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Passive Two-dimensional Wave Digital Filters used in a
Multirate System having Perfect Reconstruction

Achim GOTTSCHEBER', Student Member and Akinori NISHIHARA', Member

SUMMARY This paper is concerned with the design and
implementation of a 2-channel, 2-dimensional filter bank using
rectangular (analog/digital) and quincunx (digital/digital) sam-
pling. The associated analog low-pass filters are separable where
as the digital low-pass filters are non-separable for a minimum
sampling density requirement. The digital low-pass filters are
Butterworth type filters, N = 9, realized as LWDFs. They, when
itterated, approximate a valid scaling function (raised-cosine scal-
ing function). The obtained system can be used to compute a
discrete wavelet transform.

key words: orthogonal wavelet bases, wave digital filter, raised-
cosine scaling function, 2-dimensional filter bank

1. Introduction
1.1 WDF

Motivated by the fact that for a given filter specification
IIR-filters have much less complexity compared to FIR-
filters, this paper is concerned with the design of non-
separable 2-dimensional IIR-filters by means of wave
digital filters (WDFs). They are suitable for multirate
systems to generate orthonormal wavelet bases. An im-
plementation of perfect reconstruction QMF banks us-
ing IR filters for infinite length signals was first shown
in [12]. This method was modified in [13] for I-
dimensional WDFs. In this paper it is used for non-
separable 2-dimensional lattice WDFs using quincunx
sampling.

WDFs[4],[5],[7] are very well suited to be used
in multirate digital filter arrangements and in particu-
lar for realizing filter banks{6]. They are preferably
derived from lossles classical (analog) filters. Thus, one
can assign an analog reference filter to every WDF. Lat-
tice reference filters yield lattice WDFs (LWDF). They
are a very attractive subclass of WDFs and espectally
in the bireciprocal case[9] when using real filter coef-
ficients. Stability of an IIR-filter is in general difficult
to deal with. It is closely related to passivity, especially
internal passivity. WDF, when properly designed, are
built up of internal passive circuits which are then au-
tomatically stable. For more details on stability related
to multi-dimensional WDFs, we refere to[10] and ref-
erences therein. Digital filter banks with perfect recon-

Manuscript received April 24, 1996.
Manuscript revised August 14, 1996.
tThe authors are with Department of Physical Electron-
ics, Tokyo Institute of Technology, Tokyo, 152 Japan.

struction can be build when the analysis and the syn-
thesis filters form a paraunitary system, i.e.,[13],[16]
written in matrix form* S,.S = E, where E denotes the
identity matrix. If in addition each filter of S is stable,
the scattering matrix S is said to be lossless. In the case
of WDPFs, the filters of S, are unstable if the filters of
S are stable[16]. Nevertheles, in [12],[13] it is shown
how to implement the unstable filters of S, in a stable
way and summarized for the 1-dimensional LWDF case
next.

1.2 WDF and Perfect Reconstruction

A stable realization of the filters of S, is achieved in
three steps. Step | requires to properly initialize the
synthesis filters before filtering takes place.

Considering the analysis filters of a two-channel
LWDF bank, polyphase representation in Fig. 1, the all-
pass sections F;(z) have the special form (bireciprocal
case)

271 — «;

Fi(z) = ——. 1

(2) 1—a;z7?! )
Since the same all-pass filters are used in the analysis
and synthesis QMF bank, a state-variable representation
of each single all-pass section, compare Fig. 2, is useful.
For the analysis side: T,(n + 1) = aTq(n) + bz, (n),

5 [ R R

F R ‘

Fig. 1 Block diagram of the analysis filters of a two-channel
LWDF QMF bank (bireciprocal case) for N = 5,9,13,--- or
N =17,11,15,--- in polyphase representation, 1/T the sampling
rate.

*h(n) — h(—n) = H(w) — H.(w), where for a real
rational function F = F(w) the paraconjugate F. = F.(w)
is defined by F.(w) = F(—w). For a matrix, paraconju-
gation implies not only paraconjugation of each entry, but
also transposition.
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Fig. 2  All-pass section F;: (a) analysis, (b) synthesis side.
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Fig. 3  System for perfect reconstruction, FIR or IIR, for infi-
nite length signals.

