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[PAPER

Multi-Band Decomposition of the Linear Prediction
Error Applied to Adaptive AR Spectral Estimation

Fernando Gil V. RESENDE Jr.', Nonmember, Keiichi TOKUDA't, Mineo KANEKO!1?,

SUMMARY A new structure for adaptive AR spectral esti-
mation based on multi-band decomposition of the linear predic-
tion error is introduced and the mathematical background for
the solution of the related adaptive filtering problem is derived.
The presented structure gives rise to AR spectral estimates that
represent the true underlying spectrum with better fidelity than
conventional LS methods by allowing an arbitrary trade-off be-
tween variance of spectral estimates and tracking ability of the
estimator along the frequency spectrum. The linear prediction
error is decomposed through a filter bank and components of
each band are analyzed by different window lengths, allowing
long windows to track slowly varying signals and short windows
to observe fastly varying components. The correlation matrix of
the input signal is shown to satisfy both time-update and order-
update properties for rectangular windowing functions, and an
RLS algorithm based on each property is presented. Adaptive
forward and backward relations are used to derive a mathemat-
ical framework that serves as a basis for the design of fast RLS
algorithms. Also, computer experiments comparing the perfor-
mance of conventional and the proposed multi-band methods are
depicted and discussed.

key words: digital signal processing, AR spectral estimation, filter
banks, adaptive filtering, recursive least-squares algorithms

1. Introduction

Adaptive filter theory has been a continuously growing
field with applications in several areas, ranging from
system identification to interference cancelling through
prediction and spectral estimation[1]. In parametric
estimation, the autoregressive (AR) model is the most
popular because of the variety of fast algorithms that
have been designed to solve the adaptive filtering prob-
lem involved in the estimation process[2],[3]. The
least-squares (LS) modeling criterion is widely used in
connection with the AR model because it is particularly
suitable for solving the related optimization problem.
Conventional LS methods typically use a single
window in the analysis of the linear prediction error
implying a fixed trade-off between variance of spectral
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estimates and tracking ability of the estimator, herein
referred to as frequency resolution and time resolution,
respectively. Since the statistical properties of the ana-
lyzed signal may vary along the frequency spectrum, the
possibility of having different windowing functions for
distinct bands of the frequency spectrum can improve
the fidelity of spectral estimates.

Recently, wavelet decomposition [4] of the linear
prediction error was used to improve the quality of
spectral estimates by trading-off time and frequency res-
olutions in a wavelet-like form, that is, long windows
for low-frequency bands and short windows for high-
frequency ones[5]. Even though the wavelet-based LS
method was shown to improve the quality of AR spec-
tral estimates as compared to those obtained with con-
ventional LS methods for input signals composed of
long-duration low-frequency and short-duration high-
frequency components, the trade-off between time and
frequency resolutions is fixed by the wavelet transform
structure itself limiting its applicability. Also, since
the correlation matrix of the input signal related to
the wavelet-based method does not satisfy the so-called
time-update property [6], the design of fast wavelet-
based LS algorithms, if feasible, is not similar to con-
ventional fast LS methods. Furthermore, two-channel
finite impulse response (FIR) perfect reconstruction
quadrature mirror filter (QMF) banks, such as those
used in the wavelet transform, cannot simultaneously
have linear phase and paraunitary properties, unless the
filters have fairly trivial forms[7], what leads to a non-
constant group delay for different components of the
filtered linear prediction error. In this paper, a new
structure for adaptive AR multi-band LS spectral esti-
mation which overcomes the above mentioned limita-
tions is introduced and analyzed.

The multi-band structure presented in this work en-
ables different windowing functions to be used in the
analysis of distinct frequency bands of the linear pre-
diction error through its decomposition with a power
complementary filter bank. With this approach, fine
details of the prediction error signal can be analyzed
through short windows and slowly varying components
can be observed by long windows independently of
their frequencies. In other words, through the multi-
band approach introduced in this paper, time and fre-
quency resolutions can be arbitrarily traded-off, giving



366

rise to spectral estimates that represent the true underly-
ing spectrum with more fidelity than presently used LS
methods.

The LS solution for the presented structure is ob-
tained through a set of normal equations, where the
input signal correlation matrix is shown to satisfy
both time-update and order-update recursion formu-
lae. Based on the time-update recursion formula of the
correlation matrix an algorithm similar to the conven-
tional RLS algorithm[1] is derived. Based on the order-
update recursion formula of the correlation matrix an
algorithm similar to the Levinson RLS algorithm[8]
is presented. Also, a study on the relations between
forward and backward linear prediction for the multi-
band structure sets the mathematical background for the
design of fast recursive LS (RLS) algorithms[9]. Com-
puter experiments comparing the performance of con-
ventional and multi-band LS methods are shown and
discussed.

