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PREFACE

Markov chain is one of the simplest stochastic processes and has
many applications in various fields, not only in natural science but
also in social and cultual sciences. The basic concepts of Marko&
chains were introduced by A. A. Markov in 1907. Since that time,
properties of Markov chains have been studied by many mathematicians,
and at present alﬁost all elementaéy problems in the theory of Markov
chains have been solved. These reéults were published in many books
such as [1] ,EZ],[}] and in many related books such as [4] , [5] .
[6) , [2] . [8] , [o] » [10] , [11] .

However when we want to apply the Markov chain models to practical
problems, new difficulties arise. In practical problems, the

fundamental conditions for stationary Mafkov chains may be slightly '
violated., In such cases, what will héppen if we apply the Markov chain
models to practical problems assuming thét all the conditions for the
stationary Markov chains are satisfied? Can we expect that our
modelings cause no serious errors? To answer these questions, we '
have to develope a new theory for applications of Markov chains.

The needs for developing such theories fbr applications also arise
in almost all branches for modelings. However it was‘only recently

that the needs were recognized and studies for applications were begun.

So, only a few results have been obtained.
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Studies for applications of a model may require discussions without
~some of original conditions which simplify the model. So, such studies
may be very difficult and some problems cannot be solved without
experiences through practical examples or simulation experiments.

In this thesis, some problems for applicatiohs of Markov chains
will be exposed and solved. The author wishes that the theory for
applications of Markov chains will be greately developed and Markov
chains will be correctly applied in. many fields.

In Chapter 1 of thig thesis, problems for applications of Markov
chains are classified by conditions being lacking, and a survey of
related works is made. Three problems are solved in Chapters 2,3 and 4,
In Chapter 2, the range of eigenvalues of stochastic matrices is treatéd
and fhe effects of lumpings of states on the eigenvalues of transition
matrices are discussed. In Chapter 3%, the effects of small deviations
in the transition matrices are discussed. In Chapter 4, an iterative
method for obtaining the numerical values of the limiting vectors, or
the stationary distributions,'of Markov chains is proposed and in
Chapter 5, an example of the application of the method is exhibited.

The articledin Appendix 1 is the author's_thesis of the master's
degree, and it treats a problem arising when the stationarity of a
Markov chain is lost, It is within our stream of consideration. The
article in Appendix 2 is concerning to a queueing model. It is out of
our stream of consideration. However since it is an application of a

Markov chain, it is inserted in this thesis as an appendix.
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In this thesis we principally consider problems arising when we
try to apply stationary Markov chains with finite state spaces and
discrete time parameters. As a rule, we will use the same terms as
in [1) except for Appendix 1. In Appendix 1, we will use the terms
introduced in [ 4 ).

The author wishes to express his sincere thanks to Professor H.

- Morimura for valuable suggestions and encouragements.
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CHAPTER 1 PROBLEMS FOR APPLICATIONS OF MARKOV CHAINS

1. Introduction

Markov chains have been applied in many fields. Recently in
biology and social and cultual science, they have been recognized as
a new tool for analyses, and many épplications have been mades At
the same time, demands for a new théory for application of Markov
chains were brought through thesé applications. In these applications,
it is very rare that all the conditions for stationary Markov chains
are satisfied. In such cases, nevertheless, we cannot help applying

stationary Markov chains to the problems with mere expectations that

. A,
.

these approximations cause no serious diécrepancies. At present, we
have only a few assurances for such expectations. We 5hould stﬁdy
more and expand the range of such assurances,

.Thus we should develope a new theory for applications of Markov
chains. Main problems of it will be studies of the cases where there s
exist slight.lacks in the conditions for stationary Markov chains.

Sé far only a few works have been done, Since it was only recently
that the needs for the theory were recognized, studies for it have

just begun.




2., Theoretical applications and practical applications

Appiications of Markov ‘chains can be divided into two groups.
-One 6f them is the group of applications which use Markov chains
as a tooi for analyses in another stochastic models with special
structures, e.g., random walks, queueing models, inventory models
and so on, These applications will be called as theoretical
applications. Another group consists of applications in whigh
we define the states, e;timate the transition probabilities and
then guess the manners of transitions or obtain the limiting vectors.
These applications will be called as practical applications. We
should sharply distinguish these two groups.

In a theoretical application, the fundamental conditions for a
stationary Markov chain, e.g., the Markov property, the stationarity,
and so on, will be derived from the assumptions of the original model.
For example, the imbedded Markov chain method for a gueueing model of
type M/G/1 is a typical theoretical application. In the method,
the Markov propefty can be dérived from the assumptions of the Poisson'
input and mutually'independent and identically distributed service
times. On the other hand, in a practical application , we should
first.examine whether the conditions for a stationary Markov chain
are satisfied. The brand switching model in the marketing research
is a typical practical application. For the model, many discussions
about methods for determining the states of a Markov chain and methods

for the estimation of transition probabilities have been made.




Thus in a theoretical application all the conditions have been
assumed, but in a practical application we should examine the
appropriateness of the conditions. In the sense, practical.

applications are in the higher level than theoretical applications.

3. Tour main problems

We first consider Rractical applications. Markov chains being
~used in practical appliaations are, in most cases, stationary &arkov
chains with.finite state spaces and discrete time parameters. So, we
restrict our considerations in applications of such Markov chains.

In a practical'application, we should examine the appropriateness of

the conditions. In this case, the following two conditions should

be examined, ~= .

(1) Markov property

(2) Stationarity of the transition probabilities

‘As stated later (in Section 4), the Markov property is deeﬁly related
to the states being adopted.

If the above two conditions are satisfied, then we should estimate
the transition probabilities. In the estimation, we should pay -

attention to
(3) Accuracy of the transition probabilities

If the eétimated values of the transition probabilities are not so

accurate, we cannot believe the results derived from them.



There is an approach to these problems with statistical methods
(see [ 1] ané (2] . Unfortunately, these methods require large
size samples, and ordinarily we have not samples éf so large size that
we can obtain sufficiently accurate judgements. So we shall proceed
with another approach. Namely we shall study (13 the cades in which the
Markov property is slightiy lost, (2) the cases in which the stationarity
in a long period cannot be expected, and (%) the cases in which the
accuracy of the transit%on probabilities is not enough.

iNow we consider théoretical applications. As mentioned in the
preceding section, in these applications the fundamental conditions
for Markov chains have been assumed. So the above three problems for
practical applications need not be considered. However in theoretical
applications, the number of states is generally very large, and
sometimes it is infinitely large. In such cases, it is very difficult
to obtain the numerical values of the characteristic quantities of the
chains such as the limiting vectors, the mean first passage times, taboo
probabilities and so on.

We have many numerical methods for the scolutions of systems of
equations. However we will probably be able to‘develope another and
more suitable numerical methods for obtaining the limiting vectors if

we skillfully use special structures of transition matrices. Thus

our fourth problem is to develope
(&) Numerical methods for Markov chains

In the following sections, we shall discuss about these four

problems and survey related works which have been done.



L, On the Markov property

The most important concept for Markov chains is the Markov
property. This property is briefly mentioned as followse " Only .
the knowledge of the present state of the chain affects on the next
transition of the chain, and the knowledge of the past states does
not affects on it." Let § = {s1,sa,~°° ,ss} be the set of all
possible states (the s?ate space) ,of the process and denote by fn.
the state of the proceés at time n (n=0,1,2,°°° ), Then ;e say

that the process has the Markov property, or the process is a Markov

chain, if

0
= P { ‘n+1 = Sj ] fn = &1 }
n
for every n=1,2,3,***and S., S. ,8. 4**, s, € § , If a process
J i’ iy i

has the Markov property, then all the probability laws of the process
are uniquely determined by the initial distribution P { £, = si} ,
siG‘S, and the transition probabilities P { fn+1 = Sj l fn = sis for

n=1,2,3, *** and si,sje S. If the Markov chain is stationary, all
the probability laws of the chain is determined by the initial vector

Siy H sie S} and the stationary transition

ﬂ:{'ﬁ_izp{fo
matrix P = \ P4 = P {»fq = 8 | fo = si} ; (si,sj)GESX S } .

In a practical application, it is difficult to define the states
50 that the process has the Markov property. One approach to the

problem is using the concept of multiple Markov chains.




We consider a process {fn} with finite state space S. The
gecond order process {hnj derived from the process {fnﬁ is the

process defined by the following relation:

h = (Si’sj) if and only if £ _, = s, and f = Sy

where fn and hn represent the states at time n of the original
and the derived processes respectively. Thus the second order process
has the state space SX:S. In like manner we can define the*t-th
order process derived from {fnS' *A process will be called as a t-th
order process or a multiple process if it is the t-th order process
derived from a process.

Any process {fn\ with finite state space and discrete time
parameter can be considered as a Markov chain with the infinite state
space S = S(F(S)(S)\)(S X 8X S)k)"‘ . ~ Because we can define a
process ﬂ_hnﬁ whose state at time n is the (n+1)-th order vector
hn = (fo’fqi"’ ,fn) , where fn represents the stafe of}the original
process at time n. Then the derived process {,hnﬂ clearly has the.
larkov property. This construction of a Markov chain is a trivial
one. However it suggests an approach to the problem concerning to
the Markov property.

We consider a process { fn\ on a finite state space 8. The
knowledge of the states at early times fo’f1’f2’..' have ordinarily
little influence on the state fn for large n., Hence we may expect
that if we take sufficiently large t, then the prdcess (or, strictly -

speaking, #he t=th order' process derived from it) can be approximated



by a t-th order Markov chain. Hence we are satisfied if we obtain
the smallest one of such t . In order to obtain such t! we may
proceed as follows. If the observed process has’not the Markov
property, then we examine whetherythe second order process derived
from it has the Markov propertybor not. If the second order process
‘has not, then we examine the third order process. If the third order
process has not the Markov property, then we examine the fourth order
process. e . ' .

In order adopt this procedure, ﬁe need a method for deciding
whether a process has the Markov property or not. T. W. Anderson &
Leo A. Goodman [1J gave a statistical test for the Markov properﬁy.
However, as mentioned in the preceding section, statistical tests
fequire samples of very large size. But ordinarily we have not samples
of so large siée that we can obtain éuffibiently accurate judgements.

Thus the problem how to define the states so that the process has
the Markov property, cannot solved by statistical methods alone. We

should study more about the properties of the observed processes from

the point of view of the probability theory. ]
We saw that ayn process with a finite state space can be

approximatéd by a multiple Markov chain. Bence we should study

processes with finite state spaces, from each of which we can derive

a multiple Markov chain. However the class of these processes is

contained in the class of lumped processes (defined below) derived

from finite Markov chains. So we shall study the latter class.




We consider a process {fns with a state space S = {31,s2,~~- ,sss.

We let A =A,,A5, " ,A \ ve a partition of S, and define a new

iy

if and only if fne A,

process ign) on A as follows. We let g = A, 3

J
The new process will be called as a lumped process derived from the
process 1 fnﬁ . This process will also be called as a function of the

process {fn) . Because, we can define a function F on S onto A

such that F(si) = Aj if and only if sie.Aj, and then we can write as

€n = F(fn)’
E., J. Gilbert [ 3}, S. W. Dharmadhikari (41 ,[5]), A. Heller [6]
“and others obtained conditions for a process being a function of a finite
Markov chain, or a lumped process derived from a finite Markov chain.
C. J. Burke & M. Rosenblatt [ 7} obtained conditions for a lumped
process derived from a finite Markov chain being again a Markov chain.
In Chapter 2 of this thesis, the range of eigen-values of stochastic
matrices are examined, and it is shown that using the results of the
examinatibn, we can obtain an information from a sample of the lumped
process about the number of states of the original Markov chain.
In these studies, methods for constructing the original Markov
chain from the observed lumped process are treated, and hence the
complete knowledge about the probability laws of the observed process
is éssumed. However in practical applications, we cannot obtain the
complete knowledge. Hence studies from another point of view are also
necessary. One of them is a study about the situation where a finite
Markov chain is used as an approximation of a lumped process derived

from another Markov chain with large number of states. In Chapter 2,



e

the eigenvalues of the original Markov chain and of the approximate
Markov chain are compared by a Monte Carlo method, and it is conjectured
that the rate of convergence to the steady state of the appfoximate
Markov chain is in most cases faster than that of the original Markov’

chain.

5. On the stationarity

v
A

If the transition probabilities'of a Markov chain are constant in
time, we say that the Markov chain is stationary. In most practical
approximations, we use stationary Markov chains. The reason of it
is that the estimations of transition probabilities are very difficult
in the non-stationary cases. However, as A, S, C, Ehrenberg L8]
asserted for éﬁé brand switching modéls, in most applications in social
science, the assumption of the stationarity is doubtful. Hence it is
necessary to study the situation where a stationary Markov chain is
used as an approximation of a non-stationary Markov chain. Unfortunately,
the author has never seen such a study. .

