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|PAPER _Special Section on Digital Signal Processing

Analysis and Minimization of Output Errors of 2-D
Non-separable FIR Digital Filters with Finite Precision

Internal Signals

Mitsuhiko YAGYU', Student Member, Akinori NISHIHARA', and Nobuo FUJII', Members

SUMMARY This paper presents a method to analyze and
minimize output errors of 2-D non-separable FIR filters with
finite wordlength. Finiteness in the wordlength causes output er-
rors, which can be analyzed in the frequency domain when the
statistics of input signals are known. The output errors can be
minimized by optimizing responses corresponding to all levels
of input impulses. A new ROM-based filter structure is pro-
posed in which the optimized impulse responses are stored in
the ROM. The output signals are generated by superposing the
impulse responses corresponding to the input levels. Many sim-
ulation results confirm that the output signals of the proposed
filters have far less errors compared to conventional filters. The
hardware size of the ROM-based filters is estimated and compared
with that of conventional structures. The proposed structures are
more effective than the conventional ones especially when the
signal wordlength is short.

key words: 2-D non-separable FIR digital filters, finite
wordlength, ROM-based filter

1. Introduction

Two dimensional linear phase FIR digital filters are
used in many applications such as image signal pro-
cessing. In practical implementations, filters must have
a finite wordlength of both coefficients and internal sig-
nals. Naturally, the output signals of the filters have
errors due to those finiteness. If the filters were imple-
mented as cascade forms, the finite wordlength errors
could be reduced[1]. It is, however, difficult to imple-
ment 2-D non-separable FIR filters as cascade forms.
Many methods have been proposed to design optimal
2-D linear phase non-separable FIR digital filters in
the Chebyshev sense, when the wordlength of coeffi-
cients are given as finite numbers[2]—-[5]. The finite
wordlength effects of internal signals are not consid-
ered in those design procedures, and are usually dealt
with as additive roundoff noise. The random roundoff
noise model is merely a rough approximation, and is
not suitable for accurate evaluation of the errors.
Firstly, this paper presents a method to analyze the
output errors due to the finite wordlength. Since the
wordlength of internal signals is finite, the products in
the filters are rounded off and thus nonlinear operations
are introduced. Then the output errors are most prop-
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erly analyzed by their responses corresponding to all
levels of input impulses rather than frequency responses.
Naturally, the deteriorations in the responses are depen-
dent on the levels of the input impulses. Mean squared
output error spectra (MSOES) and maximum output
error spectra (MOES) for random inputs are used as
criteria.

Next, the output errors generated by the responses
are minimized in the frequency domain by using the
mixed integer linear programming (MILP) for every
possible input level. To realize the minimal error fil-
ters, the optimized responses corresponding to every in-
put level are stored in a ROM and the output signals
are generated by superposing the stored responses which
correspond to the input signal. Many examples show
that the proposed filters are superior to the conventional
ones.

Finally, the hardware size of the proposed filters is
estimated and compared with that of conventional fil-
ters. Several results show that the proposed structures
are more effective than the conventional ones especially
when the signal wordlength is short.

2. Generation of Output Signals
2.1 Internal Signal Rounding

It is assumed that input, output and all internal signals
in a 2-D linear phase FIR digital filter are represented
as fixed point binary numbers of wordlength /. Neg-
ative numbers are expressed as two’s complement. In
filter operations, input signals are multiplied with fil-
ter coeflicients. The products of two binary numbers of
wordlength [ are binary numbers of wordlength 2! — 1,
if the products are computed in full resolution. The
products are then rounded off to wordlength [. This
rounding operation is a source of a nonlinear error.

2.2 Superpositions of Responses

Consider at this moment a 1-D FIR filter having 27T
taps as an example to make a discussion simple. Fig-
ures 1(a) and (b) show the direct and the transposed
forms of the filter which has the roundoff operations.
In those figures, the operation block a,, () for0 < m <
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Ao(x(n)) Ax(n-1y) a27-2(x(n-2T+2)) @ 27-1(x(n-2T+1))

(a) A direct form.

Q2r-1(x(n)) @ 21-2(X(n)) ar(x(n))  Qo(x(n))

(b) A transposed form.

ai(x(n—1)+x(n-2T+2))
a o(x(n)+x(n-2T+1))

(c) An efficient structure of a direct form.

Input

3 j ¥ Output
- —fo{mpo—=""

a-ix(n)) @ 2r-2(x(n)) ai(x(n))  Qo(x(n)
= ao(x(n)) = ai(x(n)

(d) An efficient structure of a transposed form.

Fig. 1 Direct and transposed structures.

