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Abstract
Kinetic Approach to the Schwinger Effect on the Expanding Universe

towards the Analysis of the Inflationary Magnetogenesis Scenario

In this thesis, we introduce the kinetic equation of the Schwinger effect, which
is the non-perturbative particle production from the strong electric field back-
ground, in inflation with the charged particles and the subsequent inflaton
oscillation era, considering the backreaction to the electric field and the in-
flaton dynamics. The inflation model with the electromagnetic field and the
charged particles is broadly analyzed in terms of the inflationary magneto-
genesis scenario, where the strong electromagnetic field can appear, and the
Schwinger effect can occur. Applying the kinetic approach to that model, we
obtain the time dependence of the particle production in the uniformly vary-
ing background, which in general cannot be known by other approaches. We
show the time evolution of the system by the kinetic approach, which can be
useful for the detailed analysis of the Inflationary Magnetogenesis.
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Chapter 1

Introduction

Magnetogenesis lies inside the domain of modern cosmology. Magnetic fields
are ubiquitous in our universe. The magnetic field localized around the clus-
ters of galaxies are the weakest and largest 1 in the directly observed mag-
netic field. The origin of this magnetic field is often discussed and still not
cleared so far. One of the plausible hypotheses is the inflationary magne-
togenesis scenario. In this scenario, the inflation mechanism amplified the
quantum fluctuations of the electromagnetic field to the large-scale magnetic
field, which became the “seed” of the galactic magnetic field. Recent multi-
frequency blazar observations imply the existence and the lower bound of
the larger and weaker magnetic field than the galactic magnetic field in the
intergalactic void region [1] and this result supports the inflationary mag-
netogenesis since the other hypotheses do not generate the large scale and
strong magnetic field.

However, inflationary magnetogenesis has some difficulties in producing
a magnetic field above the lower bound implied by the observation. One
of the difficulties originates from the fact that the electromagnetic field in
the standard model has conformal symmetry. Inflation is often described in
the de Sitter spacetime, which is obtained from the Minkowski spacetime
by the conformal transformation. In the context of a standard photon field,
because of the conformal symmetry, the de Sitter spacetime is equivalent to
the flat spacetime and cannot be amplified by inflation. Therefore we should
assume the beyond standard model (BSM) coupling to the electromagnetic
field violates the conformal symmetry. For example, we can construct a sim-
ple magnetogehesis scenario using a BSM coupling as I2FµνFµν [2], where I
and Fµν are the kinetic coupling function and electromagnetic field strength,
respectively. In this scenario, by assuming the backreaction on spacetime and
the inflaton to be negligible, a magnetic field satisfying the observational
constraints is generated. Nonetheless, since the energy density of the elec-
tromagnetic field generated in this way becomes comparable to that of the
inflaton, it contradicts the assumption of neglecting the backreaction. For
this reason, even assuming the BSM coupling, it is not sufficient to rely on
a simple scenario setup. A magnetic field generation scenario that considers
the backreaction must be constructed. This property applies not only to the
coupling presented in the example but also to all models. Moreover, when
the electromagnetic field is generated with an energy density comparable to

1The size of the magnetic field is determined by the correlation length.
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that of the inflaton, the Schwinger effect will also need to be considered [3,
4], which is a non-perturbative pair production of the charged particle from
the strong electromagnetic field. The contribution of the Schwinger effect sig-
nificantly influences the generation of the magnetic field, and until the anal-
ysis that incorporates the Schwinger effect is conducted, it remains unclear
whether the inflationary magnetogenesis scenario can adequately explain the
origin of the “seed” magnetic field. The production of the charged particles
affects the evolution of the electromagnetic field, and the Schwinger effect in-
cluding the backreaction to the electromagnetic field should be taken into ac-
count in the analysis. Furthermore, both the backreaction and the Schwinger
effect should be considered dynamically. According to refs. [5–7], when the
amplification of the electric field (without magnetic field) during inflation is
considered, dynamically taking into account both the backreaction and the
Schwinger effect, it was found that the charged particles generated by the
Schwinger effect could immediately dominate the universe after the end of
inflation. In the analysis presented in ref. [6, 7] and chapter 4 of this thesis,
it has been shown that this phenomenon arises from the dynamical interac-
tion. Since this phenomenon implies that the reheating of the universe also
depends on the charged particles generated by the Schwinger effect, it must
be taken into account when constructing a scenario that explains the primor-
dial magnetic field. Therefore, the ultimate goal of this research is to con-
struct the inflationary magnetogenesis scenario, with the dynamical analysis
of spacetime, and electromagnetic field, incorporating the backreaction and
Schwinger effect. However, it is a complicated task and various approaches
have been discussed [3, 8–20]. The difficulties of the analysis arise from the
time dependence of the electric field and the curved spacetime.

In fact, even in flat spacetime, the Schwinger effect in a general dynamical
electric field is difficult to analyze. For the dynamical analysis, the particle
production rate depending on time is given by performing the spatial in-
tegration including the mode functions of the charged particles which are
obtained by solving the Dirac equation with the dynamical electromagnetic
field. At the same time, we should consider the backreaction of the charged
particles to the electromagnetic field. Performing the numerical or analytical
calculation along the above discussion is highly costed. The difficulty in eval-
uating the particle production is attributed to the process of finding the mode
functions. If there exists an equation that directly relates the particle pro-
duction rate with the electric field, we can greatly reduce the computational
cost. In the kinetic approach, where we solve the time evolution equation
for the one-particle distribution functions or corresponding other statistical
functions instead of the equation for the elementary field, the direct relation
between the electromagnetic field and the particle production rate appears.
Since the kinetic approach makes the numerical analysis for the time evolu-
tion of the charged particles low-cost, this approach provides the most con-
venient route to our final goal. Wigner formalism [21, 22], where we solve
the time evolution of the Wigner function, also gives us the relation between
the electric field and the particle production rate. This formalism is applied
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for a more general background than the kinetic approach, but it is more dif-
ficult to numerically solve equations. Therefore in this thesis, we will take
the kinetic approach. Quantum kinetic approach [5, 23–29], where the time
evolution of the momentum distribution function of the charged particles is
described by the quantum Boltzmann equation, is equivalent to the Wigner
formalism for the uniform and dynamical electric field background. As we
see in the following chapter, the source term derived by the field-theoretic
method, obtained from the first principle, in the time evolution equation is
non-Markovian, where we cannot extract the information of the state at some
time slice only by the one before. This feature becomes an obstacle to per-
forming the long-term analysis of the quantum kinetic approach. In the case
of the low-density and the higher energy of the particle than an electric field,
the source term becomes Markovian [25].

As the first step to the application of the kinetic approach to the inflation-
ary magnetogenesis model, we consider the phenomenologically obtained
Markovian source term which is equivalent to the source term derived by
the field theoretical method at the constant electric field, and we focus on the
inflation model with the kinetic coupling discussed in the above sentences,
I(ϕ)2FµνFµν/4, where ϕ is the inflaton. This inflation model can generate a
homogeneous electric field. By the numerical calculation, we have the time
evolution of the system including produced charged particles, which in gen-
eral cannot be obtained by other approaches. This model, which does not
consider the magnetic field, is not a scenario for explaining magnetogenesis,
but it does reveal several interesting phenomena. First, the produced parti-
cles and the electric field begin to oscillate after inflation. Second, the pro-
duced charged particles temporarily dominate the universe after inflation,
which is a phenomenon we refer to as Schwinger preheating. These two
phenomena are not observed in other approaches which focus on the cur-
rent. Refs. [6, 7] and chapter 4 of this thesis provide the numerical analysis
of the kinetic coupling model in the inflationary background, incorporating
both the Schwinger effect and the backreaction. In our research, we addi-
tionally consider anisotropy as a backreaction of the uniform electric field in
spacetime. Although the effect of anisotropy is considered to be small from
the equations of motion, it has the effect of accelerating the end of inflation.
Since a large number of charged particles are produced near the end of infla-
tion, it may influence the Schwinger preheating. We also take into account
the influence of the thermal mass of the charged particles. Then we find the
necessary condition for the Schwinger preheating to happen and numerically
analyze the effect of the thermal mass and anisotropy.

The following contents will be discussed in each of the succeeding chap-
ters.

In chapter 2, we briefly review inflation and some representative models
of inflation. Then we introduce inflationary magnetogenesis. In this section,
we explain the observational result for the implication of a magnetic field in a
void, which supports inflationary magnetogenesis. We also show two types
of inflationary magnetognesis models. One is the kinetic coupling model,
which is used in the following chapter, and the other is the hybrid model,
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which seems to be a successful model but this model does not include the
Schwinger effect.

In chapter 3, we provide a short review of the proper time method which
is a useful method to analyze the Schwinger effect and derive the reaction
rate in the static background. Then we explain another method for the Schwinger
effect, where we use the Bogoliubov transformation. After that, we explain
the kinetic approach with the Schwinger source term derived from the theo-
retical/phenomenological method.

In chapter 4, we analyze the dynamical Schwinger effect on the infla-
tionary background. Although this will not be developed in this thesis, it
is essential for the ultimate goal of analyzing the inflationary magnetoge-
nesis with consideration of the dynamical Schwinger effect. We briefly re-
view the Schwinger effect in the de-Sitter spacetime. Subsequently, we ex-
plore the kinetic approach to the inflation model in the uniform electric field
with the Schwinger effect. Building upon refs. [6, 7], this thesis presents new
findings, including: 1) The potential does not influence the occurrence of
Schwinger preheating in the Ratra coupling model, 2) Necessary condition
for the Schwinger preheating, 3) The impact of thermal mass, and 4) The ef-
fects of anisotropy.

Finally, in chapter 5, we summarize the thesis and discuss the extension
of the kinetic approach to the more general background case including the
magnetic field. Then in the context of inflationary magnetogenesis, we ad-
dress the unresolved issues related to the Schwinger effect. Appendices A
give us the analytical details.
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Chapter 2

Inflationary Cosmology

2.1 Introduction to the Inflationary Cosmology

The standard cosmology model can well explain a lot of phenomena of the
universe. In particular inflation [30–32], namely, the period of the accelerat-
ing expansion of spacetime at the early stage of the universe, has been one of
the main topics of cosmology and it has two major advantages to consider.
One is that inflation solves the serious problems of the standard cosmology
known as the horizon problem, the flatness problem, and the monopole prob-
lem. The other one is that inflation can make seeds of the structure of the
universe as cosmological primordial perturbations.

2.1.1 Motivation of inflation

Homogeneous and isotropic universe

Let us introduce the Friedmann–Lemaître–Robertson–Walker (FLRW) uni-
verse based on the cosmological principle, which is the assumption that the
universe seems to be homogeneous and isotropic on a sufficiently large scale.
The FLRW metric is given as,

ds2 = dt2 − a2(t)
[

dx2 + K
(x · dx)2

1 − Kx2

]
= a2(t)

[
dη2 − dx2 + K

(x · dx)2

1 − Kx2

]
,

(2.1)

where a and K represent the scale factor of the spacetime and the spatial
curvature, respectively. η =

∫ dt
a(t) is the comoving time. The spacetime

becomes flat FLRW when K = 01.
There exists the matter field in the universe. The distribution of the mat-

ter field and the spacetime metric are associated with the Einstein equation.
We consider the matter field as the perfect fluids substituting the energy-
momentum tensor of the matter into the Einstein equation, and we obtain

1The sign of K determines the sign of the curvature. The 3-dimensional space is spherical
for K = 1, and hyperbolic for K = −1.
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the equations of the spacetime as,

H2 =
ρ

3M2
Pl
− K

a2 +
Λ
3

, (2.2)

ä
a
= −ρ + 3p

6M2
Pl

+
Λ
3

. (2.3)

Here ρ, p, and Λ represent the energy density, pressure of the perfect fluids,
and the cosmological constant, respectively. H = ȧ

a , and MPl are the Hubble
parameter and the reduced Planck mass, respectively. Eq. (2.2) is known as
the Friedmann equation, which denotes energy conservation. We can derive
the fluid equation by removing ä from Eqs. (2.2) and (2.3) as,

ρ̇ = −3H(ρ + p). (2.4)

The above equation is transformed as follows,

d
dt
(ρa3) = −p

d
dt
(a3). (2.5)

This equation denotes the time evolution of the energy per unit comoving
volume. From this equation, we regard the spacetime expansion as adia-
batic. To solve Eqs. (2.2) and (2.3), we need the equation of state (EOS) for the
matter field, as

p = wρ, (2.6)

where w is the EOS parameter which determines the behavior of the matter
field. The matter field behave as radiation for w = 1

3 , non-relativistic for0,
and the cosmological constant for w = −1. Thanks to the EOS, we can solve
the Equations2 as,

ρ ∝ a−3(1+w). (2.7)

When we assume the flat FLRW spacetime, we solve the spacetime equations
about a(t) as,

a ∝


t

2
3(1+w) (w ̸= −1),

exp (Ht) (w = −1).
(2.8)

2Here we assume that a simple matter field dominates the universe.
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Definition of inflation

Cosmic inflation is the period of the accelerated expansion of the universe
before the Big bang nucleosynthesis as,

ä > 0 ↔ d
dt

(
1

aH

)
< 0 (t < tBBN), (2.9)

where (R.H.S) of the above equation denotes the comoving Hubble horizon
decrease during inflation. We rewrite the condition of inflation by the Hubble
parameter,

ϵH ≡ − Ḣ
H2 < 1 (2.10)

where we introduce the slow-roll parameter, ϵH. When we consider the ex-
treme situation, in other words ϵH → 0, the scale factor is solved as a ∝
exp(Ht). In this case, the spacetime becomes the K = 0 flat chart of de-Sitter
spacetime. From Eq (2.3), we derive the condition of inflation for the matter
field as,

w =
p
ρ
< −1

3
, (2.11)

where we restrict the sign of an energy density is always plus.

Horizon problem

The horizon problem claims the fine-tuning of the initial condition for the
standard cosmology. The temperature of the whole sky universe measured
by the CMB observation takes the same value as T = 2.725 ± 0.002K even
if the areas depart from the particle horizon estimated in the standard cos-
mology. The particle horizon which denotes the length of the light trajectory
from t=0 to t,lph(t), is defined as,

lPH(t) ≡ a(t)
∫ t

0

dt′

a(t′)
. (2.12)

In addition, we define the physical length to the earth at the given time t as,

d(t) ≡ a(t)
∫ t0

t

dt′

a(t′)
, (2.13)

where the index 0 means the present time. Taking the ratio of the a(t)lPH(t)
and d(t) at t = tL, when the CMB photon emitted to the Earth3, we obtain
the maximum angle between the causally connected two points in the sky
as ∆θ ∼ 1.7◦. Here we assume that the matter field dominates the universe.
Thus the number of uncorrelated regions is 4π

π(1.7◦)2 ∼ 4.5 × 103, and these

3z(tL) = 1100, which is the redshift at t = tL.
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take the same initial condition with an accuracy of 10−4. This fine-tuning is
removed by considering inflation. When we assume the exponential expan-
sion occurs during inflation, a ∝ e−Ht, we estimate the particle horizon at the
last scattering as,

lPH(tL) ≃
a(tL)

aeHe

[
eN − 1

]
, (2.14)

where the index e denotes the inflation end. N ≡ ln (ae/ai) represents the e-
folding number, where the index i denotes the initial point of inflation. Since
the fine-tuning is removed when a(tL)lPH(tL) > d(tL), the e-folding number
should satisfies the following inequality as,

N > ln
(

aeHe

a0H0

)
. (2.15)

The typical value of the e-folding number satisfying the above inequality is
60.

Flatness problem

We introduce the energy fraction Ω ≡ ρ

3M2
PlH

2 in the Friedmann equation (2.2),

we have the fraction equation as follows,

Ω − 1 =
K

a2H2 ≡ ΩK, (2.16)

where ρ includes the radiation, non-relativistic matter, and the cosmological
constant. From the CMB observation by the Planck satellite and the galaxy
survey, ΩK is constrained as [33],

ΩK = 0.0007 ± 0.0037(95%CL), (2.17)

where the above result includes CMB lensing and BAO. ΩK is small but the
standard cosmological model does not explain why the contribution of the
curvature to the total energy is small. Since the scale factor dependence of
curvature fraction is ΩK ∝ a1+3w, the flatness problem is solved when infla-
tion occurs for a long time.

Monopole problem

In the grand unified theory, some simple local symmetry breaks into the
gauge symmetry of the standard model belongs to SU(3) × SU(2) × U(1)
at the energy scale around M ∼ 1016GeV. From the symmetry breaking,
the twisted phase of the scalar field generates the magnetic monopole as the
topological defect. If the phase transition occurred in the early universe, the
many produced magnetic monopoles may survive today, but such magnetic
monopoles are not observed so far. This is the statement of the monopole
problem. This problem can be also solved by inflation. Since the phase of the
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scalar is equal when the distance of the two points is smaller than lPH, the
number of the monopole is one in the particle horizon. When the inflation
occurs after the symmetry breaking, the number density of the monopole is
diluted by the exponential spacetime expansion. On the other hand, when
the inflation occurs before the symmetry breaking, the particle horizon is
exponentially expanded and the number of the monopole becomes small.
Therefore the monopole problem can be resolved by inflation.

2.1.2 Dynamics of inflation

In the previous section, we confirm that inflation can solve the three prob-
lems in the standard cosmology. In this section, we consider how to cause
the acceleration of the spacetime and how to decide the end of inflation. For
this purpose, we introduce the action of the inflaton field and slow-roll pa-
rameters. In this section, we assume the FLRW spacetime.

Minimally coupled scalar action

The action of the scalar field, ϕ, is given by,

S =
∫

d4x
√
−g
[

1
2

∂µϕ∂µϕ − V(ϕ)

]
, (2.18)

where V(ϕ) is the potential, and the scalar field which causes inflation is
called inflaton. From the above action, we obtain the energy-momentum
tensor of the scalar as,

Tµν =
2√−g

δSϕ

δgµν = ∂µϕ∂νϕ + gµν

(
−1

2
∂αϕ∂αϕ − V(ϕ)

)
. (2.19)

Since we assume the FLRW metric, we can associate the scalar field and the
perfect fluids as T00 = ρ and Tii = a2p. Then the EOS parameter of the scalar
field, wϕ is given by,

wϕ =
pϕ

ρϕ
=

1
2

[
ϕ̇2 + a−2(∂iϕ)

2]− V(ϕ)
1
2 [ϕ̇

2 + a−2(∂iϕ)2] + V(ϕ)
=

Kϕ − V
Kϕ + V

, (2.20)

where Kϕ is the kinetic energy of the scalar field. From the condition of infla-
tion for the matter field, Eq. (2.11), we obtain Kϕ < 1

2V(ϕ) as a condition for
inflation. Since we assume the global homogeneity of the universe, the spa-
tial dependence of the scalar field is ignored. Thus we rewrite the inflation
condition as ϕ̇2 < V(ϕ). The exponential expansion of the spacetime occurs
when the scalar field satisfies,

ϕ̇2 ≪ V(ϕ). (2.21)

This is called the slow-roll approximation.
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Slow-roll parameters

Let us introduce the slow-roll parameters from the discussion so far. In
Eq.(2.10), we define ϵϕ as the slow-roll parameter based on the spacetime.
Here we define the slow-roll parameters of the scalar field. The equation of
motion of the scalar field and the Friedmann equation are given as,

ϕ̈ + 3Hϕ̇ = −V′(ϕ), (2.22)

3M2
PlH

2 =
1
2

ϕ̇2 + V(ϕ). (2.23)

We can remove the potential from the above two equations and obtain,

ϕ̇2 = −2M2
PlḢ. (2.24)

By using the slow-roll condition for the scalar field in Eq. (2.21), we can ignore
the acceleration of the scalar field, and therefore we have the approximated
equations from Eq. (2.23) as,

3M2
PlH

2 ≃ V(ϕ), 3Hϕ̇ ≃ −V′(ϕ). (2.25)

From these equations, we can rewrite the slow-roll condition by the potential
of the scalar field as,

ϵV ≡
M2

Pl
2

(
V′

V

)2

≪ 1, ηV ≡ M2
Pl

V′′

V
≪ 1, (2.26)

where we take the time derivative of Eq. (2.22) to derive the second condition.
In case the slow-roll condition is satisfied, we can represent the equations of
the system by slow-roll parameters as,

ϕ̇2 ≃ 2V
3

ϵ, ϕ̈ ≃ Hϕ̇(ϵ − η), Ḣ ≃ −H2ϵ. (2.27)

2.1.3 Perturbation of the field

Here we review the perturbations of the scalar and vector field in the model-
independent way on the flat spacetime. We confirmed that inflation could
resolve the problems of Big Bang cosmology, but we did not claim how we
tested the inflation models. Actually, we can observe the remnants of in-
flation as the fluctuation of the CMB spectra. The fluctuations are generated
from the perturbations of the scalar, vector, and tensor fields amplified by the
inflation mechanism. These perturbations give the initial conditions for the
structure formation of the universe. In this section, we review the basics of
the amplification of the quantum fluctuation in the inflationary background.
Then we only consider the free scalar perturbation here. The other type of
perturbation is considered in sec.2.4.1.
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Scalar perturbation

We briefly review the amplification of the scalar fluctuation during inflation.
The inflaton lagrangian is given in Eq. (2.18). Here we consider the first order
perturbation of the scalar field, and we do not ignore the spatial derivative
for the scalar field4. Let us consider the simplest case, where the classical
action of the free scalar field in the spatially flat FLRW spacetime is written
as

S =
1
2

∫
dηd3x a2

[
ϕ′2 − (∂iϕ)

2 − aµ2ϕ2
]

. (2.28)

where ′ denotes the derivative with respect to the conformal time, η. µ is the
mass of the scalar field. By redefining the fluctuation as φ ≡ aϕ, and taking
the Fourier transformation for the scalar field, we obtain the following action,

S =
∫ dηd3k

(2π)3

[
φ′

k φ′
−k −

(
k2 − a′′

a
+ µ2a2

)
φk φ−k

]
, (2.29)

where φk is the k-mode Fourier component of φ defined as,

φ(η, x) =
∫ d3k

(2π)3 eik·x φk(η). (2.30)

We obtain the canonical EoM for the scalar field in the case of the de-Sitter
spacetime, a = −(ηH)−1, as

φ′′
k +

[
k2 −

(
2 − µ2

H2

)
1
η2

]
φk = 0. (2.31)

The general solution of the above EoM is written as,

φk(η) = akuk(η) + a∗−ku∗
k(η), (2.32)

where uk, ak, and a∗−k are the mode function, two coefficients for the mode
function, respectively. Let us quantize φ by imposing the canonical commu-
tation relation for the coefficients,

[ak, a†
−k′ ] = (2π)3δ(k + k′), [ak, ak′ ] = [a†

k, a†
k′ ] = 0, (2.33)

where a†
k and ak are the creation and annihilation operators, respectively. By

using the above commutation relation, we confirm the following commuta-
tion relations for the φ and conjugate momentum Π = φ′,

[φ̂(η, x), Π̂(η, y)] = iδ(x − y), [φ̂(η, x), φ̂(η, y)] = [Π̂(η, x), Π̂(η, y)] = 0,
(2.34)

4Since the scalar perturbation has the spatial dependence, we should also consider the
metric perturbation for the consistency, but here we impose that the inflaton fluctuation does
not affect the background spacetime for the simplicity and ignore the metric perturbation.
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where we used the normalization condition for the mode function as uku∗
k
′ −

u∗
k u′

k = i, which is the Wronskian. We should determine the initial condition
to solve the EoM for the mode function, eq. (2.31). At the past infinity, the
scale factor goes to 0 and the EoM can be written as,

u′′
k + k2uk = 0, (2.35)

where the scalar field does not feel the gravity at the past infinity. Here we
assume that the scalar field is in vacuum(ak |0⟩ = 0 for all k). Then we can
specify the initial condition for the mode function,

uBD
k (η) ≡ lim

η→∞
uk(η) =

1√
2k

eikη. (2.36)

The above vacuum solution is called the Bunchi-Davies vacuum. By using
the initial condition, we can solve the EoM for the mode function,

u∗
k(η) =

√−πη

2
[Jn(−kη)− iYn(−kη)] , (2.37)

where n ≡
√

9
4 −

µ2

H2 . Jn and Yn are the Bessel functions. It is meaningful to
see the behaviors of the solution in the extreme case. In the case of kη → 0,
which is called in the super-horizon, the Bessel functions become Jn(−kη) →
Γ(n + 1)−1(−kη/2)n → 0 and Yn(−kη) → −Γ(n)

π (−2/kη)n, and therefore the
solution asymptotically goes to

u∗
k(η) →

iΓ(n)
2

√
−η

π

(
2

−kη

)n
(kη → 0). (2.38)

The dimensionless power spectrum of the scalar fluctuation is,

Pϕ ≡ k3

(2π)2 ⟨|φ̂|
2⟩ = H2

8π
(kη)3

[
Jn(−kη)2 + Yn(−kη)2

]
, (2.39)

→
(

H
2π

)2(kη

2

) 2µ2

3H2

(kη → 0). (2.40)

If the mass of the scalar field is much smaller than the Hubble parameter, the
power spectrum of the scalar perturbation becomes scale invariant. In the
sub-horizon, the scalar operator behaves as,

lim
kη→−∞

φ̂k =
1√
2k

[ake−ikη − a†
−keikη], (2.41)

where the eigenstates change from time to time. On the other hand in the
super-horizon, the scalar operator behaves as,

lim
kη→0

φ̂k =
iΓ(n)

2

√
−η

π

(
2

−kη

)n
[ak − a†

−k], (2.42)
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where the eigenstates of the scalar operator remain in the same eigenstates
even after time evolution. The super-horizon modes behave like classical
numbers and they are considered as the seed of the structure of our universe.
During inflation, the physical horizon scale, aH, becomes large and the short
wavelength (in other words, large k) modes cross the horizon one after an-
other. This is why the quantum fluctuation can be amplified by inflation.
This is the simplest case of the generation of the perturbation by inflation,
but the method is almost the same as the other type of perturbation. Firstly
we find the EoM for the perturbation and impose the commutation relations
on the operators for the quantization. Then we set the initial condition and
solve the EoM for the perturbation. In sec.2.4.1, we consider the amplifica-
tion of the fluctuation of the electromagnetic field in the spatially flat FLRW
spacetime.

