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PAPER Special Section on Signal Processing

Restoration of Images Degraded by Linear Motion Blurred Objects
in Still Background

Karn PATANUKHOM†a), Nonmember and Akinori NISHIHARA††, Fellow

SUMMARY A blur restoration scheme for images with linear motion
blurred objects in still background is proposed. The proposed scheme starts
from a rough detection of locations of blurred objects. This rough segmen-
tation of the blurred regions is based on an analysis of local orientation
map. Then, parameters of blur are identified based on a linear constant-
velocity motion blur model for every detected blurred region. After the blur
parameters are estimated, the locations of blurred objects can be refined be-
fore going to a restoration process by using information from the identified
blur parameters. Blur locations are refined by observing local power of the
blurred image which is filtered by a high-pass filter. The high-pass filter
has approximately a frequency characteristic that is complementary to the
identified blur point spread function. As a final step, the image is restored
by using the estimated blur parameters and locations based on an iterative
deconvolution scheme applied with a regularization concept. Experimental
examples of simulated and real world blurred images are demonstrated to
confirm the performance of the proposed scheme.
key words: blur identification, motion blur, image restoration, moving
object, still background

1. Introduction

A motion blur is one of frequently seen types of image
degradation which is caused by relative motions between a
camera and objects during exposure time. Restoration for
the blurred images has been studied [1]–[14]. Most of the
existing methods [1]–[9] are focusing on the restoration of
space-invariant blur function for the entire images. How-
ever, in situations that the degradation is caused by moving
objects, the space-invariant assumption is invalid. In order
to restore the space-varying blurred image, most of exist-
ing methods need multiple images [10], [11] or input from a
human [12], [13]. Jiaya Jia [13] developed a single-image-
based deblurring scheme by using a concept of image mat-
ting. The digital matting is a process to extract foreground
objects from the image or video sequence via analysis of a
transparency map. The transparency map around a bound-
ary of blurred object is used for estimation of the blur func-
tion. However, the scheme needs user to draw strokes to col-
lect samples of blurred object and background elements be-
fore extraction of the transparency map. While Anat Levin
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[14] proposed a fully-automatic deblurring scheme for sin-
gle blurred image caused by a few moving objects with lin-
ear and constant-velocity motion. The method, however,
sometimes fails to identify a blur direction especially when
the blurred object is small because the blur direction is still
estimated by using statistics obtained from the entire image.

In this paper, a fully-automatic and more robust scheme
for restoration of motion blur caused by a few moving ob-
jects are proposed. The proposed scheme is based on sin-
gle image and an assumption of linear and constant-velocity
motion. Our scheme includes identification of the blurred
objects’ locations, estimation of the blur parameters and re-
construction of the deblurred image. Section 2 gives models
of blurred and desired images for the degradation caused by
moving objects. Details of the proposed schemes are pre-
sented in Sect. 3. Two experimental examples are demon-
strated in Sect. 4. Finally, Sect. 5 gives conclusions of this
paper.

2. Image Blurring Model

For the space-invariant blur such as blurs caused by a planar
motion of the camera, the blurred image, g(x), has a relation
to the desired original scene, f (x), as

g(x) = h(x) ∗ f (x), (1)

where h(x) is an impulse response corresponding to the blur
function called point spread function (PSF), and x = [x y]T

represents coordinate (x, y) in a vector form. On the other
hand, when the blur caused by multiple non-overlapping
moving objects in still background is considered, the blurred
image can be obtained from parts of blurred objects, Oi(x),
and unblurred background, B(x), as

g =

NO∑
i=1

[hi ∗ (vi · Oi)] +

⎛⎜⎜⎜⎜⎜⎜⎝1 −
NO∑
i=1

hi ∗ vi

⎞⎟⎟⎟⎟⎟⎟⎠ · B, (2)

while the desired unblurred image is

f =
NO∑
i=1

(vi · Oi) +

⎛⎜⎜⎜⎜⎜⎜⎝1 −
NO∑
i=1

vi

⎞⎟⎟⎟⎟⎟⎟⎠ · B, (3)

where Oi(x) is the i-th blurred object, vi(x) is a binary mask
corresponding to the region occupied by the i-th object, and
NO denotes the number of blurred objects. Different from
the cases of space-invariant blurs that the desired image can
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be obtained by deconvolution of (1) after we know the PSF,
in this case, the desired image is reconstructed as (3) by us-
ing v(x), O(x) and B(x). O(x) and B(x) can be extracted
based on the relation in (2) after the location of blur, v(x),
and the PSF, h(x), have been estimated.

Since the single image provides a limited information,
in our proposed scheme, the blur model is simplified by the
linear motion blur with constant velocity. The correspond-
ing PSF can be defined by

h(x, y; L, θ) = h(x′θ, y
′
θ; L, 0◦), (4)

h(x, y; L, 0◦)=

{
1/L ; 0≤ x≤L − 1,y=0,
0 ; otherwise,

(5)

where θ represents a motion direction, L represents a motion
length, x′θ = x · cos θ + y · sin θ and y′θ = y · cos θ − x · sin θ.

