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Modular Array Structures for Design and Multiplierless
Realization of Two-Dimensional Linear Phase FIR

Digital Filters

Saed SAMADI!, Akinori NISHIHARA', and Nobuo FUJII!'t, Members

SUMMARY It is shown that two-dimensional linear phase
FIR digital filters with various shapes of frequency response can
be designed and realized as modular array structures free of mul-
tiplier coefficients. The design can be performed by judicious
selection of two low order linear phase transfer functions to be
used at each module as kernel filters. Regular interconnection of
the modules in L rows and K columns conditioned with bound-
ary coefficients 1,0 and 1/2 results in higher order digital filters.
The kernels should be chosen appropriately to, first, generate the
desired shape of frequency response characteristic and, second,
lend themselves to multiplierless realization. When these two re-
quirements are satisfied, the frequency response can be refined to
possess narrower transition bands by adding additional rows and
columns. General properties of the frequency response of the ar-
ray are investigated resulting in Theorems that serve as valuable
tools towards appropriate selection of the kernels. Several design
examples are given. The array structures enjoy several favorable
features. Specifically, regularity and lack of multiplier coefficients
makes it suitable for high-speed systolic VLSI implementation.
Computational complexity of the structure is also studied.

key words: multi-dimensional filters, FIR digital filters, parallel
structures, multiplierless structures, systolic arrays

1. Introduction

Design of two-dimensional (2-D) FIR digital filters has
been mainly performed by windowing[1],[2] frequency
sampling [3], solution of optimization problems[4]—
[6], or McClellan transform methods[7],[8]. In this
paper, we intend to introduce a new method for de-
sign and realization of 2-D FIR linear phase digi-
tal filters that is based on a class of modular array
structures, initially proposed for one-dimensional (1-
D) FIR digital filters by the authors[10]-[16]. These
arrays were initially proposed for multiplierless real-
ization of maximally flat lowpass and highpass digital
filters [10],[13],{15] and then extended to maximally
flat multiband filters and filters possessing ripples in
their passbands and stopbands{12],[14]-[16]. These
are modular structures with local connection between
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neighboring modules and thus lend themselves to VLSI
systolic implementation. An attractive feature of these
arrays is their tolerance to the destruction of the con-
sisting modules, a fact, established rigorously for the
maximally flat lowpass case, that can be utilized for
achieving graceful degradation in case of module fail-
ure [ 18]. Besides this interesting feature, it is also pos-
sible to obtain all possible combinations of degrees of
flatness simultaneously and in an economical manner
for maximally flat filters[11].

Generalization of this class of array structures to
multiplierless realization of 2-D digital filters with var-
ious magnitude response shapes is not straight-forward.
The main reason behind this is that for the 1-D case we
have the Bernstein approximation[19],[20] and repre-
sentation [21] of the linear phase frequency response as
a design tool and the De Casteljau algorithm [22] as a
realization tool. Generalization of the Bernstein repre-
sentation to 2-D case is possible. A successful attempt to
utilize the 2-D generalization of Bernstein approxima-
tion and representation to multiplierless design of 2-D
digital filters can be found in [17]. In [17], a simple de-
sign method is presented as a closed-form formula for
the transfer function of diamond-shaped halfband dig-
ital filters suitable for sampling structure conversion.
This formula is accompanied by a multiplierless array
structure consisting of two types of modules. However,
it is not clear whether one can obtain 2-D digital filters
with other shapes of magnitude response in a multipli-
erless manner using this method. Furthermore, array
realization of the resulting transfer function using De
Casteljau algorithm, as shown in [17], does not result
in a structure with identical modules of the same type.
Specifically, two types of modules are needed, each re-
quiring one type of delay element.

The approach we adopt in this paper relies on the
1-D De Casteljau algorithm and Bernstein representa-
tion as its backbone. The most distinguished feature of
this approach is that one and only one type of mod-
ule is needed with two types of delay elements for each
module. Furthermore, connection of the modules is very
similar to that of the array structure for 1-D filters. Con-
sequently, the transfer function of the resulting array can
be analyzed based on existing 1-D results. In fact the
proposed method can be viewed as an approach per-
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taining to the same category as McClellan transform
designs. For a McClellan transform, there exists an as-
sociated Chebyshev structure[9] that is able to realize
various 2-D digital filters by appropriate adoption of
tap coefficients and a single transformation function. In
the case of the proposed array, we have an array struc-
ture with fixed boundary coefficients that can be realized
in a multiplierless manner, and two types of transfor-
mation functions that should be selected according to
the desired magnitude response shape. We should also
pay additional attention to the two transformation func-
tions and make sure that their multiplierless realization
is possible. We will show that it is possible to gen-
erate various magnitude response shapes and analyze
their characteristics in a simple manner. Compared to
the McClellan transform designs, which require differ-
ent tap coefficients for different filter orders, the pro-
posed arrays are not only multiplierless but can also be
modified to higher or lower orders very regularly and
without any need to specify additional multiplier coeffi-
cients or making change to the consisting modules. For
existing approaches to multiplierless design of 2-D FIR
filters see for example [23].

