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Abstract

This thesis consists of two parts. In the first part of this thesis, we study
the constructions of certain K3 surfaces in particular singular K3 surfaces with
discriminant 3, 4 and 7. We give a construction of the singular K3 surface with
discriminant 3 as a double covering over the projective plane. Moreover, we can
generalize this construction and obtain 3-dimensional moduli space of K3 surfaces
and give the characterization of the K3 surfaces that appear in this moduli space.

In the second part of this thesis, we focus on the natural action of automor-
phism groups of K3 surfaces on hyperbolic spaces, which come from the action
on the cohomology of degree 2. Then we can consider the symplectic automor-
phism group of a K3 surface as a geometrically finite group. By applying the
result of Tomohiro Fukaya, we show that the virtual cohomological dimension of
the automorphism group of a K3 surface is determined by the covering dimension
of the blown-up boundary associated with the ample cone of the K3 surface.
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Chapter 1

Introduction

1.1 Singular K3 surfaces
A compact complex surface X is called a K3 surface if the canonical bundle is
trivial and the irregularity is zero. By Torelli theorem for K3 surfaces, lattice
theory can be applied in classification of K3 surfaces.

For example, Shioda and Inose ([30, Theorem 5]) showed that any singular K3
surface (i.e., a K3 surface with Picard number 20) admits infinitely many automor-
phisms. In spite of their significance, there are only eleven such K3 surfaces such
that the automorphism groups are actually calculated as shown in the following
table:

No. [a,b,c]
1 [2,1,2] Vinberg [36]
2 [2,0,2] Vinberg [36]
3 [2,1,4] Ujikawa [35]
4 [2,0,4] Shimada [27]
5 [2,1,6] Shimada [27]
6 [2,0,6] Shimada [27]
7 [4,2,4] Keum and Kondo [14]
8 [2,1,8] Shimada [27]
9 [4,1,4] Shimada [27]

10 [2,0,8] Shimada [27]
11 [4,0,4] Keum and Kondo [14]

Here, each of the K3 surfaces X is specified by a triple [a, b, c], which indicates

the Gram matrix
(

a b
b c

)
of the transcendental lattice TX. Note that X in the cases

treated by Keum and Kondo [14] (No. 7 and 11) is a Kummer surface.

1
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In the first part of this thesis, we focus on the singular K3 surfaces with
discriminant 3, 4 and 7, and aim at finding common properties among them,
which should give us clue to understand the geometry of these surfaces more in
depth. From now on we denote by Xd these three K3 surfaces with discriminant d
(d = 3, 4, 7), which correspond to No. 1, 2 and 3 in the table above, respectively.

Naruki [22] gave some constructions of the singular K3 surface of discrimi-
nant 7 (No. 3 in the above table). One of the constructions is given by the double
covering of P2 branched over a specific plane sextic, which is induced from the
quotient by the involution associated to an elliptic fibration. We will discuss this
construction in §2, where we will see how one can find the explicit equation of the
sextic, as Naruki did in Section 5 of [22]. In Section 3.2, we will see, moreover,
that this method can be extended to the cases of discriminant 3 and 4 to obtain
the double covering constructions and the explicit equations of the corresponding
sextics. Interestingly, as we will show in Section 3.2, these sextics have several
properties in common, especially in their singularity types. For example, they
have a singular point of type D4, and the pencil of the lines passing through this
point gives rise to the elliptic fibration on the K3 surfaces. From these common
properties, one can read a general recipe to construct all of these K3 surfaces, and
obtain a three-dimensional period domain B.

To state our main theorem precisely, let

B B {ω ∈ P(T ⊗ C)| 〈ω,ω〉 = 0, 〈ω,ω〉 > 0},
Hδ B {ω ∈ B| 〈ω, δ〉 = 0} for δ ∈ T,

H B
⋃
δ∈T
Hδ,

where 〈 , 〉 is the inner product of T . Here, T is a lattice defined in §3.
A marked K3 surface is a pair of a K3 surface X and an isometry αX from

H2(X,Z) to the unimodular even lattice U⊕3 ⊕ E⊕2
8 with signature (3,19), where U

is the hyperbolic lattice defined in Section 2.1.

Theorem 1 ([34, Theorem 7.1]). Let X be a K3 surface and let ωX be a nowhere
vanishing holomorphic 2-form of X. Then the following conditions are equivalent.

1. There exists a sextic curve C such that X is isomorphic to the minimal res-
olution of the double cover of P2 branched along the sextic curve C, that
the Mordell Weil group associated to C is trivial, and that C satisfies the
following three conditions (in Section 3.3, we define the Jacobian elliptic
fibration associated to C) :

(i) C has a D4 (resp. A3) singularity at a point q (resp. three distinct points
pi, i = 1, 2, 3), and is smooth elsewhere.
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(ii) {p1, p2, p3, q} lies in general position.

(iii) The intersection multiplicity of C and the line piq at pi (resp. q) is 2
(resp. 4).

2. There exists an elliptic fibration f : X → P1 such that f has three singular
fibres of types I6, and others are of types I1 or II, and the associated Mordell-
Weil group MW( f ) is trivial.

3. There exists a marking αX for X such that αX(ωX) ∈ B\H .

This result is already published in the paper of the author [34]. Here, by the
definition of B, three singular K3 surfaces Xd (d = 3, 4, 7) correspond to points in
the period domain B, and by the result of Nikulin ([24, Theorem 0.2.2]), a general
member of B admits an infinite automorphism group.

Recently, Sienkiewicz [32] has discussed the construction of X4 as the double
covering of the del-Pezzo quintic, and its automorphism group. This construction
is essentially the same as the construction in [34].

1.2 Automorphism groups of K3 surfaces
In the latter part of this thesis, we discuss the classification problem of automor-
phism groups of K3 surfaces, which is located at the intersection of several re-
search fields, such as lattice theory, reflection group theory, and finite sporadic
simple group theory.

There are two approaches to automorphisms of K3 surfaces. The first one is
the classification under some finiteness conditions, such as the classification of fi-
nite subgroups, and that of possible finite order of automorphisms. For example, a
well-known and important result in this approach is Mukai’s result ([20, Theorem
(0.3)]), which says that symplectic finite subgroups of the automorphism groups
of K3 surfaces are isomorphic to subgroups of the Mathieu group M23, one of the
sporadic simple groups.

The other approach is the application of Borcherds’ lattice theory (often called
Borcherds’ method) to compute a generating set of infinite automorphism groups.
The problem of finding a generating set of the automorphism groups of Kummer
surfaces was first proposed by Klein. This problem took more than 100 years
to be solved by Kondo [16] using Borcherds’ method. Although this method is
very useful and, in fact, the automorphism groups of some specific K3 surfaces
have been calculated (the singular K3 surface is shown in the table in the previous
section), this method is not applicable to the general case.

However, Shigeru Mukai [21] recently proposed at the occasion of the Al-
gebra Symposium in Tokyo in 2018 the following conjecture on discrete group
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theory and automorphism groups, from which one may hopefully find a general
framework for dealing with infinite automorphism groups of elliptic K3 surfaces.

Conjecture 1 (S. Mukai [21]). Let X be an elliptic K3, Enriques or Coble surface,
and let Aut(X) be the automorphism group of X. Then, the virtual cohomological
dimension vcd(Aut(X)) of Aut(X) is equal to the maximum of the Mordell-Weil
rank induced by all elliptic surface structures on X.

Remark 1.2.1. The virtual cohomological dimension of Aut(X) is easily seen
to be larger than the rank of the Mordell-Weil group of any elliptic fibration.
Hence the main point of Mukai’s conjecture lies in finding the upper-bound of
vcd(Aut(X)) as stated therein.

This conjecture could be a turning point from the conventional study of auto-
morphism groups of elliptic K3, Enriques and Coble surfaces by computing their
generators to that by computing their cohomological invariants. Our main result
is a formula that determines the virtual cohomological dimension of the automor-
phism group of a K3 surface by the covering dimension of the blown-up boundary
associated with the ample cone of the K3 surface.

Theorem 2. If Auts(X) is non-elementary, then

vcd(Aut(X)) = dim ∂Abl
X + 1,

where ∂Abl
X is the blown-up boundary associated with the ample cone of X (see

Chapter 6 for the detailed discussion.)

To show this result, we focus on the natural action of automorphism groups
on hyperbolic spaces, which come from the action on the cohomology of degree
2. Then we can consider the symplectic automorphism group of a K3 surface as
a discrete subgroup of Möbius transformations of a hyperbolic space. Moreover,
we can show the following theorem:

Theorem 3. Let X be a K3 surface, and let Auts(X) be the symplectic automor-
phism group of X. Then Auts(X) is geometrically finite.

In [5], Bestvina and Mess showed that the cohomological dimension of a tor-
sion free hyperbolic group is determined by the covering dimension of its Gromov
boundary. Recently, Tomohiro Fukaya [12] generalized the formula for relatively
hyperbolic groups satisfying a certain condition. Geometrically finite groups are
typical examples of relative hyperbolic groups. We can immediately obtain The-
orem 1 by applying Fukaya’s result [12, Corollary B].

On the other hand, the paper of Fukaya is still unpublished, and his theorem
and his proof are stated using geometric group theory. For readability to algebraic
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geometers, this paper also contains the result and the proof of Fukaya, which
are simplified and modified to fit in with our situation, in Section 6.2, using the
geometry of ample cones of K3 surfaces and hyperbolic geometry.

Remark 1.2.2. After the author finished the first draft of this paper, Tomohiro
Fukaya informed the author that Theorem 2 has been independently obtained and
proved by Kohei Kikuta. He showed geometrical finiteness for the automorphism
groups of irreducible symplectic varieties over a field of characteristic zero, and
his proof is different in some points from our proof given in this paper. For more
details, the reader is advised to refer to his forthcoming paper.

An application of Theorem 1 is the case that the ample cones of K3 surfaces
are sphere packings.

Theorem 4. Let X be an elliptic K3 surface. If ∂AX is a connected sphere pack-
ing, and every elliptic divisor of X corresponds to the tangent point of some two
spheres associated with (−2)-roots, then

vcd(Aut(X)) = max{rk MW( f )} = ρ(X) − 3,

where f runs all elliptic fibrations of X.

Baragar [2] constructed K3 surfaces whose ample cones are sphere packings.
Then we can compute the virtual cohomological dimension of their automorphism
groups. Note that these K3 surfaces provide examples that affirm Conjecture 1,
and, to the best of our knowledge, they are the first non-trivial examples in the
sense that the verification of the conjecture does not rely on explicit calculation of
the group structure of the automorphism groups.

1.3 The contents of this thesis
In Chapter 2, we recall some basic definitions and facts of K3 surfaces and some
related topics. By the Torelli type theorem for K3 surfaces, the theory of K3
surfaces can be interpreted as the theory of lattices. In Section 2.1, we recall
the definition and some basic facts of lattices, and in Section 2.2, we study K3
surfaces and the Torelli type theorem for K3 surfaces. In Section 2.3, we recall the
definition of elliptic surfaces, and in Section 2.4, we review the result of Shoda-
Inose. In Section 2.5, we study the construction of singular K3 surfaces with
discriminant 3, 4, and 7.

In Chapter 3, we study K3 surfaces, which are given by the double plane model
of P2 branched over sextic curves with D4 singularities. In particular, in Section



6 CHAPTER 1.

3.2, we give the double plane model of singular K3 surfaces with discriminant 3,
4 and 7. In Section 3.3, we prove Theorem 1.

In Chapter 4, we recall some basics of hyperbolic geomery. In hyperbolic
geometry, it is useful to use some models of hyperbolic spaces in different situa-
tions. Therefore, we intruduce the hyperboloid model, the conformal ball model,
and the upper half-space model of hyperbolic spaces. To prove Theorem 2, the
notion of geometrically finite subgroups of Möbius transformations plays an im-
portant role. So we recall the definition of gemetrically finite subgroups and some
basic properties.

In Chapter 5, we recall some basic facts of the cohomological dimension of
groups, and we review the result of Bestvina and Mess [5].

In Chapter 6, we introduce the natural action of automorphism groups of K3
surfaces on hyperbolic spaces, and we show that the symplectic automorphism
group of a K3 surface is a geometrically finite subgroup. By the result of Fukaya,
we prove Theorem 2.



Chapter 2

K3 surfaces

2.1 Lattices
In this section, we recall some definitions and facts about lattice theory, which are
contained in [17] and [23].

Definition 2.1.1. Let L be a free abelian group of rank r, and let 〈 , 〉 : L×L→ Z
be a symmetric bilinear form. A symmetric bilinear form 〈 , 〉 is said to be non-
degenerate if 〈x, y〉 = 0 for any y ∈ L implies x = 0. We call a pair (L, 〈 , 〉) of L
and a non-degenerate symmetric bilinear form a lattice of rank r.

Unless there is any risk of confusion, we denote the lattice (L, 〈 , 〉) by L.
The orthogonal group of L is the group consisting of isometries of L, which is
denoted by O(L). The dual lattice HomZ(L,Z) is denoted by L∗. Since 〈 , 〉 is
non-degenerate, a map

L→ L∗ : x 7→ 〈x, ·〉
is injective.

Let {v1, . . . , vr} be a basis of a lattice L of rank r. For each x ∈ L, write
x =

∑r
i=1 xivi and also define ai j = 〈vi, v j〉. Then, f (x) = 〈x, x〉 = ∑

i, j ai, jxix j is a
quadratic form. By Sylvester’s theorem, we can write

f (x) = t2
1 + · · · t2

p − t2
p+1 − · · · − t2

p+q, r = p + q,

where ti are variables in R. A pair (p, q) is called the signature of lattice L. A sym-
metric matrix A = (ai, j) is called a Gram matrix with respect to a basis {v1, . . . , vr}.
We denote by d(L) the absolute value of the determinant of the Gram matrix A.
This is well-defined.

Definition 2.1.2. Let L, p, and q be as above. A lattice L is said to be positive
(resp. negative) definite if p = r (resp. q = r). A lattice L is said to be unimodular
if d(L) = 1.

7
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Remark 2.1.3. For a lattice L and a basis of L, we defined the quadratic form f (x)
and the Gram matrix A. Conversely, a quadratic form or a Gram matrix determines
the structure of a lattice L.

Example 2.1.4. We denote the lattice of rank 1 given by the quadratic form f (x) =
±x2 by I±. Then I⊕p

+ ⊕ I⊕q
− is an odd unimodular lattice of signature (p, q). The

Gram matrix of I⊕p
+ ⊕ I⊕q

− is given by as follows:(
Ip

−Iq

)
,

where Ip (resp. Iq) is the identity matrix of rank p (resp. q).

Example 2.1.5. The hyperbolic lattice U is the lattice of rank 2 with the Gram
matrix

(
0 1
1 0

)
.

Let (L, 〈 , 〉) be a lattice. A sublattice of L is a subgroup S of L such that
(S , 〈 , 〉|S ) is a lattice. A sublattice S of L is said to be primitive if the quotient
group L/S has no torsion element. The orthogonal complement of S is denoted
by S ⊥.

Definition 2.1.6. An element δ of L is called a (−2)-root if δ2 = −2. A lattice
is called a root lattice if it is a negative-definite even lattice and generated by
(−2)-roots.

Example 2.1.7. We define the sublattice Am of I⊕m+1
− by

Am = {(x1, . . . , xm+1) ∈ Zm+1 :
m+1∑
i=1

xi = 0}.

With the standard basis {e1 = (1, 0, . . . , 0), e2 = (0, 1, 0, . . . , 0), . . . , em+1 = (0, . . . , 1)}
of Zm+1, it is easy to show that Am is generated by ri = ei − ei+1 (i = 1, . . . ,m) and
Am is of rank m. Since r2

i = −2, Am is a root lattice.

Root lattices can be easy to understand by means of Dynkin diagrams. The
correspondence is as follows. Let ri (i = 1, . . . , n) be a basis of a root lattice. Then
each ri corresponds to a vertex of a Dynkin diagram, and two vertices correspond-
ing to ri and r j is connected by 〈ri, r j〉-edges. A root lattice is said to be irreducible
if the corresponding Dynkin diagram is a connected graph. It is well-known that
any root lattice is isomorphic to a sum of irreducible root lattices of types Al, Dm
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and En (l ≥ 1, m ≥ 4, n = 6, 7, 8). The lattice in Example 2.1.7 is the irreducible
root lattice of type Am. The list of Dynkin diagrams is in the last page of this
section.

It is easy to show the following lemma.

Lemma 2.1.8. Let L and S be lattices. Assume that L has a sublattice of finite
index isomorphic to S . Then

d(S ) = d(L) × |L/S |2.
Definition 2.1.9. A lattice L is called an even lattice if 〈x, x〉 is even for any
element x of L. For an even lattice L, a quotient group L∗/L is denoted by AL.

Definition 2.1.10. The discriminant quadratic form of L is defined to be

qL : AL → Q/2Z , qL(x + L) B 〈x, x〉 mod 2Z.

Let O(qL) be the group consisting of automorphisms of AL that preserves qL.

In lattice theory, the following lemma is well-known.

Lemma 2.1.11 ([23, Theorem 1.14.4]). Let T be an even lattice with the signature
(t+, t−), and let qT be the discriminant quadratic form of T , and let L be an even
unimodular lattice of signature (s+, s−). Assume that

(i) t+ < s+,

(ii) t− < s−,

(iii) l(AT ) + 2 ≤ rank(L) − rank(T ), where l(AT ) is the length of AT .

Then there exists a unique primitive embedding of T into L.

Let L be a unimodular even lattice, and let S be a primitive sublattice of L. Let
T be the orthogonal complement of S . The lattice T is also a primitive sublattice of
L. Let H be a quotient group L/(S ⊕T ). We denote by pS (resp. pT ) the projection
map from AS ⊕AT to AS (resp. AT ). Then pS and pT satisfy the following Lemma.

