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PAPER Special Section on Digital Signal Processing

Stable Single-Bit Noise-Shaping Quantizer Based on Σ∆

Modulation and Successive Data Coding into

Pre-Optimized Binary Vectors

Mitsuhiko YAGYU†a) and Akinori NISHIHARA††, Regular Members

SUMMARY This paper presents data coding techniques for
a stable single-bit noise-shaping quantizer, which has a cascade
structure of a multi-bit Σ∆ modulator and a binary interpolator.
The binary interpolator chooses a pre-optimized binary vector for
each input sample and successively generates the chosen binary
vector as an output bit stream. The binary vectors can have dif-
ferent lengths. The paper also proposes two methods to evaluate
and bound output errors of a binary interpolator. A multi-bit
Σ∆ modulator is designed to cause no overload for all possible
input signals whose amplitudes are bounded to a specified level,
and thus the Σ∆ modulator rigorously guarantees the stability
condition. In design examples, we have evaluated Signal-to-Noise
and Distortion Ratios (SNDRs) and noise spectra and then con-
firmed that our stable quantizers can sharply shape output noise
spectra.
key words: stability, single-bit quantizer, noise-shaping, Σ∆
modulator, data coding

1. Introduction

For oversampling A-D and D-A conversions that utilize
noise-shaping techniques, a high-order Σ∆ modulator
can be used to shape quantization noise spectra and
can significantly reduce the in-band noise power even
with a moderate oversampling ratio [1]. Specifically, a
D-A converter (DAC) with a single-bit Σ∆ modulator
can perform perfect linearity, but high-order single-bit
modulators often suffer from the problem of instability.
By employing a multi-bit Σ∆ modulator, the problem
of instability may be alleviated. In this case, since lin-
earity of a multi-bit DAC is sensitive to analog com-
ponent mismatches, the mismatch shaping dynamic el-
ement matching (DEM) technique (e.g. [2], [3]), which
can compensate the effect of the mismatches, is often
applied to the multi-bit Σ∆ modulator. The multi-bit
Σ∆ modulation together with the mismatch shaping
DEM technique would reduce the quantization noise
and an error due to the analog component mismatches
in a band of interest at a moderate oversampling ratio.
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Another approach is to use a single-bit DAC with a
stabilized single-bit digital quantizer which performs a
sharp noise-shaping. The technique to employ a multi-
bit Σ∆ modulator with the mismatch shaping DEM
would reduce the in-band error due to the mismatches,
but anyway it cannot perfectly compensate the error,
and the compensation depends on statistics of magni-
tudes of the mismatches. On the other side, a single-bit
DAC with a single-bit digital quantizer still has an ad-
vantage that matching the amplitudes of quantization
levels is not an issue, and a single-bit DAC can inher-
ently perform perfect linearity. However, the serious
problem to stabilize high-order single-bit Σ∆ modula-
tors and bound their output errors has not completely
been solved. Although many criteria and concepts of
stability conditions have been proposed (e.g. [4], [5]),
the problem how to guarantee the stability has still
been open from theoretical point of view. In other
words, with a stable single-bit quantizer, we could per-
fectly fix the issue due to the analog component mis-
match by employing a single-bit DAC, although single-
bit high-order noise-shaping quantizers with rigorous
stability have not been proposed.

In this paper, we propose stable single-bit digital
quantizers which have a cascade structure of a multi-
bit Σ∆ modulator and a binary interpolator as shown
in Fig. 1. In order to guarantee rigorous stability of
the multi-bit Σ∆ modulator from theoretical point of
view, we introduce the no-overload condition [1], [5],
in which l1 norm of coefficients of the noise transfer
function 1 − Hfb(z) is limited to a certain level, and
then the coefficients are optimized to minimize the in-
band noise. Under the no-overload condition, any over-
load cannot occur at the roundoff operator so that the
roundoff error is strictly bounded for an arbitrary in-

Fig. 1 A block diagram of the proposed digital quantizer. The
quantizer has a cascade structure of a multi-bit Σ∆ modulator
and binary interpolator.



