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[PAPER Special Section on Digital Signal Processing

LMS-Based Algorithms with Multi-Band Decomposition
of the Estimation Error Applied to System Identification

Fernando Gil V. RESENDE, Jr.', Paulo S.R. DINIZ't, Nonmembers, Keiichi TOKUDA !,
Mineo KANEKO''t, gnd Akinori NISHIHARA't1t Members

SUMMARY A new cost function based on multi-band de-
composition of the estimation error and application of a different
step-size for each band is used in connection with the least-mean-
square criterion to improve the fidelity of estimates as compared
to those obtained with conventional least-mean-square adaptive
algorithms. The basic new idea is to trade off time and frequency
resolutions of the adaptive algorithm along the frequency domain
by using different step-sizes in the analysis of distinct frequencies
in accordance with the frequency-localized statistical behavior of
the input signal. The mathematical background for a stochastic
approach to the multi-band decomposition-based scheme is pre-
sented and algorithms with fixed and variable step-sizes are de-
rived. Computer experiments compare the performance of multi-
band and conventional least-mean-square methods when applied
to system identification.

key words: adaptive signal processing, fixed and variable step-
size LMS algorithms, filter banks, system identification

1. Introduction

Least-squares (LS) and least-mean-square (LMS) opti-
mization criteria are widely used in adaptive filtering
systems. Improvement of factors such as computational
complexity and fidelity, has been stimulating the design
of a large quantity of algorithms that search for the most
appropriate adjustable set of parameters which mini-
mizes a cost function[1]-[3]. Consequently, the choice
of the cost function crucially influences the performance
of adaptive algorithms.

Recently, a new cost function based on the LS cri-
terion with decomposition of the linear prediction error
through a power complementary filter bank and analysis
of each band with a different window has been shown
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to give rise to estimated parameters with more fidelity
than conventional LS methods[4]-[6]. The basic ad-
vantage of the so-called multi-band method is that time
and frequency resolutions of the adaptive algorithm can
be traded off along the frequency domain giving rise to
better estimates than those obtained with conventional
methods, particularly when the statistical properties of
the analyzed signal vary along the frequency spectrum.

In this paper, the basic mathematical relations that
govern the application of the multi-band scheme with
the LMS criterion are derived. An algorithm in which
the estimation error is decomposed into subbands and
a particular fixed step-size (FSS) is used for each band
is first presented [7],[8]. In the following, an algorithm
based on the multi-band structure with variable step-
sizes (VSSs) is derived to allow for the trade off of time
and frequency resolutions not only in the frequency do-
main but also in the time domain, which is suitable for
nonstationary analysis. Plots of the running spectrum
of the filter coeflicients in a system identification prob-
lem for a nonstationary unknown system are used to
compare the performances of the multi-band and con-
ventional LMS methods.

This paper is organized as follows. Section 2 in-
troduces a new cost function, and formulates the corre-
sponding error-performance surface and Wiener-Hopf
equations. Section 3 describes a multi-band LMS algo-
rithm with FSSs based on the results of the preceding
section. Section 4 presents a multi-band LMS algorithm
with VSSs. Section 5 shows computer experiments com-
paring the performance of multi-band and conventional
LMS algorithms. Section 6 presents our conclusions.
The nomenclature used in this paper follows the stan-
dard contained in [2] with modifications that naturally
arise from the multi-band characteristic of the presented
structure.

2. Wiener Filtering with Multi-Band Decomposition
of the Estimation Error

In this section, the Wiener filter theory is formulated
for the multi-band decomposition of the estimation er-
ror structure. In Sect.2.1, the equation related to the
error-performance surface is derived and, in Sect.2.2,
the Wiener-Hopf equations are obtained when a linear
transversal filter is used to estimate the desired response
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Fig. 1 Block diagram for system identification (modeling).

d(n).
2.1 Error-Performance Surface

In adaptive filtering theory, several algorithms have been
developed to solve the problem of updating the set of
adjustable parameters in such a way that the mean-
square value of the estimation error is minimized [1]-
[3]. The conventional definition of the cost function as
the mean-squared error is

J(n) = Ele(i,n)e*(i,n)], (n

where E[.] represents the expectation operator, the su-
perscript symbol “*” means complex conjugation, and

e(i,n) = d(i) — y(i,n) (2)
M-1

y(i,n) = Y win)u(i - k), (3)
k=0

where e(i,n) is the estimation error, d(i) is the desired
response, y(i,n) is the output of the linear transversal
filter with coefficients wi(n), k =0,..., M —1, at time-
index n, and (%) is the signal to be analyzcd A block
diagram representation of the system described by the
equations above is shown in Fig. 1.