Lemma 2.1.12 ([17, Lemma 1.31]). pS |H : H → AS and pT |H : H → AT are
bijective maps.

Proof. It is enough to show the injectivity of pS and pT because |AS | · |AT | = |H|2.
Let (x mod S , y mod T ) ∈ H be an element of the kernel of ps|H, where x ∈ S ∗,
y ∈ T ∗. Since x + y ∈ L and x ∈ S ⊂ L, we have y ∈ L ∩ T ∗. Since T is primitive,
we have y ∈ T . Hence, (x mod S , y mod T ) = 0. In the same way, pT |H is
injective. □

Hence the map
rS ,T = pT ◦ (pS |H)−1 : AS → AT

is an isomorphism of groups.
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Figure 2.1

2.2 K3 surfaces and the period map of K3 surfaces

2.2.1 K3 surfaces

Definition 2.2.1. Let X be a complex surface. Suppose X is compact and con-
nected. If the canonical bundle KX is trivial and the irregularity q(X) is equal to 0,
X is called a K3 surface.

Example 2.2.2. Let Y4 be a nonsingular quartic surface in P4. By the adjunction
formula, the canonical line bundle KY4 is trivial. By Lefschetz’s theorem, the
irregularity of Y4 is 0. Then Y4 is a K3 surface. In the same way, Y6 = Z2 ∩ Z3 and
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Y8 = Q1 ∩ Q2 ∩ Q3 are K3 surfaces, where Zi is a hypersurface of degree i in P4

and Qi is a hypersurface of degree2 in P5.

Theorem 2.2.3 ([17, Theorem 4.5]). For a K3 surface X, the second cohomology
group H2(X,Z) with the cup product is a unimodular even lattice with the signature
(3, 19). Then the Gram matrix of H2(X,Z) is isomorphic to U⊕3 ⊕ E⊕2

8 .

Definition 2.2.4. Let ωX be a nowhere vanishing holomorphic 2-form of X. The
Néron-Severi lattice NS (X) is defined by

NS (X) B {x ∈ H2(X,Z) : 〈x, ωX〉 = 0} = H2(X,Z) ∩ H1,1(X,R).

The Néron-Severi lattice NS (X) is a lattice by the cup product. The Néron-Severi
lattice is also denoted by S X. The transcendental lattice TX of X is defined by
NS (X)⊥.

Definition 2.2.5. The rank of NS (X) is called the Picard number of X. The Picard
number of X is denoted by ρ(X).

By Riemann-Roch theorem and Serre duality, we have the following lemma.

Lemma 2.2.6 ([17, Lemma 4.16]). Let X be a K3 surface, and let δ be an element
of S X with δ2 ≥ −2. Then δ or −δ is represented by an effective divisor.

Proof. Let L be a line bundle on X which represents δ ∈ NS (X). By Riemann-
Roch theorem and Serre duality, we have

dim H0(X,O(L)) + dim H2(X,O(L))

= dim H0(X,O(L)) + dim H0(X,O(−L))

≥ 2 + δ2/2
≥ 1.

(2.2.1)

Hence we have dim H0(X,O(L)) > 0 or dim H0(X,O(−L)) > 0. Then δ or −δ is
represented by an effective divisor. □

Definition 2.2.7. Let X be a K3 surface. We define

∆(X) B {δ ∈ S X : δ is a (−2)-root }

and
∆+(X) B {δ ∈ ∆(X) : δ is effective}.

For δ ∈ NS (X), the reflection sδ in H1,1(X,R) is defined by

sδ(x) = x + 〈x, δ〉δ f or x ∈ L.
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By an easy calculation, the reflection sδ preserves the bilinear form of L, and
satisfies s2

δ = 1. Hence sδ is an element of O(L). The reflection group W(X) is the
subgroup of O(H1,1(X,R)) generated by the set of reflections {sδ : δ ∈ ∆(X)}. The
cone P(X) = {x ∈ H1,1(X,R) : 〈x, x〉 > 0} has two connected components and the
cone containing the Kähler class is denoted by P+(X). The cone P+(X) is called
the positive cone.

Definition 2.2.8. The group W(X) acts on the space P+(X) in a canonical way.
The Kähler cone of X is the one of the fundamental domains given by

D(X) = {x ∈ P+(X) : 〈x, δ〉 > 0 for any δ ∈ ∆(X)+}

containing Kähler class of X.

For a K3 surface X, the following theorem is well-known.

Definition 2.2.9. Let X be an algebraic K3 surface. The ample cone A(X) is
defined by

A(X) = {x ∈ NS (X) ⊗ R ∩ P+(X) : for any δ ∈ ∆(X)+, 〈x, δ〉 > 0}.

Theorem 2.2.10 (The Torelli type theorem for K3 surfaces [7] and [25]). Let X
and X

′
be K3 surfaces, and let ωX (resp. ωX′ ) be a nowhere vanishing holomorphic

2-form on X (resp. X
′
). Assume that the isomorphism φ : H2(X,Z) → H2(X

′
,Z)

satisfies the following conditions:

1. φ(ωX) ∈ CωX′ ,

2. φ(D(X)) = D(X
′
).

Then, there exists uniquely an isomorphism ψ : X′ → X such that ψ∗ = φ.

2.2.2 The period map of K3 surfaces
Definition 2.2.11. Let L be a unimodular even lattice with the signature (3, 19).
The period domain Ω is defined by

Ω = {ω ∈ L ⊗ C : 〈ω,ω〉 = 0, 〈ω,ω〉 > 0}.

Let X be a K3 surface, and let αX : H2(X,Z) → L be an isometry of lattices. The
pair (X, αX) is called a marked K3 surface.

Let M be the set of equivelence classes of marked K3 surfaces. The period
map of marked K3 surfaces is defined to be:

λ :M→ Ω, (X, αX)→ α(ωX).

It is known that this map is surjective ([18], [19]).
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2.3 Elliptic fibrations
Definition 2.3.1. An elliptic surface is a morphism π : X → C from a surface X
to a curve C with connected fibres such that any fibre except over finitely many
points of C is an elliptic curves. If a fibre of an elliptic fibration is not smooth,
this fibre is called a singular fibre.

Remark 2.3.2. If the number of components of a singular fibre is larger than 2,
any irreducible component of the singular fibre is a rational curve. In this case,
The dual graph associated to the singular fibre is defined as follows in a similar
way of root lattices.

Let F be a singular fibre of an elliptic surface, and let Ci (i = 1, · · · ,m) be
irreducible components of F. Each irreducible component of a singular fibre cor-
responds to a vertex of the dual graph, and and two vertices corresponding to Ci

and C j is connected by 〈Ci,C j〉-edges, where 〈Ci,C j〉 is the intersection number
of Ci and C j. The dual graph obtained by this way is called the extended Dynkin
diagram of F. The list of extended Dynkin diagrams is in the next page.

Let f : X → P1 be an elliptic K3 surface with a global section g. We regard
each smooth fibre as an elliptic curve with the zero element being the intersec-
tion with g. In particular, we have a rational selfmap of X given by inversion
on each fiber. By the minimality of K3 surfaces, this rational map extends to an
automorphism of X. This automorphism is called the inversion involution.

Let Fv =
∑mv

i=0 Ci
v (0 ≤ v ≤ k) be singular fibres of f , where Ci

v is an irreducible
component of Fv. We assume that a global section g intersects the rational curve
C0

v . By Kodaira’s classification of singular fibres ([15, Theorem 9.1]), the lattice
generated by Ci

v (1 ≤ i ≤ mv) is isomorphic to an irreducible root lattice Lv. We
denote by F a divisor defined by a general fiber of f, and by L a divisor F + g.
Since F2 = L2 = 0 and F · L = 1, the lattice generated by F and L is isomorphic
to the hyperbolic lattice U. Since Ci

v · F = Ci
v · L = Ci

λ · C
j
µ = 0 (λ , µ, i ≥ 1),

these lattices are orthogonal to each other. Hence S X has a sublattice isomorphic
to U ⊕ (⊕k

v=1Lv). We call this sublattice the trivial sublattice associated with f .
The trivial sublattice associated with f is denoted by L f . This means that L f is
determined by the types of singular fibres of f .
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Figure 2.2

2.4 The result of Shioda and Inose

Let f : X → P1 be an elliptic K3 surface with a section, and let L f be the
trivial sublattice. The sections of f generate a group. The group is called the
Mordell-Weil group MW( f ). The Mordell-Weil group MW( f ) is a finitely gener-
ated abelian group, and satisfies the following isomorphism ([29, Theorem 1.3]):

MW( f ) � NS (X)/L f . (2.4.1)

We denote by r( f ) the rank of MW( f ). When r( f ) = 0, let n( f ) denote the order
of MW( f ).
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We will use the following theorem and lemmata by Shioda and Inose [30].

Lemma 2.4.1 ([30, Lemma 1.1]). Assume that an effective divisor D on a K3
surface X has the same type as a simple singular fibre of an elliptic surface in the
sense of Kodaira [15] §6. Then there is a unique elliptic pencil f : X → P1 of
which D is a singular fibre. Moreover, any irreducible curve C on X with (CD) = 1
defines a (holomorphic) section of f .

Lemma 2.4.2 ([30, Lemma 1.2]). If a divisor D on an elliptic surface has its
support contained in a (simple) singular fibre, then the self-intersection number
D2 is non-positive, and D2 = 0 if and only if D is a multiple of a singular fibre.

Lemma 2.4.3 ([30, Lemma 1.3]). Let f : X → P1 denote an elliptic K3 surface,
and Fv = f −1(tv) (1 ≤ v ≤ k) be the singular fibres of f . We denote by mv and
m(1)

v respectively the number of irreducible components of Fv, and the number of
components of Fv of multiplicity 1. Assume that f has a section. Then

1. The Picard number ρ(X) of X is given by the following formula:

ρ(X) = r( f ) + 2 +
k∑

v=1

(mv − 1). (2.4.2)

2. When r( f ) = 0, we have

| det TX | = | det S X | = (
k∏

v=1

m(1)
v )/n( f )2. (2.4.3)

Theorem 2.4.4 ([30, Theorem 4]). There exists a bijective map from the set S of
equivalence classes of singular K3 surfaces to the set T of isomorphism classes
of positive definite oriented even lattices of rank 2.

Remark 2.4.5. Let f : X → P1 be an elliptic fibration of a K3 surface X. If f
has no section, we put j : J → P1 be the jacobian fibration of f . The sections of
j generate a group MW( f ), which is also callded the Mordell-Weil group of the
elliptic fibration f : X → P1. We also denote by r( f ) the rank of MW( f ), and ρ(X)
is given by the same equation as in the equation 2.4.2 (see [11, Formula (4.3.2)]).

The map is defined to be X 7→ TX. By Torelli theorem for K3 surfaces, it is
easy to show the injectivity of this map. For any singular abelian surface A, Sh-
ioda and Inose explicitly constructed the singular K3 surface X which is a double
covering of a Kummer surface Km(A) and satisfies TX = TA. Then the surjectivity
follows from the similar result on singular abelian surfaces ([31, Theorem 3.1]).
Moreover they gave another construction for singular K3 surfaces with discrimi-
nant 3 and 4. We will explain this construction in the next section.
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2.5 The construction of X3, X4 and X7

Let T be the set of equivalence classes of positive definite even lattices of rank 2.
There is a classification table of T in terms of discriminant in Chapter 15 of [10]:

Table 15.1. Reduced positive definite binary forms. 

d Forms 

10 1 

10 2 

10 3, 2 I 2 

4 10 4, 2 0 2 

10 5, 2 I 3 

10 6, 2 0 3 

1 0 7, 2 I 4 

I 0 8, 2 0 4, 3 I 3 

9 I 0 9, 3 0 3, 2 I 5 

10 1 0 10, 20 5 

II 1 0 I I, 2 I 6, 3 ± 14 

12 I 0 12, 2 0 6, 3 0 4, 4 24 

13 I 0 13, 2 I 7 

14 1 0 14, 2 0 7, 3 ± 1 5 

15 I a 15, 3 a 5, 2 I 8, 4 I 4 

16 I a 16, 2 a 8, 4 a 4, 4 2 5 

17 1 0 17,2 1 9, 3±16 

18 1 0 18,2 0 9,3 0 6 

19 10 19, 2 I 10, 4 ± 15 

20 I 0 20, 2 a 10, 4 a 5, 3 ± I 7, 4 2 6 

21 1 0 21,3 0 7,2 1 11,5 2 5 

22 I a 22, 2 a 11 

23 I a 23, 2 I 12, 3 ± I 8, 4 ± I 6 

24 I 0 24, 2 a 12, 3 a 8, 4 a 6, 5 I 5, 4 2 7 

25 I a 25, 5 a 5, 2 I 13 

26 1 0 26,2 0 13, 3±19, 5±26 

27 1027,3 0 9,2 1 14,4±1 7,6 3 6 

28 1 0 28,2 0 14,4 0 7,4 2 8 

29 1029,2 1 15,3±IIO,5±1 6 

30 I a 30, 2 a 15, 3 a 10, 5 a 6 

31 10 31,2 1 16, 4±1 8, 5±27 

32 1 0 32,2 0 16,4 0 8,3 ±III, 4 2 9, 6 2 6 

33 1 0 33,3 0 11,2 1 17,6 3 7 

34 1 0 34, 2 0 17, 5 ± 17 

35 10 35,5 0 7,2 1 18, 3±1 12, 4±1 9, 6 16 

36 I a 36, 2 a 18, 3 a 12, 4 a 9, 6 a 6, 4 2 10, 5 ± 2 8 

37 I a 37, 2 I 19 

38 10 38,2 0 19, 3±1 13, 6±27 

39 I 0 39, 3 a 13, 2 I 20, 4 ± I 10, 5 ± 1 8, 6 3 8 

40 I a 40, 2 a 20, 4 a 10, 5 a 8, 4 2 II, 7 3 7 

41 1 0 41,2 1 21, 3±114, 6±17, 5±29 

42 1 0 42, 2 a 21, 3 a 14, 6 a 7 

43 I 0 43, 2 I 22, 4 ± I I 1 

44 10 44,2 0 22,4 0 11, 3±115, 5±19, 4 2 12, 6±28 

45 1045,3015,509,2123,727,639 

46 1 a 46, 2 a 23, 5 ± 2 10 

47 1 0 47,2 1 24, 3±1 16, 4±1 12, 6±18, 7±3 8 

48 I a 48, 2 a 24, 3 a 16, 4 a 12, 6 a 8, 7 I 7, 4 2 13, 8 4 8 

49 1 0 49, 7 0 7, 2 1 25, 5 ±IIO 

50 1 a 50, 2 a 25, 5 a 10, 3 ± I 17, 6 ± 2 9 

Figure 2.3
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According to this table, there exist unique elements of T with discriminant 3, 4
and 7, respectively; this means that the singular K3 surfaces with discriminant d
are unique up to isomorphisms for d = 3, 4, 7, so we denote by Xd these K3
surfaces, respectively.

2.5.1 The construction of X3 and X4

This construction is given by Shioda and Inose ([30, Lemmas 5.1 and 5.2]).

1. Let E3 be the elliptic curve C/(Z + Zω), where ω = exp(2π
√
−1/3), and let

A = E3 × E3. The automorphism σ of A is defined to be:

σ : A→ A, σ(x, y) = (ωx, ω2y).

Then the minimal resolution Y3 of the quotient A/σ is a singular K3 surface
isomorphic to X3.

2. Let E4 be an elliptic curve C/(Z+Zi), where i =
√
−1, and let A = E4 × E4.

The automorphism σ of A is defined to be:

σ : A→ A, σ(x, y) = (ix,−iy).

Then the minimal resolution Y4 of the quotient A/σ is a singular K3 surface
isomorphic to X4.

Shioda and Inose constructed an elliptic fibration on Yk (k = 3, 4) for which the
trivial lattice is of rank 20. Hence Yk is a singular K3 surface. By the formula
2.4.3, they calculated the discriminant of Yk, respectively.

2.5.2 The construction of X7 (the result of Naruki)
Here we give the result of Naruki [22]. We denote exp(2π

√
−1/7) by ζ. Let p be

a principal ideal of the ring of integers of the cyclotomic field Q(ζ) generated by
1 − ζ. Naruki defined a Hermitian form H7:

H7(z) = z1z1 + z2z2 + (ζ + ζ)z3z3 for z = (z1, z2, z3) ∈ C3.

Let B7 be the set
B7 := {(z1 : z2 : z3) ∈ P2 | H7(z) < 0}.

Since the signature of H7 is (2,1), B7 is isomorphic to the complex 2-ball. Let SU7

be the group consisting of (3, 3)-matrices with determinant 1 that is unitary with
respect to H7. The group SU7 acts on B7. Let Γ7 be the subgroup of SU7 consisting
of elements whose entries are integers of Q(ζ), and let Γ

′

7 (resp. Γ
′′

7) be a subgroup
of Γ7 consisting of elements which are congruent to the identity modulo p (resp.
p2). Then Naruki’s main result is as follows:
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Theorem 2.5.1 ([22, Theorem 1]). The quotient surface B7/Γ
′

7 is a singular K3
surface isomorphic to X7. The branch locus of B7/Γ

′′

7 → B7/Γ
′

7 consists of twenty-
eight rational curves, which are transitively permutated by the Γ

′

7/Γ
′′

7 .

Moreover, Naruki obtained another construction of B7/Γ
′

7 as follows. Let
S (7) be the elliptic modular surface of level 7, where the definition of an ellip-
tic modular surface is in Section 4 of [28]. This surface has an elliptic fibration
F : S (7) → X(7), where X(7) is the Klein quartic curve. X(7) is given by the
following quartic equation in homogenous coordinates [x : y : z] on P2:

x3y + y3z + z3z = 0.

