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なる粘弾性体特有の傾向が現れており、安定した紡錘形の

履歴を描いている。これらを直列に配置したシステム全体

の挙動は、HDR の大きなエネルギー吸収能力と NRB の線

形特性とハードニングの効果を併せ持つ履歴形状となっ

ており、NRB と HDR それぞれの履歴形状の中間的な特性

を発揮することを確認できる。 
図 9 には Amax = 0.80m/s2 の正弦波で加振した時の各段に

おける層間変形とマス変位の時刻歴波形を示す。履歴面積

が大きく非線形挙動を示す HDR の変形は、履歴面積が小

さく線形的な挙動を示す NRB に対して位相遅れを生じて

いるが、マス変位は安定している。 
図 10 には図 8 の荷重変形関係から次式で算出した等価

せん断弾性率 Geq と等価減衰定数 Heq を示す。 

𝐺𝐺𝑒𝑒𝑒𝑒 = 𝐾𝐾𝑒𝑒𝑒𝑒𝐻𝐻𝑟𝑟 𝐴𝐴𝑟𝑟⁄ ，𝐾𝐾𝑒𝑒𝑒𝑒 = (𝑄𝑄1 − 𝑄𝑄2) (𝑥𝑥1 − 𝑥𝑥2)⁄  (4) 

𝐻𝐻𝑒𝑒𝑒𝑒 = Δ𝑊𝑊 𝜋𝜋𝑊𝑊𝐸𝐸⁄ ，𝑊𝑊𝐸𝐸 = 0.5(𝑄𝑄1 − 𝑄𝑄2)(𝑥𝑥1 − 𝑥𝑥2) (5) 

ここに、Keq = 等価剛性、Hr = ゴム総厚、Ar = 4 基分の有

効断面積の合計、x1, x2 = 最大・最小変形、Q1, Q2 = 最大・

最小荷重、ΔW = 1 サイクルの履歴面積である。NRB はマ

ス変位が大きくなるほどハードニングの影響により Geqは

大きくなるが、Heq は 0.07 程度でほぼ一定である。一方、

HDR はマス変位が大きくなるほど Geqと Heqが低下する傾

向を有している。システム全体の特性は、マス変位が小さ

いときは NRB の特性に近く、マス変位が大きくなる程 Geq

は低下していき Geq = 0.5MPa に概ね収束し、Heq はマス変

位が大きくなるほど増加していき Heq = 0.14 に概ね収束し

ている。試験結果から得られたシステム全体の力学特性は、

マス変位が小さい時には高い剛性と小さい減衰、マス変位

が大きい時には低い剛性と大きな減衰を得られており、

4.1 節で述べた非線形 TMD の設計目標と合致している。 
 
5. まとめ 

本報では、風及び地震の両方に制振効果を発揮できる非

線形 TMD を提案し、いずれの外力に対しても高い制振効

果を得られることを解析的に示した。また、弾性機構に天

然ゴム系積層ゴム支承、弾塑性機構に高減衰積層ゴム支承

を使用した縮小模型の振動台実験により、提案する非線形

TMD が安定した挙動を発揮し、マス変位に応じて意図通

りに力学特性を変えられることを示した。 
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a) 1 段目（NRB） b) 2 段目（HDR） 

c) システム全体 
図 8 荷重変形関係 

図 9 層間変形とマス変位の時刻歴波形（Amax = 0.8m/s2） 

図 10 力学特性の評価 
a) 等価せん断弾性率 b) 等価減衰定数 
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1.  INTRODUCTION 
1.1. Background 
Seismic base-isolation is widely recognized for its 
effectiveness in reducing earthquake damage, particularly in 
low- and medium-rise structures. However, the system’s 
implementation in high-rise buildings has already been 
gaining attention, with numerous tall buildings incorporating 
base-isolation systems in the past few decades [1].  

As the structure’s height increases, it becomes more 
susceptible to extreme wind forces, making wind load 
analysis an integral factor in the design process. The existing 
design guidelines for wind-induced response of seismically 
base-isolated buildings are established but are limited only 
to the elastic range of the isolation system. Yet taller base-
isolated structures exposed to stronger winds pose a risk of 
the structural elements of the isolation layer exceeding the 
system’s elastic limits. If this is the case, the elasto-plastic 
characteristics of the isolation system must be considered, 
and this can be done by evaluating the wind-induced 
response of the structure by time-history analysis [2]. 