3. Four-Stage Deblurring Scheme

An overview of the proposed scheme is shown in Fig. 1. The
proposed scheme starts from a rough detection of the blurred
objects’ locations. An output of the first step is represented

by {ṽi(x)}N̂O

i=1 where ṽi(x) is a binary mask corresponding to a
raw detected location of the i-th blurred object; and N̂O is the
number of detected objects. The rough detection stage is de-
scribed in Sect. 3.1. Then, the blur parameters are identified
based on the linear motion blur with constant velocity model
for every detected blurred object. The details are presented
in Sect. 3.2. An identified blur PSF for the i-th blurred ob-
ject is denoted by ĥi(x). After the PSFs are estimated, the
locations of blurred objects can be refined before going to
a restoration process. v̂i(x) represents a refined binary mask
for the i-th blurred object. Section 3.3 shows details of the
refinement stage. In the last step, the image can be restored
by using the estimated blur parameters and locations. The
restoration process is described in Sect. 3.4. A restored im-
age is denoted by f̂ (x).

3.1 Rough Blurred Region Segmentation

The first step of the proposed scheme is to find the rough

Fig. 1 Proposed deblurring scheme.

locations of the blurred objects, automatically. A flow dia-
gram of this stage is shown in Fig. 2.
STEP 1: Compute variation functions along four directions
of 0◦, 90◦, 45◦, and −45◦. The variation, Δ(x), of the blurred
image along direction of α is defined as

Δα(x) = |dα(x) ∗ g(x)| , (6)

where dα(x) is a filter in the direction of αwhose coefficients
are given in Table 1. The comparative performances for
three types of filters in Table 1 are demonstrated in Sect. 4.
STEP 2: Extract a binary mask for an interesting region
called wIR(x). The interesting region is the region exclud-
ing regions with very low frequency or very high frequency
components. The low frequency region is defined as a re-
gion where every computed directional variation is signifi-
cantly low (lower than the predetermined lower bound, LB).
We expect that there is almost no difference between blurred

Fig. 2 Proposed rough blurred region segmentation scheme.

Table 1 Coefficients of the directional filters dα(x) where α ∈ {0◦, 90◦,
45◦,−45◦} for the second-derivative operator, the Sobel operator, and the
Prewitt operator [16].

d0◦ (x) d90◦ (x) d45◦ (x) d−45◦ (x)
The 2nd

derivative
operator

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 0
−1 2 −1
0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 −1 0
0 2 0
0 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −1
0 2 0
−1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 0 0
0 2 0
0 0 −1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
Sobel

operator

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 0 1
−2 0 2
−1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 −2 −1
0 0 0
1 2 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 2
−1 0 1
−2 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−2 −1 0
−1 0 1
0 1 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
Prewitt
operator

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 0 1
−1 0 1
−1 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 −1 −1
0 0 0
1 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1
−1 0 1
−1 −1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣
−1 −1 0
−1 0 1
0 1 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and unblurred pixels in this region and the restoration pro-
cess can be avoided [5]. While the high frequency region is
a region where every computed directional variation is sig-
nificantly high (higher than the predetermined upper bound,
UB). Since there is no attenuation of the variations in this
region, we can expect that this region is not degraded by the
linear motion blur. As a results, wIR can be computed from

wIR(x) = DT {w̃IR(x)} , (7)

where w̃IR(x) is a raw function obtained from

w̃IR(x)=

{
1; Δα(x)∈ [LB,UB] for every α,
0; otherwise,

(8)

and DT{·} is a density-based hard thresholding function
used for refining the raw results. The density-based hard
thresholding function is defined by

DT {w(x)} =
{

1;
∑

τ w(x)·C(x−τ )∑
τ C(τ ) ≥ η,

0; otherwise,
(9)

where C(x) =

{
1; |x| ≤ R,
0; |x| > R,

(10)

η ∈ (0, 1] is a pre-determined cut-off ratio, and R is a ra-
dius of the circular filter C(x). DT operator can be used
for forming solid shapes from groups of high-density scat-
tered pixels, filtering out low-density scattered pixels, and
smoothing objects’ contour. The behavior of DT operator
varies by the cut-off ratio, η. DT can work as an erosion op-
erator when η = 1, a median filtering operator of the binary
data when η = 0.5, and a dilation operator when η → 0.
While the radius, R, affects details of the output’s shape. In
this work, we choose R = 5 which can remove the scattered
pixels while keeping the satisfying details for the output’s
shape.

For the post-processing in (7), in consideration of the
spatial characteristics of the image, it is better to remove
the pixels of interesting region whose near neighbors have
already been ignored in the raw version, w̃IR(x). For this
purpose, the cut-off ratio of DT in (7) is recommended as
η ∈ [0.8 1.0].
STEP 3: Compute an expected blur direction function,
Ω(x). In consideration of a ratio of the horizontal and verti-
cal variations of blurred image, the expected blur direction
can be obtained from

ΩA(x) = arctan

(
Δ0◦(x)
Δ90◦(x)

)
. (11)

The definition in (11) shows that if the horizontal variation
is much greater than the vertical variation, we expect that
the blur direction is near the vertical direction because the
blur reduces the variation in vertical direction. On the other
hand, if the horizontal variation is much less than the ver-
tical variation, we expect that the blur direction is near the
horizontal direction. As a result, the blur direction can be es-
timated by observing the ratio of the horizontal and vertical
variations. Since both Δ0◦ and Δ90◦ are non-negative num-
bers according to (6), the result in (11) is always located in

the first quadrant. A proper quadrant of Ω is estimated by
comparing the variation in the diagonal directions as

ΩS(x) =

{
1; Δ45◦ (x) ≤ Δ−45◦ (x),
−1; Δ45◦ (x) > Δ−45◦ (x).