Some studies have been done for non-stationary Markov chains by
Yu. V, Linnik, N. A. Sapogov, T. A. Sarymsakov, R. L. Dobrushin, J. llajnal,
J. L. Mott and others (see the bibliographies of T. A. Sarymsakov [9)
and F. Harary, B, Lipstein & G, P. H. Styan [10] ).  Their main theme

is the study of conditions for the ergodicity of non-stationary Markov

chains.
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F, Harary, B. Lipstein & G.P.H. Styan [10] studied non-stationary
Markov chains from a different point of view, They defined a causative
matrix by Cﬁ = P;1 Pn+1 where Pn is the transition matrix from t;me
n to time n+1 of a non-stationary Markov chain, B. ILipstein Lj1]
proposed an application of this causative matrix. He used the
differences of the eigen-values of the causative matrix from 71 as
measures for changes of the structure of transition matrices. This is
a fTacinating applicatioﬁ of a non-étationary Markov chain. But it does
not seem to assist to solve our maié problem stated above.

In Appendix 1, another generalization is shown. The motivation of
the study was in the Markov brand switching model. The Markov brand
switching model is a typical practical application of a Markov chain.

In the model, the probability that the process is in state s, is
considered as the purchasing level (i.e., the rate of buyers) of Brand S
and the transition probability from state S, to Sj is considered as
the proportion of switchers from Brand S to Brand sj to buyers of
Brand s,. For this model, as A. 5. C. Ehrenberg 18] asserted, the
assumption of the stationarity of the transition probabilities cannot

be expected in most cases. We'should rather treat the transition
probabilities, i.e., the proportions of switchers, as random variables.

This indicates a new model, the Markov chain model with random transition

matrices.




11

In Appendix 1, a Markov chain with random transition matrices
(a M.C. with R.T.M,) is defined as a Markov process on the space of
the s-th order stochastic vectors, and some properties of it are
examined.  Furthermore, stationary M.C.'s with R.T.M, (i.e., M.C.'s
with R.T.M. having mutually independent and identically distributed
transition matrices) are classified into three groups; ergodic chains,

aperiodic and non-ergodic chains, and periodic chains,

N Y

6. On the accuracy of the transition probabilities.

The next problem is on the accuracy of the transition probébiliéies.
Estimating methods fér transition pﬁobabilities of a stationary‘Markov
chain have been studied by many authors (see (11 , [2]1 , U12] , [13]
and also see books [ 14) , [15] ). When informations about the
transitions of the chain (micro data) are available, we can estimate
the transition probabilities with the maximum likelihood estimates (see
[11). When only informations about the distributions of the chain
in a long time (macro data) are available, we estimate them with some
of resfricted least sguares estimates, weighted f?stricted least squares
estimates, maximum absoluée deviations estimates (see [137) ), Chorafas's
‘estimates (see [16] ) and others. However, in most cases, these
estimates have‘errors which cannot be disregarded. If we calculate

estimates of other characteristic quantities of the chain, such as the

limiting vector, the mean first passage times, taboo probabilities and
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so on, from these estimates of the transition probabilities, then they
might have larger errors.

Iﬁ practical applications, we are very interested in the magnitudes
of the errors of the estimates. The magnitudes of the errors of thé
estimates of the transition probabilities can be obtained by ordinary
statistical methods. But when we calculate the other quantities from
the transition probabilities, it is not easy to obtain the magnitudes
of errors of estimates of them. We need furthér examination about
rélations between the transition prébabilities and them. Ag an example,
we shall formulate the problem for the limitiﬁg vectors.

Let P = {.pij H i,j'= Tely o2 ,s\ be the t?ansition matrix of
a stationary regular Markov chain and ¢l = { a; 3 i=1,2,°*° ,8 } be
its limiting vector.' Suppose that there is another stationary Markov
chain with traﬂsition matrix P' = {pij } and the limiting vector cL"
= { ai }. If P' is close to P , we can expect that o' 1is also
close to ol . Then how close are they?

P.J. Schweitzer [17] gave an answer of this problem by giving a
perturbation series expansion of o ' in powers of the matrix U = 1
(P = PX(I =P + A)"1, where A is the matrix with Ol in each row.
However, since U is defined as the product of (P' - P) and an
inverse of a matrix, we cannot easily guess it when we only know that
P' is.close to P . |

J. L. suith [18] showed that if D, - Api-jé PG I +4p;j
for all i and j, then ¢/ ' lies in a convex cone in the g-th order

Eucledian space bounded by at most 3s hyperplanes. His method gives



15

us a precise information about the range of ' » but we can hardly
guess it without calculating a linear programming problem.
In Chapter 3, a simple bound for ol' is obtained using special
t. h i - . .' . - . . . - ‘
properties of the matrix (I - P) If \pla lelg P;s€ for
all i and-’ j, then

ial'{ - ak\ £ 2(s - 1)(1-ak)ake « 0(&%).

This idea can be easily'adopted for obtaining simple bounds for some

+

other characteristic quantities. ,

7. Numerical methods for Markov chains

In theoretical applications of Markov chains, we sometimes need
the numericgl‘ﬁalues of characteristic quantities of the chains such
as the limiting vector, mean first passage times, absorbing probabilities,
taboo probébilities and so on. These values can be obtained by ordinary
methods for numerical calculations. For example; the limiting vector
of a Markov chain can be calculated by ordinary methods for syétems of
linear equations such as Gaussian Elimination, Gauss-Seidel iterative "
method and s0 on.

However in most theoretical applications, the transition matrices
have special structures. For example, the imbeded Markov chains used

in the analyses of queueing systems of type M/G/1 , have transition

matrices of the form
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\

Hence it is desiéble to develope new suitable methods of numerical
calculations for Markov'phains with' transition matrices with special
structures.

In Chapter 4, an iterative method is proposed for the calculations
of the limiting vectors, and it is used for the analysis of the speed
class sequencing in the air traffic control in Chapter'S. It is
available for all regular Markov chains, and in particular, it is
effective for Markov chains with the 'Tollowing structures. Thé states
of a Markov chain are grouped into several blocks in a natural way.

The probabilities of transitions from one block to another are very .
little, and hence if once it enters in a block, it stays in the block
for a long time. For such a chain, it may be adequate to separate the,
transitions within the same block and the transitions between different
blocks. This idea is related to considering the lumped processes of
the Markov chain. In our method, the transitions in several lumped
processes are followed separately. This coresponds to partitioning

the system of equations into several systems of equations. If we want

to calculate the limiting vector of such a chain by the Gauss-Seidel
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iterative method, the rate of convergence is very slow. In our method,

we avoid this difficulty by partitioning the system of equations into

several smaller systems of equations. Tor, as a rule, we may expect

that the smaller is the number of equations in the system, the faster

is the rate of convergence in an iterative method.
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CHAPTER 2 ON APPROXIMATIONS OF LUMPED PROCESSES BY MARKOV CHAINS

AND THE RANGE OF EIGENVALUES OF STOCHASTIC MATRICES

1. Introduction

‘The curves in soli& lines in fig. 1 represent the market shares
of three cigarette brands in the United States during the period 1925 -
1943 . L. G. Telser ({10} and M. Teil & G. Rey [11] used this
data for explaiﬁing the problem of estimating transition probabilities
in Markov chains from a set of observations on the distributions. - in‘

I11] , 1t was‘ghown that the transition matrix is estimated from the

data as
(1.1) P = L6686 1423 L1891
.0 .8683 L1317
4019 .0 .5981 \

by the restricted least squares estimation. The curves in broken
lines in Fig. 1 are the estimated market shares calculated from the
same initial distribution (.5056 .2028 .2916) and the estimate
transition matrix P in (1.1). They almost monotonically tend ﬁo
limits, but on the other hand, curves in solid lines rather oscillate
with damping. Tﬁe period of the oscillation is about ten years and

the amplitudes become about halfs in a period, i.e., in ten years.
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Thus the estimation is not successful in the manners of convergendes.
The cause of the ill success is not in the estimating method but in the
attitude to'try to approximate the original process by a Markov chain

with three states. The aim of this paper is to clarify the reason of it.

2. Lxpansion of a Stochastic Matrix by Eigenvalues

We consider a stochastic matrix P = ( pij ) of order =n. 'The

EY

entries of P are nonnégative and the row sums are equal to 1 . One
of the eigenvalues of P is equal to 1 and the absolute values of
others are less than or equal to 1 . To simplify the discussions, we
assume that the eigenvalues 9\1, )\2, vee 7\n are different with
each other and that A, = 1 and ]Akl < 1 for k=2,3,e+e , 0.

Then P can-be represented as .
(2.1) p=TAT

where /\ is a diagonal matrix with diagonal entries Ngs 7\é, see

ey N and T i1s a square matrix whose k-th column is a right
k k

eigenvector t = ( tj ) of P corresponding to 7\k . It follows
that
(2.2) P = H,] + )\2 ha - eve 4 7\1’1 Hn

where Hk is a square matrix of order n of the fornm
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3. The Range of Eigenvalues of Stochastic Matrices (I)

In this and the next sections we shall treat the range of eigenvalues
of stochastic matrices. By the well known Frobenius's theorem, the

eigenvalues of stochastic matrices lie in the unit circle in the complex

plane or on the boundary of it. However, not every point in the circle

can be an eigenvalue of a stochastic matrix of order n . We denote
by Dn the range of eigenvalues of stochastic matrices of order n ,

i.e., the set of all z: such that there exists a stochastic matrix of

»

order n with an eigenvalue 1z . We shall study about Dn .

2Tt + % sin g%?? of

We denote by W, the complex root cos

the equation ST T Then the n roots of the equation are T, W

X
UJi, oo, w2 L Ve denote by C_ the domain with its boundary

n’

bounded by the regular polygon whose vertices are the roots 1, w._ ,

n
i, cee u)§'1 (see Tig. 2).

)

W

Fig. 2. 05
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We prepare four elementary lemmas. We consider a stochastic

matrix P = ( P ; ) of order n and denote the eigenvalues of it by

n

7\.1, 7\'2’ L Y ’ x .
Lemma 1. ?\1'5' ./\.24- "’+7\_n:p11 +p22+000+pnn .

Proof. The lemma can be easily proved by comparing the coefficients
of A1 in both sides of the equation |P - AI] =
A= DA = A e (A=A

’

Lemma 2. If the last column of P is the zero vector, i.e.,‘ Piy = 0

for i1=1,2,°*** ,n, then one of the eigenvalues is zero and others
coincide with eigenvalues of a stochastic matrix @ Zformed by deleting

the n-th row and the n-th column from P .
Proof. The proof of this lemma is &rivial.

Lemma 3., Let Qu = olP + (1= A)I for 0 <LK 1. Then Q

is a stochastic matrix and has eigenvalues

(3.1) Al =, 1A (k=1,2,*** ,n).

Proof. It is clear that Qy dis a stochastic matrix. Since

n

(3.2) Qog-)&lf:Il ‘O(Pv+‘(1-o()1~(o(?\k+1-o()I

}d\-\P‘-')\kI =0,

)_& is an eigenvalue of Qg
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Note: We can easily show that Qg is expanded in the form in (2.2)
with the same Hk's as P .b The lemma reflects the fact that the
eigenvalues of a matrix formed by a linear combination of two matrices
with the same Hk's are given by the same linear combinations of |
corresponding eigenvalues of two matrices. We shall use this fact

in the proof of Theorem 4.

We will abbreviate the segment with end points =z and z' of

a line in the complex plane as the segment [z ,z') .

Lemma 4., If =z is in D then the segment [1,2z) is also

contained in Dn-.
Proof. This lemma is a trivial corollary of Lemma 3.

Now we shall prove some theorems for Dn .

Theorem 1. Dn:) Dn—1

Proof. This proof is obvious from Lemma 2.

Theorem 2. D, =C, i.e., D, is the segment [ -1, 1] .of the

real axis.

Proof. When n=2 , the eigenvalues of P are x4 = 1 and

- ) - . i hond 1 .
)“2 = Pqiq *+ Poo 1 by Lenmma 1 Hence 7\2 is a number on [ 1, ]
Conversely, for any number 2z on [—1, 1] , we can easily construct

a stochastic matrix of order 2 having an eigenvalue 2z .
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Theorem 5. D

S0 we

Proof. From Theorems 1 and 2, it is clear that ¢,C D

.

3 .

are sufficient to prove that C,C D, and that no number out of

3 3

c,Uc can be an eigenvalue of a stochastic matrix of order 3 .

2 3

(i) That CBC: D. is a special case of Theorem 4, But here we prove

3

it in another way. We first prove that any number on the segment

[u)B, QJ§3 is in D3 . Such a number is represented as z = - 1/2 + b1

(-{3/2<v< [3/2) . The stochastic matrix

(%.3) P=140 1/ + b2 3/4 - b2
0 0 1
1 0 0

has eigenvalues 1 , z=-1/2 + bi, z=-1/2 - b1l . Hence z dis in

D, . By Lemma 4, we can show that any point on the segment [1, z ]

)

is in D3 . Thus CB(: D3 .
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(i1) We prove that any complex number z = a + bi,.such that a< -1/2
and b # O , is not in D3 . If =z 4is an eigenvalue of a stochastic
matrix P of order 3 , then the complex conjugate z of. 2 is

also another eigenvalue of P , For, if ]P -zI| =0, then the
complex conjugate :lP - EI‘ .of lP - zII is also equal to zero.

Hence in this case three eigenvalues of P are 1 , 2 and z . By
Lemma 1, we have

} oo = o+ 7 =
(3.4) Pgq *+ Doy + P33 1+ 2 + 7 1 + 2a .