We will not analyze the tolerance of the filter to de-
struction of one or more modules in this paper, but it is
expected that the robust performance has been inherited
from the 1-D arrays. Actual VLSI implementation of
the resulting filter using the proposed array, is a decision
that should be arrived at considering various tradeoffs
in terms of modularity, lack of multiplier coefficients,
simple order modification, high throughput and robust
performance with respect to module destruction as mer-
its and large number of delay elements and adders, as a
drawback. One can also view this approach as a quick
method for transfer function design and merely utilize
its strength in design of 2-D and higher dimensional
digital filters.

This paper consists of 6 Sections. In Sect.2 we
briefly review 1-D array structures proposed for linear
phase multiplierless FIR digital filters. In the following
Section, general array structures for 2-D linear phase
FIR digital filters are proposed and their fundamental
properties are analyzed. Section 4 presents a few de-
sign examples and guidelines. This is followed by a
discussion about multiplierless design, complexity and
programmability of the array in Sect.5. Finally, the
paper is concluded in Sect. 6.

2. Review of Multiplierless Array Structures for 1-
D Linear Phase FIR Digital Filters

In this section, we briefly review the 1-D version of the
array structures of concern in this paper and mention
some of their fundamental properties. The array struc-
tures proposed in [10],[13] and [16] may be defined as
time-domain realizations of the generalized frequency
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domain recurrence
H; j(w) = F(w)H; j1(w) + G(Ww)H;-1,;(w)
+(1 - F(w) = GW))H;_15-1(w) (1)
where,
F(w) = fo+ ficos(w) 2
G(w) = go + g1 cos(w)

and real coefficients f and g are chosen appropriately
for each filter. This general recurrence needs a set of
boundary conditions that are assumed to be as

Hiyo(w) =p >0
Ho,j(w) =q 73>0 3)
H())()(w) =T

where p,q and r are real numbers called “boundary
(multiplier) coefficients.” Figure 1(b) depicts the array
realization of the recurrence. In this array, all modules
or Processing Elements (PEs) are identical and realize
the 1-D 3-input-1-output FIR system defined by (1) in
the time domain. It can be easily verified that the re-
sulting filter at the output of the i-th row and the j-th
column of the array, i.e, H; ;j(w), is a type 1, linear
phase 1-D FIR digital filter. If the PEs are realized in
a causal manner with the minimum required amount
of delay, the resulting filter is of order 2(¢ + j — 1) at
most. One should not get confused with the schematic
representation of the PEs in Fig. 1 (b); these are 3-input-
l-output systems and all three outputs are exactly the
same. We shall call the filters F(w) and G(w) “kernel
filters” or simply “kernels.” Figure 1(a) illustrates the
interconnection of the kernels. At this stage of develop-
ment, there are simple properties that hold for arbitrary
choices of the coefficients f and g. We will list these
properties below.

Property 1: The frequency response of an array with
boundary coefficients p = ¢ = r = 1 is identically unity.
In other words, the filter degenerates to a trivial allpass
system.

Comments: This Property is a simple consequence of
the fact that the frequency responses of the three 1-D
kernel filters that operate on the three inputs of each
module add up to unity. For a rigorous proof, apply
an induction on ¢ and j.

Property 2: Denoting by H; j(w) the frequency response
of an array with boundary conditions,

Hiyo(w)zl—p ..o 1>0
Hoj(w)=1-g¢ i>0 4
Ho’()(w) =1-—r

and the same kernel filters as (2), the following relation-
ship holds:

H;j(w) =1~ H;;(w) )
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Fig. 1 (a) Schematic representation of interconnection of kernel filters; (b) array re-
alization of recurrence (1) for ¢ = j = 3; (c) simplified array under the condition
F(w) + G(w) = 1; (d) triangular interconnection of modules for a De Casteljau filter.
Table 1 Some kernels and boundary mutipliers yielding 1-D frequency selective magni-
tude responses for a L x K array.
F(w) 1 + cos(w) 1 + cos(w) 1+ (2¢ —1) cos(w)
2 2 2q
Glw) 1 — cos(w) 1 — cos(w) 1— (29 — 1) cos(w)
2 2 2gq
1- F(w) - Gw) 0 0 (g-1)/q
P 1 4 1
q 0 q 0
T 0 0 0
Filter Type Lowpass General form Lowpass
Maximally Flat Maximally Flat Non-Maximally Flat
Remarks HO0)=1 H)=p Ripples may exist.
H(m) =1 H(m) =gq
9"H O"H
—_— = =1,...,2L -1 = =1,... — 1£¢gq<
B 0,r=1,..., B 0,r=1,...,2L -1 LgqL2
w=0 w=0
I '
o'H =0,r=1,...,2K—1 o'H =0,r=1,...,2K -1
ow™ Ow™
W=7 W=
cf.[10],[13] cf. [13]-[15] cf.[16]
Comments: Property 2, is a simple consequence of boundary coefficients that yields a complementary fil-