(12)

If the variation along the direction of 45◦ is greater than
−45◦, we expect that the blur direction locates in the first
quadrant; otherwise, it locates in the forth quadrant. Finally,
the expected blur direction, Ω(x), can be obtained from

Ω(x)=

{
MF {ΩA(x)}·MF {ΩS(x)}; wIR(x)=1,
not defined; otherwise,

(13)

whereMF {·} denotes a 2-D median filtering operator. The
median filter of any 2-D data s(x) is defined as

MF {s(x)} = median
τ∈K(x)

({s(τ )}), (14)

where K(x) is a set of local neighbors around the pixel
x. The reason why the median filters are used is that the
raw outputs in (11) and (12) are degraded by impulsive and
speckle noises and the objects’ edges should be preserved to
obtain a good segmentation result. However, the coupling of
ΩS(x) and ΩA(x) yields cyclic values of direction with pe-
riod of π that can not be sorted. Therefore, the median filter
can not be applied to ΩS ·ΩA, directly. We have to apply the
median filter separately to each element of ΩS(x) and ΩA(x)
as shown in (13).
STEP 4: In consideration ofΩ(x), the image is decomposed
into several layers as

w̃ kπ
K

(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1;
Ω(x) + nπ∈

[
kπ
K −δ,

kπ
K +δ

]
for any integer n,

0; otherwise,
(15)

w kπ
K

(x) = DT
{
w̃ kπ

K
(x)

}
, (16)

where K is the number of decomposed layers; w̃ kπ
K

(x) is a bi-

nary mask of raw window when the center of the range is kπ
K

and the radius is δ ≥ π
2K ; and w kπ

K
(x) is a binary mask after

refinement by using the density based thresholding function
in (9). The high density of pixels where w kπ

K
(x) = 1 can be

expected in the blurred area. Most of low-density scattered
pixels trend to belong to unblurred area and should be re-
moved. For this purpose, the cut-off ratio of DT in (16)
is recommended as η ∈ [0.5 0.8]. While an approach for
choosing δ and K in (15) is given in Sect. 4.
STEP 5: Merge groups of layers w kπ

K
(x) that have large in-

tersection parts. In consideration of every pair of layers, if
the intersection part of each pair occupies more than 80% of
area of the smaller one, the layers are merged together. The
result is a new set of binary mask denoted by {ν j(x)}.
STEP 6: To separate the object parts in each window, a con-
nected component labeling algorithm [15], [16] is applied to
every ν j(x) (please see Appendix A for more information
about the connected component labeling algorithm). The p-
th connected region in ν j(x) is denoted by ν[p]

j (x).
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Fig. 3 Scheme for motion direction estimation.

STEP 7: Eliminate the objects ν[p]
j (x), if their sizes are

too small. For example, in this work, we consider only
the blurred objects which occupy more than 2% of the en-
tire image’s area. As a result, the objects whose sizes are
smaller than 2% of the image size can be ignored. There
is a trade-off between fineness and computational cost. Re-
ducing the threshold can improve the fineness and resolution
of the detection scheme; however, the number of rough de-
tected objects increase and higher computational cost will be
required in the next steps. In addition, the performances of
PSF identification and restoration schemes typically degrade
due to an insufficient information when they are applied to
the small objects. After small objects are eliminated, merge
groups of objects {ν[p]

j (x)} j,p that have large intersection area
(larger than 80% of the smaller object). The final result is
denoted by {ṽi(x)}N̂O

i=1 which is the rough detected regions of
blurred objects.

3.2 Identification of Motion Blur Parameter

Since the proposed scheme is based on assumption of linear
motion blur with constant velocity, there are two parameters
to be identified that are the motion blur direction and the
length of motion.

3.2.1 Identification of Motion Direction

The estimation of motion direction is based on the algo-
rithm used in [3]–[5] which is demonstrated in Fig. 3. In
order to stimulate stripes along the blur direction, the algo-
rithm starts from trial restoration of the blurred image by
using a forward ramp PSF along the horizontal and verti-
cal directions. The coefficients of forward ramp PSF are
[1 2 3 . . . Ltr] where Ltr is the trial length of motion which
can be chosen according to [3]. Then, the stripes are empha-
sized by applying the vertical and horizontal differentiation
to the horizontal and vertical trial restored images, respec-
tively. For identification of the motion direction of the i-th
blurred object, the image derivatives are multiplied with the
mask ṽi. Finally, two outputs are transformed by Fourier
and Radon transforms to prepare for extraction of the direc-
tional information. For the linear motion blurs, the outputs
after Fourier transform are characterized by single-stripe-
like functions [3] corresponding to frequency characteristics
of the PSFs. The blur direction can be obtained from a di-
rection of the stripe which is extracted via the Radon trans-
form (please see Appendix B for more information about the

Radon transform). The outputs of the Radon transform are
denoted by Di(a, ρ; φ) for the direction of trial restoration
of φ ∈ {0◦, 90◦} where a and ρ represent the dimensions of
an angle and a distance from the origin, respectively. The
motion directions are corresponding to the dominant angles
inDi. To locate the dominant angles, local maxima are em-
phasized by using filter as

D̃i(a; φ) = D̄i(a; φ) − 1
2A

∫ a+A

a−A
D̄i(s; φ)ds, (17)

D̄i(a; φ) =
1

2P

∫ P

−P
Di(a, ρ; φ)dρ, (18)

where A and P are adjusting parameters for the filter, and
D̃i(a) is a peak emphasizing function. Since now we are
trying to identify the direction of the narrow stripe located
in a center part of frequency domain, the integration in (18)
is used to focus on only the a-dimension and the center area
of ρ-dimension. Then, the peaks of D̄i(a) are emphasized
by the high-pass filter in (17). Finally, combining the two
outputs together, we obtain the directional analysis function,
Ψi(a), as

