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PAPER Special Section on Digital Signal Processing

Stability Analysis of 1-Bit Σ∆Modulators by Covering State Vector
Transition with Hyper Cube for Specified Input Peak Amplitudes
and Auto-Correlations

Mitsuhiko YAGYU†, Member and Akinori NISHIHARA††a), Fellow

SUMMARY This paper presents an algorithm to analyze the stability
and detect an upper-bound of every possible overload of a Σ∆ modulator
for a set of input signals that are characterized by specified peak ampli-
tudes and auto-correlations. The approach is to introduce a hyper cube in
which all possible state vectors are recursively mapped into a subset of the
hyper cube itself for the specified inputs and detect such a hyper cube by
iteratively solving linear programming problems. Then the proposed algo-
rithm may not identify every stable Σ∆ modulator but cannot evaluate any
unstable Σ∆ modulator as a stable one. In numerical examples, two 1-bit
Σ∆ modulators are analyzed, and it is revealed that a band-limitation of in-
puts to OSR 256 guarantees the rigorous stability even with an extension
of input range to at least 240% of conventional range.
key words: stability, oversampling Σ∆ modulator, state vector transition,
optimization

1. Introduction

High-order 1-bit sigma-delta (Σ∆) modulators have enabled
us to implement robust high-resolution A-D and D-A con-
verters and have been applied to image signal processing,
communications and sensing systems, etc. In spite of the
widespread deployment of Σ∆modulators [1], most of high-
order 1-bit Σ∆ modulators have been founded on an un-
proven premise, that is their stability. Although many at-
tempts to analyze the stability of Σ∆ modulators have been
made [1], [2]–[7], theoretical understandings of the stability
have been lagging behind due to their complicated nonlinear
behavior. Therefore any methodology to design stable high-
order Σ∆ modulators had never been illuminated, either.

We have started to tackle the above design problem for
rigorously stable high-order Σ∆ modulators [8]–[13]. Re-
cently we successfully designed a high-order stable 1-bit Σ∆
modulator that achieved a signal-to-noise-and-distortion ra-
tio (SNDR) 107.6 [dB] at an oversampling ratio (OSR) 64
[12], [13]. In our design, to ensure the stability of a Σ∆
modulator shown as Fig. 1, the impulse response of the noise
transfer function (NTF) H(z) is constrained so as to have its
l1-norm not exceeding a specified level, and directly opti-
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Fig. 1 1-bit Σ∆ modulator.

mized to minimize the peak of the amplitude response of
the NTF in the frequency domain. Then the quantization er-
ror e(n) has strictly bounded amplitudes so that the stability
is guaranteed for input amplitudes not exceeding a certain
level [1], [2], [12], [13]. This condition is sufficient for the
stability and may be conservative, but, due to its rigorous-
ness and simplicity, it has been handled in the above direct
optimization.

For the above stability, an input signal needs to be lim-
ited only on the peak amplitude and, namely, can be ar-
bitrary within the limitation. However in some applica-
tions such as communications and audio processing etc.,
since input signals to a Σ∆modulator are often band-limited,
the input signals always have specific auto-correlations and
thus cannot actually be arbitrary within the limitation on
their amplitudes in such applications. If such specific auto-
correlations of input signals can relax a tight limitation
on input amplitudes and somewhat extend the permissible
range of input amplitudes even with the stability, then in-
put signals to the Σ∆ modulator can be scaled up within the
permissible wider range in order to improve an SNDR of
output signals and simplify an implementation of following
stages. In this case, some overloads at the quantizer may
occur but would be upper-bounded for a set of input sig-
nals with specified auto-correlations and peak amplitudes in
the extended range. To simulate and analyze the effect of
auto-correlations of narrow-band input signals, constant in-
puts are often used as test inputs in conventional methods,
which do not rigorously guarantee the stability and hence
do not upper-bound every overload, and any methods to rig-
orously analyze the effect have not been proposed. In this
paper, we present a methodology to rigorously analyze the
stability and detect an upper-bound of every possible over-
load with a given NTF for a set of input signals that are
characterized by auto-correlations and peak amplitudes. If a
time-invariant system recursively transforms a set of its all
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Fig. 2 A model of a Σ∆ modulator with correlated inputs for stability analysis. P stands for the OSR.

possible state vectors into a subset of the original set, the
stability of the system can be proved. Our approach is to
detect such a set of state vectors of a given Σ∆ modulator
for a specified input peak amplitude and auto-correlation.
Our method may not identify every stable Σ∆modulator but
cannot evaluate any unstable Σ∆ modulator as a stable one.
Then the upper-bound of every possible overload is rigor-
ous. In numerical examples, allowable correlated large in-
put amplitudes of several Σ∆ modulators are analyzed and
evaluated by our method.