Since Pqiqr Py, and Py are nonnegative, it follows that ax-1/2 .
Thus any complex number =z = a + bl such that a< =1/2 and b £ 0 ,
is not contained in D3 .

(1i1) We prove that any complex number z = a + bl such that [b/’(1-a)‘
e 1/f§', is not in DB'. This is & special case of Theorem 5,

However here we shall prove it directly.

Solving the equation |P -~ AI| =0 , we have

(305) a = -_;— (P.H + P22 + p33 - 1)

K
T2 (Pap + g3+ Pyy + Doy + Pyq + Py5)

and

2
(3.6) | b =T[- (pﬂ * Pyp +p35—1) +lPl]

o
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1 (2 2 2 2 2 2
= ’E’[ " (Pgp * Pyz * Ppq * Paz * Py + Pyp)

= 2UPgaPys + PoqPay + PyqPrp + PyoPyy *+ PygPyg * PogPyy)
+ (P12P23 T PypPzq + PypPap + PyzPpq + PyzPps + PqzPzp

* PpqPyq * PpqPpy + p23p31)J '

It follows that

(3.7) ( b )2 - ' X

1 - a

= -2 [(p2 # Do, 4 Do, 4 Doy 4 Do, + Do) + 2 (DyoPyn + PasDox + DasD
12 13 * Py 23 * P3q 327 12P13 + PpqPp3 *+ P3qPz5

. ' 2
T PagPoq T PazPzq * p23P32)]/’(P12 + Pqz * Ppq * Ppz * Pyq + Pp)
2 A 2 2
<-2 [(p12 + p43? + (P, + p23) + (p31 + p32) ],/
. &, . N . 2
(Pyp *+ Pyg + Ppq + Poz *+ Pgq * P3o)
<-2/3 .

Hence we have

b e A -
(3.8) ’ 1 - alé F .

Thus 2z = a + bl such that lb/’(1-a)|'> 1/{3 , is not contained in D3'
L UeU oo U
Theorem 4. | Dn o 02 03 Cn .

Proof. If Dn:p CIl y then the theorem is proved by Theorem 1 using the
mathematical induction on n . In order to prove that Dn:D Cn , we

use a similar idea to Lemma 3. We will abbreviate w, as w .



Since Cn is the regular polygon with vertices 1 , W, QJZ, cee Ugn'1

each point in Cn can be represented as a convex linear combination

i~}

(3.9) 2= 0olg+ oW + 0(20024. cee w0l W

where o(k > 0 and o(o + 0{1 + oeee 4 Q(n_,l =1 . We shall construct
a stochastic matrix @ with an eigenvalue 1z .

We consider the stochastic matrix of order n

(3.10) P

i
O
-
O
.
.
.
o
»

s e
e s e
* e »
.
.
.
LI Y

The eigenvalues of P are 1 , W, WXF,-... , con-1. So P can be

expanded as

(3.11) P=H(1) + WHwW) + W2 HO W) + eee + T H(OPT)
where H(x) is a matrix-valued function
’ - -2
(%.12) H(x) = ‘%— 1 %" % ce X .
n=-1 2
¥ 1 ¥ s e X

i
s e e

s e

.

R

Hence the k-th power of P is represented as

e
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k 2k

(3.13) P* o= BH(1) + o Hw) + ot H( W) 4 eee w(n-q)k B ).

" This relation is also satisfied for k=0, i.e., for PO =1. Hence it

is available for every k=0,1,2, ¢+o, Now we define a stochastic matrix

(3.14) Q= ol T+ oy Pt oy X vee 4 ol o PP,
From (3.13). Q is represented as
(3.15) Q = H() + £(w) H(w) + £(w?) H(wf) + ees |
e () 2O
where
(3.16) (o) = g+ oy x s oly 5 v eee v O 27,
‘Hence Q haéﬁéigenvalues 1, f(w), f((uz), oo f((nn-1) . Since

z = £(W) , =z is an eigenvalue of Q and hence it is in D_. This

completes the proof,

4, The Range of Eigenvalues of Stochastic Matrices (II)

In Theorem 4, we saw that D D ¢, Y c VY «oo Ve o Then is

it true that Dn = 02\J CBKJ vee L’Cn ? The answer is "no' . For

example the stochastic matrix

1

O
-
(@)
O

(4.1) P

B
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has an eigenvalue 2z which is not in 02U C3 chq . The two complex

eigenvalues 2z = a £ bt of P are on the hyperbolic curve

2

b 12 2 :
5 - (a + 3 = 5 (see Fig. &) .

Fig. 4. Eigenvalues of P
in (4.1)

N ,/\_(6/

-7 :wq‘

So we must study furhter about the boundary of Dn .

N. A. Dmitriev & E, B. Dynkin [ 5] proved the following

Theorem 5. (N. A, Dmitriev & E. B, Dynkin) (*J
Let N\ be an eigenvalue of stochastic matrix of order n . If

arg(A )< 27 /n , then A is in C, -

(¥ This theorem is quoted from (9] . Unfortunately the author

has never seen the original paper [5] .
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Theorem 5 implies that the segments [1, UJn] and [1, u)i-ql
are parts of the boundary of Dn . The remaining.part of it has
never been known exéctly. The following theorems will give us a
clue for the study about it.

Let th; be the set of stochastic matrices of order n such
that each row of them has at most two nonzero entries, and E; be

the range of eigenvalues of stochastic matrices in YY{; .
Theorem 6. The boundary of Dn is contained in E; . .
Several lemmas are necessary for the proof of this theorem.

Lernma 5. Let ) be a simple eigenvalue of a stochastic matrix P of
order n , and t and u be a right and a left eigenvectors of P

corresponding to A . For arbitrary matrix B and a small number € ,

..,

the matrix P + £B has an eigenvalue

uBt

2
E e + 0(e<) .

(4.2) . 7\_' = )\- +

For the proof of this lemma, see (121 .

Let g be the smallest value of nonzero entries of P , and
& (P) be the set of matrices B such that P + 9B is a stochastic

matrix. Let F Ybe the range of uBt/ut for Be LK(P).
Lemma 6. ~F is a closed convex polygon containing the origin.

Proof, The proof of this lemma is obvious.
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Lemma 7. If Pij v Piy > 0, then gz = ui(tj.- tk)/’ut and -z

are in F .,

Proof. We consider the matrix B such that bij.= 1, bik = -
and other entries are equal to zero. Then it is clear that both
B and =~ B dre in  (P) . Hence z =uBt/ut and -z = u(-B)t/ut

™

are in F .,

Lemma 8. If 2 is on the boundary of D, , then the origin is on

»

the boundary of F .

Proof., If A is on the boundary of Dn and if the origin is in the
interior of I , then there exists a number =z such that z is in
F but A + €2z is out of Dn for every positive & < 1 . Since

z is in F , there exists a matrix B in & (P) such that z =

~
.

uBt/ut . By Lemma 5, P + €B has an eigenvalue X' = A+ &2z +
0(€%) . Since A + & z is out of Dn » X' is also out of Dn for
sufficiently small € . Since P + €B is a stochastic mafrix, this

is in contradiction to the definition Dn .

Lemma 9. If A is on the boundary of‘ Dn y, and if pij , pik:> o,

then z = ui(tj - tk)/’ut is on the same edge of F as the origin.

Proof. By Lemma 7, three points z , 0O and -z are in F , and by
Lemma 8, the origin is on the boundary of F . Since F 1is a convex

=

polygon, these three points must be on the same edge of T .




Now we shall prove Theorem 6.

Proof of Theorem 6. Since eigenvalues of stochastic matrices are

uniformly continuous on the entries, it is clear that Dn is closed.
So for every point A on the boundary of Dn , there exists a stochastic
matrix having’an eigenvalue A_ . S0, we are sufficient to prove that
if an eigenvalue A of P is‘on the boundary of Dn and if pij ,

Pix 1 Py > 0 , then there exists'a stochastic matrix P' with the

same eigenvalue A such that P' has the same entries as P other
i ! ! ! ntries is

than three entries pij’ Py s p i1 and one of the three e

equal to zero. For the simplicity of the proof, we shall prove only

the case where A is a simple eigenvalue of P,

If Pssy Piys Piq > 0, then by Lemma 9 three points

1J
(4.3) R Y/ut , ez = ou (b -t )/ ut
koo i k ' Tkl itk T 1
and the origin are on the same edge of T . So, Z;k =0 or Z;l =

i T . :
c zjk where ¢ 1is a real number. Hence we should conglder three

cases, (i) u, =0, (i) tj =t and (iii) b, -t =0 (tj - tk).
(1) 1If uy =4O , then uQ =AAu for every Q ‘formed by replacing thé
i-th row of P with a stochastic vector. Hence especially, the matrix
P' formed by replacing the i-th row of P with a stochastic vector
whose .i-th entry is equal to 1 and others are equal to zero, has an
eigenvalue A .

(ii) When tj = t,_ , we consider the stochastic matrix P' formed from

Then

P by replacing pij with O and Py with pij + Pyy

P't =Pt =At . Hence P' has an eigenvalue A ,
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(iii) Now we consider the case where tk - tl = ¢ (tj - tk) . If
¢ = -1 , then we have tl = tj y and we can construct P' in the
same Way as in (ii), Hence we assume that ¢ # =1 . Then we can

write as

(hob) t, = —— (t

k= Ty (Bporoty) .

We consider the stochastic matrix P' formed from P by replacing

1 e a? o ' ' . R
the three entries pij"pik and b.q with
: c
[ < .
(4.5) o Pig TPyt T Pk
pik = 0 and
. 1 — + 1
Pip = Pi1 v Ty ¢ Pix ¢
Since
o 1 1 — E g .
(4.6) pijtj + plyty = pijtj + piktk 4 piltl ,

we have P!'t = Pt = At . Hence P' has an eigenvalue A .

Thus in every case we can construct a stochastic matrix P' having

' : ! 1 ) s T

an eigenvalue A such that one of pij’ Py + Pdq 1is zero. Thus we

have proved the theoremn.

In the proof of Theorem 6, we have dealt with the i-th row only.
The same idea can be used for any pair of two rows with two nonzero

entries. Namely, if Piso Piy > 0 and Py v Pyp > 0 , then one of
J - .

(k.7) ZEk = ui(tj - tk)/'ut
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and
(4.8) 2t = w (t. - %)/ ut
: im h* "1 ’
. _ h i
is equal to zero, or Zim = C By (# 0) . In the former case, we -

can show that there exists a stochastic matrix P! with the same

eigenvalue A such that P' has the same entries as P except for

four entries Pij’ Py Pyq oo Ppp and one of the four entries is
equal to zero. Hence in order to .study about the boundary of Dn ’

. . . . . . ~ ]
we can restrict our considerations to stochastic matrices in ”ﬂﬁn

satisfying

Alignment condition. For any choice of two rows of P with two

nonzero entries pij’ Py and Ppq 0 Py 0 if exist, the relation
L}' ] : y . bad = =
(5.9) ul(tJ t)=c w, (6, = &)

holds for a real number ¢ which may depend on the choice of the rows.

2 . . . o~ . .
We denote by-WT(n the set of stochastic matrices in 1}[; satisfying the
Alignment condition, and by Ei the range of eigenvalues of stochastic,
matrices in Yﬂin . Then we can summarize the above discussion as in

the following
Theorem 7. The boundary of Dn is contained in Ei .

Unfortunately we know few sufficient conditions for the Alignment
condition. lence we have not yet determined the boundary of Dn

exactly. The author supposes that the boundary of Dn is attained



by simple stochastic matrices and conjectures that it is contained in
the union of the boundary of Dn-1&lcn and Ei defined below,

Ve consider the matrix defined in (3.10) and denote it here by
Pn . We denote by Pn(i,d~) the matrix formed from Pn by replacing
the (1,1)-th entry with ol and the (i,i+1)=th entry with 1~ . Tor
example, the matrix in (4.1) can be denoted by Pq(B,CK) in this
notation, We let ’WﬁE be the set of stochastic matrices P (i,X)
for i=1,2,°¢¢* yn-1 and 0x o £ 1 , and E3 be the range of
eigenvalues of stochastic matrices in TN_)

If the conjectur is true, D4 and D5 become as in Fig. 5 .

D4 and D_. Dby the conjecture

. Fip‘;' 5.'

5

@ p,(3,4) @ pyh,0) B P(3,X)
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5. A Lower Bound for the Number of States of the Underlying Markov Chain

Now we return to the example in Section 1. As stated there, the
curves for the observations may be considered as curves for damped
oscillations, and the period is about ten years and the amplitudes
become about halfs in one period, If the motions of these curves are
approximated by the distribution of a Markov chain, then the transition

matrix P of the chain has an eigenvalue

(o ow : .

(J—TG-SLco 2R ~‘__.n2ﬂ}
2 8T v s T

756 + 548 1,

(5.1) A

]

From Theorem 3 we know that there is no stochastic matrix of order 3
with an eigenvalue A . Hence it is impossible to approximate the
curves in Fig:;ﬂ by the distribution.of a.lMarkov chain with three states.
We should»rather consider that the process is not a Markov chain but
a lunped process of a Markov chain,

We consider that there exists an underlying Markov chain with n
states. The state space of it is divided into r sets by a partition

1

A = {A1 ’A2 y *c ,A?} . We assume that we cannot observe the state
of the chain but can observe the set in which the chain is. We denote
the state of the chain at time m by fm and the observed set by By ¢

The observed process §~gm% is called as a lumped process of the chain

{ fm% or as a function of the chain.
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In this example, the observable sets A1 ,A2 s A are Camel, Lucky

3
Strike and Chesterfield, respectively, but we do not know the state
space of the underlying chain, However using Theorem 5, we can obtain
a lower bound of the number of states of the underlying Markov chain.

