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Upper bound for the decay rate of the joint
queue-length distribution in a two-node Markovian
queueing system

Ken'ichi Katou* Naoki Makimoto! Yukio Takahashi*

Abstract

This paper studies the geometric decay property of the joint queue-length distribution
{p(n1,n2)} of a two-node Markovian queueing system in the steady state. For arbitrarily given
positive integers c1, ca,d; and da, an upper bound 7(c1, c2) of the decay rate is derived in the
sense

exp {hm SUp,, oo 7+ log p(cin + dy, con + dg)} <7(c1,c2) < 1.

It is shown that the upper bound coincides with the exact decay rate in most systems for which
the exact decay rate is known. Moreover, as a function of ¢; and ca, 7j(c1, c2) takes one of eight
types, and the types explain some curious properties reported in the paper [2].

Keywords: Markovian queueing network, geometric decay property, joint queue-length dis-
tribution
AMS subject classification: 60K25 Queueing theory

1 Introduction

This paper studies the geometric decay property of the tail of the joint queue-length distribution
of a two-node open queueing network with MAP inputs, PH services and random routings. In a
previous paper [5], the authors derived an upper bound for the decay rate of the marginal queue-
length distribution for the same model. Using the result, here we derive an upper bound of the
decay rate for the joint queue-length distribution.

We refer the nodes of the network as Node 1 and Node 2, and denote by p(n1,n9) the stationary
probability that there are ny customers in Node 1 and no customers in Node 2. One might expect
that p(ni,n2) decays geometrically, namely for some constants 7y, 72 and C

ni_no

p(n1,n2) =~ Cn'ny* for large ny and na. (1.1)
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In case of a Jackson network, (1.1) holds with equality for any n; and ngy if we take 7 as the
traffic intensity pr at Node k (k = 1,2). However, numerical results for tandem queueing systems
PH/PH/1—/PH/1 in Fujimoto et al. [2] showed that the situation is not so simple. In the paper [2]
the asymptotic behavior of p(n1, ne) was examined numerically when ny = ¢yn+d; and ny = con+ds
go to infinity as n — oo for arbitrarily given positive integers c1, co, d; and do. Based on the results
of an extensive experiment, a conjecture was proposed. There exists a threshold po, and the
behavior of p(n1,ny) is different between the cases that the traffic intensity of the second stage
p2 < p2 and pz > pa.

The aim of this paper is to study this curious property theoretically rather than numerically.
And we will do it in a more general setting. Our model here is two-node Markovian queueing systems
for which the geometric decay property of the tail of the marginal queue-length distribution was
studied in [5]. Instead of (1.1), we consider here a weaker decay property

n*(c1,¢2,d1,d2) = exp {h?rlnsolép % log p(ein + dy, con + dg)} <1, (1.2)
for arbitrarily chosen positive integers c1, co,d; and do. We will refer n*(c1, ca,d1,ds2) above as the
decay rate of p(ni,ng) along line I(c1, ca,dy,d2), where (c1,ca,dy,d2) is the set {(ni,n2) : ny =
can +di, ng =con+ds, n=1,2,...} on the (ny,ng)-plane.

In one of our main theorems, Theorem 5.1, we will prove that the inequality (1.2) holds for any
choice of integers cj, ¢z, d; and dy by showing the existence of a function 7j(cy, ¢2) such that

"7*(017027d17d2) < ﬁ(ChCQ) <1 (13)

The upper bound 7(cq,c2) as a function of ¢; and c¢o takes one of eight forms depending on the
position of the point (n{,73) in a 2-dimension plane, where 7} is the decay rate of the marginal
queue-length distribution of Node k (k = 1,2) defined by (3.3).

In the theorem, 7j(cy, ¢2) is derived by using 1} and 73, but we usually don’t know the values of
them except for some special systems. Fortunately we know their upper bounds 77 and 75, which
were derived in the previous paper [5]. Using these 77 and 775 instead of 7] and 73, we can derive
another upper bound 7j(c;, ¢c2) which is calculable for any two-node Markovian queueing system.
We will do this in another main theorem, Theorem 6.2. It is shown that the upper bound 7(c1, ¢2)
coincides with the exact decay rate n*(c1, co, d;, d2) in some systems for which the exact decay rate
is known. Jackson type queueing networks are among them. The theorem shows that the upper
bound 7(cy, c2) takes one of eight types as a function of ¢; and 3. In one of them, 7j(cy,co) is
given by (ni“)cl (7732)‘32 (see (6.13)). In another type, 7j(c1, c2) is given by (77?2)01 (7732)02 if —c1/co <
(B — b2) /(4 — B2 amd by ()1 (nt)° if —er /e > (Bt — b2)/ (bl — B2 (see (6.11)). Each
of the types seems to correspond to the two cases above conjectured in [2]. There are other types
of 7(c1, c2) where the function takes more complicated forms as in (6.12), (6.15), (6.16) and (6.17).
The systems reported in [2] for which the convergence speed of the ratio p(ni,n2)/(n1)™ (n2)"* is
very slow are of these types. Hence the convergence speed might relate to the form of the function

n(c1, c2).
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Figure 2.1: Two-node Markovian queueing system

The rest of the paper is organized as follows. In Section 2 we describe our model and introduce
notations. We prepare some properties of the Markov chain which describes the stochastic behavior
of the model in Section 3. In Section 4 we prove our fundamental lemma that gives an upper bound
of the joint queue-length probability, and using the lemma we derive our main result in Section 5.
The result on the marginal queue-length distributions in [5] is applied to the upper bound in
Section 6. In Section 7 we discuss examples with some numerical results.

2 Model description and notations

In this section, we introduce our model and some notations. Our model here is the same as
the one used in [5].

Model: The system is an open queueing network with two nodes, Node 1 and Node 2 (Figure 2.1).
At Node k (k=1,2), customers arrive from outside of the system via a Markovian arrival process
MAP), with representation (T'y,U}) [6]. There is a single server and a buffer of infinite capacity.
Customers are served in a usual FCFS (First Come First Served) manner. Service times are subject
to a common phase-type distribution PHy with representation (bg, Si) [9]. After being served, each
customer proceeds to Node j (j=1,2) with probability r;;, and leaves the system with probability
rro = 1 — ripp — rie. Without loss of generality, we assume that the exogeneous arrival rate A\; to
Node 1 is positive and the routing probability rio is positive. Exogenous arrival processes, service
times and routings in both nodes are all stochastically independent. We will refer this model as a
two-node Markovian queueing system. We use symbol “k” to refer to the node number of Node k.
And for brevity of exposition, when symbol “k’” is used with a “k”, it refers to the other node
number, namely ¥’ =2 if k=1, and k' =1 if k = 2.

Vector and matrix notations: Row vectors are represented by bold lower case letters (except
for the Markov chain X (t) representing the system behavior). To represent a column vector we
attach a superscript T to the corresponding row vector. We denote by 0 a row zero vector and by



e a row vector with all elements equal to 1. Matrices are represented with bold upper case letters.
We denote by O a zero matrix and by I an identity matrix. Dimensions of vectors and matrices
should be understood from the context. They may be finite or infinite. Inequalities between vectors
or matrices are considered elementwise.

We extend our use of terminology “Perron-Frobenius eigenvalue” to an eigenvalue of a finite-
dimensional square matrix having nonnegative off-diagonal elements and possibly negative diagonal
elements. Let A be such a matrix. We will say that a real number x is the Perron-Frobenius
eigenvalue of A if x + s is the Perron-Frobenius eigenvalue in the usual sense (i.e. the maximal
eigenvalue) of the nonnegative matrix A + sI for a sufficiently large s.