2.2 Model Analysis of Inflation

In the last section, we considered the mechanism of inflation and the slow-
roll conditions for the minimally coupled scalar field in a model-independent
way. Here we apply the previous analysis for the three concrete models.
One is called the chaotic inflation [34] model, which has the quadratic poten-
tial. The second one is called the Starobinsky inflation [30], which has the
curvature-squared corrections to the gravity action as a special case of f(R)
modified gravity, and this model. The Starobinsky inflation is equivalently
transformed to the inflation with the minimally coupled scalar field by the
conformal transformation [35], which has the special form of the potential.
The latter model is consistent with the CMB observation. On the other hand,
the former model is almost rejected, confirmed in Ref. [33] but the potential
is quite simple and this model tells us the basics of the inflaton dynamics.
The last one is the Watanabe-Kanno-Soda (WKS) inflation model [36], where
inflaton field coupled to the uniform electric field. Since the electric field de-
termines the special direction in the spacetime, the isotropy of the spacetime
is broken. Then the FLRW spacetime is no longer a solution for this setup.
Instead of the FLRW spacetime, we apply the Bianchi type I spacetime [37]
which is the homogeneous but anisotropic solution of the spacetime. The
anisotropy contributes to the CMB observation. The WKS model is almost
excluded by the CMB constraint when we consider the quantum effect in the
attractor solution [38].

2.2.1 Chaotic model

The potential of the chaotic inflation is given as,

V(ϕ) =
1
2

µ2ϕ2, (2.43)

where µ is the mass of the inflaton. We can consider the general potential as
Vn = λ

n M4−α
Pl ϕα. Since the potential has no local minimum when the α takes
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odd numbers, we only consider α as even numbers. Let us estimate the slow-
roll parameters for this potential. The derivatives of the potential are given
as,

V′ = µ2ϕ, V′′ = µ2, (2.44)

and we obtain the slow-roll parameters as,

ϵV = ηV =
2M2

Pl
ϕ2 . (2.45)

Since inflation finishes when the slow-roll parameters become unity, the end-
point of inflation is given as ϕend =

√
2MPl. The e-folding number, N, is

estimated by,

N ≡ ln
( aend

a

)
=
∫ tend

t
Hdt ∼ 1

M2
Pl

∫ ϕ

ϕend

V′

V
dϕ, (2.46)

where we used the slow-roll approximations, Eqs. (2.25). Then by introduc-
ing the potential, Eq. (2.43) into the above equation, we obtain the e-folding
number in this model as,

N(ϕ) ≃ ϕ2

4M2
Pl
− 1

2
. (2.47)

Since the typical value of N is 60, the inflaton takes ϕ(ti) ∼ 16M2
Pl at the

beginning of the inflation, t = ti. The beginning of the chaotic inflation is
explained as follows. Before inflation, t ∼ M−1

Pl , there exist quantum fluctu-
ations of the inflaton field, which have the high energy density, ρϕ ∼ M4

Pl,
because of the uncertainty relation of energy and time. The energy density
of the inflaton consists of the kinetic energy and the potential energy, whose
values are the same order with M4

Pl. Since the mass parameter of the infla-
ton is much smaller than the Planck mass, the field value of the inflaton is
estimated as ϕ ∼ (MPl/µ)MPl ≫ MPl. Therefore at the beginning of infla-
tion, the slow-roll condition is satisfied and inflation occurs regardless of the
tuning of the initial conditions.

2.2.2 Starobinsky model

In this section, we show the R2- correction gives rise to the exact de Sitter so-
lution, and by using the conformal transformation, we derive the minimally
coupled scalar field with the special form of potential. The f(R)-modified
theory given as,

S = −
M2

Pl
2

∫
d4x
√
−g f (R) +

∫
d4xLM(gµν, ΨM) (2.48)
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where LM(gµν, ΨM) denotes the lagrangian for the matter field. The function
f(R) is the arbitrary function of the Ricci scalar. Taking the variation with
respects to δgµν, we have the geometric equation as,

φRµν −
1
2

f (R)gµν −∇µ∇ν φ + gµν□φ =
1

M2
Pl

Tµν (2.49)

Here we introduced φ ≡ f ′(R). By taking the trace of the subscripts for the
spacetime, we obtain the equation for the φ as,

□φ +
R
3

φ − 2
3

f (R) =
1

3M2
Pl

T. (2.50)

Let us consider the vacuum solution, T = 0. We assume the de Sitter solution
where the Ricci scalar is constant, and the above equation becomes,

R
3

φ − 2
3

f (R) = 0 → f (R) = αR2. (2.51)

Then, the R2- correction term to the Einstein-Hilbert action can cause infla-
tion. If we set f (R) = R + αR2 and we can rewrite Eq. (2.50) as,

□φ − φ

6α
=

1
6αM2

Pl
T. (2.52)

Then Eq. (2.52) is the EoM for the φ with µ2 = 1/6α as the mass parameter of
φ. The Starobinsky inflation model is given by the special case of the f (R)-
modified theory as,

fs(R) = R +
R2

6µ2 . (2.53)

The f (R)- modified theory is equivalent to the Einstein-Hilbert theory with
the minimally coupled scalar field to the gravity given by the conformal
transformation on the f (R) theory. This equivalence is shown in terms of
one-loop correction [39] and the curvature perturbation [40]. First, we rewrite
the action by the Legendre transformation as,

SA = −
M2

Pl
2

∫
d4x
√
−g [RA − Z(A)] , (2.54)

where Z(A) = RA − f (R), R = Z′(A), and A = f ′(R). We consider the
conformal transformation as,

gµν 7−→ Ω−2g(E)
µν ,

Ω(φ)2 ≡ exp

(√
2
3

φ

MPl

)
, (2.55)
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where the superscript E denotes the transformed frame. Then Eq. (2.54) is
written as,

SA =
1

2κ

∫
d4x
√
−g(E)

[
Ω2R − Z(A)

]
,

=
∫

d4x
√
−g(E)

[
−

M2
Pl

2
R(E) +

1
2

g(E)µν∂µ φ∂ν φ +
M2

Pl
2

Z(A(φ)) exp
(
− 4√

6
φ

MPl

)]
,

(2.56)

where we used the following relation as,

Ω2R = RE − 6□ ln Ω − 6(∇ ln Ω)2 ≃ RE − gµν∂µ φ∂ν φ. (2.57)

Here we cut the surface term from the above equation, □ ln Ω. Let us substi-
tute the Starobinsky model, Eq. (2.53), into Eq. (2.58) as follows,

S =
∫

d4x
√
−g(E)

[
−

M2
Pl

2
R(E) +

1
2

g(E)µν∂µ φ∂ν φ + VS(φ)

]
,

VS(φ) =
3
4

µ2M2
Pl

(
1 − exp

(
−
√

2
3

φ

MPl

))2

. (2.58)

Here we call VS(φ) as Starobinsky-Maeda potential. We regard φ as infla-
ton in this frame. Finally, we derived the minimally coupled scalar theory
to gravity. We also estimate the slow-roll parameters from the Starobinsky-
Maeda potential as,

ϵV =
4
3

(
exp

(√
2
3

φ

MPl

)
− 1

)−2

, ηV = ϵV

(
exp

(√
2
3

φ

MPl

)
− 2

)
. (2.59)

When φ takes the much larger value than MPl, the slow-roll parameters be-

have as ϵV ∝ exp
(
−2
√

2
3

φ
MPl

)
and ηV ∝

√
ϵV . The endpoint of inflation

is ϕend =
√

3
2 ln

(
1 + 2√

3

)
MPl ∼ 0.94MPl, obtained by solving ϵV = 1 with

respect to ϕ.

2.2.3 Inflation in the anisotropic background

Here we briefly review the inflation dynamics in the anisotropic background
and derive the background equations for the spacetime, inflaton, and electric
field. Our Lagrangian for the gravity, inflaton, electromagnetic field, and
charged particles are given by

L = −
M2

Pl
2

R +
1
2
(
∂µϕ

)2 − V(ϕ)− 1
4

f (ϕ)2FµνFµν + Lψ. (2.60)
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Here R, ϕ, Fµν = ∂µ Aν − ∂ν Aµ are the Ricci scalar, the inflaton, the field
strength of the U(1) gauge field Aµ, respectively. V(ϕ) is the potential of the
inflaton, and f (ϕ) is the kinetic coupling function of the inflaton to the U(1)
gauge field, which will be specified later. Lψ is the lagrangian of charged par-
ticles interacting with the electromagnetic field. To be concrete, we consider
the Dirac fermions Lψ = ψ̄(i /D − m)ψ, while the extension to charged scalars
is straightforward. Without loss of generality, we can choose the x-axis as the
direction of the electric field. For simplicity, we assume that the direction of
the electric field does not change in time. In the homogeneous universe, we
consider ϕ = ϕ(t) and Aµ = (0, A(t), 0, 0), where we used the gauge fixing
condition A0 = 0 due to the gauge invariance. Note that the magnetic field is
neglected in this treatment. The consistent background spacetime metric for
this field configuration is known as the Bianchi-I spacetime,

ds2 = dt2 − e2α(t)
(

e−4σ(t)dx2 + e2σ(t)(dy2 + dz2)
)

. (2.61)

Here α(t) and σ(t) represent the e-foldings of the isotropic scale factor and
deviation from the isotropy respectively. We solve the following evolution
equations of the spacetime α(t), σ(t), and the electric energy density ρE(t):

α̇2 − σ̇2 =
1

3M2
Pl

(
ρE + ρψ + V(ϕ) +

1
2

ϕ̇2
)

, (2.62)

σ̈ + 3α̇σ̇ =
2ρE

3M2
Pl

, (2.63)

ϕ̈ + 3α̇ϕ̇ + V′(ϕ) = 2
f ′

f
ρE, (2.64)

ρ̇E + 4 (α̇ + σ̇) ρE = −2
f ′

f
ϕ̇ρE − eα j̃totE +

α̇3

4π2

[
α̇2 +

(
ḟ
f

)2]
, (2.65)

where dot denotes the cosmic time derivative and prime denotes the infla-
ton derivative, e.g. f ′ ≡ ∂ϕ f (ϕ). The physical electric field is defined as
E(t) = −e−α+2σ Ȧ and its energy density is ρE = 1

2 f 2E2. ρψ represents
the energy density of the charged particles. j̃tot is the total electric current
of the charged particles, which flows along the electric field E. We used
e j̃tot · E = j̃totE by introducing E ≡ eE(t), where e is the coupling constant
of the fermion with the electric field. The last term in the right-hand side of
Eq. (2.65) is phenomenologically added. With the varying kinetic function f ,
the fluctuation of the gauge field is produced in the inflationary background
and its contribution to the background electric energy is roughly estimated
as [4]

(ρ̇E)H =
dρE

dk

∣∣∣∣
k=kH

· dkH

dt
≃ α̇3

4π2

[
α̇2 +

(
ḟ
f

)2]
. (2.66)

Here the index “H” of (ρ̇E) denotes the contribution from the horizon cross-
ing mode during inflation and kH represents the wavenumber of the mode



18 Chapter 2. Inflationary Cosmology

crossing the horizon. This contribution gives a finite initial amplitude for the
electric field which is subsequently amplified by the inflaton. Since the elec-
tric field is eventually stabilized at its attractor value, the initial amplitude is
not very important and we adopt the same expression for (ρ̇E)H as Ref. [4].
The drawback of Eq. (2.65) is that we cannot track the direction of the electric
field. Therefore, when we numerically solve the set of the equations, we use
not Eq. (2.65) but the EoM for electric field E = e f−1√2ρE,5

Ė + 2(α̇ + σ̇)E + 2
ḟ
f
E = − e2

f 2 jtot +
e2

f 2
α̇3

4π2E

[
α̇2 +

(
ḟ
f

)2]
, (2.67)

where we introduce jtot ≡ eα j̃tot, which is the electric current density for
the comoving observer. For simplicity, we ignore the contribution from the
charged particles in this section, and we will discuss the charged particles in
Chapter 4. Then Eqs. (??) and (2.65) equation are given as,

α̇2 − σ̇2 =
1

3M2
Pl

(
ρE + V(ϕ) +

1
2

ϕ̇2
)

, (2.68)

ρ̇E + 4 (α̇ + σ̇) ρE = −2
f ′

f
ϕ̇ρE +

α̇3

4π2

[
α̇2 +

(
ḟ
f

)2]
, (2.69)

This system is expected to have an attractor solution of the electric field
for the following reasons. The electric field is amplified by the inflaton, be-
cause the inflaton’s kinetic energy is transferred to the electric field through
the kinetic function. The amplification might be weaker than the dilution ef-
fect of the spacetime expansion in the early stage of the inflationary phase.
Towards the end of inflation, however, the inflaton velocity ϕ̇ is accelerated
by the potential force, the amplification effect is enhanced and eventually
overcomes the dilution effect, and the electric field begins to grow. When
the electric field is sufficiently amplified and its backreaction on the inflaton
becomes significant, the growth stops and ρE is stabilized. This is because,
if the electric field is further amplified, the inflaton is slowed down by the
backreaction, its kinetic energy pumped to the electric field is reduced, and
they decay. If the electric field is smaller than the stabilized value, the infla-
ton is accelerated and gives more energy to the electric field. Therefore, the
inflaton and the electric field constitute a negative feedback system and they
should have an attractor solution.

In what follows, we derive the analytic expression for ρE in the attractor
phase as a function of V and f .

5In our numerical calculation, we multiply the last term by the Heaviside step function
θ(E − 10−100µ2) to avoid the spurious singularity at E = 0. Since no new mode crosses
the horizon and contributes to the background electric field, the last terms in Eqs. (2.65)
and (2.67) disappear after inflation. In addition, the electric field becomes 0 after inflation.
Although we keep the boundary term even after inflation for a technical reason in our nu-
merical analysis, we expect that it does not significantly affect the results.
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The attractor solution for ρE

Here we find the general attractor solution for the energy density of the elec-
tric field, ρatt

E . As we discussed above, when the electric field reaches the
attractor, its energy density is stabilized. Solving Eq. (2.69) without the per-
turbations, we obtain

e4α f 2ρE = const. (2.70)

Thus, in the attractor phase, the kinetic function is expected to satisfy f ∝
e−2α. We rewrite this relation as

d f
dt

= −2α̇ f =⇒ ϕ̇ = −2
α̇

(ln f )′
. (2.71)

Substituting it into Eq. (2.64) and ignoring ϕ̈ as a slow-roll correction term,
we obtain

ρatt
E = − V

M2
Pl(ln f )′2

+
V′

2(ln f )′
, (2.72)

where we used the slow-roll equation, 3M2
Plα̇

2 ≃ V.
In the WKS model, the inflaton potential and the kinetic coupling function

are given by

VW(ϕ) =
1
2

µ2ϕ2, fW(ϕ) = exp

(
cϕ2

2M2
Pl

)
, (2.73)

where µ is the mass of inflaton, and c is a dimensionless coupling constant.

ρatt
E =

3
2

c − 1
c2 ϵV M2

Plα̇
2, (2.74)

with ϵV =
M2

Pl
2

(
V′
V

)2
. Note that we should set c > 1 to have a non-vanishing

value of the electric field in the attractor solution.
Let us confirm the above discussion by performing the numerical calcu-

lation. We found two different slow-roll phases in the left panel in Fig. 2.1.
At first, the inflaton goes down the potential slope without resistant force.
After a while, the inflaton feels the friction force given by 3α̇ϕ̇ in the EoM for
the inflaton. This phase also satisfies the slow-roll conditions. Since the elec-
tric field grows up by the energy injection by the kinetic energy of the infla-
ton, the backreaction from the electric field balances with the potential force.
Then we found the second slow-roll phase. In the inflation model without the
background electromagnetic field such as the chaotic and Starobinsky mod-
els, we do not find the second slow-roll phase. This phase is a special feature
of the anisotropic inflation. In the right panel of Fig. 2.1, we can confirm that
the energy density of the electric field behaves as the attractor solution given
in Eq. (2.74) during the second slow-roll phase. We can derive the relation
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FIGURE 2.1: Left: Phase flow for ϕ in case of
(c, µ/MPl) = (2, 10−5). The initial value of ϕ =

√
2N ∼ 11. The

black dashed line denotes the inflation end where ϵV = 1. At
the beginning of inflation, the inflaton goes down the potential
and the kinetic energy becomes larger. Then the inflaton gives
the energy to the electric field and the backreaction pushes
back the inflaton. After a short time, the potential force and the
backreaction force are balanced and the slow-roll condition is
satisfied. After inflation, the inflaton begins to oscillate around
the local minimum of the potential, which is related to the
reheating era. right: A time evolution of the ratio of electric
energy densities and the attractor solution. The setup and the
normalization are equal to the left panel. The attractor solution
is a good approximation to the energy density of the electric
field while the slow-rolling condition is satisfied.

between the anisotropy and the Hubble parameter as,

σ̇

α̇
=

c − 1
3c2 ϵV =

c − 1
3c

ϵH, (2.75)

where we used the slow-roll approximation for the anisotropy and the attrac-
tor solution of the electric field, Eq. (2.72). We estimated the slow-roll param-
eter, ϵH, given in Eq. (2.10) by using the slow-roll conditions and found the
relation as ϵV = c ϵH. Though the end time of inflation is originally given
by ϵH = 1, we idiomatically used ϵV = 1 to determine the inflation end in
this section. The anisotropy becomes larger when the c takes a larger value.
The anisotropy is tested by the observation of the quadrupole anisotropy in
the CMB angular power spectrum. We should remark that Ref. [38] showed
c − 1 < 10−7 by using the stochastic formalism for the electric field, in
which the sub-horizon modes can affect the background as the stochastic
noise. Then the WKS model is not favored in the observation.
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2.3 Inflationary Magnetogenesis

Here we introduce Inflationary Magnetogenesis, which is a kind of scenario
explaining the origin of the cosmic magnetic field. In this section, we explain
the cosmic magnetic field, the observational implication of the magnetic field
in the Voids, and the lower bound of the magnetic field. Then, we review the
concrete inflationary magnetogenesis models. In this section, we ignore the
anisotropy of the spacetime, since we focus on the situation that the energy
density of the electromagnetic field is much smaller than the energy density
of inflaton.

2.3.1 Galactic and Void Magnetic field

It is well known that galaxies and their clusters have magnetic fields with
the typical strength O(10−6G) [41–43]. The strength and the direction of
these magnetic fields are by observation of radiation phenomena, such as the
synchrotron radiation or the Faraday rotation. The charged particle twists
around the magnetic field because of the Lorentz force and emits the radia-
tion along the direction of the velocity of the charged particle. This type of
radiation is called synchrotron radiation, whose intensity and polarization
depend on the strength and the direction of the magnetic field, respectively.
When the linearly polarized light passes through the ionized magnetized re-
gion, the polarization is rotated by the magnetic field, which is called the
Faraday rotation. We can estimate the strength of the magnetic field directed
along the line of sight by the multi-frequency observation of the radiation.

We still do not know where the galactic magnetic field comes from. The
origin of such a magnetic field has been discussed for a long time. The pri-
mordial origin, the dynamo-generated origin, or the combination of these
two are mainly considered. The primordial scenario claimed that there ex-
ists the large-scale “seed” magnetic field in the early universe and they are
amplified with the growth of the galaxy. The dynamo-generated scenario is
to generate the magnetic field from the hydrodynamics of the ionized objects
in the galaxy. In the latter case, the initial condition of the magnetic field is
given as e.g. the battery mechanism. When the density and the tempera-
ture gradient in the ionized plasma are misaligned, the electrons go down
the pressure gradient. Then the electric current turns on and the small-scale
magnetic field is generated. This is called the Biermann battery [44], and
the time evolution of the vector potential is given as Ȧ ∝ ∇pe, where pe is
the pressure of electrons. One of the other types of battery mechanisms is
called the Durrive battery [45], where the time derivative of the pressure of
electrons also affects the generation of the initial magnetic field.

The 3-D numerical simulation claims that both primordial and dynamo-
generated scenarios can explain the present magnetic field in the galaxy [46].
The former scenario does not assume the mechanism of the ionized plasma
to produce the ”seed“ magnetic field. Then, if we find the magnetic field in
the intergalactic region, where few objects exist, the primordial scenario is
favored.
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Implication of the void magnetic field

Recent multi-frequency blazar observations imply the existence of the mag-
netic field in the void region and the lower bound of such intergalactic mag-
netic field (IGMFs) [1, 47–55]. We briefly explain the experience as follows.

