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Chapter 1

Introduction

This dissertation is devoted to developing a theory of supervised learning for clarifying
the essence of learning. In this chapter, we state the motivation and objective of our

work.

1.1 Three issues in learning

Learning is obtaining an underlying rule by using information sampled from the envi-
ronment. If the underlying rule is identified, then it is possible to deal with unknown
situations. This ability is called the generalization capability. Acquiring a higher level
of the generalization capability means that the learning target has been well recognized.
The methodology of physics, to clarify the principles of the world of nature from a limited
amount of experimental data, is a typical model of learﬁing. Hence, learning is a very

important issue in science.

There are three major issues in learning. First, clarifying the mechanism of learning in
the brain of human beings. This issue has been mainly studied in psychology, biology, and
neuroscience. Second, developing learning machines. This has been studied in computer
science and neuroengineering. Third, investigating the essence of learning, for example,
the generalization capability. This has been mainly studied in the field of information
science. Although the three issues are listed independently, each contributes to the devel-
opment of the others (Figure 1.1). The main goal of our work is to clarify the mechanism

of acquiring the generalization capability corresponding to the third issue.

NECONCEN T
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Psgi(;rlwcc))g;gy Computer Science
Neuroscience Neuroengineering

Clarification of Development of

Investigation of
essence of lear

Figure 1.1: Three issues in learning. Although the three issues are listed independently,
each contributes to the development of the others.

1.2 Contribution of this dissertation

Our work to clarify the essence of learning contributes to both the clarification of the
mechanism of the brain and the development of learning machines. In this section, we
briefly review the studies of neuroscience and neuroengincering, and show how our work

contributes to these subjects. |

1.2.1 Clarification of mechanism of brain

The principles of learning in the brain of human beings is one of the most mysterious
issues in science. Activities of the brain can be classified into two different but closely
rclated categories, depending on the type of thinking (Amari [8]). One type of thinking
is logical thinking, where information is represented by simplified symbols. Human beings
achieved the symbolization of information by creating languages. Once information is
symbolized, it is consciously and sequentially processed with logical relations of symbols.
Although logical thinking is an important activity in the brain, it occupies only a part of

its activities. The other type of thinking is intuitive thinking, where an enormous amount




1.2. Contribution of this dissertation 3

of information which is not symbolized but represented by activation patterns on neurons
is unconsciously processed. In intuitive thinking, information is processed in parallel by
the interaction of neurons. Then reasonable solutions are obtained by integrating a huge
amount of contradictory information. This process closely relates to the mechanism of
memorization in the brain. The interaction of neurons is modified through learning.

Each type of thinking has advantages and disadvantages (Amari [8]). Logical thinking
enables us to reason deeply and accurately. However, its ability is poor when it comes to
induction and summarization. Moreover, it requires a lot of time to derive a solution and
it is easily affected by a lack of or the contradictory information. In contrast, intuitive
thinking gives a good, quick response for ill-posed problems. The drawback is its inac-
curacy. Human beings show their splendid information processing ability by combining
these two different types of thinking.

The ultimate purpose of neuroscience is to clarify the principles of the brain, partic-
ularly the distributed representation of information and information processing (Kawato
[59], Amari [8]). The usual approach is to measure its activities in detail. Our brain has
been developed through evolution and mutation. Creatures with successful brain archi-
tecture evolved as those less successful were selected against. Owing to the process of the
development, our brain became very complicated. As a result, it is extremely difficult to
clarify the principles of the brain by measuring its activities. An alternative approach to
the clarification of the brain is to assume a model of the brain, i.e., an artificial neural net-
work, and to mathematically study the potentialities and limitations of the model. If the
limitations are known, we can improve the architecture of the model, the representation
of information, and the learning algorithm. This will lead us to a better understanding
of the principles of the brain.

This theoretical approach is generally called computational neuroscience. Kawato [59]

defined computational neuroscience as follows:

Computational neuroscience is an approach which aims at clarifying the mech-
anism of the brain so deeply and essentially as to be able to devise computer

programs or machines which realize the function of the brain as the brain does.

In the development of such learning machines, our work in this dissertation will play an
essential role. Note that the goal of computational neuroscience is not to make computers

but to understand the mechanism of the brain.
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Table 1.1: Marr’s three levels for understanding the brain (Marr [75]).

Computational theory
What is the purpose of learning?
Why is the purpose suitable?

Representation and algorithm
What representation of input and output is appropriate?
What algorithm achieves the purpose of learning?

Hardware implementation
How are the representation and algorithm realized?

In order to clarify the principles of the brain, Marr [75] insisted on the need for
studies from three different levels, computational theory, representation and algorithm,
and hardware implementation (Table 1.1). The first level is an abstract computational
theory, where the purpose of learning and its suitability are discussed. In the sccond level,
the representation of input and output, and algorithm which maps the input to output are
determined. Namely, how to achieve the purpose of learning is inquired. Finally, in the
third level, the realization of the representation in hardware and algorithm are studied.

Our work in this dissertation will particularly contribute to the second level of Marr’s.

1.2.2 Development of learning machines

The basic principles of computers of von Neumann type is based on logical thinking.
Logical thinking is formalized as symbol processing, where the theories of computational
complexity and algorithm in Turing machines play a crucial role. The technology of
computers has developed dramatically over the last several decades. With the ready
availability of computers, the symbol processing approach to artificial intelligence has
been extensively studied. However, it has not always succeeded in real world problems,
which consist of a great deal of information full of contradiction. For example, in visual
information processing, the brain of babies can recognize objects and faces faster and
more accurately than the state-of-the-art artificial intelligence systems running in the
latest computers (Hertz et al. [48]). This motivated many researchers in the engineering
field to devise neurocomputers, which have the following beneficial features (Hertz et al.
[48]):

e Neurocomputers can adapt themselves to the new environment. They do not require
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programs which prescribe the response to the expected stimuli (events).

Neurocomputers run in parallel. Namely, each neuron (unit) works asynchronously.

Neurocomputers can process vague, noisy, and contradictory information.

Neurocomputers are tolerant of errors. Specifically, they are resistant to faults in

neurons (units).

Neurocomputers are small and efficient in electric power.

The basic principles of neurocomputers are supported by theories of learning. There-
fore, studies of the essence of learning, which is the main subject of this dissertation, are
indispensable for the development of neurocomputers. Note that neurocomputers do not
have to be realized in the form of neural networks. If the above requirements are met,

their realization is not restricted (Amari [8]).

1.3 Investigation of essence of learning

We have seen that studies of the essence of learning, i.e., the mechanism of acquiring the
generalization capability, are beneficial to both the clarification of the mechanism of the
brain and the development of neurocomputers. In this section, we show our focus and

explain the problem of supervised learning in detail.

1.3.1 Focus of this dissertation

The investigation of the generalization capability is mainly studied in the following as-

pects:
e Statistical learning theory,
e Computational learning theory,
¢ Bayesian learning theory.

In the statistical learning community, the generalization capability is evaluated in the
average scnse, while the worst generalization capability is analyzed in the computational

learning community. The Bayesian learning theory analyzes the posterior probability,
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which is different from the generalization capability. In this dissertation, we take the first
approach, i.e., we will evaluate the expected gencralization capability.

Depending on the type of information made available, learning is classified into su-
pervised learning and unsupervised learning. In supervised learning, input data and cor-
responding output data are available. Supervised learning is also referred to as learning
from examples (Hertz et al. [48], Cohn [24]). The purpose of supervised learning is to
estimate an underlying rule from training data. On the other hand, only input data
and its stochastic properties are available in unsupervised learning. Central topics in
unsupervised learning are, for example, associative memory (Kohonen [63]), optimization
(Hopfield & Tank [49][50]), density estimation (e.g. Vapnik [140][141]), and principal com-
ponent analysis (e.g. Jolliffe [57]). In this dissertation, we focus on the former supervised

learning.

1.3.2 Supervised learning

Now we explain the problem of supervised learning in detail. Let us consider an underlying
input-output system f(x). If an input point @, is given to the system, then an output
value ¢y, = f(@m) + €, is emitted from the system, where €., is a random additive noise.
The purpose of supervised learning is to estimate the underlying function f(x). If an
approximation f(x) of the learning target function f() is successfully acquired, then an
estimate 9y of an output value vy corfesponding to a future input value ug can be obtained

as (see Figure 1.2)
7.A10 = f('u,o>. (11)

The ability to estimate future output values is called the generalization capability. The
generalization capability of a learning result function f(-) is evaluated by the generaliza-

tion error, which is typically defined as

where E. denotes the expectation over the noise, and w(-) is a certain weight function,

2

flw) — fw)| wlu)du, (1.2)

c.g. the probability density function of future sample points wu.
So far, various methods have been proposed for supervised learning. Most of the meth-

ods rely on the availability of a large number of training examples (e.g. Mallows [72][73],
Akaike [1], Takeuchi [133], Schwarz [115], Rissanen [99][100][101], Craven & Wahba [28],
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J (%)

>
X

Figure 1.2: Supervised learning. The solid curve denotes the learning target function
f(x) and the dashed curve denotes a learning result function f(x).

Rumelhart et al. [102], Murata et al. [82], Konishi & Kitagawa [64], Ishiguro et al. [55],
Amari [9]). However, this assumption does not always hold in practice.

One of the main concerns of this dissertation is developing a learning theory that is
valid for small sample cases. Various studies in this line can also be found in many articles
(e.g. Sugiura [127], Ogawa [89][90], Hurvich and Tsai [52][53][54], Noda et al. [85], Fu-
jikoshi and Satoh [36], Satoh et al. [107], Vijayakumar and Ogawa [142][143], Vijayakumar
et al. [144], Hurvich et al. [51], Simonoff [121], McQuarrie and Tsai [76], Vapnik [140][141],
Cherkassky et al. [23], Sugiyama and Ogawa [129][130]).

1.3.3 Three key factors for optimal generalization

In the process of supervised learning, we can control the following three factors for optimal

generalization (Figure 1.3).

e A model, which typically indicates a set of functions from which the learning result
function f(-) is searched. Figure 1.4 displays learning result functions obtained with
three different models. If the model is too simple, then the learning result function
is under-fitted. If the model is too complex, then the learning result function is
over-fitted. In general, both over- and under-fitted learning result functions have
lower levels of the generalization capability. If the model complexity is chosen

appropriately, then a good learning result function is obtained.
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Model selection Active learning

Learning method |
(least mean squares, {

Learning result function f‘ (x)

Figure 1.3: Three factors for optimal generalization.

— Leérning targét
1 ==== Learning result

Appropriate model

= | carning target i Leérning targét
| ===s Learning result 1 1 ===+ Learning result

Simple model Complex model

Figure 1.4: Learning result functions from different models.
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=== | earning target m— Learning tar'gméi
h ===r Learning result ] 1 i ===+ Learning result

Figure 1.5: Learning result functions from different sets of sample points.

e Sample points {z,,}_;, at which sample values {y,,}¥_, are gathered. Figure 1.5
displays learning result functions obtained with two different sets of two sample
points. The figure shows that the generalization capability depends heavily on the
location of sample points. If the sample points are determined appropriately, then

a good learning result function is obtained.

e A learning method, which determines a learning result function f () from a given
model and training examples. Generally, a learning method is prescribed by a
learning criterion and the learning result function is defined as the minimizer of the

learning criterion.

The above three factors are closely related each other. Indeed, one of the factors can
not be generally optimized without fixing the others. In this dissertation, we fix the third

factor, a learning criterion, and we discuss the following threce problems.

e Optimize models with sample points and a learning method fixed (Chapter 4).
e Optimize sample points with a model and a learning method fixed (Chapter 5).

e Optimize models and sample points at the same time with a learning method fixed

(Chapter 6).

The first and second problems are called model selection and active learning, respec-
tively, and we call the third problem active learning with model selection, which is a

challenging subject.
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Chapter 2
Mathematical preliminaries

Chapter 3

Chapter 5
Active learning ||

Chapter 4
Model selection

Chapter 6 -
Active learning with model selecti |

Figure 1.6: Organization of this dissertation.

1.4 Organization of this dissertation

This dissertation consists of seven chapters (Figure 1.6). In this section, we show the
organization of this dissertation. ‘

Chapter 2 introduces mathematical concepts, and Chapter 3 mathematically formu-
lates the problem of supervised learning. Some of the major learning methods and models
are also reviewed. These two chapters form the basis of this dissertation, so I recommend
reading them first.

Within the framework, Chapter 4 and Chapter 5 are devoted to developing theories
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of model selection and active learning, respectively. These two chapters are independent
so they can be read separately.

In Chapter 4, we discuss the problem of model selection and propose a method of
selecting models for the optimal generalization capability. In Section 4.1, the motivations
and importance of model selection are explained. In Section 4.2, the model selection prob-
lem is mathematically formulated. In Section 4.3, a model selection criterion named the
subspace information criterion (SIC) is derived. Basic properties and practical expres-
sion of SIC are also shown. In Sections 4.4 and 4.5, SIC is applied to least mean squares
learning and regularization learning, respectively. In Section 4.6, SIC is compared with a
large number of existing model selection techniques. In Section 4.7, an approximation of
SIC, which is computationally more efficient than the original SIC, is derived. Its relation
to existing methods are also investigated. Section 4.8 is devoted to computer simulations,
demonstrating the outstanding performance of SIC in small sample cases. Proofs of all
theorems, corollaries, and lemmas given in this chapter are provided in Section 4.9.

In Chapter 5, we discuss the problem of active learning and propose methods of design-
ing sample points for the optimal generalization capability. In Section 5.1, the objectives
and necessity of active learning are stated. In Section 5.2, the active learning problem is
mathematically formulated. Within this formulation, two kinds of active learning meth-
ods are devised. The first is a batch active learning method given in Section 5.3, which
specifies all sample points at the same time. The optimality of this method is theoret-
ically proved, and the mechanism of achieving the optimal generalization capability is
clarified by using the properties of pseudo orthonormal bases. An eflicient calculation
method of learning result functions is also provided. The second is an incremental active
learning method given in Section 5.4, which specifies sample points one by one. The
range of application of the incremental method is wider than that of the batch method.
In Section 5.5, the proposed active learning methods are compared with existing active
learning me'thods. In Section 5.6, computer simulations are performed to demonstrate
the excellent performance of the proposed methods in small sample cases. Section 5.7 is
devoted to reviewing a concept of pseudo orthonormal bases, which plays an important
role in Section 5.3. Finally, proofs of all theorems, corollaries, and lemmas given in this
chapter are provided in Section 5.8.

So far, the problems of model selection and active learning are independently dis-

cussed. In Chapter 6, we consider a more challenging subject: selecting models and
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sample points at the same time. We call this subject active learning with model selection.
The motivations and importance of active learning with model selection are stated in
Section 6.1. Here, we point out that the problem of active learning with model selection
can not be generally solved by simply combining existing active learning and model se-
lection methods because of the active learning / model selection dilemma, i.e., the model
should be fixed for active learning and conversely the sample points should be fixed for
model selection. In Section 6.2, the problem of active learning with model selection is
mathematically formulated. In Section 6.3, a basic strategy for avoiding the dilemma is
given. Based on the strategy, a procedure for simultaneously optimizing sample points
and models is devised in Section 6.4. An efficient and fast algorithm for the procedure is
also provided. In Section 6.5, the effectiveness of the proposed algorithm is experimentally
demonstrated through computer simulations. Proofs of all theorems and lemnmas given in
this chapter are provided in Section 6.6.

Finally, conclusions of this dissertation and future work are stated in Chapter 7.
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Chapter 2

Mathematical preliminaries

This chapter briefly reviews the mathematical concepts used in this dissertation.

2.1 Hilbert space notation

Let (-,-) be the inner product in a Hilbert space H. The inner product has the following

properties for elements f and g in H and a scalar a:

<alf1+a2f2ag> :al<fl>g>+a2<f2>g>) (21)
<fa g> = Wa (22}
(f,f/y=>0, i {(f,f)=0 then f=0. (2.3)

where - denotes the complex conjugate of a scalar.

Let || - || be the norm in the Hilbert space H defined as

If1l= v (. f)- (2.4)

The norm has the following properties:

Ifll =0, |Ifll =0 if and only if f =0, (2.5)
lafll = lal 171, (2.6)
1+ gll < /11 + Mgl (2.7)
[(fr ) < IIf I gll- (2.8)

2.2 Linear operators

Here, we show the notation of linear operators and review some distinctive linear opera-

tors. From here on, the term ‘operator’ is used as ‘linear operator’.
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2.2.1 Adjoint operators

Let A be an operator from a Hilbert space Hy to a Hilbert space Hy. The operator A* is
called the adjoint operator of A if it satisfies

(Af.g) = (f,Ag) for any f € Hy, any g € Ha. (2.9)

The adjoint operator has the following properties:

(A% = (2.10)
(a1A1 + asAs)® = TAT + azA; for any scalars aq, ao, (2.11)
(A1 As)" = ASAT, (2.12)
(AT = @A™ (2.13)
A is called the self-adjoint operator if it satisfies
A* = A (2.14)

2.2.2 Range and null space

For an operator A from a Hilbert space H; to a Hilbert space H,, let us denote the range

and null space of A by R(A) and N(A), respectively:

R(A) ={g|g=Af forall fe H?}, (2.15)
NA)={f|Af=0 forall f e H}. (2.16)

Let R(A)L be the orthogonal complement of R(A). Then the following relations hold:

R(A): = N(A%), (2.17)
R(A*)T = N(A), (2.18)
N(A*A) = N(4), (2.19)
R(A*A) = R(A*) (2.20)

2.2.3 Distinctive operators

For an operator A from a Hilbert space H; to a Hilbert space Hs, A is called the unitary

operator if it satisfies
A* = Al (2.21)
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A is called an isometry if it satisfies
WAf] = ||f| for any f € Hj. (2.22)

A is called a partial isometry if it satisfies

fll for an e N(A)*,
e { I for any f € AT(A) 2

0 forany f € N(A).

For an operator A from a Hilbert space H to the same Hilbert space H, A is said to

be non-negative or positive semidefinite if it satisfies

(Af, f) >0 for any f € H. | (2.24)
A is said to be positive or positive definite if

(Af, f) > 0 for any f # 0. (2.25)

Let Pg be the orthogonal projection operator onto a subspace S:

, for any f € S,
pr=l! vi (2.26)
0 for any f € S+.
The orthogonal projection operator has the following properties:
P2 = P, (2.27)
P§ = Ps. (2.28)

2.2.4 Neumann-Schatten product

For an element ¢ in a Hilbert space H; and an element f in a Hilbert space Hy, the
Neumann-Schatten product (f ® §) is an operator from H; to Hy defined by using any h
in H; as (Schatten [111])

(f®g)h={(hg)f. (2.29)

The Neumann-Schatten product has the following properties:

a(f®g)=(af) 7= f®(ag) for any scalar a, (2.30)
(i+f)og=fe7+ 97, (2:31)
f@lgt+g)=leg+ oy, (2.32)
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A(f®7g) = (Af)®7 for any operator A, (2.33)
(fog)A=f®(A*g) for any operator A, (2.34)
(fom)(92:©h) ={g,01) (fOR), (2.35)
(feg ' =@ef), (2.36)

(2.37)

If@gl=1£1llgll

2.2.5 Moore-Penrose generalized inverse

An opérator X that satisfies the following four conditions is called the Moore-Penrose

generalized inverse of an operator A (see e.g. Albert [5], Ben-Israel & Greville [14]).

AXA = A, (2.38)
XAX = X, (2.39)
(AX)* = AX, (2.40)
(XA)* = XA. (2.41)

Note that the Moore-Penrose generalized inverse is unique if it exists, and it is denoted

by A'. The Moore-Penrose generalized inverse has the following properties:

R(AAD) = R(AA®) = R(A), 2.42
N(AAT) = N(AA*) = N(A") = N(AD), 2.43
R(ATA) = R(A*A) = R(A*) = R(AY), 2.44
N(ATA) = N(A*A) = N(A), 2.45
(AN = A, 2.46
n
(aA)t = aTAT for any scalar a, 2.48

Al = (A*A)TA* = A* (A4
A* = A*AAT = ATAA",
(A*A)F = Al(An),
(UAV)T = V*ATU* for any unitary operators U, V,

P = P for any orthogonal projection operator P.
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2.2.6 Trace

Let p be the dimension of a Hilbert space H, and {(,};_; be an orthonormal basis in H.

For an operator A from H to H, the trace of A (denoted by ‘trA’) is defined as

A=Y (Apy 0p). (2.54)

p=1

If p is finite, then the trace always exists. Otherwise, the trace exists if and only if
Eq.(2.54) converges. When the tracc exists, it is invariant under all orthonormal bases in

H, and it has the following properties:

trA* = trA, (2.55)

tr (aA) = a trA for any scalar a, (2.56)

tr (A + Ag) = trA; + trds, (2.57)
1A Ay — trAs Ay, (2.58)
tr(f®g) = (f,g) forany f,g € H. (2.59)

2.3 Reproducing kernel Hilbert space

Let H be a functional Hilbert space and let D be the domain of the functions in H. The
reproducing kernel K(x,a') is a bivariate function defined on D x D that satisfies the

following conditions.
e For any fixed @’ in D, K(x, ') belongs to H as a function of «.

e [t holds that

(f(),K(-,a")) = f(a') for any f € H,any ' € D. (2.60)

The reproducing kernel has the following properties:

K(z,x') = K(z',x) for any x,a’ € D, (2.61)
K(x,z) >0 for any & € D. (2.62)

A Hilbert space that has the reproducing kernel is called the reproducing kernel Hilbert

space.




18  Chapter 2. Mathematical preliminaries

A function is treated as a point in general functional Hilbert spaces. Therefore, the
value of a function at a point can not be discussed. However, in the reproducing kernel
Hilbert space, it is possible to treat the value of a function at a point.

Let p be the dimension of H. Then the reproducing kernel of H can be expressed by

using an orthonormal basis {¢,(x)})_, in H as

K(z,a') =) p(@)pp(a). (2.63)

If i is finite, then the reproducing kernel always exists. Otherwise, the reproducing
kernel exists if and only if Eq.(2.63) converges. When the reproducing kernel exists, it
is determined uniquely and it is invariant under all orthonormal bases in H. Various
properties of the reproducing kernel have been investigated in detail (see e.g. Aronszajn

[11], Bergman [16], Saitoh [104][105], Wahba [145], Girosi [42]).
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Chapter 3

Formulation of supervised learning

3.1 Functional analytic framework for supervised
learning

Let us consider the supervised learning problem of obtaining an approximation to a target
function from a set of training evamples. Let the learning target function f(x) be a
complex function of L variables defined on a subset D of the L-dimensional Euclidean
space RY. The training examples are made up of sample points a,, in the domain D and

corresponding sample values y,, in C:

{(@Zm, Ym) | Ym = f@m) + Em}%:h (3.1)

where y,, is degraded by additive noise ,,.

The goal of supervised learning is to obtain the optimal approximation f (x) that
minimizes a certain generalization measure Jg. In this dissertation, we assume that the
learning target function f(x) and a learning result function f(x) belong to a specified
reproducing kernel Hilbert space H (see Section 2.3), and the generalization error of f (x)

~ is measured by

Jo =E|f — I, (3.2)
where E. denotes the expectation over the noise and || - || denotes the norm in H. The
norm is typically defined as

. A 2
17 117 = [ |Fw = )] w(wdu, (3.3

where the integral with respect to w means the expectation over future sample points w

and w(u) is some weight function, e.g., the probability density function of .
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Figure 3.1: Learning framework.

3.2 Learning methods

The learning result function f (x) is generally obtained by a certain learning method. A
learning method is prescribed by a learning criterion and the learning result function is
defined as the minimizer of the learning criterion. In this dissertation, we focus on the

case when the learning result function f (x) is given as
f=Xuy. (3.4)

Here, X is a linear operator from CM to H (Figure 3.1) and y is the M-dimensional

vector with the m-th element being y,,:

Y= (ylay27"-7yM)T7 (35)

where T denotes the transpose of a vector. When the operator X is linear, determining

X means determining the coefficients {w,}, of a linear regression model:
@)= wypp(@), (3.6)
P

where {p,(x)}, are prefixed basis functions that span H. In this section, we review least
mean squares learning and regularization learning.
3.2.1 Least mean squares learning

Least mean squares (LMS) learning is one of the most widely used learning criteria defined

as follows.
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— Learning target f(x)
------ Learning result 7(x)
Training error

Figure 3.2: Training error.

Definition 3.1 (Least mean squares learning) Let S be a reproducing kernel Hilbert
space included in H. The function fg(:n) s called the LMS learning function for S if

fg(:c) s the minimizer of the training error Jry in the subspace S':
fs = argmin Jrg(f], (3.7)

where

(3.8)

Training error is the error at sample points contained in the training set (Figure 3.2).
Note that maximum likelihood estimation with Gaussian noise agrees with LMS learning.
Let us denote the reproducing kernel of S by Kg(x, z’), and let Ag be an operator from

H to the M-dimensional unitary space C* defined as

Ag = iw: (em ® Kl 2m) ) (3.9)

m=1

where (- ®*) denotes the Neumann-Schatten product (see Section 2.2.4) and e, is the

m-th vector of the so-called standard basis in CM™. Then the LMS learning function fg(ac)
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is given as (see Ogawa, [90])
fs = Xsu, (3.10)

where

Xg = AL (3.11)

Here, T denotes the Moore-Penrose generalized inverse (see Section 2.2.5).

In the neural network community, gradient-based learning algorithms such as stochas-
tic gradient descent (Amari [7]), back-propagation (Rumelhart et al. [102][103]), and natu-
ral gradient descent (Amari [9]) are often used. These methods are aimed at finding a LMS
learning result function for non-linear regression models such as multi-layer perceptrons,

while Eq.(3.10) is valid only for linear regression models given by Eq.(3.6).

3.2.2 Regularization learning

The following regularization learning is also widely used for obtaining a learning function

from training examples.

Definition 3.2 (Regularization learning) Let T' be a linear, closed range operator
from H to H' and o be a positive constant. The function fAT,a(a:) 1s called the regu-

larization learning function for (T, a) if fra(x) is the minimizer of Jp in H:

Jria = argmin Jg[f], (3.12)
feH
where
. 2 .
Jalfl = 3 [F@m) = ym| +allT I (3.13)
m=1 ’
and || - || is the norm in H'.

The operator T is called the reqularization operator and the constant « is called
the regularization parameter. ||T f |> is called the regularization term. Intuitively, the
regularization term works so that the learning result function becomes smooth, and as a

result, over-fitting is avoided. The following regularization operator is often used:
e 1'= Iy, where Iy is the identity operator on H.

e T = D", where D" is the n-th derivative operator in H.
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o T =W where W is defined as

"

W = Z (op ®€p). (3.14)

p=1
Here, {¢,(z)},-; are prefixed p linearly independent (generally non-orthogonal)
functions that span H, e, is the p-th vector of the so-called standard basis in C*,
and (- ®7) denotes the Neumann-Schatten product. This type of regularization is
called the weight decay (Hertz et al. [48], Bishop [17]) since the regularization term
is expressed as
ITAI? =D lwpl?, (3.15)
p=1 ’
where {w,},_, are the coefficients of a linear regression model (see Eq.(3.6)).
Note that regularization learning with 7= W~! is equivalent, to that with T' = I if

the basis functions {s,(z)},-, are orthonormal:
W= AP = 1A (3.16)

The above definition of regularization learning is precisely called regularization learning
with quadratic reqularizers since the regularization term is a quadratic function of f (see
e.g. Williams [147], Tsuda et al. [137] for non-quadratic regularizers).