Naruki showed that B7/Γ
′

7 is a quotient of S (7), and the fibration F induces an
elliptic fibration f : B7/Γ

′

7 → P1, which has three singular fibres of types I7 and
others are of type I1:

S (7)
F−−−−−→ X(7)y y

B7/Γ
′

7

f−−−−−→ P1

Here the map from X(7)→ P1 is branching over 0, 1 and∞ and P1 can be regarded
as the quotient of X(7) by the action of PSL2(7). Let ι be the inversion involution
associated to f : B7/Γ

′

7 → P1. Blowing down (−1)-curves of the quotient surface
of B7/Γ

′

7 by ι, Naruki obtained a construction of X7 as double covering branched
over the projective plane. The branch locus of this is given by the equation as

(x2
0x1 + x2

1x2 + x2
2x0 − 3x0x1x2)2 − 4x0x1x2(x0 − x1)(x1 − x2)(x2 − x0) = 0,

which has a D4 singularity at (1,1,1) and A4 singularities at (1,0,0), (0,1,0) and
(0,0,1).



Chapter 3

The double plane model of singular
K3 surfaces with discriminant 3, 4
and 7

3.1 Sextic curves with D4 singularities and elliptic
fibrations

Let C be a sextic curve on P2. We assume its singular points are of ADE-type.
Moreover we assume C has a singularity, denoted by p, of type D4. We denote
by XC the minimal resolution of the double covering branched over C. Then XC

is a K3 surface. We denote by P̃2 the surface given by blowing up P2 at p, E the
exceptional divisor on P̃2 and C̃ the inverse image of C. A canonical projection φ
from P̃2 to E induces the projective bundle on E (� P1) as shown in Figures 3.1
and 3.2.

Figure 3.1 Figure 3.2

19
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Since the general lines passing through p intersect C three times outside the
triple point p, the inverse image of these lines are elliptic curves on XC. We
denote by g the rational curve on XC corresponding to E. Since these elliptic
curves intersect g, this family of elliptic curves defines an elliptic fibration of XC

associated to C. We denote this elliptic fibration by Φ : XC → P1. Then g is a
global section of Φ. Since p is a singularity of C and P̃2 is the surface given by
blowing up P2 at p, there exists a natural map from XC to P̃2. Then we have a
diagram as follows:

XC
2:1−−−−−→ P̃2

Φ

y φ

yprojection

P1 �−−−−−→ E

Let l0 be a line on P2 passing through p and let l̃0 be the strict transform of l0 under
the blowing-up P̃2 → P2. We assume that l̃0 intersects a singular point of C̃. Since
the number of components of π−1(l0) is larger than 1, π−1(l0) is a singular fibre of
Φ.

Figure 3.3: C and lines passing through p

3.2 Singular K3 surfaces with discriminant 3, 4, and
7

We denote by Xd the singular K3 surface of discriminant d and by Cd a branch
locus if it can be constructed by a double covering f : Xd → P2. As in 2.5.2, for
the case d = 7, C7 is given by the equation

(x2
0x1 + x2

1x2 + x2
2x0 − 3x0x1x2)2 − 4x0x1x2(x0 − x1)(x1 − x2)(x2 − x0) = 0.

Since C7 has a D4 singularity at (1, 1, 1), there exists an elliptic fibration f
′

: X →
P1 associated to C. The branch locus of f : B7/Γ

′

7 → P1 is equal to C7, and the
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fibration f
′
is equivalent to the fibration f : B7/Γ

′

7 → P1, which has three singular
fibres of type I7 and the others are of type I1 (see [22], pp.28–30). Then the trivial
sublattice L f is isomorphic to U ⊕ A⊕3

6 , and the Néron-Severi lattice NS (X7) has
a sublattice of finite index isomorphic to L f . In the case of d = 3 and 4, we have
similarly the following results.

Proposition 3.2.1 ([34, Propposition 6.1]). The surface Xd (d = 3, 4) is isomor-
phic to the double cover of P2 branched along the plane sextic Cd, where

(i) C3 is given by the equation

(x0 − x1)(x1 − x2)(x2 − x0){(x0 + x1 + x2)3 + (x0 − x1)(x1 − x2)(x2 − x0)} = 0,

which has a D4 singularity at (1, 1, 1) and A5 singularities at the intersection points
of the lines and the cubic component of C3. In particular, NS (X3) has a sublattice
of finite index isomorphic to U ⊕ E⊕3

6 .

(ii) C4 is given by the equation

x0x1x2(x0 − x1)(x1 − x2)(x2 − x0) = 0,

which has four D4 singularities and three A1 singularities at intersections of six
lines. In particular, NS (X4) has a sublattice of finite index isomorphic to U ⊕D⊕3

6 .

Proof. By an easy calculation, it is easy to show these sextic curves have singu-
larities as above and are smooth elsewhere. We denote by X

′

d (d = 3, 4) the K3
surface which are double covers of P2 branched along these sextic curves. Since
Cd have a D4 singularity at (1, 1, 1), they have an elliptic fibration associated to
Cd, denoted by Φ

′

d : X
′

d → P1. We define P̃2, E, C̃d and π : X
′

d → P2 in the same
way as 3.1. We have a diagram as follows:

X
′

d
2:1−−−−−→ P̃2

Φ
′
d

y φ

yprojection

P1 �−−−−−→ E

The lines li j given by xi − x j = 0 (i , j) are components of the branch locus. We
denote by l̃i j the strict transform of li j under the blowing-up. These curves pass
through singular points of C̃d. Hence π−1(li j) is a singular fibre of Φ

′

d.
In the case of d = 3, there are two singular points pi j and qi j of C̃3 on l̃i j as

given in Figure 3.4.
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Figure 3.4
Figure 3.5

Here, pi j (resp. qi j) is an intersection of l̃i j and E (resp. the elliptic component
of C̃3). Since C̃3 has an A1 (resp. A5) singularity at pi j (resp. qi j), the dual graph
of components of π−1(li j) is given by Figure 3.5. Here, white circles are obtained
by resolution at qi j and Pi j is obtained by resolution at pi j. Hence we conclude
that the types of π−1(li j) (i , j) are IV∗. Since X

′

3 has a global section and three
singular fibres of type IV∗, the trivial sublattice is isomorphic to U ⊕ E⊕3

6 . In
particular, X

′

3 is a singular K3 surface and r(Φ
′

3) = 0. Now, X
′

3 has three global
sections. One of them is denoted by g corresponding to E, and others are obtained
by the inverse image of the equation: x0 + x1 + x2 = 0. From the formula (4,2), we
have | det TX′3

| = 27
n(Φ′3)2 ≤ 3. Since det TX′3

is integer, we deduce that

| det TX′3
| = 27

n(Φ′3)2
= 3.

By Figure 2.3, the binary quadratic form of discriminant 3 is unique. By Torelli
theorem 2.2.10, we conclude that X

′

3 is isomorphic to X3.
In the case of d = 4, there are three singular points of C̃4 on l̃i j, denoted by

pi j, qi j and ri j, as given in Figure 3.6.

Figure 3.6
Figure 3.7

C̃4 has A1 singularities at pi j and ri j, and a D4 singularity at qi j. Hence the dual
graph of components of π−1(li j) is given by Figure 3.7. Here, white circles in
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Figure 3.7 are obtained by resolution at qi j and Pi j (resp. Ri j) is obtained by
resolution at pi j (resp. qi j). Hence we conclude that the types of π−1(li j) with
(i , j) are of type I∗2. Since the trivial sublattice is isomorphic to U ⊕ D⊕3

6 , X
′

4 is a
singular K3 surface. Now, X

′

4 has four global sections. One of them is denoted by
g corresponding to E, and others are obtained by the inverse image of the equation:
xi = 0 (i = 1, 2, 3). From the formula 2.4.3, we have | det TX′4

| = 64
n(Φ′4)2 ≤ 4. Since

det TX′4
is an integer and TX′4

is a even lattice, we deduce that

| det TX′4
| = 64

n(Φ′4)2
= 4.

By Figure 2.3, the binary quadratic form of discriminant 4 is unique. Then we
conclude X

′

4 is isomorphic to X4. □

Remark 3.2.2. For X4, an alternative proof can be given as follows. By the classi-
fication of non-symplectic involutions by Nikulin ([24, Theorem 4.2.2]), X4 is the
unique K3 surface with involution fixing 10 disjoint smooth rational curves. Since
the fixed locus of the covering involution satisfies the requirements as above, we
have X

′

4 � X4.

3.3 Generalization of the construction
In this section, we generalize the construction of 3.2 in terms of singularity of
branch locus.

Let C be a sextic curve and pi (i = 1, 2, 3) and q be points in P2. We denote by
li the line passing through pi and q. Now, we consider the following conditions:

(i) {pi, q| i = 1, 2, 3} lies in general position,

(ii) C has a D4 (resp. A3) singularity at q (resp. pi), and is smooth elsewhere,

(iii) The intersection multiplicity of C and li at pi (resp. q) is 2 (resp. 4).

Example 3.3.1. Let Dµ (µ , 0,−4) be a sextic curve given by the equation

(x2
0x1 + x2

1x2 + x2
2x0 − 3x0x1x2)2 + µx0x1x2(x0 − x1)(x1 − x2)(x2 − x0) = 0.

Let p1, p2, p3 be distinct vertices of the triangle x0x1x2 = 0, and let q be (1, 1, 1).
Then Dµ, pi and q satisfy the conditions as above.

Remark 3.3.2. For the case of µ = −4 (resp. µ = ∞), D−4 = C7 (resp. D∞ = C4),
where Cd is a branch locus of Xd (d = 4, 7).
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Lemma 3.3.3 ([34, Lamma 7.1]). Let X be a K3 surface. The following conditions
are equivalent.

(1) X is isomorphic to XC and MW(ΦC) is trivial, where C satisfies the conditions
(i), (ii) and (iii) as above.

(2) There exists an elliptic fibration f : X → P1 with a global section g such that
f has three singular fibres of types I6, and the others are of types I1 or II, and
MW( f ) is trivial.

Proof. (1)⇒(2): Since C has a D4 singularity at q, there exists an elliptic fibration
f : XC → P1. We define P̃2, E, C̃ and π : XC → P2 in the same way as 3.1. We
denote by li the line passing through pi and q, and l̃i the strict transform of li under
the blowing-up P̃2 → P2. Let p̃i (resp. q̃i) be the inverse image of pi (resp. the
intersection of l̃i and E). By the conditions (ii) and (iii), C̃ has an A1 singularity at
q̃i and an A3 singularity at p̃i. Hence π−1(li) is a singular fibre of type I6.

Figure 3.8

Let l be a line passing through q with l , li, and l̃ the strict transform of l under the
blowing-up P̃2 → P1. Since l̃ does not meet C̃ at singular points of C̃, the number
of component of π−1(l) is 1. Hence, if it is a singular fibre, it is of types I1 or II.

(2)⇒(1): The same argument as in Section 5 of Naruki [22] can be applied. Let
ι : X → X be the inversion involution. X/ι has the canonical projection p : X/ι→
P1. Here, ι : X → X fixes the zero section g and permutes components of singular
fibres. On the surface X/ι, we have three configurations of the following figures
coming from fibres of type I6:
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Figure 3.9

Here, ai, bi, ci and di are the curves, and −1,−2,−4 are the self-intersection num-
bers. We blow down ai and di (i = 1, 2, 3), and then the image of bi is exceptional
curve. Blowing down the image of bi, we obtain a P1-bundle over P1. Since the
self-intersection number of the image of g is −1, it is a tautological bundle. Hence
if we blow down the image of g, we obtain the projective plane P2 and the map
from X to P2, denoted by π : X → P2. Now we define pi and q as follows:

pi = π(ai) = π(bi), q = π(g).

By the configuration of three singular fibres, the branch locus C is a curve on
P2 which has a D4 singularity at q and an A3 singularity at pi. The image of fibres
of π are lines passing through q. Let l be a general line passing through q. Since
an elliptic curve π−1(l) intersects the fixed locus of ι exactly three times outside a
global section g, the line l intersects the branch locus C exactly three times outside
triple point q. By Bezout theorem, C is a sextic curve.

If {pi|i = 1, 2, 3} does not lie in general position, there exists the line l0 passing
through pi (i = 1, 2, 3). Since pi is a A3 singular point of C, the intersection
multiplicity mi of l0 and C is larger than 2. By Bezout theorem, mi = 2 and l0 does
not intersect C outside pi. Then π−1(l0) is the union of two rational curves and X
has three global sections. This contradicts n( f ) = 1. Therefore, {pi|i = 1, 2, 3} lies
in general position. Hence X is isomorphic to the minimal resolution of the double
covering branched over C which satisfies the condition (i), (ii) and (iii). □

Corollary 3.3.4. If X satisfies the conditions (1) and (2) in Lemma 3.3.3, we have
NS (X) � U ⊕ A⊕3

5 .

Proof. This corollary is an immediate consequence of (2) of Lemma 3.3.3 and the
equation (2.4.1) in Section 2.4. □

Remark 3.3.5. By Lemma 2.1.11, there exists a unique primitive embedding U ⊕
A⊕3

5 ↪→ L up to O(L).



26 CHAPTER 3.

Let L be a unimodular even lattice with the signature (3, 19). There exists a primi-
tive sublattice T of L with the signature (2, 3) such that qT = −q(U⊕A⊕3

5 ). We define
a period domain B, Hδ and H in the same way as Section 1. Let (X, αX) be a
marked K3 surface and let ωX be a nowhere vanishing 2-form of X. If there exists
an element δ ∈ T such that 〈δ, αX(ωX)〉 = 0, then α−1

X (δ) is an element of S X. Then
αX(TX) is a proper subset of T . To exclude this case, we definedHδ and H .

Remark 3.3.6. Let ωXd (d = 3, 4, 7) be a nowhere vanishing holomorphic 2-form
of Xd and let αd be a marking of Xd Then ωd = αd(ωXd ) ∈ H ⊂ B. Indeed, it is
enough to show that there exists a primitive embedding

TXd ↪→ T (d = 3, 4, 7).

In the case of d = 4, 7, this is an immediate consequence of Example 1. In the
case of d = 3, we can find a primitive sublattice of E6 isomorphic to A5. Then we
have a natural embedding

U ⊕ A⊕3
5 ↪→ NS (X3) ↪→ L (3.3.1)

The fact that this is a primitive embedding can be confirmed by direct calcula-
tion. If we take the orthogonal complements of these lattices in L, we have the
desired primitive embeddings TXd ↪→ T (d = 3, 4). Moreover, by computing the
orthogonal complement of U ⊕ A⊕3

5 in the natural embedding map 3.3.1, we can
also calculate the transcendental lattice T concretely. T is given by the following
lattice:

T �


−42 0 −12 0 −18

0 −42 −18 0 −18
−12 −18 −12 0 −18

0 0 0 4 1
−18 −18 −18 1 −46

 .
Theorem 3.3.7 ([34, Theorem 7.1]). Let X be a K3 surface and ωX be a nowhere
vanishing holomorphic 2-form of X. Then the following conditions are equivalent.

(i) The condition (1) of Lemma 3.3.3,

(ii) The condition (2) of Lemma 3.3.3,

(ii) There exists a marking αX for X such that αX(ωX) ∈ B\H .

Proof. (i)⇔(ii): This is Lemma 3.3.3.
(ii)⇒(iii): This is an immediate consequence of Corollary 3.3.4 and Remark

3.3.5.
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(iii)⇒(ii): Let P+(X) be the positive cone (i.e. the component of {x ∈ H1,1(X,R) :
〈x, x〉 ≥ 0} that contains a Kähler class of X), let W(X) be the subgroup of
O(H1,1(X,R)) generated by reflections sδ with δ2 = −2, and let D(X) be the clo-
sure of the Káhler cone D(X). By αX(ωX) ∈ B \H , we have NS (X) � U ⊕ A⊕3

5
and TX � T . Now, we denote by E and F the basis of the hyperbolic lattice U
and by Θk

i (i = 1, ..., 5, k = 1, 2, 3) the basis of k-th component of A⊕3
5 , and de-

fine Θk
0 as E − ∑5

i=1Θ
k
i . There exists σ ∈ W(X) such that E

′
= σ(E) ∈ D(X)

and the linear system |E′ | contains an elliptic curve, where D(X) is the closure
of D(X). By Lemma 2.2.6, σ(Θk

i ) is represented by an effective divisor Dk
i . By

Bertini’s theorem, we obtain an elliptic fibration φ|E′ | : X → P1. It is obvious
that Fk :=

∑5
i=1 Dk

i ∈ |E
′ | is a singular fibre. Since the number of the irreducible

components of Fk is larger than six, the type of Fk is either In or I∗n (n ≥ 6). Let
m1

k be the number of irreducible component of Fk. We deduce from the formula
2.4.2 that m1 + m2 + m3 ≤ 18. Therefore, mk = 6 and r(φ|E′ |) = 0. By the formula
2.4.3, we deduced that the condition (ii) holds. □

Theorem 3.3.8 ([34, Theorem 7.2]). Let X be a K3 surface which satisfies the
conditions of Theorem 3.3.7. Then its automorphism group Aut(X) is of infinite
order.

This theorem follows from Nikulin’s classification ([24, Theorem 0.2.2]). Here
we include an alternative proof by an argument similar to Shioda and Inose [30,
Theorem 5].

Proof. For an elliptic fibration f with r( f ) ≥ 1, by the definition, there are in-
finitely many sections of f . Since a K3 surface is minimal, the Mordell-Weil
group of f can be seen as a subgroup of the autmorphism group of X. Hence it is
enough to show that there exists an elliptic fibration f : X → P1 with r( f ) ≥ 1.
By Proposition 3.3.7, X has an elliptic fibration Φ which satysfies the condition
(ii) of Lemma 3.3.3. The elliptic fibration Φ has a global section g and the three
singular fibers of type I6. The components of fibers of type I6 are denoted by Θk

l
(k = 1, 2, 3, l = 0, 1, ..., 5). They satisfy the following conditions:

〈Θk
l ,Θ

k
l+1〉 = 1,

〈Θk
0, g〉 = 1.

