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Chapter 1

INTRODUCTION

In recent years, artificial intelligence, behavioural science,
and human engineering, etc. which originated in cybernetics have
found many applications in all fields of engineering. Together
with this tendency, a variety of problems on human subjectivity
which was studied first mainly in psychology have become problems
in engineering. Here, a fundamental doubt is directed toward the
fact that engineering has been inquiring objectivity by eliminating
subjectivity.

Problems on human beings have caught a general interest also in
the field of systemé engineering, where it is often pointed out that
control systems should be regarded as essentially ﬁan~machine systems,

One of the reasons for these facts would be that human abilities
of judgement, analogy based on experience, and adaptation to any un=-
familiar environment, etc. have become again considered important
compared with computers.

From the viewpoint of attaching importance to human subjectivity,
we may question, when we talk about an optimal control system and its
criterion. "For whom is the system optimal?" or "To whom does the
criterion belong?"

Concerning subjectivity among the characteristics of-men which
are superior to those of machines, L. A; Zadeh presented in 1965 the
concept of fuzzy sets [1], which has given us a powerful means to

deal with subjectivity by methods of mathematics as well as engineering.



Since his proposal, fuzzy sets theory have been widely applied
in the fields of automata [4,5,6], linguistics [8,16], algorithm [7],
pattern recognition [17], and so on.

The concept of “fuzziness" corresponding to randomness in prob-
ability theory is introduced in the fuzzy sets theory. Here, fuzzi-
ness is defined as a kind of uncertainty which is caused by subjectivity
and belongs to the side of subject. On the other hand, randomness can
be considered as one caused by random phenomena, i.e., objective and
physical phenomena.

This dissertation divides uncertainties into two classes: random=-
ness and fuzziness, and it discusses fuzziness in comparison with
randomness. The purposes of this dissertation are to propose the'
concept of fuzzy measures and fuzzy integrals [11, 12] as a way for
expressing human subjectivity and to discuss their applications.

Fuzzy measures are defined as subjective scales for fuzziness.
Fuzzy integrals are the functionals with monotonicity defined by using
fuzzy measures. Those corfespond to probability expecﬁations and are
discussed in comparison with Lebesgue integrals.

Algebraic methods have been mainly used to approach fuzziness
so far, while analytical methods have been seldom explored, Fuzzy
measures and fuzzy integrals belong to analytical methods which enable
us to deal with fuzziness qualitatively and quantitatively.

Fuzzy measures are set functions Qgth monotonicity which have
not necessarily additivity, while the set funcﬁions which have been .
investigated in mathematics are mostly endowed with additivity such

as Lebesgue measures., With this point of view, the feature of this



dissertation will be seen where monotone set functions are studied
and their applications are discussed.

We start with the concept of.“grade of fuzziness", which is the
main argument of this dissertation. Fuzzy measures are interpreted
as‘"measures“ expressing grade of fuzziness and are compared with
probability measures expressing grade of randomness. This comparison
will also serve to make clear the difference between fuzziness and
randomness.,

The fuzzy integrals theory is constructed and developed almost
independently of the fuzzy sets theory. However, the conéept of
fuzzy sets are referred often in this dissertation, since the oper~
ations used in fuzzy integrals match with those in fuzzy sets.
Therefore, let us mention briefly the definition of fuzzy sets.

Let X be an arbitrary set which is treated in the ordinary sets
theory. Denote an element of X by x. As is widely known, an arb;-
trary subset E of X can be defined by its characteristic function

such that

Xg ¢ X {0,1}.

That is, x€E if xE(x) = 1 and X&E if xE(x) = 0. (Note: in this
dissertation, the characteristic function of a non—fuzzy set is always
denoted by ¥.) The set,‘{O,l}X, of all mappings from X to {0,1} is
isomorphic to the power set 2Xkof X. Now let us consider {O,l]x, i.e.,

the set of all mappings such that

h : X+ [0,1]'



We attach a label to an element of [O,I]X and write it, for instance,
as hA' Then A is called a fuzzy subset of X and hA the membership
function of A. Herxe, hA(x) expresses-the grade of membership of x
in A. By Ex, denoté the family of all fuzzy subsets of X. Then {O,l}x
and 2" are isomorphic. From {O,l}x(: [0,1]X follows 2xC: 3%, Therefore
a fuzzy set can be regarded as an extension of an ordinary set.

We omit to explain the meaning of fuzzy sets, regarding it as
already known. The operations of union, intersection, complement and

the relations containment and equivalence are defined for all members

of §X as follows:

hyus®

]

hA(x)\/hB(x)

]

(x) hA(x) A b (x)

hAf\B
hAc(x) = 1 - hA(x)

AC B iff hA(x) f_hB(x) for any x€ X
A =B iff hA(x) = hB(x) for any x€X

where aVv b means max(a,b) and aAb min(a,b).

Further in this dissertation the next notation is used:

max {a,}.
1<i<n

n
3
i=1

A fuzzy subset R of X x Y is called a fuzzy relation., Let Rl be a

fuzzy relation in X x Y and R_ in ¥ x Z. Then the composition of

2
Rl and R2 is defined as follows:
h (x,2) = sup [h_ (x,vIAh_ (y,z)].
Ry Ry yey 1 Ry



This dissertation is organized as follows. Chapter 2 defines
fuzzy measures of a set X based on the statements concerned with
grade of fuzziness and discusses the method of their construction.
The set X is an arbitrary set. There is no assumption on its to-
pological aspects before Chapter 6. Fuzzy measures constructed in
Section 2.2 are very useful ones which are used in the applications
of Chapter 5 and Section 7.2.

Chapter 3 defines fuzzy integrals by using fuzzy measures and
states their properties. All Chapters following this Chapter are
concerned with the matters which are obtained half inevitably and
half derivatively.

In Section 3.2, fuzzy integrals are compared with Lebesgue
integrals qualitatively as well as quantitatively. 1In Section 3.3,
fuzzy double integrals are defined and a theorem corresponding to
Fubini's theorem in the theory of Lebesgue integrals is proved. In
Section 3.4, the domain of fuzzy measures is extended onto a subset
of Ex. Here, the relation between grade of fuzziness and that of
membership is discussed.

Chapter 4 rewrites, restricting X to a finite set, some results
of Chapters 2 and 3 foi convenience in calculating fuzzy integrals,
giving actual examples.

Chapter 5 deals with two problems of subjective evaluation as
applications of fuzzy integrals. It i; attempted to express sub-
jectivity through fuzzy measures. The subjectivity of human being
in general is discussed in Section 5.2 and the subjectivity of in-

dividuals in Section 5.3.



Chapter 6 finds an inverse operation of fuzzy integrals by
which conditional fuzzy measures are defined, After Chapter 6, a
set X is assumed to be a locally compact Hausdorff space with the
second countability axiom. Conditional fuzzy measures correspond
to conditional probabilities.

Chapter 7 discusses two applications of conditional fuzzy
measures. One of them is a concrete application concerned with
fuzzy decision-making problems. The other is an application to
the representation of fuzzy systems. Here, the concept of fuzzy
disturbances corresponding to that of stochastic disturbances is
presented, and an expression of fuzzy systems is derived as in the

case of stochastic systems.



Chapter 2

FUZZY MEASURES

2.1 Definition of fuzzy measures

The measures discussed so far in the theory of Lebesgue
integrals or in probability theory are the set functions with
additivity. Here, extending the concept of the measures, we
consider "measures" as monotone set functions which are not
necessarily additive. The concept of "measures" discussed in
this'chapter can be summarized in three statements concerned with
grade of fuzziness. These statements are similar to the axioms
of probability theory. It should be noticed, however, that there
are essential differences between themn.

Now, let X be an arbitrary set and ¢ an empty set. Let X
denote an element of X and let A, B, etc. denote subsets of X.
{Fnll <n <}, a family of subsets of X, is written merely {Fn}.
If FlCF2C~.... CFnC_ .. 0x F,DF,D..... )Fnj...., then
{Fn} is called a monotone sequence,

We now enter the main argument. First, suppose that a person
picks up an element x out of X, but does not know which one he has
picked up. Next, suppose that he guesses if x belongs to a given
subset A, It is uncertain and fuzzy for him whether x € A or not.
His guess would become subjective when there axe few clues for
guessing.

Assume in general that a human being has a subjective quantity
called the grade of fuzziness measuring fuzziness such as stated

above.



Then our statements are described as fcllows:

(1) Grade of x€ ¢ = 0 and grade of XEX = 1.

(2) If A C B, then grade of x€A < grade of X€B.

The third statement concerned with continuity will be seen in the
definition of fuzzy measures.

By the term, "the grade of fuzziness", we imply the quantity
which depends heavily on human subjectivity. When one says that an
object is uncertain, we can consider two kinds of uncertainties.

One is uncertainty due to the lack of information and knowledge.
This uncertainty is an objective one which is characterized by the
nature of objects and the circumstance surrounding them. For in-
stance, the probability of the result of throwing a die is inde-
pendent of a subjectivity and dependent only on the nature of the
die and its circumstance. The other is the subjective uncertainty
due to human subjectivity: the niceness of a woman's face is af-
fected by a man's subjectivity besides her looks. The objective
uncertainty is called randomness and the subjective one fuzziness.

We reenter the main argument. The grade of x€ A is merely an
abstract example of the grade of fuzziness. As more concrete examples
we can consider "the grade of importance" or "the grade of charmnéss"
which is stated later in the applications. Though it may be adequate
for understandings of our statements that the grade of importance is
picked up, we do not mention it in this chapter.

Now, let us introduce fuzzy measures for expressing the grade

of fuzziness.



[Definition 2.1] ’3:, a monotone family of subsets of X, has the
next properties,
1) ¢, X e F.

2) 1If FnE’} and {Fn} is monotone, then lim F_€ F.

o)
[Definition 2.2] A set function g defined on ? which has the follow-
ing propert_ies is called a fuzzy measure.

1) g(¢) = 0 and g(X) = 1.

2) If A, B&€F and AC B, then g(A) < g(B).

3) If Fné'} and {Fn} is monotone, then lim g(Fn) = g(lim Fn) .
o e

Here, (1) means boundedness and non-negativity, (2) monotonicity,
and (3) continuity. The property (2) is the most important one and
.(3) is essential only when X is an infinite set.

In the above definition g{A) is the expression of grade of x¢A.

In general, let us interpret g(a) as a subjective. measure express;’xng
the grade of fuzziness of a set A. Of course, this does not necessarily
mean that A is a fuzzy set.

Though A exists objectively for any one, we regard it imaginarily
fuzzy since it is associated with subjectivity when a person guesses,
for instance, grade of x€ A. In probability theory, a set A is called
an event. But we do not use the terminoclogy "event" because we wish
to distinguish grade of fuzziness fro_m probability (grade of randomness).
We shall discuss in Section 3.4, the relation between the grade of
fuzziness of A and the grade of membership of x in a fuzzy set.

Now, an order can be introduced into a family of subsets of X by

g(*). It is, however, doubtful that human subjectivity is fine and



reasonable enough to arrange the all subsets of X in an order.
Therefore we restrict the application of grade of fuzziness to the
subsets which can be compared. The definition of ’} implies this
limitation. For instance, it is necessary that ¢ and X can be

compared by g and g(¢) < g(X) is satisfied.

[Definition 2.3] (X, '}) is called an F-measurable space or simply

a measurable space.
[Definition 2.4] (X, '}, g) is called a fuzzy measure space.

Here g is called a fuzzy measure of (X, F). When the domain
of g is evident, g is simply called a fuzzy measure of X.

In this paper, a Borel field B is mainly adopted as the domain
of g except in Section 3.4, because this enables us to broaden the
region of measurable functions defined in the next chapter. The quel

field B has the following properties.

1 ¢eRB-
2) If EeRB, then ES¢ B.

< ¥ .
3) IfE €8 for 1 <n <w, then ngl E €8

B satisfies the all properties of ’3, since it follows from these

that X €3 and if FneQ and {Fn} is monotone, then 1lim F € 3.
n->o

Now, additivity is the most important property among the proper-
ties of ordinary measures. It is, however, doubtful that an indi-
vidual uses a "measure" with additivity when he subjectively measures

fuzziness., Though a reasonable man is imagined in the theory of

10



subjective probabilities, it would be more realistic to assume that
an actual man has no additive measure, because his behaviours are
often contradictory to the assumptidn that he uses an additive
measure in evaluating things. As will be seen in the example of
applications in Chapter 7.1, the identified fuzzy measure, which is
interpreted as the grade of importance subject to a person, does not
satisfy the condition of additivity.

Monotonicity is a very natural assumption on the subjective
judgements of an actual man, while additivity is a restrictive one.
In.many applications, we can easily accept that if A C B, then grade
of x€A < grade of x €B. However in some applications, it is not
surprising that there exists a man who regards grade of x€A >
grade of x €B. Note that if there holds grade of x€&€A > grade of
xe¢ B for all A and B such as A C B, then it brings no difficulty to
our discussions. Because, by defining g(A) = 1 - grade of x€A4,
we obtain g(A) < g(B).

Further if our statements are adopted for the conditions satis-
fied by a man's subjective measure, it would be pointed out that the
interpretation of subjective measures becomes rather free in com-
parison with probabilities, It is wvery difficult to explaiﬁ, for
instance, the grade of charmness in terms of probabilities, which

will be discussed in Section 7.2.

[Proposition 2.1] Let g be a fuzzy measure of (X, ). It follows
that if E, E'€ ¥ , then
1) g(EVE') > g(E)V g(E") (2.1)

2) g(ENE') > g(EY\ g(E'). (2.2)

11



Hexe 1) or 2) is also a sufficient condition for monotonicity

of a set function g on 8.

[Definition 2.5] If g(EUE') = g(E) V g(E') for all E, E'€ B,

then g is said to be F-additive.
Let us next show a few examples of fuzzy measures.

{Example 1] We have shown the concept of grade of x€A at the be-
ginning of this chapter. Here, let us assume that a person actually
knows which x he has picked up. Let this x be xo. Then it follows
that the grade of xce A is equal to 1 if xoe A and equal to 0 if
x0§ A. Define g(x,, A) = X, (x,) where X, is the characteristic
function of A. It is clear that g(xo, «) has the properties of a
fuzzy measure.

[Example 2] Let h:X = [0,1] and define ¥(A) = sup h(x). Then it
follows that if A C B, then Y¥(A) < ¥(B). Here Wx;;:isfies the con;
ditions of fuzzy measures under the proper assumptions on h. (This

type of monotone set functions is seen in [13].) Note: ¥(+) is

F-additive.

[Example 3] ILet (X, {8, P) be a probability space. The probability
measure P has the following properties.
1) 0 < P(E) <1 for all E€]®, particularly, P(X) = 1.

=] o

2) IfE € for 1<n<wand ENE, = ¢ for i ¥ j, then P(|J E )= I P(E).
n - 1 3 n=1 n n=1 n

It follows from these that if A (. B, then P(A) < P(B). Here P is one

of fuzzy measures since P(¢) = 0 and continuity are derived from 2).

12



As is seen in Example 3, we obtain a fuzzy measure by loosing
the properties of a probability measure. Therefore a fuzzy measure

may be regarded as the extended Lebesgue measure.

2.2 Construction of fuzzy measures

In order to execute fuzzy integrals later defined in Section 3.1
on (X, Es, g), the values of g must be given over the whole domain of
g. By the.way, since g has monotonicity, it is necessary that this
property is satisfied for all the members of {8 without contradictions.
Let us assume that a finite set K with n members is taken as X and the
power set ZK as &3. The number of monotone sequences of subsets in 2K
is n!. So it is almost impossible to determine g for each of them,

In this chapter let us determine g for one monotone sequence and
construct a rule by which g is defined for all other members of EB.
This leads us to the problem of how g(EUE'} should be constructed by
g(E) and g(E') where E, E‘GBand ENE' = &,

That is, we wish to determine f when g(EUE') is written as follows.
g(EUE') = £(g(E), g(E')) where ENE' = ¢. (2.3)
Now let us define the function £ by
f(x, ¥y} = x + ¥y + Axy where -1 < A < =, (2.4)
Using the function f, the second condition of fuzzy measures ink

Definition 2.2 can be replaced by Eq. (2.3).

[Definition 2.6] A set function Y(+) having the next properties. is
written gA(').

1) 0 <y(E) <1 for E 68 and particularly ¥(X) = 1.

13



2) IfE, E'€d and ENE' = ¢, then
Y(EVUE') = y(E) + YP(E') + ApE)P(E'), -1 < ) < «». (2.5)
3) IfF € B for 1 <n < = and {F_ } is monotone, then

lim @(F ) = y(lim F ).
n->e0 n o 1

‘(This type of set functions is also seen in [15], in which A is set to

-1.)

[Proposition 2.2] gx(-) satisfies the conditions of the fuzzy measures.
(Proof) Let E = X and E' = ¢. Then we obtain y(¢) = O from the second
condition. Monotonicity of gk(-) is obtained from 1) and 2).

(Q.E.D.)

Now we have the problem of finding f by which a fuzzy measure is

constructed. The answer to this problem will be seen in Appendix A.

[Proposition 2.3]

g, (F") = g, (F)

g}\(Fl -F) = 1 ¥ AgA(F) " where FC F°'. ‘ (2.6)
l-g (F)
Cy _ A :
9, (F7) = 1% xg, () (2.7)
s (U E) =L (1 (1 + ag, (E,)) = 1]
A o T A
where EiF\Ej =¢ for i1 # j. (2.8)

(Proof) Egs. (2.6) and (2.7) are easy to prove. So let us prove

Eq. (2.8).

