[2R2 Exflsks U H—FURI Y

Science Tokyo Research Repository

oo /00000
Article / Book Information

oo@a)

Title(English) Low-Sensitivity Second-Order Digital Filters --Analysis and Design in
Terms of Frequency Sensitivity

oo@a) OO0 od

Authors(English) Akinori Nishihara

oo@a) , Vol. E67, No. 8, pp. 433-439

Citation(English) Trans. IECE of Japan, Vol. E67, No. 8, pp. 433-439

000 /Pub. date 1984, 8

URL http://search.ieice.org/

0000 /Copyright OO0000000000000O0DO0DOO0ODOOooOgn
Copyright (c) 1984 Institute of Electronics, Information and
Communication Engineers.

Powered by T2R2 (Science Tokyo Research Repository)


http://search.ieice.org/
http://t2r2.star.titech.ac.jp/

THE TRANSACTIONS OF THE IECE OF JAPAN, VOL. E 67, NO. 8 AUGUST 1984

433

Low-Sensitivity Second-Order Digital Filters

——Analysis and Design in Terms of Frequency Sensitivity ——

Akinori NISHIHARAT, Regular Member

SUMMARY A new procedure to derive low-sensitivity second-order
digital filters is presented. This procedure is simple compared to other
existing methods. First, a denominator polynomial of a filter transfer
function is characterized in terms of w, and @, , which are defined as
a center angular frequency and a 3 dB bandwidth of a bandpass filter,
respectively. On the other hand, the denominator polynomial is also
expressed as a general form including multiplier coefficients and some

integer parameters corresponding to existent degrees of freedom. Then
@
the sensitivities of cos®, and tan Tb with respect to a multiplier

coefficient, which are referred to as frequency sensitivities, are cal-
culated. The integer parameters are determined so that the frequency
sensitivities are reduced for small ®, and ®,. This procedure yijelds
several forms of transfer functions including those of well-known low
-sensitivity circuits. One of them is new and the corresponding circuit
structures are also given. - In addition to its low sensitivity, the new
filter has a useful feature; w, and w, are determined independently
by each of two multiplier coefficients.

1. Introduction

Low-sensitivity digital filters are of great importance
in practical designs, for they can be realized with short word-
length coefficients. If the number of multipliers in a low
-sensitivity digital filter is restricted to the minimum, the
filter can be implemented on a very small-size LSI chip.

The sensitivity problem has been studied by researchers,
and many types of low-sensitivity structures have been pro-
posed. Most of them are second-order blocks, since the cas-
cade form implementation has the practical importance due
to its simplicity and modularity. For the derivation of low
-sensitivity narrow band second-order structures, Avenhaus
used the density of possible pole locations as a sensitivity
criterionm, and Agarwal and Burrus shifted the z -plane
coordinate such that the new origin is located at z=1@ .
The structural feature of these filters is that there exist
some feedback loops containing delay .element(s) and
an integer multipler (when the integer is one, the actual
multiplier is not used, though). The integer multipliers are
considered to be extracted from the transfer function coef-
ficients which are close to integers for narrow band filters.
The author has generalized this extraction by introducing
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integer parameters which correspond to the existent degrees
of freedom, and some low-sensitivity filters have been derived
by determining the parameters appropriately. As the sensi-
tivity measure, initially the amplitude sensitivity was used(a),
and then, the pole sensitivity was introduced to avoid the
frequency dependence®. These techniques, however, involve
too complicated calculations to evaluate the sensitivity
performance conveniently. In fact the exclusive search
method was used in Ref. (4).

The author has also reported a simple and exact method
to characterize the frequency response and the sensitivity
performance of a second-order discrete-time filter in terms
of the center angular frequency @, and the 3 dB bandwidth
% . The sensitivity analysis shows that the coefficient
quantization effect is particularly severe when ®, and w,
are small.

In this paper, this characterization is applied to the
design of low-sensitivity filters. The point is that the sensi-
tivities of cos @, and tan % with respect to a multiplier
coefficient, which are referred to as frequency sensitivities,
are adopted as the measure. Since the frequency sensitivity
has some similarity with the pole sensitivity, what is done
in this paper is almost the same with that in Ref. (4), and
it is impossible to get less sensitive filters than the optimum
filters derived in Ref. (4). However, the following three
points should be stressed. Firstly, the investigation here is
much easier because of the tractable equations and it is
expected that simple and useful filters are derived. Secondly,
unlike the poles of a filter, the center frequency and the
bandwidth or their variations can be directly measurable in
laboratories. Finally, although the filters in this paper are
designed so that the sensitivity is reduced for small @, and
@, , they can realize arbitrary specifications. On the other
hand, each of many low-sensitivity filters derived in Ref. (4)
can realize very limited specifications.

