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ABSTRACT

This thesis studies approximations and the facial structure of completely positive cones
and their duals, copositive cones, over symmetric cones from the optimization aspect.

In the part on the approximations, we first provide approximation hierarchies for coposi-
tive cones over general and specific symmetric cones. These hierarchies are described by pos-
itive semidefinite constraints. Additionally, we compare them with existing ones. Through
numerical experiments, we demonstrate that by combining the proposed approximation hier-
archies with the existing ones, we can evaluate the optimal values of copositive programming
problems more accurately and efficiently.

We second examine various extensions of doubly nonnegative cones. Inner-approximation
hierarchies for generalized (in the sense that the cones underlying completely positive and
copositive cones are beyond nonnegative orthants) copositive cones are utilized to obtain
two generalized doubly nonnegative cones from the doubly nonnegative cones. We conduct
theoretical and numerical comparisons to assess the relaxation strengths of the generalized
doubly nonnegative cones over a direct product of a nonnegative orthant and second-order
or positive semidefinite cones. These comparisons also include an analysis of an existing
generalized doubly nonnegative cone. Through numerical experiments, we demonstrate that
the three generalized doubly nonnegative cones provide significantly tighter bounds for gen-
eralized completely positive programming problems than positive semidefinite cones.

In the part on the facial structure, we first investigate two values decided by the facial
structure of closed convex cones: the length of the longest chain of faces and the distance to
polyhedrality. We prove that the two lengths of completely positive cones over nonnegative
orthants, doubly nonnegative cones, and their duals are the worst cases possible.

We second show that copositive cones over symmetric cones are never facially exposed
when the underlying symmetric cone has dimension at least 2. We do so by explicitly ex-
hibiting a non-exposed extreme ray. Our result extends the known fact that copositive cones
over nonnegative orthants are not facially exposed in general.
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Chapter 1

Introduction

Completely positive programming is a class of optimization problems that minimize a
linear objective function subject to the intersection of an affine space and a completely
positive cone. In particular, we focus on completely positive cones over symmetric
cones. With completely positive cones over symmetric cones, we can represent many
realistic and hard-to-solve problems. This means that completely positive cones also
have complicated structures. In this thesis, we study approximations and the facial
structure of completely positive cones and their duals, copositive cones, over symmetric
cones from the optimization perspective.

In Section 1.1, we mention the background of this thesis. In Section 1.2, we state
the main results of this thesis. In Section 1.3, we provide the organization of subsequent
chapters.

1.1 Background

Many real-world problems can be formulated as optimization problems with combi-
natorial or nonconvex structures. As an example of combinatorial structure, binary
constraints can encode decision-making such as “do or not” and “yes or no.” As that
of nonconvex structure, rank constraints can represent low dimensionality of data [16]
and are also utilized in the problems of estimating unknown locations of sensors [83]
and finding the nearest low-rank correlation matrix [46], for example. Such problems
with combinatorial or nonconvex structures are hard to solve, and in fact, include
many NP-hard problems such as the maximum stable set problem and the max-cut
problem [60].

We can reformulate such NP-hard optimization problems as conic linear program-
ming problems with a completely positive cone constraint, namely completely positive
programming problems. A conic linear programming problem in the standard form is

written as

minimize (¢, x)
x

subject to  (a;,z) =b; (i=1,...,m), (1.1)
re K,
where ¢ and ag,...,a,, belong to a finite-dimensional real vector space V' equipped



with an inner product (-, -), by, ..., b, are real numbers, and K is a closed convex cone
in V. Conic linear programming has several favorable structural properties. First, it
is a subclass of convex programming and so any locally optimal solution is globally
optimal [11, Section 4.2.2]. Second, we can use conic duality theorems developed in
the conic optimization field [5, Section 2|. The dual problem of (1.1) is

m
maximize g biy;
y’s . l

—

o 1.2
subject to Zyiai +s=c, (1.2)

i=1
se K",

where K™ is the dual cone of K defined in Section 2.1. As stated in the following
theorem, weak duality holds between (1.1) and (1.2), and under an assumption, strong
duality also holds.

Theorem 1.1 ([5, Theorem 2.4.1]). Let v, and vq be the optimal values of (1.1) and
(1.2), respectively. Then, v, > vq holds. Furthermore, we assume that (1.1) and (1.2)
satisfy Slater’s condition, i.e., there exist a feasible solution xq of (1.1) with xo in the
interior of K and a feasible solution (yo,So) of (1.2) with sg in the interior of K*.
Then, both (1.1) and (1.2) have optimal solutions and v, = vq holds.

Completely positive programming is a subclass of conic linear programming (1.1)
in which K is a cone of completely positive tensors. Its dual (1.2) is copositive pro-
gramming, where K* is a cone of copositive tensors.

Complete positivity and its dual, copositivity, over the nonnegative orthant R’
(the cone of vectors with only nonnegative elements) are the most fundamental. A
real symmetric tensor A = (A;,..;,, )i, ;. —1 of order m and dimension n is completely
positive over the nonnegative orthant R’ if there exist & € N and a,,...,a; € R}
such that

k
Z —— —
i=1 m factors

and copositive over the nonnegative orthant R’} if the homogeneous polynomial func-

tion
n
E Ai1~--im$z‘1 c Ty,

i1, im=1

is nonnegative for all & € R’,. Note that tensors include matrices as a special case.
The aforementioned complete positivity and copositivity have been deeply studied
since the 1950s in the field of applied mathematics [6, 52, 53, 79, 100, 111]. From the
aspect of optimization, researchers have found since the 2000s that by utilizing com-
pletely positive cones over nonnegative orthants, many NP-hard optimization problems
can be equivalently reformulated as completely positive programming problems. The



problems include standard quadratic programming problems [8], the maximum sta-
ble set problem [23], a certain graph partitioning problem [97], the vertex coloring
problem [20, 29, 51|, the quadratic assignment problem [98], polynomial optimization
problems [94], and so on. Among them, Burer’s study [13] is especially seminal, which
displayed a completely positive reformulation of nonconvex quadratic programming
problems with nonnegative variables that may be binary.

By analogy with the complete positivity and copositivity over nonnegative orthants,
we obtain complete positivity and copositivity over closed cones, respectively. We are
especially interested in those over symmetric cones. The class of symmetric cones
includes nonnegative orthants, second-order cones, positive semidefinite cones, and
their direct product. Therefore, complete positivity and copositivity over symmetric
cones are generalizations of those over nonnegative orthants.

Complete positivity and copositivity over symmetric cones beyond nonnegative or-
thants also naturally arise especially in the convex conic reformulation of nonconvex
conic optimization problems. Burer [14] extended his previous result [13] and suggested
the potential importance of further studying complete positivity over a direct product
of a nonnegative orthant, second-order cones, and positive semidefinite cones. Uti-
lizing the result of [14], Burer and Dong [15] reformulated quadratically constrained
quadratic programming problems with bounded feasible sets as completely positive
programming problems. The resultant problems involve a constraint forcing a matrix
variable to belong to a completely positive cone over a direct product of a nonnegative
orthant and second-order or positive semidefinite cones. Bai, Mitchell, and Pang [4,
Theorem 5| provided a completely positive reformulation of rank-constrained semidef-
inite programming problems by using a completely positive cone over a direct product
of a nonnegative orthant and three positive semidefinite cones. Additionally, the find-
ings of Kim, Kojima, and Toh [61, Corollary 4.7] suggest a convex conic reformulation
of polynomial optimization problems with a symmetric cone constraint. This reformu-
lation involves completely positive tensor, beyond matriz, cones over symmetric cones.
Besides convex conic reformulation, Gowda [43] discussed weighted linear complemen-
tarity problems over symmetric cones, in which the copositivity over the symmetric
cones was utilized to guarantee the existence of a solution.

As we can see from the various results of completely positive reformulation, if we
can solve completely positive programming problems, we can also solve a variety of
NP-hard problems in a unified manner. At the same time, as completely positive
programming can represent such formidable problems equivalently, it is also hard to
solve directly. Indeed, the membership problems for completely positive and copositive
cones even over nonnegative orthants are computationally difficult [26, 80]. Although
Gaddum [40, Theorem 3.2] suggested an implementable recursive procedure to detect
copositivity over nonnegative orthants, it necessitates solving a series of linear pro-
gramming problems, the quantity of which grows exponentially with the order of a
matrix (see also [57, Section 3.1}). Orlitzky [87, Theorem 4] extended this method to
symmetric cones.

In this thesis, to remedy and understand the intricate structure of completely pos-
itive and copositive cones over symmetric cones, we study their approximations and

4



facial structure.

1.1.1 Approximations

To deal with complete positivity or copositivity efficiently in a computer, tractable
approximations for completely positive and copositive cones are often used in practice.
Two such examples are doubly nonnegative cones and their duals, the cones of sums
of a positive semidefinite matrix and a nonnegative matrix, also known as SPN cones.
The doubly nonnegative cone, the set of positive semidefinite matrices with only non-
negative elements, includes the completely positive cone over the nonnegative orthant
and is included in the positive semidefinite cone, thereby providing a tighter approxi-
mation for the completely positive cone over the nonnegative orthant than the positive
semidefinite cone [98, 122]. Since we can describe the doubly nonnegative cone using a
positive semidefinite constraint, we may apply efficient algorithms to conic linear pro-
gramming problems with the doubly nonnegative cone constraint. Burer and Dong [15,
Section 4] generalized the doubly nonnegative cone to provide a tighter approximation
for completely positive cones over closed convex cones than the positive semidefinite
cone.

Furthermore, to approximate completely positive and copositive cones in arbitrary
accuracy, many types of approximation hierarchies have been proposed [1, 12, 23, 27,
28, 42, 48, 50, 58, 65, 89, 90, 93, 113, 121, 124, 125]. An approximation hierarchy,
e.g., {K; }ien, gradually approaches the completely positive or copositive cone from the
inside or outside as the approximation order [, which determines the approximation
accuracy, increases and, in a sense, agrees with the cone in the limit. By defining each
KC; as a set represented by nonnegativity, second-order cone, or positive semidefinite
constraints, we can tentatively handle the complete positivity or copositivity on a
computer.

Most of the aforementioned works provided approximation hierarchies for com-
pletely positive and copositive cones over nonnegative orthants, and only a few stud-
ies [27, 48, 65, 125] have considered those for completely positive and copositive cones
over cones beyond nonnegative orthants. Zuluaga, Vera, and Pena [125] provided an
inner-approximation hierarchy described by sum-of-squares constraints, which reduce
to positive semidefinite constraints, for copositive cones over cones that are pointed (in-
cluding no lines), semialgebraic, and convex. The term “semialgebraic” means that the
set is defined by finitely many nonnegativity constraints of homogeneous polynomials.
The class of pointed semialgebraic cones includes nonnegative orthants, second-order
cones, and positive semidefinite cones or their direct product, which are also symmet-
ric cones. The positive semidefiniteness of a matrix of order n is characterized by the
nonnegativity of all the 2" — 1 principal minors. That is, although positive semidefi-
nite cones are semialgebraic, the semialgebraic representation requires an exponential
number of nonnegativity constraints in its order. In such a case, their approximation
hierarchy is no longer tractable even if positive semidefinite constraints can describe
it. Lasserre [65] provided an outer-approximation hierarchy described by a positive
semidefinite constraint for copositive cones over general closed convex cones. The hier-
archy is implementable only for the case in which the moments of a finite Borel measure



dependent on the underlying closed convex cone are obtainable. We will describe these
two approximation hierarchies mathematically in Section 2.5. The study by Dickinson
and Povh [27] is a variant of that of Lasserre [65]. They considered the special case
in which the underlying closed convex cone is included in a nonnegative orthant to
provide a tighter approximation than Lasserre [65].

1.1.2 Facial structure

Faces of convex sets are basic concepts of convex analysis [106, Section 18]. In addition,
studying the facial structure is also important in the context of linear algebra and
optimization for several reasons.

The length {x of the longest chain of faces and the distance {1, (K) to polyhedrality
of closed convex cones K are decided by the facial structure of K and related to various
quantities. The first example is the Carathéodory number [47], which can be viewed as
the maximum cp-rank [111, Chapter 4] of completely positive matrices for completely
positive cones over nonnegative orthants. Ito and Lourenco [59, Theorem 4] showed
that £ — 1 is an upper bound for the Carathéodory number of a pointed closed convex
cone K. The second example is the singularity degree. The singularity degree of a conic
linear feasibility problem over K, a problem of finding a feasible solution of (1.1), is the
minimum number of facial reduction steps needed to satisfy Slater’s condition. This
quantity is known to be related to error bounds for the feasibility problem [69, 72, 115].
Waki and Muramatsu [119, Corollary 3.1] showed that the singularity degree of a conic
linear feasibility problem over a closed convex cone K is bounded by fx (see also
[92, Theorem 28.5.3], [70, Theorem 1], and [73, page 2315]). Lourenco, Muramatsu,
and Tsuchiya [73, Theorem 10] improved this bound and revealed that the singularity
degree is bounded by £y, (K) + 1.

The facial exposedness of closed convex cones also plays a crucial part in optimiza-
tion. First, it arises when ensuring the invariance of strict complementarity for conic
linear programming under duality [19, Theorem 1]. Second, facial exposedness is a
necessary condition for a number of useful stronger exposure properties such as nice-
ness [91, Theorem 3] (or facially dual completeness [107]), tangential exposedness [107,
Proposition 2.2], amenability [72, Proposition 13], and projectional exposedness [10],
[118, Corollary 4.4]. See also [74] for a discussion on some of those properties. It is
also a necessary condition for certain algebraic properties such as spectrahedrality [102,
Corollary 1] and hyperbolicity [103, Theorem 23|. See also [74, Corollary 3.5] and [75,
Theorem 1.1] for the connection between these algebraic properties and amenability.
In this way, proving that a cone is not facially exposed provides an easy way to certify
that it is neither spectrahedral nor hyperbolic.

The facial structure of completely positive and copositive cones over nonnegative
orthants, although not completely understood, has been a subject of several papers.
Findings up to around the year 2021 are covered in the book [111] and references
therein. See [56, 62, 63, 77] for more recent results. However, to the best of our
knowledge, there is no systematic study on the facial structure of copositive cones over
symmetric cones other than the nonnegative orthants.
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1.2 Main Results

Approximation Hierarchies for Copositive Cones over Symmetric Cones
(Chapter 3)

In Chapter 3, we aim to provide approximation hierarchies for copositive cones over
symmetric cones and compare them with existing ones. First, we provide an inner-
approximation hierarchy described by a sum-of-squares constraint for copositive cones
over general symmetric cones. It is a generalization of the approximation hierarchy
proposed by Parrilo [90] for copositive cone over nonnegative orthants. Second, we
characterize copositive cones over symmetric cones using copositive cones over nonneg-
ative orthants. By replacing the copositive cones over nonnegative orthants appearing
in this characterization with the approximation hierarchies given by de Klerk and
Pasechnik [23] and Yildirim [121], we obtain inner- and outer-approximation hierar-
chies described by positive semidefinite but not by sum-of-squares constraints for the
cone of copositive matrices over a direct product of a nonnegative orthant and a single
second-order cone, respectively. We demonstrate that by combining the proposed ap-
proximation hierarchies with existing hierarchies, especially that provided by Zuluaga,
Vera, and Pena [125], we can evaluate the optimal values of copositive programming
problems more accurately and efficiently.

Generalizations of Doubly Nonnegative Cones and Their Comparison
(Chapter 4)

In Chapter 4, we examine various extensions of doubly nonnegative cones. To pro-
vide tighter relaxation for generalized (in the sense that underlying cones are beyond
nonnegative orthants) completely positive cones than positive semidefinite cones, the
inner-approximation hierarchies presented in Chapter 3 for generalized copositive cones
are exploited to obtain two generalized doubly nonnegative cones from the doubly non-
negative cones. We conduct theoretical and numerical comparisons to assess the relax-
ation strengths of the two generalized doubly nonnegative cones over a direct product
of a nonnegative orthant and second-order or positive semidefinite cones. These com-
parisons also include an analysis of the existing generalized doubly nonnegative cone
proposed by Burer and Dong [15]. The findings from solving several generalized doubly
nonnegative programming relaxation problems for generalized completely positive pro-
gramming problems demonstrate that the three generalized doubly nonnegative cones
provide significantly tighter bounds for generalized completely positive programming
than positive semidefinite cones.

Length of the Longest Chain of Faces and Distance to Polyhedrality of the
Completely Positive and Copositive Cones (Chapter 5)

In Chapter 5, we consider a wide class of closed convex cones K in the space of real

n X n symmetric matrices and establish the existence of a chain of faces of I, the
length of which is maximized at @ + 1. Examples of such cones include but are not

limited to, the completely positive and copositive cones over the nonnegative orthant
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R? . Using this chain, we prove that the distance to polyhedrality of any closed convex
cone K that is sandwiched between the completely positive cone over R’} and the doubly
nonnegative cone of order n > 2, as well as its dual, is at least ”("TH) — 2, which is also
the worst-case scenario. To the best of our knowledge, these lengths, except for the
length of the longest chain of faces of the doubly nonnegative cone [73, Proposition 21},
have not been computed so far (see [59, Table 1]).

The main results of this chapter are disappointing for the Carathéodory number
and the singularity degree. As mentioned in Section 1.1.2, by utilizing the length of
the longest chain of faces and the distance to polyhedrality, we can provide their upper
bounds. However, the results of this chapter imply that the upper bounds equal trivial
ones.

Non-facial Exposedness of Copositive Cones over Symmetric Cones (Chap-
ter 6)

In Chapter 6, we show that copositive cones over symmetric cones are never facially
exposed when the underlying cone has a dimension of at least 2. We do so by explic-
itly exhibiting a non-exposed extreme ray. This result extends the known fact that
the copositive cone over the nonnegative orthant R’} of order n > 2 is not facially
exposed [24, Theorem 4.4].

1.3 Organization

The remainder of this thesis is organized as follows. In the rest of this part, i.e.,
Chapter 2, we introduce the notation and some concepts used in this thesis. Almost
all of the statements in Chapter 2 have already been established or are folklore, but
(i) and (ii) of Proposition 2.11 originally proved by us [84, Proposition 2.10] have not
been known to the best of my knowledge.

Parts II and III contain the main results of this thesis. Because the two parts are
independent of each other, readers may begin reading either of them first.

In Part II, we focus on approximations for completely positive and copositive cones
over symmetric cones. In Chapter 3, we first provide approximation hierarchies for
copositive cones. The contents of this chapter are based on our paper [84] published in
the Journal of Global Optimization. In Chapter 4, utilizing approximation hierarchies,
we then generalize doubly nonnegative cones. The contents of this chapter are based
on our paper [85] published in the Journal of the Operations Research Society of Japan.
Readers had better read this part in order because the discussion in Chapter 4 builds
on the results of Chapter 3.

In Part III, we discuss the facial structure of completely positive and copositive
cones over symmetric cones. This part consists of two chapters and they are inde-
pendent of each other. In Chapter 5, we compute the length of the longest chain of
faces and the distance to polyhedrality. The contents of this chapter are based on the
author’s paper [81] published in the Linear Algebra and its Applications. In Chapter 6,
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we show the non-facial exposedness of copositive cones over symmetric cones. The
contents of this chapter are based on our preprint [82].
In Part IV, we finish with some concluding remarks.



Chapter 2

Preliminaries

2.1 Convex Sets, Cones, and Faces

Throughout this section, let V' be an n-dimensional real vector space.

Let S be a nonempty subset of V. We call S conver if ax + (1 — a)y € S for
all z,y € S and a € [0,1]. We use conv S to denote the convex hull of S, namely
the smallest convex set containing S. we also write span .S for the smallest subspace
containing S, cl S for the closure of S, int S for the interior of S, and S+ for the space
of x € V such that a specified inner product, which is determined from the context,
between x and y is 0 for all y € S. For x € V| we define

Rz = {azx | a € R},
R,z = {azx | a > 0},

where R denotes the space of real numbers.

A nonempty subset K of V is called a cone if axz € K for all @ > 0 and z € K.!
For a cone K, its dual cone denoted by K* is the set of x € V such that a specified
inner product between x and y is nonnegative for all y € K. A cone K is said to be
self-dual if K* = K and pointed if K N (—K) = {0}. We define the dimension of K,
denoted by dim K, as that of the space span K.

The following theorem characterizes the convex hull of a cone.

Theorem 2.1 ([36, Theorem 7]). Let K be a cone of dimension d. Then, every element
x in conv K can be written as the sum of at most d elements in K. Conversely, a sum
of elements in K belongs to conv K .

The following properties of a cone and its dual cone are established.
Theorem 2.2 ([11, Section 2.6.1)). Let K, K, and Ky be cones in V.
(i) K* is a closed convex cone.

(i1) If K is a pointed closed convex cone, K* has a nonempty interior.

1Some literature, [106] for example, does not require cones to contain the origin. However, in this
thesis, we follow Boyd and Vandenberghe [11] and require cones to contain the origin.
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(i1i) If K is convex, (K*)* = cl K holds. If K is also closed, (K*)* = K holds.
(iv) If K, C Ky, K3 C K;.

Let K be a closed convex cone in V. A nonempty convex subcone F' of K is called
a face of K if for any a,b € K, they belong to F whenever a + b € F'. For a nonzero
x € K, if R,x is a face of K, we say that = generates the extreme ray R, xz. We use
Ext K to denote the set of elements generating extreme rays of K.

A face F of K is said to be exposed if there exists h € K* such that F = K N{h}*.
If all the faces of K are exposed, then we call K facially exposed.

A chain of faces of K with length [ is a sequence

R¢---CF (2.1)

such that every F; is a face of K. We use (x to denote the length of the longest chain
of faces of K. In addition, we define the distance l,oy (K) to polyhedrality of K as the
length minus one of the longest chain (2.1) of faces of K such that Fj is polyhedral
and every F; with ¢ < [ is not polyhedral.

The following two lemmas provide the upper bounds for the length of the longest
chain of faces and the distance to polyhedrality of a closed convex cone, respectively.

Lemma 2.3. For a closed convex cone K in an n-dimensional real vector space, £ <
n + 1 holds.

Proof. Consider any chain (2.1) of faces of K with length [. The dimensions of the
faces Fi,..., F; are integers between 0 and n. In addition, by [106, Corollary 18.1.3],
they must satisfy dim F; < --- < dim F;, which implies that [ < n + 1. Since the
chain (2.1) we choose is arbitrary, we obtain the desired result. ]

Lemma 2.4. Let K be a closed convex cone in an n-dimensional real vector space.
(1) If n <2, then lyoy(K) = 0.
(11) If n > 3, then lyoy(K) < n — 2.

Proof. First, note that every closed convex cone with dimension at most 2 is polyhedral
(see, for example, [111, Exercise 1.65]). If n < 2, then the dimension of K is at most
2, and thus (i) holds. In what follows, we prove (ii). To obtain a contradiction, we
assume that | == oy (K) > n — 1. It follows from n > 3 that [ > n — 1 > 2. Then,
there exists a chain Fj,y C --- C F} of faces of K such that Fj is not polyhedral. For
the same reason as the proof of Lemma 2.3, we have dim F; < n — [+ 1 < 2. This
implies that Fj is polyhedral, which is a contradiction. O]

2.2 Tensor Background

In this section, we introduce fundamental notation and known facts concerning tensors,
encompassing vectors, matrices, and homogeneous polynomials.
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2.2.1 Vectors

For a finite set I, the number of elements in [ is denoted by |I|. We use R! to denote
the space of |I|-dimensional real vectors with elements indexed by I. All real vectors
in R! that appear in this thesis are column vectors and written in boldface lowercase
letters such as a. The ith element of a vector a is denoted by a;. We write Rl-n}
as R” for short. The space R’ is endowed with the standard inner product and |||
denotes the induced norm.

We use e; to denote the vector with the ith element being 1 and all other elements
0, whose size is determined from the context. In addition, we use 0 and 1 to denote
the zero vector and vector with all elements 1, respectively. We sometimes use a
subscript, such as 0,, and 1,,, to specify the size. For a collection of vectors vy, ..., vg,
we use (v1;...;v;) to denote the vector obtained by vertically concatenating them.
The entrywise product of two vectors is denoted by ®.

We use S™ and A” to denote the n-dimensional unit sphere and standard simplex
in R"™1 ie.,

S"={z e R" | [|z[l> = 1},
A" ={x cR"™ |x'"1=1andz; >0foralli=1,...,n+1},

respectively.

2.2.2 Matrices

Every real matrix is denoted by boldface uppercase letters such as A. The (i,7)th
element of A is expressed as A; ;. If there is no danger of misunderstanding, A;; and
A;; are used interchangeably. For index sets Z, J, Az 7 and Az denote the submatrix
obtained by extracting the rows of A indexed by Z and the columns indexed by 7.

The space of real n x m matrices is denoted by R™ ™. For a finite set I, we use S’
and S to denote the space of real |I| x |I| symmetric matrices with rows and columns
indexed by I and the cone of positive semidefinite matrices in S’, respectively. We write
Stt-n} and Sil"”’n} as S" and S} for short, respectively. The space S’ is endowed with
the trace inner product defined by (A, B) =", ._; A;;B;; for A,B € S'. For n € N,

ijer
we let T,, = "(HTH), which is the dimension of S".

We use O, I, E to denote the zero matrix, identity matrix, and matrix with all
elements 1, respectively. As in vectors, we sometimes use a subscript, such as O,, and
I,,, to specify the order. We use diag(A) to denote the vector of the diagonal elements
of a matrix A. The rank of a matrix A is defined by rank(A).
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2.2.3 Homogeneous polynomials

Let H™™ be the space of homogeneous polynomials in n variables of degree m with
real coefficients. In this thesis, we use the following multi-index notation:

n
’OA‘ = E Qi
i=1
n
o . Qg
x .—Hxil,
i=1
n
al = Hai! .
i=1

Let N denote the set of nonnegative integers. Defining I, = {a € N" | |a| = m}
and o,,(x) as the vector of monomials of degree m, we can express each homogeneous
polynomial § € H™™ as

O(x) = Z O™ = 0" 0, ()

acl?,

for a vector @ = (0p)acrn, € R'=m. Subsequently, we define X" := conv{6? | § ¢
H™™} as the cone of sums of squares of elements in H™™.

We can verify whether a homogeneous polynomial in H™?™ belongs to the set
Y.2m by solving a semidefinite programming problem. By the definition of ¥™?™ and

Theorem 2.1, a polymonomial § € H™?™ belongs to ¥™*™ if and only if there exist
01,...,0, € H"™ such that

k

k
() = (@) = o)’ (Z 6.6] ) o (@),

=1

where 0, ...,0; € R™n are the vectors corresponding to the polynomials 6, ..., 6.
The matrix Zle 0,0 is clearly positive semidefinite. Conversely, suppose that a poly-
nomial § € H™?™ is represented as 0(x) = o,,() ' O0,,(x) for some O € S]%m. Then,
using the Cholesky decomposition of @, we have § € ¥™?™. Therefore, the constraint
that a homogeneous polynomial is sum-of-squares reduces to a positive semidefinite
constraint.

2.2.4 Tensors

Let (V, o) be an n-dimensional real inner product space. Note that V can be identified
with the dual space, the set of linear mappings from V to R, by the natural isomorphism
z+— (ze-). We use
Ve =V®- -V
———

m factors
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to denote the space of tensors of order m over V. Let {vy,...,v,} be a basis for V.
For notational convenience, we define

N = {(i1,...,im) EN" |1 <ip <nforall k=1,...,m}

and 0;,..;,, = v, ® - @u;, for each (i1,...,in) € N Then, {0, | (i1,...,im) €
N} forms a basis for V¥, That is, each A € V®™ can be written in the following
form:

./4 — Zn: Ai1~~-im7~]i1~--im (22)

150l =1

with coefficients A;,..;,, € R. Let (-,-) be the inner product on V™ induced by that
on V. That is, it satisfies

m

(@1 @ @ Ty 11 @+ @ Y) = [ [ i o s (2.3)

i=1

for x1 @ @, 11 @ -+ QY € V. We write ||-||p for the norm on V¥ induced
by the inner product (-, -).

Let &,,, be the symmetric group of order m. For 0 € G,,, the linear transformation
7, on V¥ ig defined by 7, (0;,...i,,) = ¥; ;- The definition of 7, does not depend
on the choice of the basis for V. Then,

o'(l)"'ia(m

S(V)={AeV" |1, A= Aforall o € &,,}

denotes the space of symmetric tensors of order m over V, which is a subspace of V®™.
For x € V| let

=@ @a e SMM(V).
————

m factors

Let .# be the linear transformation on V¥ defined as

1
y::mZWoﬁ

0’66771

Then, /A € S™™(V) for each A € V¥ The following lemma states that the inner
product of two tensors is invariant under the operation of .#.

Lemma 2.5. For A € V¥ and B € S™™(V), it follows that (A, B) = (A,B).

Proof. Using an orthonormal basis {vy,...,v,} for V, we write A and B in the form
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(2.2). Tt then follows from the symmetry of B that

(FAB) = <% 3 7TUA,8>

O'EGm

1 n
DY Y A

L 0EG, i1, im=1

1 n
==Y Y AvabBua

0EGCm, 11, yim=1

:% S (4,B)

" oeG,
= <~Aa B)
O
We consider the case of V. = R" with the canonical basis {ej,...,e,} and write

S™™(R™) as S™™. Every tensor in ™™ is denoted by boldface calligraphy letters such
as A. Each element in 8™ can be considered a multi-dimensional array. Thus, we
write Aj;,..;, for the (iy, ..., 4,)th element of A € S™™.

We next consider the case of m = 2. For a,b € V, the tensor product a ® b
corresponds to the linear transformation on V such that (a ® b)(x) = (b e x)a, for all
x € V. Under this correspondence, we can identify S™?(V) with the space of self-adjoint
linear transformations on V, which is denoted by S(V). See Section 6.2 for additional
notation and properties of linear mappings. In addition, the symmetric tensor space
8™? equals the symmetric matrix space S”. Note that the inner product that the space
S™%(V) equips with is consistent with that on the space S™.

2.3 Symmetric Cones and Euclidean Jordan Algebras

In this section, we introduce symmetric cones. We also present Fuclidean Jordan
algebras, which are closely related to symmetric cones as mentioned later. The book
written by Faraut and Koranyi [34] is a standard textbook on this field, but the papers
written by Faybusovich [35] and Sturm [116] might be more readable, especially for
optimizers. In writing this section, we also refer to these two references.

A closed cone K in a finite-dimensional real inner product space E is called sym-
metric if it satisfies the following two conditions:?

(i) (Self-duality) K* = K.

(ii) (Homogeneity) For all x and y belonging to the interior of K, there exists a
bijective linear transformation G on E such that G(K) = K and G(z) = y.

2In the book written by Faraut and Koranyi [34], symmetric cones are open. In the context of
optimization, however, symmetric cones are often considered closed [87, 116] and we also follow the
latter.
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By self-duality, symmetric cones are pointed convex cones with a nonempty interior.
A Jordan algebra is a finite-dimensional real vector space E equipped with a bilinear
product o:E x [E — E satisfying the following two conditions for all z,y € E:

(J1) (Commutativity) zoy =y oz,
(J2) (Jordan identity) z o ((zroxz)oy) = (xox)o (xoy).

We assume in this thesis that every Jordan algebra (E, o) has an identity element,
denoted by e, concerning the product o. A Jordan algebra (E, o) is Euclidean if there
exists an inner product e:E x E — R satisfying

(J3) (Associativity) (roy)ez=xe(yoz2)

for all x,y, 2z € E. In this thesis, we fix such an associative inner product e and write
a Fuclidean Jordan algebra as a triple (E,o,e). However, we may merely write E
for (E, 0, e) if it is clear from the context that E has the Euclidean Jordan algebraic
structure.

Throughout this section, let E be a Euclidean Jordan algebra. For convenience,
let 22 := x o x for each « € E. It is known that the cone of squares in E defined as
E, = {2? | x € E} is a symmetric cone with e in its interior [34, Theorem III.2.1].
Conversely, for a given symmetric cone K in a finite-dimensional real inner product
space (E, e), we can define a bilinear product 6 on E, so that (IE o, ) is a Euclidean
Jordan algebra and K agrees with the cone E_. (34, Theorem III.3.1].

An element ¢ € E is termed an idempotent if ¢ = c. Note that any idempotent
¢ € E belongs to the symmetric cone E,. An idempotent c is said to be primitive if
it is nonzero and cannot be represented as the sum of two nonzero idempotents. Two
idempotents ¢ and d are termed orthogonal if cod = 0. The system cy, ..., ¢ is called
a complete system of orthogonal idempotents if each ¢; is an idempotent, c; o c; = 0 if
i # j, and Zle ¢; = e. In addition, if each ¢; is also primitive, the system is called
a Jordan frame. Each Jordan frame is known to consist of exactly r elements, where
r is the rank of the Euclidean Jordan algebra E and the rank depends only on the
algebra [34, Section II1.1]. In this thesis, for the convenience of the proofs, we also
consider an ordered Jordan frame and let F(IE) be the set of ordered Jordan frames,
ie.,

S(E) ={(c1,...,¢) | The system ¢y, ..., ¢, is a Jordan frame}.

Note that F(E) is a compact subset of E" [34, Exercise IV.5]. Each element of E can
be decomposed into a linear combination of a Jordan frame [34, Theorem II1.1.2]. In
particular, for each x € E, there exist xy,...,z, € R and (cy,...,¢.) € F(E) such that

T = ixzcz (2.4)
i=1

Note that when each z € E; is decomposed into the form (2.4), all coefficients x; are
nonnegative. Conversely, for any nonnegative scalars z1, ..., z, and (¢, ..., ¢.) € F(E),
it follows that >\, x;c; € E4.
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Suppose that the rank of [E is r. For an idempotent ¢ € E and A = 0, 5, 1, we define

E(c,\) ={z € E|coz = A\z}.