This paper is organized as follows. In the next
section, the multi-band structure is introduced, its cost
function is defined and compared to conventional and
wavelet-based cost functions and the optimization prob-
lem is solved through a set of normal equations. In
Sect. 3, a multi-band decomposition-based RLS algo-
rithm based on the time-update property of the corre-
lation matrix is described. In Sect. 4, the order-update
property of the correlation matrix is used to design an
RLS algorithm based on the Levinson RLS algorithm.
Adaptive forward and backward linear prediction for
the multi-band structure is studied in Sect.5, and the
mathematical background for the design of fast AR
multi-band LS algorithms is exposed. In Sect. 6, com-
puter experiments are shown and discussed. Section?
presents our conclusions and on-going research. From
Appendix A to Appendix F a thorough explanation of
the mathematical results contained in Sects. 3, 4 and 5 is
undertaken. The nomenclature used in this paper fol-
lows the standard contained in[1] with modifications
that naturally arise from the multi-band characteristic
of the presented structure. For convenience of notation,
the presentation adopts the system identification scheme
until Sect.3, from where the terminology peculiar to
spectral estimation theory is applied.

2. Multi-Window LS and Normal Equations

In Sect.2.1, conventional and wavelet-based LS meth-
ods are briefly exposed and the multi-band LS method
is introduced. In Sect. 2.2, the minimization condition
for the multi-band LS cost function defined in the previ-
ous subsection is applied and a set of normal equations
is obtained.

2.1 Conventional and Multi-Window LS

System identification, as well as adaptive AR spectral
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estimation, are based upon the update of model pa-
rameters subject to the minimization of a cost func-
tion[1],[2]. The LS criterion is widely used in adaptive
filtering theory and its cost function is defined as

oo
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e(n) =

for real values of the estimation error e(z), where v(k) is
a windowing function, whose z-transform is represented
by T(z). A block diagram scheme for (1) is depicted in
Fig. 1 (a). From now on, estimation methods for which
the cost function is defined as shown in (1) will be called
conventional LS methods.

For an AR modeling of the input signal, in system
identification problems, e(i) can be expressed as

e(i) = d(i) - y(i)
M-

= d(i) = ) we(n)uli — k),
k=0

—_

t=n, (2)

where M is the order of the model, d(¢) is the desired
response, y{7) is the estimated value obtained by filter-
ing the input signal u(¢) with an FIR adaptive filter,
whose coefficients at time-index n are represented by

wi(n),k = 0,...,M — 1. For rectangular sliding win-
dows of length L, v(k) may be written as
1, 0<k<L-—1,
vik) = { 0; otherwise. (3)

A particular disadvantage of methods based on the cost
function described in (1) is that the square of e(7) is
filtered by a single sliding window wv(k), which deter-
mines a unique value for the relation between the vari-
ance of the model parameters estimates and the tracking
ability of the system for the whole frequency spectrum
at every time-index n. The physical limitation of this
relation is similar in concept to the trade-off between
time resolution and frequency resolution that, in accor-
dance with the uncertainty principle, are inversely pro-
portional while having a lower bounded product[10].

Discrete-time wavelet transform coefficients of the
linear prediction error were used in[6] to define a cost
function as follows

B

(n) = 30 (n) @
j=1

D)= 3 A= (Egj)(i)y (5)

e (n — 2/ (n — 1)),
@) (4) = tessbd
EJ(i) = el (n — 2171 (n — i), ©
j=BhB

eD(n) = K9 (n) x e(n) (7
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Fig. 1

Block-diagram representation of the cost function definition for (a) conventional

LS, (b) wavelet-based LS with B = 4, and (c) the proposed multi-window LS method
with B = 4. The “SQ” symbol represents the square operation and Y (z) is the z-transform

of the windowing function v(k).

2i-1 2!
A=) ().
HO)(2) = i 1£j=B-1, (8)
21
12 ().
Jj =B,

6, 9

where the “x” symbol denotes the convolution opera-
tion and the estimation error e(¢), which is assumed to
be real valued, is defined by (2) and decomposed into B
bands by the analysis filters A9)(n), 1 < j £ B, with z-
transforms H)(z) as shown in Fig. 1 (b) for the 4-band
case. The basic idea of the wavelet-based method is to
improve the precision of estimates by using long win-
dows to analyze low-frequency components of the es-
timation error and short windows for high-frequency
ones.

The so-defined wavelet-based LS scheme achieves
better estimates than conventional LS methods when the
analyzed signal is mainly composed of long-duration
low-frequency and/or short-duration high-frequency
components. Whenever a different time-frequency res-
olution trade-off is needed, for example when the

analyzed signal is composed of long-duration high-
frequency and short-duration low-frequency compo-
nents, the wavelet-based method is not suitable. More-
over, since the correlation matrix of the input signal for
the wavelet-based structure does not satisfy the time-
update property, design of fast algorithms cannot be
undertaken by algebraic manipulations similar to those
for conventional methods. Also, different bands of the
filtered linear prediction error do not have a constant
group delay since non-trivial paraunitary linear-phase
filter banks cannot be obtained with the two-channel
wavelet decomposition structure[7].