Time-history analysis requires the use of actual wind forces 
acting on the structure. These wind forces are currently 
derived from wind tunnel experiments and numerical 
methods which are limited in producing an accurate model 
that correctly depicts certain field conditions such as 
incident turbulence and the characteristics of the 
surrounding terrain. Hence, verification of the accuracy of 
the wind forces obtained from these methods is necessary. 
One way to do this is by calculating the wind forces from 
wind-induced responses recorded from monitoring systems.  

Miyamoto et al. used a method called the Equivalent-Input-
Disturbance (EID) approach to estimate the wind loads of a 
seismically base-isolated building using only the velocity 
responses [3]. However, the nonlinearity of the said structure 
has not been considered. Therefore, this study aims to use 
the EID method to estimate the wind forces acting on a base-
isolated tall building, simplified as a single degree of 
freedom (SDOF) model, considering two scenarios: the 
isolation layer having a linear and nonlinear hysteretic 
damper. 

2. THEORETICAL BACKGROUND 
2.1. Equivalent SDOF Model 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The estimation of wind forces on a nonlinear tall seismically 
isolated building using only velocity responses by EID 
method have not been investigated yet. As a first step 
towards this goal, a seismically isolated building given by an 
11-DOF lumped mass model is simplified into an equivalent 
SDOF model assuming that the upper structure remains 
linear and elastic and moves as a rigid body relying on the 
flexibility of the isolation system [4]. The concept of this 
assumption is shown in Figure 1. The properties of the 
equivalent SDOF model, hereafter referred to simply as the 
SDOF model, are calculated using the following 
relationships [5]: 
 

𝑚𝑚𝑚𝑚 = 𝑚𝑚𝑚𝑚𝑏𝑏𝑏𝑏 + �𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

10

𝑢𝑢𝑢𝑢=1

(1) 
𝑘𝑘𝑘𝑘1 = 𝑘𝑘𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (2𝑎𝑎𝑎𝑎) 
𝑘𝑘𝑘𝑘2 = 𝑘𝑘𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 (2𝑏𝑏𝑏𝑏) 

𝑄𝑄𝑄𝑄𝑦𝑦𝑦𝑦 = 𝑄𝑄𝑄𝑄𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦 (3) 𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦 = 𝑥𝑥𝑥𝑥𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦 (4) 

𝜁𝜁𝜁𝜁 = 𝜁𝜁𝜁𝜁𝑏𝑏𝑏𝑏 (5) 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡) = �𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢

10

𝑢𝑢𝑢𝑢=1

(6) 

Wind Force Estimation on a Nonlinear Equivalent 
SDOF model using the EID Approach 
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Figure 1. Concept of equivalent SDOF model 
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where 𝑚𝑚𝑚𝑚 , 𝑘𝑘𝑘𝑘1 , 𝑘𝑘𝑘𝑘2 , 𝑄𝑄𝑄𝑄𝑦𝑦𝑦𝑦 , 𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦 , 𝜁𝜁𝜁𝜁  and 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡)  are the mass, initial 
stiffness, post-yield stiffness, yield shear force, yield 
displacement, damping ratio and wind force of the SDOF model, 
respectively. The mass of the isolation layer and the 𝑖𝑖𝑖𝑖th story of 
the upper structure are given by 𝑚𝑚𝑚𝑚𝑏𝑏𝑏𝑏 and 𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 , respectively. The 
variables 𝑘𝑘𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 , 𝑘𝑘𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 , 𝑄𝑄𝑄𝑄𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦 , 𝑥𝑥𝑥𝑥𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦 , and 𝜁𝜁𝜁𝜁𝑏𝑏𝑏𝑏  are the initial stiffness, 
post-yield stiffness, yield shear force, yield displacement and 
damping ratio of the isolation layer having bilinear behavior. The 
𝑖𝑖𝑖𝑖th story of the 11-DOF model is subjected to the wind force 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 . 
The properties of the 11-DOF model are shown in Table 1. 
The wind forces used in the analysis were derived from a 
wind-tunnel experiment [6] with a 500-year return period in 
the along-wind direction and a design wind velocity of 63.8 
m/s. 
 

