
論文 / 著書情報
Article / Book Information

論題(和文)

Title(English) Two-layer Bottleneck Channel Track Assignment for Analog VLSI

著者(和文) 谷口 和弥, 田湯 智, 高橋 篤司, モロンゴ マチュー, 南誠, 西岡 克也

Authors(English) Kazuya Taniguchi, Satoshi Tayu, Atsushi Takahashi, Mathieu Molongo,
Makoto Minami, Katsuya Nishioka

出典(和文) , Vol. 17,   ,  pp. 67-76

Citation(English) IPSJ Transactions on System LSI Design Methodology, Vol. 17,   ,  pp.
67-76

発行日 / Pub. date 2024,  6

権利情報 / Copyright  ここに掲載した著作物の利用に関する注意: 本著作物の著作権は（社
）情報処理学会に帰属します。本著作物は著作権者である情報処理学
会の許可のもとに掲載するものです。ご利用に当たっては「著作権法
」ならびに「情報処理学会倫理綱領」に従うことをお願いいたします
。
 The copyright of this material is retained by the Information Processing
Society of Japan (IPSJ). This material is published on this web site with
the agreement of the author (s) and the IPSJ. Please be complied with
Copyright Law of Japan and the Code of Ethics of the IPSJ if any users
wish to reproduce, make derivative work, distribute or make available to
the public any part or whole thereof.

Powered by T2R2 (Science Tokyo Research Repository)

http://t2r2.star.titech.ac.jp/


IPSJ Transactions on System LSI Design Methodology Vol.17 67–76 (June 2024)

[DOI: 10.2197/ipsjtsldm.17.67]

Regular Paper

Two-layer Bottleneck Channel Track Assignment
for Analog VLSI

Kazuya Taniguchi1,a) Satoshi Tayu1,b) Atsushi Takahashi1,c) MathieuMolongo2

MakotoMinami2 Katsuya Nishioka2

Received: October 4, 2023, Accepted: February 28, 2024

Abstract: Design automation that realizes analog integrated circuits to meet performance specifications in a small
area is desired. To reduce the layout area, “Bottleneck Channel Routing” is proposed in which two wires go through a
routing track in the bottleneck region. A two-layer routing problem that consists of the bottleneck channel and the ad-
jacent regions where the HV rule is not applicable is defined. The proposed algorithm uses a U-shaped routing model,
and generates two-layer routing in which the number of intersections is minimized and the wire of a net includes at
most one via. The obtained routing contains no conflicts if the algorithm outputs a feasible solution.

Keywords: channel routing, bottleneck routing, analog VLSI

1. Introduction
Analog VLSI uses a circuit architecture with high tolerance

to variation and noise and must meet performance specifications
such as current, voltage, phase, cutoff frequency, and signal wave-
form. The analog layout design is required not to deteriorate the
circuit performance. On the other hand, it is important to realize a
layout in a small area to reduce manufacturing costs while meet-
ing performance specifications. The objective of our research is
to develop a routing framework that enables us to layout a circuit
in small area while meeting performance specifications under the
assumption that constraints on layout are defined to satisfy per-
formance specifications.

The circuit size of analog VLSI is typically smaller than that
of digital VLSI, and analog VLSI often use fewer routing layers
than digital VLSI. In VLSI with fewer routing layers, cell-based
design where the routing area is defined between cells is often
adopted, and may contain bottleneck routing regions which are
bottleneck for area reduction. Therefore, the main target of this
paper is analog VLSI, and our proposed method contributes to
realize a small area layout by reducing the area of bottleneck re-
gions.

In cell-based design [4], the routing area is partitioned into
small routing regions called channel or switchbox, and various
design flows and algorithms have been proposed. For example,
channel routing algorithms were proposed in Refs. [5], [6], [7],
[8], [9]. Track assignment procedure considering cross-talk mini-
mization was proposed in Ref. [10]. Sufficient conditions to com-
plete a switchbox routing was discussed in Ref. [11]. Routing
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architectures which consist of extremal switch-block structures
were discussed in Ref. [12]. A design flow without repeating de-
sign is discussed in Refs. [13], [14], [15]. For general routing
problems, various types of routing algorithms such as maze [16]
and A* [17] have been introduced for a single net. For routing of
multiple nets, rip-up and reroute technique [18] and length match-
ing [19], [20] to improve the completion ratio of routing and to
improve the quality of routing have been discussed. However,
they may not fit to cell-based design in which rectangle routing
regions without obstacles are defined. Challenges and approaches
of VLSI routing was discussed in Ref. [21].

A routing design flow with two-layer HV routing without re-
peating routing design in which the routing in each layer con-
sists of horizontal segments (H) or vertical segments (V) has been
established. However, the obtained layout may contain a rout-
ing region which is a bottleneck for area reduction (Fig. 1 (a)).
The height of the bottleneck region may be reduced if two wires
share a single routing track, and the layout area may be reduced
(Fig. 1 (b)). In such cases, the height of the bottleneck region is up
to 50% smaller compared to the region with two-layer HV rout-
ing. The reduction of layout area is expected when a bottleneck
channel in which two wires share a routing track is introduced at
the region that corresponds to a vertex in a critical path in its lay-
out constraint graph that determines the size of the layout area.
Of course, there is a trade-off between area and performance, and
the circuit performance may be deteriorated due to cross-talk and
etc. However, the performance specifications may be met if par-
allel running length is limited.