Let A be an operator from H to the M-dimensional unitary space CM defined as

A= i_ (en ® K@) | (3.17)

where e, is the m-th vector of the so-called standard basis in CM and K(z,2') is the
reproducing kernel of H. Then the regularization learning function fT,a(m) for the regu-

larization operator T and regularization parameter « is given as (see Nakashima & Ogawa
- [83))

~

ITo = X109, (3.18)

where

Xpo = (A*A+ oT"T)T A%, (3.19)

and A* is the adjoint operator of A.
Note that we can consider an extended definition of regularization learning that fT’a(a})
is searched in the subspace S of the functional Hilbert space H. However, for the sake of

simplicity, we only consider the case when § = H in this dissertation.
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3.3 Examples of reproducing kernel Hilbert spaces

In our framework, the learning target function f(x) is assumed to belong to a specified

reproducing kernel Hilbert space H. As shown in Section 2.3, the reproducing kernel

K(x,2') is generally expressed by using an orthonormal basis {¢,(z)},_, as
7
K(@,a')=> p(@)p,(a), (3.20)
p=1

where = denotes the complex conjugate of a scalar. In this section, we review the trigono-
metric polynomial space and polynomial space as examples of convenient reproducing

kernel Hilbert spaces where the reproducing kernel is expressed in the closed form.

3.3.1 Trigonometric polynomial space

Let us start from the case when the dimension L of the input vector @ is 1. The one-

dimensional trigonometric polynomial space is defined as follows.

Definition 3.3 (One-dimensional trigonometric polynomial space) A  function
space is called a trigonometric polynomial space of order N if it is spanned by the
functions

{exp(z’m:) l n=-N,-N+1,..., N} (3.21)

defined on D = [—m, w], and the inner product is defined by
1 [" _—
(9) = 5= | f)a@lds. (3.22)

The dimension of a trigonometric polynomial space of order N is 2N + 1, and the
reproducing kernel of this space is expressed by
2N+ 1)(z —2)

. P —a : /
K(z, o) = sin 5 /sm 5 if v # o, (3.23)
2N +1 if x =2

Now we consider multi-dimensional cases. Let us denote the L-dimensional input

vector & by

z = (W, @ T (3.24)

Then the multi-dimensional trigonometric polynomial space is defined as follows.




AT L S S T s SOV L o SR S i P S A G e e O

3.3. Examples of reproducing kernel Hilbert spaces 25

Definition 3.4 (Trigonometric polynomial space) For [ = 1,2,...,L, let N; be a

non-negative integer and Dy = [—m, w]. Let
D:D1XD2X-'-XDL. (325)

Then a function space is called a trigonometric polynomial space of order (N, No, ..., NpL)

if it is spanned by the functions

L
{ H exp(z’nlé(”)
1=1

defined on D, and the inner product 1s defined by

o) = gz | [ | f@iatiie e - aet, (3.27)

The dimension of a trigonometric polynomial space of order (N7, Na, ..., Ng) is

n=-N,—N+1,.... N, forlzl,Q,...,L} (3.26)

ﬁ(le + 1), (3.28)

and the reproducing kernel of this space is expressed by

L
K(z, o) = [ KW, €D, (3.29)
=1

where

(2N + 1)( ©
K¢V, = = ) / £ é O£V, g
2N +1 1f§<l>—§>_

The profile of the reproducing kernel of a trigonometric polynomial space is illustrated in
Figure 3.3.
3.3.2 Polynomial space

We again start from the case when the dimension I of the input vector x is 1. The

one-dimensional polynomial space is defined as follows.

Definition 3.5 (One-dimensional polynomial space) A function space is called a

polynomial space of order N if it is spanned by the functions

'

n:O,l,...,N} (3.31)
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Figure 3.3: Profile of reproducing kernel K(x, x’) of a trigonometric polynomial space of
order (3,5) with ' = (0,0)"

defined on D = [a, b], and the inner product is defined by

um:/f@%%@w, (3.32)

where w(x) is a weight function such that

w(z) >0 fora<a<bh (3.33)

The dimension of a trigonometric polynomial space of order N is N+1. Let {p,(z)}2_,

be orthogonal polynomials expressed by
pn(z) = knz” 4+ k2"t - (3.34)

Then it follows from the Christoffel-Darboux formula (see e.g. Szegd [131]) that the re-

producing kernel of this space is expressed by

kv pye()py(@) = py(@pvale) g o
K(z,z') = kn 41 T (3.35)

kN (o ! , e
k’NJil (pN+1(fL'>pN(x/) _pN(x)pN+l<fE )) if r =1

Now we give the definition of the polynomial space in multi-dimensional cases.
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Definition 3.6 (Polynomial space) Forl=1,2,...,L, let N; be a non-negative inte-
ger and Dy = [ay, by]. Let

D:D1XD2X"'XDL. (336)
Then a function space is called a polynomial space of order (Ny, Na, ..., Np) if it is spanned
by the functions
L
{H(é”) "l=0,1,...,N, forl= 1,2,...,1;} (3.37)

=1

defined on D, and the inner product is defined by
bL bL 1 b1 .
{f,9) / / | fl)g@)w(z)deMde® - deth, (3.38)

where w(x) is a weight function such that

w(x) >0 fora <& <b, 1=1,2,...,L (3.39)
The dimension of a polynomial space of order (Ny, N, ..., N) is
L
[T+ . (3.40)
1=1

The reproducing kernel of this space is expressed by

H K (0 0y, (3.41)
where
ky pN+1<f(l))pN(fm/) — pN(E(l)>pN+1(§(l)/) if €0 £ gy
Ky (€, 0y = { K £V — ' (3.42)
P2 (B (€Yo (€)= Py (€W pavaa(69)) i €9 = €0

The profile of the reproducing kernel of a polynomial space is illustrated in Figure 3.4.




28  Chapter 3. Formulation of supervised learning

/"[’;‘3‘““\\\\\\
° Ay
L ”"& 0‘\\‘“‘“\\
\‘\‘\‘\w -—‘“\w /Il,'“ “‘“\\\\\ A
4 \\“““\\e‘““e“:
/,,'I:/';'/ ‘\‘3‘\\\\\\\\
5 /I 2N Nl A \\\ \\\ A
1 > allhf“i"\\\

Figure 3.4: Profile of reproducing kernel K(x, ') of a polynomial space of order (7,11)
with a; = ay = =1, by = by = 1, w(z) = 1, and =’ = (0,0)7
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Chapter 4

Theory of model selection

4.1 Introduction

Various supervised learning methods have been developed so far, e.g. the stochastic gradi-
ent descent method (Amari [7]), the back-propagation algorithm (Rumelhart [102][103]),
regularization learning (Tikhonov & Arsenin [135], Poggio & Girosi [98]), Bayesian infer-
ence (Savage [110], MacKay [68]), projection learning (Ogawa [88]), and support vector
machines (Vapnik [140]{141], Schélkopf et al. [112]). In these learning methods, the qual-
ity of learning result functions depends heavily on the choice of models. Here, models
refer to, for example, the type and number of basis functions and parameters in learning
algorithms.

If the model is too complicated, then learning result functions tend to over-fit noisy
training examples. In contrast, if the model is too simple, then it is not capable of fitting
training examples causing learning result functions become under-fitted. In general, both
over- and under-fitted learning result functions have lower levels of the generalization
capability. If the model complexity is chosen appropriately, then a good learning result
- function is obtained (see Figure 1.4 in page 8). Therefore, the problem of finding an
appropriate model, referred to as model selection, is considerably important for acquiring
a higher level of the generalization capability.

The goal of model selection is to obtain the optimal model that minimizes the gen-
eralization error. However, the generalization error can not be directly evaluated since
the unknown learning target function is required for calculating the generalization error.
A general approach to model selection is deriving an estimate of the generalization er-
ror, and then selecting the model that minimizes the estimated generalization error. In

this chapter, we give an approximation of the generalization error called the subspace
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information criterion (SIC). SIC gives an unbiased estimate of the generalization error.

4.2 Problem formulation

Suppose we are given M training examples:

{@m,ym) | Ym = F(®m) + €m}imer- (4.1)

Let 6 be a set of factors which determine learning result functions, e.g. the type and
number of basis functions, and parameters in learning algorithms. We call 6 a model.
Let fy(x) be a learning result function obtained with a model . We assume that the
learning target function f(z) and the learning result function fy(z) belong to a specified
reproducing kernel Hilbert space H (see Section 2.3), and the generalization error of fg(a:)

is measured by
Jalf] = Eell fo — fII%, (4.2)
where E, denotes the expectation over the noise. The norm is typically defined as

0= 117 = [ Jfatw) - s)] w(w)du, (4.3

where the integral with respect to u means the expectation over future sample points u
and w(w) is some weight function, e.g., the probability density function of w. Then the

problem of model selection considered in this chapter is formulated as follows.

Definition 4.1 (Model selection) From a set M of model candidates, select the best

model 6 that minimizes the generalization error Jg:

0 = argmin Js[0). (4.4)
feM

4.3 Subspace information criterion

In this section, we derive an approximation of the generalization error Jg called the

subspace information criterion (SIC).

4.3.1 Setting

In the derivation of SIC, we assume the following conditions.



4.3. Subspace information criterion (SIC) 31

Figure 4.1: Basic idea of SIC. The solid line denotes the bias of fo. It can be roughly
estimated by the dotted line, which can be calculated.

1. The learning result function f'g(w) obtained with the model 8-is given by using a

linear operator Xy as
fo = Xoy. (4.5)
The vector y is defined as
y=(y,v - Um) (4.6)

where T denotes the transpose of a vector.

2. A linear operator X, which gives an unbiased learning result function f,() is

available:
Eefu = f, (4.7)
where
fu= Xy, (4.8)
3. The mean noisc is zero:
E.e =0, (4.9)
where
€= (e, e9,...,cm)". (4.10)

Assumption 1 implies that the range of Xy becomes a subspace of H. This is the
origin of the name subspace information criterion. The main idea of SIC is that the
unbiased learning result function f, () is used for estimating the generalization error of

fe(w) (Figure 4.1).
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4.3.2 Derivation of SIC

It follows from Eqs.(4.1), (4.6), and (4.10) that

Yy=z+e, (4.11)
where
Z = (f($1),f(:v2),..,,f(a:M))T. (4.12)
Let @ be the noise covariance matrix:
Q=E:(e®e). (4.13)

It is known that the generalization error of fo(w) can be decomposed into the bias and

variance (see e.g. Takemura [132], Geman et al. [40], Efron & Tibshirani [33]): -
Jal0] = |Eefo = fII” + Eellfo — Ecfoll*. (4.14)

Then it follows from Eqs.(4.14), (4.5), (4.7), (4.11), (4.8), (4.9), and (4.13) that J&[6] can
be exactly expressed by using fu(ac) and @) as

Jal0] = Nl fo = Jull® = 1 fo = Jull® + [[Eefo — FII” + Eel| Xoy — EeXoyl?
= [Ifo — full> = |Be(fo — fu) — Be(fo — fu) + fo — ful®
+[Be(fo — fu)lI” + Eel| Xo(z + €) — EeXo(z + €) |
= (X5 = X)yl” = I[Be(fo — fu)lI* — 2Re(Be(fo — fu), —Be(fo — fu) + fo — fu)
—1Be(fo = fu) = (fo = FI? + [ Be(fo — fu)II” + Ecl| Xoel”
= [|(Xs — Xu)y|)* — 2Re(Be(fo = fu), —Ee(fo = fu) + fo — fu)
— 1Be(fo = fu) = (fs = F)lI” + t:X0QX7, (4.15)

where ‘Re’ stands for the real part of a complex number. The second and third terms in
Eq.(4.15) can not be directly evaluated since E¢( fg — fu) is unknown, so we shall average

these terms out over the noise. Then the second term vanishes:
Ee (—2Re(Belfo = fu), ~Eelfo = ) + Jo = fu}) = 0. (4.16)
And it follows from Eqs.(4.5), (4.8), (4.11), (4.9), and (4.13) that the third term yields

B (~IBe(fo — £u) = (o = FIP)
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= —Eel[Ee(Xo — Xu)y — (Xo — Xu)y|*

= —Ee|[Be(Xp — Xu)(2 + €) — (X5 — Xu)(z + )|

= —Ec[(Xo — Xu)el*

= —tr{Xp — X )Q(Xg — Xu)". (4.17)

Then we have the following criterion.

Definition 4.2 (Subspace information criterion) The following functional SIC[0] is

called the subspace information criterion for a model 6.
SIC[A] = |(Xs — X )yl|* — tr(Xs — Xo)Q(Xp — Xu)* + trXp QX (4.18)

The model that minimizes SIC is called the minimum SIC (MSIC) model. The effec-
tiveness of SIC as a model selection criterion is theoretically substantiated by the following

lemma.

Lemma 4.3 SIC is an unbiased estimate of the generalization error Jg:
ESIC[O] = Je[0]. (4.19)

A proof of Lemma 4.3 is given in Section 4.9.1.
Since the bias is always non-negative from the definition, we can also consider the

following corrected SIC (¢SIC):

SIC[H) = max (0, (X0 — X,)yll* — tr(Xp = X.)Q(Xo - X)) +trX0QX;.  (4.20)

4.3.3 Practical expression of SIC

Although SIC defined by Eq.(4.18) does not include the unknown learning target function
f(z), it still includes factors which are often unknown, e.g. an operator X, that gives an
unbiased learning result function f,(x) and the noise covariance matrix Q. Here, we show

their practical estimation methods by further assuming the following conditions:

1. The function space H to which the learning target function f(x) belongs is finite
dimensional:

dim H < oo. (4.21)
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2. The norm in H is computable. For example, when the norm is expressed as Eq.(4.3),

the covariance operator V' of the weight function w(w) is assumed to be known:

- / (K(u) 0 Ko ) wiu)d, (4.22)
where K (-, -) is the reproducing kernel of H (see Section 2.3).

3. The functions { K (z, x,,) })__, span the whole space H:

L{K(x, @m)}oy) = H, (4.23)
where £ ({K (, @m)}M_,) denotes the linear manifold spanned by { K (z, Zp) } ;-

4. The number M of training examples is larger than the dimension of the function

space H to which the learning target function f(x) belongs:

M > dim H. (4.24)

Let A be an operator defined as

A= i <em 2 K( )) , | (4.25)

m=1
where (- ® 7) denotes the Neumann-Schatten product (see Section 2.2.4) and e,, is the
m-th vector of the so-called standard basis in C™. Note that it holds for any function f
in H that

Af = z, (4.26)

where z is the vector defined by Eq.(4.12). This can be verified from the property of the

reproducing kernel (see Section 2.3):
(f(), K(, ) = f(='). (4.27)
Note that Fq.(4.23) is equivalently expressed as
R(A*) = H, (4.28)

where A* is the adjoint operator of A. Then it follows from Eqs.(4.11), (4.26), (4.9), and
(4.28) that
EAly = E.AN(z + €)= ATz + E Ale
= A%Af = PR(A*)f =Inf
=1, (4.29)



4.4. SIC for least mean squares learning 35

where Pr(a+) denotes the orthogonal projection operator onto the range of A* and Iy
denotes the identity operator on H. This implies that ATy is an unbiased estimate of f.
Thercfore, AT can be used as X,:

X, = Al (4.30)

The noise covariance matrix ) can be estimated as (sec e.g. Fedorov [34])

ZN[ ; 2
~ ~9 ~D m=1 fu(mm) - ym
Q=0"1y, &= T —Gm , (4.31)

where Iy is the M-dimensional identity matrix. If the noise covariance matrix @) is given
as Q = oIy with 02 > 0, then 62 is an unbiased estimate of o2 (see  Proposition 4.14 in
page 44). Thercfore, SIC with @ estimated by Eq.(4.31) still gives an unbiased estimate
of the generalization error, i.e., Lemma 4.3 holds.

SIC with X, obtained by Eq.(4.30) and @ estimated by Eq.(4.31) is given as

SIC[A] = [|(Xy — ADyl||> — 6%tr(Xs — AN (Xy — AN + 620 Xp X5 (4.32)

4.4 SIC for least mean squares learning

In this section, SIC is applied to least mean squares (LMS) learning.

4.4.1 Least mean squares learning

LMS learning gives a learning result function fg(m) that minimizes the training error in

a reproducing kernel Hilbert space S included in H (see Section 3.2.1):

~ N

fs = argmin Jrg(f], (4.33)
fes
v where
o1 M 2 |
JTE[f] = M Z f(ajm) - ym‘ (434)
m=1

Let us denote the reproducing kernel of S by Kg(x, '), and let Ag be an operator from
H to CM dcfined as "
A5=Y" (en @ Kslram) ), (4.35)

m=1
where (- ® ) denotes the Neumann-Schatten product (see Scction 2.2.4) and e, is the

m-th vector of the so-called standard basis in C*. Then the LMS learning function fs(:z:)
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is given as
fs = Xsy, (4.36)
where

Xg = AL (4.37)

It is known that the selection of the subspace S is crucial for acquiring a higher level
of the generalization capability. Here, we shall discuss the problem of determining the
subspace S for the optimal generalization capability. As shown in Lemma 4.3, SIC gives
an unbiased estimate of the generalization error Jg. Therefore, we will use SIC as a
substitute for the generalization error. From Eqs.(4.32) and (4.37), SIC for LMS learning
with X, obtained by Eq.(4.30) and @ estimated by Eq.(4.31) is given as

SIC[S] = |[(AL — ANy||? — 6%tr(AL — AY(AL — ANy + 62trAL (AL (4.38)

4.4.2 Optimal selection of subspace models from given candi-
dates

If a set M of a finite number of subspaces is given as model candidates, SIC can be used for
sclecting the optimal subspace from the given set M, i.e., calculate SIC for each model
in M and select the model that minimizes SIC. Here, we show a practical calculation
method of SIC and LMS learning function fg(a) by matrix operations.

Let H be spanned by pu linearly independent (generally non-orthogonal) functions

{¢p(x)};_,. Let us define the inner product in H as

(f.9) = / F(w)g(u)p(u)du, (4.39)

where = denotes the complex conjugate of a scalar and p(u) is the probability density
function of future sample points u. Let B be an M x p matrix with the (m, p)-th element
being ¢,(xm):

[Blimp = ¢p(Tm), - (4.40)

where [ - mp denotes the (m, p)-th element of a matrix. The matrix B is called the design
matriz (see e.g. Efron & Tibshirani [33]). Let S be spanned by a subset of {p,(x)}]_;.
Let Bs be an M x p matrix with the (m, p)-th element being

[Bslmp = { #pliom) 0y € 5 (4.41)

0 otherwise.
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U,D,,

Figure 4.2: Matrices and operators.

Let W be an operator from C# to H defined as
m
W=> (¢p2e)), (4.42)

where e, is the p-th vector of the so-called standard basis in C*. Let U be a p-dimensional

matrix with the (p,p’)-th element being (Viy, vp):

[U]p,l” = <V90p’> 9010>’ (4'43>

where the operator V is defined by Eq.(4.22), which is assumed to be known (see Sec-
tion 4.3.3). Note that [U],,s is expressed as

U]y = / o () g (W) p(1t) s (4.44)

Therefore, when {p,(x)},_, is orthonormal, the matrix U is reduced to the identity
matrix. The above matrices and operators are summarized in Figure 4.2. Then we have

the following corollaries.
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Corollary 4.4 (Calculation of SIC for LMS learning) SIC giwen by Eq.(4.38) can

be calculated as

SIC[S] = (U(BL — BYy, (BL — BNy) + 26*Re trU BL(B"*
— ¢*xUBY(BY)*, (4.45)

where

~2 <y—BBTyay>
= 4.46
Y - (4.46)

Corollary 4.5 (Calculation of LMS learning functions) The LMS learning func-

tion fs(a) for a model S can be calculated as

Fs@) = 3 [Blules(x) (447)

Pipp€S

where [ -], denotes the p-th element of a vector.

Proofs of Corollaries 4.4 and 4.5 are provided in Sections 4.9.2 and 4.9.3, respectively.

If terms which are irrelevant to the model S are ignored, Eq.(4.45) is reduced to
(UBLy, Bly) — 2Re (UBLy, Bly) + 26°Re trUBL(B')". (4.48)

In practice, the calculation of the Moore-Penrose generalized inverse is sometimes un-
stable. To overcome the unstableness, we recommend using Tikhonov’s regularization

(Tikhonov & Arsenin [135]):

Bl «— (B3Bs +71,) ' B3, (4.49)
B «— (B*B +~I,)"'B*, (4.50)

where « is a small positive constant and I, is the y-dimensional identity matrix.

Using Eq.(4.45), we can select the optimal subspace from a set of finite candidates.

4.5 SIC for regularization learning

In this section, SIC is applied to regularization learning.
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4.5.1 Regularization learning

Regularization learning gives a learning result function f;. () that minimizes the follow-

ing Jr in H (see Section 3.2.2):

fro = argmin Jg[f], (4.51)
fer

where

M 2 ~
Jelf] = 32 | f@n) = ym| + alT S (4.52)

T and « are called the regularization operator and regularization parameter, respectively.

The regularization learning function fTa(w) for the regularization operator T and regu-

larization parameter o is given as

fra = Xray. (4.53)

Here, X1, is defined as

Xpo = (A*A + oT*T) A%, (4.54)

where A is defined by Eq.(4.25).

It is known that the selection of the regularization operator 7' and regularization
parameter « is crucial for acquiring a higher level of the generalization capability. Here, we
shall discuss the problem of determining 7" and « for the optimal generalization capability.
As shown in Lemma 4.3, SIC gives an unbiased estimate of the generalization error Jg.
Therefore, we will use SIC as a substitute for the generalization error. From Egs.(4.32)
and (4.54), SIC for regularization learning with X, obtained by Eq.(4.30) and @) estimated

by Eq.(4.31) is expressed as

SIC[T, o] = ||[(X7,a — ANy||* = 6*tr(X7,0 — AN (Xpo — AN + 6%0 X170 X5, (4.55)

In Section 4.5.2, SIC is used for selecting the optimal regularization operator 1" and
regularization parameter o from given, finite candidates. This method can be applied to
any situations. In contrast, Section 4.5.3 considers certain conditions and give the closed
form of the optimal regularization parameter & that minimizes SIC. This corresponds to

selecting the optimal regularization parameter from an infinite number of candidates.
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4.5.2 Optimal selection of regularization operator and regular-
ization parameter from given candidates

If a set {(7, &)} of finite pairs of the regularization operator and regularization parameter
is given as candidates, SIC can be used for selecting the optimal pair from the given set,
i.e., calculate SIC for each pair (7', @) and select the minimizer. Here, we show a practical
calculation method of SIC and the regularization learning function fT,a(a:) for a given
pair (T, &) by matrix operations.

Let H be spanned by g linearly independent (generally non-orthogonal) functions
{¢p(z)},—,. Let us define the inner product in H by Eq.(4.39). Let Dro be a u-
dimensional matrix defined as |

Dy = B*B + oW*T*TW, - (4.56)

where B and W are defined by Eqs.(4.40) and (4.42), respectively. Note that W*IT™T'W
is a p-dimensional matrix, and Dr, is non-singular. The above matrices and operators

are summarized in Figure 4.2 in page 37. Then the following corollaries hold.

Corollary 4.6 (Calculation of SIC for regularization learning) SIC  given by
Eq.(4.55) can be calculated as

SIC[T, o] = (U(D; ., B* — By, (Dr4B* — BNy) + 26°txU Dz,
— 6%rUBY(BY), (4.57)

where U is given by Eq.(4.44) and 62 is given by Eq.(4.46).

Corollary 4.7 (Calculation of regularization learning function) The regulariza-

tion learning function frq(x) for (T, ) can be calculated as

L

iTa(x) = Z[D:F,EB*y]p‘Pp(m% (4.58)

p=1

where [ - ], denotes the p-th element of a vector.

Proofs of Corollaries 4.6 and 4.7 are provided in Sections 4.9.4 and 4.9.5, respectively.

If terms which are irrelevant to T and « are ignored, then Eq.(4.57) is reduced to
(UDz. B*y, D7, B*y) — 2Re(UD;, B*y, B'y) + 26°trU Dy, (4.59)

Using Eq.(4.57), we can select the optimal regularization operator T' and regularization

parameter o from a set {(7, &)} of finite candidates.
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4.5.3 Active design of optimal regularization parameter

The design method of the regularization operator T and regularization parameter o de-
scribed above is rather passive since they are selected from given, finite candidates. Here,
we give a method of actively determining the optimal regularization parameter that min-

imizes SIC.

4.5.3.1 Second order approximation
We adopt the identity operator on H as the regularization operator:
T = Iyg. (4.60)

Let us denote the regularization learning operator with 7' = I'y by X,. Then X, is given

as
Xy =X1p0 = (A*A+ aly) A%, (4.61)

and SIC with T' = [y is expressed as
SIC[o] = ||(Xa — ADy|]> — 6%r(X, — AN(X, — AN + 62 X, X5 (4.62)
First, we give another expression of the regularization learning operator X,.

Lemma 4.8 Under assumptions (4.23) and (4.60), the reqularization learning operator

X, 18 expressed as
X, = i(—a)jl(A*A)‘jA*
=1
J—l— (—a)”(A*A)*("H)(IH +a(A*A) N AT (4.63)
where n 1s an arbitrary fived positive mtege‘r.

A proof of Lemma 4.8 is given in Section 4.9.6.

Let Amax be the maximum eigenvalue of (A*A) L. Then we have the following lemma.
Lemma 4.9 SIC|o] given by FEq.(4.62) is approvimated as
SIC[a] = o (|(A*A) 2 A"y|> + 25°tr(A”4)~°)
— 206°tr(A*A) 2 4 6 (ATA) ! (4.64)
with precision O ((Amax)?):

SIC[a] — SIC[a] = O ((Amax)?) . (4.65)
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A proof of Lemma 4.9 is given in Section 4.9.7.

Let asre and agpp, be the minimizers of SIC and S/ITJ, respectively:

asre = argmin SIC[«], (4.66)
Qg7p = argmin S/I?J[a]. (4.67)

Then we have the following theorem.

Theorem 4.10 Under assumptions (4.23), (4.24), and (4.60), agz s given as

o2r(A*A)~2

= , 4.68
R Ite; [(A*A) 2Ay||2 + 262tr(A*A)~3 (4.68)
and the following relation holds:
SIC[&G/'IL\C] - SIC[O‘SIC] =0 ((/\InaxO(gf}fj):3 + ()\InaanIC)?)) . (469)
A proof of Theorem 4.10 is provided in Section 4.9.8.
Lemma 4.9 and Theorem 4.10 mean that if ()\max(x@f and (Amaxsrc)® are small

enough to be neglected, then ag almost minimizes SIC. In practice, it is possible
to calculate agr and Ayax from given training examples. However, agre can not be
directly evaluated. Further studies will be needed for assessing the validity of agz, (see
Section 4.8.2.3 for experimental evaluation).

Finally, we give a matrix expression of a g,

Corollary 4.11 agz given by Eq.(4.68) is expressed as

52 (UY)?
_ , 4.
“STC = ((UY)2UB'y, Bly) + 262(UY )2 (4.70)

where U, B, and 6% are given by Egs.(4.44), (4.40), and (4.46), respectively, and Y s
defined as
Y = BY(BY)*. (4.71)

A proof of Corollary 4.11 is given in Section 4.9.9.
Note that similar discussion is possible for T = W™, i.e., weight decay. In this case,

we have
62rUy?