2. Stability Analysis Method

2.1 Stability of 1-Bit Σ∆Modulators

Let us write the Fourier Transforms of x(n), y(n) and e(n) in
Fig. 1 as X(e jω), Y(e jω) and E(e jω), respectively. Then from
Fig. 1, we obtain

Y(e jω) = X(e jω) + H(e jω)E(e jω). (1)

Here, we briefly define a general deterministic stability as
follows; for a given set of input signals and an initial value
of each internal signal, if each internal and output signal of a
Σ∆ modulator can be upper-bounded by a finite number for
all possible input signals of the set, then the Σ∆ modulator
is defined as a stable system for the initial values and the set
of input signals.

Let the impulse response of a T -tap FIR NTF H(z) be
h(n) for n = 0, · · ·, T − 1. From the structure shown in
Fig. 1, the first sample h(0) needs to be 1.0. Then a rigorous
sufficient condition for the stability of a 1-bit Σ∆ modulator
is known [1], [2], [12], [13] and written as

any input peak amplitudes ≤ (3 − ||h||1)∆, (2)

where 2∆ stands for the quantization step size. In addi-
tion, ||h||1 denotes l1-norm of h(n) and is defined as ||h||1 =∑T−1

n=0 |h(n)|. If any input signals meet Eq. (2) and the initial
amplitudes of the delay-elements of H(z)−1 are less than or
equal to ∆, then the Σ∆ modulator is rigorously stable [1],
[2], [12], [13]. In this paper, we present an algorithm to ana-
lyze the stability for given auto-correlations and input peak
amplitudes that exceed Eq. (2).

2.2 Model of Correlated Inputs

Clearly, the above stability condition Eq. (2) does not limit
auto-correlations of the input signals. However, if ev-
ery possible input signal has specifically limited auto-
correlations, then the stability may be guaranteed even for
an extended range of input amplitudes. If this is true, the
input signals can be properly scaled up, which may enable
us to enhance an SNDR of output signals of the Σ∆ modu-
lator and simplify implementation of following stages. First
of all, in this section, we present a model of Σ∆ modulators
with correlated inputs for the stability analysis.

Figure 2 illustrates a Σ∆ modulator with a given low-
pass filter (LPF) for oversampling. In the figure, an input
signal ũ(m) is up-sampled by a factor of P, interpolated by
the LPF and clipped to a range of ±xmax. Then every input
x(n) to a given Σ∆ modulator meets

|x(n)| ≤ xmax. (3)

Let the impulse response of the LPF be hLPF(n) for n =
0, · · · , TLPF − 1 and hLPF(n) = 0 for n < 0 and n ≥ TLPF

for convenience. The output of the LPF can be written as

TLPF−1∑
k=0

hLPF(k)u(n − k), (4)

where u(k) for k = −TLPF + 1, · · ·, −1 are also defined
as an initial state vector of the LPF at time 0 and meet
|u(k)| ≤ umax. Then for a given hLPF(n), the feature of the
interpolated signals can be interpreted by the convolution,
i.e., certain linear equations, but the impulse response of the
LPF is generally very long when the OSR is high. To sim-
plify the analysis in this paper, we consider a simple model
of the auto-correlations and then introduce

|x(n + 1) − x(n)| ≤ δumax, (5)

where umax stands for the maximum amplitude of every pos-
sible signals u(n) and ũ(m). Here, let us define a set of all
possible signals of u(n), which are interpolated by a factor
of P and have a peak amplitude not exceeding umax, as Ψu,
and a set of all possible signals of ũ(m) as Ψũ. Further, if
a bounded discrete time signal f (n) has a maximum ampli-
tude, we shall write it as || f (n)||∞ = max

n
| f (n)|. Then by
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using a given hLPF(n) and umax, δumax can be rewritten as