The spectrum of the gamma-ray from the blazar is represented as the
power-law with the cut-off energy. When the cut-off energy scales in TeV,
the blazar is called TeV blazar 6. We do not observe all the TeV scale gamma
rays from the TeV blazar. The parts of the gamma rays interact with the Extra-
galactic background light (EBL) and they cannot propagate the cosmological
distance between the blazar and the earth. Dγ, the mean free path of the TeV
scale gamma ray is represented as,

Dγ ∼ 800κ

(
TeV
Ei

γ

)
Mpc, (2.76)

where Ei
γ and κ denote the energy of the gamma-ray from the blazar and the

O(1) numerical factor from the model uncertainty [57]. The pair creation
of the electron and positron occurs when the TeV scale gamma ray interacts
with the EBL. Since the mass of the electron is about 0.5MeV, the pair cre-
ation needs at least MeV energy scale. When we represent the EEBL as the
energy of the EBL, the Mandelstum variable s of two photons is written as
s = 4Ei

γ EEBL. Then we have the inequality for the pair creation as

√
4Ei

γEEBL ≳ 1MeV, → EEBL ≳ 0.1

(
TeV
Ei

γ

)
eV. (2.77)

The spectrum of the EBL is observed in the broad wavelengths, and the in-
tensity of EBL is peaked around 0.1eV region [58]. Since the energy scale of
the CMB photon, ECMB, is 10−4eV, the CMB photon does not interact with the
TeV scale gamma ray during the propagation from the blazar to the earth.

Here the TeV scale electron-positron pair is generated. The pair gives the
kinetic energy to the CMB photons by the inverse Compton scattering. For
simplicity, the angles of incidence and reflection are 0. In the rest frame of the
electron, the energy of the scattered photon is written as γe ECMB, where γe =
Ei

γ/me is the gamma factor multiplied by the Lorentz boost. We need one
more gamma factor when we come back to the rest frame for the observer.
Then the CMB photon obtains the energy by the inverse Compton scattering
as,

E f
γ = γ2

e ECMB ∼ 0.1GeV, (2.78)

where E f
γ is the energy of the scattered CMB photons observed in the earth.

The gamma factor is estimated as 106 in case of ECMB ≪ Ei
γ = TeV. The

parts of the emitted TeV scale gamma rays from the blazar are observed as

6More than 70 TeV blazars are observed so far, see [56].
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the GeV scale gamma rays by the above mechanism. Then, when we ob-
serve the gamma rays from the blazar, we may obtain the TeV and GeV scale
gamma rays. However, the intensity of the observed GeV scale gamma ray
is smaller than the simulated GeV scale gamma ray estimated by the above
discussion. These observational results imply the existence of the magnetic
field in the void region. When the magnetic field is in the intergalactic re-
gion, the Lorentz force bends the trajectories of the paired charged particles
and reduces the intensity of the gamma-ray on the GeV scale.

In the rest of this section, we introduce the lower bound of the implied
void magnetic field. In ref. [59], they use four blazars, 1ES 0229+200 (z=0.14,
comoving radial distance = 580Mpc), 1E0347-121 (z=0.188, 780Mpc), 1E1101-
232 (z=0.186, 770Mpc), and H2356-309 (z=0.165, 680Mpc). The distance be-
tween these blazars and the earth is enough large to cause the pair creation of
the charged particles, eq. (2.76). If the void magnetic field exists, we observed
GeV scale gamma ray as not the point light source, but the spread light source
because of the bending orbits of the pair created charged particles. We de-
fine the spread angle of the light source as θPSF, which is determined by the
detector and the energy of photons, and we also define the estimated spread
angle of the light caused by the IGMFs as θext. When θext > θPSF, the inten-
sity of the observed GeV gamma-ray seems to become small. Since the θext is
proportional to the IGMFs, we obtain the lower bound for the magnetic field
from the above inequality as,

BVoid ≳ 3 × 10−16G ×
{

1 (λB ≥ 1Mpc)√
λ/1Mpc (λB < 1Mpc)

, (2.79)

where λB is the correlation length of the magnetic field. The above result is
the lower bound for the IGMFs. There is the upper bound for the magnetic
field given by the CMB observation as BVoid10−9G [60].

2.4 Inflationary Magnetogenesis Model

The cosmological scenario hypothesizes that primordial magnetic fields (PMFs)
are formed in the early universe before the recombination, and they are am-
plified to the order of 10−6G via the galactic dynamo which is driven by the
interaction between the magnetic field and plasma [61]. This scenario can
explain the existence of IGMFs. However, we do not know the origin of such
PMFs. One of the candidates is the cosmological phase transition [62–65] in
which bubbles from the first order phase transition of the universe serve the
kinetic energy to the electromagnetic field via the bubble collisions. Another
candidate is the Harrison mechanism [66, 67], in which the second-order per-
turbations of the electron, proton, and photon induce the electric current and
it becomes the source of the magnetic field. Inflationary magnetogenesis, in
which the quantum fluctuation is the origin of the PMFs, is one of the most
studied scenarios. Since the standard U(1) gauge field on the flat-FLRW uni-
verse can not be amplified by inflation due to its conformal symmetry [68],
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several models are devised to break the conformal symmetry during infla-
tion.

In this section, we review the two inflationary magnetogenesis models.
One is the kinetic coupling model [2, 69] was first proposed by Ratra [2],
where a rolling scalar field Φ coupled to the electromagnetic field as I2(Φ)FµνFµν

and the electromagnetic field are generated while I(Φ) evolves. Unfortu-
nately, the original model inevitably violates one of the following condi-
tions [70–73]; (i) the effective coupling constant between the canonical elec-
tromagnetic field and charged particles should be small enough to validate
the perturbative treatment, (ii) the energy density of the electromagnetic field
should not overwhelm the inflaton energy density during inflation, and (iii)
the curvature perturbation induced by the generated magnetic field should
be consistent with the CMB observations. Since these three conditions are of-
ten broken in the models aiming to explain Eq. (2.79) in the literature, they are
known as the serious problems to achieve viable inflationary magnetogenesis
and called (i) the strong coupling problem, (ii) the back reaction problem, and
(iii) the curvature perturbation problem, respectively. Recent studies have
proposed to introduce the IR cut-off into the spectrum of the produced mag-
netic field [74, 75] and the post-inflationary phase of magnetogenesis [76–78]
to satisfy these conditions.

The other one is the kinetic and axial hybrid model. Before going to the
hybrid model, we introduce the axial coupling model [79–83], which is first
proposed by Turner and Widrow [79]. Its detailed analytic study was pro-
vided by Anber and Sorbo [82]. A rolling pseudo scalar serves its kinetic
energy to the electromagnetic field via the axial coupling ϕFµν F̃µν. Ref. [83]
numerically found that the significant amplification of the magnetic field oc-
curs around the end of the inflation and Ref. [84] showed that the generated
magnetic field reaches 10−16G by the lattice simulation.

Caprini and Sorbo [85, 86] proposed the hybrid model which contains
both the kinetic and axial couplings, I2(χ)(FF − γFF̃), where χ represents a
rolling pseudo scalar. Since this model violates the parity symmetry, the gen-
erated magnetic field has non-zero helicity. Then the correlation length of the
helical magnetic field in the plasma grows faster than the cosmic expansion
via the inverse cascade [87–89], which is a well-known mechanism in magne-
tohydrodynamics. By using the inverse cascade in the instantaneous reheat-
ing case, which is an ideal situation, they show that this model can produce
the helical magnetic field with the strength BVoid = O(10−17G). This model
was extended by including magnetogenesis during the reheating era, and the
produced magnetic field in Ref. [90–92] can be even larger.

2.4.1 Kinetic coupling Model

Here we review the kinetic coupling model first suggested by Ratra [2], where
the lagrangian on a spatially flat FLRW metric ds2 = a2(η)

[
−dη2 + dx2] as

L =
M2

Pl
2

R − 1
2
(∂µϕ)2 − V(ϕ)− 1

4
I2(ϕ)FµνFµν (2.80)
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where the inflaton potential and the kinetic coupling function are written as,

V(ϕ) = V0 exp
(
− κ1ϕ

MPl

)
, (2.81)

I(ϕ)2 = exp
(

κ2ϕ

MPl

)
, (2.82)

where κ1 and κ2 are the dimensionless factors. This scenario assumes that
the electromagnetic field does not affect the dynamics of the inflaton field.
In other words, the energy density of the inflaton is much larger than the
electromagnetic field. In this assumption, we have the exact solution for the
system. The slow-roll parameters are given as,

ηV = ϵV = κ2
1. (2.83)

Therefore the inflation occurs when κ1 ≪ 1. By imposing a(t) ∝ tα, the
Friedmann equation (2.2) and the EoM for the inflaton (2.22) are solved as
follows,

a ∝ t
2

κ2
1 , ϕ =

2M2
Pl

κ1
ln

 κ1t
MPl

√√√√ V0

2( 6
κ2

1
− 1)

 . (2.84)

Thus the kinetic function is represented as,

I(ϕ)2 =

 t
MPl

√√√√ V0
2
κ2

1
( 6

κ2
1
− 1)


2κ2
κ1

∝ aκ1κ2 . (2.85)

Then we rewrite the kinetic function by the power law for the scale factor,
which breaks the conformal symmetry of the electromagnetic field and their
fluctuations can be amplified by the spacetime expansion.

From now on, we explain the amplification of the electromagnetic fluctu-
ations with the kinetic function written by the power law of a scale factor, in
the same way as sec. 2.1.3. The action of the electromagnetic field with the
kinetic coupling is written as,

SEM =
∫

dηd3x
√
−g
[
−1

4
I2(η)FµνFµν

]
, (2.86)

and we decompose the perturbation of the electromagnetic field into the
scalar and the vector parts given as follows,

Ai = A(v)
i + ∂iσ, ∂i A

(v)
i = 0 (2.87)
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, where the superscript (v) means the vector component of the perturbation.
By using the above decomposition, we obtain the following action,

SEM =
1
2

∫
dηd3x I(η)2

[
(A

′(v))2 + (∂iσ
′)2 + (∂i A0)

2 − (∂i A
(v)
j )2 + 2A0∂2

i σ′
]

.

(2.88)

Since Ȧ0 term is not included in the action, A0 is a non-dynamical degree of
freedom. By using the EoM for the A0 from the above action, we obtain the
condition for the scalar perturbation as,

A0 = σ′ + c, (2.89)

where c is a constant. Substituting the above condition with c = 0 into
eq. (2.88), we can remove the scalar parts and A0 from the action as,

Sgauge =
1
2

∫ dηd3k
(2π)3

[
(IA(η, k))′(IA(η,−k))′ − (k2 − I′′

I
)(IA(η, k))(IA(η,−k))

]
,

(2.90)

where A(η, k) is the mode function of the electromagnetic fluctuation de-
fined as,

Â(v)
i (η, x) = ∑

λ=±

∫ d3k
(2π)3 eik·xe(λ)i (k̂)

[
a(λ)k Aλ(η, k) + a(λ)†−k A∗

λ(η, k)
]

. (2.91)

Here we introduced the polarization vector, eλ
i , which determines the polar-

ization of the fluctuation, and we imposed the canonical commutation rela-
tions as,

[a(λ)k , a(λ
′)†

−k′ ] = (2π)3δ(k + k′)δλλ′
, [a(λ)k , a(λ

′)
k′ ] = [a(λ)†k , a(λ

′)†
k′ ] = 0. (2.92)

Then we obtain the EoM for the electromagnetic mode functions as as,[
∂2

η + k2 −
∂2

η I
I

]
(I(η)Aλ(η, k)) = 0. (2.93)

Before solving the above equation, we give the power spectra of the electric
field and the magnetic field. The vacuum expectation values of the electric
and magnetic field are written as,

⟨|E|2⟩ = ⟨
(

Ȧi(η, x)
)2⟩ =

∫ dk
k
PE(η, k), (2.94)

⟨|B|2⟩ = ⟨
(
ϵijk∂j Ak(η, x)

)2⟩ =
∫ dk

k
P ′

B(η, k), (2.95)
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where PE, and PB are the power spectra of the electric and magnetic field
represented as,

P±
E (η, k) ≡ k3 I2

2π2a4

∣∣∂ηA±
∣∣2 , P±

B (η, k) ≡ k5 I2

2π2a4 |A±|2 . (2.96)

Taking the square root of the power spectra, we obtain the strength of the
electromagnetic field at the given time.

Let us go back to solve eq. (2.93). Since we obtained the power-law type
kinetic function in the Ratra model, we assume the following kinetic function
as,

I(η) =
(

a(η)
ae

)−n

(n > 0), (2.97)

where n = −κ1κ2 in the Ratra model. Here we set n > 0 to avoid the strong
coupling of the electromagnetic field with the charged particles. When we
consider the interaction between the electromagnetic field and electrons, the
interaction term is written as Lint = −eψ̄γµψAµ, where ψ and e are the
electrons and the coupling constant, respectively. Here we find the canon-
ical electromagnetic field is IAµ, and hence the effective coupling constant is
given as e/I. If n < 0, the effective coupling constant becomes larger than
the standard model and we cannot use the perturbation theory to analyze the
interaction theory at the early stage of inflation in case the effective coupling
approaches the unity. Then we do not consider the n < 0 case here. By us-
ing a = −(ηH)−1 in the de-Sitter spacetime, the EoM for the electromagnetic
mode functions is rewritten as,[

∂2
η + k2 − n(n + 1)

η2

]
(IAλ(η, k)) = 0. (2.98)

This is the same differential equation as the scalar perturbation case by set-
ting 2 − µ2/H2 = n(n + 1) in eq. (2.31). Then the solution can be written by
the Bessel functions. Here we roughly estimate the strength of the magnetic
field by using the super-horizon power spectrum. The electromagnetic mode
function in the super-horizon is approximately given as,

lim
kη→0

IA → 1√
2k

(−kη)−n, (2.99)

Thus we can estimate the magnetic field at the end of inflation as,

B(k, ηe) =
√
⟨|B|2⟩ ≈ H2

π
√

2

(
aeH

k

)n−3

(2.100)

where the scale-invariant magnetic field appears in the case of n = 3. When
we substitute the typical values of each parameter into the above relation, we
can obtain the present void magnetic field satisfying the observational lower
bound given in eq. (2.79). However, when we consider the backreaction from
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the electromagnetic field to the spacetime expansion, the production of the
magnetic field is highly suppressed and cannot explain the void magnetic
field by the original kinetic coupling model.

“Here we introduce the extended kinetic coupling model, where we con-
sider the post-inflationary growth of the electromagnetic field. I have to write
the details”

2.4.2 Kinetic and Axial Hybrid Model

In this section, we show the kinetic and axial hybrid model, which can pro-
duce the magnetic field satisfying the observational lower bound given in
eq. (2.31) with a consideration of the backreaction from the electromagnetic
field to the background.

Model setup

Let us consider the following Lagrangian proposed in Ref. [85] as

L =
M2

Pl
2

R − 1
2
(∂µϕ)2 − V(ϕ)− 1

2
(∂µχ)2 − U(χ)− 1

4
I2(χ)

(
FµνFµν − γFµν F̃µν

)
.

(2.101)

Here MPl is the reduced Planck mass, R is the Ricci scalar, ϕ is the infla-
ton, χ is a spectator scalar field, Fµν is the field strength of U(1) gauge field,
F̃µν = ϵµναβ/(2

√−g)Fαβ is the dual field strength, γ is a constant, and the
term including γ explicitly violates the parity symmetry.. V(ϕ) and U(χ) are
the potentials of ϕ, χ respectively. We assume that χ has a non-zero vacuum
expectation value and is coupled to the U(1) gauge field via the kinetic cou-
pling function I(χ) but its energy density is always much smaller than the
total energy density. Thus, we call χ a “spectator”. One can derive the equa-
tion of motion (EoM) for χ and see that the kinetic energy of χ is transferred
to the electromagnetic field through the time derivative of I(χ). Since elec-
tromagnetic fields are produced while I(χ) evolves in time, for simplicity,
we treat I as a function of time by ignoring the perturbation of χ. We also as-
sume that I(η) varies during inflation and the subsequent reheating era (i.e.
the inflaton oscillation era). In order to study the generation of the gauge
field, we promote the classical vector potential to the quantum operator as

Ai(η, x) = ∑
λ=±

∫ d3k
(2π)3 eik·xe(λ)i (k̂)

[
a(λ)k Aλ(η, k) + a(λ)†−k A∗

λ(η, k)
]

, (2.102)

where we work in Coulomb gauge, A0 = ∂i Ai = 0, e(±)
i (k̂) are the right/left-

handed polarization vectors which satisfy iϵilmkle
(±)
m (k̂) = ±ke(±)

i (k̂), Aλ

is the mode function of the gauge field, and we impose the usual canonical
commutation relation,

[
a(α)k , a(β)†

−k′

]
= (2π)3δ(k + k′)δαβ. Here n̂ represents
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FIGURE 2.2: The behavior of I(a) given in Eq. (2.104). I(a)
decreases in proportion to a−n for ai < a < ar. In this paper,
we assume that I(a) stops at the reheating completion, ar. The
power-law behavior is achieved when the spectator field
satisfies the slow-roll condition. We assume that the spectator
field violates the slow-roll condition before a = ai. Related
behaviors are studied in a different context, where the
curvature perturbation on the super horizon scale is amplified
by the sudden violation of the slow-roll condition [93].

the unit vector parallel to n. The EoM for the mode function is written as[
∂2

η + k2 ± 2γk
∂η I

I
−

∂2
η I
I

] (
I(η)A±(η, k)

)
= 0. (2.103)

Note that we restore the usual EoM in normal electromagnetism when the
function I is constant, and the gauge modes are not amplified. To solve
Eq. (2.103), we need to specify I as the function of the conformal time. In
a similar way to Ref. [91], we assume that the kinetic function I is given by

I(η) =


(ai/ar)−n ≡ Ii (a < ai)
(a(η)/ar)−n (ai < a < ar)
1 (ar < a)

, (2.104)

where I(η) begins to vary at ai during inflation, and I(η) becomes unity at
the reheating completion ar. The shape of the function I(a) is illustrated in
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Fig. 2.2. The conformal time in each era behaves as

η =


−1/aHinf ∝ a−1 (a < ae)
2/aH ∝ a1/2 (ae < a < ar)
1/aH ∝ a (ar < a)

, (2.105)

where inflation ends at ae and the reheating is completed at ar. By using
Eq. (2.103) and Eq. (2.104), we obtain the EoM in each era as[

∂2
η + k2

] (
IABD

±

)
= 0, (a < ai) (2.106)[

∂2
η + k2 ± 2ξ

k
η
− n(n + 1)

η2

] (
IAinf

±

)
= 0, (ai < a < ae) (2.107)[

∂2
η + k2 ∓ 4ξ

k
η
− 2n(2n + 1)

η2

]
(IAosc

± ) = 0, (ae < a < ar) (2.108)[
∂2

η + k2
] (

IAfin
±

)
= 0, (ar < a), (2.109)

where ξ ≡ nγ. The term including ξ generates the polarization of the gauge
field through the tachyonic instability which is effective around the horizon
crossing of a fluctuation mode, kη ∼ ξ. Since we are interested in the efficient
production of the polarized gauge field, we assume that ξ > n (i.e.fl > 1). In
addition, the super-horizon mode is amplified by the term proportional to
η−2. These amplifications occur while the function I(a) varies.

Solving the dynamics of the electromagnetic field

Now we can solve the EoM, Eqs. (2.106)-(2.109) by using Bunch-Davies ini-
tial conditions and the junction conditions at the boundary between different
eras. From Bunch-Davies initial conditions, the solutions for a < ai is writ-
ten as IiABD

± = e−ik(η−ηi)/
√

2k. The gauge field and their time derivatives
are continuous at any time and hence we impose the junction conditions,
A±(η∗ − δ) = A±(η∗ + δ) and ∂ηA±(η∗ − δ) = ∂ηA±(η∗ + δ) in the limit
δ → 0 at the boundary times η∗ = ηi and ηe. These junction conditions en-
sure that the energy density of the electromagnetic field is continuous. The
solution during inflation is already given in Ref. [91]. In this paper, we are
interested in the solution during reheating, and we show only the solution
for Eq. (2.108).

The solution for Eq. (2.108) can be written as

IAreh
± =

1√
2k

[
D±

1 (|kηe|) M±2iξ,2n+ 1
2
(2ikη) + D±

2 (|kηe|)W±2iξ,2n+ 1
2
(2ikη)

]
,

(2.110)
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where Wα,β(z) and Mα,β(z) are Whittaker functions, and the coefficients D±
1 , D±

2
which depend on the wave number of the mode through |kηe| are given by

D±
1 (y) =

1
4iy

Γ(2n + 1 ∓ 2iξ)
Γ(4n + 2)

C±
2 (kηi)

[
W1±2iξ,2n+1/2(4iy)W∓iξ,n−1/2(−2iy)

− 2W1∓iξ,n−1/2(−2iy)W±2iξ,2n+1/2(4iy)
]
,

(2.111)

D±
2 (y) =

1
4iy

Γ(2n + 1 ∓ 2iξ)
Γ(4n + 2)

C±
2 (kηi)

[
2M±2iξ,2n+1/2(4iy)W1∓iξ,n−1/2(−2iy)

− (1 + 2n ± 2iξ)2W1±iξ,2n+1/2(4iy)W1∓iξ,n−1/2(−2iy)
]
.

(2.112)

Here, we introduced y ≡ |kηe| and the function C±
2 is

C±
2 (kηi) =

Γ(n ± iξ)
2ikηiΓ(2n)

[
(n ∓ iξ)M1∓iξ,n− 1

2
(2ikηi)− (n ∓ iξ − 2ikηi)M∓iξ,n− 1

2
(2ikηi)

]
.

(2.113)

In the sub-horizon limit at the onset of the I(η) evolution, −kηi ≫ 1, one can
use C±

2 ≃ e±
1
2 πξ . On the other hand, in the super-horizon limit, −kηi ≪ 1,

one obtains C±
2 ≃ Γ(n ± iξ)|2ikηi|n/Γ(2n). One finds that in Eq. (2.110), the

term including D±
1 corresponds to the growing mode and the other is the

decaying mode, and the growing mode is always the dominant component
of the mode function7. For the super-horizon modes at the end of inflation,
|kηe| ≪ 1, D1 is approximated as,

D±
1 (y) ≈ 2−5nΓ(2n)

(4n + 1)Γ(n ± iξ)
y−3nC±

2 (|kηe| ≪ 1). (2.114)

The mode function at the super-horizon scale is written as,

IAreh
± ≃ 1√

2k
D±

1 (|kηe|) (2kη)2n+ 3
2 (kη ≪ 1), (2.115)

where we used the super-horizon approximation of the Whittaker function,
Ma,b(x) ≃ xb+1/2 for x ≪ 1. In this case, one can safely use Eq. (2.114) since
|kηe| < kη ≪ 1. On the other hand, the mode function at the sub-horizon

7This statement is valid for n = 3. At the beginning of the reheating era (kη ≃ 2|kηe|), the
ratio of the growing and decaying modes is approximated as∣∣∣∣∣D±

2 W±2iξ, 1
2 (4n+1) (2ikη)

D±
1 M±2iξ, 1

2 (4n+1) (2ikη)

∣∣∣∣∣ ≃ 3Γ(2n − 1)Γ(4n + 1)
2Γ(2n)Γ(4n + 2)

≤ 1
(

n ≥ 5
4

)
.

Thus, the growing modes are the dominant component during the reheating era.
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scale is obtained as

IAreh
± ≃ 1√

2k
D±

1 (|kηe|)
eπξΓ(4n + 3)

Γ(2n + 3
2 ∓ 2iξ)

eikη(kη)−2iξ (kη ≫ 1). (2.116)

Here we used the sub-horizon approximation of the Whittaker function, Ma,b(x) ≃
x−aex/2Γ(2b + 1)/Γ(b − a + 1/2) for x ≫ 1. In this case, one cannot always
use the super-horizon approximation for D1.

