ρ

)
= 0 .

(6.80)

where the symmetric tensors P ρ
µν , which is called the non-metricity conjugate tensor, and
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qµν are defined as follows:

P ρ
µν =

1

2

∂Q
∂Qρ

µν
= −1

4
Qρ

µν +
1

2
Q ρ

(µ ν) +
1

4
gµνQ

ρ − 1

4

(
gµνQ̄

ρ + δρ(µQν)

)
qµν =

∂Q
∂gµν

= P(µ|λκQν)
λκ − 2P λκ

(νQλκ|µ) .

(6.81)

Note that the non-metricity scalar Q can be expressed by using the non-metricity conjugate

tensor P ρ
µν as follows:

Q = PρµνQ
ρµν . (6.82)

The first equations in Eq (6.80) has the same form as the Einstein field equations.

The STEGR action functional is of course written in terms of (co)frame fields by using

Eqs (5.32) and (5.40). This is the same formulation as the TEGR case. Whereas, in the

STEGR case, a specific formulation exists; the theory can be expressed in terms of the

so-called Stükelberg fields. To see this, let us focus on a proper solution of the following

equation:

∂µe
I
ν = 0 . (6.83)

This equation is derived from the assumption of vanishing torsion tensor and easily solved

in terms of the so-called Stükelberg fields, denoted by ξI = ξI(x), as follows:

eIµ =
∂ξI

∂xµ
. (6.84)

Then the affine connection becomes as follows:

Γρ
µν =

∂xρ

∂ξI
∂µ∂νξ

I . (6.85)
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Therefore, the STEGR action functional given in Eq (6.79) becomes as follows:

ISTEGR[ξ
I , eIµ] =

1

2κ2

∫
M

[
−Q−DI(Q

I − Q̄I)
]
det(e−1) dn+1x+ Imatter[Φ ,DΦ] . (6.86)

Notice that the above action functional contains the second-order derivative terms of the

Stükelberg fields ξµ. This is the reason why the action functional includes the variables

eIµ = ∂µξ
I ; higher-order terms have to be treated as independent variables in its own

right. Such higher-order terms could cause the Ostrogradski ghost modes as explained in

Sections 2.5 and 2.6. However, the work given in [Hu et al. (2023)] showed that the theory

does not suffer from such ghost modes. Notice also that, under the condition of fixing

the internal space metric, the use of the variables eIµ is equivalent to that of the variables

gµν : ISTEGR[ξ
I , eIµ] = ISTEGR[ξ

I , gµν ]. Since the original action functional (6.79) includes

the derivatives of the metric tensor only up to first-order, this alternative expression is an

implication of the absence of the Ostrogradski ghost modes.

The STEGR subclass has a special case known as the so-called Coincident General Rela-

tivity (CGR) [Beltrán Jiménez et al. (2018)]. This special theory can be derived by imposing

the so-called coincident gauge condition to the STEGR subclass [Beltrán Jiménez and Koivisto

(2022)]. In order to clarify this gauge condition, let us go back to Eq (6.85). This equation

is apparently invariant under the following global transformation:

ξI(x) → ξ′I(x) =M I
Jξ

J(x) + ζI , (6.87)

where M I
J ∈ GL(n+ 1 ;R) and ζI are arbitrary constant (n+ 1)-vector components. Since

the internal space bundle is locally isomorphic to U × R, a section on the bundle can be

identified with that on the tangent bundle TM by virtue of the local relation U×R ≃ TM|U ,

where U is an open set of M. This indicates that the internal space indices I , J ,K , · · · can

be replaced by the spacetime indices µ , ν , ρ , · · · . Therefore, Eq (6.87) gives the following
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equation in a local region:

ξI(x) =M I
µx

µ + ζI . (6.88)

This relation is equivalent to the case just replacing ξI(x) by xµ in Eq (6.87) as follows:

ξI(x) = δIµx
µ + AI , (6.89)

where AI are arbitrary constant (n + 1)-vector components. That is, the coincident gauge

is nothing but a condition on the Stükelberg fields such that it restricts to those that are

obtained only from an affine transformation of a spacetime point. This indicates also that,

based on Eq (6.84), the co-frame fields are obtained from a given spacetime coordinates.

Notice that in this gauge Eq (6.84) turns into eIµ = δIµ, and it is nothing but the coefficients

of “ xµ ” in Eq (6.89). This is the another signal of the local relation: “ U × R ≃ TM|U

” [Tomonari and Bahamonde (2023)]. Under the imposition of the coincident gauge, i .e .,

Eq (6.88), Eq (6.85) becomes as follows:

Γρ
µν = 0 . (6.90)

This indicates that the coincident gauge condition changes the covariant derivative “ ∇ ” to

the partial derivative “ ∂ ”.

The CGR action functional is of course directly obtained from Eq (6.79) just replacing “

∇ ” in the action functional by “ ∂ ”. However, this naive replacement unfortunately blinds

the essence of the theory. Therefore, using Eq (6.65), let us express the STEGR action

functional and impose the coincident gauge condition.

ISTEGR[gµν ,Γ
ρ
µν ] =

1

2κ2

∫
M

[
−gµν

(
Lρ

ρλL
λ
µν − Lρ

λµL
λ
νρ

)] √
−g dn+1x+ Imatter[Φ ,DΦ] ,

(6.91)
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where the boundary terms are neglected. Imposing the coincident gauge condition (6.88) and

using the decomposition (6.22), the disformation tensor can be expressed by the Levi-Civita

connection as follows:

Lρ
µν = −

◦
Γρ
µν . (6.92)

Therefore, the CGR action functional is given as follows:

ICGR[gµν ] =
1

2κ2

∫
M

[
gµν
( ◦
Γρ

ρλ

◦
Γλ

µν −
◦
Γρ

λµ

◦
Γλ

νρ

)] √
−g dn+1x+ Imatter[Φ ,DΦ] . (6.93)

Notice that this is nothing but the Einstein-Hilbert action functional without boundary terms.

That is, the dynamics of CGR is equivalent to that of the general relativity.

The theories discussed in this section, i .e ., the geometrical trinity of gravity, so far are

just equivalent subclasses to the general theory of relativity from the viewpoint of the action

functional up to boundary terms. That is, there is no departure from the general theory

of relativity. However, by extending these theories in a proper manner, the situations get

changed; the theories may acquire the possibility to provide explanations for dark energy

and dark matter and also to generate new propagating degrees of freedom and symmetry

breaking.

6.4. Modified theories of geometrical trinity of gravity

In this section, two ways of extension/modification of the geometrical trinity of gravity, i .e .,

quadratic extensions and non-linear extensions, are presented. Let us start by investigating

the quadratic extension of TEGR and STEGR.

The TEGR action functional (6.72) (, or equivalently, Eq (6.78),) contains terms up to

quadratic with respect to the torsion tensor T ρ
µν and its contraction T ρ under neglecting

boundary terms. Therefore, the possible quadratic Lagrangian with respect to these quan-
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tities are given as follows:

IqTEGR = − 1

2κ2

∫
M

T̂
√
−g dn+1x+ Imatter[Φ ,DΦ] ,

T̂ = c1TρµνT
ρµν + c2TµρνT

ρµν + c3TρT
ρ ,

(6.94)

where c1, c2, and c3 are arbitrary constant parameters. Therefore, the extension of TEGR in

this manner forms the theory of a three-parameters family. These three parameters have to

do with the emergence of new degrees of freedom of the theory [Blixt et al. (2019b,a, 2021);

D’ambrosio and Heisenberg (2021); Heisenberg (2023)]. However, a complete Hamiltonian

analysis has not been performed yet at the moment of writing this thesis. Remark that in the

case of c1 = 1/4 , c2 = 1/2 , c3 = −1 the theory results in the TEGR action functional (6.72)

(, or equivalently, Eq (6.78)). Varying Eq (6.94), the following field equations are derived:

T̂µν −
1

2
T̂gµν = κ2Tµν , T̂µν = (∇ρ + Tρ) Ŝ(µν)

ρ + t̂µν ,

(∇ρ + Tρ)
(√

−gŜ ρ
[µ ν]

)
= 0 ,

(6.95)

where Ŝρ
µν and t̂µν are defined as follows:

Ŝρ
µν =

∂T̂
∂T ρ

µν

= c1Tρ
µν + c2T

[µ ν]
ρ + c3δρ

[µT ν] ,

t̂µν =
∂T̂
∂gµν

=
1

2
Ŝ(µ|

ρκTν)ρκ − T ρκ
(µŜρκ|ν) .

(6.96)

Eq (6.95) is the field equations with respect to the metric tensor and to the connection,

respectively. Notice that in the case of c1 = 1/4 , c2 = 1/2 , c3 = −1 the theory results in the

equations of motion of TEGR: Eq (6.73) with Eq (6.74).

In the same way as the TEGR case, the STEGR action functional (6.79) (, or equivalently,
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Eq (6.86),) can be extended into the theory of a five-parameters family as follows:

IqSTEGR = − 1

2κ2

∫
M

Q̂
√
−g dn+1x+ Imatter[Φ ,DΦ] ,

Q̂ = c1QρµνQ
ρµν + c2QµρνQ

ρµν + c3QρQ
ρ + c4Q̄ρQ̄

ρ + c5QρQ̄
ρ ,

(6.97)

where c1, c2, c3, c4, and c5 are arbitrary constant parameters. Notice that the fourth term

“ Q̄ρQ̄
ρ ” is a proper term in this extended theory; the original action functional (6.79)

(, or equivalently, Eq (6.86)) does not contain this sort of term. These parameters relate

to new degrees of freedom of the theory [D’ambrosio and Heisenberg (2021); Heisenberg

(2023)]. However, a complete Hamiltonian analysis has not been performed yet at the

moment of writing this thesis. Remark that the case of c1 = 1/4 , c2 = −1/2 , c3 = −1/4 , c4 =

0 , c5 = 1/2 results in the STEGR action functional (6.79) (, or equivalently (6.86)). Varying

Eq (6.97), the following field equations with respect to the metric tensor and the connection

are derived:

2√
−g

∇ρ

(√
−gP̂

ρ

µν

)
+ q̂µν −

1

2
Q̂gµν = κ2Tµν ,

∇µ∇ν

(√
−gP̂

µν

ρ

)
= 0 ,

(6.98)

respectively, where P ρ
µν and q̂µν are defined as follows:

P̂
ρ

µν =
1

2

∂Q̂
∂Qρ

µν
= c1Q

ρ
µν + c2Q

ρ
(µ ν) + c3gµνQ

ρ + c4δ
ρ
(µQν) +

1

2
c5
(
gµνQ̄

ρ
+ δρ(µQν)

)
,

q̂µν =
∂Q̂
∂gµν

= P̂(µ|λκQν)
λκ − 2P̂ λκ

(µQλκ|ν) .

(6.99)

The relation “ Q̂ = P̂ ρµνQ
ρµν ” also holds. Notice that the case of c1 = 1/4 , c2 = −1/2 , c3 =

−1/4 , c4 = 0 , c5 = 1/2 results in the STEGR field equations: Eq (6.80) with Eq (6.81).

Finally, let us consider the non-linear extension of TEGR and STEGR. The main idea

186



of this extension is the same known as the so-called f(R)-gravity [Buchdahl (1970)]:

IfGR[gµν ] =
1

2κ2

∫
M
f(

◦
R)

√
−g dn+1x+ Imatter[Φ ,DΦ] . (6.100)

Varying this, the following field equations are derived:

f ′(
◦
R)Rµν −

1

2
f(

◦
R)gµν + (gµν□−∇µ∇ν)f

′(
◦
R) = κ2Tµν , (6.101)

where f ′(
◦
R) = df(

◦
R)/d

◦
R. This extension contains the Einstein-Hilbert action functional (4.64)

as a special case of f(
◦
R) =

◦
R; this is nothing but a linear case. Further, the case of

f(
◦
R) =

◦
R− 2Λ leads to the following equations:

Gµν + Λgµν = κ2Tµν . (6.102)

This is nothing but the Einstein field equations with the cosmological constant: Eq (4.35).

Therefore, non-linear extensions need to be f ′′(
◦
R) ̸= 0, where f ′′(

◦
R) = d2f(

◦
R)/d

◦
R2.

In the TEGR case, the extended action functional is given as follows:

IfTEGR = − 1

2κ2

∫
M
f(T)

√
−g dn+1x+ Imatter[Φ ,DΦ] (6.103)

Varying this, the field equations with respect to the metric tensor and the connection are

given as follows:

(∇ρ + Tρ)
(
f ′(T)S(µν)

ρ
)
+ f ′(T)tµν −

1

2
f(T)gµν = κ2Tµν ,

(∇ρ + Tρ)
(
f ′(T)S ρ

[µ ν]

)
,

(6.104)

respectively. In the case of f(T) = T, the theory results in the TEGR case: Eq (6.73). The
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first equations are rewritten by using the Einstein tensor Gµν as follows:

f ′(T)Gµν −
1

2
(f(T)− f ′(T)T) gµν + f ′′(T)S(µν)

ρ∂ρT = κ2Tµν . (6.105)

The cases of f(T) = T and f(T) = T − 2Λ results in the Einstein field equations (4.28)

and (4.35), respectively. In particular, even if a non-linear case, it is possible to obtain the

Einstein field equations with the cosmological constant (4.35) as an effective theory: let us

consider the case of T = T0 = constant . Then the third term in Eq (6.105) vanishes, and

then the following equations are derived:

Gµν + Λeff gµν = κ2Teffµν , (6.106)

where Λeff and Teffµν are defined as follows:

Λeff = − 1

2f ′(T0)
(f(T0)− f ′(T0)T0) , Teffµν =

1

f(T0)
Tµν . (6.107)

Notice that this sort of effectiveness is absent in the f(
◦
R)-gravity. In order to understand this

difference, the Dirac-Bergmann analysis is available. In fact, the authors in [Blagojević and Nester

(2020)] unveiled that the theory has a specific sector (s4) in their notation and the corre-

sponding term emerges caused by the difference of the constraint structure by virtue of the

violation of the local Lorentz symmetry.

In the STEGR case, the extended action functional is given as follows:

IfSTEGR = − 1

2κ2

∫
M
f(Q)

√
−g dn+1x+ Imatter[Φ ,DΦ] (6.108)
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Varying this, the following field equations are derived:

2√
−g

∇ρ

(√
−gf ′(Q)P ρ

µν

)
+ f ′(Q)qµν −

1

2
f(Q)gµν = κTµν ,

∇µ∇ν

(√
−gf ′(Q)P µν

ρ

)
= 0 ,

(6.109)

with respect to the metric tensor and the connection, respectively. The former equations

can be rewritten as follows:

f ′(Q)Gµν −
1

2
(f(Q)− f ′(Q)Q) gµν + 2f ′′(Q)P ρ

µν∂ρQ = κ2Tµν . (6.110)

These equations are also resemble structure to the non-linear extension of the TEGR case;

(i) The case of f(Q) = Q and f(Q) = Q − 2Λ results in the Einstein field equations (4.28)

and (4.35), respectively; (ii) The case of Q = Q0 = constant leads to an effective field

equations: Eq (6.106) with the following Λeff and Teffµν :

Λeff = − 1

2f ′(Q0)
(f(Q0)− f ′(Q0)Q0) , Teffµν =

1

f(Q0)
Tµν . (6.111)

Notice also that this sort of effectiveness is absent in the f(
◦
R)-gravity. Similar to the non-

linear extension of TEGR, the Dirac-Bergmann analysis would unveil the reason for the

difference from the viewpoint of constraint structures.

6.5. Summary

In this chapter, the metric-affine gauge theories of gravity were constructed. There were

eight possible geometries depending on the corresponding Möbius representation of each

gauge group. In particular, the subclasses that are called the geometrical trinity of grav-

ity, i .e ., GR (Riemann), TEGR (Teleparallel Equivalent to GR), and STEGR (Symmetric

Teleparalle Equivalent to GR) are important since these subclasses are equivalent to one
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another up to boundary terms in the meaning of action functional and include general rel-

ativity. These subclasses satisfy the teleparallel condition, or equivalently, the Weitzenböch

gauge condition. STEGR includes a special subclass so-called Coincident GR (CGR) which

satisfies the coincident gauge. In addition, if it is possible further to extend the metric-affine

gauge group using a semi-direct product then a new geometric quantity would be discovered,

and then it would also be possible to construct a new subclass of gravity. The investigation

of this perspective is for an intriguing future work. In the next chapter, the Dirac-Bergmann

analysis will be performed for each subclass and its non-linear extension to unveil those

propagating degrees of freedom.
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Chapter 7

Dirac-Bergmann analysis of geometrical trinity

of gravity and its extension
Chapter abstract

In this chapter, the Dirac-Bergmann analysis is performed for each subclass of the geometrical

trinity of gravity and its non-linear extension. In order to apply the analysis, which was

introduced in Section 2.2 but restricted to point particle systems, to field theories, three

fundamental issues are clarified. These issues are commonly caused by the spatial derivatives

of the Dirac delta function. And then a prescription that circumvents the issues is proposed.

Based on the prescription, the analysis is performed for TEGR, CGR, non-linear extensions

of GR, TEGR, and CGR, and the propagating degrees of freedom of each theory is unveiled.

Throughout these analyses, the three issues in field theories of the Dirac-Bergmann analysis

are concretely clarified for each subclass, and the reason why the prescription is valid for

removing the issues is investigated. I emphasize that these analyses are not a complete

manipulation of the issues; it is just a prescription to circumvent the issues and make it

possible to perform the Dirac-Bergmann analysis. Therefore, the results could be valid only

for some classes of solutions. Finally, this chapter is summarized with the outlook for these

works.

7.1. Issues of Dirac-Bergmann analysis in field theories and a pre-

scription

In this section, three issues concerning spatial derivative terms in Poisson brackets are clari-

fied. A correct understanding of these issues is important when applying the Dirac-Bergmann
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analysis to field theories. A prescription that settles these issues is also given. Let us first

scrutinize each step of the extension of the analysis into field theories.

The Dirac-Bergmann analysis of the general theory of relativity, which is one of the

analyses in field theories, was already performed in Section 4.6. The analysis revealed that the

theory has the number of (n+1) gauge degrees of freedom (gDoF) and that of (n+1)(n−2)/2

propagating degrees of freedom (pDoF). The former result is reasonable since this number

is the same as that of the maximal and independent generators of a diffeomorphism. The

validity of the latter result can also be confirmed by using the Einstein field equations of

motion (4.28) and the Bianchi identity:
◦
∇[ρ|

◦
Rµν]σκ = 0. That is, contracting the Bianchi

identity,
◦
∇µG

µν = 0 is derived, and it can be expanded as follows: ∂0G0ν + ∂iG
iν +

◦
Γi
iρG

ρν +
◦
Γν
µρG

µρ = 0. The second, third, and fourth terms include the time derivative terms up to

second-order, therefore, the first term should be the same order with respect to the time

derivative. This indicates that G0ν contains the time derivative terms up to first-order; the

Einstein field equations with respect to time-space components become constraint densities,

and that number is n + 1. Therefore, the number of pDoF is (n + 1)(n + 2)/2 − (n + 1) −

(n+1) = (n+1)(n− 2)/2. However, it is difficult to perform this sort of degrees of freedom

counting when the theory gets complicated including the geometrical trinity of gravity and

its extensions. In such cases, a systematic method would be a powerful tool to achieve

this purpose. The Dirac-Bergmann analysis provides this convenience although we have to

manage to do with the following issues.

The extension of the Dirac-Bergmann analysis into field theories is achieved in a straight-

forward manner as usual; it just introduces density variables and those fundamental Poisson

brackets (PBs). That is, integrating field variables φa(t ,x), denote it as Φa(t), on a hyper-

surface Σt in the spacetime manifold, it just regards as variables in point particle systems as

follows:

Φa(t) =

∫
Σt

φa(t ,x)
√
|h| dnx , (7.1)
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where a stands for schematic index of the fields and h is the determinant of the metric hij

of Σt. Then, in this formulation, the fields φa(t ,x)
√

|h| are, in particular, called density

variables. The Lagrangian density of a given system is composed in terms of these fields like

L(φa ,∇µφ
a , · · · )

√
|g|, and the action functional is defined as follows:

I[ϕa(t)] =

∫ t2

t1

∫
Σt

L(φa ,∇µφ
a , · · · )

√
|g| dnx dt =

∫ t2

t1

L(Φa(t) , (∇µΦ
a)(t) , · · · ) dt , (7.2)

where |g| = N
√

|h| is the determinant of the metric tensor gµν of the spacetime manifold.