In this paper, a bottleneck channel routing framework for cell-
based design where HV routing is used for most of regions is
discussed. In our routing framework, two wires share a routing
track in adjacent layers in the bottleneck channel, arbitrary rout-

The preliminary versions were presented at Refs. [1], [2], [3].
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ing is used in adjacent regions which is adjacent to the bottle-
neck channel, and HV routing is assumed in the other regions.
Two wires can go through a routing track in adjacent layers only
in bottleneck channel, and the situations where the performance
specifications are met even if this is allowed are assumed.

In order to give a design guideline for routing framework us-
ing bottleneck channel, we define U-shaped two-layer bottleneck
channel routing problem and propose algorithm U2TLA-2.0 for
this problem. In this problem, routing area consists of a bottle-
neck channel and adjacent regions. Each net is a two-pin net and
has one pin on the upper boundary of each adjacent region. The
number of tracks is the half of the number of nets. Algorithm
U2TLA-2.0 determines the track and layer assignment of nets for
this problem.

According to the track and layer assignment determined by
U2TLA-2.0, a routing pattern that consists of three wire segments
for each net is obtained. By using U2TLA-2.0, a routing pattern
that minimizes the number of intersections when the routing is
regarded as planer, and that at most one via is inserted to the wire
of each net is obtained. The output of U2TLA-2.0 defines a phys-
ical routing pattern that satisfies the connection requirements but
may contain conflicts. If U2TLA-2.0 outputs a feasible solution,
the physical routing obtained contains no conflict in grid based
design. Even if U2TLA-2.0 outputs an infeasible solution, a fea-
sible physical routing may be obtained by modifying the physical
routing obtained directly from U2TLA-2.0.

Even though pins are restricted to be placed at the upper bound-
ary of the region in an input of U2TLA-2.0, U2TLA-2.0 will
be used as a guideline for general bottleneck channel problems
where pins are not restricted at the upper boundary. For example,
a physical routing for a general bottleneck channel routing prob-
lem can be obtained from a track and layer assignment obtained
by U2TLA-2.0 for the U-shaped bottleneck channel routing prob-
lem in which the pin order along the boundary is the same as in
the general problem.

Also, our bottleneck channel routing framework and algorithm
U2TLA-2.0 would be applicable to digital VLSI if it requires a
small area with fewer routing layers.

In the following, Sections 2 and 3 introduce the bottleneck
channel routing and its subproblem. In Section 4, algorithm
U2TLA-2.0 is proposed. In Sections 5 and 6, discussions and

Fig. 1 Circuit layouts by the same global placement and routing.

experiments related to U2TLA-2.0 are given, respectively, and
the conclusion is stated in Section 7.

2. Bottleneck Channel Routing
A routing problem is to find a better routing pattern that satis-

fies the connection requirement under the design rule. The con-
nection requirement among pins is called a net. Pins of all nets
must be connected by wire that can pass several routing layers.
Vias must be inserted to a wire when the routing layer of the wire
is changed. If wires of different nets intersect in the planar projec-
tion of a routing pattern, they must be assigned to different layers
at the intersection. In grid based design, the wires of different
nets have a conflict if they share the same coordinate in the same
layer. A routing pattern that satisfies the connection requirement
in grid-based design is infeasible if there is a conflict, feasible
otherwise.

Bottleneck channel routing problem is defined on routing area
that consists of a bottleneck channel and adjacent regions on both
sides as shown in Fig. 2. Pins of each net are placed on the bound-
ary of adjacent regions. Pins are virtual and are assumed to be
accessible from any layer. A wire which connects pins of a net
goes through a track in the bottleneck channel, and two wires can
go through a track in adjacent layers.

In order to give a design guideline for routing framework using
bottleneck channel, U-shaped two-layer bottleneck channel rout-
ing problem is defined as follows: the routing area consists of a
bottleneck channel and adjacent regions; each net is a two-pin net
and has one pin on the upper boundary of each adjacent region;
the number of tracks is the half of the number of nets.

The problem instances for this problem is limited, but it would

Fig. 2 Bottleneck channel routing.
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be used as a guideline to obtain a routing pattern for a general
bottleneck channel routing problem. For example, a multi-pin
net is able to assume to be decomposed into two-pin nets appro-
priately in advance so that the congestion at the bottleneck chan-
nel is reduced. In case that the number of tracks available at the
bottleneck channel is larger than the half of the number of nets,
dummy nets can be inserted to fit the problem formulation. Once
a physical routing pattern in this problem formulation is obtained,
post processing would be applied to fit an actual situation, and to
improve the performance, but it would be in the future works.