Electromagnetic Power spectra

By using the analytic solutions of Areh
± (η), we can calculate the power spectra

of the electromagnetic field. We define the power spectra of the electric and
magnetic fields as

P±
E (η, k) ≡ k3 I2

2π2a4

∣∣∂ηA±
∣∣2 , P±

B (η, k) ≡ k5 I2

2π2a4 |A±|2 . (2.117)

In Figs. 2.3 and 2.4, we show the magnetic and electric power spectra for both
circular polarizations and compare them. One can see that the electric and
magnetic fields are maximally helical and they have peaks. Both the mag-
netic and electric power spectra have sharp peaks on the same scale which
is relatively small, and only the electric power spectrum has a peak on a
larger scale at k ∼ |ηi|−1. Let us scrutinize the origin of these small-scale
peaks. The tachyonic instability during inflation occurs slightly before the
modes exit the horizon k ∼ −2ξ/η ∝ a and only the right-handed modes
are amplified. On super-horizon scales, all the modes are increased at the
same rate due to the last term in Eq. (2.107), and the smooth spectra are
formed for −1/ηi ≲ k ≲ −2ξ/η as shown as the dotted lines in Fig. 2.3.
On the other hand, the second tachyonic amplification during the subse-
quent reheating era takes place slightly after the modes re-enter the horizon
k ∼ 4ξ/η ∝ a−1/2. Thus the modes in 4ξ/η < k < 2ξ/|ηe| acquire the double
tachyonic amplifications. Since the modes quickly decay well inside the hori-
zon, the mode that has just gone through the second tachyonic amplification
has the largest amplitude. As a result, the power spectra obtain such sharp
peaks at k = 4ξ/η. While the electric field is stronger than the magnetic field
at the large scale, the magnetic field is stronger than the electric field at the
peak scale as shown in Fig. 2.4. One analytically confirms these behaviors
by using super/sub horizon approximation for the mode function. Note that
the small scale peaks are located at kη = 4ξ which is well inside the horizon
for 4ξ ≫ 1. The ratio of the power spectra is estimated as,

PB

PE
(ηr) = k2 |A±|2∣∣∂ηA±

∣∣2 ∼


4 (kηr = 4ξ)

4kη2

(3 + 4n)2 ≪ 1 (kηr ≪ 1)
. (2.118)
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FIGURE 2.3: The magnetic and the electric power spectra are
shown in the left and right panels, respectively. The dotted,
dashed, and solid lines denote the power spectra at
a = ae, 20ae and 400ae respectively. We fixed the parameters as
n = 3, ξ = 7.6 and ae = 7.7 × 107ai. The right-handed modes
(blue) are amplified by the tachyonic instabilities, while the
left-handed modes (orange) are not, because we chose ξ > 0.

Here we used Eqs. (2.115) and (2.116). From now on, following the previous
paper [91], we use these fiducial values of the model parameters,

n = 3, ξ = 7.6. (2.119)

Consistency conditions

For consistent magnetogenesis, there should not be a significant back reac-
tion from the electromagnetic field to the background evolution of the uni-
verse which was assumed in Eq. (2.105). Then the maximum value of the
energy fraction of the electromagnetic field is much less than unity,

ΩEM ≡ 1
2ρtot

∫ dk
k
(PE(k) + PB(k)) ≪ 1, (2.120)

where ρtot = 3M2
PlH

2 is the total energy density of the universe. Since the
power spectra of the electromagnetic field have prominent peaks at two dif-
ferent scales, we separate the main contributions to ΩEM as,

ΩEM(ηe < η ≤ ηr) ≃ ΩEM|kη∼4ξ + ΩEM||kηi|∼2ξ . (2.121)

Here ΩEM|kη∼4ξ denotes the energy fraction contributed from the small scale
peaks, and ΩEM||kηi|∼2ξ comes from the large scale peak. ΩEM(η) takes its
maximum value when the electromagnetic field stops growing. Thus we im-
pose the back reaction condition on the energy fraction at η = ηr as

ΩEM(ηr)|kη∼4ξ = 10−2, ΩEM(ηr)||kηi|∼2ξ ≪ 10−2, (2.122)
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FIGURE 2.4: The magnetic (blue) and electric (orange) power
spectra are compared at a = 102ae. The right panel is the
enlarged figure of the left panel around the small-scale peak,
k = 4ξ/η. The magnetic field is stronger than the electric field
around the small-scale peak, while the electric field is stronger
than the magnetic field on larger scales. The parameters are
the same as Fig. 2.3.

where we require that the large-scale peak has a negligible contribution com-
pared to the small-scale peaks. In the following, we evaluate these contribu-
tions to determine the model parameters which satisfy the above conditions.

Let us evaluate the energy fraction from the small-scale peaks at kη =
4ξ. Since the magnetic field is four times stronger than the electric field at
the peak scale (see Eq. (2.118)), the right-handed magnetic part is the main
component of ΩEM(ηr)|kη∼4ξ . Hence we evaluate the following integral,

ΩEM(ηc)|kη∼4ξ ≃ 1
2ρtot

∫ dk
k
PB(k)

≃ 1
96π2M2

Pla
2
r η2

r

∫ 4ξ

1

dy
y

y4
∣∣∣∣D+

1

(
1
2

e−
Nr
2 y
)

M2iξ,2n+ 1
2
(2iy)

∣∣∣∣2 ,

(2.123)

where we used the H = 2/aη at the matter dominant era and we intro-
duced the dummy variable y ≡ kηr. Since the significant contributions to
ΩEM(ηc)|kη∼4ξ are in sub-horizon scale, we ignore the super-horizon modes,
0 < kηr < 1. Additionally, the modes on smaller scales than the peak scale,
k > 4ξ/ηr, have negligible contributions, because they have smaller ampli-
tudes and are highly oscillating. Therefore the interval of the integration of
kηr can be limited to 1 < kηr < 4ξ. Nr represents the e-folding number
between the end of inflation and that of the reheating phase,

Nr = ln
(

ηr

2|ηe|

)2

= ln
(

ar

ae

)
=

1
3

ln

(
ρinf

π2

30 g∗T4
r

)

≈ 8.05 +
4
3

ln

(
ρ1/4

inf
107GeV

)
− 4

3
ln
(

Tr

104GeV

)
− 1

3
ln
( g∗

100

)
, (2.124)
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FIGURE 2.5: The relation between ΩEM and ρinf for
Tr = 2.2 × 104GeV. To satisfy the consistency condition,
ΩEM ≪ 1, we choose ρinf < 5.85 × 1026GeV4. There is the
lower bound on ρinf since the energy density at reheating
completion is smaller than ρinf, ρinf > π2g∗T4

r /30 ≈ 1018GeV4.

where Tr and g∗ denote the temperature and the number of degrees of free-
dom at the reheating completion, respectively. By using the equation of the
entropy conservation we obtain the condition for ar as

ar ≈ 8.0 × 10−18
(

Tr

104GeV

)−1 ( g∗s

100

)− 1
3 , (2.125)

where we introduce the number of degrees of freedom for entropy, g∗s, and
we assume that g∗s = g∗ = 100 from now on. ηr is also represented by Tr as,

ηr = 2e
1
2 Nr−Ni |ηi| ≈ 1.18 × 10−11

(
Tr

104GeV

)−1

Mpc, (2.126)

where Ni ≡ ln(ae/ai) ≈ 29.9 + 2/3 ln(ρinf/107GeV) + 1/3 ln(Tr/104GeV)−
ln(ki/1Mpc−1). One can numerically evaluate Eq. (2.123) by substituting
particular values into Tr and ρinf. We show the relation between ρinf and
ΩEM in Fig. 2.5 for a fixed reheating temperature, Tr = 2.2 × 104GeV. In this
case, one finds that ρinf ≈ 6 × 1026GeV4 satisfies our consistency condition,
Eq. (2.122).

Let us consider the large-scale contribution to ΩEM. The large-scale peak
can be larger than the small-scale peak since the electric power spectrum de-
pends on k−2 at super-horizon scales for n = 3. We evaluate the contribution
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of the large-scale electric field

ΩEM(ηr)|kηi|∼2ξ ≈ 1
2ρtot

∫ dk
k
PE(kη ≪ 1),

=
25

2π3
ρinf

M4
Pl

e2Ni+5Nr
I(ξ) sinh(πξ)

ξ5 + 5ξ3 + 4ξ
,

≈ 10−3
(

Tr

104GeV

)−6
(

ρ1/4
inf

107GeV

)3(
ki

107Mpc−1

)−2

.

(2.127)

Here we introduce the numerical fits I(ξ) ≡
∫ ∞

0
d(−kηi)
(−kηi)3 |C+

2 (−kηi)| ≈ eπξ

4.7ξ2+2.7ξ+10
valid for 1 ≤ ξ ≤ 50 [91]. Then, one can suppress the contribution from the
super-horizon mode by sending ki to a sufficiently small scale.

Inverse cascade and the present magnetic field strength

Here we evaluate the present magnetic field strength by considering the in-
verse cascade process in magnetohydrodynamics. It is known that when he-
lical magnetic field and plasma tightly interact with each other in the tur-
bulent and high conductivity regime, the correlation length of the magnetic
field increases, because of the magnetic helicity conservation. This process is
called the inverse cascade. Our magnetogenesis scenario generates a maxi-
mally helical, small-scale, and strong magnetic field. Thus the subsequent in-
verse cascade automatically works and enables us to obtain a magnetic field
whose correlation length is much larger than the case only with the adiabatic
expansion. This property is advantageous to explain the observational lower
bound, Eq. (2.79).

The magnetic helicity density H(η) is defined as the volume average of
the local helicity A · B(η, x),

H ≡ 1
V

∫
V

d3x ϵijk Ai∂j Ak (2.128)

≃ a3λphysB2
phys, (maximally helical) (2.129)

where V is the comoving volume, Bphys ≡ −a−2∇ × A ≃ a−1A/λphys is
the physical magnetic field and λphys is its physical correlation length. The
magnetic field on the boundary of the volume V is assumed to have no nor-
mal component for the gauge invariance. It is known that the helicity is con-
served in the magnetohydrodynamics limit in which the electric conductivity
becomes infinite. In the context of cosmology, the helicity approximately con-
serves after the reheating completion. It can be also shown that the helicity
represents the difference between the right-handed and left-handed polar-
ization contributions to Eq. (2.128). In our case, the right-handed component
is much stronger than the left-handed one and the generated magnetic field
is maximally helical. Then the simplified evaluation, Eq. (2.129), is available.
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Now let us consider the inverse cascade process for our maximally he-
lical magnetic field. Provided that the helicity density H in Eq. (2.128) is
conserved, the helicity at the end of the magnetogenesis and the present time
are the same. Bphys and λphys can be evaluated by the maximum value of the
magnetic power spectrum PB(kpeak) and 2πa/kpeak, respectively. Thus the
helicity evaluated at η = ηr is given by

H ≃ a3
s λphys(ηr)B2

phys(ηr) ≃ a3
r

2πarηr

4ξ
PB(ηr, kpeak), (2.130)

where we used kpeak ≡ 4ξ/ηr, I2B2
phys ≃ PB(kpeak) and I(ηr) = 1. On the

other hand, the blazar observations are sensitive to Beff defined in Eq. (2.79)
which is directly related to the helicity at the present time as Beff ≃

√
H/1Mpc

for λ < 1Mpc. Therefore, we obtain Beff as,

Beff ≈ 8 × 10−14G
(

ΩEM

10−2

)1/2( Tr

104GeV

)−1/2( ξ

10

)−1/2

. (2.131)

Here we used MPl = 2.43 × 1018GeV and G = 6.8 × 10−20GeV2, Mpc =

1.56 × 1038GeV−1, and PB(ηr, kpeak) ≈ 2ρtotΩEM. Hence, the observational
constraint Eq. (2.79) can be explained in our model.

2.5 Important phenomena on Inflationary Magne-
togenesis

Finally in this chapter, we introduce the ignored phenomena when we esti-
mate the present magnetic field in the previous sections. We did not consider
the interaction between the electromagnetic field and the charged particles
in detail. We assumed instant dissipation and ignored the non-perturbative
phenomena such as the Schwinger effect. The Schwinger effect is the non-
perturbative phenomenon in QED, in which charged particles and antiparti-
cles are created by the strong electric field. When the variation time scale of
the electric field, τE = E/Ė, is larger than the Hubble time, τH = 1/H (τH < τE),
the current of the charged particles is proportional to the electric field and
the coefficient is electric conductivity. The Schwigner effect suppresses the
evolution of the electric field since the current represented by Ohm’s law be-
haves as the friction term in the EoM for the electric field and the growth of
the magnetic field are also suppressed [3, 4, 10, 12–14, 16, 17, 94–96]. The
estimations given in the above references are based on the assumption of
τH < τE. However, there exists an abrupt change of the electric field in the
inflationary magnetogenesis, in other words, τE < τH. As a concrete exam-
ple, we can confirm the sudden variation of the electric field caused by the
tachyonic instability in the previous section. To deal with such a sudden vari-
ation of the electric field precisely, we need to consider other prescriptions for
the Schwinger effect instead of the induced current calculation. Then, in this
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thesis, we will focus on the estimation of the Schwinger effect in the context
of the Inflationary Magnetogenesis.

We did not consider other potentially important phenomena related to
primordial magnetogenesis, such as chiral anomaly and baryogenesis in the
model. The chiral anomaly associates the helicity of the electromagnetic field
with the chiral asymmetry of the charged fermions which we neglect in this
paper. The chiral asymmetry modifies the inverse cascade through the chi-
ral magnetic effect and the final magnetic field would be significantly dif-
ferent [17, 97–104]. It has been pointed out that the helical primordial mag-
netic field can be responsible for the generation of the baryon asymmetry
in our universe [105–108]. This mechanism may also constrain magnetoge-
nesis models when the over-production of baryons is predicted. However,
the chiral plasma instability may cancel the helicity of the magnetic field and
the over-production of the baryons may be suppressed [109]. Careful cal-
culations are needed to determine the amount of the cancellation, and it is
beyond the scope of this thesis. The above phenomena require dedicated in-
vestigations to evaluate their implication and it is worth studying them in
broader contexts than primordial magnetogenesis.
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Chapter 3

Schwinger Effect

The production and the dynamics of the charged particles in the strong elec-
tromagnetic field are intensively investigated in several areas of physics. One
of the interesting phenomena in the strong electromagnetic field is the Schwinger
effect, which is the non-perturbative pair production from the strong elec-
tromagnetic field [110–112]. The original setup is in the static electric field,
E, and the production rate is proportional to exp

(
−π m2

eE

)
, where m and e

represent the mass and the coupling constant of the produced charged par-
ticles, respectively. This production rate is exponentially suppressed until
the electric field reaches the critical value, Ecr = πm2/e ∼ 1018 V/m 1 for
the electrons and the positrons, and which has not yet been achieved exper-
imentally. The LUXE experiment (Laser Und XFEL Experiment), which is a
new laser experiment using the European X-ray free electron laser (XFEL), is
expected to achieve the field strength close to the Schwinger critical values
[113], and therefore the Schwinger effect would be experimentally verified
soon. In the perturbation theory, we consider the coefficients of the Taylor
expansion around e = 0. The contribution to the observables by the higher
order correction is generally so smaller than one by the lower order correc-
tion that we can cut off the higher order contribution depending on use. For
the Schwinger effect, the coefficients of the Taylor expansion around e = 0
are zero for all orders and we cannot use the same analysis as the pertur-
bation theory. This is because this effect is non-perturbative. We can intu-
itively understand this non-analytical behavior of the transition amplitude
as the tunneling effect of the particles from the Dirac Sea to the positive en-
ergy states. Let us consider the simple case of tunneling, where the massive
charged particle is in the constant electric field. m, e, and V(x) = −Ex are the
particle mass, the charge, and the potential of the external constant electric
field. For the particles in the boundary of the Dirac sea, the potential barrier
is 2m − eEx (0 < x < 2m/eE). Then by using the WKB approximation, we
can roughly estimate the transition probability as exp

(
16m2

3eE

)
. This result is

similar to the production rate of the Schwinger effect. Several physical situa-
tions which may cause the Schwinger effect are discussed, such as relativistic
heavy ion collisions [114], neutron stars [115, 116], charged black holes [117,

1The critical value of the electric field is converted as, Ecr ∼ 10−6 GeV2 ∼ 1014G. When
the magnetic field is switched on, the effective magnetic mass takes the place of mass in
the production rate, which is called the quantum hole effect in the context of the condensed
matter physics, see ref. [PhysRevLett.45.494].
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118], and inflation with the amplification of the electromagnetic field [2, 69,
76–83, 85, 86, 91, 92]. In particular, such inflation models are intensively stud-
ied in the context of inflationary magnetogenesis, which explain the origin of
the magnetic field in our universe by inflation and subsequent high energy
phenomena, such as preheating or reheating. We will focus on the Schwinger
effect in the inflationary background in the next chapter.

3.1 Proper Time Method

Here we briefly review the proper time method to derive the Euler-Heisenberg
Lagrangian, which is the effective Lagrangian of the QED. Schwinger’s orig-
inal paper applies the proper time method to preserve the gauge invariance
of the analysis. Before considering the proper time method to derive the
effective Lagrangian, we focus on the calculation of the Schwinger pair pro-
duction from the given Lagrangian.

3.1.1 Reaction rate in case of the constant electric field.

The Euler-Heisenberg Lagrangian contains the 1-loop correction to the elec-
tromagnetic dynamics with the electron propagators, which is written as,

L(1) = − 1
8π2

∫ ∞

0

ds
s3 e−m2s

{[
(es)2G Re cosh(esX)

Im cosh(esX)

]
− 2

3
(es)2F − 1

}
, (3.1)

where we introduced the gauge invariant variables of the electromagnetic
field as,

X2 = 2(F + iG) = (B + iE)2,

F =
1
4

FµνFµν =
B2 − E2

2
, G =

1
4

Fµν F̃µν = E · B. (3.2)

Here we denote F̃µν ≡ 1
2 ϵµναβFαβ. Let us consider the constant electric field

in the above Lagrangian. The Lagrangian is rewritten as,

L(1) = − 1
8π2

∫ ∞

0

ds
s3 e−m2s

{
esEcot[esE] +

1
3
(es)E2 − 1

}
, (3.3)

where we used limx→0
x

eb(
√

a2+x2−a)1/2 − e−b(
√

a2+x2−a)1/2
=

√
a√

2b
. Since the

above integration have the poles as rn = nπ
eE for n ∈ N, we can perform

the integration by adding a small imaginary part iϵ to the denominator and
applying the Sokhotski-Plemelj formula,

lim
ϵ→0

1
r − rn ∓ iϵ

= P
1

r − rn
± iπδ(r − rn), (3.4)
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where P means the principal value of the integration. Then we have the
following equation,

L(1) =
1

8π2

(
iπ

∞

∑
n=1

(eE)2

(nπ)2 e−m2 nπ
eE +

1
3

∫ ∞

0

ds
s

e−m2s

)
. (3.5)

The probability of the transition from vacuum to vacuum is represented as,

⟨0out|0in⟩2 =

∣∣∣∣exp
(

i
∫

d4xL
)∣∣∣∣2 = exp

(
−
∫

d4x 2ImL
)

(3.6)

where the subscripts, out and in, denote the out and in vacuum, respectively.
Since the QED original Lagrangian is a real number, the imaginary parts of
the Lagrangian are extracted from eq. (3.5). The production rate of the parti-
cles, p, is estimated as,

p = 1 − ⟨0out|0in⟩2 ≈
∫

d4x 2ImL, (3.7)

where we used the assumption that the exponent of the transition amplitude
is much smaller than unity. Then the reaction rate of the pair production per
unit volume and unit time, Γ is written as,

Γ =
2(eE)2

(2π)3

∞

∑
n=1

1
n2 exp

(
−nπm2

eE

)
, (3.8)

This is the original representation of the production rate for the Schwinger
effect.

3.1.2 Derivation of the Euler-Heisenberg Lagrangian

Then, let us derive the Euler-Heisenberg Lagrangian by using the proper
time method based on ref. [112]. The effective action with the external elec-
tromagnetic field, W[A], decomposed into the classical part and quantum
correction part as,

W = W(0) + W(1), (3.9)

and the effective action satisfies the following relation,

δW(1)[A]

δAµ
= ⟨jµ⟩ = ⟨0| e

2
[ψ̄, γψ] |0⟩ ,

= ie tr[γµGA(x, x)], (3.10)

where ψ is the fermion field coupled to the electromagnetic field, and tr in-
dicates the diagonal sum with spinor indices. GA(x, x) is the Green function
of the Dirac equation, defined as

(
γµDµ − m

)
GA(x, y) = δ(x − y), where we

defined Dµ ≡ i∂µ − eAµ. We introduce the operator, Ĝ, corresponds to the
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green function, and the operator satisfies the following operator equation as,

Ĝ =
1

γµD̂µ − m
, (3.11)

where the 1 is the unit operator. The above equation can be formally solved
by introducing the proper time as,

Ĝ[A] = (m + γµD̂µ) i
∫ ∞

0
ds e−is(−m2+iϵ+(γD̂)2), (3.12)

where we introduced the iϵ prescription for the convergence of the integra-
tion. We can easily confirm that the solution of eq. (3.10) is represented as,

W(1)[A] =
i
2

∫ ∞

0

ds
s

eism2
Tr e−is(γD̂)2

(3.13)

where Tr means taking trace for x and spinor indices. Thus we obtain the
formal solution of the effective Lagrangian, L(1), as,

L(1) =
i
2

tr
∫ ∞

0

ds
s

eism2 ⟨x| e−is(γD̂)2 |x⟩ . (3.14)

Thus we need to evaluate the x-representation of eis(γD̂)2
. Regarding this

operator as the evolution operator, the problem can be interpreted into the
quantum mechanics for the “particle” depending upon the proper time and
the evolution operator. We introduce the “Hamiltonian” from the effective
Lagrangian as,

⟨x(s)|y(0)⟩ = ⟨x| e−isH |y⟩ ≡= ⟨x| e−is(γD̂)2 |y⟩ . (3.15)

Here ⟨x(s)|y(0)⟩ represents the transition amplitude from a state where x(s =
0) has the value y to a state where x(s) has the value x. H is estimated as,

H = Π2
µ −

1
2

eσµνFµν, Πµ ≡ pµ − eAµ (3.16)

Here we used the commutation relation as, [Πµ, Πν] = −ieFµν. We also intro-
duce, σµν = i

2 [γ
µ, γν]. We also obtain the evolution operator of the system,

U(s) = e−isH, which satisfies the Schrödinger equation as,

i
∂U(s)

∂s
= HU(s). (3.17)
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To find the solution of the transition amplitude, we should solve the equa-
tions for the particles. We have the Heisenberg equations for the particle as,

dxµ(s)
ds

= −i[xµ, H] = 2Πµ, (3.18)

dΠµ(s)
ds

= −i[Πµ, H] = 2eFµνΠν − ie∂νFµν +
e
2

σλν∂µFλν. (3.19)

Let us consider the constant electromagnetic field, and the second line of the
above equations can be simplified. Then we focus on the following equations
as,

dxµ(s)
ds

= 2Πµ,
dΠµ(s)

ds
= 2eFµνΠν. (3.20)

We can formally obtain the solutions from the above equations in the matrix
form,

Π(s) = e2esFΠ(0), (3.21)

x(s)− x(0) = (eF)−1
(

e2esF − 1
)

Π(0). (3.22)

We can rewrite the solutions about Π as,

Π(0) =
1
2

eFe−esFsinh−1(esF)(x(s)− x(0)), (3.23)

Π(s) =
1
2

eFeesFsinh−1(esF)(x(s)− x(0)) =
1
2
(x(s)− x(0))eFe−esFsinh−1(esF),

(3.24)

where we consider the transposition of the matrix in the last equality on the
second line. By the transposition, the field strength of the electromagnetic
field changes the sign as F(t)

µν = −Fµν, which is used to confirm the commu-
tation relation between x(s) and x(s) as,

[x(s), x(0)] = i(eF)−1(e2esF − 1) (3.25)

Then we can evaluate the Hamiltonian by the above expression,

H +
1
2

eσµνFµν = (x(s)− x(0))K(x(s)− x(0))

= x(s) K x(s)− 2x(s) K x(0) + x(0) K x(0)− i
2

treFcoth(esF)

(3.26)
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where we define K ≡ 1
4(eF)2 (sinh(esF))−2. Thus we obtain the differential

equation for the transition amplitude, ⟨x(s)|y(0)⟩ as,

i
∂

∂s
⟨x(s)|y(0)⟩ = [(x − y)K(x − y)− i

2
tr eFcoth(esF)− 1

2
eσµνFµν] ⟨x(s)|y(0)⟩ .