δumax = max
u(n)∈Ψu

∥∥∥{hLPF(n − 1) − hLPF(n)} ∗ u(n)
∥∥∥∞, (6)

where ∗ denotes the convolution. Since u(n) is up-sampled
by a factor of P, we decompose the differential impulse re-
sponse hLPF(n − 1) − hLPF(n) into P polyphase components
h̃LPF, i(m) = hLPF(Pm + i) for i = 0, · · ·, P − 1 and m = 0,
· · ·, 
TLPF/P�, which stands for the maximum integer not
exceeding TLPF/P. Then Eq. (6) can be rewritten as

δumax = max
0≤i≤P−1

max
ũ(m)∈Ψũ

∥∥∥h̃LPF, i(m) ∗ ũ(m)
∥∥∥∞ . (7)

By introducing new independent variables ui,m under |ui,m| ≤
umax into Eq. (7), δumax can be simply obtained as

δumax = max
0≤i≤P−1

max
ui,m

∣∣∣∣∣∣∣

TLPF/P�∑

m=0

h̃LPF, i(m)ui,m

∣∣∣∣∣∣∣ , (8)

= umax max
0≤i≤P−1


TLPF/P�∑
m=0

∣∣∣h̃LPF, i(m)
∣∣∣ . (9)

For all possible inputs u(n), any x(n) generated by an LPF
and clipping meet Eqs. (3) and (5), but generally an arbitrary
signal x(n) that meets Eqs. (3) and (5) may not be actually
generated with any input ũ(m). In the following, assuming
that all possible x(n) that meet Eqs. (3) and (5) are inputs to
a given Σ∆ modulator for simplicity, we analyze the stabil-
ity. The stability condition with the assumption is no longer
necessary for a given LPF but still makes sense of certain
sufficiency.

2.3 Maximum Amplitude of |e(n)|

To rigorously analyze the stability, we assume all possible
x(n) that meet Eqs. (3) and (5) and define Ψ(umax, xmax, δ) as
a set of those input signals x(n). Then we first propose a
method to obtain exact maximum of |e(N − 1)|, which de-
notes the input to the loop filter H(z) − 1 at an arbitrary
time N − 1 in Fig. 2, for all possible signals x(n) of the set
Ψ(umax, xmax, δ).

Let us write values of delay-elements of the loop-filter
H(z) − 1 at time n as a state vector s(n) whose element is
referred to as si(n) for i = 1, · · ·, T − 1. By this notation, we
can write

si(n) = e(n − i). (10)

Hereafter we express the (T − 1)-dimensional space as
[s1, s2, · · · , sT−1]. For a specified non-negative real number
∆0, assuming all possible initial state vectors s(0) under

|si(0)| ≤ ∆0 (11)

for i = 1, · · ·, T − 1, we can write the maximization problem
as

Maximize |e(N − 1)|
Subject to v(n) = x(n) +

T−1∑
k=1

h(k)e(n − k),

e(n) = ∆ sgn[v(n)] − v(n),

|x(n′ + 1) − x(n′)| ≤ δumax,

|x(n)| ≤ xmax and |e(n′′)| ≤ ∆0,

(12)

where x, v, y and e are variables to be optimized for 0 ≤
n ≤ N − 1, 0 ≤ n′ ≤ N − 2 and −(T − 1) ≤ n′′ ≤ −1.
h(k) for k = 1, · · ·, T − 1 are the impulse response of the
NTF. The above maximization problem is written with the
amplitude function, which can be rearranged into two linear
inequalities [14]. The sgn function is also nonlinear and can
be rewritten as two linear functions:

e(n) =

{
+∆ − v(n), v(n) ≥ 0
−∆ − v(n), v(n) < 0

. (13)