The following cost function, which is introduced
and analyzed in this paper, overcomes the above men-
tioned limitations:

B
s(n) =Y eP(n) ¥
j=1
) ot ) ) 2
D)= 3 v (n ) (em(i)) (10)
eD(i) = h¥9) (i) * e(i), (1)
where the analysis bank RU)(i), j = 1,...,B, is a
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power complementary filter bank (see Fig.1(c)). By
using a power complementary filter bank and proper
weighting factors for each band we can guarantee a uni-
form response of the system in the sense that £[e(n)] =
c€le*(n)], where £[.] denotes the mean value operator
(see Appendix A for a proof of this statement). Phase-
linearity of the analysis filter bank implies a constant
group delay for all components of the filtered estimation
error. Differently from the wavelet-based method, the
windowing functions v\9)(k),j = 1,..., B for this struc-
ture can be independently chosen, enabling the use of
the most suitable time-frequency resolution grid accord-
ing to the analyzed signal statistical properties. Further-
more, if rectangular windows are used, time-update and
order-update relations for the input signal correlation
matrix can be written, opening the way for the design
of fast RLS algorithms.

In this paper, rectangular sliding-windows of dis-
tinct lengths are applied to different bands of the esti-
mation error, that is,

. (3) —
v(j)(k): LG OékéLJ) 1,
0; otherwise,

for 1 < j £ B, where the factor ﬁ together with the
use of a power complementary filter bank are necessary
conditions to ensure a uniform response of the system
for all frequencies in the sense mentioned in the above
paragraph.

Once the structure of the new method is mathe-
matically described in Egs. (9)—(12), the optimization
problem for the new cost function can be subsequently
tackled.

(12)

2.2 Normal Equations

It can be easily verified through Egs.(2) and (9)—(11)
that the cost function is a quadratic function of the
model filter parameters, and minimization of £(n) is
achieved when

be(n)
dwy(n)
Applying (2) and (9)-(12) in (13), we have

=0, 0SISM-1 (13)

M5

wg(n)

k=0

1l

1 LW_1
- u
)
1 L(] =0

ZB: :
£
j:l
for0 <1 < M —1, where

w9 (3) = B9 (4) x u(s)
d (i) = K9 (0) + d(3).

(n—i—kuDn—i-1)

M

Il

J
L@
Y dVn -y (n-i-1) (14)

=0

(15)
(16)
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This set of M equations, so-called normal equations,
may be rewritten in matrix form as

Dy (n)wy(n) = Ou(n), a7
where
B
@y (n) = Z'ﬁg\f}(n) (18)
i=1
. 1 LY -1 . . T
&) =757 D uiln—1) (ufi(n—9)
i=0
(19)
u(n — 1)
. I n—i=1
wnoiy=| 0TI (20)
u(n — i.— M+1)
wys(n) = [wo(n),.. .,wM-l(n)]T 21)
B
Ou(n) = 0% (n) (22)
j=1
L@ 1
@(]) Z d9(n — 1) J)(n—z) (23)

The solution of (17) for wys(n) by inverting ®,(n)
for every time-index n is not computationally efficient.
In the following, special properties of the correlation
matrix @,,(n) are studied and applied to the design of
RLS algorithms.

3. An RLS Algorithm Based on Time-Update

The purpose of this section is to describe an RLS algo-
rithm based on the time-update property of the corre-
lation matrix related to the multi-band decomposition-
based structure introduced in Sect.2. To improve read-
ability, a detailed derivation of time recursive relations
for the correlation matrix and the cross-correlation vec-
tor, and the application of these equations in connec-
tion with the matrix inversion lemma (MIL)[1] to ob-
tain the RLS algorithm described in the following is
undertaken in Appendix B

The RLS algorithm for the system identification
multi-band LS method based on the time-update prop-
erty of the correlation matrix can be summarized as fol-
lows

Ky (n)=Ppyn—1)Up(n,n—1L)
(871 + U (n,n— D)Parln = )Ups(n,n - L))_l
(24)
a(n) = d(n n—L)-UL(n,n—Lwyn—1) (25)
m(n) =wp(n—1)+ Ky(n)a(n) (26)
Py(n) = PM(n -1
- Ky(m)Upy(n,n— L)Py(n—1)  (27)
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It should be noted that in this form, the algorithm has
computation complexity on the order of (M?+ B3), but
if each band is separately time-updated in two steps, i.e.
if the MIL is applied 2B times, it is not necessary to
compute any matrix inversion and the computational
complexity of the resulting algorithm is on the order of
BM?2.