The transition matrix of the chain must have an eigenvalue A &liven

by (5.1). The angle @ between the real axis and the line connecting

17 and A , is

(5.2) 6 = tan™" —1—_2%—6— =’tan"1 2.25 = ,367 W ., :

The angle between the real axis and the line connecting 1 and u)n

is (n-2)TC/2n . Hence § < (n-2)W/2n if and only if n = 8 .
Thus 7. cannot be in Dn for n £ 7, and we conclude that the
underlying Markov chain must have at least 8 states.

However iﬁ is another problem whether we can approximate the observed
process by a lumped process of a Markov chain with just eight states.
Probably it is very difficult problem to estimate the transition matrix
of the underlying chain from a set of observations of distributions of
the observed process.

C. K. Burke & M. Rosenblatt [ 1] studied conditions fo? a
function of a finite Markov chain being a Markov chain too. E, J.
Gilbert [ 4] , s, W, Dharmadhikari (21, 3], A. Heller [ 7] and
others studied the problem of constructing the transition matrix of the
underlying Markov chain from the full informations of the probability
laws of the observed process. However our new problem is more and more
difficult than the problems studied by the above authors. Becausevwe
can only use the information of the distribution of the observed process,

~and cannot use the informations about transitions.
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6. A Remark on Approximations of Lumped Processes by Markov‘Chains

In the last section we showed a method for obtaining a lower bound
of the number of stales of the underlying Markov chain from observations
of the distribution of the lumped process. However it is often
impossible to estimate the transition matrix of the underlying Markov
chain, In such a case we cannot help approximating the lumped process
by a Markov chain, Hence we shall study about such approximations.

We consider the pr&blem of apppoximatiéng the observed prgcéss {gm}
by a Markov chain with a transition matrix Q = ( qvv ) « It is
natural to expect that the lumped process and the approximate Markov
chain have the same one-step transition probabilities. If the
underlying Markov chain {fmj start with the stationary distribution

ol = ( a; ) ,.the one-step transitiop probabilities of {gm\ are given

by

P
o
L]
-
g
Re]
<
<
i

Pr{gmH:Avl gmsz}

%%Aﬂprifmﬂezx,] fm=i}-Pr{fm=i§/ |

T Pr {fr‘q:il{

iéA}A

i
[
-]
e
ks
b
~
I~
QO
'.J

ichpn ey
(}-L,l) = 1,2, e e 1") .

If the approximate Markov chain has the transition matrix Q defined

by (6.1), then it has the same stationary distribution as the lumped
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process, even if the two processes do not start with their stationary
distributions.  ( G. Guardabassi & §. Rinaldi | 6] considered the
pfoblem of finding a Markov chain with the same stationary distribution.
.as the lumped'prOCess by a t0pological approach. His method also

uses this approximate chain, )

If the underlying Markov chain is lumpable (see (81 p.12% ),
then the lumped process i gﬁﬁ is a Markov chain with the same transition
matrix as the approximat? Markov chain, and hence if we can es?imate the
transition matrix of the.approximate.chain well, then the approximation
will be fairly good. If the underlying Markov chain is weakly lumpable
(see [8] p.132 ), then the lumped process is a Markov chain when the
underlying chain start with the stationary distribution. Hence if we
can estimate the transition matrix of the approximate chain well and if
the underlying‘%hain start with a distribution near to the stationary
one, then the approximation is fairly good.

Thus in special cases the approximation may be good. However
generally the approximation is not so gobd. We shall see such a
situation by the point of view of the rate of convergence of the distribytion
to the stationary one in the next section, As stated in Section 2, the
rate of convergence of a Markov chain is mainly governed by elgenvalues
having the maximal absolute value among eigenvalues of the transition
matrix other than 1 ., S50 our problem is to examine the relations
between eigenvalues of P and q ., This problem is very difficult, so

we shall study the simplest case.
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7. Approximation of a Lumped Process of a Markov Chain with Three

States by a Markov Chain with Two States

We suppose that the underlying chain has three states, 1 , 2 and
3 , and that the states 2 and 3 are lumped together for the lumped

process.. The underlying chain has the transition matrix

(7-1) P = Pr]r) p’lZ p13 .

P31 Pzn Piz

Then the stationary distribution of = (a1, 2y a3) of it is given by

(7.2) a, = b,l/"(b1 + by o+ bB)
a,.= ba/'(b1 + b, +'b3) '
8y = bB/I(b1 + b2 + b3)

where

(7.3) P1 = PpqPyq * PpqPpy * PoazPzq ,
Po = PapPzq * PypPsp + Pyzbys

°3 T P1aPaz * PqzPoq * PyzPosg

By (6.1), the transition matrix Q = ( qug ) of the approximate Markov
] ,

chain is given by
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Qp = Pqp * Pyg

i

(aypyy + agpgq)/ (8, + ag)

Lay(Pop * Poz) + a5(pyy + 25301/ (ay + a3)

9
o
o
1

Ve denote the three eigenvalues.of P by 1, )\1 and 7(2u, and the
two eigenvalues of § by 1 and N' . Then Xﬂ and )\2 are

A

two roots of the equation

(7.5) A? - (p11 * Doy *+ Pyg - 1)%_4—\Pl =0 ,

and A is given by

(7-6) N = q,],] - q_2,] .

AR I

" The rate of convergence of the approximate Markov chain is governed
by %: , and that of the lumped process, or the underlying Markov
chain, is governed by max:{ l)q\ v | AQ[H . So we shall consider

the ratio

y _ N

(7.7) max {\7\ﬂ ’ szlj .

- If f < 1 , then the rate of convergence of the approximate Markov

chain is faster than that of the lumped process. The following theorem

gives a sufficient condition that L -
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Theoren 8. N < N <A, if and only if

Do P
(7.8) (pp4 - 1"31)(81;? - a;’)<o :

Proof, We consider a function

(7.9) $O) = N = (pyg *+ Py *+ Pz = DA+ 2]

Since A, and 7\2 are roots of the equation f£(A) =0 ,
N < N<A, if and only if f(N') <0 . Hence the theorem is
easily ovtained from the relation

' aZaB(a,l voa, aB)“
(7.10) (A = (a1 a2 (pyq - p31)<

2 3

Pip PH)
a2 i':l3

In order to examine the tendency of ? , the author calculated the
density of f.;by a Monte Carlo simqlatiqn under the condition that
rows of P are mutually independent random vectors and each row has the

uniform distribution on the triangular defined by Piq + Pip pi5 1

and pij;g 0 in the Fucledian space of order three.

Fig. 6 -is the histogram of P in the 20000 experiments. It has
a mode about f =.1.0 and it has a similar shape to the uniforn l
distribution for f < 0.9 and to the exponential distribution for
f) 1.0 . The proportion that § 1.0 dis about 82 % gnd the
proportion that ¢ > 1.0 is about 18 % .

Thus in most cases the approximation causes the raté of convergence

to be faster. These experiments treats the simplest case that two of

three states are combined together. We can guess that if many states
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are combined, then in almost all cases the rate of convergence becomes
much faster;

In many applications, we have failed to apply Markov chain models
for time series, As discussed above, we can guess that in most cases,
the cause of the failures is in the adoption of too small number of
states. Hepce, when we try to apply a Markov chain model to a time
series, we should take care of adopting sufficiently many numbér of
states. If the number of states is smaller than the real propesg,
the rate of convergence.of the approximate Markov chain would be greatly

faster than that of the real process.
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CHAPTER 3 ON THEL EFFECTS OF SMALL DEVIATIONS IN THE

TRANSITION MATRIX OF A FINITE MARKOV CHAIN

1. Introduction

Let P ={_pij 3 d,J= 1,2, 000 ;r} be the transition'mgtrix‘of a
stationary, regular Markov chain M " and ol = {ai 3 =142, 0 ,r} be
its limiting vector which represents the stationary distribution.
Suppose that there is another regular Markov chain M' with the
transition matrix P! ={pij§ and the limiting vector o' = {ai\ .
If P' is close to P, we can expect that ' is also close to A .
Then how closé‘ére they? ir r ana P! are exactly known, then we
can ansﬁer the question by calculating both ol and L', However
in most practical éases, we only know that P' dis close to P . Such
a situation arises whenever we have to infer the transition matrix of
a Markov chain. In such a case, we can only get an approximate value .
of the transition matrix, and we want to know the range where the real
limiting vector is in.

This problem is rather difficult than it appears. Because, eaéh
enﬁry‘ a. of the limiting vector is written as a quotient of two
determinants of matrices, and generally it is not easy to determine the

range of variation of a determinant caused by small changes of its

entries.
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P, J. Shweitzer [2) gave an answer of this problem by giving a
perturvation sefies expansion of /' in powers of a matrix U =
(P" = PXI -~ P + A)"’I representing the difference between P and
P'y where A 1is the matrix with O\ din each row. However, since U
includes the inverse of a matrix, we cannot easily guess the value of
U wheﬁ we only know that P' is close to P. J. L, Smith [ 3] showed
that if p . - Api—j S Pl S P+ AP‘i*j for all ‘i and j , then

- R J
o' lies in a convex cone in the r-th order Eucledian space bounded by

at most 3r hyperplaneé. His method gives a precise information about
oh s but we can hardly guess the range of ' without célculating a
linear programming problem.

In this paper, we obtain.a simple bound for (A' wusing special
properties of the matrix (I - P). This method can also be applied for
other quantities, e.g., the mean values of first passagé times, the
variances of first passage times, taboo probabilities, and so on.

We obtain a bound for ' in Section 2, and bounds for other
basic quantities in Section 4. In Sections 5 and 6, we also obtain
simplg bounds for the variances of the basic quantities for the Markoy

[}

chain M', when pij are mutually independent random variables.
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2. A Bound for Limiting Vector o'

We consider two regular Markov chains M and M' with a common
state space S = {51’32’ ."’Sr.g' We denote their transition matrices
5 = J' = ' . . » . -
by P {pij\ and I {pij\\ and their limiting vectors by ol {ai\
and J' = ia!\ . If P' 4is close to P , then we can expéct that

i
®' is also close to K. We have many measures for closeness.
Here we are convenient to adopt the ratios pij//pij as a measure.
Because, in dealing with a Markov chain, it is very impotant whether
individual pij is equal to zero or not, and so ratios between

transition probabilifties are rather meaningful than dififerences.

Hence we assume that

-1 L
(2.1) (74-6) Py S pij £ (1+€) P 5 (1,j=1,2, 0+ 42 3 14 3)

-~ 8,
[}

where & d1is a positive constant. Before we obtain a bound for aﬁ ,

we prepare some lemmas.

2.1 Preliminary lemmas

By the assumption of regularity, the limiting vector of of the

Markov chain M is the unique positive stochastic row vector satisfying

oLP=0ol o Let ik (k=1,2, ¢+ ,r) be the (k,k)-th cofactor of the

matrix (I-P), i.e., ﬁk be the determinant of the matrix formed by

deleting the k-th row and the k-th column from (I=~P), where I is the
. -

r r identity matrix, And let U = P - We use the same notations
k=1 _
with primes for correswonding gquantities for the Markov chain ',
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Lemma 1. For each k (k=1,2,¢¢ 1) ,

(202) ak'. = Pk/U .

Proof. This is an easy consequence of the Cramer's rule for equations

r
ohP =0l and .Zl a; = T
i=1

Lemma 2. For each k (k=1,2,°** ,r), fk can be written as a sum of

products of transition probabilities with plus signs:

@3 Boe I omymycon e

J

k+1 ]
J
] k+1

1jk-—'l rjr

where the summation is taken over a set J; of ordered (r - 1)-tuples

. vjr) y (Jo=1,2,°°" y 1Ty 141, o00 1),

(31132')". ’Jk-1’3k+1" i

Proof. This is a fundamental lemma, but is a trivial corollary of Lemma 9

“u,
A

in Section 3. Hence we omit the proof here.
Lemma 3., If O< x'sx and O£ y'<y , then
(2.4) O £x'" +y'<S x + ¥ and . 0L x'y'< x¥ .

Proof, This proof is obvious.

Lemma 4. If (2.1) holds, then for each k (k=1,2,+++ ,r) we have

(2.5) (1+€) T E < B < (14607 B,
and

: -r+ Sy - 'S r-1 _3
(2.6) (1+¢) (U-P ) £ (U =-P) € (1+6€) (U-P)

Proof. This lemma can be easily proved by (2.1) and Lemmas 2 and 3.
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2.2 A bound for aﬁ
Here we propose a bound for ai . In Section 2.4, we will show

that there exists a pair of Markov chains which nearly attain this

bound. So, this bound is the best one of those which use the

information on & only. In the corollaries below, 0(x) represents

a term such that O(x)/x is bounded in a neighbourhood of the origin.