2. Transfer Characteristics and the
Frequency Sensitivity

Consider a second-order bandpass digital filter whose
transfer function is given by

H(z)= 127" (1)

»

1+g127 49, 272
where ¢; and g¢» are expressed as functions of multiplier
coefficients. Our main interest lies in the denominator
of the transfer function, because the sensitivity of the nu-
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merator is usually much smaller than that of the denominator
in the passband. The numerator may be any second-order
polynomial, and the bandpass filter of Eq. (1) is used here
for convenience in dealing the frequency response. The
denominator polynomial derived in the following procedure
can be combined with an arbitrary numerator polynomial.
Then the sensitivity of the overall transfer function is still
low when the passband lies in low frequency range. The
corresponding circuit structures can be obtained by adding
appropriate feedforward paths to the circuits in this paper.
The frequency response of Eq. (1) is obtained by sub-
stituting z=e /® (@ is normalized by a sampling frequency);
H(ei®)= J2sin® @
(1+92)cos@+g,1+7(1-9,)sin® .

The normalized center angular frequency @, and the 3 dB
bandwidth @, are calculated to be

— 9 3 )
Wy = ,
c0s @0 =7~ (3a
@y 1- 92
tan7~ﬁ72——. (3b)
Eqs.(3) can be rewritten as
_—2cos®o
yl—lT'Tb, (4a)
tanz—
@
1—tan7b
572:*0)1J . (4b)
1+ —
tan 2

Eqgs. (4) lead to the following expression;

, J'(1+tan—q—§"-)sina)
H(e’*)= - )
COS®—cos@ot J tan—- sin @ .
This expression for the frequency response is useful for
its simplicity and validity for both complex conjugate poles
and real poles filters. Forthermore, unlike the pole position,
®p and @, are directly measurable. Similar expressions
can be derived for lowpass, highpass, allpass, and notch
filters, The two parameters @, and ®; are also considered
to characterize a denominator polynomial of a transfer
function like @, and Q in a continuous time filter. As
a limit, when a sampling period tends to zero, i.e. w, , @ ,
0 <1, Eq. (5) reduces to that of the continuous time
filter.
The most popular and crucial sensitivity is the relative
sensitivity of the amplitude response with respect to a
multiplier coefficient # defined by

_x O|H|
|H| 0=

s i = (6)

Using the parameters defined by Eq (3), Eq. (6) is decom-

posed as follows; . y
|H] V:4 cos @ & tan(®;/2)
s = scosl% S5 +5tai(wb/2) S, . (7)

where
s, oL ol glm 1 old]
cos®wy — ’ n(@,/2) @,
“ Il dcosw, |l 6 tan—2"
(8a)
and
@y
" dcos @ . O0tan——
cos @ _ 0’ S; (wb/z):w—Z. (8b)
z 6‘&; a.:c

Eqgs. (8a) are determined only by the given transfer function
and are independent of the circuit structure. This class of
sensitivity is useful to give the measure of a transfer function
and will clarify conditions where the sensitivity problem is
particularly severe.
Substituting Eq. (5) into Eqs. (8a) gives
SiHI _ COS@— Ccos @Dy (9a)

cos @

13
(cos®@—cos @¢)*+ tan? 2—1) sin*®
®
- ®,)%— tan—2 sin® @
1] ~ (cos cos @, )%~ tan 5 Sin
tan(®, /2) — [2) ©, .
s (1+tan—2”){(cos(v—cosa)o)2+tan276 sin @}.
(9b)

It is shown in Ref. (5) that Eqgs. (9a) and (9b) have their
absolute peak values at the bandeges and at the center fre-
quency, respectively. The peak values increase when @, and
@; become small.

On the other hand, the frequency sensitivities defined
by Egs. (8b) are dependent both on the transfer function
and on the circuit structure (how ¢: and 92 are expressed
in terms of multiplier coefficients). Therefore, the frequency
sensitivities are useful measures to compare various types of
circuits. In order to reduce the amplitude sensitivity of
narrow band filters, the frequency sensitivities should be
reduced for small @, and @, .