In this paper, we are proposing a new cost function,
which is defined as follows

B
1 .
JMB(TL) = _ZJJ(\ZI)B (4)

_ XB: [ @)(i,n) (e(j)(i,n))*], (5)

where the filtered estimation error for the jth-band,
eV (i,n), is given as

eW(i,n) = RO (3) *e(i,n) (6)
M-
= dW() Z wi(n)uP (@ - k), (7)
k=0
where

dD (@) = KD (3) * d(3) (8)
w9 (1) = R (4) % u(s). ©)]
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The symbol “x” stands for the convolution operation,
and the analysis filter bank is represented by hU)(s),
j = 1,...,B. If the analysis filter bank satisfies the
power complementary property, then Jy;g(n) = cJ(n)
(refer to the Appendix for a proof).

Substitution of (7) into (5) gives

JMB(n) = —;—2—: (E Ud(])(z) 2:|
s
— Y wi(n)E [uw(i—k) (d(J)(z)) }
v
~ S wi(n)E [(u(j)(i - k)) d(’)(z)]
II\C/I:—OI M-1
+> w(n)wi(n)
k=0 [=0
B 6t (i — k) (w9 - 1))*]) ,
(10)
which can be rewritten as
1 B M-1 )
Jup(n) = B Z <U§(j> - Z w,’;(n)p(’)(—k)
j:l k=0
M-1
= > wm) (P9 (k)
k=0
M-1M-1
+ wi(n)wi(n) (j)(l—k)>
k=0 [=0
(1)

where o2 is the variance of the filtered desired re-
sponse d) (i), assumed to be of zero mean, and

P (k)= E [uw(i —k) (d(j)(i))*] (12)
and
T(j)(l _ k) — E {u(j)(i _ k) (u(j)(z’ _ l))*] ’ (13)

for0 £ 1,k £ M —1, are respectively the jth-band cross-
correlation between the filtered input signal ©)(;) and
the filtered desired response d\)(z) for lag k; and the
jth-band autocorrelation of the signal «9) (i) with lag
difference ({—k). The cost function described in (11) is a
second-order function of the tap weights wy(n) and this
dependence can be visualized as a bowl-shaped (M +1)-
dimensional surface with a unique minimum. This sur-
face is referred to as the error-performance surface of
the adaptive filter.

In the sequence, the cost function described in (11)
is minimized giving rise to the Wiener-Hopf equations.
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2.2 Wiener-Hopf Equations

Once the cost function Jyrp(n) described in (11) is
a quadratic function of the adaptive filter coefficients
wi(n), its minimization can be obtained by equaling
its first derivative to zero. From (11), the derivative of
Jug(n) with respect to the filter coefficients wy(n) is

vwk(n)JMB( ) =

M-1
_Z< 2p0) (— +2Zw’ )r@) (k —l)),

=0
(14)
which is minimized when
| B M1 B
B o1 (n)r') (k = Z
j=1 =0 j=1
(15)
for k = 0,1,...,M — 1, so-called Wiener-Hopf equa-

tions, which can be rewritten in terms of the correlation
matrix Ry, the optimal filter coefficient vector w, ps,
and the cross-correlation vector p,, as

RMWO,M = pM? (16)
where
1S
Ru = 5 ZRS{} (17)
j=1
1 B . H
=3 ZE [ug\fl)(n) (u%}(n)) ] (18)
j=1
uP (n)
. uP(n-1
u) (n) = (. : (19)
u(n — M +1)
1B
Py =5 D P (20)
j=1
1 & : RY
=2 E [ugﬂj(n) (dm(n)) } 1)
j=1
Wo M = [wo,Oawo,la-'-,wo,M—l]Ta (22)

where the superscripts “7” and “f” represent transpo-
sition and conjugate transposition, respectively.