Now, we define an effective divisor E and Ek as follows:

E B 3g + 2(Θ1
0 + Θ

2
0 + Θ

3
0) + (Θ1

1 + Θ
2
1 + Θ

3
1),

Ek B E − (Θk
3 + Θ

k
4).
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By Lemma 2.4.2, X has an elliptic fibration f : X → P1 with a singular fibre E.
The type of E is IV∗. By Lemma 2.4.2, Θk

2 are global sections of f . We consider
the three divisors

Θk
3 + Θ

k
4 (k = 1, 2, 3).

These divisors do not intersect the fibre E of f . Hence, the image f (Θk
3 + Θ

k
4) is

a point tk of P, and (−2)-curves Θk
3 and Θk

4 are the components of a singular fibre
f −1(tk).

Now, let S be a lattice generated by the following divisors:

Θk
l (k = 1, 2, 3 , l = 0, 1, 3, 4) and Θ1

2.

Let the divisors Θk be Θk
1 + 2Θk

2 + Θ
k
3 − Θk

5. By an easy calculation, it is shown
that a lattice S ⊥ which is the orthogonal complement of S in NS (X) is generated
by these four divisors

A = 2E + Θ1,

g,Θ2, and Θ3.

Moreover, the lattice S ⊥ is a lattice with Gram matrix

 −6 0 0
0 −6 0
0 0 −6

 .
The elliptic fibration f has the singular fibres E and f −1(tk). Other singular fibres
are of type I1 or II because the lattice S ⊥ does not have (−2)-roots. Let L be
the direct sum of the root lattices corresponding to the singular fibers of f −1(t1),
f −1(t2), and f −1(t3). L is a sublattice of LΦ. Here, if rk(NS (X)) = rk(LΦ), then
rk(L) is 9. From d(LΦ) = d(NS (X)) · [NS (X) : LΦ]2, d(L) is larger than 72. In the
case that all tk’s are the same, L = A9,D9 or E9. This contradits that d(L) ≥ 72.
In the case that two of the tk’s are the same, by virtue of d(Am) = m + 1, d(Dm) =
4, d(Em) ≤ 3 and rk(L) = 9, it can be seen that there is no lattice L that satisfies
d(L) ≥ 72. In the case that tk’s are mutually distinct, in the same way, L can be
A⊕3

2 , A2 ⊕ A3 ⊕ A4, A2 ⊕ A3 ⊕ D4, A2 ⊕ A2 ⊕ A5 or A2 ⊕ A2 ⊕ D5. This contradits
that d(L) ≥ 72. □



Chapter 4

Hyperbolic geometry

In this chapter, we recall some basic facts of n-dimensional hyperbolic spaces
and discrete groups of isometries of n-dimensional hyperbolic spaces, which are
contained in [26].

Notation
Let (X, d) be a metric space, and let r be a positive real number. Throughout

this section, we denote by
B(a, r) the open ball of radius r centered at a point a of X,
C(a, r) the closed ball of radius r centered at a point a of X,
S (a, r) the sphere of radius r centerd at a point a of X,
N(S , r) the r-neighborhood of S in X,
I(X) the group of isometries of X together with multiplication defined by com-

position.
We denote byRn the n-dimensional real vector space and by S n the n-dimensional

unit sphere. A vector in Rn is denoted by an ordered n-tuple x = (x1, . . . , xn). A
vector ei in Rn is the vector whose i-th entry is 1 and other entries are 0.

4.1 The Euclidean n-spaces
In this section, we summarize some basic notation of the Euclidean n-spaces.

Definition 4.1.1. Let x and y be vectors in Rn. The Euclidean inner product of x
and y are defined by

x · y = x1y1 + · · · + xnyn.

The Euclidean norm of x is defined to be the real number

|x| = (x2
1 + · · · + x2

n)
1
2 .

29
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Definition 4.1.2. The Euclidean distance between vectors x and y in Rn is defined
to be

dE(x, y) = |x − y|.
The Euclidean n-space En is the metric space consisting of Rn together with the
Euclidean metric dE.

4.2 The hyperboloid model of hyperbolic n-spaces
In the hyperbolic geometry, it is useful to use some models of hyperbolic spaces
for different situations. Therefore, we begin with recalling the hyperboloid model
of hyperbolic spaces. In Section 4.4 and 4.5 we recall the conformal ball model,
and the upper half-plane model of hyperbolic spaces.

Definition 4.2.1. Let n be a non-negative integer. Let x = (x1, . . . , xn, xn+1) and
y = (y1, . . . , yn, yn+1) be vectors in the (n + 1)-dimensional real vector space Rn+1.
The Lorentzian inner product of x and y is defined by

x ◦ y = x1y1 + · · · + xnyn − xn+1yn+1.

The Lorentzian (n+1)-space is the vector space Rn+1 together with the Lorentzian
inner product. A real (n + 1) × (n + 1) matrix A is said to be Lorentzian if for any
x, y ∈ Rn+1, x ◦ y = Ax ◦ Ay.

Definition 4.2.2. The hyperboloid model Hn of hyperbolic n-spaces is defined to
be the set {x ∈ Rn+1 : x ◦ x = −1, x1 > 0}. The hyperbolic distance dH(x, y)
between x and y is defined by the equation

cosh dH(x, y) = −x ◦ y.

By [26, Theorem 3.2.2], the hyperbolic distance dH is a metric on Hn. We
denote the group of isometries by I(Hn).

Definition 4.2.3. Let Hn be the hyperboloid model of n-dimensional hyperbolic
spaces. The set of all Lorentz (n+ 1)× (n+ 1) matrices with matrix multiplication
is called the Lorentz group of (n+ 1)× (n+ 1) matrices, and is denoted by O(n, 1).
The positive Lorentz group O+(n, 1) is defined by

O+(n, 1) = {A ∈ O(n, 1) : AHn = Hn},

and acts isometrically on Hn.

By [26, Theorem 3.2.3], there is an isomorphism from the positive Lorentzian
group O+(n, 1) to the group of hyperbolic isometries I(Hn).

Definition 4.2.4. A hyperbolic m-plane of Hn is the nonempty intersection of Hn

with an (n + 1)-dimensional vector subspace of Rn+1.
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4.3 Möbius transformations
To define the conformal ball model and the upper half-space model of hyperbolic
n-spaces, we use the hyperboloid model and Möbius transformation. In this sec-
tion, we recall the definition and some basic facts of Möbius transformation.

Definition 4.3.1. Let a be a unit vector in En, and let t be a positive real number.
Consider the hyperplane of En defined by

P(a, t) = {x ∈ En : a · x = t}.

The reflection ρ of En in the plane P(a, t) is defined by

ρ(x) = x + 2(t − a · x)a.

Let a be a point in En, and let r be a positive real number. The sphere of En of
radius r centered at a is defined by

S (a, r) = {x ∈ En : |x − a| = r}.

The reflection (or inversion) σ of En in the sphere S (a, r) is defined by

σ(x) = a +
( r
|x − a|

)2

(x − a).

Definition 4.3.2. We identify En with En×{0}. The stereographic projection from
En to S n\{en+1} is defined by

π(x) =
( 2x1

1 + |x|2 , . . . ,
2xn

1 + |x|2 ,
|x|2 − 1
|x|2 + 1

)
.

The image π(x) of x is the intersection of S n\{en+1} with the line connecting x to
en+1.

Let Ên be the one-point compactification of En. Then Ên = En ∪ {∞}, where
∞ is a point that is not in En. Now we extend π to a bijection π̂ : Ên → S n defined
by π̂(∞) = en+1. The metric d on Ên is defined by

d(x, y) = |π(x) − π(y)|,

and is called the chordal metric.

Definition 4.3.3. Let a be a unit vector in En, and let t be a positive real number.
The extended hyperplane of Ên is defined by P̂(a, t) = P(a, t) ∪ {∞}. Let ρ be the
reflection of the hyperplane P(a, t). Extend ρ to a bijection ρ̂ : Ên → Ên by setting
ρ̂(∞) = ∞. In a similar way, the inversion σ of an Euclidean sphere S (a, r) in En

is extended to σ̂ : Ên → Ên by setting σ̂(∞) = ∞. The extended map ρ̂ (resp. σ̂)
is called the reflection of P̂(a, t) (resp. Ŝ (a, r)) , which is a homeomorphism of
Ên.
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Definition 4.3.4. A sphere of Ên is either an extended hyperplane or an Euclidean
sphere. A Möbius transformation of Ên is a finite composition of reflection of a
sphere in Ên.

Theorem 4.3.5 ( [26, Theorem 4.3.4] ). Let φ be a Möbius transformation. The
image of a sphere in Ên by φ is also a sphere in Ên.

4.4 The conformal ball model
In this section, we recall the conformal ball model of hyperbolic space. Identify
Rn with Rn × {0} in Rn+1. Let Bn be the open unit ball of Rn, and let |x| be the
Euclidean norm of a vector x in Rn: i.e., |x| = (x2

1 + · · · + x2
n)

1
2 .

The stereographic projection ζ from Bn to the hyperbolic space Hn is defined
by the formula

ζ(x) =
( 2x1

1 − |x|2 , . . . ,
2xn

1 − |x|2 ,
1 + |x|2
1 − |x|2

)
.

This map ζ is bijective.

Definition 4.4.1. A metric dB on Bn is defined by the formula dB(x, y) = dH(ζ(x), ζ(y)).
The metric space (Bn, dB) is called the conformal ball model of hyperbolic n-
spaces.

Definition 4.4.2. A Möbius transformation of Bn is a Möbius transformation φ
of Ên that leaves Bn invariant: ,i.e., φ satisfies φ(Bn) = Bn. The group of Möbius
transformation of Bn is denoted by M(Bn).

Theorem 4.4.3 ([26, Theorem 4.5.2.] ). Every Möbius transformation of Bn re-
stricts to an isometry of the conformal ball model Bn. Conversely, every isometry
of Bn extends to a unique Möbius transformation of Bn. In particular, restriction
induces an isomorphism from M(Bn) to I(Bn).

Definition 4.4.4. The metric DB on M(Bn) is defined by

DB(φ, ψ) = supx∈∂Bn |φ(x) − ψ(x)|.

Let Γ be a subgroup of M(Bn). Γ is discrete if all the point of Γ is open with
respect to the metric DB.

The boundary of Bn in Rn is the unit sphere {x ∈ Rn : |x| = 1}, and is denoted
by ∂Bn. A hyperbolic m-plane of Bn is the image of a hyperbolic m-plane of Hn by
ζ−1. By [26, Theorem 4.5.3], a hyperbolic m-plane of Bn is the intersection of Bn

with either an m-dimensional vector subspace of Rn or an m-dimensional sphere
of Rn orthogonal to ∂Bn.
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Definition 4.4.5. Let c be a point in ∂Bn. Let S be an (n−1)-dimensional inscribed
sphere of Bn tangent at c, and let T be the one of connected component of Rn\S
which is bounded. We call the intersection of Bn with S (resp. T ) the horosphere
of Bn (resp. horoball of Bn).

In Figure 4.1, the small circle is a horosphere in the 2-dimensional conformal
ball modle B2.

Figure 4.1: A horosphere of B2

4.5 The upper half-space model
Definition 4.5.1. Let x = (x1, . . . , xn) be a vector in Rn, and let en be the vector in
Rn whose entries are all zero except for the n-th, which is one. Let ρ (resp. σ) be
the reflection of Ên in P(en, 0) (resp. S (en,

√
2)). The maps ρ and σ are given by

the formula

ρ(x1, . . . , xn−1, xn) = (x1, . . . , xn−1,−xn),

σ(x) = en +
2(x − en)
|x − en|2

for x ∈ Rn\{en}, respectively.

The n-dimensional upper half-space Un is defined to be

Un = {(x1, . . . , xn) ∈ Rn : xn > 0}.

We define η = σρ. Then the map η is a map from the upper half-space Un to the
open unit ball Bn, and is called the standard transformation from Un to Bn. The
Poincaré metric on Un is defined by the formula

dU(x, y) = dB(η(x), η(y)).

The pair (Un, dU) is a metric space, and is called the upper half-model of
hyperbolic n-spaces. By the definition, this is isomorphic to the conformal ball
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model Bn of hyperbolic n-spaces. The group consisting of isometries of Un is
denoted by I(Un).

Definition 4.5.2. A Möbius transformation of Un is a Möbius transformation φ
that leaves Un invariant: i.e. φ satisfies φ(Un) = Un. The group of Möbius trans-
formation of Un is denoted by M(Un).

Theorem 4.5.3 ( [26, Theorem 4.6.2.] ). Every Möbius transformation of the up-
per half-space model Un restricts to an isometry of Un. Conversely, every isometry
of Un extends to a Möbius transformation of Un. In particular, restriction induces
an isomorphism from M(Un) to I(Un).

Example 4.5.4. In the case n = 2, identify R2 with C under the map

(x, y) 7→ z = x + iy.

Let φ be a linear fractional transformation

φ(z) =
az + b
cz + d

with a, b, c, d real numbers and ad − bc = 1. It is well-known that φ acts iso-
metrically on the upper half-space U2 = {z ∈ C : Im z > 0}. The standard trans-
formation η can be expressed as η(z) = i f (z), where the map f (z) is the Cayley

transformation defined by f (z) =
z − i
z + i

.

Definition 4.5.5. Identify En−1 with En−1 × {0} in En. Let φ be a Möbius transfor-
mation of Ên−1, and let a = (a, 0). The extension φ of φ is defined as follows:

1. If φ is the reflection of Ên−1 in P(a, t), then φ is the reflection of Ên in P(a, t).

2. If φ is the reflection of Ên−1 in S (a, t), then φ is the reflection of Ên in S (a, t).

3. In general case, φ is the composition φ = σ1 · · ·σm of reflections. Then, we
define the map φ by the composition φ = σ1 · · ·σm.

We call the extension of φ the Poincaré extension

The Poincaré extension is well-defined. Moreover, the following holds:

Theorem 4.5.6. A Möbius transformation φ of Ên leaves Un invariant if and only
if φ is the Poincaré extension of a Möbius transformation of Ên−1. In particular,
the Poincaré extension induces the isomorphism from M(Ên−1) to M(Un).
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Definition 4.5.7. Let η be the standard transformation from Un to Bn. A subset P
is a hyperbolic m-plane (resp. horosphere, horoball) of Un if the image η(P) of P
by η is a hyperbolic m-plane (resp. horosphere, horoball) in Bn.

Theorem 4.5.8 ( [26, Theorems 4.6.3. and 4.6.5.] ).

1. A subset P of Un is a hyperbolic m-plane of Un if and only if P is the
intersection of Un with either an m-plane of En orthogonal to En−1 or an
m-sphere of En orthogonal to En−1.

2. A subset Σ of Un is a horopshere of Un based at a point b of Ên−1 if and
only if Σ is either a Euclidean hyperplane in Un parallel to En−1 if b = ∞, or
the intersection with Un of a Euclidean sphere in U

n
tangent to En−1 at b if

b , ∞.

4.6 Types of transformations and elementary groups
Let Bn be the conformal ball model of n-dimensional hyperbolic spaces. We write
Bn for the closed unit ball Bn ∪ ∂Bn.

Definition 4.6.1. Let φ be an element of M(Bn). Then φ maps the closed unit ball
Bn to itself. By the Brouwer fixed point theorem, φ has a fixed point in Bn.

1. φ is elliptic if φ has a fixed point in Bn,

2. φ is parabolic if φ has no fixed point in Bn and has a unique fixed point in
∂Bn,

3. φ is hyperbolic if φ has no fixed point in Bn and fixes two points in ∂Bn.

Theorem 4.6.2. A Möbius transformation φ of M(Bn) is elliptic if and only if φ is
conjugate in M(Bn) to an orthogonal transformation of En.

Example 4.6.3. Let φ be the rotation of B2 by the angle θ around the origin of the
form φ(z) = eiθz for any z ∈ C. Then φ is a Möbius transformationof elliptic type.

Let φ be an isometry of Un, and let η be the standard transformation from Un

to Bn. Then φ is said to be elliptic (resp. parabolic, hyperbolic) if ηφη−1 is elliptic
(resp. parabolic, hyperbolic).

Theorem 4.6.4 ( [26, Theorems 4.7.3, and 4.7.5] ). Let φ be a Möbius transfor-
mation of Un. Then
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1. φ is parabolic if and only if φ is conjugate in M(Un) to the Poincaré exten-
sion of an isometry ψ of En−1 of the form ψ(x) = a + Ax where a , 0 and A
is an orthogonal transformation of En−1 such that Aa = a.

2. φ is hyperbolic if and only if φ is conjugate in M(Un) to the Poincaré exten-
sion of a similarity ψ of En−1 of the form ψ(x) = kAx , where k > 1 and A is
an orthogonal transformation of En−1.

Example 4.6.5. Let f and g be isometries of U2 defined by f (z) = z + 1 and
g(z) = 2z. Then f (resp. g) is parabolic (resp. hyperbolic).

Definition 4.6.6. A subgroup G of M(Bn) is elementary if G has a finite orbit in
the closed ball Bn. Every elementary group is classified into three types as follows:

1. The group G is of elliptic type if G has a finite orbit in Bn.

2. The group G is of parabolic type if G fixes a point of ∂Bn and has no other
finite orbit in B

n

3. The group G is of hyperbolic type if G is neither of elliptic type nor parabolic
type.

Theorem 4.6.7 ( [26, Theorem 5.5.2.] ). Let Γ be a subgroup of M(Bn). Then Γ
is an elementary discrete subgroup of elliptic type if and only if Γ is conjugate in
M(Bn) to a finite subgroup of the orthogonal group O(n).

