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要旨（英文 800 語程度） 
Thesis Summary （approx.800 English Words ） 

The Fujita equation, a typical example of semilinear parabolic equations, contains a very rich structure 

relative to its simple form, and has been extensively investigated by many mathematician. When it comes 

to the solvability, analysis methods based on its scaling property often plays an important role. That is, the 

solution structure is often depicted by a space-time scaling transformation that makes the equation 

invariant. We can determine the so-called scale-critical space whose norm is invariant under the scaling 

transformation, and this critical space implies the threshold for the solvability of the equation. In particular, 

under the scale critical situation, it is known that the Fujita equation exhibits the global and local-in-time 

unsolvability. 

On the other hand, the time-fractional Fujita equation, in which the derivative with respect to time is of 

fractional order, has a scaling property that is common to the classical Fujita equation. Under the subcritical 

situation, it is known that they share the same properties on the solvability. However, under the critical 

situation, the time-fractional problem has the global and local-in-time solvability. 

The aim of this thesis is to clarify quantitatively the difference in global and local-in-time solvability 

under the critical situation, as the derivative order with respect to time approaches one. 

For this purpose, as for the global-in-time solvability, it is observed that the set of initial data that admit 

global-in-time solutions shrinks to the trivial one, as the derivative order approaches one. More precisely, 

the critical norm of the initial data must be evaluated from above by a constant which goes to zero as the 

derivative order approaches one. As for the local-in-time solvability, life span estimate for typical singular 

initial data is obtained in a way that takes into account the correspondence between the time-fractional 

and the classical case for the local-in-time solvability. For singular initial data allowing local-in-time 

solutions for the classical equation, life span does not go to zero, whereas for initial data which do not admit 

local-in-time solvability of the classical equation, the life span goes to zero, as the derivative approaches 

one. These results are regarded as a quantitative evaluation for the difference of solvability, in the sense of 

global and local-in-time respectively. 

To deduce these results, the first part of this thesis is devoted to give some necessary conditions and 

sufficient conditions for the solvability of the time-fractional Fujita equation, partially based on joint work 

with Kotaro Hisa. For the necessary conditions, we refer to the method of ordinary differential inequalities 

introduced by Laister and Sierżęga. The idea of this method is a reduction of the solvability of the original 

partial differential equation to a solvability of a nonlinear ordinary differential equation, which can be 

solved explicitly. On the other hand, we shall obtain sufficient conditions through the fixed point argument 



in appropriate function spaces. Firstly, we choose the uniformly local Lebesgue and Morrey spaces. This 

method enables us to deduce the optimal sufficient condition except for the Fujita critical case. However, 

for the Fujita critical case, we have to observe the fine structure of singularities of initial data to give the 

optimal condition. At this point, we introduce a function space called uniformly local weak Zygmund type 

space, which is investigated by Ioku, Ishige, and Kawakami recently. 

These results obtained above are utilized to deduce the estimates for the norm of initial data allowing the 

global-in-time solvability, and we can obtain the optimal life span estimate for the typical singular initial 

data, as desired. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

備考 : 論文要旨は、和文 2000 字と英文 300 語を 1 部ずつ提出するか、もしくは英文 800 語を 1 部提出してください。 

Note : Thesis Summary should be submitted in either a copy of  2000 Japanese Characters and 300 Words (Engｌish) or 1copy of 800 

Words (English). 

 

注意：論文要旨は、東京科学大学リサーチリポジトリ（T2R2）にてインターネット公表されますので、公表可能な範囲の内容で作成してくだ

さい。 

Attention: Thesis Summary will be published on Science Tokyo Research Repository  Website (T2R2).  