The subspaces E(c,0) and E(c, 1) are Euclidean Jordan subalgebras of E [34, Propo-
sition IV.1.1]. Using the subspaces E(c, A), the space E decomposes into the following
orthogonal direct sum [34, page 62]:

E =E(c,0) d E(c, 5) ® E(c, 1). (2.5)

We refer to (2.5) as the Peirce decomposition of B with respect to the idempotent c.
Furthermore, we can decompose E more finely. We fix a Jordan frame cy,...,c,. of E
and consider the following subspaces of E:

]Eii = E(Ci, 1) = RCZ' (Z = 1, . ,n),
]Eij = E(Cu%) mE(ijé) (Zv.] = 17"'7”7 i 7&])

Then, we can decompose E into the following orthogonal direct sum of the above
subspaces [34, Theorem IV.2.1.i]:

(2.6)

E= P E; (2.7)

1<i<j<r

We call (2.7) the Peirce decomposition of E with respect to the Jordan frame cy, ..., c;.

For each i,j =1,...,n with 7 # j and every x € E;;, we have
2? = c;oa® +c¢jo1? (2.8)
——
GIEii e]Ejj

see [34, Proposition IV.1.1] and its proof.
The following three examples represent typical Euclidean Jordan algebras that ap-
pear frequently throughout this thesis, especially in Part II.

FEzample 2.6 (Nonnegative orthant). Let E be an n-dimensional Euclidean space R”.
If we define

roy =0y,

xey =zx'y

for x,y € E, then (E, o, ) is a Euclidean Jordan algebra, and the associated symmetric

cone E; is the nonnegative orthant R = {x € R" | 2; > 0foralli=1,...,n}. The
identity element of the Euclidean Jordan algebra is 1, and the set F(E) of ordered
Jordan frames is {(es(1), ..., €sm)) | 0 € &y}

Ezxample 2.7 (Second-order cone). Let E be an n-dimensional Euclidean space R"™. For
each € E, we represent « as (x; €y.,), where x,,, is the (n — 1)-dimensional vector
comprising the second through the nth element of x. If we define

X O = xTy
v T1Y2:n + Y1%2:n '

rxey ==zx'y
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for x,y € E, then (E, o, ) is a Euclidean Jordan algebra, and the associated symmetric
cone E is the second-order cone " defined as

L" :— R-‘r (n = 1)7
{x e R" [21 2 [|@2n2} (0 = 2).

The identity element of the Euclidean Jordan algebra is (1;0,_;) and the set §(E) of
ordered Jordan frames is

Uz () 2(2))

Ezample 2.8 (Positive semidefinite cone). Consider the space S™ of real n x n symmetric
matrices. If we define

v e 5”2}.

for XY € S", then (S",0,4) is a Euclidean Jordan algebra, and the associated
symmetric cone is the positive semidefinite cone S. The identity element of the
Euclidean Jordan algebra is I,,.

We focus on the vectorized positive semidefinite cone in this thesis. We define the
linear mapping svec: S* — RT» as

SVGC(X) = (X1,1, \/§X1,2, X2,2, < \/§X1,n7 cee \/§Xn—1,na Xn,n)T

for each X € S™. Then, the mapping svec(-) is an isometry between S and R7"; i.e.,
(X,Y) = svec(X)" svec(Y) holds for all X, Y € S”. Let smat(-) denote the inverse
mapping of svec(+). If we define

E = R
x oy = svec(smat(x) O smat(y)),

rxey ==zx'y

for ,y € E, then (E, o, ) is a Euclidean Jordan algebra, and the associated symmetric
cone [E; is svec(S). We also refer to the vectorized positive semidefinite cone svec(S')
as the positive semidefinite cone hereafter.

Consider the case in which a Euclidean Jordan algebra (E, o, ) can be written as
the direct product (sum) of two Euclidean Jordan algebras (E;,o;,e;) with rank r;
and identity element e; (i = 1,2). Note that the following discussion can be directly
extended to the case of finitely many Euclidean Jordan algebras. The product o and
associative inner product e are defined as

(xh 952) o (yla ?JQ) = (951 01 Y1, T2 O3 y2),

(21,72) ® (Y1,Y2) = 71 @1 Y1 + T2 @212
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for (x1,22), (v1,y2) € E = E; X Eq, the rank of E is r; + 79, and the identity element e
of E is (eq,e2). The cone of squares in E is the direct product [Eq]; x [Eo];, whence
we see that a direct product of multiple symmetric cones is also a symmetric cone.
In the following, we derive the set of ordered Jordan frames of [E. This result will be
exploited in Section 3.3 to obtain approximation hierarchies described by finitely many
semidefinite constraints.

Lemma 2.9. For a primitive idempotent f = (f1, f2) € E, exactly one of the following
two statements holds:

(a) f1 is a primitive idempotent of By and fo = 0.
(b) f1 =0 and fy is a primitive idempotent of Es.

Proof. We assume that f; # 0. If fo # 0, then f can be decomposed into the sum of
two nonzero elements (f1,0) and (0, f2). The two elements are actually idempotents
of E, which contradicts f being primitive. Thus, we have f, = 0. Because f = (f1,0)
is a primitive idempotent, f; is also a primitive idempotent. This case falls under the

case (a).
Next, we assume that f; = 0. In this case, as in the above discussion, we note that
fo is a primitive idempotent. This case falls under the case (b). O

Proposition 2.10 (The set of ordered Jordan frames of E). An element
(fiy- oy friar) € B2 belongs to F(E) if and only if there exists a partition (I, Is)
of {1,...,m +ra} such that the following two conditions hold:

(i) fi=(f1,0) €E foralli € I and (f1;)icr, € F(E1).
(ZZ) fi= (O,fgl) € E foralli € Iy, and (fgi)ie]z S S(Eg)

Proof. We first prove the “if” part. Because (fi,..., fr 4r,) satisfying the two condi-
tions is evidently a complete system of orthogonal idempotents, we only prove that
each f; is primitive. To prove this, it suffices to show that (f,0) € E is primitive if
f € E; is primitive. Assume that (f,0) can be written as the sum of two idempotents

(f1, f2) and (g1, 92), i.e.,
(f,0) = (f1, f2) + (91, 92)- (2.9)

First, (2.9) implies that fo = —go. In addition, we note that fi, g1, fo, and gy are
idempotents because (f1, f2) and (g1, g2) are idempotents. Therefore, fo = go = 0.
Second, (2.9) implies again that f = f; + ¢;. As f; and g; are idempotents and f
is primitive, either f; or g; must be 0. We can assume that f; = 0 without loss of
generality. We then obtain (fi, f2) = 0, which implies that (f,0) is primitive.

We now prove the “only if” part. Let (fi,..., fr1r) € S(E) and set f; = (f1;, f2i)
for each 7. Then, each f; = (f1;, f2;) falls into exactly one of the two cases in Lemma 2.9;
thus, we define

L ={ie{l,...,r1 +ra} | fi; is a primitive idempotent and fy; = 0},
L={ie{l,...,r1 +m}| fui=0and fy is a primitive idempotent }.
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Evidently, (I, I5) is a partition of {1,...,7r; + m}. In the following, we show that
(f1i)ier, € S(E1) and (f2)ier, € F(E2). From the assumption on (fi,..., fr1m), it

follows that S
e=(e1,e) = Z fi= (Z fu,me) ;
i—1

i€l i€l

from which we obtain ), ; fii = e and ) ., fa = e2. In addition, it follows that

0= fiof; = (f1io1 fij, fai 02 fo;) for any i # j. In particular, we have fy; 01 fi; = 0 for
all’i#jeflandf%ogfzj:()foralli#je[2. ]

2.4 Completely Positive and Copositive Cones

Let K be a closed cone in an n-dimensional real inner product space (V, o). We refer to
a symmetric tensor A € S™™(V) as completely positive over K if there exist a positive
integer k£ and x1,...,7; € K such that

A=) afm (2.10)

and copositive over K if (A, x®™) > 0 for all x € K, respectively. The completely
positive (resp. copositive) cone over K is defined as the set of symmetric tensors that
are completely positive (resp. copositive) over K. Specifically, they are denoted by

CP""(K) == conv{z®" | z € K},
COP"™(K) = {A € S™(V) | (A,x®") = 0 for all x € K},

respectively. According to Theorem 2.1, every element in CP™™(K) can be represented
in the form of (2.10), where k& does not surpass the dimension of S (V). We call the
cone K appearing in CP™™(K) and COP™™(K) the underlying cone.

In the case in which V is the space R™ with the canonical basis and K = R, we
write the completely positive cone CP™™(R") (resp. copositive cone COP™™(RY}))
in the space ™™ as CP™™ (resp. COP™™) for brevity. In the case of m = 2, we
write CP™?(K) (resp. COP™*(K)) as CP(K) (resp. COP(K)) for short. Under the
identification between S™*(V) and S(V), COP(K) can be equivalently written as

COP(K)={AeS(V)]|zeAlx) >0 for all z € K}.
In particular, when V is the space R™ with the canonical basis, we have

CP(K) = conv{za' | z € K},
COPK)={Ae€S"|x"Ax >0 for all x € K}.

As with tensors, we write CP(R™) (resp. COP(R™)), which is CP™* (resp. COP™?),
as CP" (resp. COP™).

3Some researchers [9, 39] refer to it as the ground cone.
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We may refer to CP™™(K) (resp. COP™™(K)) as the generalized completely posi-
tive (resp. copositive) cones over K when we emphasize that the underlying cone K is a
closed cone beyond the nonnegative orthant, and we may omit the term “over K” unless
we need to specify the underlying cone.* We may also refer to CP™™ (resp. COP™™)
as the standard completely positive (resp. copositive) cones when we specifically stress
that the underlying cone is the nonnegative orthant.

We now discuss the duality between CP™™(K) and COP™™(K). The following
proposition extends the known fact that CP™™ and COP™™ are mutually dual [94, 101].

Proposition 2.11. Let K be a closed cone in V.
(i) COP™™(K) = CP™™(K)*. In particular, COP™™(K) is a closed convex cone.

(i1) If K is also pointed and convex, then CP™™(K) is a closed conver cone. In
particular, COP™™(K) and CP™™(K) are dual to each other.

(i11)) CP(K) and COP(K) are dual to each other.

Proof. Throughout this proof, we let d = dim ™™ (V). We first prove (i). Let A €
COP™™(K). Then, for any z1,...,z; € K, we have

<A, Zx®m> = (A zf™). (2.11)

=1

As (A, z¥™) is nonnegative for alli = 1,...,d, (2.11) is also nonnegative, which implies
that A € CP™™(K)*. Conversely, let A € CP™™(K)*. For any x € K, because
z®m € CP"™(K), (A,2®™) > 0 follows from the definition of dual cones. Therefore,
we obtain 4 € COP™™(K). By (i) of Theorem 2.2, COP™™(K) is a closed convex
cone.

We now prove (ii). The convexity of CP™™(K) follows from its definition. In
addition, CP™™(K) is a cone because K is a cone. To prove the closedness, let { A} C
CP™™(K) and suppose it converges to some A, € S™™(V). For every k, there exist
Tr1, .-, Trd € K such that A, = Zle z™. By (ii) of Theorem 2.2, we see that int K*

7
is nonempty, so we take a € int K* arbitrarily. Then, we obtain

d d

(Ap, a®™) = (g a®™) = (21 0 @)™ = (As,a®™) (k = 00).

i=1 =1

Given that zy; € K, x; @ a > 0 for any k and i. Therefore, {xy; ® a}, is bounded for
each 7.

Then, {xy;}r is bounded for each i. To observe this, let {k(l) | I € N} denote the
set of indices k such that xj; # 0. Showing the boundedness of {4 }; is sufficient.

“The terminology used to denote complete positivity/copositivity and completely posi-
tive/copositive cones in a general sense basically follows from [4, 15]. However, other terms
are also employed to refer to them: K-completely positive/copositive [65], set-completely posi-
tive/copositive [3, 68], completely positive/copositive with respect to K [55, 120]. Eichfelder and
Povh [32] also use the terms “K-semidefinite” and “set-semidefinite” to denote copositivity over K.
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Let B.=KnNn{y € V|yea=1}. Note that B is compact. Then, for each [, there
exist ay; > 0 and y; € B such that x4, = auy,. Given that x,g); @ a = «y, the
sequence {«y; }; is bounded. Combining it with the boundedness of {y;}; € B leads to
the boundedness of {xuyi}i = {owiyihi-

Thus, by taking a subsequence, if necessary, we assume that {xy;}, converges to
some Z,; for each 7. The closedness of K implies that x.,; € K. Therefore,

d d
. — i ®m __ ®m n,m
As = khm A = lim 3 " = Z;xooi e CP"™(K),
which means that CP™™(K) is closed.
Now that CP™™(K) is a closed convex cone, by taking the dual of (i) of Proposi-
tion 2.11 and using (iii) of Theorem 2.2, we obtain COP™™(K)* = CP™™(K).
See [117, Section 2| for the proof of (iii). O

Note that when m = 2, neither pointedness nor convexity of K is necessary to
guarantee the duality between CP(K) and COP(K). Furthermore, in this thesis, we
focus mainly on the case in which K is a symmetric cone, which is pointed, closed,
and convex. In this case, by (ii) of Proposition 2.11, CP™™(K) and COP™™(K) are
dual to each other. Although complete positivity and copositivity over general sets
that are neither necessarily closed nor cones are also considered [25, 30, 31, 33, 117],
we have to modify the definition of completely positive cones to guarantee the duality
to copositive cones.

2.4.1 Standard completely positive and copositive matrix cones

In this subsection, we focus on the standard completely positive matrix cone CP" and
copositive cone COP"™. We introduce some cones approximating them from the inside
or outside and describe their properties.

The nonnegative cone N™ is defined by the set of n x n symmetric matrices with
only nonnegative elements. The doubly nonnegative cone S" NN™ is denoted by DNN™
and the SPN cone St + N™ by SPN™. Let

DD" = {A es"

Aii Z Z‘A”| for all i = 1, Ce ,n}
J#i

denote the cone of n x n symmetric diagonally dominant matrices with nonnegative
diagonal elements and let SDD" be the cone of matrices DAD such that A € DD"
and D € S" is a diagonal matrix with positive diagonal elements. In addition, we
define DD’} := DD" NN™ and SDD"} = SDD" NN™.

The nonnegative cone is self-dual. In addition, DNN™ and SPN™ are mutually
dual [111, Theorem 1.167]. In particular, by (i) of Theorem 2.2, SPA™ is a closed
convex cone. The dual of DD is

(DDL)" = (PD")" + (M)
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where we use Corollaries 16.4.2 and 9.1.3 of [106] to derive the first equation and use
[95, Table 1] to derive the second equation. Similarly, the dual of SDD’ is

(SDD’}F)*
_ {Aegn AiiAjj ZA?J- for all 4,5 =1,...,n with ¢ # 7,

Ay >0foralli=1,...,n
where we use [42, Proposition 1.ii] to derive the first equation and use [95, Table 1] to
derive the second equation.
Equation (2.13) leads to the following lemma. Its proof is straightforward and thus
omitted.

} + N, (2.13)

Lemma 2.12. Let A € (SDD'})*. Then, the following statements hold:
(i) Ay >0 foralli=1,... ,n.
(1) If A =0, then A;; >0 forallj=1,...,n.

The following inclusions hold:

() (b)
DD, C SDD’; € CP" € DNN" C N™, (2.14)

where the inclusion (a) follows from [42, Proposition 1.iii] and the others follow from
their definitions. In addition, DNN™ C S’} also holds by definition. Taking their dual
and using (iv) of Theorem 2.2, we also obtain the following inclusions:

(©)
N C SPN™ C COP" C (SDD")* C (DD)*. (2.15)

The inclusions (b) and (c¢) hold with equality if and only if n < 4; see Sections 2.9 and
2.10 of [111]. We state this fact explicitly because it will be exploited to compute the
distance to polyhedrality in Chapter 5.

Lemma 2.13. The equations CP" = DNN" and SPN™ = COP" hold if and only if
n <4.

2.4.2 Completely positive reformulation for nonconvex programming
problems

One of the motivations for introducing completely positive cones is that they can re-
formulate nonconvex programming problems as convex ones. As stated in Section 1.1,
there are a lot of studies that deal with the complete positive reformulation of noncon-
vex programming problems. In this subsection, among them, we present the completely
positive representation of conic quadratically constrained quadratic programming prob-
lems failing Slater’s condition proved by [4, Theorem 4].
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We consider the following conic quadratically constrained quadratic programming
problem:

1
minimize §xTQw +c'x
x
subject to Ax = b,

. (2.16)
q(x) = échPsc +q'z+h <0,

x e K,

where Q, P € S", A € R™" ¢,q € R", b€ R", h € R, and K is a closed convex cone
in R". In addition, ¢(x) is assume to be nonnegative for all € K satisfying Az = b,
which ensures that (2.16) fails Slater’s condition. Although this form and condition
seem to be restrictive, general conic quadratically constrained quadratic programming
problems with finitely many inequality constraints can be recast as (2.16) with a convex
objective function [4, Corollary 1]. It is easy to see that (2.16) is equivalent to the
following problem with a rank-1 constraint:

1
minimize §(Q, X)+c'z

x,

subject to Ax = b,
diag(AXAT) =b® b,

%uzx»+f¢+h=0, (2.17)
1 x
(:r; X) € CP(Ry x K),

1 x
rank(w X>—1.

By dropping the rank constraint in (2.17), we have the following completely positive
programming relaxation problem for (2.16):

1
minimize §(Q, X)+c'x

x, X

subject to Ax =b,
diag(AXA") =bob,

) (2.18)
5(P,X> +q'x+h=0,

1z
(m X) € CP(Ry x K).

In general, (2.16) and (2.18) are not equivalent and the optimal value of (2.18) is
smaller than that of (2.16). However, under an assumption on the coefficient matrix
Q in the objective function, we can guarantee the equivalence between them.
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Theorem 2.14 ([4, Theorem 4|). Let L be the set of d € K satisfying Ad = 0 and
d" Pd = 0, and suppose that Q € COP(L).> Then, the conic quadratically constrained
quadratic programming problem (2.16) and its completely positive programming relaz-

ation problem (2.18) is equivalent in the following sense:
(i) Their optimal values coincide, including the case of +oo.

(ii) There exists an optimal solution of (2.16) if and only if there exists an optimal
solution of (2.18).

(111) If (x*, X*) is an optimal solution of (2.18), then x* belongs to the convex hull of
the set of optimal solutions of (2.16).

An aspect deserving attention is that if K is a symmetric cone in R", then the
underlying cone R, x K is also a symmetric cone in R**1. This observation spurs us
to study completely positive and copositive cones over symmetric cones.

In what follows, as conducted in [4], we apply this theorem to specific nonconvex
programming problems. We first consider the following nonconvex conic quadratic
programming problem with binary and continuous variables:

1
minimize §mTQm +c'x
xT

subject to Az =b, (2.19)
x e K,

where @ € S" is not necessarily positive semidefinite, ¢ € R", A € R™*" b € R™,
B C{1,...,n}, and K is a closed convex cone in R". To derive a completely positive
reformulation of (2.19), we impose the following essential assumption on it.

Assumption 2.15. For any « € K satisfying Ax = b, z; lies in the interval [0, 1] for
all 1 € B.

Each binary constraint z; € {0,1} is equivalent to —2? + z; = 0. By Assump-
tion 2.15, we can express the |B| binary constraints in (2.19) as a single constraint

g(@) =) (—af +a:) <0,

1€B

and the function ¢(x) is nonnegative for all @ € K satisfying Ax = b. Therefore, we
can express (2.19) in the form of (2.16). Considering the case where the assumption on
the coefficient matrix @ in Theorem 2.14 does not hold,® we have the following result,
which was originally proved in [14].

SFor example, this condition holds when (2.16) has a linear objective function, i.e., @ = O.
SIf the coefficient matrix @Q does not satisfy the assumption in Theorem 2.14, both of (2.19) and
its completely positive programming relaxation problem are unbounded.
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Corollary 2.16. Under Assumption 2.15, the optimal value of (2.19) is equal to that
of the following completely positive programming problem:

1
minimize B (Q,X)+c'x

@, X

subject to Az = b,
diag(AXA") =bo b,
—Xy+z;,=0 (i € B),

i
(i:§)66P®+xK)

We next consider the following semidefinite programming problem with a rank
inequality constraint:

mingnize (C,X)

subject to (A, X)=0b; (i=1,...,m),
rank(X) < p,
X €S,

(2.20)

where C, Ay,..., A, € S™, by,...,b, € R, and p is an integer satisfying 1 <p < n-—1.
To apply Theorem 2.14, we utilize the equivalence between (2.20) and a semidefinite
programming problem with a complementarity constraint [67, Theorem 1.1]. Specifi-
cally, (2.20) is equivalent to the problem

minimize (C, X)
X\Y.Z

subject to (A, X)=0b;(i=1,...,m),
Y-I-2

Z Zii =p,
i=1

oX,Y,Z)=(X,Y) <0,
XY, ZeS!

(2.21)

in the sense that the feasible set of (2.20) agrees with the projection of the feasible
set of (2.21) onto the X component. Since (2.21) has a linear objective function
and the function ¢(X,Y,Z) is nonnegative under the condition that X, Y € S7,
Theorem 2.14 implies that (2.21), namely (2.20) always has an equivalent completely
positive reformulation. Specifically, let a; be the T;,-dimensional vector defined as

— J
a; = V32

. e; (if there exists j = 1,...,n such that i = T}),
¥=e; (otherwise)
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and A € RM+1+T0)x3Tn 1o defined as

svec(Ap)T 0/ (8

n
svec(A,,)" (1 0],
A T T ol
A = 0% svec(gn) 07%
07, a; a;
0 a;. a;.

¢ = (svec(C); 0ar,,),

b= (bs;. .. ; b; i svec(I)),
) 31z,

Q = Or, )

1
21,

respectively. Then, the completely positive reformulation of (2.20) is described as
follows.

Corollary 2.17. The optimal value of (2.20) is equal to that of the following completely
positive programming problem:

minimize ¢é'&

subject to Ag = i),
diag(AXAT) =bo b,
(@, X) =0,

1 & i
<£ X) CP(R, x svec(ST)?).

2.5 Approximation Hierarchies for Copositive Cones

In this section, we introduce several existing inner- and outer-approximation hier-
archies for copositive cones. We first define the terms “inner/outer- approximation
hierarchies.”

Definition 2.18 (Inner-approximation hierarchy). We call a sequence {Z; };cy an inner-
approximation hierarchy for K if the following three conditions hold:

(i) (Non-decreasingness) Z; C Z;,; for all [ € N,

(ii) (Inclusion) Z; C K for all [ € N,
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(iii) (Convergence) int K C (J,enZi-

Definition 2.19 (Outer-approximation hierarchy). We call a sequence {O,;}eny an
outer-approximation hierarchy for KC if the following two conditions hold:

(i) (Non-increasingness) 0,11 C O, for all I € N,
(ii) (Convergence) [,y O1 = K.

Note that (ii) of Definition 2.19 implies that an outer-approximation hierarchy {O;},
for K satisfies the inclusion I C O, for all [ € N.

2.5.1 Inner-approximation hierarchies for copositive cones

First, we introduce two inner-approximation hierarchies for the standard copositive
cone COP"™. Since there exists a one-to-one correspondence between the elements in
R? and the elements x ©x with € R", a symmetric matrix A € S" belongs to COP"
if and only if the quartic homogeneous polynomial

(xox) Az o x) Z Azl (2.22)

1,5=1

is nonnegative for all * € R". However, the nonnegativity of quartic homogeneous
polynomials is difficult to verify computationally; see, for example, [2] and references
therein. Alternatively, as a sufficient and computationally tractable condition for the
nonnegativity of (2.22), Parrilo [90] (see also [89]) considers the condition that the
polynomial

p(x; A) = (' z)(x0x) Az © x) € HVHH?)

is sum-of-squares for each fixed [ € N. We define Zp, ; as the set of A € S" satisfying
this condition; i.e.,

gar,l = {A S S ’ pl(w; A) c 2n,2(l+2)}. (223)

de Klerk and Pasechnik [23] consider a stronger condition than the polynomial
pi(x; A) being sum-of-squares. Since only squared variables such as 22322 appear in
each term of p;(x; A), if all the coefficients of p;(x; A) are nonnegative, it is sum-of-

squares. Based on this idea, we define 7, as

ap; = {A € S" | pi(x; A) has only nonnegative coefficients}

=¢AefS" (Z xl) x ' Az has only nonnegative coefficients

Both of the sequences {Zp,,;}; and {Zgp,}; are indeed inner-approximation hierar-
chies for COP". 1t is easy to see that they are non-decreasing. Because the multiplier
(z"x)' does not affect the sign of p;(x; A), COP™ includes T, ;. Since Zp5, ; includes
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Tpy, COP™ also includes Zjp ;. Therefore, if the sequence {Z}; converges to COP"
in the sense of Definition 2.18, the sequence {Zp,, ,}; also converges to it. The conver-
gence of the sequence {Z7,}; results from Pélya’s Positivstellensatz, which is stated
as follows.

Theorem 2.20 ([54, Theorem 56]). Let f be a homogeneous polynomial and suppose
that f(x) is positive for all @ € R} \ {0}. Then, there exists | € N such that the

polynomial (>, a:i)l f(x) has only positive coefficients.

In general, Positivstellensatz is a theorem providing algebraic descriptions of posi-
tive polynomials. In this thesis, other types of Positivstellensatz will be used to prove
the convergence of other approximation hierarchies for copositive cones.

We now prove the convergence. Suppose that A € int COP™. Then, ' Az is posi-
tive for all & € R" \ {0} [111, Theorem 2.25]. Therefore, it follows from Theorem 2.20
that A € Z}p, for some | € N. As stated in the following theorem, we can provide
an explicit bound on [ that depends on A € int COP"™. In Section 3.3.1, we use this
result to provide an inner-approximation hierarchy for copositive cones over symmetric
cones.

Theorem 2.21 ([23, Corollary 3.5]; also see [99, Theorem 1]). Let A € int COP", and
set

L = max |A4;],
1<i,j<n

A= min x' Az > 0.
zeAr !

If 1 € N satisfies | > % — 2, then A € Tip,-

The dual cone of the zeroth level of Parrilo’s hierarchy, i.e., (Zp,, )", is known to be
the doubly nonnegative cone DNAN™ [90, Section 5.3]. Utilizing this fact, we provide
some generalized doubly nonnegative cones in Chapter 4.

We second introduce the inner-approximation hierarchy proposed by Zuluaga, Vera,
and Pena [125] for copositive cones over pointed semialgebraic convex cones. Specifi-
cally, we suppose that the pointed semialgebraic convex cone K is expressed as

{xeR" | ps(x)>0(i=1,...,9)}, (2.24)

where ¢; € H™™i for i = 1,...,q. Then, there exists some a € R™\ {0} such that the
following holds (see [125, Section 6)):

KC{xcR"|a x>0} (2.25)
KNn{x cR"|a'z =0} ={0}. (2.26)

In fact, the set of a satisfying (2.25) and (2.26) is exactly int K*, which is nonempty
because K is a pointed closed convex cone; see (ii) of Theorem 2.2. From (2.25), the
geometric property of K does not change even if we add the nonnegativity constraint
a'x > 0 with a € int K* into (2.24). Thus, we may assume that there is some i such
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that ¢;(x) = a'x. Such a redundant constraint is necessary to construct the inner-
approximation hierarchy (see [125, Assumption 1]). Note that a different choice of a
may yield a different hierarchy even if the geometric property of K does not change.
Namely, the hierarchy depends on the algebraic description of K. Therefore, we may
use the notation (K;a) to emphasize the choice of a. Under the assumption on K, the
inner-approximation hierarchy presented by Zuluaga, Vera, and Pena for COP(K) is
described as follows.

Theorem 2.22 ([125, Proposition 17]). Let

k ke N, m—zgzlmij € N is even,
E"™(K) = conv{ ¢* [[ &1, | o e gm-E5=mi)/2, . (2.27)
j=1 iie{l,... g} G=1,....k)

Equivalently, E™™(K) is the set of sums of m-dimensional homogeneous polynomials
expressed in the form 1* ij:l ¢i;. Here, each ¢;; is selected from the polynomials

O1, ..., 0q, and 1 is a homogeneous polynomial. The degree of 1 is adjusted so that the
k

entire polynomial 1> szl ¢i; attains a degree of m. In addition, let

Tovpy(K) = {AcS"| (a'z)x" Az ¢ E™(K)} (2.28)

for each | € N. Then, the sequence {Izyvp(K)}, is an inner-approzimation hierarchy

for COP(K).

To prove the convergence of the sequence {Zzyvp,(K)};, they utilize Schmiidgen’s
Positivstellensatz [110, Corollary 3], which provides a sum-of-squares representation of
a (not necessarily homogeneous) polynomial that is positive over a compact semialge-
braic set. In the following, we call the sequence {Zzyp;(K)}; the Zuluaga—Vera-Pena
(ZVP)-type inner-approximation hierarchy.

As pointed out in [125, Remark 2|, the ZVP-type inner-approximation hierarchy is
a generalization of Parrilo’s inner-approximation hierarchy presented in (2.23). When
K=R: ={zeR"|e/z>0(=1,...,n)} and a is given as 1,, € int K*, the
hierarchy {Zzvp(R";1,)}; agrees with Parrilo’s hierarchy.

2.5.2 Outer-approximation hierarchies for copositive cones

We first introduce the outer-approximation hierarchy provided by Yildirim [121] for
the standard copositive cone COP"™. A symmetric matrix A € S™ belongs to COP"
if and only if " Az is nonnegative for all z € A”"!. To provide a necessary and
computationally tractable condition for the copositivity, we consider the condition
that " Az is nonnegative for all  belonging to a finite subset of A”~!, which we can
describe as a linear inequality system. In particular, as a finite subset of A”~! the set

6" defined as
!

o= J{m e AT | (k+2)m € N} (2.29)
k=0
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for each [ € N is exploited in [121]. If we define Oy, as

Oy = [) {Aes" |z Az >0}, (2.30)

aceélnfl

then the sequence {O%,,}; is an outer-approximation hierarchy for COP" because the
sequence {(5{“1}1 is non-decreasing and its union is dense in A”"!. Because \(5["1\
l+1_1
n

is bounded by n?("—*) [121, Equation (10)], the number of the nonnegativity con-
straints defining {O%,,}; is polynomial in n.

Second, we introduce the outer-approximation hierarchy given by Lasserre [65] for
copositive cones over closed convex cones. For simplicity, we assume the underlying
closed convex cone K C R" is pointed. Since the symmetric cones we focus on in this
thesis are pointed, this assumption is not restrictive. See [65, Section 2.4] for the case
of general closed convex cones. Under the assumption that K is pointed, as mentioned
in Section 2.5.1, there exists a € int K*. For such a, let Ay(K) .= {x € R" | a'x < 1},
which is compact. Note that a symmetric matrix A € S™ belongs to COP(K) if and only
if the polynomial function f4(x) := " Ax is nonnegative over the compact set Aq(K).
Exploiting the characterization of the nonnegativity of a polynomial function over a
compact set shown in [64, Theorem 3.2], we can construct an outer-approximation
hierarchy for COP(K), which is described as follows.

Theorem 2.23 ([65, Section 2.4]). Let v be an arbitrary finite Borel measure whose
support is Ng(K) and let Yy = (Yo)aenn be the sequence of moments of v defined as

Yo :—/ xdv

for each oo € N". For each | € N, we define

OMMQ:{AGW

Mi(fay) € SHEZ} , (2.31)

where 12, == {a € N | |a| < I} and Mi(fay) is the symmetric matriz with
the (a, B)th element szzl AijYorBreitre; for each o, B € 12, Then, the sequence
{OLas1(K)}, is an outer-approzimation hierarchy for COP(K).

In the following, we call the sequence {Op.s;(K)}, the Lasserre-type outer-
approximation hierarchy. To implement this hierarchy, we need to calculate the mo-
ments y involving integration. The following case of K being a direct product of a
nonnegative orthant and a second-order cone is an example in which the moments can
be theoretically obtained.
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Part 11

Approximations
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Chapter 3

Approximation Hierarchies for Copositive
Cones over Symmetric Cones

3.1 Introduction

In this chapter, we focus on approximation hierarchies for copositive cones over sym-
metric cones.

The first part of this chapter is the proposal of approximation hierarchies for copos-
itive cones over general and specific symmetric cones. In Section 3.2, we provide an
inner-approximation hierarchy described by a sum-of-squares constraint for copositive
cones over general symmetric cones and discuss its dual. In Section 3.3, we provide
inner- and outer-approximation hierarchies described by positive semidefinite but not
by sum-of-squares constraints for copositive matrix cones over a direct product of a
nonnegative orthant and a single second-order cone. We also discuss their concise
expressions.

The second part of this chapter is the theoretical and numerical comparisons of the
proposed approximation hierarchies with the ZVP- and Lasserre-type approximation
hierarchies introduced in Section 2.5. In Section 3.4, we compare the number and size
of positive semidefinite constraints defining the proposed and existing approximation
hierarchies. In Section 3.5, we compare the approximation hierarchies numerically by
solving optimization problems obtained by approximating copositive cones. Moreover,
we also investigate the effect of the concise expressions mentioned in Section 3.3. Com-
bining these approximation hierarchies, we can evaluate the optimal values of copositive
programming problems more accurately and efficiently.

Finally, Section 3.6 provides concluding remarks.

3.2 Sum-of-squares-based Inner-approximation Hierarchy

Let (E, o0, ) be a Euclidean Jordan algebra of dimension n. In this section, we aim to
provide an inner-approximation hierarchy described by a sum-of-squares constraint
for the copositive cone COP™™(E,). In Section 3.2.1, we first provide an inner-
approximation hierarchy for the cones of homogeneous polynomials that are nonnega-
tive over symmetric cones in R". Leveraging the outcomes from Section 3.2.1, we then
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construct the desired approximation hierarchy in Section 3.2.2. Finally, in Section 3.2.3,
we delve into its dual. Subsequently, we fix an orthonormal basis {vy,...,v,} for the
given Euclidean Jordan algebra (E, o, e) and let ¢: E — R™ be the associated isometry.