Then the canonical momentum density variables are introduced as follows:

πa(t ,x) =
δI

δφ̇a
. (7.3)

In this formulation, therefore, φa play the role of configuration variables. Then the funda-

mental PBs are introduced as follows:

{φa(t ,x) , πb(t ,y)}P.b. = δabδ
(n)(x− y) . (7.4)

In the right-hand side, there is no time dependence of φa and πa on the same leaf Σt. Here,

the PB itself is defined as follows:

{F (φa , πb) , G(φ
a , πb)}P.b. =

∫
Σt

∑
c

(
δF

δφc

δG

δπc
− δG

δφc

δF

δπc

)
dnz , (7.5)

where F and G are functional with respect to the canonical variables φa and πa. Based

on the above formulation, the Dirac-Bergmann analysis is applied to field theories. An

important example is of course the analysis of the general theory of relativity. The variables

φa correspond to the lapse function, N = N(t ,x), the shift vector, N i = N i(t ,x), and the

induced metric, hij = hij(t ,x). The corresponding canonical momentum variables, π0(t ,x),
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πi(t ,x), and πij(t ,x) are given as Eq (4.68) in Section 4.5. The fundamental PBs are defined

as Eq (4.95).

In order to investigate the existence of primary constraint densities, it is necessary to

introduce the Hessian/Kinetic matrix

Kab(x , y)
√

|h| = δ

δφ̇a(x)

δ

δφ̇b(y)

∫
Σt

L(φa(z) ,∇µφ
a(z) , · · · )

√
|h| dnz

= Kab(φ
a(x) ,∇µφ

a(x) , · · · ) δ(n)(x− y) ,

(7.6)

and to scrutinize the rank of the matrix density: Kab(φ
a(x) ,∇µφ

a(x) , · · · ) . If the matrix

density is degenerate and has its rank of n+ 1− r then there exist the number of r primary

constraint densities. Let us denote these primary constraint densities as follows:

∗ϕ
(1)
α1
(φa(t ,x) , πb(t ,x))

C(1)

≈ 0 , (7.7)

where α1 ranges 1 , 2 , · · · , r. Then the total Hamiltonian density is introduced as follows:

HT (φ
a(t ,x) , πb(t ,x)) = H0(φ

a(t ,x) , πb(t ,x))+λ
α1(φa(t ,x) , πb(t ,x)) ∗ϕ

(1)
α1
(φa(t ,x) , πb(t ,x)) ,

(7.8)

or abbreviating the arguments with respect to the support manifold (the spacetime manifold

M),

HT (φ
a , πb) = H0(φ

a , πb) + λα1(φa , πb) ∗ϕ
(1)
α1
(φa , πb) , (7.9)

where λα1 = λα1(ϕa , πb) are Lagrange multipliers. Remark that the variable dependence.

That is, if it was λα1 = λα1(x) = λα1(t ,x) then these variables are not the Lagrange multi-

pliers; these variables are instead auxiliary field variables, although it also is mathematically

inappropriate. A great amount of authors mistakes in this regard. Remember over and

over again that we are considering the extremum problem in the phase space but not in
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the spacetime manifold. That is, for each spacetime point x, we consider the first-order

variation of the total Hamiltonian density with respect to φa(x) → φa(x) + δφa(x) and

πa(x) → πa(x) + δπa(x): not to the spacetime points. As an example of these quantities,

in the case of the general theory of relativity, the Hessian matrix Kab is given by Eq (4.96),

and its rank is six. Therefore, there are four primary constraint densities: Eq (4.69), and

the total Hamiltonian is derived as Eqs (4.98) and (4.97).

So far, every extension of ingredients in the Dirac-Bergmann analysis to field theories has

been straightforwardly achieved, and no problematic situation has occurred. The next step

is, of course, the computations of consistency conditions for the derived constraint densities.

In this step, we will encounter three issues with the analysis of field theories [Sundermeyer

(1982); Blagojević and Nester (2020); D’Ambrosio et al. (2023); Tomonari and Bahamonde

(2023); Heisenberg (2023)]. Let us consider the consistency conditions of the primary con-

straint densities as follows:

∗ϕ̇
(1)
α1
(φa(t ,x) , πb(t ,x))

=
{
∗ϕ

(1)
α1
(φa(t ,x) , πb(t ,x)) ,HT (φ

a(t ,y) , πb(t ,y))
}
P.b.

C(1)

≈
{
∗ϕ

(1)
α1
(φa(t ,x) , πb(t ,x)) ,H0(φ

a(t ,y) , πb(t ,y))
}
P.b.

+ λβ1(φa(t ,y) , πb(t ,y))Dα1β1(x , y)
√

|h| := 0 ,

(7.10)

where “ := ” denotes the equation as an imposition and Dα1β1(φ
a , πb) is defined as follows:

Dα1β1(x , y)
√

|h| =
{

∗ϕ
(1)
α1
(φa(t ,x) , πb(t ,x)) , ∗ϕ

(1)
β1
(φa(t ,y) , πb(t ,y))

}
P.b.

. (7.11)

This matrix density is called the Dirac matrix density. The Dirac matrix in point particle

systems is already defined in Eq (2.27). Remark that if λβ1(φa(t ,x) , πb(t ,x)) are not La-

grange multipliers but auxiliary fields λβ1(t ,x) then the weak equal “
C(1)

≈ ” is just an equal

“ = ”. This is easily verified from the definition of Poisson bracket (7.5). Therefore, needless
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to say, Eqs (7.10) and (7.11) are defined on the phase space: not on the support manifold

(spacetime manifold) itself. In field theories, Eq (7.11) can be schematically calculated as

follows:

Dα1β1(x , y)
√
|h| =

f1(∗ϕ
(1)
α1
(φa(x) , πb(x)) , ∂i∗ϕ

(1)
α1
(φa(x) , πb(x)) , · · · )α1β1δ

(n)(x− y)

+ f2(∗ϕ
(1)
α1
(φa(x) , πb(x)) , ∂i∗ϕ

(1)
α1
(φa(x) , πb(x)) , · · · ; φc(φa(x) , πb(x)) , ∂iφ

c(φa(x) , πb(x)) , · · · ;

πc(φ
a(x) , πb(x)) , ∂iπc(φ

a(x) , πb(x)) , · · · )α1β1δ
(n)(x− y)

+ g
(i)
1 (∗ϕ

(1)
α1
(φa(x) , πb(x)) , ∂i∗ϕ

(1)
α1
(φa(x) , πb(x)) , · · · )α1β1∂

(x)
i δ(n)(x− y)

+ g
(i)
2 (∗ϕ

(1)
α1
(φa(x) , πb(x)) , ∂i∗ϕ

(1)
α1
(φa(x) , πb(x)) , · · · ; φc(φa(x) , πb(x)) , ∂iφ

c(φa(x) , πb(x)) , · · · ;

πc(φ
a(x) , πb(x)) , ∂iπc(φ

a(x) , πb(x)) , · · · )α1β1∂
(x)
i δ(n)(x− y)

+ · · ·

+ h
(i)
1 (∗ϕ

(1)
α1
(φa(y) , πb(y)) , ∂i∗ϕ

(1)
α1
(φa(y) , πb(y)) , · · · )α1β1∂

(x)
i δ(n)(x− y)

+ h
(i)
2 (∗ϕ

(1)
α1
(φa(y) , πb(y)) , ∂i∗ϕ

(1)
α1
(φa(y) , πb(y)) · · · ; φc(φa(y) , πb(y))) , ∂iφ

c(φa(y) , πb(y)) , · · · ;

πc(φ
a(y) , πb(y)) , ∂iπc(φ

a(y) , πb(y)) , · · · )α1β1∂
(x)
i δ(n)(x− y)

(7.12)

where we abbreviated “ (t ,x) ” as “ x ”. f1, g
(i)
1 , and h(i)1 are functionals that are composed

only of the primary constraint densities and those spatial derivatives. f2, g
(i)
2 , and h

(i)
2 are

functionals that are constituted not only of the primary constraint densities and those spatial

derivatives but also of the canonical variables φa, πb, and those spatial derivatives, such that

not vanishing under the imposition of the primary constraint densities. In particular, if

f1, g
(i)
1 , and h

(i)
1 do not contain any spatial derivatives then these terms vanish under the

imposition of the primary constraint densities. The terms including h(i)1 and h(i)2 give rise to

total derivative terms. The terms including g(i)1 and g
(i)
2 give rise to the same sort of terms
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as “ h(i)1 ∂iδ(·) ” and “ h(i)2 ∂iδ(·) ”, respectively, and as “ f1δ(·) ” and “ f2δ(·) ”, respectively.

Therefore, Eq (7.12) can be written schematically as follows:

Dα1β1(x , y)
√
|h| = Fα1β1 δ

(n)(x− y) + ∂i

[
H

(i)
α1β1

δ(n)(x− y)
]
, (7.13)

where Fα1β1 and H(i)
α1β1

are specific functionals of ∗ϕ
(1)
α1 , φa, πa, and those spatial derivatives.

So far, only primary constraint densities have been considered but this manipulation works

as well in the same manner for higher-order constraint densities. Remark that if g(i)1 and

g
(i)
2 are composed only of the constraint densities up to those linear combinations then the

manipulation of integral by parts does not need since, just imposing the constraints, these

functionals vanish. The PB-algebras (4.99) in Section 4.6 of the general theory of relativity

has this property.

Now, let us clarify the issues of the Dirac-Bergmann analysis in field theories. The first is-

sue relates to the existence of the inverse matrix of the Dirac matrix density Dα1β1(x , y)
√

|h|;

the second term ∂i

[
H

(i)
α1β1

δ(n)(x− y)
]

in Eq (7.13) generically leads to the following equa-

tions:∫
Σt

(
Dα1γ1(x , z)

√
|h|
)(

(D−1)γ1β1(z , y)
√
|h|

−1
)
dnz

= δ(n)(x− y)δα1

β1 + total divergent terms on ∂Σt ,

(7.14)

where ∂Σt denotes the boundary of the leaf Σt. That is, the total divergent terms on ∂Σt

may disturb the well-defined calculation of the inverse matrix. That is, the question here

is the method to define the inverse matrix. More fundamentally, “the first issue concerns

the method to define the degeneracy/rank of the matrix under the existence of the boundary

terms.” Since the rank determines the total number of primary constraint densities, therefore,

this issue cannot be ignored. It is also crucial in particular for a system that has second-class

constraint densities since the definition has something to do with determining the multipliers.
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The second issue relates to the mathematical meaning of the density equations. In order

to obtain the mathematical meaning of Eq (7.13) in a well-defined manner, the density

equations should be integrated over on a leaf Σt with respect to x and y as follows:

∫
Σt

∫
Σt

Dα1β1(x , y)
√

|h| dnxdny =

{∫
Σt

∗ϕ
(1)
α1
(φa(t ,x) , πb(t ,x))d

nx ,

∫
Σt

∗ϕ
(1)
β1
(φa(t ,y) , πb(t ,y))d

ny

}
P.b.

=

∫
Σt

F̃α1β1 d
nx+

[
niH̃

(i)
α1β1

]
∂Σt

,

(7.15)

where ∂Σt denotes the boundary of the leaf Σt. Here, remark that, when integrating over

Eq (7.13), there may occur the cancellation between the terms from Fα1β1 and H(i)
α1β1

. Taking

into account this cancellation, Fα1β1 and H(i)
α1β1

are redefined as F̃α1β1 and H̃(i)
α1β1

, respectively.

Excepting the last term
[
niH̃

(i)
α1β1

]
∂Σt

, all other terms are the so-called smeared variables.

That is, the boundary terms may disturb to make the smeared algebras closed. To make

matters worse, if Fα1β1

C(1)

≈ 0, the existence of the boundary terms relates directly to whether

or not a primary constraint density, ∗ϕ
(1)
α1 (φ

a(t ,x) , πb(t ,x))
C(1)

≈ 0, is classified into first-class

constraint: if the boundary terms are absent then there is a possibility to be the primary

constraint density as a first-class one. Furthermore, even if non-vanishing boundary terms do

not appear in the consistency conditions for the primary constraint densities, that for higher-

order constraint densities would face the same problem. That is, “the second issue is whether

should the boundary terms be also taken into account when classifying a constraint into either

first- or second-class constraint density.” This issue is the most crucial for counting degrees

of freedom. As a special case, we can use the normal vector given in Eq (4.41), and then

the boundary terms in Eq (7.15) always vanish. In this case, another issue occurs; which

equation, either Eq (7.13) or Eq (7.15), should be applied for the classification? Furthermore,

this issue implies that the constraint structure of a given theory depends on the way of taking

a foliation. For a diffeomorphism invariant theory, this property is at a glance pathological.
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How to resolve this situation? These are also the second issue.

The final issue relates to determining the Lagrange multipliers. Applying the schematic

relation (7.13) to the consistency conditions (7.10), the following schematic equations are

derived: (
A(i)∂iλ⃗+Bλ⃗+ C⃗

)
δ(n)(x− y) = 0⃗ , (7.16)

or equivalently, integrating over with respect to either x or y on a leaf Σt,

A(i)∂iλ⃗+Bλ⃗+ C⃗ = 0⃗ , (7.17)

where Ai, B, and C⃗ are the matrices and the vector that are determined by the given action

functional (7.2) and composed of the phase space variables φa, πb and those spatial deriva-

tives, respectively. λ⃗ is the column matrix of which components are the Lagrange multipliers

λα1(φa(t ,x) , πb(t ,x)) given in Eq (7.10). Notice here that the terms “ ∂i
[
H

(i)
α1β1

δ(n)(x− y)
]

” in Eq (7.13) give rise to the first term “ Ai∂iλ⃗ ” from the second terms in Eq (7.10) due to

the Leibniz law. Explicitly, Eq (7.17) can be expanded into as follows:

A(i)

[
∂λ⃗

∂φa
∂iφ

a +
∂λ⃗

∂πb
∂iπb

]
+Bλ⃗+ C⃗ = 0⃗ . (7.18)

On one hand, if A(i) = 0 then the above equation becomes an ordinary linear algebraic equa-

tion, and the situation is the same as the point particle systems as explained in Section 2.2;

the multipliers λα1 as the same number of the rank of the matrix B are determined, and

otherwise secondary constraint densities occur. On the other hand, if the rank of A(i) is

not zero then the situation gets changed; the above equation turns into partial differential

equations of functionals (PDEs of functionals) with respect to the phase space variables φa

and πb. When the PDEs are solved, of course, the function forms of the Lagrange multipliers

are determined, and then the equation generically turns into the differential equations with
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respect to the phase space variables themselves. That is, the above equation determines

φa and πb in terms of the coordinate variables x on the leaf Σt. However, the equations of

motion also determine the variables φa and πb in terms of the coordinate variables x (and

t). Therefore, “the third issue is whether or not the solved phase space variables φa and πb in

these two different ways are always consistent.” Remark that, hereinafter, we use the term

“solvable” for such PDEs in the means that all the Lagrange multipliers are expressed in

terms of the phase space variables under the satisfaction of this consistency.

These three issues of the Dirac-Bergmann analysis in field theories are commonly caused

by the problematic terms “ ∂i
[
H

(i)
α1β1

δ(n)(x− y)
]

” in Eq (7.13). Therefore, it is mandatory

to unveil a valid treatment of the problematic terms. Furthermore, this problem relates

directly to the well-posedness of PBs. Based on the considerations in the previous three

paragraphs, the most naive treatment to settle these issues is to discard the problematic

terms. That is, if it is possible, Eq (7.14) turns out to give a definition of the inverse matrix

of the Dirac matrix density in the usual manner just like Eq (7.6) and then the total number

of first-class constraint densities becomes maximum number (See Section 2.2); Eq (7.15)

plays a role in classifying a constraint into first- or second-class constraint in a usual manner

just like the point particle cases; Eq (7.17) becomes an ordinary linear algebraic equations.

Since the consistency conditions have to be calculated by using the well-defined PB-algebras

in advance, it makes sense to consider the discard of the problematic terms in the step

of calculating the PB-algebras. Remark, here, that, in the general theory of relativity,

all primary constraint densities are commutative with respect to the PB-algebras; the terms

Fα1β1 in Eq (7.13) vanish and the terms “ ∂i
[
H

(i)
α1β1

δ(n)(x− y)
]

” in Eq (7.13) do not appear.

Therefore, the issues above do not occur.

In order to determine PB-algebras in a well-defined manner, the relations (7.13) should

be considered by integrating over. That is, Eq (7.15) has a key for the well-definedness. In

particular, the possibility of vanishing the boundary terms “
[
niH

(i)
α1β1

]
∂Σt

” in the equations
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would relate to whether or not the problematic terms could be discarded. Then the possible

reasons to make the naive treatment of the spatial boundary terms mentioned in the previous

paragraph would be that Possibility (i): If the spatial normal vector ni is orthogonal to H(i)
α1β1

on the leaf Σt then the boundary terms vanishes (This include the specific use of Eq (4.41));

Possibility (ii): The boundary terms could be vanished under the imposition of appropriate

spatial boundary conditions to φa and/or πa. In the latter case, the variables that are fixed

on the spatial boundary ∂Σt should be unphysical variables. Possibility (iii): The spacetime

manifold is foliated into leaves with no boundaries. In particular, it seems that Possibility (ii)

is the most realizable and applicable to the wide range of theories. Extending this statement

into all other PBs that appear in the Dirac-Bergmann analysis, it is reasonable since the

well-definedness is a mathematical property although this statement needs to be proven, in

this thesis, let us assume that the following prescription [Tomonari and Bahamonde (2023)]:3

Prescription 1.

For functionals F (i) on a phase space which are coordinated by φa(t ,x) and πa(t ,x), the term

“ ∂i
[
F (i) δ(n)(x− y)

]
” in PB-algebras can be discarded by setting properly spatial boundary

conditions of the “unphysical variables” in φa(t ,x) and πa(t ,x) on the boundary of a leaf

Σt. Here, the index i runs from 1 to the dimension of a leaf Σt, i .e ., n, and h are the

determinant of the metric on a leaf Σt.

■

Here, “unphysical” means that a variable corresponds to a constraint in the conjugate manner
3In the original paper [Tomonari and Bahamonde (2023)], the statement was deserted for the terms like

“
√
h(x)A(x)∂

(x)
i δ(n)(x⃗ − y⃗) ”. In the current thesis, we already integrated by parts this sort of term in

Eq (7.13). That is, if we expand as
√
h(x)A(x)∂

(x)
i δ(n)(x⃗ − y⃗) = ∂

(x)
i (
√

h(x)A(x)δ(n)(x⃗ − y⃗)) − δ(n)(x⃗ −
y⃗)∂

(x)
i (
√

h(x)A(x)) then the first term is nothing but ones that have been considered in the current thesis.
(The second term is encapsulated into the first term of Eq (7.13).) The important point here is that these
two statements are equivalent since, in order to evaluate the PBs, we integrate them over twice; every term
above turns into a spatial boundary term and appropriate spatial boundary conditions erase them.
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and we assume that the classification of constraint densities into either first- or second-class

is determined by the use of Eq (7.15). This makes sense since the Dirac delta function has

its mathematical meaning in a well-defined manner when integrated over and since before

performing the calculation for determining multipliers the PB-algebras should be given in a

well-defined manner in advance.