3. Derivation of Low-Sensitivity Digital
Filters

Since the digital filter whose transfer function is ex-
pressed by Eq. (1) has two degrees of freedom, it has a pos-
sibility to be realized using two multipliers. Let the names
of these multipliers be 2 and &, which are also used to
indicate multiplier coefficient values. In general, coefficients
g, are functions of multiplier coefficients. In order to
realize the filter with a minimum number of multipliers
(two multipliers in this case), the functions must be linear
with respect to each multiplier. If, for example, ¢, contains
the terms of ¢ and «?, at least two multipliers are necessary
to realize them, and the total number of multipliers is not
minimum. Now introducing arbitrary integer parameters
™ 9; ’s can be expressed by

(10a)
(10b)

g1 =mytmpatmgbim,ad,
g2 =My +Mmyy @t mez b+maga b,

which are linear functions with respect to each of ¢ and



NISHIHARA : LOW-SENSITIVITY DIGITAL FILTERS

b If m, ]-’s are small integers, they may be realized without
any actual multipliers and they don’t cause roundoff errors.
The parameters m. . have close relations with the realized
circuit structure. Since simple circuit structures are prefer-
able, it is desired that there exist some restrictions on the
values of 7;;’s, and if so, the corresponding circuit structure
can be obtained using the technique in Ref. (3).

Eliminating ¢ from Egs. (10a) and (10b) gives the
following second-order equation with respect to « ;

(mysmyp—1mys mu)az—’-{m“ (91 —m1y)=m14(ga—may)

+ Moy Myg—Myp Mag ) @+myg (91— myy )=y3 (92— m2y)=0.
(1)

Since e is a multiplier coefficient, it must be real. First,
if the coefficient of <2 in Eq. (11) is zero, i.e., if

Myg Mgy =Myp Moy , (12)

Eq. (11) has a real root for any ¢: and ¢-, which means
the filter can realize any given specifications. Now, the
condition of Eq. (12) can be divided into the following
two cases;

CASE 1; myp=mp4=0

CASE 2; not both of m,, and m., are equal to zero
and Eq. (12) enables us to express m;,—
my myy and mya=my mys , where mg is
a new parameter.

Next, consider the case where Eq. (12) does not hold.
The second-order equation (11) has its real roots if and only
if its discriminant is not negative, i.e.

{ maa( g1=myy )=y (go—mo )4 Moy Myg—myp Moy J?
— 4 (myy map—myy 7"24){7”'23(51_7"11)_”‘13 (g2—mas )}2 0.
{13

Eq. (13) holds for any g, and ¢, if both m,, and m,,
are zero. Then a real nonzero root for < is always obtained.
So the last case to be considered is

CASE 3; myg=my3=0 ,

For each case, the values of =; ;’s will be determined
so that the frequency sensitivities with respect to ¢ and
5 are reduced. It is noted in the preceding section that the
sensitivity becomes very high when @, and ®; are small.
This is equivalent to the well-known fact that the sensi-
tivity problem is particularly severe when ¢, and 9. are
close to —2 and 1, respectively. In order to achieve low
sensitivity for such narrow band filters, it is recomended
in the literature 2+ 5 Wt let m;, be —2 and mz1be 1. Al
though these values can be obtained through the process
of the sensitivity reduction, giving these values in advance
makes the calculations much simpler.

1) CASE 1; My =My =0
In this case the transfer function coefficients have

the forms of
g1=—2+mpaet+myzbtmyad, (14a)

go=1+my3 b, (14b)

435
The frequency sensitivities are calculated to be
m @
50 = cos@y —1— (1+—=)tan —-, (15a)
a My3 2
cos @
)
@, w, Mmyamyzt2myy+ (Myp My3—2m1,) COSDo
= tan ? (1+ tanT) @ ’
Mmygmyg+(myp myg—2myy) tan7b
(15b)
spme /) =g, (15¢)
@ @
span s/ = tan -* (1+ tan 2. (154)

Egs. (15¢) and (15d) are independent of m; j’s and are
already small. Eq. (15a2) is also small unless m»; is zero.
Therefore the sensitivity reduction for this case is done
by reducing §,°°s ®0 . Although Eq. (15b) is rather compli-

cated, it vanishes if
mys+ma3=10, (16a)
and
Myp Myg —2 mya= Q. (16b)
Then Eqgs. (15) reduce to
5% =cos @ -1, (17a)
S;°sw°=0 , (17b)
s /D =g, (17¢)
Sim@/P = tan 2k (14 tant). (17d)

Eq. (17b) shows that the center frequency is determined
only by ¢ , and Eq. (17¢) shows that the bandwidth is
determined only by 5 . This property is very useful for
some applications such as variable filters or filter banks.