3. U-shaped Two-layer Bottleneck Channel
Routing Problem

In this section, U-shaped two-layer bottleneck channel rout-
ing problem shown in Fig. 3 in which wires of each net are “U-
shaped” and the number of tracks is the half of the number of nets
is formulated.

In a U-shaped two-layer bottleneck channel routing problem,
routing area Gm for the set N of 2m two-pin nets is modeled by
the routing grid (−2m ≤ x ≤ 2m, 0 ≤ y ≤ m) shown in Fig. 4
where the y-axis corresponds to the degenerated bottleneck chan-
nel, the region x < 0 corresponds to the left-adjacent region, and
the region x > 0 corresponds to the right-adjacent region. A pin
is placed at grid point (x, 0) on the x-axis where x is an integer
(1 ≤ |x| ≤ 2m). A pin placed on grid point (x, 0) is called left
pin if −2m ≤ x ≤ −1, and right pin if 1 ≤ x ≤ 2m. Each two-
pin net consists of one left pin and one right pin. Let l(n) and
r(n) be the x-coordinate of the left and right pins of net n, respec-
tively. Pin position is specified by the left and right pin sequences
Pleft = (l1, l2, . . . , l2m) and Pright = (r1, r2, . . . , r2m) where li = n if
l(n) = −i, and ri = n if r(n) = i (∀n ∈ N). In the following, it is
assumed that ni = i and l(ni) = −i for clarity. Track t (1 ≤ t ≤ m)
is the grid line connecting (−2m, t) and (2m, t).

The output of this problem are the track assignment of nets AT

and the layer assignment of nets AL.

Fig. 3 Problem formulation.

Fig. 4 Routing area Gm, tracks, and pins.

In a U-shaped two-layer bottleneck channel routing problem,
an output has to satisfy the following three conditions.
• The wire of each net consists of one horizontal and two ver-

tical segments.
• Each segment is assigned to either layer 1 or layer 2.
• At least one vertical segment of each net is assigned to the

same layer where the horizontal segment of the net is as-
signed.

Each track is assigned two nets one on layer 1 and the other
on layer 2. The wire of a net consists of two vertical segments
whose x-coordinates are the x-coordinates of pins of the net and
one horizontal segment which is assigned to a track.

In a routing pattern satisfying the conditions above, a routing
patten in which at most one via is inserted for each net is obtained.
If two vertical segments of a net are assigned to the layer of the
horizontal segment of the net, then no via is inserted in the wire of
the net, and if one is assigned to a different layer, then one via is
inserted between the vertical segment and the horizontal segment.

Output of U2TLA-2.0 is the track and layer assignment. The
routing pattern is uniquely determined under the three conditions
above if the track and layer assignment is determined. Among
routing patterns which satisfy the conditions above, U2TLA-2.0
uses one of four routing patterns for each net shown in Fig. 5.
U2TLA-2.0 prefers to use layer 1 and layer 2 for left and right
vertical segments, respectively. Another layer is used if the num-
ber of vias can be reduced without creating conflicts.

Note that a pair of nets assigned to the same track have a con-
flict if a vertical segment, which is assigned to the different layer
of the horizontal segment of the net, is located within the inter-
val of the other net, then the vertical segment and the horizontal
segment of the other net have conflict as shown in Fig. 6, and
the routing pattern is infeasible. Otherwise, the pair of nets have
no conflict. U2TLA-2.0 avoids creating this type of conflicts as
much as possible.

In order to explain the properties of problem and algorithm,
the followings are defined in terms of input and track assignment
of nets (see Fig. 7). Note that algorithm U2TLA-2.0 determines

Fig. 5 Routing pattern of a net used by U2TLA-2.0.

Fig. 6 Routing pattern of a pair of nets with a conflict.

Fig. 7 Variables and functions used in U2TLA-2.0 and the fixed region
when track-2 assignment is finished (Pins of a net are drawn in black
if the track and layer assignment of the net is determined, white oth-
erwise).
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track assignment from the upper track.
• N(t) := {n | AT (n) ≰ t − 1} (the set of nets not assigned to

track from 1 to t − 1)
• nL(t) : net n s.t. l(n) is maximum in N(t)
• nL2(t) : net n s.t. l(n) is maximum in N(t) \ {nL(t)}
• nR(t) : net n s.t. r(n) is minimum in N(t)
• nR2(t) : net n s.t. r(n) is minimum in N(t) \ {nR(t)}
If there are various track and layer assignments that satisfies

the conditions, an assignment that can enable us to derive a feasi-
ble routing is preferred. Also, the following indices defined in a
derived feasible routing will be used as evaluation of solutions.
( 1 ) the number of vias that are not at the end of segment.
( 2 ) the number of vias that are not at grid points.
( 3 ) the number of vias.

4. Algorithm U2TLA-2.0
4.1 Overview

The overview of our proposed algorithm U2TLA-2.0 for U-
shaped two-layer routing problem is given here. U2TLA-2.0 con-
sists of main routine shown in Fig. 8 and two subroutines shown
in Fig. 9.