Ψi(a) = max(D̃i(a; 0◦), D̃i(a; 90◦)). (19)

The processes in (17)–(19) are originally proposed for esti-
mation of space-invariant non-linear motion blurs approxi-
mated in piecewise linear model. Since the blur directions
can be estimated from the locations of local maxima inΨi(a)
[4], Ψi(a) extracted from the linear motion blurred object
should be characterized by only one dominant peak. In this
work, the scheme in (17)–(19) is applied to check whether
the detected objects are degraded by the linear motion blur
or not. If Ψi(a) is characterized by a number of distinct
peaks which can be caused by textures or nonlinear mo-
tion blurs, the corresponding detected object is considered
as a detection fault. In consideration of the shape of the
directional analysis function, the motion direction can be
estimated from

θ̂i=

⎧⎪⎨⎪⎩ arg max
a
Ψi(a);

∑
k Ψi(Λk)≤max

a
Ψi(a),

not defined; otherwise,
(20)

where θ̂i represents the identified motion direction, and {Λk}
is a set of local maxima of Ψi(a) whose values are greater
than zero, excluding the global maximum. For the feasi-
bility condition, we observe the number and the heights of
the local peaks. If there are many peaks and a total height
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Fig. 4 Scheme for motion length estimation.

is over the global maximum value, the motion direction is
assigned as ‘not defined’ which means that the correspond-
ing detected region might not be valid for the assumption
of linear motion blur with constant velocity or the analysis
function is not clear enough for identification of the blur pa-
rameter.

3.2.2 Identification of Motion Length

The scheme for motion length estimation is modified from
the method of Yitzhaky [1]. The motion length can be esti-
mated from a location of global minimum of an autocorre-
lation function along the motion direction extracted from an
image derivative as

L̂i=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
arg min

τ
Li(τ);

∣∣∣∣∣∣L2nd−min
τ
Li(τ)

∣∣∣∣∣∣∣∣∣∣∣∣min
τ
Li(τ)

∣∣∣∣∣∣
≥ 0.5

and arg min
τ
Li(τ) ≥ 5,

not defined; otherwise,

(21)

where L̂i is an identified motion length for the i-th detected
object, Li(τ) is a motion length analysis function shown in
Fig. 4, and L2nd is a depth of the second lowest local mini-
mum of Li(τ).

In this case, there are two feasibility conditions. For the
first condition, we compare a difference between the global
minimum and the second lowest local minimum. Since
the characteristic of Li(τ) extracted from the linear motion
blurred objects should have the small second lowest local
minimum comparing to the global minimum, if the differ-
ence between those two values is small, the motion length
is assigned as ‘not defined.’ For the second condition, we
consider the characteristic of the identification scheme when
it is tested on the normal images (unblurred images). In
this case, the minimum location of the directional autocor-
relation function is not affected by the PSF but affected by
the characteristic of the image itself. In this work, we ob-
served the locations of global minimum of the autocorrela-
tion functions obtained from ten standard test images (e.g.
Lenna, Barbara, Boat, Peppers, and etc.) along 180 direc-
tions. From this experiment, we found that the locations of
minimum are mainly distributed in a range of [2 4] (20%
are two, 65% are three, 14% are four, and 1% is more than
four). Therefore, to avoid the detection fault, the condition
of minimum identified motion length is applied as L̂ ≥ 5.

Finally, after the motion direction and length are iden-

tified, the PSF for the i-th detected object can be estimated
as ĥi(x) = h(x; L̂, θ̂) according to (4).

3.3 Refinement of Blurred Region Segmentation

After the PSF of blur is identified for every detected region,
the blurred region can be updated by using the information
of the blur PSF as the following steps.
STEP 1: Create the ideal high-pass filter, h′i(x), which is
roughly complementary to the identified blur PSF, ĥi(x), as

H′i (ω) =

{
0; ω ∈ S,
1; otherwise,

(22)

where H′i (ω) is a Fourier transform of h′i (x); and S repre-
sents an area of stop band. Then, the blurred image is fil-
tered by h′i (x) as

g′i (x) = h′i (x) ∗ g(x). (23)

S in (22) can be chosen to obtain the condition that
|h′i (x) ∗ ĥi(x)| ≈ 0. For the general blur functions, S can be
the area that |Ĥi(ω)| is over some pre-determined threshold
where Ĥi(ω) is a Fourier transform of ĥi(x). For the cases
of linear motion blurs whose frequency responses are char-
acterized by sinc functions, an area occupied by a main lobe
of Ĥi(ω) is appropriate to be used as S since the most power
of Ĥi(ω) dominate in the main lobe and an abrupt change
in the frequency response can be avoided. We expect that
the power of g′i (x) in the area of the blurred object vi might
be dramatically degraded since |h′i (x) ∗ ĥi(x)| ≈ 0 while the
power in the other areas is kept by |h′i (x) ∗ f (x)| > 0.
STEP 2: Based on the assumption that the power of the
g′i (x) in the part of blur vi(x) is near zero, thresholding is
applied as

ũi(x) =

{
1;

∣∣∣g′i (x)
∣∣∣ < ε,

0; otherwise,
(24)

where ε is a threshold. An approach for choosing the thresh-
old is given in Sect. 4. Then, the results from this stage and
the rough estimation stage are combined as

ui(x)=DT

⎧⎪⎪⎪⎨⎪⎪⎪⎩[ṽi(x)|ũi(x)] ·wIR(x) ·
∏
j, j�i

[1−ṽ j(x)]