A similar RLS algorithm for AR spectral estima-
tion based on forward or backward linear prediction pa-
rameters can be obtained through straightforward sub-
stitution by the corresponding quantities. For example,
in the forward prediction case the desired response vec-
tor is given in (A- 48) while the input signal is one time-
step delayed with respect to the input signal for system
identification structures. Time-update recursions for the
coefficient vector and the a priori forward prediction er-
ror vector are shown in (28) and (29), respectively. For-
ward and backward prediction analysis is studied in
Sect. 5.

4. An RLS Algorithm Based on Order-Update

In this section an RLS algorithm with complexity on the
order of (BM + M?), based on the Levinson RLS al-
gorithm [8], for AR spectral estimation is exposed. We
assume the use of rectangular sliding windowing func-
tions for every band, but other windowing functions,
such as exponential windows, can also be used with a
similar algorithm [11]. Detailed derivations related to
the order-update property of the correlation matrix and
the time-update recursion formula for the autocorrela-
tion vector are shown in Appendix C.

Table 1  An RLS algorithm for AR multi-band LS spectral
analysis based on the order-update property of the input signal
correlation matrix.

For each time-index n = 1,2,3, ...
Forj=1,2,...,B
Calculate u(j)(n) using (15)
CS\ZI)-H(") = Cgél)+1(n - 1)+

(uu)(n)u(j)

compute:

FAED) M+1(M)—

w9 (n = L)), | (n — L(j))) ,
End
cmi1(n) = Cg\}f)ﬂ(n) + 053,)“(") + Cﬁil(n)
Fo{n) = Bo(n) = co(n)
ag(n) = go(n) = [1]

Form =1,2,---,M + 1 compute :

[ Cm1(n) = [e1(n), ooy cm (n)gm—1(n — 1)
Kf(n) = ~Crn_1(n)/Bm-1(n — 1)

Kb (n) = —Cr_1(n)/Fpn1(n)

Frn(n) = Frne1(n) + KL, (0)Cm_1(n)
Ben(n) = Bin—1(n — 1) + K2, (1)Cp—1(n)

anl) = a’"—ol(n) ] + K [ gm—l?n— 1) ]
L gm(n) = [ gm_l?n—l) ] + Kb (n) [ am—ol(n) ]
End
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The entire algorithm is summarized in Table |. The
forward prediction vector of order m at time-index n is
represented by a,,(n) and defined in (A.39). The cor-
responding backward prediction quantity is represented
by g,,,(n). The forward prediction cost function F,,(n)
is defined in (A-32), and B,,(n) is the corresponding
quantity for the backward prediction case. It is interest-
ing to note that since this algorithm is initialized from
the time recursively updated autocorrelation coefficients
rather than from the data sequence itself, the application
of arbitrary recursive windows is allowed, what may im-
prove its steady-state and tracking behavior[8],[11]. In
Sect.6 computer experiments using this algorithm are
used to compare conventional and multi-band methods.

In the next section the mathematical basis for the
design of fast multi-band RLS algorithms is presented.

5. Adaptive Forward and Backward Linear Predic-
tion for Multi-Band LS

Relations between forward and backward linear predic-
tion are commonly used to derive fast RLS algorithms
to solve adaptive filtering problems. In the following,
these relations are applied to the multi-band method to
build a mathematical framework for the design of fast
multi-band RLS algorithms. A detailed explanation of
the following equations may be seen in Appendices D
through F.

Adaptive Forward Linear Prediction:

apy(n)=apyn-1) - [K]g,l(;mi 1)} nyu(n) (28)
ny(n) = Ul (n,n— Lyay(n— 1) (29)
Fu(n) = Far(n = 1) + f1,(n)Sny(n) (30)
Adaptive Backward Linear Prediction:
aun) =gwn =1 - g2 w0
Yar(n) = Ulgyr(non — L)gpr(n = 1) (32)
Bri(n) = Bu(n — 1) + by (n) St (n) (33)
Gain Matrix:
0
Koa(n) = [KM(n - 1)]
+ e fhms o8
Kagaa(m) = [ K"
+ o O (b () (35)
Conversion Matrix:
Definition:
Fu(n) =Tu(n—1)my(n) (36)
brr(n) = I'p(n)ipp(n) (37
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Update:
Para(n) = Tagln = 1) = s Far(m) £ ()
(38)
Typa(n) = Ty(n) — mbM ()b, (n)S (39)

The relations described above show the basic re-
cursive formulae for the forward and backward lin-
ear prediction problems for the presented muiti-band
decomposition-based structure. In particular, these
equations can be seen as a generalization of conven-
tional “single-window” LS methods for the case when
the linear prediction error is analyzed through several
windows.