The possibilities (i) (excepting the specific use of Eq (4.41)) and (iii) could also be viable

but it would strongly depend on each theory. Therefore, in this thesis, we do not assume

these specific possibilities. Remark, here, that, in the case of the general theory of relativ-

ity, the secondary constraint densities given in Eq (4.100) contains the spatial derivative of

the Dirac delta function. However, these terms are not problematic in this meaning; the

coefficients of these terms are composed of the secondary constraint densities, as already

mentioned. Therefore, the imposition of the secondary constraint densities removes them

without applying Prescription 1. Notice, finally, that the imposition of spatial boundary

conditions restricts the solution space of a given theory [Heisenberg (2023)]. That is, the

Dirac-Bergmann analysis based on Prescription 1 gives the propagating degrees of freedom

for the restricted solutions by the spatial boundary condition. For example, let us consider

the Schwarzschild and FLRW spacetime as two solutions of the Einstein field equations. If

we impose the asymptotically flatness as a spatial boundary condition then FLRW space-

time no longer belongs to the solution space of the Einstein field equations. Therefore, in

compensation for the use of Prescription 1, the Dirac-Bergmann analysis does not always

unveil all propagating degrees of freedom of a given theory. This is the meaning of the word,

“prescription”, and it guarantees the reliable results of the Dirac-Bergmann analysis that do

not suffer from the three issues instead of its generality.

There is an important remark: the specific choice of the normal vector given in Eq (4.41)

always satisfies Prescription 1. For a diffeomorphism theory, on one hand, since taking an

ADM-foliation itself decomposes a spacetime manifold into another one which has a topology
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R×S in a diffeomorphic manner (See Section 4.4 in detail) and this manipulation is equivalent

to a choice of a coordinate system, without any loss of generality, it means that Prescription

1 can be applied and always provide the full pDoF of a given theory. On the other hand, for

a theory with violating its diffeomorphism invariant characteristics, the theory generically

depends on coordinate systems, or equivalently, the choices of ADM-foliations. It indicates

that the theory generically has several sectors and each sector generically derives a different

pDoF from that of the other sectors. In this regard, a detailed survey in f(T )-gravity is

given in [Tomonari and Bahamonde (2023)].

In the succeeding sections, the Dirac-Bergmann analysis of the geometrical trinity of

gravity and its non-linear extension is performed under the imposition of Prescription 1

when facing the three issues. These cases are also good examples for the application of

Prescription 1, or more fundamentally, for making the understanding of the three issues

deeper.

7.2. Degrees of freedom of TEGR

In this section, the Dirac-Bergmann analysis of TEGR is performed [Blagojevic and Nikolic

(2000); Blagojevic and Vasilic (2000); Maluf and da Rocha-Neto (2000); Ferraro and Guzmán

(2016)], and the propagating and gauge degrees of freedom are clarified. In the case of TEGR,

it is unveiled that the spatial boundary terms appear in PB-algebras but the analysis does

not need Prescription 1; this is just the same situation as the general theory of relativity.

The following derivation particularly obeys the authors of Ref [Ferraro and Guzmán (2016)].

Let us start with the action functional of TEGR given in Eq (6.78) in Section 6.3. The

Lagrangian density is introduced as follows:

STEGR =

∫
M
dn+1xLTEGR , LTEGR = − 1

2κ2
det (e−1)T , (7.19)

where we discarded the boundary term in Eq (6.78). Hereinafter, we use the unit 2κ2 = 1
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and e = det(e−1). Expressing in terms of (co)frame fields, Eq (7.19) becomes as follows:

LTEGR = −1

2
e ∂µe

I
ν∂ρe

J
σe

µ
Ke

ν
Le

ρ
Me

σ
NMIJ

KLMN , (7.20)

where MIJ
KLMN is called the supermetric and defined as follows:

MIJ
KLMN = 2gIJg

K[MgN ]L − 4δ
[M
I gN ][Kδ

L]
J + 8δ

[K
I gL][Mδ

N ]
J , (7.21)

where gIJ is the metric of the internal space. Notice that the supermetic is antisymmetric

with respect to the indices (K ,L) and (M ,N). The canonical momentum density variables

are computed as follows:

πI
µ = −e ∂νeJρe0KeµLeνMeρNMIJ

KLMN . (7.22)

The fundamental PBs are introduced as follows:

{eIµ(t ,x) , πJν(t ,y)}P.b. = δIJδ
ν
µδ

(n)(x− y) . (7.23)

The antisymmetric property of the supermetric with respect to K and L leads apparently

to the number of (n+ 1) primary constraint densities as follows:

∗ϕ
(1)
I = πI

0 := 0 . (7.24)

These trivial constraint densities give an insight into finding other remaining primary con-

straint densities. Eq (7.24) can be deformed as follows:

∗ϕ
(1)
I = e0Jδ

K
I πK

µeJµ := 0 . (7.25)
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This implies the following quantity:

GJ
I = πI

µeJµ = −eCIK
JLeµL∂0e

K
µ − e ∂ie

L
µ e

0
Ke

i
Me

µ
NMIL

KJMN . (7.26)

In order to turn these quantities into constraint densities, multiplying V I
(X)J to the above

equations

G(X) = V I
(X)JG

J
I , (7.27)

and then impose the following conditions:

V I
(X)JCIK

JL := 0 . (7.28)

Here, the index “ (X) ” is a dummy one. For instance, V I
KJ = e0Jδ

I
K satisfies Eq (7.28), and

then Eq (7.27) restores the primary constraint densities (7.25), or equivalently, Eq (7.24).

In this case, the dummy index “ (X) ” is taken as K. In the same way, let us take V I
(X)J

as 2δI[JgK]L: V I
KLJ = 2δI[JgK]L. Then V I

KLJ satisfies Eq (7.28), and then the number of

n(n+ 1)/2 primary constraint densities are derived as follows:

∗ϕ
(1)
IJ = 2gK[JπI]

ieKi + 4 e ∂ie
K

j e
0
[Je

i
Ie

j
K] := 0 . (7.29)

Then the PB-algebras among ∗ϕ
(1)
I and ∗ϕ

(1)
IJ are computed as follows:

{∗ϕ(1)
I (t ,x) , ∗ϕ

(1)
J (t ,y)}P.b. = 0 ,

{∗ϕ(1)
IJ (t ,x) , ∗ϕ

(1)
K (t ,y)}P.b. = 0 ,

{∗ϕ(1)
IJ (t ,x) , ∗ϕ

(1)
KL(t ,y)}P.b. =

(
gJL ∗ϕ

(1)
IK + gIK ∗ϕ

(1)
JL − gJK ∗ϕ

(1)
IL − gIL ∗ϕ

(1)
JK

)
δ(n)(x− y)

C(1)

≈ 0 ,

(7.30)

where we abbreviated the argument “ (t ,x) ” on the right hand side in the third PB-
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algebras. These PB-algebras do not include the spatial derivative of δ-function. Notice that

the third PB-algebras are exactly the same as the Lorentz algebra. Therefore, it is expected

that the primary constraint densities ∗ϕ
(1)
IJ (t ,x) becomes the generator of the local Lorentz

transformation and are classified into first-class constraint densities.

Next, let us calculate the consistency conditions for the primary constraint densities. The

total Hamiltonian is composed as follows:

HT = H0 + λI ∗ϕ
(1)
I + λIJ ∗ϕ

(1)
IJ , (7.31)

where H0 is the kernel Hamiltonian and λI and λIJ are Lagrange multipliers. Remark

that the multipliers are the functionals of the canonical variables eIµ and πI
µ. The kernel

Hamiltonian is derived from the temporal component of the Euler-Lagrange equations under

the primary constraint densities. That is,

∂µ
∂LTEGR

∂(∂µeI0)
− ∂LTEGR

∂eI0

C(1)

≈ ∂i
∂LTEGR

∂(∂ieI0)
− ∂LTEGR

∂eI0
= −∂iπI i −

∂LTEGR

∂eI0
= 0 ,

∴ ∂iπI
i +

∂LTEGR

∂eI0
= 0 .

(7.32)

The second term on the left-hand side is calculated as follows:

∂LTEGR

∂eI0
= eI

0
[
∂i(e

J
0πJ

i)−H0

]
− eJ0eI

0∂iπJ
i + 2eI

j∂[ie
J
j]πJ

i . (7.33)

Substituting the second formulae into the first equations, the following equations are derived:

eJ jeI
j∂iπJ

i + eI
0
[
∂i(e

J
0πJ

i)−H0

]
+ 2eI

j∂[ie
J
j]πJ

i = 0 . (7.34)
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The temporal component gives the kernel Hamiltonian as follows:

H0 = eI0eI
jeJ j∂iπ

i
J + ∂i(e

I
0πI

i) . (7.35)

The consistency conditions for the primary constraint densities ∗ϕ
(1)
I

C(1)

≈ 0 generate the

secondary constraint densities as follows:

∗ϕ
(2)
0 = ∗ϕ̇

(1)
0

C(1)

≈ H0 − ∂i(e
I
0π

i
I) := 0 ,

∗ϕ
(2)
i = ∗ϕ̇

(1)
0

C(1)

≈ ∂j(e
I
iπI

j) := 0 .

(7.36)

Notice that the first constraint densities of the above equations imply that the total Hamil-

tonian is composed only of the constraint densities with a total divergent term as follows:

HT = ∗ϕ
(2)
0 + λI ∗ϕ

(1)
I + λIJ ∗ϕ

(1)
IJ + ∂i(e

I
0π

i
I)

C(2)

≈ ∂i(e
I
0π

i
I) . (7.37)

Therefore, taking into account the PB-algebras (7.30), the consistency conditions for the

Lorentz generators ∗ϕ
(1)
IJ

C(1)

≈ 0 are automatically satisfied up to boundary terms. The PB-

algebras among ∗ϕ
(2)
I

C(2)

≈ 0 are calculated as follows:

{∗ϕ(2)
i (t ,x) , ∗ϕ

(2)
j (t ,x)}P.b. =

(
∗ϕ

(2)
j (t ,x)∂

(x)
i − ∗ϕ

(2)
i (t ,y)∂

(y)
j

)
δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(2)
i (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. = ∗ϕ

(2)
0 (t ,x)∂

(x)
i δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(2)
0 (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. =

(
hij(t ,x)∗ϕ

(2)
j (t ,x) + hij(t ,y)∗ϕ

(2)
j (t ,y)

)
∂
(x)
i δ(n)(x− y)

C(2)

≈ 0 .

(7.38)

Notice that these PB-algebras are exactly the same as the ones of general relativity given in

Eq (4.100). This fact means that TEGR has the same gauge symmetry as the one of general
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relativity. The PB-algebras among ∗ϕ
(1)
I

C(2)

≈ 0 and ∗ϕ
(2)
I

C(2)

≈ 0 are calculated as follows:

{∗ϕ(1)
I (t ,x) , ∗ϕ

(2)
I (t ,y)}P.b. = 0 ,

{∗ϕ(1)
I (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. = (eI

0
∗ϕ

(2)
0 + eI

i
∗ϕ

(2)
i )δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(1)
IJ (t ,x) , ∗ϕ

(2)
i (t ,y)}P.b. = 0 ,

{∗ϕ(1)
IJ (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. = −eK0gK[IeJ ]

0
∗ϕ

(2)
0 δ(n)(x− y)

C(2)

≈ 0 .

(7.39)

Using these PB-algebras and the total Hamiltonian (7.37), the consistency condition for the

secondary constraint densities ∗ϕ
(2)
I

C(2)

≈ 0 are automatically satisfied up to boundary terms.

Therefore, the Dirac-Bergman analysis stops here. The propagating degrees of freedom of

TEGR in a (n+ 1)-dimensional spacetime is given as follows:

pDoF = (n+ 1)2 − (n+ 1)(n+ 4)

2
=

1

2
(n+ 1)(n− 2) . (7.40)

The gauge degrees of freedom is given as follows:

gDoF of Diffeomorphism = n+ 1 (7.41)

for the diffeomorphism (covariance) symmetry and

gDoF of Lorentz =
1

2
n(n+ 1) (7.42)

for the local Lorentz symmetry.

Finally, notice that the PB-algebras (7.30), (7.38), and (7.39) do not need the Prescription

1 since the coefficients of these PB-algebras are composed by the linear combination of the

primary and/or secondary constraint densities. This structure prevents moving from the

spatial differential operator to the Lagrange multipliers. That is, TEGR does not suffer
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from the third issue explained in Section 7.1. In addition, if the constraint densities are

satisfied on the spatial boundary then TEGR is also free from the second issue explained

in Section 7.1. The first issue does not arise since TEGR has only first-class constraint

densities: the Dirac matrix cannot be defined. Therefore, the pDoF given in Eq (7.40) holds

for any solutions of TEGR.

7.3. Degrees of freedom of Coincident GR

In this section, the Dirac-Bergmann analysis of Coincident GR (CGR) is performed [D’Ambrosio et al.

(2020)], and the propagating and gauge degrees of freedom are clarified. In the case of TEGR,

it is unveiled that the spatial boundary terms appear in PB-algebras, but the analysis does

not need Prescription 1; this is just the same situation as general relativity.

Let us start by decomposing the CGR action functional in the ADM-foliation manner.

The action functional of CGR is already derived as Eq (6.93) in Section 6.3. The action

functional can be rewritten as follows:

SCGR =

∫
M
dn+1x

√
−g 1

4
MαβσρµνQαβσQρµν , (7.43)

where 2κ2 = 1 and Mαβσρµν is set as follows:

Mαβσρµν = gαρgβσgµν − gαρgβµgσν + 2gανgβµgσρ − 2gαβgµνgσρ . (7.44)

Remark that Qαβγ = ∇αgβγ is now in the coincident gauge: Qαβγ = ∂αgβγ. Applying the

ADM-foliated metric Eq (4.37) and, after performing very long but straightforward algebraic

calculations, the above action can be rewritten as follows [D’Ambrosio et al. (2020)]:

SCGR =

∫
I
dt

∫
Σt

dnx
√
h
[
N
(
(n)Q+KijKij −K2

)
+ B1 + B2 + B3

]
, (7.45)
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where (n)Q, B1, B2, and B3 are set as follows:

(n)Q =
1

4

[
−hilhjmhkn + 2hinhjmhkl + hilhjkhmn − 2hijhmnhkl

]
QijkQlmn , (7.46)

B1 =h
ijhkl(Qjkl −Qkjl)∂iN ,

B2 =K∂iN
i + Ṅ

∂iN
i

N2
− (∂iN

i)(N j∂jN)

N2
,

B3 =
(N i∂jN)(∂iN

j)

N2
− ∂iN

j

2N

(
2∂jN

i +N ihmnQjmn

)
+ Ṅk 1

2N2
(NhijQkij − 2∂kN) .

(7.47)

The sum of these boundary terms multiplying
√
h, i .e .,

√
hB1,

√
hB2, and

√
hB3, are cal-

culated, neglecting spatial boundary terms, as follows:

√
h(B1 + B2 + B3) = −N

√
h

◦
Di(

(n)Q
i − (n)Q̄

i
) + ∂µN

j∂j(
√
hnµ)− ∂iN

i∂µ(
√
hnµ) . (7.48)

Remark that this ignorance is irrelevant to the Priscription 1. Therefore, the action becomes

as follows:

SCGR =

∫
I
dt

∫
Σt

dnx
[
N
√
h
{

(n)Q+KijKij −K2 −
◦
Di(

(n)Q
i − (n)Q̄

i
)
}

−∂iN i∂µ(
√
hnµ) + ∂µN

j∂j(
√
hnµ)

]
.

(7.49)

This is none other than the ADM-foliation of CGR [D’Ambrosio et al. (2020)]. Notice that

the derivation of Eq (7.49) neglected only spatial boundary terms. Integrating the sec-

ond term in Eq (7.49) by parts: −∂iN i∂µ(
√
hnµ) = −∂i[N i∂µ(

√
hnµ)] + ∂µ[N

i∂i(
√
hnµ)] −

(∂µN
i)(∂i

√
hnµ), the third term is canceled out with the third term in Eq (7.49). The

remnant terms are only boundary terms; these terms can be neglected by introducing ap-

propriate counter-terms just like the case of general relativity. (See Section 4.5 in detail.)
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Therefore, we get the final result:

SCGR =

∫
I
dt

∫
Σt

dnxN
√
h
[
(n)Q+KijKij −K2 −

◦
Di(

(n)Q
i − (n)Q̄

i
)
]
. (7.50)

Note that the above derivation does not need the Gauss equation, unlike the case of the

general theory of relativity. (See Sections 4.4 and 4.5.) We just manipulated complicated

algebraic calculations.

The Dirac-Bergmann analysis is performed for the action functional Eq (7.50). The

canonical momentum variables are calculated as follows:

π0 = 0 , πi = 0 , πij =
√
h(Khij −Kij) , (7.51)

and therefore, the primary constraint densities are given as follows:

∗ϕ
(1)
0 = π0 := 0 , ∗ϕ

(1)
i = πi := 0 . (7.52)

These constraint densities restrict the entire phase space to a subspace C(1). The total

Hamiltonian density is derived as follows:

HT = NC(CGR)
0 +N iC(CGR)

i + λµ∗ϕ
(1)
µ , (7.53)

where C(CGR)
0 and C(CGR)

i are set as follows:

C(CGR)
0 = −

√
h
[
(n)Q−

◦
Di(

(n)Qi − (n)Q̄i)
]
+

1√
h

(
πijπij −

1

n− 1
π2

)
, C(CGR)

i = −2
◦
Djπij .

(7.54)

The fundamental PB-algebras are the same as those of the general theory of relativity:

Eq (4.95). Therefore, the consistency conditions for the primary constraint densities Eqs (7.52)
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lead to four secondary constraint densities:

∗ϕ
(2)
0 = C(CGR)

0 := 0 , ∗ϕ
(2)
i = C(CGR)

i := 0 , (7.55)

and these constraint densities restrict C(1) to a new subspace C(2). We can show that the

smeared PB-algebras of Eq (7.55) satisfy the same PB-algebras as those of the general theory

of relativity given in Eq (4.103) and (4.104) [D’Ambrosio et al. (2020)], and it indicates that

CGR has the same gauge symmetry as the general theory of relativity. That is, the analysis

stops here. Therefore, CGR has

pDoF =
1

2
(n+ 1)(n− 2) (7.56)

and

gDoF = n+ 1 . (7.57)

That is, CGR is completely equivalent to GR from both viewpoints of dynamics and gauge

symmetry. 4

7.4. Degrees of freedom of non-linear extension of GR

In this section, the Dirac-Bergmann analysis of the non-linear extension of the general theory

of relativity, denoted by “fGR”, is performed [Sotiriou and Faraoni (2010); Deruelle et al.

(2009); Capozziello and De Laurentis (2011); Liang et al. (2017)], and the propagating and

gauge degrees of freedom are clarified. In the case of fGR, it is unveiled that the spatial

boundary terms generically appear in PB-algebras due to the existence of the non-linearity,
4However, the original Lagrangian density given in Eq (6.93) discards the boundary term of the Ricci

scalar in the Einstein-Hilbert action functional. It means that the diffeomorphism invariance is at least
partly violated, (it is also guessed from the imposition of the coincident gauge since this gauge destroys the
covariance of the theory,) and it might imply that the analysis gives rise to some second-class constraint
densities. I would like to leave to scrutinize the validity of the work [D’Ambrosio et al. (2020)] from this
perspective for future work.
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and the analysis generically needs Prescription 1; this is the departure from the case of the

general theory of relativity from the viewpoint of constraint mechanics. That is, the theory

suffers from the second issue, and, caused by it, the first issue may also occur. Further, it

might happen the third issue. It means that the result is viable only for the solutions that

satisfy the spatial boundary condition that is demanded by Prescription 1.

The action functional of the non-linear extension of the general theory of relativity is

already given as Eq (6.100) in Section 6.4:

SfGR =

∫
M
dn+1x

√
−gf(

◦
R) , (7.58)

where 2κ2 = 1, f ′(
◦
R) = df(

◦
R)/d

◦
R, and f ′′ ̸= 0. Introducing an auxiliary field φ, Eq (7.58)

is decomposed as follows:

SfGR =

∫
M
dn+1x

√
−g
[
f ′(φ)

◦
R + f(φ)− φf ′(φ)

]
. (7.59)

Using the Gauss equation Eq (4.57) to decompose
◦
R, this action becomes as follows:

SfGR =

∫
I
dt

∫
Σt

dnxN
√
h
[
f ′
(
(n)

◦
R−K2 +KijKij − φ

)
+ f
]

− 2

∫
M
dn+1x

√
−g
[
f ′ ◦
∇µ

(
nν

◦
∇νn

µ − nµ
◦
∇νn

ν
)]

.