2T — 1 indicates the multiplication by the m-th filter
coefficient and the roundoff operation. Now h(a,m) is
defined as the rounded products of a multiplicand a and
the m-th coefficient. Then h(a, m) is written as

h(a,m) = amn(a). (N

In Figs. 1(a) and (b), the output signal y(n) is written
as

27-1
y(n) = > h(z(n—m),m) (2)
T
= Y hzk),n-k). (3)
k=n

Now h(a,m) for m < 0 or m > 2T — 1 can be assumed
to be zero. Then y(n) is written as

y(n) = Y h(z(k),n k). (4)

k=—o00

Since any input signals are trains of impulses of dif-
ferent levels, h{xz(m),n — m) is regarded as a response
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corresponding to an input impulse z(m). Then the out-
put signal y(n) is obtained as the superpositions of the
shifted responses corresponding to the impulses of input
signals.

If the filter coefficients have symmetry, the filter
can efficiently be implemented as shown in Figs. 1(c)
and (d). In Fig.1(d), the output signal is obtained as
Eq.(4). However in Fig.1(c), the output signal is not
the superpositions of the shifted responses, because the
function a,,,(+) is nonlinear such as

am(a+b) £ ap(a) + an(b). (5)

Hereafter, the generations of output signals of 2-D
non-separable FIR filters are considered. Let the input
image signal be z(n1,n2) and its size be N; x N,. The
region where an image signal is defined is referred to as
®. We define a vector n as [ny,n2])7, m as [my, mo]T
and w as [w1,w2]T. Now let the tap size of the 2-D filter
be T x T5. The case of odd T and T3 is analyzed as an
example, but other cases can similarly be treated. Con-
sider the input impulse at the point n and thus having
the value z(n). The corresponding response is expressed
as h(z(n),m—mn) forn;, <m;+n; £T1 —1+n; and
no £ mg +ng £ Tp — 1+ ng. If the 2-D non-separable
FIR filter is implemented as shown in Figs. 1 (a), (b) or
(d), the output image signal y(m) is obtained as

y(m) =Y _ h(z(n),m - n). (6)

necd

3. Output Error Analysis
3.1 Output Signal Estimation Sequence

The output signals are generated by superposing the
responses corresponding to the levels of impulses of in-
put signals as shown in Eq.(6). Naturally, those re-
sponses have errors due to the finite number of taps and
wordlength. In this section, the effects of the errors on
output signals are analyzed.

Firstly, we define an ideal 2-D linear phase FIR fil-
ter as F;, and its frequency response Higeqi(e7%t,e792)
as

Higoat(€9°1, €92) = Hy(w)e 7 N

where 07 = (T} — 1)w;/2+ (T3 — 1)wa/2. The real func-
tion Hy(w) has 1.0 in whole passband and 0.0 in whole
stopband. The discrete-time Fourier transform (DTFT)
of the ideal output of Fy; can be written as

Ya(e?,e?) = 3 a(n)Hy(w)e ™ “e 7. (8)
ned

Two-D linear phase FIR filters have symmetric coeffi-
cients so that the response h(z(n), m) has the symmetry.
Then the frequency-domain response is defined by the
DTFT as
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H(z(n), m)e—jmT“’ C)]

w)e 0T = Z h(z(n)

where H(z(n),w) is a real function. By using Egs. (6)
and (9), the DTFT of the output signal is written as

)= H(z w)e In we=ifr - (]0)

ned

erl e]wz

The error in the output signal is given as
R, (€791, e72) =Y (71 e7%2) — Yy(e7*1, e792). (11)

Then we define an error included in H(z(n),w) as
R(x(n),w), which can be written as

R(z(n),w) = H(z(n),w) — z(n)Hy(w). (12)

By using A(8), (10), (11) and (12), the output error
R,(e?“1,e7%2) can be written as

w)e I w0 (13)

R, eJ“’1 eJ“’2 ZR

ned

R(z(n),w) is a real function of z(n) and w. So if w
is fixed, R(z(n),w), ny = 0,1,..., ny = 0,1,... is a
real sequence. We call this real sequence as an output
signal estimation sequence (OSES). Equation (13) is the
DTFT of the OSES. Then an input signal z(n) deter-
mines an OSES R(z(n),w), ny =0,1,...,n, =0,1,...
corresponding to each frequency. The output error at
w, can be referred to as the value of the DTFT at w,
of the OSES corresponding to the frequency wy.

In Eq. (13), the DTFTs of the OSES, which are de-
fined in the region ®, are evaluated. If the region ® is
not so wide, those DTFTs may not be properly evalu-
ated. The output error at wy, = [wp1,wn2)7 is referred
to as the inner product of the OSES corresponding to
wy, and the complex sinusoid e~ “». So in the case
of small size image, the output error is evaluated as
=> R(=

R(e]wnl,e]wn2 wn e —jn wne—JOT

ned
_ Z R(‘T(n)’wn) Z e—jnTwne—jOT (14)
w2

where wy, + o. For the evaluation of the output error
at DC, Eq.(13) is used. When the size of ® is not so
large, the second term in the righthand side in Eq. (14)
has large spectrum at frequencies [wy1,0] and [0, wp2].
That term becomes zero with the growth of the size of
® at those frequencies. Accordingly, the removal of
that term can somewhat neutralize the effects which are
caused by the small size of ®.