14



From the second condition of gx, it follows that

n 1 n :
,g)\('U E)) =7 [.H (1 + XgA(Ei)) - 1]. (2.9)
i=1 i=1
n .
Define Fn = \J E,. Then {Fn} becomes a monotone sequence. From
T S
continuity of gy+ Eq. (2.8) is obtained. (Q.E.D.)

If ve allow A = -1 in Definition 2.6, then we have g, (F%) = 1
for any F.G ES and gx((Fc)c) # gA(F). Therefore it is necessary to
assume A > -1 if we wish to define g, (F ).

If A = 0, then gA becomes equal to a probability measure. 1In
practice, we can derive go( C} Ei) = ? gO(Ei) from Eq. (2.8).

i=1 i=1

Expanding the right-hand side of Eq. (2.9) into power series of A,

we have
n n 2
I (L+XAg(E,)) =1+ AL g(E,) + 0(x%).
. i . i
i=1 i=1
n n
From this we obtain lim g.( X Ei) = Z gO(Ei). Putting n = @,

»o A i=1 i=1

complete additivity is obtained, which can be, of course, derived

directly from Definition 2.6.

Assume EMNE' = ¢ in general. Then we have
g)\(EUE‘) _>_g>\(E) + g)\(E') for A > O, (2.10)
gX(E\JE') < gA(E) + gA(E') for A < 0. {(2.11)

Therefore, in addition to the simplicity of the rule of construction,
9y varies its characteristics by the parameter A. For this reason,
g, may be used for an approximate expression of other arbitrary fuzzy

o - _C
measures. Now, a probability measure P separates E and E  at 0.5

15



if P(E) > 0.5, then P(Ec) < 0.5; on the other hand, 9 separates E and

EC at (=1 + Y1 + A)/A, which can be easily derived from Eq. (2.7).

[Proposition 2.4}
1) 1If gA(E) - 0, then gA(A) = gA(ALJE) for any AC 8.
2) If AC B and gA(A) = g}‘(B), then gA(B - a) = 0.
3y 1If gA(En) = 0 for 1 < n < », then gk(tj} Bn) = Q.
n=1

The above properties will be used in Chapter 6. Note that these
properties are not always satisfied by an arbitrary fuzzy measure; a
fuzzy measure which is F-additive does not satisfy the property 2).
Next, restricting our discussions to Rl, we will show a concrete method

for constructing gA on the Borel field ES of Rl: minimum g~field con-

sisted of closed sets in Rl.

[Definition 2.7] A function with the following properties on Rl is
called an F-distribution function.
1) 0 < H(x) <1 for x€Rr.

2) If x <y, then H(x) < H(y).

3)  lim H(x) = H(a).
x>+a+0
4) 1lim H(x) = O.

X->=0
5) 1lim H(x) = 1.

K400

H(x) has the same properties as the distribution function of a
probability measure. Using this H, for a half open interval (a,b]E-G3,

let us construct 9y

le



[Definition 2.8] A set function Y (*) is defined for (a,b] as.

follows.

H(b) - H(a)

1 + AH(a) where -1 < A < w, (2.12)

v((a,b]) =

[Proposition 2.5] ¢ (+) satisfies the properties of g, on ES.
(Proof) It suffices to prove that the second property is satisfied.

We can easily obtain that for a < b < ¢,

H(c) = H(a) _ H(b) - H(a) + H(c) - H(b) + }\'H(b) - H(a)  H(c) - H(b)

1 + AH(a) 1 + AH(a) 1 + AH(b) 1 + AH(a) 1 + A (b)

{Q.E.D.)

[Proposition 2.6] Let 9y be a fuzzy measure of (Rl, EB). Then there
exists an open set O such that A C O and gx(o - A) < e for any € > 0
and for any A €8.

(Proof) It suffices to prove the case in which A = (a,bl.

Let O = (a, b(1 + &0). Then it follows that O D 0,12 ++-» DA and
lim On = A. From continuity of g, we obtain lim g}\(on - a) = 0.
e e

(Q.E.D.)

Proposition 2.6 will be also used in Chapter 6.

Thus, starting from H, we can define a fuzzy measure g, over all
members of E} without contradictions. To give H(x) implies to give gk
for a monotone sequence of intervals (-«,x] as gk((~m,x}) = H(x). Our

purpose stated at the beginning of this section has been now accomplished.
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Chapter 3

FUZZY INTEGRALS

3.1 Definition of fuzzy integrals

In this section, fuzzy integrals are defined by using fuzzy measures
shown in Definition 2.2. First, let us consider the fuzzy measures of
the F-measurable space (X, 2%) first and the fuzzy measures of x,F )

and (X, B)  later.

[Definition 3.1] Given a function h : X + [0,1], a fuzzy integral over

A in (X, 2x) is defined as follows.

;gA h(x) o g{(+) = sup [inf h(x) A g(ANF)] _ (3.1)
v Fe2X x¢F '

where g is a fuzzy measure of (X, 2X).

In the above definition, the symbol ;g is an integral with a small

bar and also shows a symbol of the letter f. The small circle is the

symbol of the composition used in the fuzzy sets theory.

[Theorem 3.1] A fuzzy integral can be expressed in the following form.

§A hi{x) ¢ g(s) = sup la A g(A(‘\Fa)], (3.2)
o €[0,1]

where F = {x|h(x) > al}.

(Proof) Let op = inf h(x). Then there holds
XeF

sup [ inf h(x) A g(ANF)] < sup {OLF A g(An{xlh > O‘F})}
Fe2X xeF Fe2X

since {xlh > aF}:)EK Further we obtain

i8



sup lop, Ag@Nn{xfh > o D1 < sup [0 Ag@ANF)]
Fe2X - \ o €[0,1]

since {aFlFG 2x} C [0,11. From a < inf h(x) follows the inequality
XEP
o

.sup [0 ANg(AaNF )] < sup [ inf h(x) A g(A(\Fa)].
a€ [0,1] ¢ a€l0,1] xE€F

Now, it is valid that 2* D {F_|a €[0,11}. From this, it follows that

sup [ inf h(x) A g(ANF)] > sup [ inf hi{x) A g&aNF )].
Fe2X x¢F ; a€[0,1] xeF_ @

Thus Eq. (3.2) is derived. (Q.E.D.)

According to Theorem 3.1, it is not necessary to take 2% for the
doxﬁain of g. We can merely take a family of sets including a monotone
sequence {Falcx €[0,1]} of subsets. Hence, we define fuzzy integrals
in the fuzzy measure space (X, ?, g) by Eq. (3.2). Now let us discuss

the concept of measurability.

[Definition 3.2] A subset E of X is called an '}-»measurable set, if

EcF.

[Definition 3.3] Let h : X =+ [0,1]. A function h is said to be F-

measurable or merely measurable, if {x|h(x) > a} ﬁ? for any a €[0,1].

The fuzzy integral of h over X can be defined according to Theorem
3.1, if F, = {x]h(x) > o} 6’5. If we consider a monotone decreasing

sequence F_ = {x|h > a(1 - i—)}& "F, then we have F = ;Lliﬁ F € F. ana

so {x|h > al} € ‘} can be used as the definition of measurability instead of

{x|h > a}€ F. Firthermore, it is sufficient that {x|h > r}ég holds for
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any rational number r ¢ [0,1).

Corresponding to the monotonicity of a fuzzy measure g, monotone
sequences will be discussed mainly in this paper. Generally, the con-
dition Ar\{xlh > a}e'} is necessary in order that the fuzzy integral
of a function h over A X may be defined. To avoid this difficulty
and to broaden the region of measurable functions, hereafter, we adopt
a Borel field B for the domain of fuzzy measures.

The definition of measurability of functions is the same as in the
theory of Lebesgue integrals, in which it is necessary for the defini-
tion of integrals that {xlh = a} is measurable for a € (~w, o), It is
easily shown that {x|h > a} €8 is equivalent to {x|h = a}e {B.

Hereafter, we assume that all functions discussed in this paper,

including constants, have the range [0,l1]. For simplification, we write
a fuzzy integral as fA h o g(*) or §A h o g. In the case of & = X, we

write it briefly as f h ¢ g. Further we will denote sup by sup.
oe [0,1] o

[Proposition 3.1] If h and h' are (B -measurable, then hV h' and h A h'

are B ~measurable.

(Proposition 3.2] Denote 1 - h by h®. If h is B ~measurable, then h°

is also B -measurable.

[Proposition 3.3] If {hn} is a monotone sequence of B*measurable func~

tions, then lim h is B-measurable.
N> n )
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[Proposition’3.4] Let a& [0,1]1 , then

§aog(o)=a._ (3.3)

[Theorem 3.2] If h < h', then there holds

JCh o gls) < th' o gls). (3.4)

(Proof) Define Fa = {x[h > a} and Fa' = {xlh' > a}. Then there follows

F C Fa' for all a €[0,1] since h < h'. The inequality is obtained by
a =

using Theorem 3.1. {Q.E.D.)
[Lemmal

§(hl\/ h2) °g_>_)(hl°g\/5-h2°g (3.5)

J}(hlAhz)ogi§hlogA§h2°g (3.6)
In Eq. (3.5), equality holds when g is F-additive.
[Proposition 3.5]

g(F) = ;XF(X) o g(e) (3.7)

[Theorem 3.3]

5—2\ h(x) o g(+) = §[XA(X) AN h(x)] o g() ’(3.8)

(Proof) Define F = {x|h(x) > o} and E,6 = {x[xA(x) A h(x) > a}. It
suffices to prove Af\FQ = Ea for any a€ [0,1].

Assume ¢ # 0, If xe AnFa, then xéEa. From this follows A(\Fa
C Ea' The reverse A{\FQD Ea is also true. Therefore we obtain A(\Fu
= Ecx for any a€ (0,1]. If a = 0, then a A g(A(\Fa) = a A g(Ea).

(Q.E.D.)
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{Theorem 3.4] If A B, then there holds

§Ahogf_5Bhog. (3.9)

(Proof) This inequality can be easily obtained from Theorems 3.2 and

3e3 | ‘ (Q.E.D.)
[Lemma]
§'AuBhogi§AhogV§Bhog ' ' (3.10)
§Ansh°gi§Ah;91\§Bhoq (3.11)

In Eq. (3.10), equality holds when g is F-additive.

[Corollary 3.1]

If
sm» ta/\g(Fa)] < sup [a/\g(Fa)L
a € [0,a] o€ (a,1]
then
sup [Ot/\g(Fa)] = a.
a €[0,a]
(Proof) There holds sup [a/\g(Fa)] < a for an arbitrary a. Now let
o €[0,a]
us assume sup [a/\g(Fa)] # a and state that this leads to a contra-
a € (0,al

diction. The inequality q‘(Fa) < a is valid from the above assumption,

since g(Fa) decreases as o increases. We obtain

sup [oc/\g(Fa)] > sué g(Fa)
a € [0,a] o€ (a,l]

from

sup [aAg(F )] > aANg(F_ ) and g(F)) > sup g(F ).
o € [0,al ¢ @ @ a €(a,l] @
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On the other hand, we obtain

sup g(Fa) = sup fa A g(Fa)]
a&(a:l] (XE(a;l] o
from
a>g(F) > sup g(F ).
a Tsela,1] @
Thus

sup [o A g(Fa)] > sup . [a N g(Fa)]
ael0,al a&(a,l]

is derived and this contradicts our assumption in the statement of the

corollary. (Q.E.D.)

[Theorem 3.5] Let a€ [0,1]. Then there hold

1) S(avm o g(+) av% o g(+), (3.12)

2) &(a/\h) o g(+) aA&h o g(+). (3.13)

(Proof) Let F_ = {x|h > a}, G, = {x|]a h > a} and H = {x|]a h > al}.

(i) We can write

-E(th) o g(s) = sup [al\g(Ga)]V sup [oul\g(Gu)].
Ge[cla} Gé(a:l]
If
sup laAg(G )] > supr  [aNg(G))],
o € [0,al o € (a,l]
then

%(an o g{+) = sup [ahgwyl.
o €[0,a]
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This equals to g a o g since Ga = X for o €[0,a].

We obtain f(a\/h) °o g = fa °o g V&h o g frbm Lemma of Theorem 3.2.
Next assume

sup [aAg(Gé)] < sup [a/\g(Ga)l,
a€ [0,a] a & (a,ll]

then we obtain

g(th) ° g = sup [on/\g(Ga)],

a€ (a,l]
since sup {a/\g(Ga)] = a follows from Corollary 3.1.
ael0,a]
Now consider
:S:h o g =  sup [aAg(Fa)]\/ sup [aAg(Fa)].
o € [0,a] o€ (a,ll

Since sup [oAg(F )] <aand F =G for a & (a,ll,
o'l - o o
o €[0,al

we obtain

§h°g= }(th) o g.

Thus Eq. (3.12) holds in this case.

(ii) We have, analogously, Ha = for o > a and Ha = Fa for a < a.
From this we obtain

g(a!\h) s g = sup {a/\g(f’a)l < a.
GG [Olal ;

Now we can write

%h °o g =  Ssup [a/\g(Fa)]V sup [a/\g(Fa)].
a&l0,al o€ {a,ll :
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There follows

-g(al\h) o g = a/\gh o g,
since ‘
§(al\h)°q=§hog
holds, if
sup [a)\g(Fa)l > swp o /\gﬂ(Fa)]‘..
a €[0,a] o€ (a,ll
Next, if

sup [a I\g(Fd)] <  sup [a I\g(Fa)],
a €[0,a] a € (a,l]

then  sup [al\g(Fa)] = a is obtained from Corollary 3.1.
o & [0,a]

So we have
§h0g>aand §(al\h) o g = a.
Thus §(al\ h) o g =Aa]\§h o g is concluded. (Q.E.D.)

[Theorem 3.6] If {hn} is a monotone sequence oOf B -measurable func-

tions, then

lim§hn o g = glim hn ° g. (3.14)

n-orw o

(Proof) Let us define FZ {x‘hn > a}, which is monotone with n.

There holds g({x|lim b, > al) = lim g(F") from the continuity of g.
n-»o n-o o

Hence holds Eg. (3.14). (Q.E.D.)
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[Theorem 3.7]  If {hi} is a monotone decreasing (increasing) sequence

of B -measurable functions and {ai} is a monotone increasing ({(decreas-
[+

ing) sequence of real numbers, then AV} [ai/\ hi] is also @ -measurable
i=1

and there holds

5» [iyl (aif\hi)l o g = i\=/1 [ai/\§h;’. ° gl. (3.15)

-

(Proof) First, let us prove Eg. (3.15) by replacing « by n. The

equality is valid from 2) of Theorem 3.5 whenn =1, so let n = 2.

Define Ea = {xlal/\ hl > a}, Foc = {xfazl\ h2 > a} and Ga =

2
{xli\=/1 (ai/\ hi) > a}. It is valid that allx hl and azf\h2 are B-—

measurable. We have Ea =F =¢ if o > a

= i p >
o o Ea. ¢ if a, 2 o a e

i > =
and EaD Fa from h}. > h, if a, > a. So Ga( EaUFa) equals ¢, Fa’

2 1
2
and Eor.’ respectively. Therefore V [ai;\hi} is B-measurable.
i=1
Now we have
2 .
f [V (g Abj)leg= sup [aAg(E)IV  sup lang(F )]
i=1 a €[0,a;] o€ (al,azl

and
&(all\hl) o g Vg(azl\hz) o g =

sup [aA g(Ea)] V  sup [otl\g(Fa)]\/ sup [aAg(Fa)l-
o€ [O,al} o€ {O,al] o e(al,az}

Since Ea:) Fa‘ for o € [O,al] , there holds

2
gi\/ (aif\hi)] o g = :g(all\hl) o g\/g(azt\hz) ° g.

i=1
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The proof is omitted for n > 3. Thus Eg. (3.15) holds for a finite n.

n

Now, let kn = \/ (aiAln). Then kn becomes a monotone sequence. We
n=1

obtain Eg. (3.15) by using Theorem 3.6. {Q.E.D.)

[Lemma] If {ha(x)} is monotone with respect to a¢ [0,1], then
ﬁgw{uM%mHag=5@£aA%EM)°@. (3.16)
o a
[Proposition 3.6] (Zadeh [9]) Define F_ = {x|h(x) > a}. Then there
holds

h(x) = sup {a/\xF (x)1. (3.17)
a o

Here xn (x) is a specific form of ha(x) in the above Lemna.
o

From Lemma of Theorem 3.7 and Proposition 3.6, we have

%h(x) °og

I

5sup (oA Xg (x)) o g
[+ [+

sup [0tl\gxF (x) o gl
o o )

#

sup [a/\g(Fa) 1.
o

The last term is obtained directly from Theorem 3.1l. As can be seen in
Lemma of Theorem 3.2, sup and f: are not always commutative. In general,

there holds the next theorem.

[(Theorem 3.8] Let h : X x A » [0,1] and let h{(x, a) be aGS ~measurable

function of x for an arbitrary parameter a€ A. Then there hold
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ac€ai aeaA

inf h(x, a) o g. (3.19)

1) sup 'S'h(x,.fa) o g < 5sup hix, a) o g, (3.18)
25
aeh

2) inf §h(x, a) o g
a€a

(Proof) Define Fa(a) = {xlh(x, a) > o} and f‘a = {x!sup h(x, a) > al.
aea

Since F‘aj Fa(a) for any a€ A, we obtain sup [a/\g(Fa(a)] < sup [a/\g(f‘a)] .
- _ o o

Therefore the first inequality holds. The next one is similarly obtained.

(0.E.D.)
Theorem 3.8 implies the generalization of Lemma of Theorem 3.2.