In the next two sections, LMS algorithms which
solve (16) for w, ps are derived.

3. A Multi-Band LMS Algorithm with Fixed Step-
Sizes

In Sect. 3.1, an LMS algorithm which uses a particular
FSS for each band in the evaluation of an estimate of
W, ar is derived. In Sect. 3.2, convergence and stability
conditions of the presented algorithm are analyzed.

IEICE TRANS. FUNDAMENTALS, VOL. E80-A, NO. 8 AUGUST 1997

3.1 The Algorithm

In particular, the solution of (16) involves two prob-
lems: the computation of the correlation matrix as
shown in (18) is often unpractical since it relies on un-
known quantities; even when an estimate of the corre-
lation matrix is obtained, solution of (16) by inverting
the estimated R s at every time-index n is not compu-
tationally efficient.

As in conventional methods, a solution for the first
problem mentioned in the above paragraph can be ob-
tained by taking instantaneous estimates. With this ap-
proach, the correlation matrix and the cross-correlation
vector can be respectively estimated as follows

s3]

Ru(m) = = Y Ry () (23)
7j=1
1S H
==Y uflm) (uflm) (24)
j=1
B
Buln) = = > B (n) 25)
j=1
B *
= %Zu&?(n) (a9 m) . (26)
j=1

One of the most popular computationally-efficient
algorithms used in the solution of the Wiener-Hopf
equations is based on the method of steepest de-
scent[1]-[3]. For the multi-band case, a similar recur-
sive equation for the coefficient vector can be written
as

n)wM(n)) (28)

(29)

where p(79) is the step-size related to the jth-band and
wys(n) represents the estimate of w, ps at time-index
n. Equations (7), (8), (9), and (29) form a multi-band
LMS algorithm with FSSs.
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3.2 Convergence and Stability Conditions

In this section, the value of the weight vector after con-
vergence is first derived, and then a sufficient condition
on the range of the step-sizes for each band which guar-
antees stability of the algorithm presented in Sect. 3.1 is
obtained.

Equation (29) can be rewritten as

B
w(n+1)=w(n)+ —é— Z,u(j)u(j)(n) (d(j)(n)

Jj=1

—w (n)u®? (n)) (30)

Applying the expectation operator to both sides of the
equation above, and assuming that u(n) and w(n) are
statistically independent, we have

E[W(n +1)]

1 & ) , H
_EZH(J)E[UU)(TL) (u(J)(n)) w(n)] (1)

j=1
= E[w(n)]
18 18
2 GG _ 1 DR Blw
+BZ;LJpJ BZuJRJE[W(n)] (32)
7j=1 j=1
1 B
_ |yt ORD | B
= |1 BZ“]RJ E[W(n)]
j=1
1 B
1 (4) (@)
+BZuﬂpJ (33)
Jj=1
_ [1 - R] E[Ww(n)] + b, (34)
where
1 B
A 1 HRG)
R=2) uRO, (35)
Jj=1
1 B
- _ 1 @ p@)
p B;u P (36)

In the same manner of the discussion on the convergence
of the conventional LMS algorithm[1],[3], E[w(n)]
converges to w defined by

Rw =p, (37)
with the condition
0 < Anaz < 2 (38)

where A4, is the largest eigenvalue of R. It should be
noted that w is obtained by minimizing
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Tup(n) = é—iw)E [em(n) (e<f>(n>)H] L (39)

Also, calling P.(w) and P,(w) the power spectrum of
e(n) and u(n), respectively, we have

B
~ 1 ™ 1 . . . 2
Jup(n) = _/ Pw)5 :,L(J)‘HU)(W)} dw
=1

2w J_ .
(40)
1 yid
=5 ] P.(w)F(w)dw (41)
_ % _” Pu(w) [Wo(2) — W(2)[? F(w)dw
(42)
1 /" M
=/ Pu(w) |3 won(n)z™*
k=0
N 2
- Z wi(n)z " F(w)dw, (43)
k=0

where w, (n) and wi(n) represent the unknown system
coefficients and the adaptive filter coefficients at time-
index n, respectively. As a result, Jur g(n) defines a fre-
quency weighted mean square error, where the weight-
ing function is F'(w). For applications such as system
identification, it can be easily seen from (43) that if the
unknown system and the adaptive filter have the same
order, in the average, the adaptive filter coefficients w(n)
converge to the desired response w, i.e., the unknown
system coefficients w, as.
Furthermore, as