1782
IEICE TRANS. FUNDAMENTALS, VOL.E85–A, NO.8 AUGUST 2002

put signal whose maximum amplitude is bounded to a
specified level. This no-overload condition is a sufficient
condition for the stability and may be conservative, but
we can analytically see that it rigorously guarantees the
stability. The stable multi-bit Σ∆ modulator coarsely
quantizes its input signal to a train of a sample hav-
ing several bits. The output of the stable multi-bit
Σ∆ modulator is then up-sampled by a factor T , and
the coarsely quantized sequence is interpolated by a bi-
nary interpolator. The binary interpolator maps each
input sample into a corresponding binary vector that
is pre-optimized to have minimum in-band error, and
then the binary interpolator generates a sequence of bi-
nary vectors as a bit stream to be D-A converted by a
single-bit DAC. Such a binary interpolator is a nonlin-
ear system, and thus its output error, namely, its quan-
tization noise spectrum cannot explicitly be expressed
as an error of a linear time-invariant system. So we
propose two methods to analyze its maximum output
error spectrum (MOES) and mean squared output er-
ror spectrum (MSOES) for all possible input signals.
In design examples, we first design a binary interpola-
tor and analyze its output errors by using the above
methods. Then it is confirmed that actual output er-
rors can be tightly upper-bounded by using the meth-
ods. We design and optimize a stable single-bit digital
quantizer and then demonstrate the effectiveness of its
performance.

2. Binary Interpolator

2.1 Principle of Interpolation Algorithm

Figure 2 depicts a relation between an input and output
signal of a binary interpolator for T = 6 as an example.
The binary interpolator chooses a proper binary vec-
tor corresponding to each input sample x(n) and then
generates a sequence of the chosen binary vectors as
an output binary bit stream of the binary interpola-
tor. The binary vectors can have different lengths. As

Fig. 2 An example of a relation between input and output
signals of a binary interpolator with T = 6.

shown in the figure, suppose that the two input sam-
ples x(n) and x(n+2) have an equal value, but a vector
corresponding to x(n) must have a delay of −4, and the
delay of a vector chosen for x(n+2) must be −3 in this
example. Thus a binary vector needs to be chosen by
taking account of not only the value of each input sam-
ple but also the delay that is successively calculated for
each input sample. Note that the binary interpolator
shown in Fig. 2 is assumed to be non-causal for conve-
nience. To implement the binary interpolator, a system
delay is introduced so as to cancel the largest negative
delay for all possible binary vectors so that the binary
interpolator can be causal.

2.2 Output Error of Binary Interpolators

Let a binary vector chosen for x(n) be v[n,m], where
m is the time index for signals up-sampled by T and
also is a pointer to each element of the vector. Here we
consider that the binary interpolator has a system delay
of zero for convenience and, namely, it is implemented
as a delay-free system. Then assume that the vector
v[n,m] having a length of lv(n) has a negative delay of
−τ (n) as shown in Fig. 2. Then we define v[n,m] as a
binary vector;

v[n,m]=
{
±0.5, −τ (n) ≤ m < lv(n)− τ (n),
0.0, otherwise . (1)

An output binary signal y(n′) shown in Fig. 1 is a train
of binary vectors v[n, n′−nT ] for −∞ < n < ∞, which
is chosen at time nT , and thus written as

y(n′) =
∞∑

n=−∞
v[n, n′ − nT ]. (2)

Then its Fourier transform is written as

Y (ejω) =
∞∑

n=−∞
V [n, ejω]e−jnTω, (3)

where V [n, ejω] is the Fourier transform of the binary
vector chosen at time nT . Also e−jnTω in Eq. (3) can
be regarded as the time-shift operator in the Fourier
transform for the binary vector chosen at time nT . Here
let a specified band of interest be |ω| ≤ ωD < π/T .
We assume that an ideal output signal of the binary
interpolator should be identical to the input signal x(n)
in the band of interest, because the binary interpolator
has been assumed to be a delay-free system. Hence the
ideal output signal can be defined as