[Corollary 3.2] Let F_ = {x|h > a}. Then lim g(F,) = g(éa)
o'»a-0

forO<o:._<_l.

(Proof) Let F_ = {x|]h > a(1 - ;J;-)}, then it holds that {Fn} is monoto-

[+

nously decreasing and () Fn = Fa' From continuity of g follows
n=1

lim g(F_) = g(F ). This implies that 1lim g(F_,) = g(F ).
n a a o
n-»o o'-»0-0 .

(0.E.D.)

Now, let us denote 1lim F_, by FOL-O and lim F , by F +0° It
o'-»o-0 o'»a+0 o

is wvalid that Foc-O = Fa and Fa+0 = {xlh > ot.

[Theorem 3.9] There holds §A h o g=Mif and only if g(AﬂFM) > M

> g(BNF, ) -

+0

(Proof) Sufficiency is obvious. To prove necessity, assume -gA h o g=M
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We can write

&A hoegs= sup [aAg(aNF Y1V sup fang(ANF )]
o € [0,M] * aem1) ¢

F = {x|h(x) > a}.
From Corollary 3.1 follows

M= sup la Ag(ANF )1,
o € [0,M] ¢

if

sup [0Ag(ANF )] < sup [aAg(aANF ).
o € [0,M) ¢ a € (M,1]

This contradicts the assumption since we have fA h o g > M. Therefore,

it is necessary that

sup laAg(ANF )] > sup [aAg(ANF )].
a € [0,M) « o e (M,1] o

From the assumption, there must holds

M= sup laAg(ANF )].
o €[0,M] *
Thus.we obtain g(ANF,) > M. It is valid that M > g(AT\Fm+O).
(Q.E.D.)
[Lemma] Let E = {x|h > a}, then there holds
§A h o g(s) =sup [aAg(ANE )]. (3.20)
o

(Proof} In the same way as in the proof of Theorem 3.9, it can be

easily proved that if M = sup [oa/\g(A’ﬂEa)] , then there holds
o
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g(E ) > M > g(EM)v. There follows clearly FM = E and F 0= E .

M-0 M+0 M

From this we obtain g(FM) > M > g(F

M+o) + Hence holds SA h o g= M

(Q.E.D.)

3.2 Comparison of fuzzy and Lebesgue integrals

The fuzzy integrals defined in the preceding section are very
similar to the Lebesgue integrals at their definition. We shall make
it clear in this section.

Now, let h(x) be a simple function such that

n
hix) = I a,x, (x) (3.21)
i=1 P ,
n
where X = ii]_ Ei’ EJ._GB , and Eif\Ej = ¢ (i # J,)'

In the measure space (X, B , u), the Lebesgue integral of h over A is

defined as

n
jA hdy = ii]_ aiu(Af\Ei) . (3.22) .

The value of integration is independent of the expression at the right-
hand side of Eqg. (3.21). Here let us assume O Lo, <21 (1 <i <n) and

o 2y < eees 2 a - Then we have the next corollary.

[(Corollary 3.3] Let Fi = Ei + Ei+1 + .. + En (L <i<n). Then a

simple function can be also written as

n
hix) = V. lo;Axp (®)], (3.23)
i=1 i
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and two expressions are identical.
(Proof) Let us define hl by Egq. (3.21) and h2 by Egq. (3.23). If x¢ Ej’

then hl(x) = Otj and x € Fj’ XQFj_'_l since Ej = Fj - Fj+l" Further we

have x€F, for i < j and x&Fi for i > j since {Fj} monotonously

) J
decreases as Jj increases. From this follows h2(x) =\ o, = OLj.
i=1

Thus h, = h (Q.E.D.)

1 2°
The generalization of Eg. (3.23) is seen in Proposition 3.6.

Hereafter, assuming

0<a, <a

1

and‘
F, D sz ’)Fn,

we will use Eq. (3.23) as the expression of simple functions.

[Theorem 3.10] With respect to a simple function h on X, there holds

n R
fA h o g(+) = i\=/l [ail\g(AnFi)], F, =X (3.24)

and the value of the right side is uniquely determined independent of
the expressions of h.

(Proof) We have Fi - {xlh > ai}, since {ai} is monotonously increasing
and {Fi} decreasing. Now let us define i' by the émallest j satisfying
a, = Ol.i. There follows clearly Fi' - {xlh > OLi}, and FOL = {xlh > al

3

. When or.i, >a >0 Regarding i' as a function of i, we obtain

-

it-1°

31



n
sup [oc/\g(Af\Fa)] = \V oo A gANF, )T
a€ [0,1] i=1 ]

Since

Oy =0y and g(A(\Fi,) z_g(Af\Fi),

there follows

n n
V lo  AgRNF )1 > Vo [o AgANF)].
i=1 i=1

On the contrary, the reverse inequality holds always. Let us turn now
to the proof of the latter half. To do this, let us assume that there

are two different expressions of h such as

n :
.V [a; A XF.(X)]
i=1 i
and
m
L}
.V e i/\ Xpr (x)1.
i=1 i
Let
n
e, ANg(ANF)) = .V e, Ng(ANF)].
i=1
Then there must be at least one a‘i such that a'i = az from the as=-
sumption on ai and a'i. So let k be the smallest i. From o, = a'k and

F2C:‘F.k which is'valid by the properties of h, we have
[ ] ]
o, AG(ANF,) < a', NGANF').

Thus
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n m
'\=/1 la,Ng@ANF )] = il{ (@' AgAF' )],

The reverse ineguality is also valid. {Q.E.D.)

In Theorem 3.10 we can assume that @) 20y 2 cene 2 Q) and
F C F2C - F_. As concerns an arbitrary function h, taking a

monotone sequence {hn} of simple functions such that lim hn = h, we
nre

obtain 5-h °o g = 1lim §hn o g from Theorem 3.6. We can prove, as
n-re

in the Lebesgue integral, that the value of lim -g hn o g is unique for
>

any sequence {hn} which converges to the same function, but we omit
this proof. This fact enables us to define the fuzzy integrals by
Eg. (3.24). The similarity of Lebesqgue and fuzzy integrals is clarified
by comparing Eq. (3.21) with Eg. (3.23) and Eg. (3.22) with Eq. (3.24),
respectively.

Let us next try a quantitative comparison. Let h be a B -measurable
function. Then we can define both integrals, fuzzy and Lebesgue, with -

respect to a probability measure P, and obtain the following inequality.

[Theorem 3.11] Let (X, B, P) be a probability space and h : X » [0,1]

be a @-measurable function. Then there holds
| h(x) ap - hoP(e)| < L : (3.25)
X X -4 )

(Proof) Let suph = sup h(x), infh = inf h(x), and P, = {x|h > a}.
xeX X€X

There holds
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S_xhdp = Sx«-r-‘ h dp -+ SF h &p-
: O [+

SX—F o 4P + SF' suph 4P
o o

S

i

oaP{(X -~ F ) + suph P(F ).
o o

Taking into account that

P(X~-F ) =1~ P(F),
a a

we obtain

SX hdp <all - P(Fu)) + suph P(Fa) for all o€ [0,1]
Assunme

fonoenn
and let

o> M+ 0.

Then, using Theorem 3.9, we obtain
S X h dP ~ S-x h o P < (suph - M)P(FM+0)
4_5‘(suph - P(FM+O))P(FM+O)'

Analogously we have

j-x h gp > infh(1 - P(Fu)) + aP(Fu)'

Let
a -+ M-0,

then there follows
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S X h dp - g:x heP 3_-(P(FM) - infh) (1 - P(FM)).

From these, we obtain

_1 = infh, 2 _ suph, 2
() = jx h dp gx hoP < ()7 (Q.E.D.)

Since the operations of fuzzy integrals include only comparisons
of grades,. Theorem 3.11 implies that using only V and A\ , we can ob~
tain a value different by at most 1/4 from a probabilistic expectation
obtained from an additive measure.

In this paper, a fuzzy integral is also called a fuzzy expectation
in the sense of comparing it with a probabilistic expectation.

As can be clarified from the preceding discussions, the essential
difference between a probabilistic quantity and a fuzzy one is that
the former has additivity while the latter has only monotonicity.
Therefore we can grasp indirectly the meaning of difference between
"randomness" and "fuzziness" through the difference between a prob-
ability measure P and a fuzzy measure g.

Now again, let us consider the difference between ordinary integrals
and fuzzy ones. As is well known, the essential property of ordinary
integrals is additivity stating that the area of a figure consisting of
a triangle and a square equals the area of é triangle added by that of
the square. Apart from visual figures such as a triangle or a square,
let us consider what an "area" is. An area in a mathematically abst~
racted world is something with additivity hidden behind our objects.
This "area" can be measured by means of integrals which are constructed
by measures with additivity. Thus we can state that measures with addi-

tivity are used to measure quantities with additivity and also suitable
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for this purpose.

Now let us assume that our objects have not additivity but at least
monotonicity. By what means can such objects be measured? Of course it
may be possible that we measure those by the ordinary measures. But
their additivity does not seem to suit the objects which have no addi-
tivity. The fuzzy measures introduced in this chapter have monotonicity
but not always additivity. Is it not expected that fuzzy measures are
more suitable than ordinary ones to measure the objects with only mono-
tonicity?

Our remaining problem is how we can reach the concept of integrals
by using fuzzy measures. The fuzzy integral defined here is one which
meets our purpose. However, it should be noted that a fuzzy integral is
merely one of the functionals defined by using a fuzzy measure. Of
course, we will be able to define a functional in another way.

Additivity is generally a restrictive condition, particularly, in
dealing with fuzzy objects or events. From the viewpoint of mathematics,
fuzzy integrals have some fuzziness because additivity 'is removed from

the properties of measures.

3.3 Fuzzy product measures and fuzzy double integrals

In this section, we discuss fuzzy integrals over the product space
X x Y. We adopt ?} shown at Definition 2.1 as the domain of fuzzy
measures. Given fuzzy measure spaces (§' ?}X’ gx) and (Y, ?Fy' gY), let

us compose a fuzzy measure on X x Y from Iy and Iy in the following way.
o

[Definition 3.4] Let H = \J [Ei x Fi] be a subset of Z = X x Y such
i=1

E, i i i ’
that {Ei] lé ?}X} is a monotone increasing sequence and {FiiFie Efy} a
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monotone decreasing one. Define a monotone family ?}z by subsets

as written H.

In the above definition, we can take a monotone decreasing sequence

as {Ei} and a monotone increasing one as {Fi}.

[Proposition 3.7] We have

1) ¢e'}z and Z&?z,

2) If Hn&'EFZ and {Hn} is monotone, then iiz Hne E}Z'

[Definition 3.5] 1In (2, ?;29' we call 9, =9 ¥ gy @ fuzzy product

measure, which is defined in the following way.

o« o«

For B = U [E; x F;], g,(H) = _\/ (g (B Ng (FOT. (3.26)
i=1 i=]
Here it must be proved that gZ(H) is independent of such expres-
sions of H. But we omit it because we can prove it in an analogous.
way as in Theorem 3.10. Now given h{(z) = h{(x, y) defined on Z, we

have, as fuzzy couble integrals,

)(Y £y nte 11 o g g

and

](x [—gY h(x, y) o gY] o gy-
Generally both values are not equal. We will now find the conditions
which enable us to change the order of integration.

First let us define a subset of X as a function of y by Ely)

= {x!(x, v)€ H} where HC X x Y. Similarly define F(x) =7{y{(x, Y)E H}.
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[Corollary 3.4] Ifiié?}z, then there hold

1) EWE F, Fx)€F,

2) gX(E(y)) is ?;Y~measurable as a function of y and gY(F(x)) is

?Fx—measurable as a function of x,

§ g (E(y)) o Iy

3 g =, 9y

gx 9, (F(x)) o . (3.27)

{(Proof) Aan arbit‘raryA HE?Z can be expressed, using Eie ?X and

Fie ?}Y (1<i<w), as in Eq. (3.26) or as a limit of such a monotone

sequence.
First let
(]
H = .k) [E, x F,].
=]
Since

(F, - Fi+l)r\(Fj - Fj+l) = ¢ for i#j,

H can be rewritten as

oo

H= 1% EiX(Fi - F,

).
+
i=1 il

(i) If yeF - F_ ., then E(y) = E_€ F,, which holds for all yeY

since lim En& E}X' Analogously we will have F(x)€ ?FY for all
no>w
%X € X.

(ii) From the properties of H follows'Fn(; {yvleE)D En}.

From (i), E{y) is E;X—measurable and, hence, gl(E(Y)) can be defined.

Using the monotonicity of gys We have
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FoC{vlog@EW) > gu () ).
Taking into account that
PR
9y (B1) < 9y (By) < ..., S (E)
and
F.D F,D «ene DF,
we obtain

F oo = {y|g9g (E()) > gy(E )}
where n' denotes the smallest m such that gX(Em) = gX(En). Thus
gX(E(y)) is EFY-measurable as a function of y since Fn,e'EFY for all

n. It is true also for gY(F(x)) but in this case
> > e 2
9y (F1) 2 gy (F,) 2 __gY<Fn)
and

ElC_ EZC ... E_.

n

iii)‘ Using the results of Theorem 3.10, we have

fY 9y (E(y)) ° g, = \V) log (E) NG, (F T,

i=1
which is equal to gZ(H). We can prove in an analogous way that gZ(H)
= §-X gy{F(x)) ° gx. If there further exists a monotone sequence {Hn}
as assumed at the beginning and lim Hn = H, then En(y) and Fn(x) are

n-roo

also monotone for n. Hence 1) and 2) are valid.

Concerning 3), taking into account that

g, () = )(Y 9 (B (1)) o 9y,
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we obtain that

lim g_(H ) 5— limg (E (y)) o g =§ g, (E(y)) o g,.
oo Z 'n Y oo X .n_ Y Y "X Y
(Q.E.D.)
[Proposition 3.8] 9, = 9y X 9y is a fuzzy measure on (Z, ?Z) .

In accordance with Proposition 3.8, we can consider the fuzzy
integral of h(z) givenon 2. The next theorem is proved by using

Corollary 3.4 and Lermma of Theorem 3.7.

[Theorem 3.12] If h{(z) = h{x, y) is an 3- -measurable function, then

Z
gz h{z) o gz(') fx [fY hix, y) o gyl o gx

:&Y _[JCX hix, v) o gx} ° gy- {(3.28)

(.Proof) We will conduct the proof in two stages.
(i) If h(z) = XH(z) is }Z—measw&le, then He 5(—2. From Corollaxy

3.4 follows F(x)& }Y. Hence

53{ Xg(xs ¥) o gy = S:Y Xp(x) (¥) © 9y

gY(F(X)).

H]

Since gy(F(x)) is }x-measurable as a function of x, we can define a

fuzzy integral with respect to Iy Consequently we obtain

gz(E) = §X gY(F(x)) N Iy

The equality for the latter half of Eqg. (3.28) may be proved similarly.

(ii) According to proposition 3.6, let us write h(z) as h(z) = sup [a /\)(H (z).
o o
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where H, = {z|h(z) > a}. Define F (x) = {y|(x, y)€H,}. If h(z) is
?Z-—measurable, then Hae?z for all a € {0,1]. From (i) above it

follows that

9, (H ) = fx 9y (F_ (x)) o gy

We obtain, using Lemma of Theorem 3.7,

sup [aA P (Hu) ]

swp (oA, gy (F (0) o g
o o . ¢

- §y b [0A 5y (P ()] = gy
Now it is clear that

sup [ahgy(F ()] = 4, nte ) o g
a

Therefore we obtgin

SZ h(z) o g, () = SX [J(Y hix, y) o g,] o gg.

The proof of the latter half can be carried in the same way. Proof is

now complete. (0.E.D.)

Corollary 3.4 and Theorem 3.12 state the same contents as Fubini's
theorem in the theory of Lebesgue integrals. As can be seen from the

definition of‘EFZ, even if H, H'E'EFZ, HUH' or HNH' has not always
[+

such an expression as \J [E; x F;], and therefore it may not be in-
i=1

cluded in'E;Z. This implies that ?}Z is not a Borel field, even if‘E;x
and ?Y are Borel fields. If 8, is adopted instead of ?Z’ it will
not always be possible to construct a fuzzy product measure on (Z, E}z)

so-that Theorem 3.12 holds.
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3.4 Extension of fuzzy measures

The fuzzy measures defined on a family of subsets of X éan be
extended in a natural manner onto that including fuzzy sets. (This
extension for probability measures was already performed by Zadeh [3])

It is not necessary to distinguish ordinary sets from fuzzy ones
in the theory of fuzzy integrals. That is, we can consider the fuzzy
measures for fuzzy sets and the fuzzy integrals over them.

Hereafter, we will write a fuzzy set A as A particularly when we
wish to distinguish it from an ordinary set. As for the membership

function, we will write not hﬁ but merely hA'

—

[Definition 3.6] Let {3 denote a Borel-field (B which includes all
fuzzy sets with @ -measurable membership functions. B is called a fuzzy

o~

extension of 8 . (A member of ES is called a Boxel fuzzy set in [3]).

o~

[Proposition 3.9] E3 is closed under the operations, such as taking

countable unions, countable intersections and complements of its members.

[Definition 3.7] A set function ¢ defined as

~

G = §y m 00 o g0

—

for A€ )8 is called an extension of g onto B .

It is due to the following facts that ¢ is said to be an extension

of g.