Table 1. Properties of the 11-DOF model 
 Upper structure Isolation layer 
Natural period Tu = 2.0 s T0 = 4.0 s 
Density ρu = 180 kg/m3 ρ0 = 3644 kg/m2 
Height H = 100 m  
Area A = 625 m2 A = 625 m2 
Damping ratio ζu = 2.0% ζb = 0% 
Yield shear coeff.  αby = 0.03 
Yield deformation  xby = 1 cm 

 
2.2. Wind Force Estimation by EID Method 
This section discusses the estimation of wind forces using the 
EID method [3]. The equation of motion of an SDOF model 
subjected to external wind forces: 
 

𝑚𝑚𝑚𝑚�̈�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) + 𝑐𝑐𝑐𝑐�̇�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) = 𝐸𝐸𝐸𝐸𝑑𝑑𝑑𝑑𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡) + 𝐸𝐸𝐸𝐸𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)𝑚𝑚𝑚𝑚 (7) 
 
where {�̈�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)} , {�̇�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)}  and {𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)}  are the dynamic 
responses of the model, namely, acceleration, velocity, and 
displacement vectors, respectively. Also, 𝑚𝑚𝑚𝑚 , 𝑐𝑐𝑐𝑐  and 𝑘𝑘𝑘𝑘  are 
the property matrices, namely, mass, damping and stiffness, 
respectively. 𝐸𝐸𝐸𝐸𝑑𝑑𝑑𝑑 is the input channel of the wind force 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡) 
and 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)  and 𝐸𝐸𝐸𝐸𝑢𝑢𝑢𝑢  are the control input and control-input 
channel, respectively. The system does not have an active 
control, but a virtual active control is employed to apply EID 
approach to estimate the wind forces. The state space 
representation of the system is given by:  
 

�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) (8) 
                   

𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) (9) 
 
where 
 

 

⎩
⎪
⎨

⎪
⎧𝐴𝐴𝐴𝐴 = �

0 1
−𝑘𝑘𝑘𝑘 𝑚𝑚𝑚𝑚� −𝑐𝑐𝑐𝑐 𝑚𝑚𝑚𝑚⁄

�

𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢 = � 0
𝐸𝐸𝐸𝐸𝑢𝑢𝑢𝑢
�                    

𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡)                

    
𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑 = �

0
−𝐸𝐸𝐸𝐸𝑑𝑑𝑑𝑑 𝑚𝑚𝑚𝑚�

�

𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = �𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)
�̇�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)�

                     (10) 

 
where 𝐴𝐴𝐴𝐴 is the system matrix, 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑  is the disturbance input 
matrix, 𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢  is the control input matrix, 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡)  is the 
disturbance on the system (e.g., wind force) and 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) is the 
state of the system. The output, 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) is given by the output 
matrix, 𝐶𝐶𝐶𝐶 that indicates the placement of the sensors. In this 

paper, it is assumed that only the velocity responses are 
recorded by the sensors. Thus, 𝐶𝐶𝐶𝐶 = [0, 1] so that 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) only 
yields the value of the velocity responses. 
 
The block diagram of Eqs. (8) and (9) is shown in Figure 
2(a) whereas Figure 2(b) shows the system with an EID, 
𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡), with and output 𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡). Note that in this paper, 
the model does not have an active control 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) = 0. 
Instead, we use the control input channel to apply the 
EID approach, assuming 𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢 = 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑 . If 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) , it 
follows that 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡) = original disturbance 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡).  
 