D(ω)
∞∑

n=−∞
x(n)e−jnTω, (4)

where

D(ω)=
{

1, |ω| ≤ ωD,
0, ωD < |ω| < π

. (5)
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In this paper, the output error Ro(ejω) of the binary in-
terpolator is defined as the difference between the out-
put bit stream and ideal output signal, and by using
Eqs. (3) and (4) it can be written as

Ro(ejω) =
∞∑

n=−∞

{
V [n, ejω]− x(n)D(ω)

}
e−jnTω (6)

=
∞∑

n=−∞
R[n, ejω]e−jnTω, (7)

where R[n, ejω] is a function of ω and then can be re-
garded as the error response of the binary vector chosen
at time nT in the frequency domain. From Eq. (7), if
ω is fixed at a frequency ωa, we find that the output
error Ro(ejωa) at the frequency ωa can be written as
the Fourier transform of a time sequence of complex
numbers R[n, ejωa ] for n = · · ·, −1, 0, 1, · · ·. We re-
fer to this time sequence as Output Error Estimation
Sequence (OEES) at the frequency ωa [6].

The operation of a binary interpolator can be
described by using a state transition diagram. Fig-
ure 3 shows a simple example of such state transi-
tion. We assume that an input sample to the bi-
nary interpolator can take seven kinds of values; 0,
±1, ±2 and ±3 in this example. In Fig. 3(a), each
state transition is conditioned by an indication such
as {(q1, q2, q3), (q4, q5), lv, τ}. Suppose a state transi-
tion from state S at time nT to S′ at time (n+ 1)T is
conditioned by that indication. The indication means
that, if x(n) = q1, q2 or q3 and x(n + 1) = q4 or q5,
the binary interpolator chooses the binary vector which
is pre-optimized for the two amplitudes of x(n) and
x(n+ 1) and has a length of lv and a negative delay of
−τ . Next the binary interpolator generates the chosen
vector as an output vector at time nT , and then the
state of the binary interpolator changes to S′ at time
(n+ 1)T .

For a negative value of an input sample x(n),
the binary interpolator first chooses the binary vector
v(n,m) for |x(n)| and |x(n+ 1)|, which has the proper
lv and −τ , and generates a vector −v(n,m). If “no
output” is indicated, the binary interpolator generates
no output. The asterisk “∗” stands for “don’t care.”
We need to pre-determine the length lv and negative
delay −τ such that the output signal is a sequence of
only the two values ±0.5 even with any state transi-
tion. Figure 3(b) shows the trellis diagram which is
equivalent to the state transition diagram. Successive
state transitions caused by any input signals can be
interpreted by Fig. 3(b).

Here we present a method to analyze output errors
of a binary interpolator. The method is based on [6].
Let the number of samples and quantization levels of
x(n) be P and ±qi, for i = 1, · · · , L, respectively. Here
we consider a set of all possible input signals with P
and qi in order to evaluate output errors at an arbitrary

(a) A state transition diagram defined using only delay of
each vector to be generated.

(b) The trellis diagram derived from combinations of an
input amplitude and the delay of each vector to be
generated.

Fig. 3 A simple example of state transition of a binary
interpolator with four states and a system delay τ of 3.

frequency ωa and then define Ψ(P,L) as it. Then with
all possible signals of Ψ(P,L), we define the maximum
output error at the frequency ωa as

Rworst(ωa, P ) =
1
P

max
x(n)

∈Ψ(P,L)

∣∣∣∣∣
P−1∑
n=0

R[n, ejωa ]e−jnωa

∣∣∣∣∣ . (8)

Equation (8) can be upper-bounded as

Rworst(ωa, P ) ≤ 1
P

max
x(n)

∈Ψ(P,L)

P−1∑
n=0

∣∣R[n, ejωa ]
∣∣ . (9)