[Proposition 3.10] There holds g = g on &3. Further g has the properties:

1) 0 < g <1 for & €R. (3.29)
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~ -~

2) If A, Be® and AC B, then §(A) < G(B). (3.30)
3) If i'\ne 8 and {Z\n} is monotone, then

lim g(A ) = g(lim & ). (3.31)
n->-oo n n-ro n

(Proof) From Proposition 3.5, it follows that g(F) =‘§>{XF(X) ° g(e)
for FGB. Hence § = g on B . 1) is valid. We can prove 2) by using
Egq. (3.9) since ghA °o g < :ghB o g for hA < hB. The property 3) is

valid from Eq. (3.14). (Q.E.D.)

[Proposition 3.11] 1If A, 5&%, then there hold

1) &(AUB) > AV §(B), (3.32)

2)  G(ANB) < GA)AG(B). (3.33)

It is shown by Proposition 3.10 that g keeps on é the properties
of g. Therefore let us write g(+) merely as g(+). We can further
write g(a) instead of g(li) without distinguishing a fuzzy set from an
ordinary one. Thus it is concluded that we can measure both fuzzy and
ordinary sets by a common measure g.

Here, let us make clear the’ relation between "grade of fuzziness"
of a set and "grade of membership" of an element in a fuzzy set. We

use the fuzzy measure g(xo,o) which is shown in Example 1 in Chapter 2.

In Example 1 the element x

0 (€ X) has been assumed to be known. From

the definition of fuzzy sets, the grade of membership of X4 in & is
hA(xo) -

Now let us compare hA(xo) and g(xo, A). We have, according to the
definition, g(xo, E) = XE(xo) which implies the grade of xoe E. Therefore

it should hold that the grade of x, € A= h, (x,) .
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{Theorem 3.13]
g(xou aA) = hA(xo) (3.34)

(Proof) Define F = {x}hA(x) > al. Then we obtain

glxgr B = { (0 o gy, 0

]

sup [a/\q(xo, Fa)J .

If o > hA(xo), then xoﬁ Fa and g(xO, Fa) = 0, On the contrary, if

o f_hA(xO), then xoe Fa and g(xo, Fa) = 1. Therefore we obtain

g(x., 3) = sup l[aAg(x., F )]
° o €.[0,h, (x,)] o e

i

hA(xo) . (QnEoDo)

[Definition 3.8] A fuzzy integral over A is defined in the following

way.
Lan00 o g0 = &X [h, GIABG)] o g(+)  (3.35)

[Proposition 3.12] There hold
1) fz‘iu

2) &ﬁnéhogifghog[\fﬁh"g. (3.37)

o2 1

h°92‘§5h°9V§§h°g, (3.36)

(Proof) Using Eq. (3.35), we have that fﬁuﬁ hog-= fX' [(hAV,,hB)A hl ¢« g
- fx [(h ARV (AR o g > )(x th,Ah) o 9fo (hAD) o g.

;We can prove 2) in an analogous way. {(Q.E.D.)
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As previously stated, the fuzzy integral over F is expressed as

§ e nt0 o gt =, ARG o g0

Thus Definition 3.8 shows a natural extension of the domain of integra-
tion to a fuzzy set. Proposition 3.12 states that the properties of
Bgs. (3.10) and (3.11) are kept in this extension.

We have discussed an extension of g onto Eé.. In particular, §A keeps
the property shown in Egqg. 2.7. To show this, let us define A~complements
of fuzzy sets. The complement of a fuzzy set A is defined by the member-
ship function l-hA(x), which corresponds to xEc(x) =1 - xE(x). However,
comparing it with the definitions of unions and intersections, it seems
to be'unsatisfactory from theAviewpoint of fuzziness that the concept of
complements is defined uniquely as stated above. For instance, it is
doubtful that the complement of a fuzzy set of "charming ladies", i.e.,

a fuzzy set of "not charming ladies", should be defined through the
operation l-hA. The definition by 1-hA is so restrictive that a flexible
definition seems to be more suitable for our ordinary senses. But the

comparative relation with non-fuzzy sets should not be thrown away even

at the new definition of complements.

[Definition 3.9] A fuzzy set with the membership function h defined

.C
by Eq. (3.38) is called a A~-complement of A and written A A,

1- hA(x}

h{x) = =/
1+ AhA(x)

=l < A < (3.38)
.
In the above definition, putting A = 0, A " agrees with that defined

by Zadeh. The ) -complement has flexibility for a parameter and there holds
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for non-fuzzy sets sirice

1~ xE(x)
W‘—' 1 - xg(x) for =1 < A < =,
[Theorem 3.14] Let h be al -measurable function. Then %—j-:-—}%ﬁ is also
8-—measurablé and there holds
1l - gh ° g, (*)
l1-h A
gm ° gy (*) = — - . (3.39)
1+ Afh ° g)‘(-)
Nafs . - l-h : _l-a
(Proof) Define F = {x|h > a} and Gg = {x o B}. If B = T

then G, = Fg holds clearly. Since h is {§ -measurable, we obtain F:; € B

B
for all a € [0,1], from which GB € B for all B€ [0,1]. Therefore

H{I_h is ‘also ;B-measurable. From Lemma of Theorem 3.9, the left-hand
side of Eq. (3.39) is expressed as sup [B I\gk (GB)] .

B
Now let

l1-h
LI o emem———
M J(l *an ° 9
Then, as is shown in the proof of Lemma of Theorem 3.9, there holds
! ¥
9, (Gyi_g) 2 M' 2 9y (Gye) -

Let

We obtain
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2}
i

= {x|M > h}

M'~0
since
= ....3_'..:_....11 '
Gyrg = (XlT55m 2 ' h
from which
c
Cyro0 = Fmso®

Hence holds °

fo] 1 -M (o}
9 Fyeo) 2T 7m0 = 9 (Fap)*

Using Eq. (2.7), it is derived that

9, (Fy) 2 M2 9, (Fyq).
Thus we obtain M = 5 h o gx from Theorem 3.9. Proof is now complete.

(Q.E.D.)

For a non-fuzzy set E, there follows from Eg. (2.7)

1 - E
g & M) = 2oa®
A 1+ AgA(E)
since
[
E * = &%,

Corresponding to this relation, we have the next lemma for a fuzzy set

A which shows another expression of Theorem 3.14.

[Lemma]

c 1 - g (3)
gy (& Ay w2 (3.40)

1+ Agx(i)
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‘As is shown in Section 2.2, g, converges to a probability measure
as A > 0. The fuzzy integral 5 h o Gy however, does not converge to
a Lebesgue integral as A »~ 0. 1In accordance with Theorem 3.11, there
remains the difference such that Ifhuo 99 - jhdgol < 1/4.

The reason for this is that a fuzzy integral is defined for an

arbitrary g but not specially for gy However, we can find an
operation by using 9, which actually converges to Sh dgo as A+ 0.

It will be shown in Appendix B.
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Chapter 4

FUZ2ZY INTEGRALS ON FINITE SETS

In this chapter, let us discuss the fuzzy integrals on finite sets.
If X of a fuzzy measure space (X,{8, g) is a finite set, it is not
necessary to assume continuity of fuzzy measures.

Denote a finite set with n members by K'= {Sl’ Syr weees sn}.
We consider a fuzzy measure space (K, 2K, g); According to Definition
3.1, a fuzzy integral over A of a function h{: K+ [0,1] can be written-

as follows.

ﬁ'Ah(s) o g(+) = max X [ min h(s)Ag(aNK')] ' (4.1) B
K'€ 2 seK'

Here if it is assumed that h(s,) 5_h(si+l) for 1 < i i.nel.(if not so,

rearrange h(si)), then the next theorem holds.

[Theorem 4.1] A fuzzy integral in (X, 2K, g) can be written as

n

fAh(s) s 9= V. IE)ASRAR)T, (4.2)

where K, = {s8,, .8, sess .
e { L 'S A sn}

(Proof) Let h(s,) = min h(s), then we obtain
i
. SEK'
n
‘max o [ min h(s)Ag(ANK')] < V [h(s;)Ag(ank;)].
K'€ 2 s EK! i=1

{

On the other hand, the reverse inequality holds since 2K:) {Kill <i i_n}.

(Q.E.D.)

Though the power set ZK has 2" members, according to Theorem 4.1,

it is necessary for fuzzy integration that g is defined merely for a
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monotone sequence of subsets of K such as Af\Kl‘Df Ar\KzD D | A('\Kn.
This fact has been already mentioned in Section 3.1. We can integrate
a given function by calculating h(si)/\g(Ar\Ki) at n points at most.

Let us here pick up again Theorem 3.9 and Theorem 3.1l1l.

[Theorem 3.9'] There holds

n
i\=/1 [h(s;)Ag(ANK,)] = h(s )Ag(ANK ),

if and only if
h(s,_,) < g(ANK)) < h(s )
or
g(ANK,) > hisg) > g(ANK ).

(Proof) First, let us prove necessity. Since h(si) is monotonously -
increasing and g(A(\Ki) monotonously decreasing, h(si)A.g(Ar\Ki) is a

function with a single peak for i. Therefore, it is necessary that

h(s,_)A g(ANK, ;) < h(s)Ag(ANK,) > h(s, IANGANK, ).

2+1 L4+1

Assume h(sz) z_g(Ar\Kz). Then we obtain h(sz_l) f_g(Ar\Kz) < hisy) from
the above inequality. On the contrary, assume h(sl) < g(Ar\KQ). Then

g(A(\Km) > h(sz) > g(ANK,, .) is derived. Sufficiency is valid.

2+1
(Q.E.D.)

Now, a probability measure P on'a finite set K is defined in the
i T
following way. Let 0 <p <l forl <i<nand I p = 1.
: =1
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1) P(p) =0

2) P(K')= 3§ p, where K'C K.

[Theorem 3.11']

Let

h(si) ﬁ_h(si+1) for 1 <i < n-1
and

K, = {si, Sippt e sn}.

Then there holds

n S
| £ n(s)p” - V Ih(s))AP(K)I| = 1/4. (4.3)
i=l i=1
n oy n
(Proof) Let E_ = % h(s.,)p and E. = VV [h(s,)AP(K,)]. Let further
. P i=1 i £ i=1 i i

fgr simplicity hi = h(si) and’Pi = P(Ki). Assume E. = hz'\Pz'

(i) 1f hz Z_Pz, then, taking into account that {hi} increases mono-

n .
tonously and Pi = I pJ, we obtain from Theorem 3.9'
, jui

-1 i n y
E = I h,p + L h,p

. i . i’
i= i=g

-1 : n
<t h P+ hp
=1 i=yg,

=h _,(Q-8) +'hnpz

i.Pz(l,“ Pz) + thz.
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On the other hand, there holds similarly

Eg > hy(1 - B)) + h P

2
->~h1»(1 - P!.) + Py

From the above inequalities it follows that

(ii) Conversely if hz < Pl, then we have the same inequality.

Hence holds !EP - Ef! < 1/4. (Q.E.D.)

In Theorem 3.9', it is better for understanding that we rewrite

the probability expectation as follows.

n R

The fuzzy integrals on finite sets can be also used to execute
the continuous integrals numerieally because an analytical calculation
is almost impossible.

Now let us show how to calculate fuzzy integrals. Here, we use the
fuzzy measure 9y defined in Section 2.2. First let us define a fuzzy
distribution function H(s) for a monotone sequence‘K = Kl:) sz) e

D Kn in the following way.
1= H(sl) z_H(sz) 2 e z_H(sn) >0 {4.5)
We next define g~ for 1 <ix<n

1+ )\H(si+

+1)

1

, 1 <4i<n-1, (4.6)

g = H(s).
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By using gl, gk(°) is defined by the next equation.

g,(K") =20 (L+Ag) -1], -l<A<w (4.7)
sie X'

where XK' K.
From Egs. (4.6) and (4.7) we obtain
i
g = g)\({si})- (4.9)
In particular, we obtain
i j ‘i3 .
9, ({sgr 851 =g + g’ + Ag'g?, where i # 3. (4.10)

As is clear from the method of constructing gi(*). it is possible
to give gl at first instead of H(si) such that

0<g <1, 1<ic<n. (4.11)

In this case we have

1,8 k .
H(s,) == [T (L+Ag) -1] =1, 1< i < n. (4.12)
i A k=i - ——

Since gA(K) = 1 is required, we must choose A so that
n

Lo oa+ad -1 =1. (4.13)
A k=1 '

By the way, the degree of freedom of H(s) and A is just n. The degree
of freedom of gi and X is also n. Thé parameter A can be arbitrarily
choéen in the first method but must be adjusted to normalize gxﬁx) in
the second method. This normalization can be easily done since the

equation (4.13) is merely an algebraic equation for A.
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[Proposition 4.1] Within (-1, =), Eq. (4.13) has only one solution.

Differentiate f£()A) with respect to A.

n i
YN =2 +rEN)) T —L—— - £l (4.14)
A i=1 I + Ag"

Using Newton-Raphson's method, the k-th approximation of the solution
of (4.13) is obtained.

£(A,_ ) -1
X = 2 k-1

- (4.15)
- '
k k-1 £ (A R

If the value of A is necessary to be free in the second method, we
can multiply each gl by a scalar and choose it as {4.13) is satisfied.
Let us next show, given hi = h(si) for 1 < i < n, a procedure of fuzzy

integration. We assume that gl is given for 1 < i < n.

Step 1 Rearrange h, such that h., < h_ < .... < h_ .,
i r, = r, = =T

Step 2. Calculate

i-1 oy i1 .
H(r. ;) =49 + H(ry) +Ag" “(xr;) for 1 < i <n-1

where H(rn) = gn.

Step 3 Find for 1 < i < n the maximum of hr A H(ri) .
i

It can be easily shown that the fuzzy integral can be written as

n
§h(s) ° g, = \V/ [hr.A H(r,)]1. (4.16)

i=1 i
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So we can obtain the integrated value of h by Step 3. In Step 2, it

is not necessary to éalculate H(ri) for all i because hr_ﬁ\H(ri) is

a function with a single peak for i; 'That is, we can stop calculat-

ing when its peak is found. More precisely, it is necessary for the

calculation of a fuzzy integral to evaluate H(ri) at least for only

three different i's, even if n + », This fact is a very excellent

convenience in comparison with the ordinary integral calculus.
Tsukamoto [18] has proposed another construction of fuzzy measures

on finte sets.

Define

*b » »
q(K) = (1 - V ‘g +u I g,0<u<1. (4.17)
sieK' s.¢ XK'

*
Here, y is determined from gu(K) = 1. Let K'NK" = ¢. If u =0, then
g (K'UK") = g (K')Vg (K").
H u o

If u =1, chen

* Kl K") * Kl) + *(K“)
g, (K'U g, 9, .
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Chapter 5

APPLICATIONS OF FUZZY INTEGRALS

5.1 Introduction

In this chapter, let us apply fuzzy integrals to the problems
of subjective evaluation of fuzzy objects [12, 14, 18]. Fuzzy measures,
as has been discussed in Chapter 2, are considered as subjective mea-
sures for grade of fuziness. When application problems are discussed,
howéver, it is convenient to interpret fuzzy measures more concretely.
This will be discussed in the examples of applications in this Chapter.

Now when a human being tries to measure and evaluate the objects
which seems fuzzy, his evaluation is related to both, the nature of
the objects and his own subjectivity. In general, there appears in
the process of subjective evaluation the complicated interplay between
the objects and the evaluater's subjectivity. 1In this sense, fuzzy
measures:should be considered £o change their properties affected ﬁy
the both of the objects and his subjectivity.

The evaluation problems treated so far in systems engineering are
méstly those which are based on objective standards, e.qg., the performance
indices of optimal control systems. However, let us discuss here the
evaluatién problems which lead to different results according to the sub-
jectivity of the individuals evaluating the 6bjects. The concept of
fuzzy measures is powerful particulariy for dealing with these problems..

First, for preparation, the problem of grading the similarity of
one dimensional patterns is discussed in Section 5.2 where a fuzzy

measure is not considered as one belonging to an individual but as a
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common measure of several individuals. There is an explanation of
relation between theﬂnature of the objects and a fuzzy measure.

In Section 5.3 the evaluation piéblem of female faces by male
is picked up. It is attempted to distinguish the subjectivities of
individuals through the identified fuzzy measures.

Both problems are concerned with the evaluation of the objects
which aré decomposed into several elements. ‘The overall evaluation
and the partial evalﬁation of the elements are connected by using fuzzy

integralé.

5.2 Grading similarity of patterns

Let us discuss, through grading the similarity of fuzzy patterns,
how fuzzy integrais can’be used for evaluating fuzzy objects. Assuming
that there are some fuzzy patterns similar to each other, we consider
the problem of how a human being grades their similarity. If we let
a person compare a test pattern with standard patterns, tﬁen he, find-
ing the characteristics of the pattern by some means, can answer the
grade of similarity in the numerical values according to his standard
of evaluation. Here we assume that he evaluates the patterns by his
subjective measure. Let us now adopt an expression with a fuzzy integral
as a mathematical model of the subjective evaluation of patterns as
stated above.

First let us suppose a pattern with some black and white points
on a plane. Dividing the plane into suitab;e meshes and giving the
numerical values to the parts, such as 1 to the black and 0 to the

whité, we can obtain a characteristic function of the pattern. (The
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problem of distingpishing patterns by their characteristic functions
with binary values is known as the design problem of perceptrons.)
When the boundaries between black and‘white parts of the patterns are
unclear and look gray, the characteristic functions of the patterns will
téke the values in the interval [0,1]. The fuzzy integrals of these
functions can be used as the discriminant functions of the patterns by
constructing a suitable gk.