(3.27)

We have the solution of the above equation as,

⟨x(s)|y(0)⟩ = Z(x, y)eL(s)s−2 exp
[

i
4
(x − y)eFcoth(esF)(x − y) +

i
2

σesF
]

,

(3.28)

where L(s) ≡ 1
2 tr ln[(esF)−1sinh(esF)]. We can easily confirm the solutions

by substituting the eq. (3.28) into eq.(3.27). Z(x, y) is the time independent
function. Considering ⟨x(s)|Πµ |y(0)⟩ same as eq. (3.17), we obtain the equa-
tion for Z(x, y). Then we obtain the condition for Z(x, y) as,

Z(x, y) =
−i

(4π)2 Φ(x, y)

Φ(x, y) ≡ exp
(

ie
∫ y

x
dx · A(x)

)
, (3.29)

where the coefficient of Z(x, y) is determined by the absence of the external
field at s → 0. Finally, we can determine the transition amplitude and we can
calculate the effective Lagrangian as,

L(1) =
i
2

∫ ∞

0

ds
s

eim2str ⟨x(s)|y(0)⟩y→x

=
1

32π2

∫ ds
s3 e−m2se−

1
2 tr ln[(esF)−1 sin(esF)]tr e

1
2 eσsF (s → is), (3.30)

where we changed the integration path as s → is to exhibit the Lagrangian
more explicitly as a real quantity. Then, we evaluate the Dirac matrix trace in
the above equation, and by using the definition of the gauge invariant quan-
tity given in eq. (3.2), we obtain the Euler-Heisenberg Lagrangian shown at
the beginning of this section. Here we apply the proper time method for
the constant electromagnetic field. Of course, we can investigate other elec-
tromagnetic configurations, such as plane waves. This method was origi-
nally suggested by Schwinger, and other methods to evaluate the Schwinger
effect are developed one after another. In the next section, we introduce a
more simple (and easy to perform the numerical calculation) approach to the
Schwinger effect.
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3.2 Equivalent Method for the Schwinger Effect

In the previous section, we consider the original formulation of the Schwinger
effect, called the proper time method. The strategy of the proper time formu-
lation is as follows: first, by assuming the configuration of the electromag-
netic field, we solve the operator EoM, eqs. (3.18) and (3.19), for the moment,
Π(s) and Π(0); secondary, we substitute the solution into the Hamiltonian
and solve the Schrödinger equation for the time evolution operator to obtain
the transition amplitude in the coordinate representation; and finally, by con-
sidering the amplitude given by the momentum, we find the coefficient of the
transition amplitude and substitute it into the Green function represented by
the proper time integration.

In this section, we consider another type of formulation for the Schwinger
effect, where the particle production is described by the Bogoliubov trans-
formation [119]. We have already confirmed that the reaction rate of the
Schwinger effect is related to the probability of the vacuum collapse or pair
production of the particle and has the no information about the number of
the particles. The number of particles sometimes affects the dynamics of the
system. For example, the generated particles move along the electromagnetic
field and make an electric current which reduces the intensity of the external
electric field. In addition, if the number of the charged fermions is large, the
reaction of the Schwinger effect can suppressed by the Pauli blocking. Con-
sidering the above discussion, it is wiser to focus on the number of particles
rather than the reaction rate itself. The difficulty of this formulation is the am-
biguity of the definition of the particle. If we have the global timelike Killing
vector, we have the criterion of the negative and positive frequency. On the
other hand, if the spacetime loses the timelike Killing vector because of the
external field, we do not define the particle according to the standard. Thus
we note that an ambiguity about the definition of the particle remains in this
formulation, even though we instantaneously define the particles here.

In this formulation, we obtain the time evolution equation for the number
density as the momentum spectrum of the particles, which can be solved by
using the solution of the mode functions. In the case of the uniform external
field, we can formulate the time evolution equation for the distribution func-
tion related to the momentum spectrum as the Boltzmann equation. Such an
approach, where we see the time evolution of the distribution function of the
particles, is called the kinetic approach. We can obtain the explicit form of
the source term by using field-theoretic methods or phenomenological con-
struction where the asymptotic behavior is correct.

From now on, we first introduce the formulation of the Bogoliubov trans-
formation method. Second, we explain the kinetic approach based on the
field-theoretic method and the phenomenological construction method.

3.2.1 Bogoliubov Transformation

Here we introduce the other idea to calculate the Schwinger effect, where
we apply the Bogoliubov transformation. This approach is equivalent to the



46 Chapter 3. Schwinger Effect

canonical quantization of the field where the particle production is denoted
by the Bogoliubov transformation.

The following discussion is based on Refs. [17, 120, 121]. We consider the
fermion field coupled to the electric field as

L = ψ̄iγµ(∂µ + ieAµ)ψ − mψ̄ψ − 1
4

FµνFµν. (3.31)

Here ψ represents the fermion field, ψ̄ is defined as ψ†γ0 and m is the mass
of the fermions. Aµ, e, and Fµν are the electromagnetic field, the coupling
constant, and the field strength of Aµ. Here we introduce the method to
find the solution of the field equation from the above lagrangian in case the
electromagnetic field is classical and spatially homogeneous, which means
Fµν = Fµν(t). The field equations derived from Eq. (3.31) are written as,(

iγµ∂µ − eγµ Aµ − m
)

ψ = 0,
∂µFµν = jν = eψ̄γνψ, (3.32)

where jν is the current whose components are defined in the (RHS) in the
above equation. Since we assume the spatial homogeneity, j0=0. The first
equation is the Dirac equation with the classical homogeneous electric field.

First, we consider the past infinity case ( t → −∞), where the electric
interaction vanishes as

lim
t→−∞

Aµ = 0. (3.33)

Moreover, we choose the Weyl gauge where the time component of the elec-
tromagnetic field is fixed to 0. Then we can solve the Dirac equation there
and we can also linearly expand the fermion field as,

ψ̂ = ∑
λ=±

∫
d3x

[
ψin,+

p,λ (x)ain
p,λ + ψin,−

p,λ (x)bin,†
p,λ

]
, (3.34)

where ψin,±
p,λ is the classical solution of the Dirac equation and bin

p,λ are the
annihilation operator for the particles and antiparticles with the momentum
p and spin s, respectively. The superscript ± in each operator denotes the
positive/negative energy modes, and the superscript represents the solution
satisfying the condition where the mode function becomes free at the past
infinity, t → −∞. Thus we obtain the asymptotic condition for the in-mode
functions as,

lim
t→−∞

ψin,+
p,λ (x) = u(p, λ)e−ip·x,

lim
t→−∞

ψin,−
p,λ (x) = v(p, λ)eip·x, (3.35)
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where u(p, λ) and v(p, λ) denote the free spinors normalized as,

ū(p, λ)γνu(p, λ′) = v̄(p, λ)γνv(p, λ′) = 2pνδλ,λ′ . (3.36)

Here we define the inner product at the time slice t by

(ψ|χ) ≡
∫

d3x ψ†(t, x)χ(t, x). (3.37)

On the above definition, the mode functions normalized as,

(ψin,±
p,λ |ψin,±

p′,λ′) = 2ωp(2π)3δ(p − p′)δλ,λ′ ,

(ψin,±
p,λ |ψin,∓

p′,λ′) = 0, (3.38)

where ωp is the energy of the particle with momentum p. By using the above
conditions, we can represent ain

p,λ and bin†
p,λ by the inner products (ψin,±

p,λ |ψ̂) as
follows,

ain
p,λ =

1
2ωp

(ψin,+
p,λ |ψ̂), bin†

p,λ =
1

2ωp
(ψin,−

p,λ |ψ̂). (3.39)

When we assume the canonical anti-commutation relation for the quantiza-
tion of the fermion, {

ψ̂(t, x), ψ̂†(t, y)
}
= δ(x − y), (3.40)

we have the following anti-commutation relations for creation and annihila-
tion operators,{

ain
p,λ, ain†

p′,λ′

}
=
{

bin
p,λ, bin†

p′,λ′

}
=

1
2ωp

(2π)3δ(p − p′)δλ,λ′ . (3.41)

We can also have the same discussion for the out-solutions, which satisfy the
free boundary condition at the future infinity, t → ∞ same as Eqs. (3.35).
Though we assume the Dirac equation becomes free at the asymptotic time,
t → ±∞, the spatial parts of the gauge field,Ai, can be non-zero at t → ∞.
These non-zero parts of the gauge field behave as a pure gauge because the
field strength vanishes2. Thus we can have the out-solution free at future
infinity as,

lim
t→∞

ψout,+
p,λ (x) = U†(x)u(p, λ)e−ip·x,

lim
t→∞

ψout,−
p,λ (x) = U†(x)v(p, λ)eip·x, (3.42)

2The U(1) gauge transformation represented for the gauge field is A′
µ = Aµ − ∂µθ, where

θ is the arbitrary functions which do not affect the field strength. Thus in general, the gauge
field is non-zero even if the field strength is zero.
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where U(x) is the gauge factor represented as,

U(x) ≡ exp
[
−ie

∫ x
dx′ · A(t, x′)

]
. (3.43)

Since the gauge field is a pure gauge at t → ∞, a in the above equation is
a pure gauge, and in the case of the global gauge transformation, the gauge
factor becomes U = exp [−ieθ], where θ is constant. The integration path at
the above definition should be on the constant t-plane, and since the gauge
field is pure gauge, A = ∂θ, the integration is not affected by the shape of the
path but only the endpoints of the path. Then the field operator can also be
expressed by the out-mode functions as follows,

ψ̂ = ∑
λ=±

∫
d3x

[
ψout,+

p,λ (x)aout
p,λ + ψout,−

p,λ (x)bout,†
p,λ

]
. (3.44)

In the same way as in-solutions, we can also have the normalization for the
mode functions and anti-commutation relations for the operators as,

aout
p,λ =

1
2ωp

(ψout,+
p,λ |ψ̂), bout†

p,λ =
1

2ωp
(ψout,−

p,λ |ψ̂), (3.45){
ain

p,λ, ain†
p′,λ′

}
=
{

bin
p,λ, bin†

p′,λ′

}
=

1
2ωp

(2π)3δ(p − p′)δλ,λ′ . (3.46)

Thus we have the two different definitions of the particle in Eqs. (3.34) and
(3.44), based on the in-basis and out-basis, respectively. In general, these two
definitions differ when the non-zero electromagnetic field appears at some
points in the time evolution of the system. This difference is the consequence
of the particle production from the vacuum by the background electromag-
netic field. Here we consider the initial state to be vacuum, and the number
density of the particles observed at the future infinity, t → ∞, is obtained
by the in-vacuum expectation value, defined by ain

p,s |in⟩ = bin
p,s |in⟩ = 0, of

out-particle number operator as follows,

dNλ

d3p
=

2ωp

(2π)3 ⟨in| aout†
p,λ aout

p,λ |in⟩ . (3.47)

To calculate the number density, we need to rewrite the out-particle operators
by the in-particle operators. By substituting Eq. (3.34) into Eq. (3.45), we have
the following relationship between two different bases,

aout
p,λ =

1
2ωp

∑
λ′=±

∫ d3p′

(2π)3

[
(ψout+

p,λ |ψin+
p′,λ′)ain

p′,λ′ + (ψout+
p,λ |ψin−

p′,λ′)bin†
p′,λ′

]
,

bout†
p,λ =

1
2ωp

∑
λ′=±

∫ d3p′

(2π)3

[
(ψout−

p,λ |ψin+
p′,λ′)ain

p′,λ′ + (ψout−
p,λ |ψin−

p′,λ′)bin†
p′,λ′

]
.

(3.48)

Without the loss of generality, we can constantly rotate the phase of the
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spinor in order to satisfy the following conditions for the inner product of
the mode functions,

(ψout+
p,λ |ψin+

p′,λ′)
∗ = (ψout−

−p,λ|ψ
in−
−p′,λ′),

(ψout+
p,λ |ψin−

−p′,λ′)
∗ = −(ψout−

−p,λ|ψ
in+
p′,λ′). (3.49)

By substituting the above expression, we can rewrite Eq. (3.48) as,√
2ωpaout

p,λ = ∑
λ′

∫ d3p′

(2π)3

√
2ωp′

[
α(p, λ; p′, λ′)ain

p′,λ′ + β(p, λ; p′, λ′)bin†
−p′,−λ′

]
,

(3.50)√
2ωpbout†

−p,λ = ∑
λ′

∫ d3p′

(2π)3

√
2ωp′

[
α∗(p, λ; p′, λ′)bin†

−p′,−λ′ − β∗(p, λ; p′, λ′)ain
p′,λ′

]
,

(3.51)

where we introduced the coefficients α and β as,

α(p, λ; p′, λ′) ≡ 1
2√ωpωp′

(ψout+
p,λ |ψin+

p′,λ′) (3.52)

β(p, λ; p′, λ′) ≡ 1
2√ωpωp′

(ψout+
p,λ |ψin−

−p′,λ′). (3.53)

Then Eqs. (3.50) and (3.51) take the form of a Bogoliubov transformation,
where α and β are called as Bogoliubov coefficient. By using this expression,
we can find the number of anti-particles with momentum −p is equal to
particles with momentum p as,

⟨in| aout†
p,λ aout

p,λ |in⟩ = ⟨in| bout†
−p,λbout

−p,λ |in⟩ . (3.54)

Finally, we have the expression of the number density of the produced parti-
cles by the difference of the definition of the particles as,

dNλ

d3p
=

1
(2π)3 ∑

λ′

∫ d3p′

(2π)3 |β(p, λ; p′, λ′)|2. (3.55)

Then we can evaluate the production of the particles by calculating somehow
the Bogoliubov coefficients. If we evaluate β in Eq. (3.55) at the future infinity,
t → ∞, by the out mode functions given in Eq. (3.42), the number density of
the particle is rewritten as,

dNs

d3p
=

1
(2π)32ωp

∑
λ′

∫ d3p′

(2π)32ωp′
lim
t→∞

∣∣∣∣u†(p, λ)
∫

d3x e−ip·xU(t, x)ψin−
p′,λ′(t, x)

∣∣∣∣2 .

(3.56)

Since this expression for the particle production is only for the asymptotic
case, where the field strength of the background gauge field vanishes, we
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cannot obtain the time evolution of the production by this formula. How-
ever, if we define the instantaneous state of the quasiparticle at some time
when the electromagnetic field turning on, we can heuristically obtain the
time dependence of the production. The time-dependent momentum spec-
trum of the produced particles is interpolated by removing the limit of t → ∞
in Eq. (3.56). This procedure is equivalent that we define the instantaneous
state of the quasiparticle with the following mode function,

ψ
(t)+
p,λ (x) = U†(x)u(p, λ)e−ip·x,

ψ
(t)−
p,λ (x) = U†(x)v(p, λ)eip·x. (3.57)

The field operator is expanded by the above mode functions and the corre-
sponding creation and annihilation operators. Since the gauge field is not
pure gauge at the middle of the evolution of the system, the integration of
the gauge factor, U(x), in Eq. (3.57) depends on the path of the line integral
defined in Eq. (3.43). Although we only consider the simple case that the path
is uniquely determined, the choice of the path is the origin of the ambiguity
of the particle definition in the case of the general gauge field background.

3.2.2 Uniform electric field case

We derived the momentum spectrum of the produced particles by the Bo-
goliubov coefficients, which can be obtained by solving the Dirac equation.
The analytical solution of the Dirac equation is given in some special config-
uration of the electromagnetic field in Refs.[119]. When the electric field is
uniform, we can directly obtain the time evolution equation for the Bogoli-
ubov coefficients. Then, in this section, we consider the uniform background
electric field and derive the time evolution of the coefficients. Here we con-
sider the uniform electric field background case. The configuration of the
gauge field is as follows,

Aµ = (0, A(t)). (3.58)

Since the gauge field is spatially homogeneous, the line integral in the gauge
factor of the instantaneous quasiparticle is uniquely obtained as,

U(x) = e−ieA(t)·x, (3.59)

and the spatial dependence of each mode function becomes trivial as,

ψin,±
p,λ (x) = Ψ±

p,λ(t)e
±ip·x. (3.60)
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In this set up we can estimate the Bogoliubov coefficients of the instantaneous
state by using Eqs. (3.52) and (3.53) as,

α(t; p, λ, p′, λ′) =
1

2√ωpωp′
(ψ

(t)+
p,λ |ψin+

p′,λ′),

=
eiωpt

2√ωpωp′
u†(p, λ)Ψ+

p′,λ′(t)
∫

d3xe−i(p+eA−p′)·x,

=
eiωpt

2√ωpωp+eA
u†(p, λ)Ψ+

p+eA,λ′(t)(2π)3δ(p + eA − p′),

(3.61)

β(t; p, λ, p′, λ′) =
eiωpt

2√ωpωp+eA
u†(p, λ)Ψ−

−p−eA,λ′(t)(2π)3δ(p + eA − p′).

(3.62)

When we substitute the above expressions into the Bogoliubov transforma-
tion in Eqs. (3.50) and (3.51), the momentum integrations can be performed
because of the delta function in the above equations. Thus we redefine the
Bogoliubov transformation as

ap,λ =

√
ωp+eA

ωp
∑
λ′

[
α(t; p, λ, λ′)ain

p+eA,λ′ + β(t; p, λ, λ′)bin†
−p−eA,λ′

]
, (3.63)

b†
−p,λ =

√
ωp+eA

ωp
∑
λ′

[
α∗(t; p, λ, λ′)bin†

−p−eA,−λ′ − β∗(t; p, λ, λ′)ain
p+eA,λ′

]
,

(3.64)

where the regularized time-dependent Bogoliubov coefficients are given by,

α(t; p, λ, λ′) =
eiωpt

2√ωpωp+eA
u†(p, λ)Ψ+

p+eA,λ′(t), (3.65)

β(t; p, λ, λ′) =
eiωpt

2√ωpωp+eA
u†(p, λ)Ψ−

−p−eA,λ′(t). (3.66)

Here we confirm that the momentum spectrum of produced particles esti-
mated in this formula does not violate the Pauli exclusion principle. Since
definition of the anti-commutation relation is independent of the time slice,
the we can find the relation between the Bogoliubov coefficients as,

1
2ωp

(2π)3δ(p − p′)δλ,λ′

=
{

ap,λ, a†
p′,λ′

}
,

=
1

2ωp
(2π)3δ(p − p′)∑

σ

[
α(t; p, λ, σ)α∗(t; p, λ′, σ) + β(t; p, λ, σ)β∗(t; p, λ′, σ)

]
,

δλ,λ′ =
[
α(t; p, λ, σ)α∗(t; p, λ′, σ) + β(t; p, λ, σ)β∗(t; p, λ′, σ)

]
. (3.67)
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The distribution function, fp, of the produced particles is obtained by the
momentum spectrum of the particle number per unit volume as

fp =
(2π)3

V
dNλ

d3p
= ∑

λ′
|β(t; p, λ, λ′)|2 ≤ 1, (3.68)

where V = (2π)3δ(0) is the volume of the system. Since the distribution
function represents the occupation number, then the Bogoliubov transforma-
tion method does not violate the Pauli exclusion principle.

Let us consider the time derivative of Eqs. (3.65) and (3.66). The direction
of the uniform electric field can vary in time, though we choose the spin basis
to diagonalize the interaction term along the z-directed electric field. We
also remark that the produced particles can be accelerated by the background
electric field, E = −Ȧ. Therefore the time derivative of the momentum of
the particles becomes ṗ = eE. Taking the time derivative, we obtain the
equations for the coefficients as,

dα(t; p)
dt

= i[ϵ(t) + S(t)]α(t; p)− e2iωptP(t)β∗(t; p), (3.69)

dβ(t; p)
dt

= i[ϵ(t) + S(t)]β(t; p) + e2iωptP(t)α∗(t; p). (3.70)

For the simple representation, we used the following definitions,

ϵ ≡ eE · p
ωp

t (3.71)

P(t) ≡
eEzE2

p − (eE · p)pz

2ω2
pm⊥

1 + i
eEx py − eEy px

2ωpm⊥
σ3 + i

m
2ωpm⊥

(eExσ3 + eEyσ1),

(3.72)

S(t) ≡
m(eExσ2 + eEyσ1)

2ωp(ωp − pz)
+

(eEx py − eEy px)σ3

2ωp(ωp − pz)
, (3.73)

where m⊥ ≡
√

m2 + p2
⊥ and p⊥ is the transverse momentum to the electric

field. We used the spin basis which is the eigenstate of σ3 when we solved
the Dirac equation for the mode functions.