3.2 Mean Squared Output Error Spectrum (MSOES)
In this section, we show that the MSOES can be ana-

lyzed, even if the given input signals are not determinis-
tic. Let the wordlength of the input signals be | and all
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the levels of input impulses be z;,7 = 0,..., L —1 where
L = 2'. The OSES corresponding to a frequency w, is
R(z(n),w,) corresponding to an input signal z(n) and
then it is trains of elements in a set ¥, given by

U, = {R(zi,wa) | i=0,...,L —1}. (15)

Now we assume that the stochastic input signals are sta-
tionarily independent process and that their probability
density function is defined as p(z;), < = 0,...,L — 1.
Then the OSESs become stationarily independent and
thus their probability density function ¢ (R(z;,w,)) is
obtained as

q(R(xi?wﬂ)) = p((L'i), 1= 07 sy

The mean power spectral density function of the OS-
ESs corresponding to the frequency w, is defined as
E[S(e’?)] and given in Eq.(A-9). Then the MSOES
at frequency w, is obtained as E[S(e’*=)]. The second
term in the right hand side in Eq. (A- 9) becomes equiv-
alent to the delta function and very large at DC, when
N; and N, are infinite. So in this paper, the MSOES
E[P(w)] is written as

L-1. (16)

E[P(w)]
~ Rmse(O) + (N1N2 - 1)Rzne(0)’ w=0 (17)
T Rmse(w) — RZ,(w) otherwise
where
L-1
(w) = Z R(z;,w)p(z:), (18)
Brnae( Z R2(zi,)p(x:). (19

If Rpne(0) £ 0, the MSOES is very large at DC. In other
frequencies, the MSOES is given as the variance of the
error responses R(z;,w),1=0,...,L — 1.

The spectra of the uncorrelated input signals x(n)
are constant. Its constant value is equal to the variance
of the input signals. In this paper, the MSOES at DC
and the peak of the MSOES are normalized with the
mean spectrum of the input signals and also evaluated
as follows.

R%.(n) B
E?[z(n)] ©w=o
(20)
max Rimse(w) = Ry (w) otherwise
2o Viz(n))
where
L-1
= wp(@), 1)
=0
L—-1
n)] =Y a?p(z;) — E[z(n)]. (22)
=0
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3.3 Maximum Output Error Spectrum (MOES)

In this section, we present a method to obtain the maxi-
mum output error spectrum (MOES) at each frequency.
An input signal determines an OSES corresponding to
a frequency w,. Conversely, an arbitrary OSES cor-
responding to a frequency w, necessarily corresponds
to at least a certain input signal. The MOES at w, is
equivalent to the maximum spectrum at w, in all spec-
tra of all OSESs corresponding to w,. Then the MOES
S(wg) can be written as

S(wa)
Ni—1 Ny— 1

= lim max E E
N1 Ng R(w(n) Wa)

— 00 n1=0 ny=0

wae —jnTw,

N1N2

Gua

(23)

Now let the maximum and the minimum elements in the
set U, be Ryas(wa) and Rmin{wa), respectively. Fur-
ther, Rgis(wq) and Rp,iq(wq) are defined as follows.

Ris(u0g) = Fomesl€a) —Fonina) (24)
Rma:v a min a
Rpmia(wa) = (W );FR (wa) (25)

As shown in Eqgs.(A-19) and (A-20) in Appendix B,
the MOES S(w,) can be obtained as

S(wa) = Ryis(wa)w(wae)- (26)

Rgis(wq) is determined by the dynamic range of the
OSES R(z(n),w,). From Eq.(26), the MOES S(w,) is
given as a product by Rg;s(w,) and the inherent weight
w({wg). In the same way, if input signals satisfy zpin
< z(n) £ Tmar, the maximum spectrum at w, in all
input signal spectra can be obtained as a product of
(Tmaz — Tmin)/2 and the weight. To cancel the weight,
which is intractable, the ratio of the MOES and the
maximum input spectrum is introduced. Then to eval-
uate the maximum output errors of filters, we introduce
the following normalized worst-case ratio as

{ 2Rdis (wa)
max _—
O<wesm

b
Tmazr — Tmin

max{|Rmaz(0)|, | Rmin(0)|} }
max{|Zmaz|, |Tmin|} '

(27)

3.4 Ideal Error Responses

In the above sections, the MSOES and the MOES have
been analyzed. In this section, we consider the error re-
sponses corresponding to all the input levels such that
the MSOES and the MOES are zero.