This nonlinearity prohibitively complicates the maximiza-
tion problem for large N. For our approach, we first ex-
plain a way to handle the nonlinear relation between the two
variables e(0) and v(0) for example. If we a priori knew
whether the optimum of v(0) was non-negative or not, the
nonlinear relation between e(0) and v(0) could be rewritten
as one of the two linear equations shown in Eq. (13). We
propose to decompose the feasible range of v(0) into two
ranges v(0) ≥ 0 and v(0) < 0 and obtain the maximum
of |e(N − 1)| for each range of v(0). Comparing the two
maxima from those two ranges of v(0), we can obtain the
global maximum. By extending this, we decompose the fea-
sible range of each variable v(n) for n = 0, · · ·, N − 1 into
non-negative and negative ranges so that 2N−1 linear sub-
problems can be derived from the nonlinear maximization
problem (12). Then we can have the global optimum by
comparing the maxima of all the sub-problems and, as a re-
sult, know an initial state vector and an input signal which
maximize |e(N − 1)|. Each sub-problem is formulated with
fully linear equations and thus can be solved by the simplex
method [14]. However the number of sub-problems to be
derived exponentially increases with the growth of N, which
computationally limits N.

2.4 Algorithm to Detect a Set of State Vectors Covering
Every State Vector Transition

First, the initial state vector s(0) is assumed to be zero. We
introduce a notation Θs(n) as a set of all possible state vec-
tors that can be derived at time n from the initial state vector
and the setΨ(umax, xmax, δ). Note that l∞-norm of every pos-
sible state vector of Θs(n) is upper-bounded for a bounded
n. Then if there exists a set of n0, N′ and an initial state
vector such that Θs(n0 + N′) is a subset of Θs(n0), the Σ∆
modulator is proved to be stable for the initial state vector
and the set Ψ(umax, xmax, δ) due to the time-invariance of the
Σ∆ modulator. In other words, if arbitrary state vector of
Θs(n0) changes back into any one of state vectors of Θs(n0)
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at time n0 + N′, the Σ∆ modulator is stable. Then every
possible state vector at time n > n0 + N′ can be derived be-
tween time n0 and time n0 + N′ with a certain input signal
and the initial state vector. Since there is an upper-bound
of l∞-norms of all possible state vectors derived between
time n0 and time n0 + N′, every possible state vector at time
n > n0+N′ is also upper-bounded by the same upper-bound,
which ensures the stability. By comparing that upper-bound
with the maximum l∞-norm of all possible state vectors at
time n ≤ n0, arbitrary state vector at time n ≥ 0 can also be
upper-bounded.

However, since exact analysis and derivation of Θs(n0)
at arbitrary time n0 > 0 is prohibitively complicated due to
the nonlinearity of the Σ∆modulator, we propose to simplify
Θs(n0) by a set of all possible internal and extremal points
of a (T − 1)-dimensional hyper cube which is formed by
2(T − 1) hyper planes si = ±t for i = 1, · · ·, T − 1 and then
write the set as Θcube(t). In the simplification of Θs(n0), a
cube Θcube(t0) is chosen to satisfy Θcube(t0) ⊇ Θs(n0). Then
t0 needs to be larger than or equal to

l [Θs(n0)] = max
s(n0)∈Θs(n0)

|s(n0)|∞, (14)

which stands for the maximum l∞-norm of all possible state
vectors of Θs(n0). In the simplification, first it is assumed
that every state vector of Θcube(t0) can be derived at time
n0. Then only if every possible state vector of Θcube(t0)
instead of Θs(n0) at time n0 changes back into any one of
state vectors of Θcube(t0) at time n0 + N′, the Σ∆ modula-
tor is stable. In this case, that stable Σ∆ modulator can map
all possible state vectors of Θcube(t0) at time n0 into a sub-
set of Θcube(t0) at time n0 + N′. Figure 3 further explains

Fig. 3 An example ofΘcube(t0) that includes bothΘs(n0) andΘs(n0+N′),
and all possible vectors of Θcube(t0) at time n0 are mapped into Θcube(t0) at
time n0 + N′. So, if such Θcube(t0) can be detected, though Θs(n0) may not
include Θs(n0 + N′), the stability can be proved.