“5ic = (YUY By, Bly) + 262cUY3”

(4.72)
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4.5.3.2 When ;A*A = Iy

We gave the closed form of the regularization parameter that minimizes SIC when it is
approximated up to the second order terms. Here, we derive the rigorous solution by
further assuming the following condition:

1
—AYA = Iy. .
W A IH (4 73)

Note that Eq.(4.73) exactly holds if H is a trigonometric polynomial space and sample
points {x,, }M_ are fixed to regular intervals in the domain (see Section 5.3.4 for detail).
Under assumptions (4.60) and (4.73), it follows from Eq.(4.61) that the regularization

operator X, is given as

1
Xo=(MIyg+oaly) A" = Y QA*. (4.74)

Then the closed form of the regularization parameter that minimizes SIC is given as

follows.

Theorem 4.12 Under assumptions (4.24), (4.60), (4.73), and

M
1 Z

m=1
the reqularization parameter agre that minimizes SIC is given as
ol
1 M 2 _ =92’
M Zm:1 [Ym|* — &

where 62 is given by Eq.(4.81) and u is the dimension of H.

(4.76)

asrc =

A proof of Theorem 4.12 is given in Section 4.9.10.
Eq.(4.75) implies that the sampled signal level is larger than the noise level. If
Eq.(4.75) does not holds, then assc tends to be co.

Now we assume that the noise covariance matrix () is given as
Q=0c’ly (4.77)

with 02 > 0, where I is the M-dimensional identity matrix. Then the following propo-

sitions and lemma show the validity of agre.
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Proposition 4.13 (Hagiwara & Kuno [46]) Under assumptions (4.60), (4.73), (4.77),
and || f]| > 0, the optimal regqularization parameter appr that minimizes the gencralization
error Jg 1s giwen as
oy
XOopPT = T - (4,78)
/11

Proposition 4.14 (Fedorov [34]) Under assumptions (4.23), (4.24), and (4.77), it holds
that
E6° = o (4.79)

Lemma 4.15 Under assumptions (4.24), (4.73), and (4.77), it holds that

M
1 R .
e (ME Jyml? — 02) = If12. (480
m=1

A proof of Lemma 4.15 is given in Section 4.9.11.
Eqs.(4.79) and (4.80) imply that asre given by Eq.(4.76) can be regarded as an es-
timate of appr with the denominator and numerator in Eq.(4.78) estimated by their

unbiased estimates. This assures the validity of agrc.

4.6 Comparison with existing model selection tech-
niques

In this section, SIC is theoretically compared with existing model selection criteria.

4.6.1 Overview of existing techniques and placement of SIC

Various model selection criteria have been proposed so far. Here, we categorize them into
six groups depending on the type of the error measure (Figure 4.3): 1. generalization
error bascd criteria for average evaluation, 2. generalization error based criteria for worst
evaluation, 3. predictive training error based criteria, 4. Bayesian statistics based criteria,
5. stochastic complexity based criteria, and 6. heuristics induced criteria.

Since the generalization measure Ji adopted by SIC is averaged over the noise (see
Eq.(4.2)), SIC is a generalization error based criterion for average evaluation.

Based on the above categorization, we shall review the existing model selection meth-

ods, and investigate the relation to SIC in detail.
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1. Generalization error based criteria for average evaluation

e Akaike’s information criterion (AIC) (Akaike, 1974)

o AIC for unrealizable learning target function (Takeuchi, 1976)

e AIC for general loss (Murata et al., 1994; Konishi & Kitagawa, 1996)
Finite correction of AIC (Sugiura, 1978)

e Bootstrap correction of AIC (Ishiguro et al., 1997; Shibata, 1997)

e AIC for predictive inference (Satoh, 1997; Shimodaira, 1997)

e Subspace information criterion (SIC)
2. Generalization error based criteria for worst evaluation

e Structural risk minimization principle

(Vapnik, 1995; Cherkassky et al., 1999)
3. Predictive training error based criteria

o C'p (Mallows, 1964), C;, (Mallows, 1973)
e Cross-validation (Mosteller & Wallace, 1963; Allen, 1974)
o Generalized cross-validation (Craven & Wahba, 1979)

4. Bayesian statistics based criteria

e Bayesian information criterion (Schwarz, 1978)
o A Bayesian information criterion (Akaike, 1980)
e Evidence framework (MacKay, 1992)

5. Stochastic complexity based criteria

e Minimum description length criterion (Rissanen, 1978)

e Extended stochastic complexity (Yamanishi, 1998)
6. Heuristics induced criteria

e Discrepancy principle (Groetsch, 1984; Morozov, 1993)

e Metric based criterion (Schuurmans, 1997)

Figure 4.3: Categorization of model selection criteria.
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4.6.2 Generalization error based criteria for average evaluation

Akaike’s information criterion (AIC) (Akaike [1]) is one of the most eminent methods of
the generalization error based criteria for average evaluation. Many successful applications
of AIC to real world problems have been reported (e.g. Bozdogan [19], Akaike & Kitagawa
[3][4], Kitagawa & Gersch [62]). AIC is a model selection criterion for maximum likelihood
estimation, which is equivalent to LMS learning in the case of Gaussian noise. AIC for
linear regression models with Gaussian noise (i.e., the learning result function fg is given

by Eqs.(4.36) and (4.37)) is expressed as (see Sakamoto et al. [106])
AIC[S] = M log J3); + 2(dim S + 1), (4.81)

where J§,, is the training error of fs(x) defined as

fS(mm) —Ym| - (482)

AIC is an estimate of an essential part of the expected Kullback-Leibler information
(Kullback & Leibler [65]), which is also referred to as the expected log-likelihood. This

measure is conceptually equivalent to (see Murata et al. [82])

Epa,Ee [ [fatw) = f(w)] plwiu, (4.89)

where p(-) is the (possibly unknown) probability density function of training and future
sample points. E(, .} denotes the ensemble average over all possible training sample points
{x,}M_,. The integral with respect to w corresponds to the expectation over future

sample points. In contrast, the generalization measure Jg adopted by SIC is typically

where p(+) is the probability density function of future sample points w, which is generally

expressed as
2

folw) = f(w)| plu)du, (4.84)

different from the probability density function of training sample points {x,, }M_,.

The ideal generalization measure may be

/

Compared with Eq.(4.85), the generalization measure Jg adopted by SIC is equivalent

~ 2

fo(u) = f(u)] p(u)du. (4.85)

to the expectation of Eq.(4.85) over the noise, where the covariance operator of p(-) is
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assumed to be known (see Eq.(4.22)). In contrast, the generalization measure adopted by
AIC further takes the expectation over training sample points {wm}%le under assumptions
that training sample points {x,,}M_, and future sample points u are assumed to be
independently drawn from the same, possibly unknown distribution. Then the averaged
terms over training sample points are replaced with particular values calculated by one
given training set (see Murata et al [82]). The fact that the replacement of the averaged
terms is unnecessary for SIC is expected to result in a more accurate estimate of the

generalization error than AIC.

The restriction of AIC that training sample points {x,, }}_; and future sample points
u are independently drawn from the same distribution is removed by Shimodaira [119]
and Satoh [108][109] (see also Barron [12]). However, the distributions of both future and
training sample points should be known instead. In contrast, SIC does not require the

information of the distribution of training sample points.

AIC assumes that the model S includes the learning target function f(a) while SIC
assumes only f € H, i.c., S does not necessarily contain f(x). Takeuchi [133] extended
AIC to be applicable to models which do not include f(a). This criterion is called
Takeuchi’s modification of AIC (TIC) (see also Stone [126], Shibata [117]).

The learning method with which AIC and TIC can deal is restricted to the maximum
likelihood estimation. In contrast, SIC can consistently treat various learning methods
including LMS learning, regularization learning, projection learning (Ogawa [88]), and
parametric projection learning (Oja & Ogawa [95]). Murata et al. [82] relaxed the re-
striction of the maximum likelihood estimation and proposed the network information
criterion (NIC), which can deal with any differentiable loss functions such as the log-loss
cor squared loss. As shown in Section 4.7, NIC with the squared loss for linear regression
modcls (i.e., the learning result function fs is given by Egs.(4.36) and (4.37)) is equivalent
to Cp (Mallows [72][73]) (see Section 4.6.4 for the definition of Cp). In NIC, a regular-
ization term can also be included in the loss function. NIC with the squared loss and a
quadratic regularizer for linear regression models (i.e., the learning result function fAT’a is

given by Eqs.(4.53) and (4.54)) is expressed as (Murata [81])

1
NIC[T, o] = J=2 + mtrarl, (4.86)
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where
T 1 p 2
Jrg = Mﬂ; fro(®n) —yml ; (4.87)
1 M N 2 o o 9
[G]PP' = Mmz_l (Op (\fT,a(wm) - ymI + MHT.fT,aH )
A 2 o .

X Oy ‘fT,a(mm) — Ym| + MHTJ[T,OL” ) (4.88)
Za 8, (\fm () ym‘ + —~||TfTa|12> (4.80)

Here, 0, denotes the partial derivative operator with respect to the p-th coefficient wj, of

the learning result function fr,(x) expressed as

fro(® prsop (4.90)

where {¢,(x)};_; are basis functions in H. Konishi and Kitagawa [64] derived a gener-
alization of TIC called the generalized information criterion (GIC). GIC can deal with a
class of learning methods represented by statistical functionals under the Kullback-Leibler
information.

AIC and above mentioned derivatives give an asymptotic unbiased estimate of the
generalization error. This implies that when the number of training examples is small,
those criteria are no longer valid. In contrast, SIC gives an exact unbiased cstimate of the
generalization error with a finite number of training examples (see Lemma 4.3). Therefore,
SIC is expected to work well even when the number of training examples is small.

Two approaches have been taken for overcoming the weakness of AIC, i.e., it requires
a large number of training examples. One is to calculate an exact unbiased estimate of
the expected log-likelihood. Sugiura [127] proposed the corrected AIC (cAIC) for linear
regression models with maximum likelihood estimation. cAIC for Gaussian noise (i.e.,
the learning result function fs is given by Eqs.(4.36) and (4.37)) is expressed as
2(dim S+ 1)M
M —dimS -2’

cAIC[S] = M log J3,, + (4.91)

where J$,, is the training error of fs(x) defined by Eq.(4.82). Arising from Sugiura’s
correction, a lot of research in this line were conducted (e.g. Hurvich & Tsai [52][53][54],

Noda et al. [85], Fujikoshi & Satoh [36], Satoh et al. [107], Hurvich et al. [51], Simonoff
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[121], McQuarrie & Tsai [76]). The other approach to overcoming the weakness of AIC
is to use the bootstrap method (Efron [31], Efron & Tibshirani [33]) for numerically
evaluating the bias when the expected log-likelihood is estimated by the log-likelihood.
The idea of the bootstrap bias correction is first introduced by Wong [148] and Efron [32],
and then it is formalized as a model selection criterion by Ishiguro et al. [55] (see also
Davison & Hinkley [30], Cavanaugh & Shumway [21], Shibata [118]).

In the derivation of AIC, terms which are not dominant for model selection are ne-
glected (see e.g. Murata et al. [82]). Due to the fact, AIC is effective only in the selection
of nested models (see Takeuchi [134], Murata et al. [82]):

S1CSyC e (4.92)

SIC is restricted to the case where the learning result function fy is given by using a
linear operators Xy as Eq.(4.5). In contrast, AIC is applicable to non-linear operators.
However, Hagiwara et al. [47] showed that the conditions assumed in the derivation of
AIC do not hold if the model has singular points, i.e., the Fisher information matrix is
degenerated (see also Fukumizu [37]). This mean that AIC can not be applied to the
problem of determining the number of hidden units in hierarchical models such as neural
networks (see also Section 7.2.8).

AIC assumes that training examples are independently and identically distributed
(i.2.d.). In contrast, SIC can deal with the correlated noise if the noise covariance matrix

() is available.

4.6.3 Generalization error based criteria for worst evaluation

vThe structural risk minimization principle (Vapnik [140][141]) evaluates a probabilistic
upper bound of the risk functional defined as

- 5 ‘

[ e - )] plajdu, (493

where p(-) is the (possibly unknown) probability density function of training and future

sample points. One of the probabilistic upper bounds is given as

A(ln(2 + 1) — Inn
0 _ h
JTE/ max | 0,1 c\/ Vi , (4.94)
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where a and ¢ are some constants, h is the VC-dimension (see Vapnik [139][140][141]) of

the model 0, and J%, is the training error of fy(x) defined as

1 M
TREESS

m=1

2

(4.95)

f@(mm) —Um

Eq.(4.94) is a probabilistic upper bound of Eq.(4.93) with probability 1 — 7.
Cherkassky et al. [23] heuristically let @ = 1, ¢ = 1, and n = \/JM_‘ in Eq.(4.94), and
named the bound Vapnik’s measure (VM):

log M
_ 79 _ — =2
VM[6] = JTE/ max (O,l %p plogp + 3T > : (4.96)
where |
_ N (4.97)
p= :

For calculating VM, the VC-dimension h of the model 0 should be explicitly caiculated.
In the case of LMS learning for linear regression models (i.e., the learning result function
fs is given by Eqs.(4.36) and (4.37)), the VC-dimension of the subspace model S is given
as '

h = dim S. (4.98)

However, evaluating the VC-dimension is not generally casy, and it is often heuristically
determined. For example, in the case of regularization learning with a quadratic reg-
ularizer for linear regression models (i.e., the learning result function fT,a is given by
Eqs.(4.53) and (4.54)), the VC-dimension is heuristically put as (Cherkassky et al. [23],
see also Shao et al. [116])

h=trB*BDy,, (4.99)

where B and Dr,, are given by Eqs.(4.40) and (4.56), respectively.

4.6.4 Predictive training error based criteria

The predictive training error Jprg is often used as the error measure (Figure 4.4):

2

M
JPTE - Ee“]\%fmZ:l Ifﬁ(wm) - f(wm) . (4100)

Note that Jprg can be obtained by substituting the empirical distribution of training

sample points {z, Y| into w(u) in Eq.(4.84), i.e.,

m=1

Loifu =z,
w(u) = { M (4.101)

0 otherwise.
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— Learningtarget f(x)
------ Learning result f (x)
Predictive training error

Figure 4.4: Predictive training error.

Mallows [72] proposed Cp for LMS learning with linear regression models (i.e., the
learning result function fg is given by Eqs.(4.36) and (4.37)):

262dim S,
T

7 (4.102)

where J2, is the training error of fg given by Eq.(4.82), 62 is an estimate of the noise
variance o2, and S is a LMS learning model, i.e., a reproducing kernel Hilbert space.

Mallows [73] extended the range of application of Cp to the selection of arbitrary
models expressed by using a linear operator Xy as Eq.(4.5). It is called C, or the unbiased
risk estimate (Wahba [145]):
| &2 52

Crlo] = Jop — Mtr(AXg — Iy (AXy — Ing)* + M—trAXO(AX())*, (4.103)

where J%5 is the training error of fg given by Eq.(4.95) and A is given by Eq.(4.25). Cr
for regularization learning with a quadratic regularizer for linear regression models (i.e.,
the learning result function fT,a is given by Eqs.(4.53) and (4.54)) is expressed as

262

CilT, 0] = Jpi + =

trB*BDry, — 67, (4.104)

where J;‘Cg, B, and Dr, are given by Eqs.(4.87), (4.40), and (4.56), rcspectively. Note
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that Cp and ('}, are unbiased estimates of the predictive training error Jprg if the noise
covariance matrix @ is given by @ = 02I; with ¢2 > 0 and 67 is obtained by Eq.(4.31).

The approximation scheme used in SIC is similar to C'p and O, but the error measure is
different: SIC is an estimate of the generalization error Jg while Cp and ', are estimates
of the predictive training error Jprg. In Cp and (', the sample value vector y is used as
an unbiased estimate of the ideal sample value vector z given by Eq.(4.12). In contrast,
SIC assumes the availability of an unbiased estimate f,(x) of the learning target function
f(x). fu(x) plays a similar role to y in Cp and Cf.

Leave-one-out cross-validation (CV) (e.g. Mosteller & Wallace [78], Allen [6], Orr [96],

Vapnik & Chapelle [138]) adopts the leave-one-out error as the error measure:

m) I 4.105
fa (wm) Ymi > ( )

1 M
CVIo) = 7~ >
m=1

where fém) denotes the learning result function obtained from the training examples with-
out (Em, Ym)-

In the case of regularization learning with a quadratic regularizer for linear regression
models (i.e., the learning result function f., is given by Eqgs.(4.53) and (4.54)), a closed
form expression of Eq.(4.105) is expressed as (see Orr [96])

V[T, o] = —||(diag(Zra)) ™ Zrayll?, (4.106)

Ll
M
Here, Zr 4 is an M-dimensional matrix defined as

Zro = Iy — BD; B, (4.107)

where B and Dr, are given by Eqs.(4.40) and (4.56), respectively. The matrix ‘diag(Zr )’

is the same size and has the same diagonal as Zr, but is zero off the diagonal.
Similarly, in the case of LMS learning for lincar regression models (i.c., the learning

result function fg is given by Eqs.(4.36) and (4.37)), a closed form expression of Eq.(4.105)

for a subspace model S is given as

CV[S] (diag(Ws)) ™ Wayl, (4.108)

_LH
M

where Wy is an M-dimensional matrix defined as

W = Iy — BsBL. (4.109)
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Bg is given by Eq.(4.41).

Except for the above cases, the leave-one-out error defined by Eq.(4.105) should be
generally calculated by executing the learning procedure M times. This requires a lot of
computation time when M is large. |

Stone [125] showed that the model selection by CV is asymptotically equivalent to
that by AIC (see also Amari et al. [10] for asymptotic analysis). Although it is known
that CV practically works well, its mechanism in small sample cases is not well recognized
yet.

Craven and Wahba [28] proposed the generalized cross-validation (GCV) that can be
calculated easier than CV. GCV is applicable to regularization learning with a quadratic
regularizer for linear regression models (i.e., the learning result function fT,a is given by

Eqgs.(4.53) and (4.54)), and it is given as

T,
JTE

(1— 4trB*BD;L)”

GCVIT, a] = (4.110)
where JL is the training error of fro defined by Eq.(4.87), B is given by Eq.(4.40),
and Dr, is given by Eq.(4.56). GCV is a simplified version of CV with ‘diag(Zr.4)’
in Eq.(4.106) replaced by ‘(s7trZr.a)ln’ (see Orr [96]). Li [67] showed the asymptotic
optimality of Cf, and GCV, i.e., they asymptotically select the model that minimizes the
predictive training error Jppp defined by Eq.(4.100) (see also Wahba [145]).

The effectiveness of the predictive training error based methods relies on the expecta-
tion that reducing the predictive training error is equivalent to reducing the generalization
error (see e.g. Mallows [73]). However, it is not generally true. This is the limitation of

the predictive training error based methods.

4.6.5 Bayesian statistics based criteria

The probability of obtaining the learning result function f given training examples

{(@m, Ym) }M_, and a model 6 is expressed by using the Bayes rule as

P({(m, ym) Vi |, 0) PLFIE)

P({(m, ym) H_,10) (4.111)

P(F{(@m, ym) Yo, 0) =

In words [68]:

Likelihood x Prior
Posterior = ) 4.112
ostetior Evidence ( )
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The Bayesian statistics based criteria select the model 0 that maximizes the evidence.

Note that the evidence is expressed as

P({(m, Ym) }-10) :/P({(wm,ym)}%zllf, 6)P(fl6)df. (4.113)

Using the asymptotic approximation, Schwarz [115] gave an estimate of
—2log P({(@m, ym) H_,10) (the log-evidence multiplied by —2) for selecting maximum
likelihood models. This estimate is called the the Bayesian information criterion (BIC).
BIC for linear regression models with Gaussian noise (i.e., the learning result function fg

is given by Eqgs.(4.36) and (4.37)) is expressed as
BIC[S] = M log J25 + (dim S + 1) log M, (4.114)

where J3, is the training error of fg(x) defined by Eq.(4.82). Note that the minimum
description length (MDL) criterion (Rissanen [99][100][101]), which is derived in the light
of information theory, is also the same form as BIC. The advantage of BIC is that it
does not depend on the prior distribution of the learning result function. Therefore, it
can be calculated without the knowledge of the prior distribution. However, due to the
asymptotic approximation, BIC is valid only when a large number of training examples
is available.

It is known that regularization learning can be regarded as the Bayesian inference (see
e.g. Akaike [2]). In the case of Gaussian noise with the noise covariance matrix Q = 2/

(02 > 0), the likelihood is proportional to

1 M 2 .
m=1

If the prior distribution of the learning result function f is proportional to

f(mm) — Ym

1 A2
exp (~ 50l THIP). (4.116)
then the log-posterior is expressed by using some constant ¢ as
. Mo 2 .
log P(f{(m, Ym) =1, 0) = (Z flam) — ym} ) +al|TF*+c (4.117)
m=1

since the evidence is a constant for fixed {(@m,ym)}_; and 6. This means that max-

imizing the log-posterior with respect to the learning result function is equivalent to
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minimizing the regularization learning criterion Jp defined by (4.52). Note that in the
above interpretation, the regularization operator T' and regularization parameter o con-
trol the prior distribution of the learning result function. In the Bayesian terminology,
they are called the hyper parameters.

Akaike [2] named —2log P({(%m, ym)}_,|0) (the log-evidence multiplied by —2) a
Bayesian information criterion (ABIC), and proposed using it for selecting the regulariza-
tion operator and regularization parameter. A practical expression of ABIC for regular-
~ ization learning with quadratic regularizers for linear regression models (i.e., the learning
result function fr, is given by Eqs.(4.53) and (4.54)) is given as

T«

g _
ABIC[T, o] = M log ﬁ + logdet(Dr ) — log det(aW*T*TW), (4.118)
where Jg’a is defined as
Mo 0 A
Jg’a = Z fT,a(wm) — Ym| + aHTfT,aHQ‘ (4‘11(‘))
m=1

‘det(:)” denotes the determinant of a matrix, and Dr, and W are defined by Egs.(4.56)
and (4.42), respectively. When T is fixed and only « is optimized, ABIC is reduced to
JTe
ABIC[o] = M log ﬁ +logdet(Drg) — dim H log cv. (4.120)
MacKay [68][69][71] also proposed a similar method to ABIC. Although it is reported
that Bayesian statistics based criteria experimentally work well, their effectiveness is not

theoretically sure since they do not directly evaluate the generalization error itself.

4.6.6 Heuristics induced criteria

One of the classic approaches to determining the regularization parameter is based on the
discrepancy principle (Groetsch [45], Morozov [77], Kunisch & Zou [66]). The discrepancy
principle asserts that the training error should be equal to the noise variance. A heuristic
motivation for this principle is that it docs not make sense to ask for an estimation with
the training error less than the noise variance since only the noisy sample values are
available (Groetsch [45]). However, the relation between the discrepancy principle and
generalization capability is not sure.

Schuurmans [114] proposed a metric based criterion. Although its effectiveness is

experimentally evaluated, its theoretical analysis is not still enough.
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4.7 Approximated SIC

In this section, we derive an approximation of SIC named the approximated SIC (ASIC).
We assume through this section that X, in SIC is obtained by Eq.(4.30).
4.7.1 Derivation of approximated SIC

When - A*A = Iy where Iy denotes the identity operator on H, SIC defined by Eq.(4.18)

is reduced to as follows.
SIC[O] = ||[(Xs — ADyl]? — tr( Xy — ANQ(Xy — AN + tr XpQ X,
1 o £
= ]T/[*<A'A(X9 — ANy, (Xy — ANy)
1 ) 1 )
— MU‘A'A(XQ — A')Q(Xg — AT) + Mti‘A AX@QXa
1 . 1 . ,
~ | AXoy — ATy — —tr(AXo — AANQ(AX, — AA')
+ %trAXoQ(AX())*. (4.121)
It follows from Eqs.(4.5) and (4.8) that the first term in Eq.(4.121) yields
LAy — AATYP = S AXpy]? — 2 Re(AXpy, AATy) + [ AATy|?
Ml M M o M
1 . 2 1
7l XoyH 7 ReAXoy, ) + 7 llyll
1 1 .
ol + ol AATy?
1 1 .
= M”AXGU —y|* - MHAATEI —yl?
1 N 1 .
= —|Afe —y||* = —=||Af, — vyl
R R Y -

where J¢ is the training error of fg defined by Eq.(4.95), and J¥ is the training error

of fu defined as

2

M

1 i

Tip =17 2 |ful@n) = ym| - (4.123)
m=1

The second term in Eq.(4.121) yields

1 . |
— (AKX — AANQAX, — AATY’

- %tr (AXoQ(AXg)" — AXpQAAT
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—AATQ(AX,)" + AATQAAT)
= - 7\12“ (AXpQ(AX)* — QAX,y — (AX,)*Q + QAAT) . (4.124)

If J#4 in Eq.(4.122) and —5trQAAT in Eq.(4.124) are ignored since they are irrelevant

to model selection, then we have the following criterion.

Definition 4.16 (Approximated SIC) The following functional ASIC[0] is called the

approzimated subspace information criterion (ASIC) for a model 6:
2
ASIC[O] = Jop + 77 e trQAX,. (4.125)

ASIC can be used as an approximation of SIC if %A*A ~ Iy. Note that —Jt—[A*A =1y
strictly holds if H is a trigonometric polynomial space and {x,,}}_, are fixed to regular
intervals in the domain (see Section 5.3.4 for detail). The advantage of using ASIC is that

its calculation is easier than the original SIC. Indeed, when the noise covariance matrix

@ is estimated by Eq.(4.31) and LMS learning is adopted, ASIC yields

g+ 2 dim S (4.126)
et 57 i .
This can be verified from
AXy = AATS = AA;(ASAE)T = ASA*S(ASAE)T = Pr(ag), (4.127)

where Pr(4,) denotes the orthogonal projection operator onto the range of Ag.

4.7.2 Relation to

Cr, (Mallows [73]) given by Eq.(4.103) is a model selection criterion for selecting the
model that minimizes the predictive training error (see Section 4.6.4). If @) in Eq.(4.125)
is estimated by Eq.(4.31), then it holds that

ASIC[0] = C,[0] — &°. (4.128)

This implies that C7, essentially agrees with ASIC since the second term in Eq.(4.128) is
irrelevant to model selection. Therefore, Cr, can be regarded as an approximation of SIC
if ﬁA*A ~ [g. Conversely, it shows that, if ﬁA*A ~ Iy, C works well despite the fact

that Cr does not directly take the generalization error Jg into account.
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4.7.3 Relation to network information criterion

Akaike’s information criterion (AIC) (Akaike [1]) is a model selection criterion for selecting
the model that minimizes the Kullback-Leibler information (Kullback & Leibler [65]). The
network information criterion (NIC) (Murata et al. [82]) is a generalized AIC in which
any differentiable loss function can be handled (see Section 4.6.2). Let us assume that the
sample value y,, and noise €, are real since NIC is derived under this condition. In this
case, ‘Re’ in Eq.(4.125) is not required. NIC with the squared loss for linear regression
models (i.e., the learning result function fg is given by Eqs.(4.36) and (4.37)) is expressed
as

. | |
NIC[S] = Jfp + - -trQsAsAL, (4.129)

where J$5 is the training error of fg(x) defined by Eq.(4.82) and Qs is an M-dimensional

diagonal matrix with the m-th diagonal element being (y,, — fg(ccm))g:
Qs = diag <(y1 — fs(@1))?, (2 — fs(®2))%, ., (yns — fs(fBM))2> - (4.130)
On the other hand, ASIC for LMS learning is expressed as
s 2 i
Jig + MtrQAgAS (4.131)

because of Eq.(4.127). Eqs.(4.129) and (4.131) imply that NIC with the squared loss
is essentially equivalent to ASIC With LMS learning except that the noise covariance
matrix () is estimated by Qs. Therefore, NIC with the squared loss can be used as an
approximation of SIC with LMS learning if ﬁA*A ~ Iy. Conversely, it shows that,
if ﬁA*A ~ I, NIC with the squared loss works well with a small number of training

examples despite the fact that NIC is derived by making use of asymptotic approximation.