3.2.3 Kinetic Approach

In the previous section, we derive the time derivatives of the Bogoliubov
coefficients, which directly give us information on the time evolution of the
produced particles. Here we take the kinetic approach, where we mainly
focus on the time evolution of the distribution function. As discussed before,
the source term of the kinetic equation of the distribution is given by the
field-theoretic method and phenomenological construction method. First,
we derive the former as the continuation of the previous section. Second,
we show the latter.
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Field theoretic source term

In addition to the uniform electric field, we impose that the electric field
is parallel to the z-axis. When the direction of the electric field is time-
independent, we can simplify the time derivative equations, eqs. (3.69) and
(3.70), and obtain the time evolution equation for the particle distribution
function as,

d fp(t)
dt

=
eEzm⊥

ωp2
Re(gp(t)), (3.74)

where we introduce the function gp(t) as,

gp(t) ≡ e−2iωptα(t, p)β(t, p) (3.75)

By using eqs. (3.69) and (3.70), the time derivative of gp(t) is represented as,

dgp(t)
dt

= −2iωpgp(t) +
eEzm⊥

2ωp
[1 − 2 fp(t)]. (3.76)

Here the factor 1 − 2 fp represents Pauli-blocking, with the coefficient ac-
counting for the effects of both particle and antiparticle creation. When fp

exceeds 1/2, the effects of pair annihilation become significant3. Then we
can solve the above equation by just performing the time integration as,

gp(t) =
∫ t

dτ
eEz(τ)m⊥

2ω2
p(τ)

[1 − 2 fp(τ)]e−i(θ(t)−θ(τ)), (3.77)

where θ is known as the dynamical phase as

θ(t) ≡ 2
∫ t

dt′ωp. (3.78)

Thus we find the source term of the kinetic equation for the distribution func-
tion as,

d fp

dt
=

eEz(t)m⊥
2ωp(t)2

∫ t
dτ

eEz(τ)m⊥
ωp(τ)2 [1 − 2 fp(τ)] cos(θ(t)− θ(τ)),

≡ S [ fp] (3.79)

Because of the time integration in the (R.H.S) of the above equation, the time
evolution of the distribution function is non-Markovian, where the informa-
tion of the time step is not determined by only the previous time step, but
determined by all the past information. In other words, the source term is
non-local in time. This non-locality stems from the statistical factor, 1 − 2 fp,

3For numerical calculations that incorporate the impact of pair annihilation, please refer
to ref. [122]
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which represents the Pauli blocking. In the case of the low density and con-
stant electric field limit, the momentum integration of the source term be-
comes the reaction rate of the Schwinger effect in the constant electric field
as,

lim
t→∞

∫
d3p S [ fp] =

e2E2

4π3 e−
πm2

eE . (3.80)

Phenomenological construction of the source term

Here we show the Schwinger source term derived from the phenomeno-
logical construction, where the behavior of the source term in the case of
the constant electric background is consistent with the reaction rate given in
eq. (3.8). The phenomenological construction of the Schwinger source term
for the massive fermion field is suggested by ref. [123] as,

S [ f ] = eE exp

(
−π

m2 + p2
⊥

eE

)
δ(p∥), (3.81)

where p⊥ and p∥ are the transverse and longitudinal momenta to the elec-
tric field, respectively. This source term is derived from the WKB calcula-
tion of the tunneling probability from the Dirac Sea. They set 0 longitudinal
momentum, but the typical momentum of the produced particle is of order
p∥ ∼

√
eE. Then we replace the delta function with the normal distribution

function as,

δ(p∥) →
1√
eE

exp

(
−π

p2
∥

eE

)
. (3.82)

We obtain the source term with the non-zero longitudinal momentum as,

S [ f ] = (1 ± 2 fp)
√

eE exp
(
−π

m2 + p2

eE

)
, (3.83)

where we multiply the Pauli blocking (Bose enhancement for boson field)
factor. The equation above has a Markovian source term because it assumes
a low-density approximation. The disappearance of non-Markovianity in
the low-density limit is discussed in ref. [120]. Then we can confirm that
this source term can reproduce the same reaction rate with eq. (3.8) in the
low-density limit as,

Γ =
∫ d3p

(2π)3S [ f = 0] =
(eE)2

(2π)3 exp
(

πm2

|eE|

)
. (3.84)

Thus eq. (3.83) is the consistent source term.
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Chapter 4

Application of the Schwinger
Effect to Inflation

In this chapter, we will apply the Schwinger effect to inflation models and in-
vestigate the dynamics of inflaton, electric field, and charged particles. In the
Schwinger effect in curved spacetime, the background field generating the
charged particles is not only the electric field but also the gravitational field.
We have already confirmed in previous chapters that the spacetime expan-
sion can produce particles from the vacuum state. The combination of these
different generation sources makes the Schwinger effect more complicated
to apply for the inflationary magnetogenesis scenario. Once the charged
particles are produced, they move along the line of the electric field and
induce the electric current which suppresses the amplification of the elec-
tromagnetic field. This induced current can be quantitatively estimated by
taking the vacuum expectation value of the current operator, but the cur-
rent operator contains the ultraviolet divergences, which can be removed
by the subtraction scheme, such as the adiabatic subtraction and the point
splitting renormalization. By evaluating the time evolution of the induced
current, we can estimate the suppression of the amplification of the elec-
tromagnetic field without calculating the time evolution of the production
rate. Several attempts investigate the Schwinger current in the curved space-
time, for example in (1 + 1)-dimensional [10], (2 + 1)-dimensional [13], and
(3 + 1)-dimensional [3, 14, 17, 20, 124] de-Sitter spacetime for the scalar [3,
124] and spinor [14, 17, 124] charged particles. The interesting phenomena
related to the Schwinger effect appear in the de-Sitter spacetime, which is
absent in the flat spacetime.

One such phenomenon, which happens when the charged particles are
bosons, is the IR hyperconductivity, in which the induced current is signifi-
cantly enhanced in the small mass and weak electric field regime. We have
already confirmed that the light scalar field can have large mean squared val-
ues. The effective mass of the scalar field coupled to the electric field depends
on the strength of the electric field, and hence the light scalar field can have
large field values in the weak electric field case. However, if the scalar field is
near the origin in our Hubble patch, the effective mass of the electromagnetic
field is still small and the hyperconductivity is to be ignored.

Another interesting phenomenon is the negative conductivity, where the
induced current flows in the direction opposite to the electric field. Such a sit-
uation is not prohibited in curved spacetime. When the pairs of the charged
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particle move slower than the expansion rate of the spacetime, H, the current
flows opposite to the electric field in the expanding coordinate. The negative
current can amplify the electric field and relate the instability of the de-Sitter
spacetime to cause spontaneous electrification. However in ref. [94], the neg-
ative conductivity does not cause the instability in the weak coupling regime
considered in this thesis.

The Schwinger effect in the cosmological background has been inten-
sively investigated, but still there exist open issues to address. The evaluation
of the induced current by the constant electric field is justified only in case the
electric field adiabatically evolves. When the time scale of the variation of
the electric field is smaller than the Hubble time, the delayed reaction of the
charged particles occurs and the formula of the induced current derived by
the constant electric field breaks down. In addition, in that case, the process
of the thermalization of the charged particles should be taken into account.
Then there is the possibility that the dynamics of the charged particles can
affect the evolution of the electric field and inflaton field. This background
makes us apply the kinetic approach to investigate the Schwinger effect in
curved spacetime. At first, we review the scalar QED in the curved space-
time and show the induced current with the interesting property discussed
above. After that, we consider the kinetic approach to the Schwinger effect
on inflation.

4.1 Schwinger effect in de Sitter spacetime

Here we briefly review the dynamics of the scalar QED in the (3+1)-dimensional
de-Sitter spacetime based on ref. [3].

The solution of the mode function

The Lagrangian for the charged scalar minimally coupled to the electromag-
netic field in de Sitter spacetime is written as,∫

d4√−gL =
∫

d4√−g
[(

Dµϕ
)∗ Dνϕ − m2ϕ∗ϕ

]
, (4.1)

where Dµ = ∂µ − ieAµ, ϕ is the complex scalar field, and m is the mass pa-
rameter of the scalar. Note that ϕ is not the inflaton and the spacetime is fixed
to the de Sitter spacetime as,

ds2 = a(η)2
(

dη2 − dx2 − dy2 − dz2
)

, (4.2)

where η = − 1
aH is the conformal time. We also deal with the electric field as

the external background field, and we set the uniform and constant electric
field into the z direction as,

Aµ =
E

H2η
δz

µ, (4.3)
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where E = const. The EoM for the canonical scalar field, q = aϕ, is written
as,

q′′ − (∂i + ieAi)
2q + a2

(
(m2 − 2H2

)
q = 0, (4.4)

where ′ denote the derivative by η. When we impose the canonical commu-
tation relation for the q and its conjugate momentum Π in the same way as
sec. 2.1.3, the mode function satisfies the following equation as,

q′′k + ω2
kqk = 0, (4.5)

where ωk is the effective frequency, which is defined as,

ω2
k =

(
kz +

eE
H2η

)2

+ k2
x + k2

y +
m2

H2η2 − 2
η2 (4.6)

= k2 − 2
η

λkr +
1
η2

(
1
4
− µ2

)
. (4.7)

where we introduce the following notation as,

λ =
eE
H2 , r =

kz

k
and µ2 =

9
4
− m2

H2 − λ2. (4.8)

We can confirm that the EoM for the mode function has the same form with
eq. (2.103), and hence we know the solution is written by the Whittaker func-
tions, Wiλr,µ(2ikη), and Miλr,µ(2ikη). The former one represents the positive
frequency solution, and then we choose the mode function as,

qk =
e−πλr/2
√

2k
Wiλr,µ(2ikη) . (4.9)

Induced current and conductivity

The charged particles produced via the Schwinger effect move along the elec-
tric field, and the induced current appears. The current is estimated by the
vacuum expectation value of the current operator, but the operator itself is
not well defined, which has the ultraviolet divergence. Here we just intro-
duce the definition of the induced current, the expectation value of the cur-
rent with the divergence, and the regularized expectation value. By using the
solution derived in eq. (4.9) and the definition of the current operator as,

Jµ = − ie
2

{
ϕ†Dµϕ − ϕ

(
Dµϕ

)†
}
+ h.c. , (4.10)

we can represent ⟨Jµ⟩ by the mode function as,

⟨Jz⟩ =
2e
a2

∫ d3k
(2π)3 (kz − eAz) |qk|2 . (4.11)



58 Chapter 4. Application of the Schwinger Effect to Inflation

When we try to perform the integration at the past infinity, −kη → ∞, we
find the quadratic and logarithmic divergence. We can perform the integra-
tion with the momentum cut-off, ζ as,

⟨Jz⟩ =
eaH3

(2π)2 lim
ζ→∞

[
2λ

3

(
ζ

aH

)2

+
λ

3
ln
(

2ζ

aH

)
− 25λ

36
+

µ2λ

3
+

λ3

15
+ K(λ, µ, r)

]
,

(4.12)

where for convenience, we define K(λ, µ, r) as

K(λ, µ, r) ≡ 45 + 4π2(−2 + 3λ2 + 2µ2)

12π3
µ cosh(2πλ)

λ sin(2πµ)
− 45 + 8π2(−1 + 9λ2 + µ2)

24π4
µ sinh(2πλ)

λ2 sin(2πµ)

+ Re
{∫ 1

−1
dr

iλ
16 sin(2πµ)

(
−1 + 4µ2 + (7 + 12λ2 − 12µ2)r2 − 20λ2r4

)
×
((

e2πrλ + e2πiµ
)

ψ
(

1
2 + µ + irλ

)
−
(

e2πrλ + e−2πiµ
)

ψ
(

1
2 − µ + irλ

))}
,

(4.13)

where ψ(x) ≡ Γ′(z)
Γ(z) is the digamma function. The detailed calculation is

shown in the appendix of ref. [3]. To remove the ultraviolet divergence from
the above current expression, we use a subtraction scheme. The original pa-
per employs the adiabatic subtraction scheme, where we subtract the quan-
tity computed in the slow variation of the background. Ref. [94] uses the
Pauli-Villars regularization, where the auxiliary ghost field in order to can-
cel the divergence and we set the mass of the auxiliary field infinity to make
them non-dynamic. Both schemes give us the same result,

⟨Jz⟩reg =
eaH3

(2π)2

[
−2λ3

15
+

λ

3
ln
(m

H

)
+ K(λ, µ, r)

]
. (4.14)

We consider the extreme case for the regularized current, eq. (4.14). In the
strong electric field limit, E ≫ H, we obtain the same result with the flat
space case as,

⟨Jz⟩reg ∼ sign(E)
a

12π2
e3E2

H2 exp
(
−πm2

|eE|

)
, (4.15)

On the other hand, when we consider the light mass and weak field limit,
m2

H2 + λ2 ≪ 1, we can find the implication of the infrared hyperconductivity
as,

⟨Jz⟩reg ∼ 3e2EaH
4π2

1
m2

H2 + λ2
. (4.16)
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If m2/H2 ≪ λ2, the electric current depends on the inverse of the electric
field,J ∝ E−1. The infrared hyperconductivity is one of the interesting fea-
tures.

We have field-theoretically considered the Schwinger effect on the curved
spacetime in this section, but this method has not yet been investigated for
the dynamical background case.

4.2 Kinetic approach to the Schwinger effect on in-
flation

In this section, which is the main part of this thesis, we consider the ki-
netic approach with the phenomenological source term. Here, this section
is mainly based on ref. [6].

4.2.1 Boltzmann equation in the anisotropic background

We employ the Boltzmann equation in the curved spacetime with the elec-
tromagnetic field to describe the dynamics of the charged particles,[

Pµ∂µ − Γµ
νλPνPλ ∂

∂Pµ − ePµFµj
∂

∂Pj

]
F (x, P) = uµPµ (S [F ] + C[F ]) , (4.17)

where u, P,S , C and F (x, P) represent the four-velocity of the local flow, the
four-momentum of the particle, production rate of charged particles due to
the Schwinger effect, the collision term, and the distribution function, re-
spectively. Γµ

νλ denotes the Levi-Civita connection. When we consider the
anisotropic background, Eq. (2.61), and the electric field in the x-direction,
the Boltzmann equation can be rewritten as

∂Fp

∂t
+
(
E(t) + 3σ̇p∥

) ∂Fp

∂p∥
− (α̇ + σ̇)p ·

∂Fp

∂p
= S [Fp] + C[Fp], (4.18)

where we introduced the physical momentum p with Pµ = (ϵp, e−α+2σ p∥, e−α−σ p⊥)

and p2 = p2
∥ + p2

⊥. One can reproduce the equation in the isotropic back-
ground by taking the limit σ̇ → 0.

To solve the Boltzmann equation, we need to specify the collision term
and the Schwinger source term. In this part, we follow the procedure used
in the previous work [5]. We assume that the collision term can be approxi-
mated by a restoring force towards the thermal equilibrium with a relaxation
time τ,

C[F ] = −
Fp −F eq

p

τ
(4.19)

where F eq
p represents the Fermi-Dirac distribution function without chemi-

cal potential F eq
p = (exp [(uνPν/T)] + 1)−1 with T = [60ρc/(7π2)]1/4. It is
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known that the relaxation time of the electron in the flat spacetime is τ =
c0(4π)2

e4T ln e−1 , where c0 is an order 1 parameter [125]. We adjust this expression to
our setup. e should be replaced by the effective coupling eeff = e/ f . The tem-
perature T in τ is approximated by the average kinetic energy of the electron,
ρc/n. Finally, we chose c0 = 1. Then we obtain the relaxation time as

τ =
(4π)2(

ρc(t)
n(t)

)
e4

eff ln e−1
eff

. (4.20)

The Schwinger source term in the kinetic approach in the inflationary uni-
verse was estimated in eq. (3.83),

S [F ] = (1 − 2F (t, p))
√
|E(t)| exp

(
−π

m2 + p2

|E(t)|

)
, (4.21)

where (1 − 2F ) represents the Pauli blocking factor. 1

One can show that Eq. (4.21) reproduces the pair production rate for the
constant electric field,

Γ =
∫ d3p

(2π)3S [F = 0] =
|E |2
(2π)3 exp

(
−πm2

|E |

)
, (4.22)

where we ignored the Pauli blocking factor. We also find the polarization
current density, jpol, of the produced charged particles which is not yet accel-
erated by the electric field. In the strong field limit, |E | ≫ H2, m2, which is
applicable to our case, jpol is computed as

jpol =
2g
E

∫ d3p
(2π)3

√
m2 + p2S [F = 0] ≃ g sign(E) |E |

3/2

(2π)3 , (4.23)

where g = 2s + 1 is the number of spin projection and s = 1/2 in our case.
Here we ignored F again. We distinguish jpol from the conductive current,
jcond, which is the current density of the charged particles accelerated by the
electric field after their production. When we consider the interaction be-
tween the electric field and charged particles, we should include both current
densities, jtot = jpol + jcond.

Our numerical calculations use Eqs. (4.22) and (4.23) which assume that
the number of the charged particles per unit volume in the phase space is
negligible, F ≈ 0. The approximation of the vanishing F may be justified
since the rapid expansion of the spacetime and the acceleration by the electric
field change the momenta of the charged particles and empty the phase space
that was filled up by the previous particle production. Note that Ref. [5]
directly solved the Boltzmann equation without using this approximation

1For the stimulated pair creation for bosons, we replace the factor to (1 + 2F ). The ex-
planations for these Schwinger source terms in the kinetic approach are written in Ref. [24]
for fermions and Refs. [18, 25] for bosons.
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F ≈ 0 and confirmed that the hydrodynamic approach reproduced the qual-
itatively equivalent results with this approximation. Thus we adopt the same
approximation.

Let us introduce a (k, r) moment to apply the hydrodynamic approach for
Eq. (4.18) as,

J (k,r)
i1,··· ,ik

(t) = 2g
∫ d3p

(2π)3

pi1 · · · pik
ϵ(p)r+2k−1F (t, p), (4.24)

where the factor 2 appears from the contribution of the electron and positron.
Multiplying the Boltzmann equation by

pi1
···pik

ϵ(p)r+2k−1 and integrating over the
momentum space, we obtain the following chain of ordinary differential equa-
tions:[

d
dt

+
1
τ
− (r + k − 4)(α̇ + σ̇)− 3σ̇

]
J (k,r)

i1···ik − 3σ̇
k

∑
ℓ=1

J (k,r)
i1···îℓ···ikx

+ 3σ̇(r + 2k − 1)J (k+2,r−2)
i1···ikxx

+ E
[
(r + 2k − 1)J (k+1,r)

i1···ik,x −
k

∑
ℓ=1

δℓ,xJ
(k−1,r+2)

i1···îℓ···ik

]
+ (r + 2k − 1)(α̇ + σ̇)m2J (k,r+2)

i1···ik

= 2g
∫ d3p

(2π)3

pi1 pi2 . . . pik
ϵ(p)r+2k−1 S(p) + 2g

∫ d3p
(2π)3

pi1 pi2 . . . pik
ϵ(p)r+2k−1 Feq(p, T). (4.25)

The detailed derivation is described in Appendix. A. Here îl means that the
index il is absent in the sequence. Since we consider that the charged particles
are relativistic and E ≫ m2, we ignore the contribution from the mass term
in the above equation. We cannot solve the infinite chains of equations and
hence we need closure conditions to cut off the chains. Now we extract the
three pieces of the chains of equations for the (0, 1), (0, 0), (1, 0) moments,
which are important to describe the Schwinger pair production. We specify
each moment as the energy density of the charged particles, J (0,0) ≡ ρc,
their number density, J (0,1) ≡ n, and their conductive current density along
electric field, J (1,0)

x = jcond. The evolution equations for them are written as,

dn
dt

+

(
1
τ
+ 3α̇

)
n = 2gΓ +

neq

τ
, (4.26)

dρc

dt
+ (4α̇ + σ̇) ρc − 3σ̇J (2,−2)

xx = E jpol + E jcond, (4.27)

djcond

dt
+

(
1
τ
+ 3α̇

)
jcond − 3σ̇jcond + 3σ̇J (3,−2)

xxx = EJ (2,0)
⊥⊥ , (4.28)

where neq = 2g
∫ d3 p

(2π)3Feq. The reaction rate Γ and the polarization current
jpol are given by Eqs. (4.22) and (4.23), respectively. The variables whose

expressions have not yet been specified are J (2,−2)
xx , J (3,−2)

xxx and J (2,0)
⊥⊥ .

Here, for simplicity, we ignore the anisotropy for a while. Taking the
isotropic limit, σ̇ → 0, one finds that J (2,−2)

xx and J (3,−2)
xxx become irrelevant to
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the evolution of the system. J (2,0)
⊥⊥ is the only variable remaining relevant but

unspecified. Note that we will restore the anisotropy and discuss its influence
in Sec. 4.4.

Let us identify J (2,0)
⊥⊥ through a microscopic arguments. Assuming the

conductive current is approximated by the bulk flow of the charged particles
in the x-direction, jcond = nvx, we obtain the EoM for the charged particle by
combining Eq. (4.26) and Eq. (4.28) with σ̇ → 0 as,

dvx

dt
= −vx

n

(
2gΓ +

neq

τ

)
+

E
n
J (2,0)
⊥⊥ . (4.29)

The first term in the R.H.S. of the above equation describes the slowing down
of the particle by creating new particles whose averaged velocity is zero and
scattering with the other particles. The second term represents the Lorentz
force from the electric field. The EoM for the relativistic charged particle in
the isotropic background, ds2 = dt2 − e2α

(
dx2 + dy2 + dz2) under the electric

field in the x-direction is written as,

dvx

dt
= −Cvx + E n

ρc
(1 − v2

x), (4.30)

where C is the decay constant and we replaced the typical momentum of
the particle p by ρc/n in the second term [91]. Comparing Eq. (4.29) with
Eq. (4.30), we obtain the closure condition as,

J (2,0)
⊥⊥ =

n2 − j2cond
ρc

. (4.31)

4.2.2 Time evolution of the system

In this section, we will present the numerical results of the time evolution of
the system. We solve the following EoMs for the inflaton, the spacetime, and
the electric field in the isotropic background:

α̇2 =
1

3M2
Pl

(
ρE + ρc + V(ϕ) +

1
2

ϕ̇2
)

, (4.32)

ϕ̈ = −3α̇ϕ̇ − V′(ϕ) + 2
f ′

f
ρE,

Ė + 2α̇E + 2
ḟ
f
E = − e2

f 2 jtot +
e2

f 2
α̇3

4π2E

[
α̇2 +

(
ḟ
f

)2]
. (4.33)
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We simultaneously solve the evolution of the hydrodynamic variables intro-
duced in the previous section. The hydrodynamic equations are given by

dn
dt

+

(
1
τ
+ 3α̇

)
n = 2gΓ +

neq

τ
, (4.34)

dρc

dt
+ 4α̇ρc = E jpol + E jcond, (4.35)

djcond

dt
+

(
1
τ
+ 3α̇

)
jcond = E

n2 − j2cond
ρc

. (4.36)

To fix its mass, we identify the fermions as electrons and positrons. Their
mass is given by the Yukawa coupling and the Higgs field VEV, h(t), which
obtains a large root mean square value due to the quantum fluctuations dur-
ing inflation. The mass of the electron is estimated as

m(t) =
ye√

2
h(t) ≃ ye√

2
λ−1/4α̇(t), (4.37)

where ye = 3 × 10−6 and λ = 0.26. Note that when the particle production
via the Schwinger effect is the most efficient, this mass is negligibly smaller
than the electric field, m ≪ E and thus its precise value does not affect our
final results.

Model specification

From now on, we show the numerical analysis. For the analysis, the forms
of the coupling function and the inflaton potential should be specified. For
the coupling function, we will analyze the Ratra function, ∼ exp(ϕ), and
the coupling that is used in the representative anisotropic inflation model,
∼ exp(ϕ2). The occurrence of the phenomenon of Schwinger preheating,
as discussed later, is determined by the coupling function. In the case of
the Ratra coupling, this is independent of the potential. In contrast, for the
Gaussian coupling, the magnitude of the inflaton field at the end of inflation
also plays a significant role, and the potential must be considered. Further-
more, for the Gaussian coupling, Schwinger preheating did not occur with
the potential used in our analysis. These points will be discussed in detail
in the subsequent analysis. In this thesis, we adopt two types of inflaton po-
tentials: the Starobinsky potential, which is consistent with observations, and
the chaotic potential used in the WKS model. Initially, we perform numerical
calculations for two combinations: the Ratra coupling with the Starobinsky
potential and the Gaussian coupling with the chaotic potential, focusing on
the characteristics of each case. Subsequently, we demonstrate that the cou-
pling function alone plays an important role in the dynamics of the Ratra
coupling case. Then we explain that in the case of the Gaussian coupling,
the inflaton value at the end of inflation also plays a significant role in the
dynamics. In summary, the models analyzed in this thesis are as follows,
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FIGURE 4.1: The numerical result in the case of the
Starobinsky model VS and the Ratra coupling fR with the
coupling constant β = 10. We show the time evolution of the
energy densities of the electric field ρE (red solid), the charged
fermions ρc (blue dashed), the inflaton ρϕ (purple solid) and
their total ρtot (green dot-dashed). The calculation starts at
µt = 0 corresponding to N ≃ 60 and inflation ends at µt = 139
(vertical black dashed line) where ϵH ≡ −α̈/α̇2 = 1. The
produced fermions dominate the universe after inflation,
ρc > ρϕ, ρE, which we call the Schwinger preheating. The
electric field begins to oscillate at the end of the inflation.

1. Starobinsky potential with Ratra coupling

VS(ϕ) =
3µ2M2

Pl
4

[
1 − exp

(
−
√

2
3

ϕ

MPl

)]2

, fR(ϕ) = exp
(

β
ϕ

MPl

)
,

(4.38)

where µ ≃ 1.3 × 10−5MPl is the mass of the inflaton around ϕ = 0.

2. WKS model(chaotic potential with Gaussian coupling)

VW(ϕ) =
1
2

µ2ϕ2, fW(ϕ) = exp

(
cϕ2

2M2
Pl

)
, (4.39)

where µ represents the mass of the inflaton, and we adopt the same
value as in the Starobinsky model. c is a dimensionless coupling con-
stant.