this mapping with such Θcube(t0) in two-dimensional case.
Clearly, if Θs(n0 + N′) is a subset of Θs(n0), the stability of
the Σ∆ modulator can be proved by detecting such Θcube(t0)
including both Θs(n0) and Θs(n0 + N′). However a stable
Σ∆modulator does not necessarily guarantee that Θs(n0) in-
cludes Θs(n0 + N′). In this case, if Θs(n0 + N′) is a subset
of not Θs(n0) but Θcube(t0), Θs(n0 +N′) is again mapped into
Θcube(t0) at time n > n0 + N′ due to the recursiveness of
the mapping of Θcube(t0) as illustrated in Fig. 3. So, if such
Θcube(t0) can be detected, that stability can also be proved.
Then l∞-norm of every state vector at time n > n0+N′ is also
upper-bounded by the maximum l∞-norm of state vectors
between time n0 and n0 + N′. As Θcube(t0) includes Θs(n0)
and, namely, may have state vectors that cannot be actually
derived at time n0 from the initial state with any input signals
of Ψ(umax, xmax, δ), the above condition is no longer neces-
sary but rigorously makes sense of the sufficiency for the
stability. With this simplification, we further propose an it-
erative algorithm to analyze the stability and an upper-bound
of l∞-norm of every state vector at time n > n0 +N′. The al-
gorithm tries to detect such an integer N′ between specified
n0 and N with the finite number of iterations and is shown
below:

1. Set n0, N and C. C stands for the maximum number of
iterations carried out by this program. In addition, set
the iteration counter c := 1.

2. For a given set Ψ(umax, xmax, δ), analyze and calculate
l [Θs(n0)] by maximizing |si(n0)| for each integer i in
1 ≤ i ≤ T − 1. To obtain each maximum of |si(n0)|,
in Eq. (12), ∆0 is set to zero from the assumption, and
n0 − i+ 1 is substituted into N. By solving Eq. (12), we
have

max
x(n)∈Ψ

|e(n0 − i)|. (15)

Then l [Θs(n0)] is obtained as

max
1≤i≤T−1

{
max
x(n)∈Ψ

|e(n0 − i)|
}

(16)

from Eq. (10).
3. Determine t0 as the calculated l [Θs(n0)] in order to

simplify Θs(n0) by Θcube(t0) which satisfies Θcube(t0) ⊇
Θs(n0).

4. To analyze an upper-bound of l [Θs(n0 + n)] for each
integer n, n = 1, · · ·, N−n0, set ∆0 := t0 in Eq. (12), and
then maximize |e(n0 + n − 1)| for each integer n, n = 1,
· · ·, N − n0. Then by solving Eq. (12), we can find the
maximum |ê(n0 + n − 1)| together with a state vector at
time n0 and an input signal that generate |ê(n0 + n − 1)|
for each integer n, n = 1, · · ·, N − n0. Note that |ê(n0 +

n−1)| needs to be referred to only as an upper-bound of
the actual exact maximum of |e(n0 + n − 1)| due to the
assumption on the state vectors to be derived at time
n0.

5. Among the upper-bounds |ê(n0+n−i)| for 1 ≤ i ≤ T−1,
the maximum is further chosen for each integer n, n =
1, · · ·, N − n0, so that we can obtain an upper-bound of
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l [Θs(n0 + n)] for each integer n, n = 1, · · ·, N − n0 by
using Eq. (16). Note that |ê(n0 + n − i)| for n − i < 0
needs to be referred to as t0 due to the assumption on
the state vectors to be derived at time n0.

6. Let the obtained upper-bound of l [Θs(n0 + n)] be
l̂ [t0,Θs(n0 + n)]. Among the upper-bounds l̂[t0,
Θs(n0 + n)], n = 1, · · ·, N − n0, find the upper-
bound l̂ [t0,Θs(n0 + n)] with minimum n such that
l̂ [t0,Θs(n0 + n)] is less than or equal to t0. Then
l [Θs(ñ)] for ∀ñ > n0 + n is upper-bounded by the
found upper-bound, and the program indicates Sta-
bility Proved and stops. If all the upper-bounds
l̂ [t0,Θs(n0 + n)] for n = 1, · · ·, N − n0 are larger than
t0, i.e., its minimum

min
1≤n≤N−n0

[
l̂ [t0,Θs(n0 + n)]

]
(17)

is larger than t0, which means that the algorithm fails
to prove the stability in current iteration, update t0 by
t0 := t0 + ∆t0.