The upper bound (9) is calculated as the sum of error
amplitudes, which are evaluated at the frequency ωa,
of binary vectors chosen for input samples. We now
consider an algorithm to efficiently calculate the up-
per bound (9). An arbitrary input signal of Ψ(P,L) is
associated with a unique sequence of states as shown
in Fig. 3(b). However generally a sequence of states
defined by the trellis diagram can be associated with
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several input signals, because a branch of the trellis di-
agram can indicate a state transition which is caused
by several different input values. For example, the state
transition from state (S, q) = (1, 1) at time n to state
(0, 2) at time n + 1 occurs, if the input sample has a
value of ±2 at time n + 1. In such a case, errors of
the two binary vectors are compared at frequency ωa,
and larger error value is referred to as the cost of the
branch. In the same way, we can determine a cost of
each branch. Then by using the Viterbi algorithm [7],
we can find a path which has maximum sum of costs,
and the maximum sum divided by P corresponds to the
upper bound. The trellis diagram has a periodic and
regular structure. Evaluating only certain short length
of the trellis diagram by the Viterbi algorithm, some-
times we can efficiently calculate the upper bound for
the case of large P .

Next we assume that input signals are statistically
defined to be a strictly white process with a probability
density function given as

L∑
i=1

{p(qi)δ(x− qi) + p(−qi)δ(x+ qi)} , (10)

where p(qi) is the probability that the input signal x(n)
takes the value of qi. Then R[n, ejωa ], where the fre-
quency ωa is fixed, is a time sequence of complex num-
bers for n = 0, · · ·, P −1 and then becomes a statistical
process. We define the mean squared output error at
ωa as

Rmse(ωa, P ) = E


 1
P

∣∣∣∣∣
P−1∑
n=0

R[n, ejωa ]e−jnωa

∣∣∣∣∣
2

 . (11)

For example, in Fig. 3(b) note that if the input signal
with large P is strictly stationary, the probability that
state (S, q) is changed into (0, 2) at time n can be writ-
ten as

{p(2) + p(−2)}Pr {(S, q) = (0, 0), (0, 1), (1, 1),
(2, 0), (2, 1), or (3, 0) at time n− 1.} . (12)

In the same way, the probability that state is changed
into an arbitrary state at time n can be written with
the probability density function of the input signal and
trellis structure. Also a state transition between two
arbitrary states can be described by using a state tran-
sition matrix Π [8]. Then the joint probability density
of the statistical sequence R[n, ejωa ], where n is the
time index of this process, can be easily calculated so
that the average auto-correlation function of R[n, ejωa ]
can be obtained. Then its Fourier transform at ωa gives
Rmse(ωa).

2.3 Minimization of Output Error at Specified Fre-
quency Band

From Eq. (9), we see that the maximum output error

at a frequency ωa for all possible input signals can be
upper-bounded by using the error value of the com-
plex function V [n, ejω], which is Fourier transform of
the chosen binary vector, at the frequency ωa. Then
the error value is defined as the difference between the
two complex numbers V [n, ejωa ] and x(n)D(ω) from
Eq. (6). This implies that if the Fourier transforms of all
possible chosen binary vectors have no error at a spec-
ified frequency, the output signal of the binary inter-
polator also has no error at the frequency for arbitrary
input signal. Equation (9) also means that the peak
output error at the frequency ωa in the worst case can
be reduced by minimizing the error value of V [n, ejωa ].
In this paper, we optimize the binary vectors to be cho-
sen for each input sample and then minimize the peak
error of those vectors in a band of interest.

2.4 Optimization of Binary Vectors

Remember that a binary vector to be optimized has
been assumed to have a length lv and a negative delay
of −τ . We rewrite a binary vector for an input ampli-
tude of qi as vi(m) and its Fourier transform as Vi(ejω),
respectively. In this paper, Vi(ejω) is optimized to have
no error at DC and a maximally flat response. Vi(ejω)
is written as

Vi(ejω) =
lv−τ−1∑
m=−τ

vi(m) cosmω

− j

lv−τ−1∑
m=−τ

vi(m) sinmω. (13)

so that we obtain

dk

dωk
Vi(ejω) =

lv−τ−1∑
m=−τ

mkvi(m) cos (mω + kπ/2)

− j

lv−τ−1∑
m=−τ

mkvi(m) sin (mω+kπ/2) (14)