Theorem 1. If (2.1) holds, then for each k (k=1,2,+*+ ,r) we have

»

a, : a,
(2.7) < a' = _ - .
a, + (14‘6)2r_2(1-ak) k ay, + (1 + e)-2r+2(1-ak)

Proof. By Lemmas 1 and &4,

=X '
(2.8) s s
| -, 1ty
U Pl o+ (U >k)
(1+6)"7" B,
<< L .
- rel=— -+ -
(1+ &) Pk.+ (1+&) (U - Pk)
- ak R
a, + (14—6)—2r+2 (1-ak)

This proves a half of the theorem, and the other half can be proved

similarly.

Corollary 1. If (2.1) holds for sufficiently small & , then we have

(2.9) laﬁz - ak! < 2r-1)(1=-ada € + O(Ei) .
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This method for obtaining a bound for aﬁ can be easily adopted

for the case where P' differs from P only in one row, or the case

where the range of possible values of pij is different in each row,
i.c., the value of € in (2.1) is different in each i . Here we

shall show results for the former case, i.e., P! differs from P

only in the h-th row. Theorem 2 will be proved in the same way as

Theorem 1, using Lemma 5 instead of Lemma 4, We assume that

(2,100 (1+€)7 Ppy < PRy 1+ € pys  (§=1,2, 000 b1,y oov 1)
and
(2.11) p:l'_j = pij (i,j:’l,Z, e JI' 3 i#h) .

Lemna 5, If (2.10) and (2.11) hold, then we have

- .
. ‘ B

(2.12) Pl =P, and (1 +e) (U - P < (v =B £ (1+&) (U - b, |
and
(2.13) (1+6)'F_ £ B < (1+€) P, ’
and
=1 TP 1 P WD) < - P P
(2.14) (1+¢) (U-Pk-Ph) < (U -Pk-Ph) < (M +&)XU Py Ph>

for each k (f:h).
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Theorem 2. If (2.10) and (2.11) hold, then we have
‘Iheoren o

&, | %h
(2.15) <al & 5 ,
ah+(1+€)(1-ah) + (1+ €) ('l-ah)'

&y

and for each k (k=1,2,+* ,h=1,h+1, ++¢ ,r) we have

ak

(2.16) <

A

a

+(1+€)ah+(1+e)2(1—a ~-a, ) k

%x k"~ %n

ak

a, + (’l+(§)"1 a, + (’I+6—)"2 (A’I-ak-ah)

<

Corollary 2. If (2.10) and (2.11) hoid, and if & is sufficiently small,

then we have

(2.17) {a' - a

A
M hlg(’l—ah)ahe + 0(€Y) ,

and for each k ( #h) we have

(2.18) | la' - ak'\ < (2-.-2a

" -ah)ake + O(éz) .

k

2.3 Taylor's expansion of ai

In order to obtain a tool for an intimate study of the difference

between a!  and a,  we shall expand a! about ay. in powers of

k k
(pij - pij). We first prepare some notations and lemmas.
By Lemma 2, we can write P, and U as sums of products of transition

k

probabilities with plus signs. We denote the sum of terms in the right

nand side of (2.3) containing p;, by P.) and define that

.. T
utd = 2: P;J . Nanmely,
k=1 :




5k

=ij 2 .. - .,
(2.19) P;J = pij =P 1 Pk (l,J,k::'l,E, see ,r 5 1# J)
1]
and
] y . . R
(2.20) U“%gg%‘.‘f (i,3,k=1,2, % ,0 5 143) ,
1]

where we differentiate ﬁk and U regarding them as functions of pij*s

(i,j=1,2,*** ,v ;3 i# Jj) and we do not consider that pii's ‘;?mi’afff' ,T)
are variables for them. The following Lemmas 6 and 7 will be easily

proved by Lemma 2 and the definitions,

.
EN

Lemma 6. fiJ (i,3,k=1,2, ¢ ,r ;'i¢ j , 1#¢k) can be written as a
sum of products of transition probabilities with plus signs, and §§J

(k,j=1,2,*** ,vr ; k# j) is equal to zero.

Lemma, 7. For each i,k such that i#k , we have

. r ..
— - "'l"] A
(2.27) P, = Z P
. J:']
J#i

and for each k we have

_ r A
(2.22) U-F = 5 U,

We define €.. by

(2.23) Piy = Py (1 +veij) (1,3=1,2y 0v 4 5 14 3) ,

and assume that iéijﬁgg & for sufficiently small € . Then by the

Taylor's formula we obtain
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Theorem 3. For each k (k=1,2, ¢ ,r) we have

| =ij i3
r r P U
K 2
(2.24) al =a_+a_ ) Qo |= - €.. + 0(&*) .
- kool Tk S S\ B v +J
J#L

Proof. Applying Lemma 1 for the Markov chain M', we have

(2.25) aﬁ =Gt

ol

By the Taylor's formula, we can expand it as

0
-
it
g Pt
M=

Lol P *
X —— —aE v
bl =p. . 5T jé% 0Pis Ul o1 oo (Bij = Pyy) * B
135 Pij vl 137 P1j

“f~

where R, represents the residual term and it may be replaced with 0(&2),

2
‘By (2.19), (2.20) and (2.23),
> P
2.2 o= D
(2.27) i 3Pij - ol .. (pla. le)
3 R |
=, -
R . P2V 1. .
— ' ' . . .« - ' ' LR
U 9riy Piy =Dy ij~4ij U ‘}pij - ) i3 >4
ij = Fij
. B
R e Ry _ k iy
=7 % 613 gz U elJ '
P ERg gty
o ' c
U Pk U 1]
Hence (2,26) becomes to
5 5 =13 ij
P P r =r [ 7D U , :
(2.28) a' = Uk ~+-7#S L 2 (jgk— -5 ) Ej_. + O(E%),
=1 321\ Py J
Jfi

and using Lemma 1 again, we obtain (2.24).
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2.4 Lxamples

We have obtained a bound for a'k . It uses the information of

a only, and the following Example 1 shows that the bound is nearly

X
attained with a Markov chain which has many negligible ai‘s. Hence
it is expected that the bound will be greatly improved by using all of

the information of the limiting vector. Unfortunately the author has

never been able to get such a bound. He has thought that the following

Example 2 shows some informations for studying such a bound.

Y

Example 1. This exampie.shows that the bound (2.9) is the best one of

.

those which use the information of a only. Let

k

(2.29) P

Pzq Pz Pz
o Pl (} Y Py Pug
P5q P55

Then ?k's are given by

(2.30) 51 = (pyq + p23)(p31 + p%)(pq_,I + p45> P R
P, = Pig x (Pgq + P3) By + Pug) Poy |
%B‘= Paz x Pozox (Puq + Pug) pgq
Py = Piz x Ppz  x Pz x Py
P. =

Pz = Paz o« Py x Pug
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Hence by Theorem % we have

1
<
-
N
~
-

(2.31) al - a =a,i + € .01

_ e
21 v /U

+
m

1

g /T + €y, (1 - /)

1
[]
s
N
~
o

+

€1 v/ €45 (1

51 P2
651U /U + o(e)}.

: : - 2
Now we assume that Pyq = p31 = Ppq = S y Pqp = p23 = p34 = p45 = 8

and g = 55 for sufficiently small § . Then

:’P—,] = 58(1 + 8)39 TD‘

=02+ §0% B = 0ty B =9 B =0,

3

S0, we have épproximately

(2.32) AR i B, AP P, e B,
U12 ¢§f§5 ) UZB x 55 s U34 Q:'§5 , U45 ﬁtzﬁs
and U c;;?q + 55 ]
Thus .’
(2.33) aé - ag

and 3£ €qp= Gop= Eyu= Cugs & AN €597 €507 E4q= €597 €

then it becomes



s
":3.34) aé - ag A 8(1 - a5)a5 & .

This coincides with the bound in (2.9) for r=5.

Example 2. We consider the extreme case where all pij (i,j= 1,2,;°' W T3

i#3j) are equal to p (some cohstant). Then the following theorem can

éwf be proved by direct calculations.
Theorem 4., If Pij =P for all 4i,j such that 1i# j, then we have
(2.35) Bo= et
(2.36) '1511{3 = pf=2 T if ifk and j#£k , jE4i .

222 o™V ir 14k anda j=xk .
(2057) U = r P .
(2.38) R if §4d .
Then by Theorem 3, we have

1 2

! - = — -

(2.39) e O S € xy) + 00 .
itk J#k

Hence for this special Markov chain, we obtain a bound

(2.40) lat - a < 2 (1 =-a da, &+ 0(62),
| =S k’ %k

since a, = 1/ . In this case the multiplier (r - 1) 4in (2.9) vanishes.
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%, Fundamental Lemmas

In the preceding section, we have seen that we can derive a simple

bound for aﬁ from Lemma 2. This lemma treats a matrix of the form

defined by (3.1) and (3.2) below. In this section we study some properties

of such a matrix.

We consider a matrix X ={ X, 3 dyd=1,2, 00 ,n‘k with components

1]
(30") . xij = —yij (i,j:’l’a, o ’n ; i#j)
and
n
<302) xii = kZ1 yik (i: 1’2’ e o e ’n) .

where yij (1,j=1,2,+++ ,n) are some constants or variables. The

following Lemmas 8,9,10 and 11 show fundamental properties of such a matrix.

Lemma 8. Let X' be the matrix defined by (3.1) and (3.2). Then its

determinant is written as a sum of products of yij's with plus signs:

(3.3) x| = %1'3’1315’232"' Yaj_

where the summation is taken over a set J of ordered n-tuples )

(j19321 v )jn> e
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“Proof. Since
l el L 2 3 — LI BN ) ) L] -
Gl XL = yqqeeeerygy Y12 Y101 Yn
Va1 Ypqteeet¥p, e LT  on
“Jn-11 “n-t2 "0 Ypaq 1ttt ttV¥uqn “Tnein
' V1 . Vo tee “Vh n-1 I+

we can write it as a sum of products of yij's with plus or minus signs:

(3.5) X o= 2 0 Ciandns ot 13 Fos You see ¥oo
‘ 5 12 'n 131 232 nj,

where g.(j1,j2,--- ,jn) = +1 or = -1, and the summation is taken over

a set J of ordered n-tuples (j1,j2, voe ,'jn). We first note that each

product in the right hand side of (3.5) contains at least one Vi

(i=1,2, ¢+ ,n), in other words, each n-tuple in J has at least one

element j; such that ;=1 . In the determinant of (3.4), we add all
the columns from the first to the (n-1)-th, to the last column. Then the
T .

last column becomes to (y11,y22,... ’ynn) y where the superscript T

represents the transpose of the vector. Hence each product in the right

hand side of (3.5) must contain some Yige o
We prove the lemma using the mathematical induction on n . If

n=2, then {X[ = Yqq¥ss + Tq4954 *+ T1pY0p0 and the lemma is true in this

case., We assume that the lemma is true for n-1 . - Namely, we consider

an (n=1)X(n=1) matrix X' = {Xij} with components

(3-6) . X.' :I -yj'_

i T (i,3=1,2, c00 0= 5 i #3)

J

and
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n-1
(3.7) ' Xj,_i = J‘;’] y'ij (1=1,2, ¢00 ,n-1)
where yi. (i,j=1,2, +++ ,n=-1) are some constants or variables, and we

assume that its determinant is written as a sum of products of yij's with

plus signs:
(3.8) X|[= Z\ yl' yl. s o0 1 . R
| 7o 134728, ety

We consider the terms (i.e., the products with signs) conﬁaining Yon
in the right hand side of:(3.5). Since Y., +s only in the (n,n)-th entry
of the determinant of (3.4), the sum of them is written as the product of
¥,, @nd the determinant of the matrix x"" formed by deleting the n=th

row and the n-th column from the matrix X . If we set

(1,7=1,2, ¢ yn=1 3 1#3)

1 -~
(3.9) Vij = Vi
and . s .
(3.10) yii»z Yii * Yip (1=1,2,*°+ ,n=1),

then X" becomes of the same form as X' . Hence by the representation
(3.8), annl is also written as a sum of products of yij's with plus
signs. Thus we can conclude that the products containing Von in the
right hand side of (3.5) have plus signs.

Similarly, we can prove that products containing Ti4 (i=1,2, ev+ ,n=1)
in the right hand side of (3.5) have also plus signs., Since each product
in the right hand side of (3.5) contains some yii , all of them have plus

signs, and this proves the lemma,
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. Temma 9. Let X be the matrix defined by (3.1) and (3.2). Then the
(i,j)-th cofactor X(i,j) of it is written as a sum of products of yﬁl's

(k#1i) with plus signs:

(3.11) X(133) = 20 Fas You 00 Vi_as  Tsiqa
, S PR P L PR RE S i

s e ynjn
1]

1

where the summation is taken over a set Jij of ordered (n-1)-tuples

(31v321 ¢ ’Ji—1'3i+1’ M 1Jn) .

Proof. We prove the lemma for two typical cofactors X(n,n) uand X(n,n-1).

In similar ways we can prove it for other cofactors.

X(n,n) is the determinant of the matrix ¥~ defined in the preceding

proof., So the proof for X(n,n) is essentially contained in the preceding

~proof,

By the definition, we have

A

- -1
(3.12)  X(n,n=1) = (~1) NPPLARRAS P “Yn ez S
i
: : | :
. . H .
3
“Yn-21 "t Yot U Waon | Vaeon
!
“h-11 e “Vn-1n-2 : —ynr1n
0 [ S

In the determinant of (3.12), we add all the columns from the first to the

(n=2)-th, to the last column, and then multiply the last column by =1.