(7.60)

Compared to Eq (4.66), the boundary terms cannot be neglected due to the existence of the

non-linearity of f ′. Integrating by parts and then neglecting the boundary terms, Eq (7.60)
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becomes as follows [Liang et al. (2017)]:

SfGR =

∫
I
dt

∫
Σt

dnxN
√
h
[
f ′
(
(n)

◦
R−K2 +KijKij − φ

)
+ f
]

+

∫
I
dt

∫
Σt

dnxN
√
h

[
2K

N

(
N i

◦
Dif

′ − f ′′φ̇
)
+ 2

◦
Dif

′ ◦
DilnN

]
.

(7.61)

The canonical momentum variables are calculated as follows:

π0 = 0 , πi = 0 , πij =
√
h

[
f ′ (Khij −Kij)−

hij
N

(
Nk

◦
Dkf

′ − f ′′φ̇
)]

, πφ = −2K
√
hf ′′ .

(7.62)

In the case of f ′ = constant, as expected, Eq (7.62) becomes Eq (4.68). The primary

constraint densities are given as follows:

∗ϕ
(1)
0 = π0 := 0 , ∗ϕ

(1)
i = πi := 0 , (7.63)

and these constraint densities identify the subspace C(1). The total Hamiltonian density is

calculated as follows:

HT = NC(fGR)
0 +N iC(fGR)

i + λµ∗ϕ
(1)
µ = H0 + λµ∗ϕ

(1)
µ (7.64)

where λµ are Lagrange multipliers, and C(fGR)
µ are defined as follows:

C(fGR)
0 =−

√
h
[
f + f ′

(
(n)

◦
R− φ

)]
+

1√
hf ′

(
πijπij −

1

n− 1
π2

)
+ 2

√
h

◦
Di

◦
Dif ′

− 1

n
√
hf ′′

ππφ +
n− 1

n
√
hf ′

(
f ′

f ′′

)2

π2
φ,

C(fGR)
i =πφ

◦
Diφ− 2

◦
Djπij .

(7.65)

In the case of f ′ = constant, Eq (7.65) coincides with Eqs (4.89) and (4.90). The consis-
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tency conditions for the primary constraint densities, ∗ϕ
(1)
µ

C(1)

≈ 0, are gives four secondary

constraint densities as follows:

∗ϕ
(2)
0 = C(fGR)

0 := 0 , ∗ϕ
(2)
i = C(fGR)

i := 0 , (7.66)

under the same fundamental PB-algebras Eq (4.95) and

{φ(x), πφ(y)}P.b. = δ(n)(x− y) . (7.67)

These constraint densities restrict C(1) to a new subspace C(2). The consistency conditions

for these secondary constraint densities are computed as follows:

{∗ϕ(2)
i (t ,x) , ∗ϕ

(2)
j (t ,y)}P.b. =(

∗ϕ
(2)
j (t ,x)∂

(x)
i − ∗ϕ

(2)
i (t ,y)∂

(y)
j

)
δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(2)
0 (t ,x) , ∗ϕ

(2)
i (t ,y)}P.b. =

∗ϕ
(2)
0 (t ,x)∂

(x)
i δ(n)(x− y) + ∂j

[
H

(j)
i δ(n)(x− y)

]
C(2)

≈ ∂j

[
H

(j)
i δ(n)(x− y)

]
,

{∗ϕ(2)
0 (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. =(

hij(t ,x)∗ϕ
(2)
j (t ,x) + hij(t ,y)∗ϕ

(2)
j (t ,y)

)
∂
(x)
i δ(n)(x− y) + ∂i

[
H(i) δ(n)(x− y)

] C(2)

≈

∂i
[
H(i) δ(n)(x− y)

]
,

(7.68)

where H(j)
i and H(i) are composed of the phase space variables, the secondary constraint

densities, and those spatial derivatives up to second-order. Notice that these functionals

appear due to the non-linearlity of f ; if f is a linear functional thenH(j)
i andH(i) vanish. The

concrete forms of these functionals are very complicated and may include terms that do not

vanish under the imposition of the constraint densities. That is, here, the second issue arises.
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However, it does not matter. Since the f(
◦
R)-gravity is a diffeomorphism invariant theory,

without any loss of generality, we can choose an ADM-foliation such that the Prescription

1 demands. Therefore, if we use Prescription 1, then the PB-algebras turn into that of the

general theory of relativity, and f(
◦
R)-gravity has

pDoF =
1

2
(n+ 1)(n− 2) + 1 (7.69)

and

gDoF = n+ 1 . (7.70)

Comparing to the case of the general theory of relativity, one additional pDoF appears and

the gauge symmetry does not change.

The calculations of the PB-algebras among the secondary constraint densities are per-

formed under the imposition of Prescription 1 (or other possibilities (i), (iii) explained in

Section 7.1), and then it is shown that the PB-algebras are the same as the ones of the

general theory of relativity. In other words, in general, the analysis performed in this section

is reliable only for the solutions that satisfy the boundary conditions: the shift vector on

the spatial boundary vanishes. This is a good example to scrutinize the influence of the

spatial boundary terms on the classification of constraint densities, i .e ., the second issue.

If the spatial boundary terms can be neglected then the pDoF is given by Eq (7.69) and

the shift vector has to vanish at least on the spatial boundary. Otherwise, the pDoF may

generically be changed additionally from (n+1)(n− 2)/2+ 1 since the secondary constraint

densities are no longer classified into first-class constraint densities. 5 However, since the
5 It is known that another sort of extra degrees of freedom is obtained by separating the conformal

mode in the general theory of relativity [Chamseddine and Mukhanov (2013)] and by considering the in-
vertible/disformal transformation of gravity [Jiroušek et al. (2023, 2022)]. If the boundary terms cannot
be ignored, does the additional DoF become some sort of DoF similar to the above? This interpretation
might be a possible story since the Dirac-Bergmann analysis generically counts out the degrees of freedom
of a given theory including propagate but unphysical (ghost) modes. However, these statements have to be
proven more rigorously, and this problem is unsolved at the moment of writing this thesis.
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action functional given in Eq (7.61) indicates that the theory is diffeomorphism invariant,

the change of the constraint structure depending on the way of taking an ADM-foliation

would be a contradiction. As already mentioned in the final remark in Section 7.1, the result

of the analysis on a diffeomorphism invariant theory should be independent of the choice of

ADM-foliation. Therefore, it makes sense to neglect the boundary terms, and it should hold

even for the well-definedness of all PBs in the analysis of f(
◦
R)-gravity.

7.5. Degrees of freedom of non-linear extension of TEGR

In this section, the Dirac-Bergmann analysis of the non-linear extension of TEGR, denoted by

“fTEGR”, is performed [Li et al. (2011); Ferraro and Guzmán (2018); Blagojević and Nester

(2020)], and the propagating and gauge degrees of freedom are clarified. In the case of

fTEGR, it is unveiled that the spatial boundary terms appear in PB-algebras and the analysis

generically needs Prescription 1; this is the departure from the case of the general theory of

relativity from the viewpoint of constraint mechanics. In addition, differing from the fGR

case, it is also unveiled that fTEGR suffers from the second issue and third issue. The second

issue may also cause the first issue. This means that the result is viable only for the solutions

that satisfy the spatial boundary condition that is demanded by Prescription 1.

We performed the Dirac-Bergmann analysis of GR, TEGR, CGR, f(
◦
R)-gravity in a

(n+1)-dimensional spacetime. However, since the non-linear extension of TEGR is described

by (co-)frame fields, it makes the theory far more complicated than the metric formalism.

Therefore, first of all, the analysis is performed in a 4-dimensional spacetime, and then, the

case of a generic dimension is estimated.

The Lagrangian density of TEGR is already given as Eq (7.19) in Section 7.2. The

Lagrangian density of the theory is given as follows:

SfTEGR =

∫
M
d4xLfTEGR , LfTEGR = − 1

2κ2
det(e−1) f(T) (7.71)
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Hereinafter, we use the unit 2κ2 = 1 and e = det(e−1). Using an auxiliary field φ, the above

Lagrangian density is decomposed as follows [Blagojević and Nester (2020)]:

LfTEGR = e [φT− V (φ)] (7.72)

under the imposition of the following condition:

δLfTEGR

δφ
:= 0 , (7.73)

where V = V (φ) is a function such that V ′(φ) is invertible and V ′′(φ) ̸= 0. This method

of decomposing the Lagrangian density is different from that of f(
◦
R)-gravity, but it has

the advantage of simplifying the analysis of a non-linear theory in terms of the vielbein

formalism. That is, the explicit form of the torsion tensor

T I
µν = eIρT

ρ
µν = ∂µe

I
ν + ωI

Jµe
J
ν − ∂νe

I
µ + ωI

Jνe
J
µ = ∂µe

I
ν − ∂νe

I
µ , (7.74)

indicates that T I
0µ can be used equivalently as velocity variables of the co-frame fields,

where the Weitzenböch gauge (, or equivalently, the teleparallel condition,) is applied. In

this formalism, canonical momentum variables of the decomposed Lagrangian density (7.72)

with respect to the velocity T I
0µ are computed as follows: First, we compute

HIJK =
δLfTEGR

δT IJK
= e φ

(
1

4
TIJK +

1

2
T[KJ ]I − gI[JTK]

)
. (7.75)

Then the canonical momentum variables are given as follows:

πI
µ =

δLfTEGR

δT I
0µ

= HI
0µ = e0Je

µ
KHI

JK . (7.76)
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The canonical momentum variable with respect to the auxiliary field φ is given as follows:

πφ =
δLfTEGR

δ(∂0φ)
= 0 . (7.77)

Therefore, primary constraint densities are derived as follows:

∗ϕ
(1)
I = πI

0 := 0 ∗ϕ
(1)
φ = πφ := 0 . (7.78)

Taking into account the considerations in Section 7.2, it expects that there exist further

primary constraint densities corresponding to the generators of local Lorentz transformation.

In order to find the remaining other primary constraint densities, the (1+3)-decomposition

of a vector is introduced as follows:

V⊥ = nIVI VĪ = VI − nIV⊥ , (7.79)

where V = V IξI is a vector of the internal space and n = nIξI is a normal vector to a leaf Σt.

ξI are a basis of sections of the internal space. Using this decomposition and recalling the

process of deriving the canonical momentum variables (7.29) from Eq (7.26), the following

quantities

π̂IJ̄ = πI
µeJµ =

φ

N
HI⊥J̄ ,

HI⊥J̄ = TI⊥J̄ + (TJ̄⊥I − T⊥J̄I)− 2(nIVJ̄ − gIJ̄V⊥)

(7.80)

lead to the remaining primary constraint densities as follows:

∗ϕ
(1)
IJ = HIJ + φBIJ := 0 , (7.81)
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where HIJ and BIJ are defined as follows:

HIJ = π̂IJ̄ − π̂J̄I ,

BIJ = − 2

N
(T⊥

ĪJ̄ − nIT
K̄

K̄J̄ + nJT
K̄

K̄Ī) .
(7.82)

Therefore, fTEGR has the number of (4 + 1) + 6 = 11 primary constraint densities. Then

the total Hamiltonian is derived as follows:

HT = NH⊥ +N iHi + λI∗ϕ
(1)
I + λφ∗ϕ

(1)
φ +

1

2
λIJ∗ϕ

(1)
IJ + ∂i(πI

ieI0) , (7.83)

where H⊥ and Hi are defined as follows:

H⊥ = π̂I
J̄T I

⊥J̄ − 1

N
LfTEGR − nI∂jπI

j ,

Hi = πI
jT I

ij − eI i∂jπI
j ,

(7.84)

and λI , λφ, and λIJ are Lagrange multipliers. The PB-algebras are computed as follows:

{∗ϕ(1)
I (t ,x) , ∗ϕ

(1)
J (t ,y)}P.b. = 0 ,

{∗ϕ(1)
I (t ,x) , ∗ϕ

(1)
JK(t ,y)}P.b. = 0 ,

{∗ϕ(1)
IJ (t ,x) , ∗ϕ

(1)
KL(t ,y)}P.b.

=
(
gJL ∗ϕ

(1)
IK + gIK ∗ϕ

(1)
JL − gJK ∗ϕ

(1)
IL − gIL ∗ϕ

(1)
JK

)
δ(3)(x− y) +

4

N
φM̄gNLδ

⊥M̄N
IJK δ(3)(x− y) ,

(7.85)

where φĪ = ∂Īφ. We abbreviated the argument “ (t ,x) ” on the right-hand side in the

third PB-algebras. Notice that the third PB-algebras implies that some of ∗ϕ
(1)
IJ

C(1)

≈ 0 are

classified into second-class constraint densities; there occurs a departure from the TEGR case.

(Compare to the PB-algebras (7.30) in Section 7.2.) The PB-algebras between ∗ϕ
(1)
φ

C(1)

≈ 0
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and others are computed as follows:

{∗ϕ(1)
φ (t ,x) , ∗ϕ

(1)
I (t ,y)}P.b. = 0 ,

{∗ϕ(1)
φ (t ,x) , ∗ϕ

(1)
IJ (t ,y)}P.b. = −BIJ(t ,x)δ

(3)(x− y) .

(7.86)

The second PB-algebras imply that all the constraint densities ∗ϕ
(1)
IJ

C(1)

≈ 0 and ∗ϕ
(1)
φ

C(1)

≈ 0

are classified into second-class constraint densities. Therefore, fTEGR does not have the full

local Lorentz symmetry.

Next, let us investigate the consistency conditions for these primary constraints: ∗ϕ
(1)
I

C(1)

≈

0, ∗ϕ
(1)
IJ

C(1)

≈ 0, and ∗ϕ
(1)
φ

C(1)

≈ 0. From the PB-algebras (7.85) and (7.86), it is easy to confirm

the first case relative to the second and third ones. The conditions

∗ϕ̇
(1)
I = {∗ϕ(1)

I ,HT}P.b.
C(1)

≈ NIH⊥ + eI
iHi := 0 (7.87)

lead to the following secondary constraints:

∗ϕ̄
(2)
0 = H⊥ := 0 , ∗ϕ̄

(2)
i = Hi := 0 . (7.88)

In order to construct a closed PB-algebra, the above constraints can be modified as fol-

lows [Mitrić (2019)]:

∗ϕ
(2)
0 = ∗ϕ̄

(2)
0 + ∗ϕ

(1)
φ ∂⊥φ

C(2)

≈ 0 , ∗ϕ
(2)
i = ∗ϕ̄

(2)
i + ∗ϕ

(1)
φ ∂iφ

C(2)

≈ 0 . (7.89)
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Then these modified PB-algebras form the following PB-algebras:

{∗ϕ(2)
i (t ,x) , ∗ϕ

(2)
j (t ,y)}P.b.

C(2)

≈(
∗ϕ

(2)
j (t ,x)∂

(x)
i − ∗ϕ

(2)
i (t ,y)∂

(y)
j

)
δ(n)(x− y)

C(2)

≈ 0 ,

{∗ϕ(2)
0 (t ,x) , ∗ϕ

(2)
i (t ,y)}P.b.

C(2)

≈

∗ϕ
(2)
0 (t ,x)∂

(x)
i δ(n)(x− y) + ∂j

[
H

(j)
i δ(n)(x− y)

]
C(2)

≈ ∂j

[
H

(j)
i δ(n)(x− y)

]
,

{∗ϕ(2)
0 (t ,x) , ∗ϕ

(2)
0 (t ,y)}P.b. =(

hij(t ,x)∗ϕ
(2)
j (t ,x) + hij(t ,y)∗ϕ

(2)
j (t ,y)

)
∂
(x)
i δ(n)(x− y) + ∂i

[
H(i) δ(n)(x− y)

] C(2)

≈

∂i
[
H(i) δ(n)(x− y)

]
,

(7.90)

whereH(I)
J andH(I) are composed of the phase space variables, the secondary constraint den-

sities, and those spatial derivatives up to second-order, which arise due to the non-linearity

f , or equivalently, V . Remark that the above algebras hold only in the weak equality on

the constraint phase subspace restricted at least by ∗ϕ
(1)
φ

C(1)

≈ 0, ∗ϕ
(1)
I

C(1)

≈ 0, and ∗ϕ
(2)
I

C(2)

≈ 0.

Here, notice that we face the second issue. If the total divergent terms in the second and

third PB-algebras remain then the secondary constraint densities ∗ϕ
(2)
I

C(2)

≈ 0 are classified

into second-class constraint densities, and then the third issue occurs. Therefore, in order to

restrict our consideration to algebraically solvable cases, let us apply Prescription 1. Then

the PB-algebras of the secondary constraint densities ∗ϕ
(2)
I

C(2)

≈ 0 becomes commutative ones.

In addition, applying the Castellani algorithm [Castellani (1982)] to the primary constraint

densities ∗ϕ
(1)
I

C(2)

≈ 0 and ∗ϕ
(2)
I

C(2)

≈ 0, taking into account the second PB-algebras in Eq (7.85)

and the first PB-algebras in Eq (7.85), at least these constraint densities form a closed PB-

algebra up to linear combinations of these constraint densities. Therefore, under Prescription

1, ∗ϕ
(1)
I

C(2)

≈ 0 and ∗ϕ
(2)
I

C(2)

≈ 0 are classified into first-class constraint densities. The satisfac-

tion of the consistency conditions for these first-class constraint densities are now trivial; the

222



Dirac-Bergmann procedure on the sector ∗ϕ
(1)
I

C(2)

≈ 0 and ∗ϕ
(2)
I

C(2)

≈ 0 stops here. Remark that

the action functional given in Eq (7.72) implies that the theory is diffeomorphism invariant.

Therefore, the application of Prescription 1 does not change the generality of the result of

the analysis, as already mentioned in Section 7.1.

The consistency condition for the primary constraint densities ∗ϕ
(1)
IJ

C(1)

≈ 0 and ∗ϕ
(1)
φ

C(1)

≈ 0

determine some of the Lagrange multipliers λI , λφ, and λIJ by virtue of the PB-algebras (7.85)

and (7.86). The secondary constraint densities with respect to these constrain densities are

computed as follows:

∗ϕ
(2)
φ = −N∂φH̃⊥ − 1

2
λMNBMN := 0 ,

∗ϕ
(2)
IJ = GIJ

K∂Kφ := 0 ,

(7.91)

where H̃⊥ denotes H⊥ evaluated on shell and GIJ
K are determined from the following rela-

tions:

GIJ
⊥ = NBIJ ,

GIJ
K̄ =

2

N
δ⊥K̄N̄
IJM λMN̄ −Nφ−1gK̄M̄

(
nI π̂(M̄J̄) − nJ π̂(M̄Ī)

)
− δK̄M̄N̄

ĪJ̄R̄ T R̄
M̄N̄ .

(7.92)

These secondary constraint densities lead to the following equations:

λ⊥J̄B
⊥J̄ +

1

2
λĪJ̄B

ĪJ̄ C(2)

≈ −N∂φĤ⊥ ,

BIJ λ̄φ +
2

N
φK̄δ

⊥K̄N̄
IJM λMN

C(2)

≈ XIJ ,

(7.93)
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respectively, where λ̄φ, φĪ , and XIJ are defined as follows:

λ̄φ = λφ −N I∂Iφ ,

φĪ = ∂Īφ

XIJ = φK̄

[
Nφ−1gK̄M̄

(
nI π̂(M̄J̄) − nJ π̂(M̄Ī)

)
+ δK̄M̄N̄

ĪJ̄R̄ T R̄
M̄N̄

]
.

