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Filter Bank Implementation of the Shift Operation in

Orthonormal Wavelet Bases

Achim GOTTSCHEBER!, Student Member and Akinori NISHIHARA', Member

SUMMARY The purpose of this paper is to provide a prac-
tical tool for performing a shift operation in orthonormal com-
pactly supported wavelet bases. This translation = of a discrete
sequence, where = is a real number, is suitable for filter bank
implementations. The shift operation in this realization is nei-
ther related to the analysis filters nor to the synthesis filters of the
filter bank. Simulations were done on the Daubechies wavelets
with 12 coefficients and on complex valued wavelets. For the

latter ones a real input sequence was used and split up into two

subsequences in order to gain computational efficiency.
key words:  orthonormal wavelet bases, shift operations, filter
banks with perfect reconstruction

1. Introduction

Viewing the discrete wavelet transform theory through
the octave filter bank, an important property, the com-
putation of shift operations in orthonormal compactly
supported wavelet bases, will be presented, which are
e.g. useful in image processing to move pictures in the
compressed form or for some methods which solve par-
tial differential equations.

The particular advantage of dyadic wavelets is that
at different times and at different frequencies, a differ-
ent resolution can be obtained (octave spacing of the
cutoff frequency). This quality is used in many engi-
neering fields. So as well in the discipline of filter banks
with perfect reconstruction and applications thereof. M-
channel filter banks with perfect reconstruction process
orthogonal signals which can also be described by using
the wavelet transform (WT). Define the mother wavelet
and scaling function as

WO =VE S ha(m)é(2t—n) 0
SO =3 S ho(n)b(2t — ). @

And using the concept of multiresolution, where
the signal space Ly(R) and the nested signal subspaces
(scales) are related as

Vo C ..V CVoC Vi C ..V = La(R), 3)

we can define an orthogonal complement W; for every
subspace V; C V,1 such that
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Viei =V, @Wi; 4

i € Z, where the complementary space W; is spanned
by an orthonormal base

bi(t) = 259(2' — k), )

i,k € Z, and the space V; is spanned by an orthonormal
base

bip(t) = 25 (27 — k), (6)

i,k € Z. We can then project a signal z(t) € Lo(R) into
subspaces which then corresponds to a wavelet trans-
form. The wavelet transform is defined as (general def-
inition)

1 e =D
WT{z(t),a,b} = —— oty (——)dt
VTal Jeeoo a

(M

where b (time shift) and a (scaling factor) are real valued
continuous variables. The discrete choice, e.g. see[l]
or [2],a=2"%b=27"k, i,k € Z and ¥(t) = h*(—1)
leads to

WT{n(t),i, K} = 23 /

t=—o0

oo

z(t)h(k —27%)dt  (8)

Considering the two-channel discrete-time case
(M = 2, finite number of subspaces, Vo = V_1 @ W_1),
the wavelet coefficients, z4(n), can be expressed as (fil-
tered and decimated signals)

[ee]

zq(n)= Y z(m)hy(2n—m), ©)

m=—0Q

g = 0,1. For the two-channel discrete-time case, the
inverse wavelet transform follows as

1 oo

m(m) = Y wg(n)ge(m —2n). (10)

g=0 n=—o0

The analysis filters h, as well as the synthesis fil-
ters g, are assumed to fulfill the perfect reconstruction
property and particularly

> ho(m) = V2 (11)
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3 h3(m) =1 (12)
> hi(m) =0 (13)
Y hi(m) =1 (14)

2. Shift Operation
2.1 Statement of the Problem

In[3] the nonstandard form of the shift operator for the
wavelet decomposition of all circulant shifts of a vector
is reported, and [4] shows an algorithm to approximate
the shift operator for real shifts in the finest scale, where
in both cases the shift operator is related to the analysis
filters and is a recurrent algorithm, respectively. How-
ever, the shift operation presented in this paper is nei-
ther related to the analysis filters nor to the synthesis
filters of the filter bank. In particular the shift opera-
tion in this realization is done directly on the wavelet
coeflicients.

A practical tool to perform a translation 7, 7 € R,
more suitable for filter bank implementations of the
wavelet transform is provided below. The shift problem,
here shown for the two-channel case, may be described
as follows: For filter banks with perfect reconstruction
one can write by using the z-transform representation
with the output signal X (z) and the input signal X (z)

X(2) = 5[Go(2) Ho(2) + Cr() I (2)] X (2)

+5[Go(2) Ho(—2) + Ga(2) r (- D)X (~2)
= Fo(2) X (z) + F1(2) X (=) (15)
where Fy(z) = 27% and Fy(z) = 0.
This can be written in matrix form as
X(z) = 5[ Gols) Gi(2) ]
Ho(z) Ho(—#) X(z)
[ Hi(z) Hi(—2) } {X(—z) } (16)

The intermediate process where the input signal
X (z) is split up in two channels, filtered by the analysis
filters Ho(z) and H,(z) and down sampled by the factor
M = 2, follows for the subsignals Xo(z) and X;(z) in
matrix form as

[ 8] -3 ey Hol=ed ]
[ )2}(((—25%)> ] | (a7

The output signal X (z) of the synthesis filters re-
sults from this intermediate process after upsampling by
the factor L = 2 and filtering with Go(z) and G4(z) in
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Fig. 1  Shift operation in orthonormal compactly supported
wavelet bases, M=2.
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Fig. 2 L-fold expander followed by the interpolator filter H (%)
and a M-fold decimator (fractional sampling rate alteration).
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Having the wavelet coefficients (subsignals) zo(n)
and z1(n), the task is in finding the new coefficients
(shifted subsignals) zf(n) and z](n) such, that 7 (m)
is a shifted version of z(m), where 7 (m) is the T shifted
output signal and xz(m) the input signal. Figure 1 illus-
trates this in a pictorial way.