Then the last column becomes as




o an ) )
(3.13) Y11 7 Y4 nan .

T Ype2n-2 T Yn-2n-1

»yn~1 1'+"° * yn-1 n-2 * yn-1 n

Heénce if we set

| (3.14) yJ'.J =yij (1=1,2,%e yn=1, j=1,2,-- ,n—2.; i43)
! 1 = c e e e -
Yin-1 = Vi * ¥4 noq (1=1,2y «0¢ yn-2)
and yi'.i = yin A (i=1,2,°** ,n-1) , .

then X(n,n=-1) coincides with the determinant of the matrix X' defined
by (3.6) and (3.7). By Lemma 8, |X'| is written as (3.8), and by the
relations in (3.74) we can conclude that the cofactor X(n,n-1) can be

written as in (3.11).

Lemma 10. Let Jij (i,3=1,2,***yn). be the set of (n-1)-tuples defined
in Lemma 9. Then if i#]J ,

(3.,15) Jii D Jij ,

or equivalently, X(i,i) - X(i,j) can be written as a sum of products of

ykl's (k#i) with plus signs:

o.oy‘ .
n

(3.16) X(i,1) - X(i,j) = PN Fns You: o200 Vo w o  Va
: ’ J 131 232 i=-13. i Iy

=L 1aq 449
ii Tij
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Proof. ¥(i,i) = X(i,j) ca be considered as the determinant.of the matrix
formed by replacing the i~th row of X with a vector which has +1 in the
~i-th entry, =1 in the j=-th entry and O's . in other entries. = This
matrix has a ;pecial form of X with yij ; 1 and Vi = 0 for

k=1,2y % yj=1,J+1, +¢+» yn, Thus this lemma can be proved directly from

Lemma 7.

Lemma 11, Let X Ybe the matrix defined by (3.1) and (3.2), and define
that y,y =1 - (yi1 *Ygn bt ¥ yin) for given i (1=1,2,20¢ ,n).

Thern X(i,i) = le is written as a sim of products of Vo and ykj's

(kyj=1,2, ¢ ,n) with plus signs:

(3'17) X(i,i) -IXI = Z y . y . teoe y . ’
. J* 131 2‘]2 0y

where the summation is taken over a sef J* of ordered n~tuples
(j'l’ja’ e ,jn)'

Proof. By expanding [X| din cofactors by the i-th row, we have

(3.18) ]X! = (yi’l t Yo bttt yin) X(i,i) - 2 ik X(i,k) .

kL 1
It follows that
(3.19) X(1,1) =[x =y, XGE,E) + By, X(ik) .

k#i

‘Hence by Lemma 9, X(i,i) = |X| is written as (3.17).
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4. Bounds for Some Basic Quantities for Finite Markov Chains

In Section 2.1, we saw that each element 8y of the limiting vector
of a‘regular Markov chain M can be written as a quotient of sums of
products of transition.probabilities with plus signs. This fact enables
us to obtain a simple bound for a& of other Markov chain M' in
Section 2.2 The same idea can be adopted for other quantities in finite
Markov chains. In this section, we show that many quantitiés in finite
Markov chains can be represented as quotients of sums of pro?ucts of
transition probabilities with plus' signs or as sums of such quotiests,

and using the representations we obtain simple bounds for the quantities.

We will use the following notations.

S 85y 0t 5, states of a Markov chain
P transition matrix of the chain
P%_ff:] the mean value of a random variable £ when the chain is
started from state S,
Vari[ £ ] the variance of f when the chain.is started from state s;
G =l g,,} matrix with entries g, . .
3. 1J
¥ = {gi % column vector with entries 84
2 column vector with all entries 1
I identity matrix
G matrix whose (i,j)=-th entry is g?.
8q ? 1]
G diagonal matrix whose i-th diagonal entry is 84




Lo Some basic quantities for absorbing Markov chains

We consider an absorbing Markov chain M with states Sq1859 00 8, .

We let T = isq,52,°'°‘,ssk be the set of transient states, and T =
{SS+1’SS+2’... ,sr}- be the set of absorbing states. Then the transition

matrix P o= | pij} of the Markov chain has the form

S Ir-s
(k1) P=/(q R) s
0 I r-s

Ve shall deal with the following quantities for the chain.

' nj number of t;mes in state s, before absorbing
i number of steps taken before absorption
m total number of transient states entered before absorption
bij probability starting in state . that the chain is absorbed in
state sj
’iJ probability starting in state S that the chain is ever in state sj

(si,sje‘T)
(si,sj€‘r)
(s;eT)
(sie T)

(s.eW)

. € Gg“‘r"
(Sl T, SJ T)

(si,sje T)
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We can’'prove that each entry of above matrices or vectors except T:a s
- can be represented as a quotient of two sums of products of transition
probabilities with plus signs, or as a sum of such quotients. . We denote
the matrix (I - Q) by Q and the (i,j)-th cofactor of it by q(i,3).

Since row sums of the matrix P are 1 , we can write

. (11"'2) Q = P12+ v +p1r -p12 e -p'lS
-p21 p21+p23+ LI +p2r LI . —pzs
“Pgq “Pgso ' Tt Pgqt et P g P g1t TPy /

If we set

(4.3) - T35 T Py (1,§=1,2, 27,5 5 1# )
and
- I‘ , . .
CA Yig = L Py (1=1,2, 2+ ,8) ,
J=s+1

thén ”@ is of the same form as X defined by (3%.1) and (3.2). . Hence
by Lemmas 8,9, 10 and 11, (G|, §(i,5) , &(i,i) - §(i,3) and

Qi,i) - i@f are written as sums of products of transition probabilities .
~ with plus signs. We shall show that quantities defined above can be

represented in terms of Py Q and @(i,j). We use relations proved

j ki
in [17.

Since N = (I - @)~",

(4.5) M [n) = n, o= GG,10/]F).

1J




68

Since N, = N(2N

5 - I)-N_,

dg sq

| | 2

(4.6) . Varifnj] = 2nij T |

-_——9-'(»3_'—]—})—{( 26,9 - 1T+ (TG - §G,1) >} :
Q ' ,

Since = T=NE ,

' s ’ s
(4.7) M, [t] = ) n, = — Qlk,i) .
+ k=1 = kz.—;'l '
simce T, = (2N - I)T - T_ ",
. | S )§. ' ;’ i 2
(4.8) Var_ {t] =2} 2 n,.n, - J n,. - i n, § .
‘ i kZ:J’l i=1 ij jk ong? ik ik -

k=1
This quantity cannot be written as aguotient of two sums of products of
transition probabilities with plus signs (see Example 3 below),.

Since PL—- (NN- )g

N,

S
(4.9) M, (w] = 2_1 Dy = Z Q(k 1)/ Qk,k) .

Since B = NR ,

(4.10) bij -=1§1 By Py = —I-%—’—ké Py 5 Qlk,i)
Since H = (N - I)Nd-g,‘ ,
(4. 11) by = (agy = /g = (TG - [T )/ 801,1)
and for j;’:i-
(4.12) h..=n,./n.. = Q(j,i)/Q(3,3) »
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Thus we have shown that each quantity considered above can be
written as a guotient of sums of products with plus signs except for
T, - However the following example shows that 4:2 cannot be

represented in such a form.

Dxample 3. We consider an absorbing Markov chain with the transition

matrix

(4-13) P .= p'lf! P12 P13 0 . .
0 Pon O, Pyy
© 0 Pz Py
0 0] 0

A tedious calculation shows that in this case

, ' 2 2 , | 2 2

2 22 2
+ PagPq3(Poy = Py) J / (pap+ Py3) PouPs5

and the numerator of the right hand side of (4.14) cannot written as
a sum of products of pij's with plus sigus. Hence we cannot adopt
our method, because Lemma 3 in Section 2 cannot:be'used. Only the °*

 second order moment }%J:taj can be written as desired form. Since

{Mi'[tajg= (2% -I)T ,

it £

(h1s) o [6°] = 2 L

i
k

1 o

n,,_n . o+ Z} (2n.. = 1)n. .
13 ik "kj i i ij

~H. U
e

oy 5 s T _ S _ -1  —
= —mi‘? 5oL 3G G+ 5 (236,1) - IQi) Q‘j’”] :
J=1 '
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4,2 Bounds for basic quantities for an absorbing Markov chain M!'

We consider two absorbing Markov chains M and M' . We use the

notations defined in Section 3.1 for quantities of the chain M , and use

the same notations with primes for corresponding quantities of the chain M!'.

We shall obtain simple bounds for basic quantities for the chain M' under

the assumption that

(4.16) (14 €))7 P;; € By £ (T4 €)py,

A
A

(i=1'2'"" v8 y 3= 1,2, 00 ,r 5 i£7) .
For (4,23) and (4.27), we need a further assumption that

- .
(4,17) (1+ €) Py £ Py £ (T+€)py5 (1=1,2,%%+,8) .

Our main tools are in the following

LN
. .

Lemma 12. - Under the assumption (4.16), we have

(4.18) e lgl € [T € G+ [T,

(4.19) (1+ )71 8(1,3) € §'(i,3) £ (1+ )51 G, ),
(4.20) (1+ €)™ ( QL) - TG, ) £ T(L,4) - @1, d)

< (1+6) 7 ( Q1) - QG5 ) .
Under the assumptions (4,16) and (4,17), we have
(4.27) (1+€)7°( Q4,1 - 7)) £ Qr,1) - |Q

< (1+ ) (Ta,1) - 1a])
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Proof. These results are obvious from Lemmas &, 9, 10 and 11.

From (4.5)v(4,12), we can obtain the bounds using Lemma 12.
Here we show the upper bounds only, because lower bounds can be obtained

by replacing (1+ &) in the upper bounds with (1 +€%)-ﬂ

2s=1

(ho22) - m [nélg &1 +€) Mi{nj} | under (4.16)
(4.23) Var! [xﬂgjl;; (1 +g:)4§‘1 Vari{.nj] under (4.16) and (4.17)
(4.2k) m [t ) :<_ (1 +e>25"1'1~in3 under (4.16)
(4.25) M {m < (1+e y28=2 M [ m 1 under (4.16)
(4.26) bi, = ('I+€:)25bij under (4.16)
(b.27) = (14 £)25 he o under (4.16) and (4.17)
(4.28) s (O . ©)282 h | (1#3)  under (L.16)

Some of these bounds can be improved using the relations

(4.29) Qi,1) = QL3 + ( Q1) - §1,5) )

and

| _ 3 _- - | r -

(4.30) @l = X 0y (8,1 - TEX) + (1 oy )T
k=1 k=5+1

ki
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For example, (%.28) can be improved as

" . -25+2 |
(4.31) bl & b /_{nij + (1+€) (1 - hij)} ,

and (4.21) for i#j can be improved as

— r -
(4.32) nl € 1+ T, /(0D 0y )AL

i
J k=s+1

S
P TR T (3,0 - 3@ ]

k#i :

3

k.3 Some basic quantities for regular Markov chains

We let S13859 ° 00 4S8, be the states of a regular Markov chain M and

P = {pijs be its transition matrix. We consider the following quantities,
A = {ai} limiting vector (stationary distribution of the chain)

A matrix with each row

Z o= {z,.) = (T-P+a) fundamental matrix

1]
M= {mij} " matrix of mean number of steps required to reach Sj for the
first time, starting in S,
W o= {Wij} matrix of variances for the number of steps required. to reach

sj , starting in S;

We can apply our method for obtaining simple bounds for .aiQ Zi4 s mij

and ws However off-diagonal entries of Z and W cannot be represented

ii-

as quotients of sums of products of transition probabilities with plus signs



or as sums of such quotients. We can easily guess this fact. Off-diagonal
entries of Z have both possibilities of taking positive values and negative
values. Hence clearly they cannot be represented as quotients of positive J
terms., Off-diagonal entries of W are essentially the same as entries of

T, in Section 4.1.

Now we prove two lemmas. In this section we use the notations defined
in Section 2.1, too. Besiées'we denote by ﬁk(i,j) (i,d,k=1,2, 0001 3
iZk , j#k) the (i,j)-th cofactor of the matrix formed by deleting the

k-th row and the k-th column from the matrix (I =P). .