A fast transversal filters (FTF) algorithm can be
directly derived from the equations above, and this was
undertaken in[9]. However, even though the algorithms
presented in Sects.3, 4, and 3 are exact solutions of
the same RLS problem and equivalent results are ob-
tained with infinite precision arithmetic, because of the
well known numerical instability of the FTF algorithm
under finite precision arithmetic[12]-[17], different re-
sults can be expected. Moreover, the error feedback
mechanism [ 13]-[17] is only able to stabilize the FTF
algorithm under a very restricted range for the forget-
ting factor values[1], hindering its application in sev-
eral situations. For the exponential weighting factor A,
this range is defined by:

1

1 Wi <A<,
where M is the order of the AR model[1]. In the par-
ticular case of the proposed method, which has its ad-
vantage over conventional approaches exactly when dis-
tinct values of the forgetting factor are used in different
bands, the restriction described in (40) makes FTF im-
plementations of multi-band decomposition-based LS
methods unpractical. The forward and backward re-
cursive relations presented in this section, however, are
not only of theoretical interest but also may serve as a
mathematical framework for the design of fast RLS al-
gorithms with better numerical properties, such as the
lattice LS algorithm[1].

(40)

6. Computer Experiments and Discussion

Computer experiments are shown in Fig.2 and Fig. 3.
In order to be able to evaluate the convergence behav-
ior of the presented methods while avoiding extremely
large figures, even though estimation was undertaken
at every sample of the analyzed signal, plots are shown
for every 10 samples in Fig.2 and Fig. 3. The algorithm
described in Table I was used to compute estimates for
the muiti-band LS method in these figures. Through
computer experiments with an FTF implementation of
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Fig. 2 Time-varying AR spectral estimates for the test signal
displayed in (a) (time domain}) and (b) (frequency domain), ob-
tained through (¢) multi-window LS with L = [180, 160, 140,
120, 100, 80, 60, 40] (from lowest to highest frequency band) us-
ing an 8-channel linear-phase paraunitary filter bank designed in
[18], and (d) conventional LS with L = 180, 110, and 40.

multi-band LS methods directly obtained from the re-
lations derived in Sect.5, we have verified that, even
though correct tracking is obtained during some iter-
ations, its tendency to diverge makes it unsuitable for
nonstationary signal analysis. In Fig.2, an 8-channel
linear-phase paraunitary analysis filter bank designed
in[18] is used to decompose the linear prediction er-
ror. The input signal is shown in Fig.2(a) (time do-
main) and Fig.2(b) (frequency domain). AR spectral
estimates for multi-band and conventional LS (with 3
different window lengths) are shown in Fig.2(c) and
Fig. 2 (d), respectively. The AR model for both methods
has 10 coefficients. This simulation high-lights the com-
bining effect that multi-band LS has, making its behav-
ior vary according to the windowing function applied to
each band, in this case, resembling long-windowed con-
ventional LS for low-frequencies and short-windowed
conventional LS for high-frequencies.

Computer experiments displayed in Fig.3 com-
pare the performance of conventional LS (Fig.3(d))
and multi-band LS for two 4-band linear-phase anal-
ysis banks, both designed in[18], one of which is a
paraunitary filter bank (Fig.3(b)), and the other has
a near-perfect-reconstruction characteristic (Fig. 3 (c)).
The reason we have used these two filter banks in
our analysis is that while power complementariness im-
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{a) True (b) Proposed 1 (c) Proposed 2

0 0.5 1 0 0.5 1 0 0.5 1

® (r rad) ® (r rad)

L = 200 L = 140
(d) Conventional
Fig. 3 Comparison between (a) the true running spectrum, and
AR spectral estimates based on (b) multi-window LS with L =
[200, 160, 120, 80] (from lowest to highest frequency band), us-
ing a 4-channel linear-phase paraunitary filter bank (filter length
= 8)[18], (c) multi-window LS with L = [200, 160, 120, 80]
(from lowest to highest frequency band), using a 4-channel lin-
ear-phase near-perfect-reconstruction filter bank (filter length =
32) [18], and (d) conventional LS with three different window

lengths: 200, 140 and 80.

plies uniformity in the spectral analysis in the sense
that £[e(n)] = c€[e?(n)], near-perfect-reconstruction de-
signs offer a much better stopband response emphasiz-
ing the difference in the analysis for each band ob-
tained through different window lengths. The test sig-
nal used begins with a high-frequency component which
stops when two spatially-close low-frequency compo-
nents start. Fig.3(a) depicts the true spectrum. In
Fig.3(b) and in Fig.3(c), a paraunitary and a near-
perfect-reconstruction filter have been respectively used
in connection with AR multi-band LS. Fig.3(d) de-
picts the results obtained with the AR conventional LS

371

method for different window lengths. An AR model of
order 4 was used for all methods in Fig. 3.