U2TLA-2.0 first partitions nets into clusters by NetCluster, and
executes one or two threads to determine the track and layer as-
signment for each cluster by U2TLA. The track and layer as-
signment for each cluster is independent of other cluster, and the
better track and layer assignment is selected if two threads are
executed for a cluster. In each thread, U2TLA iteratively assigns
the horizontal segment of a pair of nets from the upper track so
that invariant condition defined below is satisfied. When the pair
of nets are assigned to a track, the fixed region shown as a gray
region in Fig. 7 which is not used in latter assignment is defined,
although a wire segment of an assigned net may exist outside the
fixed region.

The invariant condition is that any horizontal segments of as-
signed nets assigned to layers 1 and 2 do not exist in the left and
the right of fixed region, respectively. U2TLA-2.0 classifies situ-
ations when a pair of nets are assigned to a track into eight cases
under the assumption that the invariant condition is satisfied, and
it determines the track and layer assignment to keep the invariant
condition as shown in Fig. 10. Among the eight situations shown
in Fig. 10, only case (B)-11 derives an infeasible routing pattern.
U2TLA-2.0 runs two thread when case (B)-00 occurs to avoid
(B)-11 as much as possible.

Fig. 8 Algorithm U2TLA-2.0 main.

In Fig. 10, the left and right figures show before track assign-
ment of nets L,R and the results of track assignment of L,R, re-
spectively. In the left figures, the name of nets nL(t), nL2(t), nR(t),
and nR2(t) are surrounded by frames, and the name of nets nL(t)
and nR(t) are shaded. The symbol “#” represents the nets either L
or R. The arrows extend from the origin to L or R, respectively.
The names of unassigned nets whose pins are placed inside of
fixed region or outside of pins surrounded by frames are omitted.

4.2 Track and Layer Assignment
The track and layer assignment for each cluster by U2TLA is

explained here.
The fixed region which is not used in latter assignment is de-

fined during execution. It contains only pins and wires of as-
signed nets. The fixed region when the pair of nets assigned to

Fig. 9 Algorithm U2TLA-2.0 subroutines.
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Fig. 10 Eight situations of routing region (L,R, #: nets assigned to the next
track, gray: fixed region).

track t is the region whose x-coordinate spans max{l(n) | n ∈
N(t)} + 1 ≤ x ≤ min{r(n) | n ∈ N(t)} − 1 and whose y-coordinate
spans 1 ≤ y ≤ t − 1 (see Fig. 7). Note that N(t) is the set of unas-
signed nets, and max{l(n) | n ∈ N(t)} is the x-coordinate of the
pin which is closest to the origin among left pins of unassigned
nets.

The situation of routing region that satisfies the invariant con-
dition is classified into eight cases (Fig. 10). The eight cases are
defined by the combination of whether (A) nL(t) , nR(t) or (B)
nL(t) = nR(t), and whether the horizontal segments extend be-
yond the fixed region to the left or right (00, 01, 10, 11). Note
that nL(t) and nR(t) is the net whose left and right pins are closest
to the origin among unassigned nets, respectively.

U2TLA selects a pair of nets (L,R) so that pins of L and R
are the inner most left and right pins of unassigned net, respec-
tively. In case that the inner most left and right pins are different,
L and R are uniquely determined. That is, (L,R) = (nL(t), nR(t)) if
nL(t) , nR(t) (Fig. 10 (A)). In case that they are the same, one of
second inner pin is selected. That is, either (L,R) = (nL2(t), nR(t))
or (L,R) = (nL(t), nR2(t)) if nL(t) = nR(t) (Fig. 10 (B)). The for-
mer is used in (B)-01, and the latter is used in (B)-10 and (B)-11.
In case that (B)-00, it is determined by U2TLA-2.0.

U2TLA assigns the horizontal segments of L and R to layers 1
and 2, respectively, and the invariant condition is satisfied at the
next track. The left vertical segment of L and the right vertical

segment of R are assigned to layer 1 and layer 2, respectively.
While, the layer assignment of the right vertical segment of L
and the left vertical segment of R depend on the situation. If the
right vertical segment of L is assigned to layer 2, then no conflict
occurs because of the invariant condition. If no conflict occurs
when it is assigned to layer 1, then it is assigned to layer 1 to
reduce the number of vias. Similarly, the assignment of the left
vertical segment of R is determined.

4.3 Cluster Extraction
A cluster is extracted from the input net set by subroutine Net-

Cluster. A cluster is defined as a minimal consecutive subse-
quence (P′left, P

′
right) of the input pin sequence that consists of

pins of nets of even number. That is, P′left = (l2i+1, . . . , l2 j),
P′right = (r2i+1, . . . , r2 j) and n ∈ P′left if and only if n ∈ P′right. There
is a topological routing that satisfies the connection requirement
where wires of nets do not intersect if they belong to different
clusters. In U-shaped routing, the track and layer assignment for
each cluster can be determined independent of other cluster, and
U2TLA-2.0 determines the track and layer assignment of clusters
from inner to outer so that wires of nets do not intersect if they
belong to different clusters.