Let P = {A, B}U{C, D, ....} be a set of patterns. Here A and
B are standard patterns. C and D, etc. are general patterns which should
be discriminated. Let us define a function Po on a finite set K such
that Po ¢ K> [0,1]. Here Pa is considered as the characteristic func-
tion of a patte;n C, and K is a set of points showing the characteristics
of the pattérns. Comparing the given C€ P with A and B, we express the
similarity "which of them C is siﬁilar to" in the numerical value of [0,1]

Define
¥(C) = §K PC ° g;\(')- (5.1)

Assuming that A and B have been selected so that Y(a) > ¥(C) > ¥(B), let

us next define

¥(C) - ¥(B)

wiC) = ym < ¥

{5.2)
Then we have 0 < w(C) < 1, w(A) = 1, and w(B) = 0. Therefore, the func-
tion

w: P~ [0,1] (5.3)

can be considered as a membership function of the fuzzy set of the pat-

terns which are similar to A but not to B.
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If we regard P, as a membership function of a certain fuzzy set,
then ¥(C) in Eq. (5.1) becomes equal to §A(C) in Section 3.4 and keeps
the properties of the extended fuzzy measure §A’ In Eq. (5.2), w is
the normalized §A.

On the other hand, if we show a person these patterns and let him

determine a function
d: P> [0,1] {5.4)

so that there hold 0 <'d(C) < 1, d(A) = 1 and d(B) = 0, then another
membership function d is obtained.

Here let us analyze the process in which a human being evaluates
the similarity of the patterns. First he grasps tﬁe characteristics
of the standard patterns, from which he constructs his subjective
measure. Next he evaluates the similarity by using this measure. The
characteristics of the standard patterns are, for instance, such that
the pattern A is convex and the pattern B concave. His measure would’
be one which shows to what extent he attaches importance to a part of
a pattern, which can be expressed as a subset of K. We consider the
grade of "importance" of K' for K‘CL'K. If the similarity of the patterns
is fuzzy for a person, the importance of a part of a pattern is also fuzzy.
Therefore we can consider that the grade of importance is an example of
the grade of fuzziness discussed in Section 2.1.

It is clear that the grade of importance of a subset satisfies mono-
tonicity; if K'C K" C K, then the grade of importance of K" should be
larger than that of K'. Now we can interpret the fuzzy measure gxnin

Eq. (5.1) as a subjective measure expressing the grade of importance.

59



Adopting Egs. (5.1) and (5.2) as a macro model in which a person
determines d, and choosing 9, under a suitable criterion so that w
becomes nearly equal, we can.obtain his subjectivity through the fuzzy
measure g, . That is, if we assume that a person discriminates these
fuzzy patterns by a certain fuzzy measure, then his fuzzy measure can
be identified in the above pfocedure.

A simple experiment was éerformed using one dimensional patterns
shown in Fig.m5.l. These patterns were formed by plotting eight points
which take values of 0.8, 0.7, 0.5 and 0.2, just two points taking each
of them. Here the function Pe itself was regarded as a pattern. Select~
ing twenty patterns besides A and B, we asked the subjects to answer the
values of d. We adopted finally, as 4 of man, the average value of d
which was given by the ten subjects. Next, picking up fifteen points
at equal intervals from the pattern, and forming K and the function Par

we tried to identify g, so that the following J could become small.

N
J =vé% ) (di - wi)z, where N is the number of patterns.

(5.5)

The results are shown in Figs. 5.2 and 5.3. Fig. 5.3 shows the
fuzzy density with A = -0.5 which gives the optimal gy * Fig. 5.2
shows the comparison of di and W If a small circle with lies on the
straight line, it implies that there holds di =w,. As can be seen in
Fig. 5.2, the similarity of the patterns obtained from the model ap~
proximately agrees with that evaluated by several persons. As has been
already mentioned, the value of gi at the i-th point shows to what extent

one attaches importance to that point when he discriminates the patterns.
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From this consideration, the'shape af gi can be imagined; it is expected
that a function with a peak at the center, which is similar to the pat~
tern A, is suitable for gi (L <i < n). Actually we can obtain a fairly
good value of J by the method of choosing an adequate gi for 1 <i<n
and changing the value of A in steps. The value of A was about -0.5 iﬁ
the both methods. From these results, it seems that the value of A is
partially reflected by the property of the objects. Let us next con-
sider this.

The patterns A and B in Fig. 5.1 are in a complementary relation
with each other. So let us examine the relation of Pa and (1 - éé)/(l o
+ ApB) by using the concept of the A-complement shown in Definition 3.9
in Section 3.4. The function (1 - pﬁ)/(l + ApB) is shown in Fig. 5.4
where the parameter A takes three different values. The dotted line
shows pA, i.e., the pattern A. 1In Fig. 5.4, it can be seen that there

holds
Py (1= py)/(1 - 0.5p) (5.6)

Now let us write, in accordance with the notation of A-complements, the
pa%tern expressed 5y (1 - pB)/Kl + pB) as BCA.« Then we obtain A g_BcA'
when )\ ~ -0.5, That is, the patterns A and B are in a complementary
relation corresponding to A &~ -0.5 and this value of A is just equal
to that obtained by the identification of gA.. However, it cannot be
suggested from this simple example 6f applications that the relation
clarified above holds generally with r;spect to A of the fuzzy measure gy
As has been already mentioned, the identified A is negative. This

implies, éssuming that the grades in which a human being attaches .
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importance to the subsets K' and K" of K are gA(K') and gA(K"). respec-~
tively where K'M K" = ¢, that the grade in the case of K'UK" is gA(K'L)K“)
< gA(K') + gA(K"); the grade of union is smaller than the addition of
gfades. |

In this application, gA was adopted as a fuzzy measure. However,
denoting the set of all set functions which satisfy the fuzzy measures
by G, the set'{gkl—l < A < ®} is merely a subset of G. (Recall a prob-
ability measure P is merely an element of {gxl-i < A < »},) Therefore,
our identification problem should be that we find the optimal set

function in G, i.e., min. J. Since g is a set function, but not an
ge G

ordinary function, it is a new problem different from the problems pre-

viously encountered from the viewpoint of engineering.

5.3 Subjective evaluation of female faces

Here, let us discuss the problem of the evaluation of female faces.
Pictures of about 100 young ladies were taken. The boundary conditions
of thé%e pictures are kept constant carefully. Thirty pictures are
chosen at random and enlarged to actual size. Each of these pictures
is cut into five pieces; those are eyes, nose, mouth, chin and all the
remains, as are shown in Figs. 5.5 and 5.6. Those pieces are shown to
student (male) separately and according to his preference they are
scored with a numerical value between zero and one. The ideal picture
is scored one and the worst is zero. Now we obtain five values for
each face. Next the complete picture is shown to the student, who i§
asked score it by the same scoring rule. The problem is how to connect

the score of a whole face with those of pieces.
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Generally, when a system is perfectly decomposed into mutually
independent factors, a linear model is usually used to relate overall
and the partial evaluations. However, if the boundaries among the
factors are not sharp and the factors influence each other, a fuzzy
integral model is one of the powerful means to evaluate such fuzzy
objects. A fuzzy integral model is dexived analogouélf as in Section
5.2.

The symbol Sy¢ Sys seees Sg are used for eyes, nose, mouth, chin
ahd the remains. ’

Define
K = {sl, S,¢ Syr Sy, ss}.
From the above experiments, we obtain the function
hj : K-+ [0, 1] (5.7)

where j is the number of pictures.
If a linear model is used, the preference wj of j~th face is ex~

pressed as follows.

5
w, = L a, h,(s.) (5.8)
TS

Using the fuzzy measure 9y which is a student's subjective scale
concerned with grade of importance, a fuzzy integral model is intro-
duced as follows.

Define

ej = thj(s) ° g («). (5.9)

63



Let e = max {e,} and e = min f{e,}, where N is the total number of
1N I 1<3<N

faces. Let dj denote the score of_the whole face which is obtained from
the experiment. Similarly, d and d are defined. Now, ej is normalized

so that e = d and e = d. The preference wj is obtained as follows.

d-a de - de
w, = e, + ———— (5.10)
J e-e 3 p - e

The fuzzy measure 95 is identified so as to minimize the criterion
function J in Eq. (5.5). When "complex method" was used for hill-climing,
the minimum value of J was about 0.1.

The comparison of the calculated value w with the experimental one
d is shown in Fig. 5.7. Fig. 5.8 shows the fuzzy measures of two students.
In this figure, if gi for a specific i is larger than the others, it
means that the student thinks the i-th piece very important. So we can
know from Fig. 5.8 the characteristics of an individual who evaluates
ladies' faces. As is shown in Fig. 5.7, the experimental results show
a good agreeﬁent with the calculation by the model.. As a matter of course,
the difference between w and 4 decreases, if the‘faces are decomposed into
fewer elements.

The process of subjective evaluation can be explained qualitatively
by using the concept of fuzzy measures. When a lineér model is adopted,
it is difficult to interpret the weighting coefficients. In Eq. (5.8),
if a coefficient a; is large, then a bartial evaluation h(si) is enlarged.
This implies that the value of the overall evaluation increases in the

linear model even if a partial evaluation is small. However, a man will
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give actually a relatively small value to the overall evaluation when
h(si) is small.

On the contrary, in the fuzzy integral model, if a partial evalua-
tion h(si) is smaller than a fuzzy density gi, then h(si) contributes
directly the overall evaluation. If h(si) is larger than gi, then the
value of h(si) is cut at that of gi. This implies that a large value of
a partial evaluation is cut when the grade of importance.bf i-th element
is small. fherefore, we could say that a fuzzy integral model can
explain a human evaluation process more qualitatively than a linear
model. Further it should be pointed out that the concept of the grade

of importance is convenient in representing a subjective evaluation process.
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5.5 Example of Female Face
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Fig. 5.6 Elements of Face
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Chapter 6

CONDITIONAL FUZZY MEASURES

6.1 Inverse operation of fuzzy integrals

In this section, let us consider an inverse operation of fuzzy
integrals which corresponds formally to differentiation. In the
next section, conditional fuzzy measures are defined and their existence
theorem is proved by using this operation.

Define a set function &(.) by
¢ (n) = fA h(x) o g(+) where A ¢ 8. (6.1)

It is easily shown from the property of fuzzy integrals in Theorem 3.4
that ¢(-) is a monotone set function. The purpose of this section is
to find h(x) assuming that ¢(.) and g(+) are given. The operation for
finding h corresponds to the differentiation of set functions in the

theory of Lebesgue integrals. First, we make the necessary assumptions.

[Assumptions]

1. In the fuzzy measure space (X, EB, g), X is a locally compact Hausdorff
space with’'the second countability axiom.

2, The domain of g, 63, is the minimum o-field including all open sets
of X.

3. If g(E) = 0 then g(A) = g(AUE) for any AGB. The reverse is also
true. E is called a null-set. Further if g(En) =0 for i < n < %,

[e ]

then there holds g(J En) = 0; ﬁhe union of countable numbers of
n=1
null-sets is also a null-set.
4. There exists an open set O for any AEB such that A C 0 and g(0, - A)

< € for any € > O.
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For instance, the space Rl and a fuzzy measure g satisfy
all the assumptions. Out of the properties of X derived from Assump-
tion 1, we recapitulate what are necessary to prove Corcllaries and
Theorems in i;_his section.
1) If x is a point of X, O is an open set of X and x € 0, then there

exists an open set O, such that x eol and 51C 0.

1
2) If A is a closed set of X, O is an open set of X and A O, then

there exists an open set 0. such that A _C Ol and (_)lC 0.

1
3) The intersection of all closed neighbourhoods of x is {x} for

any x €X.

4) "Let A = U OA where A is an arbitrary set and O)\ is an open set.
AE€A

oo

Then A can be expressed as A = U On‘ by choosing at most countable
n=1

numbers of On out of {O)\IAG A¥.

Now, for a set function Y(+) which is defined on |} and satisfies

0 < ¥(+) < gle), (6.2)
let us define an operation Dg with respect to g such that ng}: X > [0,1].
[Definition 6.1] Let Ix be a closed neighbourhood of x such that

P(I) = g(I).
Define

(Dg\p) (x) = sup \p(Ix) . (6.3)

I
X

If there exists no Ix satisfying w(Iy) = g(Ix) ; define for an arbitrary Ix
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(Dgw)(x) = inf W(Ix). (6.4)

I
X

Hereafter we write (Dgw)(x) merely as Dgw(x) without confusing

a set function Y(+) with an ordinary function (Dgw)(x).

[Definition 6.2] When a proposition holds except on a null-set, it is
said to hold almost everywhere with respect to g. We write it as

g-a.e.

[Corollary 6.1] Let {wn(-)} is a monotone sequence for n, Then there

holds

]

lim Dgll)n(X) Dg lim \pn(x). (6.5)

s e d oo

Proof is omitted.

it

[Corollary 6.2] ILet @G(-) g{(GMN+) for an open set G. Then there holds

Do (x) = GO XG(x), (gma.e.). (6.6)

{Proof) (i) Assume xE:G; From Assumption 1, there exists at least one
closed neighbourhood of x such as Ixc: G. There holds ¢G(Ix) = g(Ix).
From Assumption 1, it is derived that there exists an open set O such

as IxC_ 0 and 0 C G, since Ix is a closed set and G is an open set. This
implies that there exists a closed neighbourhood arbitrarily close to G

since O is a closed neighbourhood of 'x. Therefore we obtain that

DgQG(x) = s;p @G(Ix) = g(G).
X

(ii) Assume xRG on the contrary. If there exists Ix such that QG(Ix) =
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g(G(\Ix)_= g(Ix) , then it is obtained from Assumption 3 that erx -
G and g(Ix - G) = 0. On the other hand, if it is assumed that there

holds always g(G(‘\Ix) < g(Ix), then follows Dg<I>G(x) = inf g(GﬂIx) =

I
X

g(GN (\{Ix}) . From Assumption 1, .it is shown that the intersection of
all 1, i.e., ﬂ{Ix}, is a set with only one element x. There follows
Dg<I>G(x) = 0 since x§ G.

When XE.Ix - G and g(Ix - G) = 0, there exists an open set O such
that x€ 0 and 0 C Ix - G. Here O is clearly a null-set. Hence holds
Dg@G(x) = 0 except the union of all such O as mentioned above, i.e.,

UoO. Dpenote \JO by A, then, from Assumption 1, A can be expressed as

o0

A= U 0n by choosing countable numbers of On. From Assumption 3, it
n=1

follows that A is also a null-set. Thus we obtain Dg@G(x) = 0, {(g-a.e.)

(Q.E.D.)
[Theorem 6.1] Let
o(n) = gA.h(x) o g(.). (6.7)
Then Dg@(x) is written as
Dgtb(x) = sn;p [a/\g(Fa)/\xFa(x)], (g-a.e.) (6.8)
where F_ = {x|h > o}
and there holds
d(a) = gA Dg(b(x) o g{s+). (6.9)

(Proof) For an arbitrary GeB, choose a sequence of open sets On such
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«©

as 0, 0, «++.+ )G and define H = ;—Q}_ O,- Further, define ¢ () =

g(Onr\ «) and (DH(-) = g(H(\+). Then we obtain lim @n(c) = QH(*) from
n>w

continuity of g.

From Corollaries 6.1 and 6.2, it follows that

DgQH(x) lim Dg@n (%)

n+e

lim [g(On) A Xon(x)]

n-ee

]

g<H),\ XH(X) s (g-a.e.).

Since it is possible to choose a sequence of open sets so that g(G) =
g(H)., we obtain SDG(‘-) = QH(~) , hence, DgtbG(x) = Dg@H(x) . Further it is
derived that g(H) Ax, (x) = g(G)A X, (x), (g-a.e.), since g{H - G) =.0
from Assumption 3. Therefore, for an arbitrary G&B, , We obtain
Dg@G(x) = g{(G)A xG(x), (g~a.e.).

Next, for an arbitrary h(x), we obtain.

$(+) = sup [ai\g(Fa(\-)}
s

where F, = {x|h > a}.

From this, it is shown that there holds

Dg‘“") = ssp [ozl\Dg@Fa(x)] .
Hence
Dg®(x) = S\;p [al\g(Fa)l\ xFa(x)], (g-a.e.).

(Q.E.D.)
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[Lemma] Let M = }X h(x} °® g(*). Then there holds

M for x¢€ FM
Dg@(x) = (g-a.e.) (6.10)
h{x) for x& FM

(Proof) Let M = §X h(x) ¢ g(«). From Theorem 3.9, we obtain

g(F,) > M > g(F

M+O)' By monotonicity of g, it is derived that g(Fa)

> a for a < M and g(Fa) < a for a > M. From this we obtain that

[

D@ (x) sup [0 Ag(FIA X, (X)] V sup [aAg(F A XFa(X)]

o€ [0,M] a og (M,1]

sup [aAxe (X)IV  sup lGEIANxX (K1,
o ¢ [0,M] [¢] GE(MIl] o

Now assume xEFM. It follows that Dg@ (x) = M since Xg (x) =1 for a
o

< M. On the contrary, assume xQFM. Since XF {x) = 0 for a > M,
o

we have
D ¢(x) = sup [aI\xF (x)]
el o€ [OIM] o
= sup [m/\xF (x)].
a€[0,1] o
From Proposition 3.6 follows Dg@ {(x) = h(x). (Q.E.D.)

Now let U be a Lebesgue measure. The differential quotient of a
set function with respect to u is, if we omit the details, written as

follows:

WIX)
Dulp (x) = lim {(6.11)

Ix""{"} 1) (IX) '
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For a specific set function such that @G(-) = U(GMN*), there holds
Du®(x) = xG(x), (h-a.e.). (6.12)

Similarity between the inverse operation of fuzzy integrals and the
ordinary differentiation is clarified by comparing Egs. (6.3) and (6.6)
with Egs. (6.11) and {6.12). The operation Dg in Definition 6.1, how-
ever, does not include such concept as differentiation.