Tout(n) = ¢To(n)+dz;n(n), and in the case for the syn-
thesis side, Ty, and zoy: are replaced with T, yin
and Yous, respectively. T,, T denote the state-variable
vectors of the analysis and synthesis side, which are re-
lated as T5(0) = GT,(P) by the matrix

0 1
G=[10], 2)

where you:(n) = zjpn(P —n—1) forn=0,1,---,P -1,
P the number of samples in the time interval. Step 2 is
indicated in Fig. 3, where an infinite length signal is di-
vided in time intervals which are then fed into the filters
of the synthesis filter bank in a time reversed manner.
Step 3, also shown in Fig. 3, requires the time intervals
to be time reversed after the filtering process and to be
joined together to form the output signal #(n). Note,
the time reversal of the time intervals is done in blocks.
The block length is a multiple of the sampling interval
T, and time reversal is simply implemented by a reversal
of the relevant pointers to the samples in the blocks.

2. 2-Dimensional Nonseparable Wavelets

In the l-dimensional case wavelet bases can be con-
structed from Butterworth filters[17] when used in a
perfect reconstruction QMF bank. The implementation
as LWDFs of those filters is very efficient [8] and will
be used when constructing a nonseparable perfect re-
construction filter bank for quincunx sampling.

2.1 Paraunitary Filter Bank (LWDF)

In the l-dimensional case, a bandlimited (by means of
an analog filter (t)) signal z,(¢) having no spectral
components above f,, Hz, can be determined uniquely
by values sampled at uniform intervals of T seconds
where T < ﬁ In the D-dimensional case, the min-
imum sampling density p,,i, (number of lattice points
per unit hypervolume) is defined as[3]
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Pmin = W7 3)

where V is the sampling matrix used when sampling
bandlimited signals. The minimum sampling density
Pmin depends on V and on the support of the bandlim-
ited signal. The support of the bandlimited signal is
determined by the shape of ¢(t).

In a l-dimensional multirate system, a signal z(n),
bandlimited to the region | w [< & (by means of a digi-
tal filter ho(n), C = number of channels), can be alias-
free downsampled. In the D-dimensional case, alias-
free downsampling is directly related to the matrix M.
The decimation ratio r is defined as r =| detM |. In
the case that an orthonormal wavelet transform is per-
formed by means of a multirate system, the analog filter
©(t) and the digital filter ho(n) are related in frequency
domain as[1],[2] ®(w) = [lie, Mo(j27*w), where
My(w) = Ho(e?*)/Ho(0). The ideal filter Hy(e/%) in a
D-dimensional multirate filter design has the form

1 ifw=7M"Tx+ 2rm,
forsomex € [-1,1)P me N
0 elsewhere

H()(ejw) -

4

where w = [wy w; -+ wp-1]T, M is a D x D nonsin-
gular matrix, M ~T stands for (M~1)T and 27m repre-
sents the periodicity.

The analog and digital low-pass filters are then re-
lated as[2],[14],[15]

o(w) = [[ Mo(iM " w) (5)
k=1

where My(w) = Ho(e?*)/Hy(0). As M in (5) deter-
mines the shape of o(t), it follows that V in (3) is
related to M.

Note, that ¢(t) must be an analog filter having
compact support in frequency domain in order to be
able to uniquely reconstruct, by means of an interpola-
tion formula, an analog signal from its discretely rep-
resented signal. This means that the associated digital
low-pass filter ho(n) has in general an infinite number of
nonzero filter coefficients and can therefore not excactly
be realized. However, in the following an exact realiz-
able ho(n) (2-dimensional case) will be designed for a
perfect reconstruction system having a finite number of
non-zero filter coefficients, that yield an ¢(¢) which has
infinite support in frequency domain.

Considering the 2-dimensional non-separable case,
one choice of M for quincunx sampling is (symmetry
dilation matrix)

qu[} 1_1]. (6)

M, is said to be well behaved[14]. Based on M, 2-
dimensional nonseparable wavelets will be derived.



GOTTSCHEBER and NISHIHARA: 2-D WAVE DIGITAL FILTERS, PERFECT RECONSTRUCTION

X (w)

o—TMq

- 1 Z(0) A X(w) Z (o)
Hoo(eJ(0 qu = E (@)

Fig. 4 0th Type 1 polyphase component of Hpg(e?%).