(7.94)

Performing (1 + 3)-decomposition, the following three equation are derived:

B⊥N̄λ⊥N̄ +BN̄λN̄
C(2)

≈ −N∂φH̃⊥ ,

B⊥M̄ λ̄φ − ZKϵ
K̄M̄N̄λN̄

C(2)

≈ X⊥M̄ ,

BM̄ λ̄φ − ZKϵ
K̄M̄N̄λ⊥N̄

C(2)

≈ XM̄ ,

(7.95)

where ZĪ , FĪ , and λĪ are defined as follows:

ZĪ =
2

N
φĪ BĪ =

1

2
ϵĪM̄N̄B

M̄N̄ λĪ =
1

2
ϵĪM̄N̄λ

M̄N̄ X Ī = φK̄ϵ
K̄M̄N̄T Ī

M̄N̄ . (7.96)

Let us consider the case of φĪ ̸= 0. Combining the contraction of the second and third

equations in Eq (7.95) with φM̄ , the following equation is derived:

[(
φM̄B

⊥M̄
)2

+
(
φM̄B

M̄
)2]

λ̄φ
C(2)

≈
(
φM̄B

⊥M̄
)
φN̄X

⊥N̄ +
(
φM̄B

M̄
)
φN̄X

N̄ . (7.97)

This equation with the first relation in Eq (7.94) determines the multiplier λφ when
(
φM̄F

⊥M̄
)2
+(

φM̄B
M̄
)2 ̸= 0. Then a new secondary constraint density arises as follows:

∗ϕ
(2) =

(
φM̄B

⊥M̄
)(

φN̄X
N̄
)
−
(
φM̄B

M̄
)(

φN̄X
⊥N̄
)
:= 0 . (7.98)

The emergence of the additional constraint density implies that some of the remaining mul-

tipliers λI and λIJ are determined since the PB-algebras between ∗ϕ
(2) and ∗ϕ

(2)
IJ are not
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commutative under the imposition of all constraint densities [Blagojević and Nester (2020)].

The transformed multipliers λ⊥Ī and λĪ can be decomposed into parallel and orthogonal

components as follows:

λ⊥Ī = λ⊥φĪ + λ̂⊥Ī , λ̂⊥Īφ
Ī = 0 ,

λĪ = λφĪ + λ̂Ī , λ̂Īφ
Ī = 0 .

(7.99)

Combining these decomposition with Eq (7.94), the following equation are derived:

λ⊥

(
B⊥ĪφĪ

)
+ λ

(
B ĪφĪ

)
= −N∂φĤ⊥ −B⊥Ī λ̂⊥Ī −B Ī λ̂Ī . (7.100)

In addition, the consistency condition for the secondary constraint density ∗ϕ
(2) C(1)

≈ 0 leads

to the following equation:

λ⊥

(
φĪ{∗ϕ(1)

⊥Ī
, ∗ϕ

(2)}P.b.
)
+ λ

(
1

2
ϵM̄N̄K̄φK̄{∗ϕ

(1)
MN , ∗ϕ

(2)}P.b.
)

C(2)

≈ multiplier independent and known terms .

(7.101)

Therefore, the following equation is derived:

λ(x)D(x , x′) = G(x′) , (7.102)

where D(x , x′) and G(x′) are defined as follows:

D(x , x′) =
(
B⊥ĪφĪ

)(1

2
ϵJ̄K̄L̄φL̄{∗ϕ

(1)

J̄K̄
, ∗ϕ

(2)}P.b.
)
−
(
B ĪφĪ

)(
φJ̄{∗ϕ(1)

⊥J̄
, ∗ϕ

(2)}P.b.
)
,

G(x′) = all known terms .

(7.103)

Here, the term D(x , x′) contains the spatial derivatives of the Dirac delta function: schemat-
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ically, “ A(x)∂(x)i δ(3)(x−y) ”. Integrating Eq (7.102) by parts, the following PDE is derived:

Ai∂iu+ αu = G , (7.104)

schematically. This is nothing but Eq (7.17); there gives rise to the third issue. However,

applying Prescription 1 (we already imposed it to make the constraint densities ∗ϕ
(2)
I

C(2)

≈ 0

first-class constraint densities), the first term in the left-hand side does not appear since all

terms such like “ A(x)∂(x)i δ(3)(x−y) ” in the PB-brackets are erased by the imposition of the

spatial boundary condition Ni(t , ∂Σt) = 0. As mentioned in the final remark in Section 7.1,

since f(T )-gravity is a diffeomorphism invariant theory, the imposition of Prescription 1

holds the generality of the analysis. Therefore, Eq (7.102) becomes just a linear algebraic

equation, and it is always solvable as long as D ̸= 0; the Dirac-Bergmann procedure stops

here. The pDoF of f(T )-gravity is

pDoF =
1

2
[(16 + 1)− 8× 2− 8] = 5 , (7.105)

the gDoF is

gDoF = 4 . (7.106)

The local Lorentz gauge symmetry is broken due to the third PB-algebras in Eq (7.85) and

the second PB-algebras in Eq (7.86). In general, for a (n + 1)-dimensional spacetime, the

pDoF and gDoF are given as follows [Blagojević and Nester (2020)]:

pDoF =
1

2
(n+ 1)(n− 2) + n (7.107)

and

gDoF = n+ 1 . (7.108)
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The local Lorentz gauge symmetry is of course broken. Remark that the authors [Li et al.

(2011)] also derived the same result but overlooked the third issue. In the work [Blagojević and Nester

(2020)], other three possible cases are mentioned; (i) If φĪ ̸= 0 and D = 0 then pDoF is

N/A; (ii) If φĪ ̸= 0 and ∗ϕ̇
(2) C(2)

≈ 0 then pDoF = 4; (iii) If φĪ = 0 then pDoF = 2. Here,

we used Prescription 1. (The original work in [Blagojević and Nester (2020)] takes into

account the spatial derivatives of the Dirac delta function.) There is a remark: the work

in [Blagojević and Nester (2020)] overlooked a generic sector of (iii), which is indicated by

the work [Ferraro and Guzmán (2018)]. In this work, the authors find out (iii)’ If φĪ = 0 then

pDoF = 3. The difference between (iii) and (iii)’ is that Sector (iii) implicitly demands also

φ = constant. That is, φ = φ(t) in Sector (iii)’ implies that one propagates but unphysical

DoF exists. In this regard, a detailed consideration is given in [Tomonari and Bahamonde

(2023)].

An important lesson from the analysis of f(T )-gravity is that the violation of the local

Lorentz symmetry provided several sectors and each sector has a different pDoF from the

other sectors. As mentioned in the final remark in Section 7.1, for a diffeomorphism invariant

theory, without any loss of generality, Prescription 1 can be applicable. Therefore, the above

analysis unveiled the full pDoF of each sector. However, for a theory with violating its

diffeomorphism invariance, the result of the analysis depends on the choice of an ADM-

foliation. That is, the analysis under the use of Prescription 1 does generically not provide the

full pDoF of the theory. Nevertheless, this sort of analysis has an advantage for circumventing

the three issues. In other words, as long as an analysis suffers from the three issues, any

result cannot be beyond a speculation. The use of Prescription 1 would unveil the pDoF

only of a special sector, which is not the full pDoF of the most generic sector, but the results

are exact, meaning that it is not a speculation since no pathological PDE(s) of Lagrange

multiplier(s) emerges, and, therefore, reliable. This situation happens rather in the analysis

of the coincident f(Q)-gravity.
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7.6. Degrees of freedom of non-linear extension of CGR

In this section, the Dirac-Bergmann analysis of the non-linear extension of CGR, denoted

by “ fCGR ”, is performed [Hu et al. (2022); Tomonari and Bahamonde (2023)], and the

propagating and gauge degrees of freedom are clarified. In the case of fCGR, it is unveiled

that the spatial boundary terms appear in PB-algebras and the analysis generically needs

Prescription 1; this is the departure from the case of the general theory of relativity from the

viewpoint of constraint mechanics. In addition, differing from the fGR and fTEGR cases,

it is also unveiled that fCGR suffers from the first issue and third issue. This means that

the result is viable only for the solutions that satisfy the spatial boundary condition that is

demanded by Prescription 1.

We performed the Dirac-Bergmann analysis of GR, TEGR, CGR, f(
◦
R)-gravity in a

(n + 1)-dimensional spacetime. As we will see, however, the existence of the second-class

constraint densities makes it difficult to understand whether the consistency conditions de-

termine the multipliers or derive new constraint densities since the size of the Dirac matrix

becomes bigger. Therefore, in this section, for simplicity, we perform the analysis for f(Q)

in a (3 + 1)-dimensional spacetime and then estimate the general case of the dimension of

(n+ 1). A general proof would be completed by applying the mathematical induction.

In the same manner as the case of f(
◦
R)-gravity, the CGR can be extended non-linearly

into as follows:

SfCGR =

∫
M
d4x

√
−gf(Q) , (7.109)

where f is an arbitrary function of the nonmetricity scalar. By introducing an auxiliary

variable we obtain:

SfCGR =

∫
M
d4x

√
−g [f ′Q+ f − φf ′] , (7.110)

where f is an arbitrary function of the auxiliary variable φ and f ′′ = d2f/dφ2 ̸= 0. From
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Section 7.3, using the ADM-foliation of Q given in Eq (7.49), Eq (7.110) can be decomposed

as follows:

SfCGR =

∫
I
dt

∫
Σt

d3x
[
N
√
hf ′
{

(3)Q+KijKij −K2 −
◦
Di

(
(3)Q

i − (3)Q̄
i
)}

+N
√
h (f − φf ′)

+f ′
{
∂µN

i∂i

(√
hnµ

)
− ∂iN

i∂µ

(√
hnµ

)}
+
√
hf ′ ◦

Di

{
N
(
(3)Q

i − (3)Q̄
i
)}]

.

(7.111)

Remark that this foliation takes all boundary terms into account. Integrating by parts and

neglecting the spatial boundary terms by imposing appropriate spatial boundary conditions

on ∂Σt, we get

SfCGR =

∫
I
dt

∫
Σt

d3x
[
N
√
h
{
f ′ ((3)Q+KijKij −K2

)
−

◦
Di

{
f ′
(
(3)Q

i − (3)Q̄
i
)}}

+ f − φf ′
}

+f ′
{
∂µN

i∂i

(√
hnµ

)
− ∂iN

i∂µ

(√
hnµ

)}]
.

(7.112)

Further, integrating by parts the first term of and the second term of the boundary term with

respect to the spatial derivative and the spacetime derivative, respectively, and neglecting

each the boundary term on ∂Σt and ∂M, respectively, we obtain the following formula:

SfCGR =

∫
I
dt

∫
Σt

d3x
[
N
√
h
{
f ′ ((3)Q+KijKij −K2

)
−

◦
Di

{
f ′
(
(3)Q

i − (3)Q̄
i
)}}

+ f − φf ′
}

+

√
h

N

(
N i∂jN

j −N j∂jN
i
)
∂if

′ −
√
h

N
(∂if

′) Ṅ i +

√
h

N
f ′′ (∂iN i

)
φ̇

]
.

(7.113)

That is, the non-linearity of f changes the constraint structure of CGR. This action was first

derived in [Hu et al. (2022)] by a different method that resembles the GR case. At first glance,

the Lagrangian density is not a scalar, and it would indicate that this theory generically has

only second-class constraint densities. That is, this theory has no diffeomorphism invariance.
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It would be expected from the ignorance of the surface terms like “ ∂Γ ” in Eq (6.93) for the

comparison to the Ricci scalar and indicates that the diffeomorphism symmetry is at least

partly broken. A related consideration is shown in Ref [Mukhopadhyay and Padmanabhan

(2006)].

The canonical momentum variables are computed as follows:

π0 =
δSfCGR(t ,x)

δṄ(t ,y)
= 0,

πi =
δSfCGR(t ,x)

δṄ i(t ,y)
= −

√
h

N
f ′′∂iφδ

(3)(x− y),

πij =
δSfCGR(t ,x)

δḣij(t ,y)
=

√
hf ′ (Kij −Khij) δ

(3)(x− y),

πφ =
δSfCGR(t ,x)

δφ̇(t ,y)
=

√
h

N
f ′′∂iN

iδ(3)(x− y) ,

(7.114)

The canonical momentum variables with respect to the shift vectors depart from the ordinary

CGR case; it depends on the lapse function, the 3-metric hIJ , and the non-linearity part by

f ′′. The canonical momentum with respect to the auxiliary variable φ generates a constraint

density, which is different from the case of f(
◦
R)-gravity. That is, in coincident f(Q)-gravity,

the auxiliary variable φ does not have any physical feature unlike f(
◦
R)-gravity.

The Hessian matrix of the system has the size of 11× 11 - components only being non-

vanishing components with respect to the canonical momenta πij. All other components of

the matrix vanish. Therefore, the rank of the Hessian matrix is six, and it implies that the

system has five primary constraint densities given as follows:

∗ϕ
(1)
0 =π0 := 0 ,

∗ϕ
(1)
i =πi +

√
h

N
f ′′∂iφ := 0 ,

∗ϕ
(1)
φ =πφ −

√
h

N
f ′′∂iN

i := 0 .

(7.115)
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This feature also implies that the physical DoF of the system is up to six. These constraint

densities restrict the entire phase space to the subspace C(1). The PB-algebras among these

primary constraint densities are computed as follows:

{∗ϕ(1)
0 (t ,x) , ∗ϕ

(1)
i (t ,y)}P.b. =

1

N2

√
hf ′′∂iφδ

(3)(x− y) = Aiδ
(3)(x− y) ,

{∗ϕ(1)
0 (t ,x) , ∗ϕ

(1)
φ (t ,y)}P.b. =− 1

N2

√
hf ′′∂iN

iδ(3)(x− y) = Bδ(3)(x− y) ,

{∗ϕ(1)
i (t ,x) , ∗ϕ

(1)
φ (t ,y)}P.b. =

1

N

√
hf ′′′∂iφδ

(3)(x− y) = Ciδ
(3)(x− y) ,

(7.116)

where we used Prescription 1 proposed in Section 7.1. Explicitly, the problematic term

occurs in the third PB given in Eq (7.116) as follows:

{∗ϕ(1)
i (t ,x) , ∗ϕ

(1)
φ (t ,y)}P.b.

= Ciδ
(3)(x− y) +

(√
h

N
f ′′

)∣∣∣∣∣
x

∂
(x)
i +

(√
h

N
f ′′

)∣∣∣∣∣
y

∂
(y)
i

 δ(n)(x− y) .
(7.117)

Taking into account that ϕ(1)
I (x) and ϕ

(1)
φ (y) are density variables, in order to reveal the

meaning of the above equations in mathematically correct manner, we have to integrate it

out with respect to dnx and dny on a leaf Σt. Then the first term in Eq (7.117) turns into

the smeared one, and then the second terms become generically as follows:

∫
Σt

∫
Σt

[(√
h

N
f ′′

)∣∣∣∣∣
x

∂
(x)
i δ(n)(x− y)

]
dxndyn

=

∫
Σt

∫
Σt

[
∂
(x)
i

(√
h

N
f ′′δ(n)(x− y)

)
− ∂

(x)
i

(√
h

N
f ′′

)
δ(3)(x− y)

]
dxndyn

= − Ni

√
hf ′′ (1−D(x ⇄ y))

∣∣∣
∂Σt

,

(7.118)

where we assumed nµ = (−N ,NNi) with N iNi = 0 and D(x ⇄ y) denotes the Lebesgue

integration of the second term. If the naive replacement of “ y ” in the spatial derivative
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by “ x ” is possible then D(x ⇄ y) = 1, and Eq (7.118) vanishes. Therefore, in this

case, if we fix the shift vectors Ni = 0 as the spatial boundary condition, that is, applying

Prescription 1, the problematic term is removed from the analysis, and it is always consistent

with the coincident gauge since the gauge restricts only to the Stükelberg fields via the affine

transformation of a given coordinate system. This is reasonable since the shift vectors are

just unphysical variables. In fact, the action functional (7.113) contains only the first-order

time derivative of Ni, and it indicates that Ni cannot be any physical variable; it affects only

the constraint structure of the system. It would also be possible to impose f ′′ = 0 on ∂Σt.

(If φ2 ∈ f ′′ then we modify the term φ2 as αφ2 with α → 0 on ∂Σt). Hereinafter, we use this

prescription also for PBs, which is formulated in detail in Section 7.1. Therefore, these five

primary constraint densities are classified into second-class constraint densities, and, as we

will see, the Dirac matrix has its rank two. Note, here, that the theory is free from the second

issue at least for the primary constraint densities. Otherwise, only one additional secondary

second-class constraint density appears and the Dirac procedure stops, and then the pDoF

of the theory turns out to be eight [Hu et al. (2022)], although the normal vector should be

taken as Eq (4.41) with Eq (4.42) and Ni ̸= 0 at least on the spatial boundary. Since the

coincident f(Q)-gravity does not have diffeomorphism invariance, this difference of the shift

vectors indicates that we perform the analysis for another sector from the sector analyzed

by the authors in [Hu et al. (2022)]. This discrepancy of pDoF is caused by the difference

in the rank of the Dirac matrix density, and this problematic situation has something to do

with the first issue. In addition, strictly speaking, in the work [Hu et al. (2022)], the third

issue explained in Section 7.1 is overlooked in the calculation of the consistency conditions

for the primary constraint densities, therefore, a more exact analysis is mandatory.

The Legendre transformation of the coincident f(Q)-gravity is calculated as follows:

H0 = NC(fCGR)
0 +N iC(fCGR)

i , (7.119)
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where C(fCGR)
0 and C(fCGR)

i are defined as follows:

C(fCGR)
0 =−

√
h

[
f ′(3)Q−

◦
Di

{
f ′
(
(3)Q

i − (3)Q̄
i
)}

+ f − φf ′ − 1

hf ′

(
πijπij −

1

2
π2

)]
,

C(fCGR)
i =− 2

◦
Djπij −

√
h

N
f ′′ (∂jN j∂iφ− ∂iN

j∂jφ
)
.

(7.120)

Therefore, the total Hamiltonian density of the system is introduced as follows:

HT = H0 + λ0∗ϕ
(1)
0 + λi∗ϕ

(1)
i + λφ∗ϕ

(1)
φ . (7.121)

The PB-algebras among the primary constraint densities and the density H0 are given in

Appendix A.

The consistency conditions for the primary constraint densities ∗ϕ
(1)
α are given as follows:

∗ϕ̇
(1)
α = {∗ϕ(1)

α ,HT}P.b. ≈ {∗ϕ(1)
α ,H0}P.b. + λβ{∗ϕ(1)

α , ∗ϕ
(1)
β }P.b. := 0 , (7.122)

where α, β run in the range of α, β ∈ {0, 1, 2, 3, φ}. Since all these primary constraint

densities are classified into second-class constraint densities, it is necessary to investigate the

rank of the Dirac matrix D(1)
αβδ

(3)(x− y) := {∗ϕ(1)
α , ∗ϕ

(1)
β }P.b.:

D(1) =



0 A1 A2 A3 B

−A1 0 0 0 C1

−A2 0 0 0 C2

−A3 0 0 0 C3

−B −C1 −C2 −C3 0


, (7.123)

where Ai, Ci, and B are defined by Eq (7.116). Applying the fundamental matrix transfor-
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mations to Eq (7.123), we get the following matrix:

D′(1) = P (1)D(1)Q(1) =



0 0 0 0 B

0 0 A12 A13 0

0 −A12 0 A23 0

0 −A13 −A23 0 0

−B 0 0 0 0


, (7.124)

where we set Aij := 2A[iCj]. P (1) and Q(1) are set as follows:

P (1) =



1 0 0 0 0

−C1

B
1 0 0 −A1

B

−C2

B
0 1 0 −A2

B

−C3

B
0 0 1 −A3

B

0 0 0 0 1


, Q(1) =



1 −C1

B
−C2

B
−C3

B
0

0 1 0 0 0

0 0 1 0 0

0 0 0 1 0

0 −A1

B
−A2

B
−A3

B
1


. (7.125)

The straightforward computations lead to Aij = 0. Therefore, The Dirac matrix D(1) has

a rank of two. It indicates that two multipliers are determined, and then three secondary

constrain densities appear. Using these fundamental matrices P (1) and Q(1), and the Dirac

matrix D(1), the consistency conditions Eq (7.122) becomes as follows:

P (1)
α
β{∗ϕ(1)

β ,H0}P.b. +D
′(1)
αβ λ

(1)βδ(3)(x− y) := 0 , (7.126)

where we set

λ(1)
α
= Q(1)−1α

βλ
β . (7.127)
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For α = φ and α = 0, the corresponding multipliers λ(1)φ and λ(1)0 are determined as follows:

λ(1)φ = − 1

B
{∗ϕ(1)

0 ,H0}P.b. , λ
(1)
0 =

1

B
{∗ϕ(1)

φ ,H0}P.b. . (7.128)

The explicit formulae of these multipliers are derived by using the formulae given in Appendix

A. The multipliers λ(1)i remain arbitrary. Converting λ(1)α into the original multipliers λα,

we get

λ0 =
1

B
{ϕ(1)

φ ,H0}P.b. −
Ci

B
λ(1)

i
,

λφ =− 1

B
{ϕ(1)

0 ,H0}P.b. −
Ai

B
λ(1)

i
,

λi =λ(1)
i
.