By Theorem 6.1, it has been shown that if ¢(+) is expressed by
fuzzy integrals, then ¢ (A) can be written STA DgQ(X) ° g. Our next
problem is under what conditions a general monotone set function @ (°)
can be written as {(a) = Sth(x) ¢ g. There exists, in the theory of

Lebesgue integrals, Radon-Nikodym's theorem which states that a u-
absolutely continuous and additive set function can be expressed by a
integral of a certain function with respect to the measure u. In
probability theory this is a very important theory because, using this
theorem, Kolmogorov proved the existence of conditional probabilities.
fhe next Theorem 6.2 corresponds to Radon~Nikodym's theorem.

Assume that a set function § such as ¢ : ES + [0,1] has the follow-
ing properties:
(1) 1f£f BC A, then Y(B) < ¥(A).
(2) There exists an open set O such that g(0) = Y(0) = P(X).
(3) Define H = U{o|g(0) = y(0) > ¥(a), O is an open set}. Then

Y(A)

for an arbitrary A, there holds y(A) = g(A(\Hw(A)).

It is easily derived from these properties that w(~) < g(*) and,

in particular, ¥(¢) = 0. Further it is shown that if ¥(B) < ¥(A), then
H .
Hy8) = By(a)
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[Corollary 6.3] If Y(A) = g(a), then y(B) = g(B) for any B C A where

BER.

{Proof) Taking into account that ${A) is expressed as Yy (A) = g(A(\Hth))

by the properties of y(*), we obtain g{(A - aN ) = 0. On the other

Hi(a)

hand, we obtain alsoc g{(B - BMNH ) = 0 since Y(B) is written as Y (B)

¥ (B)

= g(B - B ) and there holds B - B(\HWB}C A - A(\HMA). From

BNHy (5)
this follows P(B) = g(B). (Q.E.D.)

[Corollary 6.4] 1If Déw(x) > O( then there exists an open neighbourhood
of x such as g(O:) = w(o;) and holds Dg¢(x) == g(O;) almost everywhere
with respect to g.

(Proof) (i) Assume that there exists a closed neighbourhood of x such
as g(I,) = w(Ix) for a certain x. From the properties of y, w(Ix) is
Here assume x§H

written g(IxﬁH , then we obtain x¢ Ix -

).
V(L) V(L)

Ix(\Hw(Ix) and g(Ix - Ixf\Hw(Ix)) = 0. On the contrary, assume x¢H

’
¥(I)
then there exists an open neighbourhood of x such that g(Ox) = w(Ox) |

*
2 ¢(I,). From this, it is derived that there exists O, such that

* . * *
g(0 ) = (0 ) and holds D y(x) = sup Y(I_) < g(0 ). From Corollary 6.3,
b3 X g 1 X - x
X
*
for an arbitrary I; such as I;<: Ox' it follows that g(I;) = w(Ié) and

* *
sup W(Ii) = g(ox). Hence holds Dgw(x) = g(ox). In an analogous way as
Il
X

. * .
in Proof of Corollary 6.2, it is easily proved that Dgw(x) = g(Ox), {(g-a.e.).
(ii) Assume that g(Ix) > w(Ix) for an arbitrary closed neighbourhood of x.
Now, if we assume that there holds g(Ox) = w(ox) for a certain open

neighbourhood of x, then, by using Corollary 6.3, it is derived that
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g(I};) = 111(1"{) for I}'{C Ox' This contradicts the above assumption.
Therefore, there must hold always g(ox) > w(ox) .

Next if x€ H is assumed, then it is derived that there exists

P (T)
O, such that g(0.) = y(0O) > y(I ). Therefore xéﬂw(lx) must hold. We
obtain that inf (I ) = inf g(I onp(I ) = 0, since ml'x = {x} and
' I I
x X

{x}ﬂﬂw({x}) = ¢. Hence holds Dgxp(x) = 0. By summing up the above

results, Proof is now complete. {(Q.E.D.)

{Theorem 6.2] Let {(+) have Properties (l)-(3). Then there exists a

function h(x) such that
Y{a) = '(_;A h(x) o g. (6.13)

(Proof) It suffices to prove that there exists at least one h(x).
Here, let us prove that it is possible to adopt Dgw(x) as h(x).
(i) Assume Y (A) > O.
Define
F = D > y(A)}.
() {x]| gh (¥ 2 v}

From Corollary 6.4, it is shown that there exists an open neighbourhood

of x almost everywhere with respect to g for an arbitrary x¢€ FW(A) such

* * . . *
that g(0 ) = xp(ox) > y(A). We obtain x€ H‘P (a) Since o .C H"J @a)° There
fore if we subtract a null-set from F , then the remainder is included

v (a)

This implies g(F‘p @ IP(A)

can be covered by countable numbers of null-sets. On the

H‘P @ ) = 0. More precisely, the set

Foy ~ %@

other hand, if x€H

J (a) is assumed, then it follows that Dgzp (x) > y(a),

hence, Thus we obtain Y (A) = g(ANF ) since g(ANH

B C By v (a) AL
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= g(ANF From Theorem 3.7, it follows that Y (A) = gA Dgw {x) o g(')‘.

va)

(ii) Assume Y(A) = 0. Then g(ANH = 0.

v(a)’

For x€ A - AN y ! there exists no open neighbourhood of x such as

H
1¢:
g(ox) = ¢(0x) . hence, exists neither a closed neighbourhood of x such

as g(Ix) = w(IX) . This implies Dgtp {x) = 0 for x€ A - A{'\H‘MA).

Therefore,

]

gA Dgl{:(’x) ° g

D Y(x) o g
gAnHw(A) g

g(ANH

A

va)

from which it follows that

SA Dgll)(x) o g

Thus we obtain also in this case P(A) = 51& DglP(x) o g. Proof is now

[

0.

complete. {(Q.E.D.)

As is shown above, Theorem 6.2 is proved by using Corollaries 6.3
and 6.4. It seems difficult to examine that given a certain set func-
tion, it has Property (3). However, for instance, it is easily proved
that @G in Corollary 6.1 has this property. .In the next section, the
existence theorem of conditional fuzzy measures is proved by using the

result of Theorem 6.2.

6.2 Definition of conditional fuzzy measures

Let ¢ be a mapping from X onto a set Y, where X is a fuzzy measure
space (X, B + 9). Then, in the same manner as in a probability space,
Y becomes a fuzzy measure space by the mapping ¢. This construction can

be performed as follows.
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For an arbitrary F( Y, define that F is an open set of Y if and
only if ¢-1(F) is that of X. (In this section, we use the notation
oHE) = (x|¢EF, FCY), ¢® = {yly = ¢(x), x€E, EC X}.) Then
a topology is induced into Y and a Borel field §3(¢) corresponding to

EB is also induced. Further a fuzzy measure g(¢) is defined on E3(¢).

g(4>)

[Definition 6.3] (¥, &3(¢), ) is defined such that

1) FE€ BN’) if and only if ¢ T(F)€ 8.

2y ¢9E =gt (6.14)

It is valid that '? is a Borel field of V.

(¢)

[Proposition 6.1] g is a fuzzy measure of F-measurable space (Y,
&3(¢)}.

g((1>)

Thus the fuzzy measure space (Y, E3(¢), } is induced from

(x, EB, g) by the mapping ¢ : X > Y. We can interpret (Y, E3(¢), g(¢)
in the following way. If Y is related to X by a mapping ¢, then a
fuzzy measure of Y by which an individual measures fuzziness in Y

should be also related to that of X. This relation is shown in the

definitions of ES(¢) and g(¢).

[Definition 6.4] If

SAh"gngh' ogforanyAeB,
then h and h' are said to be equivalent with respect to g. This is

written as g-eqgv.
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[Definition 6.5] Let E € & and Fe“@(‘“. By p(E|¢ = y), denote the
representative of all functions equivalent to h(y) with respect to g

‘such that
gENS (M) = gF iy o g% (o). (6.15)

¢ = y) is called a conditional fuzzy measure under the con-

Here p (-

dition of ¢ = y.

In accordance with this definition, p(+|¢ = y) is determined uniquely

in the sense of g(¢)-eqv., if h(y) exists. The next theorem is the

existence theorem of conditional fuzzy measures.

(¢)

[Theorem 6.3] There exists p(-|¢ = y) uniquely in the sense of g -eqv.

(Proof) Define a set function @E(-) on 63(¢) such that
o (F) = g(EN¢ (F)), FE 8.

If it is shown that @E(-) has the properties of y(+), then the existence
of h(y) can be proved by Theorem 6.2. Now it is valid that @E(')
satisfies Property (1).

(i) Let E be an open set of X. Choose F so that ¢-1(F) = E. Then
(¢)

F is an open set of Y and g (F) = @E(F) = g(E). Since ¢E(Y) = g(E),

(¢)

there exists an open set O' such that g (0') = ¢E(O') = @E(Y). There~-

fore Property (2) is satisfied. Next define for an arbitrary Ae-&3(¢)

H

] (¢) 1 — 1
Ufo'|g™ (0") = o (0" > o, (a)}.

(¢)

If g(¢)(0') @E(O'), then it is derived from the definitions of g
and @E that g(¢-1(0')) = g(E(\¢-l(0')), from which it follows that

g(¢—l(0') - E(\¢‘l(0')) = 0. From the assumption of the space X
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(Assumption 1 in Section 6.1), H can be expressed by countable numbers

of OA such that g(¢)(og) = @E(Oé) i.ég(A)‘ From this it follows that

H= 1\ 0 and ¢ 1) = U ¢ 2(0).
n n
n=1 n=1

Now since

-1 ' = -1 t -1 1 . -1 1
¢ (0)) = (EN¢ "0} “(01) - EN¢ (01D,

it is derived that

g( U “"_1“’5’ - Eﬂ¢-l(0;l))) = o.

n=1

Hence

g6t m) = g(U BN ).
n=1

We obtain E ¢-1(H) since 0' C H for 0' such that ¢~l(0') = E. There-

fore there holds g(¢-l(H)) = g(E). From this, it follows that
s t@ne ) = gt mNe,

which equals QE(A).

g(¢) that

On the other hand, it follows from the definition of

¢ wnm = g anan = s mne ™ an.

This implies that @E(') satisfies Property (3).

(ii) Let E EB be an afbitrary get. Choosing an open set OO E

and taking into account that g(E) can be arbitrarily approximated by

g{0), Proof is obtained in the same manner.

(Q.E.D.)
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In the specific case in which ¢ is a mapping from X onto X and

$(x) = x, we obtain that
p(E|$ = %) = gEIA x5z (x), (g-eqv.). (6.16)
Clearly from the definition, we have

gBNY (7)) = gF oElo =y o g (. (6.17)

. . , -1
In particular let P Y. Then we obtain, since ¢ ~(Y) = X,

it

g(E) SY p(E|p =9) o g(¢) (). (6.18)

Now, conditional fuzzy measures have the following properties.
1) For a fixed E€ 3, p(E‘¢ = vy) is, as a function of y, a E3(¢)-
measurable function.
2) For a fixed y, p(-I¢ = y) is a fuzzy measure of (X, [8) in the

(4)_

sense of g . a.e.

It is clear by the definition that the property 1) holds. We omit

to prove 2) since it can be easily proved.

[Theorem 6.4]

SAh(x) o g = gY [%Ah(x) ° p(*

(Proof) Let E, = {x|h > a}. Then the left-hand side of Eq. (6.19) is

($)

$=y)eg (6.19)

written sup [a/\g(Ed)}. Now, since g(Ea) = ‘gY p(Ealcb =y) © g(¢),

o

_ _ o ol
§Ah(x) o g = gY sup [al\p(EaM—y)] g .

a -

On the other hand, we obtain
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¢ =y) = sup [aA p(Eal¢ =vy)].

SAh(X) o p(. .

The proof is now complete. (g.E.D.)

Theorem 6.4 shows the formula in the change of variable of integra-
tion. As is clear in the process of the proof, Eg. (6.19) is dexived
by using only Eq. (6.18). If ¢ is one to one, then a conditional fuzzy

measure p (e [qfl = x) under the condition of ¢-l = x can be considered

-1
by ¢ : ¥ + X. We have the next theorem.

H

[Theorem 6.5] Let E GB and Fe BW’) . Then
SF p(E|g = ¥) o g(‘b) = gE p_l(FM—l = X) o g. (6.20)

(Proof) Since ¢ is one to one, ¢-l(¢(E}ﬂ F) = EN qs—l(F). Consequently,
we obtain that g(E('w-l(F)) = g(¢) ($(E)YN\F). Eg. (6.20) follows from

the definition of conditional fuzzy measures. (Q.E.D.)

The definition of conditional fuzzy measures and their properties

¢V= y) relates (Y, B(¢), g(sb))

have been now verified. In words, p(.
to (X, 8 ¢ 9) instead of ¢. Even if two fuzzy measure spaces, (X, Bx, gX)

and (Y, BY' gY) , are related to each other, ¢ may be not explicit in general.

We then write p(*|¢ = y) as px(- [y) which is called a conditional fuzzy

measure from Y to X. In this case, there must hold similarly

gx(-) = gY px(.

If gY(~) and px(-!y) are given at first, then gx(') is obtained by

Y) o Iy (6.21)

Eq. (6.21). In accordance with Eq. (6.20), we have

gF' oy ElY) ° g, = gE Py (F[x) o g . (6.22)
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w

[Theorem 6.6] Define H = {(x,yjlh(x,y) >al. IfEH = |J (El X Fl)
o ' - o ;5 o o

iy, . . . C i
where {Ea} is monotonously increasing (decreasing) and {F:} monotonously

decreasing (increasing), then

. gx [fy hix,y) o py(°

= gY [fx h(x,y) o px('ly)] ° Gye (6.23)

(Proof} From the assumption, it follows that

Xy y) =V Ixgd GOA xpi(y)].
o i=1 o o

Taking into account that h(x,y) can be written as

h(x,y) = sup [aAx, (x,¥)1,
[+ [+ 3

we obtain

gx {](Y h(x,y) © p (+[x)] o gy

= gx s;:p fa N gY xHa(x'y) ° pY(-Ix)} ° gy

using Theorem 3.7 and its Lemma,

L]

sup [a/\gx [fY Xy (x,y) o pY(~lx)] ° gyl
o a

sup [ A )(x V. gt G o (Fo]0] o gyl
o i=1 o

sup oA\ b, iAo (FL[0] o gyl
o i=1 ] :

from Theorem 3.3,

o

= sup [aN \/ g

i pY(F:I v) o gul
o i=] o

X
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using Eq. (6.22),

= sup [aAN Pt OX(Ezly) ° g,l.
o i=1 a

(Q.E.D.)

[Lemma] If {hi(x)} is monotonously increasing (decreasing) with i and

{hi(y)} monotonously decreasing (increasing), then

fx [fy i\=/l (hy KIAh (7)) o pyl+]x) o gy
= gY (%x i\=/l (hi(x)/\hi(y)) o px('{y)] ° gy (6.24)

Now, as is shown in the definition, conditional fuzzy measures

correspond to conditional probabilities. Here p—l(ﬁ ¢_1 = X) cor-

responds to a posteriori probability and Theorem 6.5 stands for Bayes'

theorem by which a posteriori probabilities are found.
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Chaptex 7

APPLICATIONS OF CONDITIONAL FUZ2Y MEASURES

7.1 Introduction

In this chapter, we consider two applications of conditional
fuzzy measures defined in the previous chapter. One is concerned
with fuzzy decision-making problems and the other the representation
of fuzzy systems.

Since conditional fuzzy measures, as has been mentioned in
Section 6.2, are similar to conditional probabilities, a broad field
of their applications could be expected.

We have dealt with static evaluation problems in Chapter 5. By
introducing the concept of conditional fuzzy measures, we can consider
dynamic evaluation problems in which human subjectivity varies as time
goes; it is natural to suppose that subjectivity varies due to outer
or inner causes.

In general, the concept "conditional" is very important in
systems theory as well as in probability theory. For example, systems
are often described such that the output of a system is y under the
condition of the input = x at time t. That is, by using the concept

"conditional”, we can deal with causality or dynamics.

7.2 Fuzzy decision-making problems

In this section, we consider fuzzy decision=-making problems
corresponding to stochastic ones. The problem of buying residences
is discussed as an example in which conditional fuzzy measures are

concretely applied.
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First let us define fuzzy decision-making problems.

{Definition 7.1] A fuzzy decision-making problem, FDP, is the
following 6 tuples.

FDP = < 0, X, &, gg(+), o (-]0), 2 >

where o : a finite set of states of nature
X : a finite set of samples
A ‘ : a finite set of actions
ge(-) : a fuzzy measure for states of nature
.ox(- 6) : a conditional fuzzy measure for samples under
the condition that a state of nature is 6
L : tﬁe membership function of a fuzzy relation in

© x A which implies fuzzy loss when an action a

is adopted for 6.

In the above definition, a state of nature does'not always imply
that of real nature. Since there is not an adegquate word, we use the
same terminology as in stochastic decision-making problems. All sets
are restricted to finite ones for simplifying our discussions. A
fuzzy measure g@(-) is one for the grade of fuzziness of states of
nature and ox(.{e) for that of samples.