Markov chain representations: The exogenous arrival process MAP; has an underlying finite
Markov chain with transition rate matrix T + Uy. Elements of U govern state transitions
accompanied by arrivals, and off-diagonal elements of T'j, govern those without arrivals. Diagonal
elements of T, are negative so that (T + Uk)e—r =0". We denote the state space of the Markov
chain by 7, and refer to the state of the chain as the phase of MAP;. We assume that Zj is finite
and Ty, + Uy, is irreducible. The stationary probability vector of the chain is denoted by aj. The

-1
exogenous arrival rate to Node k is given by A\ = (—akTgleT) . When there exist no exogenous
arrivals to Node 2, we consider both T and Uy is a scalar equal to 0, and Ay = 0.
The service time distribution PHj also has an underlying finite absorbing Markov chain with
Sk g ;F
0
The state space of the chain is represented as J; U {0}, where J is a finite set of transient states

transition rate matrix ( ) and an initial probability vector (by 0). Here o) = —Sye'.

and 0 is a single absorbing state. When a new service starts at Node k, the Markov chain starts
from a transient state chosen according to the distribution by, and the service lasts until the chain
is absorbed in the absorbing state. We refer to the state of the chain as the phase of PHy. We
assume the representation (by, Sy) is irreducible in the sense by(—S;)~! > 0. The service rate at
Node k is given by ur = (—bksgle—r)_l. Of course, pj > 0.

Let N(t) be the number of customers in node k at time ¢, I} (¢) the phase of MAPy, and Jj(?)
the phase of PHy. We put Ji(t) = 0 when Ng(¢) = 0. Then, the vector

X (t) = (N1(t), Na(t), 1 (t), I2(), J1 (1), J2(t)) (2.1)

is a time-continuous Markov chain representing the stochastic behavior of the whole system. Its
state is represented by a sextuple (ni,ns,11,142,J1,j2), and the state space is given as

S = {{0} x {0} xZ3 x Ty x {0} x {0}} U{{0} x N x I1 x Ty x {0} x T}
U{N x {0} xT; x Zo x Tt X {0} U{N X N X I3 X Ty x Jh X Ja} , (2.2)

where N' = {1,2,3,--- }. From the irreducibility assumptions of the MAP};, and PHy, representations
and from the model assumption that A\; > 0 and 712 > 0, the chain {X (¢)} is irreducible.

Stability condition: Hereafter we assume the traffic intensity of Node k is strictly less than 1,
P (1 — rew ) A + e Aw
{0 = 7)) (= rhrkr) = ToehrThri Yk

<1. (2.3)
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This assumption implies that the Markov chain {X ()} is stable (see [5, 10]).

To make our discussion simpler, hereafter we assume there exists no direct feedbacks to the
same node, namely 7y = 0 for £ = 1,2. This does not restrict any generality as long as we are
concerned only about the numbers of customers in Nodes 1 and 2. Because, when rg; > 0, we may
change the routing probabilities to 7xo = rro/(1 — Tkk), Tk = 0 and T = Txr /(1 — rgx), and use
the service time distribution (Bk, S’k) = (bg, Sk + rkkagbk). The new model has the same {X (¢)}
process as the original one.

3 Balance equations and doubly geometric solution

For further discussion, here we prepare some notations related to stationary probabilities of the
Markov chain {X(¢)}.

Stationary probabilities: Assuming the chain {X (¢)} is in the steady state, we denote its state
probabilities as

p(nlvrn@)il,i%jhh - P{(Nl(t)aNQ(t)ajl(t)7[2(t)7Jl(t)7JQ(t)) = (nlvn%ilvi%jlv]é)}?
(n17n27i17i27j17j2) € S. (31)

Joint queue-length probabilities and marginal queue-length probabilities of Node k are written as

p(nl,ng) = P{Nl(t) = nl,Ng(t) = 77,2}, niy,ng = 0, 1,2, ey

(3.2)
pk(nk) :P{Nk(t) :nk}, nk:0,1,2,... .
The decay rate nj of the marginal queue-length distribution {py(ny)} is defined by
1
log n;; = lim sup — log px(ng ). (3.3)
ng—oo Mf

In Theorem 4.1 of [5], an upper bound 7} of 1} was derived and proved to be less than 1. This
implies that the decay rate itself is strictly less than 1, i.e. n; < 1.

Balance equations: For nq,ne > 1, we let C(n1,n2) be the set of states at which there are n;
customers in Node 1 and ng customers in Node 2, namely

C(nl,ng) = {nl} X {ng} X Il X IQ X jl X jg. (34)

We call C(ny,n9) as a cell. When n; = 0 and/or ng = 0, we define cell C(n1,n2) in a similar manner
by replacing J; and/or Jo above with {0}. Clearly p(ni,n2) = P{X(t) € C(n1,n2)}. The vector
of state probabilities corresponding to states in C(n1,n2) can be denoted by

p(n1,n2) = (p(n1,12)iy in.j1,52 3 (M1, M2,91, 72, 41, j2) € C(n1,12)) . (3.5)



For ni,ny > 2, the set of balance equations around C(ny,ng) is written in a vector form as

0 = p(n,n)(T1®T2®S1 D Sy)
+p(n1 —1,m) (U1 @ IQIRI)+pni,ny —1)(I@U, I I)
+{riop(ni +1,n2) +riap(n1 +L,ne — 1)} I @ I® o by @ I)
+{raop(ni,na +1) +ra1p(n1 —Lina + 1)} IR IR I ® 0y by),

(3.6)

where ® indicates a Kronecker product operation and @& a Kronecker sum operation. If ny <1 or
ny < 1, the equation takes a slightly different form.

Laplace-Stieltjes Transforms: The Laplace-Stieltjes transform (LST) of the service time dis-
tribution PHy, is given by
gk(y) = be(yI — Si) "' (3.7)

It is defined for y in the interval D[gy] = (87, 00), where 87 (< 0) is its abscissa of convergence. The
service rate is given by p, = —1/g,.(0), where the prime (/) indicates a derivative.

For MAPy, if A > 0, we let T,f(n) be the n-th exogenous arrival epoch at Node k, and define
the asymptotic LST of the exogenous interarrival times by

fr(z) = exp { lim 1 log E[ele?(”)]} . (3.8)
n—oo n,

The function f is defined on the interval D[f] = (6£, 00), where 5£(< 0) is its abscissa of conver-
gence. It is known that fi(z) is the Perron-Frobenius eigenvalue of the matrix Uy (zI — Tj)~! for

For a monotone function h, we denote its inverse function by inv[h]. Let ¢y be the inverse
function of log fi, and v be that of log g, i.e.

¢x(a) = invllog fi](a) and ¢ (a) = inv(log g](a). (3.9)

These functions are defined on the whole real line (—oo,+00). If Ay = 0, we consider ¢2(a) = 0.
Functions ¢ and v can be interpreted probabilistically using LSTs of the number of exogenous
arrivals and the number of (fictitious) customers served at Node k during time interval (0,¢]. See
[4, 5] for a detailed interpretation.

Doubly geometric form solution: Using functions introduced above, we construct a solution
to the local balance equations (3.6) for nj, ng > 2. Arbitrarily choose a pair of real numbers (a1, az)
and let

ng = €. (3.10)
And let
k(ar,a2) = ¢1(a1) + ¢a(az) + Y1(—ar + ha(az)) + 2 (—az + hi(a1)), (3.11)
where
hi(ag) = —log (rirg e + 1) - (3.12)



If rg7 = 0 (this may occur only for £ = 1 from the assumption 12 > 0), then hg(ax) = 0.