⎫⎪⎪⎪⎬⎪⎪⎪⎭, (25)

where | is a logical OR operator. Similar to (16), high den-
sity of pixels where ũi(x) = 1 in the blurred area can be
expected. In addition, the solid shape is already obtained in
the rough estimation process. Most of the low-density scat-
tered pixels trend to be errors and should be removed. The
same cut-off ratio ofDT in (16) can be applied here.
STEP 3: Apply connected component labeling algorithm
[16] to decompose ui(x) to u[q]

i (x) and select the component
with the largest intersection part to the rough estimated re-
sults, ṽi(x), as

Q = arg max
q

∑
x

u[q]
i (x) · ṽi(x). (26)
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STEP 4: Apply morphology techniques [16] to smooth the
contour of u[Q]

i (x), resulting in the final identified location
of blur, v̂i(x).

3.4 Restoration

To describe the restoration scheme, (2) and (3) are re-written
in the matrix-vector form as

g =
NO∑
i=1

(HiVioi) +

⎛⎜⎜⎜⎜⎜⎜⎝I − diag

⎛⎜⎜⎜⎜⎜⎜⎝
NO∑
i=1

Hivi

⎞⎟⎟⎟⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎟⎟⎠b, (27)

f =
NO∑
i=1

(Vioi) +

⎛⎜⎜⎜⎜⎜⎜⎝I −
NO∑
i=1

Vi

⎞⎟⎟⎟⎟⎟⎟⎠b, (28)

where f, g, b and oi are the vector representation of the inten-
sities of the original image f (x), the blurred image g(x), the
part of still background B(x), and the moving objects Oi(x),
respectively; Hi denotes a matrix which is identical to con-
volution with the PSF hi(x); vi is a vector representation for
the binary mask vi(x); Vi = diag(vi) denotes a diagonal ma-
trix which is identical to windowing operator with the binary
mask vi(x); diag(·) for any vector represents a diagonal ma-
trix whose diagonal values starting in the upper left corner
are respectively obtained from the elements of the vector;
and I is an identity matrix. (27) and (28) can be simplified
as

g = Φ�, (29)

f = Ξ�, (30)

where

�=
[

bT oT
1 oT

2 · · · oT
NO

]T
, (31)

Φ=

⎡⎢⎢⎢⎢⎢⎣ I−diag

⎛⎜⎜⎜⎜⎜⎜⎝
NO∑
i=1

Hivi

⎞⎟⎟⎟⎟⎟⎟⎠ H1V1 · · ·HNOVNO

⎤⎥⎥⎥⎥⎥⎦ , (32)

Ξ=
[

I −
∑NO

i=1 Vi V1 V2 · · · VNO

]
, (33)

In order to solve linear equations in (29) and (30) to re-
construct f, we use an iterative scheme based on Landweber
method [6], [7] and regularization techniques [7]–[9] as the
following steps.

Initialization: The proposed iterative restoration
scheme starts form initialization of the objects and back-
ground. The blurred objects are initialized by

o(0)
i = Vig, (34)

where o(0)
i denotes an initial guess for the i-th object. For

the background, we can consider into three regions as

B(0)(x)=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
g(x);

∑NO

i=1(hi ∗ vi)(x) = 0,
0;

∑NO

i=1(hi ∗ vi)(x) = 1,
P(x); otherwise,

(35)

where B(0)(x) denotes a spatial domain representation of
an initial guess for the background. In the region where

∑NO

i=1(hi ∗ vi)(x) = 0 which results in vi(x) = 0 for every i,
the recorded image, g(x), is obtained from pure background
according to (2). For the region where

∑NO

i=1(hi ∗ vi)(x) = 1,
based on an assumption that the blurred objects do not over-
lap, g(x) is obtained from pure objects. In this area, the
information of background is not used to reconstruct the de-
sired image. The last area is corresponding to a transition
area where the recorded image, g(x), is obtained from an
addition of background and objects with different ratio de-
pending upon the location. The background value in the
transition area can be predicted based on the information
from the estimated objects, Pobj(x), and based on the corre-
lation to the known background, Pbg(x). According to (2), if
the objects are known, the background can be obtained from

Pobj(x) =
g(x) −

∑NO

i=1 hi(x) ∗ O(0)
i (x)

1 −
∑NO

i=1 hi(x) ∗ vi(x)
. (36)

In addition, in consideration of the correlation between the
unknown background and their known neighborhood val-
ues, the background can be estimated by using interpola-
tion/extrapolation or inpainting techniques [17]–[19]. The
predicted result is denoted by Pbg(x). Finally, the predicted
background value in the transition area can be obtained by
combining the results from Pobj(x) and Pbg(x) as

P(x)=
[
1 −

∑NO

i=1 hi(x) ∗ vi(x)
]
· Pbg(x)

+
[∑NO

i=1 hi(x) ∗ vi(x)
]
· Pobj(x).

(37)

From (37), the unknown background can be estimated from
parts of Pobj(x) with the weight of

∑NO

i=1 hi(x) ∗ vi(x) and
Pbg(x) with the weight of 1 −

∑NO

i=1 hi(x) ∗ vi(x). The higher
weight values are given to Pbg(x) for prediction of the un-
known pixels which locate near the known background. On
the other hands, the higher weight values are given toPobj(x)
for prediction of the unknown pixels which locate near the
objects.