2) CASE 2; not both of 722 and mzsare zero
In this case m,, and m,, are considered to be dependent
on m,, and myydue to Eq. (12), and can be expressed as

(18a)
(18b)

Myp =My Mgy ,
Myg==Tqg May ,
where m, is a new parameter introduced to eliminate 712 and

my4. my is not necessarily an integer, because it is a ratio
of two integers. Then ¢: and 92 are expressed by

(19a)
(19b)

g1=—2+m (Mmaa+myy 8)a+mys b,

g2=1+ (mag+may b)a+mys b,

From Egs. (19) the frequency sensitivities are calculated
as follows;

Dy
5

cos @g

(mo+ cos®@) {mza (I—cos @ )+ ( my3+ma3)tan

’
@ Mmy3 — Mg M23

(20a)
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c @
S, OS%:—( 1+ tan%
Dy
{l—coswo+(1+mo)tan2-}
. {mzz (m13+m23COS@0)+ 2m 24(1—cosS®@o )}
Q)b ’
My (M13—mgma3) (1+ tan 7)
Dy
+2m24{1—COS@0+(1+m0)tanT}
(20b)
@
Ma3 (I-COS Do )+ (m | 3+ m, -2
Satan@b/Z):(l'f'tan—w—é-) 23 ( S Wo )+(m 1 5 23) tan 5
2 My3— Mg My3
(20c)
n (@ ) @
sy’ =(1+tan—2)

{1-cos @o +( 1+mo)tan%}

| —may magt( 2mag—may My ) tan%b_}

@
May (M3 —MgMay )(1+tan2—1’)

®
+2m 5 4{1-cos@o+( 1+mo)tan?b} .

(20d)
Now it is desired that all of Egs. (20) are reduced for small
@, and ®; by determining 7;;’s appropriately. For small
value of * , the trigonometric functions in Egs. (20) can be

approximated as;
2

cosx = 1— x2 ; (21a)

tanx = x . (21b)
Egs. (20) become rational functions by using these approxi-
mations, and can be reduced for small @, and @, by elimi-
nating low power terms of @, and @,. The conditions to
eliminate the constant and first-power terms of @o or @,
can be easily found as follows corresponding to each of

Egs. (20);

my=—1 or mMys+mp=0 (22a)
my=—1 or Tistm3=0 or mp=0 (22b)
Mg+ mas =0 (22¢)
my=—1 or Moy M3 =10 (22d)

The above conditions cannot be made simultaneously.
(If these conditions are given at the same time, Eqgs. (19)
become meaningless), and so the four subcases are con-
sidered separately.
2-1) CASE 2-1; my3+my3=0
Using the condition, Egs. (20) reduce to
cosw, (Mot cos®@o) (1-cos®o)
@ T 1+ mo

' (23a)

cos @g

@
S, :—(1+tan7”)
. @
{1-cos @o+(1+m¢) tan 71}} (1—cos @o )( 2maytm oy my3)

2] @,
my 3 Mg 2 (1+mo }(1+ tanTb)-f-Zmu {1-cos@o +(1+m) tan#}

(23b)

1-cos @o

Tom (23c)

tan(@, /2) @,
Suan b/ :—(1+tan?b)

(@z/2) @
Sbtan b/ :(1+ tanTb)

@ @
{ 1—cos @e+(1+m,) tanf}{mzz my3+H(2mast My p Myg) tanTb}

@ @, .
mys Mmaa(14mo)(1+ tan 76) +2may {1—COS(I)0+( 1-+m,) tanTb}

(23d)
Among these four expressions, Eq. (23d) is not so small
as others. A judicous choice to reduce it is to let ™22 be
zero. Since M, does not affect these expressions greatly,
it may be made zero in order to simplify the circuit structure.
Finally the frequency sensitivities for this case become

:Oswoz—coswo (1-cos o ), (24a)
S:OS% :—(1+tana;—b)(1—cosmo )5 (24b)
:an(wb/z) =— (1+tén0;—b) (1-cos®o ) , (24¢)
5 7 =(1+tanw—5)tana;—". (24d)

This form of transfer function is the same as that of
the Circuit £ of Avenhaus(l).
2-2) CASE 2-2; mo=-—1