We consider matrices Ty, —1—77k_lU r and Sg+ (Tko Nk + ki 77k:77k-_/1) o-,l—bk. From the irreducibility
of the MAP, and PHj, representations, these matrices are irreducible and have simple Perron-
Frobenius eigenvalues xy = ¢ (ax) and —yr = g (—ax + hgr(ag)), respectively. We denote by Ty
and vy, the unique (up to multiplicative constants) positive left eigenvectors associated with them.
Now we let

V="1QV2 V] Q Vs, (313)

and for arbitrarily given ni,ne > 2, let

pT(ml,mg) =01y, mi =ni,n1 =1 and mo =no,no £ 1. (3.14)

Substituting p(m1,ma) = pf(my, ma), a direct calculation shows the right hand side of (3.6) be-
comes k(ay,az)v. If r(aj,az) = 0 then pf(my,mso) given by (3.14) satisfies the local balance
equations (3.6) around cell C(ny,n2). So the function x(a1, az) is crucial in our discussion. Related
to the function, we introduce a set of pairs (a1, asz) as

K ={(a1,a2) : k(ai,az) <0}. (3.15)
This set is bounded and convex on the (aj,as)-plane. Its periphery
Kloop = {(al, a2) : /@(al,ag) = 0} (3.16)

is a loop passing the origin. See Figure 5.1 for an example of Kj,,p,. It is round in the sense that
any tangential line is tangent to K., at a single point. A segment of the loop passes the third
quadrant of the (a1, az)-plane, i.e. Kiop N {a1 < 0} N{as < 0} # ¢. For other properties see
Section 7 of [5].

4 Fundamental lemma
For the decay rate 7j of the marginal queue-length distribution of Node k we put
b = logn; (< 0) (4.1)

and introduce two subsets of K:

HT = {(a1,a2) : K(a1,a2) <0, bf <a; <0, ay <0}, and

4.2
H™ ={(a1,a2) : Kla1,a2) <0, a1 <0, b3 < ay <0} (42)

These sets are nonempty. The following is a key lemma for our discussion. It is proved at the end
of this section after preparing a series of lemmas. Note that n,j and 7, defined in the lemma are
strictly less than 1 from the definition of H* and H~ in (4.2). Hence this lemma shows a geometric
decay property of the joint queue-length distribution {p(ni,n2)}.



Lemma 4.1 (Fundamental lemma) For arbitrarily given (af,a3) € H* and (ay,a5) € H™, we
put 77,;" — % and N, = e . Then there exist positive constants Ct and C~ such that for any
nonnegative integers ni and ng

p(n1,n2) < CF (0 )™ (ng)™ + C ()™ ()™ (4.3)

To prove (4.3), we exploit properties of rate matrix of a quasi-birth-and-death process having
infinite number of states in each level [5, 7]. We consider a general time-continuous ergodic Markov
chain on a two-dimensional state space S = {(n,7); n,i =0,1,2,--- }. Let £(n) be the set of states
{(n,i); i =0,1,2,--- } with common n and call it level n. The whole state space S is partitioned
into levels as S = (U;—y £(n). The Markov chain is called a quasi-birth-and-death (QBD) process
having infinite number of states in each level if, after partitioned into levels, its transition rate
matrix is of a block tri-diagonal form

Q Q
Q. Q@ Q
Q- (4.4)

Qy Q

Note that @, and @, have infinite dimension.

Let 7 be the stationary state probability vector of @ and partition it into subvectors as 7w =
(w(0) w(1) w(2) ---) according to the levels. It is known [8, 9] that 7 takes a matrix geometric
form as

w(n) =R, n=1,23, -, (4.5)
where R, called the rate matriz, is the minimal nonnegative solution of the matrix quadratic
equation

Qo+ RQ, + R’Q, = O. (4.6)

If the dimension of R were finite, the level distribution {m(n) e’} would decay geometrically fast
with rate equal to the Perron-Frobenius eigenvalue of R. However, in our case, the dimension of
R is infinite and we cannot use the concept “eigenvalue”. Lemma 5.1 of [5] provides an alternative
tool for evaluating powers of R in such a case. Using the lemma together with (4.5), we can easily
obtain an useful inequality for state probabilities as in Lemma 5.2 of [5].

Level partition for the two-node Markovian queueing system: We partition S in (2.2)
into levels by the smaller number of customers in Node 1 and Node 2 as

o0
S = U L(n), where L(n)= U C(ni,mn2). (4.7)
n=0 min{ni,n2}=n
By this partition, the transition rate matrix can be written in the form (4.4). To describe subma-
trices Qq, @ and Q, explicitly, we further partition £(n) into cells as
{C(n,n—m) it m <0,

+o0
L(n) = U L(n,m), where L(n,m)= Cln + m,n) it m > 0.

m=—0o0

(4.8)



We refer to £(n) as the nth level and to L(n,m) as
arranging the order of states, Q;, ¢ = 0,1,2, are wri

the mth sublevel of the nth level
tten as

O A My
0 A Moy
(0 Ay
Qo = [O] )
Ao (0
My, A, (0
My Ay O
Ay D My My
le As [D] Ay )
My, My, D A
My, My O
My, My O
Q= My, My [O] My My
O My My
O My My

where
A =U101I1Ix1,

My=rpl®I®o]b &I,
Mp=rpI®I®0c{b ®I,
and D=T,®TodS1DSs.

A2:I®U2®I®I,
Moy =100l @ I ® I ® 0q by,
My =rpI®I®I® o, by,

. By suitably

(4.10)

. (4.11)

(4.12)

Here the submatrices with brackets indicate the position corresponding to the Oth sublevel. The
peripheral submatrices @Q;, i = 0,1,2, are more complicated. However they don’t appear in our
proof of the fundamental lemma and we omit their explicit description.

The stationary state probability vector 7r is also partitioned according to levels and sublevels.



Using p(n1,n2) in (3.5), the nth subvector 7w (n) of w = (7 (0),w(1),7(2),- - ) is represented as

mn) = pnn+2) pn+1) [p(n)] p+1ln) pn+2n) - ).  (413)

Here the subvector with brackets indicates the position of the Oth sublevel.

For an arbitrarily given pair of real numbers (a1, as), we construct a vector q using 7 in (3.10)
and v in (3.13) as

g=(- v mv ] mv By ). (4.14)

Lemma 4.2 If the pair (a1,a2) satisfies the condition k(a1,a2) < 0, then the vector q given by
(4.14) satisfies gR < mimaq.

Proof From Lemma 5.1 of [5], if there exists some constant ¢ satisfying (¢ 1Q,+ Q1 +£Q5) <0
then qR < £q. From the matrix representations of Q,’s (4.10)~(4.12) above, if we set £ = n117s2,
the mth subvector of q(§71Q, + Q1 + £Q) for m = 2,3, - is given by

1
— (UTHVA2 + 77717H2VM12) + (?7{”711/:41 +n"vD + ?7{”“1/171)
mnine

+ mne (UT_IVD2 + UT_QVMm)
1 1
= n{”u[(Tl + —Ug) b (T2 + —U2>
m 2

& <S1 +m (Tlo + %) U1Tb1) S3) (52 + 2 <7”20 + %) ‘72Tb2>
) 1

. (4.15)

A direct calculation shows the right hand side of the above equation becomes (a1, as)n*v. Simi-
larly, for m = —2,—3,--- the mth subvector of q(¢71Q, + Q; + £Q,) is given by k(ay,az)n; "v.
When m = —1,0, 1, the equation for the mth subvector takes a slightly different form from the
one above, but we can easily check that it is also given by (a1, a2)nev, k(ai,as)v or k(ay,az)mv
according to the value of m. Hence q(¢71Q, + Q, + £Q5) = k(ai1,a2)q. Then the condition
k(a1,az) < 0 implies that g(671Qy + Q; +£Q5) < 0, and Lemma 5.1 of [5] assures that q satisfies

qgR < ¢q. &

Proof of fundamental lemma: The key idea of the proof of Lemma 4.1 is to split the state
probability vector 7r(1) into two parts. Let

7r’(1):<--- p(1,3) p(1,2) 0, 0 0 ) and
1) =( 0 0 p(1,1), p21) p(B,1) ).

Then, obviously w~ (1) + w1 (1) = w(1).