The full state observer of Eq. (8) is given by: 
 

��̇̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴�̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶 [𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) − �̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)]
𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶�̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)                                    

(11) 

 
where �̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) is an estimated 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) and 𝐿𝐿𝐿𝐿 is the observer gain.  
Combining Eq. (8) and (11) yields: 
 

∆�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = (𝐴𝐴𝐴𝐴 − 𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶)∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) (12) 
 
where ∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)  is the difference between 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)  and �̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) . 
Since the system is considered to be controllable, there exist 
a signal ∆𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) that satisfies the following: 
 

∆�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑∆𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) (13) 
 
Equating Eqs. (12) and (13) yields the value for the estimated 
wind load, �̂�𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡): 
 

� �̂�𝑑𝑑𝑑𝑏𝑏𝑏𝑏
(𝑡𝑡𝑡𝑡) = 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑+𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)

�̂�𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡) = 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡) − ∆𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡)
(14) 

 
where 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑+ is the pseudo inverse matrix of 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑  given by the 
following equation. 
 

𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑+ = �𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑇𝑇𝑇𝑇𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑�
−1𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑇𝑇𝑇𝑇 (15) 

 
2.3. Design of Observer Gain 
The observer gain, 𝐿𝐿𝐿𝐿 in the EID estimation is obtained using 
the Linear Quadratic Regulator (LQR) design. LQR is 
considered as an optimal control in which the quadratic 
performance index (cost function), 𝐽𝐽𝐽𝐽 is minimized. 
 

𝐽𝐽𝐽𝐽 = � {𝑧𝑧𝑧𝑧𝑇𝑇𝑇𝑇(𝑡𝑡𝑡𝑡)𝑸𝑸𝑸𝑸𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) + 𝑢𝑢𝑢𝑢𝑇𝑇𝑇𝑇(𝑡𝑡𝑡𝑡)𝑹𝑹𝑹𝑹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)}𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
∞

0
(16) 

 
where 𝑸𝑸𝑸𝑸 and 𝑹𝑹𝑹𝑹 are the weighing matrices of the state, 𝑧𝑧𝑧𝑧(t) 
and the control, 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) , respectively. The matrix 𝑸𝑸𝑸𝑸  is a 
positive semi-definite and 𝑹𝑹𝑹𝑹  is a positive definite. These 
two matrices are often diagonal, and the diagonal elements 
are adjusted to adjust the weights of either the state or the 
control [7]. The LQR control law, 
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where 𝑚𝑚𝑚𝑚 , 𝑘𝑘𝑘𝑘1 , 𝑘𝑘𝑘𝑘2 , 𝑄𝑄𝑄𝑄𝑦𝑦𝑦𝑦 , 𝑥𝑥𝑥𝑥𝑦𝑦𝑦𝑦 , 𝜁𝜁𝜁𝜁  and 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡)  are the mass, initial 
stiffness, post-yield stiffness, yield shear force, yield 
displacement, damping ratio and wind force of the SDOF model, 
respectively. The mass of the isolation layer and the 𝑖𝑖𝑖𝑖th story of 
the upper structure are given by 𝑚𝑚𝑚𝑚𝑏𝑏𝑏𝑏 and 𝑚𝑚𝑚𝑚𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 , respectively. The 
variables 𝑘𝑘𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 , 𝑘𝑘𝑘𝑘𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏 , 𝑄𝑄𝑄𝑄𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦 , 𝑥𝑥𝑥𝑥𝑏𝑏𝑏𝑏𝑦𝑦𝑦𝑦 , and 𝜁𝜁𝜁𝜁𝑏𝑏𝑏𝑏  are the initial stiffness, 
post-yield stiffness, yield shear force, yield displacement and 
damping ratio of the isolation layer having bilinear behavior. The 
𝑖𝑖𝑖𝑖th story of the 11-DOF model is subjected to the wind force 𝐹𝐹𝐹𝐹𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢 . 
The properties of the 11-DOF model are shown in Table 1. 
The wind forces used in the analysis were derived from a 
wind-tunnel experiment [6] with a 500-year return period in 
the along-wind direction and a design wind velocity of 63.8 
m/s. 
 