4.7.4 Estimation methods of noise covariance matrix

Now we shall discuss the estimation methods of the noise covariance matrix (). Let us

M

_, are uncorrelated and let ¢ be the noise variance of ¢,,.
m=1 m

assume that the noises {en

In this case, () is an M-dimensional diagonal matrix with the m-th diagonal element being

2.

lopolts

Q = diag (02, 02,...,0%,). (4.132)

In NIC, @ is estimated by the diagonal matrix Qg (Eq.(4.130)) whether the subspace
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model S is faithful® or not. If the model S is faithful, then (3, — fs (2, ))? tends to €2, since
fs(x) tends to the learning target function f(x) as M — co. Hence, (4m — fo(@m))? can
be naturally regarded as an estimate of the noise variance o2, However, when it comes
to the unfaithful case, it is difficult to justify the validity of the estimate since fs(a:) does
not converge to the learning target function f(x). In contrast, estimation of the noise
covariance matrix @) by Eq.(4.31) is not obtained with the model S but obtained with
an unbiased learning result function fu(m) based on the fact that the noise characteristic
does not depend on models. Hence, if fu(ac) is available, then the noise variance can
be reasonably estimated irrespective of the faithfulness of the subspace model S (see also
Barron [12]). This idea can also be applied to NIC, .., Q, obtained with a faithful model

is commonly used as an estimate of the noise covariance matrix ¢ for all models:
Qu - diag ((yl - fu(wl))ga (92 - fu(m2>)27 (R (yM - f?t(wM»Q) . (4133)

However, even with Q., (ym — fu(#m))? may not be a good estimate of ¢2, since it is

estimated from only one training example (2, ¥m). In contrast, Eq.(4.31) assumes that

M

-1 of the noise variance agree with each other:

values {02,

=

=02 =0 (4.134)

I
Q
NN
|

This implies that if values {o2 }_, of the noise variance arc not so different, a good esti-

mate of the noise covariance matrix () may be obtained since the common noise variance

0? is estimated from M training examples {(@ym, ym) }_,.

4.8 Computer simulations

In this section, the effectiveness of SIC is experimentally demonstrated through computer

simulations. The simulations are performed for LMS learning and regularization learning.

4.8.1 SIC for least mean squares learning

SIC for LMS learning given in Section 4.4 is experimentally evaluated.

LA model is said to be faithful if the learning target function can be expressed by the model (Murata
et al. [82]).
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4.8.1.1 Setting

Let the dimension L of the input vector « be 1 and S, be a trigonometric polynomial

space of order n (see Section 3.3.1), i.e., S, is spanned by the functions

{1, V2 sin pr, \/ﬁcospx}n (4.135)

p=1

defined on [—m, 7], and the inner product is defined as
L™ g
() =5 | s (4.136)
Note that the dimension of S, is 2n + 1. We adopt Siop as H.
Let the learning target function f(z) be

f(z) = L Z(sinpx + cos pz). (4.137)

Let the sample points {z,,}¥_, be randomly created in the domain [—, 7], and the noise

€m be independently subject to the same normal distribution with mean 0 and variance
o
€m ~ N(0,0%). (4.138)
In this case, the noise covariance matrix () is given as
Q= Iy (4.139)
The simulation is performed 100 times for (M, 0?) = (500,0.2), (250,0.2), (500, 0.6),
and (250,0.6), with changing the noise {¢,, }¥_, in each trial.
We adopt LMS learning and let the set M of model candidates be

M - {So, Sl(), SQ(), Ceey 5100}. (4140)

We shall measure the error of a learning result function fg(z) by

P , T (", 2
Error[S] = ||fs — f||* = 57;/ fs(z) — f(x)| dx. (4.141)
Let a function ¢,(z) be
1 ifp=1,
op() = ﬂsin(%) if p> 2 and p is even, (4.142)

ﬁcos(@) if p > 3 and p is odd.
In this case, the covariance matrix U is reduced to the identity matrix. The Moore-Penrose

generalized inverse is calculated by Eqgs.(4.49) and (4.50) with v = 0.1.
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4.8.1.2 Comparison with existing model selection methods

The following model selection criteria are compared.

(a) Subspace information criterion (SIC): X, is obtained by Eq.(4.30) and @ is es-
timated by Eq.(4.31). In this case, SIC for a model S is given by Eq.(4.45) with U

being the identity matrix.
(b) Cp (Mallows [72][73]): Cp for a model S is given by Eq.(4.102).

(c) Leave-one-out cross-validation (CV): A closed form expression of the leave-one-

out error for a model S is given by Eq.(4.108).

(d) Akaike’s information criterion (AIC) (Akaike [1]): When the noise is subject
to the normal distribution, AIC for a model S is expressed by Eq.(4.81).

(e) Corrected AIC (cAIC) (Sugiura [127]): When the noise is subject to the normal
distribution, cAIC for a model S is expressed by Eq.(4.91).

(f) Bayesian information criterion (BIC) (Schwarz [115]): When the noise is
subject to the normal distribution, BIC for a model S is expressed by Eq.(4.114).
Note that the minimum description length (MDL) criterion (Rissanen [99][100][101])
is also given by Eq.(4.114).

(g) Vapnik’s measure (VM) (Cherkassky et al. [23]): VM for a model S is given
by Eq.(4.96) with h given by Eq.(4.98).

Figures 4.5, 4.6, 4.7, and 4.8 display the simulation results for (M, o?) = (500,0.2),
(250,0.2), (500,0.6), and (250,0.6), respectively. The top eight graphs show the values of
the error and model selection criteria corresponding to the order n of the model S, (see
Eq.(4.140)). The box plot notation specifies marks at 95, 75, 50, 25, and 5 percentiles of
values. The solid line denotes the mean values. The bottom-left eight graphs show the
distributions of the selected order n of models. ‘OPT’ indicates the optimal model that
minimizes the error measured by Eq.(4.141). The bottom-right eight graphs show the
distributions of the error obtained by the model selected by each criterion.

When (M, 0?) = (500,0.2) (Figure 4.5), all model selection criteria work well.

When (M, o?) = (250,0.2) (Figure 4.6), SIC, CV, Cp, cAIC, and VM work well. In
this case, AIC tends to select larger models and BIC (MDL) is inclined to select smaller
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models, so they provide large errors. This may be caused since AIC and BIC (MDL) are

derived under the assumption that the number M of training examples is very large.

When (M, 0?) = (500,0.6) (Figure 4.7), SIC, CV, Cp, AIC, and cAIC work well. BIC
(MDL) and VM show a tendency to select smaller models and they result in large errors.
This implies that BIC (MDL) and VM are not robust against the noise.

Finally, when (M, 0%) = (250, 0.6) (Figure 4.8), only SIC can select reasonable models.
In this case, Cp almost always selects Ssg, AIC tends to select larger models, and other
criteria tend to select smaller models. As a result, they give large errors. The results are
summarized in Figure 4.9.

The simulation results show that SIC outperforms other model selection criteria espe-
cially when the number M of training examples is small and the noise variance o2 is large
(see Figure 4.8). Although SIC almost always gives a very good estimate of the true error
on average, its variance is rather large when M = 250 (Figures 4.6 and 4.8). However, the
large variance of SIC may be dominated by terms that are irrelevant to model selection

since SIC given by Eq.(4.45) is expressed as

SIC[S] = (UBLy, Bly) — 2Re (UBLy, B'y) + (UB'y, Bly)
+ 26%Re trUBL(BY* — 62txUBY(BY)*, (4.143)

where the third and fifth terms are irrelevant to the model S.

It should be noted that Cp almost always sclects the true model Ssg in any cases. Here,
the true model indicates the smallest model that includes the learning target function
f(x). This implies that Cp is more suitable for finding the true model than finding the

model with the minimum generalization error.

4.8.1.3 Uniform noise

Let us investigate the robustness of SIC against non-Gaussian noise. We consider the
same setting as Section 4.8.1.1 but the noise ¢, is subject to the uniform distribution on
[—0.3,0.3].

The simulation results for M = 500 and 250 are displayed in Figures 4.10 and 4.11,

respectively. The results show that SIC works well even in the uniform noise case.
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4.8.1.4 Changing dimension of

Now we investigate the influence of changing H when (M, 0?) = (250,0.2). The simulation
is performed with the same setting as Section 4.8.1.1 but H is changed as S120, S100, S80,
or Sgo. Note that when H is Sgy or Sgg, we only consider the model candidates included
in H (see Eq.(4.140)).

The simulation results displayed in Figure 4.12 show that the variance of SIC is reduced
as H is small. This may be because f, and 62 tend to be accurate as I is small (see
Eq.(4.143)). The performance of SIC is almost the same when H is Sigo, Sso, or Seo-
However, when H = Sio0, the variance is rather large. This implies that when the
dimension of H is very close to the number M of training examples (¢.g. when H = Sia,

dim H = 241 and M = 250), SIC tends to be inaccurate.

4.8.1.5 Estimating U from unlabeled sample points

Let us investigate the robustness of SIC when the covariance matrix U (see Eq.(4.44)),

. ’ . . . ’ «
which is assumed to be known, is estimated from unlabeled sample points {z/ }M_, (i.e.,

sample points without sample values {y/ }M_)) as

M/
~ 1 ,
Wl = 55 D oo (@n)en(eh). (4.144)
m=1

Note that if the training sample points {z,, }}_, are used instead of unlabeled sample
points, then SIC agrees with Mallows’s Cp (see Section 4.6.4).

The simulation is performed with the same setting as Section 4.8.1.1 but U is estimated
from M’ unlabeled sample points subject to the uniform distribution on [—m, n]. M’ is
changed as 500, 250, 100, and 50. Figure 4.13 displays the simulation results when
(M, o?) = (500,0.6). The simulation results show that the good performance of SIC is
maintained as the number M’ of unlabeled sample points is small. This implies that SIC

will work well if only a rough estimate of U is available.

4.8.1.6 Unrealizable learning target function

Finally, we consider the case when the learning target function f(z) is not included in

H. The simulation is performed with the same setting as Section 4.8.1.1 but the learning

target function f(z) is the step function or ; Jrlwz defined on [—m, 7). Let the number M

of training examples be 100. We adopt Sop as H. Let the set M of model candidates be
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{So, S2, 54, ..., San}, which are included in H. We measure the error of a learning result
function ]Eg(u(,) by using 1000 future sample points {u,} Jl.gof randomly generated in [—m, 7]
as | looo )

Error[S,] = 1000 Z ‘fg(uj) — flu)| - (4.145)

The simulation results with the learning target function being the step function for

(M, 0?) = (100,0.1) are shown in Figure 4.14. The simulation results with f(z) = Hle

for (M, 0?) = (100,0.03) are shown in Figure 4.15. These results show that SIC seems

still effective even in unrealizable cases as long as the Hilbert space H approximately
includes the learning target function f(x). However, further experiments may be needed

to confirm the robustness against unrealizable learning target functions.
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4.8.2 SIC for regularization learning

SIC for regularization learning given in Section 4.5 is experimentally compared with ex-

isting model selection techniques.

4.8.2.1 Setting

Let the dimension L of the input vector @ be 1, and H be spanned by the functions
{z"}olq (4.146)

defined on [—1, 1], and the inner product is defined as

(f,9) = / Sz, (4.147)

i.e., H is a polynomial space of order 20 (sce Section 3.3.2). Note that the dimension of
H is 21.
Let the learning target function f(z) be

flz) = —z* + 2%, (4.148)

Let the sample points {z,}2_; be randomly created in the domain [—1, 1], and the noise

€m be independently subject to the same normal distribution with mean 0 and variance

o2

€m ~ N(0,0?). (4.149)

In this case, the noise covariance matrix @) is given as
Q= o’Iy. (4.150)

The simulation is performed 100 times for (M, c?) = (200,0.2), (50,0.2), (200,0.5),
and (50, 0.5), with changing the noise {€,,}2_, in each trial.
We adopt regularization learning with 7' = W1, i.e., weight decay (see Section 3.2.2).

The following values are considered as candidates of the regularization parameter «:
M ={107%1072,107%,.. ., 10%}. (4.151)

We shall measure the error of a learning result function fT,a (z) by

2

Error[T, o] = || fra — f|I> = /—1 ‘fTa(:z:) — f(z)| dx. (4.152)
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Let ,(z) = 2P for p=0,1,2,...,20. In the current setting, the covariance matrix U

is given as (see Eq.(4.44))

[Ulpw = /cpp/(u)cpp(u)du, (4.153)

where [ - ], denotes the (p,p')-th element of a matrix. The Moore-Penrose generalized

inversc is calculated by Eq.(4.50) with v = 0.1.

4.8.2.2 Comparison with existing model selection methods

We compare the following model selection criteria:

(a) Subspace information criterion (SIC): X, is obtained by Eq.(4.30) and @ Is es-
timated by Eq.(4.31). In this case, SIC for (T, ) is given by Eq.(4.57).

(b) C;, (Mallows [73]): C for (T,a) is given by Eq.(4.104).

(c) Leave-one-out cross-validation (CV): A closed form expression of the leave-one-

out error for (T, &) is given by Eq.(4.106).

(d) Generalized cross-validation (GCV) (Craven & Wahba [28]): GCV for
(T, ) is given by Eq.(4.110).

(e) Network information criterion (NIC) (Murata et al. [82]): NIC for (T, «) is
given by Eq.(4.86).

(f) A Bayesian information criterion (ABIC) (Akaike [2]): ABIC for o with
fixed T is given by Eq.(4.120).

(g) Vapnik’s measure (VM) (Cherkassky et al. [23]): VM for (T, a) is given by
| Eqs.(4.96) and (4.99).

Figures 4.16, 4.17, 4.18, and 4.19 display the simulation results for (M, o?) = (200,0.2),
(50,0.2), (200,0.5), and (50,0.5), respectively. The top eight graphs show the values of
the error and model selection criteria corresponding to the regularization parameter «
in log-scale (see Eq.(4.151)). The box plot notation specifies marks at 95, 75, 50, 29,
and 5 percentiles of values. The solid line denotes the mean values. The bottom-left
eight graphs show the distributions of the selected regularization parameter in log-scale.

‘OPT’ indicates the optimal regularization parameter that minimizes the error measured
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by Eq.(4.152). The bottom-right eight graphs show the distributions of the error obtained
by the regularization parameter selected by each criterion.

When (M, %) = (200,0.2) (Figure 4.16), SIC, C}, CV, GCV, ABIC, and VM almost
always select good regularization parameters. Although NIC is inclined to select smaller
regularization parameters, all the criteria provide almost the optimal gencralization ca-
pability.

When (M, 0?) = (50,0.2) (Figure 4.17), SIC, C, CV, GCV, and ABIC almost always
select good regularization parameters. In contrast, NIC shows a tendency to select smaller
regularization parameters, and VM tends to select larger regularization parameters. As a
result, VM gives larger errors.

When (M, 0?) = (200,0.5) (Figure 4.18), the results are almost the same as Fig-
ure 4.17.

Finally, when (M, 0?) = (50, 0.5) (Figure 4.19), SIC, C},, CV, GCV, and ABIC almost
always select good regularization parameters. In contrast, NIC shows a tendency to
select smaller regularization parameters, and VM tends to select larger regularization
parameters. As a result, NIC and VM provide larger errors.

This simulation shows that SIC gives a good estimate of the error on average, and it
works as well as Cp, CV, GCV, and ABIC.

4.8.2.3 Active design of optimal regularization parameter

Now we experimentally evaluate the regularization parameter ags given in Sec-
tion 4.5.3.1. The simulation is performed with the same setting as Section 4.8.2.1.

Figures 4.20, 4.21, 4.22, and 4.23 display the simulation results for (M, ¢?) = (200, 0.2),
(50,0.2), (200,0.5), and (50, 0.5), respectively. The left three graphs show the distribu-
tions of aopr, asrc, and agrs in log-scale. Here, appr is the minimizer of the error
measured by Eq.(4.152), agre is the minimizer of SIC, and agp is the minimizer of SIC
(see Section 4.5.3.1). In the simulation, copr and agjc are searched from 107* to 10*
in the scale of 107%. The middle three graphs show the distributions of Error|aopr],
Error|assc], and Error[agss]. The right two graphs show the distributions of SIC[agrc]
and SIC[og7z].

When M = 200 (Figures 4.20 and 4.22), agz, almost minimizes SIC (see the right
two graphs). In this case, Error[agsz| is almost the same as Error[appr] (see the middle

three graphs). When M = 50 (Figure 4.21 and 4.23), SIC[a is slightly larger than

el
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SIC|asrc]- However, the middle three graphs show that Erroragz;] is almost the same
as Error[aopr].

The simulations show that ag gives higher levels of the generalization capability
when agz, almost minimizes SIC (Figures 4.20 and 4.22). Moreover, even when oz,
is not a very good estimate of agsc, @ g7e, provides higher levels of the generalization
capability (Figure 4.21 and 4.23). Tt should be noted that in any cases, asrc is slightly
larger than aopr, and agp. is slightly smaller than agre. As a result, Error[ags| is
slightly better than Error[aopr].

In the simulations, we used Tikhonov’s regularization for calculating the Moore-
Penrose generalized inverse. Thanks to this, the value of Ap.x (see Section 4.5.3) is
kept small. This implies that the reliability of ag77 can be improved by Tikhonov’s

regularization.
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Figurc 4.18: Results of regularization learning simulation when (M, o?) = (200,0.5).
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Figure 4.20: Results of regularization learning simulation for agr, when (MM, o) =

(200,0.2).
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4.9 Proofs

In this section, proofs of all theorems, corollaries, and lemmas given in this chapter are

provided.

4.9.1 Lemma 4.3

It follows from Eqs.(4.18), (4.5), (4.8), (4.13), (4.11), (4.7), (4.16), (4.17), (4.9), and (4.14)
that

FeSIC = Ee ((Xo — Xu)yll* — tr(Xo — X.)Q(Xp — Xo)* + trXsQX;)
3 \fe full ) — (X — X)Q(Xo — Xu) + trXeQX;
= Be (IIBelfo — fu) = Belfo = fu) + fo — Full?)
— t1( Xy — X, )Q(Xe Xu)* + Eel| Xoel?
= |Ee(fo — fu)lI> = 2BRe(Be(fo — fu), Ee(fo — fu) = (fo — fu)
+ Eel[Ee(fo — fu) — (fs = fu)lI? — tr(Xo — X)Q(Xo — X.)* + Eel| Xoy — Xoz|”
= |Befo — £I? + tr(Xp — Xu)Q(Xo — Xu)*
— tr(Xo — Xu)Q(Xo — Xu)* + Ec[ Xoy — EXpy ||
= ||Eefo — f1I* + Eellfo — Ec o>
= Ecllfs — fI, | (4.154)

which concludes the proof. |

4.9.2 Corollary 4.4

It follows from Eqs.(4.25), (4.42), (4.27), and (4.40) that

L
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Operating W1 from the right-hand side of Eq.(4.155), we have

A=BW (4.156)
In this case, it follows from Theorem 4.11 in Albert [5] that

Al = WB" (4.157)

Similarly, it holds that
AL =WBL. (4.158)

It follows from Egs.(4.42) and (4.44) that

L

W*W = ZZ e, @ Pyp) (o ® ) Z p) (€p @ €y)
=1 p'—1 — 1p/:1
=U. (4.159)

Substituting Eqs.(4.158), (4.157), and (4.159) into Eq.(4.38), we have
SIC[S] = (U(BY — By, (B, — Bl)y) - 6*xU (B} — BY)(BY — By
&2rUBL(BL)*, (4.160)

which implies Eq.(4.45). It follows from Egs.(4.31), (4.26), (4.6), (4.8), (4.30), (4.156),
and (4.157) that

2

M| .
jo et [ful@n) —um] _|Af, -y
M —pu M—pu
_ [AATy —y|? _ |BW W Bly — y||?
M—-pu M —pu
|BBYy — yl*
== 7 4.161
M-—p ( )
which implies Eq.(4.46). | |

4.9.3 Corollary 4.5

From Eqs.(4.36), (4.37), (4.158), and (4.42), the learning result function fg(a) is given as

A

fs(x) = ng Ay WB

= Z(Béy, ep)p (), (4.162)

p=1

which implies Eq.(4.47). ) u



86  Chapter 4. Theory of model selection

4.9.4 Corollary 4.6

It follows from Egs.(4.54), (4.156), and (4.56) that

Xro = (A*A + oT*T) 7 AF

(W H*B*BW ! 4+ oW YW T*TWW )" (W1 )*B*

(W) Dpa ) (W) B

= WD W*(W )" B*

= WDy, B (4.163)

Substituting Eqs.(4.163), (4.157), and (4.159) into Eq.(4.55), we have

SIC[T, a] = |W (Dt B* — BYy|* — 6°uW (Dy B* — B )(BDg,, — (BY))W”
+ 6*rW Dy, B*BDy W™
= (U(D7,B" = By, (DroB" — BN)y)
— 6”trU(D7, B*BDL, — D7 B*(BY)* — B'BD, |, + B'(B")")
+6*trUD;., B*BD;},, (4.164)

which implies Eq.(4.57). u
4.9.5 Corollary 4.7
From Eqs.(4.53), (4.163), and (4.42), the learning result function frq(2) is given as
fra(®) = Xroy = WDz, B'y
= i@ihB*y, ep)p(), (4.165)
p=1

which implies Eq.(4.58). |
4.9.6 Lemma 4.8
According Theorem 4.8 in Albert [5], it holds for a self-adjoint operator Z that

(I+a 2y =(I-22Y)+aZV (I +aZ"), (4.166)
and it generally holds that

(I+aZh'=1—aZi(I+aZl) ™t (4.167)
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If Eq.(4.167) is repeatedly applied to Eq.(4.166), we have

I+ Z)y ' =(I-2Z+aZ' [I —aZi(I+aZ") ]
=(I—-ZZ)+aZl — (aZD)(I + azh)!
( )
( )

N

=(I-2ZZ+aZl — (aZV)? [l —aZ' (I +aZ")!]
= —2Z") +aZ — (aZN + (aZNV3 (I + az")™
=(I-22Y =Y (—aZly = (=aZly"" (I+aZ'), (4.168)
=1
where n is an arbitrary fixed positive integer. Then it follows from Eqgs.(4.61) and (4.168)
with Z = A*A that
= (A*A+aly) tA*
= ( (C\{ﬁlA*A + I][))_lA*
=o NIy +a tATA) AT

—a (- Laparay

j=1

— (=) AT A) (T + a(A*A)—l)*) A*

:Z (AT A) T A
;(~ YHARA) (I + a(ATA) ) A (4.169)

which implies Eq.(4.63). [ |

4.9.7 Lemma 4.9

According to the eigenvalue decomposition, eigenvalues of o®(A*A)™® are O ((Amax@)?).

If terms dominated by o®(A*A)~% are ignored, it follows from Eq.(4.63) that
r (AA) LA — (AT A)2A" 4+ 02(AA)3A". (4.170)
Then it holds that
Xo X7 ((A*A)7TAT — aATA)2A" + 62(A7A) A7)
% (A(A*A)™ — 0 A(A"A)2 + 02 A(A7A))
~ (AYA) T 20(ATA) T2 4+ 302 (AR A) R (4.171)
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It follows from Eqgs.(4.170) and (4.28) that

Xo— Al m (ATA)TTA" — (A A)2A* + o? (AT A) P A* — (A*A) 1 AT
= —a(AA)2AT + QP (ATA) AT (4.172)

Hence, we have

(Xo — AN (Xo — AD) m (—aA(A"A) 2 + a® A(A7A) )
x (—a(A*A)T2AT + (AT A) PAY)
~ ol A(A*A)T1A (4.173)

Then it follows from Eqs.(4.62), (4.173), and (4.171) that

SIC[a] = |(Xa — ADyl|? — 6%tr(X, — AN (X, — AD)* + 6%t X, X
(Xo — AN (Xo — ANy, y) — 8%tr(Xa — AT (Xo — AT) + %00 X0 X,
~ o2 (A(A*A) T ARy, y) — oPGHrA(ATA) AT
+ 6% ((A*A) ™ — 20(A*A) 2+ 3a?(A*A)7?)
=a? ((A"A) A y|? + 257t (A" A) )

— 206%tr(A*A) 72 + G2r(ATA) T (4.174)

which concludes the proof. , |

4.9.8 Theorem 4.10

From Eq.(4.64), SIC is expressed as

SIC[a] = ([[(A"A)2A"y|]” + 26°tx(A"A) )
) <a B F2r(A*A)~? )2
I(A*A) 2 Axy]2 + 262tr(A*A)
(62r(A*A)~2)?

_ ~2 * -1 1
(A A) 2 Ary[? + 262e(Ae ) 0 AT (41T)

F2tr(A*A)—2
l[(A*A)=2 Ay 2426281 (A* A)—3"

which is minimized if and only if @ = For any «, it follows

from Eqs.(4.66) and (4.67) that

SIC[O&SId S SIC[O[], (4.176)
SIC[ev g7 < SIC[a]. (4.177)
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It follows from Eq.(4.176) that
It follows from Eq.(4.177) that

SIC[a g — SIC[asic] = SIC|a g — SIC[agmz] + SIC ags] — SIC[asid]
< (S1Cls) — STClagz)

+ (SiClasrc] - SIClasycl ) (4.179)
Eqs.(4.178), (4.179), and (4.65) imply Eq.(4.69). |

4.9.9 Corollary 4.11

It follows from Eqs.(4.157) and (4.71) that

(A*A)™! = AY(ADY = WBY(BHYy*'W~
=WYW*. (4.180)

Then it follows from Eqs.(4.68), (4.180), (4.156), (4.159), and (4.40) that

o FPWY W WY W™
SICT \WYW*WYW*(W 1) Bry||2 4 262 WY W*WYW*WY W
B FAr(UY)?
WY UY Bry||2 + 262%r(UY)3
A2 Y 2
_ otr(UY)" , (4.181)
(UY)?*B*y,Y B*y) + 262t (UY)?
which implies Eq.(4.70). |
4.9.10 Theorem 4.12
Operating AT from the right-hand side of Eq.(4.73), we have
1
Al = — A% 4.182
- (1.182)
It follows from Eqs.(4.74), (4.182), and (4.73) that
. 1 1 o
X, — AT = Ry L S 4.183
M+« M MM+ a) ( )
1 M
XoXfi=m——  A"A= — I}, (4.184)

(M T a)? (M T )
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It follows from Eqs.(4.73), (4.182), (4.30), (4.8), (4.26), and (4.31) that

1 1
A . ATA) A Adry|?
Ay = M2<AAy 8= glAG A ) = LAy
. 1
— AT 2:_____ Yo, 2 o 2
LjaAty| = L AdTy —yl* + Lyl
M
_ 1 7 2 1 2 1 ¢ ., 2 _1__ 2
R YA i3 Fuwn) = |+ ]
et e = 5 M 2

Then it follows from Eqs.(4.62), (4.183), (4.184), (4.73), and (4.185) that

SIC[a] = ||(Xa — ADy||> — 6%tr(X, — AD(X, — AD* + 620X, X7

o a?6? G*M
gAY~ i e AA T ]
a0~ arar ot AT Gr e ™
1 QHA*yHZ 25 ~2
- Iy + 62 Mtcl
(M + a)? (“ e i

1 o, 0%yl u
= (M Tap (“2<““2 Tt %‘” —ety “QM”)

o2 (L |lyll? —6%) + 6 My

ETE (4.186)

The derivative of SIC with respect to « is given as

d 2M (a5 |lyll* — 6%) — 6°p)

—8I M : 4.187

das Cle] = (M + a)? ( )
LSTC is negative if & < ﬁ;, 7o5IC is positive if a > %, and -LSIC vanishes
1f o= L”””’; . Therefore, SIC is minimized if and only if o = Tﬂfﬁg‘_—az |

M

4.9.11 Lemma 4.15

It follows from Eqgs.(4.6), (4.11), (4.26), (4.79), (4.9), (4.77), and (4.73) that

1 ZM [k 1
€ ST m 2 - 52 = Ee a5 5 = € T 2 -

1 2 1
~ . (1471 + o RelAT ) + 7l ) =
VAT 9 g WAL

M M
= |I£1%, (4.188)

which implies Eq.(4.80). l
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Chapter 5

Theory of active learning

5.1 Introduction

Supervised learning can be classified into two categories depending on the type of sam-
pling. One is the case where training examples are given unilaterally from the environ-
ment. For example, in time series prediction, sample points are fixed to regular intervals
and learners can not change the interval. The other is the case where learners can design
the location of sample points by themselves, and gather corresponding sample values.
For example, it is possible to design sampling locations in many scientific experiments or
learning of sensorimotor maps of multi-joint robot arms. If we can actively design the
sampling locations, then a higher level of the generalization capability is expected to be
acquired. (see Figure 1.5 in page 9).