Theorem 4.6.8 ( [26, Theorems 5.5.5, and 5.5.8.] ). Let Γ be a subgroup of
M(Un).

1. The group Γ is an elementary discrete subgroup of parabolic type if and
only if Γ conjugate in M(Un) to an infinite discrete subgroup of I(En−1).

2. The group Γ is an elementary discrete subgroup of hyperbolic type if and
only if Γ contains an infinite cyclic subgroup of finite index that is generated
by a hyperbolic transformation.

4.7 Convex polyhedra and fundamental domains
Definition 4.7.1. Let Bn be the conformal ball model of n-dimensional hyperbolic
spaces. Let x and y be points in Bn. Then there exists the open circular arc C that
is the intersection of Bn with the hyperbolic 1-plane of Bn that contains x and y. A
subset [x, y] of C is defined by
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1. If x and y are in ∂Bn, then [x, y] is the open circular arc C ending at x and y,
and is called the geodesic line connecting x to y,

2. If x and y are in Bn, then [x, y] is the closed circular arc ending at x and y,
and is called the geodesic segment connecting x to y,

3. If x is in ∂Bn and y is in Bn, then [x, y] is the circular arc ending at x and y,
and is called the geodesic ray connecting x to y.

Definition 4.7.2. A subset C of Bn is convex if for any x and y, the geodesic
segment [x, y] is contained in C. Let S be a subset of Bn. The convex hull of S is
the intersection of all convex subsets containing S . A subset P of Bn is a polytope
in Bn if P is a convex hull of finitely many points of Bn.

Example 4.7.3. Let S be a 30◦ − 45◦ hyperbolic right triangle. A hyperbolic
regular hexagon T is obtained by applying reflections one after another, keeping
the vertex at the 30◦ angle fixed, as shown in Figure 4.2. S and T are convex
polyhedra in B2.

Figure 4.2: A hyperbolic regular hexagon

Definition 4.7.4. A subset C of Bn is hyperbolic convex if any two distinct points
of C can be joined by the geodesic segment, the geodesic ray, or the geodesic line
connecting x to y. Let K be a subset of Bn. The hyperbolic convex hull C(K) is the
intersection of all hyperbolic convex subsets containing K. A subset P of Bn is a
generalized polytope if P is the hyperbolic convex hull of finitely many points of
B

n
. A point in P ∩ ∂Bn is called an ideal vertex of P.
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Figure 4.3: An ideal triangle in B2

Example 4.7.5. The curvilinear triangle in Figure 4.3 is a generalized triangle.

Definition 4.7.6. A side is a convex subset C of Bn is a nonempty maximal convex
subset of ∂C. A convex polyhedron P of Bn is a nonempty closed convex subset of
Bn such that the collection of its sides is locally finite in Bn: i.e., for each x ∈ Bn,
there is an ε > 0 such that the open ball B(x, ε) of radius ε centered at x meets
only finitely many sides of P.

Definition 4.7.7. Let P be a convex polyhedron in Bn, and let u be a point of
P ∩ ∂Bn, where P is the closure of P in En. A side S of P is incident with u if u is
in the closure of S in En.

Definition 4.7.8. Let X be a metric space. A subset D of X is a fundamental
domain for a group Γ of isometries of X if

1. the set D is open and connected in X,

2. the elements of {gD : g ∈ Γ} are mutually disjoint,

3. X =
⋃
g∈Γ

gD,

where D is the closure of D in X.

A fundamental domain D is locally finite if the set {gD : g ∈ Γ} is locally finite:
i.e., for each x ∈ X, there is an ε > 0 such that the open ball B(x, ε) of radius ε
centered at x meets only finitely many members of {gD : g ∈ Γ}.
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Definition 4.7.9. Let X be a topological space, and let G be a group that acts on
X. The action of G on X is discontinuous if for any compact subset K, the set
K ∩ gK is nonempty for only finitely many g in G.

Let Γ be a discontinuous group of isometries of a hyperbolic n-space Hn. By
[26, Theorems 6.6.10 and 6.6.12], there is a point a such that the stabilizer group
Γa of a is trivial. For each g , 1 in Γ, we set H+g (a) = {x ∈ Hn : dH(x, a) <
dH(x, ga)}.
Definition 4.7.10. The Dirichlet domain DΓ(a) for Γ, with center a, is either Hn

if Γ is trivial or
DΓ(a) =

⋂
g∈Γ\{1}

H+g (a).

Let DΓ(a) be the Dirichlet domain for Γ with center a as above. By [26, The-
orem 6.6.13], DΓ(a) is a locally finite fundamental domain for Γ.

Example 4.7.11. Let Γ be the group of all linear fractional transformations φ(z) =
az + b
cz + d

with a, b, c, d integers and ad − bc = 1. Then Γ is a discrete subgroup of

I(U2), which is isomorphic to PSL(2,Z). Let T be the Dirichlet domain for Γ with

center a = ti for any t > 1. Let f (z) = z + 1 and g(z) = −1
z
. Then T is given by

T = H+f (a) ∩ H+f −1(a) ∩ H+g (a) as the following figure 4.4.

Figure 4.4: A Dirichlet domain T of PSL(2,Z)
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4.8 Limit sets
Definition 4.8.1. A point a of ∂Bn is a limit point of a subgroup G of M(Bn) if
there is a point x ∈ Bn and a sequence {gi} of elements of G such that the sequence
{gix}i∈N converges to a. The set of limit points of G is called the limit set of G, and
is denoted by Λ(G). The complement of Λ(G) in ∂Bn is called the ordinary set of
G, and is denoted by O(G).

Definition 4.8.2. A point a of ∂Bn is a conical limit point of a subgroup G of
M(Bn) if there is a point x ∈ Bn, a sequence {gi} of elements of G, a 1-plane R
and a real number r > 0 such that the closure of R in Bn contains a, gix is in
the r-neightborhood N(R, r) of R and the sequence {gix}i∈N converges to a, where
N(R, r) is defined to be

N(R, r) = {x ∈ Bn : dB(x, y) < r for some y ∈ R}.

Example 4.8.3. Let g be the same isometry in Example 4.6.5, and let R be the
y-axis. As the sequence {g−i(i)}i∈N converges to 0 and g−i(i) ∈ R, the limit point 0
is a conical limit point of a cyclic subgroup generated by g.

In general, it is known that a fixed point of hyperbolic transformation h of a
subgroup G of M(Bn) is a conical limit point of G.

Definition 4.8.4. A point a of ∂Bn is a bounded parabolic limit point of a discrete
group Γ of M(Bn) if a is a fixed point of a parabolic element of Γ and the orbit
space (Λ(Γ)\{a})/Γ is compact.

Example 4.8.5. In Example 4.7.11, the set of all bounded parabolic points is the
set of extended rational numbers Q̂ = Q ∪ {∞}, and the set of all conical limit
points is R\Q.

4.9 Geometrically finite discrete groups
Definition 4.9.1. A convex polyhedron P in Bn is geometrically finite if for any
x ∈ P ∩ ∂Bn−1, there exists an open neighborhood N of x in En such that N meets
only the sides of P whose closure in En contains x.

Definition 4.9.2. A discrete group Γ of M(Bn) is geometrically finite if Γ has a
geometrically finite convex fundamental polyhedron P and P is exact: i.e., for
each side S of P, there is an element γ of Γ such that S = P ∩ γP.

Definition 4.9.3. Let Γ be a discrete subgroup of M(Bn), and let a be a point of
∂Bn fixed by some parabolic element of Γ. Let Γa be the stabilizer group of a. A
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horoball B(a) based at a is said to be a horocusped region for Γ based at a if for
each g ∈ Γ\Γa, we have

B(a) ∩ gB(a) = ∅.
If a horocusped region B(a) based at a is not maximal with respect to the inclusion
relation, B(a) is said to be proper.

Definition 4.9.4. Let C(Γ) be the hyperbolic convex hull of the limit set Λ(Γ) of
Γ. The convex core of M = Bn/Γ is the set

C(M) = (C(Γ) ∩ Bn)/Γ.

Theorem 4.9.5 ( [26, Theorem 5.3.5] ). Let Γ be a subgroup of I(Hn). Γ is discrete
if and only if the action of Γ on Hn is properly discontinuous.

From the proof of [26, Theorem 12.4.4], we have following lemma.

Lemma 4.9.6. Let Γ be a geometrically finite subgroup of M(Un), and let P be a
geometrically finite exact convex fundamental polyhedron for Γ. Then, for every
cusped limit point x, there exist a cusped region U(x) based at x and elements
g1, · · · , gk in Γ such that U(x) ⊂ ⋃

f∈Γx
(
⋃i=k

i=1 giP), and U(x) meets just the sides of
polyhedrons f giP incident with x.

Theorem 4.9.7 ([26, Theorem 12.4.5.]). Let Γ be a discrete subgroup of M(Bn), let
M = Bn/Γ, and let C(M) be the convex core of M. The following are equivalent:

1. The group Γ is geometrically finite,

2. There is a (possibly empty) finite union V of proper horocusps of M, with
disjoint closures, such that C(M)\V is compact,

3. Every limit point of Γ is either conical or bounded parabolic,

4. Every exact convex fundamental polyhedron for Γ is geometrically finite.

Theorem 4.9.8 ( [26, Theorem 12.4.8] ). Let Γ be a discrete subgroup of M(Bn),
and let H be a subgroup of finite index in Γ. Then H is geometrically finite if and
only if Γ is geometrically finite.

Theorem 4.9.9 ( [26, Theorem 12.4.9] ). If Γ is a discrete subgroup of M(Bn)
such that Bn/Γ has finite volume, then Γ is geometrically finite.

Theorem 4.9.10 ( [26, Theorem 12.4.10] ). Let Γ be a discrete subgroup of M(Bn)
with an integer n > 1. Then the following are equivalent:

1. The orbit space Bn/Γ has finite volume.
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2. The group Γ is geometrically finite and Λ(Γ) = ∂Bn.

3. There exists an exact convex fundamental polyhedron P for Γ such that P is
a generalized polytope.

Example 4.9.11. Let Γ and T be the same as those in Example 4.7.11. As the vol-
ume of T is

π

3
, Γ is geometrically finite. In this case, the set of bounded parabolic

limit points is the rationals Q and the set of conical limit points is R\Q.

Theorem 4.9.12 ( [26, Theorem 12.6.5] ). Let Γ be a subgroup of M(Bn), and let
C be the set of cusped limit points of Γ. For each c ∈ C, there exists a cusped
region U(c) based at c for Γ such that

1. {U(c) : c ∈ C} is mutually disjoint,

2. γU(c) = U(γc) for any γ ∈ Γ and c ∈ C,

3. {U(c)\{c}} is a locally finite family of closed subsets of Bn ∪ O(Γ).

4.10 Arithmetic hyperbolic groups
Let f be a quadratic form in (n + 1)-variables with real symmetric coefficient
matrix A = (ai j). Then we have

f (x) = xtAx =
n+1∑
i=1

n+1∑
j=1

ai jxix j.

The orthogonal group of f over a subring R of R is defined to be

O( f ,R) = {T ∈ GL(n + 1,R) : f (T x) = f (x) for all x ∈ Rn+1}
= {T ∈ GL(n + 1,R) : T tAT = A}.

Let fn be the Lorentzian quadratic form in (n + 1)-variables defined by

fn(x) = −x2
1 + x2

2 + · · · + xn+1.

Then we have O(n, 1) = O( fn,R). If the signature of f is of type (n, 1), there exists
a matrix M ∈ GL(n + 1,R) such that f (Mx) = fn(x) for all x ∈ R. Then M maps
the set {x ∈ Rn+1 : fn(x) < 0} onto the set {x ∈ Rn+1 : f (x) < 0}.

Let O+( f ,R) be the subgroup of O( f ,R) leaves the component of {x ∈ Rn+1 :
f (x) < 0}. Then there is an isomorphism from O+(n, 1) to O+( f ,R).
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Definition 4.10.1. Let K be a totally real number field, and let f be a quadratic
form over K in (n + 1)-variables, with an integer n > 0 and symmetric coefficient
matrix A = (ai j). The quadratic form f is said to be admissible if f has signature
(n, 1) and for each nonidentity field embedding σ : K → R, the quadratic form f σ

over σ(K), with coefficient matrix Aσ = (σ(ai j)), is positive definite.

Example 4.10.2. Any quadratic from f over Q of signature (n, 1) is admissible.

Definition 4.10.3. Let K be a totally real number field, and let RK be the ring of
integers of K. A subgroup Γ of O+(n, 1) is an arithmetic group of isometries of Hn

defined over K if there is a quadratic form f over K in (n+ 1)-variables, and there
is M ∈ GL(n + 1,R) such that f (Mx) = fn(x) for all x ∈ Rn+1, and the subgroup
MΓM−1 and O+( f ,RK) of O+( f ,R) are commensurable. If the quadratic form f is
admissible, Γ is said to be of simplest type

Theorem 4.10.4 ([26, Theorem 12.8.4] ). If Γ is an arithmetic group of isometries
ofHn, with an integer n > 1, of the simplest type defined over a totally real number
field K, then Γ\Hn has finite volume.

Example 4.10.5. Let (L, 〈, 〉) be a lattice of signature (1, n), and let O+(L) be the
subgroup of O(L) leaves the component of the set {x ∈ L ⊗ R : 〈x, x〉 < 0}. Then
O+(L) is an arithmetic group of the simplest type defined over Q. By Theorem
4.10.4 and Theorem 4.9.10, O+(L) is a geometrically finite discrete subgroup of
I(Hn).





Chapter 5

Cohomology of groups

5.1 Cohomological dimension of groups
In this chapter, we recall some definitions and basic facts about cohomology of
groups from [9]. Group cohomology is a tool used to study groups using coho-
mology theory. For a given group Γ and a Γ-module M, we consider the abelian
group H∗(Γ,M). The passage M 7→ H∗(Γ, M) can be regarded as a derived functor
and also it can be interpreted geometrically using Eilenberg-MacLane spaces.

Definition 5.1.1. Let Γ be a group and let ZΓ be the free Z-module generated by
the elements of Γ. Thus the elements of ZΓ can be uniquely expressed in the form∑

γ∈Γ
aγγ,

where aγ ∈ Z and aγ = 0 for all but finitely many γ. The multiplication in Γ
uniquely extends to ZΓ; this makes ZΓ into a ring. ZΓ is called the integral group
ring of Γ. A left (resp. right) ZΓ-module is called a left (resp. right) Γ-module.

Let R be a ring. The tensor product M ⊗R N is defined for a right R-module
M and a left R-module N. If R is a group ring ZΓ, any left Γ-module M can be
regarded as a right Γ-module by setting mγ = γ−1m (m ∈ M, γ ∈ Γ). Then, the
tensor product M ⊗ZΓ N can be defined for left Γ-modules M and N. The tensor
product M ⊗ZΓ N is also denoted by M ⊗Γ N, and the set of homomorphisms from
M to N is denoted by HomΓ(M,N).

Definition 5.1.2. Let F be a left projective resolution of Z over ZΓ, where we
regard Z as the left Γ-module with trivial Γ-action. Let M be a left Γ-module. We
define the homology and cohomology of Γ with coefficients in M by

Hi(Γ,M) B Hi(F ⊗Γ M),

Hi(Γ.M) B Hi(HomΓ(F,M)), respectively.

45
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By the fundamental property of projective resolutions (see Brown [9, Proposi-
tion 8.6]), we can also define the homology and cohomology of Γwith coefficients
in M as follows:

Hi(Γ,M) B Hi(F ⊗Γ P) = Hi(Z, P), (5.1.1)

Hi(Γ.M) B Hi(HomΓ(F,Q)) = Hi(HomΓ(Z,Q)),

where P (resp. Q) is a left projective (resp. injective) resolution of M. As
noted above, the homology (resp. cohomology) of a group Γ can be regarded as a
derived functor. To see this, we define the invariants (resp. co-invariants) of left
Γ-modules.

Definition 5.1.3. For a left Γ-module M, we define

MΓ B {m ∈ M : γm = m for ∀γ in Γ},
MΓ B M/{γm − m : γ ∈ Γ,m ∈ M} = M/IM,

where I is the bisided ideal of ZΓ generated by γ − 1 (γ ∈ Γ), said to be the
augmentation ideal. MΓ (resp. MΓ) is called the invariant part (resp. coinvariant)
of M.

MΓ is the maximum quotient module of M among those quotients with the
induced Γ-action being trivial, and MΓ is the maximum submodule of M whose
Γ-action is trivial.

Proposition 5.1.4 ([9, Chapter II, eq. (2,1)]). For any left Γ-module M,

MΓ ' Z ⊗Γ M,

MΓ ' HomΓ(Z,M).

Proof. We define the two maps defined to be

MΓ → Z ⊗Γ M : m mod IM 7→ 1 ⊗ m,

Z ⊗Γ M → MΓ : n ⊗ m 7→ n · (m mod IM).

These two maps are inverse to each other. Then, we have MΓ ' Z ⊗Γ M. By the
definition of Γ-module Z and MΓ, it is easy to see that the map HomΓ(Z,M) →
MΓ : f 7→ f (1) is an isomorphism. □

By Proposition 5.1.1, the functor from the category of left Γ-modules Mod(Γ)
to the category of abelian groups Ab defined by M 7→ MΓ (resp. M 7→ MΓ) is
an additive right exact functor (resp. an additive left exact functor). By equation
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(5.1.1), we can deduce that the homology (resp. cohomology) of Γ with coeffi-
cients in M is the left derived functor of M 7→ MΓ (resp. the right derived functor
of M 7→ MΓ).