Property 1 and the fact that the frequency response is
linear with respect to the boundary coefficients. In fact,
(5) can be viewed as a transformation operating on the

ter pair. Other useful properties will be presented as
Theorems for the general 2-D case later in Sect. 3.
Next we consider a special case of recurrence (1)
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by letting F(w)+ G(w) = 1. Under this assumption, the
associated array structure can be simplified as shown
in Fig.1(c). Evidently, the diagonal multiplier coeffi-
cient r is irrelevant for this structure and the PEs op-
erate as double-input-single-output systems, character-
ized by coefficients f;. This array structure is a pruned
form of the De Casteljau filter. For further information
on the De Casteljau algorithm and corresponding dig-
ital filter structures see[22] and [13]. Here, we suffice
it to mention that the De Casteljau algorithm evalu-
ates a polynomial expressed in the Bernstein form[21]
through a triangular structure[22]. However, for poly-
nomial evaluation tasks, each PE multiplies 1 — = and
x by its two input signals and then adds up the result,
instead of operating as a 2-input-1-output digital filter
with kernels F(w) and G(w) = 1 — F(w). In fact, the
De Casteljau filters may be obtained by transforming the
polynomial variable z into a linear function of cos(w).
Some interesting and meaningful choices for the bound-
ary coefficients and the kernel filters are given in Table 1.
For detailed discussions and examples see correspond-
ing references. All filters listed in the Table share the
important feature that modification of filter order for
narrowing or widening of transition band-width does
not require any change in kernels or boundary coeffi-
cients, and can be achieved by adding or deleting extra
rows and/or columns.

3. Array Structures for 2-D Linear Phase FIR Dig-
ital Filters and Their Fundamental Properties

The 1-D filters reviewed in the preceding section can
be extended to 2-D filters by direct application of the
McClellan transform to the kernel filters (2). For a
transformation function of the form

COSWw «— ag + a) COSwi + ag COSwWs

+ a3 cos(wy + wa) + a4 cos(wy — wa)
the kernels of the resulting filter may be written as

F(wy,ws) = 89+ 81 coswy + $2 CoSwa
+ 83 cos(wy + wy) + 84 cos(wy — wa)
G(wy,ws) = to + c(s1 coswy + 3 coswe

+ 83 cos(wy + wa) + 84 cos(wy — wa))

The above representation can be confirmed by in-
specting the relation between the coeflicients of the two
transformed kernels. In this case one may obtain mul-
tiplierless filters by judicious selection of the transfor-
mation function and the 1-D kernel coefficients. Al-
though this may yield desirable filters for some cases,
the nature of the McClellan transform restricts the coef-
ficients of the transformed kernel as shown in the above
equations. As a result, the transformed kernels can en-
joy only 7 independent coefficients. In this section we
present an extension which provides us with 10 degrees
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of freedom in selection of the kernel filters through 10
independent multiplier coefficients that are not neces-
sarily related in the same way as the coefficients of the
McClellan transformed kernels. This can lead us to
a broader family of 2-D arrays, with various shapes of
frequency responses and multiplierless kernels, that con-
tains the family of McClellan-transformed 1-D arrays
as a special case. The proposed generalization is as the
following.

Consider the general array of Sect.2 and let the
consisting modules be 3-input-1-output 2-D (instead of
1-D) digital systems. In this case, a 2-D linear phase
FIR kernel filter operates on each input of the modules
and the resulting frequency response at the output of
the module (7, 7), i.e., the module located at the i-th
row and the j-th column of the array, becomes

H; j(wy,we) = Flwi,w2)H; j_1(w1,w2)
+G(wi,wa)Hi 1 (w1, w2)
+ (1 — F(wy,w2) — G(wy,w2))
X Hi_qj-1(w1,wa) (6)

where

F(wi,ws) = fo+ f1cos(wr) + f2 cos(wz)
+ facos(wy + wa) + fy cos(wy — ws)
G(wy,ws) = go + g1 cos(wy) + g2 cos(wa) )
+ g3 cos(wy + ws) + g4 cos(wy — wa)

and f and g are real numbers. In this paper, the bound-
ary conditions are assumed to be