Amas < trace[R], (44)

and since the trace of a sum of matrices is equal to
the sum of the traces of its submatrices, from (38), we
can conclude that a sufficient condition for the range
of the step-sizes of each band to ensure stability of the
presented algorithm is

2

0< /L(]) < —F.
trace[RY)]

(45)

4. A Multi-Band LMS Algorithm with Variable
Step-Sizes

The multi-band LMS algorithm with VSSs presented in
this section is directly obtained from the algorithm de-
rived in the previous section in connection with the step-
size adaptation technique described in [2],[9]}-[11].

The basic idea is to independently update the step-
sizes for every band j as follows

P

(5)

min

(46)

pD(n+1) = |9 (n) — a(j)vu<j>J1(\;)13(”)]
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where the bracket with p), and pfflzn indicates that
)
min®

19 (n) is upper and lower bounded, 0 < o) < u
and f7”<j)J1(\j)}3(n) is an estimate of

) (SJ(j) n
Vu(jw]z(\fz)s(") = %j())- (47)

Through a reasoning similar to that exposed in [2],[11],
it can be shown that a recursive solution, obtained
through an instantaneous estimate of VW)J](\fI)B(n), for
the update of 19 (n) is given as

W4 1) = W)+

[€2]

Hmac

JORe [(@5&)(”)) " 49 (n) (e(j)(n))*H ¢

IJ’nLin
(48)
0 (n+1)

= [I - u(j)(n)uggf) (n) (ug\{l) (n))H] ‘I’S\{I) (n)

+ul () (D (m)) (49)
where
o P
¥ (n) = ‘Zf—(f)m (50)

A complete multi-band VSSs algorithm is composed of
Eqs (7)—(9), (29), (48), and (49), where p\9) in (29) is
substituted by ) (n).

Whenever there is some knowledge of the statis-

tics of the input signal, suitable choices of u%iw and

,ufflzn will give rise to better responses. Special care
must be taken when choosing ,A,J,Bn to avoid instabil-
ity of the system. A detailed analysis of the influence
of the choice of & on the performance of the system as
well as a study of merits and limitations of the step-size
adaptation technique used in this section were analyzed
in some detail in [9]-[11]. Even though various tech-
niques can be used to update the step-sizes in connec-
tion with the presented multi-band scheme, the method
described in [9] has been chosen because it has been
supported by practical applications{10] as well as by
theoretical results[11].

Since the algorithms presented in Sect.3 and in
Sect. 4 only differ with respect to the automatic tuning
of the step-sizes, a similar analysis of convergence and
stability conditions can be undertaken. Specific prop-
erties of the adaptive step-size algorithm used in Sect. 4
are analyzed in some detail in [9]-[11].

In the following, the presented multi-band LMS al-
gorithms are applied to a system identification problem.

5. Computer Experiments

Computer experiments are shown in Fig.2. The algo-
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rithms described in this paper were applied in the com-
putation of filter coefficients estimates for the conven-
tional (with B = 1) and multi-band LMS methods. The
analysis bank used to decompose the estimation error is
a 4-band linear-phase near-perfect-reconstruction filter
bank designed in [12]. The spectrum of the unknown
system begins with a high-frequency component and a
low-frequency component. The high-frequency com-
ponent stops when two spatially-close low-frequency
components start. Fig.2(a) depicts the true running
spectrum. In Fig.2 (b), the multi-band LMS algorithm
with FSSs values of [0.0001 0.0005 0.001 0.01], from
lowest to highest bands, was used. In Fig.2(c), the

multi-band LMS algorithm with VSSs and ,ugszw =
[0.01 0.01 0.01 0.01] ) = [0.0001 0.0001 0.0001

man
0.0001] and ¥ = [0.00001 0.00001 0.00001 0.00001],
was applied. Fig.2(d) depicts the results obtained with
the conventional LMS method for different step-sizes,
from left to right: FSS with g = 0.0001, FSS with
¢ = 0.01, and VSS with g4, = 0.01, tipin = 0.0001,
and o = 0.00001. All adaptive filters have 50 coeffi-
cients. Noise was added to the desired response. For the
experiments shown in this paper, \11351)(71) is initialized
with the null vector.