Starobinsky model with Ratra coupling

The first model that we study is the Starobinsky inflation model [30] with
the Ratra coupling function [2] given in Eq. (4.38). To perform the numerical
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FIGURE 4.2: Time evolution of the time scale ratio
τH/τE = Ė/α̇E . The estimation of the induced current is based
on the assumption of τH/τE < 1. Then we cannot apply the
induced current method for the suppression of the electric
field around the inflation end in this case.

calculation, we set the initial condition at N = 60 based on

ϕ(0) =

√
3
2

MPl ln
(

4
3

N
)

, ϕ′(0) = −µMPl

2N

√
3
2

, (4.40)

where N is the e-folding number.
The time evolution of the energy densities obtained by the numerical

calculation is presented in Fig. 4.1. For most of the inflationary phase, the
electric field sustained by the quantum fluctuation is not amplified and the
fermion production is negligible. A few e-folds before the inflation ends,
however, the electric field rapidly grows and enters the attractor (see also
Fig. 4.5), and the Schwinger effect becomes active. After the inflation end, ρc
overwhelms ρϕ and ρE. We refer to the phenomenon in which the particles
generated by the Schwinger effect during inflation rapidly dominate after in-
flation and satisfy ρc/ρtot > 1/2 as “Schwinger preheating.” The time scale
ratio between the variation of the electric field, τE = E/Ė , and Hubble time
scale, τH = 1/α̇, is shown in Fig. 4.2.

The Schwinger preheating is very fascinating since it is a novel mecha-
nism of preheating, it may provide some inflation models with a new chan-
nel to reheat the universe, and it might change the thermal history. Never-
theless, we do not know the generality of this phenomenon. We investigate
if the Schwinger preheating occurs in another model in the next section.
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FIGURE 4.3: The numerical result in the case of the WKS
model VW and fW with the coupling constant c = 2. The plot
scheme is the same as Fig. 4.1. µt = 0 corresponds to N ≃ 56
and inflation ends at µt = 23.5. The Schwinger preheating
does not occur in this case.

WKS model

As the second model, we investigate the WKS model which was originally
proposed in Ref. [36]. Its potential and kinetic coupling have been given in
Eq. (4.39). The advantage of this model is that its dynamics have been well
studied and some analytic solutions are available (e.g. Eq. (2.74)). Setting the
initial condition as

ϕ(0) = MPl
√

2N, ϕ′(0) = 0, (4.41)

we run the numerical calculation in the same way as the previous model.
The result is shown in Fig. 4.3. Although the electric field enters the attractor
much earlier than the previous model and the Schwinger effect lets ρc exceed
ρE at around the inflation end, the produced fermions never dominate the
universe. Thus, we find a counter-example of the Schwinger preheating. At
least, the WKS inflation model does not exhibit it for the coupling constant
c = 2.

For the charged particles to satisfy the condition for Schwinger preheat-
ing, ρc/ρtot > 1

2 , the energy of the electric field must be sufficiently high.
From the Maxwell equations, eq. (4.33), it can be seen that the energy trans-
fer from the inflaton to the electric field occurs through the coupling function.
Therefore, we can expect that the occurrence of the Schwinger preheating de-
pends on the coupling constant. We show the dependence in both models
in Fig. 4.4. When the maximum value of ρc/ρtot exceeds 1/2, we observe
the Schwinger preheating in the numerical calculations and vice versa. We
numerically find that the WKS model does not exhibit the Schwinger pre-
heating, at least for 1 < c ≤ 10. In addition, we numerically find that the
behavior of the maximum value of the energy fraction of the charged parti-
cles is well described by the orange dashed curve, (c − 1)/(2c), in Fig. 4.4,
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FIGURE 4.4: The maximum value of the energy fraction of the
charged particles against the coupling constant. The left and
right panels adopt the Starobinsky model with the Ratra
coupling and the WKS model, respectively. The black dashed
line denotes the energy fraction equal to 1/2, and the
Schwinger preheating is observed above this line. The orange
dotted line in the right panel represents (c − 1)/2c which
asymptotes to 1/2. The Schwinger preheating occurs only in
the former model with the sufficiently strong coupling
constant, β ≳ 8.

but we have no analytical basis that the fraction is estimated by such a func-
tion. Since we cannot apply the slow-roll condition to the behavior of the
electric field at the end of inflation, it is difficult to analytically describe the
behaviors of the charged particles. Here, although one may think that even
ρc/ρtot ≈ 0.4 is practically eligible for the Schwinger preheating, we adopt
1/2 as the criteria. On the other hand, the Schwinger preheating occurs in
the first model, if the coupling constant is large enough, β ≳ 8. Therefore, we
find that the occurrence of the Schwinger preheating depends on models and
coupling constants. We will further explore the dependence on the coupling
constant in the next section.

4.2.3 Analytic Conditions for the Occurrence of the Schwinger
Preheating

In this section, we analytically derive the conditions for the Schwinger pre-
heating. The necessary condition for the Schwinger preheating to occur is
ρE ∼ ρtot. Then we can obtain a model-independent requirement for the
Schwinger preheating by using the analytic expression for ρE, which is a
function of V(ϕ) and f (ϕ).

Now we confirm that the solution, Eq. (2.72), is the attractor solution by
studying the behavior of ρE around ρatt

E . Considering a small deviation from
the attractor solution, ρE = ρatt

E + δρE, we rewrite the EoM for the inflaton,
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Eq. (2.64), as

δρE =
3α̇

2(ln f )′2
[
2α̇ + (ln f )′ϕ̇

]
. (4.42)

The EoM for ρE, Eq. (2.65), reads ρ̇E + 2[2α̇ + (ln f )′ϕ̇]ρE = 0 in the isotropic
background without the fermions. Substituting ρE = ρatt

E + δρE and ignoring
ρ̇att

E as a slow-roll correction as well as the second order perturbation terms
with δρ2

E, we obtain the evolution equation for δρE as

δρ̇E = −4
3
(ln f )′2ρatt

E
α̇

δρE. (4.43)

This equation implies that δρE exponentially decays with a time scale, τatt =
3α̇

4(ln f )′2ρatt
E

. Therefore, ρatt
E is an attractor solution, when τatt is sufficiently

short. The comparison between τatt and the Hubble time α̇−1 is given by

α̇τatt =
ρtot/ρatt

E
4M2

Pl(ln f )′2
= 2.5 × 10−2 ×


(

β
10

)−2 ( ρatt
E /ρtot

10−1

)−1 (
f = eβ

ϕ
MPl
)

c−2
(

ϕ
10MPl

)−2 ( ρatt
E /ρtot

10−1

)−1 (
f = e

c
2

(
ϕ

MPl

)2)
.

(4.44)

Since α̇τatt is proportional to ρtot/ρatt
E , this attractor is very weak for the negli-

gibly small electric field, ρE ≪ ρtot. However, the attractor becomes stronger,
as the electric field is amplified and significantly backreacts on the inflaton,
as expected.

In the case of the WKS model (i.e. V = µ2ϕ2/2 in the second line of
Eq. (4.44)), we can further reduce the time scale as α̇τatt = 1

4(c−1) , which is
consistent with the known solution of ρE. Thus, in the WKS model, ρatt

E is
always the attractor solution irrespective of ϕ unless c − 1 is negative or tiny.

We find that our attractor solution, Eq. (2.72), matches the numerical re-
sults very well. Fig. 4.5 presents the comparisons between the numerically
computed ρE and our analytic expression ρatt

E . Note that these numerical
calculations do not include the fermion for illustrative purposes. The right
panel shows that the electric field stays at the attractor for most of the infla-
tionary phase in the second model. However, the left panel shows that the
electric field enters the attractor only a few e-folds before the inflation ends
in the first model for β = 10. Since α̇τatt ∝ β−2 in the Ratra coupling case,
for a smaller coupling constant, the attractor becomes weaker and the electric
field may not enter the attractor phase during inflation.

In Fig. 4.6, we show the evolution of the energy densities in the first model
for the coupling constant β = 7.7, which is slightly smaller than the threshold
value for the Schwinger preheating to occur, β ≈ 8. In this case, the electric
field never enters the attractor and the Schwinger preheating does not occur.
From this observation, we infer that whether the electric field reaches the
attractor solution is crucial to the Schwinger preheating. We will study this
issue in more detail in Sec. 4.2.3. Before that, let us first investigate the cases
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FIGURE 4.5: The energy density of the electric field ρE (blue)
and that in the attractor phase ρatt

E given in Eq. (2.72) (orange),
which are normalized by the total energy density ρtot. These
numerical calculations do not include the fermions. The left
and right panels adopt the Starobinsky model with the Ratra
coupling for β = 10 and the WKS for c = 2, respectively. The
horizontal axis denotes the e-folding number which is zero at
the end of inflation (ϵH = 1) and takes negative values during
inflation. In the left panel, ρE does not reach the attractor until
the last few e-folds of inflation, while it is well approximated
by ρatt

E even after inflation ends. In the right panel, on the other
hand, ρE stays at the attractor solution during inflation and
deviates from it at around the end of inflation. When we
include the fermions in the numerical calculation, the right
panel does not change much, but in the left panel, ρE abruptly
drops after the inflation ends.
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FIGURE 4.6: The same plot as Fig. 4.1 for a smaller coupling
constant, β = 7.7. The calculation starts at µt = 0
corresponding to N ≃ 60 and inflation ends at µt = 120
(vertical black dashed line). The attractor solution ρatt

E given in
Eq.(2.72) is shown as a black solid line until inflation ends. The
electric field does not enter the attractor phase during
inflation. The maximum value of (ρE + ρc)/ρϕ is roughly
equal to 1, and the Schwinger preheating is marginally absent.

where the electric field enters the attractor.

The inflation end with the attractor

In this section, we first examine whether Schwinger preheating occurs inde-
pendently of the inflaton potential when employing the Ratra coupling func-
tion. Conversely, we demonstrate that with a Gaussian coupling function, the
occurrence of Schwinger preheating depends on the specific potential used.
Subsequently, we consider the possibility of preheating for the relevant cou-
pling function.

We have found that the Schwinger preheating occurs in the Starobinsky
model with the Ratra coupling if the coupling constant is large enough, β ≳
8. In the same model, the electric field enters the attractor during inflation
for the same range of the coupling constant, β ≳ 8. Now we investigate the
inflation end in the case that the electric field is in the attractor phase. One
finds that the slow-roll parameter is rewritten as

ϵH ≡ − α̈

α̇2 =
ϕ̇2/2 + 2ρE/3

α̇2M2
Pl

=
2

(ln f )′2M2
Pl
+ 2ΩE, (attractor phase)

(4.45)

where ϕ̇ was evaluated with Eq. (2.71) which holds in the attractor phase,
and ΩE ≡ ρE/ρtot. The first and the second terms in the R.H.S. represent the
contributions from the inflaton kinetic energy and the electric energy density,
respectively. As they grow, the slow-roll parameter ϵH increases and inflation
eventually ends at ϵH = 1.
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FIGURE 4.7: The numerical result in case of the chaotic model
VW and the Ratra coupling fR with the coupling constant
β = 10. We show the time evolution of the energy densities of
the electric field ρE (red solid), the charged fermions ρc (blue
dashed), the inflaton ρϕ (purple solid) and their total ρtot
(green dot-dashed). Indeed, it is found that charged particles
with the Ratra coupling can dominate regardless of the
difference in potential.

In the case of the Ratra coupling fR, we have (ln f )′ = β/MPl and obtain

ϵH =
2
β2 + 2ΩE. (attractor phase & Ratra coupling) (4.46)

When we assume β ≫ 1, the first term becomes negligible, and thus, at the
end of inflation (ϵH = 1), ΩE will always be approximately 1/2. ΩE does
not have to stop increasing at 1/2 and may become even larger after inflation
until the electric field is significantly consumed to produce and accelerate
the charged particles. This is a general property of the inflationary models
with the Ratra coupling in the attractor phase of the electric field. It can be
confirmed in Fig. 4.7 that Schwinger preheating also occurs in the case of the
Ratra coupling with the chaotic inflaton potential.

On the other hand, in the case of the Gaussian coupling, fW = exp( cϕ2

2M2
Pl
),

we have (ln f )′ = cϕ/M2
Pl, and obtain,

ϵH =
2M2

Pl
c2ϕ2 + 2ΩE. (attractor phase & Gaussian coupling). (4.47)

We have discovered that at the end of inflation, the first term becomes domi-
nant, preventing the electric field from becoming sufficiently large. This first
term depends on the value of the inflaton at the end of inflation2, which is de-
termined not only by the coupling function but also by the inflaton potential.
In this study, we do not conduct a thorough analysis of how the occurrence

2In the case of c = 2, ϕ = 0.76MPl at the end of inflation.
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FIGURE 4.8: The numerical result in case of the Starobinsky
model VS and the Gaussian coupling fW with the coupling
constant c = 8. We show the time evolution of the energy
densities of the electric field ρE (red solid), the charged
fermions ρc (blue dashed), the inflaton ρϕ (purple solid) and
their total ρtot (green dot-dashed).

of Schwinger preheating depends on the different inflation models. This as-
pect will be pursued in future research. It can be confirmed in Fig. 4.8 that
Schwinger preheating also occurs in the case of the Ratra coupling with the
chaotic inflaton potential. It has been found that for the Ratra coupling, a
large value of β induces Schwinger preheating. Within the context of the
Schwinger preheating, what is the specific range of β within which this phe-
nomenon is observed? As demonstrated in Fig. 4.4, the Starobinsky model
with the Ratra coupling does not cause the Schwinger preheating for β ≲ 8.
This is because, for a smaller coupling constant, the electric field does not
reach the attractor solution, as seen in Fig. 4.6.

In summary, under the current setup, for charged particles to dominate,
the solution must enter the attractor phase, and the electric field needs to be-
come sufficiently large. In the attractor phase, regardless of the inflaton po-
tential, there exists a relationship with the slow-roll parameter, electric field,
and a coupling function such as Eq. (4.45). Based on this relationship, Ratra
coupling can result in charged particle dominance if the coupling coefficient
is sufficiently large (see Eq. (4.46)). We have also found that in the case of
Gaussian coupling with the chaotic and Starobinsky inflaton potential, the
dominance of charged particles does not occur. This outcome depends not
only on the coupling function but also on the value of the inflaton at the
end of inflation. Therefore, even using the slow-roll parameter relations (see
Eq. (4.47)), it is not possible to determine whether Schwinger preheating oc-
curs. However, in this study, we did not identify any cases where it occurs.

Condition to enter the attractor

Entering the attractor phase of the electric field is a requirement to cause the
Schwinger preheating in the Starobinsky model with the Ratra coupling. In
this section, we will derive the condition to reach the attractor solution.
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Let us introduce the inflaton value ϕ∗ at which the electric field begins to
grow by overcoming the cosmic dilution. At this moment, the kinetic func-
tion transiently satisfies ϕ̇∗ = −2α̇/(ln f )′ = −2α̇MPl/β for the same reason
as Eq. (2.71). Using the slow-roll approximation, we obtain ϕ∗ as

ϕ∗ =

√
3
2

log

(
1 +

√
6

3
β

)
MPl. (4.48)

At ϕ = ϕ∗, the energy density of the electric field sourced by the perturbation
is also obtained as

ρ̇E + 8α̇ρE =
5α̇5

4π2 , =⇒ ρE(ϕ
∗) =

5α̇4
∗

32π2 =
5V2(ϕ∗)

288π2M4
Pl

. (4.49)

Here we ignored the anisotropy and the fermions and used ḟ / f = 2α̇ in
Eq. (2.65). After ϕ = ϕ∗, from Eq. (2.70), the electric energy density is given
by

ρE(ϕ) =
5V2(ϕ∗)

288π2M4
Pl

exp [2β(ϕ∗ − ϕ) + 4N] , (4.50)

where we introduced the e-folding number which is computed as,

N =
∫ t

t∗
Hdt =

∫ ϕ∗

ϕ

V
V′ dϕ =

[
3
4

e
√

2
3 ϕ −

√
6ϕ

]ϕ∗

ϕ

. (4.51)

Now we can calculate when ρE(ϕ) reaches ρatt
E . Numerically solving

ρE(ϕ
att) = ρatt

E (ϕatt), (4.52)

we obtain the inflaton value ϕatt(β), at which the electric field enters the at-
tractor phase, as a function of β. Finally, we impose a condition that the
electric field enters the attractor before the end of inflation at ϕ = ϕend,

ϕatt(β) > ϕend. (4.53)

In Fig. 4.9, we plot ϕatt(β) and compare it with the inflaton values satis-
fying ϵV(ϕ) = 0.1, 0.3 and 1. If one adopts ϵV(ϕend) = 1 to characterize the
inflation end, one obtains β = 6.5 as the threshold value, which is a slightly
milder condition than the numerical result shown in Fig. 4.4. Note that since
we extrapolated the dynamics around the end of inflation by using the ex-
pressions derived under the slow-roll approximation, we may well have a
residual error. In fact, when one uses ϵV(ϕend) = 0.3 instead, the threshold
becomes β = 7.6 which is closer to the numerical result.

Consequently, we found that the occurrence of the Schwinger preheating
in the Starobinsky model with the Ratra coupling is determined by whether
the electric field enters the attractor solution during inflation or not. For a
weaker coupling than β = 8, the amplification of the electric field is too slow
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FIGURE 4.9: The inflaton value ϕatt(β) at which the electric
field enters the attractor phase and which solves Eq. (4.52). For
the electric field to enter the attractor during inflation, ϕatt(β)
must be larger than ϕend, which sets the lower bound on β. The
dashed lines represent the values of ϕ satisfying ϵV(ϕ) = 1, 0.3
and 0.1 from bottom to top, and they cross ϕatt(β) at
β = 6.6, 7.6 and 9.4

to reach the attractor by the end of inflation, and the charged fermions cannot
receive sufficiently large energy to dominate the universe.

4.3 Effects of thermal mass of the charged particle

In the previous discussion, the effect of the thermal mass of charged parti-
cles was not considered. When particles exist in a high-temperature plasma,
their interactions with particles in the thermal background (such as scatter-
ing or exchange processes) contribute to their kinetic energy and rest mass.
This contribution appears as a self-energy correction in the propagator of the
particle, derived from finite-temperature field theory. In other words, a cor-
rection is applied to the mass of charged particles.

The corrected effective mass is called the thermal mass, and it depends
on the temperature T of the thermal background. It is generally expressed in
refs. [126, 127]

m2
eff = m2 + ∆m(T)2. (4.54)

Since the Schwinger effect is suppressed when the mass of the charged par-
ticles is larger than the electric field, the inclusion of the thermal mass may
suppress the Schwinger effect, potentially hindering the occurrence of pre-
heating. For simplicity, in this thesis, we convert only the mass term in the
reaction rate defined in Eq. (4.22) as m2 → m2

0 + m2
Th while temporarily ig-

noring the thermal mass terms in other evolution equations, focusing solely
on capturing the changes. Note that m0 is the mass of the charged particles in
the absence of thermal mass, as given by Eq. (4.37). The thermal mass, mTh,
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is defined as follows3, using the temperature of the charged particles:

m2
Th = e2

effT
2
c = e2

eff

(ρc

n

)2
, (4.55)

where we define the temperature of the charged particles as the average en-
ergy, as well as in Eq. (4.20). We note that the Tc is always larger than the
Fermi-Dirac distribution, T = [60ρc/(7π2)]

1
4 4. Since this analysis captures

the effect of the thermal mass more strongly than it should, it is important to
note that the results are conservative. To confirm that the Schwinger effect
is suppressed due to the effect of thermal mass, we define the thermal mass
using the larger of the two temperatures in this analysis. In the following, we
evaluate the impact of the thermal mass in the Ratra model. This section is
mainly based on Ref. [7]

4.3.1 Numerical analysis of the effect of thermal mass

As demonstrated in Fig. 4.11, when thermal mass is taken into account, the
charged particles become dominant, similar to the case without thermal mass
(see Fig. 4.12). However, when considering the thermal mass, the time at
which the charged particles become dominant is delayed. Based on these
numerical calculation results, there are two questions to answer,

1. Has the Schwinger effect been properly suppressed due to the effect of
thermal mass given by Eq. (4.55)?

2. If the Schwinger effect has been suppressed, why were the charged par-
ticles still able to become dominant?

The reason for this will be discussed in the next section.

4.3.2 Suppression of the Schwinger effect by the thermal mass

Here we will verify whether the Schwinger effect is properly suppressed
based on the numerical analysis. First, we examine the time evolution of
each term in Eq. (4.34). As shown in Fig. 4.13, it can be observed that the
Schwinger production term becomes ineffective at some point before infla-
tion ends. Subsequently, the contributions from terms dependent on space-
time expansion and relaxation time become dominant 5. On the other hand,
in the case of non-thermal mass, as shown in fig. 4.14, the Schwinger particle
production term remains dominant until just before the end of inflation.

3According to refs. [126, 127], the expression for the thermal mass includes a coefficient,
but since the coefficient is at most of order 1, we proceed with the calculation by assuming
it to be 1.

4This can be numerically verified in Fig. 4.10
5 The term dependent on the relaxation time represents the process of transitioning from

the non-equilibrium state to the equilibrium state, and this effect increases as the relaxation
time decreases. Indeed, as shown in Fig. 4.15, the order of the relaxation time is approxi-
mately 10 relative to µ, which is comparable to the timescale of inflation.
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FIGURE 4.10: A comparison of the temperature of the thermal
bath in the Fermi-Dirac distribution, T = [60ρc/(7π2)]

1
4 , and

the average energy of the charged particles, ρc/n using the
numerical calculation results for the Ratra coupling function
with β = 10.
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FIGURE 4.11: The time evolution of the energy fraction when
thermal mass is considered. The subsctripts represent E:
electric field, c: charged particles, ϕ: inflaton, and tot: total
energy fraction. The black dashed line represents the end of
inflation, µt = 142. It can be seen that around the inflation end,
where charged particles are expected to dominate, the
behavior of ΩE changes.However, after that, the energy of the
charged particles increases again, and they become dominant
in the same way as ignoring thermal mass.
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FIGURE 4.12: The time evolution of the energy fraction when
thermal mass is ignored. The subscripts are defined in the
same way as in Fig. 4.11. The end of inflation occurs at
µt = 139. The charged particles become dominant
immediately after the end of inflation.

It has been confirmed that Schwinger particle production is indeed sup-
pressed by the thermal mass. Next, we will examine why charged particles
become dominant even when Schwinger particle production is suppressed,
by numerical analysis of the evolution equations for ρc.

4.3.3 The reason why the charged particles dominate the uni-
verse

As with the case of the number density, we also consider which terms con-
tribute to the time evolution of ρc.

Fig. 4.16 and fig. 4.17 show the breakdown of the terms contributing to
the time derivative of ρc, with and without considering the thermal mass,
respectively. In fig. 4.16, the term from the vacuum polarization current ini-
tially increases and after that the conductive current becomes dominant. This
situation indicates that the generated charged particles are being accelerated
by the background electric field. Unlike in the case where thermal mass is
ignored, the contribution from the conductive current temporarily decreases
near the end of inflation and then increases again. As seen in Fig. 4.13, this is
because the particle number density temporarily decreases due to the expan-
sion of spacetime, and then increases again due to thermalization.