For the pair (a],a3) € HT, we construct a positive vector gt as in (4.14) using corresponding

(4.16)

numbers 7;, 75 and vector vT. Since x(a],aj) < 0 from the condition of H* in (4.2), Lemma 4.2
assures that g™ satisfies
a R <nfnq". (4.17)
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Further, since n;” > n} from the condition a] > b} of H*, there exists a positive constant C; such
that

p(m+1,1) < Crn{)Y™vt  for m=0,1,2,---. (4.18)

The inequality 0 < C(ny )™ vt trivially holds for m = 1,2,3,---. Combining these inequalities
we have

7t (1) < Clq™. (4.19)

For the pair (ay,a;) € H™, we can also construct a positive vector ¢~ as in (4.14) using
corresponding numbers 7, , 75 and vector v~. It satisfies similar inequalities to (4.17) and (4.19)
as ¢ R <nynyq and 7~ (1) < Cq~ for some positive constant C .

Since w(1) =7+ (1) + 7 (1) < Cfqt + C,q, from (4.5) we have

w(n) = #(1)R"' <Clqg"R" ' +C ¢ R"!
< Cffng)"la + Crtmmy)" e for n=1,2,3,---. (4.20)

Rewriting this inequality in subvector-wise, we have
plniinz) < CF ()"~ (nd )™t + C5 () (g )" v for miyng = 1,2,3,--. (4.21)

It is easily checked that this inequality also holds for the cases with n;y = 0 or ny = 0. Post-
multiplying (4.21) with e’ and choosing C*T and C~ so that C* > (nfn3) ' CHvtel and
C~ > (nny) 1 Crv~e', we get the inequality (4.3). &

5 Upper bound for the decay rate

Using Lemma 4.1, our fundamental lemma, we shall derive an upper bound for the decay rate
n*(c1, c2,dq,ds) of the joint queue-length distribution {p(n1,n2)} when ny and ny get large along
line l(c1,ca,dy,d2). Remind that n*(c1,co,dy,ds) is defined by (1.2) and I(cq, co,dy,d2) is defined
just below the equation.

Upper bound for decay rate: From Lemma 4.1, for any (a],a3) € HT and (aj,a5) € H™,
there exist constants CT and C~ for which (4.3) holds. Hence we have

plein +dy,con +dy) < D exp {n (clafL + CQCL;)} + D™ exp {n (clal_ + CQCLQ_)}
< Dexp {n max [claf + caay, cray + 02a5:| } , (5.1)
where Dt = C* exp {dlafr - dga;}, D™ =C" exp {dlal_ + dgaQ_} and D = Dt + D~. Tt follows

that
1
limsup — log p(cin + di, can + di) < max [claf + CQCL;, cay + CQCLQ_} . (5.2)
n

n—oo
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We note that the right hand side of the inequality does not depend on d; and do. Taking the

infimum of the right hand side of (5.2) over possible pairs (a],a3) and (a],a; ), we get an upper

bound of the limes superior. We let

+ _ : + +
w (c1,c0) = inf ciay +cay |,
(ere2) WT@§EH+( )
w” (c1,09) = inf (claf + CQCL;) , and (5.3)
(a1 ,a5 JEH™

w(cr, c2) = max [wh (e, ), w™ (c1,c2)] .

Then we have the following.

Theorem 5.1 For arbitrarily positive integers c1, co and nonnegative integers di and do, the decay
rate n*(c1,ce,di,d2) of p(ni,ne) along l(c1,ca,d1,ds) is bounded from above by exp{w(ci,c2)},
namely

n*(c1,ca,d1,d2) < exp{w(cy,c2)}. (5.4)

Notations: To derive an explicit expression for w(cy,c2), we prepare some more notations. As
stated before, the closed set K is convex and its periphery Ko, is a round loop. So any straight
line on the (a1, az)-plane, if it meets KCjo0p, intersects with K0y at two points or is tangent to Ko

1)

at a single point (see Lemma 7.2 of [5] for details). Let b}f be the minimum of a; on K, i.e.

bllc(l) = min{a; : Jag such that k(a1,as) = 0}, (5.5)
KA

and denote the coordinates of the point attaining the minimum as (b3 1), b};(l)). Similarly we denote

the coordinates of the point attaining the minimum of as on Ky, as (bllc(Q), b§(2)). It is known that
bf(k) < 0. On the contrary, blkc,(k) may be positive or negative, or equal to 0.

For a given a7 such that bllc(l) < af <0, we let 02(aj) be the second coordinate of the lower
intersection of the straight line a; = a§ with KCjsep, namely 62(a?) is the smaller root of the equation
k(ag,as) = 0 for ag. Similarly, for a given a3 such that b’;(?) < a§ <0, we let 01(a$) be the smaller

root of the equation k(ai,a$) = 0 for a;. Especially we write
b0, = 0,(0), and bf =0 (b)) if b > bh P, (5.6)

Note that b; is the logarithm of 7}, the decay rate of the marginal queue-length distribution at
Node k as defined in (4.1).

For a point (a1, a2) on Ky such that b}f(l) <a < b}f@) and b};@) < ag < b’QC(l), let o(ay,as)
be the gradient of the tangential line of the loop at the point, namely

(%lm(al,ag)

o(ay,as) = — . (5.7)
%m(al,ag)
As a convention, we regard a(b’f(l), b’;(l)) = —oo and a(bllc@), bQK(Q)) = 0. For an arbitrarily given

negative number u, let (71(u),72(u)) be the coordinates of the point (a1,as) on Ky, such that

12
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’Cloop
Kloop
b - by N
0 a1 % 0 a1
B o)
()2, b52) (b3, 5) (51, b5) UANES

HT (11(—=c1/c2), T2(—c1/c2)) HT

Figure 5.1: H™ and the line attaining Figure 5.2: H™ and the line attaining
wt(ey, cy) when b > b2 wt(er,cy) when b < b < b2

bllc(l) <a < bllc(Q), b’;@) <ap < b’;(l) and o(a,a2) = u. Note that a line which is tangent to
Kioop at (11(u), 72(w)) with gradient u is —ua; + ag = —uri(u) + m2(u) (= const).
Let b’fl be the minimum of a; on Ky, with ag <0, i.e.

Y& = min{a; : Jay such that ay < 0 and x(ap,as) = 0}, (5.8)

and we denote the coordinates of the point attaining the minimum as (b’lC L b}; ). The point is given
by (bllc(l), b’;(l)) if b’;(l) <0, and by (b9,0) if b’;(l) > (. Similarly we denote the coordinates of the
point attaining the minimum of as on KCjpep with a3 <0 as (b’fQ, bQKQ).

For positive integers c; and co, we put

v(cr, c2) = min{crag + ceae : (aj,a2) € K, a1 <0, ag < 0}. (5.9)
Some considerations reveal that
a1 (—c1/e2) + camo(—c1/ca), if 71(—c1/c2) < 0 and mo(—c1/c2) <0,
v(cr,e2) =< erby, if 7o(—c1/c2) >0, (5.10)
b, if 7i(—c1/c2) > 0.

Note that, the second case may occur only when b};(l) > 0 and the third case may occur only when

b’lc(z) > 0. Hence, if b}f@) < 0 and b’;(l) < 0, then the first case occurs.

Explicit expressions for w'(c1,c2) and w™(c1,c2): For a given pair of positive integers ¢
and ¢y, we shall derive explicit expressions for w™(c1,c2) and w™(c1, c2). For w (e, c2), we check

cases by > b’fQ, b}fl <by < b}fg and b7 < b}fl separately.

13



When bt > b2, the infimum of ¢ya} + cpaf over points (af,af) € HT is attained at (b%,b3) as
illustrated in Figure 5.1. Hence wt(cy,ca) = ¢1b} + cobj.