The problem of designing the sampling locations for the optimal generalization capa-
bility is called active learning (Cohn et al. [27], Fukumizu [38], Vijayakumar & Ogawa
[143]). Tt is also referred to as optimal ezperiments (Kiefer [60], Fedorov [34], Cohn [25])
or query construction (Sollich [124]).

From the viewpoint of the optimality, active learning can be classified into two cate-
gories. One is the global optimality, where a set of all sample points is optimal (e.g. Fedorov
[34], Vijayakumar & Ogawa [143], Yue & Hickernell [149]). The other is the greedy opti-
mality, where the next sample point to add is optimal in each step (e.g. MacKay [70], Cohn
25], Fukumizu [38]). In this chapter, we devise both global and greedy optimal active
learning mecthods. The global method gives exactly the optimal generalization capability
for trigonometric polynomial models. In contrast, the greedy method is applicable to any

finite dimensional models.
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5.2 Problem formulation
Let X be a set of M sample points:

X = {@m} s (5.1)
The sample values {ym }2_, are degraded by additive noise {e, }M_:

Ym = f(mm) + €m. (52)

Let us denote the learning result function obtained with X by fx(z). We assume that the
learning target function f(x) and the learning result function fx(x) belong to a specified
reproducing kernel Hilbert space H (see Section 2.3), and the generalization error of ]‘A',y(a:)

is measured by

JolX] = Ee fx — fI1%, (5.3)

where E, denotes the expectation over the noise. The norm is typically defined as

2

I 112 = [ i) s wlw)du (54)

where the integral with respect to u means the expectation over future sample points u
and w(u) is some weight function, e.g., the probability density function of w. Then the

problem of active learning considered in this chapter is formulated as follows.

Definition 5.1 (Active learning) Determine the best set X of sample points that min-

tmizes the generalization error Jg:

~

X = argmin Jg[X]. (5.5)
x

5.3 Batch active learning

In this section, we propose a global optimal active learning method, where sample points
are determined in a batch manner. For this reason, it is called batch active learning.
We give a necessary and sufficient condition of sample points for providing the globally

optimal generalization capability.
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5.3.1 Setting

First, the setting is described.

1. The function space H to which the learning target function f(x) belongs is finite

dimensional:

dim H < oo. (5.6)
2. The reproducing kernel K (a:‘, x') of H satisfies
K(xz,z)=r for any © € D, (5.7)
where 7 is a non-negative constant.

3. The learning result function is obtained by LMS learning for the model H (see
Section 3.2.1). In this casc, the learning result function fx(x) obtained with the
sample points X is given as

where Ay is defined as

Ay = i (em ®m> : (5.9)

m=1

Here, (- ® 7) denotes the Neumann-Schatten product (see Section 2.2.4) and e, is

the m-th vector of the so-called standard basis in C*. The vector y is defined as

y=(y1, 2 ym), (5.10)

where T denotes the transpose of a vector. It holds for any function f in H that
Axf =z, (5.11)
where z is the M-dimensional vector is defined as

z = (f(@1), fma),. - flxu)) " (5.12)

This can be verified from the property of the reproducing kernel (see Section 2.3):

(f(), K(,a) = f(). (5.13)
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4. The functions { K (zx, ) }4_, span the whole space H:
L({K(z,xm) ) = H, (5.14)

where £ ({¢,(x)},) denotes the linear manifold spanned by {¢,(x)},. Eq.(5.14) is
equivalently expressed as

R(AL) = H, (5.15)

where A% denotes the adjoint operator of Ax. Note that Eq.(5.14) holds only if the

number M of training examples is larger than or equal to the dimension of H:

M > dim H. (5.16)

5. For any sample points {@,, }»_;, the mean noise is zero:
Eee = 0, (5.17)

where

€= (e, €9,...,6)". (5.18)
6. For any sample points {x,, }}2_,, the noise covariance matrix @ is in the form
Q=E.(e®€ =c’Iy (5.19)

with 0% > 0, where I, is the M-dimensional identity matrix. o2 does not have to

be known.

5.3.2 Necessary and sufficient condition for optimal generaliza-
tion

Under the above setting, we shall derive the condition for the optimal generalization
capability.
It is known that the generalization error of fy(z) can be decomposed into the bias

and variance (see e.g. Takemura [132], Geman et al. [40], Efron & Tibshirani [33]):
JalX] = [Befa = FI* + Bell fx — Be el (5.20)
It follows from Eqs.(5.2), (5.10), (5.12), and (5.18) that

y=2z+e (5.21)
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Then it follows from Egs.(5.8), (5.21), (5.17), (5.11), and (5.15) that the bias of fx ()

vanishes:

[Befx = £II* = [EeAly — fII* = |Bedl(z + €) — fI
= || ALz — [II? = || AL Axf — /I
= | Priasy f — FI? = 1uf = fII?
=0, (5.22)

where Pgr(az) denotes the orthogonal projection operator onto the range of A% and Iy
denotes the identity operator on H. Therefore, it follows from Egs.(5.20), (5.22), (5.8),
(5.21), (5.17), and (5.19) that the generalization error of fx(z) is reduced to as

Ja[X] = Eell fx — Befal” = Ee| Aky — Ec ALy
— BJJAL(z 4+ €) — EAL(z + €)||2 = E|| Al (z + €) — Al z|]?
= B[ Alel? = tr (ATXEG (e®e) (A;)*)
= o’trAl(A%)", (5.23)

where ‘tr’ denotes the trace of an operator. Consequently, the problem of active learn-
ing considered in this section becomes the problem of finding a set X of sample points
that minimizes Eq.(5.23) under the constraint of Eq.(5.14). Then we have the following

theorem.

Theorem 5.2 The generalization error Jg defined by Eq.(5.3) is minimized with respect

to the operator Ay under the constraint of Eq.(5.14) if and only if

LAy A = In, (5.24)

where p is the dimension of H, v is given by Eq.(5.7), and Iy denotes the identity operator
on H. In this case, the minimum value of Jg is given as
o2
rM -
A proof of Theorem 5.2 is provided in Section 5.8.1.
Eq.(5.24) is equivalent to that a set {y/ZK(-, @)}, forms a pseudo orthonor-
mal basis (PONB) (Ogawa & Tijima [92], Ogawa [91]) in H, which is an extension of

(5.25)

orthonormal bases to lincarly dependent over-complete systems. The rigorous definition
and properties of PONBs are described in Section 5.7. By using the properties of PONBs;,

we have the following lemma.
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Lemma 5.3 When the operator Ay satisfies Condition (5.24), it holds that

[Axfll = /BEIfIl for any f € H, (5.26)
. /Al for any v € R(Ax),
[Afv] =< ¥ il ’ (4) (5.27)
0 for any v € R(Ax)"t,

where R(Ax) is the range of Ax and R(Ax)* denotes the orthogonal complement of
R(Ax).

A proof of Lemma 5.3 is given in Section 5.8.2.

Egs.(5.26) and (5.27) imply that /-5~ Ax becomes an isometry and %ALY becomes
a partial isometry with the initial space R(Ax), respectively (see Section 2.2.3).

Lemma 5.3 gives interpretation of Theorem 5.2. Let us decompose the noise € into
€ € R(Ax) and & € R(Ax)*:

€=¢€+ et (5.28)

Then it follows from Egs.(5.21), (5.11), and (5.28) that the sample value vector y is

rewritten as

y=Axf+é+E (5.29)
Because of Eq.(5.15), it holds for any f in H that
Al Axf = Prias)f = Inf =1, (5.30)

which implies that the signal component Ax f in Eq.(5.29) is transformed to the original
function f by Al.. From Eq.(5.27), ATX suppresses the magnitude of the noise € in R(Ax)
by /-7 and completely removes the noise élin R(Ax)":

1A%el = v/Hrlell, (5.31)
ALer = 0. (5.32)

The above analysis is summarized in Figure 5.1.

In gencral, it is difficult to suppress the effect of the noise € in R(Ax) since it can not
be distinguished from the signal component Ay f. However, the above analysis suggests
that the effect of the noise € is minimized if the mean magnification of A;, is minimized.
Since minimizing the mean magnification of AL is equivalent to maximizing the mean
magnification of Ay, the effect of the noise € is minimized if the norm of Ay f is maximized
in the average sense. This principle well agrees with our intuition that the sampling
with the highest signal-to-noise ratio in the sample value vector y provides the optimal

generalization capability.

[
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Figure 5.1: Mechanism of achieving optimal generalization capability by Theorem 5.2. If
LAY Ax = Ig, then AWAxf = f, [|AL€]l = /£ ||€]|, and Alet = 0.

5.3.3 Calculation of least mean squares learning functions

Now we discuss the calculation method of the LMS learning function f,y(a:) given by
Eq.(5.8).
Let {¢p(x)},_; be an orthonormal basis in H. Then the following proposition holds.

Proposition 5.4 (Efron & Tibshirani [33]) For general sample points, the LMS learning

Junction fx(z) can be calculated as

fX<w) = Z <Z[C2—cl]p,p' Z Spp’(wm>ym> ep(), (5.33)

p=1 \p'=1 m=1
where | - |, denotes the (p,p’)-th element of a matriz and = denotes the complex conju-

gate of a scalar. Cx s the p-dimensional matriz defined as

[Cxlpp = Z p(Tm)pp (Tm). (5.34)

m=1
Note that Eq.(5.33) is equivalently expressed as

I

fX(m) = Z[Bj\fy]p@p(m)a (5.35)
p=1
where [ - |, denotes the p-th element of a vector, and By is the design matriz (see

e.g. Efron & Tibshirani [33]), i.e., the M x p matrix with the (m,p)-th element being

Pp(Tm):
[Bxlmp = @p(Tm)- (5.36)

When the sample points satisfy Condition (5.24), the following theorem holds.
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Table 5.1: Computational complexity and memory required for calculating LMS learning
function fy(x). M is the number of training examples and y is the dimension of H. In
Corollary 5.10, H is a trigonometric polynomial space and M = ku where k is a positive
integer.

. Calculation || Computational
Sample Points Method Complexity Memory
General Proposition 5.4 | O(u*(M + p)) | O(M + u?)
Condition (5.24) | Theorem 5.5 O(puM) O(M + p)
Theorem 5.9 9
with Eq.(5.53) Corollary 5.10 O(1*) O(p)

Theorem 5.5 When Condition (5.24) holds, the LMS learning function Fr(x) can be

calculated as

fX(m) = Z (}BM Z @p(mm)ym> wp(x). (5.37)

p:l m=1

A proof of Theorem 5.5 is given in Section 5.8.3.

Similar to Eq.(5.35), Eq.(5.37) is equivalently expressed as

fal@) = 23 Biahe(a) (5.39)

p=1

Let us measure the computational complexity by the number of scalar multiplications.
For general sample points, the computational complexity and memory required for calcu-
lating fa(z) by Eq.(5.33) are O(u>(M + 1)) and O(M + 4?), respectively. In contrast,
Theorem 5.5 states that if sample points satisfy Condition (5.24), then the computa-
tional complexity and memory can be reduced to O(uM) and O(M + p), respectively.
This shows that Theorems 5.2 and 5.5 do not only provide the optimal generalization
capability but also reduce the computational complexity and memory. These results are

summarized in Table 5.1.

5.3.4 Optimal design of sample points in trigonometric polyno-
mial space

In Section 5.3.2, we gave the optimality condition of sample points for a finite dimensional
reproducing kernel Hilbert space such that Eq.(5.7) holds. In this section, we use the
trigonometric polynomial space (see Section 3.3.1) as an example of such a Hilbert space,

and give design methods of optimal sample points.
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When H is a trigonometric polynomial space, the generalization error Jg of f;((a:)
defined by Eq.(5.3) is expressed as
1 . 2
Jo = Begsy / [Fale) — fw)| du, (5.39)
where L is the dimension of the input vector &. This is equivalent to the typical norm

given by Eq.(5.4) with w(u) = —;%)—L In the case of the trigonometric polynomial space,

@
the constant r in Eq.(5.7) is given as

— (5.40)
where 4 is the dimension of H. Therefore, Eq.(5.25) is reduce to

o’
g 5.41
M’ (5.41)

which is equivalent to the asymptotic generalization error by passive learning (Fukumizu
& Watanabe [39]). This means that Eq.(5.41) can be attained with a finite number of
training examples if Eq.(5.24) holds.

For the trigonometric polynomial space, we shall give design methods of sample points
{z,n}M_, that satisfy the optimality condition given by (5.24). For simplicity, we shall
start from the case when the dimension L of the input vector @ is 1, i.e., I{ is a trigono-

metric polynomial space of order N.

Corollary 5.6 Let M > p (= 2N + 1) and ¢ be an arbitrary constant such that —m <
¢ < —m+ 2 Ifaset {xm}l_, of M sample points is fived to
27
et =), 5.42
b= e+ 2 (m 1) (5.42)
then Condition (5.24) holds.

Corollary 5.7 Let M = ku where k is a positive integer. Fort =1,2,...,k, let ¢; be an

arbitrary constant such that —w < ¢ < —7 + 27“ If a set
{Zm |m=0—Du+p, t=1,2,....k p=1,2,...,pu} (5.43)
of M sample points is fized to
T =t + 2%T(p - 1), (5.44)

then Condition (5.24) holds.



100  Chapter 5. Theory of active learning

Figure 5.2: Optimal sample points for H being a trigonometric polynomial space of order
1 (Corollary 5.6). The number M of training examples is 5.

Ty T4 Lo Is T3 Tg

—7m C1 Co ha ™

Figure 5.3: Optimal sample points for H being a trigonometric polynomial space of order
1 (Corollary 5.7). The number M of training examplesis M =k x =2 x 3 = 6.

Figure 5.4: Optimal sample points for H being a trigonometric polynomial space of order
1 (Corollary 5.7 with Eq.(5.45)). The number M of training examples is M = k x p =
2x3=6.

Proofs of the above corollaries are omitted since we will prove the multi-dimensional
case later.

Corollary 5.6 means that M sample points are fixed to regular intervals in the domain
(see Figure 5.2). In contrast, Corollary 5.7 means that for each ¢, 1 sample points are

fixed to regular intervals in the domain (see Figure 5.3). Especially when
CiL=C = =C = C (5.45)

1 sample points are fixed to regular intervals in the domain and sample values are gathered
k times at cach point (see Figure 5.4). Note that the design of sample points shown in

Corollary 5.6 is also D-optimal (see Section 5.5.2).
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Now we shall give optimal design methods of sample points for multi-dimensional

cases, i.e., [ is a trigonometric polynomial space of order (Ny, Ny, ..., Np).

Theorem 5.8 Forl=1,2,..., L, let M; be a positive integer such that M; > 2N;+1 and
¢; be an arbitrary constant such that —w < ¢ < —m + -]%% Let the number M of training

examples be

L
=M (5.46)
1=1
If a set
L _
{wm =Z(ml—1 HMZ/>+m1,
1=2 =1
m;=1,2,..., M forl:1,2,...,L} (5.47)
of M sample points is fized to
zn = (€360, &), (5.48)
where
o 27
& ——cl+—(ml—1) foril=1,2,...,L, (549)

M,
then Condition (5.24) holds.

Theorem 5.9 Let M = ku where k is a positwve integer and pu (= [[, (2N, +1)) is the

dimension of H. Fort = 1,2,...,k and | =1,2,...,L, let cy; be an arbitrary constant
such that —m < ¢y < 7r+2N+1 If a set
{ t—l/LJrZ(nl—lH2N1/+1)>+n1,

=1

t=1,2,...k m=12... 2N +1 forlzl,Q,...,L} (5.50)

of M sample points is fixed to

T = (€0, €0, &), (5.51)

where
O T 1) forl=1,2, .. L 9
Em Cc,z+2M+1(nl ) for ! ,2,..., L, (5.52)

then Condition (5.24) holds.
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Proofs of Theorems 5.8 and 5.9 are provided in Sections 5.8.4 and 5.8.5, respectively.
Examples of sample points for multi-dimensional cases are illustrated in Figures 5.5,

5.6, and 5.7. Note that in Iigure 5.7, the constant c;; is assigned to
Ciy=Cy = " =Cl = fOI'Z:]_,Q,...,L. (553)

As shown in Theorem 5.5, the LMS learning function can be efficiently calculated
if Condition (5.24) holds. In the case of the trigonometric polynomial space, the effi-
ciency can be further improved. Let a set {¢,(x)},_; be an orthonormal basis in the

trigonometric polynomial space H. For example, it is given by

L

{ H exp(inEW)

=1

n=-—N,—N+1,..., N

forlzl,Q,...,L}. (5.54)
Then the following corollary holds.

Corollary 5.10 When sample points are designed following Theorem 5.9 with Eq.(5.53),

the LMS learning function fx(x) can be calculated as

e o
f«’f(m) = Z (i‘ Z Wp(mp’)?jp’> ep(), (5.59)
p=1 \" p'=1
where ¥y s the mean sample value at Ty :
1
Gy = 7 D o+t (5.56)

Corollary 5.10 is clear from Theorem 5.5 with Eq.(5.40). Therefore, the proof is
omitted.

If sample points are designed following Theorem 5.9 with Eq.(5.53) and the LMS
learning function fx(az) is calculated by Corollary 5.10, then the computational complex-
ity and memory can be further reduced to O(u?) and O(u), respectively (Table 5.1 in
page 98). This is extremely efficient since the dimension g of H does not depend on the

number M of training examples.
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(c1, CQ)T A

Figure 5.5: Optimal sample points for H being a trigonometric polynomial space of order
(2,1) (Theorem 5.8). The number M of training examples is M = M; x My =7 x5 = 30.

Figure 5.6: Optimal sample points for H being a trigonometric polynomial space of order
(2,1) (Theorem 5.9). The number M of training examples is M =k x = 2 x 15 = 30.

:E3330
® ° ° o’
° ° ° ° 5(2)
. [ ) [ ] . [ i 5(1)
27
(e1, ¢2) TN, 1

Figure 5.7: Optimal sample points for H being a trigonometric polynomial space of order
(2,1) (Theorem 5.9 with Eq.(5.53)). The number M of training examples is M = k x =
2 x 15 = 30.
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5.4 Incremental active learning

In the previous section, we gave a global optimal active learning method, where sample
points are determined in a batch manner. Although the result was very strong, the range
of application was limited to models that satisfy Eq.(5.7), e.g., the trigonometric polyno-
mial space. In this section, we propose a greedy optimal active learning method that is
applicable to any finite dimensional models. In the greedy optimal method, sample points

are incrementally determined. For this reason, it is called incremental active learning.

5.4.1 Setting

First, the setting is described.

1. The function space H to which the learning target function f(x) belongs is finite

dimensional:
dim H < oo. (5.57)

2. The norm in H is computable. For example, when the norm is expressed as Eq.(5.4),

the covariance operator V' of the weight function w(w) is assumed to be known:
V= / <K(', u) ® K(-,u)) w(u)du, (5.58)
where K(-,-) is the reproducing kernel of H (see Section 2.3).

3. The number M of training examples is larger than or equal to the dimension of the

function space H:

M > dim H. (5.59)

4. The learning result function is obtained by LMS learning for the model H (see
Section 3.2.1). Let fy,(x) be the LMS learning function obtained with m training

examples {(x;,v;)}7%,. Then fm(x) is given as
fon = ALy, (5.60)

where A, and y™ are defined as

Ap = <e(-m) ®m) , (5.61)

=1
ym = (Y1, Y2, - - - ,ym)T. (5.62)
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Here, (- ®*) denotes the Neumann-Schatten product and e'g-m) is the j-th vector of

the so-called standard basis in C™. Note that y™ is expressed as
y™ = A f + ™. (5.63)
where €™ is the m-dimensional vector defined as
em = (€1, €0, €m) . (5.64)

M

m—1, the mean noise is zero:

5. For any sample points {@,}

E.e™) = 0. (5.65)
6. For any sample points {@,}2_,, the noise covariance matrix @ is in the form
Q = E. <e<M> ® e<M>) = 0%y (5.66)

with 2 > 0. ¢? docs not have to be known.

5.4.2 Incremental least mean squares learning

In incremental active learning, learning result functions are updated every time a new
training example is added. This type of successive learning method is called incremen-
tal learning (Vijayakumar & Ogawa [142], Sugiyama & Ogawa [129][130}). In contrast,
learning with all training examples is called batch learning. Here, we give an incremental
learning method for LMS learning following Sugiyama and Ogawa [129][130].

Let us consider the case where a new training example (X411, Ym+1) is added after
the LMS learning function f,, has been obtained. Tt follows from Eq.(5.60) that the LMS

learning function fm.: obtained with {(z;, y])}’]””‘:ﬁl in a batch manner is expressed as
fnia = Ain+1y(m+1)' (5.67)

Let £ ({¢;(x)};) be the linear manifold spanned by {y;(x)};. Then we have the following

incremental LMS learning method.

Theorem 5.11 (Incremental LMS learning) The posterior LMS learning function
fm+1(m) is expressed by using an additional training example (Tmi1, Yms1) and the prior

LMS learning function fm(x) as follows.
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(a) When K(x,@ms1) ¢ L ({K(w,mj) mzl);

J

7 £ Ym - fm Lm +
o) = fnfe) + H= S P K@ ane), (569

where Py(a,,) denotes the orthogonal projection operator onto the null space of Am.

(b) When K(2,&mi1) € L ({K (2, z;)}0,),

; _ 7 Ymy1 — fm(mmH) * i
fnr () = fm(m) + 1+ <(A:1Am)TK(-, Tmar), K (-, wm+1)> (AmAm) Kz, wm(;li'g)

A proof of Theorem 5.11 is provided in Section 5.8.6
Note that fmi1(@) obtained by the above incremental LMS learning method exactly
agrees with that obtained by batch LMS learning given by Eq.(5.67).

5.4.3 Two-stage sampling strategy

Based on the incremental LMS leaning method given in Theorem 5.11, we shall give a
basic sampling strategy.
Let Jb(mﬂ) and JS™*Y be the variations in the bias and variance through the addition

of a new training example (&,,11, Ym+1), respectively, i.e.,

T < NEefrrs — FIP — IBefmn — I (5.70)
JszH) = Ee{[ferl - Eeferln2 - Eenfm - EEmeQ' (5'71)

Then the following lemma holds.

Lemma 5.12 Jb(m+1) and Jémﬂ) are expressed as follows.

(a) When K(z,@me1) € L ({K(z, x;)}T),

Sy _ (fs Prian) K Emg))|
b | Pvam) K (- ) [|2

J(m+1) _ 021 + <(A:nz4m>TK(a m7l’b+1>7 K(a mTTZ-|-1)> ) (573)

' | Pxam) K (- g1

(5.72)

(b) When K(x, @me1) € L ({K(az,wj)};’;l),

JmH =, (5.74)

* + 2
J5m+l) — _0_2 H(AmATn)|K('7wm+l>H ‘ (575>

1+ <(A:1A7R)TK(7 Ln+1 )a -Z{() $m+1)>
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A proof of Lemma 5.12 is given in Section 5.8.7.
Lemma 5.12 implies that the unknown learning target function f(x) is included in

Y can be performed without knowing the learning

Eq.(5.72) and the minimization of Jim
target function f(z) and the value of the noise variance o, Note that Eq.(5.75) is equiva-
lent to the active learning criterion used in the variance-only methods (see Section 5.5.5).

From Lemma 5.12, we have the following lemma.

Lemma 5.13 For any additional training example (X1, Ym+1), the following relations

hold.
(a) When K(, Tmi) & £ ({K(z,2,)}),

J <0 and JD > 0. (5.76)

(b) When K(x, Tm41) € L ({K(m, x;)}T,),

JIm) =0 and JMHY <. (5.77)

Lemma 5.13 is clear from Lemma 5.12 since (A%, A,,)T is positive semidefinite. There-
fore, we omit the proof.

Lemma 5.13 states that an additional training example such that K(x,@;,1) €
L({K (:c,mj)};’””:l) reduces or maintains the bias while it increases or maintains the
variance. In contrast, an additional training example such that K(x, @mi1) €
L ({K(, mj)}gnzl) maintains the bias while it reduces or maintains the variance.

As regards the bias, we have the following lemma.
Lemma 5.14 The bias of fm(x) vanishes if £ ({K(x,z;)}m,) = H.

A proof of Lemma 5.14 is given in Section 5.8.8.

Based on the above lemmas, let us consider the following two-stage sampling scheme
(see Figure 5.8). We start from m = 0. In Stage 1, sample points such that K (&, €my1) €
L ({K(z, :n])};”:l) are added for reducing the bias until it vanishes. In this case, the vari-
ance increases as shown in Lemma 5.13 (a), so the sample point that maximally suppresses
the increase of the variance (i.e., minimizes JS™V) is selected. Let u be the dimension of
H. Stage 1 ends if a sample point such that K(x, Zmi1) & £ ({K(, x;) }”:1) is added p
times, by which £ ({K(z, z;) 7:1) = H is attained (see Lemma 5.14). In Stage 2, sample
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Find the sample point @m41 that minimizes Jémﬂ)

under the constraint K(z, @,,+1) € L ({K(m, mj)};":l)

Stage 1

Find the sample point &1 Stage 2

that minimizes J™HY

Figure 5.8: Two-stage sampling scheme.
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points such that K (x, Zn41) € L ({K(z, z;) ™ ) are added for reducing the variance un-
til the number of added sample points reaches M. The additional sample points such that
K(z,®mi1) € L ({K(x,2;)}7",) maintain the bias as shown in Lemma 5.13 (b). Hence,
the bias remains zero throughout Stage 2. We select the sample point that maximizes
the decrease of the variance (i.e., minimizes Jémﬂ)). Since £ ({K(x,x;)}7,) = H is
attained in Stage 1, all additional sample points satisfy K(x, 1) € £ ({K(z, z;) ;’;])
in Stage 2. This means that, in Stage 2, the constraint K(z, ®m+1) € £ ({K(z, wj)}g’bzl)
does not have to be taken into account.

As a result, active learning problems in both stages become as follows.

Stage 1: Find the sample point &,,.1 that minimizes Ju(m'H) under the constraint of
K(®,@mi1) ¢ L ({K(@,2;)}7,).

Stage 2: Find the sample point &,,.; that minimizes Jémﬂ) .