2.2 Shift Operation on the Wavelet Coefficients

The overall filter bank with perfect reconstruction has
a constant group delay Fy(z) = 2%, And it is possible
to realize filter banks where the output signal is exactly
the same as the input signal (theortically). However,
our aim is to have an output signal which is a shifted
version of the input signal. And we aim to perform it
on the wavelet coefficients.

Since a rotation in the wavelet coefficients leads to
an integer shift, the shift 0 < 7 < 1 only needs to be
considered. See also[5] page 261.

A signal z(n) passed through an L-fold expander
followed by the joined interpolator and decimator filter
H(z) and a M-fold decimator where L = M, shown in
Fig. 2, results in y(n) = z(n).

Observing the fact that two sampling rate conver-
sions (first upsampling by a factor L and second down-
sampling by the same factor M = L) on the wavelet co-
efficients zo(n) and z1(n), but discarding by the down-
sampling process also the original values and therefore
keeping other values, results in a set of shifted wavelet
coefficients zf(n) and z(n), we can imediately draw
the conclusion that this yields finally to a shift of the
sequence z(m). Theoretically we can perform any de-
sired shift by using this technique. In practice for some
fractional shifts a dramatic increase of the sampling rate
conversion circuit complexity follows. The solution to
this problem is a continuously variable delay element
(FIR-filter, 7 € R) described below, which has a rea-
sonable complexity.

Let z(nT,) designate the sequence of the signal
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samples uniformly sampled with a sampling rate 1/T;
and n the sampling index of the signal samples. Also
let y(kT;) designate the sequence of interpolated sam-
ples with an intermediate sampling rate 1/T; where
T, = T/K. 1/T denotes the symbol rate, K a small
integer and k the interpolator output index. The inter-
polator equation, for the k" interpolator output sam-
ple, may then be expressed as

Mo

y(kT;) = Y a(nTy)hi(kT; — nTy). (19)
n=M,

M and M, are limits determined by the finite re-
sponse duration of a time-continuous, time-invariant,
linear phase FIR filter h(¢). Since we aim also to have
shifts 7 € R, the ratio T; /T becomes irrational. Unlike
conventional digital interpolation/decimation methods
this method enables one to obtain an interpolated value
y(kT;) which must not be related to a rational factor
L/M of the sampling rate, where L. and M are integer
values. In order to synthesize a controllable delay, 7, in
Eq.(19) a change of the indexing is required. The first
control parameter ny, the index for the ktP interpolant,
is defined asf

kT;
T

1 (20)

nsz

The second control parameter 7 (delay), length of a
fractional interval for the k** interpolant (0 < 7 < 1),
is defined as
kT
=7
The filter index 7, index on filter coefficients, is defined
as

T

— Ng. (21)

i=ng—n. (22)
Eq.(19) may be rewritten as

I
y(kT3) = > a[(ng — ) T)hr[(i + 7)Te]- (23)

i=I

The new limits I; and Iy are large enough to in-
clude all nonzero coefficients of the finite impulse re-
sponse of the filter; these modified limits are fixed num-
bers and do not depend upon n. The basepoint set
length I, I = I — I + 1 and ranging from #; to ¢, in-
dicates the required number of coefficients hy[(i 4 7)T%]
(taps) in the FIR filter. Interpolants y(kT;) are com-
puted for times corresponding to

t = kT; = (7 4 n)Ts. (24)

Fort < ty ort =ty (to > ty) follows hz(t) = 0.
Thus the duration of the impulse response, Tp, is defined
as

Ty =ty — t1. (25)
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It is straight forward that the inequality I'Ts = Tj
must be imposed for any method of implementing the
interpolator in order that all non-zero portions of the
continuous-time function are sampled correctly. A con-
ventional interpolating polynomial, such as the La-
grange polynomial In(t), leads to piecewise polyno-
mials L;(t) (=Lagrange functions).

) (26)

The N** degree polynomial Iy(t), with the La-
grange functions L;(¢), both given below, is fitted to
the interpolant y(kT;) in such a way that the Lagrange
functions L;(t) become identified with the coefficients
of the interpolating filter Az(t).

N
In(t) =Y Lit): 27)
=0
and
N
L= [ == (28)
j=0,%i 7

The reference[6] explains how to obtain Eq. (29)
from Eq. (28) by substituting ¢ = (7 + ng)Ts

Iy .