The experiment results shown in Fig. 2 exemplifies
the advantages that multi-band LMS methods can offer
as compared to the performance of conventional LMS
methods whenever the statistical properties of the ana-
lyzed signal vary along the frequency domain. In this
particular example, it can be observed that the multi-
band method has the following characteristics:

o for the analysis of high-frequency components, as
larger step-size values are used, time-resolution is
improved at the expense of reducing frequency-
resolution;

e for the analysis of low-frequency components, as
smaller step-size values are used, frequency resolu-
tion is improved at the expense of reducing time-
resolution.

Several filter banks have been expertmented in the
analysis of the error signal. Even though power com-
plementariness is a desired property, designs that ap-
proximately satisfy this property have been successfully
tested. With respect to the choice of the analysis bank,
we may note the following points. As the analysis filters
responses overlaps, the trade-off between time and fre-
quency resolutions along the frequency domain varies
smoothly. When filters with sharp responses are used,
the different time-frequency resolution trade-off settings
for different bands become more visible. Also, it must
be noted that long filters increase the group delay, con-
sequently, depending on the application, the designer
must choose the appropriate bank by considering not
only the response of the analysis filters but also the re-
lated group delay effect.
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Fig. 2 Running spectrum of the filter coefficients estimates for
the nonstationary unknown system shown in (a). Estimates
obtained with the multi-band LMS method with FSSs [0.0001
0.0005 0.001 0.01], from lowest to highest bands, are depicted in
(b), and estimates obtained with the multi-band LMS with VSSs
are plotted in (c), while estimates obtained with the conventional
LMS method with FSS of values 0.0001, 0.01, and with a VSS
algorithm, from left to right, are displayed in (d). All adaptive
filters have 50 coefficients.

6. Conclusions

The theory for a Wiener filter when the estimation er-
ror is decomposed into several bands and a particular
step-size is correspondingly applied to each band was
presented. LMS algorithms with FSSs and VSSs were
derived for the multi-band structure. With the FSSs
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approach, time and frequency resolutions of the adap-
tive algorithm can be traded off along the frequency
domain giving rise to better estimates as compared to
those obtained with conventional LMS methods, par-
ticularly when the statistical properties of the signal to
be analyzed vary along the frequency spectrum. With
the VSSs algorithm, time and frequency resolutions are
traded off not only in the frequency domain but also
in the time domain, making it specially suitable for
the analysis of nonstationary signals. Computer exper-
iments comparing the performance of multi-band and
conventional LMS methods with a nonstationary test
signal are shown for the system identification problem.
A study on novel techniques for automatic tuning of the
convergence factor and its application to the multi-band
scheme is subject of ongoing research [13].
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Appendix: Proof that Power Complementariness
of the Analysis Bank Implies Jyp(n)
= ¢J(n)

In the appendix, it is proved that if the analysis
bank satisfies the power complementary property, then
Jue(n) = c¢J(n), that is,

Zl_gj (i) (¢9@)"| = cBleter @),

(A-1)

Ud |

where ¢ is a positive constant.
Proof:

From the definition of the cost function Jyp(n),
given in (5), we have

Tup(n) = 5B (A-2)

B 2
3 ’em (Z-)‘
j=1

11 4 5 2
o ). P.(w) E_ ‘H (e )‘ dw,

(A-3)

where P.(w) is the power spectrum of e(n). If the anal-
ysis bank satisfies the power complementary property,
that is,

B . . 2
Z ‘Hm(eﬂu)’ — e, (A-4)
1

Jj=

where ¢; is a positive constant, it can be seen from (A- 3)
that :

1 ™
Jus(n) = C—ég P, (w)dw (A-5)
= cE[le(n)|’] = cJ(n), (A-6)
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