Let us first consider the case in which a sample x is not availa-
ble, i.e., no-data problem. Given 1) and 4, the fuzzy expectation of

loss with respect to an action a is given as follows:

<ba=g02mﬁ)o%; ‘ (7.1)
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When <2>a is adopted as criterion of an action a, it is usual
to choose the optimal ao which minimizes <£>a. - However, since loss
is assumed to be fuzzy in FDP, it is doubtful that the optimal action
in the sénse of the above description is really excellent in compar-
ing with anotger a. Therefore let us choose a fuzzy set of actions
called a likely-good action for the decision-maker; we stop picking

up one optimal a®.

[Definition 7.2] A fuzzy action ais a fuzzy subset of A associated
with the membership function ha + A~ [0,1]. .

Loss with respect to a fuzzy action is obtained by extending £
in the following way.

[Definition 7.3]

2(0,a) = 1 - max [ha(a)l\ (1 - 2(6,a))] (7.2)
agaA

By Eq. (7.2), the loss function is extended to a set function,
This extension is, of course, not unique. If a is a non-fuzzy set

E, then

2{(6,E) = min &(6,a) where E C A. : (7.3)
a¢E

In particular, we obtain

2(6,{alh = 2(0,a). (7.4)

[Definition 7.4] The likely~good action 50 is a fuzzy action defined

as follows:

hao(a) = 5&1 - 2(06,a)) °.9ge (7.5)
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Here the term "likely-good" implies that if hao(a) is large
for a, then the action a becomes good since the fuzzy expectation
of loss becomes small. Actually, the decision-maker can choose,
according to his preference, one action out of those for whiéh
hao is large.

The next Theorem holds for the fuzzy expectation of loss with
respect to likely-good action 50. In the sense of this Theorem,

2° is actually a good action.

[Theorem 7.1] Let 25(6,a) = 1 - £(6,a), then

c ~0 _ c °
50 £7(8,a) o ge = mzx ge 27(8,a) ge. (7.6)

{(Proof) Taking into account that

c
hao(a) = ge L (.e:a) ° g,
it is clear from Theorem 3.5 that
2°(0,a) o g_ = lh-o(a)A 2°(8,a)] o
0 ' 9%~ Jo 2 ’ 9
From Theorem 3.8 follows

c ) c
m:x ge L7(6,a) ° 9o < ge max [hgo(a)l\ﬂ. (6,a)] o 99

a
Since

max (hzo(a)A 2°(8,a)] < max hzo(a),
a a

we obtain using Proposition 3.4

c
ge max [h;o(a)l\ £7(8,a)] o 9o < §0 max hao(a) ° gy = max hEO(a)'
a a a
Proof is now complete. (Q.E.D.)
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Next let us consider the case in which X and a conditional
fuzzy measure from © to X are given. In this case, our probiem
is to find a strategy t : X + A, For a strategy t, the fuzzy

expectation of loss is written as follows:

<A> = ge {gx 2(6,t(x)) o cx(-le)] ° 9o (7.7)

We shall again find a likely-good strategy instead of the

optimal strategy minimizing <2>t.

[Definition 7.5] A fuzzy strategy is a fuzzy relation in X x A

associated with the membership function hE : X xA-> [0,1].

[Definition 7.6] A fuzzy action t(x) based on a fuzzy strategy t

is defined by

hE(x)(a) = hE(x,a). (7.8)

According to Definition 7.3, loss with respect to t(x) can be

written

£(0,t(x)) = 1 - max [hs(x,a)A (1 - &(8,a))]. (7.9)
t
acaA

and a fuzzy expectation of loss can be expressed as follows:

<@ = ge [Ex 2(8,t(x)) o ox(-la)] ° gg- (7.10)

[Definition 7.7] A fuzzy strategy £° in Eq. (7.11) is called a

likely-good strategy.

x) (7.11)

hEo(x,a) = ge (1 - 2(6,a)) ° ce(-
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In Eq. (7.11), 00(. X) is a posteriori fuzzy measure defined

in Section 6.2 The right-hand side of Eq. (7.12) is used for find-
ing the Bayes' solution in a stochastic decision theory, if a pos-
teriori fuzzy measure is replaced by a posteriori probability and .
the fuzzy integral by Lebesgue one.

From Theorem 7.1, it follows that

~0
fx {ge (1 ~2(8,t7(x)) o o5l

= gx {m:x ge (1 - 2(8,a)) ©° 09(-fx}} ° gy (7.12)

x)] o 9y

As has been mentioned in Seqtion 6.2, Ge(-]x) can be obtained
from Egs. (6.21) and (6.22). Therefore, from Eq. (7.11) a solution
of FDP can be obtained.

Now let us solve, as an example of FDP, the problem of buying
residences. The reason of taking this problem is because it is
considered that this problem could not be treated in the stochastic
decision theory.

We consider the problem of what action one should take when he
wishes to buy a residence by reading several advertisements. The
actions which he can take are such as a, : to buy in cash, a_ : to

1 2

buy by an instalment plan, a3 : to think for a while, a, : not to buy.

It seems reasonable that one takes az rather than al when he wants to

buy a residence profitably. From the dealer's point of view, one
offering cash is a better customer than one proposing an instalment
plan. Therefore it is assumed that if there is someone taking al,
he has the right to buy the residence. By the assumption stated
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above, the actions a -a4 are put under the same condition.

1

We consider the advertisements for such four objects as xl t in

: in Tokyo, Xy in Saitama, x,.: in Yokosuka. These adver-

Yokohama, X 4

2
tisement which appeared in a newspaper have been fuzzificated by modi=-
fying the parts written clearly. Those describe the time which one
takes from the residence to go to his office located at the center of
Tokyo, the surrounding conditions of the house, and its facilities
and furniture. Further each advertisement is associated with a
picture from which one can estimate the area.

In this application, two subjects have been selected and the

likely~good strategies for them have been found according to Egq. (7.11).

Now, the procedure for finding a likely~good strateqy is shown below.

Step O Translation of the problem into FDP
First we must translate the given problem into FDP. Clearly we

have
A= {al,az,a3,a4},
X =A{xl,x2,x3,x4}.

As for O, we can consider as follows. A decison-maker will evaluate
the fineness of a residence by his standard of evaluation in order
that given x€ X, he chooses a¢€ A.

When one evaluates the fineness of a residence, he will de-
compose it into its elements and evaluate it by superposing the par-
tial evaluations., The evaluation problem like’this has been already

discussed in Chapter 5.
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Under the above consideration, let © be a set of elements

constructing residences.
0= {61,62,63,64,65}

where 61 :+ facilities and furniture, 6 area, 0., : natural environ-

2 3

ment, 64 : time from residence to office, 65 : circumstance of life
(shops, hospitals, etc.).

Néxt we défine ge(-) and ox(- 8).

ge(-) : the grade of importance for elements of O

ox(.le) : the grade of charmness for advertised residences when
one evaluates them from the point of view of one
element 6
For instance, ox({xl}lel) implies to what extent the residence in
Yokohama attracts a subject when he evaluates it with respect to
its facilities. By cx({xl,xz}le), we mean the grade of charmness
of the imaginary residence constructed by superposing xl and x2 in
the same space. (Superposition is possible in an imaginary world.)
One might imagine a new residence in which only excellent parts are
selected from two residences. Of course another one might imagine
the contrary. Anyway we can consider, for aﬁy subset E of X, the
grade of charmness of E. Here monotonicity must be assumed. Step O
is now complete by defining loss.
£(6,a) : loss expected when one.dgcides to take an action a
only from the point of view of ©
As can be seen in the above discussions, it is assuméd that
(i) a decision-maker has a subjective measure of importance for the

elements of general residences,
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(2) he has also, in the sense of "conditional", a subjective measure
of charmness for actual residences, and

(3) he takes an action according to the evaluation performed by using
these fuzzy measures.

These assumptions can be regarded as an expression of a human decision-

making process.

Step 1 Indentification of g

In the applications in Chapter 5, a fuzzy measure of a subject
has been identified indirectly. Here let us identify it directly.

For all subsets of O, a subject is asked the grade of importance, .
which is denoted by de(-). We adopt again gA(-) as the model of

d_ ().

o
g@(E) = % [ I (1 +_Xgi) - 1] where =1 < A < w (7.13)
0.€ E
1
Define
7= [T @E - g@n?. (7.14)
ECO

Here, gi (1 <i <5) and X are determined so as to minimize J.

The results are shown in Tables 7.1 and 7.2. As is shown in
these Tables, A is positive for subject A and negative for subject
B, which implies that'their fuzzy measures are very differenti The
difference between d@ and 9% is shown‘in Figs. 7.1 and 7.2 in which
a point shows (de(E),ge(E)). In particular, Fig. 7.2 shows a very

good agreement between d_. (obtained experimentally) and ge(a model) .

0
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Step 2 Identification of OX(- 0)

A subject is also asked the grade of charmness for residences

with respect to each 0. Here ox(. 8) is constructed in the follow-
ing manner,
Let

ij_ . .
nt = ox({xi}lej), (7.15)

4 . . .
[T (1+wnJ) -1] =1 where -1 < u, <o,  (7.16)
Myogm 3 j

|-

For simplicity, only ox({xi}lej) has been asked in this case. Now,

uj is calculated so that Eq. (7.16) is satisfied.
Next assuming that uj is independent of j, nij of a subject is

corrected so that uj is identical with respect to j. That is, lett-

ing u be a mean of uj (L <j <5), find a such that

%-[ (1 + uanij) -1] =1 (7.17)

=

i=1
and define
o'd = an®d, (7.18)

Finally we obtain

n (1 + ucij) - 1]. (7.19)

{
xie by

1
e = e
OX(Fl j) i

This correction is not always necessary since our method does not

require the identical M. The results are shown in Tables 7.3 and

7.4.
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Step 3 Determination of 2(6,a)
A subject is asked 2(0,a) for all 6€ 0 and a€A. The results

is shown in Table 7.5.
Step 4 Calculation of ce(-lx)

We rewrite Eqgs. (6.21) and (6.22).

gy (F) = ge o (F[8) ° gy (7.20)

f? oe(Elx) ° g, = gE UX(F|6) ° gy (7.21)

Let F = {xj} in Eq. (7.21). Then we obtain

({xj}ie) ° gg- (7.22)

Ge(Elxj)A gx({xj}) = g‘E Oy

From Egq. (7.22) it follows that

(1) if gx({xj}) > gE ox({xj}le) ° ggs then

°0(Elxj) = gE ox({xj}le) ° gge (7.23)

(2) if gx({xj}) = gE

ox({xj}}e) Y then
ca(Elxj) > gE ox({xj}le) ° 9o (7.24)

>
Note that there holds gx({xj}) __g-E cx({xj}le) ° gge In the case
(2), oe(Elxj) is not uniquely determined. We can, for instance,
let oe(E!xj) be unity.

Thus we can calculate Ge(Elxj) py obtaining gx(-) from Eq.

{7.20) since ge(-) has been obtained in Step 1 and cx(-

¢) in Step

2.
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Table 7.6 shows the fuzzy densities : 06({6i}[x), 1<i<s,
Note that we cannot calculate ce(Etx) for an arbitrary E by using

the fuzzy densities, since Eq. (7.19) does not hold in this case,

Step 5 Calculation of the likely-good strategy
The likely-good strategy, Eo, for subject A is shown in Table
7.7. BAs can be seen in Table 7.7, it seems better to buy the resi-

dence x., but not to buy the residences x3 and x As for x_, it

4° 2

is a question which is better for subject A to buy it or not since

l?

the values of hEo(xz,a) are almost equal for all a.

After the experiments, subject A was interviewed on this results,
He answered that t° seemed to be really a likely-good strategy.

Now, we can regard FDP as a model of a man's decision-making for
fuzzy objects. 1In particular, the concept of conditional fuzzy
measures plays an important role in the model. We could say that this
concept can represent the structure of subjective evaluation in
decision-making.

The differences between stochastic decision theory and fuzzy
decision theory may be characterized from two points of view. One
is that between probability measures and fuzzy ones, and the other
between a Bayes' solution and a fuzzy strategy.

The concept of subjective probabilities is necessary when
stochastic desision theory is used as a theory of a man's decision-
making under uncertainties. However subjective probabilities have
been seldom obtained experimentally for a specific individual. For

instance, as we have seen in this application, it cannot be expected
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that the subjective measure of an individual satisfies additivity,
unless we force him to answer so that his subjective measure becomes
additive.

As can be seen Tables 7.1 and 7.2, A # 0 implies that de(-)
does not satisfy additivity. Figs. 7.3 and 7.4 show the results

when de(-) is fitted by the probability measure P The differences

o
are evident by comparing those with Figs. 7.1 and 7.2.

Here we could conclude that a fuzzy measure can represent sub-
jectivity better than a probability measure since a severe condition,
i.e., additivity need not be always assumed.

Further, a fuzzy strategy does not require a person to take only
one action, but a Bayes' solution does. Therefore one can reach more
freely at the final decision. We could say that a fuzzy strategy is
one matching for the fuzziness of the problem. Note that in the
stochastic decision theory, a mixed strategy is available when a
priori probability is unknown. In this case, a fuzzy strategy can
be comparable with a mixed strategy at the same level,.

Finally it is pointed out that we can deal with more variety of
problems by using the fuzzy decision theory than the stochastic one,
because we are not constrained by probability theoxy. It is very
difficult to interpret the example treated in this section in terms

of probabilities.

7.3 Representation of fuzzy systems

In general, systems which have been dealt with in systems theory

can be divided into three classes: non-deterministic systems, stochastic
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ones, and deterministic ones. 1In the above, non-deterministic
systems have the largest amount of uncertainty. It is well-known
that we have the probabilistic representation of systems when un-
certainty is caused by random phenoména. Deterministic systems
have, of course, no uncertainty.

The fuzzy systems discussed in this section aré those in which
uncertainty is caused by fuzzy phenomena. That is, our fuzzy systems
are placed between non~deterministic ones and deterministic ones, at
the same level with stochastic systems.

Fuzzy systems studied so far [10] are those derived by replac-
ing merely a deterministic input-output relation or a transition of
states by a fuzzy relation. These fuzzy systems are, therefore,
algebraic ones; a fuzzy automaton is a typical example. If we look
at this derivation, however, from the point of view of aescribing
actual systems, it is a question whether algebraic systems can have
"reality" or not.

We shall attempt, in this section, to derive the representation
of fuzzy systems, assuming that "fuzzy disturbance" inputs are put
into deterministic systems. This method is the same as used for the
derivation of stochastic systems when probabilistic disturbance
inputs are put into the systems. There is another way to derive
our fuzzy systems. That is the way to obtain their representation
by putting some constraints on non-deterministic systems. Here we
show simply this since it will be usefﬁl for making clear the diffexr-

ence between stochastic systems and fuzzy ones.
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Let us consider a non-deterministic automaton. ILet K be a
finite set of states and I a finite set of inputs. State transitions
are described by 6 such that § : K x T »> ZK. Define K' = &(s,u)
where se€ K and u€ L. The state s changes to a certain state s' in
K' (CK).

The statement "the next state s' exists in K'" shows uncertainty
since s' is not specified. This uncertaintyvmay be said to bé that
of s'€ K', which can be decreased as follows. Let us interpret the
uncertainty of s'€ K' as the probability of s'g K' by introducing a

probability measure.

Let
0 < p(s,u,s') <1 for all s'e K, {7.25)
L p(s,u,s') = 1. (7.26)
s'e K

Then the probability of s'€ K' is expressed by

P(s,u,K') = Z pis,u,s'). (7.27)
s'¢ K!

On the other hand, if a fuzzy measure g(s,u,.) is introduced, then
the grade of s'€ K' is expressed similarly by g(s,u,K'). It is
clear that the uncertainty is decreased by the both methods. Because
P(s,u,K") and g(s,u,K") can be defined for any K"C K'.

Further we can assume arbitrary éroperties as for the uncertain=-
ty of s'€ K', These properties are nothing but the properties of a
certain set function defined on ZK. However, if we derive fuzzy
systems, so to speak, by an artificial method, we must assume a

priori without any proof, the property of state transitions -
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corresponding to Chapman-Kolmogoroff's equation as shown later,
Thus this method becomes unrealistic.

Now, we return to the main argument. When we consider on
fuzzy systems, it is necessary to find where fuzziness is in the
system and where it is not. Throughout this paper we have dis-
cussed up to now fuzziness caused by subjectivity. Therefore it
is particularly important for us to make clear in what manner
subjectivity is involved in an actual and objective system.

The matter described above héve been seldom discussed in
dealing with fuzzy systems. Hereafter we say that a system is
fuzzy, when objectivity is associated with subjectivity in the
system., It does not imply that the system has merely uncertainty.
Subjectivity is a kind of uncertainty, but this uncertainty would
not disappear even if we study more on it. That is, it seems that
as for subjectivity, there exists something like the "principle of
uncertainty” as in quantum mechanics.

Now let U and @ be sets of inputs of a system, X a set of
state variable, and Y a set of outputs. Assume that the elements
of U can be controlled and those of 2 are disturbance inputs which
are uncontrollable. For taking notice of wée&l, we regard ueU as
a parameter. Let ¢ be a state transition function and V¥ an

tt! Ye
output function.

Then a dynamical system can be expressed as follows:

X, ., =0 {x, ,w
t! ! '
utt' t’ tt

) for t' > t, (7.28)

v, = wut (xt,wt) (7.29)
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where it is assumed that

¢ (x_,w__,) =¢ (¢ (x ). )

w W
Upw € tt" Uoren Ui €'ttt t'e”

for t" > t' > t. (7.30)

Now we make the necessary assumptions:
(1) 9 is a fuzzy measure space (R, B, 9).
(2) The fuzzy measure g is independent of time, i.e., stationary.
Let us call w a fuzzy disturbance input. If Q is a probability
space, then w becomes a stochastic disturbance input. Our problem
is to show in what manner fuzziness in { is transmitted to the states
and outputs of the system. Foxr simplification of the following dis-
cussions, time is regarded discrete and the matters concerned with
outputs are omitted,

For discrete times t., and t, which are denoted simply by 1 and

1 2
2, we rewrite Eq., (7.28).