(7.129)

The secondary constraint densities are derived in the correspondence to the undetermined

multipliers λi = λ(1)
i
(i ∈ {1, 2, 3}):

∗ϕ
(2)
i = P (1)

i
α{∗ϕ(1)

α ,H0}P.b. = −Ci

B
{∗ϕ(1)

0 ,H0}P.b. + {∗ϕ(1)
i ,H0}P.b. −

Ai

B
{∗ϕ(1)

φ ,H0}P.b. := 0 .

(7.130)

The explicit formulae of these secondary constraint densities can be derived by using the

formulae given in Appendix A and it reveals that all the secondary constraint densities are

classified into second-class constraint densities. These constraint densities restrict C(1) to the

new subspace C(2).

Using Eq (7.129), the multipliers λ0 and λφ in the total Hamiltonian density Eq (7.121)

are replaced by λi:

HT = H(2)
0 + λi∗Φ

(2)
i , (7.131)
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where H(2)
0 and ∗Φ

(2)
i are set as follows:

H(2)
0 =H0 −

1

B
{∗ϕ(1)

0 ,H0}P.b.∗ϕ(1)
φ +

1

B
{∗ϕ(1)

φ ,H0}P.b.∗ϕ(1)
0 ,

∗Φ
(2)
i =∗ϕ

(1)
i − Ai

B
∗ϕ

(1)
φ − Ci

B
∗ϕ

(1)
0 ≈ 0 .

(7.132)

In the next section, we calculate the tertiary constraint densities.

The consistency conditions for the secondary constraint densities ∗ϕ
(2)
i are given as follows:

∗ϕ̇
(2)
i = {∗ϕ(2)

i ,H(2)
0 }P.b. + λj{∗ϕ(2)

i , ∗Φ
(2)
j }P.b. := 0 . (7.133)

The existence of tertiary constraint densities depends on the rank of the matrix D(2)
ij δ

(3)(x−

y) = {∗ϕ(2)
i , ∗Φ

(2)
j }P.b.. Using the formulae in Appendix A, we get the following result:

D
(2)
ij = ∂iφ(α∂jφ+∆j) , (7.134)

where ∆i := βi
j∂jφ and the explicit formulae of α and βi

j are given in Appendix B. In

matrix form, D(2) is expressed as follows:

D(2) =


φ1(αφ1 +∆1) φ1(αφ2 +∆2) φ1(αφ3 +∆3)

φ2(αφ1 +∆1) φ2(αφ2 +∆2) φ2(αφ3 +∆3)

φ3(αφ1 +∆1) φ3(αφ2 +∆2) φ3(αφ3 +∆3)

 , (7.135)

where φi := ∂iφ. Applying the fundamental matrix transformations to Eq (7.135), we get

D′(2) = P (2)D(2)Q(2) =


φ1(αφ1 +∆1) 0 0

0 0 0

0 0 0

 , (7.136)
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where P (2) and Q(2) are set as follows:

P (2) =


1 0 0

−φ2 φ1 0

−φ3 0 φ1

 , Q(2) =


1 −αφ2+∆2

αφ1+∆1
−αφ3+∆3

αφ1+∆1

0 1 0

0 0 1

 . (7.137)

Therefore, the matrix D(2) has its rank of one. This indicates that one multiplier is de-

termined and then two tertiary constraint densities appear. The consistency conditions in

Eq (7.133) can be rewritten as follows:

P (2)
i
j{∗ϕ(2)

j ,H(2)
0 }P.b. +D

′(2)
ij λ(2)

j
δ(3)(x− y) := 0 , (7.138)

where λ(2)i is set as follows:

λ(2)
i
= Q(2)−1i

jλ
j . (7.139)

Therefore, the multiplier to the x-component, λ(2)1, is determined as follows:

λ(2)
1
= − 1

φ1(αφ1 +∆1)
P (2)1i{∗ϕ(2)

i ,H(2)
0 }P.b. = − 1

φ1(αφ1 +∆1)
{∗ϕ(2)

1 ,H(2)
0 }P.b. , (7.140)

where we used P (2) in Eq (7.137). The explicit formula of Eq (7.140) can be derived by

using Eq (7.130), the first formula in Eq (7.132), and the formulae given in Appendix A. The

multipliers λ(2)i
′
(i′ ∈ {2, 3}) remain arbitrary. Converting λ(2)i into the original multipliers

λi, we get

λ1 =− 1

φ1(αφ1 +∆1)
{∗ϕ(2)

1 ,H(2)
0 }P.b. −

αφ2 +∆2

αφ1 +∆1

λ(2)
2 − αφ3 +∆3

αφ1 +∆1

λ(2)
3
,

λi
′
=λ(2)

i′

.

(7.141)

The tertiary constraint densities are derived in the correspondence to the undetermined
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multipliers λi′ = λ(2)
i′ :

∗ϕ
(3)
i′ := P (2)

i′
j{∗ϕ(2)

j ,H(2)
0 }P.b. := 0 , (7.142)

that is,

∗ϕ
(3)
2 :=− φ2{∗ϕ(2)

1 ,H(2)
0 }P.b. + φ1{∗ϕ(2)

2 ,H(2)
0 }P.b. := 0 ,

∗ϕ
(3)
3 :=− φ3{∗ϕ(2)

1 ,H(2)}P.b. + φ1{∗ϕ(2)
3 ,H(2)

0 }P.b. := 0 .

(7.143)

The explicit formulae can be derived by using Eq (7.130), the first formula in Eq (7.132),

and the formulae given in Appendix A and it reveals that all the tertiary constraint densities

are classified into second-class constraint densities. These constraint densities restrict C(2)

to the new subspace C(3).

Using Eq (7.142), the total Hamiltonian density Eq (7.131) is rewritten as follows:

HT = H(3)
0 + λi

′
∗Φ

(3)
i′ , (7.144)

where H(3)
0 and ∗Φ

(3)
i′ are set as follows:

H(3)
0 =H(2)

0 − 1

φ1(αφ1 +∆1)
{∗ϕ(2)

1 ,H(2)
0 }P.b.∗Φ(2)

1 ,

∗Φ
(3)
i′ =∗Φ

(2)
i′ − αφi′ +∆i′

αφ1 +∆1
∗Φ

(2)
1 .

(7.145)

The consistency conditions for the tertiary constraint densities ∗ϕ
(3)
i′ are given as follows:

∗ϕ̇
(3)
i′ = {∗ϕ(3)

i′ ,H(3)
0 }P.b. + λj

′{∗ϕ(3)
i′ , ∗Φ

(3)
j′ }P.b. := 0 . (7.146)

The existence of quaternary constraints depends on the rank of the matrix D(3)
i′j′δ

(3)(x−y) :=

{∗ϕ(3)
i′ , ∗Φ

(3)
j′ }P.b.. It is easy to confirm that the rank of D(3) is two (full-rank; its determinant

does not vanish) since the spatial boundary terms no longer vanish without accidental cases
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due to that the primed indices run the range only of 2, 3, although it is very tedious to lead

to the explicit formula of D(3) and its determinant. Therefore, the remaining multipliers are

determined and then the procedure stops here excepting accidental cases. Since there are

five primary, three secondary, and two tertiary constraint densities and all the constraint

densities are classified into second-class constraint densities, therefore, the pDoF and the

gDoF of coincident f(Q)-gravity are

pDoF =
1

2
× (22− 5− 3− 2) = 6 , and gDoF = 0 . (7.147)

For simplicity, so far, we considered that the spacetime manifold has (3 + 1) dimensions,

however, it would be possible to extend this result for any spacetime dimension. This analysis

would also give an implication of pDoF and gDoF. Let M be a (n+1)-dimensional spacetime

manifold. To do this, we have to consider the two cases depending on whether n is odd or

even. If n is an odd number then we might get n+2 primary, n secondary, and n−1 tertiary

constraint densities and all these constraint densities would be classified into second-class

constraint densities. Therefore, when n is an odd number, we have

pDoF =
1

2
(n2 + 3) , and gDoF = 0 , (7.148)

respectively. If n is an even number then we might get n + 2 primary, n secondary, n − 1

tertiary, and 1 quaternary constraint densities, and all these constraint densities would be

classified into second-class constraint densities. Therefore, when n is an even number, we

have

pDoF =
1

2
n2 + 1 , and gDoF = 0 . (7.149)

These pDoFs are just an estimation based on the result of the analysis in the case of a

(3 + 1)-dimensional spacetime. However, it would be possible to strictly prove these results
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by applying mathematical induction.

There is a remark: If the Lebesgue measure in Eq (7.118) is unity, i .e ., D(x ⇄ y) = 1,

then the terms like “ A(x)∂(x)i δ(3)(x− y) ” in Eq (7.117) automatically vanish. In this case,

another scenario is possible: the case of the absence of Prescription 1. Then the PB-algebras

in the second term in Eq (7.133) contain the spatial boundary terms, and then the matrix

given in Eq (7.134) could be non-singular (full-rank). This means that the tertiary constraints

do not appear and the procedure stops here with the pathological PDEs of the Lagrange

multipliers (third issue): this is a resemble situation to the fTEGR case. The same issue

would arise also in Eqs (7.122) and (7.123). Therefore, if all of these PDEs are solvable, the

pDoF becomes seven [Tomonari and Bahamonde (2023)]. Notice that this is another sector

from the sector we have considered in the previous paragraphs so far and this perspective

would be consistent with the recent works of the cosmological perturbation [Gomes et al.

(2023a); Heisenberg et al. (2023)] in the non-trivial branch I [Gomes et al. (2023b)]. Where

the non-trivial branch I is one of five branches, which are the classification of the Stükelberg

fields according to the possible Möbius representation in the teleparallel theories of gravity.

A detailed description is given in [Gomes et al. (2023b)].

7.7. Summary

In this chapter, the Dirac-Bergmann analysis performed for each subclass of the geomet-

rical trinity of gravity, i .e ., GR, TEGR, and CGR, and for each non-linear extension.

Before performing the analysis, the three issues in consistency conditions were revealed.

These issues were commonly caused by the existence of the total divergent terms like “

∂i

[
H

(i)
α1β1

δ(n)(x− y)
]

”. Then Prescription 1 was introduced, and it demanded appropriate

spatial boundary conditions if it is necessary. Since all computations of consistency condi-

tions have to be based on the well-defined PB-algebras, Prescription 1 should be imposed at

every step of evaluating PB-algebras when emerging new constraints. As the points to be
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careful, for a theory with the characteristics of diffeomorphism invariance, without any loss

of generality, Prescription 1 can be applicable. If this is not the case, however, the applica-

tion of Prescription 1 provides the result of a special sector of the full theory. Nevertheless,

this prescription circumvents the three issues, therefore, the result is exact and reliable; it is

not a speculation.

For the analyses of GR and TEGR, on one hand, the analysis leads to two pDoF for

each theory without Prescription 1. For that of CGR, there is a question as mentioned in

footnote 4. The investigation of this question is a future work. On the other hand, for the

analyses of non-linear extensions of these theories, we assumed the imposition of Prescrip-

tion 1. This prescription generically demanded the spatial boundary condition of vanishing

the shift vector on the spatial boundary: Ni(t , ∂Σt) := 0. Otherwise, for fGR and fTEGR,

some additional degrees of freedom appeared due to the breaking of the closed PB-algebras

of first-class constraints (second issue), and then, caused by it, the Dirac matrix arises. It

might cause a reduction of its rank (first issue). fCGR had the same issue as the latter case.

fTEGR and fCGR suffered from the pathological PDEs of the multipliers (third issue; See

Eq (7.17) in Section 7.1). fGR might also had such concern. The status of each subclass to

these issues is summarized as 7.1 as follows:

Table 7.1: Presence of issues in each non-linear extension of the geometrical trinity of gravity.
“ ⃝ ” denotes the theory is free from the issue, “ × ” denotes the theory suffers from the issue,
and Prescription 1 would be necessary. “ △ ” denotes the necessity of further investigating.

Subclass GR TEGR CGR fGR fTEGR fCGR
1st issue ⃝ ⃝ △ △ △ ×
2nd issue ⃝ ⃝ △ × × ⃝
3rd issue ⃝ ⃝ △ △ × ×

Prescription 1 removed these issues from the non-linear extended theories. For diffeomor-

phism theories, i .e ., f(
◦
R)- and f(T )-gravity, the generality of the results were remained.
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However, the coincident f(Q)-gravity, the result was restricted to a special sector. An anal-

ysis of the most generic sector is already performed in [Hu et al. (2022)], but the analysis

suffered from the first and third issues. In this regard, the most detailed investigation is

mandatory.

In particular, in the case of the non-linear extension of CGR, there are three possible

cases. The first criterion is the satisfaction of D(x ⇄ y) = 1. Since this is a mathematical

fact, it should be proved whether or not this statement holds, and the fact is common

for all subclasses once the truth is unveiled. The second criterion is the ignorance of the

total divergent term ∂i

[
H

(i)
α1β1

δ(n)(x− y)
]

under the imposition of some spatial boundary

condition. In this thesis, we have imposed Ni(t ,x) = 0 on the spatial boundaries commonly

to all subclasses or taken a specific foliation characterized by the normal vector given in

Eq (4.41). The current status is given in the following table 7.2:

Table 7.2: Three possibilities of pDoF in coincident f(Q)-gravity. “ ⃝ ” and “ × ” denote
the satisfaction and non-satisfaction of the condition, respectively. “BS” and “SB” denote
the bulk space and spatial boundaries, respectively.

Condition D(x ⇄ y) = 1 Ni(t ,x) = 0 (Ignorance of ∂i
[
H

(i)
α1β1

δ(n)(x− y)
]
) pDoF

Case 1 × × (Both on BS and SB) 8
Case 2 ⃝ × (Only on SB) 7
Case 3 Either ⃝ or × ⃝ (Only on SB) 6

The most reasonable approach to settle this controversy is to clarify whether or not D(x ⇄

y) = 1 holds. If D(x ⇄ y) = 1 then Case 2 or 3 are possible cases since the problematic

term in the PB-algebras among the primary constraints vanish without applying Prescription

1 [Tomonari and Bahamonde (2023)]. In this case, there appear at least the number of

three secondary constraint densities. In these cases, the most generic case is Case 2 with

no restriction to the shift vector although this case suffers form the first issue and third

issue; the latter is the same situation as that f(T )-gravity faced in Eq (7.104). Applying
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Prescription 1 to Case 2, two tertiary constraints arise, and Case 3 is resulted; this situation

is different from the f(T )-gravity case. Otherwise, only Case 1 is possible case [Hu et al.

(2022)] although it suffers from the first issue and third issue. Case 1 and/or Case 2 is

compatible with the recent works of the cosmological perturbation [Gomes et al. (2023b);

Heisenberg et al. (2023)] in the non-trivial branch I [Gomes et al. (2023a)]. Case 3 is still

alive for the trivial branch and non-trivial branch II, in which two tensor modes and up to

two scalar modes exist as propagating modes. A detailed description of these branches is

given in [Gomes et al. (2023b)].

It would be also viable either to alternate the method to count out the pDoF or to gener-

alize CGR itself into a theory without the coincident gauge: restoring STEGR. Concerning

the former case, the authors in [Errasti Díez et al. (2020, 2024)] proposed a new method of

degrees of freedom counting for first-order field theories. In this methodology, all procedures

proceed in Lagrange formulation; we do not make use of the problematic PB-algebras. For-

tunately, the method is applicable to CGR and fCGR since these subclasses are composed of

up to first-order derivatives. Concerning the latter case, when the diffeomorphism invariance

is restored, the analysis would be performed being analogous to the case of f(T )-gravity in

terms of vielbein formalism. Otherwise, an alternative formulation proposed in [Hu et al.

(2023)] is also viable. These considerations are important for future work.

Finally, we summarize the current status of the Dirac-Bergmann analysis of the geomet-

rical trinity of gravity and its non-linear extension. The analysis can be performed in the

following two formalisms: (i) Metric formalism and (ii) Vielbein formalism. In (i), the anal-

ysis can unveil the pDoF and the presence of diffeomorphism symmetry from the viewpoint

of gauge theory. In (ii), the analysis can unveil the pDoF and the presence not only of

diffeomorphism symmetry but also of internal space symmetry from the viewpoint of gauge

theory. Therefore, theoretically speaking, it is enough to analyze the latter case, although

computations are far more complicated relative to the former case. In this perspective, we
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could summarize the current status of our theories as follows:

Table 7.3: “MF” and “VF” denote the Dirac-Bergmann analysis in the metric formalism and
the vielbein formalism, respectively. “ ⃝ ” denotes the analysis is performed and has a
common understanding. “ × ” denotes the analysis is not performed. “ △ ” denotes the
analysis is performed, but there is no common understanding.

Subclass GR TEGR CGR fGR fTEGR fCGR
MF ⃝ × △ ⃝ × △
VF ⃝ ⃝ × × ⃝ ×

The analysis of GR in the vielbein formalism is performed in the works [Deser and Isham

(1976); Henneaux (1983); Charap and Nelson (1983a,b); D’Adda et al. (1985); Charap (1987);

Charap et al. (1988)]. Fulfilling this table by ⃝ is a great future work.
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Chapter 8

Conclusions
This thesis has quested the following three pillars: the well-posedness of variational prin-

ciple, the classification of the metric-affine gauge theories of gravity based on the unified

understanding of the geometric quantities in the metric-affine geometry, i.e., curvature, tor-

sion, and non-metricity in the Möbius representations, and the Hamiltonian/Dirac-Bergmann

analysis of the geometrical trinity of gravity and its non-linear extension.

The summary and future directions of the first pillar are given as follows: In Chapter 2,

a theory of analytical mechanics for theories of gravity, focusing on degenerate and higher-

order derivative point particle systems, was established. The Hamiltonian/Dirac-Bergmann

analysis unveiled the constraint structures such as the gauge symmetries and the possible

propagating degrees of freedom of a given degenerate system. In Chapter 3, a methodology

to make the variational principle well-posed in degenerate point particle systems was con-

structed. Throughout the consideration in Summary 3.9, in this thesis, the well-posedness

only with the primary constraints is assumed. This methodology is still developing in the

following two points; (i) The elucidation of the difference of treatment between the secondary

or more higher-order first-class constraints and that in the primary first-class constraints;

(ii) The extension to field theories in a generic manner. In Chapter 4, the general the-

ory of relativity was reconstructed. In particular, the geodesic equations and the Einstein

field equations are derived based on the well-posed variational principle being consistent

with the primary constraints. In particular, the latter derivation showed that the Gibbons-

York-Hawking term is automatically derived and the well-posedness being consistent with

all constraints would generate other sort of counter-terms but specific formulae were not

unveiled; this is a future work.
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The summary and future directions of the second pillar are given as follows: In Chapter 5,

a mathematical framework for gauge approach to gravity, i .e ., a bundle theory, is reviewed.

The Ehresmann connection and its curvature on a principle G-bundle was introduced, and

using these ingredients, the internal space bundle and frame fields were introduced together

with the Weitzenböch connection. The gauge structures of the metric-affine gauge theories

of gravity were engraved into the internal space. In Chapter 6, deriving the tangent bundle

of a spacetime manifold from a principal G-bundle, curvature tensor, and torsion tensor were

introduced. The curvature was automatically derived from the Ehresmann connection of the

given principle G-bundle, but the torsion was deduced as an analogy of the derivation of

the curvature. The non-metricity tensor was introduced separately from the above approach

and in an ad hoc manner by considering the covariant derivative. In order to construct

these three quantities in a unified manner and classify the metric-affine gauge theories of

gravity into eight subclasses, the Möbius representations were applied. Then teleparallel

equivalent to general relativity (TEGR) and symmetric teleparallel equivalent to general

relativity (STEGR) were formulated. In particular, for the STEGR subclass, imposing

the coincident gauge condition, coincident general relativity (CGR) is derived. Further,

those quadratic and non-linear extensions were also introduced. Notice, finally, that if it is

possible to further extend the metric-affine gauge group using a semi-direct product then a

new geometric quantity would be discovered, and then it would also be possible to construct

a new subclass of gravity. The investigation of this perspective is for an intriguing future

work.