Subroutine NetCluster extracts clusters by detecting the bor-
ders of clusters in pin sequence. NetCluster forms a cluster by
adding two nets whose pins are inner most among remaining nets
iteratively. If the coordinates of pins of adding nets are −2t + 1
and 2t − 1 at t-the addition, then the pins of all the nets added
before locate inner side of the adding nets. This corresponds to
(A)-00 or (B)-00, and means the border of a cluster. NetCluster
forms a new cluster, and adds two nets to the new cluster.

4.4 Assignment Thread
Among the eight situations shown in Fig. 10, only case (B)-11

derives an infeasible assignment. Depending on the net selection
so far, it may be possible to avoid the occurrence of (B)-11.

There is no choice in net pair selection for cases (A) to keep
the invariant condition. For cases (B), nL(t) (= nR(t)) is selected
as one of a pair, and there may exist a choice in the selection of
the other net.

In cases (B)-01 and (B)-10, the layer of horizontal segment of
nL(t) (= nR(t)) is determined to avoid sharing the same coordinate
on the same layer at the track, and the other net to keep the in-
variant condition is unique. For case (B)-11, feasible assignment
cannot be obtained, and U2TLA-2.0 chooses the other net whose
right pin is the next inner-most.

In case (B)-00, the assignment of the net pair causes no conflict
at the track. However, depending on the net pair selection, case
(B)-11 occurs later.

In Figs. 11 and 12, the same routing problem is given, and case
(B)-00 occurs on track-2 where nL(t) = nR(t) = n3. In Fig. 11, the
horizontal segment of n3 is assigned to layer 1, and n8 is selected
as R to assign track-2 and a feasible routing pattern is obtained. In
Fig. 12, the horizontal segment of n3 is assigned to layer 2, and n4

is selected as L to assign track-2 and a conflict occurs on track-4.
In case (B)-00, U2TLA-2.0 tries two assignment threads in

which (L,R) is either (nL(t), nR2(t)) or (nL2(t), nR(t)) respectively,
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Fig. 11 Routing pattern obtained by U2TLA-2.0.

Fig. 12 Infeasible routing pattern.

Table 1 The behavior of U2TLA-2.0.

t L R l(R) pleft(t) r(L) pright(t) Situation
1 n1 n2 −2 0 2 0 (A)-00
2 n3 n8 −8 −2 3 2 (B)-00
3 n4 n6 −6 −8* 8 3 (A)-10
4 n5 n7 −7 −8* 7 8* (A)-11

and selects one of them when two threads end. In case that one
thread is feasible and the other is infeasible, U2TLA-2.0 selects
one which is feasible. In case that both threads are feasible or
infeasible, U2TLA-2.0 assign the layer of the horizontal segment
of nL(t) (= nR(t)) to layer 1 or layer 2, respectively.

From the definition of nL(t) and nR(t), l(nL(t)) ≥ −2t + 1 and
r(nR(t)) ≤ 2t − 1 hold. Cases (A)-00 and (B)-00 occur when
pins of nets not belonging to N(t) are all placed between l(nL(t))
and r(nR(t)). In other words, the condition for cases (A)-00 and
(B)-00 on track t is that l(nL(t)) = −2t + 1 and r(nR(t)) = 2t − 1.

4.5 Example
The behavior of U2TLA-2.0 is shown by using the problem

given in Fig. 11 where Pleft = (n1, n2, n3, n4, n5, n6, n7, n8) and
Pright = (n2, n1, n3, n8, n6, n7, n5, n4). The value of each variable
at t is shown in Table 1. Column “Situation” in Table 1 corre-
sponds to the situation of routing region in Fig. 10. A routing
pattern obtained by U2TLA-2.0 is shown in Fig. 11.

A via is required to insert to the wire of R if pleft(t) < l(R) in
Step 2.2 of U2TLA. Similarly, a via is required to insert to the
wire of L if r(L) < pright(t). Note that pleft(t) and pright(t) are the
minimum and maximum x-coordinates of the left and right pins
of nets which are assigned to a track either from 1 to t − 1 as
shown in Fig. 7, respectively. In Table 1, the symbol “*” after
the value of pleft(t) (pright(t)) represents that a via is required to
insert to the wire of R (L). If via is required to insert to R (L), pleft

(pright) remains the same value in Step 2.3 of U2TLA. Otherwise,
it is updated by substituting the second term in Step 2.3.

5. Discussion
5.1 Validity of U2TLA-2.0

In this section, the validity of U2TLA-2.0 is discussed. It is
shown that in the routing pattern obtained by U2TLA-2.0 is fea-
sible if the situations of routing region of all tracks are other than

(B)-11.
It is obvious from the definition of segments of a net that the

segments of each net form a wire connecting both pins of the net.
It is shown that the following two propositions are satisfied in the
track assignment for track t.
• The wire of a net assigned to track t has no conflicts with

wires of nets assigned before track t.
• The wires of nets assigned to track t have no conflicts with

each other if the situation of routing region of t is other than
(B)-11.