Lemma 13, ?k(i,j) can be written as a sum of products of transition

probabilities with plus signs:

r
(4.33) P (i,5) = 2 T op,
k I\ 1= Tt ’
SR S ]

. .,

where the summation is taken over a set JQ 13 of ordered (r-2)-tuples.
3

Proof. The matrix formed by deleting the k-th row and the k-th column
from (I -P) is of the same form as X defined by (3.1) and (3.2) with
obvious modifications of suffixes. Hence this lemma is a trivial

corollary of Lemma 10,

Lemma 14,  For each k,

k1 & S =m0 .y
(4.30) Zyy = = _2—31 L Py P9
k




7h

proof. We first show that |I-P+A| = U. If we add all the columns
from the first to the (r-1)-th of the matrix (I~P+A) to the last
column, then the last column becomes to E which is the column vector with
all entries ﬁ ‘ Next for each i=1,2, ¢+ ,r=1, we subtract aig from
the i-th column. Then the matrix becomes to one formed from (I -P) vby
replacing the last column with 2 . Since this matrix has the same
determinant as that of (I-P+A), if we expand the determinant of the
matrix by the last column, we have
"I'
(4.35) [T-P+a| = 7, Ple,r) -
k=1
where D(k,r) is the (k,r)-th cofactor of the matrix (I-P). It can be

easily proved that DP(k,r) = ﬁk . Hence by the definition of U in

Section 2, (4.35) becomes
(4.36) |r=pP+a| = v . :
Since 7 = (I-P+A)" ",

(4'37) ‘ Zk.k =

1 X
= g |Pagtttt tPaptRq TPoptEy et ~Pqpter ,
i
-pa’]-l-a'] p21+oov +p2r+a2 o0 : s o0 —p2r+ar
. . : L
: . ! :
) R
: : i :
{
—-— — * e 0 ‘ LI . e
pr1+a1 ‘ *r2+a2 } pr1+ +Prr~1+ar
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Each column of the determinant in (4.37) is a sum of two column vectors,
one of which is of the form aig . Hence the determinant can be written
as a sum of 2571 determinants, each of which is formed from (I-P) by
deleting the k~th row and the k-th column and replacing some columns with
vectors of the form aig . Of such determinants those which have two or
more columns of the form aig , are equal to zero. Hence the determinant
in (4.37) can be written as a sum of r determiﬁahts ?k and Fk(j)
(i=1,2,y *++ ,k=1,k+1, ¢+ ,7), where Fk(j) is the determinant of a matrix
formed from (I~-P) by deleting the k-th row and the k-th columq and
replacing the j-th columniwith aj% .+ If we expand Fk(j) by the j-th

column, then

! »
(4,38) R (i) = i}; aj Pp(i,3) .
itk

Hence we have

r r
(1.39) o = | B L L 2]
Jfk i#k

and using Lemma 1, we can obtain the expression (4.34).

" 2 fe,
We can represent By By mjk and Wy @8 quotients of sums o
products of transition probabilities with plus signs or as sums of such

guotients as follows.
By Lemma 1,

‘ k
! R -
(4.40) By =T e
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By Lemma 14,

r r )
1 = b~y . H
(Lo41) %1 = G + ——_[52— Z E Pj Pk(lsJ) .

Since m = 1/ak )

! =

(k.bk2) W =

P,

By chaﬁging the notations in (4.7),

r A
1 e . .
(bob3) B == 2 P (i,3) | (GEK) .
Pk i=1 ,
14k
2zkk 1
Since Wkk = > - - ’
a, k
U 2 & F - . .
SR TR SR T
k k 95! F
J=k i=k

4,4  Bounds for basic quantities for a régular Markov chain M!

We consider two‘regular Markov chains ™M and M'. VWe use the
notations defined in Section 4.3 for quantities of the chain M , and
use the same notations with primes for corresponding quantities of the
chain M'. VWe shall obtain simple bounds for basic quéntities for the
chain M' under the assumption (2.1).

Our main tools are Lemma &4 and the following
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Lemmna 15. If (2.1) holds, we have
(.45) (1+€)7" 8 (1,5) £ BI(1,3) £ (1+6)7725 (1,3 .
Proof, This is a direct corollary of Lemma 13.

From (4,40) ~(4.44), we can obtain the bounds for the quantities
using Lemmas 4 and 15 as follows. Here we show only the upper bounds
under the assulmption (2.7), because the lower bounds can be obtained

by replacing (1+ €) in the upper bounds with (14-6)-1.

(b, 46) al £ (1+6)7 2 a

R 2l £ (1« )5 7

(4.148) mt < (1+46)7°

(4.49) ‘m;';k < (1+€ )2 =3 mjk' | .(J' £k
(4.50) e = (146 =5 Wy

Some of these bounds can be improved as Theorem 1 in Section 2.2.

However we omit detailed discussions here.
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5. A Bound for the Variance of aﬁ

In Section 2.2, we got a simple bound for aﬁ . When we may
consider that pij's are mutually independent random variables, we can
also obtain a simple bound for the variance of ai . Our bound is the
best one of those which use the information on a only, because it is
nearly attained by the same Markov chains as in Example 1.

We consider the situatiOn where p'a (1,7=1,2, ¢ ,r ; i% i)
are mutually 1ndependcnt randomn varlables distributed about Dis o

1]

We assume that pij satisfies the following three conditions.

(5.1) E §eiji =0, i.e., E(pij] =D,

(5.2) Var{ eij%lz O\;Efg_cwa y il.e., Var[pij] = pij(>éz gzowziﬁf
.3 wlledl o0, s, Bl - 2] = o0
Theorem 5. If pij (1,j=1,2,°** ,r 5 14 j) are mutually independent

random variables satisfying the three conditions (5.1), (5.2) and (5.3),

then
(5.4) slap = a + 0009
and
i j i34 2
T r P U
2
(5.5) Var{-ai % = ai zl E: jgk‘ - - O\ij + 0(053) .
| =1 521 \ "k

J:
J#L
Proof. ~ (5.4) is an obvious consequence of Theorem3 with a slight change
in the residual term, and taking the expectation of the square of (2.24),

(5.5) can be easily proved.
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Theorem 6,  If p].'_j (1,d=1,2,¢0¢ 4 ; i ¢ j) are mutually independent
random variables and if the three conditions (5.1), (5.2) and (5.3) are

satisfied, then

(5.6) Var{alé} §2(r—1)ak2 (1_ak:)20‘2 + 0(0®) .

" Pproof. By the preceding theorem, we have

<02 R Ip R ?
(5.7) Var{a' £ 0 a = - + 0( 0%).
3 S e I O R ¥ v
: ¢ :

We can evaluate the sums in the braces in (5.7) as follows. If :’L;.lk )

then by Lemma 7, we have

B . L
R N R R B LRI A S
X 1 007 55

1 . oy _ -
é(—-lgk‘“ﬁ“g .L{?J(U—Pk)} + EéPk(UlJ-P;J)k}

1 .. 2 . . . . 2
é — S J - D o) 1] - =1
= (P, 1)2 UJ% P (U Pk)} + {j§i P (U Px )J }

1 : :
= wmor B -Fo)? . {Bv a3 o502

2 2
= (’l—ak) + (1-ai-ak)

2 2
= 2(1-ak) - 2(1-—ak)ai s .
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If i=k , then

ki o . '
(5.9) I\ <--—‘—J-If—->2 <=7 vIH? . (-8’
' J#k Us gk
Hence (5.7) becomes
, T
- (5.10) Var {af{} < 0\2 ak_2 L_é’] i.? (1 -ak)2 - 2 (1-ak) ay + af%
ik

- ,(1-ak>21 + 0(03)

< 0°a] [(21«-1)(1-%)2‘- 2(1-a) T, a,
i1tk
(Y a, ) 0( 03 )
. i%{ . ]+

2

= 2(r-1)0\2ak2 (1=a )" + o(03).

k

For the case where P' differs from P in one row, we have the

following theoren. Its proof is essentially contained in the preceding

proof.

Theorem 7. If Pr'xj (j=142y ¢+ ,h=1,h+1, **¢* ,r) are mutually independent
random variables and pf. = p..

7L 1J
conditions (5.1), (5.2) and (5.3) are satisfied, then when k¢ h ,

(i,j=1,2,*** ,r 3 14 h) , and if the

(5.11) var {ah < aZ{(1-a)? v (1-a, -2+ 0(07),

and when k=nh

(5.12) var{ at | < a2 (1220202 + 0(0%) .
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Lxample 4, The bound in Theorem 6 is the best one of those which use

the information of a only. In order to show this fact, we can use

k

the Markov chain in Example 1 again. By the approximation (2.33),

we have
2
(5.13) var {ag§ = B{(as - a)? |
2,20 .2 2 2 2 2 2 2 2
" a5-(’l—a5) % 0‘12 + (}\23 + 0\34 + ()\45 + 021 + 0\3'1 + 0\4’1 + 0\515.

. A2 2 2 2. -
It (}12 = 0\25 = eoo =:O\51 = (A", then it follows that N
(5.14) Var iaé% R 8 aé (1-a5)2(T2 ,

and this coincides with the bound in Theorem 6 for r=5,

Lxample 5. Ve again consider the extreme case where all pij

(i,j=1,2, *ct,r ; if j) are equal to p (some constant)., In this

case, by Theorems 4 and 5, we have

' 2 _1 2 2
(5.15) Var {ak\, = ar ra'{iéi 0o * j;i 0\kj§ + 0(0¥) .

‘ 2 2 2 . . v e o
If 0y = O\kj = O~ for all i (#k) and j (+4k) , then it follows
that |
(5416) Var{aﬁ) = 2hr-1)-JE-qﬁ + o(oﬁ) .

r
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"6, Bounds for thé Variances of Basic Quantities

The method for obtaining a simple bound for the variance of ai can
be applied fto some basic quantities for the Markov chain M' defined in
Sections 4.1 and L4.3. We assume that P 5 (i,5=1,2, %% ,° 3 i:j}
are mutually independent random variables satisfying the three
conditions (5.1), (5.2) and (5.3%). Then the means of the quantities
coincide with the corresponding gquantities for the chain M. Here we
shall show simple bounds for the vériances of the quantities.” Since
the procedures for obtaining the bo;nds are essentially the same as in

Section 5, we omit the proofs for them.

6.1 Bounds for the variances of basic quantities for an absorbing

Markov chain M'

.

(6.1) vér{mi'[nﬁ]} g‘(zs-ﬂ'oz {Pli(nj]sz

(6.2) Varil‘ii [—t']} < (2s-1) 0° {:«zi [HBZ

(6.%) var § 3y (o] l < a(s-1) 0% imi [ml}a

(6.4) . Var { bij} < 2s 02 1oy} 2 *
(6.5)  Var {hij}ﬁ‘g 2(s-1) G2 {hij}‘z (14 3)

For the cases of Vari[né] and h., , we cannot get bounds by this
method.  Because, the representations (4.6) and (4.11) contain
(G.3) - |8]) ana (TG, - [&]). By Temma 11, (QG,1) - [T])
contains not only P 3 (3=1,2, 000, 5 J#1) but also s e Since we
cannot assume that all pij (j=1,2y e+« ,v) are mutually independent

random variables, we cannot apply our method for these cases.
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Bounds for the variances of basic quantities for a regular
Markov chain M!
2 2
(6.6) Var{a}'c}g 2(r = 1) g %akg
(6.8) Var%ml’d{} < 2(r-1)0\2{mkk\2
(6.9) Var§m5k} < (2r-3) N8 {mjk§2 (#k)
(6.10) Var{w};k} éi 8(r—1)0\2{wkk}2
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CHAPTER & A LUMPING METHOD FOR NUMERICAL CALCULATIONS OF

STATIONARY DISTRIBUTIONS OF MARKOV CHAINS

1. Introduction

The Markov chain technique is one of the most powerful tools for
analyses of various stochastic models such as random walks, gqueueing
models, inventory models, stochastic models in the reliability theory
and soO on. In such applications, we often have to calculate the
stationary distributions of Markov chains. Numerical values of
them can be obtained by ordinary numerical calcuiation methods for
systems of equations such'as the Gaussian elimination method, the
Gauss-Seidel iterative method and so on. However when we déal with
Markov chain;‘ﬁith special structurés, we sometimes have more suitable
methods of numerical calculations.

In applications of Markov chains, Qe have often to treat Markov
chains with considerably many states and sometimes with infinitely
many states. Numerical calculations of stationary distributions of
such Markov chains will require many computing efforts. For example,
if we calculate the stationary distribution of a Markov chain of a
certain type (see the note at the end of this section) by the Jacobi

iterative method, the number of iterations required is approximately

proporﬁional to the square of the number of states. So, for Markov
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chains with numerous states we‘should develope more suitable numerical
methods which skillfully use the special structures of the chains.

In this paper, a lumping method is proposed. It uses the'fact
that we can construct a Markov chain which has the same stationary
distribution as the lumped‘prooess of of the Markov chain uhder
consideration., Using this idea, we can split the original system of
equations into several subsystems of equations, and we solve these
subsystems iteratively improving the parameters.
| This method can be:used for any finite Markov chains, ané it is
especially effective for Markov chains of the following type. The
state space of a Markov chain is divided into several sets in a natural

Way. If once the chain enters in a set, it stays in the set in a long

time, 50 the chainrarely moves from one set to another.

lote. Ve cohsider a Markov chain with s states having the following

transition matrix.

P = 1-p=-q P 0 - 0 oo 0 q
q_ 1-p"q p O .00 O O
| 0 q T=p~q P oo 0 0

0 0 0 0  +uv 1=p=q p |
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This matrix has eigenvalues

W

. . 2kT
+ (p=q)isin =

Ay = (U=p=q) + (p+q) cos

(k=0,1,2, «ev ,5=1).

If we calculate the stationary distribution ¢ of the chain iteratively

by the formula

A(n+1) = o(n) P ,

Iy
s

then the rate of convergence is mainly governed by Aq which has the
maximal absolute value except for fKO =1, Hence the number of

iterations required is approximately proportional to

17208 [ 2] A{(1-p- v a) + Bea T[]

for large Se.