X = ¢ul (xorml) (7.31)
xz = @u (Xl ,wz)
2
= ¢ (x_ ,w w.) (7.32)
ulu2 0"172

where X, is an initial state of the system.

Eq. (7.30) is also rewritten as

¢u a (xo,wlwz) = ¢u (¢ﬁ (xo,wl), wz). (7.33)

12 2 1
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Here ¢u ' ¢u . and ¢u o can be considered as the following mappings.
1 2 172

: X Q. >
¢ 4 1 X

u o] 1

s -»
$ 3 Xl X Qz Xz

¢ : X x Q. x 92 + X

u.u ¢} 1 2.

From the assumptions, Q. and 92 are spaces with the common fuzzy

1

measure g,
We attempt to induce fuzzy measures into xl and X2 in an ana-
logous way as in Section 6.2. For this purpose, it is necessary to

define a fuzzy measure of X_ , i.e., the set of initial states.

0
Assuming that an initial state XO is known, a fuzzy measure is
naturally defined as has been showed in Example 1 in Section 2.1,

let '

bey (¢
x, = x, B ,g1)

¢ ¢
where g( e) () = xA(xO) for A€ B( e).
Here, e implies the empty input and ¢e is a one to one mapping such that
: X - X,
9 X
What is necessary next is to consider the fuzzy product

measure space:
¢ ¢
X xQ = (XxQ, ﬁg( e) b3 EB, g( e) X qg).

¢
e . . .
If g( ) X g can be defined, a fuzzy measure is induced into X

l.

Consequently we have
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(¢ ) (¢ )
X =(X18ullvg ul)

1
(¢é) _
Here B X B can be defined in an orxrdinary way. However, a fuzzy
product measure can not be defined in such manner as enabling us to

change the order of fuzzy integrations: it has been mentioned in

(¢e) (¢ )
Section 3.3. Here, we define g X g on B ¢ x B as follows:
(¢e) (¢e)
(g x g)(F) = xg [ SleF(xo’wl) ogl o g (7.34)

(¢ )
where F C Xoxﬂl and F & Be xB.

(¢u ) (¢u )
Now let us construct the fuzzy measure space (Xl, B 1,q9 1)

(¢ ) _ (%)
(1) E&Bul if and only if ¢ul(E)eB e xB,
' 1

(¢ ) (6)
20 g 1 @® = ¢ xq9 @

where F = {(xo,wl) H’u (xo,wl)e E}.

1
(¢ )
Define for Ee B ™1
(¢u }
p 1 (Elxo) = o, Xg (%5 ew)) © g. (7.35)
Then we obtain
(¢ (¢ ) (9 )
g %1 (@) = SX p N1 (Elxo) o g ¢, (7.36)
0
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(¢u )
It is clear that p 1 (.

xo) satisfies the properties of a
conditional fuzzy measure. We omit the proof.

In an analogous way, we obtain

XZ = (Xr 2,9 2).
(9. )
For HE &5 Y2
() (6, )
g 2 (H) = Sx [EQ Xc(xl'“’z) ° gl eog 1 (7.37)
1 2 ‘
where
6 = {(x ,0,) l¢u2(xl.w2)€- H}.
Further define
(¢u )
p 2 (Hlxl) = ng xG(xl,wz) ° g. (7.38)
From Eq. (7.37) follows
(¢ ) (¢ ) (¢ )
g Yy (H) = fjx p Yy (Hlxl) o g Y1, (7.39)
1

Now, another fuzzy measure is induced into X_ also by the mapping

2

4¢u a X0 X Ql X 92 -> X2.

Define

(¢ ) (¢ )
X = B Y%, ¢ %1%,
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(¢u u ) (¢u u )
For HE& EB 172 , g 12 (H) can be defined as follows:

(¢ ) . (¢ )
u, u ° ° e
g 12 (H) = &x x 0 Igﬂz xK(xo,wl,mz) gl o g Xxg

0]
g (¢e)
= tg [§ X, (X 0 ,0.) o gl o gl og .
xO Ql 92 K 0 1 2
{7.40)
where
K = {(x01w11w2) Id)uluz(xolwllwz)e H}-
Define
(b )
p 12 (Hixo) = Ql [ 92 XK(XO"ml'mz) o gl o g. (7.41)
Then we obtain
(¢ ) (¢ ) ($.)
g 1% @) = )(x o 1% (Hlxo) g . (7.42)
0

From the property of the mapping ¢u in Eq. (7.33), X2 and Xé must

be the same measure space. We have the next Theorem.

[Theorem 7.2}

(¢ ) {¢ )
w g M = B %

(¢ ) (¢ ) (. )
u
(2 o 172 @m|xy) =5X1 p 2 (@lx) e p U1 (]x) (7.43)
(¢u u )
(Proof) (i) From the definition of 63 12,

we obtain that

6. )
He B "2,
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if and only if

(¢e) B
{(Xofwllwz) I¢ulu2 (xolwl lwz)e H} € B b 4 B X .

(¢
On the other hand, let H'E B Y5 and define

G = {(xl,wz) l¢u2(xl,w2)€ H'}.

(o)
Then we have G & B ul X B which implies that

(¢ )
e
{(xo,wl,wz){<¢ul<xo,wl>.w2>e e B xR x 8.

Now, from the definition of G and the property of ¢u, it follows that

{(xo.wl,w2>i<¢ul{xo,wl),m2>e G}

{(xo,wl,w2>|¢u2(¢ul<xo,wl),w2>e H'}

I

Ly e ) o, o (xg0

'm )e H‘}.
1% 2

1

(¢ ) ‘ (¢ )
Conseqguently if H& B uluZ , then H € B Y2 . The reverse is also true.

' (¢ )
(i) Define E_ = {xl!p Y2 (Hlxl) >a} and F = {(xyu,) 1¢ule E}.

Then the right~hand side of Eg. (7.43) can be written

(¢u )
sup [aAp 1 (Ealxo)]
o

sup {ou\gn Xp (xo,ml) ° gl
o 1 o

:SQ sup [cul\xF (xo,wl)] ° g,
1 a +1
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From the definition of Ea' Fa can be rewritten as

: (¢
- u
F, = {(xo,wl)lp 2 (Hi¢ul<xo,wl)) > a }.

From Proposition 3.6 it follows that

G
sup [al\xF (Xo,wl)] =p %2 (H|¢u (Xolwl)).
o o 1

Therefore the right-hand side of Eq. (7.43) is written as

(4, )
gigl o "2 ¢, (xjw)) °g

1
= { X(¢‘ (Xom);w)Og]Og
;Q
§Ql 2Gu101 2 |
where

G = {(¢ul<xo,wl>,w2>l¢u2<¢ul<xo.ml>,w2>e H}

= Lo, (xpew) ) o, o (x 0

lw )GH}-
1 1% 2

1

Now we have

(6, o)
p 12 (H|x) = 2, { q, Xy (%o ) o gl o g

where

K = {(xo,wl,wz)‘¢ulu2(x0,wl,w2)& H}.

There holds clearly
xG(¢ul(xO,wl),w2) = X (Xgrw 00,) .

Proof is now complete. (Q.E.D.
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[Lemmal

(¢ ) (¢

g Y2 () =g Y2 (0 (7.44)

OQur purpose has been now accomplished. From the above Lemma

follows

(¢ ) (¢ ) (¢ ) (¢ )
u.u _ u o u . e
g 12 (H) = gxo tgxl p 2 (Hlxl) p 1 (

xo)] ° g .

(7.45)
Eq. (7.43) corresponds to Chapman-Kolmogoroff's equation.
Now, let us use the following notations:
(¢u u_, u .
o (efuu eiiiiiu x) =p “172 n (-]xo), (7.46)
(¢ ) :
() =g 1727 (). (7.47)
By geheralizing BEqg. (7.45), we obtain that
n n~-1
9y (H) = gx O tlu v x 1) e gy ()
n-1
- Ou(H[U U .eeeiu, X)) © gO() (7.48)
X, X 172 n' "0 x

where

cX(H]uluz... oo, X)) =

uluz......uk, xo).

fEXk GX(Hluk+l......un, xk) ° cx(.
(7.49)
In general, we can assume .that an initial state xo is unknown,
though it was assumed at first to be known. In this case, gi(-)

can be considered as a fuzzy measure for fuzziness of initial states.
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It corresponds to an initial distribution of a stochastic system.
Further, the conditional fuzzy measure Oy(K]un, xn) can be
derived as for outputs of the system. The fuzzy measure with re~

spect to the output yn can be obtained as
n _ o I
gY(K) = 5:xn GY(K]un, xn) gx(.). (7.50)

Now, g;(H) expresses the grade of fuzziness of xne H. By
using the extension of fuzzy measures defined in Section 3.4, the
grade of fuzziness of the statement "xn at time tn~is within a fuzzy
set A" can be expressed as
n n
= o . .
gX(A) g Xn hA(Xn) gx( ). (7.51)

On the other hand, cx('lu EEERA xo) can be interpreted as a

u
12
fuzzy measure for the fuzzy transition of states as a result that

the input sequence uluz.....un is put into the system under the

condition that the initial state is Xye

We have now obtained the representation of a fuzzy system under
the condition that fuzzy disturbance inputs are put into a determin-
istic system. Note: if a time sequence tltz......tn is substituted
for uluz......un in Eq. (7.48), then We obtain a system equation

corresponding to a Markoff chain.

112



Table 7.1 A Priori Fuzzy: Measure (experimentally obtained) of

Subject A

Subset*

*)

12

13

14

15

23

24

25

34

35

45

of @

123 = {81,82,63}

0.15

0.1

0.1

0.05

0.5

0.4

0.3

0.15

0.3

0.5

0.3

0’2

0.15

0.2

113

Subset

of ©

123
124
125
134
135
145
234
235
245

345

1234
1235
1245
1345

2345

0.7

0.6

0.6

0.6

0.7

0.6

0.6

0.5

0.95

0.9

0.85

0.9



Table 7.2 Identified Fuzzy Densities of Subjects A and B

2 B
(A =0.25) (A = -0.51)
6, 0.170 0.143
6, 0.257 0.400
6, 0.216 0.261
6, 0.212 0.350
6, 0.061 0.131
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Table 7.3 Conditional Fuzzy Density nlj(experimentally obtained)

of Subject A

R B4
91 0.4 0.3 0.2 0.1
62 0.5 0.4 0.2 0.1
63 0.4 0.3 0.2 0.2
34 0.2 0.1 0.4 ’ 0.5
65 0.5 0.2 0.2 0.4

Table 7.4 Conditional Fuzzy Density clj(corrected) of Subject A

R 05 &
61 0.46 0.35 0.23 0.12
62 0.48 0.38 0.19 ~ 0.10
63 0.42 0.32 0.21 0.21
64 0.19 0.10 0.38 0.48
95 0.44 0.18 0.18 0.36
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Table 7.5 Fuzzy Loss 2(6,a) of Subject A

21
0, 0.7
0, 0.3
N 0.2
6, 0.7
| 0, 0.6

0.3

0.5

0.4

Table 7.6 Fuzzy Densities of A Posteriori Fuzzy

Measure ce('

%
x1 0.17
x2 0.17
x3 0.17
x4 0.12

1
xl 0.70
x2 0.70
x3 0.30
X, 0.40

x) of Subject A

.0.26

0.19

0.10

0.70

0.70

0.60
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0.79

0.70

0.68

0.79
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Chapter 8

CONCLUSIONS

The research reported here has dealt with human subjectivity
from a stand point of engineering and presented a method of measur-~
ing fuzziness which is caused by subjectivity. It develops an
analytical method for approaching fuzziness by introducing a new’®
concept on "measures" and "integrals", while fuzziness has been
mainly approached by an algebraic method, i.e., fuzzy sets theory.

The ordinary concepts of measures and integrals are based on
Yadditivity"”. However, this research starts from a question: “Is
additivity really necessary to deal with fuzziness?" From this
point of view, the concept of fuzzy measures and fuzzy integrals
based on monotonicity are proposed.

Uncertainties are classified into fuzziness and randomness,
and ‘fuzzy measures are interpreted as subjective measures of
individuals expressing "“grade of fuzziness"., Three statements are
assumed a priori on grade of fuzziness. The concept of grade of
fuzziness is the most fundamental theme in this research as that
of grade of membership in fuzzy sets theory.

On the other hand, fuzzy integrals are taken instead of linear
models as new models which express the subjective evaluation of
fuzzy objects. Those are>also called fuzzy expectations correspond-
ing to probability expectations. As for fuzzy integrals, it is
assumed tacitly that there exists “"quantity" having only monotonicty

in a mathematical world.
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The author has tried, through the whole, not to lose "reality".
For this purpose, there are some applications in which actual
problems are treated.

An inverse operation of fuzzy integrals defined in Section 6.1
would have its own development. However, only the properties
necessary for the definition of conditional fuzzy measures are
clarified. The concept of conditional fuzzy measures is a very
useful one. It is expected that this concept as well as the rep-
resentation of fuzzy systems will be applied in a variety of
fields.

It is particularly hoped that this research will serve in

future for the studies of artificial intelligence.

120



REFERENCES

{1] L. A. Zadeh : "Fuzzy Sets", Information and Control, Vol. 8,
338/353, 1965.
[2] L. A. Zadeh : "Fuzzy Algorithms", ibid., Vol. 12, 94/102, 1968..

{31 L. A. Zadeh : "Probability Measures of Fuzzy Events", Journal
of Mathematical Analysis and Applications, Vol. 23, 421/427,
1968.

[4] E. S. Santos : "General Formulation of Sequential Machines",
Information and Control, Vol. 12, 5/10, 1968.

{5] W. G. Fee and K. S. Fu : "A Formulation of Fuzzy Automata and
its Application as a Model of Learning Systems", IEEE trans-
actions on SSC, Vol. SSC-5, No. 3, 215/223, 1969.

[6] M. Mizumoto, J. Toyoda, and K. Tanaka : "Some Considerations
on Fuzzy Automata", Journal of Computers and Systems Science,
Vol. 3, No. 4, 409/422, 19695.

[71 E. S. Santos : "Fuzzy Algorithms", Information and Control,
vol. 17, 236/339, 1970.

[8] L. A. Zadeh : "Quantitative Fuzzy Semantics", Information
Sciences, Vol. 3, 159/176, 1971.

[9] L. A. Zadeh : "Similarity Relations and Fuzzy Orderings", ibia.,
vol. 3, 177/200, 1971.

[10] S. S. L. Chang and L. A. Zadeh : "On Fuzzy Mapping and Control",
IEEE transactions on SMC, Vol. SMC-2, 30/34, 1972.

[11] M. Sugeno : "Fuzzy Measures and Fuzzy Integrals", Transactions
of Society of Instrument and Control Engineers (in Japanese),
Vol. 8, No. 2, 1972.

[12] M. Sugeno : "Constructing Fuzzy Measures and Grading Similarity
of Patterns by Fuzzy Integrals", ibid., Vol. 9, No. 3, 1973.

{13] H. Tanaka, T. Okuda, and K. Asai : "Fuzzy Mathematical Programming”,
ibid., vol. 9, No. 5, 1973.

[14] M. Sugeno and T. Terano : "An Approach to the Identification
of Human Characteristics by Applying Fuzzy Integrals"”, Proceedings
of the 3rd IFAC Symposium on Identification and System Parameterxr
Estimation, 1973.

[15] L. Fung and K. S. Fu : "The k-th Optimal Policy Algorithm for
Decision Making in Fuzzy Environments”, ibid.

121



116] S. Tamura and K. Tanaka : "Learning of Fuzzy Languages", IEEE
transactions on SMC, Vol. SMC-3, 98/102, 1973.

[17] P. Siy : "Puzzy Logic for Handwritten Character Recognition",
Ph. D Thesis, the University of Alkon, 1973.

(18] M. Sugeno, Y. Tsukamoto, and T. Terano : "Subjective Evaluation

of Fuzzy Objects”, Preprint of IFAC Symposium on Stochastic
Control, 1974.

122



Appendix A

It is necessary that a function f with two variables has the

following properties.

(1) f£(x, 0)

]
E

£y, x)

]

(2) £i{x, y)
(3) £(£(x, v), z) = £(x, £(y, 2))

(4) f£(x, y) > £(x, O)VE(0, y)

{5) Fér z = £(x, y), there exists uniquely f* such that x = £*(z, Y.

The last property is necessary to define g(Ec). It can be omitted

if g(Ec) is not necessary.
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Appendix B

Assuming Ei(\Ej = g for i # j, let us consider a simple function

n.
such that hi{x) = I o

{(x), where 0 f'ai <lforl<i<n,
i=1

iXE,

i

Define an operation with respect to a fuzzy measure g as follows:
n

1
T [iil {1 + migk(Ei)) - 1], =1 < A < =,

(h, 9}‘)

Then we have 0 < (h, gl) < 1 and further
n
lim ¢h, g,) = Z a,9 (E,).
A0 A j=1 0 i

Theé right-hand side of the above equation is just the definition of

Lebesgue integral S-h dg. .

If
A >0,
then
(h, g}‘) > Jh dg.
If
0>x>-1,
then

{hl' g)\) < 51‘1 dg‘

the

The functional (h, gl) is continuous with respect to A and converges to

a Lebesgue integral as A - 0, while as previously stated, 9 converges

to a probability measure.
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