Firstly the MSOES and the MOES at DC are con-
sidered. From Eqs. (17) and (27), all the error responses
R(z;,0) must have zero so that the MSOES and the
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MOES at DC are zero. Next in the case of other fre-
quencies, the condition for the error responses to satisty
is considered. In Eq. (17), the MSOES at those frequen-
cies is given as the variance of all the error responses.
Accordingly, if and if only all the error responses are
equal to their mean error response, the MSOES also
becomes zero. In that case, the MOES becomes zero.
Then if all the error responses satisfy

L-1
R(z;,w) = Z R(zk,w)p(zk), i=0,...,L—1
k=0
(28)
and
R(z:,0)=0,i=0,...,L—1, (29)

the MSOES and the MOES are zero in whole frequency
range. We call those error responses ideal error re-
sponses. If the responses H{z;,w) have the ideal error
responses, the MOES is zero in whose frequency. This
means that an output error corresponding to an arbi-
trary input signal is zero.

4. New ROM-Based Filters
4.1 Implementation

We propose a filter structure having a ROM as shown
in Fig.2. Figure 2 shows a 1-D filter structure, but 2-
D structures can be implemented in the same way. In
the design of the ROM-based filters, the responses cor-
responding to all the input levels are optimized to min-
imize the output errors and stored in the ROM. Those
responses are successively referred. Then by superposing
the referred responses, the output signals are computed
in the ROM-based filters.

4.2 Optimization of All the Responses

From Eq.(17), the MSOES is given as the variance of
the error responses. Then the MSOES at frequencies
but DC can be written as

E[P(w prl ) {R(zi,w) — Rme(w)}?. (30)

Only by optimizing all the error responses simultane-
ously, an optimum solution can be obtained. It is, how-
ever, difficult to carry out that optimization due to its

Input 1

ROM
‘ %g Output
A0 O

Fig. 2 A ROM-based structure.
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enormous computing cost. Accordingly, we propose a
method that ||R(z;,w) — Rpe{w)|},:=0,---,L —1 are
minimized under the condition R(z;,0) = 0, iteratively,
while the mean error response R,,.(w) is updated. By
using that method, the MSOES shown in Eq.(17) can
be minimized.

In the spatial domain, the responses h{x;,n) of lin-
ear phase filters have the symmetry. Then H(z;,w) can
be written as

H(z;,w) = A(w)hyg, (31

where A(w) is a vector whose elements are trigonomet-
ric functions and h,,, is a vector whose elements are the
independent coefficients of h(x;, n) [6]. We propose the
following algorithm, which is referred to as the algo-
rithm 1, to obtain the responses corresponding to all
the input levels.

1. Let elements in a set A be probability densities
p(z;),i=0,...,L -1, R} (w) :=0 and s := 0.

2. If the set A is empty, then stop.

3. Choose p(zx) which is the largest value in all ele-
ments in the set A. Exclude the element p(z) from
the set A.

4. The following mixed integer linear programming
(MILP) problem is solved.

Minimize ||A(w)hg, —zrHa(w)— R}, (w)|]oo,

subject to A(o)h,, =zrHi(0) and each element
of h,, has wordlength .

5. By using the obtained h,,, R}, .(w) is updated by

Ry (w)
_ sR (W) +p(zi) {A(W)he, —ziHa(w)}
s+p(xk) '

(32)

6. Let s := s+ p(xy) and go to Step 2.

In the practical image signal processing, the prob-
ability density functions p(x;) of image signals are not
known a priori. To prepare for various input signals,
the probability density function used in the algorithm 1
is given as a uniform distribution. Then the probability
density function p(x;) can be written as

p(:ci)=%,i=0,...,L—1. (33)
Let z,,. be a mean value of input signals z(n). In
Step 3, the largest values of the probability densities are
successively chosen. If the probability density function
p(z;) is the uniform distribution, those largest values
can not be determined uniquely. Therefore in that case,
we modify Step 3 as follows.
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3. Choose z; which is the nearest value to z,,. in all
elements in the set A. Exclude the element x;, from
the set A.

If a probability density function of input signals is
known a priori, the original procedure is used as Step
3. Then better solutions can be obtained.

The MILP problem can be solved by using the
branch and bound algorithm. R}, (w) is the provi-
sional mean error response during the optimization of
the error responses. In Step 4, the difference between
the error response H(zp,w) — 1 Hy(w) and R}, (w)
is minimized. The algorithm 1 minimizes not the er-
ror responses but the MSOES and the MOES. The re-
sponses H(z;,w) i = 0,...,L — 1 are optimized so as
to have similar error responses. Accordingly, H(zy,w)
optimized by using the algorithm 1 may have large de-
viations from z, Hy{w).

To clarify effectiveness of the algorithm 1, con-
sider another minimization subject to R}, .(w) = 0 in
Step 4. This modified algorithm is called the algo-
rithm 2. The algorithm 2 minimizes the error response
[|H(zi,w) — x;Hy(w)||oo, Wwhere i = 0,...,L ~ 1. Ac-
cordingly in this algorithm, the deviations of H(z;,w),
i=20,...,L -1 from z; Hj(w) are minimized. Thus
the error shown in Eq.(17) is not minimized in this
algorithm.