3.2.1 Approximation hierarchy for homogeneous polynomials

If we define zQy = ¢(¢ *(x)ogp 1 (y)) and x4y = x "y for z,y € R", then (R™, O, ¢)
is also a Euclidean Jordan algebra. Hereafter, to emphasize that R" is a FKuclidean
Jordan algebra and (R",,4) depends on the choice of ¢, we write the Euclidean
Jordan algebra R™ as ¢(E). We note that the symmetric cone ¢(E), associated with
the Euclidean Jordan algebra (¢(E), O, #) satisfies

YE)s ={zx Oz |z e dpE)} ={p(x) 0 d(z) |z € E} = ¢(E). (3.1)

Here, we derive an inner-approximation hierarchy for the cone of homogeneous
polynomials that are nonnegative over the symmetric cone ¢(E, ). Let

COP " ($(E.)) = {0 € H™™ | §(z) > 0 for all z € H(E.)}

be the cone of homogeneous polynomials in n variables of degree m that are nonnegative
over the symmetric cone ¢(E,). For each [ € N, we define

igﬁz@(EH) ={0e H"™ | (me)lQ<m Ox) € 2n,2(l+m)}.

Proposition 3.1. Fach iﬁ&”l(qb(EJr)) is a closed conver cone, and the sequence
{fﬁm(qﬁ(EJr))}l is an inner-approximation hierarchy for 5(7)7/3nm(¢(E+))

To prove Proposition 3.1, we utilize Reznick’s Positivstellensatz, which is described
as follows.

Theorem 3.2 ([105, Theorem 3.12]). Let § € H™*™. If 6(x) > 0 for all x € R™\ {0},
then there exists ly € N such that (zTx)00(xz) € X2lotm),

Proof of Proposition 3.1. Note that §(x ¢ ) € H™™ for each § € H™™ because
the product ¢ is bilinear. Thus, the set Zyy(¢(E,)) is well-defined for each [ € N.
fg&” (¢(E4)) can be shown to be a closed convex cone from the counterpart properties
of ¥2(+m) 104, Proposition 3.6]. In the following, we prove that fgﬁl(qﬁ(EJr)) is an
inner-approximation hierarchy for C/(\’)ﬁn’m(gzﬁ(IELr)).~

To prove the non-decreasingness, let 6 € Z{{(¢(E;)). Then, there exist

01,...,0n € H™™ such that

(' x)0(x O x) = Z 0%(x). (3.2)

Using this, we obtain

N n

(@) 0z Q) =D > (x;0,(x))? € prAlrmiD)

i=1 j=1
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which means that 6 € fﬁﬁ:‘lﬂ((b(EQ).
To prove the inclusion fﬁ&nlw(EJr)) C C/ﬁjnm(gb(ﬂﬂ@), we assume that there exists

0 € T (4(E,)) such that 8 & COP" (H(E,)). Then, from (3.1), there exists & €
$(E) such that (2 0 ) < 0. As & # 0 and ' > 0, we have (2" 2)'0(z O ) < 0.
However, (3.2) implies that (z'Z)'0( ¢ &) must take a nonnegative value, which is a
contradiction. Therefore, we obtain 6 € C/57/7n7m(¢(E+)).

To prove the convergence, let 6 € int C/@73nm(¢(E+)) Then, as ¢(E.) is a closed
cone, it follows that O(y) > 0 for all y € ¢(E;) \ {0}, ie., O(x O x) > 0 for all x €
o(E)\ {0} =R\ {0} (see [125, Observation 1], for example). Thus, by Theorem 3.2,
there exists Iy € N such that (z x)f(x ¢ ) € Y2 +™)  which means that 6 €

TN, (0(E4)) € Uren Iany (9(E4)). O
Note that the set Zul,(¢(Ey)) is defined by a sum-of-squares constraint. This con-
straint can be written as a positive semidefinite constraint of size |17, +m|: ("+;t77_1),

which is polynomial in n and m for each fixed [ € N.

3.2.2 Approximation hierarchy for symmetric tensors

In this subsection, we translate the result of Proposition 3.1 to the case of symmetric
tensors. To realize this, we start by generalizing the notion of polynomials.
A homogeneous polynomial function of degree m on E is the mapping

E— R; x> (A z%")

for some A € S*™(E).! H™™(E) denotes the space of homogeneous polynomial func-
tions of degree m on E, i.e.,

H"™E) = {{A,z°") | A € S"™(E)}.

As H"" = {{A ™) | A e §™™}, H"™"(R") agrees with H™™.

As the definition of ™2™ ¥"™(E) denotes the cone of sums of squares of homo-
geneous polynomial functions of degree m on E. To represent the set ™2™ (E) more
explicitly, we prove the following lemma.

Lemma 3.3. (A, 29™)? = (Y (A® A), 2%?™) for any A € S™™(E).
Proof. Using the basis {vy,...,v,}, we write A € S®™(E) in the form (2.2). Given

that
n m
<A, $®m> = Z Ai1~~~im H Tre Uik7
71 k=1

..... im=1

we have

n 2m
<.A, ZL‘®m>2 = Z Ai1'“im"4im+1“'izm H T eV (33)
i2m = k=1

T1yeeey iom=1

Tn our original paper [84], we define homogeneous polynomial functions on a general inner product
space rather than a Euclidean Jordan algebra. They can be defined by analogy with those on a
Euclidean Jordan algebra.
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Moreover> as A®@ A= ZZ iom=1 Ail"'imAim-!—l“‘i2mﬁil“'i2m7 <~A ® Av x®2m> agrees with

.....

(3.3). Therefore, by applying Lemma 2.5, we obtain the desired result. [
Using Lemma 3.3, we can express 2™ (E) as
E2ME) = conv{(L(A® A),z%°™) | A € S (E)}. (3.4)
Through the isomorphism
H™™(E) — S™*™(E); (A, z%*") — A,
the set ™2™ (E) is mapped onto the set
SOS™*™(E) := conv{./(A® A) | A € S"™(E)}.

Here, we provide an inner-approximation hierarchy for COP™™(E, ). Given that
(rox) A, (zox)®™) € HW2+m)(E), for each [ € N and each A € S»™(E), there exists
a unique AY € S™2(+m) () such that

(2 0 2)/(A, (z 0 2)®™) = (A, 222T),
Using the symmetric tensor A®, we define
T (Ey) = {A e S"™(E) | AV € SOS™H™(E)}.

Theorem 3.4. Each Iy\'(Ey) is a closed convex cone, and the sequence {Zyy(Ey)}
is an inner-approximation hierarchy for COP™™(E, ).

Proof. The mapping
Y:S"™(E) — H™™; A (A, ¢ Hz)®™)

is a linear isomorphism. By Proposition 3.1 and the linear isomorphism of 1, it suffices

to show that $(COP™™(E, ) = COP"" (4(E,)) and (T3 (E,)) = Z(H(E,)) to
prove the theorem.

We prove the first equation. Let 8 = ¢(A) € (COP"™(E;)) and A €
COP™™(Ey). Then, for any x € E, we have

0(6(x) O ¢(2)) = (A, 67 (¢(x) O B(2))*™)
( (ﬂfox) ")

usmg qb Yo(x) O ¢(x)) = zox and A € COP™(E,). Therefore, we have 0 €
COP " (¢(E,)). Conversely, let & € COP " (¢(E.)) and A = ¢~1(0) € S (E).

Then, for any x € E, in the same manner as the discussion above, we obtain

(A, (wox)®™) = 0(¢(x) O ¢(x)) >0
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using ¢(x) O ¢(z) € ¢(E;). Therefore, A € COP™™(E,), and thus, § = ¢(A) €
PY(COP™™(EL)).

We prove the second equation. Let 0 = 1(A) € Y(Ixx;(Ey)) and A € IE(EL).
As A € Iy (Ey ), there exist Ay, ..., Ay € S+ (E) such that

(ZE ° :B)l<.z4, ($ o x)®m> _ Z(Ai7x®(l+m)>2-

As (A;, ¢~ (x)2WFm)) € g™ for each 4, it follows that

(x'2)0(x Ox) = (¢~ () o 07" (2)) (A ¢~ (z O 2)°")
= (07 () 0 o7 (2))'(A ( @)oo ()

N
_ Z<Ai7¢fl<w)®(l+m)>2 e Zn,2(l+m).

i=1

Therefore, we have 6 € fﬁﬁll(qﬁ(EJr)) Conversely, let 6 € fg&” (¢(E;)). Then, there
exist Ay, ..., Ay € S"*™(E) such that

Let A :=¢~1(0) € S»™(E). Then, we have
(z 0 2) (A, (x02)*™) = (d(z) " $(2))'0(6(x) O ¢())

N
Z AZ,ZE H—m G Z”’Q(H’”)(E).

O

Note that Zyy;(E;) does not depend on the choice of the orthonormal basis
{v1,...,v,}. We call the sequence {Zx;(E; )}, the Nishijima—Nakata (NN)-type inner-
approximation hierarchy. 7

In the case where the symmetric cone E, is the nonnegative orthant R, this
hierarchy is essentially identical to the sum-of-squares-based one provided by Igbal
and Ahmed [58, Equation (19)]. They are generalizations of Parrilo’s hierarchy (2.23)
to tensors.

Remark 3.5. The NN-type inner-approximation hierarchy can be extended to the sum-
of-squares cones proposed by Papp and Alizadeh [88]. Let A and B be real inner
product spaces of dimensions k& and n, respectively, and let ¢: A x A — B be a bilinear
mapping. The sum-of-squares cone is then defined as ¥, = conv{z; ¢ z; | z; € A}.
Note that each element in Y, can be written as the sum of at most n elements x; ¢
T1,..., T, ¢ x, such that xq,..., 2, € A, by Theorem 2.1. If (A, B, o) is formally real,
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or equivalently, if ¥, is a pointed closed convex cone with a nonempty interior [88,
Theorem 3.3], then

") =1 A e S"M(B) (; T oy $Z> <A, <; T oxi) >

c an,?(l—‘rm) (An)

is a closed convex cone for each [ € N and {Z;"™(X3,)}; is an inner-approximation
hierarchy for COP™™(X,), where o4 denotes the inner product on A and $F2(+m) (A™)
is defined in the same manner as (3.4).

For the subsequent discussions, we may consider the matrix case, i.e., the case where
m = 2 and E = R”. In this case, the [th level of the NN-type inner-approximation
hierarchy for COP(E, ) is described as

Tang(By) ={A€S" | (z'x) (xox) Az ox) € B2H2) (3.5)

3.2.3 Dual of I} (Ey)

Next, we discuss the dual cone of ISQZ(EJF) By considering its dual, we can provide an
outer-approximation hierarchy for the completely positive cone CP™™(E, ). Although
the closure operator is generally required to describe the dual cone, we succeeded in
removing it for the case in which the symmetric cone [E, is the nonnegative orthant
R”. This implies that the outer-approximation hierarchy for CP™™ has an explicit
expression described by a positive semidefinite constraint and without the closure, as
shown later.
Let CW: Sm2(4m)(E) — S™™(E) be the adjoint of the linear mapping A +— A, so
that
(A,CD(X)) = (AD, X) for all A € S™™(E) and X € S™*H™(R). (3.6)

Using the linear mapping C%, we define C;"™(E, ) := {CD(X) | & € SOS™2+™)(E)*}.

Proposition 3.6. It follows that Iyy,(Ey) = C""(EL)*, and thus, I3 (Ey )" =
Clcln’m(E_F)

Proof. Let A € I3y (Ey). Then, A e SOS™2H™)(E) by definition. For any X €
SOS™2+m)(E)*, it follows from (3.6) that (A,CH(X)) = (AD, X) > 0, which means
that A € """ (E;)*.

Conversely, let A € C*™(E,)*. Then, for any X € SOS™*!*™(E)*, because
CO(x) € ¢'™(E,), it follows that (AU Xx) = (4,CO(X)) > 0. In addition, the
convex cone SOS™?+™)(E) is closed [18, Lemma 2.2]. Therefore, by (iii) of Theo-
rem 2.2, A € (SOS™*H™(E)*)* = SOS™*"*™)(E), which means that A € Ty (Ey).

Given that C;"™(E;) is a convex cone, by taking the dual and using (iii) of Theo-
rem 2.2, we have I3 (Ey)* = el G (E4). O

We could not prove that C;""(E,) itself is closed, and the closure operator is re-
quired to describe the dual of Zyy',(E ). Therefore, whether Z{ (E, ) and C;"™(E, )
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itself are dual to each other is an open problem for a general symmetric cone E,. The
difficulty originates from a lack of understanding of the dual cone of SOS™2(+m) (E).
As a special case, we consider the symmetric cone E, to be the nonnegative orthant
R". In this case, we demonstrated in Proposition 3.10 that the dual of SOS™*"(R")
(written as SOS™®™ hereafter) in the space S™?™ can be explicitly described by a
positive semidefinite constraint. This answers a question posed by Chen, Li, and
Qi [18, Section 2.1] of whether the membership problem of the dual of SOS™*"(R"™)
can be solved in polynomial time or not. Furthermore, the closedness of C;"™(R")
(written as C;"" hereafter) is shown by exploiting this result.
For a € ]Yim, let
o] =(1,...,1,...,n,...,n).
—— ——

o factors oy, factors

Moreover, for X € S™*™ let M™™(X) be a matrix in S'=n with the (o, 3)th element
Xatp) for a, B € I, . Then, we define

M™M= (X € 8™ | M™M™(X) € S

We aim to demonstrate that the dual of SOS™*™ agrees with M™?™.
The following lemma provides an orthonormal basis for the symmetric tensor space
S™™ and the representation of the elements of ™™ with the orthonormal basis.

Lemma 3.7. We now define Fo = /m! /ol € for each o € 17, Then, {Fq |
a €1} is an orthonormal basis for S™™. In addition, using the orthonormal basis,

we can represent each A € S"™ as A=) . /m!/alAyFa.

Proof. Note that dimS™™ = |12, |. By [108, page 248], {F o | o € I, } is a basis for
S™™. We show its orthonormality. Let o, 3 € 1", . We first consider the case of o # 3.

Let (i1,...,im) == [a] and (j1,...,7m) = [B]. Then, as (i1,...,%m) # (J1,---;Jm);
there exists ko € {1,...,m} such that iy, # jk,, which implies that the number of
values iy, in the tuple (iy,...,7,) is not equal to that in the tuple (ji,...,Jm). Using
Lemma 2.5, we then have

(Fa,Fp) = <\/ o1 Cirins \/ glye]l j’”>
Im! |ml! - ~
= J E<<¢ei1~--im7ejl“'jm>
Im! |m! 1 - ~
— a E <m Z eia(l)"'ia(m)’ ejl"‘jm>

oG,

m! 1
:\/7 Bl'm! > H i) S

0€6m k=1
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Second, we consider the case of a = 3. Let (i1,...,im) = [a]. Then,

m!

”-7:41”% - ;'.<<5/éi1--~imaéi1mim>
m! 1 T T
= a% HGZkBZJ(k>
’ C oG, k=1
=1.

Therefore, {F, | a € I",,} is an orthonormal basis for S™™.
In addition, for ¢ € I, let

=m

Ny'lad == {(i1, ... im) € N | (i0(1), - - - lo(m)) = @] for some o € G,,}.

From the symmetry of A, it then follows that
A - Z A’L1 Zm 621 lm

- E E Ail...imeil...im

o€l (i1,.0m ) ENT [

acln (%15 ytm ) EN []
1
= Z .A[a] (a Wgé[a}>
aclr c€Gm
=2 \5 A[a] (\/ ye[a>
acl?,
=2 V. A[alf
acl?,

]

For convenience, we write the coefficients of A € ™™ with respect to the orthonor-
mal basis {Fq | @ € I} taken in Lemma 3.7 as (A])aemn, . That is, each A € S™™
is written as

A= " AL Fa (3.7)

acl?,

Because S™™ and H™™ are linearly isomorphic, for each A € 8™™, there exists 6 €
H™™ such that (A, x®™) = §(x). The following lemma links the coefficients (A7) e
with the coefficients of 6.

Lemma 3.8. Suppose that A € 8™ and (0a)acin, € R'=m satisfy

(Az) = > faz®. (3.8)

acl?
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Then, AL = \/a! /m!f, for alla € 17 .
Proof. Let A be in the form (3.7). It then follows from Lemma 2.5 that

Iml "
<A,£L‘®m>: Z <A£ a&”e[a],m@ >

acl?,

|
_ A]_- m: <e®a1 R ® e®ocn m@m)
E : (o a‘ 1 n ’

acl?,
m!
= E Ai\/—wa.
ol
acl?,

As this equals actn Jax® and by comparing the coefficients, we obtain the desired

result. O

Lemma 3.9. For A € S™™, let O be the element of R%=m satisfying (3.8). Then,
(AR A),X)=0"M""(X)0 for all X € S™?™.

Proof. From Lemma 3.3 and (3.8), we have

(S (A®A), %) = (A, z)? = Y > Oabs | 27

y=a+p

Therefore, from Lemma 3.8, when we represent . (A ® .A) with the orthonormal basis
{F, | v €2y, } for ™™, the coefficient . (A ® A)7 can be written as

!
y(A@)A)f:,/% S baby
a,Bel2,,

Y=a+8
for each v € I, .. In addition, from Lemma 3.7, each X € §™?™ can be written as
(2m)!
xX= 3 1 mF

Then, we have

(S (AA),X)= (2%1)' Y 0abs ( %)@O

~elr,, Belr,,,
y=a+8
= ) Xaiglabs
o,Belr,
=0"M""(X)0
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Proposition 3.10. The dual of SOS™*™ is M™?™_ In particular, M™>™ is closed.

Proof. Let X € M”Qm For each A € SOS"’%, there exist A('l), ., AW e §mmoguch
that A = 321 (A @ AY). For each AW, let 60 = (08)),@% € R™=n be such
that it satisfies (3.8). Then, it follows from Lemma 3.9 and M™™(X) € S that

k k
(AX) =D (7(AY 0 AY), x) = (09) M ()8 >0,
i=1 i=1
which means that X € (SOS™*")*.
Conversely, suppose that X € (SOS™*™)*. We take 6 = (O)acrn, € R'=m arbitrar-
ily and let A be the element of §™™ satisfying (3.8). Then, it follows from Lemma 3.9
and .7 (A ® A) € SOS™™ that 8T M™"(X)0 = (Y (A® .A),X) > 0. Therefore,
X e M™m,

Finally, the closedness of M™?™ is a consequence of (i) of Theorem 2.2. ]

Using Proposition 3.10, we show the closedness of C;"™. When the Euclidean Jordan
algebra (E, o, e) is that given by Example 2.6, the (i1, ..., 7,)th element of C(l)(X) €
S™™ s

[!
C(Z)(X)lem - JX[Q(XJFQZTZI eit]' (39)
acl,
See [58, Equation (29)] for this derivation.

Lemma 3.11. Suppose that X € M™?™ j.e., M™™(X) € S]%m. Using X, we define
X' e 8™ gs

= {X[.,] (if all of the elements of v are even),
7T

0 (if some of the elements of v are odd)

for each ~v € T* It then follows that M™™(X') € S]%m.

=2m-
Proof. The set I, is partitioned as two disjoint sets 1", .., and I 4, where
I, cven = 1 € I, | All of the elements of a are even},

I2, 0aa = {a € I, | Some of the elements of o are odd}.

In addition, the elements of {0,1}" \ {0} are ordered as di,...,00n_; (e.g., §; =
(1,0,...,0)"). Then, let
]In

D modds = 1o € IZ, 4q | All of the elements of o — §; are even}

for ¢ = 1,...,2" — 1. Note that the parity between o and §; agrees for every o €
2, oaqq and that thesets IZ, | 44, (1 = 1,...,2"—1) are disjoint. Then, for o, 8 € IZ,,,
all elements of a + 3 are even if and only if a and B belong to the same set of

I, evens I odd ts - - - » I odazn—1- Therefore, from the definition of A”, we note that

MM X)), (I=J),

Mn,m X/ —
(X1 {O (otherwise)

42



for I,J = 1" I oddis s 1 odaan_1- Because M™™(X) is positive semidefi-

=m,even’

nite, M"™"(X') is as well. O

Proposition 3.12. C;"" is a closed convex cone, and thus, I3 (RY) and C"™ are
dual to each other.

Proof. Showing the closedness of C;""™ is sufficient. Let {A}, C C;"™ and suppose that
the sequence converges to some A, € S™™. For each k, there exists X}, € M™2(+m)
such that A, = CY(X}). We note from (3.9) that C?(X}) is independent of (Ay)

such that some elements of v € Hig(z ) are odd. Thus, by Lemma 3.11, we can

assume that such (Xj)p is 0 without loss of generality. As CV(X}) — A, (k — o0),
we observe that

-~ [!
le@olle= | > | 2 g@easesie | = Ml

i1,eim=1 \ acl”,

Note that each (X%)pat2 ™ e;,] 18 DONNEgative because it is a diagonal element of the
positive semidefinite matrix M™"*"(X}). Therefore, {(Xk)pa+257 e,k is bounded
for each (iy,...,in) € NI and a € 1, and {X}, is as well. Thus, by taking a
subsequence if necessary, we assume that the sequence { X}, € M™2(+™) converges
to some X . Since M™2(47) ig closed by Proposition 3.10, we have X o, € M™2(H+m)
Therefore,

A, = lim cV(x,) =cY(x,) e,

k—o00

which implies that C;"" is closed. O

3.3 Approximation Hierarchies Exploiting Those for the Stan-
dard Copositive Cone

In this section, we provide other approximation hierarchies for copositive cones over
symmetric cones by exploiting those for the standard copositive cone. Let (E, o, ®) be
a Euclidean Jordan algebra of dimension n and rank r. In addition, for A € §™™(E)
and an ordered Jordan frame (cy,...,¢.) € F(E), let A(cq,...,¢) € S™™ be the tensor
with the (i1,...,4,)th element (A ¢;; ® --- ® ¢;,,). The tensor is guaranteed to be
symmetric by the symmetry of A.

The following lemma is key to providing the desired approximation hierarchies.

Lemma 3.13.

COP™™Ey)= [) {A€S"™E)|Alc,....c;) € COP™™}. (3.10)

(cl,...,cr)eff(E)
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Proof. Let A€ COP™™(E,). For any (ci,...,¢.) € §(E) and € R’ , we have

r

(Alcy, ... ¢),®™) = Z (A, ¢, @ - ® ¢y )Tiy -+ T4y,

which is nonnegative given that > . x;¢; € E,.

Conversely, suppose that A belongs to the right-hand side set of (3.10). For any
v € Ey, there exist (z1,...,7,)" € R} and (c1,...,¢.) € F(E) such that z = Y|, zc;.
As A(ey,...,¢.) € COP™™, we can show (A, z®™) > 0, i.e., A € COP™™(E,) in the

same manner as the above discussion. O

The characterization of copositive cones over symmetric cones is somewhat redun-
dant because the Jordan frames we considered are ordered, and thus, the same set
appears multiple times on the right-hand side of (3.10). To solve this problem, we
provide a more concise characterization.

Definition 3.14. For each ¢ € &, let &, be the linear transformation on S™™
defined by (Z;A)i,....,, = As(ir)o(in) for each A € S™™ and (iy,...,1,) € N*. A set
K C 8™ is said to be permutation-invariant if 2, K = K for all o0 € &,,.

Note that because 2, is invertible and 2! = £ . for all 0 € &,,, Definition 3.14
can be equivalently stated such that Z,.A € K holds for all A € K and 0 € G,,.

Lemma 3.15. COP™™ is permutation-invariant.

Proof. Let A € COP™™. Then, for any o € &,, and « € R}, we have

<:@0'A7 Cl3®m> = Z Ag(il)...g(im)xil SRR 7

I
M-
|
P
=
3
=
q
|
oy
[
=
Q
|
oy
3

I
IS
—

8
q

L
=

L. ;$071(n))®m>

for which the last inequality follows from the fact that (xoq(l); . ;Z‘ofl(n)> € R? if
z e RY. O
Lemma 3.16. Let K C 8™™ be a permutation-invariant set and let A € S™™(E). If
Alcr,....c) € K for a given (ci,...,c.) € §(E), then A(coqy,---,Cowy) € K for all

o€G,.
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Proof. Because K is permutation-invariant, we have &, A(cy,...,¢.) € K. Then, the
(i1, .-+, ipy)th element of Z, A(cq,...,¢) is

Alct, -5 ) a(iy)olim) = (A Caliy) @+ @ Colin))s
which equals the (i1,...,iy,)th element of A(co(1),. .., Coq)). Therefore, we have
A(csq), - s Copr)) = PAler, ..., om) € K.
O

The symmetric group &, acts on the set F(E) by o - (c1,...,¢) = (Coqr)s - - -5 Cotr))-
Let §.(E) be a complete set of representatives of &,-orbits in F(E). Then, using
Lemmas 3.15 and 3.16, we obtain the following, more concise, characterization of
COP™™(E,), compared with that using Lemma 3.13.

Theorem 3.17. Let K C 8™™ be a permutation-invariant set and consider §.(E) C
§ CS(E). Then, the set

(| {AeS"™E) | Alc,....c) €K}

is the same regardless of the choice of §. In particular, the claim holds when K =
COP"™, and it follows that

COP™™Es)= [| {A€S"™E)|Alc,....c) € COP™Y. (3.11)
(Cl ----- Cr)e%

The idea for providing inner- and outer-approximation hierarchies for COP™™(E, )

is to approximate COP™™ on the right-hand side set in (3.11) from the inside and
outside.

3.3.1 Inner-approximation hierarchy

Throughout this subsection, we only consider the case of m = 2. Generally, even if
{Z/'}, is an inner-approximation hierarchy for COP", the sequence obtained by replac-
ing COP" on the right-hand side set in (3.11) with Z] is not guaranteed to converge
to COP(E, ). However, if we use the de Klerk and Pasechnik’s inner-approximation
hierarchy {Z%p,}; introduced in Section 2.5.1, the induced sequence is indeed an inner-
approximation hierarchy for COP(E,).

Proposition 3.18. We fiz a set § with §.(E) C§F C F(E). Let

Tapy(By) = [ {A€SE)|Alcr,....c;) € Iip,}. (3.12)

Then, each Zap,;(E;) is a closed conver cone and {Zap;(E4)} is an inner-
approzimation hierarchy for COP(E,).
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Proof. Given that each Zfp; is a closed convex cone and that the mapping A
(A, ¢; ® ¢;) is linear for each (¢1,...,¢.) € Fand i,j = 1,...,7, Zap (E;) is a closed
convex cone. In the following, we prove that {Zqp,(E;)}; is an inner-approximation
hierarchy for COP(E,). As the sequence {I}p,}; satisfies Zgp, € Zip,,; and Zlp, C
COP" for all | € N, it follows from Theorem 3.17 that the sequence {Idpl(E_;,_)}l
satisfies Zap (Ey) C Zap41(E+) and Zgp(EL) € COP(E,) for all I € N. Next, let
A € int COP(E,). Using A, we define

L(A;cy,...,c) = max |A(cy, ..., ¢ )il = max [(A, ¢ ® ¢j)l,

1<4,5<r 1<i,5<r

MA;eq,..0,¢) = min TAlcr, ..., )z
zecAL

for each (cq,...,¢.) € §(E), and also define

L(A;§) = sup L(Asesye),

(c1y..0r)ET
MAF) = inf AAern,....¢)
(Clr"vcr)eg

for § € {§, &(E)}. Given that A € int COP(E,) and that the sets A" and F(E)
are compact, we have L(A;F(E)) < +oo and A(A;F(E)) > 0. Because L(A;F) <
L(A;F(E)) and AM(A;F) > MA;F(E)), we obtain L(A;F) < +oo and A\(A;F) > 0
Now, let [y be the smallest integer greater than or equal to i&lg and fix (¢1,...,¢.) €F
arbitrarily. Then, because A(cy, ..., ¢,) € int COP" and

L(A; ) 9 L(A;cy, ... c
AA; F) ~ MAse, . 0) ’

l0>

Theorem 2.21 implies that A(ey,...,¢,) € Tip,,.- Because [y is independent of the
choice of (ci,...,¢,) € §, we obtain A € Zgp 1, (E;) C U,ey Zar,i(Ey). O

Remark 3.19. As it can be seen from the proof of Proposition 3.18, if a non-decreasing
sequence {7 }; satisfies 7%, C€ Zj € COP" for all [ € N, the sequence obtained by re-
placing COP" on the right-hand side set in (3.11) with Z is also an inner-approximation
hierarchy for COP(E.). In addition, Proposition 3.18 can be extended to the case of
general m by using the polyhedral inner-approximation hierarchy provided by Igbal
and Ahmed [58, Equation (20)], which is a generalization of that provided by de Klerk
and Pasechnik [23], for COP"™.

Note that Zgp;(E4) is defined as the intersection of the infinitely many sets
in general even if m, the order of tensors, is limited to 2. This means that the
inner-approximation hierarchy induces a semi-infinite conic constraint. Initially, the
tractability of the approximation hierarchy seems to be the same as the copositive
cone because COP(E,) can also be described by a semi-infinite constraint. However,
when the symmetric cone E, is the direct product of a nonnegative orthant and a
single second-order cone, each Zgp,;(E;) can be represented by finitely many positive
semidefinite constraints.
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3.3.1.1 Full expression of Zsp ;(E,)

Let (Eq,01,01) and (Eg, 0y, @3) be the Euclidean Jordan algebras associated with the
nonnegative orthant R}' and second-order cone L™ shown in Examples 2.6 and 2.7,
respectively. Then, E := E; x Ey = R™*"2 is the Euclidean Jordan algebra with the
induced symmetric cone R}' x L™ and rank r = n; + 2. We set n := n; + ny and
reindex (1,...,7r) as (11,...,1ny,21,22), ie., li:==difori=1,...,ny and 2i :==ny +1i
for i = 1,2. Section 3.3.2 uses this notation. In addition,

e e 1 (O 1 [ Om
3= (0“),...,(01"1),5 Lol ! v eSS (3.13)
" e v —v

is a set satisfying §.(E) C § C F(E) (see Example 2.6, Example 2.7, and Proposi-
tion 2.10).

Under the identification between S™? and S", the inner-approximation hierarchy
(3.12) with the set (3.13) is

Zap(Ey) = ﬂ {A €S"| fi(x; A, v) has only nonnegative coefficients} ,

veESN2—2
where
25w\ (23001, wyen;
f(il?; A, 'U) = To1 + Tog A o1 + Too s (314)
($21 - $22)’U (1321 - 1’22)'0

filz; A,v) = <Zx@> f(z; A, v).

Note that f(x; A, v) is doubled for the convenience of the following calculation, but
the set Zgp(E,) is unchanged. Let A € S™ be partitioned as follows:

A0D A21) (A(122))T
A= (A(121))T A(2121) (A(2122)>T
A022)  A(2122)  4(2222)

with A0 ¢ s A02) ¢ Rm | A(122) ¢ Rima-Dxm A(212) ¢ R AQ122) ¢ Rr2~1 and
AR?222) ¢ §m2—1 I addition, for such A € S™ and
o = (Q11;...; Q1 Q15 Qag) € N
————
=

we let

MW(A a) =4{a] AWa; — o diag(A")} + 4(ag; + ag)a] AT

+ (o1 + a92) (g1 + a9 — 1)14(2121),
M(m(A, a) =2(ay — 0622)14(122)051 + (o1 — a2a) (o1 + a9 — 1)A(2122)>
M(ZQ) (A, a) = {(0521 — 0422)2 — (0621 + a22)}A(2222)
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and define (11)(A ) (21)(A )T
o M , & M , & no
M(A a) = (]\4(21)(147 ) M(22)(A,a) ) € 8™,

Then, after some calculations, we have

filz; A,v) = Z ;—!!(i)TM(A,a) (})) z°.

(@) wae )=

There exists t, € R such that
= AecS" , 3.15
ﬂ M(A, a) -t (1 ) e s (3.15)
—Ano—1

aGH,HQ

Therefore,

Tapy(Ey) = ﬂ ﬂ {AGS"

aeﬂ;l 2’065’"2 2

where the last equation follows from the S-lemma with equality [96, Proposition 3.1].
In summary, Zqp;(E;) can be described by |IZ,,,| positive semidefinite constraints,
which is bounded by r'*? and whose size is ny. We call the sequence {Zyp;(E,)}; the
de Klerk-Pasechnik (dP)-type inner-approximation hierarchy.

3.3.1.2 Concise expression of Zyp,(E; )

In this subsubsection, we explain that the expression (3.15) can be made more concise.
First, we show that the number of constraints in (3.15) can be halved. For a =
(o o015 00) €17, 5, let & = (o ooy a01) € 12,5 As MI(A &) = MM(A, o),
M@ (A a) = -M (A a), and MPY (A, &) = M) (A, a) for each A € S, we
have

1\ " 1
< ) M(A, &) (’u) > ( for all v € S™22

v

T
1 M(ll) (A’ a) M(Ql ( ) a) 1 ng—2
<~ (’U) (_]\4(21)@47 a) 22)< ’a) ) (’U) >0forallves

T
1 MM (Aa) MPY(A,a)™ (1 g2
<~ (—’U) (M(21)<A, a) M(22 (A7 ) ) ( ) Z 0 for all v € S . (316)

When v takes every element of S™272, —v also takes every element of S™272. Thus,
(3.16) is equivalent to

1)’ 1
( ) M(A, o) (v) >0 for all v € S™72,

v

That is, taking the intersection with respect to a0 € I, with ao; < @y in (3.15) is
sufficient. This can be explained by the fact that the ordering of a Jordan frame can
be ignored because Zjp , is permutation-invariant; thus, we can apply Theorem 3.17.
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Next, we show that some positive semidefinite constraints in (3.15) can be written
as second-order cone or nonnegativity constraints. If & = (a1; ag1; a92) € I, o satisfies

1 1
Qg1 = ik(k — 1), Qg9 — ik(k + 1)

for some k € N, then M?? (A, a) = O. In this case,

i 1
( ) M(A, o) (’u) > 0 for all v € §™22

v
e MUW(A, )+ 2M® (A, o) v > 0 for all v € S"2
= M"(A, o) = 2| M®V(A, 0)],> 0

— M(ll)(A’a) celL™
2M Y (A, ) '

In particular, when k = 0, i.e., ag; = a9y = 0, as MPV(A, a) is also zero, the above
second-order cone constraint reduces to the nonnegativity constraint MV (A, a) > 0.