Table 1. Properties of the 11-DOF model 
 Upper structure Isolation layer 
Natural period Tu = 2.0 s T0 = 4.0 s 
Density ρu = 180 kg/m3 ρ0 = 3644 kg/m2 
Height H = 100 m  
Area A = 625 m2 A = 625 m2 
Damping ratio ζu = 2.0% ζb = 0% 
Yield shear coeff.  αby = 0.03 
Yield deformation  xby = 1 cm 

 
2.2. Wind Force Estimation by EID Method 
This section discusses the estimation of wind forces using the 
EID method [3]. The equation of motion of an SDOF model 
subjected to external wind forces: 
 

𝑚𝑚𝑚𝑚�̈�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) + 𝑐𝑐𝑐𝑐�̇�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) + 𝑘𝑘𝑘𝑘𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) = 𝐸𝐸𝐸𝐸𝑑𝑑𝑑𝑑𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡) + 𝐸𝐸𝐸𝐸𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)𝑚𝑚𝑚𝑚 (7) 
 
where {�̈�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)} , {�̇�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)}  and {𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)}  are the dynamic 
responses of the model, namely, acceleration, velocity, and 
displacement vectors, respectively. Also, 𝑚𝑚𝑚𝑚 , 𝑐𝑐𝑐𝑐  and 𝑘𝑘𝑘𝑘  are 
the property matrices, namely, mass, damping and stiffness, 
respectively. 𝐸𝐸𝐸𝐸𝑑𝑑𝑑𝑑 is the input channel of the wind force 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡) 
and 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)  and 𝐸𝐸𝐸𝐸𝑢𝑢𝑢𝑢  are the control input and control-input 
channel, respectively. The system does not have an active 
control, but a virtual active control is employed to apply EID 
approach to estimate the wind forces. The state space 
representation of the system is given by:  
 

�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) (8) 
                   

𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) (9) 
 
where 
 

 

⎩
⎪
⎨

⎪
⎧𝐴𝐴𝐴𝐴 = �

0 1
−𝑘𝑘𝑘𝑘 𝑚𝑚𝑚𝑚� −𝑐𝑐𝑐𝑐 𝑚𝑚𝑚𝑚⁄

�

𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢 = � 0
𝐸𝐸𝐸𝐸𝑢𝑢𝑢𝑢
�                    

𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) = 𝐹𝐹𝐹𝐹(𝑡𝑡𝑡𝑡)                

    
𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑 = �

0
−𝐸𝐸𝐸𝐸𝑑𝑑𝑑𝑑 𝑚𝑚𝑚𝑚�

�

𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = �𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)
�̇�𝑥𝑥𝑥(𝑡𝑡𝑡𝑡)�

                     (10) 

 
where 𝐴𝐴𝐴𝐴 is the system matrix, 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑  is the disturbance input 
matrix, 𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢  is the control input matrix, 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡)  is the 
disturbance on the system (e.g., wind force) and 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) is the 
state of the system. The output, 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) is given by the output 
matrix, 𝐶𝐶𝐶𝐶 that indicates the placement of the sensors. In this 

paper, it is assumed that only the velocity responses are 
recorded by the sensors. Thus, 𝐶𝐶𝐶𝐶 = [0, 1] so that 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) only 
yields the value of the velocity responses. 
 
The block diagram of Eqs. (8) and (9) is shown in Figure 
2(a) whereas Figure 2(b) shows the system with an EID, 
𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡), with and output 𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡). Note that in this paper, 
the model does not have an active control 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) = 0. 
Instead, we use the control input channel to apply the 
EID approach, assuming 𝐵𝐵𝐵𝐵𝑢𝑢𝑢𝑢 = 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑 . If 𝑦𝑦𝑦𝑦(𝑡𝑡𝑡𝑡) = 𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) , it 
follows that 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡) = original disturbance 𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡).  
 
The full state observer of Eq. (8) is given by: 
 

��̇̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴�̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶 [𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) − �̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)]
𝑦𝑦𝑦𝑦�(𝑡𝑡𝑡𝑡) = 𝐶𝐶𝐶𝐶�̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)                                    

(11) 

 
where �̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) is an estimated 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) and 𝐿𝐿𝐿𝐿 is the observer gain.  
Combining Eq. (8) and (11) yields: 
 

∆�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = (𝐴𝐴𝐴𝐴 − 𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶)∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) (12) 
 
where ∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)  is the difference between 𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)  and �̂�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) . 
Since the system is considered to be controllable, there exist 
a signal ∆𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) that satisfies the following: 
 