Hipo(wi,wz) =p=1 i>0
Hoj(wi,w2) =qg=0 ... j>0 (8)
Hyo(wy,wz) =7 =1/2

If the PEs are realized in a causal manner with the

minimum required amount of delay, the resulting filter
is of order 2(¢ +j —1) x 2(¢+j — 1) at most. The useful-
ness of this particular selection will become clear later
in this section when we investigate various properties of
the array. Note that Properties 1 and 2, given earlier in
Sect. 2, hold for the 2-D case as well. In the following,
we present Theorems explaining some important prop-
erties of (6) under boundary conditions (8). These can
be utilized for analyzing the overall frequency response
by simple inspection of the kernels. Furthermore, in the
next section, we will propose an approach for designing
2-D filters based on solving systems of linear equations
formed to satisfy the necessary and sufficient conditions
given in these Theorems.
Theorem 1: The necessary and sufficient condition
for H; j(wi,ws) to satisfy H; ;j(wi,wz) = 1 for arbi-
trary ¢ and j at angular frequencies w; and w. is that
G(wy,w2) = 0 and F(wy,w2) =1 hold at these frequen-
cies.
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Proof: Sufficiency can be proved by an induction on 4
and j. Necessity can be proved by writing down equa-
tions for thecasesi = j = 1 and¢ = 1,j = 2 and solving
the resulting system for F(wy,ws) and G(w;,ws).
Theorem 2: The necessary and sufficient condition
for H; j(wi,wq) to satisfy H; ;(wi,w2) = 0 for arbi-
trary ¢ and j at angular frequencies w; and w, is that
F(wy,ws) =0 and G(w;,ws) = 1 hold at these frequen-
cies.
Proof: The proof is similar to that of Theorem 1.
Theorem 3: The necessary and sufficient condition for
H; ;(w1,ws) to satisfy H; ;(wy,w2) = 1/2 for arbitrary
i at angular frequencies w; and ws is that F(wy,wsp) =
G(w1,w2) holds at these frequencies.
Proof: Sufficiency can be proved by noting that, due
to boundary conditions (8) and Property 2, in an ar-
ray with equal number of modules in horizontal and
vertical directions, i.e., i = j, replacing F'(w1,ws) with
G(w1,ws) results in a frequency response of the form
1-— Hi,i(wl,wz). NOW, if F(wl,wz) = G(wl,wg) holds
at angular frequencies w; and ws, the array remains un-
changed and this new structure would have the same fre-
quency response at these frequencies. This can be written
as Hi,i(wl,wg) =1- Hi,i(wl,wg) yleldlng the sufficient
condition. Necessity can be proved by forming an equa-
tion for the case of i = 1 and solving for F(w,ws).
Note that the assumptions indicated in Theorems
1, 2 and 3 may be satisfied at a single point or a set
of points. Next, we shall consider the flatness of the
resulting frequency response characteristics at angle ¢
with respect to the w; axis, i.e., over a set of points
{(w1,wq)} of the form

w1 = wcos(9)
Ao . .
wo = wsin(h)

)

Three special cases will be considered and the results
will be given as sufficient conditions in the following
Theorems.

Theorem 4: If F(w;,w;)+ G(w1,wz) =1 and F(w;,wz)
varies over [0,1] for all real values of w € [-w,w) for

(a)
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which the line Ag is confined to the region [—m, 7] x
[, 7], the resulting frequency response would be maxi-
mally flat over )¢ at the frequencies where F'(w;,wz) =0
or F(wl,U.)z) =1.

Proof: It can be seen that under the indicated condi-
tion, all diagonal connections of the filter become zero
and may be neglected. Hence the frequency response
of the structure at direction § would be equivalent to
that of a 1-D filter as shown in Fig.2. The diagonal
boundary multiplier shown in the figure will not affect
the frequency response in this case and the resulting ar-
ray is a 1-D maximally flat filter [ 10],[13]. Considering
that F'(w;,wq) varies over [0,1], the frequency response
becomes maximally flat, over the line Ay, at the point
where F(wq,wq) = 1, with degree of flatness determined
by ¢, and at the point where F(w;,ws) = 0, with degree
of flatness determined by j, and attains the values 1 and
0 at these points, respectively.

Example 1: Consider the following choices for
F(wy,ws) and G(wy,ws):

F(wy,w2) =1/24+1/2cos(w1)

G(wy,ws) =1/2 — 1/2 cos(wz) (10)

It is clear that F(w;,wz) + G(w1,w2) = 1 over Az,
viz. wy = wq, and F(w;,ws) varies from 1 to 0 when
wy = wq varies from 0 to . According to Theorem
4, H; j(w1,wo) is maximally flat over the line wy; = ws

1

Fig.2 Connection of kernel filters when the assumption of The-
orem 4 holds; F = F(wcosf, wsind) and inactive kernels are
specified by dotted lines.

(b)

Fig. 3 Magnitude responses of (a) a 3 x 3 array; (b) its cross-section over w1 = wy with
kernels defined in Example 1 and horizontal axes representing the corresponding normal-

ized radian frequencies.
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at w; = wp = 0 and w; = wy = 7 with degrees of flat-
ness determined by ¢ and j, respectively. Figure 3 shows
the plot of Hj3(wi,ws) and its cross-section over Ax.
Increasing the number of rows and columns, one can
obtain sharper transition characteristics. It can be seen
that this choice of kernels results in a diamond-shaped
filter. This filter finds application in sampling structure
conversion[17].