Finally, we show that the size of some positive semidefinite constraints can be
reduced by 1. If a = (ag;001;092) € 17, satisfies ag; = ag # 0, we have
M@Y (A, a) = 0. Then,

1\’ 1
( ) M(A, o) <v> > 0 for all v € §™22

v

= MW(A a)+v M (A a)v >0 for all v € S™2
= MM(A, @) + Auin (M (A, @) > 0

= MW(A,)I,, , + M (A a) e S,

where Ay, () denotes the minimum eigenvalue for an input matrix.

3.3.2 Outer-approximation hierarchy

Unlike the case of inner-approximation hierarchies, an outer-approximation hierarchy
for COP"™™ always induces that for COP™™(E,).

Proposition 3.20. Let {0}, be an outer-approzimation hierarchy for COP™™ such
that each O™ is a closed convex cone. We fix a set § with F.(E) C §F C F(E). Let

Op™Ey) = [ {AeS"™E)]| Alc,....c) € O™}, (3.17)

(Cl ----- Cr)ES

Then, each O™ (Ey) is a closed conver cone and {O}™(E;)}; is an outer-
approzimation hierarchy for COP™™(E,).

Proof. Because O;"""(E;) can easily be shown to be a closed convex cone and

O Y (Ey) € OF™(Ey) for all I € N in the same manner as Proposition 3.18, we
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only prove COP"™(E,) = (,eny O (E4). The “C” part follows from Theorem 3.17.
To prove the “2” part, let A € (,cy 0" (E4). Then, A(cy,...,c.) € O™ for all
l € Nand (c1,...,¢) € §. By COP™ =,y O, we have A(cy,...,c,) € COP™™
for all (¢q,...,¢,) € §. Thus, from Theorem 3.17, we obtain A € COP™™(E, ). O

Remark 3.21. The set | J,cy Zap(E4) involves the intersection with respect to Jordan
frames and the union with respect to approximation orders. Therefore, to establish
the convergence int COP(E,) C (J,cy Zap,(E4) in the proof of Proposition 3.18, it is
necessary to take [y such that it is independent of Jordan frames.

On the other hand, the set (),c O;"" (E,.) involves the intersection with respect to
approximation orders as well as Jordan frames. Thus, as seen in the proof of Proposi-
tion 3.20, the sequence of approximation orders and Jordan frames is interchangeable
in showing the convergence COP™™(E,) = (e O,"" (E), which makes the proof
easier than the inner-approximation hierarchy.

As in Proposition 3.18, the outer-approximation hierarchy induces a semi-infinite
conic constraint. However, as with the inner-approximation hierarchy, when the sym-
metric cone K, is the direct product of a nonnegative orthant and second-order cone
and m = 2, if we choose an appropriate polyhedral outer-approximation hierarchy as
{O]*Y; (written as {O}}; hereafter), each O]"*(E,) (written as O;(E,) hereafter) can
be represented by finitely many positive semidefinite constraints.

3.3.2.1 Full expression of O;(E,)

Let E be the same Euclidean Jordan algebra with the induced symmetric cone R’} x L™
as defined in Section 3.3.1.1. The polyhedral outer-approximation hierarchy {O]}; we
use is based on a discretization of the standard simplex and written as

Oj= () {Aes"|z" Az >0}, (3.18)

meélr_l

where 6, " is a finite subset of A1 for each [ € N. This type of outer-approximation
hierarchy includes, for example, the hierarchy {O%,,}; introduced in Section 2.5.2.
The outer-approximation hierarchy (3.17) induced by the set (3.13) and polyhedral
outer-approximation hierarchy (3.18) is

OEy) = () [) {A€S"| fla;Av) >0},

veESN2—2 weézﬁfl

where f(x; A,v) is defined as (3.14). Let

N(z, 4) = 3 éM(A,a)a:a.

acll,
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Then,

oE)= () ) {AGS”

mE&{_l peSn2—2

Q) wen ()=

There exists t; € R such that
= AefS" : 3.19
M Nz, A) —t, (1 ) e s (3.19)
“Adno—1

mE&{_l

In summary, O;(E,) can be described by the |§; | positive semidefinite constraints
of size ny. In particular, if we use the outer-approximation hierarchy {Oj}; shown
in (2.30), then § ' is given by (2.29) and |§;'| is polynomial in [ for every fixed
[ € N. We call the sequence {O,(E;)}, obtained by exploiting the hierarchy (2.30) the
Yildirim-type outer-approximation hierarchy.

3.3.2.2 Concise expression of O;(E,)

As with the inner-approximation hierarchy, we can make the expression (3.19) more
concise. Let N (x, A) be partitioned as follows:

ND(z, 4) NED(z,A)T
N(xz, A) = (N(21)(w,A) N(22)(CU,A) ) 3

where NWW(z, A) € R, N®(x, A) € R27! and N®)(z,A) € S ! and x =
(x1; x91; T22) € R". Then, we have

N(H)(CU, A) = 4CUIA(H)$1 + 4(I21 + ZL’QQ)JJIA(HI) + (1321 + 1’22)2./4(2121),
N(21) (:1:, A) = 2(.%'21 — $22)A(122)ﬂ31 + (ZL’gl — ZE§2>A(2122),
Nm)(a:, A) = (291 — m22)2A(2222)'

First, the number of constraints in (3.19) may be reduced. Suppose that &'
is permutation-invariant in the sense of Definition 3.14.> For example, (2.29) is
permutation-invariant. For @ = (@1;21;T22) € 5{’1, let & = (@1;T29;221). Then
& € 5] because 6, ! is permutation-invariant. Given that NIV (%, A) = N (z, A),
NCY(x, A) = —N®Y(x, A), and N (z, A) = N@)(x, A) for each A € S™, taking
the intersection with respect to @ € 5}”‘1 with z9; < @99 in (3.19) is sufficient for the
same reason as for Section 3.3.1.2.

Second, some positive semidefinite constraints in (3.19) can be written as non-
negativity constraints. If @ = (@;z21;29) € 5[_1 satisfies w91 = T99, then we have
N@)(z, A) =0 and N®(z, A) = O. Therefore, the constraint

i 1
( ) N(w,A)( )EOfor all v € §™22
v v

reduces to N (z, A) > 0.

2Note that S™! = R".
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3.4 Comparison with Other Approximation Hierarchies

The previous sections provide approximation hierarchies applicable to the copositive
cone over the cone K = R"' xL". For such K, the ZVP- and Lasserre-type approxima-
tion hierarchies introduced in Section 2.5 are also applicable to COP(K). In this sec-
tion, we analytically compare the number and size of positive semidefinite constraints
defining these approximation hierarchies for the copositive cone COP (R} x L"2).

Throughout this section, we let K = R' x L™. In addition, we set n = n; + ny
as in Section 3.3 and reindex (1,...,n) as (11,...,1ny,21,...,2ny), i.e., 1i :== ¢ for
t=1,...,np and 2¢ = ny; + 1 for e = 1,...,ny. We use this notation for numerical

experiments in Section 3.5 as well.
First, the cone K can be represented as a semialgebraic set

where e = (1,,,11;0,, 1) € int K and the inequality e"@ > 0 is redundant but nec-
essary to deriving the hierarchy. Thus, the ZVP-type inner-approximation hierarchy
{Zzvp,(K)}; defined as (2.28) is applicable to COP(K).

Since Zzvp (K) = {A € S" | (e" )z Az € E™'?(K)}, the size and number of the
positive semidefinite constraints defining Zvp ;(K) precisely match those of the positive
semidefinite constraints defining the set E™*2(K), defined as (2.27). To compute them,
we furnish a recursive representation of E™™(K) in the following lemma. Recall that

k keN, m— Z?Zl deg(¢;,) € N is even,
E"™(K) = conv { 1)? H bi, | we H™ (m=325_ 1de8(63))/2 :
= ¢ZJ€{¢1 LA n1+2’¢ }(]ZL,]{,‘)
where deg(¢;;) denotes the degree of ¢;;.

Lemma 3.22. If m = 2s for some s € N, then

Brn(s) = conw (20 u {uel® | LTS R0 (o | € ) )
S ’QZ)(O c En,Qs’

= w(o) + Z ¢fl)¢§1) + ¢(2)¢(2) wz(l) c En’2S_I(K),
i=1 w(2) c En,2s—2(K)

If m =2s+ 1 for some s € N, then

zﬁzeléngs,(?ﬂg)‘l‘ 27 } U {¢¢(2) ‘ w c En,Zs—l(K)}>

nit2 (1) n,2s
_ M1, @@ | ¥ € B (K),
{Zm PO EUROT gl e prasig) (-

E™™(K) = conv <{¢¢§”
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Using Lemma 3.22, we can calculate the size and number of the positive semidefinite
constraints defining £™™(K).

Proposition 3.23. Let

m—+1 m—+1
1 (r—l—\/r2+4> <r—\/r2—|—4)
Q= _ | =vrT=

r2+4 2 2

for each m € N. Note that a,, is the mth term of the recurrence apymio = rami1 + am
with initial conditions ag = 1 and a; = r and is of order O(n}"). If m = 2s for some
s € N, then E™™(K) is described by as; positive semidefinite constraints of size [I",_,|

(1 =0,...,8). If m = 2s+ 1 for some s € N, then E™™(K) is described by as; i1
positive semidefinite constraints of size |I*,_,| (i =0,...,s).

Second, we focus on the Lasserre-type outer-approximation hierarchy (2.31). Let v
be the finite Borel measure uniformly supported on A((K), i.e., v(B) == [;la,x)dex
for each B in the Borel o-algebra of R", where 1a,) is the indicator function of
A¢(K), and the notation dx represents the Lebesgue measure. By using the measure
v, as shown in Theorem 2.23, we can construct the Lasserre-type outer-approximation
hierarchy {Opas:(K)}; for the copositive cone COP(K). The following lemma shows
the calculation of the moments ¥y = (Yo )aene of the measure v.

Lemma 3.24. The moments Y = (Yo )aenn 0f the measure v satisfy

2011!(2?:21 Oczz'-i-nz—l)!l_[?ﬁg I'(B2:)
Yoo = (02, azitna—1)(n+|a)T(22, Bai)
0 (if some of g, ..., oy, are odd)

(if all of s, . .., agy,, are even),

(3.20)

for each o = (50015 . . .5 a0,,) € N, where I'(+) denotes the gamma function and
522‘ = OQZTH fOTi:2,...,7’L2.

Proof. Note that we can represent the set A.(K) as

(x1;201) € A;”H? }
)

w:(zcl'xgl'...'xg )ER” _
{ ' ’ e ([L’QQ, .. ,l‘QnQ)T e B™ 1(1‘21)

where
AU = {z e RPH | 271 <1},
Bn2_1($21) = {Z < ]Rn2_1 | ||Z||2§ Igl}.

Then, for a = (o ag1;. .. aep,) € N, it follows that

_ o1 001 Qg2 *X2ng
= Ty X952 o+ Xy 2dTog -+ - Aoy, | dxidwe;.
ny+1 2
AL B"Q_l(le)
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Table 3.1: Comparison of the number and size of positive semidefinite constraints
defining the [th level of each approximation hierarchy for COP(K). |[-] denotes the
greatest integer less than or equal to an input value.

Type Direction Number Size
dP (proposed) Inner LY ng

Includes at most r positive semidefinite
ZVP Inner constraints of size |]IZL Ly 1|

(see Proposition 3.23 for details)

NN (proposed) Inner 1 12, 0]
Yildirim (proposed) Outer 1671 (see (2.29)) ny
Lasserre Outer 1 |H%l |

From [37, page 447|, we note that

Q22 Q2ng
/ Tog” * - x?ng dx22 N dx2n2
B"Q_l(xgl)

n
Zi:22 ag;t+ng—1

2 HZEQ L(B2i)z5 3
A e g 5y all of @z, oy, are even), (3.21)
0 (if some of awa, ..., ag,, are odd).
As (3.21) implies that y, = 0 where some of awa, ..., as,, are odd, we consider the
case in which all g, ..., ag,, are even. In this case, we have
Y (a4 — 1) T30, Ba) Antt b
200! (302 g+ ne — DI, T(B:)
(2232 a2+ m2 = 1) (n+ oI T (322, B2:)
See [114, Section 7.8], for example, to obtain the last equation. n

The above discussion indicates that the three (dP-, ZVP-; and NN-type) inner-
approximation hierarchies and two (Yildirim- and Lasserre-type) outer-approximation
hierarchies for COP(K) are basically described by positive semidefinite constraints.
Table 3.1 summarizes the approximation hierarchies, from which we can observe the
characteristics of each approximation hierarchy. In particular, the dP- and Yildirim-
type approximation hierarchies have features that differ from those of the ZVP-, NN-,
and Lasserre-type approximation hierarchies.

First, the number of positive semidefinite constraints defining the dP- and Yildirim-
type approximation hierarchies is exponential in [ but depends only on n; and not on
ng because r = ny + 2. In addition, their size is linear in ny. Thus, they would not
be affected much by the increase in nq, and n; determines to extent to which approxi-
mation order [ can be computationally increased. Conversely, the other approximation
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hierarchies include positive semidefinite constraints whose maximum size is exponen-
tial in [ and dependent on n = n; + ne. Thus, they would be considerably affected by
the increase in ny as well as in n;. The numerical experiment conducted in Section 3.5
demonstrates this theoretical comparison.

Second, the dP- and Yildirim-type approximation hierarchies are defined by mul-
tiple but small positive semidefinite constraints. This means that by approximating
COP(K) appearing in copositive programming problems with these hierarchies, we ob-
tain semidefinite programming problems with a block diagonal matrix structure. To
solve such problems, we can conduct some of the operations in the primal-dual interior-
point methods independently for each block [38], thereby reducing the computational
and spatial complexity.

3.5 Numerical Experiments
In this section, we solve the following copositive programming problem:

maximize Yy
y,8

subject to yE, + S5 = C, (3.22)
S € COP(K),

where C' € S™ is a positive definite matrix and K = R’' x L™. Note that the dual
problem of (3.22) is

min&mize (C,X)
subject to (E,, X) =1, (3.23)
X € CP(K).

Both (3.22) and its dual problem (3.23) satisfy Slater’s condition. Thus, (3.22) is ideal
in a sense.

Lemma 3.25. Both problems (3.22) and (3.23) satisfy Slater’s condition if C is a
symmetric positive definite matrix.

Proof. Let yo :== 0 and Sy := C. Then, (yo, Sp) is a feasible solution of (3.22) and Sy
lies in the interior of COP(K) since S’ C COP(K). Next, let

Enl —|_ I'rLl 1TL1
X, = 1, 2ny +1
2In2—1
1 '
n? +3n; +4ny — 17 °

XO =

and we prove that X is a feasible solution of problem (3.23) and it lies in the interior
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of CP(K). Let

u =e €K (i=11,...,1n),

u,EQ) =e9 +e €K (1=22,...,2n,),

u§3) =ey —e;, €K (1=22,...,2ny),
(

u® = (1,,41;0,,1) € Nt K.

Then, they span R" as each € R™ can be written as

1ny 2n3

ZIZ' $7,
w—z.rz u, =21 52)+u22 +Z u? —u§3)).

=11 =22

Therefore, it follows from [45, Theorem 3.3| that

1ny 2n2
Xy =Y u () +Zu(2) DT+ uP W)+ uD (W) € int CP(K).
i=11 =22 =22
Given that (E,, X)) = n? 4+ 3n; + 4ny — 1 > 0, we obtain (E,, X,) = 1 and X, €
int CP(K). O

All experiments in this section were conducted on a computer with an Intel Core
15-8279U 2.40 GHz CPU and 16 GB of memory. The modeling language YALMIP [71]
(version 20210331), the MOSEK solver [78] (version 9.3.3), and MATLAB (R2022a),
were used to solve optimization problems.

Based on Lemma 3.25, a coefficient matrix C' in problem (3.22) was randomly
generated such that it was symmetric positive definite. We measured three types of
time when solving the optimization problems:

e preparetime: Time taken before calling YALMIP commands optimize or
solvesos.

e yalmiptime: Time between calling the above commands and beginning to solve
an optimization problem in MOSEK.

e solvertime: Time required to solve an optimization problem in MOSEK.

We defined the total time as the sum of the three types of time, and the calculation
was considered invalid when the total time exceeded 7200 s.

3.5.1 Comparison of approximation hierarchies

Table 3.1 lists five approximation hierarchies for COP(K) we have introduced. Here,
we solve optimization problems obtained by replacing the copositive cone COP(K) in
(3.22) with the approximation hierarchies. For convenience, we hereafter call such prob-
lems dP-type approximation problems (of order [), for example. The YALMIP com-
mand optimize was used when solving dP-, Yildirim-, and Lasserre-type approxima-
tion problems, and solvesos was used when solving ZVP- and NN-type approximation
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Table 3.2: Optimal values (optv) of the optimization problems obtained by replacing the copositive cone COP(RY x L?) in
(3.22) with each approximation hierarchy, as well as the solver time (solt) and total time (tott) required to solve them. All
values are rounded to the second decimal place. The asterisk * indicates that the total time exceeded 7200 s. Because more
than 7200 s were required to solve the dP-type approximation problem of order 6, only results up to order [ < 5 are shown.

dpP ZVGP NN Yildirim Lasserre

l optv solt tott optv  solt tott optv solt tott optv solt tott optv  solt tott

0 —00 0.00 0.72 1.52  0.04 4.20 1.52 364.56 373.31 6.09 0.01 0.48 +oo0  0.00 1.28
1 —00 0.02 3.24 1.52  4.09 234.49 * * * 5.14 0.06 3.53 400 0.00 26.11
2 —0.22 0.16 18.87 * * * * * * 4.42 0.36 23.99 +oo 0.11  4285.07
3 0.08 1.85 106.15 * * * * * * 3.90 2.09 151.11 * * *

4 0.18 32.60 693.39 * * * * * * 3.49 12.62 1200.10 * * *

5 0.26 513.54 6357.99 * * * * * * * * * * * *

Table 3.3: Optimal values (optv) of the optimization problems obtained by replacing the copositive cone COP(RS. x L*) in
(3.22) with each approximation hierarchy, as well as the solver time (solt) and total time (tott) required to solve them. All
values are rounded to the second decimal place. The asterisk * indicates that the total time exceeded 7200 s. Because more
than 7200 s were required to solve the dP-type approximation problem of order 17, only results up to order [ < 16 are shown.

dp ZVP NN Yildirim Lasserre
l optv solt tott optv solt tott optv solt tott optv solt tott optv solt tott
0 —00 0.00 0.23 1.79 0.03 1.17 1.79 270.90 280.22 2.25 0.01 0.18 20.21  0.00 0.17
1 —00 0.02 0.26 1.79 0.30 4.88 * * * 2.25 0.03 0.36 +oco  0.00 19.52
2 —0o0 0.05 0.62 1.79 569.21 751.10 * * * 2.18 0.09 0.84 400 0.13  2979.10
3 —00 0.15 1.32 * * * * * * 2.10 0.23 2.06 * * *
4 —-0.11 0.37 2.77 * * * * * * 2.02 0.52 4.42 *
5 0.40 0.65 4.95 * * * * * * 1.95 1.05 10.19 * * *
6 0.91 1.30 9.33 * * * * * * 1.87 2.07 22.01 * * *
7 1.19 2.12 17.04 * * * * * * 1.81 3.94 49.55 * * *
8 1.30 3.89 32.91 * * * * * * 1.79 7.33 110.76 * * *
9 1.37 6.23 62.80 * * * * * * 1.79 13.33 261.56 * * *
10 1.42 9.46 118.91 * * * * * * 1.79 21.98 603.44 * * *
11 1.45 15.59 230.01 * * * * * * 1.79  40.07 1491.77 * * *
12 1.47 22.72 440.28 * * * * * * 1.79 63.83 3266.76 * * *
13 1.48 38.53 889.31 * * * * * * 1.79  99.29 7158.94 * * *
14 1.49 49.62 1642.49 * * * * * * * * * * * *
15 1.50 69.87 2987.17 * * * * * * * * * * * *
16 1.52 101.21  5274.74 * * * * * * * * * * * *
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Table 3.4: Optimal values (optv) of the optimization problems obtained by replacing the copositive cone COP(RS x L*) in
(3.22) with each approximation hierarchy, as well as the solver time (solt) and total time (tott) required to solve them. All
values are rounded to the second decimal place. The asterisk x indicates that the total time exceeded 7200 s. Because more
than 7200 s were required to solve the dP-type approximation problem of order 16, only results up to order [ < 15 are shown.

dp ZVP NN Yildirim Lasserre

l optv solt tott optv solt tott optv solt tott optv solt tott optv solt tott

0 —00 0.02 1.14 1.83 0.06 1.35 1.83 3864.82 3904.27 2.23 0.01 0.18 25.29  0.00 0.19

1 —00 0.02 0.47 1.83 0.47 5.59 * * * 2.23 0.05 0.38 +oo 0.00 38.01

2 —00 0.09 0.76 1.83 6126.23 6587.04 * * * 2.18 0.12 0.89 * * *

3 —00 0.17 1.55 * * * * * * 2.13 0.38 2.30 * * *

4 —00 0.45 3.85 * * * * * * 2.06 0.68 5.00 * * *

5 0.25 1.24 6.70 * * * * * * 1.98 1.65 12.36 * * *

6 0.95 2.56 13.70 * * * * * * 1.92 3.18 28.62 * * *

7 1.22 4.02 25.25 * * * * * * 1.87 5.71 69.53 * * *

8 1.33 5.73 48.05 * * * * * * 1.84 12.62 173.91 * * *

9 1.41 11.50 102.73 * * * * * * 1.83 22.40 431.75 * * *
10 1.46 15.19 199.37 * * * * * * 1.83 38.45 1076.99 * * *
11 1.49 23.34 400.18 * * * * * * 1.83 64.26 2689.87 * * *
12 1.52 39.72 780.18 * * * * * * 1.83 94.82 6229.90 * * *
13 1.53 57.08 1571.46 * * * * * * * * * * * *
14 1.54 81.10  2922.42 * * * * * * * * * * * *
15 1.55 113.98 5315.38 * * * * * * * * * * * *




problems. For each approximation hierarchy, we continuously increased the approxi-
mation order [ until the total time exceeded 7200 s. When solving dP- and Yildirim-
type approximation problems, the concise expressions mentioned in Sections 3.3.1.2
and 3.3.2.2 were adopted. (Section 3.5.2 investigates their numerical effect.) The pair
(n1,n9) was set to (20,5), (5,20), and (5, 25).

Tables 3.2, 3.3, and 3.4 show the results of (nq,n2) = (20,5), (5,20), and (5, 25),
respectively.®> These tables report the solver and total times because some of the
approximation hierarchies spent most of the total time before beginning to solve opti-
mization problems in MOSEK. Although we used YALMIP for convenience, the total
time would be substantially reduced if we implemented these approximation hierarchies
directly.

As shown in Tables 3.3 and 3.4, the optimal values of the ZVP- and NN-type inner-
approximation problems agree with those of the Yildirim-type outer-approximation
problems, which implies that the ZVP-, NN-; and Yildirim-type approximation hi-
erarchies almost approach the optimal value of the original copositive programming
problem (3.22) for (n1,ns) = (5,20) and (5, 25).

Although many Lasserre-type outer-approximation problems were considered un-
bounded, this would result from the moments (3.20) taking infinitesimal values. In-
deed, the MOSEK solver provided a warning about treating nearly zero elements,
and we determined that y, is approximately 4.06 x 107! for (ni,ns) = (5,25) and
a = e +eytest+e, € RV forinstance. Hence, the Lasserre-type outer-approximation
hierarchy is numerically unstable, whereas the Yildirim-type outer-approximation hi-
erarchy is numerically stable.*

The results of this numerical experiment support the theoretical comparison men-
tioned in Section 3.4. As shown in Tables 3.3 and 3.4, the dP- and Yildirim-type
approximation hierarchies are not affected much by the increase in ns. The solver
and total times required to solve the dP- and Yildirim-type approximation problems
with (nq,m2) = (5,25) are less than twice as long as those with (nq,n9) = (5,20)
regardless of [, except for [ = 0. Conversely, the others are considerably affected by
the increase in ny. For example, the solver and total times required to solve the NN-
type inner-approximation problem with (n1,ns) = (5,25) of order 0 are more than ten
times as long as those with (nq,n2) = (5,20). In addition, although the increase for
[ = 0,1 is mild, those required to solve the ZVP-type inner-approximation problem
with (n1,n2) = (5,25) of order 2 are also approximately ten times as long as those
with (n1,n9) = (5,20).°

As shown in Tables 3.2 and 3.3, the dP- and Yildirim-type approximation hierar-
chies are considerably affected by the increase in n;. The solver and total times required

3We found a mistake in the code utilized in the original article [84] to solve Lasserre-type outer-
approximation problems. Here, we fixed it and solved the problems once more. The tables presented
herein display the corrected results.

4We observed the phenomenon that all Lasserre-type outer-approximation problems were consid-
ered unbounded in our original article [84] too.

5This is because, as shown in Table 3.1, the maximum size of the positive semidefinite constraints
defining the ZVP-type inner-approximation hierarchy increases from |I2;|= n to |I2,|= @ when
[ increases from 1 to 2.
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to solve the dP- and Yildirim-type approximation problems with (nq,n9) = (20,5) are
longer than those with (ny,n2) = (5, 20) for each [, and the difference rapidly increases
with [. Because n = n; + ns is the same for the two pairs and because ny in the pair
(n1,n9) = (20,5) is smaller than that in the pair (ny,ns) = (5,20), we can conclude
that the increase in the required time results from the increase in n;. Conversely, if
ny is small, we can increase approximation order [ and, in this case, the Yildirim-
type outer-approximation hierarchy may approach nearly optimal values of copositive
programming problems.

Finally, the ZVP- and NN-type inner-approximation hierarchies provided much
tighter bounds than that of the dP-type in all cases, and, as mentioned above, the two
hierarchies are guaranteed to approach nearly optimal values even in the case of [ = 0
for (n1,n2) = (5,20) and (5,25). Moreover, the time required to solve the ZVP-type
inner-approximation problems of order 0 is much shorter than that for the NN-type
ones. Therefore, from a practical perspective, using the zeroth level of the ZVP-type
inner-approximation hierarchy may be preferable if aiming to obtain a reasonable lower
bound of the optimal value of the original problem (3.22).

3.5.2 Effect of concise expressions of dP- and Yildirim-type approximation
hierarchies

In this subsection, we investigate the numerical effect of the concise expressions of
the dP- and Yildirnm-type approximation hierarchies mentioned in Sections 3.3.1.2
and 3.3.2.2. The dP- and Yildirim-type approximation hierarchies with the full ex-
pressions are provided by (3.15) and (3.19), respectively. Except for the differences in
the expressions of these approximation hierarchies, the experimental settings were the
same as those in Section 3.5.1.

Table 3.5 provides the results of (n1,n2) = (5,25). The information of the optimal
values is omitted because those of the dP- and Yildirim-type approximation problems
with the full expressions are theoretically (and numerically) the same as those with the
concise expressions. The effect of the concise expressions is significant, and the solver
and total times required to solve the dP- and Yildirim-type approximation problems
with the concise expressions are shorter than those with the full expressions, except
for the total time of solving the dP-type inner-approximation problem of order 0. Note
that the effect was also confirmed for (ny,n2) = (20, 5).

3.6 Concluding Remarks

In this chapter, we initially introduced the inner-approximation hierarchies defined by
a sum-of-squares constraint for copositive cones over general symmetric cones. Sub-
sequently, we presented both inner- and outer-approximation hierarchies defined by
positive semidefinite constraints but not by sum-of-squares constraints for copositive
matrix cones over a direct product of a nonnegative orthant and a single second-order
cone.

Unfortunately, the infinity of a set of Jordan frames is guaranteed to be solved
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Table 3.5: Solver time (solt) and total time (tott) required to solve the optimization
problems obtained by replacing the copositive cone COP(R?. x L?*) in (3.22) with the
dP- and Yildirnm-type approximation hierarchies with the full expressions. The “solt
ratio” (resp. “tott ratio”) column lists values obtained by dividing “solt” (resp. “tott”)
in this table (the case of not making the expressions more concise) by that in Table 3.4
(the case of making the expressions more concise). The asterisk * indicates that the
total time exceeded 7200 s, and the symbol 400 in the columns of “solt ratio” and
“tott ratio” indicates that the total time in this table exceeded 7200 s, whereas that in
Table 3.4 did not. The ratios that are more than 1 are in bold. All values are rounded
to the second decimal place.

dp Yildirim
l solt solt ratio tott tott ratio solt  solt ratio tott tott ratio
0 0.03 1.23 0.71 0.62 0.04 2.97 0.27 1.48
1 0.08 3.63 0.77 1.64 0.11 2.34 0.78 2.06
2 0.26 2.95 1.82 2.40 0.30 2.58 2.03 2.27
3 0.57 3.34 4.47 2.88 0.98 2.60 5.65 2.46
4 1.17 2.57 7.45 1.93 1.96 2.86 13.37 2.67
5 2.34 1.89 15.04 2.25 4.44 2.70 36.01 2.91
6 5.17 2.02 33.12 2.42 8.57 2.70 92.24 3.22
7 7.81 1.94 65.96 2.61 15.44 2.71 258.37 3.72
8 12.25 2.14 143.70 2.99 32.80 2.60 700.01 4.03
9 19.66 1.71 304.94 2.97 57.39 2.56 1893.38 4.39
10  34.48 2.27  690.06 3.46 95.71 2.49 4710.17 4.37
11 50.02 2.14 1465.11 3.66 * +oo * +o00
12 71.78 1.81 2943.20 3.77 * 400 * 400
13 108.49 1.90 5723.38 3.64 * * * *
14 * “+ oo * 400 * * * *
15 * “+o00 * “+o00 * * * *

in Sections 3.3.1 and 3.3.2 only when the symmetric cone is the direct product of a
nonnegative orthant and a single second-order cone and m = 2. However, as shown by
the following proposition, we obtain an outer-approximation hierarchy implementable
on a computer for copositive cones over general symmetric cones by replacing a set § of
Jordan frames appearing in (3.17) with its finite subset §; such that the union (J,. 3
is dense in §. The proof is omitted here for the sake of brevity.

Proposition 3.26. Let {0}, be an outer-approzimation hierarchy for COP™™ such
that each O™ is a closed convex cone. We fir a set § with F.(E) C § C F(E) and let
{&:1} be a non-decreasing sequence of finite subsets of F such that UZGN S is dense in
5. Let

OpmEy) = () {AeS"(E)|Alc....c;) € O™,

(CI:~~~7CT)€31

Then, each O}™(E,) is a closed conver cone and {O}™(Ey)}; is an outer-
approzimation hierarchy for COP™™(E.).

Through the numerical experiments conducted in Section 3.5.1, a question arises
regarding the inclusion between the ZVP- and NN-type inner-approximation hierar-
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chies. From Tables 3.2, 3.3, and 3.4, we observe that the optimal values of ZVP-type
approximation problems of order 0 and those of NN-type approximation problems of
order 0 were identical. This finding prompts us to investigate whether the zeroth levels
of the ZVP- and NN-type inner-approximation hierarchies coincide. We will address
this inquiry in the subsequent chapter.
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Chapter 4

Generalizations of Doubly Nonnegative
Cones and Their Comparison

4.1 Introduction

Inspired by the question arising in the previous chapter, we are curious about the
inclusion between ZVP- and NN-type inner-approximation hierarchies, especially their
zeroth levels. As justified in Section 4.2, we can regard the dual cones of the zeroth
levels of the ZVP- and NN-type hierarchies as generalizations of a doubly nonnegative
cone. For that reason, we call them ZVP- and NN-type generalized doubly nonnegative
cones, respectively.

In this chapter, we provide theoretical and numerical comparisons of the strength
of relaxation by the above two generalized doubly nonnegative cones as well as that
proposed by Burer and Dong [15], i.e., the Burer-Dong (BD)-type generalized doubly
nonnegative cone. To compare these cones, we focus on the two specific cases in which
(i) the underlying cone K is a direct product of a nonnegative orthant and second-order
cones, and (ii) K is a direct product of a nonnegative orthant and positive semidefinite
cones. The first case permits K to encompass multiple second-order cones, contrast-
ing with Section 3.5, where K involved only a single second-order cone. Moreover,
the completely positive reformulations of quadratically constrained quadratic program-
ming problems and rank-constrained semidefinite programming problems, as discussed
in Section 1.1, suggest that these two scenarios naturally emerge within the realm
of optimization. Specifically, we investigate the inclusion relationship between the
three generalized doubly nonnegative cones because inclusion is a crucial factor in the
strength of relaxation. The results of this chapter are summarized as follows.

e When K is a direct product of a nonnegative orthant and second-order cones, no
theoretical inclusion relationship is obtained between ZVP- and BD-type general-
ized doubly nonnegative cones (see Examples 4.16 and 4.17), and numerically, the
ZVP-type generalized doubly nonnegative cone provides better relaxation than
BD-type cone (Section 4.4.1).

e When K is a direct product of a nonnegative orthant and positive semidefinite
cones, the ZVP-type generalized doubly nonnegative cone provides worse relax-
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ation than the BD-type cone numerically (Section 4.4.2).

e In both cases, theoretically, the NN-type generalized doubly nonnegative cone is
strictly included in the ZVP-type cone (Theorems 4.15 and 4.23). Solutions to
the generalized doubly nonnegative programming relaxation of generalized com-
pletely positive programming problems show that the three generalized doubly
nonnegative cones provide much tighter relaxation for generalized completely
positive programming than the positive semidefinite cone (Section 4.4).