∆�̇�𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) = 𝐴𝐴𝐴𝐴∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡) + 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑∆𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡) (13) 
 
Equating Eqs. (12) and (13) yields the value for the estimated 
wind load, �̂�𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡): 
 

� �̂�𝑑𝑑𝑑𝑏𝑏𝑏𝑏
(𝑡𝑡𝑡𝑡) = 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑+𝐿𝐿𝐿𝐿𝐶𝐶𝐶𝐶∆𝑧𝑧𝑧𝑧(𝑡𝑡𝑡𝑡)

�̂�𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡) = 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏(𝑡𝑡𝑡𝑡) − ∆𝑑𝑑𝑑𝑑(𝑡𝑡𝑡𝑡)
(14) 

 
where 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑+ is the pseudo inverse matrix of 𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑  given by the 
following equation. 
 

𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑+ = �𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑇𝑇𝑇𝑇𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑�
−1𝐵𝐵𝐵𝐵𝑑𝑑𝑑𝑑𝑇𝑇𝑇𝑇 (15) 

 
2.3. Design of Observer Gain 
The observer gain, 𝐿𝐿𝐿𝐿 in the EID estimation is obtained using 
the Linear Quadratic Regulator (LQR) design. LQR is 
considered as an optimal control in which the quadratic 
performance index (cost function), 𝐽𝐽𝐽𝐽 is minimized. 
 

𝐽𝐽𝐽𝐽 = � {𝑧𝑧𝑧𝑧𝑇𝑇𝑇𝑇(𝑡𝑡𝑡𝑡)𝑸𝑸𝑸𝑸𝑥𝑥𝑥𝑥(𝑡𝑡𝑡𝑡) + 𝑢𝑢𝑢𝑢𝑇𝑇𝑇𝑇(𝑡𝑡𝑡𝑡)𝑹𝑹𝑹𝑹𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡)}𝑑𝑑𝑑𝑑𝑡𝑡𝑡𝑡
∞

0
(16) 

 
where 𝑸𝑸𝑸𝑸 and 𝑹𝑹𝑹𝑹 are the weighing matrices of the state, 𝑧𝑧𝑧𝑧(t) 
and the control, 𝑢𝑢𝑢𝑢(𝑡𝑡𝑡𝑡) , respectively. The matrix 𝑸𝑸𝑸𝑸  is a 
positive semi-definite and 𝑹𝑹𝑹𝑹  is a positive definite. These 
two matrices are often diagonal, and the diagonal elements 
are adjusted to adjust the weights of either the state or the 
control [7]. The LQR control law, 
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𝑢𝑢𝑢𝑢 = −𝐿𝐿𝐿𝐿𝑧𝑧𝑧𝑧 (17) 
 
is designed to minimize 𝐽𝐽𝐽𝐽 = lim

𝑡𝑡𝑡𝑡𝑡𝑡
𝐽𝐽𝐽𝐽(𝑡𝑡𝑡𝑡). Since 𝐽𝐽𝐽𝐽 is quadratic, 

there exists a solution for the observer gain 𝐿𝐿𝐿𝐿, given by 
 

𝐿𝐿𝐿𝐿 = −𝑹𝑹𝑹𝑹−1𝐶𝐶𝐶𝐶𝑇𝑇𝑇𝑇𝑃𝑃𝑃𝑃 (18) 
 
where 𝑃𝑃𝑃𝑃 is the solution to the algebraic Ricatti equation: 
 

𝐴𝐴𝐴𝐴𝑇𝑇𝑇𝑇𝑃𝑃𝑃𝑃 + 𝐴𝐴𝐴𝐴𝑃𝑃𝑃𝑃 − 𝑃𝑃𝑃𝑃𝐶𝐶𝐶𝐶𝑹𝑹𝑹𝑹−1𝐶𝐶𝐶𝐶𝑇𝑇𝑇𝑇𝑃𝑃𝑃𝑃 + 𝑸𝑸𝑸𝑸 = 0 (19) 
 

𝑸𝑸𝑸𝑸 = [𝑄𝑄𝑄𝑄1 𝑄𝑄𝑄𝑄2] (20) 𝑹𝑹𝑹𝑹 = [𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐] (21) 
  