7. Update the iteration counter c by c := c + 1. If c >
C, then the program indicates Stability Unproved and
stops. Otherwise go to Step 4.

Any unstable Σ∆ modulators cannot have upper-bounds
l̂ [t0,Θs(n0 + n)] that satisfy l̂ [t0,Θs(n0 + n)] ≤ t0 and thus
cannot be identified as stable one in Step 6. However, un-
fortunately upper-bounds of every stable Σ∆ modulator do
not necessarily satisfy the condition, which is based on the
assumption to guarantee only the sufficiency for the stabil-
ity. First, Θcube(t0) does not need to be uniquely determined
as shown in Step 3 and may only include Θs(n0) for the suf-
ficiency. Even if the stability of a Σ∆ modulator cannot be
proved with Θcube(t0) due to the sufficiency, it can be often
proved with Θcube(t0 + ∆t0) (∆t0 > 0) instead of Θcube(t0).
So the algorithm updates t0 by t0 + ∆t0 in Step 6 and again
tries to prove the stability by using Θcube(t0 + ∆t0) in next
iteration. However with the increase of t0, the extended
Θcube(t0) naturally includes more extra state vectors that can-
not be actually derived at time n0 so that, in next iteration,
each upper-bound l̂ [t0,Θs(n0 + n)] for n = 1, · · ·, N − n0 is
loosened, i.e., increased, which means the minimum upper-
bound shown in Eq. (17) is also increased in next iteration.
If the stability can be proved in next iteration, the increased
minimum upper-bound in next iteration should be less than
or equal to the updated t0 so that, to prove the stability in
next iteration, t0 + ∆t0 needs to be larger than the mini-
mum upper-bound Eq. (17) in current iteration. In numer-
ical examples, we use a slightly larger value than Eq. (17)
by around 0.001∆, where 2∆ means the quantization step
size of the given Σ∆ modulator.

From the above discussion, a condition Θs(1) ⊆ Θs(0),
where Θs(0) is defined as Θcube(∆), guarantees a sufficiency
for the stability and is rewritten as

l [Θs(1)] ≤ ∆. (18)

We can derive the stability condition Eq. (2) from Eq. (18)
and show it in Appendix.

3. Numerical Examples

In this section, we first analyze the stability of a 1-bit 4th-
order Σ∆ modulator designed for OSR 256 by using the de-
sign algorithm [11]. The amplitude response of the NTF is
illustrated in Fig. 4. The NTF has been designed so as to
meet ‖h‖1 ≤ 2.75 so that we have known that |e(n)| is upper-
bounded to ∆ for arbitrary input x(n) whose amplitude does
not exceed 0.25∆ according to Eq. (2).

To illuminate effects of input auto-correlations, three
interpolation LPFs are designed for OSRs 16, 64 and 256 as
examples and incorporated as shown in Fig. 2. Their ampli-
tude responses are depicted in Fig. 4. Then we have found
that those LPFs for OSRs 16, 64 and 256 have δ in Eq. (9)
as 0.28725, 0.07195 and 0.018018, respectively. Next we
use n0 = 1, N = 22 and C = 1000 in the proposed algo-
rithm to keep the computing cost manageable and examine
a number of input peak amplitudes xmax = 0.0125k∆, k = 0,
· · ·, 80. The proposed algorithm tries to prove the stabil-
ity and an upper-bound of the peak of |e(n)| for each input
peak amplitude xmax and umax = xmax. We have developped
a C program and carried it out on Pentium IV 2.8GHz. Fig-
ure 5(a) shows the detected theoretical upper-bounds. From
the figure, we find that, only if input signals are band-limited
by the LPF for OSR 256 and have amplitudes not exceed-
ing 0.6∆, the Σ∆ modulator may be overloaded with |e(n)|
of 5.6∆ but is stable. Note that the proposed algorithm guar-
antees only the sufficiency for the stability. So actually the
bound 0.6∆, which is 240% of the l1-norm-based conven-
tional upper-bound 0.25∆, may still be conservative, but we
can see the fact that allowable range of input amplitudes can
be extended to at least 0.6∆ only with the band-limitation,
and the l1-norm-based conventional upper-bound is, in fact,
conservative for the band-limited input signals. In addi-
tion, we see that, even if input signals are white, actually
the Σ∆ modulator can have input amplitudes within 0.28∆
with the stability. The computing times have been measured
for several values of xmax, and we have seen that they are