The rest of this chapter is organized as follows. In Section 4.2, we introduce two new
generalized doubly nonnegative cones and describe the BD-type cone. In Section 4.3, we
discuss the theoretical properties of the three generalized doubly nonnegative cones. In
Section 4.4, we describe the results of numerical experiments conducted to investigate
the effectiveness of relaxation by these cones.

4.2 Generalized Doubly Nonnegative Cones

For a class of closed cones K C R", we consider a generalized doubly nonnegative
cone DNN(K) over K. The following requirements are natural. First, to regard
DN N (K) as a generalization of the doubly nonnegative cone, we require DNN(R") =
DNN™. Second, we require that DNN(K) be a cone. Third, we require CP(K) C
DNN(K) C S%. The inclusion CP(K) C S} holds by the definition of CP(K). To
provide tighter relaxation than semidefinite programming for generalized completely
positive programming as the doubly nonnegative cone does, it is necessary to interpose
a generalized doubly nonnegative cone between the generalized completely positive
cone and the positive semidefinite cone.

Of note, ZVP- and NN-type inner-approximation hierarchies are generalizations of
Parrilo’s inner-approximation hierarchy (2.23) for the standard copositive cone, and
the dual cone of the zeroth level of Parrilo’s hierarchy is known to be the doubly
nonnegative cone [90, Section 5.3]. In this section, focusing on this fact, we define the
dual cone of the zeroth level of each of the two inner-approximation hierarchies for
generalized copositive cones as a generalized doubly nonnegative cone. In addition, we
introduce the generalized doubly nonnegative cone proposed by Burer and Dong [15].

4.2.1 ZVP-type generalized doubly nonnegative cone

Zuluaga, Vera, and Pena [125] presented the inner-approximation hierarchy (2.28) for
copositive cones over pointed semialgebraic convex cones. More generally, they intro-
duced inner-approximation hierarchies for the cone of copositive homogeneous polyno-
mials, or tensors over given cones, as we also discussed in Chapter 3. However, in this
chapter, we restrict our scope to matrices in accordance with Burer and Dong [15].
Using this hierarchy, we define ZVP-type generalized doubly nonnegative cones as fol-
lows.
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Definition 4.1. Let K be a pointed semialgebraic convex cone in R™. Then, we define
Zzvpo(K)* as the ZVP-type generalized doubly nonnegative cone over K, written as

DN N gy (K).

Before checking whether the ZVP-type generalized doubly nonnegative cone satisfies
the requirements mentioned at the beginning of Section 4.2, we provide an explicit
expression of DN N zyp(K), the dual cone of Zzyp o(K). Considering that Zzyp o(K) =
{AeS"|xz" Az € E"*(K)}, it becomes imperative to explicitly characterize the set
E™2(K). Asin (2.24), suppose that K is described by the nonnegativity of homogeneous
polynomials ¢1, ..., @,. In the representation of a polynomial in E™?(K) as the sum of
2-dimensional homogeneous polynomials in the form

k
v I 4, (4.1)
j=1

(see Theorem 2.22), each ¢;; is constrained to have a degree at most 2. Otherwise, the
degree of the polynomial (4.1) surpasses 2. This implies that, among the polynomials
P1, ..., ¢, those with a degree exceeding 2 are disregarded in constructing E™?(K).
Thus, assuming that the degrees of homogeneous polynomials ¢1,..., ¢, are at most
2, we now express K as

[2eR |27 Qa>0(i=1,..¢) a@>0(=1.0) (42

where Q; € S" fori=1,...,¢ and a; € R" for s = 1,...,¢;. Under this assumption,
each polynomial belonging to E™?(K) can be expressed as

Z("P;w)z + Z Py (@ Qg ) + Z w%(t)(alu)w)(a;(t)w% (4.3)

t

where 1, € R", gy € R, iaq) € {1,...,q2}, Y1y € R, and 410, 510) € {1,..., @1}
The first summand in (4.3) corresponds to the case of k appearing in (4.1) equal to 0;
in the second, k = 1; and in the third, & = 2.

Lemma 4.2. Suppose that K is expressed as (4.2). Then,

q2
Tpveo(K) =S+ RQi+ Y, R.AY
i=1 I<i<j<q1
aia;r-i-aja;r
2
Proof. Let A € Zzypo(K). Then, because ' Az € E™?(K), it can be expressed as
(4.3). This implies that

where A" =

x' Az ==’ Z 'l,bt",b;r + Z w%(t)a’il(t) a;:(t) + Z wg(t)in) + Z w%(t)Amt)jl(t) T,
t teT= t teT.
(4.4)
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where 7= = {t | i1¢4) = jiwy} and T = {t | t1¢) # J1)}. Since (4.4) holds for all x, it
follows that

A= Zwtlbt + Z wl(t ai, ., a 7'1(t) + Z¢2 1Qiy) + Z wl A

teT= teTy

which belongs to S + > 7 R,.Q; + Zl§i<j§q1 R, A¥. )

Conversely, let A € ST+, RiQi+> 1 cicjcq R+AY. The matrix A can then be
written as P+ 3, Qi + 37 o, <y, YijAY, where P €S, ¢ > 0 fori=1,..., ¢,
and 1;; > 0for 1 <14 < j < ¢q;. Because P € S7, there exist py,...,p, € R" such that
P =>3" pp/. Therefore,

n

x Ax = Z(p:mf + Z(\/@)%BTQZ'ZB + Z (\/@Z)_W)Q(a;r )(a,]Ta:),

i=1 i=1 1<i<j<q
which belongs to Zzyp o(K). O

Proposition 4.3. Suppose that K is expressed as (4.2). Then,

DNN zvp(K) = S" N ﬁ{x €S (QnX)=0}n () {XeS'|(AY,X) >0}

i=1 1<i<j<q

Proof. Note that for § € §", we have (R.S)* = {X € §" | (S, X) > 0}. In addi-
tion, for any closed convex cones K, ..., Ky, (Zle i) = ﬂle KCf holds [106, Corol-
lary 16.4.2]. Using these facts, we obtain the desired result by taking the dual in
Lemma 4.2. [

It is reasonable to call DN N zyp(K) a generalized doubly nonnegative cone. First,
as mentioned in Section 2.5.1, the hierarchy {Zzvp;(R’;1,)}; agrees with Parrilo’s
hierarchy. This implies that DN Nzvp(R%;1,) = DNN™". Second, DN N zyp(K) is
a cone, as it is obtained by dualizing Zzyvp o(K). Third, it follows from Theorem 2.22

that CP(K) € DN Nzyp(K) and from Proposition 4.3 that DNNzyp(K) C ST.
Note that unlike S’y +N™, which is closed, Zzvp o(K) is not closed in general. Here,
we show an example of K such that Zzyp o(K) is not closed.

Ezample 4.4. Let a == (1,0)" and Q = <8 _01) Then,

K={zxcR?|z'Qr=—25>0, a =21 >0}

is a pointed semialgebraic convex cone (the nonnegative zj-axis) and the vector a
satisfies @ € int K*. It follows from Lemma 4.2 that Zzyp o(K) = S2 + R, Q. For each

1
k, we define P, := ’i ]1: € $2 and Xy, = Py + kQ € Izypo(K). Then, we have
1
%= (1 o) o= (1 o)
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To see that X* & Zzyp o(K), we assume that there exist P* € S3 and ¢t* > 0 such
that X* = P* +t*Q. This equation implies that Py = 0 and P}, = 1. However, by
P, = 0 and the positive semidefiniteness of P*, P}, must be 0, which is a contradiction.
Therefore, Zzvp o(K) is not closed.

This example implies that the dual cone of DNNzyp(K) is not Zzypo(K) itself
but, in general, its closure. However, at least when K is a direct product of a nonneg-

ative orthant and second-order or positive semidefinite cones, Zzyvp o(K) is closed (see
Sections 4.3.1 and 4.3.2).

4.2.2 NN-type generalized doubly nonnegative cone

In Chapter 3, we presented the inner-approximation hierarchy (3.5) for copositive ma-
trix cones over symmetric cones. Using this hierarchy, we define NN-type generalized
doubly nonnegative cones.

Definition 4.5. Let (E, o, ) be a Euclidean Jordan algebra where E is the space R™.
We then define Zyno(E;)* as the NN-type generalized doubly nonnegative cone over
E,, written as DNNx~(E.).

The set DN Nxn(E;) may be considered a generalized doubly nonnegative cone.
When the Euclidean Jordan algebra is taken as in Example 2.6, the associated sym-
metric cone E, is the nonnegative orthant R’ and the hierarchy {Znn;(R’)}; agrees
with Parrilo’s hierarchy (2.23). This implies that DN Ny~ (R%) = DNN™. Moreover,
DNNx~(E, ) is a cone that includes CP(E. ) for the same reason as does the ZVP-type
generalized doubly nonnegative cone. Finally, for any A € S7, there exists U € S"
such that A can be decomposed into U?%. For each & € E, because each element of
xox is a quadratic homogeneous polynomial, we can write zox as (¢ (x), ..., dn(x)) ",
where ¢;(x) € H"? for i = 1,...,n. Then, we have

(o) Al@oz) = [Ulzo)|3=3 (Z Uij¢j<w>) €T,

=1

Therefore, S C Znno(E4), and so DN N yn(E;) € S7 hold.

We should note, however, that a fully explicit expression of DN Nyn(Ey) has
been unknown in the case of general symmetric cones. As discussed in Section 3.2.3,
DNN~(E,) is written as the closure of a set defined by a positive semidefinite con-
straint. We demonstrate that the closure operator can be removed in the case wherein
[, is a direct product of a nonnegative orthant and second-order or positive semidefi-
nite cones. Namely, in such cases, DN N xx(E. ) is fully captured by a positive semidef-
inite constraint. Note in addition that because Zyn o(E4 ) is always closed as mentioned

in Theorem 3.4, the dual of DN N yn(E; ) is precisely Zano(E4 ).

4.2.3 BD-type generalized doubly nonnegative cone

Above, we propose two generalized doubly nonnegative cones based on the inner-
approximation hierarchies for generalized copositive cones. Independently, Burer and
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Dong [15] proposed another generalized doubly nonnegative cone over closed convex
cones without exploiting inner-approximation hierarchies.

Definition 4.6 ([15, Section 4]). For a closed convex cone K in R", the BD-type
generalized doubly nonnegative cone DN Ngp(K) over K is defined by S7 N N(K),
where N (K) = {X € S" | Xs € K for all s € ExtK*}.

The set DN Ngp(K) can also be considered a generalized doubly nonnegative cone
based on the requirements listed at the beginning of Section 4.2. In fact, by the
definition of DN Ngp(K), it comprises a cone included in the positive semidefinite
cone. In addition, as discussed in [15, Section 4], DN Npp(R}) = DNN™ holds and
DN Npp(K) includes CP(K).

4.3 Analysis on Three Generalized Doubly Nonnegative
Cones

In the previous section, we provided two generalized doubly nonnegative cones
DN N zyvp(K) and DN Nyn(K), and introduced another, DN Npp(K), proposed by
Burer and Dong [15]. Note that for a general closed cone K, some generalized doubly
nonnegative cones may not be defined, in which case we cannot compare the three gen-
eralized doubly nonnegative cones. That is, DN N zyp(K) is defined for pointed semial-
gebraic convex cones, whereas DN N yn(K) is defined for symmetric cones. Therefore,
in this section, we consider two special cases to define all three cones. In particular,
we consider the case in which K is a direct product of a nonnegative orthant and
second-order cones. In addition, as a preliminary investigation, we also consider the
case in which K is a direct product of a nonnegative orthant and positive semidefinite
cones. Recall that the sequence {Zzyp,;(R";1,)}; agrees with Parrilo’s hierarchy and
the vector 1, is the identity element of the Euclidean Jordan algebra associated with
R?, as shown in Example 2.6. Accordingly, we select the vector @ € int K* in the ZVP-
type generalized doubly nonnegative cone DN N zvp(K;a) as the identity element of
a Euclidean Jordan algebra associated with K, and no longer specify it. The selection
of a is also consistent with Chapter 3.

4.3.1 When K is a direct product of a nonnegative orthant and second-
order cones

In this subsection, we consider the case in which K is a direct product of a nonnegative

orthant and second-order cones, i.e., K = R}' x HhN:2 L™, and let n = Zthl Np.
For convenience, we reindex (1,...,n) as (11,...,1ny,21,...,2n9,...,N1,..., Nny);
ie., let hi = ZZ;} n,+1¢ for h =1,...,N and ¢« = 1,...,n,. Moreover, we set

Iy ={hl,....;~hnp} for h=1,....N, I, =1, \ {hl} for h =2,...,N, and 5, =
U UhNZQ{hl}. Let (Ei, 01, 0;1) be the Euclidean Jordan algebra associated with the
nonnegative orthant R’ shown in Example 2.6, and (E;, o4, ;) be the Euclidean
Jordan algebra associated with the second-order cone L™ shown in Example 2.7 for
h =2,..., N. Taking the direct product of the N Euclidean Jordan algebras, we obtain
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the Euclidean Jordan algebra (E, o, ®) with E, = K. For each € E, the square z o x
is calculated as

.
rox = <(:c§)1€zl, Z 7, (2:521951)1612—, e Z 7, (QlexI)IGIE> :

I€1s VISIAN,

The identity element e of the Euclidean Jordan algebra (E, o, ) is the vector with the
Ith (I € Z>() elements 1 and all other elements 0.

4.3.1.1 Explicit expression of generalized doubly nonnegative cones

First, we provide a simpler explicit expression of the ZVP-type generalized doubly
nonnegative cone DN N zyp(K). Note that the cone K has the following semialgebraic
representation:

ejx=ux;>0 (I €ZIsp),
zeR"| e'x= ZIEIZO xy 20, , (4.5)

wTJha::xil—ZEI;x%ZO(h:2,...,N)

where Jj, is the m X m matrix such that the (h1,hl)th element is 1, the
(h2,h2),...,(hnp, hny)th elements are —1, and all other elements are 0 for h =
2,...,N. As mentioned in Section 2.5.1, remember that the redundant constraint
e'x > 0 is necessary to construct the ZVP-type hierarchy. Consequently, Lemma, 4.2
and Proposition 4.3 yield explicit expressions of Zzyp o(K) and DN N zyp(K), respec-
tively. However, in this case, they can be expressed in a simpler way.

Lemma 4.7.

(otherwise)

N
IZVP,O(K) = Si + ZR+Jh + {N esS"
h=2

{20 (if I, € T andl;&J)}
N],J —0 N .

(4.6)

Throughout this subsection, for simplicity, we express the last set in the right-hand
side of (4.6) as No.

e eTJre el e eTqLeeT
Proof. Let E!Y .= 22798 gand E; = 22 4 By Lemma 4.2, we have
2 2 )

N
IZVP,O(K) = Si + ZR+J}L + Z R+EIJ + Z R+E].
h=2

1<J 1€
I,JGIZO -

Therefore, it is sufficient to show that

St+ > RyEY+ > R.E; =S} + N

I<J I€T~,
1,J€T>0 =
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For each I,.J € s with I < J, since E!/ is the matrix with the (I, J)th and (J, I)th
elements equal to % and other elements 0, we have E'/ € N5q. In addition, for each
I € I>p, we have

E; = 818}— + Z E € S:L_ +N20.

JGIZO
J#I
These imply the “C” component. Conversely, let N € N>q. Then,

N= > 2N, EYe¢ ) R.E"

1<J 1<J
1,JET> 1,J€T>0
which implies the “2” component, thereby completing the proof. O

Taking the dual in Lemma 4.7, we have a simpler explicit expression of

DN N zyvp(K).
Proposition 4.8. For K =R}" x HhN:2 L™ it follows that

DNN zyp(K)

N
=St N[ HUX €8 | (J, X) > 0}N{N €S" | Ny y >0 (I,J €Lz, I#J)}.
h=2
Next, we provide an explicit expression of the NN-type generalized doubly nonneg-
ative cone. For y = (ys)serr, € R™4, let CO)(y) € S" be the matrix with the (I, J)th
element:!

(Yaerten) (if I,J € Ty), (4.72)
Z Yo(e +ex) (if I € Z; and J = hl for some h =2,...,N), (4.7b)
KeTy
2Y9e,+epte, (if I € Zy and J € Z, for some h =2,...,N),

Z Z Yo(ex+ey)  (if I =gl and J = hl for some g,h =2,...,N), (4.7c)
K€eT, LET),
Z 2Yse +enit+es (if I = g1 and J € Z, for some g,h =2,...,N),
KeT,
| HWeyit+er+en+e (if I € Z; and J € Z,; for some g,h =2,...,N).

In addition, let M (y) € S™2 be the matrix with the (c, 3)th element yo s for a, 3 €
I, let M = {y € R | M(y) € ST}, and we define o == {CO(y) | y € M}.
Then, we can show that DN N xn(K) = clCy by the same argument as in Section 3.2.3.2
Since C)(y) is linear with respect to y and M is a convex cone, it follows that Cy is
a convex cone. We now demonstrate that Cy is closed, and the closure operator can be
removed.

! Although we define only the upper triangular blocks of C©(y) in (4.7), the lower triangular
blocks are further defined so that C©)(y) is a symmetric matrix.

ZNote that the matrix M (y) defined here corresponds to M™?(X) defined in Section 3.2.3, the
set M to M™% the matrix C(©(y) to a tensor C(V)(X), and the set Cy to C"*(K).

70



Proposition 4.9. The set Cy s closed.

Proof. Let {y®}, C M and suppose that C©(y*)) converges to some C'” in the limit

k — oo. It follows from the definition of M that M (y®) € S! +2, and in particular,
the diagonal elements of M (y*)) are nonnegative. Hence, we see that

yZ'r >0 for all v € IZ,. (4.8)

Since CO(y®) — C”, each element of C© (y*®)) is bounded. Specifically,

(i) {yélzil+ej)}k is bounded for all I, J € Z; (see (4.7a)).

(ii) For each h =2,..., N, {3 ez, y2(61+eJ } is bounded for all I € Z; (see (4.7b)).
Therefore, we see from (4.8) that {y2 (e;+e,) k15 bounded for all I € Z; and
Je,.

(ili) For each g,h = 2,....N, {3 ez > jer, yé(il+eJ)}k is bounded (see (4.7c)).
Therefore, {y2 (er+e,) i 18 bounded for all I € Z; and J € Z,.

Because I, = {e; +e; | 1 <1 < J < n}, it follows from (i) to (iii) that {ygf;)}k is
bounded for all v € I",, which implies the boundedness of the diagonal elements of
M (y™). Combining the boundedness with the positive semidefiniteness of M (y™*))
yields the boundedness of each element in M (y®*)). Therefore, {y*}, is also bounded,
as yék) is an element of M (y®)) for each § € I",. Therefore, there exists a convergent
subsequence {y*)}, with a limit of y*. Then, because M is closed and y**) € M, we
have y* € M. Since C)(y) is continuous with respect to y, we obtain C© (y*)) —

CO(y*) = C'”). Thus, Cy is closed. O
Corollary 4.10. For K =R"™ x [[_, L™, it follows that DN'Nxx(K) = Co.
Proof. Tt is clear from Proposition 4.9. O]

Remark 4.11. For K = R x HhN:2 L™ in the same manner as Proposition 3.6 and
Corollary 4.10, we can derive an explicit semidefinite representation of the dual cone
of I (K) for general cases of m and I.

4.3.1.2 Inclusion relationship between generalized doubly nonnegative
cones

The following subsubsection discusses the inclusion relationship between ZVP-, NN-
and BD-type generalized doubly nonnegative cones.

To begin with, we show that DN N yx(K) is strictly included in DNN zyvp(K). The
proof requires the closedness of Zzyp o(K), which does not hold in the general case.
To prove closedness, we prepare an additional lemma that claims a sufficient condition
that the Minkowski sum of pointed closed convex cones is closed. Because it is a slight
modification of [106, Corollary 9.1.3], the proof is omitted.

71



Lemma 4.12. Let Ky, ..., K,, be pointed closed convex cones in S™. Then, > " K; is
closed if the following condition holds: for any X; € IC; (i =1,...,m), if >, X; = O,
then X; =0 foralli=1,...,m

Lemma 4.13. For K =R x H,JLQ L™, the convex cone Lzypo(K) is closed.

Proof. Let P € S, ty,...,txy >0, and N € N>, and suppose that
N
A=P+) tJ,+N=0.

For every h = 2,..., N, because Ap1 1 = Phin1 + 1, = 0 and each term is nonnegative,
we have Pyip = t, = 0. Given that ¢, = 0 for all h = 2,..., N, for each I €
T, U UflVZQ Z,, we have A;; = Prr = 0. Therefore, the diagonal elements of P are all
0and P = O, as P € S}. Finally, we obtain A = N = O. Since S}, R J} (h =
2,...,N), and N5( are pointed closed convex cones, Zzyp o(K) is therefore closed by
Lemma 4.12. ]

Lemma 4.14. For K = R} x HhN:2 L™, Zzyp o(K) C Inno(K) holds. Moreover, the
inclusion holds strictly if ny > 1 and ny > 2.

Proof. Let
N

A=P+) tpJy+ N €Izpo(K), (4.9)

h=2

where P € S, ty,...,ty > 0, and N € N5o. First, let U be a real n x n symmetric
matrix such that P = U?. Then, we see that

(xox) Plxox)=|U(xox)|ze x""

Second, for each h =2,..., N,

(@om) (tw)(@om) =ty a3, — > o | €z

I€T;
Finally,

(xox)'N(zowx) ZNIJJJMJ +QZZZNM1I1$J

IJGIl h=2 I€Z JEI}

+ Z Z Z gl,hl JCIIJ ez

g,h=2I€T, JET),

Therefore, (x o x)" A(x o x) € X™*, which means that A € Zyn(K).
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The following example shows that the inclusion holds strictly. Suppose that n; > 1
and ny > 2. Let A € S” be a matrix with the (11,21)th, (11,22)th, (21,11)th, and
(22,11)th elements 1 and all other elements 0. Since

(xox) A(xox) = 223 Z o7 + 437791720
I€Zs

— 2$%1 (1'21 =+ 1'22)2 + Z .Z'% € Z"’4,
Iez; \{22}

it follows that A € Znno(K).

On the other hand, we assume that A € Zzyp o(K) and express A as (4.9). Then,
we have 0 = A11711 = Pll,ll' COIIlbiIliIlg P11’11 = 0 with P € SZL y1€1dS P11’22 =
0. Therefore, Aq; 9o must be 0, which contradicts the definition of A. Hence, A ¢
Zzvp o(K). O

Theorem 4.15. For K = R™ x [[)_, L™, DN'Nxx(K) € DNNzvp(K) holds. More-
over, the inclusion holds strictly if ny > 1 and ny > 2.

Proof. By taking the dual in Lemma 4.14 and using (iv) of Theorem 2.2, we have
DNNxx(K) € DNNzyp(K). We next show by contradiction that the strict in-
clusion DNNn(K) € DN Nzvp(K) holds under the assumption of ny > 1 and
ny > 2. Assume that DNNyn(K) = DN Nzyp(K) holds. By taking its dual, we
have DN'N zvp(K)* = DN Nxn(K)*. Remember that the double dual of a closed con-
vex cone agrees with itself; see (iii) of Theorem 2.2. Since Zzyp o(K) and Zyxno(K) are
both closed convex cones (see Lemma 4.13 and Theorem 3.4, respectively), it follows
from the definition of the ZVP- and NN-type generalized doubly nonnegative cones
that Zzvp o(K) = Zxno(K). This contradicts the assumption and Lemma 4.14. O

We will demonstrate that, in general, there is no inclusion relationship between
DN N zvp(K) and DN Npp(K). Before presenting such examples, we provide a more
concise expression of N'(K) appearing in DN Ngp(K) for the case where K is a direct
product of a nonnegative orthant and second-order cones. It can be easily seen that
the set J, defined as

N
N 1 v
3= U{(61;0n2§---;0nN)}UU {(Om;Om;...;?5;...;OHN>

1€y h=2

v E S”hQ} ,

satisfies Ext K = {as | @ > 0,s € J}. Since the vector Xs is linear with respect
to s and K is self-dual, we can equivalently represent N (K) as {X € S" | Xs €
K for all s € J}.

Ezample 4.16 (a matrix that is in DN N zyp(K) but not in DA Npp(K)). Suppose that
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ny > 1 and ny > 2. Let

N9y — 1 11—2_1
Onlfl
A= Ny — 1
1712—1 Inz—l

O

We use Proposition 4.8 to show that A € DN N zyp(K). We can easily check that

N
Ac (X eS| (JnX)=0}N{N €S" | N;y>0(I,] €TLso, I#J)}

h=2

Therefore, it is sufficient to show that A € S",. A € S} if and only if the block diagonal
matrix

No — 1
T
)
1n2—1 Ing—l

(0

which is obtained by rearranging some rows and columns of A, is positive semidefinite.
This is true because ns —1 > 0 and (np—1) =1, _I,,_11,,-1 = 0, where we apply the

Schur complement lemma [5, Lemma 4.2.1]. Therefore, we have A € DN N zyp(K).
Next, we let

1 177,271 ~
s§s=10,;z;——F—;0) €J.
( 2" 2 — 1 ) V
Then, since the first component of an element in K must be nonnegative and (As); =
—vm2=l - () we see that As ¢ K. Thus, A ¢ DN Npp(K).

2

Ezample 4.17 (a matrix that is in DN N pp(K) but not in DN N zyp(K)). Suppose that
ny > 3. Let
O,,

A - In271
na—1

(0
On the one hand, A € DN Np(K). Indeed, let s € J. If s = (0,,; 5; %;0) for some

niy 21 9o
v € S™72 then

1 v
As = | On; 55 57=——==;0).
s ( U2 0y 1 )

1\? v 2 1 ] 1 >0
2 2vny — 1|, 4 ng—1) ="
(3;57%=) € L™, and therefore we get As € K. Otherwise, As =0 € K.

» 2¢/na—1
On the other hand, A & DN Nzyvp(K) because (J2, A) =1 — y/ny — 1 < 0.

Since
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We consider the special case of K = LL”. As a consequence of the dual of the
S-lemma [96, Theorem 2.2] (see also [117, Theorem 1]), it follows that

X =Y Xig > o} . (4.10)

=2

CP(L") =S" N {X esn

Therefore, CP(L") itself is semidefinite representable. Surprisingly, from Proposi-
tion 4.8 and Theorem 4.15, we see that DN N zyp(L") and DN Nxn (L") agree with
CP(L™). However, Example 4.17 implies that DN Npp (L") includes CP(L™) strictly
if n > 3. Including the case of n < 2, we derive the necessary and sufficient condition
that CP(IL™) agrees with each generalized doubly nonnegative cone over L.

Proposition 4.18. The following inclusions
CP(L") = DNNxx(L") = DN N zyp(L") € DN Npp(L")
hold. Furthermore, the above inclusion of “C” holds strictly if and only if n > 3.

Proof. 1t is sufficient to show that DA N pp (L") C CP(L") in the case of n < 2. The
equality holds when n = 1 because CP(L') = S} and DN Npp(L') is sandwiched
between CP(L') and S?.

Let us consider the case of n = 2. For X € DN Npp(IL?), X is positive semidefinite
by the definition of DAN'Np(L?). In addition, since the vector (1,1)" generates an
extreme ray of L2, it follows that X (1,1)" = (X1 + X192, X120 + Xo2)" € L2, ie,
X114+ X2 > | X124+ Xos|. This implies that X; 1 — Xy is greater than or equal to 0.
Thus, we have X € CP(L?). O

Finally, we discuss the inclusion relationship between DNNyx(K) and
DN Npp(K). Because DN N xn(K) € DN Nzyvp(K) (Theorem 4.15), the matrix pre-
sented in Example 4.17 is also in DN Npp(K), but not in DN Nxn(K). Therefore,
we are interested in whether there exists a matrix that is in DN N yn(K) but not
in DN Ngp(K). If no such matrix exists, DANNxx(K) is included in DN Npp(K).
Although we were not able to determine this theoretically, the results of our numer-
ical experiment imply that DN AN yy(K) is included in DN Npp(K). For details, see
Section 4.4.1.

4.3.2 When K is a direct product of a nonnegative orthant and positive
semidefinite cones

In this subsection, we consider the case where K is a direct product of a nonnegative

orthant and positive semidefinite cones; i.e., K = R}* x [[;_,svec(S}"), and let n =
N _ .

n1+ Y o In,. For convenience, we reindex (1,...,n) as

(11,...,1n;,211,212,222, ..., 21ns, ..., 2nama, ..., N11,. .., Nnyny),

ie, li=1dfori=1,...,ny, and hij = n1+ZZ;;Tnk+M%D+iforth,...,N

and 1 <i<j<n. For h=2,...,N and 1 < j < i < ny, let hij .= hji. Moreover,
we set Zp, == {h11,h12,h22,... hnyn,} for h=2,... N and

Tso = {11,...,1ny,211,222,233, ..., 2n9ny, ..., N11,..., Nnyny}.
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Let (Eq,01,#;) be the Euclidean Jordan algebra associated with the nonnegative or-
thant R7}' shown in Example 2.6, and (E;, o, ;) be the Euclidean Jordan algebra
associated with the positive semidefinite cone svec(S}") shown in Example 2.8 for
h =2,...,N. Taking the direct product of the N Euclidean Jordan algebras, we ob-
tain the Euclidean Jordan algebra (E,o,e) with E, = K. For each € E, the Ith

element of the square x o x is calculated as

(22 (if I =11,...,1ny),
1
x§+§ Zx%m (if I = hii for some h=2,...,Nand i =1,...,ny),
k:k#i
Thii®1 + T1Thjj

1 o T pis _ P

4+ E:l'hikxhjk (if I = hij for some h=2,... ;N and 1 <i<j < mny).
\/§k~k;é"

\ . l,j

The identity element e of the Euclidean Jordan algebra (E, o, e) is the vector with the
Ith (I € Zs¢) elements 1 and all other elements 0.

As mentioned in Example 2.8, the positive semidefinite cone svec(S") is a symmetric
cone. In addition, svec(S7) is semialgebraic, as

svec(S) = {w c R™

detsmat(x)zz > 0 for all Z C {1,...,m}, 111
e'r= Zlei>o xr >0 ’ ( ) )

where det(-) represents the determinant of an input matrix. Therefore, we can define
all three generalized doubly nonnegative cones properly in this case.

Here, we investigate the inclusion relationship between the ZVP- and NN-type
generalized doubly nonnegative cones. As in Section 4.3.1, we provide a simpler explicit
expression of Zzyp o(K) and DNN zvp(K).

Lemma 4.19. Let J,ij be the nxn matriz with the (hii, hjj)th and (hjj, hii)th elements
1, the (hij, hij)th element —1, and all other elements 0. Then,

Zzvp o(K)

N
=ST+>. >, R+J,§j+{NeS“

h=2 1<i<j<ny, (Otherwzse)

{z 0 (ifI,J €T and I # J)}
Nri g _0 .
(4.12)

Note that the matrix J,ilj arises from the nonnegativity of the determinant of a
2 X 2 principal submatrix, which is a necessary condition for positive semidefiniteness.
For simplicity, we write the last set in the right-hand side of (4.12) as /\720. Because
Lemma 4.19 can be proven in the same way as Lemma 4.7, the proof is omitted. We
can also show that Zyyp o(K) is closed using Lemma 4.12. Moreover, taking the dual
in Lemma 4.19, we obtain a simpler explicit expression of DNN zyp(K).

76



Proposition 4.20. For K =R"™ x []_,svec(S"), it follows that

N
DNNup(K) =St () () {Xes" (I, X)>0}

h=2 1<i<j<ny

N{N €S"|N;; >0 (I,] €Tso, I#J)}.

Remark 4.21. As for DN N yx(K), similarly to Corollary 4.10, we can obtain its explicit
expression without the closure operator. In addition, this can be extended to the case
of tensors.

We show that the NN-type generalized doubly nonnegative cone is strictly included
in the ZVP-type cone as in the case that K involves second-order cones.

Lemma 4.22. For K =R x HhN:2 svec(Si"), Zzvp0(K) € Znno(K) holds. Moreover,
the inclusion holds strictly if ny > 1 and ny > 2.

Proof. Let

N
A=P+> > t/J/+N, (4.13)

h=2 1<i<j<ny

where P € ST, tﬁlj >0,and N € /\720- First, as the proof of Lemma 4.14, (xoz) " P(xo
x) € ¥ Second, for h =2,...,N and 1 <i < j < ny, because

2xox) J (xox)

1 1
=4 (xlzm + 2 Z xi%kz) (5’7}21]']' + B Z xl%kj)

k:k#i k:k#£j

2
1
—2 <$m‘z‘$mj + TpijThj; + E Z xhikxhjk>

kk£i,j
= (Iim — 2Tpzn ;) + Z (ThijThik — V2ThiTnge )
Kk,
+ Z (ThijTne — \/ixhjjxhik)Q + Z (ThikTnj — whz‘lwhjk)2,
kA iy

we have (z ox)TJY(x o x) € X™*. Finally,

(xox) N(xox)

ni N n1 mnp 1
_ 2 2 2 [ .2 2
= § Nujjaye7; + 2 E § Niingjey; | @, + B § Thij
ij=1 h—2 i=1 j—1 kikAj

N ng ny
S W (+§ 5 ) ( Py x> o

g,h=2 1=1 j=1 k:k#£i k:k#£j
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As all variables that appear in (4.14) are squared and each element of IV is nonnegative,
we see that (zox)" N(xox) € X", Therefore, (xox)" A(zox) € ™% which implies
that A € INN,O(K)-

The following example shows that the inclusion holds strictly. Suppose that n; > 1

and ny > 2. Let
- { 2 2 }>o (4.15)
€ = min , )

and A € S be the matrix whose (I, J)th element is

1 (ifI=11and J e {2i|i=1,...,n5}),
(if I=11and J € T, \ {2 |i=1,...,n5}),

€
0 (otherwise).