The summary and future directions of the third pillar are given as follows: In Chapter

7, the Dirac-Bergmann analysis was performed for each subclass of the geometrical trinity

of gravity and its non-linear extension. First of all, the three issues on the Dirac-Bergmann

analysis were clarified. The first issue was that “the method to define the degeneracy/rank of

the matrix under the existence of the boundary terms”. This issue concerns the rank of the
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Dirac matrix, and, therefore, it determines the total number of second-class constraints; this

issue relates not only to the propagating degrees of freedom counting but also to the deter-

mination of Lagrange multipliers. The second issue was that “whether should the boundary

terms be also taken into account when classifying a constraint into either a first- or second-

class constraint”. This issue concerns the gauge symmetry of a given theory, and, therefore,

the constraint structure of the given theory, since first-class constraints form the genera-

tor of the symmetry. This issue becomes crucial in particular for diffeomorphism invariant

theories in those consistencies. The third issue was that “whether or not the solved phase

space variables ϕa and πb in the consistency conditions Eq (7.16), or equivalently, Eq (7.17),

and that of the field equations of motion are always consistent”. Where the meaning of this

consistency is that whether or not the functional forms of the Lagrange multipliers exist such

that the solutions of Eq (7.16) provide that of the field equations motion. Only when this

consistency is satisfied, the Dirac-Bergmann analysis can count out the propagating degrees

of freedom of a given theory. All of these issues are caused by the spatial boundary term

like “ ∂i
[
H

(i)
α1β1

δ(n)(x− y)
]

” in Eq (7.13), or more fundamentally, “ A(x)∂(x)i δ(3)(x−y) ” in

Eq (7.12). To manipulate the issues and make it possible to perform the Dirac-Bergmann

analysis reliably, Prescription 1 was proposed, stating that appropriate spatial boundary

conditions remove the spatial boundary terms from all PBs. In compensation for the use of

Prescription 1, the solution space of the given theory was restricted; the Dirac-Bergmann

analysis does not always unveil all propagating degrees of freedom of a given theory. In more

detail, for a theory with the characteristics of diffeomorphism invariance, on one hand, the

usage did not spoil any generality. On the other hand, for a theory with violating its diffeo-

morphism invariance, the result of the analysis lost its generality and generically provided

that of a special sector. Finally, based on Prescription 1, the Dirac-Bergmann analysis for

each subclass was performed, and the following results were obtained. (See Table 8.1.)

As for future directions of the third pillar, there are three problems; (i) To reveal the
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Table 8.1: Degrees of freedoms (DoF) of each subclass in 4-dimentional spacetime. “pDoF”,
“gDoF(Diffeo.)”, and “gDoF(Lorentz)” denote propagating DoF, diffeomorphism symmetry,
and local Lorentz symmetry, respectively. All analyses are based on Prescription 1. “ (△)
” denotes that further investigation based on the Dirac-Bergmann analysis is necessary (See
also Table 7.3 in Section 7.7.)

Subclass GR TEGR CGR fGR fTEGR fCGR
pDoF 2 2 2 (△) 2 + 1 2 + 3 2 + 4
gDoF(Diffeo.) 4 4 4 (△) 4 4 0
gDoF(Lorentz) 6 6 6 (△) 6 (△) 0 6 (△)

existence of each issue in each subclass (See Table 7.1 in Section 7.7); (ii) To perform the

Dirac-Bergmann analysis based on Prescription 1 for uncompleted subclasses (See Table 7.3

in Section 7.7); (iii) To settle down the controversies in coincident f(Q)-gravity (See Table 7.2

in Section 7.7.) More essentially, it should be investigated a mathematically correct way to

manipulate the spatial boundary terms. In particular, it is important to unveil whether or

not the consistency in the third issue is always satisfied since this problem relates directly

to the validity of the Dirac-Bergmann analysis.

Finally, as the future direction of this thesis, when completing the above problems (for

each subclass), the cosmological perturbation should be performed. (See Figure 1.1.) In this

stage, we should scrutinize the existence of (infinitely) strong couplings against a background

spacetime, which is a discrepancy between the true DoF derived from the Dirac-Bergmann

analysis and/or other alternative methodologies [Kaparulin et al. (2013); Errasti Díez et al.

(2020, 2024)] and the estimated DoF in the cosmological perturbation around a background

spacetime. In particular, aiming to the application to cosmology, the investigations of those

existences against Minkowski spacetime, the flat and non-flat FLRW spacetime are impor-

tant. If there exists a (infinitely) strong coupling then the theory cannot be applied to cosmol-

ogy since the perturbation theory breaks down. For instance, the Dirac-Bergmann analysis

unveiled that f(T )-gravity has five pDoF in a generic sector (See Section 7.5), whereas the lin-

ear perturbations around Minkowski spacetime [Golovnev and Guzman (2021); Beltrán Jiménez et al.
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(2021)], the flat and non-flat FLRW spacetime [Bahamonde et al. (2023b)] lead to only

two pDoF. This situation suggests that f(T )-gravity should not be applied in its current

form to cosmology in a theoretically consistent manner. The recent work also indicates

that the same pathology may appear in the coincident f(Q)-gravity [Beltrán Jiménez et al.

(2020b); Beltrán Jiménez and Koivisto (2021); Gomes et al. (2023a)]. That is, on one hand,

the linear perturbation theories around Minkowski spacetime and (the flat and non-flat)

FLRW spacetime lead to two, and, four, five, six or seven with respect to its connec-

tion dependence, respectively. On the other hand, as shown in Section 7.6, the possible

pDoF of the theory is six in a special sector [Tomonari and Bahamonde (2023)] or, either

seven [Tomonari and Bahamonde (2023)] or eight [Hu et al. (2022)] in a generic sector. The

modified/extended theories of gravity are valid for constructing cosmology only when the

issues are cured in some way, and the theory becomes a healthy one. Then, for each healthy

theory, the power spectrum of each ingredient should be derived for comparison to the recent

observations. (See Figure 1.1.) The perturbations and the power spectra of several subclasses

are already calculated. For GR and fGR, see Refs [De Felice and Tsujikawa (2010); Koivisto

(2006); Li et al. (2012)], for example. For TEGR and fTEGR, see Refs [Chen et al. (2011);

Izumi and Ong (2013); Bahamonde et al. (2023a,b)], for example. For CGR and fCGR, see

Refs [Beltrán Jiménez et al. (2020b); Gomes et al. (2023b,a); Heisenberg et al. (2023)], for

example. For perturbations of the metric-affine gauge theories of gravity, see Ref [Aoki et al.

(2023)] for example. It would be intriguing to scrutinize the late-time accelerated expansion

of the universe (, or equivalently, dark energy problem, cosmological constant problem,) and

the tension problems based on healthy models.
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Figure 8.1: Modern framework for cosmology (Future direction)
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Appendix A

PB-algebras of coincident f (Q)-gravity in

(n + 1)-dimensional spacetime
In the below calculations, all spatial boundary terms are neglected according to Prescription

1 as discussed in Section 7.1. The assumed spatial boundary conditions are Ni(t , ∂Σt) := 0

for each leaf Σt. In this appendix, the Poisson brackets are denoted as “ {· , ·} ” (abbreviate

“ P.b. ”). Also, the argument “ (t ,x) ” is abbreviated as “ x ”. We abbreviate the notation of

“ ∗ ” for the phase space variables.

The PB-algebras among the primary constraint densities ϕ(1)
A (A ∈ {0, i, φ}; i ∈ {1, 2, · · · , n})

and the density H0:

{ϕ(1)
0 (x) ,H0(y)} =

[
−Cf(Q)

0 −
√
h

N

N i

N
f ′′ (∂jN j∂iφ− ∂iN

j∂jφ
)]
δ(n)(x− y) ,

{ϕ(1)
i (x) ,H0(y)} =

[
−Cf(Q)

i +
1

n− 1

f ′′

f ′ π∂iφ

]
δ(n)(x− y) ,

{ϕ(1)
φ (x) ,H0(y)} =

[
−H′

0 −
1

n− 1

f ′′

f ′ π∂iN
i

]
δ(n)(x− y) ,

(A.1)

where H′
0 is defined by

H′
0 := N

√
h

[
−f ′′

{
(n)Q− φ+

1

h

(
1

f ′

)2(
πijπij −

1

n− 1
π2

)}
+

◦
Di

{
f ′′
(
(n)Q

i − (n)Q̄
i
)}

− 1

N

N I

N
f ′′′ (∂jN j∂iφ− ∂iN

j∂jφ
)]

,

(A.2)
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and Cf(Q)
0 is computed as follows:

Cf(Q)
0 :=−

√
h

[
f ′(n)Q−

◦
Di

{
f ′
(
(n)Q

i − (n)Q̄
i
)}

+ f − φf ′ − 1

hf ′

(
πijπij −

1

n− 1
π2

)]
.

(A.3)

Cf(Q)
i does not change from Eq (7.120) excepting the range of summations. The PB-algebras

among two of the primary constraint densities ϕ(1)
A (A ∈ {0, i, φ}; i ∈ {1, 2, · · · , n}) and the

density H0:

{{ϕ(1)
0 ,H0}(x) , ϕ(1)

0 (y)} =

√
h

N

N i

N

2

N
f ′′ (∂jN j∂iφ− ∂iN

j∂jφ
)
δ(n)(x− y) ,

{{ϕ(1)
0 ,H0}(x) , ϕ(1)

i (y)} =
1

n− 1

1

N

f ′′

f ′ π∂iφδ
(n)(x− y) ,

{{ϕ(1)
0 ,H0}(x) , ϕ(1)

φ (y)} =

[
√
hf ′′

{
(n)Q− φ+

1

h

(
1

f ′

)2(
πijπij −

1

n− 1
π2

)}
− 1

n− 1

1

N

f ′′

f ′ π∂iN
i

−
√
h

N

N i

N
f ′′′ (∂jN j∂iφ− ∂iN

j∂jφ
)]
δ(n)(x− y) .

(A.4)

{{ϕ(1)
i ,H0}(x) , ϕ(1)

0 (y)} =− 1

N

√
h

N
f ′′ (∂jN j∂iφ− ∂iN

j∂jφ
)
δ(n)(x− y) ,

{{ϕ(1)
i ,H0}(x) , ϕ(1)

j (y)} =
n

2(n− 1)

h

N

(f ′′)2

f ′ ∂iφ∂jφδ
(n)(x− y) ,

{{ϕ(1)
i ,H0}(x) , ϕ(1)

φ (y)} =

[√
h

N
f ′′′ (∂jN j∂iφ− ∂iN

j∂jφ
)
+

1

n− 1

1

f ′π∂iφ

(
f ′′′ − f ′′

f ′

)

− n

2(n− 1)

√
h

N

(f ′′)2

f ′ ∂jN
j∂iφ

]
δ(n)(x− y) .

(A.5)

252



{{ϕ(1)
φ ,H0}(x) , ϕ(1)

0 (y)} =

[
√
hf ′′

{
(n)Q− φ+

1

h

(
1

f ′

)2(
πijπij −

1

n− 1
π2

)
− f ′′′

f ′′ ∂iφ
(
(n)Q

i − (n)Q̄
i
)}

− 2
√
h

n− 1

f ′′

f ′ π∂iN
i +

1

n− 1

f ′′

f ′
1

N
π∂iN

i

−
√
h

N

N i

N
f ′′′ (∂JN j∂iφ− ∂iN

j∂jφ
)]
δ(n)(x− y),

{{ϕ(1)
φ ,H0}(x) , ϕ(1)

i (y)} =

[
− n

2(n− 1)

√
h

N

(f ′′)2

f ′ ∂jN
j∂iφ− 1

n− 1

f ′′′

(f ′)2
∂iφ

+

√
h

N
f ′′′ (∂jN j∂iφ− ∂iN

j∂jφ
)
+

1

n− 1

π

f ′

(
f ′′′ − f ′′

f ′

)
∂iφ

]
δ(n)(x− y),

{{ϕ(1)
φ ,H0}(x) , ϕ(1)

φ (y)} =

[
−H′′

0 +
1

n− 1

(
f ′′

f ′

)2

π∂iN
i − 1

n− 1

1

f ′

(
f ′′′′ − f ′′

f ′

)
∂iN

i

+
n

2(n− 1)

√
h
(f ′′)2

f ′ ∂iN
i∂jN

j

]
δ(n)(x− y) ,

(A.6)

where H′′
0 is defined as follows:

H′′
0 := N

√
h

[
−f ′′′ ((n)Q− φ

)
+ f ′′ − 1

h

1

N

(
1

f ′

)2(
1− 2

f ′

)(
πijπij −

1

n− 1
π2

)
+

◦
Di

{
f ′′′
(
(n)Q

i − (n)Q̄
i
)}

− 1

N

N i

N
f ′′′′ (∂JN j∂iφ− ∂iN

j∂jφ
)]

.

(A.7)

The PB-algebras among the primary constraint densities ϕ(1)
A (A ∈ {0, i, φ}; i ∈ {1, 2, · · · , n}),

Ai/B, Ci/B, and the density H0 are calculated as follows:

{
{ϕ(1)

A ,H0}(x) ,
(
Ai

B

)
(y)

}
= 0 ,

{
{ϕ(1)

A ,H0}(x) ,
(
Ci

B

)
(y)

}
= 0 . (A.8)

The PB-algebras among the primary constraint densities ϕ(1)
A (A ∈ {0, i, φ}; i ∈ {1, 2, · · · , n}),

Ai/B, and Ci/B are calculated as follows:

{(
Ai

B

)
(x) , ϕ

(1)
0 (y)

}
= 0 ,

{(
Ci

B

)
(x) , ϕ

(1)
0 (y)

}
= − 1

f ′′
1

∂iN i
f ′′′∂iφδ

(n)(x− y) . (A.9)
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{(
Ai

B

)
(x) , ϕ

(1)
j (y)

}
= 0 ,

{(
Ci

B

)
(x) , ϕ

(1)
j (y)

}
= 0 . (A.10)

{(
Ai

B

)
(x) , ϕ(1)

φ (y)

}
= 0 ,

{(
Ci

B

)
(x) , ϕ(1)

φ (y)

}
= N

1

∂iN i

1

f ′′

[
(f ′′′)2

f ′′ − f ′′′′
]
∂iφδ

(n)(x−y) .

(A.11)
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Appendix B

The explicit formulae of α and βij
α :=

1

2

n

n− 1

h

N

(f ′′)2

f ′ +
1

n− 1

1

N

f ′′′

f ′
1

∂iN i
π

+
1

∂kNk

[√
h

N
∂kN

k +
1

n− 1

1

f ′π

(
f ′′′ − f ′′′

f ′

)
− n

2(n− 1)

√
h

N

(f ′′)2

f ′ ∂kN
k

]

+
1

∂kNk

[
− n

2(n− 1)

√
h

N

(f ′′)2

f ′ ∂kN
k − 1

n− 1

f ′′

(f ′)2
+

√
h

N
f ′′′∂kN

k − 1

n− 1

1

f ′

(
f ′′′′ − f ′′

f ′

)
∂kN

k

]

− f ′′′

∂kNk

[√
h

N
∂kN

k

]
+

(
1

∂kNk

)2

N
f ′′′′

f ′′ {ϕ
(1)
0 ,H0}

+

(
1

∂kNk

)2(
f ′′′

f ′′

)2

{{ϕ(1)
0 ,H0}, ϕ(1)

0 }+
(

1

∂kNk

)2
f ′′′

f ′′ N{{ϕ(1)
0 ,H0}, ϕ(1)

φ }

+

(
1

∂kNk

)2
f ′′′

f ′′ N{{ϕ(1)
φ ,H0}, ϕ(1)

0 }+
(

1

∂kNk

)2

{{ϕ(1)
φ ,H0}, ϕ(1)

φ }

(B.1)

βI
J := − 1

∂KNK

√
h

N
f ′′′∂JN

I . (B.2)
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Appendix C

Inönü-Wigner contraction of metric-affine geometry and

its extensions
In this Appendix, based on the unified description of curvature, torsion, and non-metricity

(or equivalently, dilation and shear) given Section 6.2 and in Ref [Tomonari (2023a)], the

relationships between the algebraic structure and geometric quantities of each geometry

are scrutinized by using the so-called Inönü-Wigner contraction. The ultimate purpose is to

beyond the metric-affine geometry and to pursue a new class of geometry and its gauge theory

of gravity. First, the Inönü-Wigner contraction is introduced. Second, the contractions of

the metric-affine geometry and its extension are performed. Finally, the de Sitter/anti-de

Sitter cases are discussed.

Inönü-Wigner contraction is a method of parametrizing a Lie algebra to decompose it into

subalgebras [Segal (1951); Inonu and Wigner (1953); Lord (1985); Weimar-Woods (1995);

Khasanov and Kuperstein (2011); Subag et al. (2012)]. The contraction is originally valid

not only for Lie algebras but also for those representations, but, in this paper, we discuss

only the contraction of Lie algebras.

Let G be a Lie group and g be its Lie algebra. Then an element g = g(τi) ∈ G, where

τi (i = 1 , 2 , · · · , t) are the number of t group parameters, leads to an element of the Lie

algebra of G as its derivative with respect to the unit element e ∈ G. Let Ii be such elements

of the Lie algebra. Then the following commutation relations hold:

[Ii , Ij] = Ck
ijIk , (C.1)

where [ · , · ] is the Lie bracket and Ck
ij are the structure constants of the Lie algebra. For
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this algebra, a transformation of the elements Ii and the group parameters τi is introduced

as follows:

I ′i = P j
iIj , τ ′i = P j

iτj , (C.2)

where P j
i is a parametrization matrix. If the matrix is non-singular then the above transfor-

mation is just an automorphism of the Lie algebra. However, if it is singular, the situation

gets changed; a subalgebra can be obtained. In particular, it is an intriguing case that the

singularity is realized as some limits of the parameters.

A simple case is the contraction by the following matrix:

P i
j =

 1r×r 0r×(n−r)

0(n−r)×r 0(n−r)×(n−r)

+

 ϵαβ 0r×(n−r)

0(n−r)×r ϵᾱβ̄

 , (C.3)

where ϵαβ ∈ (0 , 1], ϵᾱβ̄ ∈ (0 , 1], α , β ∈ {1 , 2 , · · · , t′ < t}, and ᾱ , β̄ ∈ {t′ + 1 , t′ + 2 , · · · , t}.

Then, on one hand, the elements Ii and those algebras are transformed as follows:

I ′i = (δαi + δβiϵ
α
β)Iα + δβ̄ iϵ

ᾱ
β̄Iᾱ , (C.4)

and

[I ′i , I
′
j]ϵ = δαiδ

β
iC

γ
αβIγ +O(ϵ) , (C.5)

respectively, where [ · , · ]ϵ denotes the Lie brackets of the transformed elements I ′i. Let gϵ

and Gϵ denote a new Lie algebra that is generated by I ′i with satisfying the above algebra

and the Lie group of gϵ, respectively. Notice that gϵ and Gϵ include g and G as a special

case of ϵαβ → +0 and ϵᾱβ̄ → δᾱβ̄, where “ +0 ” means the right-limit to zero in (0 , 1].

Therefore, if the limit of the transformation of the above algebras with respect to ϵαβ → +0
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and ϵᾱβ̄ → +0 exists then the following new algebra is obtained:

[I ′α , I
′
β]ϵ→+0 = Cγ

αβI
′
γ . (C.6)

That is, a new subalgebra g0 = gϵ→+0 = ⟨I ′ᾱ⟩ is obtained, and g0 generates the Lie group

G0 = Gϵ→+0. On the other hand, the group parameters τi are contracted as follows:

τ ′α = τα + ϵβατβ → τα (ϵβα → +0) ,

τ ′ᾱ = ϵβ̄ ᾱτβ̄ → 0 (ϵβ̄ ᾱ → +0) .