After the background and objects are initialized, the
initial values of �̂ and f̂ can be obtained from

�̂(0) =
[

b(0)T
o(0)

1

T
o(0)

2

T · · · o(0)
NO

T ]T
, (38)

f̂
(0)
= Ξ�̂(0). (39)

Updating: Based on the regularized iterative scheme,
the restored image can be updated by

�̂(k) = �̂(k−1) + βΦT
(
g −Φ�̂(k−1)

)
− βγV�CT ACf(k−1), (40)

f̂
(k)
= Ξ�̂(k), (41)

where the superscript (k) denotes an iteration number; β is
a step size; C is a matrix corresponding to a regularization
operator which is typically a high-pass filtering operator; γ
is a regularization parameter; A is a diagonal matrix corre-
sponding to a spatial adaptive component for the regulariza-
tion term;
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V� =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢diag

⎛⎜⎜⎜⎜⎜⎜⎝
NO∑
i=1

Hivi

⎞⎟⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥ ; (42)

and �·� is a ceiling operator for every element of ma-
trix. The iterative scheme in (40) consists of two updating
terms. The first part is corresponding to a discrepancy error,
g − Φ�̂(k−1), feeding back to the results with the updating
step size of β. The second part is called the regularization
term, γV�CT ACf(k−1), which is applied to prevent an over-
amplification of the high frequency components due to the
ill-posed condition. The effect of the regularization term is
reduction of noise amplification and ringing artifacts. The
regularization operator, C, regularization parameter, γ, and
adaptive component, A, can be chosen according to [7]–[9].

4. Experiments

In this section, the performance of our proposed method is
demonstrated by using simulation and real world examples
in Example I and II, respectively. We applied the schemes
in Sects. 3.1–3.3 for identifying the locations and PSFs of
blurred objects. The restored images, f̂ (x), were obtained
from the scheme presented in Sect. 3.4 by using the iden-
tified blur locations, v̂i(x), and estimated PSFs, ĥi(x). The
parameters in each stage were assigned as shown in Table 2.
Most of parameters were tuned based on the characteris-
tics observed from pre-experiments on the set of test images
(used in Sect. 3.2.2).

Firstly, the three derivative operators in Table 1 were
tested on the images degraded by 200 random PSFs under
five noise conditions. The expected blur direction function,
Ω(x), and its estimation error, |Ω(x) − θ|, corresponding to

Table 2 Set of parameters using in the experiments.

Rough Estimation :
dα(x) : The second-derivative filter

[LB UB] : [1 55]
MF : 5 × 5

K : 18 layers
δ : 13◦

Merging Threshold : 80%
Elimination Threshold : 2%

Motion Direction Estimation :
Ltr : 10

A : 140◦

P : 0.04π

Motion Length Estimation :
Minimum Length : 5

Refinement Stage :
ε : Fig. 7

Density-Based Hard Thresholding :
R : 5
η : 1.0 for (7)

0.6 for (16) and (25)

Restoration Stage:
β : 0.5
γ : 0.01
C : Laplacian
A : None

each derivative operator were observed. Figure 5 shows
root-mean-square errors in different noise condition. The re-
sults show that the second-derivative operator which is the
high-pass operator can provide the minimum error in low-
noise conditions. However, in noisy conditions, the perfor-
mance of the second-derivative operator is degraded and the
Sobel and Prewitt operators which are the band-pass opera-
tors provide the similar performances with smaller estima-
tion errors. Since further experiments were based on the as-
sumption of low-noise condition, the second derivative op-
erator was selected for computing the variation functions.

Next, to set up the bounds for interesting region in (8),
the very low frequency region was considered as a homoge-
neous region where there is completely no variation or Δα(x)
= 0 because Ω(x) in this region can not be obtained due to
the division in (13). In addition, the restoration process can
be avoided because there is almost no difference between
the blurred and unblurred pixels [5]. As a result, the lower
bound for the interesting region in (8) can be set as LB = 1.
On the other hand, the upper bound, UB, can be selected
based on histograms of the variation functions. The test im-
ages were blurred by motion blur along 180 directions with
the length of five (the minimum length for the identification
scheme). The histograms of the variation functions calcu-
lated from both blurred and unblurred inputs were observed,
resulting in Fig. 6. The results show that the variation func-
tions of the blurred inputs have less distribution comparing
to the unblurred inputs. Based on the results in this example,
the variation functions of the blurred inputs were bounded
by 360; therefore, an ideal upper bound for the interesting
region can be set as UB = 360, then we can expect 100% of
the blurred pixels including in the interesting region. How-
ever, in this case, only 0.35% of the unblurred pixels can be
ignored. In practice, we should increase the number of ig-
nored pixels by some allowance of small error. In this work,
we allowed 1% of the blurred pixels that may be missing by
assigning the upper bound as UB = 55 so that we can expect
7% of the unblurred pixels which be ignored.

In order to find the expected blur direction, Ω(x), in
(13), the median filters are used to clean the function that
can improve the segmentation results. However, the me-
dian filters smooth Ω(x) not only in the blurred region but
also the unblurred region. A large size of neighborhood re-
gion, K(x), may induce more erroneously detected objects.
Therefore, in this experiment, we chose K(x) as a square
of size 5 × 5 which can reduce the variation of Ω(x) in the
blurred region while keeping the variation ofΩ(x) in the un-
blurred region.