Note that tracks do not intersect with each other, and that a verti-
cal grid line is exclusively used by a net.
Lemma 1. The wire of a net assigned to track t has no conflicts
with wires of nets assigned before track t.
Proof. Each segment of net L selected in Step 2.1 of U2TLA has
no conflicts with wires of nets assigned before track t is shown.
(a) left vertical segment

The left vertical segment of L is assigned to layer 1 in
Step 2.2, and only may has conflicts with horizontal seg-
ments in layer 1. However, the horizontal segment of a net
assigned before track t of layer 1 terminates to the right of the
left vertical segment of L. If the horizontal segment of net n
assigned to the layer 1 does not terminate, then it contradicts
the net selection in Step 2.1 since L should be selected before
n. Therefore, the left vertical segment of L has no conflicts
with wires of nets assigned before track t.

(b) horizontal segment
Since the wire of a net assigned before track t exists in the
region y ≤ t − 1, they have no conflicts with the horizontal
segment of L on y = t.

(c) right vertical segment
The right vertical segment of L is assigned to layer 2 if
the segment intersects with a horizontal segment assigned to
layer 1, and is assigned to layer 1 otherwise. The horizontal
segment of a net assigned before track t of layer 2 terminates
to the left of the right vertical segment of L because of the
net selection in Step 2.1, and have no conflicts with the right
vertical segment of L.

From (a), (b) and (c), it is confirmed that the segments of the net
L have no conflicts with wires of nets assigned before track t.
Similarly, it can be confirmed that the segments of R selected in
Step 2.1 have no conflicts with wires of nets assigned before track
t, but the description is omitted here. □
Lemma 2. The wires of nets assigned to track t have no conflicts
with each other if the situation of routing region of t is other than
(B)-11.
Proof. The wires of L and R assigned to track t have no con-
flicts with each other is shown. The segments that share coordi-
nates among the wires of L and R are either (a) two horizontal
segments or (b) one horizontal and one vertical segments.
(a) The horizontal segments of L and R have no conflicts with

each other because they are assigned to different layers.
(b1) The horizontal segment of L (R) has no conflicts with the

right (left) vertical segment of R (L) because they are as-
signed to different layers from Step 2.2.

(b2) The conflict between the horizontal segment of L (R) with
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the left (right) vertical segment of R (L) is checked in the
following. In case that nL(t) , nR(t), they have no con-
flicts because they do not share coordinates. The horizontal
segment and the vertical segment share coordinates only if
nL(t) = nR(t) (see Fig. 10 (B)). If either l(nL(t)) = −2t + 1
or r(nR(t)) = 2t − 1 (Fig. 10 (B)-00, 01, 10), then they are
assigned to different layers, and they have no conflicts with
each other. Otherwise, they conflict with each other, and the
situation of routing region of t is (B)-11 (Fig. 10 (B)-11).

Therefore, the wires of L and R assigned to track t have no con-
flicts with each other. □

Note that a conflict occurred with (B)-11 can be resolved by
inserting the via to the middle of the vertical segment between
track t − 1 and track t.
Theorem 1. A routing which satisfies the connection require-
ments without conflicts is obtained by U2TLA-2.0 in case that the
situations of routing region of all tracks are other than (B)-11.
Proof. It is obvious from Lemmas 1 and 2 that the net assigned
to track t can be realized without conflicts with wires of nets as-
signed before track t if the situations of routing region of all tracks
are other than (B)-11. □

The time complexity of U2TLA-2.0 is O(m) where m is the
number of tracks, since each step in U2TLA takes a constant
time, and the number of threads executed for each net is at most
two since the track and layer assignment for each cluster is inde-
pendent of other cluster.

5.2 A Sufficient Condition for Feasible Solution
The necessary and sufficient condition on the input of a U-

shaped two-layer routing problem that have a feasible solution
is not known. The following theorem gives a sufficient condition
on inputs that have a feasible solution.
Theorem 2. In the U-shaped two-layer bottleneck channel rout-
ing problem with net set N, a feasible solution exists if there are
no nets a, b, c, u ∈ N such that l(a) < l(u) < l(b), r(a) < r(u) <
r(b), l(c) < l(u), r(u) < r(c).
Proof. It is enough to show that there are nets satisfying the con-
dition when U2TLA-2.0 outputs an infeasible solution. U2TLA
outputs an infeasible solution only if the situation of routing re-
gion is (B)-11 for some track t. Suppose that nL(t) = nR(t),
l(nL(t)) > −2t + 1, and r(nR(t)) < 2t − 1 are satisfied for track
t. Let net u be L (= nL(t) = nR(t)).

The left vertical segment of u intersects the horizontal seg-
ments assigned to layer 2 of the track upper than the horizontal
segment of u. There exists a net a satisfying l(a) < l(u), and from
Step 2.1, r(a) < r(u).