Then, some calculations yield the following:

(m o m)TA(m o .’.U — :E11 Z{ x?zz+££2zy (IQij +$2jj \/— Z Z x?zk"'ijk

1<j 1< k:k#i,j

n2
H{2= (2= De} > ad; +[2— {24 V2(na —2)}e] Y a3, .
i=1

1<J

which is sum-of-squares by (4.15). Consequently, on the one hand, we have A €
Inno(K).

On the other hand, assume that A can be expressed as (4.13). Then, we have
0= A11,11 = P11711. Combining P11711 =0 with P € STL‘_ ylelds P11722'j =0 for all i < j
Therefore, for a pair (4, j) with i < j, Ay 2; must be 0. However, by the definition of
A, Ay 9;j = € >0, which is a contradiction. O

Taking the dual in Lemma 4.22, we obtain the following desired result.
Theorem 4.23. For K = R™ x [[_, svec(S?), DNNxx(K) € DNNzvp(K) holds.

Moreover, the inclusion holds strictly if ny > 1 and ny > 2.

The theoretical inclusion relationship between ZVP- and BD-type generalized dou-
bly nonnegative cones and between NN- and BD-type generalized doubly nonnegative
cones remains unknown. See also Section 4.4.2 for the numerical comparison of the
strength of relaxation by the three generalized doubly nonnegative cones.

4.4 Numerical Experiments

We conducted a series of numerical experiments to investigate the strength of relaxation
by the three generalized doubly nonnegative cones. We consider in Section 4.4.1, the
case where K is a direct product of a nonnegative orthant and second-order cones,
and in Section 4.4.2, the case where K is a direct product of a nonnegative orthant
and positive semidefinite cones. We conducted all of the experiments with MATLAB
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(R2021b in Section 4.4.1 and R2022a in Section 4.4.2) on a computer with an Intel Core
i5-8279U 2.40 GHz CPU and 16 GB of memory. The versions of the YALMIP modeling
language [71] and the MOSEK solver [78] we used in the following two experiments are
20210331 and 9.3.3, respectively.

4.4.1 Mixed 0-1 second-order cone programming

We considered the following mixed 0-1 second-order cone programming problem with
a linear objective function:

minimize e¢'x

x

subject to 0 <z < 2,

0<z;<1(i=2,...,n), (4.16)
r; €{0,1} (1 € BC{2,...,n}),
xel”.

As a consequence of Corollary 2.16, the second constraint of problem (4.16) ensures that
we can equivalently transform problem (4.16) into a generalized completely positive
programming problem. Specifically, by introducing 2n nonnegative slack variables, we
can convert problem (4.16) into the primal standard form of generalized completely
positive programming

minimize (C, X)
X

subject to (A, X)=0b; (i=1,...,m), (4.17)

X € CP(K)
with m = 4n+|B|+1 and K = R2"™' x L™ for some symmetric matrices A, ..., A,,, C
and scalars by, ..., b,. In this section, we solve the problem obtained by relaxing the

generalized completely positive programming problem with each generalized doubly
nonnegative cone and compare the results.

Reformulating problem (4.16) as a generalized completely positive programming
problem would be impractical because problem (4.16) can be solved directly and quickly
with an existing mixed-integer second-order cone programming solver. However, we
decided to solve a mixed (-1 second-order cone programming problem with a linear
objective function rather than a nonlinear or nonconvex objective because we were
able to obtain the exact optimal value of the problem with the solver and calculate the
difference between the optimal value of the original problem and that of its relaxation
problem with each generalized doubly nonnegative cone.

We created instances of problem (4.16) as follows. The number n of variables was
changed between 5, 10, 30, and 50. The set B of indices to determine binary variables
was generated by selecting 0.4n elements from {2,...,n} randomly. All elements of
c were independent and identically distributed, and each followed the standard nor-
mal distribution. For each n, we generated five instances varying the randomness
of B and c¢. For each instance, the optimal value of the relaxation problem with
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Table 4.1: Optimal values of problem (4.16) and its associated generalized doubly
nonnegative programming and semidefinite programming relaxation problems.

Optimal value

n No. MISOCP NN ZVP BD SDP

5 1 —-4.01 —-401 —-401 —-4.01 —30.56
2 -3.18 =318 =318 —3.18 —4.93

3 -0.28 —-0.28 —-031 —-0.28 —16.86

4 0.00  0.00 0.00 0.00 —106.50

5 —147 —-147 147 —147 —-163.54

10 1 —4.73 OOM  —4.74 —477 —42.56
2 —-543 OOM —543 —5.43 —140.18

3 -199 OOM -199 -—-1.99 —-13.20

4 0.00 OOM  —0.86 0.00 —186.66

D —4.23 OOM —423 —4.23 —53.90

30 1 -9.17 OOM —-9.17 —-9.62 —328.08
2 —-942 OOM —-942 —-995 —340.17

3 -591 OOM —-591 —6.00 —120.07

4 —-3.05 OOM  —-3.07 —3.25 —444.75

S —-9.58 OOM  —9.58 —-10.14 —362.77

50 1 -9.34 OOM -9.34 —-10.93 —489.81
2 -9.70 OOM —-9.71 —-10.25 —324.13

3 —6.68 OOM —-6.69 —7.16 —293.58

4 -3.30 OOM —-330 —3.78 —560.80

S —12.07r OOM -12.10 -13.29 —750.69

DNNxn(K) (written as NN in Table 4.1), DN Nzyp(K) (ZVP), and DN Npp(K)
(BD) was measured. For reference, we also solved the problem (4.16) itself (MIS-
OCP), as well as the relaxation problem with the positive semidefinite cone (SDP).
To improve numerical stability, 0.0051 was added to the coefficient matrix C' in the
standard form (4.17) when we solved the semidefinite programming relaxation prob-
lems. We solved a BD-type generalized doubly nonnegative programming problem as
a semi-infinite conic programming problem by adopting an algorithm based on the ex-
plicit exchange method [86]. See Appendix A for the algorithm. We used the YALMIP
modeling language and the MOSEK solver to solve the optimization problems.

Table 4.1 lists the optimal values of the problem (4.16) and its generalized doubly
nonnegative programming and semidefinite programming relaxation problems, where
“OOM” means that we could not solve the problem because of insufficient memory.

It may be observed from Table 4.1 that the optimal values of the generalized doubly
nonnegative programming relaxation problems were much better than those of the
semidefinite programming relaxation problems and were close to those of the original
problems. This implies that generalized doubly nonnegative programming relaxation
for generalized completely positive programming provides much tighter bounds than
semidefinite programming relaxation. In particular, the NN- and ZVP-type generalized
doubly nonnegative programming relaxations provided nearly optimal values for the
original problems. These results are consistent with those of Section 3.5.1, in which
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Figure 4.1: Inclusion relationship between ZVP-, NN-, and BD-type generalized doubly
nonnegative cones (including Conjecture 4.24).

we approximated the generalized copositive cone with the dual cone of the NN- and
ZVP-type generalized doubly nonnegative cones, i.e., Znno(K) and Zzyp o(K).

ZVP-type generalized doubly nonnegative programming relaxation exhibited better
numerical properties than BD-type generalized doubly nonnegative programming re-
laxation. As illustrated in Examples 4.16 and 4.17, the inclusion relationship between
ZVP- and BD-type generalized doubly nonnegative cones does not hold. However, the
optimal values of the ZVP-type generalized doubly nonnegative programming relax-
ation problems are better than those of the BD-type problems in most cases, especially
when n > 30.

Given the theoretical inclusion relationship between NN- and ZVP-type generalized
doubly nonnegative cones shown in Theorem 4.15 and the superior numerical perfor-
mance of the ZVP-type generalized doubly nonnegative cone compared to the BD-type
cone, it is reasonable to conjecture that the NN-type cone provides numerically tighter
relaxation than the BD-type. It may be observed from Table 4.1 that the optimal val-
ues of the NN-type generalized doubly nonnegative programming relaxation problems
were always not worse than those of the BD-type problems. Of note, the theoreti-
cal inclusion relationship between NN- and BD-type generalized doubly nonnegative
cones remains unknown. We therefore presume that the NN-type generalized doubly
nonnegative cone is included in the BD-type generalized doubly nonnegative cone.

Conjecture 4.24. If K is a direct product of a nonnegative orthant and second-order

cones, DN'Nxx(K) C DN Npp(K) holds.

Note that this conjecture is true where K is a second-order cone by Proposition 4.18.
Thus far, we have demonstrated the inclusion relationship between the three generalized
doubly nonnegative cones in Theorem 4.15, Examples 4.16, 4.17, and Conjecture 4.24.
These results are illustrated in Figure 4.1.

We have observed that the NN-type generalized doubly nonnegative cone provided
the tightest relaxation of the three generalized doubly nonnegative cones from both
theoretical and numerical perspectives. However, we could not compute the NN-type
generalized doubly nonnegative programming relaxation problems in the case of n > 10
due to insufficient memory.> We suspect that one of the reasons is that the NN-type

3We tried to solve the NN-type generalized doubly nonnegative programming relaxation problems
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generalized doubly nonnegative cone is described by the positive semidefiniteness of
the matrix M(y). The NN-type generalized doubly nonnegative programming re-
laxation problem of problem (4.17) includes a positive semidefinite constraint of size
O(n?), whereas the ZVP-type generalized doubly nonnegative programming relaxation
problem includes a positive semidefinite constraint of only size O(n).

4.4.2 Max-cut problem

Let G = (V,E) be an undirected graph with nonnegative weights (w;;);jer, where
V = {1,...,n} is a set of vertices, and £ C {{i,j} | 1 <i < j < n}is a set of
edges. We write ij for {i,j} € E. The max-cut problem, a well-known NP-hard
problem [60], aims to find a subset S C V' that maximizes the sum of weights on edges
connecting S and V'\ S. For notational convenience, for 1 < i < j <n with ij ¢ FE, we
define w;; := 0. Then, the max-cut problem can be formulated as the following binary
quadratic programming problem:

S RN
maximize ZZwij(l—xixj)

(4.18)

ij=1

subject to 27 =1(i=1,...,n).
Introducing a matrix variable X = xx', up to a constant term and the sign of the
optimal value, (4.18) is equivalent to a semidefinite programming problem with the
rank constraint rank(X) < 1. Furthermore, by Corollary 2.17, we can equivalently
transform the rank-constrained semidefinite programming problem into a generalized
completely positive programming problem in the form of (4.17) with m = n? + 3n + 4
and K = Ry x svec(ST)®. As in Section 4.4.1, to solve the problem obtained, we
relax the generalized completely positive programming problem with each generalized
doubly nonnegative cone and compare the results.

Instances of problem (4.18) were created as follows. The number n of vertices was
changed between 3 and 5.* For each 1 < i < j < n, we independently generated an
edge 75 with probability % All elements of (w;;);jep were independent and identically
distributed, and each followed the uniform distribution on the interval (0, 1). For each
n, we generated five instances by varying the randomness of E and (w;;);jep. For each
instance, the optimal value of the relaxation problem with DN AN (K) (written as
NN in Table 4.2), DN Nzvp(K) (ZVP), and DN Npp(K) (BD) was measured. For
reference, we also solved problem (4.18) (MC) and the associated relaxation problems
with the positive semidefinite cone S’"*! (SDP). Note that the semidefinite program-
ming relaxation problem addressed here is distinct from the one utilized in presenting
a 0.878-approximation algorithm demonstrated by Goemans and Williamson [41] for

on another computer with 64 GB of memory, but the same issue persisted.

4Comparing the three generalized doubly nonnegative cones for larger n generated numerical issues.
For n = 10, the computational time for solving BD-type generalized doubly nonnegative programming
relaxation problems exceeded 14400 s, and due to insufficient memory, we were unable to solve NN-type
generalized doubly nonnegative programming relaxation problems.
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Table 4.2: Optimal values of problem (4.18) and its associated generalized doubly
nonnegative programming and semidefinite programming relaxation problems.

Optimal value
MC NN 7ZVvP BD SDP
0.81 081 0.81 0.81 13.58
033 033 033 033 2.89
1.00 1.00 1.00 1.00 15.14
1.19 1.19 1.19 1.19 2541
0.87 0.87 0.87 0.87 19.38
2.10 OOM 2.10 2.10 36.55
1.81 OOM 2.24 1.81 26.67
3.04 OOM 3.32 3.04 45.36
4.0 OOM 4.30 4.05 91.34
1.94 OOM 2.13 1.94 35.26

S
Z,
o

(@3]
U B W N~ O W N e

the max-cut problem. To improve numerical stability, 0.0051 was added to the coef-
ficient matrix C' in the standard form (4.17) when solving semidefinite programming
relaxation problems. As in Section 4.4.1, the BD-type generalized doubly nonnegative
programming problem was solved by the algorithm shown in Appendix A. To solve
NN-, ZVP-, and BD-type generalized doubly nonnegative programming and semidefi-
nite programming relaxation problems, we used the YALMIP modeling language and
the MOSEK solver. To solve (4.18), we used the Gurobi solver [49] (version 10.0.3).

Table 4.2 lists the optimal values of problem (4.18) and the accompanying gen-
eralized doubly nonnegative programming and semidefinite programming relaxation
problems, where “OOM” means that we could not solve the problem because of insuf-
ficient memory.

Generalized doubly nonnegative programming relaxation for generalized completely
positive programming provided significantly tighter bounds than semidefinite program-
ming relaxation, a finding that aligns with the results presented in Section 4.4.1. How-
ever, unlike Section 4.4.1, the ZVP-type generalized doubly nonnegative cone provided
worse relaxation than the BD-type cone. This might be because the semialgebraic rep-
resentation (4.11) of svec(S") involves polynomials of degree exceeding 2 when n > 3;
whereas the semialgebraic representation (4.5) of a direct product of a nonnegative
orthant and second-order cones only involves polynomials of degree at most 2. As
mentioned in Section 4.2.1, polynomials of degree exceeding 2 appearing in a semi-
algebraic representation of K do not contribute to the construction of DNN zyp(K).
Therefore, we can assume that the more the polynomials of degree exceeding 2, the
looser the ZVP-type generalized doubly nonnegative programming relaxation.
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Chapter 5

Length of the Longest Chain of Faces and
Distance to Polyhedrality of the
Completely Positive and Copositive Cones

5.1 Introduction

In this chapter, we focus on the length ¢, of the longest chain of faces and the distance
lpoiy (IC) to polyhedrality for several matrix cones KC related to the standard completely
positive and copositive cones. We prove that for any closed convex cone K with CP" C
K C DNN™, Uk equals T, + 1 and if n > 2, £,0,(K) equals T, — 2, which are the worst
cases possible for these lengths (Corollary 5.3). The same holds for the dual cone, i.e.,
any closed convex cone K with SPAN™ C K C COP" (Corollary 5.8).

The cones K for which the above results hold are not limited to the completely pos-
itive, doubly nonnegative, SPN, and copositive cones: for example, the closure of the
completely positive semidefinite cone [17, 66] and Parrilo’s inner-approximation hierar-
chy (2.23). Moreover, the result of length ¢ holds for a wider class of K, specifically
for any closed convex cone sandwiched between the nonnegative diagonally dominant
cone DD"} and the nonnegative cone N (Proposition 5.2), or between the nonnegative
cone N and the dual (SDD')* of the nonnegative scaled diagonally dominant cone
(Proposition 5.7).

We construct a chain of faces by specifying the pattern of zeros of the elements of
the matrices belonging to each face to prove our main results. The idea is inspired by
the work of Lourengo, Muramatsu, and Tsuchiya [73], but we use a different order in
which the elements are restricted to zero. To compute the distance to polyhedrality, it
is necessary to construct a chain of faces such that as few polyhedral cones as possible
appear (see Remark 5.4).

The rest of this chapter consists of two sections. In Section 5.2, we present a result
concerning the completely positive cone, while in Section 5.3, we demonstrate a result
about the copositive cone.

Throughout this chapter, we use the following notation. Let Z be a subset of
{(2,5) | 4,7 =1,...,n}. Then, we define K[Z] .= {A € K| A;; =0 for all (4,5) € Z}.
We also define E[Z] € S™ as the matrix with the (i, 7)th and (j,4)th elements 0 for
each (i,7) € Z and 1 for all other elements, which appears only in Section 5.3. Recall
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that the value @ is denoted by T;,.

5.2 The Completely Positive Side

Fori=1,...,nand j =14,...,n, let

i—1 n n

7, = J ULk 0y u 60}

k=11=Fk I=j
Here, Z;; and Z;; are used interchangeably. For convenience, we let Zyy = (0 and
Zint1 =Zi—1,-1 fori=1,...,n. Under this notation, for: =1,...,nand j =14,...,n,
we have

Lij = Lij+1 V{0, 5)}- (5.1)

In addition, we define E;; = (e; + €;)(e; +¢e;) fori,j=1,...,n.

Lemma 5.1. Let K C S" be a closed convex cone with K C N™. Fori=1,...,n and
Jj=1,...,n, the set K[Z;] is a face of K.

Proof. It can be observed that K[Z;;] is a convex subcone in K. Let A,B € K.
Note that all the elements of A and B are nonnegative because £ C N™. Now, we
assume that A + B € K[Z;;]. Then, for each (k,1) € Z;;, we have Ay + By = 0.
By the nonnegativity of A and B, Ay and By, must be zero. Therefore, we obtain
A B¢€e ’C[I”] O

Proposition 5.2. For any closed convex cone K C S" with DD’ C K C N, the
following inclusions hold:

=
/

K[Inn] g ,C[In—l,n—l] g K[In—l,n] - IC[In—Q,n—2] c .-
——

1 face 2 f‘a,ces
G KlZon) G K[Zn] & -+ © K[Tina] G KTl & KlZoo] = K. (5.2)

In particular, we have b =T, + 1.
Figure 5.1 illustrates the chain (5.2) with n = 3.

Proof. For each i =1,...,n and j =1,...,n, (5.1) implies that K[Z;;] C K[Z; j4+1]. In
what follows, we prove E;; € K[Z; j+1] \ K[Z;;] to show the strictness of this inclusion.
Refer to Figure 5.2 for a better understanding of the following proof. We have E;; €
DD’} C K and only the (i,4)th, (j,7)th, (4,7)th, and (j,7)th elements of E;; are
nonzero. Therefore, for 7 € {Z; j+1,Z;;}, the matrix E;; belongs to K[Z] if and only if
all the tuples (7,1), (j, ), and (4, j) do not belong to Z. On the one hand, by definition,
E;; € K[Z; j+1]. On the other hand, as (i,j) € Z;;, we have E;; & K[Z;;].

By K C N and Lemma 5.1, each set in the sequence (5.2) is a face of K. Because
this chain comprises (7, + 1) faces of K, we have fx > T,, + 1. Combining this with
Lemma 2.3 yields ¢ =T, + 1. O
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x|k | x| = |*x|x|x| = |[0o|x]|*x]| — * | *
* | x| % 0 * | = 0 * | * 0 * | x*
K[Zoo] K[Zy3) K1) K[Zn]
01010 0]01]0 01010
— O*x|0 — 0]01]0 — 010160
0| * 010/ 01010
K[ Zo3) K[Z2) K[Zs3)

Figure 5.1: The chain (5.2) of faces of IC. For each matrix belonging to each face K[Z;;],
the elements corresponding to the symbol 0 must be zero, and those corresponding to
the symbol * can be nonzero.

1 i Jj Jj+1 1 i J J+1
1 0 0 0 0 0 0 1 0 0 0 0 0 0
ojlololo|olo olololo]olo
i 0 0 * * * 0 7 0 0 * * 0 0
0 0 * * * * 0 0 * * * *
J 0 0 * * * * j 0 0 0 % . %
JHL 0 | 0| 0| * | x| % jH+1l 0o o] 0| x| x| %

K[Zi ] K[Z]

Figure 5.2: Ilustration of E;; € K[Z; j+1] \ K[Z;;] in the proof of Proposition 5.2. For
each matrix belonging to a face K[Z; ;11| or K[Z;;], the elements corresponding to the
symbol 0 must be zero, and those corresponding to the symbol % can be nonzero. In
addition, the grids where nonzero elements of the matrix E;; exist are presented in
gray. On the one hand, because all the “0” grids in K[Z; j41] are not gray, we have
E;; € K[Z; j+1]. On the other hand, as some of the “0” grids in KC[Z;;] are gray, we have
E; ¢ K[ZL;).

Corollary 5.3. For any closed convex cone K C S™ with CP™ C K C DNN™, we have
le=T,+1 and
0 (n=1),

T,—2 (n>2) (5:3)

gpoly (IC) = {

Proof. 1t follows from (2.14) and Proposition 5.2 that ¢x = T,, + 1 with the longest
chain (5.2). In what follows, we prove (5.3). Because the case of n = 1 follows from (i) of
Lemma 2.4, we only consider the case where n > 2. The inclusion CP" C K C DNN™

87



implies that
Cpn[Ian,nfﬂ g ]C[Inf2,n72] g DNN”[Inflan} (54)

From Lemma 2.13, both of the first and third sets of (5.4) are equal to

o %)<=

Therefore, the face K[Z, 2, 2] equals (5.5), which is not polyhedral since CP? has
infinitely many extreme rays [111, Remark 3.26]. Given the fact that each face of a
polyhedral cone is also polyhedral [106, page 172], all the (7}, — 2) faces K[Z,,—2n—2]

- € K in the chain (5.2) are not polyhedral. Thus, we have £, (KC) > T, — 2.
Combining this with (ii) of Lemma 2.4 yields the desired result. O

Ac CP2} : (5.5)

Remark 5.4. Lourengo, Muramatsu, and Tsuchiya [73] have provided a chain of faces
of DNN™ with length T,, + 1. The chain is constructed by restricting first the @
nondiagonal elements and then the n diagonal elements to zero. However, because
of the existence of a polyhedral face of dimension n, the chain does not lead to

looty(DNN™) =T, — 2 when n > 3.

5.3 The Copositive Side

Fori=1,...,nand j =14,...,n, let

i—1 n J

Fis = J ULk DY U LG D}

k=11=k I=i
Here, J;; and J;; are used interchangeably. For convenience, we let Jo, = () and
Jii—1 = Ji—1, for i =1,...,n. Under this notation, fori =1,...,nand j =14,...,n,
we have

Jij = Jij—1 U{(i,5)}- (5.6)

Lemma 5.5. Let L C S" be a closed convex cone with I C (SDD'})*. Fori=1,...,n
and j =1,...,n, the set K[Ji;] is a face of K.

Proof. 1t can be observed that KC[J;;] is a convex subcone in K. Let A, B € K. Note
that A and B also belong to (SDD"})*. Now, we assume that A + B € K[J;;]. Then,
for each k =1,...,1, as (k, k) € J;;, we observe that Ay, + By, = 0. Because Ay, and
By are nonnegative (see (i) of Lemma 2.12), they must be zero. This implies that for
each (k,l) € J;;, Aw and By, are nonnegative (see (ii) of Lemma 2.12). Combining
this with Ay + By = 0, we observe that Ay and By, are also zero. Thus, we obtain
A B e K[%g] ]

Remark 5.6. Lemma 5.5 does not hold for IC = (DD'})*. For example, let

1 0 -1
2 ,B=|-1 2
o o

0
A=11
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* | ok | ok 0 * | * 00| =* 010
xlx x| = |xl*x|*x| = |0]x|x| — * | *
- x| x| % x| x| 0= |=*
K[ T3] K] K[T)] K[ T3]
01010 0]01]0 01010
— 00| x* — 0]01]0 — 01010
* |k 010/ 01010
K[T22) K[ Jo3] K[ Ts3]

Figure 5.3: The chain (5.7) of faces of K. For each matrix belonging to each face K[J;;],
the elements corresponding to the symbol 0 must be zero, and those corresponding to
the symbol * can be nonzero.

Then, it can be observed from (2.12) that A, B € (DD')*. On the one hand, as

0 0
A+B=[0 4 e (DD")*
o

and Ayy + Bi1 = A1z + Bip = 0, it follows that A + B € (DD} )*[J12). On the other
hand, A, B ¢ (DD")*[J1a] since Az, B1y # 0. Thus, (DD} )*[J12] is not a face of
(DD

Proposition 5.7. For any closed convex cone IC C S™ with N™* C K C (SDDY)*, the
following inclusions hold:

K:[jnn] g Ic[jnfl,n] g ]C[jnfl,nfl] g Ic[jnfln] g e

17 2 fo
C K[T2] € K[Jn] € -+ € K[Jh2) € K[Tu] € K[Ton] =K. (5.7)
n]?arces

In particular, we have lx =T, + 1.
Figure 5.3 illustrates the chain (5.7) with n = 3.

Proof. For each i = 1,...,n and j = i,...,n, (5.6) implies that K[J;;] C K[T; -]
In what follows, we prove E[J; ;1] € K[J;j-1] \ K[J;;] to show the strictness of this
inclusion. Refer to Figure 5.4 for a better understanding of the following proof. Because
E[J: ;1] € N* C K, it suffices to check whether or not the (k,)th element of the
matrix E[J; j_1] is zero for each (k, ) belonging to J € {J; ;—1, Ji;;}. On the one hand,
as the (k,[)th element of E[J; ;1] is zero for all (k,l) € J;;—1, we have E[J; ;1] €
K[J:j-1]. On the other hand, as (i,j) € Ji; and the (4, j)th element of E[J; ;1] is
one, we have E[J; ;_1| & K[Ji;]-

By K C (SDD'})* and Lemma 5.5, each set in the sequence (5.7) is a face of K.
Because this chain is composed of (7;, + 1) faces of K, we have {x = T,, + 1. O
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1 0o|0]0|0|O0]|O 1 ojo0ojo0o]0]O0]|O
0| 0|00} O0]|O ojojojo0o]O0]|oO
1 0 0 0 0 * * 7 0 0 0 0 0 *
J=1] 0| 0] 0 [ * G (s J=1]1 0 | 0] 0| x| % | *
j 0 0 * * * * ki 0 0 0 & A a8
0 0 * * * * 0 0 * * £3 &3

K[ T j-1] K[J:5]

Figure 5.4: Ilustration of E[J; ;—1] € K[J;;-1] \ K[J;;] in the proof of Proposition 5.7.
For each matrix belonging to a face K[J; j_1] or K[J;;], the elements corresponding to
the symbol 0 must be zero, and those corresponding to the symbol % can be nonzero. In
addition, the grids where nonzero elements of the matrix E[J; j_1] exist are presented
in gray. On the one hand, as all the “0” grids in K[J; ;1] are not gray, we have
EJ; ;-1] € K[Jij-1]. On the other hand, as some of the “0” grids in K[J;;] are gray,
we have E[J; ;1] € K[J:;].

Corollary 5.8. For any closed conver cone K C S" with SPN™ C K C COP", we
have Ui =T, + 1 and

0 (n=1),

T,—2 (n>2). (5:8)

gpoly (’C) = {

Proof. 1t follows from (2.15) and Proposition 5.7 that ¢, = T,, + 1 with the longest
chain (5.7). In what follows, we prove (5.8). Since the case n = 1 follows from (i) of
Lemma 2.4, we only consider the case of n > 2. The inclusion SPN" C K C COP"
implies that

SPN"[Tn-2n] € K[Tn-21] € COP"[Trr—2,n]. (5.9)
From Lemma 2.13, both the first and third sets of (5.9) are equal to

O O n
o 3)<s
Therefore, the face K[J,_2.,] equals (5.10), which is not polyhedral as COP? has in-

finitely many extreme rays [111, Theorem 2.29]. Therefore, we obtain (., (K) =
T, — 2. O

Ac COPQ} : (5.10)

Remark 5.9. The order in which the elements of a matrix are restricted to zero is
essential for obtaining the longest chain of faces. Let us consider what would happen
if we used Z;;, defined in Section 5.2, instead of J;; in the discussion of this section.

Then, for a closed convex cone K with SPAN™ C I C COP", the set K[Z;;] is not
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necessarily a face of K. For example, consider the set IC[Zy,]. Let

1 -1 1 1
A= (0] , B = 0] eSS} CK.
-1 1 1 1
On the one hand, since
2 0
A+ B = o ek
0 2

and Ay, + By, = 0, it follows that A+ B € K[Z;,]. On the other hand, A, B ¢ K[Z;,,]
since Ay, By, # 0. Thus, K[Zy,] is not a face of K.

Conversely, for a closed convex cone K with CP" C K C DNN™ and the set J;;,
K[Ji;] is indeed a face of K. However, for each i = 1,...,n, all the inclusions in
K[Tin] € -+ C K[Ji] hold with equality. This is because for any A € DNN™, A; =0
implies that A;; = 0 for all j = 1,...,n. Therefore, if we use J;; instead of Z;; in the
discussion of Section 5.2, we cannot obtain a chain of faces of K with length 7}, + 1.

91



Chapter 6

Non-facial Exposedness of Copositive
Cones over Symmetric Cones

6.1 Introduction

In this chapter, we investigate the facial structure, and in particular, the facial exposed-
ness of copositive cones over symmetric cones. Specifically, under the assumption that
the symmetric cone K has a dimension greater than or equal to 2, for any ¢ generating
an extreme ray of K, the rank-1 tensor ¢®? generates a non-exposed extreme ray of
the copositive cone over K. In particular, the copositive cone over such a symmetric
cone is never facially exposed. Our result extends the known fact that the standard
copositive cone COP" of order n > 2 has non-exposed extreme rays generated by the
matrix e;e] for each i = 1,...,n [24, Theorem 4.4]. We remark, however, that our
proof will not be a straightforward extension of its proof.

The rest of this chapter is organized as follows. In Section 6.2, we supplement the
notation and some basic properties of linear mappings. In Section 6.3, we provide a
non-exposed extreme ray of copositive cones over symmetric cones.

6.2 Preliminaries on Linear Mappings

For a linear mapping f from a finite-dimensional real inner product space to another
one, we denote by f* its adjoint. For two functions f and g, we write f o g for the
composition of f and g. Note that the product of Jordan algebras is also denoted by
the symbol o. Throughout this section, let (V,e) be a finite-dimensional real inner
product space with an orthogonal direct sum decomposition

V= évl. (6.1)

Foreach i =1,... kK, let Py,: V =V, be the orthogonal projection onto V,, i.e.,:

k k
PV&EBVZ — Vi;le — T
=1 =1
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The adjoint Py :V; — V is the inclusion mapping. For A € S(V) and for each
i,j =1,...,k, we define A;; := Py, o Aly,, which is a linear mapping from V; to V;.

The following two lemmas justify the notation A;; for a self-adjoint linear trans-
formation A.

Lemma 6.1. Let A € S(V). For each i,j = 1,....k, A;; agrees with the adjoint
(Aji)"

Proof. Let z; € V; and z; € V; be arbitrary. To prove this lemma, it is sufficient to
show that both z;  A; ;(z;) and x; ® (A;;)*(z;) agree with z; ® A(x;).
First, we have

zi o A j(z;) = i @ Py, (A(x;)) = Py, (2;) ® A(z;) = x; 0 A(x;). (6.2)
Second, we have

ZT;® (Aj’z)*(l’j> =xI;e A]ﬂ(l’l) =ZI;e A(Iz) =XT; e A(l’j),

*

where we use the symmetry of the inner product and the definition of the adjoint (A;;)
to derive the first equality, the second equality follows for the same reason as in (6.2),
and the third equality holds because of the self-adjointness of A and the symmetry of
the inner product. This completes the proof. Il

Lemma 6.2. Let A € S(V). For each x € V, we decompose x into Sy, ; corre-
sponding to the decomposition (6.1). Then, it follows that

k
€T e A(.Z‘) = Zl’z L] Az,z(«rz) + 2 Z xTr; ® .Ai,j(xj).
=1

1<i<j<k

Proof. Since A(z) = Zle Alv,(z;), we have

reA(x) =Y zieAly,(z))

4,j=1

- Z Py (z;) @ Alv, ()

ij=1

= Z XT;® (PV, ° A’Vj)(xj>

ij=1

k
= w0 Aij())

ij=1

= Zl'z o Aii(zi) + Z z; o A j(x;) + Z i ® A; (). (6.3)

1<i<j<k 1<j<i<k
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The third term in (6.3) is equal to
doompe (A @)= Y wpeA(r) = Y e Az, (6.4)
1<j<i<k 1<j<i<k 1<i<j<k

where the first equality follows from Lemma 6.1. Since (6.4) agrees with the second
term in (6.3), we obtain the desired result. O

Lemma 6.2 implies that for each A € S(V) and for each i,j = 1,...,k, A;; can
be regarded as the “(7,7)th element” of A when an orthogonal direct sum decom-
position (6.1) is fixed. Therefore, we may write a self-adjoint linear transformation
A € §(V) in the following matrix-like form:

Aig Aig o Ay
Aj o
A e

where the strictly lower triangular portion of A can be omitted because of its self-
adjointness. For a subset S in S(Vy), we define

(0} &S :={P; o AoPy, | A S} C S(V). (6.5)

Using the matrix-like notation, we can write the set (6.5) as

0 () 0
- AeS

0 0

A

6.3 Main Result

Lemma 6.3. Let (E,o0,e) be a Fuclidean Jordan algebra. For an idempotent ¢ € E,
consider the Peirce decomposition (2.5) with respect to c. Then, {0} @ COP(E(c, 1)4)
is a face of COP(E,).

Proof. Since COP(E(c,1),) is a convex cone, so is {0} ® COP(E(c, 1), ). To prove the
inclusion, let A € {0} & COP(E(c,1)4). Then, there exists G € COP(E(c, 1), ) such
that A = Pﬁ(c,n 0G o Pg(e1). For any x € E,, we decompose it into x = x¢ + 1, where
zo € E(c, 1)t and z; € E(c, 1). It follows from [72, Proposition 32.i] that x; € E(c,1),.
Combining it with G € COP(E(c, 1)) yields

v e Alr) = o (Pga) © G o Prey) (@)

=T @ g(h)
>0,

94



which implies that A € COP(E.). Therefore, {0} COP(E(c, 1)) is a convex subcone
of COP(E,).