After Ω(x) have been obtained, the image is separated
into layers based on the range of Ω(x). For this step, we
started by setting the cut-off ratio of DT in (16) as 0.6. It
means that the blurred objects can be recovered if 60% of
their pixels are provided. Based on this condition, to se-
lect the segmentation range, δ, in (15), a histogram of the
estimation errors of the expected blur direction, |Ω(x) − θ|,
was observed from the test images. From the histogram, we
found that 60% of Ω(x) have the estimation errors less than
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Fig. 5 Error characteristics of the expected blur direction obtained from
three types of directional filters.

Fig. 6 Histograms of the variation functions.

Fig. 7 The optimal threshold for |g′i (x)| in (24).

Fig. 8 Example I: Simulation.

13◦. As a results, the appropriate values for δ is 13◦. While
the number of decomposed layers, K, that should be greater
than 180◦/2δ can be chosen arbitrary. However, the large
number of decomposed layers will causes more redundancy
because the similar layers will merge together in the next
step. In this experiment, we choose K = 18.

For the PSF identification stage, the parameter P in (18)
can be selected via observation of identification errors of
the motion directions, |θ̂ − θ|, obtained from the test images.
Based on our experiment, the optimal P which provided the
minimum error was P = 0.04π. While the parameter A in
(17) which directly affects the feasibility condition, should
minimize

∑
k Ψi(Λk) in (20) for the linear motion blurred ob-

jects while keeping the condition
∑

k Ψi(Λk) > max
a
Ψi(a) for

the unblurred or non-linear motion blurred objects. Based
on the experiment, the optimal A was obtained as 140◦.

For the refinement stage, the optimal threshold ε in (24)
was analyzed by using the test images and the character-
istic of the optimal threshold is illustrated in Fig. 7. The
optimal threshold increases when the length of motion in-
creases since the power allocated in the main lobe of Hi(ω)
is reduced and the stop band of H′i (ω) is narrowed.

Example I: The first example is the case of an image
with one simulated motion blurred object in still outdoor
background. Figures 8(a) and 8(b) show the desired image
without blur and its degraded version, respectively. The ob-
ject in Fig. 8(b) was blurred by linear motion blur along the
direction of θ = 80◦ with the motion length of L = 29 and
constant velocity. The proposed scheme started from the
rough detection of blurred objects by using the expected blur
direction function, Ω(x), which was obtained as in Fig. 10.
The expected blur direction function in Fig. 10 has approx-
imately homogeneous values around 80◦ in the area of the
blurred object. By observingΩ(x), the proposed scheme de-
tected roughly two blurred objects as illustrated in Fig. 9(a).
The rough detection result still includes one erroneously de-
tected object caused by an edge in the floor. However, this
detection fault can be eliminated in the next parameter iden-
tification step.

The blur parameter identification process of two de-
tected objects is demonstrated in Fig. 11. For the first object
(floor), the characteristics in that region were not uniform
enough to identify the length of motion blur according to
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the first feasibility condition in (21). For the second object
(can), the clear characteristics can be observed and the di-
rection of blur can be estimated as θ̂2 = 80◦. Then, the
motion length can be estimated as L̂2 = 29 and the identi-
fied PSF was obtained as shown in Fig. 11. While the con-
ventional scheme in [14] failed in estimation of the motion
direction. The motion direction was estimated as 22◦ which
is very different from the actual value since the scheme used
the entire image to estimate the motion direction of blurred
object that makes the characteristics of the background in-
terfere the identified result.

After the PSF had been identified, the location of blur
was completed in the refinement stage. The better segmen-

Fig. 9 Blurred region segmentation for Fig. 8(b).

Fig. 10 Expected blur direction Ω(x) for Fig. 9(a).

Fig. 11 Blur parameter identification of Fig. 8(b). From left to right, rough detected blurred objects,
motion direction estimation, motion length estimation, and estimated PSFs.

tation result was obtained as in Fig. 9(b). The detection fault
was ignored by the PSF estimation process and the contour
of the real blurred object was improved in the refinement
stage. By using the identified location and PSF of blur, the
image can be restored, resulting in Fig. 8(c). The restored re-
sult improves PS NR from the blurred image by 2.5 dB and
provides readable characters and more details in the objects.

Example II: In this example, the proposed scheme was
tested by using a real world blurred image demonstrated in
Fig. 12(a). The rough and refined detections for the blurred

Fig. 12 Example II: Real world image.
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objects are shown in Figs. 13(a) and 13(b), respectively. The
rough estimates of blur locations were obtained from the ex-
pected blur direction,Ω(x), in Fig. 14. In the rough detection
stage, we detected four blurred objects, including two actual
blurred objects and two detection faults caused by a texture
with horizontal parallel stripes of a curtain. The identifica-
tion of PSFs is illustrated in Fig. 15. The PSFs failed to be
identified in the motion length estimation steps for the two
detection faults. As in Example I, the characteristics of the
image in the erroneously detected regions were clear to iden-
tify the blur directions due to the parallel stripes appearing
in the textures. However, the characteristics of the image
derivatives were not uniform enough to identify the motion
length based on the first condition in (21). While the char-

Fig. 13 Blurred region segmentation of Fig. 12.

acteristics of the actual blurred objects were homogeneous
to identify the motion directions and lengths. As a result,
the two detection faults were ignored and the locations of
two real objects were improved in the refinement step. Fi-
nally, the restored result can be obtained as illustrated in
Fig. 12(b) which provides more readable characters in the
blurred objects. While the conventional scheme in [14] still
failed for estimation of motion directions in this example.
Since the motion directions were estimated by using entire
image, only one dominant direction in the image can be de-

Fig. 14 Expected blur direction Ω(x) for Fig. 13(a).