Through a first analysis of Fig. 3, it is clearly ob-
served that the proposed method with both filter banks
yields faster convergence than conventional methods in
the estimation of the two low-frequency components.
Careful comparison between the results of Fig.3(c)
(proposed 2) with the others highlights the fact that it
takes one more spectral line for the system of Fig. 3 (c)
as compared to the other systems to show that the high-
frequency component stopped being part of the ana-
lyzed signal. On the other hand, the same system (pro-
posed 2) is the one which gives the fastest convergence in
the estimation of the two spatially-close low-frequency
components. The explanation for these two results fol-
lows.

The relative one spectral line delay mentioned in
the above paragraph is due to the group delay effect
caused by the convolution of the linear prediction er-
ror with a filter bank in the proposed method. This
effect is not observed in Fig. 3 (b) because while the fil-
ters used in Fig. 3 (c) have length 32, those for Fig. 3 (b)
have length 8 giving rise to a relatively short group de-
lay.

The faster convergence observed in Fig.3(c) in the
estimation of the two low-frequency components can be
explained by the following facts:

e the influence of any component in the computation
of estimates, after it stops being part of the analyzed
signal when conventional methods are used with
sliding windows, only vanishes completely after a
number of iterations equal to the window length
used in the analysis plus the AR model order. As
a consequence, from the point it actually finishes,
the high-frequency component, when conventional
methods are used in Fig. 3(d) (AR model order =
4), will take 204, 144 and 84 iterations to be totally
forgotten in the evaluation of spectral estimates of
systems with L = 200, 140 and 80, respectively.

o the window length for the proposed method varies
with the frequency localization of the analyzed
component. If an ideal frequency-selective 4-
channel filter bank, with filter length equal to F
and AR model order equal to M were used and,
from low to high frequencies, we had L = [200,
160, 120, 80], it would take (80 +M + F) itera-
tions for the effect of the high-frequency component
of Fig. 3 to completely vanish when using the pro-
posed method. With practical filter banks, as can
be seen in Fig.3(b) and Fig. 3(¢), the actual win-
dow length value used in the spectral analysis suf-
fers the influence of window lengths of neighboring
bands. This influence, however, can be reduced by
using filters with good stopband attenuation at the
expense of increasing group delay, and this trade-
off is observed through a comparison of Fig. 3 (b)
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with Fig. 3 (c).

Computer experiments evidence the fact that while
with conventional LS methods one has a fixed trade-off
relation between frequency and time resolutions, with
the proposed multi-band LS one has the flexibility to
trade-off time and frequency resolutions along the fre-
quency spectrum giving rise to spectral estimates closer
to the true underlying running spectrum whenever the
characteristics of the statistics of the analyzed signal
varies along the frequency spectrum.

7. Conclusion

A new method for adaptive AR spectral analysis that
increases the fidelity of estimates through the trade-off of
variance and tracking ability of spectral estimates along
the frequency spectrum was introduced. The basic idea
is to decompose the linear prediction error into several
frequency bands and analyze the components of each
band through a different window.

Time-update and order-update properties of the in-
put signal correlation matrix were used to derive RLS
algorithms for rectangular sliding windowing functions.
Forward and backward linear prediction relations were
derived to build a mathematical framework for the de-
sign of fast recursive algorithms for AR multi-band LS.
The flexibility obtained with multi-band LS was ex-
emplified with computer experiments and compared to
conventional LS methods.

Designing least-mean-square (LMS)[19], least-
squares-lattice (LSL), and QR-decomposition-based
LSL (QRD-LSL) algorithms for the multi-band method
is subject of ongoing research. The construction of al-
gorithms that manage to independently self-adjust win-
dow lengths along the time according to variations on
the statistical properties of each band of the input signal
is also subject of present research [11].
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Appendix A: Proof that £[c(n)] = c€[e*(n)]

A proof that power complementariness of the filter bank
used in the proposed method is a sufficient condition for
the validity of the relation £[e(n)] = c€[e?(n)] is in the
following.

Proof: From the definition of the cost function, given
in Egs. (9)-(12), we have
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B
Ele(n)] = _ €[V (n)] (A-1)
j=1
B LY 1 1
el T A ey o
j=1 1=0
B LW
1 1 [ w
:; Z_; m%/_w e(w)’H(J)(e] )‘ dw
J= 2—1
(A-3)
1 2
L M pw 'H(” e“’)’ do, (A4
2m J_ . e

where P, (w) is the power spectrum of e(n). If the anal-
ysis bank satisfies the power complementary property,
that is,

B 2
Z|H(J’)(ejw)‘ =, (A-5)

where ¢ is a positive constant, then it can be seen from
(A-4) that

Ele(n)] = cE[e*(n)]. (A-6)
Appendix B: Time-Update Relations

In this appendix, time recursive relations for the correla-
tion matrix and the cross-correlation vector are derived
and applied to the matrix inversion lemma (MIL) to ob-
tain the basic relations underlying the RLS algorithm
for multi-band LS methods shown in Sect. 3, which can
be seen as a generalization of the “single-window” con-
ventional RLS algorithm[1].
Simple manipulations of (18)—(20) gives