Let r be the rank of the Euclidean Jordan algebra E. We decompose the idempotent
c into the sum of orthogonal primitive idempotents c,,...,c,. We can find ¢i,...,¢p—1
such that cy,..., ¢, is a Jordan frame of E.! Consider the Peirce decomposition (2.7)
with respect to the Jordan frame. We note that ¢,,...,c, is a Jordan frame of the
algebra E(c, 1), so we have

E(c,1)= @ Ey, (6.6)
pi<j<r

which follows from (2.7) applied to E(c, 1). Let < be the lexicographical order, whence
the elements in the set {(i,7) | 1 < i < j < r} are ordered as (1,1) < (1,2) < --- <
(1I,7) <(2,2) < --- < (r,r). For simplicity, when there is no danger of confusion, we
write ij for (4, 7). In accordance with the orthogonal decomposition (2.7), for A € S(E),
we use the following matrix-like notation:

A = (Aijm)i<i<j<r.

1<k<I<r

7=kl

Recall that A;ju = P, o Alg,, is the (ij, kl)th element of A.
For A,B € COP(E. ), we suppose that A+ B € {0} & COP(E(c, 1)1). Then, there
exists G € COP(E(c, 1)4) such that

./4 + B = P]E(c,l) o} g 9] PIE(CJ). (67)
We see that Pg(1) o Alg(,1) belongs to COP(E(c,1);). Indeed, let € E(c, 1), be

arbitrary. Then, we have

(a)
0< zeA) Y Py (@) o Algien)(@) = o 0 (Prer) 0 Alsen) (@),

where (a) holds because x € E(c,1), C E, and A € COP(E,) and (b) follows from
r € E(c,1). In addition, Pg(.1) © A|g(,1) is the “principal submatrix” of A obtained
by extracting the (T_pﬂéw
The same is true for B.

Thus, to prove A, B € {0} & COP(E(c, 1)), it is sufficient to show that

rows and columns indexed by (p, p), (p,p+1) ..., (r,7).

Aijri = Biju =0

for all (i,7,k,1) satisfying 1 <i<p—-1,1<i<j<r 1 <k<I<r andij <kl
See Figure 6.1 for an illustration of this proof. We also recall that A;; is a linear
mapping between Ey; and E;;, so we have the following characterization:

Aijﬂ;j =0« Zi; ® Aij,ij (.CE”) = 0 for all ZTjj c Eij; (68)
Aiqul =0<= Tij ® AijV}gl(ZEkl) = 0 for all Ti; € ]Eij and T € Ky (69)

Tts proof is almost the same as [76, Lemma 23]. To be more precise, since E(c,0) is a Euclidean
Jordan subalgebra of rank p — 1, there exist a Jordan frame ¢, ...,c,—1 of E(c,0) and real numbers

A1, ..., Ap—1 such that 0 = f;ll Aici; see (2.4). Then, ¢y, ..., ¢, is a Jordan frame of E.
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11 (1) ](2)]©2)]@2)[B)]©6)]6)3)][(6)]B)
12 (@) | (7) [ (7) ] (5) |(10)[(10)] (8) |(11)} (8)
13 (4) [ (7) [ (8)](9) |(11)] (5) |(10)| (8)
14 (4) | (8) |(11){ (9) [ (8) | (9) | (5)
22 MW [2)]@2)]B)]6)]((3)
23 (4) [ (7) | (5)|(10)| (8)
24 (4) | (8)[(9)](5)
33 S T
34 * | %
44 *

Figure 6.1: Hlustration of the proof of Lemma 6.3 in the case of r =4 and p = 3. The
cells marked (i) correspond to Case i for each i = 1,...,11. The 3 x 3 lower-right block
marked the symbol * corresponds to Pg(.1) 0 Alg(e,1) and Pr(c,1) © Blr(e)-

Moving on, a quadruple (7, j, k, ) satisfying the following three conditions
i< k<l ij =kl (6.10)

must fall into exactly one of the following eleven cases:

Case l: i=7=k=1;

Case 2: i=7=k#1,

Case 3: i=7# k=1

Cased: i =k #j =1,

Case b: i £j=k=1;

Case 6: © = j and i, k, [ are different from each other;

Case 7: i = k and i, j,1 are different from each other;

Case 8: k=1 and 1, 7, are different from each other;

Case 9: j =1 and 1, k, [ are different from each other;

Case 10: 7 = k and 1, j,1 are different from each other;

Case 11: 1, J, k,[ are different from each other.
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See Appendix B for the reasoning behind this case division. In the following discussion,
for each = € E, we write xe A(x) and zeB(z) as a(x) and f(x), respectively. Similarly,
we define

() =z (Pﬁ(c,n 0 G 0 Pg(en)) (). (6.11)
Note that by (6.7), we have

a(r) + f(x) = ~(z) (6.12)

for all z € E. Also note that a(z) and () are nonnegative for any x € E, since
A, B e COPE,).

On the one hand, since ¢; € E;, we have a(¢;), B(¢;) > 0. On the other
hand, it follows from ¢; € E(c, 1) and (6.11) that vy(¢;) = 0. Therefore, by (6.12), both
alc) = c¢; @ Ajiii(c;) and B(c;) = ¢; ® Biiii(c;) must be 0. Since E;; = Re; (see (2.6)),
we have z;; ® Aj; ;i(z;) = 0 for all z;; € E;;. In view of (6.8) and since an analogous
argument holds for B, we obtain A;; ;; = B,;i; = 0.

For any 74 € Ey and € > 0, let
w(€) = (c; + exy)® = ¢; + Ecio a5+ exy +ecoxy € By,
—_— N e
cE;; €k, cEy

where the last equality holds by (2.6) and (2.8). Then, on the one hand, using
Lemma 6.2 and considering the orthogonality among E;;, [E;, and E;;, we have

0 < ala(e)
) il Il
(1) Aua Aiuu
=x(c) ® A Aau (z(€)) (6.13)
Auu
= 2ec; ® Agian(wy) + € {xy @ Ayq(zi) + 2c; @ Ay o x3)}
+26¥{(c; 0 x2) ® Ay (i) + zip @ Aypy(cy 0 23)} + O(e?), (6.14)

where (1) appearing in (6.13) indicates that the (i7, 77)th element A;; ;; of A is 0 by the
proof of Case 1. By replacing A in (6.14) with B, we can also calculate §(z(e)), which
is greater that or equal to 0. On the other hand, recalling (2.5), (6.6), and the fact
that « < p — 1 holds by assumption, we have

e?cox?  (if I satisfies p <1 <),

0 (otherwise),

P (z(€)) = {
which implies that y(z(¢)) = O(e*). Therefore, setting x = z(€) in (6.12), dividing by
2¢, and letting € | 0, we obtain

c; @ Aii (i) + ¢ ® By u(zy) = 0.

Since a(z(€)) is nonnegative for all € > 0,

o Ay (zy) = lim ——22
c; o Ajia(zq) E1&)1 5
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is also nonnegative. Similarly, ¢; ® B;; () is nonnegative. Thus, we have
c; @ Aii (i) = ¢ ® By u(xy) = 0.

Since E; = R¢; and x;; € E; is arbitrary, we obtain Aj; 5 = B = 0 from (6.9).
For any € > 0, let z(¢) == ¢; + e¢; € E,. Then, on the one hand, from

Case 1, we have A;;;; = 0 so
0 < afz(e)) = 2ec; @ Ay ul(c) + e2c, o Apula).
On the other hand, we have

ec; (if [ satisfies p <1 <),

0  (otherwise),

Pr(eny(x(e)) = {

which implies that y(z(€)) = O(e?). Therefore, setting x = z(e€) in (6.12), dividing by
2¢, and letting € | 0, we obtain

c; o Aiu(c) =cioBiu(e) =0.

Recalling that E; = R¢; and E; = Re; hold, we obtain A;;; = Bi;;y = 0, again by
(6.9).

For any z; € E; and € > 0, let z(¢) be the same as in Case 2. Then, on
the one hand, it follows from Cases 1, 2, 3, and a computation analogous to (6.14) that

0 < a(z(e)) = ay @ Agalza) + O(€”).

On the other hand, we have y(z(¢)) = O(e*). Therefore, setting x = x(e) in (6.12),
dividing by €2, and letting € | 0, we obtain

T ® Ay (i) = x4 @ Bya(ry) = 0.

Since x;; € E; is arbitrary, we obtain A; ; = B;4 = 0, again by (6.8).
For any z; € E;; and € > 0, let
z(€) = (c; + Ewy)? + ;= ¢; + *cio vl +Eaxy+ e+ eleoa? € Ry
—_—— N —e— ——
EE“' E]Eil EE”

Then, on the one hand, we have

ic ol
L @ G
0 < a(z(e) =x(c) e (4) jﬂ’” (z(€)) = 26’z @ Aipu(c) + O(€°).

On the other hand, we have y(z(¢)) = O(e%). Therefore, setting z = x(e) in (6.12),
dividing by 2¢€®, and letting € | 0, we obtain

zi® Ayy(c) = xy 0 Byu(e) =0.

98



Since x; € E;; is arbitrary, we obtain A; ; = By = 0.
For any zy; € Ei and € > 0, let

z(€) = ci+elcy + )’ = ¢ +ecy +ecpoxs,+ ey +ecory €EL
—_~ —— T D

€E;; EELk €Ly [

Then, on the one hand, we have

0 < a(z(e))
11 kk kl ll
B Aiu 3
—2(c) o At Ak Ark (2(e))

Akl,kl Akl,ll
-All,ll
= 2€CZ~ [ ] Az‘z‘,kl(xkl) —|— O<€2).

On the other hand, we have y(z(¢)) = O(e?). Therefore, setting z = x(e) in (6.12),
dividing by 2¢, and letting € | 0, we obtain

c; @ Aiiri(zr) = ¢; @ By (1) = 0.
Since xy; € Ky, is arbitrary, we obtain A;; i = Bj; = 0.
For any z;; € E;;, vy € Ey, and € > 0, let
) 2 2
x(€) = (¢; + exij)* + (¢; + exy)
= 2¢; + €2c; 0 12 + €2¢c; 0 12 + €xys + exy +€2ciox + €2 oxd € E
— <b { ij 1 il ij il J ij l il +-
/ N~~~ N’

\ ~ v
€Ey; €E;  €Ea €E;; €Ey

Then, on the one hand, we have

0 < a(z(e))
i i il g5
nH @2 2 6 6
4) Aya (5 Ayu
=1z(c) ® (4) Air i (5) (z(e))
Ajjgi Aiju
A

= 26°z;;  Agju(za) + O(€°).

On the other hand, we have y(x(e)) = O(e*). Therefore, setting x = z(e) in (6.12),
dividing by 2¢2, and letting € | 0, we obtain

Ti; ® Aij,il(xil) =T ® Bij,iz(xil) =0.
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Since x;; € E;; and z; € E;; are arbitrary, we obtain A;;; = B = 0.

For any x;; € E;; and € > 0, let

. 2, 2 2 2 2 2 2

w(e) = (ci +exyj)" + e =ci+ecioxy+ ey +ecjomy; + e €Ky

—_—— =~ N
€E;; €E;; €E;; €Ey

Then, on the one hand, we have

0 < a(x(e))
7 1] 77 ll
1 2 6 6
—2(e) e @0 Asu | ) (6.15)

Ajjgi A
A
= 2%, @ Aijulc) + O(e').
The matrix-like notation in (6.15) is for the case j < [, but the calculation is also valid

if I < j. On the other hand, we have v(z(¢)) = O(e'). Therefore, setting z = z(e) in
(6.12), dividing by 2¢3, and letting € | 0, we obtain

zi; @ Aiju(c) = x5 @ Biju(e) = 0.

Since z;; € E;; is arbitrary, we obtain A;;; = B;;u = 0.
For any z; € Ey, x4 € Eg, and € > 0, let
: 2, 2 2
z(€) = (¢; + exy)” + € (ck + )
= ¢+ €¢o :C?l + exy + e + 2 0 mil + 2y + €2¢p 0 xil + €ec 0 x?l ck,.
—_——— N N~ N

v~

~
cE;; €k €Ekk EEyy cEy

Then, on the one hand, we have

0 < afz(e))
w il kk kl Il
1 @ 6 © 3
4 ®)  Auu ()
=1(c) @ Ak Arkrr Akku (z(e))
Apire Ak
A

= 26z © Ay () + O(eh).

On the other hand, we have y(z(¢)) = O(e*). Therefore, setting x = x(e) in (6.12),
dividing by 2€3, and letting € | 0, we obtain

Ty Ay ja(xr) =z ® B (zr) = 0.
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Since x; € E; and zy; € Ey; are arbitrary, we obtain A; 1 = By x = 0.

For any z;; € E;;, x5 € Ej, and € > 0, let

z(e) = (¢ + exij)Q + 62(0j + xﬂ)z

=c;+e¥coat 4+ exy; +eéc; + 2cioa? + 2cioat +fry+ 2 oxt €Ey.
v 7 i ) J J iJ J gl J gl
D Y —— v N\ ~ 7 v N e’
€E;; EIEij EEjj E]Ejl €Ey

Then, on the one hand, we have

0 < afz(e))
w1 77 gl ll
1 2 6 ©
4 6G) Aya ()

= z(c) ® Ajjgi Aizar Asga [ ((€)
A Ajiu
All,ll

= 2%z, @ Ajja(xy) + O(eh).

On the other hand, we have y(x(¢)) = O(e*). Therefore, setting x = z(e) in (6.12),
dividing by 2¢3, and letting € | 0, we obtain

zi; @ Ayji(zj1) = xij @ Byj () = 0.

Since z;; € E;; and zj; € Ej;; are arbitrary, we obtain A;; ; = B;; ;; = 0.

For any z;; € E;j, xp € Eyy, and € > 0, let

z(€) = (¢; + €xi;)? + € (cx + z)?

2 2 2 2 2 2 2 2 2 2
=C +€¢ox;; + €x;j + € ¢ 0oy €y + € Cp 0T+ €Ty +€7¢ 0Ty, ck,.
N e’ N~~~ N ~ N—— N’
€Ly €E;; Ej; S0 S ek

Then, on the one hand, we have

0 < afz(e)
Wi i kk kLl
H e 6 6 6
@ 6 ®  Ajm (8
— () o Aigs Agiwe - Asgre A | )

A Aregr Ak
A Ak
A

= QGBZEU L] Aij,kl(xkl) + 0(64)'
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On the other hand, we have y(z(¢)) = O(e*). Therefore, setting z = x(e) in (6.12),
dividing by 2€3, and letting € | 0, we obtain

Tij  Aijri(Tr) = Tij @ Bijr(zr) = 0.
Since z;; € E;; and xy; € Ey; are arbitrary, we obtain A;ju = Biju = 0. O

Corollary 6.4. Let K be a symmetric cone in a finite-dimensional real inner product
space B, and F be a face of K. Also, let V; == (spanF)‘ and V, := span[F, so that
E =V, @V, Then, following the definition in (6.5), {0} & COP(F) is a face of
COP(K).

Proof. Let o be a bilinear product on E such that (E, o, e) is a Euclidean Jordan algebra
and K = E,. For a face F of K, there exists an idempotent ¢ in the Euclidean Jordan
algebra E such that F = E(c, 1), and spanF = E(c, 1) [44, Theorem 3.1]. Therefore,
the claim follows from Lemma 6.3. O

Corollary 6.4 implies that the facial structure of the copositive cone over a symmet-
ric cone is never simpler than that of the underlying symmetric cone. For a symmetric
cone K, consider faces Fy, Fy of K such that Fy C ;. It follows from Corollary 6.4 that
{0} ® COP(F,), which is isomorphic to COP(Fy), is a face of COP(K). In addition,
since [Fy is also a symmetric cone on its span and Fy is a face of Fy, {0} & COP(IF,) is
a face of COP(Fy).

In general, the facial structure of the copositive cone over a symmetric cone is
much more complicated than the underlying symmetric cone. For example, while the
nonnegative orthant is polyhedral, the standard copositive cone is not even facially
exposed. The same is true for general symmetric cones. Although symmetric cones
satisfy good properties including facial exposedness?, copositive cones over symmetric
cones are not facially exposed, as shown in the following theorem.

Theorem 6.5. Let K be a symmetric cone of dimension greater than or equal to 2 in a
finite-dimensional real inner product space. Then, for any ¢ generating an extreme ray
of K, R, c®?% is a non-exposed face of COP(K). In particular, COP(K) is not facially
exposed.

Proof. 1t follows from Corollary 6.4 that {0} & COP(R.c) is a face of COP(K). In
addition, as a linear transformation, since ¢®? is a basis for S(Rc), {0} & COP(R,c¢)
is equal to R, c®?. In what follows, we show that the face R, c®? of COP(K) is not
exposed.

We assume that the face R, c®? is exposed. Then, there exists H € CP(K) such
that

R, c®? = COP(K) N {H}*. (6.16)

2In fact, symmetric cones satisfy a stronger form of facial exposedness called orthogonal projectional
exposedness, see [72, Proposition 33] and also Propositions 9 and 13 therein.
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As H € CP(K), there exist hq, ..., h; € K such that H decomposes into Zle hE%. We
see from (6.16) that ¢®? is orthogonal to H, i.e.,

k

0=(cH) = Z(co hi)?,

i=1

where the second equality is a consequence of (2.3). This implies that ce h; = 0 for all
i=1,...,k

Since the dimension of K is greater than or equal to 2 and that of R, cis 1, R,cis a
face strictly contained in K. Recalling that symmetric cones are facially exposed, there
exists a supporting hyperplane that exposes the face R ¢, i.e., there exists d € K* such
that Ryc = KN {d}*. Since R, is strictly contained in K and K is self-dual, we have
d#0and deKn{c}*.

Let A:=c®d+d® ce S(spanK). Note that

| AIE= 2lell*[ld]I*> o. (6.17)
For any = € K, we have
re Alx) =2(cex)(dex) >0,

where we use ¢, d € K and the self-duality of K to derive the inequality. Therefore, we
obtain A € COP(K). In addition, since

(AH) =2 (coh)(dohi) =0,

we see that A € COP(K) N {H}*+. Combining it with (6.16) implies that there exists
a > 0 such that A = ac®?. Therefore, we have

A= (c®d+d® c,ac®) = 2alc||*(ce d) = 0,

which contradicts (6.17). Thus, R, c®? is a non-exposed face of COP(K). O
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Epilogue
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Chapter 7

Conclusion

7.1 Summary

This thesis concerns approximations and the facial structure of completely positive and
copositive cones over symmetric cones in Parts [T and III, respectively.

In Chapter 3 of Part II, we provided approximation hierarchies for copositive cones
over symmetric cones and compared them with existing hierarchies. We provided the
three approximation hierarchies: the NN-type inner-, dP-type inner-, and Yildirim-
type outer-approximation hierarchies. The NN-type inner-approximation hierarchy
approaches copositive tensor cones over general symmetric cones and permits a sum-of-
squares representation. Although the dP- and Yildirim-type approximation hierarchies
are applicable only to copositive matrix cones over a direct product of a nonnegative
orthant and a single second-order cone, they are not affected much by the increase
in the size of the second-order cone, unlike the NN-type and existing approximation
hierarchies. Combining the proposed approximation hierarchies especially with the
ZVP-type inner-approximation hierarchy, we obtained nearly optimal values of copos-
itive programming problems when the size of the nonnegative orthant is small. At the
same time, the results of the numerical experiments posed us a question of whether the
zeroth levels of the ZVP- and NN-type inner-approximation hierarchies are identical.

In Chapter 4 of Part II, we tackled the question arising in the previous chap-
ter. We defined the dual cones of the zeroth levels of the ZVP- and NN-type inner-
approximation hierarchies as the ZVP- and NN-type generalized doubly nonnegative
cones, respectively. We compared the strength of the relaxation of them and the BD-
type generalized doubly nonnegative cone. As an underlying cone, we considered two
types of cones: a direct product of a nonnegative orthant and second-order cones and
a direct product of a nonnegative orthant and positive semidefinite cones. When the
underlying cone is a direct product of a nonnegative orthant and second-order cones, no
theoretical inclusion relationship is obtained between ZVP- and BD-type generalized
doubly nonnegative cones, but the ZVP-type cone provides better relaxation numer-
ically than BD-type cone. In contrast, when the underlying cone is a direct product
of a nonnegative orthant and positive semidefinite cones, the ZVP-type cone numer-
ically provides worse relaxation than the BD-type cone. In both cases, the NN-type
generalized doubly nonnegative cone is theoretically strictly included in the ZVP-type
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cone. The results of our numerical experiments showed that the three generalized dou-
bly nonnegative cones yielded much tighter bounds for generalized completely positive
programming than positive semidefinite cones.

In Chapter 5 of Part III, we constructed a chain of faces of length ¢ = T,, + 1 for
any closed convex cone K satisfying either DD C K C N or N™ C K C (SDD"})*.
Furthermore, for any closed convex cone K satisfying CP" C K C DNN™ or SPN™ C
IC C COP"™ with n > 2, we established that {,,(K) = T}, — 2 as well as (¢ =T, + 1,
which are the maximum possible for any closed convex cone in S™. Notably, such cones
K include not only the standard completely positive, doubly nonnegative, SPN, and
standard copositive cones but also the closure of the completely positive semidefinite
cone and some approximation hierarchies.

In Chapter 6 of Part III, we showed that the facial structure of a symmetric cone
induces that of the copositive cone over the symmetric cone injectively. However, the
exposedness of the faces of the symmetric cone is not passed on to the induced faces of
the copositive cone. Specifically, we proved that if the symmetric cone has dimension at
least 2, then for any ¢ generating an extreme ray of the symmetric cone, ¢®? generates
a non-exposed extreme ray of the copositive cone.

7.2 Future Directions

We believe that the results of this thesis help us solve completely positive and copos-
itive programming problems and understand the geometry of completely positive and
copositive cones. At the same time, however, they also bring us interesting questions
to study in the future.

7.2.1 Connection between Parts II and III

In Corollary 6.4, we provided a class of faces of copositive cones over symmetric cones.
As stated in the following proposition, by using the characterization of copositive cones
over symmetric cones shown in Theorem 3.17, we can provide another class of their
faces.

Proposition 7.1. Under the same notation as in Theorem 3.17, if F is a face of

COP"™™, then

COP"™Ey; F)= (] {AcS"E)|Alc,....,c) € F}

(c1yeeyCr)EF
is a face of COP™™(E,).

Proof. Since A(cq,...,c.) is linear with respect to A € S™™(E) for each (¢y,...,¢.) €
§, we see that COP™™(E,;F) is a convex subcone of COP™™(E,). For A,B €
COP™™(E,), we assume that

A+ B e COP"™(EL; F). (7.1)
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Let (¢1,...,¢,) € § be arbitrary. Then, it follows from (7.1) that
Alery...,c)+Ber, ... e0) = (A+ B)(eyy ... ¢) € F.

The two tensors A(cy,...,c.) and B(cy,...,¢.) belong to COP™™ since A,B €
COP™™(Ey). Given that F is a face of COP™™, we see that A(cy,...,¢,) and
B(ci,...,¢;) belong to F. As (¢,...,¢.) € § is arbitrary, we obtain A,B €
COP™™(Ey; F). O

This proposition suggests the relationship between the facial structure of copositive
cones over symmetric cones and that of the standard copositive cone. We are wondering
to what extent the facial structure of the standard copositive cone is inherited by that
of copositive cones over symmetric cones. For example, is the mapping that maps a
face F of COP™™ to the face COP™™(E,; F) of COP™™(E, ) surjective or injective?
If a face F of COP™™ is exposed, is the face COP™™(E; F) of COP™™(E,) also
exposed?

Furthermore, using the extreme rays of completely positive and copositive cones,
we can verify how exact an inner approximation for them is. Let Z be a convex
subcone of a copositive cone, for example. Then, it follows from Minkowski’s theorem
for cones [106, Corollary 18.5.2] that if Z contains every extreme ray of the copositive
cone, 7 agrees with it. We are curious about what types of extreme rays copositive
cones over symmetric cones have in addition to those provided in Theorem 6.5 and
whether they belong to inner-approximation hierarchies for the copositive cones or
not. For example, as shown in the following proposition, the extreme rays provided in
Theorem 6.5 are included in the NN-type inner-approximation hierarchy.

Proposition 7.2. Under the same notation as in Section 3.2.2, for any primitive
idempotent c in the Buclidean Jordan algebra (E,o,e), the tensor ¢®* generating an
extreme ray of COP(E,) belongs to Iﬁﬁ,o(EJr). Consequently, it belongs to If\lH\Q”(IEJF)
for all l € N.

Proof. Tt is sufficient to see that (c®? (x o x)®?) € Y™4(E). This is true because
(c®? (zox)®?) = (ce(xox))? and ce (x o x) belongs to H*(E). O

7.2.2 Other topics

Under an appropriate condition, the sequence of approximate optimal values obtained
by replacing completely positive and copositive cones with approximation hierarchies
converges to true optimal values of completely positive and copositive programming
problems [125, Theorem 2]. However, this result does not tell us how large we should
increase an approximation order [ to obtain a solution that induces an e-optimal value.
To put approximation hierarchies into practical use, it is necessary to investigate how
fast the gap between a true optimal value and its approximated value converges to zero
as the approximation order [ increases. When the underlying cones are nonnegative
orthants, some studies discuss the relationship between the approximation order and
the residual [3, 7, 21, 22, 109, 121].
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The theoretical inclusion relationship between the BD-type and other generalized
doubly nonnegative cones is of interest when the underlying cone K involves positive
semidefinite cones. In addition, the case of K being neither a direct product of a non-
negative orthant and second-order cones nor a direct product of a nonnegative orthant
and positive semidefinite cones is also intriguing. Seemingly, these are more challenging
tasks than the cases we treated in Section 4.3 for several reasons. First, as exemplified
in Example 4.4, the zeroth level of the ZVP-type inner-approximation hierarchy is not
necessarily closed in general. This would preclude us from investigating the strict inclu-
sion relationship between ZVP- and NN-type generalized doubly nonnegative cones in
the same way as in Section 4.3. Second, although we can characterize NN-type general-
ized doubly nonnegative cones over general symmetric cones in the same way as (4.7),
the characterization needs a closure operator in general. Third, when the underlying
cone involves a matrix cone such as a positive semidefinite cone, the vectorization of a
matrix and matrization of a vector are required to deal with the BD-type generalized
doubly nonnegative cone. Consider the case where the underlying cone is the positive
semidefinite cone svec(S'}). In this scenario, a symmetric matrix X € S™ belongs to
DN Ngp(svec(S?)) only if smat(X svec(vv')) € St for all v € S*~1.! This condition
appears to be much more difficult to verify theoretically than the discussion conducted
in Section 4.3.1.

As introduced in Section 1.1.2, using the length of the longest chain of faces and the
distance to polyhedrality, we can provide upper bounds for the Carathéodory number
and singularity degree. However, the results of this thesis imply that the upper bounds
are not exact in general. It is known that the Carathéodory number p,, of the standard
completely positive cone CP" satisfies p, = n if n < 4 [6, Section 3.1] and p, < T, — 4
if n > 5 [112, Corollary 5.2]. When n > 2, it is strictly smaller than its upper bound
leprn — 1 =T,,. Furthermore, the singularity degree of conic linear feasibility problems
over DN N™ does not exceed n [73, Corollary 20]. When n > 3, it is strictly smaller
than its upper bound £p01, (DNN™)+1 = T,,— 1. On the other hand, the upper bounds
may also be (nearly) exact. In the case of positive semidefinite cones, the Carathéodory
number of the positive semidefinite cone 7 agrees with its upper bound ls» —1 =n [59,
Section 5.3|, and the maximum singularity degree of conic linear feasibility problems
over S" is smaller than its upper bound lpe1, (S") + 1 = n only by 1 [73, page 2315]. It
is an open problem to determine how tight the upper bounds for these quantities are
for other cones.

In Chapter 6, we proved that COP(K) is not facially exposed for any symmetric cone
K of dimension at least 2. However, the situation for CP(K), the dual of COP(K), is
significantly less clear. Zhang [123, Theorem 3.4] showed that the standard completely
positive cone CP" is not facially exposed for n > 5. Surprisingly, if K is a single
second-order cone, then CP(K) is facially exposed. This is because it can be expressed
as the intersection of a positive semidefinite cone and a half-space, see (4.10), and the
intersection of facially exposed cones is facially exposed. However, if K is a positive
semidefinite cone, whether CP(K) is facially exposed or not seems to be unknown and

L Any extreme ray of S% is generated by the matrix vv ! for some v € S~ 1. Conversely, for every
v € S"71, the matrix vv ' generates an extreme ray of St
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it would be an interesting question to explore.

109



Bibliography

1]

[10]

A.A. Ahmadi and A. Majumdar. DSOS and SDSOS optimization: more tractable
alternatives to sum of squares and semidefinite optimization. SIAM J. Appl.
Algebra Geom., 3(2):193-230, 2019. doi:10.1137/18M118935X.

A.A. Ahmadi, A. Olshevsky, P.A. Parrilo, and J.N. Tsitsiklis. NP-hardness of
deciding convexity of quartic polynomials and related problems. Math. Program.,
137(1-2):453-476, 2013. doi:10.1007/s10107-011-0499-2.

F. Ahmed, M. Diir, and G. Still. Copositive programming via semi-infinite
optimization. J. Optim. Theory Appl., 159(2):322-340, 2013. doi:10.1007/
s10957-013-0344-2.

L. Bai, J.E. Mitchell, and J.-S. Pang. On conic QPCCs, conic QCQPs and
completely positive programs. Math. Program., 159(1-2):109-136, 2016. doi:
10.1007/s10107-015-0951-9.

A. Ben-Tal and A. Nemirovski. Lectures on Modern Convex Optimization: Analy-
sis, Algorithms, and Engineering Applications. Society for Industrial and Applied
Mathematics, Philadelphia, PA, 2001. doi:10.1137/1.9780898718829.

A. Berman and N. Shaked-Monderer. Completely Positive Matrices. World Sci-
entific, Singapore, 2003. doi:10.1142/5273.

.M. Bomze and E. de Klerk. Solving standard quadratic optimization problems
via linear, semidefinite and copositive programming. J. Glob. Optim., 24(2):163~
185, 2002. doi:10.1023/A:1020209017701.

.M. Bomze, M. Diir, E. de Klerk, C. Roos, A.J. Quist, and T. Terlaky. On
copositive programming and standard quadratic optimization problems. J. Glob.
Opﬁnk,18(4)3017320,2000.doi:10.1023/A:1026583532263.

[LM. Bomze and M. Gabl. Optimization under uncertainty and risk: quadratic
and copositive approaches. FEur. J. Oper. Res., 310(2):449-476, 2023. doi:
10.1016/j.ejor.2022.11.020.

J. Borwein and H. Wolkowicz. Regularizing the abstract convex program. .J.
Math. Anal. Appl., 83(2):495-530, 1981. doi:10.1016/0022-247X(81)90138-4.

110


https://doi.org/10.1137/18M118935X
https://doi.org/10.1007/s10107-011-0499-2
https://doi.org/10.1007/s10957-013-0344-2
https://doi.org/10.1007/s10957-013-0344-2
https://doi.org/10.1007/s10107-015-0951-9
https://doi.org/10.1007/s10107-015-0951-9
https://doi.org/10.1137/1.9780898718829
https://doi.org/10.1142/5273
https://doi.org/10.1023/A:1020209017701
https://doi.org/10.1023/A:1026583532263
https://doi.org/10.1016/j.ejor.2022.11.020
https://doi.org/10.1016/j.ejor.2022.11.020
https://doi.org/10.1016/0022-247X(81)90138-4

[11]

[12]

[13]

[14]

[15]

[19]

[20]

S. Boyd and L. Vandenberghe. Convexr Optimization. Cambridge University
Press, Cambridge, UK, 2004.

S. Bundfuss and M. Diir. An adaptive linear approximation algorithm for copos-
itive programs. SIAM J. Optim., 20(1):30-53, 2009. doi:10.1137/070711815.

S. Burer. On the copositive representation of binary and continuous noncon-
vex quadratic programs. Math. Program., 120(2):479-495, 2009. doi:10.1007/
s10107-008-0223-z.

S. Burer. Copositive programming. In M.F. Anjos and J.B. Lasserre, editors,
Handbook on Semidefinite, Conic and Polynomial Optimization, pages 201-218.
Springer, New York, NY, 2012. doi:10.1007/978-1-4614-0769-0_8.

S. Burer and H. Dong. Representing quadratically constrained quadratic pro-
grams as generalized copositive programs. Oper. Res. Lett., 40(3):203-206, 2012.
doi:10.1016/j.0r1.2012.02.001.

S. Burer and R. Monteiro. A nonlinear programming algorithm for solving
semidefinite programs via low-rank factorization. Math. Program., 95(2):329-
357, 2003. doi:10.1007/s10107-002-0352-8.

S. Burgdorf, M. Laurent, and T. Piovesan. On the closure of the completely posi-
tive semidefinite cone and linear approximations to quantum colorings. Electron.
J. Linear Algebra, 32:15-40, 2017. doi:10.13001/1081-3810.3201.

H. Chen, G. Li, and L. Qi. SOS tensor decomposition: theory and applications.
Commun. Math. Sci., 14(8):2073-2100, 2016. doi:10.4310/CMS.2016.v14.n8.
al.

C.B. Chua and L. Tungel. Invariance and efficiency of convex representations.
Math. Program., 111(1-2):113-140, 2008. doi:10.1007/s10107-006-0072-6.

M.K. de Carli Silva and L. Tungel. An axiomatic duality framework for the
theta body and related convex corners. Math. Program., 162(1-2):283-323, 2017.
d0i:10.1007/s10107-016-1041-3.

E. de Klerk, M. Laurent, and Z. Sun. An alternative proof of a PTAS for fixed-
degree polynomial optimization over the simplex. Math. Program., 151(2):433—
457, 2015. doi:10.1007/s10107-014-0825-6.

E. de Klerk, M. Laurent, and Z. Sun. An error analysis for polynomial optimiza-
tion over the simplex based on the multivariate hypergeometric distribution.
SIAM J. Optim., 25(3):1498-1514, 2015. doi:10.1137/140976650.

E. de Klerk and D.V. Pasechnik. Approximation of the stability number of
a graph via copositive programming. SIAM J. Optim., 12(4):875-892, 2002.
doi:10.1137/S1052623401383248.