In the rest of this section, we give two methods for finding the minimizer of Jy .

5.4.4 Minimization of J5m+1) by multi-point search

One of the naive methods for finding the minimizer of JImH g multi-point search, i.e., a
finite number of candidate points {ar:,(ﬁ)+1 ¢ are generated in the domain and the minimizer
T among the candidates is selected (Figure 5.9):
Epmy1 = argmin  JM Y[z, ] (5.78)
Bmp1e{z( Yo
Here, we show a practical calculation method of the proposed two-stage active learning
algorithm by matrix operations.
Let {xp(x)},—, be an orthonormal basis in H. Let By, be an m x u matrix with the
(7,p)-th element being v,(x;):
[Binljp = p(®;), (5.79)

where [ - |;,, denotes the (7, p)-th element of a matrix. Let C,, be
Cy = B" Bu. (5.80)

Cy, is the p-dimensional matrix with the (p,p’)-th element being Eﬁ/le Op(@m)@p (Xm,).-

Let G, be a p-dimensional matrix defined as

G = I, — B! Bp,. (5.81)
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J‘Emﬂ)

>
B O

m+1 m+1

Y

m+l

X X

Figure 5.9: Multi-point search. Finite number of candidate points {wiﬁll}c are generated

in the domain, and the minimizer among the candidates is selected. In the figure, :zzgn)+1

is selected.

Let d,, 11 be a p-dimensional vector with the p-th element being m:
[ty = op(Tms1), (5.82)
where [ - ], denotes the p-th element of a vector. Then the following corollary holds.
Corollary 5.15 (Calculation of J™) J™™Y can be calculated as follows.
(a) When K(@, i) & £ ({K(@,2)}0),
214+ (Cldmy1, dini1)

JA e ] = 5.83
¢ [ +1] ’ <Gmdm+1a dm+1> ( )
(b) When K(2, ®m11) € L ({K(x,2;)}7,),
2
querl)[w?n—i—ﬂ — _02 “ ™m m—i—l“ (584)

1+ <Cmdm+17 dm+1> .

A proof of Corollary 5.15 is given in Section 5.8.9.

Let us express the LMS learning function f,(z) as

Z p@p (5.85)

p=1
where w™ is the p-dimensional vector with the p-th element being a coefficient of @, (x).

Then the following corollary holds.
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Corollary 5.16 (Incremental calculation of LMS learning function) Let us ez-
press the posterior LMS learning function fm+1(w) by using a p-dimensional vector w(™+Y)

as

7
Jmer() = Y ™ (). (5.86)
Then w ™Y can be caleulated by using w™ as follows.

(a) When K (@, xmi1) € L ({K(x, a:j)}}nzl),

—Aw™ 4.
(m+1) _ (m) Ym+1 <’UJ 3 m+l> G d 5.87
w w + <Gmdm+1, dm_|.1> mmi1- ( . )

(b) When K(x, xm1) € L ({K(x,2;)}7,),

: (™)
mA1)  gpy(m) . Ymetl {w ’dm’+1>0;dm+l_ (5.88)

w( T
I+ <Cr.ndm+1a dm+1>

A proof of Corollary 5.16 is provided in Section 5.8.10.
In the above corollaries, M) and w™ D are calculated by using prior calculation
results C, and Gy, (G, is not used in Stage 2). Now we give their incremental calculation

methods.

Lemma 5.17 (Incremental calculation of Cf, and G,,) C! 41 and Gy can be cal-

culated by using C1 and G,, as follows.

m

(a) When K(x,@mi1) & L ({K($,.’L’j)}§n:1),

1+ <Cjndm+l» dm+1>

Clo=Ch+ Cnlims1 @ Gy

! - (Gmdmet, i) 2 ! *
. CjndTrH»l ® Gmd'rrH—l + Grndm,+1 & Cjn,drm_{_l (5 89)

<Gmdm+1> dm+1> ’ .
Gmdm+1 ® Gmdm+1
Gumy1 = Gm — 5.90
. <Gmdm+1> dm+1> ( )
(b) When K(x,Zm1) € L ({K(a:,;cj)}}ll),
+ T TTn m

Gy = €, — Snmit @ Onny (5.91)

1 + <C7Tndm+1a dm+1> .

A proof of Lemma 5.17 is given in Section 5.8.11.
Based on the above discussion, a complete algorithm of the two-stage active learning

by multi-point search is described in Figure 5.10.
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e dim H, w® «— 0, C’g — 0, G «— I;;
for m=0,1,...,p0—1{

Generate candidate points {m,(fbld}c in the domain

such that K(z, 2%, ) ¢ L ({K(z,2;)});
(e) J?Sm+1) [$7n+l]

m+1€{f¢m+1}c

where is given by Eq.(5.83);
Sample Ymi1 @t Tyt
Carry out incremental LMS learning with (Zmi1,Ym+1) by Eq.(5.87);
Calculate C) ., and Gyy1 by Egs.(5.89) and (5.90);

Lyt argminz
m+1
I

}
for m=pu,p+1,...,M—1{
Generate candidate points {wffl)ﬂ}c in the domain;

&my1 < argmin ]
m+1 & "’m+1€{“’5§)+1 te v m-+1
(m+1)

where Jy is given by Eq.(5.84);
Sample Ym+1 @t Timt1;
Carry out incremental LMS learning with (&mi1,Ym+1) by Eq.(5.88);
Calculate C),_; by Eq.(5.91);

Figure 5.10: Algorithm of two-stage active learning with multi-point search.

5.4.5 Minimization of J\™™ by gradient-descent search

The multi-point search method is easy to implement. However, if the dimension L of the
input vector x is very large, many candidate points may be required for finding a better
sampling location by multi-point search. Omne of the measurecs is to use the gradient-

m+1)

descent method for finding a local minimum of J . That is, starting from some initial

value, @,,11 is updated until some convergence criterion holds as
1t -1
Tins1 — T — VIV @ 1], (5.92)

where +" is a small positive constant and V is an operator defined as
o 9 8\ .
V= (GEU)’ geR e ag(L)) ’ (5.93)

where
z = (W, @ BT (5.94)
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J(m+l)

\

>
X

Figure 5.11: Gradient-descent scarch. Initial points are denoted by ‘o’. They descend
along the slope and converge to local minima (denoted by ‘®7).

This idea of gradient-descent search is illustrated in Figure 5.11.

Let hffl) 11 be a p-dimensional vector with the p-th element being %(pp(azmH):

0 —
[h’m-i-l]p = ngp(wvrz+l)~ (5’95)
Then the following corollary holds.
Corollary 5.18 (Gradient of JémH)) The gradient of JEY g expressed as follows.

(a) When K(x, @mi1) & L ({K (2, 2;)}1,),

d

85(1) Jém+l)[$m,+1] - 20’2 ((O:ndm‘f'l? hm+1><Gmdm+l, dm+l>

— (1 + <C;1dm+1> dm+1>) <Gmdm+1; hm+1>>
) 2
/<<<‘[/t - CrTnOm)dm-Ha dm+1>> . (596)
(b) When K(x, xmy1) € L ({K(x,x;)},),
o I ] = ~20%((ChChduits henss (1 + (Chiss, )

5em 7o
- ||C7Tndm+l H2<O7Tndm+1; hm-l—l))

/ (1 (O dn, dmﬂ>>2. (5.97)
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Corollary 5.18 is clear from Corollary 5.15 and the derivative of a fraction:

o (N _FI-FS
¢ (q> I (5.98)

Therefore, we omit the proof.

5.5 Comparison with existing active learning tech-
niques

In this section, the proposed active learning methods are compared with existing active

learning methods.

5.5.1 Overview of existing active learning techniques and place-
ment of proposed methods

Various active learning methods have been proposed so far. Here, we categorize them into
seven groups depending on the type of the error measure (Figure 5.12): 1. D-optimal de-
sign, 2. minimax design, 3. A-optimal design, 4. variance-only design, 5. bias-only design,
6. two-stage design, and 7. Bayesian statistics based design.

Since the batch active learning method proposed in Section 5.3 minimize the variance
under the constraint of the bias being zero, it can be regarded as a variance-only design.
The incremental active learning method proposed in Section 5.4 reduces the bias and
variance in two stages. Therefore, it is a two-stage design.

Based on the above categorization, we shall review the existing active learning meth-

ods, and investigate the relation to the proposed methods.

5.5.2 D-optimal design

In mathematical statistics, the D-optimal design has been thoroughly studied (Kiefer
[60], Kiefer & Wolfowitz [61], Box & Hunter [18], Fedorov [34]). The D-optimal design X

minimizes the determinant of the dispersion matrix:

~

X = argmindet(Cy'), (5.99)
x

where det(-) denotes the determinant of a matrix and C is given by Eq.(5.34). One of the
advantages of the D-optimal design is that it is invariant under all affine transformations in

the input space (Kiefer [60]). In spite of the preferable property, the D-optimal design does
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1. D-optimal design

o Kiefer (1959)
e Box and Hunter (1965)
e Fedorov (1972)

2. Minimax design

e Kiefer and Wolfowitz (1960)
e Fedorov (1972)

3. A-optimal design

o Kiefer (1959)
e Fedorov (1972)

4. Variance-only design (Q-optimal design)

Cohn (1996)
Cohn, Ghahramani, and Jordan (1996)
Fukumizu (2000)

e Batch active learning method proposed in Section 5.3

5. Bias-only design

e Cohn (1997)
e Vijayakumar and Ogawa (1999)
e Yue and Hickernell (1999)

6. Two-stage design

e Vijayakumar, Sugiyama, and Ogawa (1998)

e Incremental active learning method proposed in Section 5.4
7. Bayesian statistics based design

e MacKay (1992)

Figure 5.12: Categorization of active learning methods.
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not directly evaluate the generalization error itself. Therefore, the optimal generalization

capability is not guaranteed.

5.5.3 Minimax design

The minimaz design X minimizes the maximum variance (Kiefer & Wolfowitz [61]):

. R R 2
X = argminmax E¢ | fx(u) — Ecfa(u)| . (5.100)

X u
Kiefer and Wolfowitz [61] showed that when the noise variance is the same magnitude
all over the domain, the minimax design agrees with the D-optimal design. However, the

minimax design does not guarantee the optimal generalization capability since it does not

directly evaluate the generalization error itself.

5.5.4 A-optimal design

The A-optimal design X minimizes the trace of the dispersion matrix (Kiefer [60], Fedorov

[34]).

X = argmintrCy?, (5.101)
X

where Cy is given by Eq.(5.34). Tt is known that the A-optimal design is also D-optimal
if C3* = kC3' where k is some constant (Fedorov [34]). However, the A-optimal design
does not guarantce the optimal generalization capability since it does not directly evaluate

the generalization error itself.

5.5.5 Variance-only design

The variance-only design X minimizes the variance (Cohn [25], Cohn et al. [27], Fukumizu
138]):
X = argmin E|| fx — Eefx||. (5.102)
x

The variance-only design is also referred to as the Q-optimal design, and it agrees with
the A-optimal design if the basis functions {¢,(x)},_, are orthonormal (Fedorov [34]).
As shown in Eq.(5.20), the generalization error consists of the bias and variance.
Therefore, variance-only methods are effective only when the bias is zero or small enough
to be neglected. Since the existing variance-only methods do not take the bias into

account, the optimal generalization capability is not theoretically guaranteed.
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The batch active learning method proposed in Section 5.3 can be regarded as a
variance-only method. However, different from the existing methods, the proposed batch
active learning method does guarantee the optimal generalization capability since the bias

always vanishes.

5.5.6 Bias-only design

Vijayakumar and Ogawa [143] gave a necessary and sufficient condition of sample points
for providing the optimal generalization capability in the absence of noise. In their paper,
Wiener learning is adopted as a learning criterion (see e.g. Ogawa & Oja [94]), and the
generalization crror (which corresponds to the bias in the presence of noise) is measured
by

Efll fx — £II°, (5.103)
where E; denotes the expectation over the learning target function f(«). In Wiener learn-

ing, the correlation operator R of the learning target function f(x) should be available:
R=E;(f®f). (5.104)

Although the optimality condition was derived, design methods of sample points that
satisfy the condition are not given yet.

Cohn [26] used resampling methods such as the bootstrapping (Efron & Tibshirani
[33]) and the cross-validation (e.g. Mosteller & Wallace [78], Allen [6]) for estimating the
bias, and proposed an active learning method for reducing the bias.

Yue and Hickernell [149] showed an upper bound of the generalization error and derived
an active learning criterion for minimizing the upper bound. This criterion includes an
unknown controlling parameter of the trade-off between the bias and variance, so the
optimal solution can not be obtained.

Even though the bias-only methods are experimentally shown to outperform the
variance-only methods (Cohn [26], Yue & Hickernell [149]), their effectiveness is not the-

oretically guaranteed since the variance is not taken into account.

5.5.7 Two-stage design

Vijayakumar et al. [144] proposed combining the bias-only and variance-only methods in
two stages. This idca forms the basis of the two-stage active learning method proposed

in Section 5.4.
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Figure 5.13: Interpretation of assumptions in variance-only and proposed two-stage active
learning methods. Let f be the best approximation to f in H. Variance-only active
learning methods assume that f = f and f = E. fx. Namely, f belongs to H and the
expectation of f'X over the noise agrees with f . In contrast, the proposed method only
assumes that f € H. The difference between f (= f) and Ee fa is explicitly evaluated in
Stage 1.

The two-stage active learning method proposed in Section 5.4 can be regarded as
an extension of the variance-only methods proposed by Cohn [25], Cohn et al [27], and
Fukumizu [38]. In the variance-only methods, the bias is assumed to be zero. The
assumption is equivalent to that f belongs to H and the expectation of fx over the noise
agrees with f. In contrast, the condition assumed in the two-stage active learning method
proposed in Section 5.4 is only f € H. The difference between f and Ee fX is explicitly

evaluated in Stage 1. The interpretation is summarized in Figure 5.13.

5.5.8 Bayesian statistics based design

Within the framework of Bayesian statistics, MacKay [70] proposed an active learning
method. He used the Gaussian approximation in the derivation, and the resulting criterion

is essentially the same as the variance-only method.

5.6 Computer simulations

In this section, the effectiveness of the proposed active learning methods is demonstrated

through computer simulations.
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5.6.1 One-dimensional trigonometric polynomial model

First, we consider the case where the dimension L of the input vector « is 1.

Let H be spanned by the functions

100
{1, V2sinnz, V2 cos nJ,} (5.105)
n=1
defined on [—m, 7], and the inner product is defined as
1 [" —
(f,g) = 9 f(x)g(z)dz, (5.106)

i.e., H is a trigonometric polynomial space of order 100 (see Section 3.3.1). Note that the

dimension of H is 201. Let the learning target function f(x) be

2
f(z) = 2v2sinz + 2v2cos z + —é—i sin 2z + V2 cos 2

2 2
— 2v/2sin 3z + 2v/2cos 3z — —1[0— sin 4z + g cos 5. (5.107)

Let the noise ¢, be independently subject to the same normal distribution with mean
zero and variance o2 = 1:

em ~ N(0,1). (5.108)
In this case, the noise covariance matrix () is given as
Q=1Iy. (5.109)
Let us consider the following sampling schemes.
(a) Optimal sampling: Sample points are determined following Corollary 5.6.

(b) Two-stage active learning: Sample points are determined by the two-stage active
learning method with multi-point search. 3 randomly created candidate points are

used for multi-point search.

(c) Variance-only method: Eq.(5.75) is adopted as the active learning criterion. Sam-
ple points are determined by multi-point search with 3 randomly created candidate

points.

(d) Passive learning: Sample points are randomly created.
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Note that the sampling scheme (a) is a global optimal method while the sampling
schemes (b) and (c) are greedy optimal methods.

Figure 5.14 displays the values of the bias, variance, and generalization error Jg
through the addition of training examples. The horizontal axis denotes the number of
training examples while the vertical axes denote the values of the bias, variance, and gen-
eralization error. The dotted curve in the bottom graph shows the generalization error
by the sampling scheme (a). The solid, dashed, and dash-dotted curves denote the mean
values of 100 trials by the sampling schemes (b), (c), and (d), respectively.

For the sampling scheme (b) shown by the dashed curve, m < 201 (= dim H) corre-
sponds to Stage 1 and m > 201 corresponds to Stage 2, where m is the number of training
examples. The bias decreases and the variance increases in Stage 1, and the bias remains
zero and the variance decrcascs in Stage 2. This phenomenon is in good agreement with
Lemma 5.13.

In Stage 1, the sampling scheme (b) suppresses the increase of the variance more
efficiently than the sampling schemes (¢) and (d). In Stage 2, the sampling schemes (b)
and (c) suppress the variance more efficiently than the sampling scheme (d). As a result,
the sampling scheme (b) gives better generalization capability than the sampling schemes
(¢) and (d) with a small number of training examples. Note that the sampling scheme
(a) gives the optimal generalization capability.

The sampling schemes (b) and (c¢) can be applied to any Hilbert spaces while the
sampling scheme (a) is restricted to the trigonometric polynomial space. This simulation
suggests that when the model is the trigonometric polynomial space, the sampling scheme
(a) can be applied and it gives the optimal generalization capability. Otherwise, the

sampling scheme (b) seems to work well.

5.6.2 Multi-dimensional polynomial model

Now we consider the case where the sample points are multi-dimensional.

Let the dimension L of the input vector x be 4:
z = (W, 6P ¢ T, (5.110)

Let H be spanned by the functions

(T

=1

n=0,1,2 forl= 1,2,3,4}, (5.111)
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Figure 5.14: Results of active learning simulation for one-dimensional trigonometric poly-

nomial space.
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and the inner product is defined as

(f,9) = / / / / f () g@)de D deDEDde®, (5.112)

i.e., H is a polynomial space of order (2,2,2,2) (see Section 3.3.2). Note that the dimen-
sion of H is 3* = 81. Let the learning target function f(x) be

225 2 7 61
flx) = 6154 \/‘525354 25? + 25153 + 1\/—5354 55 + %

(5.113)

Let the noise ¢, be independently subject to the same normal distribution with mean
zero and variance o2 = 1:

m ~ N(0,1). | (5.114)

In this case, the noise covariance matrix () is given as
Q= Iy (5.115)
Let us consider the following sampling schemes.

(a) Two-stage active learning with multi-point search: Sample points are deter-
mined by the two-stage active learning method with multi-point search. 3 randomly

created candidate points are used for multi-point search.

(b) Two-stage active learning with gradient-descent search: Sample points are
determined by the two-stage active learning method with gradient-descent search.

3 randomly created initial points are used for gradient-descent search.
(c) Passive learning: Sample points are randomly created.

The values of the bias, variance, and generalization error Jg through the addition of
training examples are displayed in Figure 5.15. The horizontal axis denotes the number
of training examples while the vertical axes denote the values of the bias, variance, and
generalization error. The solid, dashed, and dash-dotted curves show the mean values
of 100 trials by sampling schemes (a), (b) and (c), respectively. m < 81 corresponds to
Stage 1 while m > 81 corresponds to Stage 2, where m is the number of training examples.

This simulation again shows that higher levels of the generalization capability can be
acquired by the proposed two-stage method with a small number of training examples.
Especially, the performance of the gradient-descent search method is excellent, although

it is computationally expensive.
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5.7 Pseudo orthonormal bases

In Section 5.3.2, the necessary and sufficient condition for the optimal generalization capa-
bility (see Theorem 5.2) was characterized by using the properties of pseudo orthonormal
bases (PONBs). PONDBs are a special type of pseudo orthogonal bases (POBs). In this
section, we briefly review the concept of POBs and PONBs, and show their fundamental

properties.
Let H be a finite u-dimensional Hilbert space and M be an integer larger than or

equal to u:
M > p. (5.116)

Then POBs are defined as follows.

Definition 5.19 (Ogawa & Tijima [92]) A set {1, of elements in H is called a POB

m=1

if any f in H is expressed as

M
F= fbm)bm. (5.117)

The concept of POBs is an extension of orthonormal bases (ONBs) to linearly depen-
dent over-complete systems. It is clear that a POB is reduced to an ONB in H it M
is equal to the dimension of H. POBs and their extension, pseudo biorthogonal bases
(Ogawa [86][91]), have been successfully applied to various real world problems includ-
ing signal restoration (Ogawa [87][91]), computerized tomography (Ogawa & Kumazawa
[93]), neural network learning (Ogawa [90]), and robust construction of neural networks

(Nakazawa & Ogawa [84], Iwaki et al. [56]). An example of POBs is given as follows.

Example 5.20 (Example of POBs) (Ogawa & Iijima [92]) Let H be the two-
“dimensional unitary space C* and M = 3. Then the following set {¢n}2,_, forms a
POB in H for0 <0 <1:

(1,-60)", (5.118)

01 —

[\)

¢o = —=(1,0)7, (5.119)

1 -
¢3 = E(O’ V2(1 —62))". (5.120)

{pm}3,_, with 6 = 7 is illustrated in Figure 5.16. The following proposition shows

N

basic characteristics of POBs.
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1/2 Jrmenny .q)z

P,
Figure 5.16: Example of POBs given in Example 5.20 with 0 = %, ie., ¢ = (—%, ~%)T,
P2 = (%’ %)T7 and ¢3 = (Oa %)

Proposition 5.21 (Ogawa & Iijima [92]) The following conditions are mutually equiva-

lent.

1. A set {¢m}M_, is a POB in H.

M
2. 112 = S f, ¢m)|? forany f € H.

m=1

M

3. (frg) =D (f dm){g, m) for any f.g € H.

m=1
Condition 2 implies that a POB is a tight frame with frame bound one (Daubechies
[29]) or a normalized tight frame (Frank & Larson [35]) in the frame terminology. When
M is equal to the dimension of H, Conditions 2 and 3 are reduced to Parseval’s equalities.
Now let us consider a finite M-dimensional Hilbert space H'. Let a set {l . }2_, be

an ONB in H’ and Y be an operator defined as

Y=Y (¢ ®bn) (5.121)

m=1

Then the following proposition holds.

Proposition 5.22 (Ogawa & ILijima [92]) The following conditions are mutually equiva-

lent.

1. A set {¢pm}M_ | is a POBin H.

m=1
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2. Y'Y = Iy, where Iy is the identity operator on H.
S NYfll=[fl forany f € H.
4. Y|, Yg)=(fg) forany f,g€ H.

It follows from Condition 2 that

M M
> iml® = tr (Z (ém ®%)> =trY*Y = trly
m=1 m=1
= (5.122)

where 1 is the dimension of H. Condition 3 means that the operator Y is an isometry

(see Section 2.2.3). From these properties, we have the following construction method of
POBs.

Proposition 5.23 (Ogawa & ILijima [92]) Let Y be an isometry from H to H' and a set
{@ M| be an ONB in H'. If we let

m=1
dm =Y, form=12..., M, (5.123)

then a set {¢n}M_, becomes a POB in H.

Note that all POBs can be constructed by changing Y with a fixed ONB {¢/, }27_, or
by changing {¢} }M_, with a fixed Y.
If a set {dm}M_, is a POB and

1]l = llgall = -~ = lionl, (5.124)

then the set {¢, }M_, is called a pseudo orthonormal basis (PONB). In this casc, it follows
from Eq.(5.122) that

[ ,/% for m=1,2,..., M (5.125)
An example of PONBs is given as follows.

Example 5.24 (Example of PONBs) (Ogawa & Iijima [92]) Let H be the two-

dimensional unitary space C* and M = 4. Then the following set {¢n}e_, forms a
m=1
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Figure 5.17: Example of PONBs given in Example 5.24 with 6 = %, ie.,

0,

b2 = A= 6 = R0 DT and 0= BT

POBin H for) <0 <1:

b1

b2

s

P4

1462

1 (9 B
V2( )
1
V201 + 07) (.-
1
(1,0
P >( )
L
2( )

14 62

\/2(1 + 62

{ém}h 1 with § = % is illustrated in Figure 5.17.

T

T

)
6)

bl

T

T

b

(5.126)
(5.127)
(5.128)

(5.129)

Finally, we show a construction method of PONBs that plays an important role in the

proof of Theorem 5.9.

Theorem 5.25 Let M = ku where k is a positive integer and p is the dimension of H.

Then a set {¢m}M_, becomes a PONB in H if a set {\/kom

ONBs i H.

A proof of Theorem 5.25 is given in Section 5.8.12.

consists of k sets of
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5.8 Proofs

In this section, proofs of all theorems, corollaries, and lemmas given in this chapter are

provided.

5.8.1 Theorem 5.2

A* Ay is positive definite because of Eq.(5.15). Therefore, it has p positive eigenvalues
X f

{\}r-; considering the geometric multiplicity, where p is the dimension of H. Then it
holds that

i
AR Ax = Y A, (5.130)
p=1
SN
* -1 _ <
tr(A%Ax) _ZA—. (5.131)

It is well-known that the arithmetic and harmonic means have the following relation:

154 /\ L
e e (5.132)
84 p=1 }:;
where equality holds if and only if
A =A== AL (5.133)

From Eqs.(5.23), (5.131), (5.132), and (5.130), we have

2 2 ~ 1 2M2 o’y
JolX] = c*tr(AvAx) " =0 — = , ) 5.134
o = Pian =D oS = )

It follows from Eqs.(5.9), (5.13), and (5.7) that

(A3 Ay = tr (Z (Km0 asm))) = SIKC @)
K

m=1 m=1
M M M
=Y UK ) K(om)) = Y K (@ @) = Y7
m=1 m=1 m=1
=M. (5.135)

Jala] > 28 (5.136)



5.8. Proofs 129

From Egs.(5.130), (5.135), and (5.133), equality in Eq.(5.136) holds if and only if

__TM

M=do=o= = (5.137)

Since R(A%) = H as assumed in Eq.(5.15), Eq.(5.137) is equivalent to
AYAy = %—IH, (5.138)
which implies Eq.(5.24). Eq.(5.25) is clear from Eq.(5.136) with equality. |

5.8.2 Lemma 5.3

If we let ¢}, = ey and ¢, = /A7 K (-, @) in Y defined by Eq.(5.121), then Eq.(5.26) is
clear from ITtems 2 and 3 in Proposition 5.22. For any v in C¥, it follows from Eq.(5.24)

that

[l = /I 4hw]? = {4k Akw,v) = /(AL (A3A2)7 A3, 0)
* rM —1 A% — H * \f o v
= \/((ATx) (_;L_IH) Ayv,v) = \/;j—w«A;\f) A%v,v)

= e ) = [ Pl

#H )
= ;_MHPR(AX)UH? (5139)

where Pr(a,) denotes the orthogonal projection operator onto the range of Ax. Eq.(5.139)

implies Eq.(5.27). |

5.8.3 Theorem 5.5

Let W be an operator from C* to H defined as

n
W=> (p®8), (5.140)
p=1
where e, is the p-th vector of the so-called standard basis in C*. Since {pp(x)}h_; is an

orthonormal basis in H, the operator W is unitary, i.e., it holds that

TWr=w"l (5.141)
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Then it follows from Eqs.(5.9), (5.140), and (5.13) that

b
AW = Z(em@)]{ mm)z (pp @ €p)
p=1

= Z Pp, K ) (en @ €p)

m=1

M
= Z @p(mm) (em & e_p) ; (5.142)
m=1
which implies
[AxW]inp = @p(Tm)- (5.143)

Therefore, Cx defined by Eq.(5.34) is expressed as
Cy =W ALAXW. (5.144)

When the sample points satisfy Condition (5.24), it follows from Eqgs.(5.144) and (5.141)
that

rM rM rM

Cy =W (—Ig)W = —WW = "1, (5.145)
Iz 7 Iz
where I, is the p-dimensional identity matrix. Substituting Eq.(5.145) into Eq.(5.33), we
have Eq.(5.37). |
5.8.4 Theorem 5.8
Any function f(x) in a trigonometric polynomial space of order (Ny, Na, ..., Nz) can be
expressed as
N1 Ny Np,
2 Z Z Qny ny,...n, H exp (in€1) (5.146)
n1=—Ni ng=—Ns3 nr=—Ny,

where an, ny..n, is a coefficient. It follows from Eqs.(5.13), (5.146), and (5.49) that

My Mo My, 2
DD IR PY TR
my= 1 mo= 1 mp= 1
My My My,
PP z o)t
mi1= 1m2 1 mL—l
My My,

MZZ >

mi=1meo=1 myp=1

Z Z Z Any,na,....np, H exp anfm

TL1——N1 7’)2——N2 'nL——NL
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My My Mg,
M mp=1mp=1 my= 17’7,17—N1 no=—Ny an—NL
N N; N L
)OI DI SIS ey | (I CCRRL:
n1,n2,.-n 00l nd,.n/ €xXp (Z(nl nl)gm )
n'l_—Nl n’2_—Ng n’Lz—NL =1
1
S IV VD VD SRS W o
n1=—N] ng=—N; ng=—Ny, nlz‘Nl nz———Nz TLL-—~
L 1\/1l
2 2
=1 Lmy=1
For any integers n; and nj, it generally holds that
l
A/[l : !
2 0 ifn; #ny,
Z exp (z(nl — ) Wml) = . 7 f (5.148)

Therefore, it follows from Eqs.(5.147), (5.148), (5.46), and (5.146) that

Sy

Yy Ly
mp=1ma=1 my=1 M

M Z Z Z ]anlnz nLI HMZHGXP
=1

nl——Nl ng=—Nz nL——NL

-y Y- Z am o ns
TLL—*

n1=—Ni no=—Na

= || fII" (5.149)

According to Items 1 and 2 in Proposition 5.21 with ¢, = —=K(-,@m), Eq.(5.149) is

equivalent to that a set {ﬁK (-, @) }M_, forms a POB in H. Therefore, Items 1 and 2

ﬁK(-, T,) vields Eq.(5.24) with r given

by Eq.(5.40). n

in Proposition 5.22 with ¢| = e,, and ¢, =

5.8.5 Theorem 5.9

For a set {@n 7 _(t-1)ur1 ©f 1 sample points with a fixed ¢, it follows from Egs.(3.29),
(3.30), (5.51), and (5.52) that

1
;K(mm, wm/) = 5mm’a (5150)
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where 0, denotes Kronecker’s delta defined as
0 ifm#m,
(57nm’ == ?é ’ (5151)
1 ifm=m.