(C.7)

Notice that the group parameters τ ′ᾱ of the group Gϵ converge to zero while remaining the

corresponding parameters τβ̄ of G. Since Gϵ includes not only G but also G0, this means

that the parametrization given in Eq (C.2) extended the original group G into a larger group

Gϵ as a topological space.

Now, first of all, let us consider the contraction of the metric-affine group. The Lie

algebra of MA(n+ 1 ; R) is summarized as follows:

[PI , PJ ] = 0 , [EI
J , PK ] = δIKPJ , [EI

J , E
K

L] = δILE
K

J − δKJE
I
L ,

[D ,D] = 0 , [D ,PI ] = PI , [D ,EI
J ] = 0 ,

[SI
J , PK ] = δIKPJ , [SI

J , E
K

L] = 0 , [SI
J , D] = 0 , [SI

J , S
K

L] = 0 .

(C.8)

A parametrization for the Inönü-Wigner contraction of the above algebra can be set as

follows:

P ′
I = ϵ(P )PI , E ′I

J = ϵ(E)EI
J , D′ = ϵ(D)D , S ′I

J = ϵ(S)SI
J , (C.9)

where ϵ(P ), ϵ(E), ϵ(D), and ϵ(S) are a set of parameters and belong to the range (0 , 1]. Here-

inafter, let us denote the parameter space spanned by the above parameters as

ϵ type of contraction/geometry in MA = (ϵ(P ) , ϵ(E) , ϵ(D) , ϵ(S)), where “type of contraction/geometry
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in MA” denotes a geometry which is obtained by performing the contraction. Hereinafter,

we use this notation. Then the above algebras are parameterized as follows:

[P ′
I , P

′
J ] = 0 , [E ′I

J , P
′
K ] = ϵ(E)δIKP

′
J , [E ′I

J , E
′K

L] = ϵ(E)(δILE
′K

J − δKJE
′I
L) ,

[D′ , D′] = 0 , [D′ , P ′
I ] = ϵ(D)P ′

I , [D′ , E ′I
J ] = 0 ,

[S ′I
J , P

′
K ] = ϵ(S)δIKP

′
J , [S ′I

J , E
′K

L] = 0 , [S ′I
J , D

′] = 0 , [S ′I
J , S

′K
L] = 0 .

(C.10)

Notice that this algebra does not explicitly contain the parameter ϵ(P ). Therefore, it is

enough to express the parameter space without ϵ(P ) as ϵ type of contraction/geometry in MA =

(ϵ(E) , ϵ(D) , ϵ(S)), and there are eight possible contractions. Of course, if all parameters are

taken to be unity then the above algebra (C.10) results in the original algebra (C.8). In

terms of the parameter space notation, the algebra is expressed as ϵ Ln+1 = (1 , 1 , 1).

The contraction generated by the parameters ϵ Yn+1 = (1 , 1 ,+0) derives the following

algebras:

[P ′
I , P

′
J ] = 0 , [E ′I

J , P
′
K ] = δIKP

′
J , [E ′I

J , E
′K

L] = δILE
′K

J − δKJE
′I
L ,

[D′ , D′] = 0 , [D′ , P ′
I ] = P ′

I , [D′ , E ′I
J ] = 0 ,

[S ′I
J , P

′
K ] = 0 , [S ′I

J , E
′K

L] = 0 , [S ′I
J , D

′] = 0 , [S ′I
J , S

′K
L] = 0 .

(C.11)

This is nothing but the algebra of the Weyl geometry. In this algebra, the shear given in

Eq (6.53) vanishes, i .e ., ↗∆ = 0, for the metric tensor of the internal space with satisfying

the following equations:

gIK∂µgKJ =
1

n
δIJ g

LM∂µgLM . (C.12)

The contraction generated by the parameters ϵ Yn+1 with vanishing dilation = (1 ,+0 , 1) leads to
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the following algebras:

[P ′
I , P

′
J ] = 0 , [E ′I

J , P
′
K ] = δIKP

′
J , [E ′I

J , E
′K

L] = δILE
′K

J − δKJE
′I
L ,

[D′ , D′] = 0 , [D′ , P ′
I ] = 0 , [D′ , E ′I

J ] = 0 ,

[S ′I
J , P

′
K ] = δIKP

′
J , [S ′I

J , E
′K

L] = 0 , [S ′I
J , D

′] = 0 , [S ′I
J , S

′K
L] = 0 .

(C.13)

Then the dilation given in Eq (6.46) vanishes, i .e ., ∆ = 0 for the metric tensor of the

internal space with satisfying the following equations:

gIJ∂µgIJ := 0 . (C.14)

Therefore, choosing a constant metric tensor, gIJ = cIJ , is a possible gauge condition for

vanishing non-metricity. That is, a flat internal space does not have non-vanishing non-

metricity. Remark that Conditions (C.12) and (C.14) can be independently imposed.

In the same manner, the contraction generated by ϵ Un+1 = (1 ,+0 ,+0) derives the

algebra of the Riemann-Cartan geometry as follows:

[P ′
I , P

′
J ] = 0 , [E ′I

J , P
′
K ] = δIKP

′
J , [E ′I

J , E
′K

L] = δILE
′K

J − δKJE
′I
L ,

[D′ , D′] = 0 , [D′ , P ′
I ] = 0 , [D′ , E ′I

J ] = 0 ,

[S ′I
J , P

′
K ] = 0 , [S ′I

J , E
′K

L] = 0 , [S ′I
J , D

′] = 0 , [S ′I
J , S

′K
L] = 0 .

(C.15)

The algebras in the first line above are nothing but the affine algebra. In the same manner

as the cases of the dilation and the shear, the full contraction, i .e ., ϵ 0 = (+0 ,+0 ,+0) does

not lead directly to the vanishing curvature and/or torsion as follows:

T = de−1 , Ω(E) = dω(E) . (C.16)

That is, to vanish the torsion and/or curvature 2-forms, some additional conditions are
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necessary. Using Eq (6.36), the condition of vanishing torsion is given as follows

de−1 + d2ζ = de−1 := 0 , (C.17)

This is nothing but just imposing T := 0. That is, the theory is consistent. In the case of

the curvature, the so-called Weitzenböch gauge condition

ω(E) := 0 , or equivalently , ω(E)I
µJ := 0 (C.18)

realizes the vanishing curvature. Under the imposition of the above two conditions, the

geometry becomes either En+1 or Mn+1. In Section 5.4, in particular, the Weitzenböch

connection is derived as in Eq (5.40). Under the imposition of Eq (C.18), the connection is

given as follows:

Γ̃ρ
µν = eI

ρ∂µe
I
ν . (C.19)

Using Eq (6.8) in a coordinate/holonomic basis, the vanishing torsion is equivalent to the

existence of the so-called Stükelberg fields, denoted by η = ηIξI , as follows:

eIµ = ∂µη
I , or equivalently, e−1 = eI ⊗ ξI = dηI ⊗ ξI . (C.20)

This, of course, satisfies Eq (C.17). Therefore, even if the flat geometries En+1 or Mn+1,

the internal space still has the degrees of freedom of the Stükelberg fields. Furthermore,

the imposition of the so-called coincident gauge condition [Beltrán Jiménez et al. (2018);

Beltrán Jiménez and Koivisto (2022)], ηI = AI
µx

µ + BI , where xµ are the coordinates of a

point in the base space M, AI
µ ∈ G(n + 1 ; R) (it is a global symmetry), and B = ξIB

I

is a constant vector with respect to the global symmetry, then the Weitzenböch connection

given in Eq (C.19) vanishes.
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Finally, let us consider the contraction generated by ϵ abelian MA = (+0 , 1 , 1). The algebra

is given as follows:

[P ′
I , P

′
J ] = 0 , [E ′I

J , P
′
K ] = 0 , [E ′I

J , E
′K

L] = 0 ,

[D′ , D′] = 0 , [D′ , P ′
I ] = P ′

I , [D′ , E ′I
J ] = 0 ,

[S ′I
J , P

′
K ] = δIKP

′
J , [S ′I

J , E
′K

L] = 0 , [S ′I
J , D

′] = 0 , [S ′I
J , S

′K
L] = 0 ,

(C.21)

where “abelian” in the subscript of the parameter space means that the algebras in the first

line above, which was the Poincare algebra before performing the contraction, turn now to

be a set of commutative algebras. Hereinafter, we use this notation. Imposing Eqs (C.17)

and (C.18), the curvature and the torsion vanish; the geometry turns into the symmetric

teleparallel geometry, Sn+1, which is described only by the dilation and shear, or equivalently,

the non-metricity. Notice that Eq (C.19) and Eq (C.20) hold for the contraction generated

by ϵ abelian MA = (+0 , 1 , 1). The dilation-free case, ϵ abelian MA with dilation−free = (+0 ,+0 , 1),

and the shear-free case, ϵ abelian MA with shear−free = (0+ , 1 ,+0), can be constituted in the

same manner.

Second, let us consider an extension of the metric-affine group. An extension of the Lie

algebra of MA(n+ 1 ; R), let us denote EMA(n+ 1 ; R), can be given follows:

[PI , PJ ] = 0 , [EI
J , PK ] = C(A3)IL

JKPL , [EI
J , E

K
L] = C(A6)IKN

JLME
M

N ,

[D ,D] = 0 , [D ,PI ] = C(W4)J
IPJ , [D ,EI

J ] = C(W9)I
JD ,

[SI
J , PK ] = C(MA1)IL

JKPL , [SI
J , E

K
L] = C(MA16)IKM

JLNS
N

M ,

[SI
J , D] = 0 , [SI

J , S
K

L] = 0 .

(C.22)

If C(A3)IL
JK = δIKδ

L
J , C(A6)IKN

JLM = δILδ
K

Mδ
N

J−δIMδKJδ
N

L, C(W4)J
I = δJ I , C(MA1)IL

JK =

δIKδ
L
J , and otherwise vanish then the Lie algebra ema(n+ 1 ; R) of EMA(n+ 1 ; R) turns

into that of MA(n+1 ; R). Therefore, the algebra of Eq (C.22) is an extension of the algebra
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of Eq (C.8). Another important algebra, which includes the Poincare algebra as a subal-

gebra, is obtained under the following structure constants: C(A3)IL
JK = δIKδ

L
J − gILgJK ,

C(A6)IKN
JLM = gIKgJMδ

N
L − gKN gJMδ

I
L − δKJδ

I
Mδ

N
L + gKN gJLδ

I
M , C(W4)J

I = δJ I ,

C(MA1)IL
JK = δIKδ

L
J , and otherwise vanish. Then ema(n ; R) is an extension of the Poincare

algebra with the dilation and the shear. Hereinafter, however, we treat the algebra (C.22)

without specifying the structure constants: after obtaining a contraction, we specify a set

of structure constants and then develop a theory of gravity, although constructing physical

theories is out of scope of the current thesis.

The parametrization given in Eq (C.9) is also taken for the above algebra (C.22) to

perform the contraction. Then the parametrized algebra of Eq (C.22) is given as follows:

[P ′
I , P

′
J ] = 0 , [E ′I

J , P
′
K ] = ϵ(E)C(A3)IL

JKP
′
L , [E ′I

J , E
′K

L] = ϵ(E)C(A6)IKN
JLME

′M
N ,

[D′ , D′] = 0 , [D′ , P ′
I ] = ϵ(D)C(W4)J

IP
′
J , [D′ , E ′I

J ] =
ϵ(D)ϵ(E)

ϵ(P )
C(W9)IK

JP
′
K ,

[S ′I
J , P

′
K ] = ϵ(S)C(MA1)IL

JKP
′
L , [S ′I

J , E
′K

L] =
ϵ(S)ϵ(E)

ϵ(P )
C(MA16)IKM

JLP
′
M ,

[S ′I
J , D

′] = 0 , [S ′I
J , S

′K
L] = 0 .

(C.23)

Notice that this algebra explicitly contains the parameter ϵ(P ). Therefore, we use the

parameter space ϵ type of contraction/geometry in EMA = (ϵ(P ) , ϵ(E) , ϵ(D) , ϵ(S)). This is a differ-

ent situation from the contraction of the metric-affine algebra. The geometric quanti-

ties of the contraction generated by ϵ 0 = (1 ,+0 ,+0 ,+0), ϵ abelian EMA = (1 ,+0 , 1 , 1),

ϵ abelian EMA with dilation−free = (1 ,+0 ,+0 , 1), and ϵ abelian EMA with shear−free = (1 ,+0 , 1 ,+0)

are constructed in the same manner as the metric-affine case up to the difference of structure

constants (local symmetry). That is, the departures from the metric-affine case are caused

by the non-vanishing parameter ϵ(E).

Let us consider the geometric quantities in the contraction generated by ϵ EMA = (1 , 1 , 1 , 1).
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Then the curvature and torsion 2-forms are given as Eq (6.39). The dilation and shear 2-

forms, which are given as Eq (6.46) and Eq (6.53), respectively, are changed as follows:

∆ =
1

n
Tr (Q ) e−1 + ω(E) ∧ ω(D) (C.24)

and

↗∆ =

(
Q− 1

n
Tr (Q )

)
e−1 + ω(E) ∧ ω(S) , (C.25)

respectively. These changes are caused by the violation of the commutativity of D and

EI
J , and, SI

J and EI
J . Of course, the contraction generated by ϵ EMA with dilation−free =

(1 , 1 ,+0 , 1) and ϵ EMA with shear−free = (1 , 1 , 1 ,+0) leads to ∆ = 0 and ↗∆ = 0 under the

imposition of the gauge conditions given in Eq (C.14) and Eq (C.12), respectively.

The parameter space ϵ type of contraction/geometry in EMA = (0+ , ϵ(E) , ϵ(D) , ϵ(S)) provides a

set of new sort of geometric quantities. The coefficients of the third algebra of the sec-

ond line and that of the second algebra of the third line in the algebra (C.23) diverge

unless an appropriate set of the parameters ϵ(E), ϵ(D), and ϵ(S) converges to zero simulta-

neously. The case of ϵ abelian EMA = (+0 ,+0 , ϵ(D) , ϵ(S)) is the same situation as that of

ϵ abelian MA = (+0 , 1 , 1) in the metric-affine case up to the difference of structure constants

(local symmetry). Therefore, the intriguing cases are those of parameter spaces given by

ϵ type of contraction/geometry in EMA = (+0 , 1 , ϵ(D) , ϵ(S)). If the contraction is performed by the

parameters ϵ EMA with shear−free = (+0 , 1 , 1 ,+0) under the imposition of the gauge condi-

tions (C.12) and (C.14) then the dilation given in Eq (C.24) remains but the shear given in

Eq (C.25) turns into ↗∆ = ω(E) ∧ ω(S). In the case of ϵ EMA with dilation−free = (+0 , 1 ,+0 , 1)

under the same gauge conditions (C.12) and (C.14), the shear given in Eq (C.25) remains

but the dilation given in Eq (C.24) turns into ∆ = ω(E) ∧ ω(D). Remark, here, that the lim-

itations of ϵ(D) → +0 and ϵ(S) → +0 are taken in the same order magnitude as ϵ(P ) → +0.

The important point here is that these two algebras provide new geometric quantities, which
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are different from the dilation, the shear, or the non-metricity while holding the richness

of the curvature and torsion 2-forms. This richness together with new geometric quantities

would beyond the metric-affine geometry and yield a new class of gauge theories of gravity.

Finally, let us consider the following extended dS/AdS Lie algebra:

[PI , PJ ] = C(A2)K
IJLE

L
K , [EI

J , PK ] = C(A3)IL
JKPL ,

[EI
J , E

K
L] = C(A6)IKN

JLME
M

N ,

[D ,D] = 0 , [D ,PI ] = PI , [D ,EI
J ] = 0 ,

[SI
J , PK ] = δIKPJ , [SI

J , E
K

L] = 0 , [SI
J , D] = 0 , [SI

J , S
K

L] = 0 ,

(C.26)

where C(A2)K
IJL = ϵδKJgIL, C(A3)IL

JK = δIKδ
L
J−gILgJK , and C(A6)IKN

JLM = gIKgJMδ
N

L−

gKN gJMδ
I
L − δKJδ

I
Mδ

N
L + gKN gJLδ

I
M . If ϵ = +1 ,−1 then the algebras of the first line

become that of the de Sitter space and anti-de Sitter space, respectively [de Sitter (1917);

Wise (2010); Blagojevic and Hehl (2012); Blagojević and Hehl (2013)]. The case of ϵ = 0 is

contained as a special case of the extended metric-affine algebra in the previous section 7.3.

In order to perform the contraction, the generators PI , EI
J , D, and SI

J are parametrized

by Eq (C.9). Then the following parametrized Lie algebras are derived:

[P ′
I , P

′
J ] =

(ϵ(P ))2

ϵ(E)
C(A2)K

IJLE
′L

K , [E ′I
J , P

′
K ] = ϵ(E)C(A3)IL

JKP
′
L ,

[E ′I
J , E

′K
L] = ϵ(E)C(A6)IKN

JLME
′M

N ,

[D′ , D′] = 0 , [D′ , P ′
I ] = ϵ(D)P ′

I , [D′ , E ′I
J ] = 0 ,

[S ′I
J , P

′
K ] = ϵ(S)δIKP

′
J , [S ′I

J , E
′K

L] = 0 , [S ′I
J , D] = 0 , [S ′I

J , S
′K

L] = 0 .

(C.27)

The contraction of the above algebra generated by ϵ Poincare in extended dS/AdS = (+0 , 1 , ϵ(D) , ϵ(S))

results in that of the algebra ema(n+1 ,R) generated by ϵ Poincare in EMA = (ϵ(P ) , 1 , ϵ(D) , ϵ(S)),

where ϵ(P ), ϵ(D), and ϵ(S) can be taken as an arbitrary value in (0 , 1]. So is for the contraction
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of algebras between that generated by ϵ abelian Poincare in extended dS/AdS = (+0 ,+0 , ϵ(D) , ϵ(S))

in the extended dS/AdS algebra and that generated by

ϵ abelian Poincare in EMA = (ϵ(P ) ,+0 , ϵ(D) , ϵ(S)) in the extended metric-affine algebra under the

choice of the structure constants as the Poincare algebra. Remark, here, that the contractions

generated by ϵ type of contraction/geometry in extended dS/AdS = (1 ,+0 , ϵ(D) , ϵ(S)) do not exist due

to the divergence of the factor (ϵ(P ))2/ϵ(E) of the first algebra in the first line. Therefore, it

is enough to consider the case of ϵ type of contraction/geometry in extended dS/AdS = (1 , 1 , ϵ(D) , ϵ(S)).

The contraction generated by ϵ type of contraction/geometry in extended dS/AdS = (1 , 1 , ϵ(D) , ϵ(S))

alternates the curvature 2-form given in Eq (6.39) as follows

Ω(E) = d∇ω
(E) = dω(E) + ω(E) ∧ ω(E) + e−1 ∧ e−1 . (C.28)

The torsion 2-form given in Eq (6.39) does not change. So are the dilation and shear 2-forms,

which are given in Eq (6.46) and Eq (6.53), respectively. Notice that a new geometrical

quantity arises; the above quantity is not the curvature 2-form in the sense of the metric-

affine geometry due to the existence of the third term. That is, this departure in Eq (C.28)

from the metric-affine geometry would yield a new class of gauge theories of gravity. In

addition, this geometry is not just the (anti-)de Sitter geometry due to the existence of the

dilation and the shear (, or equivalently, the non-metricity).

Finally, it is known that the third term in Eq (C.28) relates to the so-called cosmological

constant in general relativity if the torsion, the dilation, and the shear vanish [MacDowell and Mansouri

(1977); Wise (2010)]. In order to realize this, of course, it is enough to perform further con-

traction generated by ϵ dS/AdS = (1 , 1 ,+0 ,+0) and to impose the torsion-free condition

given in Eq (C.17) and the gauge conditions (C.12) and (C.14). In addition, the contraction

generated by ϵ Vn+1 = (+0 , 1 ,+0 ,+0) removes out the third term in Eq (C.28), and the

geometry results in the (semi-)Riemann geometry; this is nothing but the contraction of the
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metric-affine geometry generated by ϵ Vn+1 = (1 ,+0 ,+0).
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