When b’fl <b < bllcQ, the line c1a1+coas = v(c, c2) is tangent to Kjoop at (11(—c1/c2), T2(—c1/c2)).
If 71(—c1/ca) > b;, this point is included in H™T as illustrated in Figure 5.2. Hence the infimum is
attained at the point, and w™ (¢, ) = v(cy, o). If T1(—c1/e2) < b}, the point is not included in
HT, and the infimum is attained at the extreme point (b%, %) with value wt (c1, ¢p) = e1b% + b3

When b} < b}f ! the set H* consists of all the points of K in the third quadrant (except for the
point (b%,b5) when bt = b{*). Hence the infimum w (c1, ¢2) is given by v(cy, ¢3).

Summarizing the above arguments, we have an explicit expression for w*(c1,c2) as in (5.11)
below. Note that here we use the fact that b] > 71(—c1/c2) when b} > blfQ. For w™(¢1,co) we have

a similar expression as in (5.12).

Lemma 5.2 For a given pair of positive integers ¢1 and ca, w™ (c1,c2) and w™(cy,¢2) defined in

(5.3) are expressed as follows.

cb*—l—cl;*, if bf > 711(—c1/co) and b*>b’c1,
w+(01,02) = { e 2 f i_ 1( 1/ 2) *1_IC11 (5-11)
v(cr, c2), if b7 <71i(—c1/c2) or by < b7,
. c1bf + eob3, if V5> To(—ci/co) and b5 > by*,
w”(e1,62) = i . K (5.12)
v(cr, c2), if b5 <To(—ci1/ca) or by < by2.

Explicit expression for w(ci, c2): Using Lemma 5.2, we shall derive an explicit expression for
w(er, ca) = max{w*(c1,c2), w(c1,c2)}. We consider three cases separately: (i) 71(—ci/c2) < 0
and ma(—c1/c2) <0, (ii) 71(—c1/c2) > 0 (and hence 7(—c1/c2) < 0), and (iii) 72(—c1/c2) > 0 (and
hence 71 (—c1/c2) < 0).

(i) case Ti(—c1/c2) < 0 and mo(—c1/c2) < 0:  Since the point (71(—c1/c2), 7a(—c1/c2)) is on
Kioop, we have 11(—c1/c2) > b}fl and mo(—cy1/c2) > b’QCQ. Hence (5.11) and (5.12) are rewritten as

Clbf +02b§, if bT > T —01/02 ,

wh(cy,c2) = {

v(cr, c2), if b <m

1 bt + cobs, if by >y

w”(e1,02) = {

v(cr, c2), if b5 <o

Further we note that c1b% + c2b% > v(cy, ¢g) and ¢1b} + c2b} > v(cy, ¢2) since the points (b%,b%) and
(b%,b%) are on Kioop and v(ci, c2) = c17i(—c1/ca) +camo(—c1/c2). So if we define regions in the third
quadrant of the (ai,as)-plane as
(when 7i(—c1/c2) < 0 and T2(—c1/c2) < 0)
WO = {(al,ag) Lar S Tl(—Cl/CQ) and a9 S 7'2(—61/62)},
Wt = {(a1,a2) : a1 > 7i(=c1/c2), cra1 + cab2(ar) > c16:1(az) + czaz and ay,az < 0},

W™ ={(a1,a2) : az > ma(—ci/c2), cra1 + caba(a1) < c101(a2) + c2as and a1, as < 0},
(5.13)
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Figure 5.3: Curve V and regions W*, W~ Figure 5.4: Relation between (b7,b3) and
and WO the point attaining w(cy, ¢2)

then we have Lemma 5.3 below.

(ii) case 11(—c1/co) > 0: 1In this case b < 0 < 71(—c1/c2), and hence wt (c1,co) = v(ey, c2).
On the other hand, b’2C2 = by > m(—c1/c2). Hence w(ci,c0) = cll}{ + cobh if b3 > b9, and
w(er, ) = v(er, ep) if by < bY. Since always ¢1b% 4 cabh > v(cr, ¢2), we have w(er, ¢a) = w™ (¢1, ¢2).
So the three regions for Lemma 5.3 below are given as follows.

(when 71 (—c1/c2) > 0)
WO ={(a1,a2) : a1 <0 and ay < b9}, (5.14)
W = ¢, W~ = {(a1,a2) : a1 <0 and b < az < 0}.
(iii) case To(—c1/c2) > 0: Similarly the three regions for Lemma 5.3 are given as follows.
(when mo(—c1/c2) > 0)
WO ={(ar,a2) : a; < b and ay < 0}, (5.15)
W = {(a1,az) : by <a; <0 and ay < 0}, W~ = ¢.

Lemma 5.3 For a given pair of positive integers c1 and ca, w(cy,ce) defined in (5.3) is expressed

as follows. )
c1b] + c2b3 if (b%,0%) in W,

w(cr,ca) = b + bl if (bF,b5) in W, (5.16)
v(cr, c2) if (b%,b%) in WO,
where WO, Wt and W~ are regions defined in (5.13), (5.14) or (5.15).

Note that these expressions for W, W~ and WY depend only on the ratio —c;/cp, and any
pair (c1,c2) having a common ratio leads to same regions. Figure 5.3 shows an example of the
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Figure 5.5: Movement of W’s when —cy/cy Figure 5.6: Partition by the form of the
increases from —oo to 0 function w(eq, c2)

division of the third quadrant of the (ay,az)-plane into sets W¥, W~ and W0 in the case (i). The
boundary between W and W~ is denoted by V. Figure 5.4 shows how (b}, b%) is related to a point
on Ky,0p which gives the value of w(ci, cg).

Remark 5.1 From Theorem 5.1, an upper bound for the decay rate n*(c1,ca,d1,ds2) of p(ni,n2)
along I(c1, cz,dy,dp) is given by e®(1¢2), Hence, the lemma above shows that the upper bound
takes the form either

() (5), (A7) (n3)2 or e*lere2), (5.17)

where 7 = exp{b{}. Let 1) = exp{b)}. From (5.10), e"(:¢2) is given by exp{ci7i(—c1/c2) +
cao(—c1/c2)} when 71(—c1/c2) < 0 and 7o(—c1/c2) < 0, by (79)¢* when m5(—c1/c2) > 0, and by
(n9)°2 when if 71 (—c1/ca) > 0. Remind that 7} is the exact decay rate of the marginal queue-length
distribution of Node k. In some systems (such as Jackson type networks), 7y coincides with n;.
However, the bound in general may differ from (n7)¢! (n3)2. It might be smaller or even larger than

(7)< (n3)°2. ¢

w(cy, c2) as a function of ¢; and c3:  So far we have treated ¢; and ¢ being fixed. Now we
vary ¢; and ¢z and examine the behavior of w(cy, ¢2) as a function of them.

We note that, as —cy/ca — —o0, the curve V in Figure 5.3 tends to the upper left arc of K,y
from (b9,0) to (b1, b51), and as —¢; /ey — 0, V tends to the lower right arc of Kioop from (0,3) to
(b’fQ, b’;g). Two half-lines, which are boundaries between W+ and W° and between W~ and W0,
also move as V moves. Hence, when —c;/co increases from —oo to 0, the boundaries of the regions
move as illustrated in Figure 5.5. So, if we partition the third quadrant of the (aj, az)-plane into
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eight regions as illustrated in Figure 5.6, the function w(ep, c2) takes different forms according to

the region in which (

:{ah

Q

2

R(l] = { ay,as

Ri={
Ry ={
R§ = {
R ={

ai,

Q

2
ai, a2
ai, a2

ai, az

R% = { ai, a
R% = { ay,as

: k(ay,a2) =0,

: k(ay,a2) <0,

: k(ay,az) >0,

: k(ay,az) >0,
k(ay,a2) >0, b’fl < ay
k(ai,a2) >0, bllcl < ay
k(ay,a2) >0, a3 < b’fl
0 k(ay,a2) >0, a1 < b’fl

<

a; < 0 and ag < 0},
a; < 0 and ag < 0},
b’fQ <a; <0 and b’QCQal - b’1C2a2 > 0},
V51 < ay < 0 and b5ta; — bfay <01,
< b and V52 < ay < 51},

by2Y,

and ay <

T,b5) falls. Formally these regions are defined as follows.

and bh? < ay < by},

and ag < bQKQ}.