Fig. 5 (a) Ideal digital low-pass filter shape Eo(w) = Ho(e?%)
for quincunx sampling with Mg, (b) Hoo(e’*). The dotted areas
indicate the pass-band of the filters.

Figure 4 shows the Oth Type | polyphase compo-
nent [6],[18]-[20] of Hoo(e?*). Assuming Hoo(e’%) =
Hp(e?°)Hp(e/*') + Hy(e?*0)Hp(e?*1) and using the
transforms

Yi(w) = X(MTw) (7
and

1 .
Z(w) = TdetM | Z Y(M™T(w - 27k)),(8)

ken(MT)

representing upsampling and downsampling respec-
tively, k the set of integer vectors inside the fundamental
parallelepiped, it turns out that Ey(w) equals the ideal
low-pass filter Hy(e’*) associated to the quincunx sam-
pling matrix M,. Compare Fig. 5 for a proper choice of
Hoo(e’). This way of realizing Hy(e’%) is very attrac-
tive as will be seen later. A pictorial proof that Ey(w)
indeed represents Hy(e/*) is illustrated in Fig.6. In
general, when upsampling/downsampling with M, the
lattice is squeezed/streched by | detM | and after down-
sampling M also renumbers the lattice points. Concrete,
the input lattice V, written in frequency domain as

T 1 0

U=2aV™" =27 [ 01 }
and shown in Fig. 6 (a), undergoes an interpolation with
M, by (7). This results in the lattice which is illus-
trated in Fig.6(b). Figure 6(b) also shows one pe-
riod of Hoo(e’*). Downsampling with (8) finally gives
back the desired input lattice filtered by the ideal low-
pass filter Ho(e’“), where only one period of Hy(e/*)
is depicted. If Hp(e’°) = 0 and Hp(e**) = 0 at
wo = m and w; = 7, respectively, then Ho(e’*) = 0 at
w = (m, 7). Similarly one can design a high-pass filter
Hoi(e’%) = Hy(e°)Hp () + Hp(e0)Hu(el*"),
see Fig.7. Since MM, = M,..,

2 0
Mrec:[o 2:| (9)
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Fig. 6 Lattice reprensentations in frequency domain, (a) input
lattice, (b) after upsampling with Mg, Hoo(e?*) is indicated, and
(c) after downsampling with M;T.

a)

Fig. 7 (a) Ideal digital high-pass filter shape H;(e?%) for quin-
cunx sampling with Mg, (b) Ho1(eI%).

H(ej“‘) .

Fig. 8 Efficient structure for a 2-dimensional nonseparable per-
fect reconstruction filter bank with quincunx sampling (analysis
part).
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Fig. 9

2-dimensional, 2-channel nonseparable LWDF bank (analysis part) for quincunx

downsampling, expressed in an internal separable way.

the 2-dimensional nonseparable QMF bank, using M,,
can be implemented with separable filters. And when
realized with LWDF this structure becomes very simple.
The designed perfect reconstruction filter bank can be
used to perform a non-separable 2-dimensional wavelet
transform. Clearly, the final structure representing a 2-
dimensional nonseparable perfect reconstruction filter
bank with quincunx sampling is shown in Fig.8. This
structure can be applied for FIR and IIR filters. It can
be very efficiently implemented, especially in the bire-
ciprocal LWDF case. Figure 9 shows an example for a

Butterworth implementation of a LWDF, N = 9, maxi-
mum number of zeros at w = (7, 7). This structure uses
12 filter coefficients (only 4 of them beeing different)
and they can be calculated with a pocket calculator by
using the method shown in [8]. Filter coefficients used
in Fig.9:

oy = —0.132 47
a3 = 029591
a3 = —0.031 09

ay = —0.333 33
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(d)

Fig. 10  Frequency responses of the raised-cosine scaling func-
tion, with « = 0.25, and the itterated WDF, N = 9; (a) and (c)
show the 1-dimensional frequency responses, (b) and (d) show
the 2-dimensional frequency responses of the filters, respectively.