Fig. 15 Blur parameter identification of Fig. 12(a). From left to right, rough detected blurred objects,
motion direction estimation, motion length estimation, and estimated PSFs.
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tected while there are two blurred objects moving in differ-
ent directions in this example. The estimated direction was
obtained as 2◦ which is dominated by the horizontal parallel
stripes in curtain and clothes.

5. Conclusion

A single-image-based scheme for identification of the loca-
tions and PSFs of blur caused by multiple moving objects
along with iterative restoration scheme are proposed. To
simplify the problem, the proposed scheme is based on the
linear and constant-velocity motion blur model. Our pro-
posed method consists of four stages, including rough de-
tection of blur locations, identification of blur parameters,
refinement of estimated blur locations and reconstruction of
the desired image, respectively. The experimental examples
were given in the both cases of simulated and real world
blurred images to demonstrate that the proposed scheme
provides the ability to automatically identify the PSFs and
locations of blurred objects and recover the desired scene.
Although the rough detected blurred regions may include
some errors, they can be corrected by the blur parameter es-
timation or blur location refinement stages. However, the
proposed scheme is still limited for the linear motion blur,
and for the future work, the scheme for the non-linear mo-
tion blur should be considered.

References

[1] Y. Yitzhaky and N.S. Kopeika, “Identification of blur parameters
from motion blurred images,” CVGIP: Graphical Models and Im-
age Processing, vol.59, no.5, pp.321–332, Sept. 1997.

[2] Y. Chen and I. Choa, “An approach to estimating the motion param-
eters for a linear motion blurred image,” IEICE Trans. Inf. & Syst.,
vol.E83-D, no.7, pp.1601–1603, July 2000.

[3] W. Tan, J. Zhang, G. Rong, and H. Chen, “Identification of motion
blur direction based on analysis of intentional restoration errors,”
2004 IEEE Inter. Conf. on Networking, Sensing and Control, vol.2,
pp.1253–1258, 2004.

[4] K. Patanukhom and A. Nishihara, “Identification of piecewise linear
uniform motion blur,” IEICE Trans. Fundamentals, vol.E91-A, no.6,
pp.1416–1425, June 2008.

[5] K. Patanukhom and A. Nishihara, “Multiple-image-based restora-
tion for motion blur with non-uniform point spread function,” IEICE
Trans. Fundamentals, vol.E91-A, no.8, pp.1924–1934, Aug. 2008.

[6] L. Liang and Y. Xu, “Adaptive landweber method to deblur images,”
IEEE Trans. Signal Process., vol.10, no.5, pp.129–132, May 2003.

[7] J. Biemond, R.L. Lagendjik, and R.M. Mersereau, “Iterative meth-
ods for image deblurring,” Proc. IEEE, vol.78, pp.856–883, May
1990.

[8] A.K. Katsaggelos, J. Biemond, R.W. Schafer, and R.M. Mersereau,
“A regularization iterative image restoration algorithm,” IEEE Trans.
Signal Process., vol.39, no.4, pp.914–929, April 1991.

[9] J. Lu, E. Poon, and K.N. Plataniotis, “Restoration of motion blurred
images,” IEEE International Conference on Multimedia and Expo,
2006, pp.1193–1196, July 2006.

[10] S. Cho, Y. Matsushita, and S. Lee, “Removing non-uniform mo-
tion blur from images,” IEEE 11th Inter. Conf. on Computer Vision,
ICCV 2007, Oct. 2007.
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Appendix A: Connected Component Labeling Algo-
rithm

For any image or 2-D data, connected component labeling
algorithm is a process to devide the image into components
based on a pixel connectivity. Any pair of pixels are con-
nected, if they are neighbors and their values are from the
same set of values. The neighbors of pixel can be consid-
ered as 4-neighbors (horizontal and vertical neighbors) or
8-neighbors (horizontal, vertical and diagonal neighbors).

Based on a classical approach, the algorithm starts by
scanning the data (e.g. from left to right and up to down).
Indicating x as a pixel to be labeled and p as a current la-
bel. The algorithm observes the neighbors of x which have
already been encountered in the scan; if any neighbors are
connected to x, the smallest label of the connected neigh-
bors is assigned to x; otherwise, a new label (p ⇐ p + 1)
is assigned to x. In the cases that there is more than one
neighbor connected to x, all labels of the connected neigh-
bors are registered as equivalences. There are a number of
approaches for recording and resolving label equivalences.
For example, after completing the first scan, the second scan
is made to replace each group of equivalent labels with its
corresponding new unique label.

In our application, since the binary masks w(x) are the
targets to be labeled, the labels are assigned only in the pix-
els where w(x) = 1 while the pixels where w(x) = 0 are ig-
nored. The connectivity condition is based on 8-neighbors
that have the same value.

Appendix B: Radon Transform

Radon transform is a famous method for detecting param-
eterized lines, edges, curves and shapes. The Radon trans-
form is integral projections obtained from integration of a
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function over straight lines. A formulation of the Radon
transform can be written as

Rs(a, ρ)=
∫ ∞

−∞

∫ ∞

−∞
s(x,y)·δ(ρ−xcos a−ysin a)dxdy, (A· 1)

or

Rs(a, ρ)=
∫ ∞

−∞
s(ρcos a−l sin a, ρsin a+l sin a)dl, (A· 2)

where Rs(a, ρ) is the Radon transform of any function
s(x, y); a and ρ represent direction and distance from the
origin of each line integration, respectively.
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