(5.18)

Note that x(a1,a2) = 0 implies that the point (a1, a2) is on Kjop, k(a1,a2) < 0 implies that (a1, a2)

is inside of Kjopp, and k(a1,a2) > 0 implies that (a1,a2) is outside of Kjppp.

Then we have the

following lemma. Remind that, from Theorem 5.1, exp{w(c1,c2)} is our upper bound of the decay

rate 1*(c1, c2,d1,dz) of p(ny,ng) along line I((c1, c2,d1,d3).

Lemma 5.4 The function w(ci,ca) is given as follows.

If (b1

If (

If (
If (

If (

If (

If (
If (

b3) € RY, then w(cy,cy) = c1b} + cobl.

1
1,b2) € Ry,

1
Tab;) € Rla
1
Tabs) € R27

2
TabZ) € ROv

2
Tabs) € Rla

2
Tabs) € R27

2
Tabs) € R?)v

then

then
then

then

then

then

then

w(cy, co) = {

w(er, cg) = e1bl + cabh.

Cle + Cgbg
Clbf + 02b§

w(cy,c) = cllA)*{ + cobs.

cl bT + Cgbg

w(cr, o) = ¢ v(cr,c2)
c1bt 4 cobl
e1bf 4 cob
w(ey, e2) { o(er, )
v(er, e2)
wler, e2) { by + cabis
w(cy, c2) = v(er, ca).

for
for

—c1/ep <

—c1/ca <o
a(bf,b5) <

—01/62 Z g

1. b3),
—c1/ca < o(b7,b5),
bi, b3).

(b3 — b5)/ (b7 — b7),
—c1fep = (b3 — 3)/ (b — bY).

(5.23)

(5.24)

(5.25)

(5.26)

Proof The case (b%,b3) € RY is a special case where (b, b3) is on Kioop and hence I;Z = b}, from
the definition (5.6).
(5.16). This proves (5.19).

Since (

T,05) is in Wt or W,
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If (b%,b3) € R, then (b7,b5) € W for small —c;/co, and (bf,b3) € W~ for large —c;/co.
The changing point is determined by the equation c¢1b7 + 02133 = cll;f + cobs. A trite calculation
proves (5.20). If (b3,b3) € R1, then (b%,b5) stays in W for any —c;/co. Hence, from (5.16),
w(cr, ea) = e1b} + b5, and this proves (5.21). (5.22) is proved in a similar manner.

If (b%,b5) € R3, then (b%,b5) € W for large —c1/cz, (b],b5) € WY for medium —e;/co, and
(b%,b5) € Wt for small —cy/co. The changing points are given by equations b = 79(—c;/c2) and
b = Ti1(—c1/c2). Since these equations are equivalent to —cj/co = J(AT,b§) and to —c1/co =
o(b%,b5) respectively, we have (5.23). When (b%,b35) € R2, the case (b%,b5) € W™ cannot occur.
When (b%,b3) € R3, the case (b3, b3) € WT cannot occur. When (b1, b%) € R2, always (b%,b5) € WO.
Hence (5.24)~(5.26) are proved immediately from (5.16). &

Combining the above lemma with Theorem 5.1, we have an upper bound for the decay rate
n*(c1, c2,dq,dz) of the joint queue-length probability p(n1,ng) along line I(c;, ca,dy, d3).

6 Use of upper bound 7;

In the preceding section, the upper bound exp{w(ci, c2)} of n*(c1, ca,d1,d2) was derived from
the exact decay rates i} and 73 of the marginal queue-length distributions. However, these marginal
decay rates are usually unknown. By scrutinizing the deriving process, we see that another upper
bound can be derived in the same way by using arbitrary upper bounds for the marginal decay
rates. Here we shall apply the upper bound 7 proposed in [5].

For arbitrarily given positive numbers 7 (< 1), we let

HT(m) = {(a1,a2) : k(ai,a2) <0, logn < a; <0, ay <0}, and

(6.1)
H™(n2) = {(a1,a2) : r(ai,a2) <0, a; <0, logn < az < 0}.

We choose 77,ﬁC so that 7} < 77,ﬁC < 1, then H+(n§) is a subset of HT and H‘(ng) is a subset of H ™.
So, our fundamental lemma, Lemma 4.1, still holds if we use H*(n?) instead of H™ and H~(n})
instead of H~. We let wf(c1,co;nt,n3) be the function defined by (5.3) using H+(r}) and H~(n})
instead of H™ and H~. Then it is represented as in (5.19) ~ (5.26) where b} is replaced with
b/,ﬁC = log mﬁ€ and I;Z/ with 152./ = Hk/(b,ﬁc).

The following lemma is a trivial generalization of Theorem 5.1.

Lemma 6.1 For positive numbers 77? and ng such that nj < 772: < 1, we let nﬁ(01702;7]§,7’]g) =
exp{wﬁ(cl,CQ;ng,ng)}. Then it is an upper bound of the decay rate n*(c1,ca,d1,d2) of p(ni,na)

along l(c1,co,dy,ds) for arbitrarily given positive integers c1, co, di and do. Namely
(1, e2,dy, da) < nf(er, easmt, mh). (6.2)

In the previous paper [5], the authors have derived an upper bound 7} of the decay rate 7 of
the marginal queue-length distribution for node k. The upper bound is defined as follows. For the
function hy(ax) defined in (3.12) we let

& ={(a1,a2) € Kjpop : a <0 and hy(ay) < ar <0}, and (6.3)
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b‘,ik = inf {ar : Jap such that (ay,a2) € E}. (6.4)

Further we restrict & for ap by bii“' as

&
Fr = Ekﬂ{(al,ag) : ak’Zblj}

(6.5)
= {(a1,a2) € Kjpop : ar <0 and max{hy(ax), bii“'} < ap <0},
and let
bkf’“ = inf{ay : Jap such that (a1,as) € Fr}. (6.6)
Then our upper bound is defined as
7 = exp{by* }. (6.7)

Theorem 4.1 in [5] proved that n; < 7y < 1. We will write as 7(ci,c2) the upper bound
14 (c1, ¢2;773,73) in (6.2) using 7.

To describe 7}, or bkf’“ more concretely, we prepare some notations. The curve ap = hg(ag)
on the (a1, az)-plane intersects with KCjo0, at two points, at the origin (0,0) and at a point having

negative k-th coordinate. Let (bi”“, bgk) be the coordinates of the latter point, namely, for example,
if k=1,

b2 = {unique negative root of equation (a1, hi(a;)) =0 for a;} and b2 = h (™). (6.8)

Further we let EZF = Hk/(b}”“) (This quantlty was represented by bh’“ “ in [5] with a slightly different
definition.) Note that, for example, b2 is the second coordinate of the lower intersection of the
straight line a; = bl with Kjp0p. Further we denote as

77,};1“ = exp{bzk}, 172,’“ = exp{bz,’“} and 772}“ = exp{l;Z,’“ . (6.9)

In Corollary 4.2 of [5], it was shown that the pair (b]",b32), which derives the upper bounds
77 and 75, takes one of the following six forms depending on conditions designated in Theorem 6.2
below:
(a)

(b)
()
(d)
()

)

bt phe

( € REURPURY)
(bhl b
(b

(

(€ RY)

(e RY)

(on the boundary between R2 and R?)
(on the boundary between R2 and R3)

£) (1, 052)  (at the corner of R3)

We will refer to them as “type” of the model. Then, from Lemma 5.4, we can get a concrete
expression for 7j(cy, ca) = n*(cy, co; 75, 75) in each type.