Theorem 5: If F(w;,ws) = 0 and G(w;,ws) varies
over [0,1] for all real values of w € [—@, ] for which
the line A is confined to the region [—m, 7] X [—m, 7],
the resulting frequency response would be flat or maxi-
mally flat over A\g at the points where G(w;,ws) =1 or
G(wy,w2) = 0.

Proof: The horizontal connections of the structure may
be neglected for the frequencies where F(wi,ws) = 0,
i.e., frequencies lying over Ay, and are distinguished
with dotted lines in Fig.4(a). Depending on the rel-
ative size of ¢ and j, one of the following three cases
may occur.

1)i>j
The frequency response is equivalent to that of a
“flat” 1-D filter attaining unity where G(w;,wsz) =

0, with degree of flatness determined by 7 — j, and
zero where G(wy,wz) = 1, with degree of flatness

(@ (b
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determined by j, as shown in Fig.4(b). Note that
the response would not be “maximally flat” because
of the existence of a boundary multiplier coefficient
equal to 1/2.

2)i=j
The frequency response is equivalent to that of
a maximally flat 1-D filter attaining 1/2 where
G(w1,wz) = 0 and zero where G(wy,wsz) = 1, with
degree of flatness determined by ¢, as shown in
Fig.4(c). In other words, it is only possible to

enhance the flatness, at the frequency where the re-
sponse attains zero, by increasing ¢.

3) i<

The frequency response is identically zero accord-
ing to Fig.4(d).

Example 2: For the filter presented in Example 1, we
can readily verify that F(w;,wz) = 0 over w; = 7. Al-
though this does not belong to Ag family of lines, Theo-
rem 5 can be applied to this case with no reservation. It
is clear that G(m,w,) varies from 0 to 1 when wy varies
from 0 to 7. According to Theorem 5, H; ;(wy,ws) is
maximally flat over the line wy = 7 at wo = 0 and
wy = w with degree of flatness determined by i. Fig-

" 0o 0 0 0

© d

Fig. 4 Connection of kernel filters contributing to the overall frequency response when
the assumption of Theorem 5 holds. ( G = G(wcos@,wsin®) ). (a) Overall connection
with inactive kernels specified by dotted lines; (b) connection for 5 > j; (c) connection for

i = j; (d) connection for ¢ < j.

/i-

(a)

/o.a
0.6
0.4
D.2
0.5 1 -1 -0.5

©

Fig. 5 Cross-sections of magnitude responses of (a) a 2 x 3 array; (b) a 3 x 3 array; (c) a
3 x 2 array with kernels defined in Example 2, over wy = . The horizontal axis represents

. . w
the normalized radian frequency —.
™
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(©) (d)

Fig. 6 Connection of kernel filters that contribute to the overall frequency response when
the assumption of Theorem 6 holds. (a) Overall connection with inactive kernels shown
by dotted lines; (b) connection for i > j; (¢) connection for i = j; (d) connection fors < j.
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Fig. 7 Magnitude responses of (a) a 2 x 3 array; (b) a 3 x 3 array; (¢) a 3 x 2 array with
kernels defined in Example 3 over wp = 0. The horizontal axis represents the normalized

. w
radian frequency —.
T

ure 5 shows the plots of Hs 3(w1,ws), Hs 3(wi,w2) and
Hg,g(wl,(.UQ) OovVer wp = 7.

Theorem 6: If G(wy,w2) =0 and F(w1,w2) varies over
[0,1] for all real values of w € [~w,w] for which the
line )¢ is confined to the region [—7, 7] x [—, 7|, the
resulting frequency response is maximally flat over Ag at
the frequencies where F(wy,w2) =1 or F(wy,ws) = 0.

Proof: The vertical connections of the structure may be
neglected for the frequencies where G(w1,w2) = 0, i.e.,
frequencies lying over \g, and are distinguished with
dotted lines in Fig. 6 (a). Depending on the relative size
of ¢ and j, one of the following three cases may occur.

1) i>j

The frequency response is identically unity accord-
ing to Fig.6(b).
2)i=j

The frequency response is equivalent to that of
a maximally flat 1-D filter attaining 1/2 where
F(wy,ws) = 0 and unity where F(wi,wy) = 1,
with degree of flatness determined by i, as shown
in Fig.6(c). In other words, it is only possible

to enhance the flatness, at the frequency where the
response attains unity, by increasing .

3y i<

The frequency response is equivalent to that of a
“flat” 1-D filter attaining zero where F'(wy,ws) = 0,
with degree of flatness determined by j — ¢, and
unity where F'(wy,w2) = 1, with degree of flatness
determined by 4, as shown in Fig.6(d). Note that
the response would not be “maximally flat” because
of the existence of boundary multiplier coefficient
1/2.