The Fourier transform of the optimized binary vector
needs to approximate qi, which is the Fourier transform
of the input sample in the band of interest. As discussed
in Sect. 2.3, if each optimized binary vector has no error
at DC, that is, meets

lv−τ−1∑
m=−τ

vi(m) = qi, (15)

then any output signals of the binary interpolator do
not have any errors at DC. From Eq. (14), the condition
that the Fourier transform Vi(ejω) of the binary vector
approximates qi at DC with (K + 1)-th order flatness
is written as

lv−τ−1∑
m=−τ

mkvi(m) = 0 (16)
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for k = 0, · · · ,K. Namely, to reduce the output error
with (K + 1)-th order flatness, a problem to optimize
vi(m) for m = −τ, · · · , lv − τ − 1 can be formulated as

Minimize

∣∣∣∣∣
lv−τ−1∑
m=−τ

mKvi(m)

∣∣∣∣∣

Subject to
lv−τ−1∑
m=−τ

vi(m) = qi,

lv−τ−1∑
m=−τ

mkvi(m) = 0,

and vi(m) = ±0.5

for m = −τ, · · · , lv − τ − 1

and k = 1, · · · ,K − 1.

(17)

In our design algorithm, if the objective function be-
comes zero with the optimum solution, i.e., an optimum
solution performs the perfect (K+1)-th order flatness,
then K is incremented, and new optimization problem
for the incremented K is solved. By this iterative pro-
cedure, we maximize K, namely, improve the flatness.
To find possible state transitions, the above optimiza-
tion problem is solved for τ = 0, 0.5, 1.0, · · ·, lv − 1
and a wide range of lv by exhaustive search. Then we
heuristically find several possible combinations of state
transitions.

3. Multi-Bit Σ∆ Modulators

In Fig. 1, we assume that the roundoff operator rounds
off its input to the nearest integer. Let an impulse
responses of the noise transfer function be hNTF (m),
m = 0, · · · , TNTF − 1, where hNTF (0) is 1 from Fig. 1.
Then the impulse response hfb(m) of Hfb(z) is given
as hfb(0) = 0 and hfb(m) = −hNTF (m) for m =
1, · · · , TNTF − 1. Let a quantization level of the round-
off operator be 0, ±1, ±2, · · ·, ±Q, where Q is a pos-
itive integer, and assume that the roundoff operator
carries out the unbiased roundoff. Then if the ampli-
tude of its input is upper-bounded by Q+0.5, which we
call the no-overload condition in this paper, the round-
off error is upper-bounded by 0.5. Here let the allow-
able maximum amplitude of u(n) be umax. Then if
||hfb(m)||1 × 0.5 + umax, which is the maximum of in-
puts to the roundoff operator, is less than Q+ 0.5 and
all the delay elements of Hfb(z) is initialized to be zero
when started up, the amplitude of any roundoff errors
are strictly upper-bounded by 0.5, and then the multi-
bit Σ∆ modulator is stable [1], [5].

Next, we formulate a problem to optimize an im-
pulse response hNTF (m) as

Minimize

∣∣∣∣∣
TNT F −1∑

m=0

mKhNTF (m)

∣∣∣∣∣

Subject to
TNT F −1∑

m=0

mkhNTF (m) = 0,

hNTF (0) = 1,

TNT F −1∑
m=1

|hNTF (m)| ≤ c,

and k = 0, · · · ,K − 1.

(18)

The first constraint with k = 0 in the optimization
problem (18) guarantees that the optimized noise trans-
fer function becomes zero at DC and has theK-th order
flatness. Moreover if the objective function becomes
zero with an optimum solution, the optimum noise
transfer function performs (K + 1)-th order flatness at
DC. Also the constraint on the l1 norm of hNTF (m)
for m = 1, · · ·, TNTF −1 guarantees the stability of the
Σ∆ modulator. As the constraint on the l1 norm can be
rewritten as a certain number of inequalities, the prob-
lem can be solved by utilizing numerical computation
programs for linear programming problems [9]. With
the growth of TNTF , the number of those inequalities
exponentially increases. So it would be hard to solve
the problem with large TNTF under a limited compu-
tational power. To find an appropriate upper bound c,
which is dealt with as a constant in the problem, we
solve the problem for a wide range of c.