Theorem 6.2 For positive integers c1, ca, di and dg, the decay rate n*(c1,ca,dq,ds2) of the joint

queue-length probability p(ni,ne) along line l(c1,ca,dy,d2) is bounded from above by Tj(c1, c2) given
below.
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(a) If max{b}*, B2} < b} and max {032,651} < 05t [(6],63%) = (b1, 052)], then
(a-0) if £(B}*,B52) = 0 |(b]}*,552) € RO,
Mi(cr, e2) = (i)™ (15%)%,
(a-1) if (B, 052) < 0 (0}, 552) € R,

res,c) () ()2 for —e1/ea < (BB —bh2) /(B — BY),
c1,C) = R A «
e e () (l2)e for —crfes > (B — blh2) /bl — B2),

(a-2) if (B}, 05%) > 0 (8}, 552) € R3],

(M) (051)=  for —eifes < a(0)",ByY),

exp{v(cr,c2)} (= exp{aimi(—c1/ca) + cama(—c1/c2)})

ﬁ(clv C2) = for U(b?l, 831) < —01/02 < O'(Bflle bgg)’

(%) (32)°2 for —c1/ea > (B2, 15%).
(b) If max{b}?, 2} < i |(b]7,002) = (b}, B5") € RO, then
M, ea) = (m) ™ (75").
(c) If max{bh’, 05"} < bh [(b]",0]?) = (8}, 65*) € RO, then
Mer, e2) = () (m52)%.
(d) If max{b" b2} < b2 and B > b [(bfl,b?) = (", 0h?) e Rﬂ, then

_ (77?1 )Cl ("?31)62 fOT - 01/02 < 0(6}11176}211)7
(e, e2) = exp{v(ci,ca)} for —ci/co > J(bffl,l;gl).

(e) If max{bh’, 32} < BA* and B> > b2 |(b]7,0]2) = (0, 652) € R3], then

B exp{v(cr, )} for — /ey < o (B2, 05?),
c1,02) = . .
M= e for — erfer > ollhe, 1),

(£) If b < b5 and b2 < b2 [(b{l,bf?) = (b1, b5?) e Rg} then

7(c1,c2) = exp{v(ci, c2)}

(6.10)

(6.11)

(6.12)

(6.13)

(6.14)

(6.15)

(6.16)

(6.17)

Remark 6.1 Note that the function 7j(c1, c2) takes of the form n{*n5? in any case. Hence 7j(cin +

di, con + do) = 07092 {7i(c1, ¢2)}", and the result of Theorem 6.2 can be understood as

c1/n1
lim sup {M} <1
n1,N2—00 77(”17”2)

when n; and ngy get large along line I(cy, ca,dy, da).
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Remark 6.2 We can easily check that Theorem 5.1 holds for case ¢; = 0 and ¢3 > 0. However,
7(0,c2) = 75 for any ¢ and thus the upper bound for n*(0, ca, d;, d2) is trivial.

Remark 6.3 In the proof of Lemma 4.1, we use Lemma 4.2 instead of handling the rate matrix R
directly. To derive a lower bound of n*(¢1, c2,d,d2) in the same manner, we need to find a vector
q satisfying qR > £q for some constant . However, we presently have no way to construct such a
vector, and this is left as a future work.

7 Examples and discussions

Example 7.1 (Tandem queueing system 1) Fujimoto et al. [3] discussed decay rate of the joint
queue-length probabilities in a two-stage tandem queueing system PH/PH/s; —/PH/sy. We com-
pare our result with theirs for the single server type s; = s9 = 1. The tandem configuration requires
that Ay = 0, r19 = r90 = 1 and 719 = 191 = 0. Hence ¢2(az) =0, hi(a1) = 0 and hg(az) = as. Then
k(ai,az) = ¢1(a1) + Y1(—a1 + az) + ¥2(—az), and b-values satisfy relations bi” =, bgl =0 and
b?g = bgg. Notice that the exact decay rate 1} of the marginal queue-length distribution of Node 1
is given by exp{b{}.
Their results are roughly summarized as follows!.

(i) Under the condition b’QC(l) < 0, the decay rate n*(ci1,ca,d;,ds) along line [(c1,ca,dy,ds) is
given by (n) (782)e2 when —c; /¢y is sufficiently small (Theorem 3.1 of [3]).

(ii) Under the condition max{b?l,b’f@)} < b]fQ, the decay rate is given by ('ﬁ?l)cl(n?)c? when

—c1/cq is sufficiently close to 0 (Theorem 3.2 of [3]).

Consider the case (i) and assume that b’;(l)

< 0. Then, when —¢; /¢y is very small, the boundary
curve V between regions W+ and W~ (see Figure 5.3) is near the upper left arc of Ko, from
(19,0) to (B%*,b51) as indicated in Figure 5.5. Since nf = exp{b9}, this implies that the point
(b%,b%5) = (logni,logns) is in WT irrespective of the value of 75. Hence our upper bound for
n*(c1, ca,dy, dz) in Theorem 5.1 is given by exp{cibt + cobs} = (1) (75)% = (i) (752)° from
Lemma 5.3, and this coincides with the exact decay rate given in [3]. For the bound using 7,
among the eight types of Theorem 6.2, five types, (a-0), (a-1), (a-2), (b) and (d), may occur under

the condition b’;(l) < 0. In types (a-1), (a-2), (b) and (d), we can easily check that our upper

!Theorem 3.1 of [3] is rigorously stated in the following manner. Here we use our notations. Note that iz, the
phase of the exogeneous arrival process of Node 2, is always equal to 0 from the tandem assumption. If b;c(l) < 0,
for fixed n2, i1, j1 and j2, the stationary state probability decays geometrically with rate ni‘l as np — oo:

p(n1,m2)iy,0.01.50 ~ G1(na;in; ji, j2) ()™

The multiplicative constant G1(n2;i1;j1,j2) decays geometrically with rate ﬁ;” as ng — 00:
G1(na;in; 1, j2) ~ G2 Co(ir) C1(j1) Ca(j2) (752)",

where Co(i1), C1(j1) and C2(j2) are constants determined from the vector v and G2 is a constant independent of

na, i1, J1 and jo. The original condition of the theorem is the one similar to ﬁ;m < 1, but their definition of the

corresponding quantity to ﬁ;‘z is slightly different from ours and the condition is equivalent to bg’ql) <0.
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Table 7.1: Corresponding types of models listed in Table 1 of [2]

no. model o1 p2 | type || no. model o1 p2 | type
11 | M/Ha/1 — /E3/1 | 0.60 | 0.40 | (b) || 15 | E4/M/1 — /Hy/1 | 0.60 | 0.40 | (b)
12 | E9/Ey/1 — /Eo/1 | 0.60 | 0.40 | (b) || 16 | M/Es/1 — /Es/1 | 0.60 | 0.35 | (b)
13 | M/Hy/1 — /Hg/1 | 0.60 | 0.40 | (b) || 17 | Hy/Es/1 — /Eo/1 | 0.60 | 0.40 | (b)
14 | E9/Hy/1 — /E3/1 | 0.60 | 0.40 | (b) || 18 | M/Es/1 — /Ha/1 | 0.60 | 0.20 | (b)

bound for small —¢; /¢y is given by (/)¢ (451)e2. In type (a-0), we see that by* = b32. Hence the

upper bound is given by (nt)e1 (gh2)e2 = (1)1 (781)e2. Thus in each of the five types, our bound
is equal to (n7)e1(451)¢ and coincides with the exact decay rate.