In this study, there are no displacement response and control 
input to be optimized. Thus, 𝑄𝑄𝑄𝑄1 = 100 and 𝑅𝑅𝑅𝑅𝑐𝑐𝑐𝑐 = 100 and 
different values of 𝑄𝑄𝑄𝑄2 are investigated, namely, 108, 1010 
and 1016 , referred to as “low”, “mid” and “high”, 
respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
4. RESULTS 
4.1. Linear model 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In this section, the wind forces acting on the equivalent SDOF 
model with linear hysteretic dampers are estimated by 
calculating the equivalent disturbance, 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏�(𝑡𝑡𝑡𝑡) shown in the 
block diagram in Figure 3. Different values of observer gain, 
𝐿𝐿𝐿𝐿, are used. Shown in Figure 4 are the time-histories of the 
actual and the estimated wind forces for different observer 
gain values. It can be seen that for a low and mid observer 
gain value, the error accumulates for each time step leading 
to an inaccurate estimate at longer time values. On the other 
hand, wind force estimates using high observer gain values 
are accurate throughout the time duration. 
 
4.2. Nonlinear model 
In this section, the wind forces acting on the equivalent SDOF 
model with hysteretic dampers behaving bilinearly are estimated 
by using the block diagram shown in Figure 5. Since the stiffness 
of the system changes with time, the restoring force, 𝐹𝐹𝐹𝐹ℎ(𝑡𝑡𝑡𝑡) is 
calculated separately per time step [8]. Similar to the previous 
section, the equivalent disturbance, 𝑑𝑑𝑑𝑑𝑏𝑏𝑏𝑏�(𝑡𝑡𝑡𝑡)  gives the wind 
force estimate by EID method. 
The results of the wind force estimation for the nonlinear 
model are shown in Figure (6). It can be seen in the figure 
that unlike the linear case, for low and mid values of observer 
gain, the wind force estimates are inaccurate only on certain 
time durations, particularly during the time that the hysteretic 
damper starts yielding (𝑡𝑡𝑡𝑡 𝑡 100 to 300 s). This inaccuracy 
eventually decreases as the observer gain tries to optimize the 
response estimates. This shows that when the observer gain 
is not optimized, nonlinearity affects the performance of wind 
force estimation. Also, another factor that might be affecting 
the accuracy of the estimates during the time of yielding is Figure 3. EID block diagram for disturbance estimation 
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Figure 2. Concept of EID [3]. 

0 100 200 300 400 500 600 700

Time (s)

-500

0

500

1000

1500

W
in

d 
fo

rc
e 

(k
N

)

Actual EID (Low) EID (Mid) EID (High)

500 550 600 650

Time (s)

-500

0

500

1000

1500

W
in

d 
fo

rc
e 

(k
N

)

Actual EID (Low) EID (Mid) EID (High)

Figure 4. Estimated wind force time-history – linear model. 
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the use of LQR for the estimation of the observer gain. 
However, for the optimized or high observer gain values, 
accurate estimates of the wind forces are obtained throughout 
the time duration. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Also shown in Figure 7 is 
the comparison of the 
correlation coefficient of 
the estimated wind forces 
for both the linear and 
nonlinear models. It can 
be seen here that in both 
cases, the wind forces are 
estimated with very high 
accuracy when the value 
of the observer gain is 
high. In contrast, the 
nonlinear model obtained 
more accurate wind force 
estimates for the low and 
mid observer gain values.  

 
5. CONCLUSION 
In this paper, the wind forces acting on an 11-DOF base-
isolated building, modeled as an equivalent SDOF system 
was estimated using the EID method. The estimation was 
done under the assumption that only the velocity responses 
are available. The accuracy of the estimation method was 
tested for models with linear and nonlinear hysteretic 
dampers and different values of observer gains were used. 
The results showed that the EID method with a high value of 
observer gain can estimate the wind forces accurately for both 
models with linear and nonlinear hysteretic dampers. 
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Figure 5. EID block diagram for nonlinear model 
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Figure 6. Estimated wind force time-history – nonlinear model. 
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