Using the condition, Egs. (20) reduce to

(O]
cost My 5 (1= c0os @o )+(m 31mz; )tan—zb—
S =~ (17cos) Mg+ Moy ’

, (25a)
cos @
S, “o =—( 1+tan?1’) (1-cos @)
My (Myg+Ma3 COS Do )+ 2 M2 (1—COSWo )
. o ,
"‘zz(mxs+mza)(1+tan'§é~)+2mz4(l— cos®g )
(25b)
(v, /2) ]
Satan wb/ :(1+tan_25)
Dy
M3 (1— cos@o H(my5+mss ) tan—-
2., (25¢)
My3-+ Moy ’
n @
s (wb/Z)Z(l-Ftan—zb)(l—cos(Do)
Dy
_m22m23+(2m24—7"22m23)tan7
) @
Maa (”"13+7'L23)(1+tan“2£‘)+2m24(1—COS W) . (25d)

Further reduction of the frequency sensitivities is dependent
on given specifications, i.e. there are several degrees of free-
dom in choosing the values of 7; j’s, depending on the values
of @, and ®;. Since the list of all these variations is not
meaningful, the following two cases, which show good
performance, are given here.
2-2-1) CASE 2-2-1; my3 =m3,=0

In this case the transfer function reduces to that of

the realization 2 of Agarwal and Burrus @

2-2-2) CASE 2-2-2; my3=my, =0
The transfer function reduces to that of the digital
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Table 1 Summary of frequency sensitivities.
cosw coslg tan (Wb/2)
CASE Sa ’ Sb Sa
1 (New Biquad II) - (1-coswo) 0 0
' b
2-1 (Avenhaus) ~ (1-coswg) cosWy ~(1—cosm0)(1+tan%) - (1+tan's) (1-coswo)
wb
2-2.1 (Agarwal & Burrus) —(1-cosw) (1—coswo+tarru%o') - (1-coswo) cosWo (1+tan%9) (1-coswg+tan=-)
2-2-2 (Biqued I) — (1-coswy) —(1—cosm0)tan%'i 0
tan (wb/2)
/ N bS]
(1+tan990tan99 1—cosmo+tan92+tan299
2 2 2 2
(1+tan%§)tan%? (1+tan%?){2(1—coswo)+tan%§}+(1—cosmg)coswo

wb .
- (1+tan%) (1-coswg) (1+tan—w2£){3(1—coswo)+tan7}

(1+tan%) taun—“’zE (1+tan—“—2’13) (1—co‘swo+tan—u2£)

LPout
—O

B
e

[~

Wi
Q

S
THQP @ ;l Z/Lgout

(b) (d)

LPigeg_

Fig. 1 Digital biquad circuits (I: without dotted path, II: with dotted path).

1
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biquad ©,
2-3) CASE 2-3; m22 =0

No remarkable results are obtained except for the same
transfer function as CASE 2-1.

2-4) CASE 2-4; m,;=0

No remarkable results are obtained except for the
same transfer function as CASE 2-2-2.
3) CASE 3; Mmyzg=mag =0

Similar calculations are performed, but no remarkable
results are obtained. \

Now four types of transfer functions are derived.
One of them is new and others are already known as low
-sensitivity filters. Table 1 summarizes the frequency sensi-
tivities for all cases. As a total measure, absolute sums of
the frequency sensitivities are also listed in Table 1. Simple
subtranction between the absolute sums shows that the four
cases are ranked as follows:

1. CASE1l (New)

2. CASE 2-2-2 (Biquad)

3. CASE 2-1 (Avenhaus)

4. CASE 2-2-1 (Agarwal and Burrus)

This order is independent of the values of ®o and @; .
It should be noted, however, that this order is not always
valid because sometimes appropriate weighting is necessary.
Furthermore, since the amplitude sensitivity is evaluated
by combining the frequency sensitivities with Sci @, and
St’;:l(wb /2)which have the complicated frequency character-
istics, the best form of transfer function may be dependent
on particular applications. It can be shown that the derived
filters of CASES 1 and 2-2-2 exhibit as low sensitivity as
the best circuit in Ref. (4) when ®@o and ®; are small.
Although the circuits in Ref. (4) have some restrictions
in the realizable specifications (cf. Table 3 in Ref. (4)),
all filters considered in this paper can realize any given
specifications.