Pu(n) = Su(n—1)

3 75 (o (ui )"

j=1
. . . AN\T
— uf)(n - L) () (0 — L) )

(A7)
which can be rewritten as

®pr(n) = Py (n—1)
+Up(n,n— L)SUL, (n,n— L) (A-8)

where U p(n,n — L) is an M x2B matrix and S is a
2B x2B matrix as follows
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T -
(wif )
(1) (1) r
(uM (n—L ))
Uy (n,n—L)= : (A-9)
T
(')
T
| (ufP (o - 2®)) |
1 -1 1 -1
S = diag [L(l) L(l)"”’ﬁ’ﬁ]’ (A 10)

2B

where diag[#] is the representation for a diagonal ma-
trix with main diagonal equal to *.

From (22) and (23) we can write the following
recursive time-update relation for the cross-correlation
vector

Ou(n) = Oyu(n-1)
B ‘ .
+ Z: 5 (dm(n)ugﬂj (n)
j=
— dD(n — LN (n ~ (a))) (A-11)
which may be rewritten in matrix form as
Opun) =Op(n—1)
+Up(n,n—L)Sd(n,n—L) (A-12)
where the 2B x1 vector d(n,n — L) is defined as

dV(n)
dW(n — L(l))
din,n—L)= . (A-13)
d®)(n)
dB)(n — L(B))
For simplicity of notation, the subscript “;;” is
omitted until the end of this appendix.
Application of the MIL[1] in (A- 8) gives
Pn)=&"'(n)=d"(n-1)
& '(n-1)U(n,n—L)
(S_l—i- Uf(n,n - L)@ '(n—1)U(n,n — L)>—1
UT(n,n~ L) ' (n—1). (A-14)
Defining the gain matrix K(n) as
K(n)y=Pn-1)U(n,n—-L)
(s-l +U T (n,n— L)P(n — VU (n,n — L))_l
(A-15)
we obtain
P(n)=Pn-1)- Kn)U"(n,n— L)P(n—1)
(A-16)
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which is a recursive update relation for the inverse of
the correlation matrix. From (A- 15), it can be seen that

K(n) (s—1+ UT(n,n— L)P(n — 1)U(n,n — L))
= P(n—1)U(n,n~ L) (A 17)

K(n) = P(n)U(n,n— L)S. (A- 18)

The recursive relation for the weight vector w(n) is ob-
tained as follows

w(n) = P(n)O(n) (A-19)
= P(n)@(n-1)
P(n)U(n n— L)Sd(n,n— L)
=w(n —1)+ K(n)a(n) (A-20)

where a(n) is a 2B x 1 vector called the a priori error
vector and is defined as

a(n) =d(n,n— L) —UT(n,n — L)w(n — 1).

(A-21)
Appendix C: Order-Update Relations

This appendix details the order-update relation satis-
fied by the correlation matrix and explains the time-
update recursion formula for the autocorrelation vector,
both used in the derivation of the algorithm described
in Sect. 4.

The augmented correlation matrix, as defined in
(A 37), satisfies the order-update property, that is,

| Ui(n) @1T(n)
¢M+1(n) - |: (n) QM(TL— 1) :|
_ Mm(n)  Oz(n)
B [ OL(n) Us(n— M) ] (A:22)
where
1 L _q A
i)=Y 15 > (u(])(n-—z)> (A-23)
B 1 AR 4 9
Ug(n—M):Zm 3y (u(J)(n—z—M)>

(A-26)

Since the correlation matrix satisfies the order-update
property described in (A-22), the Levinson algorithm
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can be used to update the AR model filter coefficients
from the current value of the autocorrelation vector
cy+1(n). In the following, a recursive algorithm to
evaluate the autocorrelation vector, which is required as
the input for the Levinson RLS algorithm, is obtained.
The autocorrelation vector is given by

era(n) = leo(n), -, ear(m)]” (A-27)
= [u( ) OF (n)]” (A-28)
= ch\’jﬂ (A-29)
where
1 L(]) 1 ,
Sl =75 2 v —iu, (n—i)
=0

(A- 30)

From (A- 30), a recursive formula for the evaluation of
the autocorrelation vector may be written as follows

Cg\]/l)+1(") = 03\2)4—1(” ~1)

=57 (D, ()

—uD(n = L)), | (n - Lm)) ’

(A-31)

forj=1,...,B. Equations(A-29) and (A- 31) are used
in connection with the Levinson RLS algorithm[8] to
derive an RLS algorithm on the order of (BM +M?) for
adaptive AR multi-band LS spectral analysis as shown
in Table 1.