4. Design Example

4.1 Single-State Binary Interpolator

First we have designed a single-state binary interpo-
lator and then analyzed its output errors. The design
specification is; T = 32 and its input quantization levels
of −16, −15, · · ·, 16. The binary interpolator has been
designed as a single-state machine, and all the binary
vectors to be chosen for those quantization levels have
a unique length lv of 32. We have optimized the binary
vectors with a wide range of τ and then determined an
optimal delay of τ = 16. Then using sinusoids having
amplitudes of 16 or 2 with a frequency of π/256 as test
input signals, we have analyzed output bit streams and
quantization noise of their bit streams, and the MOES
of the designed binary interpolator for two input ranges
have been compared with the actual quantization noise
spectra.

Figure 4 illustrates the spectra of the output bit
streams and their quantization noise for the two sinu-
soids together with the MOES of the two input ranges
|x(n)| ≤ 16 and |x(n)| ≤ 2. From Fig. 4, we find that
the MOES are close to the in-band peak error and thus
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(a) −16 ≤ x(n) ≤ 16, output bit stream in entire band. (b) −16 ≤ x(n) ≤ 16, noise in band of interest.

(c) −2 ≤ x(n) ≤ 2, output bit stream in entire band. (d) −2 ≤ x(n) ≤ 2, noise in band of interest.

Fig. 4 The quantized signals and quantization errors of the designed single-state binary
interpolator.

can tightly upper-bound the actual quantization noise
spectra. Also we see that the optimized binary inter-
polator can more accurately quantizes input signals of
smaller amplitude. This is based on the fact that bi-
nary vectors optimized for inputs of small amplitude
perform higher order flatness at DC in the frequency
domain, since generally the error-free condition at DC
for small input does not significantly reduce a set of
possible binary vectors in the optimization to improve
the flatness. In the results shown in Fig. 4, the single-
state binary interpolator suffers from in-band tones es-
pecially with inputs of large amplitude. Input signals
of small amplitude are quantized by choosing binary
vectors with high order flatness at DC so that the in-
band tones are significantly reduced but not perfectly
removed. An in-band tone at a frequency of ωa is de-
rived from a periodicity of the OEES at ωa. Since all
the binary vectors of this binary interpolator have the
unique delay of 16 and length of 32, with a periodicity
of an input signal, such a binary interpolator periodi-
cally chooses binary vectors. Then the periodic choice
of the binary vectors causes a strong periodicity of the
OEES so that an in-band tone grows. A method for

alleviating severe in-band tones is to successively gen-
erates a sequence of binary vectors which have many
kinds of delay. Also in this method, the length of the
binary vector is optimized for each input so that we
can further improve the flatness of several binary vec-
tors at DC in the frequency domain. This method will
be demonstrated in the next section.

4.2 Multi-Bit Σ∆ Modulator with Multi-State Binary
Interpolator

In this section, a proposed digital quantizer as shown
in Fig. 1 is demonstrated. We heuristically have de-
termined the parameters of the multi-bit Σ∆ mod-
ulator; umax = 1, c = 5 and quantization lev-
els {0,±1,±2,±3} and then have optimized hfb(m).
The result is; hfb(m) = 2.091667, −1.5875, 0.085714,
0.666667, −0.4125 and 0.155952 for m = 1, 3, 6, 7,
11, 13, respectively, and zero for the others. The noise
transfer function with these coefficients performs the
5-th order noise shaping. Next a 6-state binary inter-
polator has been designed with T = 8. We have found
a good combination of state transitions, which is de-
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Fig. 5 The determined combination of state transitions. “next
state” indicates the state of the binary interpolator at next time
step.