Therefore, it follows from Eqs.(5.13) and (5.150) that

= Sy (5.152)

Eq.(5.152) implies that for each ¢, a set {\/%K(-,ar:m)}ffj:(t_l)w1 of u elements in H
forms an orthonormal basis in H. Therefore, a set {—Jlﬁf( (yxm) P, forms a PONB in
H from Theorem 5.25. This is equivalent to Eq.(5.24) with r given by Eq.(5.40) according
to Proposition 5.22 with ¢!, = e, and ¢,, = \/%K(, Tm)- |

5.8.6 Theorem 5.11

Let I';,11 be a matrix from C™ to C™*! defined as

m

D = > (el @ el™). (5.153)

=1

It follows from Eqs.(5.61) and (5.153) that the operator A,,;; is expressed by using A,

as
m+1
Amir =Y (e§m) ® K(-,mj))
=1
= Tp1dm + e QK 1) (5.154)
From Theorem 4.3 in Albert [5], we have
Ajn—i—l = AjnF:n—l—l + g1 ® (eﬁrﬁ_l_ll) - Fm+1<A;n)*K(’ merl))? (5155)

where g,41 is a function in H defined as

P K(-,zn , "
T ey K eamin) £ ()},

Im+1 = (A:mAm)TK(’ mm+l) (5156)
1+ <(A;Am)TK(‘, CCm+1)a K(', $m+1)>

if K(,®me1) € L ({K (@, 2;)},) .
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Then it follows from Eqgs.(5.67), (5.155), (5.153), (5.60), and (5.13) that

.fm+1 Al m+1Y (1)

<A1TnFTn+1 + Im+1 & (65:?-1——1'-11) - Fm+1(A7TTL)*K(7 m7n+1))> y(m+1)
= ATy ™ 4 (<y<m+”, eST) = (AL Ty ™ Y, K (@)} ) gt
= Al y m) (ym+1 - (Ajny K (- $m+1)>) Im+1
= fm -+ (ym-H - <fma K() wm+1)>) Im+1
= fm + (?Jm+1 - fm(wmﬂ)) Im+1- (5.157)

Egs.(5.157) and (5.156) imply Eqgs.(5.68) and (5.69). | u

5.8.7 Lemma 5.12

First, we give a proof for Jb(mﬂ). It follows from Eqs.(5.67), (5.63), and (5.65) that

[Eefinir = fII* = [[Ee ALy ™ = fII7
= |Ee AL 1 (Apyr £+ ™) — 17
= HAjn—i—lAm—i—lf - fHZ
= |1 Priaz,, nf = FII% (5.158)

where Pr(as ) is the orthogonal projection operator onto the range of A} ;. When
K(z, @mi1) € L ({K (2, x;)}],), it holds that

PR(A* = PR(A;‘,L) + Pryt- (5159)

1)

Here, P41 is the orthogonal projection operator onto a one-dimensional subspace spanned

by PN(Am)K('7 £l7m+1)2

PN(Am)K(', iEm+1) & PN(A,,L)K(H wmﬂ)

Pm—H - L)
| P am) K (5 @) |2

(5.160)

where Py(a,,) is the orthogonal projection operator onto the null space of Ay, Therefore,
it follows from Eqs.(5.158) and (5.159) that

“Eefm+1 - f||2 - H(PR(A;TL -+ Pm+1)f fHQ
— HP’R Ax, f f||2 — 2R6<PR Ax f Iy P f) + ||Pm+1f”2 (5.161)

777.
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where ‘Re’ denotes the real part of a complex number. Since F,q1Pya,,) = 0, it follows

from Eqs.(5.161) and (5.160) that

|Eefmir = FI* = 1 Priag) f — FI2 = 2(Bsf, £) + | Pi i £
= Priaz)f = fIP = | Bnss £
= ”Eefm - f”2

2

. ’ jf;iﬁ:*)'";{[(((wf:g"fz Pyam K ()|, (5.162)
which implies Eq.(5.72). When K(x, @y 1) € £ ({K(z, z;) 7). it holds that
Praz ) = Preas,) | (5.163)
Therefore, it follows from Eqgs.(5.158) and (5.163) that
|Eefres = FI” = | Priag £ — £12
= [Eefm — fI%, (5.164)

which implies Eq.(5.74).
Now we give a proof for Ji" ™. It follows from Eqs.(5.67), (5.63), (5.65), and (5.66)
that

EEHfAm—H - Eefm+1H2 = EE’IAin+]y(m+l) - EEAjvm+ly(m+l)'!2
= Ee”Ajn—H(Aerlf + €(m+1)) - EeAjn—i—] (Aerlf + €(m+1))H2
= Ee”AinHE(mH)”Z

= tr (Al () @ €050 ) (4], )°)

= otrAl (AL ) | (5.165)

By using the fact that
L Dot = I, (5.166)
s et —o, (5.167)

it follows from Eq.(5.155) that

A;Jrl(AjnH)* = (ArTnF:nH T Imt1 & (egznfl]) - Fm+1(Ain)*K('> wm+1))>

X (Ferl(Ain)* + (6%;1) - Pm+1(ArTn)*K(': wm+1)> ® m)
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= Ain(A;_n)* - Aan(AIn)*K<a mm-{-l) & Im+1
= Gmt1 @ AIn(A;rn)*K(', Tni1)
4 (1 (AL AV K @) KC 2min))) (gt @ Fgt) - (5.168)

From Eqs.(5.165) and (5.168), we have

fm—H - Eefm+1||2 = Ee”fm - EemeQ
- 202R€<(Aanm)TK(', wm—{-l)a gm+1>
+ 0 (14 (A5 An) K (- 1), K (-, ®ng1))) | gmaa 2 (5.169)

Ee

When K(z, @pmi1) ¢ L ({K(z, 2;)}1,), it follows from Eqgs.(5.169) and (5.156) that

EE[lfm+l - Eefm+1||2 - Ee”fm - EemeZ
2 1+ <(A;knAm)TK<> :L'm+1)> K(7 wm+1)>

+ o ,
BN () B ()|

(5.170)

which implies Eq.(5.73). When K(z,Zp1) € L ({K(m x;)}7,), it follows from
Eqs.(5.169) and (5.156) that

Eé“fm—i-l — Eefm—l—IH2 = EGHJEm - Eefmllz
(AR An) K (2 |1?
L+ (A An) K (- @), K )
[(ApAm) K (- ) ||

— 202

+ o L , (5171
L (A A K Coa) K)o
which implies Eq.(5.75). [ |
5.8.8 Lemma 5.14
It follows from Eq.(5.158) that the bias of fy,(z) yields
Eefm = FI” = | Preas,)f = SII%, (5.172)
which vanishes if £ ({K(z,z;)}7,) = H. |

5.8.9 Corollary 5.15

Let W be an operator from C* to H defined by Eq.(5.140). Since {y,(x)},_; is an
orthonormal basis in H, the operator W is unitary and Eq.(5.141) holds. It follows from
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Eqs.(5.61), (5.140), (5.13), and (5.79) that

- JBm. (5.173)
Operating W~ from the right-hand side of Eq.(5.173) and using Eq.(5.141), we have
A = B W™, (5.174)
In this case, it follows from Theorem 4.11 in Albert [5] that
Al = WB (5.175)
From Eqs.(5.175) and (5.80), we have

= WBlL(B})'W* = W(B;,Bn)W*

m

= WCI W (5.176)

It follows from Eqs.(5.141), (5.175), (5.174), and (5.81) that Phra,,), the orthogonal pro-

jection operator onto the null space of A,,, is expressed as

Pyany = I — Al Ay = WW* = WB! B,W* = W(I, — Bl B,,)W*
= WG W (5.177)

From Eqgs.(5.140), (5.13), and (5.82), we have

§22

W*K(, $m+1) = Z (ep ®-ﬁ,—0_;_;) I(<', wm-i—l) = Z<K(7 wm-i—l)a @P)ep

p=1 p:l
H 7 -
=Y lon K @miier = Y opl@nii)es
=1 p=1

i
e

_— (5.178)
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Then it follows from Eqs.(5.73), (5.176), (5.177), and (5.178) that

o1+ <(A;knAm)TK<', 1), Ko Tmg1))
<PN(Am)K('7 :Bm+1), K(’ $m+1)>
L1+ (WO WK 2min), K G, T 1))
<WGmW*K('> mm-i-l)) K('> .’Bm+1)>
21 + <Cjndm+1, dm+1>

= 5.179
’ <Gmdm+1> dm+l> ) ( )

which implies Eq.(5.83). Similarly, it follows from Eqs.(5.75), (5.176), and (5.178) that

J(m—{-l) _

1AL Am) K (2 ) I
L+ (AnAm) K (- @ma), K( Tme))
2 WCLW K mi) |1
1+ (WOEW K (- 2np1), K, Tnsn))
2 HCjnderl“2

=—0 : (5.180)
I+ <C;rndm+l 3 dm+1>

J£m+1) _ _0_2

which implies Eq.(5.84). |

5.8.10 Corollary 5.16

It follows from Eqs.(5.140) and (5.86) that

1 @
W™ = 3" (g, ©8) w™ = 3 ™ V),0,
p=1 p=1
o (5.181)

When K(x,@mi1) ¢ L£({K(x, x;)}7,), it follows from Eqs.(5.181), (5.68), (5.13),
(5.177), and (5.178) that

Ym+1 — <fm: K(" mm+l)>
(Pvam) K (- Bing1), K (- T
Ym41 — <W'w(m)v K('v CBm+1)>
<WGmW*K<'7 mm+l)7 K(" mm+l)>

Ww™ = f,.(z) +

)> B\/(Am)K(m7 w’m+1)

_ Ww(m) +

WG W*K (2, Tmi)

= Ww™ + Ymt1 — <w(m)’ dmi1)

WGrdmyi- 5.182
<Gmdm+17dm+1> +1 ( )

Operating W™ from the left-hand side of Eq.(5.182), we have Eq.(5.87). When
K(z, xp1) € L ({K(x,2;)}7, ), if follows from Eqgs.(5.181), (5.69), (5.13), (5.176), and
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(5.178) that

; P Ym "‘ Am K( Im 1)> :
Wl = f (@) er U K T Ap ALK (@, 000)
( ) I+ <(A:nAm)TK('amm+l)a K(‘amm+1)>( ) ( i

Ym+1 — <Ww(m)7 K('> Trny1))

= Ww'™ - WCLW*K(z, T,
1+ <VVC1InW*]{('7mm+1),K('>wm+1)> " ( +])
— ('™ g ‘
= Waplm) 4 Yot f“’ 1) WCT dpy1- (5.183)
1+ <C7'ndm+1a dm+l>
Operating W~ from the left-hand side of Eq.(5.183), we have Eq.(5.88). [ |

5.8.11 Lemma 5.17

First, we give a proof for C’; +1- Operating W1 from the left-hand side of Eq.(5.175) and
using Eq.(5.141), we have
Bl = W*Al . (5.184)

It follows from Eqs.(5.80) and (5.184) that

O:n-i-l = (B:n+le+l)T = B;Jrl(B?TnJrl)* = W*Aan(W*AjnH)*
- W*Ain—i-l(Ain-i—l)*W' (5.185)

Then it follows from Eqs.(5.185), (5.168), (5.141), and (5.178) that

O::Hl =W (Alﬂ(AZn)* - Ajn(Ain)*WW*K() wm-H) & Gm+1

— Gm-+1 @ AIn(AIn)*WW*K(, wm—H)
+ (1 FWWAL (ALY WK (-, @), K- wm+1)>>

X (gmt1 @ Gm+1) ) w

= CTTn - Ojnqutl ® W*ngrl - W*gm+1 @ C;[ndm—pl
+ (1 + <C1Tndm+1’ dm+l>) (W*9m+1 ® W*gm-I-l) . (5~186)
When K (z, m1) ¢ £ ({K (2, x;)}T,), it follows from Eqs.(5.156), (5.177), (5.141), and
(5.178) that

W*Pnam) K (-, Tma1)
<PN(Am)[<(> wm—H)» K(a wm+1)>

W*gm+1 =
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W*W G W K (-, €t
(WG W K (:, ®my1), K(-, @ms1))
Gmmt1
= de,timH)' | (5.187)
Eqs.(5.186) and (5.187) imply Eq.(5.89). When K(x,@my1) € L£({K(x,x;)}n,), it
follows from Eqs.(5.156), (5.176), (5.141), and (5.178) that
W (A Am) K (-, @)
1+ <(A:nAm)TK('7 1), K( Timy1))
WWCI WK (-, 1)
L+ (WOLWI K (, @m1), K (-, @)
= Cnhm . » (5.188)
14+ (Cl dns1s Aoy 1)
Eqgs.(5.186) and (5.188) imply Eq.(5.91).
Now we give a proof for Gp,11. It follows from Eqgs.(5.81), (5.141), (5.184), and (5.173)

that

W*gmirl =

Gi1 =1, —~ Bl By =W'W —W*Al AW
= W*(I, — Preas,, )W, (5.189)
When K(z,@mi1) ¢ L({K(x,x;)}),), it follows from Eqgs.(5.189), (5.159), (5.160),
(5.177), and (5.178) that
G = W* (I — Prasy — Poi1) W

2
1P K (5 2|

Py K (- @ms1) ® Pya K (- me)) .

=W (Iu — Preaz) —

(Pyviam) K (s @mg1), K (-, @my1))

WGmW*K(> mm-}-l) € WGmW*K(a mm-H)
, w
(WCE WK (-, ®mi1), K(-, @mi1))

= W*(I,— Al AW —W* (

= (I, — Bl B,,) — W*

- Gmdm—i-l & Gmdm—{-l

=G (Gmdmi1, dmi1) (5-190)
which implies Eq.(5.90). |
5.8.12 Theorem 5.25
For any ONB {¢,},_; in H, it holds that

S (%) = I (5.191)

p=1
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where Iy is the identity operator on H. Hence, if {\/Egbm}%:l consists of k sets of ONBs,
it follows from Eq.(5.121) that

M M
m=] m=1
= I (5.192)

According to Ttems 1 and 2 in Proposition 5.22, Eq.(5.192) is equivalent to that a set
{dm}M_, forms a POB in H. In this case, the set {¢,}2_, is a PONB in H since

m=1

gml| = J for m =1,2,..., M. -
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Chapter 6

Theory of active learning with model
selection

6.1 Introduction

In Chapters 4 and 5, the problems of active learning and model selection have been
independently studied. If sample points and models are simultaneously optimized, then
a higher level of the generalization capability is expected to be acquired. We call this

problem active learning with model selection.

In general, the model should be fixed for active learning, and conversely the training
examples { (. Ym) 1M, gathered at fixed sample points {@,, }X_, are required for model
selection. This implies that the problem of active learning with model selection can not
be generally solved by simply combining existing active learning and model selection

techniques. We call the fact the active learning / model selection dilemma.
In this chapter, we give a basic strategy for simultaneously optimizing sample points
and models, and based on the strategy, we give a practical algorithm for active learning

with model selection in trigonometric polynomial models.

6.2 Problem formulation

Let X be a set of M sample points {z,}2_;, and let 6 be a model. Let us denote
the learning result function obtained with X and 6 by fx,9<£€). We assume that the
learning target function f(x) and the learning result function fxye(a:) belong to a specified

reproducing kernel Hilbert space H (see Section 2.3), and the generalization error of



142  Chapter 6. Theory of active learning with model sclection

fx,e(w) is measured by

JolX, 0] = Ecllfrx — fII, (6.1)

where E. denotes the expectation over the noise. The norm is typically defined as

2

o= 112 = [ |Feotw) - )] wiwdu, (6:2)

where the integral with respect to u means the expectation over future sample points u
and w(u) is some weight function, e.g., the probability density function of w. Then the
problem of active learning with model selection considered in this chapter is formulated

as follows.

Definition 6.1 (Active learning with model selection) Determine a set X' of sam-
ple points and select a model 8 from a set M of model candidates so that the generalization

error Ja 18 minimized:

(X,6) = argmin Jg[X, ). (6.3)
X0 M

6.3 Basic strategy

As we pointed out in Section 6.1, the problem of active learning with model selection can
not be generally solved by simply combining existing active learning and model selection
techniques because of the active learning / model selection dilemma: the model should be

fixed for active learning and conversely sample points should be fixed for model selection.

However, if there is a set X’ of sample points that is optimal for all models in the set
M, the problem of active learning with model selection can be straightforwardly solved

as follows. First, X is determined so that it is optimal for all models in the set M,

M

M are gathered at the optimal points {zm,}Y_,. Then model

and sample values {y, it

sclection is performed with the optimal training examples {(@.,, ym)}_;. Consequently,
we obtain the optimal model with optimal sample points because the sample points are

optimal for any selected model. This basic strategy is summarized in Figurc 6.1.

In the following section, we give a procedure for active learning with model selection

based on the above strategy.
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M =1{0,.9,,0,}
C,=argmin J [ X ,0,] C, =argmin J_.[ X ,0,]
X X

C, =argmin J [ X,0]
" forall 6e M G =afg}(nin Jo[ X185]

Figure 6.1: Basic strategy for active learning with model selection. Let the set M of
models be {#;,6,,63}. The top-left circle denotes a set C; of optimal X for the model
6y, i.e., an element in Cy is a set X of sample points {@,, }¥_, that minimizes Jo|X, 6;].
Similarly, the top-right and bottom circles denote sets of optimal X for 8, and 65, respec-
tively. If there exists X that is commonly optimal for all models in M, i.e., Caq is not
empty, then the problem of active learning with model selection can be straightforwardly
solved by using the commonly optimal sample points.

6.4 Active learning with model selection for trigono-
metric polynomial models

In this section, we give a procedure for simultaneously optimizing sample points and
models. For simplicity, we focus on the case when the dimension L of the input vector «

is one. However, all the discussions in this section can be scaled to the case when L > 1.

6.4.1 Setting

First, the setting is described.

1. The function space I to which the learning target function f(x) belongs is Sy, a

trigonometric polynomial space of order N (see Section 3.3.1):

H = Sy. (6.4)
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In this case, the generalization error Jg is expressed as

2

1 o
ol 2,0 = B [ |Fralw) = S| au, (6.5)
i.e., the weight function w(u) in Eq.(6.2) is assigned to 1/27.
The number M of training examples is larger than the dimension of Sy:

M >dim Sy = 2N + 1. (6.6)

LMS learning is adopted (see Section 3.2.1). In this case, a model # indicates a
subspace S. The learning result function f x5, (x) obtained with the sample points

X and model S, is given as
nySn = AiY,S/,Ly’ (6'7)

where Ay g, is an operator from H to CM defined with the reproducing kerncl
Kg, (z,z') of S, as
M B T ———
AX,Sn = Z (em ® KSn(.7 Tm)> : (68)
m=1
Here, (- ®~) denotes the Neumann-Schatten product (see Section 2.2.4) and e, is

the m-th vector of the so-called standard basis in CM. The vector y is defined as
Y= (Y1, Y2, 7@/M)Ta (6.9)

where T denotes the transpose of a vector. It holds for any function f in Sy that
Axsuf =2, (6.10)

where z is defined as
z = (fz1), f(2a), -, flzar)) T (6.11)

This can be verified from the property of the reproducing kernel (see Section 2.3):
(f(), Ky (,2")) = f(2'). (6.12)

The set M of model candidates consists of all trigonometric polynomial spaces

included in Sy

M=1{8]n=0,1,...,N} (6.13)
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5. For any sample points {z,,}M_,, the mean noise is zero:
Eee =0, (6.14)
where
€ = (61,62,...,EM)T. (615)

6. For any sample points {z,,}}_,, the noise covariance matrix @ is in the form
Q=FE.(e®%€) =0o’ly (6.16)

with o2 > 0, where I is the M-dimensional identity matrix. ¢ does not have to

be known.

6.4.2 Procedure for active learning with model selection

Under the above setting, we will give a procedure for simultaneously optimizing sample
points and models.
It is known that the generalization error of fx.g, () can be decomposed into the bias

and variance (see e.g. Takemura [132], Geman et al. [40], Efron & Tibshirani [33]):

2 (6.17)

JalX, Sa) = |[Eefrs, — FI? + Eell fx.s. — Eefrs,

Note that the bias of fxg, () can not be zero unless the learning target function f(z)
belongs to S,.

As shown in Theorem 5.2 in page 95, a set X of sample points {z,, }_, minimizes the
variance under the constraint of the bias being zero for a model S, to which the learning
target function f(z) belongs if and only if 35 A% g Ax,s, agrees with the identity operator
on Sy,. Since we consider the function space H (= Sy D S,) in this section, the above

optimality condition is expressed as

1 * g
MA},SnAX,Sn = ‘PSn7 (6.18)

where Pg, denotes the orthogonal projection operator onto S, in H.

It is shown in Theorems 5.8 and 5.9 in pages 101 and 101, respectively, that there
are infinitely many sets of sample points that satisfy Condition (6.18) for a fixed model
Sp. Here, we show a design method of sample points that satisfy Condition (6.18) for all
models in the set M. :
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Figure 6.2: Commonly optimal sample points for all trigonometric polynomial models
designed by Eq.(6.20). The largest order N of the trigonometric polynomial space is 1
and the number M of training examples is 5.

Theorem 6.2 Let M > 2N + 1 and ¢ be an arbitrary constant such that
2

< o< — - 6.19
T<cL -7+ i ( )
If a set {zn}M_, of sample points is fized to
2
T = C+ —Ag—(m —1), (6.20)
then it holds that
1 .,
MAR’,SnAX7Sn = P for all S, € M. (6.21)

Theorem 6.2 ig clear from Theorems 5.2 and 5.8, so we omit the proof.

Eq.(6.20) means that M sample points are fixed to regular intervals in the domain (see
Figure 6.2). Theorems 5.2 and 6.2 asserts that the sample points designed by Eq.(6.20)
are optimal for all models to which the learning target function f(x) belongs.

With training examples {(Zm, ym) HY_, gathered at the optimal sample points {z, }}_,
designed by Eq.(6.20), we will perform model selection. As a model selection criterion,

we use SIC proposed in Chapter 4. SIC for the present setting is given as follows.

SIC[S,] = ||(AL, — Al Jyl® — 5%(Al — AL (AL — AL )"
+ &% AY (AL ), (6.22)

where

Ag, = i <6m ® K&('Jm)) ; (6.23)

As, = if: (em ® KSN(-,J:m)> , (6.24)
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M ~ 2
R Zm:l fSN (:Cm) — Ym
62 = _ . (6.25)
M — dim SN

6.4.3 Exact and fast algorithm for active learning with model
selection

Now we give an exact and fast algorithm of active learning with model selection for
trigonometric polynomial models.

For general sample points, SIC is calculated by Corollary 4.4 in page 37. When the
sample points are designed by Eq.(6.20), the following lemma holds.

Lemma 6.3 When Eq.(6.21) holds, SIC for a model S,, is expressed as
s, , 207 . A2
SIC[S,] = Jiy + 5Ya dim S, — &°, (6.26)

where Jor is the training error of fgn($) defined as

M 2
T, = (Tn) = Um| - (6.27)
&% is given as
M
52 s
= —— 0N 6.28
7 T M~ dim Sy 1 (6.28)

A proof of Lemma 6.3 is given in Section 6.6.1.
Note that Eq.(6.26) is equivalent to Cp (Mallows [72][73]). In Eq.(6.26), terms that
depend on the model S, are only Jf.g and dim S,,. As regards J3%, the following lemma

holds.

Lemma 6.4 When Eq.(6.21) holds, we have

M
So __
JTOE M Z ]yml - M Z Ym| > (6.29)
1 & ’
J;:“E = l—— Z Ym eXp(inTm,)| — l-M Z Ym exp(—inzm,)| . (6.30)
m=1

A proof of Lemma 6.4 is given in Section 6.6.2.

From Lemmas 6.3 and 6.4, we have the following theorem.
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input M, N, and ¢ such that

M >2N+1 and—7r§c§~7r+2]\—};
form=1,2,...,M {

Ty —— €+ ——MZW(TAT]);

gather sample value yp, at Ty,
forn=-N,-N+1,...,N {

M 2.

¥

Op I% Y me Ym exp(inzm,)|%;
~ M ‘ N
72— M—ij—lAgﬁ Zm:l Y| _A;”:*N n);
SICo —— 37 Yomer [Yml® — a0 + 2 — 67

forn=1,2,...,N {
SICn — SICn~1 —Qp — Oy + %2‘;

}
f «— argmin, SIC,,;
f@) e— S0 & Son ymexp(—ipzm)|? exp(ipz);

Figure 6.3: Exact and fast algorithm for active learning with model selection.

Theorem 6.5 When Fq.(6.21) holds, we have

~2
20 )

SIC[So] = J2% + T (6.31)

M 2
SIC[S,] = SIC[Sy—1] — l—j\% Z Y, €XP(INT 1)
m=1

2 2
44

- (6.32)

L M
i Z Ym eXp(—inzy,)

m=1

A proof of Theorem 6.5 is given in Section 6.6.3.