Note, N = 9 was chosen because this choice for realiz-
ing Ho(e’*), when used in Eq. (5), will result in a good
approximation for the associated raised-cosine scaling
function having a roll-off factor of « = 0.25 [11]. Com-
pare Fig. 10. With a2 = —(1 — a3), the 1-dimensional
frequency response of Hp (e/“°) follows as

137
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2.2 Constructing 2-D Wavelet Bases from LWDFs
In general the number of wavelets is determined by
| det(M) | =1=7r—1. (10)

Unlike the separable case, M., in which three mother
wavelets 11,12,13 and one scaling function ¢ exists,
in the quincunx case, My, there exists only one mother
wavelet ¢ and one scaling function ¢ [2],[15]. The cor-
responding itterated filter bank for quincunx Mg, rep-
resenting the scaling function and wavelet, is indicated
in Fig. 11. And Fig. 12 shows various dilated versions
of the ideal basic filters for M,, which take part in the
infinite products of (5) and

U(w) = M, (ML), Mo (M *w) (1)

where M, (jw) = H;(e?“)/H,(0). For M, the scaling
function ¢ is separable in the sense that it can be ex-
pressed directly in terms of one dimensional functions,
ie.,

D, (w) = B(wo)P(wr) (12)
or in time domain as

Pq(t) = (to)p(t1). (13)
The wavelet follows as:

¥y (w) = &,(M™'w)M; M~ w). (14)

3. Discussions
3.1 Minimum Sampling Density for V' Related to M,

Since the shape of (¢) determines indirectly p.,y,, the
(analog/digital) sampling matrix V for (3) is derived
from the (digital/digital) sampling matrix M,. For
z(n) = z,(Vn) and with 2 = VTw it follows

X(VT02) = m kX}ija(j(n ~UK). (15)
S

It is clear from Fig. 13, that V has for p,,;, (tightest
packed X (V7T 2)) the form

_ () 0
vo[wo] )

or in frequency domain

U=27V T =2r [ Yo _ ] 7
0 op!
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Fig. 11
with quincunx sampling.

Fig. 12 Various dilated versions of the ideal basic filters shown
in (a) and (c) which take part in the infinite product (b), (d), (e)
and (f). In (b) and (d), the wavelet and scaling function are
indicated, respectively.

And aliasing can be avoided for the values

U0=1

’U1:1.

Thus p,,:, = 1. It can be easily shown that the arrange-
ment in Fig. 13(c) yields also p,,;, = 1.

Computation of the 2-dimensional discrete wavelet transform using a filter bank

o] @
3
. L]
™ Qo 3n Qo
L ] L]
Q
3n
L ] L] .
3n Qq
Ld L] L

Fig. 13 Ideal (analog/digital) sampling with V for (digi-
tal/digital) quincunx sampling with Mg. (a) Support of X,(j52),
(b) support of X,(VT2), rectangular sampling, (c) alternative
choice for V.

3.2 Compact Support in Frequency Domain

The unavoidable error caused by discretisation of an
continuous function is responsible for the following
approximation and is in particular due to (5) and
z(n) = [z(t)p(t — n)dt.

As mentioned above, hg(n) was designed as a
LWDF (Butterworth filter, N = 9) whose associated
analog low-pass filter ®(w) in (5) has not compact sup-
port. It is thus an approximation to a “valid” scaling
function (®(w) with compact support). Our choice for
the valid scaling function was the raised-cosine scaling
function [11] with a = 0.25, that, when approximated,
leads to a fairly good overall system performance. From
our experience, the two extremes of the raised-cosine
scaling function, namely (a) the sinc scaling function
(a = 0) and (b) a Meyer scaling function (a = 3), are
not the best choice for a valid scaling function since (a)
requires a too large filter degree N and (b) too many
samples per hypervolume. However, the precise rela-
tionship for a “best” approximation in this sense re-
mains as future work.
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Note, that for the same filter specification a 1-
dimensional FIR-filter requires N = 49. Thus an
IIR-filter results in a better performance and when im-
plemented as a LWDF, only 4 multipliers are neces-
sary which operate at a lower sampling rate due to a
polyphse decomposition.

4. Conclusions

The blockdiagram of Fig. 1 as well as Fig. 3 are used in
connection with the method illustrated in Fig.4 and
Fig.8 to design and implement a perfect reconstruc-
tion filter bank with LWDFs. This system computes
a 2-dimensional discrete wavelet transform illustrated
in Fig.11. And it has a minimum sampling density
pminfor the ideal filters associated to V and M, de-
picted in Figs. 12 and 13, respectively.
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