T+
Lin = ]I j_z,. (29)
Jj=I1,5¥F1

Replacing z; with z{(n; — i)Ts] and Iy(t) with
y(kT;) yields to the interpolation function

Iy

y(kT;) = > @l(ny, —$)Ts]La(7) (30)

=11

where each Lagrange function L;(7) of degree N is also
defined as

Li(r) =Y bi(i)r (31

and describes hy(t) in the i*" Ty interval. Only odd
degree Lagrange functions[6] (N odd) should be em-
ployed in order to have a linear phase FIR interpolation
filter with impulse response hy(t).

Using this technique to realize a continuously vari-
able delay element,[7] and [8] show examples with an
odd degree Lagrange function, which one of them we

] means: largest integer less or equal to the real num-
ber x.
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Fig. 3  FIR filter for shift operation on the wavelet coefficients.

Table 1  Filter coefficients b;(i) for the continuously control-
lable delay element, N =2, Iy = — 2, and I = 1.

ilj_’ ol1]2

210 |~-ol o

-1]1 0 |o+]-o

adopt here for demonstrating a shift in orthonormal
wavelet bases.

The coefficients b;(z) for the filter structure realizing
a controllable delay, shown in Fig.3, are given in Ta-
blel with @ = 0.5, N =2, I; = -2 and I, = 1. Note,
that having o = 0.5 results in a dramatic increase of
the delay element complexity. Using higher odd-degree
Lagrange functions [9] yield to higer accuracy. Perfor-
mance simulations are given in the next section.

3. Performance Simulations

Using the above given method we present in this section
some simulation results of the shift operation in orthon-
rmal wavelet bases. Simulations were done by using the
Daubechies wavelets with 12 coefficients (hence the or-
der of the FIR filter obtained by spectral factorization
of a linear phase half-band filter is 11) and on complex
valued wavelets reported in [10], in order to test trans-
lations on the periodic function z(m) = cos(m) and the
nonperiodic function z(m) = exp (—300m?).

As both functions are real valued we used a method
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cos (m)
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Fig. 4 Translations on the function z(m) = cos (m) for the
shifts 7 = 0 and 7 = 0.379.

similar to the Fourier transform approach for the com-
plex valued wavelets where 2N real samples are trans-
formed with an N-sample complex transform. In other
words, the imaginary part of the discrete transform was
used to compute also real values which can be done by
breaking the 2N-point function z(m), m = 0,1,2, ...,
2N —1, into two N-sample functions. Function z(m)
can be devided in half as follows:

a(m) = z(2m) (32)
b(m) = o(2m + 1) (33)

withm =0,1,2,..,N — 1.

Function a{m) is equal to the even-numbered sam-
ples of z(m), and b(m) is equal to the odd-numbered
samples of x(m). Now, in order to use efficiently the
wavelet transform, a(m) and b(m) are used to form the
complex function e(m).

e(m) = a(m) + jb(m) (34)

withm =0,1,2,.., N — 1.

The Figs.4 and 5 show shifts for 7 = 0 and
7 = 0.379 for both test functions z(m) = cos (m) and
z(m) = exp(—300m?) on the Daubechies wavelets,
respectively. We do not show here the plots for the
complex wavelets as there can not be seen any differ-
ence within this graphical resolution to that for the
Daubechies wavelets.
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exp (-300m~2)

1}

eee” N . WX m-30
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exp (-300m*2)

0.2
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Fig. 5 Translations on the function z(m) = exp (—300m?) for
the shifts 7 = 0 and 7 = 0.379.

error-cos

0.008 .

lo*tau

Fig. 6 Maximal absolute error, z(m) = cos (m).

Having used one particular delay element out of
many possible ones, the accuracy of the delay ele-
ment itself was tested by using the periodic function
x(m) = cos (m) and the non-periodic function z(m) =
exp (—300m?). The maximal absolute error e(7), where
e(r) = z(m) —z(m+7), is shown in Fig. 6 for the peri-
odic input function (error-cos) with respect to 107 and
for the non-periodic input function (error-exp) with re-
spect to 107 in Fig.7. For example, the maximal abso-
lute error e(7) in Fig.6 for 7 = 0.2 is 0.0066.
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error-exp
0.005

0.0045

0.004

0.0035 .

0.003

0.0025

10*tau

0.00L5 .

Fig. 7 Maximal absolute error, z(m) = exp (—300 m?2).

4. Conclusions

A novel realization of the shift operation for a shift of
7 € R in orthonormal wavelet bases suitable for fil-
ter bank implementations is proposed. Its performance
is very simple by having a high accuracy at the same
time. Higher accuracy can be achieved, if desired, by
designing higher odd order Lagrange functions for the
applied continuously variable delay element. Simula-
tions were done on a real as well as on a complex filter
bank with perfect reconstruction for the periodic func-
tion z(m) = cos(m) and for the nonperiodic function
z(m) = exp (—300m?). Additionally it was shown that
one can split up a real input sequence into two subse-
quences in order to gain computational efficiency while
using a complex filter bank and having a real input
sequence.
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