Next, we recall the topological interpretation of homology (resp. cohomology)
of groups using Eilenberg-MacLane spaces.

Definition 5.1.5. A CW-complex Y is said to be an Eilenberg-MacLane complex
of type (Γ, 1) if Y satisfies the following conditions:

1. Y is connected.

2. π1Y = Γ.

3. The universal cover X of Y is contractible.

An Eilenberg-MacLane complex of type (Γ, 1) is denoted by K(Γ, 1).

Definition 5.1.6. Let X be a CW-comlex. If X admits a left Γ-action which per-
mutes cells, X is said to be a Γ-complex.

If X is a Γ-complex, then the action of Γ on X induces an action of Γ on the
cellular chain complex C∗(X), which thereby becomes a chain complex of left Γ-
modules. The canonical augmentation ε : C0(X) → Z, defined by ε(v) = 1 for
every 0-cell v of X, is a left Γ-module map. X is said to be free if the action of Γ
on X is free for the set of cells of X. In this case, each chain module Cn(X) is a
ZΓ-free module.

Proposition 5.1.7 ([9, Chapter I, Proposition (4.1)]). Let X be a contractible free
Γ-complex. Then, the augmented chain complex

C∗ : · · · → Cn(X)→ · · · → C1(X)→ C0(X)
ε−→ Z

is a free resolution of Z over ZΓ.

Proof. Take the homology of C∗(X). Since X is contractible, Hi(X) = 0 for i ≥ 1
and H0(X) = Z. Hence, C∗(X) is exact. □

Proposition 5.1.8 ([9, Chapter I, Proposition (4.2)]). If Y is a K(Γ, 1)-complex,
then the augmented cellular complex of the universal cover X of Y is a free reso-
lution of Z over ZΓ.

Proof. Let X be the universal cover of Y and let p : X → Y be the covering map.
By the theory of regular coverings, X admits Γ-complex structure and the action
of Γ on fibres p−1σ is transitive and free. Then each chain module C∗(X) is a free
left ZΓ-module. By Proposition 5.1.7, C∗(X) is exact. □
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Let X and Y be as above. Y is isomorphic to X/Γ. This isomorphism induces
the isomorphism from the chain complex C∗(Y) to the complex C∗(X)Γ that is the
invariants of C∗(X). Then Hi(Γ,Z) = Hi(C∗(X) ⊗Γ Z) ' Hi(C∗(X)Γ) ' Hi(C∗(Y)).
We have the following corollary:

Corollary 5.1.9. If Y is a K(Γ, 1)-complex, then H∗(Γ,Z) ' H∗(Y,Z).

Example 5.1.10. Let Γ be Z with generator t. Then we have a resolution

0→ ZΓ ×(t−1)−−−−→ ZΓ→ 0.

Hence H∗(Γ,M) is the homology of the following complex:

· · · → 0→ M
×(t−1)−−−−→ M

and H∗(Γ,M) is the cohomology of the following complex:

M
×(t−1)−−−−→ M → 0→ · · · .

Hence we have H0(Γ,M) = H1(Γ,M) = MΓ and H1(Γ,M) = H0(Γ,M) = MΓ.

Example 5.1.11. Let Γ be the free abelian group Zn of rank n and let Y be the
CW-complex S 1 × S 1 × · · · × S 1 (n factors) , where S 1 is the circle. Then Y is a
K(Γ, 1)-complex. Hence Hi(Γ,M) = Hi(Y,M) and Hi(Γ,M) = Hi(Y,M).

Remark 5.1.12. We have given the topological interpretation of the homology of
groups with coefficients Z. In general, for any left Γ-module M,

H∗(Γ,M) = H∗(K(Γ, 1),M),

H∗(Γ,M) = H∗(K(Γ, 1),M),

where M is the locally constant sheaf on Y induced by M. By Hurewicz’s the-
orem, any K(Γ, 1)-complex are homotopy equivalent to each other. Then, it is
important for computation of H∗ or H∗ to find an appropriate K(Γ, 1)-complex or
find an appropriate free resolution of Z over ZΓ.

For example, it is reasonable to try to choose K(Γ, 1) with dimension as small
as possible. This leads to the notion of the cohomological dimension of groups.

Definition 5.1.13. Let R be a ring and M be a left R-module. Let n is a non-
negative integer. Then projdimR M ≤ n if there is a left projective resolution of
length n:

0→ Pn → Pn−1 → · · · → P0 → M → 0.
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Lemma 5.1.14 ([9, Chapter VIII, Lemma (2.1)]). The following conditions are
equivalent:

1. projdimR M ≤ n.

2. Exti
R(M,−) = 0 for any i > n.

3. Extn+1
R (M,−) = 0.

4. For any left R-module exact sequence 0 → K → Pn−1 → · · · → P0 → 0
with Pi projective, K is projective.

Proof. It is obvious that (iv)⇒ (i)⇒ (ii)⇒ (iii). Then we will prove (iii)⇒ (iv).
For a given partial projective resolution as in (iv), consider an extended projective
resolution:

· · · fn+2 // Pn+1
fn+1 //

����

Pn
fn //

����

Pn−1
// · · · // P0

// M // 0.

L
. �

<zzzzzzzzz
K
. �

<zzzzzzzz

For any left R-module N, an (n+1)-cocycle in HomR(P,N) is a map φ : Pn+1 → N
whose composition with Pn+1 → Pn is zero. By L ' Im fn+1 ' Pn+1/ ker fn =

Pn+1/ Im fn+2, φ induces φ : L → N. By the condition (iii), any map on L can
be extended to Pn. In particular, the identity map on L extends to Pn. Hence
Pn ' L ⊕ K and K are projective. □

Definition 5.1.15. We define the cohomological dimension cdΓ as following:

cdΓ = projdimZΓ Z
= inf{n : Z admits a projective resolution of lengh n}
= inf{n : Hn(Γ,−) = 0 for any i > n}
= sup{n : Hn(Γ,−) , 0 for some Γ-module M}

Recall that the functor Exti
R(M,−) = Hi(HomR(M,−)). Then Exti

ZΓ(M,−) =
Hi(Γ,−). By the previous Lemma, the above definition is well-defined.

Example 5.1.16. Let Γ be the fundamental group of a closed surface Y whose
genus is larger than 2. Since Y is a K(Γ, 1)-complex, then cd Γ ≤ 2.And H2(Γ,Z/2Z) '
H2(Y,Z/2Z) , 0. Hence cdΓ = 2.

Example 5.1.17. Let Γ and Y be the same as those in Example 5.1.11. Since Y is
a K(Γ, 1)-complex and Hn(Y,Z) = Z, cd Γ = n.
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Proposition 5.1.18 ([9, Chapter VIII, Proposition (2.4)]). Let Γ and Γ
′

be groups
with Γ

′ ⊂ Γ. Then cd Γ
′ ≤ cdΓ.

Proof. A projective resolution of Z over ZΓ can also be regarded as a projective
resolution of Z over ZΓ

′
. □

Theorem 5.1.19 ([9, Chapter VIII, Proposition (8.1)]). Let Γ be a group, and let
Y be an n-dimensional K(Γ, 1)-manifold (possibly with boundary). Then cd Γ ≤
n and the equality holds if and only if Y is closed (i.e., compact and without
boundary).

The following theorem claims well-definedness of the virtual cohomological
dimension.

Theorem 5.1.20 ([9, Chapter VIII, Theorem (3.1)]). If Γ is a torsion-free group
and Γ

′
is a subgroup of finite index, then cd Γ = cdΓ

′
.

There are many important groups with torsion that have torsion-free subgroups
of finite index (for example, S Ln(Z)). It is known that the cohomological dimen-
sion of groups with torsion is infinite. The following notion gives a useful frame-
work in such situation: In general, for a property P in terms of group, a group is
called virtually P if there is a subgroup of finite index that satisfies the property P.

Definition 5.1.21. Let Γ be a virtually torsion-free group. By Theorem 5.1.20,
any torsion-free subgroup of finite index has the same cohomological dimension.
Then the dimension is called the virtual cohomological dimension, and is denoted
by vcd Γ.

5.2 Bestvina-Mess formula
In [5], Bestvina and Mess proved the following formula for any virtually torsion
free hyperbolic group G:

vcd G = dim ∂G + 1,

where ∂G is the Gromov boundary of G and dim ∂G is the covering dimension
of ∂G. In [5], this formula, called the Bestvina-Mess formula, is generalized for
groups which admits a Z-structure. Recently, Fukaya [12] proved the Bestvina-
mess formula for relatively hyperbolic groups.

Definition 5.2.1. Let A be a subset of a topological space X. If there exists a map
r : X → A such that r|A = id, the subset A is called a retract of X. A neighborhood
retract of X is a closed set in X that is a retract of some neighborhood in X.
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Definition 5.2.2. A metrizable space X is called an abusolute neighborhood re-
tract (ANR) (resp. an abusolute retract (AR)) if X is a neighborhood retract (resp.
a retract) of an arbitrary metrizable space that contains X as a closed subspace.

It is well-known that an ANR X is an AR if and only if X is contractible.

Example 5.2.3.
1. Every topological manifold is an ANR.
2. [0, 1]n is an AR.

Definition 5.2.4. A subset A of a topological space X is said to be homotopy
dense in X if there exists a homotopy H : X × [0, 1] :→ X such that for any t > 0,
Ht(X) ⊂ A.

Definition 5.2.5. Let X be an ANR. A closed subset Z of X is called a Z-set if
X\Z is homotopy dense in X.

Definition 5.2.6. Let X be a compact AR, and let Z be a closed subset of X. A
pair (X,Z) is aZ-structure for a group G if

1. Z is aZ-set of X.

2. There exists a proper metric d on X = X\Z such that

2-1. G geometrically acts on (X, d).

2-2. For any compact subset K of X and any open covering U of X, there
exists Ug ∈ U such that gK ⊂ Ug for all g ∈ G exept finitely many elements
of G.

Theorem 5.2.7 ( [6, Theorem 1.7]). Let (X,Z) be a Z-structure on a virtually
torsion free group G. Then vcd G = dim Z + 1, where dim Z is the covering
dimension of Z.

Example 5.2.8. LetBn be the n-dimensional conformal model of hyperbolic spaces.
and let Γ be a cocompact discrete subgroup of M(Bn). Then the pair (Hn, S n−1) is
aZ-structure of a group Γ, and so vcdΓ = dim S n−1 + 1 = n.





Chapter 6

Automorphism groups of K3
surfaces and virtual cohomological
dimension

In this chapter, we deal with only algebraic K3 surfaces defined over C. We con-
sider the natural actions of the automorphism groups of K3 surfaces on hyper-
bolic spaces. First, we recall the constructions of hyperbolic spaces induced by
hyperbolic lattices, and discuss the actions of the automorphism groups of K3
surfaces on certain hyperbolic spaces, and moreover some properties of automor-
phism groups. Secondly, we discuss some invariants of automorphism groups,
including the virtual cohomological dimension.

6.1 Geometrical finiteness of Auts(X)

Let X be an algebraic K3 surface defined over C, and let f be the quadratic form
defined by f (x) = 〈x, x〉 for x ∈ NS (X) ⊗ R, where 〈 , 〉 is the inner product on
NS (X) induced by the cup product on H2(X,Z). f has the signature (1, n), where
n = ρ(X)− 1. Then there exists M ∈ GL(n+ 1,R) such that fn(Mx) = f (x), where
fn(x) = x2

0 − (x2
1 + x2

2 + · · · + x2
n). Therefore, we can identify the component of the

set
{x ∈ NS (X) ⊗ R : 〈x, x〉 = 1}

containing ample classes of X with the hyperboloid model of hyperbolic n-space.
We denote the hyperboloid model of hyperbolic n-space by Hn

X. The hyperbolic
distance function d on Hn

X satisfies cosh d(x, y) = 〈x, y〉.

Definition 6.1.1. We call Hn
X the hyperbolic space associated to X. Let P+(X) be

53



54 CHAPTER 6.

the closure of the ample cone P+(X) in NS (X) ⊗ R. We define P(P+(X)) by

P(P+(X)) = (P+(X)\{0})/R>0.

For a point x in P+(X)\{0}, we denote by [x] the class in P(P+(X)) corresponding
to x. The inclusion from Hn

X to P+(X) induces a continuous injective map i :
Hn

X → P(P+(X)). Since i is a homeomorphism from Hn
X to i(Hn

X), we identify Hn
X

with i(Hn
X).

The boundary of Hn
X at infinity is the closure of i(Hn

X) in P(P+(X)), which is
equals to the set {x ∈ P+(X)\{0} : 〈x, x〉 = 0}/R>0, and is denoted by ∂Hn

X. We set
H

n
X = H

n
X ∪ ∂Hn

X.

Definition 6.1.2. Let A(X) be the ample cone. We define

Aut(A(X)) B {φ ∈ O(NS (X)) : φA(X) = A(X)} and AX B A(X) ∩ Hn
X.

The closure of AX in Hn
X is denoted by AX. We denote AX\AX by ∂AX. ∂AX is

called the boundary associated with the ample cone of X.

By the unimodulality of H2(X,Z), the discriminant groups of NS (X) and TX

are isomorphic:

ANS (X) = NS (X)∗/NS (X) ' T ∗X/TX = ATX .

Each isometry φ of NS (X) or TX gives rise to an isometry of the group ANS (X) '
AT (X), denoted by φ∗.

Since the automorphism group Aut(X) of X naturally acts on the ample cone
of X, there is a natural homomorphism ρ : Aut(X) → Aut(A(X)). By Torelli
theorem, the image of ρ is equal to the normal subgroup Ker{O(S X)→ O(qS X )} ∩
Aut(A(X)) of Aut(A(X)), where O(qS X ) is the same as in Definition 2.1.10. As for
this homomorphism, the following theorem is well-known.

Theorem 6.1.3 ([17, Theorem 8.1] ). The kernel and the cokernel of ρ are finite
groups.

Theorem 6.1.4 ([33, Proposition 2.2]). Let X be an algebraic K3 surface over C.
Then Aut(X) is finitely generated.

An elementary algebraic proof of the following lemma can be found in [1].

Lemma 6.1.5 (Selberg’s lemma, [1]). Let K be a field of characteristic zero. Any
finitely generated subgroup of GL(n,K) is virtually torsion-free. In other words,
such a group has a torsion free subgroup of finite index.
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Definition 6.1.6. Let X be a K3 surface, and let ωX be a nowhere vanishing holo-
morphic 2-form of X. A automorphism φ of X is said to be symplectic if φ acts
trivially on ωx. The symplectic automorphism group of X is the group of symplec-
tic automorphisms of X, and is denoted by Auts(X).

The following lemma is well-known.

Lemma 6.1.7 ([14, Lemma 8.11]). The symplectic automorphism of X acts triv-
ially on the transcendental lattice TX.

Let φ be the symplectic automorphism of X. Then, by Lemma 6.1.7, φ acts
trivially on ANS (X) ' ATX . By the Torelli theorem, we can identify Auts(X) with
the subgroup {φ ∈ O+(NS (X)) : φA(X) = A(X), φ∗|ANS (X) = idANS (X)}. Since ANS (X)

is a finite abelian group, Auts(X) is a subgroup of finite index in Aut(A(X)). Since
any element of O+(NS (X)) is an isometry of the hyperbolic space Hn

X associated
X, the symplectic automorphism group Auts(X) of X is an n-dimensional discrete
subgroup of isometries of Hn

X.

Proposition 6.1.8. Let X be a K3 surface, and let a ∈ AX. Then the Dirichlet
domain D(a) of Hn

X, with center a, for the reflection group W(X) is equal to AX =

A(X) ∩ Hn
X.

Proof. Recall that H+w(a) = {x ∈ Hn : d(x, a) < d(x,wa) } for w ∈ WX. If w is the
reflection sδ for some (−2)-root δ,

d(x, a) < d(x, sδa)
⇔ cosh d(x, a) < cosh d(x, sδa)
⇔ 〈x, a〉 < 〈x, sδa〉
⇔ 0 < 〈a, δ〉〈x, δ〉
⇔ 0 < 〈x, δ〉.

Then we have that H+sδ(a) = {x ∈ Hn
X : 〈x, δ〉 > 0}. Since A(X) is a fundamental

domain for W(X) on the positive cone P+(X) of X whose sides are bounded by
(−2)-roots, we have AX = ∩δ∈∆+(X)H+sδ .

By the definition of D(a), we have D(a) ⊂ AX. Since D(a) and AX are funda-
mental domains for W(X), we have D(a) = AX. □

O+(NS (X)) is a geometrically finite subgroup of the first kind. By Theorem
4.9.10, we have the following:

Lemma 6.1.9. Let X be a K3 surface. Then a fundamental domain of Hn
X for

O+(NS (X)) is a generalized polytope. In particular, the action of O+(NS (X)) on
Hn

X is finite covolume.
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Lemma 6.1.10. Let a ∈ AX, and let P be the Dirichlet domain, centered at a, of
Hn

X for O+(NS (X)). Then, Aut(A(X)) · P = AX
H

, where P (resp. AX
H

) are the
closure of P (resp. AX) in Hn

X.

Proof. By Lemma 6.1.8 and the definition of P, we have

P = {x ∈ Hn
X : d(x, a) < d(x, ga) for any g ∈ O+(NS (X))},

AX = {x ∈ Hn
X : d(x, a) < d(x,wa) for any w ∈ W(X)}.

Then we have P ⊂ AX and so P ⊂ AX
H
. Hence we obtain Aut(A(X)) · P ⊂ AX

H
.