Based on Theorem 6.5, an exact and fast algorithm for active learning with model
selection is described in Figure 6.3.

Let us measure the computational complexity by the number of scalar multiplications
(Table 6.1). When SIC is calculated by Corollary 4.4, the computational complexity
and memory required for active learning with model selection are O(N?*(M + N)) and
O(M + N?), respectively. In contrast, they are reduced to O(MN) and O(M + N) when
the algorithm shown in Figure 6.3 is used. This shows that the proposed algorithm is

exact and much more efficient than the straightforward calculation.
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Table 6.1: Computational complexity and memory required for active learning with model
selection.

Computational

complexity Memory

Straightforward calculation
(Corollary 4.4)
Exact and fast algorithm
(Figure 6.3)

O(N¥(M + N)) | O(M + N?)

O(MN) O(M + N)

6.5 Computer simulations

In this section, the effectiveness of the proposed procedure for active learning with model

selection is demonstrated through computer simulations.

6.5.1 Setting

Let us consider the chaotic series created by the Mackey-Glass delay-difference equation

(see e.g. Platt [97]):

(1=b)gt)+—29E=T) gy >r oy,

glt+1)= 1+g(t—7)" (6.33)
0.3 for 0 <t <,
where a = 0.2, b = 0.1, and 7 = 17. Let {h;}% be
he =g(t+7+1). (6.34)
We are given M degraded sample values {y, }M_,:
Ym = Nr(m) + €m, (6.35)

where r(m) is an integer such that 1 < r(m) < 600 which indicates the sampling location,
and the noise €, is independently subject to the same normal distribution with mean 0

and variance o
em ~ N(0, 02). (6.36)

The task is to obtain the best estimates {7:}6% of {£;}5% that minimizes the error:

] 8o
E = —
ITor = 500 Z

t=1

2

hy — hy (6.37)




150  Chapter 6. Theory of active learning with model selection

I ' - | I I éhaotic Iseries

o o o o Sample value ||

i |

v d . A . f .
oo L “ﬁﬂ?ﬁ Dﬁﬁ %i ,m o]
s oL AN N \ g0 5B

. . . g o % o e . .

: oo H Ll 8 L § ot : 1% B
VoA o aPey g a4l ey

o il = %é v %: v qj v

¢ ¥ ¥ o

[} a N

1 EFI] = i |

] ] 1 {
150 200 250 300 350 400 450 500 550 600

Figure 6.4: Chaotic series and 100 sample values (r(m) = 6m and o2 = 0.07).

In this simulation, we consider four cases when (M,¢?) = (300,0.04), (100,0.04),
(300,0.07), and (100,0.07). Figure 6.4 displays the original chaotic series {h:}%% (shown

100, (shown by ‘[7’) with the noise

by ‘®’) and an example of 100 sample values {y,
variance o = 0.07.
We shall obtain the estimates {ht %00 as follows. Let us consider sample points

{2, }M_, corresponding to the sample values {ym, }M_;:

27
h e —_ —1). 6.38
Tm W+6m(Wﬂ ) (6.38)
By using the training examples {(ﬂz:m7 Ym) }_ |, we perform LMS learning. Then the LMS

learning function f(z) gives the estimates {h,}5% as

=f< w+23@—10 (6.39)

=

600
We adopt Sy, a trigonometric polynomial space of order 40 (see Section 3.3.1), as H.
Note that the 600 chaotic series can not be expressed by the functions in Syp. This means
that we consider the learning target function which is not included in H. Let the set M

of model candidates be
M == {SQ,Sl,SQ,...,S40}. (640)
6.5.2 Active learning
First, we shall compare the performance of the following two sampling schemes.
(i) Optimal sampling: Sample points are fixed to regular intervals, i.e.,
600m

r(m) = =+ (6.41)
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Figure 6.5: Results of active learning simulations.

2

In this case, Eqs.(6.38) and (6.41) yield Eq.(6.20) with ¢ = —7 + 2 — 2.

(ii) Random sampling: Sample points are randomly created in the domain, i.e., r(m)

randomly gives an integer such that 1 < r(m) < 600.

Figure 6.5 displays the results of the active learning simulation. The horizontal axis
denotes the order n of the model and the vertical axis denotes the error measured by
Eq.(6.37). The solid and dashed lines show the mean errors of 100 trials by (i) Optimal
sampling and (i) Random sampling, respectively. These graphs show that (i) Optimal
sampling provides better gencralization capability than (ii) Random sampling irrespective
of the number M of training examples, noise variance o2, and order n of the model. Espe-

cially, when M is small and o2 is large (the top-left graph in Figure 6.5), its effectiveness

is remarkable.
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6.5.3 Model selection

By using the optimal sample points {z,, }M_, designed by Eqs.(6.38) and (6.41), we shall

compare the performance of the following model selection criteria.

(a) Subspace information criterion (SIC): SIC is calculated by the algorithm shown

in Figure 6.3.

(b) Leave-one-out cross-validation (CV): A closed form expression of the leave-one-

out error for S, is given as (see Orr [96])
Lo s .
CV(S,] = - |(ding(n — Bo, BL ) (I — Bs, BLwl’, (642

where the matrix ‘diag(Iys — Bs, B} )’ is the same size and has the same diagonal
as (I — BSnB;n) but is zero off the diagonal. Bg, is the M x p matrix with the
(m, p)-th element being

exp(ip%) if p < 2n and p is even,
[Bs,Jmp = eXp(—i(p—;ﬂ) it p<2n+1 and p is odd, (6.43)
0 ifp>2n+2.

Note that Bgn = =B when the sample points {2, };_, are designed by Eqs.(6.38)
and (6.41).

(c) Akaike’s information criterion (AIC) (Akaike [1]): When the noise is subject

to the normal distribution, AIC for S, is expressed as
AIC[S,] = M log Jom 4+ 2(2n + 1+ 1), (6.44)
where Jr is the training error defined by Eq.(6.27).

(d) Corrected AIC (cAIC) (Sugiura [127]): When the noise is subject to the nor-
mal distribution, cAIC for S, is expressed as

22n+1+1)M
M~-~(@2n+1)—-2

cAIC[S,] = M log J2n, + (6.45)

(e) Bayesian information criterion (BIC) (Schwarz [115]): When the noise is

subject to the normal distribution, BIC for 5, is expressed as
BIC[S,] = Mlog Jo5 + (2n + 1 + 1) log M. (6.46)

Note that the minimum description length (MDL) criterion (Rissanen [99][100][101])

is the same expression as BIC.
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(f) Vapnik’s measure (VM) (Cherkassky et al. [23]): VM for S, is given as

log M
— TSn — —
VMIS,] = JTE/ max <0,1 \/p plogp + i ) ; (6.47)
where
2n+1
= . 6.48
=" (6.48)

Note that AIC, cAIC, BIC, MDL, and VM can be exactly and efficiently calculated
by using Lemma 6.4.

Figurcs 6.6, 6.7, 6.8, and 6.9 display the simulation results. The top seven graphs
show the values of the error and model selection criteria corresponding to the order n
of the model S, (see Eq.(6.40)). The box plot notation specifies marks at 95, 75, 50,
25, and 5 percentiles of values. The solid line denotes the mean values. The bottom-left
seven graphs show the distributions of the selected order n of models. ‘OPT’ indicates
the optimal model that minimizes the error defined by Eq.(6.37). The bottom-right seven
graphs show the distributions of the error obtained by the model selected by each criterion.

When (M, 0?) = (300,0.04) (Figure 6.6), all model selection criteria work well. Fig-
ure 6.10 displays the target chaotic series {h;}5%, sample values {ym ¥ |, and SIC es-
timates {h;}8%. In this case, SIC selects Sy and the error measured by Eq.(6.37) is
6.80 x 1073,

When (M, 0?) = (100,0.04) (Figure 6.7), SIC, CV, and cAIC work well. In contrast,
AIC tends to select larger models, and BIC (MDL) and VM are inclined to select smaller
models. Consequently, they yield large errors.

When (M, 0?) = (300,0.07) (Figure 6.8), SIC, CV, AIC, and cAIC work well. Al-
though BIC (MDL) and VM also work well on the whole, they sometimes select the
smallest model and provide large errors.

Finally, when (M, 0?) = (100,0.07) (Figure 6.9), SIC and CV almost always selects
reasonable models, so they provide small errors. In contrast, AIC tends to select larger
models, and cAIC, BIC, and VM tend to select smaller models. As a result, they give large
errors. Figurc 6.11 displays the target chaotic series {h;}%%, sample values {y,,}2?_;, and
SIC estimates {iLt 600. In this case, SIC selects Si3 and the error measured by Eq.(6.37)
is 2.33 x 1072

This simulation shows that SIC gives a very good estimate of the error on average
even when the learning target function is not included in H. As a result, SIC works well

even with a small number M of training examples and a large noise variance 2.
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Figure 6.10: SIC estimates of chaotic series when (M, 0?) = (300,0.04). Sy is selected

and the error measured by Eq.(6.37) is 6.80 x 1073,
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6.6 Proofs

In this section, proofs of all theorems and lemmas given in this chapter are provided.

6.6.1 Lemma 6.3

1t follows from Eq.(6.12) that

= (Ks, (s Zmr)s Ky (, Zm))- (6.49)
Therefore, it follows from Eqs.(6.23) and (6.24) that
As, A% = Ag, AG, = As A, - (6.50)
When Eq.(6.21) holds, Agﬂ is expressed as
AL, = (A5,As,) A5, = (MP5,) 45,

1

= A5, (6.51)

Then it follows from Egs.(6.51) and (6.50) that

(AL, — AL, ) (4, - AL,) = (AT yeal, — (Al ) al, — (Al )AL, + (4h,) AL,

M2 —(Ag, A% — Ag, A, — AsyAg, + AsyA%,)
MQ (ASn *Sn - Asn Agn - ASnAEn + ASN AEN)
M2 —(Asy As,, — As, A% ). (6.52)

It follows from Egs.(6.52) and (6.21) that

| 1
tr(AL, — AL )AL, — AL) = 755 (rdsyAg, — trAs, A%,
= M_Q (tIAngASN — tl"AgnAsn)

= M—Q— (tI‘MPSN - tI‘MPSn)

1
= 7 (dim Sy — dim 5,). (6.53)
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It follows from Eqs.(6.51) and (6.21) that

P 1 . 1
trAl (AL ) = 1Ay As, = L teMPs,

1
= 7 dim S, (6.54)

It follows from Eqgs.(6.27), (6.10), (6.9), (6.7), and (6.51) that
M

Su _ L
JTE M n;

1 , . 1
= MHASRAE"?J —y|)* = —MHPR(Asnw —y|?

. 2 1 - 5
v [m — m = — A1 ¥ —_— 2
s, (@) = | = 37145, fs. — vl

1 1
=37 (yll* = I Preas,yyll*) = i (IlylI> = (Prias, 4> ¥))

1 L 1 1 .
= (”’QH2 - <ASnAfgny>y>> = (Hyll2 - 'M<ASnAsny>y>>

_yl? (As.A5y.9)

o 2 (6.55)
It follows from Eqs.(6.25) and (6.27) that
62 = M S (6.56)

M —dim Sy " T#’

which implies Eq.(6.28). It follows from Egs.(6.22), (6.52), (6.53), (6.54), (6.55), and
(6.56) that

SIC[S,] = (AL — AL ) (AL — AL Yy, y) — 62e(AL — AL ) (AL — AL )
+ &AL (AL )
(Asy Al — As, AL )Y, Y) 52dim Sy — dim S, N 5odim S,

M2 M M
(A ALy y) (As,ALy.y)  6°dim Sy N 262 dim S,,
N M2 M? M M
__ll?, AscAsvy) |yl (As A5y )
M M? M M2
B 62dim Sy 26%dim S,
M M
, 2dim Sy  26%dim S,
= =T+ I - v
M —dim Sy .. G2dim Sy 262dim S,
- _TUQ I~ M M
262dim S, . ]
- J;% + T - (72, (607)

which implies Eq.(6.26). |
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6.6.2 Lemma 6.4
Let a function @,(x) be defined as
wp(2) = explipz) forp=—n,—n+1,...,n (6.58)

Since {¢,(2)}5-_,, is an orthonormal basis in S, (see Section 3.3.1), the reproducing kernel

of S, is expressed as (see Section 2.3)

Ks, (z, 1) Z op(a

p=—n
= Z exp(ipz) exp(—ipz').
p=—n

Then it follows from Eqs.(6.55), (6.23), and (6.59) that

1 1 )
Ie = 7 Iw* = 55 (4s. A5, v, v)

M

= i Z Iym! M2 Z Z K‘S” ‘Em’bcm/ YmYme

m=1 m=1m'=

M n
- 314‘ n; }il/ml2 - % Z Z Z exp(ipzm) exp(—ipz) VUmYm:

m=1m/=1p=—n

n 2

1 M
:ZEZ:EE:|ynJ2__ 2{:
m=1

p=-n

Z Yom exp(—ipTn)

m_

When n = 0, we have

| M 2
3 2 ¥

m=1

Y

1 M
I =57 D vl —
m=1

which implies Eq.(6.29). When n > 1, we have

2

M n—1
; 1 1 _
Jry = i Z [y |* — Z i Z Ym exXp(—ipTm)
m=1 p=—(n—1) m=1
1 Ly M ?
Y Z Ym CXP(INT)| — i Z Y €XP(—INT,y,)
m=1 m=1

2 2

_ n—1 __
_JTE - ’

;M
Vi Z Ym €XP(—INT,)

m=1

M
i Z Ym eXp(tny, )

m=1

which implies Eq.(6.30).

(6.59)

(6.60)

(6.61)

(6.62)
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6.6.3 Theorem 6.5

It follows from Eq.(6.26) with n = 0 that

262dim S, .,
—_—— =0

SIC[So] = J7% + v , (6.63)
which implies Eq.(6.31). It follows from Eqs.(6.26) and (6.30) that
262dim S,, .
SIC[S,] = Jon + — 52
| M 2 LM 2
S , :
= Jomt 7 n;ym exp(inZm,)| — i :Z;lym exp(~zn:cm)
26°(dim Sp1 +2) o
M
M 2
= SIC[Sy-1] — \_]\7[ mz_l Ym exp(incm,)
v 2
1 462
— = Z Ym €XP(—inTpm)| + —, (6.64)
M — M

which implies Eq.(6.32). [ |
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Chapter 7

Conclusions and future work

7.1 Conclusions

This dissertation was devoted to clarifying the mechanism of acquiring the generalization
capability. We focused on the supervised learning scenario, and developed a theory of
model selection and active learning. Our main concern was developing a theory valid for
small sample cases, which can not be dealt with by most of the supervised learning theories
(e.g. Mallows [72][73], Akaike [1], Takeuchi [133], Schwarz [115], Rissanen [99][100][101],
Craven & Wahba [28], Murata et al. [82], Cohn [25], Cohn et al. [27], Konishi & Kitagawa
[64], Fukumizu [38], Ishiguro et al. [55]).

In Chapter 4, the problem of model selection was discussed. We proposed a model
selection criterion called the subspace information criterion (SIC), which gives an unbiased
estimate of the generalization error. Properties of SIC was investigated in various aspects
including the comparison with a large number of existing model selection techniques.
Computer simulations demonstrated that SIC works as well as existing methods in large
sample cases, and it outperforms other methods in small sample cases.

In Chapter 5, the problem of active learning was discussed. We proposed batch and
incremental active learning methods. The batch method can specify the optimal sam-
pling locations for trigonometric polynomial models, while the incremental method can
be applied to a wide range of models. Computer simulations showed that the proposed
methods enable us to acquire higher levels of the generalization capability with a small
number of training examples.

In Chapter 6, the problem of active learning with model selection, Le., simultaneously
optimizing sample points and models, was discussed. This subject was rather challenging

since it can not be generally solved by simply combining existing active learning and
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model selection techniques because of the active learning / model selection dilemma: The
model should be fixed for active learning and conversely the sample points should be fixed
for model sclection. We gave a basic strategy for avoiding the dilemma, and a practical
procedure of active learning with model selection for trigonometric polynomial models
was proposed. Its excellent performance in small sample cases was demonstrated through

computer simulations.

7.2 Problems for the future

In the final section of this dissertation, we show important subjects for the future.

7.2.1 Reference estimator framework for model selection

The main idea of SIC proposed in Chapter 4 was using an unbiased learning result func-
tion fu for estimating the generalization error of fp. This idea can be interpreted as using
another informative estimator for model selection (Tsuda et al. [137]). From this view-
point, one expects that if another good cstimate f, of the learning target function f is
available, the generalization error of fo can be estimated more accurately. We call fra
reference estimator. For substantiating the expectation, the following problem should be

theoretically considered.

Problem 7.1 Devise a method for estimating the generalization error of fg by using

another (maybe good) reference estimator fr.

7.2.2 Variance of SIC

In Chapter 4, we derived SIC as an unbiased estimate of the generalization error. Since it
is unbiased, the variance of SIC may not be small (see Shimodaira [120] for the variance
of AIC). If the variance of SIC is drastically reduced by introducing a small bias in SIC,
the model selection property will be further improved. To this end, the above reference
estimator framework will be helpful: Instcad of using an unbiased estimator fu, a slightly
biased estimator fA is used as a reference estimator, where \ controls the bias of fA. This

problem is formulated, for example, as follows.

Problem 7.2 Determine A so that the following criterion is minimized:

Ee (SIC(A) — J&)?, (7.1)
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where E¢ denotes the expectation over the noise and Jg denotes the generalization error.

7.2.3 Model comparison

SIC gives a direct estimate of the generalization error and it is used for model selec-
tion. On the other hand, model selection can be performed without really estimating
the generalization error. The difference of the generalization error of two models is only
required:

Jel0h] = Jal0s). (7.2)

This is called model comparison. Estimating Eq.(7.2) is generally less difficult than esti-
mating the generalization error itself. Therefore, solving the following problem is promis-

- ing for improving the model selection performance.

Problem 7.3 Devise a method for model comparison.

7.2.4 Active learning for a set of models

In Chapter 6, the problem of active learning with model selection was discussed, and a
basic strategy for solving the problem was given: Find a set of sample points which is
commonly optimal to all model candidates. As we have shown, such a good set of sample
points actually exists for trigonometric polynomial models. However, it may not exist in
general.

In such cases, it is important to find a set of sample points which is better for all
model candidates. Indeed, this gives a new direction of the active learning research.
So far, theories of active learning have been developed for a fixed model. In practice,
however, the model fixed in advance is often inappropriate so one wants to change the
model. Then the sample points selected by active learning tend to be worse for the new
model because the sample points are specially designed for the former model (Figure 7.1).
A possible measure is to determine the sample points so that they are better for all model
candidates. Then one can reduce the risk of changing models, which will make active

learning techniques more practical. This problem is formulated as follows.

Problem 7.4 Find a set X of sample points such that

X = argmin Y w(f)Je[X,0), (7.3)

X gem
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M =19,,0,,8,} C={x}
C, =argmin J [ X ,0,] C, =argmin J [ X ,0,]
X

[~ )

N

|
X,y =argmin > w®)J ;[ X,0] C, =argmin J [ X,0,]
X 0e M X

Figure 7.1: Let the set M of models be {#y, 65, 65}. Suppose the current model is #; and
X, is an optimal set of sample points for the model ;. If one changes the model to 0y,
then X; may not be good sample points since it is specially designed for 6;. On the other
hand, if a set of sample points is determined so that it is better for all model candidates
in M (denoted by Xj4), then one can reduce the risk of changing models.

where 0 is a model and M is a set of model candidates. w(0) is some weight function and

Jo denotes the genmeralization error.

7.2.5 Incremental active learning with model selection

Active learning with model selection discussed in Chapter 6 was in a batch manner. It
will be useful if sample points and models are selected incrementally (Figure 7.2). In this

| process, there are two purposes for active learning (see MacKay [68]).

e Select an additional sample point so that it minimizes the generalization error for

the current model.

e Select an additional sample point so that it is the most informative to select the

model.
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Figure 7.2: Incremental active learning with model selection.

This gives the following problem.

Problem 7.5 Devise an incremental method for active learning with model selection.

7.2.6 Infinite dimensional models

In this dissertation, we mainly consider a finite dimensional functional Hilbert space H
to which the learning target function f(x) belongs. It will be more flexible if an infinite

dimensional H can be dealt with.

Problem 7.6 FEzxtend the theory of supervised learning developed in this dissertation so

that it is applicable to an infinite dimensional functional Hilbert space H.

7.2.7 Non-linear learning

In this dissertation, the learning result function f was assumed to be obtained by using

a linear operator X as

=Xy, (7.4)
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where y = (y1,v2, ..., yn) ' . This assumption means that the learning method is e.g. least
mean squares learning or regularization learning with quadratic regularizers, and the

regression model is linear:

f(:n) = pr(ﬂp(m)’ (7.5)

where ¢,(x) is a prefixed basis function and wy, is its coefficient.

Recently, sparsity inducing learning methods (i.e. most of the coefficients vanish) are
rather popular (e.g. Bennett & Mangasarian [15], Vapnik [140][141], Williams [147], Man-
gasarian [74], Bradley et al. [20], Graepel et al. [44], Smola et al. [122], Smola & Scholkopf
[123], Tipping [136], Tsuda et al. [137], Miiller et al. [79]). They are practically very useful
since necessary basis functions are automatically selected and the sparse solution saves
the computational cost. In these learning methods, however, the operator X in Eq.(7.4)
is no longer linear even if we are concerned with linear regression models. To cope with

this situation, the following problem should be considered.

Problem 7.7 Generalize the theory of supervised learning developed in this dissertation

so that 1t can deal with a non-linear operator X .

7.2.8 Non-linear regression models

Non-linear regression models such as multi-layer perceptrons are often preferred since
their approximation ability is shown tb outperform that of linear models (Jones [58],
Girosi & Anzellotti [43], Barron [13], Girosi [41], Murata [80]). However, dealing with
such non-linear models is very difficult because they do not generally satisfy the regularity
condition for the asymptotic normality of the maximum likelihood estimator (Hagiwara
et al. [47], Fukumizu [37]). Recently, Watanabe [146] rigorously showed the asymptotic
generalization error for such non-linear models with singularities in the Bayesian ensemble

learning case. A challenging future topic in this line is as follows.

Problem 7.8 FExtend the theory of supervised learning developed in this dissertation so

that it is applicable to non-linear models.

7.2.9 Minimum SIC learning

We used least mean squares learning and regularization learning in this dissertation. The

role of learning methods is to determine a learning result function f from training examples




AT I L i R L AN L AT, Wi, Wi Tl SR

7.2, Problems for the future 169

(Precisely, an operator X which gives f is determined). In the least mean squares learning
case, a set {Xg} of operators is prepared, and then the one that minimizes SIC is sclected
from the set. This can be interpreted as finding the minimizer of SIC with respect to X
by multi-point search from candidates {Xs}, i.e., the minimizer among a finite number
of candidates { X} is selected. In the regularization learning case, the minimum of SIC
with respect to X (precisely, the regularization parameter @) is analytically obtained. This
corresponds to finding the minimizer of SIC under the constraint that X is a regularization
operator.

From this point of view, the role of the learning methods is just a constraint for
minimizing SIC. Therefore, it is very important to investigate whether the minimum
of SIC with respect to X exists or not. If it exists, then one can obtain the best X
that minimizes SIC without any constraint. This X is expected to give the optimal
generalization capability. Otherwise, conditions for the existence of the minimum of
SIC should be examined. Then one can obtain the best X that minimizes SIC under the
existence conditions. The obtained X is expected to give a good generalization capability.
Moreover, the existence conditions may lead to a new learning method since they are

constraints for minimizing SIC. The above idea is summarized as follows.
Problem 7.9 Investigate the existence of the minimum of SIC with respect to X.

7.2.10 Supervised learning for points-of-interest estimation

The purpose of supervised learning was to estimate an underlying function f(z) from a
finite number of training examples. If f(a) is successfully acquired, then one can estimate
a future output value vy corresponding to a future input point wg by o = f (up). Since
the main concern of this dissertation was investigating the mechanism of acquiring the
generalization capability, a theory for estimating f(z) was developed. However, if the
purpose is just estimating an output value vg at a future input point wg, we do not have
to estimate the entire function f(x). Tt is enough to estimate the output value vo = f (o)
only.

From the viewpoint of predicting output values of a function, methods for estimating
the entire function f can be interpreted as using an estimate f of the entire function f for
predicting all output values corresponding to all input points. However, if a future input

point (or a test point) wg is known in advance, direct estimation of the output value
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Figure 7.3: Points-of-interest estimation. f is better than fuo as an estimate of the entire
function f. However, fuo is better than f as an estimate of the output value vy = f (uo).

corresponding ug is expected to result in better estimation than estimating the entire
function (Figure 7.3). Research in this line can be found in many articles (e.g. Vapnik
[139], Barron [12], Satoh [108][109], Shimodaira [119], Chapelle et al [22]). In fact, this
idea, which we call points-of-interest estimation, can also be applied to the case when
the future test points are unknown: One do not have to obtain an estimate f of the
entire function f before future input points are given. One can estimate an output value
vo = f(uo) after the future input point wug is given, i.e., an output value is estimated from
training examples every time a new input point is given. Clearly, this points-of-interest
estimation isvcomputationally very expensive. However, recent dramatic improvement of
computation power is expected to enable us to perform the points-of-interest estimation
in the near future. Therefore, solving the following problem is challenging and promising

as future work.
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Problem 7.10 Develop a theory for estimating an output value of a function at one

specified input point.

7.2.11 Classification

The generalization measure Jg adopted in this dissertation was typically expressed as the
expected squared distance between a learning result function f () and the learning target

function f(-) over the noise:
R 2
Jo = Ee [ |fw) = f)] wiwiu, (7.6)

where E¢ denotes the expectation over the noise and w(-) is some weight function. This
generalization measure is natural in the regression cases wherc output values of the learn-
ing target function are estimated. On the other hand, in the classification cases where the
class to which a sample belongs is estimated, the sign of the output values is important.
For example, a sample u is assigned to the class +1 if sgn(f(u)) = 1 and to the class
—1 otherwise, where sgn(t) = 1 if ¢ > 0 and sgn(t) = =1 if t < 0. In such a case, the

following non-squared generalization measure is rather natural:

Jo = Ee/ (1 - sgn(f(u)f(u))) w(u)du. (7.7)
Then we have the following future work.

Problem 7.11 Extend the theory of supervised learning developed in this dissertation so

that it is applicable to non-squared generalization measures.

7.2.12 Unsupervised learning

Although we focused on supervised learning in this dissertation, studies on unsupervised
learning is also an important topic in learning. Model selection, which we discussed as a
subject of supervised learning, plays an essential role even in the unsupervised learning
scenario, e.g. density estimation (Vapnik [140][141]) and principal component analysis
(PCA) (Jolliffe [57]).

In the density estimation case, the distribution of input points is estimated by using
a parametric model, where determining the structure of the parametric model is crucial
for avoiding the overfit or underfit. PCA, which is a technique to find some important

components of the distribution, is used for denoising, feature extraction, and compression
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(Scholkopf et al. [113]). Denoising is performed by eliminating a certain number of minor
components from the original data, expecting that the target signal in the data is con-
centrated in some leading components. Here, model selection plays an important role in
balancing noise reduction with signal loss. Moreover, in non-linear PCA such as kernel
PCA (Scholkopf et al. [113]), the type of non-linearity should also be determined. Note
that image restoration from noisy images can also be formulated similarly (Sugiyama et

al. [128]). Important future work in this line is as follows.

Problem 7.12 Generalize the theory of supervised learning developed in this dissertation

so that 1t is applicable to unsupervised learning.
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