5. Design Examples
5.1 Specifications

The ROM-based filters obtained by using the algorithm
1 are compared with the conventional filters where the
products are rounded off. In this paper, we give the
probability density function of input signals as the uni-
form distribution shown in Eq.(33). Filter specifica-
tions are as follows.

tap size 9x9
wordlength 6,8
Type I passband |wl |+ | w2027
stopband |wl |+ |w2]| 2067
Type 11 passband | wl |+ | w2 | £0.047
stopband |wl |+ |w2|2047

The coefficients of conventional filters are designed by
using MILP[2],[7]. These coefficients are designed un-
der the condition that the errors at DC are strictly zero,
because the power spectra of image signals are usu-
ally very high at DC. The conventional filters have the
roundoff operations. To ensure an accuracy in binary
arithmetic, we assume that multiplications are carried
out in full resolution and then only the outputs of mul-
tipliers are rounded off. To calculate PSNRs of output
images of the conventional and the ROM-based filters,
we need a reference which is regarded as the output im-
ages of the ideal filters. For this purpose, a 25 x 25 tap
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FIR filter is designed by using linear programming[6],
which has —67.7 dB Chebyshev error under the DC re-
sponse condition.

5.2 Detailed Comparisons in a Specification

Firstly in the specification wordlength 6 and Type I,
the ROM-based filters designed by the algorithm 2 also
are compared. To analyze the MSOES of the designed
filters, probability density functions of input signals are
needed. We use four types of probability density func-
tions shown in Figs. 3(a), 4(a), 5(a) and 6(a) and re-
ferred to as PDF1, 2, 3 and 4. PDF1 is the sample
probability density function that used in the algorithm
1. Using Eq. (20), we obtain the MSOES of the designed
filters normalized with the power spectrum of the input
signals. Figures 3, 4, 5 and 6 show the un-normalized
MSOES of the ROM-based filters designed by the algo-
rithm [ and 2 and the conventional filter. Table 1 shows
the normalized peaks of MSOES of the filters, which
are defined in Eq.(20). From this table, the normal-
ized MSOES of the conventional filter at DC are small
but nonzero. In such cases, the un-normalized MSOES
at DC defined in Eq.(17) become very large, when the
size of input image signals is larger. The ROM-based fil-
ters generate no error at DC, but the conventional filter
generates very large un-normalized MSOES at DC. Re-
sponses designed by the algorithm 1 have similar error
responses. Then the MSOES of the ROM-based filter

o
&
[

°
2

°
2

o
g
15

Probability density function
Py
o

o

n . L L
0.2 04 06 08
Input level

o

(a) PDFI.

0.5

(c) Algorithm 2.

(d) Conventional.

Fig. 3 MSOES of designed filters — PDFI.

IEICE TRANS. FUNDAMENTALS, VOL. E80-A, NO. 8 AUGUST 1997

designed by the algorithm 1 are not so much dependent
on the probability density functions of input signals.
Error responses designed by the algorithm 2 are smaller
but not similar to one another. So the MSOES of the
ROM-based filter designed by the algorithm 2 and the
conventional filter are strongly dependent on the prob-
ability density functions of input signals and compara-
tively large.

Next we compare practical output images of the
ROM-based and the conventional filters and confirm
the effectiveness of the ROM-based filters. The stan-

Table 1  Peak value of MSOES [dB].
(a) PDF1.

[ | Algorithm 1 | Algorithm 2 | Conventional |
wF0 -12.9 —11.8 - —8.0
w=0 —0 —00 —-32.7

(b) PDF 2.

I [[ Algorithm I | Algorithm 2 [ Conventional |
w :i: 0 —7.10 —3.81 —4.90
w=0 —00 —00 —-31.4

(c) PDF 3.

| [ Algorithm 1 | Algorithm 2 | Conventional |
w :*: 0 —9.38 -7.21 —0.46
w= —0o0 —00 —27.8

(d) PDF 4.

| [[ Algorithm | | Algorithm 2 | Conventional |
wE0 —7.62 78 —4.97
w = —00 —00 —15.13

2
008 0.33_%5
= 0
'%0404' -23
i -25
.50,03'
g [dBT?’
.’:‘0.02' -29
%0.0|- o
a
00 0‘,2 04 DTB OTB ;
Input level
0.5
(a) PDF2.

(¢) Algorithm 2.

(d) Conventional.

Fig. 4 MSOES of designed filters — PDF2.
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Probability density function
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04 06 08
Input level

°
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o

(a) PDF3.

0.5

(c) Algorithm 2. (d) Conventional.

Fig. 5 MSOES of designed filters — PDF3.

(b) Ideal output image.

oosr Fig. 7 Input and ideal output images.