Fig. 4 Amplitude responses of the three interpolation filters and 4th-
order NTF of the stability-guaranteed 1-bit Σ∆ modulator.
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(a) Proposed theoretical upper-bound of the peak of |e(n)|with each
interpolation LPF.

(b) Proposed theoretical upper-bounds of the peak of |e(n)| for DC
inputs, together with the peak of |e(n)| calculated by simulations
with uniformly sampled input DC levels for 107 sampling time
intervals.

Fig. 5 Proposed upper-bounds of the peak of |e(n)| vs. four types of input
auto-correlations and their peak amplitudes xmax for the 1-bit Σ∆ modula-
tor. The design method [11] has already ensured the stability for arbitrary
inputs whose amplitudes do not exceed 0.25∆ with the l1-norm-based con-
ventional upper-bound. The Σ∆modulator generates two kinds of symbols;
±∆, with which xmax and |e(n)| can be normalized.

acceptable. For example, 44 minutes have been consumed
for xmax = 0.6 and OSR 256.

The Σ∆modulator is also examined with a special auto-
correlation δ = 0, i.e., DC inputs. In the same way, a number
of peak DC levels xmax = 0.0125k∆, k = 0, · · ·, 80 are in-
troduced, and then, for all possible DC inputs not exceeding
each xmax, a theoretical upper-bound is detected and plotted
in Fig. 5(b). The result guarantees that the Σ∆ modulator is
stable for DC inputs not exceeding 0.64∆. Figure 5(b) also
shows the maximum of |e(0)|∼ |e(107)| obtained by empir-
ical simulations for each peak DC level xmax. The empiri-
cal peaks of |e(n)| are obtained by measuring |e(n)| in long
time interval but may further increase with still longer time
interval, and thus a rigorous upper-bound of |e(n)| is unde-
tectable only with such empirical simulations. Figures 5(a)
and (b) also tell us that the stability would significantly de-
pend on an OSR. Nevertheless, DC inputs have often been
used as test inputs in conventional analysis of the stability,

Fig. 6 Power spectral density of an output 1-bit signal.

(a) Proposed theoretical upper-bound of the peak of |e(n)|with each
interpolation LPF.

(b) Proposed theoretical upper-bounds of the peak of |e(n)| for DC
inputs, together with the peak of |e(n)| calculated by simulations
with uniformly sampled input DC levels for 107 sampling time
intervals.

Fig. 7 Proposed upper-bounds of the peak of |e(n)| vs. four types of input
auto-correlations and their peak amplitudes xmax for the 1-bit Σ∆ modula-
tor. The design method [11] has already ensured the stability for arbitrary
inputs whose amplitudes do not exceed 0.5∆ with the l1-norm-based con-
ventional upper-bound. The Σ∆modulator generates two kinds of symbols;
±∆, with which xmax and |e(n)| can be normalized.
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but such analysis would not guarantee the robust design of
a Σ∆ modulator for an arbitrary OSR. Of course, the pro-
posed theoretical upper-bounds may still be conservative but
rigorously ensure safe design and implementation of a Σ∆
modulator for an arbitrary OSR. A tighter theoretical upper-
bound would be detected by increasing n0 and N at the price
of computing cost.

Figure 6 illustrates the power spectral density of an out-
put 1-bit signal of this 1-bit Σ∆ modulator for an input sinu-
soid 0.6∆ sin(nπ/1024), n = 0, · · ·, 216−1, which guarantees
the stability from the experimental result shown in Fig. 5(a).
Figure 6 shows that the Σ∆ modulator performs the speci-
fied noise-shaping by the NTF shown in Fig. 4. The in-band
SNDR for OSR 256 is measured and obtained as 99.4 [dB].