111


https://doi.org/10.1137/070711815
https://doi.org/10.1007/s10107-008-0223-z
https://doi.org/10.1007/s10107-008-0223-z
https://doi.org/10.1007/978-1-4614-0769-0_8
https://doi.org/10.1016/j.orl.2012.02.001
https://doi.org/10.1007/s10107-002-0352-8
https://doi.org/10.13001/1081-3810.3201
https://doi.org/10.4310/CMS.2016.v14.n8.a1
https://doi.org/10.4310/CMS.2016.v14.n8.a1
https://doi.org/10.1007/s10107-006-0072-6
https://doi.org/10.1007/s10107-016-1041-3
https://doi.org/10.1007/s10107-014-0825-6
https://doi.org/10.1137/140976650
https://doi.org/10.1137/S1052623401383248

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

32]

33]

[34]

[35]

[36]

[37]

P.J.C. Dickinson. Geometry of the copositive and completely positive cones. J.
Math. Anal. Appl., 380(1):377-395, 2011. doi:10.1016/j.jmaa.2011.03.005.

P.J.C. Dickinson, G. Eichfelder, and J. Povh. Erratum to: On the set-semidefinite
representation of nonconvex quadratic programs over arbitrary feasible sets. Op-
tim. Lett., 7(6):1387-1397, 2013. doi:10.1007/s11590-013-0645-2.

P.J.C. Dickinson and L. Gijben. On the computational complexity of membership
problems for the completely positive cone and its dual. Comput. Optim. Appl.,
57(2):403-415, 2014. doi:10.1007/510589-013-9594-z.

P.J.C. Dickinson and J. Povh. Moment approximations for set-semidefinite
polynomials. J. Optim. Theory Appl., 159(1):57-68, 2013. doi:10.1007/
s10957-013-0279-7.

H. Dong. Symmetric tensor approximation hierarchies for the completely positive
cone. SIAM J. Optim., 23(3):1850-1866, 2013. doi:10.1137/100813816.

I. Dukanovic and F. Rendl. Copositive programming motivated bounds on the
stability and the chromatic numbers. Math. Program., 121(2):249-268, 2010.
doi:10.1007/s10107-008-0233-x.

G. Eichfelder and J. Jahn. Set-semidefinite optimization. J. Convexr Anal.,
15(4):767-801, 2008.

G. Eichfelder and J. Jahn. Foundations of set-semidefinite optimization. In
P. Pardalos, T. Rassias, and A. Khan, editors, Nonlinear Analysis and Varia-
tional Problems, pages 259-284. Springer, New York, NY, 2010. doi:10.1007/
978-1-4419-0158-3_18.

G. Eichfelder and J. Povh. On the set-semidefinite representation of nonconvex
quadratic programs with cone constraints. Croat. Oper. Res. Rev., 1(1):26-39,
2010.

G. Eichfelder and J. Povh. On the set-semidefinite representation of nonconvex
quadratic programs over arbitrary feasible sets. Optim. Lett., 7(6):1373-1386,
2013. doi:10.1007/s11590-012-0450-3.

J. Faraut and A. Koranyi. Analysis on Symmetric Cones. Clarendon Press,
Oxford, UK, 1994.

L. Faybusovich. Several Jordan-algebraic aspects of optimization. Optimization,
57(3):379-393, 2008. doi:10.1080/02331930701523510.

W. Fenchel. Convex cones, sets, and functions. Lecture notes, Princeton Univer-
sity, Princeton, NJ, 1951.

G.B. Folland. How to integrate a polynomial over a sphere. Am. Math. Mon.,
108(5):446-448, 2001. doi:10.1080/00029890.2001.11919774.

112


https://doi.org/10.1016/j.jmaa.2011.03.005
https://doi.org/10.1007/s11590-013-0645-2
https://doi.org/10.1007/s10589-013-9594-z
https://doi.org/10.1007/s10957-013-0279-7
https://doi.org/10.1007/s10957-013-0279-7
https://doi.org/10.1137/100813816
https://doi.org/10.1007/s10107-008-0233-x
https://doi.org/10.1007/978-1-4419-0158-3_18
https://doi.org/10.1007/978-1-4419-0158-3_18
https://doi.org/10.1007/s11590-012-0450-3
https://doi.org/10.1080/02331930701523510
https://doi.org/10.1080/00029890.2001.11919774

[38]

[39]

[40]

[41]

[42]

[43]

[46]

[47]

[48]

[49]

[50]

K. Fujisawa, M. Kojima, and K. Nakata. Exploiting sparsity in primal-dual
interior-point methods for semidefinite programming. Math. Program., 79(1-
3):235-253, 1997. doi:10.1007/BF026143109.

M. Gabl. Sparse conic reformulation of structured QCQPs based on coposi-
tive optimization with applications in stochastic optimization. J. Glob. Optim.,
87(1)221*254,2023.doi:10.1007/810898—023—01283—y.

J.W. Gaddum. Linear inequalities and quadratic forms. Pac. J. Math., 8(3):411-
414, 1958.

M.X. Goemans and D.P. Williamson. Improved approximation algorithms for
maximum cut and satisfiability problems using semidefinite programming. J.
Assoc. Comput. Mach., 42(6):1115-1145, 1995. doi:10.1145/227683.227684.

J. Gouveia, T.K. Pong, and M. Saee. Inner approximating the completely positive
cone via the cone of scaled diagonally dominant matrices. J. Glob. Optim.,
76(2):383-405, 2020. doi:10.1007/s10898-019-00861-3.

M.S. Gowda. Weighted LCPs and interior point systems for copositive linear
transformations on Euclidean Jordan algebras. J. Glob. Optim., 74(2):285-295,
2019. doi:10.1007/s10898-019-00760-7.

M.S. Gowda and R. Sznajder. Automorphism invariance of P- and GUS-
properties of linear transformations on Euclidean Jordan algebras. Math. Oper.
Res., 31(1):109-123, 2006. doi:10.1287/moor.1050.0182.

M.S. Gowda and R. Sznajder. On the irreducibility, self-duality, and non-
homogeneity of completely positive cones. FElectron. J. Linear Algebra, 26:177—
191, 2013. doi:10.13001/1081-3810.1648.

I. Grubisi¢ and R. Pietersz. Efficient rank reduction of correlation matrices.
Linear Algebra Appl., 422(2-3):629-653, 2007. doi:10.1016/j.1laa.2006.11.
024.

O. Giler and L. Tungel. Characterization of the barrier parameter of ho-
mogeneous convex cones. Math. Program., 81(1):55-76, 1998. doi:10.1007/
BF01584844.

X. Guo, Z. Deng, S.-C. Fang, and W. Xing. Quadratic optimization over one
first-order cone. J. Ind. Manag. Optim., 10(3):945-963, 2014. doi:10.3934/
jimo.2014.10.945.

Gurobi. Gurobi Optimizer Quick Start Guide. https://www.gurobi.com/. Ac-
cessed 2 August 2024.

N. Gvozdenovi¢ and M. Laurent. Semidefinite bounds for the stability number
of a graph via sums of squares of polynomials. Math. Program., 110(1):145-173,
2007. doi:10.1007/s10107-006-0062-8.

113


https://doi.org/10.1007/BF02614319
https://doi.org/10.1007/s10898-023-01283-y
https://doi.org/10.1145/227683.227684
https://doi.org/10.1007/s10898-019-00861-3
https://doi.org/10.1007/s10898-019-00760-7
https://doi.org/10.1287/moor.1050.0182
https://doi.org/10.13001/1081-3810.1648
https://doi.org/10.1016/j.laa.2006.11.024
https://doi.org/10.1016/j.laa.2006.11.024
https://doi.org/10.1007/BF01584844
https://doi.org/10.1007/BF01584844
https://doi.org/10.3934/jimo.2014.10.945
https://doi.org/10.3934/jimo.2014.10.945
https://www.gurobi.com/
https://doi.org/10.1007/s10107-006-0062-8

[51]

[52]

[55]

[56]

[57]

[58]

[61]

[62]

[63]

[64]

N. Gvozdenovi¢ and M. Laurent. The operator ¥ for the chromatic number of a
graph. SIAM. J. Optim., 19(2):572-591, 2008. doi:10.1137/050648237.

M. Hall, Jr. A survey of combinatorial analysis. In I. Kaplansky, E. Hewitt,
M. Hall, Jr., and R. Fortet, editors, Some Aspects of Analysis and Probability,
pages 35-104. John Wiley & Sons, New York, NY, 1958.

M. Hall, Jr. and M. Newman. Copositive and completely positive quadratic
forms. Math. Proc. Camb. Philos. Soc., 59(2):329-339, 1963. doi:10.1017/
S0305004100036951.

G.H. Hardy, J.E. Littlewood, and G. Pélya. Inequalities. Cambridge University
Press, London, UK, 1934.

E. Haynsworth and A.J. Hoffman. Two remarks on copositive matrices. Linear
Algebra Appl., 2(4):387-392, 1969. doi:10.1016/0024-3795(69)90011-1.

R. Hildebrand and A. Afonin. On the structure of the 6 x 6 copositive cone.
Linear Algebra Appl., 693:22-38, 2024. doi:10.1016/j.1aa.2023.02.004.

J.-B. Hiriart-Urruty and A. Seeger. A variational approach to copositive matrices.
SIAM Rev., 52(4):593-629, 2010. doi:10.1137/090750391.

M.F. Igbal and F. Ahmed. Approximation hierarchies for the copositive ten-
sor cone and their application to the polynomial optimization over the simplex.
Mathematics, 10(10):1683, 2022. doi:10.3390/math10101683.

M. Tto and B.F. Lourenco. A bound on the Carathéodory number. Linear Algebra
Appl., 532:347-363, 2017. doi:10.1016/j.1aa.2017.06.043.

R.M. Karp. Reducibility among combinatorial problems. In R.E. Miller, J.W.
Thatcher, and J.D. Bohlinger, editors, Complezity of Computer Computations,
pages 85—-103. Springer, Boston, MA, 1972. doi:10.1007/978-1-4684-2001-2_
9.

S. Kim, M. Kojima, and K.-C. Toh. A geometrical analysis on convex conic
reformulations of quadratic and polynomial optimization problems. SIAM J.
Optim., 30(2):1251-1273, 2020. doi:10.1137/19M1237715.

O. Kostyukova and T. Tchemisova. Structural properties of faces of the cone of
copositive matrices. Mathematics, 9(21):2698, 2021. doi:10.3390/math9212698.

O.1. Kostyukova and T.V. Tchemisova. On equivalent representations and prop-
erties of faces of the cone of copositive matrices. Optimization, 71(11):3211-3239,
2022. doi:10.1080/02331934.2022.2027939.

J.B. Lasserre. A new look at nonnegativity on closed sets and polynomial opti-
mization. SIAM. J. Optim., 21(3):864-885, 2011. doi:10.1137/100806990.

114


https://doi.org/10.1137/050648237
https://doi.org/10.1017/S0305004100036951
https://doi.org/10.1017/S0305004100036951
https://doi.org/10.1016/0024-3795(69)90011-1
https://doi.org/10.1016/j.laa.2023.02.004
https://doi.org/10.1137/090750391
https://doi.org/10.3390/math10101683
https://doi.org/10.1016/j.laa.2017.06.043
https://doi.org/10.1007/978-1-4684-2001-2_9
https://doi.org/10.1007/978-1-4684-2001-2_9
https://doi.org/10.1137/19M1237715
https://doi.org/10.3390/math9212698
https://doi.org/10.1080/02331934.2022.2027939
https://doi.org/10.1137/100806990

[65]

[66]

[67]

[72]

73]

[74]

[75]

[76]

[77]

J.B. Lasserre. = New approximations for the cone of copositive matrices
and its dual.  Math. Program., 144(1-2):265-276, 2014. doi:10.1007/
s10107-013-0632-5.

M. Laurent and T. Piovesan. Conic approach to quantum graph parameters
using linear optimization over the completely positive semidefinite cone. STAM
J. Optim., 25(4):2461-2493, 2015. doi:10.1137/14097865X.

Q. Li and H. Qi. A sequential semismooth Newton method for the nearest
low-rank correlation matrix problem. SIAM. J. Optim., 21(4):1641-1666, 2011.
doi:10.1137/090771181.

F. Lieder, F.B.A. Rad, and F. Jarre. Unifying semidefinite and set-copositive
relaxations of binary problems and randomization techniques. Comput. Optim.
Appl., 61(3):669-688, 2015. doi:10.1007/s10589-015-9731-.

S.B. Lindstrom, B.F. Lourenco, and T.K. Pong. Error bounds, facial residual
functions and applications to the exponential cone. Math. Program., 200(1):229—
278, 2023. doi:10.1007/s10107-022-01883-8.

M. Liu and G. Pataki. Exact duals and short certificates of infeasibility and weak
infeasibility in conic linear programming. Math. Program., 167(2):435-480, 2018.
d0i:10.1007/s10107-017-1136-5.

J. Lofberg. YALMIP: a toolbox for modeling and optimization in MATLAB. In
Proceedings of the 2004 IEEFE International Symposium on Computer Aided Con-
trol Systems Design, pages 284-289, 2004. doi:10.1109/CACSD.2004.1393890.

B.F. Lourenco. Amenable cones: error bounds without constraint qualifications.
Math. Program., 186(1-2):1-48, 2021. doi:10.1007/s10107-019-01439-3.

B.F. Lourenco, M. Muramatsu, and T. Tsuchiya. Facial reduction and par-
tial polyhedrality. SIAM J. Optim., 28(3):2304-2326, 2018. doi:10.1137/
15M1051634.

B.F. Lourenco, V. Roshchina, and J. Saunderson. Amenable cones are particu-
larly nice. SIAM. J. Optim., 32(3):2347-2375, 2022. doi:10.1137/20M138466X.

B.F. Lourenco, V. Roshchina, and J. Saunderson.  Hyperbolicity cones
are amenable.  Math. Program., 204(1-2):753-764, 2024. doi:10.1007/
510107-023-01958-0.

B.F. Lourenco and A. Takeda. Generalized subdifferentials of spectral functions
over Euclidean Jordan algebras. SIAM J. Optim., 30(4):3387-3414, 2020. doi:
10.1137/19M1245001.

M. Manainen, M. Seliugin, R. Tarasov, and R. Hildebrand. Generating extreme
copositive matrices near matrices obtained from COP-irreducible graphs. Linear
Algebra Appl., 693:297-323, 2024. doi:10.1016/j.1aa.2023.09.026.

115


https://doi.org/10.1007/s10107-013-0632-5
https://doi.org/10.1007/s10107-013-0632-5
https://doi.org/10.1137/14097865X
https://doi.org/10.1137/090771181
https://doi.org/10.1007/s10589-015-9731-y
https://doi.org/10.1007/s10107-022-01883-8
https://doi.org/10.1007/s10107-017-1136-5
https://doi.org/10.1109/CACSD.2004.1393890
https://doi.org/10.1007/s10107-019-01439-3
https://doi.org/10.1137/15M1051634
https://doi.org/10.1137/15M1051634
https://doi.org/10.1137/20M138466X
https://doi.org/10.1007/s10107-023-01958-0
https://doi.org/10.1007/s10107-023-01958-0
https://doi.org/10.1137/19M1245001
https://doi.org/10.1137/19M1245001
https://doi.org/10.1016/j.laa.2023.09.026

78]

[79]

[80]

[82]

[83]

[87]

[33]

[89]

[90]

Mosek. MOSEK Optimization Toolbox for MATLAB. https://www.mosek.
com/. Accessed 2 August 2024.

T.S. Motzkin. Projects and publications of the national applied mathematics
laboratories. National Bureau of Standards Report 1818, National Bureau of
Standards, 1952.

K.G. Murty and S.N. Kabadi. Some NP-complete problems in quadratic and
nonlinear programming. Math. Program., 39(2):117-129, 1987. doi:10.1007/
BF02592948.

M. Nishijima. On the longest chain of faces of the completely positive and coposi-
tive cones. Linear Algebra Appl., 698:479-491, 2024. doi:10.1016/j.1laa.2024.
06.012.

M. Nishijima and B.F. Lourenco. Non-facial exposedness of copositive cones over
symmetric cones. arXiv e-prints, 2024. doi:10.48550/arXiv.2402.12964.

M. Nishijima and K. Nakata. A block coordinate descent method for sen-
sor network localization. Optim. Lett., 16(3):1051-1071, 2022. doi:10.1007/
511590-021-01762-9.

M. Nishijima and K. Nakata. Approximation hierarchies for copositive cone over
symmetric cone and their comparison. J. Glob. Optim., 88(4):831-870, 2024.
doi:10.1007/s10898-023-01319-3.

M. Nishijima and K. Nakata. Generalizations of doubly nonnegative cones and
their comparison. J. Oper. Res. Soc. Jpn., 67(3):84-109, 2024. doi:10.15807/
jorsj.67.84.

T. Okuno, S. Hayashi, and M. Fukushima. A regularized explicit exchange
method for semi-infinite programs with an infinite number of conic constraints.
SIAM J. Optim., 22(3):1009-1028, 2012. doi:10.1137/110839631.

M. Orlitzky. Gaddum’s test for symmetric cones. J. Glob. Optim., 79(4):927-940,
2021. doi:10.1007/810898-020-00960-6.

D. Papp and F. Alizadeh. Semidefinite characterization of sum-of-squares cones
in algebras. SIAM J. Optim., 23(3):1398-1423, 2013. doi:10.1137/110843265.

P.A. Parrilo. Semidefinite programming based tests for matrix copositivity. In
Proceedings of the 39th IEEE Conference on Decision and Control, pages 4624—
4629, 2000. doi:10.1109/CDC.2001.914655.

P.A. Parrilo. Structured Semidefinite Programs and Semialgebraic Geometry
Methods in Robustness and Optimization. PhD thesis, California Institute of
Technology, Pasadena, CA, 2000.

116


https://www.mosek.com/
https://www.mosek.com/
https://doi.org/10.1007/BF02592948
https://doi.org/10.1007/BF02592948
https://doi.org/10.1016/j.laa.2024.06.012
https://doi.org/10.1016/j.laa.2024.06.012
https://doi.org/10.48550/arXiv.2402.12964
https://doi.org/10.1007/s11590-021-01762-9
https://doi.org/10.1007/s11590-021-01762-9
https://doi.org/10.1007/s10898-023-01319-3
https://doi.org/10.15807/jorsj.67.84
https://doi.org/10.15807/jorsj.67.84
https://doi.org/10.1137/110839631
https://doi.org/10.1007/s10898-020-00960-6
https://doi.org/10.1137/110843265
https://doi.org/10.1109/CDC.2001.914655

[91]

[92]

[99]

[100]

[101]

[102]

[103]

G. Pataki. On the connection of facially exposed and nice cones. J. Math. Anal.
Appl., 400(1):211-221, 2013. doi:10.1016/j.jmaa.2012.10.033.

G. Pataki. Strong duality in conic linear programming: facial reduction
and extended duals. In D.H. Bailey, H.H. Bauschke, P. Borwein, F. Gar-
van, M. Théra, J.D. Vanderwerff, and H. Wolkowicz, editors, Computational
and Analytical Mathematics, pages 613-634. Springer, New York, NY, 2013.
doi:10.1007/978-1-4614-7621-4_28.

J. Pena, J. Vera, and L.F. Zuluaga. Computing the stability number of a graph
via linear and semidefinite programming. SIAM J. Optim., 18(1):87-105, 2007.
doi:10.1137/05064401X.

J. Pena, J.C. Vera, and L.F Zuluaga. Completely positive reformulations for
polynomial optimization. Math. Program., 151(2):405-431, 2015. doi:10.1007/
s10107-014-0822-9.

F. Permenter and P. Parrilo. Partial facial reduction: simplified, equivalent
SDPs via approximations of the PSD cone. Math. Program., 171(1-2):1-54, 2018.
doi:10.1007/s10107-017-1169-9.

[. Polic and T. Terlaky. A survey of the S-lemma. SIAM Rev., 49(3):371-418,
2007. doi:10.1137/S003614450444614X.

J. Povh and F. Rendl. A copositive programming approach to graph partitioning.
SIAM. J. Optim., 18(1):223-241, 2007. doi:10.1137/050637467.

J. Povh and F. Rendl. Copositive and semidefinite relaxations of the quadratic
assignment problem. Discrete Optim., 6(3):231-241, 2009. doi:10.1016/j.
disopt.2009.01.002.

V. Powers and B. Reznick. A new bound for Pélya’s theorem with applications
to polynomials positive on polyhedra. J. Pure Appl. Algebra, 164(1-2):221-229,
2001. doi:10.1016/S0022-4049(00)00155-9.

L. Qi and Z. Luo. Tensor Analysis: Spectral Theory and Special Tensors. Society
for Industrial and Applied Mathematics, Philadelphia, PA, 2017. doi:10.1137/
1.9781611974751.

L. Qi, C. Xu, and Y. Xu. Nonnegative tensor factorization, completely positive
tensors, and a hierarchical elimination algorithm. SIAM J. Matriz Anal. Appl.,
35(4):1227-1241, 2014. doi:10.1137/13092232X.

M. Ramana and A.J. Goldman. Some geometric results in semidefinite program-
ming. J. Glob. Optim., 7(1):33-50, 1995. doi:10.1007/BF01100204.

J. Renegar. Hyperbolic programs, and their derivative relaxations. Found. Com-
put. Math., 6(1):59-79, 2006. doi:10.1007/s10208-004-0136-z.

117


https://doi.org/10.1016/j.jmaa.2012.10.033
https://doi.org/10.1007/978-1-4614-7621-4_28
https://doi.org/10.1137/05064401X
https://doi.org/10.1007/s10107-014-0822-9
https://doi.org/10.1007/s10107-014-0822-9
https://doi.org/10.1007/s10107-017-1169-9
https://doi.org/10.1137/S003614450444614X
https://doi.org/10.1137/050637467
https://doi.org/10.1016/j.disopt.2009.01.002
https://doi.org/10.1016/j.disopt.2009.01.002
https://doi.org/10.1016/S0022-4049(00)00155-9
https://doi.org/10.1137/1.9781611974751
https://doi.org/10.1137/1.9781611974751
https://doi.org/10.1137/13092232X
https://doi.org/10.1007/BF01100204
https://doi.org/10.1007/s10208-004-0136-z

[104]

[105]

[106]

107]

[108]

[109]

[110]

111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

B. Reznick. Sums of even powers of real linear forms. Mem. Am. Math. Soc.,
96(463):1-155, 1992. doi:10.1090/memo/0463.

B. Reznick. Uniform denominators in Hilbert’s seventeenth problem. Math. Z.,
220(1):75-97, 1995. doi:10.1007/BF02572604.

R.T. Rockafellar. Convexr Analysis. Princeton University Press, Princeton, NJ,
1970.

V. Roshchina and L. Tuncel. Facially dual complete (nice) cones and lexi-
cographic tangents. SIAM J. Optim., 29(3):2363-2387, 2019. doi:10.1137/
17M1126643.

I. Satake. Linear Algebra. Macel Dekker, New York, NY, 1975.

G. Sagol and E.A. Yildirim. Analysis of copositive optimization based linear
programming bounds on standard quadratic optimization. J. Glob. Optim.,
63(1):37-59, 2015. doi:10.1007/s10898-015-0269-4.

K. Schmiidgen. The K-moment problem for compact semi-algebraic sets. Math.
Ann., 289(2):203-206, 1991. doi:10.1007/BF01446568.

N. Shaked-Monderer and A. Berman. Copositive and Completely Positive Matri-
ces. World Scientific, Singapore, 2021. doi:10.1142/11386.

N. Shaked-Monderer, A. Berman, I.M. Bomze, F. Jarre, and W. Schachinger.
New results on the cp-rank and related properties of co(mpletely )positive matri-
ces. Linear Multilinear Algebra, 63(2):384-396, 2015. doi:10.1080/03081087.
2013.869591.

J. Sponsel, S. Bundfuss, and M. Diir. An improved algorithm to test copositivity.
J. Glob. Optim., 52(3):537f5517 2012. doi:10.1007/s10898-011-9766-2.

A.H. Stroud. Approximate Calculation of Multiple Integrals. Prentice-Hall, FEn-
glewood Cliffs, NJ, 1971.

J.F. Sturm. Error bounds for linear matrix inequalities. SIAM J. Optim.,
10(4):1228-1248, 2000. doi:10.1137/S1052623498338606.

J.F. Sturm. Similarity and other spectral relations for symmetric cones. Linear
Algebra Appl., 312(1-3):135-154, 2000. doi:10.1016/S0024-3795(00)00096-3.

J.F. Sturm and S. Zhang. On cones of nonnegative quadratic functions. Math.
Oper. Res., 28(2):246-267, 2003. doi:10.1287/moor.28.2.246.14485.

C.-H. Sung and B.-S. Tam. A study of projectionally exposed cones. Linear
Algebra Appl., 139:225-252, 1990. doi:10.1016/0024-3795(90)90401-W.

118


https://doi.org/10.1090/memo/0463
https://doi.org/10.1007/BF02572604
https://doi.org/10.1137/17M1126643
https://doi.org/10.1137/17M1126643
https://doi.org/10.1007/s10898-015-0269-4
https://doi.org/10.1007/BF01446568
https://doi.org/10.1142/11386
https://doi.org/10.1080/03081087.2013.869591
https://doi.org/10.1080/03081087.2013.869591
https://doi.org/10.1007/s10898-011-9766-2
https://doi.org/10.1137/S1052623498338606
https://doi.org/10.1016/S0024-3795(00)00096-3
https://doi.org/10.1287/moor.28.2.246.14485
https://doi.org/10.1016/0024-3795(90)90401-W

[119]

[120]

[121]

[122]

[123]

[124]

125

H. Waki and M. Muramatsu. Facial reduction algorithms for conic optimiza-
tion problems. J. Optim. Theory Appl., 158(1):188-215, 2013. doi:10.1007/
510957-012-0219-y.

G. Xu and S. Burer. A copositive approach for two-stage adjustable robust
optimization with uncertain right-hand sides. Comput. Optim. Appl., 70(1):33—
59, 2018. doi:10.1007/s10589-017-9974~-x.

E.A. Yildirnm. On the accuracy of uniform polyhedral approximations of the
copositive cone. Optim. Methods Softw., 27(1):155-173, 2012. doi:10.1080/
10556788.2010.540014.

A. Yoshise and Y. Matsukawa. On optimization over the doubly nonnegative
cone. In Proceedings of the 2010 IEEE Multi-conference on Systems and Control,
pages 13-18, 2010. doi:10.1109/CACSD.2010.5612811

Q. Zhang. Completely positive cones: are they facially exposed? Linear Algebra
Appl., 558:195-204, 2018. doi:10.1016/3.1laa.2018.08.028.

A. Zhou and J. Fan. A hierarchy of semidefinite relaxations for completely
positive tensor optimization problems. J. Glob. Optim., 75(2):417-437, 2019.
doi:10.1007/s10898-019-00751-8.

L.F. Zuluaga, J. Vera, and J. Pena. LMI approximations for cones of positive
semidefinite forms. SIAM J. Optim., 16(4):1076-1091, 2006. doi:10.1137/
03060151X.

119


https://doi.org/10.1007/s10957-012-0219-y
https://doi.org/10.1007/s10957-012-0219-y
https://doi.org/10.1007/s10589-017-9974-x
https://doi.org/10.1080/10556788.2010.540014
https://doi.org/10.1080/10556788.2010.540014
https://doi.org/10.1109/CACSD.2010.5612811
https://doi.org/10.1016/j.laa.2018.08.028
https://doi.org/10.1007/s10898-019-00751-8
https://doi.org/10.1137/03060151X
https://doi.org/10.1137/03060151X

Appendix A

Explicit Exchange Method for BD-type
Generalized Doubly Nonnegative
Programming

For a symmetric cone K, the algorithm used to solve a BD-type generalized doubly
nonnegative programming problem obtained by replacing CP(K) in problem (4.17)
with DN Npp(K) is presented in Algorithm 1. Although we preliminarily set vz to
0.5%, in the branch of Step 1-2, if case (b) with r = 0 occurred five times in a row, Y1
was set to 7 at the end of Step 2 and returned to Step 1 to accelerate convergence.
The threshold value 7 in Algorithm 1 was set to 10~° and subset J*0 was set to 0.
We tried to identify sr) using the following method. Before starting the algorithm,
we fixed a finite subset Jgy of a compact set J satisfying !

ExtK ={as|a>0, se€J} (A1)
In Section 4.4.1, because
J={(e;0,) |i= 1,...,2n+1}U{(02n+1;%;§> v 65"‘2}
satisfies (A.1), we took
Jix = {(€:;0,) |i=1,...,2n+1}u{(ognﬂ;%;%) izl,...,lOOO},

where each v; was generated from S™~? randomly. In Section 4.4.2, because
3= {(1;057,)} U {(0;svec(vv " ); 0oz, ) | v € S"7'}
U {(0; 07, ;svec(vv ' );07,) | v € S} U {(0; 0yp,; svec(vo')) | v € S"71}
satisfies (A.1), we took
Jax = {(1;037,)} U {(0; svec(v;v; ); 0ar,) | i = 1,...,1000}
U {(0; 0g, ; svec(v;v, ); 07, ) | i = 1001, . ..,2000}
U {(0; 0a7,,; svec(v;v;)) | i = 2001, . ..,3000},

'For example, the set of primitive idempotents in a Euclidean Jordan algebra associated with K is
a compact set satisfying (A.1) (see [34, Exercise IV.5] and [59, Corollary 12]).
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Algorithm 1 Explicit exchange method for BD-type generalized doubly nonnegative
programming.

Step 0. Choose a positive sequence {~}r such that v | 0 (kK — 00), a positive value
7, a compact subset J of Ext K such that ExtK = {as | a > 0, s € J}, and
a finite subset 39 of J. Solve P(J(*%) to obtain an optimal solution X )
where P(J) is defined as

min&mize (C,X)
P() : subject to (A, X)=10b; (1 =1,...,m),

X eS8,
XseK (Vsed)

for a finite subset J" of J. Set k = 0.
Step 1. Obtain X*+19 and J*+1.0) by the following procedure.
Step 1-1. Set r == 0.
Step 1-2. Try to find sk € 3 such that )\min(X(k’T)sI(lIZ’vc) + ye) < 0.

(a) If there exists such SEIIZ’VC), let Jkrt) = glkr) {31(1121;) } and solve
P(J*r+1)) to find an optimal solution X *™*1) and optimal dual vari-
ables "™ (s € JhrtD) Let Jhr+D) = {s € Jhr+1) | p{Frtl) £ o).

et r :=r + 1 and go to the beginning ot Step 1-2.
S 1 and g he beginning of Step 1-2

(b) Otherwise, let X *+1.0) .= X (k) apd Jk+1.0) .= Fkr),

Step 2. If v, < 7, stop the algorithm. Otherwise, set k£ := k + 1 and go to Step 1.

where each v; was generated from S™~! randomly. In Step 1-2, we first checked whether
there exists Spew € Jaix stuch that Apin (X80 + e) < 0 where Apin(-) is the
minimum eigenvalue in the sense of Euclidean Jordan algebras [34, Theorem III.1.1].
If such s, exists, we let 31(1]2’\;) = Spew. Otherwise, we next checked whether the
optimal value of the optimization problem mingey Apin (X (k1) g 4 vke) is less than 0. In

addition, v was regarded as 0 if |o{"" ™|, < 10712,
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Appendix B

On the Eleven Cases in the Proof of
Lemma 6.3

In this appendix, we explain the reason why a quadruple (i, j, k,1) satisfying (6.10)
must fall into exactly one of the eleven cases listed in the proof of Lemma 6.3. The
case separation we describe next is based on checking how many among the indices
(1,7,k,1) are equal. First we recall that (i, 7, k,[) satisfies (6.10) if and only if one of
the following conditions is satisfied

i< k<l i=k j<lI, (B.1)

or
i<j, k<l i<k. (B.2)

The first case is when all the indices i, j, k, [ are equal, which corresponds to Case 1.
We also note that (i, 7, k, 1) satisfying (6.10) falls into Case 1 if and only if ¢ = [. In
order to see that, we assume that ¢ = [. From (B.1) and (B.2), we have ¢ < k which
implies [ < k, by assumption. Together with k£ < [, we obtain ¢ = k = [. In addition,
by 77 = kl = i1, we obtain 7 < i. Combining this with ¢+ < j implies that i = j.
Therefore, ¢, 7, k, [ are identical. In other words, unless ¢, 7, k, [ are identical, ¢ is not
equal to [.

Next, we examine what happens when the quadruple (7, j, k, [) is such that exactly
three of i, 7, k, [ are identical. They must fall into exactly one of the following four
cases:

(i-1) j=k=1+#1 (Case 5);
(1—2) i=k=1%#j;

(13) i=j=1#k

(

i-4) i =j =k #1 (Case 2).
If the quadruple (4, j, k, ) satisfies (i-2) or (i-3), as shown in the previous paragraph,

1,7, k,l must be identical, which contradicts the assumption that exactly three indices
are equal. Therefore, (i-2) and (i-3) do not occur.
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Our next task is to consider the case where two among the ¢, j, k, [ are identical,
and the remaining indices are also identical, but the two pairs are different from each
other. The quadruple (i, j, k,[) satisfying this condition must fall into exactly one of
the following three cases:

(ii-1) ¢ = j # k =1 (Case 3);
(ii-2) i =k # j =1 (Case 4);
(ii-3) i =1 #j =k

If the quadruple (i, j, k, 1) satisfies (ii-3), 4, j, k,{ must be identical, which contradicts
the assumption.

Next, the quadruple (i, j, k, 1) such that exactly two among the i, j, k, [ are identical
must fall into exactly one of the following six cases: Cases 6 through 10, and the case
where ¢ = [ and 4, j, k are different from each other. However, the last case of i = [
cannot occur since this implies that all the i, j, k, [ are equal.

Finally, the quadruple (i, 7, k,1) such that all the indices are different from each
other corresponds to Case 11.
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