Example 3: For the filter defined in Example 1, it is
clear that G(wy,ws) = 0 over A9 and F'(w;,0) varies
from 1 to 0 when w; varies from 0 to w. According to
Theorem 6, H; ;(w1,w2), is maximally flat over the line
wg = 0 at wy = 0 and w; = 7 with degree of flatness de-
termined by ¢. Figure 7 shows the plots of H3 3(w1,w2),
H3,3(w1,w2) and Hgﬁg(wl,WQ) over )\0.

The following Theorem presents a sufficient con-
dition for halfbandness of the filter for the case where
there are equal number of PEs in each row and column.
Theorem 7: A sufficient condition to obtain halfband
filters at the output of the main diagonal modules at
arbitrary locations is that

= G(wl,wz)
F(wl,wz)

F(r —wy,m —ws)

Gr—wy,m—wsy) =

hold at all frequencies (wy,ws) € [—m, 7] X [—m, 7.
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Proof: Under this condition, H, (7 — wy, 7™ — wo) is
equivalent to the frequency response of a filter with
F(wy,ws) as the vertical kernel and G(wy, w7) as the hor-
izontal kernel. This is equivalent to changing boundary
coeflicients as

p—1-p
g—1—gq
r—1-—r

but due to Property 2 of Sect. 2, the frequency response
after such a transformation becomes 1—H; ;(wy,ws) and
we get

H;(m —wi,m—wz) =1— H;;(w1,ws).

This is the definition of a 2-D half-band filter.
4. Design Examples and Guidelines

In this section we consider various examples of linear
phase filters with practical applications in 2-D filter-
ing. The Theorems and Properties stated in Sects. 2 and
3 will come in handy for our purpose of determining
meaningful values for coefficients f and g of the ker-
nel filters. Our approach is based on solving systems of
linear equations.

4.1 Designs Satisfying Constraints at Four Specific
Frequencies

The first class of filters we consider here, satisfy simple
frequency response constraints at frequencies w; = 0, ,
namely,

H; ;(0,0) = %1)&
H;;(0,7) = ﬁ
Hiyfr,0) = -G (i
H; j(m,m) = ﬂ

where ¢, j, poo, Po1, P10, P11 are positive integers. Evi-
dently, by adopting an even or odd value for p, the
right-hand sides of (11) can be forced to become unity
or zero, respectively. The above setting can yield all 16
possible combinations of zeros and ones at the specified
frequencies. Invoking Theorems 1 and 2, we can form a
system of eight linear equations (two equations as con-
straints over F'(wy,ws) and G(w;,ws) for each equation
of (11)) with ten unknowns. This can be solved as
1 (_]_)Poo + (_1)1701 + (_1)1’10 + (_1)P11
=+
2 8
(_1)1700 + (_1)P01 _ (_1)1710 — (_1)P11
8

fo =

fi =

729

@(1,-1)
Lo

(1,0) “ol/n

-1,-1) (0,-1)

(1,00 Y(00)

™
-1,1) ‘qr’(o,n @(1,1)
\/u)Z/n

Fig. 8 Nine points at which magnitude response is fixed by
kernels defined in (12) and (13); points with the same hashing
assume the same magnitude responses.

(_1)1)00 _ (_1)P01 + (_1)P10 — (_1)P11

f2 = 3
(_1)1’00 _ (_1)1701 _ (_1)P10 + (_1)1)11
fa= 3
—fa (12)
1 (_1)1’00 + (_1);701 + (_1)1710 + (_1)1711
=57 8
_(_1)1700 _ (_1);001 + (_I)Pm + (_1)1011
g = 3
_(_1)P00 + (_1)1)01 — (_1)P10 + (_1)1711
g2 = 3
_ _(_1)p00 + (_1);1101 + (_1)1—710 _ (_1)1)11
g3 = 3
—9a (13)

Although the above solution satisfies the given con-
straints for arbitrary values of 7 and j, the actual values
of f, and g4, taken as parameters here, remain to be
determined. When flatness is of concern, the effect of
these two coefficients on the overall frequency response
can be examined using Theorems 4, 5 and 6. An in-
teresting consequence of the above setting is that the
frequency response gets restricted at 5 other points as
shown in Fig. 8. That is,

(
(

H; j(m,7) = H; j(-m,7)
(

A note is in order here on the values of f; and g4.
Considering the fact that f; = —g;, and fo = —go, If f4
and g4 are chosen such that f3 = —g3, or equivalently
if we take fy = —g4, the resulting 2-D filter is nothing
but a McClellan transformed 1-D filter defined by the
recurrence

H; j(w) = (fo + cos(w))H; j_1(w)
+(g — cos(w))Hi 1 j(w)
+(1 = fo—90)Hi-1,j-1(w) (14)
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Table 2 Coefficients of kernel filters for arrays with magnitude
responses plotted in Fig. 9.