}=4

13

dard image Lenna is quantized to 6 bits. The quantized
image is filtered by using the ROM-based, the conven-
tional and the ideal filters. Figures 7 (a) and (b) show
the input and the ideal output images, respectively. The
ideal output images are created by using the ideal fil-
ter. Figures 8(a), (b) and (c) show the output images
of the ROM-based filters designed by the algorithm 1
and 2 and the conventional filter, respectively. The bi-
nary arithmetic is carried out in the ROM-based and the
conventional filters, but the real arithmetic in the ideal
filter. In Fig.8, the output image of the conventional
filter has false contours, but they are not observed in
the images by the ROM-based filters. It can be seen
that the output image of the ROM-based filter designed
by the algorithm 2 has larger error spectrum in high
frequencies. The output images of the conventional fil-
ters have very large errors at low frequencies. Since the
ROM-based filters designed by the algorithm 2 do not

0.5 ' . generate any errors at DC, those filters are more effective
(c) Algorithm 2. (d) Conventional. than the conventional filters. The algorithm 2, however,
does not minimizes the output error spectrum in other
frequencies. The algorithm 1 minimizes the output error

Probability density function
S

) L \
0 02 04 06 08
Input level

(a) PDF4.

Fig. 6 MSOES of designed filters — PDF4.
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(a) Algorithm 1, PSNR=26.0[dB].

(b) Algorithm 2, PSNR =22.1 [dB].

(c) Conventional, PSNR=15.2[dB].

Fig. 8 Output images obtained by ROM-based and conven-
tional filters.

spectrum in whole frequency range under the condition
of no error at DC. Accordingly, the output images of
the ROM-based filters designed by the algorithm | have
far smaller errors in whole frequency range than those
designed by the algorithm 2.
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Table 2  Peak value of MSOES [dB].

Type |
Conventional | Algorithm 1
I—6 | w¥F0 —8.0 —12.9
w=20 —32.7 —00
=8 w*0 —-20.7 —22.0
w=0 —55.4 —00
Type 11
Conventional | Algorithm 1
=6 Lw*0 —1.58 —12.1
w=20 -36.3 —00
-5 Lw$0 —17.7 —21.6
w=20 —54.2 —00
Table 3  Peak value of MOES[dB].
Type |
Conventional | Algorithm |
=6 —8.52 —13.0
=8 —21.3 —22.2
Type 11
Conventional [ Algorithm |
l=6 —7.18 —12.6
=8 —19.2 —22.2

5.3 Comparisons in All the Given Specifications

In the above section, it has been shown that the algo-
rithm 1 is more efficient than the algorithm 2. So in
this section, filters are designed by using the algorithm
| and the conventional method to meet the specifica-
tions Type I, 11 and wordlength 6, 8 and then com-
pared. Tables 2 and 3 show the normalized MSOES
and the normalized MOES of the designed filters, re-
spectively. From these Tables, the normalized MSOES
at DC of the conventional filters are small but nonzero.
Then the un-normalized MSOES at DC become very
large with the growth of the size of input image sig-
nals. The normalized MSOES of the ROM-based filters
designed by using the algorithm 1 are strictly zero at
DC. In this case, the un-normalized MSOES at DC are
independent of the size of input image signals and are
strictly zero. In other frequencies, the ROM-based filters
designed by using the algorithm 1 have far smaller un-
normalized MSOES than the conventional filters. Next
many standard images shown in Table 4 are quantized
to 6 and 8 bits and then filtered by using the designed fil-
ters. Table 4 shows peak values of output errors shown
in Eq.(14) and PSNR. From Table 4, the ROM-based
filters designed by using the algorithm 1 generate far
smaller errors than the conventional filters. When the
wordlength is short, the ROM-based filters are more es-
pecially effective compared to the conventional filters.

5.4 Comparison of Hardware Size
In this section, the hardware size of the ROM-based

filters and the conventional filters are compared. The
ROM-based filters have a ROM which has an input and
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Table 4 Peaks of output error spectra.