Next consider the case (ii) and assume that max{b?l,b}f@)} < b, When —¢; /¢y is close to 0,
the boundary curve V is near the lower right arc of Ky, from (0,69) to (b’fQ, b’QCQ). However, in
this type, we cannot discuss our upper bound given in Theorem 5.1 since we don’t know the value
of n3. For the upper bound using 7;, the condition max{bfl“,bllc@)} < b}fQ may not be violated
in five types, (a-0), (a-1), (a-2), (c) and (e), among the eight types of Theorem 6.2. In types
(a-1), (a-2), (c) and (e), we can easily check that our upper bound for —c;/co being near to 0 is
given by (ﬁi”)cl (ngl)CQ. In type (a-0), we see that 5?2 = b]fl. Hence the upper bound is given by
(nhyer (ph2ye2 = (7f1)er (pht)e2. Thus in each of the five types, our bound is equal to (7)1 (nh*)e

and coincides with the exact decay rate.

Example 7.2 (Tandem queueing system 2) Fujimoto et al. [2] reported results of an extensive
numerical experiment on the joint queue-length probability p(ni,ng) for tandem queueing systems
PH/PH/1—/PH/1, and gave a conjecture on the decay rate. We shall see their results from our
point of view of types given in Theorem 6.2 with numerical results for the function

p(n1,n2)

T ma)” (7.1)

'Y(nlv nQ) =

Note that the function y(n1,n2) is the quantity in the braces of (6.18).

Models of type (b): In Table 1 of [2], numerical results were presented for eight models listed
in Table 7.12 on the ratio

p(n1,n2)
()™ (7 )
when n; and ng run along lines 1(20,5,15,5) and [(5,20,5,15). The results of [2] shows that the
ratio converges to a common limit in each model. By the classification in Theorem 6.2, all the

models are of type (b) and 7(c1,cp) = (7) (721)¢2. Hence the function g(ny,ns) coincides with

g(ni,n2) = (7.2)

2As for model representation, we use a similar notation to the Kendall’s one. For inter-arrival and service time
distributions, M stands for an exponential distribution, E2 for an Erlang distribution with 2 phases, and H2 for a
hyper exponential distribution with 2 phases having distribution function of the form F(z) = 0.2(1 — ¢=34®) 4
0.8(1 — e 085wy,

22



n2

200 200

Figure 7.1: Graph of vy(n1,n2) for the Model 16 ~ Figure 7.2: Graph of v(n1,n2) for the Model 21

Table 7.2: Corresponding types of models listed in Table 2 of [2]

(group 1)
no. model pL | pr | type || (B —63)/ (b — D)
21 | M/Hz/1 — /E3/1 | 0.60 | 0.80 | (a-1) —0.901
92 | Ey/Ea/1 — /Eo/1 | 0.60 | 0.70 | (a-0) NAN
23 | M/Hy/1 — /Hy/1 | 0.60 | 0.75 | (a-1) —0.912
24 | Ey/Hy/1 — /Es/1 | 0.60 | 0.85 | (a-1) ~1.050
95 | Eq/M/1 — /Ho/1 | 0.60 | 0.77 | (a-1) —0.965
(group 2)
no. model p1 p2 | type | o, b0) | o(bh2,002)
26 | M/Ey/1 — /Ea/1 | 0.60 | 0.71 | (a-2) || —2.506 | —0.216
27 | Hy/Ey/1 — /Es/1 | 0.60 | 0.70 | (a-2) | —3.403 | —0.050
28 | M/Ey/1 — /Hy/1 | 0.60 | 0.70 | (a-2) —2.786 —0.593

v(n1,n2). The authors draw graphs of y(n1,n2) for these models, and see that all the graphs are
almost flat except near the axes as designated in Fig. 7.1 for Model 16. From the numerical results
and the graphs, we may expect that, in a model of type (b), there exists a common limit C' such
that the joint state probability p(ni,ny) decays geometrically in the sense that, for any positive

integers ¢y, co,dy and do,
plein +di,con +da)
T (e (g ez

(7.3)

Of course this is only a conjecture, and it is an open problem whether this property generally holds
or not.

Models of type (a-1): In Table 2 (a) of [2], numerical results were presented for five models listed
in Table 7.2 (group 1) on the ratio g(ni,n2) in (7.2) when n; and ng run along line (20, 5,15, 5)
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Figure 7.3: Graph of y(n1,ns) for the Model 26 ~ Figure 7.4: Graph of v(n1,n2) for the Model 28

and on the ratio

_ . p(ni,ng)
T 12) = oy

when n; and ng run along line (5,20,5,15). Both ratios seem to converge. Figure 7.2 shows
a graph of 7(n1,ng) for Model 21. Note that this model is of type (a-1) of Theorem 6.2, and
hence y(ni,n2) = g(ni,n2) for —ny/ne < w and y(n1,n2) = g(ny,ne) for —nyi/ny > u, where
w = (b — bh2) /(" — b2). The value of u for this particular model is —0.901 as presented in
Table 7.2. The graph of y(ni,ne) in Fig. 7.2 is almost flat in the region —nj/ny < w and is

(7.4)

also almost flat with another value in the region —nj/ny > u except for the neighborhood of the
boundary. Hence we may expect that, for —c;/co < u, the geometric convergence (7.3) holds, and
for —c; / ca > u, the geometric convergence

lim p(cin + di, con + da)
5o (ot (e

=C (7.5)

holds with another constant C. Models 23, 24 and 25 of Table 7.2 (group 1) exhibit similar behaviors
in y(ny,n2). On the contrary, Model 22 is of type (a-0), and its behavior in y(n;, ng) is rather
similar to those of type (b).

Models of type (a-2): In Table 2 (b) of [2], numerical results were presented for g(ni,ns) in (7.2)
when n; and ng run along line (20,5, 15,5) and for g(ni,n2) in (7.4) when n; and ny run along
line (5, 20, 5, 15) for Models 26, 27 and 28 of Table 7.2 (group2). The paper [2] said that the values
of these functions seemed converging but the convergence speed was very slow. In the classification
of Theorem 6.2, these three models are all of type (a-2), and the values of thresholds o (b, b5)
and o (b2, b52) are as shown in Table 7.2 (group 2). For the line 1(20,5,15,5), —c1 /¢y is equal to
—4.0, and for the line [(5,20,5,15) it is equal to —0.25. Hence in Models 26 and 27, the latter
gradient —¢; /¢y = —0.25 is in between o (b, b51) and o(b"2,b52). Therefore, the estimated decay
rate (772)™ (nh2)"2 used in (7.4) is clearly larger than the exact decay rate (if it exists), and the
ratio cannot converge to a positive limit. In Figs. 7.3 and 7.4, the graph of y(nj,ns) is presented
for Models 26 and 28, respectively, and they seem curving. Our numerical results also show some
slow convergence or non-convergence in these models. So, to understand the decay property of

p(n1,ne) for models of type (a-2), we need further study.
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Table 7.3: Two-node Markovian queueing system M /Ey—M/Eq

no. model p1 | po | type || o, 00Y) | o (B0, 05?)
31 | M/EoM/Ey | 0.7 | 0.7 | (22) | —2.216 | —0.4500
32 | M/Ey-M/E, | 0.65 | 05| (d) | —0.537 -

Figure 7.5: Graph of 7(ny,ng) for the model 31  Figure 7.6: Graph of v(n1,n2) for the model 32

Example 7.3 (Two-node Markovian queueing system M/Eo—M/Ey) Finally, we show two exam-
ples of a two-node Markovian queueing system which is not a tandem queueing system. The models
are listed in Table 7.3, and in both models A\; = Ay = 1 and 712 = 791 = 0.4. The graph of y(n1, n2)
is presented in Figs. 7.5 and 7.6. Model 31 is of type (a-2), and the graph is similar to the one for
Model 28 in Fig. 7.4. On the other hand, Model 32 is of type (d), and the graph is almost flat in
the region —¢;/co < o(B™,b5") and is curving in the region —c¢; /¢y > (b, 551). For details of the
decaying behavior of p(ny,ng), we need further study.
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