{fo, f1, f2, f3, fa}

{90,91,92,93,94}

111 1 3 -1 -1 -1
(a) - = =,0,— _7_1_—"—-‘70
4474 4 44 4 4
111 1 3 -1 -1 -1 7
b - = =0,= T
®) {444 4} {4’4 4’ 8 8}
1 11 1 -1
c _70707_7_ -,0,0 —,0
1 -1 -1 1 1
(d) {—1070’_7_} {_70707—a0}
2 4 4 2 2
1 -3 -1 1 1
(e) {_»0707—»_} {_70v07_70}
2 8 8 2 2
3 1

eI
® | {
{

(h)

We prefer to avoid this case and focus our attention
on designs that are not related to the McClellan trans-
forms. Figure 9 and Table 2 include some examples
of the filters obtained from (12) and (13) together with
respective values of f; and g4.

4.2 Other Examples
As another example, we can consider filters satisfying a

set of constraints including those stated in Theorem 3.
For example we can consider constraints of the form

H,;(0,0) =1

F,m)=1

G,r)=1

F(m,0)=1 (15)
G(m,0)=1

H; j(m,m) =0

which is equivalent to a system of 8 linear equations in
10 unknowns. Two examples of the solution are shown
in Figs.9(gl), (g2), (h1) and (h2).

As another example, a simple kernel pair of the
form

1 — cos(wy + wa)

F(w,wg) = 2
16
1 — cos(w; — wa) (16)
G(wr,w2) = T E—

results in a fan filter as shown in Figs.9 (il) and (i2). It
should be noted that for a 1 x 1 2-D array, the kernels
specified by (16) yield the same filter as the McClel-
lan transform of a 1 x 1 1-D maximally flat array using
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cos(w) « sin(w;)sin(ws) as given in [1]. However for
larger arrays the two yield different filters. Finally, for
all above examples the plots are given for arrays of size
3 x 3. Evidently, increasing the array size in both direc-
tions results in sharper transition band-widths.

5. Multiplierless Realization, Complexity and Pro-
grammability

The above-mentioned examples share an important
property: kernel filters can be realized free of multipli-
ers using simple bit-shift operations. It is obvious that
the entire array can be realized free of multiplier coeffi-
cients so long as the kernel filters preserve this property.
The examples given in the previous Sections are among
the filters that enjoy this property. Moreover, this prop-
erty has a major effect on simplifying design stage of
the filter; we only need to make sure that the kernels
are multiplierless and this can be accomplished by con-
trolling only 10 coefficients regardless of the order of
the filter or size of the array.

An important point to consider is the complexity
of the array in terms of the number of adders and delay
elements. The number of adders depend on two matters:
(1) number of non-zero kernel coefficients and (2) rela-
tionship between the values of different coefficients. The
effect of (1) is straight-forward and amounts to a smaller
number of adders if more zero-valued coefficients exist.
However, (2) has a more complex effect and the reduc-
tion depends on the possibility of sharing different com-
putation results. The number of adders for an L x K
array can be expressed as

A=c, LK (17)

where L and K denote the number of rows and columns
respectively, and ¢, being the number of adders at each
PE is an integer independent of L and K.

To estimate the required number of delay elements,
we should obtain the z-transform of the kernel trans-
fer function. This can be done by setting cos(w;) =

-1
i and making necessary modifications to render
the realization causal. The latter operation results in ap-
pearance of delay elements at diagonal connections and
horizontal boundary inputs. Vertical boundary inputs
receive zero signals and no delays are needed. The total
number of delays also depends on whether a systolic re-
alization is of interest or not. For a systolic realization,
additional delay elements should be introduced at the
outputs of the modules to make independent activity of
the modules possible. We can express these effects using

M; = cpii LK + eprai(L — 1)K + epmzi(L — 1) (18)

where car1; care; and cags; denote the number of z; de-
lay elements used at each module, diagonal connection
and horizontal boundary input, respectively. These co-
efficients are independent of the number of rows and
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Fig. 10  Block diagram of (a) a 3 x 3 causal array; (b) a realization of the constituent PEs
for the kernels proposed in Examples 1-3, Sect. 3. The dotted delay block may be added
for pipelining. When this block is active, the delay elements at diagonal connections and
boundary inputs of (a), denoted by Z, should be altered as Zz] ' or Zz; ' accordingly.

columns but take on different values for systolic and
non-systolic realizations.