(a) Lenna.
Type | Type 11
Conventional | Algorithm 1 Conventional | Algorithm |
g
w0 9.88 x 109 1.67 x 10™2 1.31 x 102 4.10 x 10~2
=6 w=20 7.65 x 10! 0.0 1.29 x 102 0.0
PSNR[dB] 15.2 26.0 5.33 24.5
w0 2.24 x 107! | 2.38 x 1073 9.40 x 1071 | 2.69 x 1073
=38 w=0 2.94 x 1071 0.0 6.22 x 10~2 0.0
PSNR[dB] 30.5 33.0 25.5 32.1
(b) Swiss Mountain.
Type | Type 11
Conventional | Algorithm | || Conventional | Algorithm 1|
g g
wF0 1.74 x 10° 2.21 x 10~2 2.75 x 10! 4.23 x 10~2
=6 w=10 6.18 x 10! 0.0 2.63 x 100 0.0
PSNR[dB] 17.5 22.9 8.53 21.5
w0 4.10 x 1072 | 3.31 x 1073 2.64 x 107! | 5.42x1073
=8 w=20 1.09 x 10° 0.0 6.06 x 100 0.0
PSNR[dB] 30.6 30.7 27.4 30.3
(c) Girl.
Type 1 Type Il
Conventional | Algorithm | || Conventional | Algorithm |
w0 1.45 x 10° 1.31 x 10~ 2 1.46 x 10! 4.33 x 10~2
=686 w=0 9.33 x 107 0.0 1.54 x 10° 0.0
PSNR[dB] 14.2 21.1 3.97 19.6
w0 248 x 1072 | 1.96x 1073 || 3.91x10-1 | 2.29 x 1073
=8 w=0 5.63 x 107 0.0 1.22 x 1071 0.0
PSNR[dB] 27.2 28.6 23.1 27.3
(d) Lady.
Type | Type 11
Conventional | Algorithm 1 || Conventional | Algorithm I
g
wF0 3.53 x 10° 1.42 x 1072 3.17 x 10! 2.43 x 1072
=6 w=0 1.49 x 107 0.0 5.75 x 10% 0.0
PSNR[dB] 16.8 26.2 6.65 24.3
wF0 1.29 x 107! 3.54 x 10~3 8.42 x 1072 1.89 x 103
=8 w=20 1.99 x 10~ 1 0.0 1.71 x 107 0.0
PSNR[dB] 32.3 33.2 28.1 32.2
(e) Moon.
Type 1 Type 11
Conventional | Algorithm | || Conventional | Algorithm |
wF0 1.61 x 10° 8.97 x 10~3 3.68 x 10! 2.97 x 10~2
=6 w=0 1.49 x 10T 0.0 3.74 x 10° 0.0
PSNR[dB] 15.4 26.1 5.11 24.6
w0 491 %1072 | 469x 1073 || 297x 10" | 1.55 x 1073
=8 w=20 5.24 x 1072 0.0 2.40 x 107 0.0
PSNR[dB] 30.2 33.5 25.6 32.3
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several outputs, adders and delays as shown in Fig.2.
We assume that the ROM is realized as a mask-ROM.
A ROM structure, which is shown in[8], is exempli-
fied in Fig.9 for a case of a wordlength 4. As shown
in Fig.9, a decoder of a ROM is realized as a matrix
of circuit elements called the AND plane. This AND
plane decodes inputs of a ROM-based filter so that cor-
responding data words may be selected. The output of
the AND plane leaves at right angles to its input and
run horizontally through other matrices called the OR
planes. The outputs of the OR planes are the outputs
of the ROM shown in Fig. 2.

In the implementations of the conventional filters,
filter coefficients are represented as canonic signed digit
(CSD)[2],[7]). Then multipliers are implemented by us-

ing adders and subtractors[9]. The conventional filters
have the roundoff operations where 2! — 1 bit products
are rounded off to ! bit numbers. To carry out such
roundoff operations, only the [ + 1 bits of outputs of
multipliers are needed. Since the unnecessary [ — 2 bits
may not be computed, the hardware size of multipliers
in the conventional filters can be reduced. Then the
conventional filters have logic circuits to round off only
I + 1 bit numbers.

The ROM-based filters have the same number of
delays used in the conventional filters. Accordingly, we
compare the number of transistors used in the ROM,
adders, subtractors and the roundoff circuits. To es-
timate the number of transistors used in those circuit
blocks, we assume that a full adder, a half adder and the
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(a) A full adder. (b) A half adder.

Fig. 10  Adder structures.
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Fig. 11  Transistor diagrams of gates.

ROM are realized as CMOS circuits shown in Figs.9,
10 and 11. The roundoff operation is performed with
an LSB full adder by feeding a carry input.

Table 5 shows the number of transistors used in the
conventional and the ROM-based filters which are de-

A ROM structure.

Table 5 Number of transistors used in designed filters.

Type 1
Conventional | ROM-based
6 17946 10215
=38 30708 32818
Type 11
Conventional | ROM-based
l=6 15120 15290
1=8 31914 30823

signed by using the algorithm 1. In Table 5, there is
a case that the ROM-based filters can be implemented
by using 60% of transistors used in the conventional fil-
ter. In general when the wordlength is short, the ROM-
based filters have the effectiveness. In other cases, the
numbers of transistors used in the ROM-based filters
are larger than those of the conventional filters, but
the differences between those numbers of both filters
are less than 10%. The ROM-base filters having long
wordlength could not efficiently be implemented.