Conversely, because the tessellation {gP : g ∈ O+(NS (X))} of Hn
X is locally

finite, the union Aut(A(X)) · P is a closed subset. Then it is enough to show that
AX ⊂ Aut(A(X)) · P. For any x ∈ AX, there exist w ∈ W(X) and γ ∈ Aut(A(X))
such that x ∈ wγP. Then we have x ∈ wγP ∩ AX ⊂ wAX

H ∩ AX. By [26, Theorem
6.6.4], we have w = 1. In particular, we have x ∈ γP. Hence we have AX ⊂
Aut(A(X)) · P. □

Definition 6.1.11. Let P be the same as in Lemma 6.1.10. We define sets of
bounded parabolic points of O+(NS (X)) as follows:

• IP = the set of ideal vertices of P,

• V = Aut(A(X)) · IP,

• VNS = O+(NS (X)) · IP,

• CX = {c ∈ V : vcd W(X)c < n − 1}.

Definition 6.1.12. Let X be a K3 surface. Since Auts(X) is of finite index in
Aut(A(X)), the limit set of Auts(X) is equal to that of Aut(A(X)). We denote this
limit set by ΛX. ΛX is called the limit set of the K3 surface X. We denote the
hyperbolic convex hull (we defined in Definition 4.7.4) of ΛX by C(X), and put
B(X) = C(X) ∩ Hn

X.

Lemma 6.1.13. For any c ∈ V\CX, there exists a horoball U(c) based at c such
that B(X) ∩ U(c) = ∅. Moreover, the point c is isolated in the boundary ∂AX

associated with the ample cone.

Proof. If Aut(A(X)) is elementary, this lemma is obvious.
Suppose that Aut(A(X)) is non-elementary. Let φ : Hn

X → Un be an isome-
try from Hn

X to the upper half-space model Un such that φ(c) = ∞. The isometry
φ induces the natural homeomorphisms from ∂Hn

X to ∂Un. We also denote this
homeomorphism by φ. Let b be a point of Un corresponding to a point a in AX.
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We can consider the stabilizer group W(X)∞ as the Poincaré extension of a sub-
group of I(En−1). Since vcd W(X)c = n − 1, W(X)∞ is a crystallographic group of
En−1. Then the Dirichlet domain K of En−1 for W(X)∞, centered at b, is compact.
Proposition 6.1.8 implies that ΛX ⊂ ∂AX. Then we have φ(ΛX) ⊂ K ∪ {∞}. Since
Aut(A(X)) is non-elementary, the limit set ΛX is perfect: i.e., every point of ΛX

is not isolated. Hence the infinity ∞ is not in φ(ΛX). By the compactaness of K,
there exists a horoball B∞ based at ∞ such that C(K) ∩ B∞ = ∅, where C(K) is
the hyperbolic convex hull of K. In particular, B(X)∩ B∞ = ∅. The inverse image
φ−1(B∞) of B∞ by φ is the desired horoball. □

Lemma 6.1.14. Let e be an elliptic divisor of X, let fe be an elliptic fibration
associated to e, and let Aut(X)e be the stabilizer group of e. Then

vcdAut(X)e = vcd MW( fe), and vcd W(X)e =
∑
v∈P1

(mv − 1),

where MW( fe) is the Mordell-Weil group of fe, and mv be the number of connected
components of the fiber f −1(v) for v ∈ P1.

Proof. Let v be a point in P1, and let mv be the number of connected components
of the fiber f −1(v). By Shioda-Tate formula,

ρ(X) − 2 = vcd MW( fe) +
∑
v∈P1

(mv − 1).

If mv , 1, we denote by Wv the Weyl group generated by the connected com-
ponents of f −1(v), which is of type Ã, D̃, or Ẽ. If mv = 1, we denote by Wv the
trivial group. Wv fixes the elliptic divisor e, and for any two different u, v ∈ P1, Wu

and Wv are commute. Then ⊕v∈P1Wv is a subgroup of W(X)e. Here, for each v with
mv , 1, the Weyl group Wv acts on the (mv − 1)-dimensional Euclidean space, and
admits an (mv−1)-dimensional simplex ∆v as a fundamental domain for the action
of Wv. Hence ⊕Wv acts on the (

∑
v∈P1 (mv − 1)

)
-dimensional Euclidean space, and

has the fundamental domain
∏

v ∆v. Then we have∑
v∈P1

(mv − 1) = vcd(⊕Wv) ≤ vcd W(X)e.

Since the Mordell-Weil group of fe is a subgroup of Aut(X)e, then rk MW fe ≤
vcd Aut(X)e, where rk MW fe is the rank of Mordell-Weil group of fe.

Since both W(X)e and Aut(X)e fix the elliptic divisor e, which is a cusped
limit points of O+(NS (X)), these two groups are elementary of either elliptic or
parabolic type. Therefore, there exists an integer l (resp. m) such that W(X)e
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(resp. Aut(X)e) has a subgroup that is isomoprhic to Zl (resp. Zm) of finite index
in W(X)e (resp. Aut(X)e). Hence we have∑

v∈P1

(mv − 1) ≤ l, (6.1.1)

rk MW fe ≤ m, (6.1.2)

so that ρ(X) − 2 ≤ l + m. On the other hand, O+(NS (X))e has a subgroup that is
isomorphic to Zl+m. Then l + m = ρ(X) − 2. The inequality 6.2.1 and 6.2.2 imply
that

l =
∑
v∈P1

(mv − 1),

m = rk MW fe.

These are namely the desired equalities. □

By Lemma 6.1.14, we have CX = {c ∈ V : vcd Aut(X)c > 1} = {c ∈ V :
vcd Aut(A(X))c > 1}. Then each element of CX is fixed by some parabolic trans-
formation of Aut(A(X))c.

As noted in the introduction, the following theorem is also found by Kohei
Kikuta at about the same time (see the introduction for details).

Theorem 6.1.15. Let X be an elliptic K3 surface, and let Auts(X) be the symplec-
tic automorphism group of X. Then Auts(X) is geometrically finite.

Proof. By Theorem 6.1.3, the symplectic automorphism group Auts(X) is a sub-
group of finite index in Aut(A(X)). Then it is enough to show that Aut(A(X)) is
geometrically finite. Recall the notation of P, V , VNS , and CX in Definition 6.1.11

By Theorem 4.9.12, there exist proper horoballs at c ∈ VNS such that

1. The elements of {U(c) : c ∈ VNS } are mutually disjoint,

2. gU(c) = U(gc) for any element g ∈ O+(NS (X)),

3. {U(c)\c} is locally finite in Hn
X.

By Lemma 6.1.13, shrinking the horoballs U(c) sufficiently small, we obtain that

B(X)\
⋃
c∈CX

U(c) = B(X)\
⋃
c∈V

U(c).
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By applying Lemma 6.1.10,

B(X)\
⋃
c∈CX

U(c) ⊂ AX
H\

⋃
c∈V

U(c)

=
( ⋃

g∈Aut(A(X))

gP
)∖⋃

c∈V
U(c)

=
⋃

g∈Aut(A(X))

(
gP \

⋃
c∈V

U(c)
)

=
⋃

g∈Aut(A(X))

g(P\
⋃
c∈V

U(c)).

Hence we have

B(X)\
⋃
c∈CX

U(c) ⊂
⋃

g∈Aut(A(X))

g(P\
⋃
c∈V

U(c)). (6.1.3)

Let π : Hn
X → Hn

X/Aut(A(X)) be the natural quotient map. We define Vc =

U(c)/Aut(A(X)). By the equality 6.1.3, we obtain

(B(X)/Aut(A(X)))\
⋃
c∈IP

Vc ⊂ π(P\
⋃
c∈V

U(c)).

Then (B(X)/Aut(A(X)))\⋃c∈IP
Vc is compact and {Vc}c∈IP is a set of finitely many

horocusps as disjoint closures. By Theorem 4.9.7, Aut(A(X)) is geometrically
finite. □

Proposition 6.1.16. Let p be a cusped limit point of Aut(A(X)). Then p is a horo-
point of AX, i.e., there exists a horoball U based at p such that U meets just the
sides of AX incident with p.

Proof. We now pass to the upper half-space model Un and conjugate Aut(A(X)) so
that p = ∞. Let P be a Dirichlet polyhedron P, centerd at a ∈ AX, for O+(NS (X)).
By Lemma 4.9.6, there exist a horoball Σ based at ∞ and elements g1, · · · , gk in
O+(NS (X)) such that

Σ ⊂
⋃

f∈Aut(A(X))∞

(
k⋃

i=1

giP)

and Σ meets just the vertical sides of f giP.
Let S be a side of AX with S ∩Σ , ∅. There exists an element x ∈ S and r > 0

such that B(x, r) ∩ S is homeomorphic to Bn−1. Since P is locally finite, shrinking
r, there exists g1, · · · , gk ∈ O+(NS (X)) such that x ∈ giP and B(x, r) ⊂ ⋃k

i=1 giP.
In particular, we have

Bn−1 � B(x, r) ∩ S ⊂
⋃{

giT : gi ∈ Aut(A(X)),T is a side of P, and x ∈ gT
}
.
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Hence there exists a side T of gP such that T ◦ ∩ S , ∅. By [26, Theorem 6.3.8],
we have T ⊂ S . By x ∈ T ∩ Σ, then T is a vertical side of gP. Therefore, we have
∞ ∈ T ⊂ S . □

There is a natural one-to-one correspondence from the set of maximal parabolic
subgroups of Auts(X) to the rational ray of ∂A(X). By multiplying a positive in-
teger, we have a primitive element in NS (X). From this argument and Lemma
6.1.14, we have the following proposition:

Proposition 6.1.17. Let P be a maximal parabolic subgroup of Auts(X). Then
there exists an element w ∈ W(X) such that the fixed point of wPw−1 is an elliptic
divisor e. Moreover, the rank of P is equal to the rank of the Mordell-Weil group
of the elliptic fibration fe associated with e.

6.2 The blown-up boundaries associated with ample
cones of K3 surfaces

The notion of the blown-up coronae for relatively hyperbolic groups (a generaliza-
tion of geometrically finite groups) is defined in the paper of Fukaya-Oguni [13],
and Fukaya [12] established Bestvina-Mess type formula for relatively hyperbolic
groups. We can immediately obtain Theorem 1 by applying Fukaya’s result [12,
Corollary B].

For readability to algebraic geometers, in this section, we give a simplified
version of Fukaya’s result, using the geometry of ample cones of K3 surfaces and
hyperbolic geometry. Note that the proof method and some definitions in this
section are not itself new.

Definition 6.2.1. Let U be an open subset of Rn, and let p be a point in U. We
denote the (n − 1)-dimensional unit sphere in Rn by S n−1. We put

Blp(U) = {(x, t) ∈ U × S n−1 : |x − p|t = (x − p)},

where | · | is the Eulidean norm. We define a function πp : Blp(U)→ U by setting
πp(x, t) = x. We call the function πp the blowing-up of U at a point p (to S n−1).
For a subset A of U, the closure of π−1

p (A\{p}) in Rn is called the strict transform
of A at a point p, and is denoted by Stp(A).

Definition 6.2.2. Let P = {p1, . . . , pm} be a subset of U. For each p ∈ P, we take
an open neighborhood Up of p such that Up ∩ P = {p}. Let πpi : Blpi(Upi) → Upi

be the blowing-up of Upi at a point pi. We define BlP(U) by

BlP(U) = (U\P) q (
∐
p∈P

Blp(Up))/ ∼,
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where the equivalence relation ∼ is generated by x ∼ πpi(x) for all x ∈∐
p∈P π

−1
p (Up\{p}).

We denote by [x] the class in BlP(U) corresponding to x. We define the func-
tion πP : BlP(U)→ U by setting

πP([x]) =
{

x (x ∈ U\P)
πp(x) (x ∈ Blp(Up), p ∈ P)

We call the function πP the blowing-up of U at a subset P. For a subset A of U,
the closure of π−1

P (A\P) in Rn is called the strict transform of A at a subset P, and
is denoted by StP(A).

Definition 6.2.3. Let Γ be a geometrically finite subgroup of M(Bn), and let C
be the set of cusped limit points of Γ. For finite subsets P and Q of C with
P ⊂ Q, there exists the narural projection πP,Q : BlQ(Rn) → BlP(Rn) such that
πP ◦ πP,Q = πQ.

We denote the projective limit of (BlP(Rn), πP,Q) by πC = lim←−− πP : BlC(Rn) →
Rn. We call the function πC the blowing-up of Rn at C. For a subset A of Rn, the
closure of π−1

C (A\P) in Rn is called the strict transform of A at C, and is denoted

by StC(A). The strict transform of Bn (resp. ∂Bn) is denoted by B
bl

(resp. ∂Bbl).

Lemma 6.2.4. The action of a gemetrically finite subgroup Γ of M(Bn) on Rn

(resp. Bn, ∂Bn) is extended to an action on BlC(Rn) (resp. B
bl

, ∂Bbl).

Proof. Since Γ preserves the cusped limit point of Γ, the action of Γ on Rn can
be extend to that on BlC(Rn). As Γ preserves Bn and ∂Bn, Γ acts on B

bl
(resp.

∂Bbl) □

Definition 6.2.5. Let Γ be a geometrically finite subgroup of M(Bn). A point a
of ∂Bbl is a limit point of Γ in ∂Bbl if there is a point x ∈ Bn and there exists a
sequence {gi}i∈N of Γ such that a = lim gix. The set of limit points of Γ is called
the blown-up limit set of Γ, and is denoted by Λbl(Γ).

Lemma 6.2.6. Let η : Un → Bn be the standard transformation from Un to Bn. For
a non-zero vector v ∈ ∂U = En−1 and a ∈ Un, we define a half line l : [0,∞)→ Un

by l(t) = tv + a, and put L(t) = (η ◦ l)(t). Then

Sten(L(t)) ∩ π−1(en) =
{
(en,

v
|v| )

}
⊂ Blen(R

n).

In particular, the intersection of Sten(L(t)) with π−1(en) is determined by the direc-
tion of v.
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Proof. By direct calculation, we obtain

L(t) − en =
2(tv + ρ(a) − en)
|tv + ρ(a) − en|2

.

Then
lim
t→∞

L(t) − en

|L(t) − en|
= lim

t→∞

tv + ρ(a) − en

|tv + ρ(a) − en|
=

v
|v| .

Hence, Sten(L) = L ∪ {(en,
v
|v| )}. □

Corollary 6.2.7. Let V be a vector subspace of Rn, and let a be a point of Un. Let
A be an open r-neighborhood of V + a in Un for a positive number r. Then,

Sten(η(A)) ∩ π−1
en

(en) =
{
(en,

v
|v| ) ∈ Blen(R

n) : v ∈ V\{0}
}
� S r−1,

where r is the dimension of the vector space V .

Lemma 6.2.8. Let Γ be a geometrically finite subgroup of M(Bn). For every
cusped limit point p of Γ, we have

Λbl(Γ) ∩ π−1
C (p) = Λbl(Γp) � S r−1,

where r is the rank of the stabilizer group Γp, i.e., the rank of maximal abelian
subgroup of Γp.

Proof. By conjugating Γ in M(Bn), we can suppose p = en. Let η : Un → Bn be
the standard transformation. The group Γ acts on Un by setting γ(x) = (η−1γη)(x)
for any γ ∈ Γ.

First, we show that Λbl(Γp) � S r−1. There is a Γ∞-inveriant r-plane Q of En−1

such that Q/Γ∞ is compact. For any r > 0, the r-neighborhood N(Q, r) of Q in Un

is Γ∞-invariant. The r-plane Q has a description of the form Q = V + a, where V
is the r-dimensional vector subspace of En−1 and a is a vector in Q. By Corollary
6.2.7, we have

Λbl(Γp) ⊂ {(en,
v
|v| ) ∈ Blen(R

n : v ∈ V\{0}}.

Conversely, for v ∈ V\{0} and any integer n > 0, there is an element γn of Γ∞
such that γna ∈ N(nv + a,R), where R is the Euclidean diameter of a fundamental
domain of Q for Γ∞. By Lemma 6.2.6,

lim
n→∞

γnx =
v
|v| ∈ Λ

bl(Γp).

Hence, we have

Λbl(Γp) = {(en,
v
|v| ) ∈ Blen(R

n) : v ∈ V\{0}} � S r−1.
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Secondly, we show that Λbl(Γ)∩ π−1
C (p) = Λbl(Γp). Let a be a point in Λbl(Γ)∩

π−1
C (p). There exist a point x ∈ Bn and a sequence {gi} of Γ such that a = lim

n→∞
gix. If

the sequence {gi} has infinitely many elements of Γp, by the definition of Λbl(Γp),
we have a ∈ Λbl(Γp). Otherwise, there exists a proper cusped region U(Q, r) such
that gix ∈ N(Q, r) for infinitely many i ∈ N. By Corollary 6.2.7, a is in Λbl(Γp).
Hence we have Λbl(Γ) ∩ π−1

C (p) ⊂ Λbl(Γp). The converse inclusion is obvious. □

Lemma 6.2.9. For any x ∈ Bn,

Λbl(Γ) = Γx ∩ ∂Bbl.

In particular, the blown-up limit set of Γ is a Γ-inveriant closed subset of Bbl.

Proof. By the definition of Λbl(Γ), it is obvious that Λbl(Γ) ⊃ Γx ∩ ∂Bbl.

Conversely, for any a ∈ Λbl(Γ), we put a = πC(a) ∈ Λ(Γ). If a does not lie in
the set C of cusped limit points of Γ, we can show that a is a limit point of Γ in
∂Bbl in the same way as a limit point of Γ in ∂Bn−1. If a ∈ C, applying Lemma
6.2.8 to the cusped limit point a, we have

a ∈ Λbl(Γ) ∩ π−1
C (a) = Λbl(Γa) = Γax ∩ ∂Bbl ⊂ Γx ∩ ∂Bbl.