Fig. 6 Noise and distortion spectrum of the designed 3-bit Σ∆
modulator and 6-state binary interpolator with a sinusoid of an
amplitude of 1.0 and a frequency π/256. The depicted spectrum
is normalized so that the peak spectrum of the sinusoid can be
−6.02 [dB].

picted in Fig. 5. When started up, the binary interpo-
lator is initialized to State 1. Figure 6 illustrates the
noise and distortion spectrum of an input sinusoid with
the FFT of 218 points. We find that the overall noise
spectrum in the band of interest is shaped with two dif-
ferent slopes. The noise spectrum in the sharper slope

region decreases by about 100 dB/decade, which should
be shaped by the 5-th order Σ∆ modulator. Next we
measured and estimated the probability density func-
tion (pdf) of the output of the designed Σ∆ modula-
tor for the sinusoid. Then assuming that the output
is white with the estimated pdf, we theoretically esti-
mated the normalized

√
Rmse(ω) as the output noise

spectrum of only the binary interpolator for the si-
nusoid. From Fig. 6, we see that the noise spectrum
shaped by the binary interpolator is close to the theo-
retical estimate. Signal-to-Noise and Distortion Ratios
(SNDRs) for three sinusoids which have an amplitude
of 1 and different frequencies π/133, π/265 and π/530
have been evaluated. First, for the three sinusoids hav-
ing three frequencies π/133, π/265 and π/530, three
bands of interest have been specified as |ω| < π/128,
|ω| < π/256 and |ω| < π/512, respectively. Then an
SNDR in each band of interest has been calculated with
sharp cut-off filters in the time domain. The results
have been obtained as 73.2 dB in |ω| < π/128, 101.7 dB
in |ω| < π/256 and 120.0 dB in |ω| < π/512. We have
confirmed that the designed quantizer can achieve such
high SNDRs even with the rigorous stability. Also we
find that the designed 6-state binary interpolator does
not generate severe in-band tones. This is derived from
a fact that the 6-state binary interpolator generates bi-
nary vectors having five kinds of delay. Such a set of
binary vectors having many kinds of delay corrupts a
periodicity of the OEES at ωa, which may be caused
by a periodicity of an input signal to the binary inter-
polator. Of course by introducing many kinds of delay
and length of the binary vectors, the binary vectors can
also have higher order flatness at DC in the frequency
domain. With these two reasons, we see that in-band
tones of the 6-state binary interpolator have been sig-
nificantly reduced.

5. Conclusions

In this paper, a data coding technique is first proposed,
and a stable noise-shaping quantizer, which has a cas-
cade structure of a multi-bit Σ∆ modulator and a bi-
nary interpolator, is presented. The binary interpolator
chooses a pre-optimized binary vector for each input
sample and successively generates the chosen binary
vectors as an output bit stream. The pre-optimized bi-
nary vectors can have different lengths. The proposed
binary interpolators are nonlinear recursive systems,
but two methods to evaluate output errors of binary
interpolators have been derived. The first method is
based on the Viterbi algorithm, which enables us to
upper-bound the maximum output error spectrum for
all possible input signals. By using the second method,
the mean squared output error spectrum can be eval-
uated for all possible input signals with an arbitrary
probability density function. Then we have presented
a method to optimize rigorously stable multi-bit Σ∆
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modulators. The optimization problem can be solved
by a linear programming method.

In the design examples, first we have designed a
single-state binary interpolator and analyzed its out-
put error spectrum by the above method. Next we
have designed a single-bit quantizer with a 5-th order
Σ∆ modulator and 6-state binary interpolator. Then
we have evaluated its SNDRs and a spectrum of noise
and distortion. It has been confirmed that the proposed
quantizer can sharply shape output noise spectra and
that in-band tones can be significantly reduced with a
multi-state binary interpolator. If a binary interpola-
tor is implemented with the polyphase structure and a
multiplexer, the clock speed required for the multi-bit
Σ∆ modulator and binary interpolator can be T times
slower than that of the DAC and the multiplexer, which
can save the power consumption. The proposed data
coding technique may be applied to [10], [11]. The pa-
pers [10], [11] have proposed quantizers with a kind of
data coding technique, but they have not dealt with
rigorous stability problem.
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