6. Conclusion

This paper has presented a method to analyze and min-
imize output errors of 2-D FIR digital filters with finite
precision internal signals. Such filters generate nonlin-
ear output errors. In the proposed method, responses
corresponding to input impulses of all possible levels
have been considered so that the output errors have
been accurately analyzed. The responses correspond-
ing to all input impulses are optimized to minimize the
analyzed output errors. We have proposed ROM-base
filters where the optimized responses are stored. The
output signals are generated by superposing the impulse
responses corresponding to the input impulses. In many
design examples, we have confirmed the superiority of
the proposed filters to the conventional filters, where
the roundoff operations are carried out. To estimate
the hardware size of the designed filters, the numbers
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of transistors used in the ROM-based and the conven-
tional filters are compared. We have found that there is
a case that the ROM-based filters can be implemented
by using 60% of those used in the conventional filter
in many design examples. In other cases, the numbers
of transistors used in the ROM-based filters have been
larger than those of the conventional filters, but the dif-
ferences between those numbers of both filters have been
less than 10% of those numbers.

Error spectrum shaping techniques [ 10],[11] can be
applied to the ROM-based filters. Then the output er-
rors could be reduced.
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Appendix A: The Mean Power Spectral Density
Function of OSESs

In this section, the OSES R(z(n),wq) is called v(n),
briefly. The stochastic OSESs R(z(n),w,) are station-
arily independent process and have the probability den-
sity function ¢(R(z;,we)) ¢ = 0,...,L — 1. By using
Eqgs. (15) and (16), the mean and the variance of OSESs
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can be obtained as
L—1

E[p(n)] = Y R(zi,wa)p(z:) (A1)
=0

and
L-1
Vp(n)] = Y R*(xi,wa)p(z:) — E*[v(n)]. (A-2)
i=0

Now we define another sequence ¥(n) satisfying

A

9(n) = v(n) — Efv(n))]. (A-3)
Then #(n) also satisfies
E[o(n)] =0, (A-4)

E[6*(n)] = E[v*(n)] - E*[v(n)] = V[v(n)] (A-5)
and
E[#(n)do(n —m)] =0 (A-6)

where m £ 0. Now let E[S(e’“)] be the mean power
spectral density function of v(n) and E[S(e?“)| be that
of ©(n), respectively. By using (A-6), E[S(e/*)] is ob-
tained as

E[S(e™)] = E[o*(n)]. (A7)

By using §(n), E[S(e?)] can be written as

§ e—jnTw

ned

+2E[v(n)] S Elo(n)] 3 cosin — m|Tw.

ned meP (A 8)

E*[u(n)] :

EIS(e™)]) = EIS(™)]+ =y~

By substituting Egs. (A- 4), (A-5) and (A-7), Eq.(A-8)
can be rewritten as

2
E*[v(n)]

BIS(e)) =V [o(m))+ 530

§ e—jnTw

ned

(A-9)

Appendix B: The Maximum Spectrum at a
Frequency of OSESs

In this section, we call the OSESs R(z(n),wq) as v(n),
briefly. The limit value of the maximum shown in
Eq.(23) is obtained hereafter. By using additional
variable o, the complex maximization problem can be
rewritten as follows.

N;1—1Na2—1

|3 Y dmer
max —_—
v(n)EY,, N1N2

n1=0 TL2=0
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N1i-1Nz—1 e j(nTwa"'a)
= max Re E E
w(M)eV ,, N1N2
Ogog2m n1=0 ny=0
(A-10)
Ni—1Nz-1
— ‘v v(n)cos(nfw, +a)
= max E .
u(n)e‘llwa N1N2
Ogarg2m n1=0 ny=0
(A-11)

In the case of w, = 0, Eq. (A- 10) can easily be obtained

by assigning v(n) := max{|Rmin(wWa)l, | Rmaz(wa)l}-

So let w, + o hereafter. Consider the following as-
signment of v(n).

| Rmaz(wa) cos(nTwg+a) 20

v(n) = {Rmm(wa) cos(nfwg+a) <0 ° (A-12)

Then Eq.(A-11) is maximum for an arbitrary a and
thus has only one variable «. By using Egs. (A- 11) and
(A- 12), Eq. (23) can be written as

S(wa) = Rais(wa) lim max fy; nywq (@)
+ Riid(wa) Jim max gy, naw, (@),
o (A-13)
where
—1Nz—

leNzwa Oé)

and

N;—1N2-1 )

Z Z cosn wa+a'

n1_0 TL2—0

N, Nawg (& (A-15)

Then gy, Nyw, (@) defined in Eq. (A- 15) uniformly con-
verges to

Jim gn, Nawg (@) = 0. (A-16)

— o0

From Eq.(A-16), the second term in Eq.(A-13) be-
comes

lim max gn, Nyw, (@)

Ni,Ng
=max lm gy, Nyw, (@) (A-17)

By substituting Eq. (A- 18) into Eq. (A- 13), Eq. (23) can
be written as

S(we) = Rgis(wa)w(we) (A-19)
where
w(wg) = Nhn}\} max FN Nawg (). (A-20)

— oo
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