Appendix D: Augmented Normal Equations

In the following, augmented normal equations for the
forward linear prediction case are derived. From (9)—
(12), we can define the cost function to be minimized
for multi-band forward linear prediction as

B 4 . N2

fM(n)ZZ;m 0 (y,)(n—z)) . (A32)
Jj= i=

where

FO6) = hD@) % fuG), 1<j<B,  (A33)
M

fu(@) =Y ar(nyuli —k), —co<i<n, (A-34)
k=0

with ag(n) = 1. In the equations above, fas(¢) is the
a posteriori linear prediction error, h)(n), 1 < j < B,
represents the analysis filter bank (see Fig. | (¢)), ax(n),
k=1,...,M, are the AR model parameters at time-
index n and u(n) is the signal whose power spectrum
estimates are been evaluated.
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Similarly to conventional LS, the cost function de-
fined in (A- 32) is a quadratic function of the AR model
parameters a(n), and the minimization condition is
given as

6Fp(n)
bay(n)
Substituting (A- 32)—(A-34) into (A-35), the follow-

ing set of so-called augmented normal equations is ob-
tained:

=0, 1I<M. (A-35)

Brr1(n)an(n) = [Far(n),0,...,007, (A 36)
where the augmented correlation matrix is
Pr41(n)
L@ _q
1 , T
=Y 75 2w =) (uflan—)
j=1 i=
(A-37)
with
(4)
G) 5y = | war (i) .
uM+1(Z) - [u(j)(ﬂl/f_ M):| (A 38)
ap(n) =11, al(n),---,aM(n)]T. (A-39)

The AR spectral estimates are computed by substituting
the solution of (A- 36) for ap;(n) into

0.2

y e 5 (A- 40)
1+ Z ar(n)
k=1

where o2 represents the constant power spectrum of the
white-noise process applied to the AR model.

Saru(w,n) =

e—jwk

Appendix E: Proof of (30) and (33)

In the following, a recursive formula for the sum of
weighted error squares, which explains Egs. (30) and
(33) is presented. The subscript “»;” is omitted in this
appendix for simplicity of notation.

Orthogonality between the estimation error and the
estimate of the desired response allows us to write

Emin(n) = eq(n) — OT (n)w(n) (A-41)
where

L1

gq(n) = Zﬁ Z (d(J (n—1) )2

1=

e,

I
™

1 0
a(n=1)+d¥(n,n — L)Sd(n,n — L).
(A-42)
From (A- 12) and (26) we have
O (n)w(n) = (O(n — 1)
+ U(n,n—L)Sd(n,n — L))T w(n —1)
+0T (n)K (n)a(n). (A-43)

375
Substituting these results in (A- 41), we get
5mzn(n) = Emin(n - 1)
+dT(n,n — L)Sa(n) — O (n) K (n)a(n).
(A-44)
Observing that
T (n)K(n) = @T(n)®" (n)U(n,n — L)S
= wl'(n)U(n,n - L)S (A- 45)
we finally obtain
emin(n) = emin(n — 1) + €7 (n)Sa(n). (A 46)

Appendix F: Complementary Derivations Related to
(28)—(39)

This appendix complements the material presented in
Sect. 5 and the related appendices with respect to the
derivation of the recursive relations (28)—(39). Back-
ward linear prediction related equations are not explic-
itly derived in the following since they may be obtained
by trivial analogy with respective relations for forward
linear prediction. The 2Bx1 forward prediction error
vector is

F1@)
f(l)(i - L(l))
Fuli)= :
FB )
f(B)(i - L(B))
=up(i,i—L) = UL (i—1,i — L — 1wy (n)
(A-47)
for1 £ ¢ < n, where
M (i)
u(l)(i — L)
up(i,i— L) = : (A-48)
ulB) (1)
u® (i — L(B))
Also, for

1
= A-49
ay(n) [ —wp(n) ] ( )
we may rewrite the a posteriori forward prediction error
vector (A-47) as

Fa(d) = Ul (iyi — Lyan(n).

Egs. (28) and (29) for the forward filter coefficients up-
date and a priori forward prediction vector, respectively,
may be easily obtained by application of the MIL as
shown in Appendix B.

(A.50)
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The order-update property of the correlation ma-
trix given in (A-22) enables us to write[1]

-1 _ 0 O1xm
¢M+1(n) - 0M><1 ¢]T/[1 (TL _ 1)
1
+ma1\4(n)a%[(n) (A-31)

which post-multiplied by U(n,n — L)S gives the time-
order update formula for the gain matrix shown in (34).
For the conversion matrix formulae we first premultiply
(26) by UT(n,n — BL) and get

e(n) = I'(n)a(n) (A-52)
where we define the 2B x2B conversion matrix I'(n) as

I'(n)=I-U"(n,n - BL)K(n). (A-53)

For the forward prediction case, (36) can be obtained
by a procedure stmilar to the one used to derive (A- 52).
Finally, pre-multiplying (34) by UT(n, n—L), we obtain
the recursive formula for the conversion matrix given in
(38).
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