As an example of actual module structures for a
multiplierless realization we present a causal realiza-
tion of the modules for the kernel filters discussed in
Examples 1-3 in Sect.3. Figure 10 illustrates module
interconnection and realization for a 3 x 3 causal array.
In Fig. 10(a), each PE is assumed to realize the causal
digital system

Hij =2 (—2‘7’1_1 tlea” ) HO

4 7,j—1
25 —1-22 0
+ 2t (—————2 — )H}_Q’j (19)
-1 -1, -2 -1 -2 -2
2y 2y 2yt =2 — 22 (0)
+< 1 1 ~2 . 2 1 ~2 )Hi_u_l

and thus appropriate delays have been inserted at diag-
onal connections and boundary inputs to maintain the
timing of data flow. The signal flow graph (SFG) of
Fig. 10 (b) presents a possible realization of the PEs, re-
quiring 7 adders, three z; (row direction) delays, two z;
(column direction) delays and three bit-shift operations.
Note, that no multiplication is needed. An equivalent
SFG can be obtained realizing the PEs with two z; de-
lays, three 2o delays and the same number of adders. A
systolic array can be obtained by doubling the delays at
diagonal connections and boundary inputs, and activat-
ing the dotted delay block of the SFG (cf. Fig. 10(b)).
In the resulting systolic array, all PEs are active in par-
allel and the output signals can be obtained at a speed
roughly proportional to 277, the time required for per-
forming the two additions needed in the critical path of

Fig. 10 (b).

One can view (6) only as a recurrence for designing
2-D transfer functions and turn into other methods for
actual realization. In this case, one possible method,
that may be less complex in terms of the number of
adders and delay elements and more complex in terms of
the number of multiplier coefficients, is based on repre-
senting the overall transfer function using kernel filters.
For instance, Hj 3(wq,wsz) can be written as

3(F -G)+ g(—F2 +G?)

(F-G® + g(cm - FG?)

(20)

where the two frequency variables are removed for sake
of simplicity. Note that the above expression is not in
its simplest form and there are parts that can be shared
between different terms. From this simple example we
merely wish to show that the filter can be realized using
the two kernels as building blocks plus some multiplier
coeflicients. These multiplier coefficients are fairly sim-
ple for filters of lower orders and get more complex with
a wider dynamic range for filters of higher orders.

Another interesting feature of the proposed class of
filters is their programmability. To alter the magnitude
characteristics, one should simply change the kernel fil-
ters appropriately. This has no effect on the array struc-
ture (connection of the PEs or boundary conditions),
or the coefficients of (20).
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6. Conclusion

In this paper we tried to offer a new point of view to-
wards multiplierless and modular design of 2-D FIR lin-
ear phase digital filters. We were interested in finding an
answer to a simple question: how to connect identical,
low-order and simple 2-D systems (also called modules
or PEs) in a regular manner to obtain a 2-D digital fil-
ter with reasonable magnitude response characteristics.
As a desired feature, we also considered whether useful
characteristics could be obtained under a very restric-
tive constraint; the modules should be free of multiplier
coefficient. We proposed a general two dimensional ar-
ray structure as an answer and discussed and analyzed
its fundamental properties. We made use of known re-
sults and ideas from our previous investigations in 1-D
FIR linear phase filters and offered rigorous proofs for
our claims expressed as Theorems. Specifically, it was
shown that it is possible to make the filter behave as a
flat or maximally flat filter over straight lines, restrict
the magnitude response to 0, 1/2 or | at arbitrary fre-
quencies, or as an obvious extension, over straight lines,
or obtain half band filters. To investigate the possibil-
ity of obtaining modules free of multiplier coefficients,
we offered a few design examples for circular and ellip-
tic lowpass, parallelepiped lowpass and some bandpass
and bandstop filters.

Our approach results in a highly modular and reg-
ular structure and can be modified to lower or higher
orders with simple deletion or addition of consisting
modules. Based on what we know about 1-D arrays
of the same family, the above-mentioned Theorems on
the flatness of the magnitude response over straight lines
guarantee that the transition characteristics of the filter
becomes sharper for filters of higher order. The array is
suitable for special-purpose VLSI realization but needs
a large number of adders and memories for filters of
high orders. However, in applications such as image
processing, higher order filters are usually avoided to
prevent ringing effects and the increase in number of
adders and delays may be tolerated considering other
highly favorable features of the array. If appropriate
amount of delay is added to the module outputs, one
can localize the dependency of computations within the
modules and speed up the processing time needed be-
tween adjacent incoming sample to a few addition op-
erations. Furthermore, we expect that the deletion of
a faulty module from the array and bypassing the con-
nections over it will only result in a modest deviation
from the specified characteristics; a property that has
been confirmed for the 1-D maximally flat case[18]. It
is even possible to obtain all possible realizations with
constant L + K in a very economical way[11].

Although the usefulness of the proposed array was
demonstrated through several design examples, it is un-
known to what extent this structure is capable of yield-
ing arbitrary shapes of magnitude response. However,
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it is clear that a rather wide range of flat filters may be
obtained through (12) and (13). Further investigation
is also needed towards establishment of a method for
optimum selection of the parameters and and the num-
ber of rows and columns required for given magnitude
response specifications. Finally, we note that multidi-
mensional extension of our ideas is straight-forward and
the Theorems can be extended readily with simple mod-
ifications.
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