The right vertical segment of u intersects the horizontal seg-
ments assigned to layer 1 of the track upper than the horizontal
segment of u. There exists a net b satisfying r(u) < r(b), and from
U2TLA, l(u) < l(b).

The left and right pins of a net whose horizontal segment is
assigned to the same track as of u are placed outside of the left
and right pins of u. There exists a net c satisfying l(c) < l(u),
r(u) < r(c).

The existence of nets that satisfies the condition is shown and
Theorem 2 is proved. □

Fig. 13 Infeasible assignment.

Fig. 14 The inverse of Theorem 2 does not hold.

Fig. 15 U-shaped routing corresponds to the routing in Fig. 2.

Fig. 16 Routing for the same pin sequence along boundary in Fig. 15.

Figure 13 shows an example of an infeasible solution. In case
that the number of nets is four, there are four patterns of pin se-
quences in which the outputs are infeasible. Even in case that the
net set contains four nets violating the prerequisites of Theorem
2, a feasible physical routing may exist as shown in Fig. 14.

5.3 Ideas for Extensions
A track assignment and a layer assignment of the topological

routing obtained by U2TLA-2.0 could be utilized to find the phys-
ical routing of a bottleneck channel problem. Even if an infeasi-
ble solution is obtained in U-shaped routing problem, the conflict
may be resolved in the physical routing in corresponding bottle-
neck channel problem.

An example of a method to obtain a physical routing of a gen-
eral bottleneck channel problem using U2TLA-2.0 is given here.
First, the U-shaped two-layer routing problem is defined from a
bottleneck channel problem so that both of them have the same
pin sequence along the boundary, and the track and layer assign-
ment is determined by U2TLA-2.0. Next, the topology of the
routing derived by the track and layer assignment is extracted.
Finally, the physical routing of the bottleneck channel problem
is determined according to the obtained topology of the routing.
A method to convert topological routing to physical routing is
in our future works. The U-shaped routing problem shown in
Fig. 15 corresponds to the bottleneck routing problem shown in
Fig. 2. Note that the pin sequence along the boundary is the same
between them.

Different topological routing may affect the feasibility of the
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corresponding physical routing. Other topological routing might
be obtained if other U-shaped two-layer routing problem is de-
fined. For example, the routing problem shown in Fig. 16 is ob-
tained in which the pins are placed on the lower boundary with-
out changing their order from the problem shown in Fig. 2. The
routing pattern shown in Fig. 16 is obtained by U2TLA-2.0 by as-
signing track from below with different net selection order. Two
routing patterns obtained may have different track assignments
and different the number of vias. It is also possible that one is
feasible and the other is infeasible. This flexibility will help us to
have more options when considering physical routing of a bottle-
neck channel problem.

In U-shaped two-layer routing problem, the number of tracks is
set to the half of the number of nets. Conflicts can be resolved if
more tracks are available. A conflict occurred at a track in (B)-11
can be resolved if one more additional track is available. For ex-
ample, in Fig. 12, the horizontal segment of n7 has conflict with
the right vertical segment of n6, and the conflict can be resolved
by using one additional track, in which n7 is assigned to track-5.

Conflicts can be resolved if pin sequence can be modified.
Let’s consider the case that a conflict occurs with (B)-11 on
track t. The conflict occurs between the right vertical segment
of nL(t) and the horizontal segment of nR2(t). The right pin of
nL(t)(= nR(t)) and the right pin of nR2(t) are adjacent, and the
conflict can be resolved by swapping the location of right pins of
these nets. For example, in Fig. 12, the conflict can be resolved
by swapping the location of right pins of n6 and n7.

6. Experimental Results
U2TLA-2.0 is implemented in Python 3.8.10, and executed

on a PC with 3.30GHz Intel Core i7 CPU. They are applied
to two types of problem instances with different properties. For
both types, one hundred instances are generated for each net size
where the left pin sequence Pleft is fixed as (n1, n2, . . . , n2m).

In type one, instances are generated randomly for net size 8,
32, 128, and 512. The right pin sequence Pright is generated ran-
domly.

In type two, instances assuming bus type routing are generated.
In type two, an instance is obtained by concatenating randomly
generated 8-net instances. The net size 32 (8 × 4), 128 (8 × 16),
and 512 (8 × 64) are generated.

Table 2 The average number of tracks used to obtain a feasible solution.

#nets HV bottleneck
8 8 (1.00) 4.63 (0.58)
32 32 (1.00) 17.55 (0.55)
128 128 (1.00) 66.47 (0.52)
512 512 (1.00) 258.93 (0.51)

Table 3 Experimental results of U2TLA-2.0 for each net size.