Therefore Λbl(Γ) ⊂ Γx ∩ ∂Bbl. □

Lemma 6.2.10. Let Γ be a non-elementary geometrically finite subgroup of M(Bn).
Then,

Λbl(Γ) = StC(Λ(Γ)).

Proof. By Lemma 6.2.9, we have Λbl(Γ) ⊃ π−1
C (Λ(Γ)\C) = StC(Λ(Γ)).

Conversely, it is enough to show that StC(Λ(Γ)) ∩ π−1
C (p) ⊂ Λbl(Γp) for each

p ∈ C. By conjugating Γ in M(Bn), we can suppose p = en. As the similar way
in Lemma 6.2.8, we pass the upper half-space model Un, and Γ acts on Un. Let
U(Q, r) be a proper cusped region based at∞. Then Λ(Γ) ⊂ N(Q, r)∪ {∞}. There
exist a vector subspace V of En−1 and a vector a of Q such that Q = V + a. By
Corollary 6.2.7 and Lemma 6.2.8 we have

StC(Λ(Γ)) ∩ π−1
C (p) ⊂ {

(en,
v
|v| ) : v ∈ V\{0}} = Λbl(Γp).

□

Definition 6.2.11. Let X be a K3 surface, and let V (resp. CX) be the same as in
Definition 6.1.11. We denote the strict transform of ∂AX (resp. AX) at CX by ∂Abl

X

(resp. AX
bl

).
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The following result is given by Baragar [3]. By using the geometrically finite-
ness of O+(NS (X)), we can give another proof of the result.

Theorem 6.2.12 ( [3, Theorem 3.3] ). For a K3 surface X, the set ∂AX\ΛX is equal
to V\CX = {c ∈ V : Aut(A(X))c is finite}.

Proof. Let x be a point of AX. For any y ∈ ∂AX, we denote the hyperbolic line
connecting x to y by lx,y.

Let P be the Dirichlet domain of O+(NS (X)) centered at x. Then there exists
a horoball U(c) based at c such that

1. The elements of {U(c) : c ∈ VNS } are mutually disjoint,

2. gU(c) = U(gc) for any element g ∈ O+(NS (X)),

3. {U(c)\c} is locally finite in Hn
X,

where the set VNS is the same as in Definition 6.1.11. We put K = P\⋃c∈C U(c).
Then, by Lemma 6.1.10, AX\

⋃
c∈C U(c) = Aut(A(X)) · K.

If y < C, since cusped regions {U(c) : c ∈ VNS } are mutually disjoint, there
exists a sequence {an}n∈N and γn ∈ Aut(A(X)) such that an converges to infinity as
n → ∞ and lx,y(an) ∈ γnK. Since the Euclidean diameter of γnK goes to zero as n
goes to infinity, we have y = lim

n→∞
lx,y(an) = lim

n→∞
γnx ∈ ΛX.

If y ∈ C and the rank of the stabilizer group Aut(A(X))y is 0, by Lemma 6.1.13,
the point y is isolated in ∂AX. In particular, y is not in the limit set ΛX.

Otherwise, y is in CX, where CX = {c ∈ C : vcd W(X)c < n − 1}. Then y is a
bounded parabolic point. In particular, y is in the limit set ΛX. □

Definition 6.2.13. Let X be a K3 surface. In Definition 6.1.12, we defined the
limit set ΛX of X. We denote the blown-up limit set of Auts(X) by Λbl

X .

Corollary 6.2.14. If the symplectic automorphism group Auts(X) of a K3 surface
X is non-elementary, then ∂Abl

X \Λbl
X = V\CX.

Proof. By Theorem 6.2.12, we have ∂AX\V = Λ(Γ)\CX. Then, by Lemma 6.2.10,
we have the desired equality. □

Let C be the set of cusped limit points of Aut(A(X)). By Lemma 4.9.12 and
Lemma 6.1.16, there exist cusped regions U(c) based at c ∈ C such that

1. The elements of {U(c) : c ∈ C} are mutually disjoint,

2. gU(c) = U(gc) for any g ∈ Aut(A(X)) and c ∈ C,

3. {U(c)\{c}} is locally finite in Bn ∪ O(Aut(A(X))),
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4. U(c) meets just the sides of AX incident with c.

Since a cusped region U(c) is homeomorphic to its strict transformation on B
bl

,
we identify U(c) with its strict transformation. To apply the Bestvina-Mess for-
mula (Theorem 5.2.7) to automorphism groups of K3 surfaces, we construct a
homotopy on AX

bl\ ∪c∈C U(c).

Lemma 6.2.15. Let a be a point of AX, and let K(a, t) = C(a, t) ∩ AX\ ∪c∈C U(c),
where C(a, t) is the closed t-ball centered at a. For every x ∈ AX\(∪c∈CU(c) ∪ C),
let S x be the smallest (horo)sphere (based) centered at x that meets K(a, t). Then
K(a, t) ∩ S x is a singleton.

Proof. Suppose that there exists y1, y2 in K(a, t) ∩ S x with y1 , y2. Then the
hyperbolic line [y1, y2] connecting y1 to y2 is contained in C(a, t) ∩ AX. For any
z ∈ (y1, y2), we have d(x, z) < d(x, y1) = d(x, y2). Then we have z ∈ ∪c∈CU(c).
Since cusped regions U(c) are mutually disjoint, there exists c ∈ C such that
(y1, y2) ⊂ U(c) and y1, y2 ∈ Kt ∩ ∂U(c).

We now pass to the upper half-space model Un and conjugate Aut(A(X)) so
that c = ∞. We denote by Σ (resp. w1,w2) the horoball (resp. the point) on Un

corresponding to ∂U(c) (resp. y1, y2). By Lemma 6.1.16, the Euclidean segment l
connecting y1 to y2 is contained in K(a, t) ∩ Σ. This contradicts the minimality of
S x. □

Definition 6.2.16. Let K(a, t) be the same as in Lemma 6.2.15. We put

U = ∪c∈CU(c) ∪C.

For every x ∈ AX\U and t ≥ 0, we define the function

ρa : [0,∞) × AX\U → AX\U

as follows: if x ∈ K(a, t), we define ρa(x, t) = x, otherwise, we define ρa(x, t) by
the unique point of K(a, t) ∩ S x.

Proposition 6.2.17. Let ρa be the same as above. Then ρa is continuous.

Proof. If ρa is not continuous, there exists a sequence {(xn, tn)} such that (xn, tn)
converges to (x, t) and ρa(xn, tn) converges to y , ρa(x, t).

If x is in Bn, passing to a subsequence of {(xn, tn)}, we can assume that each
xn is in Bn. By the definition of ρa(xn, tn) (resp. ρa(x, t)), there exists rn (resp. r)
such that S (xn, rn) ∩ K(a, tn) = {ρa(xn, tn)} (resp. S (x, r) ∩ K(a, t) = {ρa(x, t)}).
Passing to a subsequence of (xn, tn), we can suppose that rn converges to r0. Since
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d((xn, tn), ρa(xn, tn)) = rn, we have d(x, y) = r0. By the definition of ρa(x, t), we
obtain r0 > r and

rn − d((xn, tn), ρa(x, t)) ≥ rn − d((xn, tn), (x, t)) − d((x, t), ρa(x, t))
= (rn − r0) + (r0 − r) − d((xn, tn), (x, t)).

Hence, for a sufficiently large n, we have rn > d((xn, tn), ρa(x, t)). This contradicts
the definition of rn.

If x is in ∂Bn, passing to the upper half-space model Un, there exists a (horo)sphere
S k of Un (based) centered at xk such that S k ∩ K(a, tk) = {ρa(tk, xk)}. We denote
the Euclidean center (resp. radius) of S k by pk = (pk,1, . . . , pk,n) (resp. rk). Then
we have that |pk − ρa(tk, xk)| = rk, |xk − pk| ≤ rk, and rk ≤ pk,n, where | | is the
Euclidean norm. Passing to a subsequence of {(xn, tn)}, we can assume that pk

(resp. rk) converges to some point p = (p1, . . . , pn) (resp. r ≥ 0). As k goes to
infinity, we have

|p − y| = r, |x − p| ≤ r, and r ≤ pn.

Since x is in ∂Bn, we have that p = (x1, . . . , xn−1, r) and |x−p| = r. Since |p−y| = r,
this contradicts the uniqueness of ρa(x, t). □

Proposition 6.2.18. ρa extends to ρa : [0,∞)×AX
bl\∪c∈C U(c)→ AX

bl\∪c∈C U(c).

Proof. Let x be a point in AX
bl\ ∪c∈C U(c) with πC(x) = c. We now pass to the

upper half-space model Un so that a = en and c = ∞ by an isometry φ : Bn → Un.
Let Σ be the horosphere {x ∈ Un : xn = r} based at∞ corresponding to U(c).

If C(en, t) ∩ AX ∩ U(c) = ∅, we define ρa(x, t) by the intersection S (en, t) with
R>0en. If C(en, t) ∩ AX ∩ U(c) , ∅, there exists the half-line lx on Σ starting at ren

such that StC(φ−1 ◦ l)∩ π−1
C (c) = {x}. For any t ≥ 0, there exists a sufficiently large

Rt > 0 such that ρa(s, x) is in Σ for any s ∈ (0, t] and any x with |x| > Rt. Then, if
we define ρa(t, x) by the intersection of K(a, t) with lx, this is the desired extension
of ρa. □

Theorem 6.2.19. If Auts(X) is non-elementary, then (AX
bl\ ∪c∈C U(c), ∂Abl

X ) is a
Z-structure for Aut(X). In particular,

vcd(Aut(X)) = dim ∂Abl
X + 1.

Proof. We define the homotopy H : [0, 1] × AX
bl\ ∪c∈C U(c) → AX

bl\ ∪c∈C U(c)
setting

H(t, x) =
{

(t, x) (t = 1)
ρa(log t+1

t−1 , x) (t , 1)

By Proposition 6.2.18 and the definition of ρa, H is continuous. Hence A
bl
X \ ∪c∈C

U(c) is an AR, and ∂Abl
X is aZ-set of A

bl
X \∪c∈C U(c). Then (A

bl
X \∪c∈C U(c), ∂Abl

X ) is
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aZ-structure for Auts(X) (resp. Aut(X)). By Theorem 5.2.7, we have the desired
equality. □

Corollary 6.2.20. If ΛX is homeomorphic to a Cantor set and X has an elliptic
fibration whose rank is larger than 0, then

vcd(Aut(X)) = max MW( f : X → P1),

where f runs all the elliptic fibrations of X.

Proof. For any c ∈ C, we have Λbl
X ∩ π−1

C (c) � S r−1, where r is the rank of
Aut(A(X))c. By Proposition 6.1.17, r is equal to the rank of the Mordell weil
group corresponding to c. If c < C, since ΛX is totally disconnected, {c} it-
self is an open neighborhood. Then the topological dimension of Λbl

X is equal
to max MW( f : X → P1). □

Example 6.2.21. Let X be the K3 surface whose Néron-Severi lattice NS (X) is
given by

NS (X) =

2 4 1
4 2 0
1 0 −2

 .
Baragar [4] studied the automorphism group of this K3 surface and the growth

of orbits of curves. He showed thatΛX is a Cantor set and Aut(A(X)) is isomorphic
to Z/2Z ∗ Z/2Z ∗ Z/2Z.

Although the automorphism group of X is completely determined in [4] as
above and then this is not a new example of computing the virtual cohomological
dimensions, we can also apply Corollary 6.2.20 to this K3 surface X.

6.3 The ample cones of K3 surfaces and sphere pack-
ings

Let X be a K3 surface, and let φ : Hn
X → Bn be an isometry from Hn

X to the
conformal ball model Bn. The isometry φ induces the natural homeomorphism
from ∂Hn

X to ∂Bn. For a (−2)-root δ and an ample class a of X, we set

Hδ = {x ∈ Hn
X : d(x, a) = d(x, sδa)},

H+δ = {x ∈ Hn
X : d(x, a) < d(x, sδa)}.

The closure of Hδ (resp. H+δ ) in Hn
X is denoted by Hδ (resp. H

+

δ ). We set

SX B {δ ∈ ∆+(X) : Hδ ∩ AX
H

is a side of AX
H},

where AX
H

is the closure of AX in Hn
X.
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Definition 6.3.1. Let δ be an element of SX. We define the sphere associated with
δ by S δ = φ(Hδ) ∩ ∂Bn, which is isomorphic to the (n − 2)-sphere. We define
Bδ = φ(H

+

δ \Hδ) ∩ ∂Bn. We call Bδ the open ball associated with δ.

By Proposition 6.1.8, we have AX = ∩δ∈SX H+δ and ∂AX = ∩δ∈SX Bδ, where Bδ is
the closure of Bδ in ∂Bn.

Definition 6.3.2. The boundary ∂AX associated with the ample cone of X is a
sphere packing if for any two different δ1, δ2 in SX, their associated spheres S δ1

and S δ2 are either disjoint or tangent to each other.
∂AX is called a connected sphere packing if ∂AX is a sphere packing, and for

any two different δ, δ
′

in SX, there exist (−2)-roots δ1, . . . , δn in SX such that
δ = δ1, δ

′
= δn, and two spheres S δi and S δi+1 are tangent for i = 1, . . . , n − 1.

Theorem 6.3.3. Let X be an elliptic K3 surface. If ∂AX is a connected sphere
packing, and every elliptic divisor of X corresponds to the tangent point of some
two spheres associated with elements of SX, then

vcd(Aut(X)) = max{rk MW( f )} = ρ(X) − 3,

where f runs all elliptic fibrations of X.

Proof. As ∂AX is connected, we can sort the set of the open balls associated with
elements of SX to {Bi}i∈N such that for any i ∈ N, the intersection of Bi with ∪i−1

j=1B j

is not empty. Let Pm be the set {p : p ∈ Bi ∩ B j for some two distinct i, j ≤ m}.
We define the following sets:

• Um =
⋂m

i=1 Bi,

• Fm =
⋂m

i=1 Bi,

• Fbl
m = StPm(Fm) = the strict transform of Fm at Pm .

For any l < m, let πPl,Pm be the same as in Definition 6.2.3. The map πPl,Pm restricts
to a map from Fbl

m to Fbl
l . These maps form a projective system. Since ∂AX is a

subset of Fm for any m ∈ N, there exists the natural map φm : ∂Abl
X → Fbl

m . Then
we have the natural map φ : ∂Abl

X → lim←−− Fbl
m . The map φ is a homeomorphism. To

show this, we consider the following:

ψm : lim←−− Fbl
i = lim←−−StPi(Fi)→ ∩i∈N StPm(Fi) = StPm(∂AX).

Since ∂Abl
X = lim←−−StPm(∂AX), the maps ψm induce the natural map ψ : lim←−− Fbl

m →
∂Abl

X , which is the inverse of φ.
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For each m ∈ N, Fbl
m is a topological manifold with its interior Um, and then

Fbl
m and Um are homotopy equivalent. Hence we have

H∗(∂Abl
X ,Z) � lim

m→∞
H∗(Fbl

m ,Z) � lim
m→∞

H∗(Um,Z). (6.3.1)

For each m ∈ N and a sufficiently small ε > 0, we define Vm+1 by the ε-
neighborhood of ∂Bn\Bm+1 in Um. Then we can see as follows:

• Vm+1 is contractible,

• Um+1 ∪ Vm+1 = Um,

• Um+1∩Vm+1 is homotopy equivalent to the (n−2)-sphere with finite k punc-
tures,

where k is the number of the set {p : p is a tangent point of Bi and Bm+1 for some i ≤
m}. By Mayer-Vietoris exact sequence and the (n − 2)-sphere with k punctures is
homotopy equivalent to the wedge sum of (k − 1)-copies of S n−3, we have the
following exact sequence:

· · · → H∗(Um)→ H∗(Um+1) ⊕ H∗(Vm+1)→ H∗(∨k−1
i=1 S n−3)→ H∗+1(Um)→ · · · .

Therefore, we can inductively conclude that

H∗(Um) = 0 (∗ ≥ n − 2).

In particular, by Theorem 6.2.19 and the equation 6.3.1, we have

vcd Aut(X) = max{m : Hm
c (AX,Z) , 0}

= max{m : Hm(∂Abl
X ,Z) , 0} + 1

≤ n − 2 = ρ(X) − 3,

where H∗c is the cohomology with compact support. Lemma 6.1.14 implies that
there exists an elliptic fibration f such that rk MW( f ) = ρ(X) − 3. □

Example 6.3.4. The Apollonian circle packing is generated as follows: we begin
with four mutually tangent circles. There is four curvlinear triangles. We can
put the inscribed circle for each curvlinear triangle, so that the curvlinear triangle
separated into new curvlinear triangles. Inductively, we put inscribed circles for
each curvelinear triangle, and the closure of the union of the inscribed circles is
the Apollonian circle packing, which is shown in the following figure.
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Figure 6.1: The Apollonian circle packing

In [2], Baragar constructed a K3 surface Y2 with ample cone the Apollonian
circle packing, whose Néron-Severi lattice is given by

−2 2 2 4
2 −2 2 4
2 2 −2 0
4 4 0 0

 .
By Theorem 6.3.3, we have vcd Aut(Y2) = 1.

Example 6.3.5. The Apollonian sphere packing is the three dimensional analog
of the Apollonian circle packing. We begin with five mutually tangent spheres,
and in the space between any four of them, we put the inscribed sphere. As the
same manner in the previous example, we can inductively put a sphere so that this
sphere touch other four spheres. The closure of the union of the inscribed spheres
is the Apollonian sphere packing. Baragar [2] also constructed a K3 surface Y3

with ample cone the Apollonian sphere packing, whose Néron-Severi lattice is
given by 

−2 2 2 2 4
2 −2 2 2 4
2 2 −2 2 4
2 2 2 −2 0
4 4 4 0 0

 .
By Theorem 6.3.3, we have vcd Aut(Y3) = 2.
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