4. New Low-Sensitivity Digital Filter

It is shown that the CASE 1 filter has excellent sensi-
tivity performance. The transfer function coefficients of
the filter are written as follows;

91:—2+m,2u+mlab—%ab, (26a)
ga=1-mjz b, (26b)
Substituting Egs. (26) into Egs. (3) leads to
mp,
cosWo=1— 7 (27a)
b
W, _ Mmy3
tan—-= TTmiad (27b)
or

2(1~-cos®,)
¢ =— (28a)

M2

Table 2 Frequency sensitivities of variable filters.

Filter S;osu)o S;an (Wwb/2)
proposed coswg-1 tan“;—b( 1+tan%9)
Nishihara[ 6] coswy  tan(1+tan’D)
Nishimura et.al[7]| coswy - %( 1-tan2%13)

2t an%
b= (28b)

@
m o3 ( l+tan75)

Egs. (27) or Eqs. (28) clearly show that the center angular
frequency and the bandwidth are determined independently
by e« and &, respectively. Two types of bandpass digital
filters are known to have the same useful feature. They
are the circuits shown in Fig. 10(b) in Ref. (6) and the filter
in Ref. (7). Table 2 shows the comparative data for the
nonzero components of the frequency sensitivities in these
filters. For small values of ®o and @, , the proposed filter
has the lowest sensitivity.

For a practical example of this new filter, let m,,=4
and m,3=2 , and design a bandpass filter having unity
gain at the center frequency @, . Then the transfer function
is

b(1—272 )
1+(—2+4e+26-4ab) 2 +(1-28) =72 .

H(z)= 29

This transfer function is also obtained by replacing « by
a(1-5) in the transfer function of CASE 2-2-2 or the digital
biquad circuits . Therefore, the circuit structures to realize
Eq. (29) are easily obtained by modifying the circuits of
Fig. 8 in Ref. (6) slightly, and are shown in Fig. 1. If the
dotted paths in Fig. 1 are removed, the circuits reduce to
the digial biquad circuits. There are four equivalent circuits,
and Figs. 1(c) and (d) are the transposed circuits of (a) and
(b), respectively.

Each of these circuits also provides a lowpass filter
specified by
e (1-8)(1+z7")°

H(z)= 2
1+(—-2+4a+2b6-4ab)z14(1-26)272,

30

which has the unity DC gain. According to the similarity
with the digital biquad circuits®), the new circuit structures
in Fig. 1 are now named digital biquad II circuits. Naturally,
the circuits in Ref. (6) (or the ones without dotted paths
in Fig. 1) are called biquad I circuits. In fact, in Fig. 1(a)
or (d), if the signals of input, lowpass output, and bandpass
output are summed up with appropriate weights, the filter
can realize any second-order transfer function. Similarly,
in Figs. 1(b) or (c), any second-order transfer function can
be realized by feeding the input signal to the lowpass input,
bandpass input, and output terminals with appropriate
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CASE 1(Biquad II)
P CASE 2-1(Avenhaus)
— — = CASE 2-2-1(Agarwal

& Burrus)

Sum of Absolute Amplitude Sensitivity

O A
0 T/20 Ti/10
Normalized Angular Frequency
Fig. 2 Comparison of amplitude sensitivities.
weights.

The absolute sum of the amplitude sensitivity of this
new filter with @,=7 /20 and ®@,=7/100 is calculated
using Eq. (7) and compared with the other types in Fig. 2.
The values of the multiplier coefficients in this new biquad
II filter are

a=0.006156,

b =0.03047.

The curves for the biquad II (CASE 1) and the bigquad I
(CASE 2-2-2) are almost the same, and the biquad II has
a slightly lower peak. Both of the biquad circuits have
much lower sensitivities than the other types. The ampli-
tude sensitivity curves for the two filters, which are com-
pared with the new filter in Table 2, are much worse and
not drawn in Fig. 2.

5. Conclusion

The sensitivity problem for second-order digital filters
is investigated from the viewpoint of the frequency sensi-

439

tivity. The use of the frequency sensitivity enables us to
develop the simple procedure to derive low-sensitivity trans-
fer functions. Under condition that @, and @, are small,
this procedure yields the well-known low-sensitivity transfer
functions as well as a new form. The simple circuit structures
for the realization of the new form of transfer function are
also given. In addition to the low-sensitivity property, the
new circuits are practically useful, for their center frequency
and bandwidth are determined independently by each of
two multiplier coefficients. Roundoff noise and other
finite wordlength effects of these filters still remain to be
studied.
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