Next another Σ∆ modulator has been designed and is
analyzed for the stability. The impulse response of the NTF
has been optimized as h(0) = 1, h(1) = −1.25, h(4) = 0.25,
and h(n) = 0 for the other n. Thus its l1-norm ||h(n)||1 = 2.5
ensures the stability for arbitrary inputs x(n) whose ampli-
tude does not exceed 0.5∆. We analyze upper-bounds and
the stability for correlated inputs x(n) having peak ampli-
tudes larger than 0.5∆. Figure 7(a) shows the detected the-
oretical upper-bounds with the four types LPFs, and upper-
bounds of |e(n)| for DC inputs are plotted in Fig. 7(b). From
these figures, we see that, by allowing some overloads with
|e(n)| of at most 4.5∆, any input signals band-limited by the
LPF for OSR 256 can be scaled up within −0.8∆ ∼ +0.8∆
with the stability. Besides, we find that the upper-bounds
for DC inputs tightly bound the empirical peaks. From our
experience through computer simulations, it has been con-
firmed that Σ∆modulators having tightly limited ||h(n)||1 has
upper-bounds of |e(n)| close to empirical peaks.

4. Conclusion

This paper presents an algorithm to analyze the stability and
detect an upper-bound of every possible overload of a Σ∆
modulator for a set of input signals that are characterized
by specified auto-correlations and peak amplitudes. Exact
analysis of all possible state vectors would be prohibitively
complicated due to the nonlinearity of a Σ∆ modulator. Our
approach is to introduce a hyper cube in which all possi-
ble state vectors are recursively mapped into a subset of the
hyper cube itself for specified inputs and detect such a hy-
per cube by iteratively solving linear programming problem.
Then every stable Σ∆ modulator may not be identified, but
any unstable Σ∆ modulator cannot be evaluated as a sta-
ble one. In numerical examples, two 1-bit Σ∆ modulators
have been analyzed, and we have found that, for the band-
limited inputs with OSR 256, allowable range of the input
amplitudes can be extended to at least 240% of the conven-
tional l1-norm-based range, and overloads may occur but are
strictly upper-bounded to certain level detected by the pro-
posed algorithm. Namely in the numerical example, it has
been revealed that, with the band-limitation of inputs, the in-
put signal power level can be significantly enhanced, which
can improve an SNDR of output signals and simplify an im-

plementation of following stages. The proposed algorithm
would detect a tighter upper-bound at the price of computing
cost.
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Appendix: Derivation of the Stability Condition Eq. (2)
from Eq. (18)

In this section, we derive the stability condition Eq. (2) from
Eq. (18).

Let us assume an arbitrary input signal x(n) which sat-
isfies |x(n)| ≤ xmax. We show that the input peak amplitude
xmax is given by Eq. (2). Since Θs(0) is defined as Θcube(∆),
we obtain |si(0)| ≤ ∆ for i = 1, · · ·, T − 1 from Fig. 2. Note
that v(0) is an odd function of x(0) and si(0) for i = 1, · · ·,
T − 1 and that h(0) = 1 holds. Then maximum amplitude of
e(0) is obtained as

|e(0)| = | ± ∆ − v(0)| (A· 1)

≤ max
x(0),si(0)

{v(0)} − ∆ (A· 2)
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= max
x(0),si(0)

x(0) +
T−1∑
i=1

h(i)si(0)

 − ∆ (A· 3)

= max
x(0)
{x(0)} +

T−1∑
i=1

|h(i)|∆ − ∆ (A· 4)

= xmax + {||h||1 − 1}∆ − ∆ (A· 5)

= xmax + {||h||1 − 2}∆. (A· 6)

From Fig. 2, l [Θs(1)] is written as max
x(0),si(0)

{∆, |e(0)|}. By us-

ing Eq. (A· 6), Eq. (18) can be rewritten as

max
x(0),si(0)

|e(0)| = xmax + {||h||1 − 2}∆ ≤ ∆. (A· 7)

Thus we obtain

xmax ≤ {3 − ||h||1}∆, (A· 8)

which is identical to Eq. (2).
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