To summarize the discussion, by considering the thermal mass, the par-
ticle production due to the Schwinger effect is suppressed near the end of
inflation (see fig. 4.13). As a result, the particle number density decreases by
the expansion of spacetime, and the current becomes smaller, but at the same
time, the decay of the electric field is also suppressed (see the first term of the
right-hand side of eq. (4.33)). On the other hand, the particles already gen-
erated undergo thermalization with the relaxation time, τ, and they will be
accelerated by the background electric field (see fig. 4.16). In other words, the
increase in particle number density due to thermalization, and the increase in
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FIGURE 4.13: The relative difference in the number density per
unit time, considering thermal mass for the Ratra coupling
model with β = 10. The blue line represents the component
dependent on the relaxation term, the orange line corresponds
to the Schwinger production term, and the green line
represents the contribution from spacetime expansion. The
black dashed line indicates the end of inflation. It can be
observed that the Schwinger production is suppressed before
the end of inflation, and after inflation, the component
dependent on the relaxation term becomes dominant.
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FIGURE 4.14: The relative difference in the number density per
unit time, ignoring thermal mass for the Ratra coupling model
with β = 10. Each line corresponds to those in 4.13. Here, the
particle production term remains dominant until just before
the end of inflation, after which the particle number evolves
due to dilution caused by spacetime expansion.
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FIGURE 4.15: This figure illustrates the time evolution of the
relaxation time from the non-equilibrium state to the
equilibrium state around the end of inflation, based on
numerical analysis with the thermal mass. When the order of
the relaxation time approaches µt ∼ O(10), it is expected that
equilibration can significantly influence the overall dynamics.

the conductive current due to the electric field, cause the energy transfer from
the electric field into the charged particles. Therefore, even when considering
the thermal mass, the dominance of charged particles is still realized.

However, in the present analysis, the effect of thermal mass has been
considered only in the particle production process via the Schwinger effect,
while its influence on the subsequent acceleration of particles by the electric
field has not been taken into account. This omission is expected to suppress
the growth of the current density and reduce the energy transferred from the
electric field to the charged particles. A more precise analysis would require
a reconsideration of the fluid equations and the vacuum polarization term.
However, such an investigation lies beyond the scope of this paper and is left
for future work.
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FIGURE 4.16: The relative difference per unit time for the
energy density of charged particles, separated by each term.
The blue line represents the contribution from the conductive
current jcond, the orange line represents the contribution from
vacuum polarization current, jpol, the green line represents the
contribution from spacetime dilution, and the black dashed
line indicates the end of inflation. The orange line increasing
near the end of inflation is due to the assumption of massless
particles in the jpol equation, in Eq. (4.23). However, since the
contribution from this term is not dominant, it does not affect
the overall result.
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FIGURE 4.17: The relative difference per unit time for the
energy density of charged particles, separated by each term.
Each line corresponds to those in 4.16. In contrast to the case
with thermal mass, right after inflation ends, energy from the
electric field is immediately transferred to the charged
particles through the conductive current.
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4.4 Influence of the Anisotropy

In the previous analysis, we have neglected the back reaction of the electric
field on spacetime and considered the time evolution under isotropic space-
time. However, when the electric field becomes sufficiently large, the back
reaction on spacetime becomes non-negligible, and it potentially can disturb
the evolution of the electric field and current density. The reaction rate of the
Schwinger production depends on the strength of the electric field, and the
energy from the electric field is transferred to the charged particle through
the current density (see Sec. 4.3). Therefore, we would like to understand the
growth of the electric field and current density with the anisotropy. In this
section, we first derive the evolution equations considering anisotropy and
then evaluate its impact through numerical calculations.

Derivation of the anisotropic EoM

First, let us express the terms dependent on σ̇ in terms of known quantities.In
Eqs. (4.26)-(4.28), we wrote the hydrodynamic equations in the anisotropic
background, while we left J (2,−2)

xx and J (3,−2)
xxx unspecified, which became

irrelevant in the isotropic limit σ̇ → 0. Here let us determine their expressions
through phenomenological arguments in similar ways to J (2,0)

xx . Assuming
jcond = nvx and combining Eq. (4.26) and (4.28), we obtain the EoM for the
charged particles as

dvx

dt
= −vx

n

(
2gΓ +

neq

τ

)
+

E
n
J (2,0)
⊥⊥ + 3σ̇

(
vx −

J (3,−2)
xxx

n

)
. (4.56)

Compared to the isotropic case, Eq. (4.29), the anisotropy induces the last
term in the R.H.S.6 The EoM for the relativistic charged particles in the anisotropic
background (2.61) under the electric field in the x-direction is written as

dvx

dt
= −Cvx + E n

ρc
(1 − v2

x) + 3σ̇(vx − v3
x). (4.57)

Comparing Eq. (4.56) with Eq. (4.57), we obtain an additional closure condi-
tion as

J (3,−2)
xxx = jcond

(
jcond

n

)2

. (4.58)

6Since we took the massless limit, the contribution from the isotropic expansion vanishes.
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In the meanwhile, the same expressions for J (3,−2)
xxx as well as J (2,0)

⊥⊥ can be
obtained by approximately manipulating their definitions,

J (2,0)
⊥⊥ ≡ n

〈
p2
⊥

ϵ3
p

〉
≃ n

1 − ⟨ p∥
ϵp
⟩

2〈
ϵp
〉 =

n2 − j2cond
ρc

,

J (3,−2)
xxx ≡ n

〈( p∥
ϵ(p)

)3
〉

≃ n
〈 p∥

ϵ(p)

〉3

= jcond

(
jcond

n

)2

, (4.59)

where we used vx = ⟨ p∥
ϵp
⟩, ρc = n ⟨ϵp⟩, and the bracket ⟨· · ·⟩ denotes the av-

erage over the phase space weighted by F (t, p). Although the phenomeno-
logical argument to identify J (2,−2)

xx is unknown, we can apply a similar ap-
proximation to find its expression as

J (2,−2)
xx ≡ n

〈
p2
∥

ϵ

〉
≃ n ⟨ϵ⟩

〈 p∥
ϵ

〉2

= ρc

(
jcond

n

)2

. (4.60)

Without the verification from the microscopic EoM, one may be concerned
with the accuracy of the closure condition for J (2,−2)

xx .
Summarizing these results, the full equations for this system including

anisotropy can be described as follows,

α̇2 − σ̇2 =
1

3M2
Pl

(
ρE + ρc + V(ϕ) +

1
2

ϕ̇2
)

, (4.61)

ϕ̈ = −3α̇ϕ̇ − V′(ϕ) + 2
f ′

f
ρE, (4.62)

σ̈ = −3α̇σ̇ +
2

3M2
Pl

ρE, (4.63)

Ė + 2 (α̇ + σ̇) E + 2
ḟ
f
E = − e2

f 2 jtot +
e2

f 2
α̇3

4π2E

[
α̇2 +

(
ḟ
f

)2]
, (4.64)

dn
dt

+

(
1
τ
+ 3α̇

)
n = 2gΓ +

neq

τ
, (4.65)

dρc

dt
+ 4α̇ρc + σ̇ρc

{
1 + 3

(
jcond

n

)2
}

= E jpol + E jcond, (4.66)

djcond

dt
+

(
1
τ
+ 3α̇

)
jcond − 3σ̇jcond

{
1 −

(
jcond

n

)2
}

= E
n2 − j2cond

ρc
. (4.67)

Since jcond represents the current density in the x− direction, an increase in
the anisotropic expansion in the x− direction would promote the acceleration
of charged particles. However, if jcond is equal to the particle number density,
jcond

n = 1, the contribution from the anisotropic components vanish in the
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EoM for jcond
7. This is because the charged particles will move isotropically

in that situation.

Discussion

We obtained the full hydrodynamic equations for this system, and we can
perform numerical calculations in the anisotropic background. Since we
showed that differences in the potential do not affect the outcome of whether
charged particles dominate (see 4.2.3.), we will use only the Starobinsky po-
tential in the numerical analysis and employ the Ratra and Gaussian cou-
pling functions as the coupling functions. The numerical results for the time
evolution of the energy fraction in each model with anisotropy are shown
in Fig. 4.18. Even with the inclusion of anisotropy, it can be confirmed that
there is no significant global impact. In fact, when we examine the evolu-
tion of the energy fraction over a longer time scale in the Ratra model, the
dynamics remain unchanged: after the charged particles dominate, the in-
flaton becomes dominant again. Therefore, we focus on the regions where
anisotropy becomes more pronounced. During the charged particle domi-
nance, the energy fraction associated with anisotropy decreases. Therefore,
we will analyze the end of inflation when the anisotropy has a significant
energy fraction.

Fig. 4.19 shows ρE+ρc
ρϕ

near the end of inflation for the Ratra and Gaussian
coupling. From this figure, we can see that in both cases, the position of
the peak shifts to an earlier time. Specifically, for the Ratra coupling case, the
peak becomes larger, while for the Gaussian coupling case, the peak becomes
smaller. This phenomenon is attributed to the fact that the timing of the
end of attractor inflation is shifted earlier. During the attractor phase, the
energy density of the electric field decreases over time in the case of the Ratra
coupling, while it increases in the Gaussian coupling8. Since the charged
particles receive energy from the electric field, in the Ratra case, a greater
number of charged particles are produced, whereas in the Gaussian case,
fewer charged particles are generated.

In the following analysis, we show that the anisotropy leads to an ear-
lier termination of inflation. For the purpose of this analysis, we neglect the
charged particles. The slow-roll parameter including anisotropy is given as
follows,

ϵani
H = ϵiso

H + 3
(

σ̇

α̇

)2

, (4.68)

ϵiso
H =

1
M2

Plα̇
2

(
1
2

ϕ̇2 +
2
3

ρE

)
(4.69)

7By using the condition, σ̇jcond

{
1 −

(
jcond

n

)2
}

≤ σ̇, and
(

σ̇
α̇

)2 ≃ 2
3 Ω2

E, we can conclude

that the anisotropic term in eq. (4.67) cannot dominate the equation.
8We can confirm this argument by analyzing the derivatives of the attractor solution ρatt

E ,
given in eq. (2.72), with respect to ϕ.
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FIGURE 4.18: (Top figure) This figure shows the time evolution
of the energy fraction for the Ratra coupling with β = 10. The
subsctripts represent E: electric field, c: charged particles, ϕ:
inflaton, tot: total energy fraction, and σ: anisotropy,
respcetively. The black dashed line represents the end of
inflation, µt = 136. Without considering anisotropy, the
inflation end is at µt = 139. Even when considering
anisotropy, the charged particles remained dominant.
(Bottom figure) The time evolution of the energy fraction for
the case of Gaussian coupling with c=8 is shown. The notation
for the subscripts is the same as in the top figure. The inflation
end is µt = 145. Without considering anisotropy, the inflation
end is at µt = 145.5.
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FIGURE 4.19: The time evolution of the energy fraction
(ρE + ρc)/ρϕ computed in the anisotropic (blue) and the
isotropic background (orange). The left and right panels adopt
the Starobinsky potential with the Ratra coupling for β = 10
and the Starobinsky potential with the Gaussian coupling for
c = 8, respectively. The background anisotropy causes the
peak height of the energy fraction to increase slightly, and its
timing to occur slightly earlier in the left panel. On the other
hand, in the right panel, while the peak timing also becomes
slightly earlier, the peak height decreases slightly.

where the above equations are derived by using the Friedmann equation,
eq. (4.61). Fig. ?? illustrates the time evolution of slow-roll paratemers, ϵani

H , ϵani
H −

3( σ̇
α̇ )

2, ϵiso
H . As shown, the inclusion of anisotropy causes an increase in the

slow-roll parameter, leading to an earlier termination of inflation.



86 Chapter 4. Application of the Schwinger Effect to Inflation

130 135 140 145 150
μt

0.6

0.8

1.0

1.2
ϵH

ϵH
ani

ϵH
ani-3( σ

.

α
 )
2

ϵH
iso

FIGURE 4.20: This figure represents the time evolution of
slow-roll parameters for the Starobinsky-Ratra inflation model
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Chapter 5

Conclusion

5.1 Summary

5.1.1 Chapter 2

In chapter 2, we first reviewed the basics of inflationary cosmology. Sec-
ond, we introduced the representative inflation models, chaotic, Starobinsky,
and anisotropic inflation models. These three types of inflation models are
related to the analysis of the main parts. In the anisotropic inflation sec-
tion, we showed the formula to give us the attractor solutions independent
from the kinetic function and the potential of the inflaton. The latter half of
the chapter 2 is dedicated to the introduction of the inflationary magneto-
genesis. The main motivation for using inflation for magnetogenesis is that
long-wavelength fluctuations are generated during inflation. We explain the
observational implication of the existence of the large-scale magnetic field
in the void region in our universe and the lower bound of such magnetic
field. The other mechanism for magnetogenesis is suffering from generating
a large-scale magnetic field. In this thesis, we introduce two types of infla-
tionary magnetogenesis models. One is the simplest model, the Ratra model,
where the kinetic coupling between the inflation and electromagnetic field is
considered. However, this model has a serious problem in that the electric
field becomes too strong, close to the inflaton energy when the magnetic field
satisfying the observational lower bound appears. The other type of model
is the hybrid model, where the kinetic and axial couplings between the elec-
tromagnetic and spectator field, not the inflaton, are considered. We confirm
that in some parameter regions, the magnetic field consistent with the obser-
vation can be generated in this model without too strong an electric field like
the Ratra coupling model. However, the Schwinger effect is not considered
in this model.

5.1.2 Chapter 3

In chapter 3, we focus on the Schwinger effect in the flat spacetime. First, we
estimate the reaction rate of the Schwinger effect from the Euler-Heisenberg
Lagrangian, which is the 1-loop effective QED Lagrangian. Then we con-
sider the proper time method to derive the Euler-Heisenberg Lagrangian
from QED in the same way as Schwinger’s original work. In this method,
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by solving the dynamics of one particle, we evaluate the trace of the oper-
ator. After that, we explain another approach (but equivalent to the proper
time method) to the Schwinger effect, where we used the Bogoliubov trans-
formation to obtain the number density of the produced particles. In the case
of the uniform electric field, we can derive the time evolution equation for the
Bogoliubov coefficients directly related to the electric field. Since the square
of the Bogoliubov coefficient β is the distribution function itself, in this case,
we can directly (without solving the EoM for the mode function one by one)
estimate the distribution function. Then we obtained the kinetic equation
for the distribution function with the field theoretically derived Schwinger
source term. On the other hand, we also introduce the kinetic equation with
the phenomenologically derived Schwinger source term. The former is the
exact form but difficult to perform the long time analysis, because of the non-
locality in time. Since our aim, application of the dynamical Schwinger effect
to the inflation model needs long-term analysis, we did not use the field the-
oretical source in the numerical calculation in chapter 3. We note that the
field-theoretic source term is not derived in the curved spacetime so far.

5.1.3 Chapter 4

In chapter 4, we first consider the Schwinger effect in the (3+1) dimensional
de Sitter spacetime. In curved spacetime, the electric current induced by the
produced charged particles is often discussed because of its interesting fea-
tures. We show the representation of the electric current in the scalar QED
regularized by the adiabatic subtraction. We confirmed that the electric cur-
rent shows the hyperconductivity in case of light mass and weak electric
field, which is observed in the fermionic theory. Since the electric current
disturbs the development of the electromagnetic field, we can take in the
Schwinger effect in the analysis when we estimate the electric current. How-
ever, the current analysis is justified only when the electric field evolves adi-
abatically, where the time scale of the electric field evolution is smaller than
the Hubble time. On the other hand, the kinetic approach can be applied to
the non-adiabatically varying electric field. This is the clear advantage of the
kinetic approach.

Then, in the latter half of this chapter, we numerically performed the ki-
netic approach with the phenomenologically derived source term in the in-
flation model with the Ratra coupling and the Gaussian coupling functions.
The former coupling functions with the Starobinsky inflaton potential were
analyzed in the previous work [5], and they find the "Schwinger preheat-
ing", which is the phenomenon that the charged particles produced via the
Schwinger effect during inflation dominate the universe without directly de-
caying from the inflaton. They conclude that the coefficient of the Ratra cou-
pling satisfies β ≥ 8 without any analytical discussion. While we confirmed
the results of the previous work, we have shown the analytical necessary con-
dition of the Schwinger preheating for the Ratra coupling model. We have
demonstrated that the analytic condition for the Gaussian coupling model
depends on both the inflaton potential and the coupling function. However,
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we have not identified any cases where Schwinger preheating occurs in this
model. Schwinger preheating occurs when the electric field strong enough
to dominate the universe is generated during the attractor transfer of its en-
ergy to the charged particles. Subsequently, we conducted a more detailed
analysis of the capability of the Schwinger preheating for the Ratra coupling
model. In the analysis, we assumed the Starobinsky inflaton potential. Us-
ing the attractor solution, we evaluated the electric field energy density at
the inflation end. In the Ratra coupling, the analytic evaluation apparently
indicates that ρE always dominates the universe at the end of inflation, inde-
pendent of β. However, we found that ρE does not reach the attractor, and
hence it remains much smaller than ρϕ in the case of a small β. The thresh-
old to enter the attractor is estimated as β = 7.5 when the inflation end is
evaluated as ϵH = 0.3, while the numerical results indicate the threshold is
β ≈ 8.

Next, we analyzed the case where charged particles have thermal mass.
Since it is difficult to fully consideration for the thermal effects, we assumed
the thermal mass to be m2

0 + e2
effT

2 and the average energy of the charged
particles to be a temperature. The effect of thermal mass becomes significant
near the end of inflation and the particle production is suppressed at that
point, but it was found that the charged particles already generated up to that
time are accelerated by the electric field energy, and as a result, the Schwinger
preheating is still realized.

We have also addressed the impact of spacetime anisotropy. Two more
closure conditions to cut the chain equation are needed, and we specified
them. These anisotropic terms contribute to increasing the energy of the
charged particles, but we found that their effect becomes very small. We
revealed that the effect of anisotropy becomes most prominent around the
inflation end when the electric field becomes large. Therefore, we investi-
gate the region around that point in detail. We analyze the time evolution
of
(
ρE + ρψ

)
/ρϕ, energy ratio of the inflaton, electric field, and charged par-

ticles, and discovered that the peak value of the quantity changes due to
anisotropy. This phenomenon occurs due to the advancement of the infla-
tion end caused by anisotropy. The slow-roll parameter becomes larger than
the isotropic case because of the correction from the anisotropy proportional
to (σ̇/α̇)2 and inflation will terminate earlier. Whether the peak increases
or decreases depends on whether the derivative of the electric field attractor
solution with respect to the inflaton is positive or negative.

5.2 Conclusion

The following works are our new findings. We analyzed the kinetic approach
for the Schwinger effect in the inflationary models with consideration of
the backreaction to the spacetime. We found the analytic condition for the
Schwinger preheating. We also found that even with the consideration of the
thermal mass, the charged particles generated by the Schwinger effect dom-
inate the universe. Finally, we numerically showed that the influence of the



90 Chapter 5. Conclusion

anisotropy of the spacetime is smaller than the other components but it shifts
the timing of inflation end and changes the peak value of the energy fraction
of the charged particles.

Our ultimate goal is to dynamically analyze the Schwinger effect in the
realistic magnetogenesis model. In the realistic model, the electromagnetic
field is dealt with as the quantum fluctuations, and the modes after the hori-
zon crossing can be regarded as the background electromagnetic field. We
still do not know how the fluctuations affect the dynamics and the produc-
tion of the charged particles. This is the main difficulty in applying our
method to the realistic magnetogenesis model. In the magnetogenesis model,
we often use the assumption that the electric components are diluted during
the reheating era because of the interaction with the Ohmic current induced
by the charged particles. However, based on our dynamic analysis, we have
found the electric field does not dissipate but oscillates even though the elec-
tric field interacts with the current induced by the charged particles. This
result implies that the dynamical analysis for the charged particles is indis-
pensable in inflationary magnetogenesis.

We suggest the other outlook for this research. The field theoretical deriva-
tion of the Schwinger source term is only given in the flat spacetime. Then,
it is a challenging but very interesting attempt to do it in the curved space-
time. If we could derive it, we can dynamically obtain the exact current. We
pointed out that the current in the curved spacetime shows strange phenom-
ena such as negative conductivity and infrared hyperconductivity. Since the
current in our kinetic approach is not estimated in the field theoretically, we
did not find such phenomena. Although ref. [94] showed that those phenom-
ena do not cause a serious impact on the magnetogenesis, they may intensely
affect the dynamics of the magnetogenesis.
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Appendix A

Derivation of the hydrodynamic
Boltzmann equation

Let us obtain the Eq. (4.25) from the Boltzmann equation in the Bianchi-I
spacetime, Eq. (4.18).

The first term in Eq. (4.18)

Since the moment of the distribution function is independent of the momen-
tum, the partial time derivative for Fp becomes a total derivative as,

2g
∫ d3p

(2π)3

pi1 · · · pik
ϵ(p)r+2k−1

∂Fp

∂t
=

d
dt
J (k,r)

i1,··· ,ik
. (A.1)

The second term in Eq. (4.18)

By using the integration by part, the term proportional to E(t) is written as

2g
∫ d3p

(2π)3

pi1 · · · pik
ϵ(p)r+2k−1

∂Fp

∂p∥
= (r + 2k − 1)J (k+1,r)

i1,···ik,x −
k

∑
ℓ=1

δiℓ,xJ
(k+1,r+2)

i1,··· ,îiℓ ,··· ,x
,

(A.2)

where we used the relation,

ϵ(p) =
√

p2 + m2, (A.3)

∂

∂p∥

(
ϵ(p)−r−2k+1

)
= −(r + 2k − 1)ϵ(p)−r−2k−1p∥. (A.4)

In the same way as E(t) term, the term proportional to 3σ̇ is written as,

2g
∫ d3p

(2π)3

pi1 · · · pik
ϵ(p)r+2k−1 p∥

∂Fp

∂p∥
= −2g

∫ d3p
(2π)3

∂

∂p∥

( pi1 · · · pik p∥
ϵ(p)r+2k−1

)
Fp,

= (r + 2k − 1)J (k+2,r−2)
i1···ikxx −J (k,r)

i1···ik −
k

∑
ℓ=1

J (k,r)
i1···îℓ···ikx

,

(A.5)
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where we used the following relation,

∂

∂p∥

( pi1 · · · pik p∥
ϵ(p)r+2k−1

)
= −(r + 2k − 1)

pi1 · · · pik p2
∥

ϵ(p)r+2k+1 +
k

∑
ℓ=1

δℓ,x
pi1 · · · p̂iℓ · · · pik p∥

ϵ(p)r+2k−1 +
pi1 · · · pik

ϵ(p)r+2k−1 .

(A.6)

The third term in Eq. (4.18)

The term proportional to the (α̇ + σ̇) is written as,

2g(α̇ + σ̇)
∫ d3p

(2π)3

pi1 , · · · , pik
ϵ(p)r+2k−1 p ·

∂Fp

∂p
= −(r + 2k − 1)(α̇ + σ̇)m2J (k,r+2)

i1,··· ,ik
− (4 − k − r)(α̇ + σ̇)J (k,r)

i1,··· ,ik
,

(A.7)

where we used the relations,

2g(α̇ + σ̇)
∫ d3p

(2π)3

pi1 , · · · , pik
ϵ(p)r+2k−1 p ·

∂Fp

∂p
= −2g(α̇ + σ̇)

∫ d3p
(2π)3

∂

∂p

(
pi1 · · · pik p
ϵ(p)r+2k−1

)
Fp,

(A.8)

and

∂

∂p

(
pi1 · · · pik p
ϵ(p)r+2k−1

)
= (k + 3)

pi1 · · · pik
ϵ(p)r+2k−1 − (r + 2k − 1)|p|2

pi1 · · · pik
ϵ(p)r+2k+1 ,

= (k + 3)
pi1 · · · pik

ϵ(p)r+2k−1 − (r + 2k − 1)(ϵ2 − m2)
pi1 · · · pik

ϵ(p)r+2k+1 ,

= −(r + k − 4)
pi1 · · · pik

ϵ(p)r+2k−1 + (r + 2k − 1)m2 pi1 · · · pik
ϵ(p)r+2k+1 .

(A.9)

Thus we obtain Eq. (4.25) by using these discussions.
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