#nets time [µs] #via ratio probability #conf. one two
ave ave [%] [%] ave max min # #conf. # #conf. #avoid

8 25.530 2.95 50 15.75 0.63 2 0 0.95 0.59 0.18 0.04 0.05
32 88.463 24.16 18 9.75 1.55 4 0 0.98 1.52 0.02 0.03 0
128 334.974 116.98 7 3.86 2.47 6 0 1.00 2.47 0 0 0
512 2837.368 498.30 6 1.14 2.93 7 0 1.00 2.93 0 0 0

32 (8 × 4) 80.728 12.25 3 14.81 2.37 5 0 3.82 2.29 0.65 0.08 0.12
128 (8 × 16) 219.531 49.13 0 14.80 9.44 16 3 15.00 9.07 2.49 0.37 0.51
512 (8 × 64) 643.619 196.84 0 14.44 36.77 50 21 59.71 35.08 10.09 1.69 2.28

In Table 2, the comparison between HV-routing and bottle-
neck routing by using type one instances is shown. In the table,
the average numbers of tracks used to obtain a routing pattern
without conflicts are shown. In HV routing, the number of tracks
used is equals to the number of nets. A feasible routing pattern is
obtained by left-edge algorithm [5] since there is no vertical con-
straint among the horizontal segments of nets. In bottleneck rout-
ing, the track assignment is determined by U2TLA-2.0. In cases
that the track assignment contains conflicts, additional tracks are
inserted to resolve these conflicts. The number of tracks inserted
is equals to the number of conflicts in the track assignment by
U2TLA-2.0. The average number of tracks used in bottleneck
channel is up to 50% of the number of tracks used in HV-routing.
It is confirmed that the ratio approaches 50% when the number of
nets increases.

In Table 3, the details of experimental results of U2TLA-2.0
for instances of both types are shown. “#via”, “ratio”, “proba-
bility”, “#conf.” represent the average number of vias, the ratio
of instances where the output contains no conflict, the probabil-
ity of tracks that contain conflicts, and the number of tracks that
contain conflicts in the output, respectively. “one” and “two”
represent the average number of one-thread-clusters and two-
thread-clusters that corresponds to (A)-00 and (B)-00, respec-
tively. “#avoid” represents the number of conflicts that are not
included in the output since the assignments by the other thread
are adopted.

If the output contains even one conflict, the solution is infeasi-
ble. However, if the number of nets increase, the probability of
tracks that contains a conflict reduces. For instances of 512 nets,
the number of tracks that contains a conflict is at most seven and
is less than three in average. In case that instances are generated
intentionally to increase the number of clusters, the average of the
probability is high since the instances are generated by concate-
nating small instances.

The number of conflicts is equal to the number of tracks where
case (B)-11 occurred. Note that a feasible assignment is obtained
when the number of conflicts is zero. The number of clusters
in which one assignment thread is run is equal to the number
of tracks where case (A)-00 occurred. The number of clusters
in which two assignment threads are run is equal to the number
of tracks where case (B)-00 occurred. The rightmost column in
Table 3 shows the average number of clusters in which two as-
signment threads are run, and one of which has conflicts and the
other does not have.

As confirmed in Table 3, the number of clusters is one in most
cases when instances are generated randomly. In case that in-
stances are generated intentionally to increase the number of clus-
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ters, the conflict probability of tracks remains high, and the fea-
sible instance ratio rapidly decreases to 0. Also, it is confirmed
that the ratio of two-thread-clusters is small and that the number
of conflicts removed by the selection of thread is limited. How-
ever, in practice, it seems that both type of instances are unlikely
to be used. Instances in which no conflicts occur will be used
according to the analysis.

Even though an output of U-shaped two-layer bottleneck chan-
nel routing problem contains conflicts, these conflicts may be re-
solved if the tight routing conditions are relaxed. Also, it is easy
to resolve the conflicts if few more tracks are available. A phys-
ical routing of a general bottleneck channel routing problem de-
rived from topological routing obtained by U2TLA-2.0 may not
contain conflicts. The analysis of U2TLA-2.0 behavior will be
utilized in global routing phase to generate a bottleneck channel
routing problem in which no conflicts occur.

7. Conclusion
In this paper, bottleneck channel routing that enable us to re-

duce the routing area is proposed. For the two-layer bottleneck
channel problem with 2-pin net, algorithm U2TLA-2.0 which ob-
tains a routing in which the wire of a net uses at most one via is
proposed. A feasible physical routing in grid based design is ob-
tained according to the track and layer assignment by U2TLA-2.0
if all pins are placed on the upper boundary of the routing area
and if U2TLA-2.0 defines the output except case (B)-11. Even if
U2TLA-2.0 outputs an infeasible solution, a corresponding two-
layer topological routing that satisfies the connection requirement
is obtained, and a feasible physical routing may be obtained if
vias can be inserted in the middle of a segment, or if more tracks
are available, or if the pin sequence can be modified.

Our future works include an extension to the multi-pin net
problem, an extension to three or more routing layers, and the de-
velopment of an algorithm that obtains a physical routing of gen-
eral bottleneck channel routing utilizing the topological routing
obtained by U2TLA-2.0. The routing shown in Fig. 2 is obtained
from the topological routing obtained by U2TLA-2.0 for the U-
shaped physical routing problem shown in Fig. 15. The routing
pattern defined according to the output of U2TLA-2.0 would be
utilized as an initial solution, and a better physical routing would
be explored by applying post processing.
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