2., TFundamental Theorem

We consider a regular Markov chain with the state space § =
11,2,--- 'S }. We let its transition matrix be P = ( P; 5 ) and
its stationary distribution, or the limiting vector of P , be o =

(a:.L ).

Now we assume that the state space S dis divided into =r
2 i i \ = * 0 U U e s U

sets by a partition A = {Aq v Ay, e %, where A,Y 4, A
=S and A nhy = [ for k#1 . Without loss of generality, we

may assume that . *

(2.1 ay = 41,2, 000, 6 )

A {tr_1+1, t_q42y S }.

. w,

% by Sk:"tk—

can be divided into 1r*

We denote the number of states in the set A ﬁk-1 .

Then the transition matrix P submatrices.

(2.2)  p= [P P2 . T
P21 P22 .. P2r
\ Pr1 Pr2 ... p'T
k1 . . . . .
where P = ( Pij i 1€A , JEA ) is an s, X 8y matrix which
represents the probabilities of transitions from states in Ak to
states in Al . We can also divide the limiting vector o/ into r

subvectors.
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1 2
(2.3) o= (oS, +oe ,al™)
where
k .
(2.4) ol =(a, i€e4, )= ( a , a s ** , & ).
i k tk_14-1 tk_14-2 tk

Now we prepare some notations. We denote by Pk the sk—th
order column vector with all entries 1 , and by V the sxr matrix

whose k-th column is a vector with 1's in the components corresponding

A

to states in Ak and b's otherwise, that is,

(2.5) vV = P .

.« s,

We let r%: v( b

.

11 bZ,"’ ) br) =LV ; then we have

k 1
(2.6) bk' d\{jo{': Z a.,

némely, b is the total weight on the set A of the limiting

k.
k k .
vector ol . We denote by ¥y = ( g; 3 i€ A

k

" ) the restriction of

that is, )’k is the s, -th order stochastic row

ol on the set A ”

k'. 3
vector with components defined by

(2.7) g5 =a, /b (iea_ ).

k
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We let U be the rXxs matrix whose k-th row is a vector with g?

in the component corresponding to state i (e:Ak) and O's otherwise,

that is,

H

(2.8) U=/ .

(@]

A

Then we can easily prove that @ U’=<i . Finally we let Q = ( ST

Kyl=142, ¢+ ,r) = UPV . Then we have

(2.9) 4 = Xk Pkl 1

1
=% L, A %1 Piy v

.a k 16AkaeAl .
Now we prove the fundamental theorem.

Theoremn 1. Q is a stochastic matrix and has the limiting vector @ .

Proof., Since all row sums of U , P and V are equal to 1, the
row sums of Q are also equal to 1 , and since all entries of U ,
P and V are nonnegative, all entries of Q are also nonnegative.'
Hence Q@ is a stochastic matrix. By the equations ng =

AP =0 and oAV =F> , we have ?Q =(?> - Thus Q has the limiting

vector G .




‘This theorem can be interpreted in terms of stochastic processes
as follows. We denote the Markov chain under consideration by
{ £ 5 0=0,1,2, ¢ }. We consider the lumped process {gnH of £

with the partition A4 = {Aq ,A2 y T, Arx y that is, we consider the

process { 8, } defined by the following relation:

(2.9) 8, = Ay if and only if £ e h .

This lumped process { gn‘s has the stationary distribution % . On
the other hand, we can.consider a Markov chain on A with the transition
matrix @ = UPV . The above theorem states that this Markov chain has
also the stationary distribution F .

Hence if we know all ¥'s , then in order to obtain ol y We may
consider a Markov chain with the transition matrix ] instead of the

original chain. Thus we can solve. the problem for obtaining | in

three steps.

T Calculate vectors B)k (k=1,2,*** ,r).
2. Calculate ga from Q = UPV .,

3, Obtain ol by the relation oL = @>U . v '

Generally we cannot calculate X’k alone, and hence we cannot obtain
by adopting this procedure directly. However this procedure suggests
us an iterative method for numerical calculations of stationary

distributions of finite Markov chains.
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3. A Lumping Method

In the‘last section we saw that if we know 3"5 y, then we can
obtain ‘P and ol from the stochastic matrix Q . Similarly we can
show that il we know P and Y 's other than g’k , then we can obtain -
{k, from an 5, X 8, stochastic matrix Qk. In order to show this
fact, we shall consider a partition Bk = { tk_14-1 s tk_1-+2 s "
e tk , S-—Ak E, i.e., Bk consists of states in Ak and the set
S-Avk of all other states. We can prove an anaogous theores to Theorenm

*

1 for this partition B, . In this case matrices corresponding to

k
V and U are
A, S-A,
(3.1) - Va2 0 eee 0 |
N .. U,V
: Do | M A
O *¢+ 0 ! 1
. -
1 0
. () .
O . I’: Ak
10
— e YT '
O e O——-!_']
* » l’o U d
- : i o By e A,
\ O +++ 0 | 1

and




k

(3.2) U
where

N k
z 2

(3.3) 5

g2

U'..U U...U
A By Ay By Ay
= O e oo O [ '] I O ') O
. . () l ,
. . . . . c 1A
» * !O . l * » k
0 ce 0 I 1 ; O K] O
k "r" vk k
u, °°°* ut i O *** O E Uy Q" u ]S-Ak
_1| k+ S
% ( )
= . ic8-4A
1 - bk . k .
blgi '
= T b, (1e€a, 51 %k).

, k
Then @ becomes as

(3.4) QF

where PkK
i
rk . .

N is given
: k
(%.5) T,

k i
</3 = ( a4y

is given by

= P z

- a.

is the submatrix of P corresponding to AkX Ak R

if%Ak ) is an sk-th order column vector whose component
by
= 5 .. o=1-= 3 p.. (1€ 4),

jes-a, jea, k

jéEAk ) is an sk~th order row vector whose component q?
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(3.6) qk = 23 uk D

J ie .S-Ak ol

L 2
Ll e A 1 +3 k
1#k
- and finally

‘ 1

(3.7) Va1 a .

Je A

¢ 5

Then by the analogous theorem to Theorem 1, Qk has the limiting

vector
k k
(3.8) YL :(OL’-"—bk)_—_(at ,---,at ,1~bk).
k-1
k . k N k

Hence we can get Y by restricting N on the set A .

Thus we ﬁ5ve seen that we can calculate each one of @ and Y 's
from the knowledge of others. This fact suggests us an iterative method

for the numerical calculation of Ot .



A LUMPING MLETHOD

a

We start with appropriate initial values Xq(O), e, Y(O) -,

and proceed along the following iteration scheme:

Calculate Q(n+1) from Xﬂ(n), Ya(n), cee Y (n) .

F(ﬁ+1) from Q(n+1) .
B as1), 72@m), +or , ¥¥(n) .

b. Calculate

la. Calculate Qq(n+1) from

b. Calculate ¥ (n+1) from Qq(n+1) .

.
.
*

?)(n+1), Xj(n+1), soe B)k—1(n+1),

Calculate Qk(n+1) from
Xl{"l"](n)’ ces , Xr(n) .

B’k(n+1) from Qk(n+1) .

ka,

b Calculate

.
.
.

Calculate ’ Yr-q(n+1) .

from 85 (n#1), ,#1(n+1), oo

Qr(n+1)
¥ (1)

b, Calculate from Qr(n+1), and return to Oa replacing

n with_ n+l

We may use any convergence criterion. A criterion is

(3.9) and  [gf(ns1) - gin)| <E

by {n+1) - bk(n};<f5

for every k=1,2,¢++ ,r and :i.éAk .




4; Some Remarks for the Lumping Method

The lumping method defined in the last Sééﬁiéﬁiﬁfééasés-fhe
iterative calculation of and 's along tﬁé:itéféfiénbﬁhéme.
But it does not provide the method for obtaininé , E aﬁd>*i"é from
the stochastic matrices Q's . Hence we have many,véfiatibhs of the
lumping method. In this section we state some remarks which will be
useful in practices. The following theorem gives a base for

modifications of the lumping method.

»

Theorem 2, Let Q = ( ¢ ) be a txt regular stochastic matrix

ij
and 2:: ( x; ) be its limiting vector. For positive constants

. . o ~” |
Cpa Coy *%* 4 Cp define a matrix Q = ( qy 4 ) by

.t
(he1) gy o= 0; a4 (Lyd=42y 004t 5 143
and
~ - ’ o
(k.2) Gy =€ 4 + 1 - ¢y (i=1,2y 00 ,t),

: ~
and define the vector 3 = (X; ) by
N ’ ~ . .
(4.3) Xi = C Xi/ci (l: 1’2’ o ’t)
where

& -1
(hol) c = ( Z xi/c. ) .

1:1 +
Then 3Q =% , and 1f Q is a stochastic matrix, then % ds its

limiting vector.
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Proof. This theorem can be easily proved by a direct calculation

Remark 1. _Instead of Qk » We may use the stochastic matrix

(h5) GO P k]
glc /;k

where 75 = (1-bk)Cf5k and v = ('l-bk)vk + b By Theorem 2

k L[]
we can easily show that! Qk and Iék bring the same ')/k . 'This

[}

modification simplifies the calculations of the elements in the last

row of Qk y namely, the element 'ﬁ? of %ﬂc is given by

r
~k 1 .
(4.6) qj = 1§1 i}éA b, & P; 5 (JeA),
1#k X

and need not e divided by (1-bk)-.
Remark 2. Instead of Qk y we may use the stochastic matrix

=k k
(4.7) G- = (P K
—k —k : '
? v ' s
where ;kzc?k and V& = cvk+1 - ¢ for a constant ¢ £ 1/(1 - T .
We can also show that Qk and Qk bring the same }’k by Theorem 2.
This modification is effective if we use an iterative method for

obtaining Qk from Qk and if q? 's are so small that the rate

of convergence is very slow.
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Remark 3. Instead of Qk y we may use the stochastic matrix ak

obtained from §k by multiplying off-diagonal elements with_some positive
constant and modifying diagonal elements so that the row aums.are T
This modification does not change the value of )’k too. This
modification is effective if we use an iterative method for obtaining

K ;

N from Qk and if the rate of convergence is very slow. This is

one of the ordinary acceleration techniques.

Remark 4, Suppose tha£ the chain ?annot reach any state in ghe set

Ak from éach state out of Ak without passing through the state j in
A . In such a case, we can calculate y k only from Pkk and need
not know the values of ? and other 7Y 's. Because, the last row

of Qk has only two non-zero entries q? and vk = 1 = q? . Hence
we can modifmek by Remark 2 so thgt q? = 1 and all other entries
of the last row are zero. This modified Qk can be determined by
Pkk only, and hence we can obtain }’k without knowledges of @ and
other ¥ 's .  Thus if once we calculate Y k y then we need not
calculate Y k in the successive iterations.

This situation can also be interpreted as follows. We consider ‘
the partition A ={1, 2yttt b g b+ 1, 0t s, Ak} . As
pointed at the end of Section 2, if we know Y k y then we are sufficient
to calculate the stationary distribution @' of Q! corfesponding to
the partition A'. This means that the original‘problem can be reduced
to the problem of finding the stationary distribution of a Markov chain
with the transition matrix Q' . Thus if we find a. set A, with the

property mentioned above, then we can decrease the‘number of states and

save plenty of computing time.
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Remark 5. When we calculate @ (n+1) and Ylk(n+1) by an iterative
method, we need not to get so accurate values since Q(n+1) and
Qk(n+1) are only abproximate values of @Q and Qk . Hence we need
not make to many iterations for obtaining the values of @,(n+1) and’
71k(n+1) . In Example % (stated in the next section) the numbers of

iterations in each step are 6 or 8 .

Remark 6.  When we calculate ( (n+1) and 71k(n+1) by an iterative
method, we may use 53(n§ and ﬂkkn) as initial values. Héwever
generally it is more effective to us; the values of ‘F> and 7lk
calcu;ated from the latest approximate values of ?, and Y's as

initial values.
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5. Ixamples

In this section we deal with two simple examples and one application
to a practical problem, Example 1 is an example of thé usage of the
modification stated in Remark 4, Example 2 is an example of the
. ordinary use of the lumping method with the Gauss-Seidel iterative method.
Example 3 is an application of the method to an analysis of the effect
of the speed class sequencing in thg air traffic control, In the example
the numbers of multipliéations and d}visions required for obtaining the
stationary distribution of a Markov chain are compared for two method,

the lumping method and the ordinary Gauss-Seidel iterative method.

Example 1. We consider a Markov chain with the transition matrix

. 1 2 3 L., 5 6 7 8 9
(5.1) p= 1 | 2 .2 l‘ " ! 2 )
2 |.2 2 | .6
5 5 oa e 4
vl T T TS T T T T
5 |.2 !.3 N ' |
6 | .2 .6 2
T s
8 i.z l 2 .6
9 i 3 ‘! 2 b

R —
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where entries with O's are refresented by blanks, The chain can
enter the set ‘Au = (4,5,6) only through the state &4 , and can enter
the set A7 = (7,8,9) only through the state 7 . So when we
calculate the stationary distribution ({ , it is efféctiVe'to use thé
lumping method with the partition A = {1,2,3, A4, A75 . As stated

in Remark 4, the weight distribution ‘(4 and’ Y7 of O in the sets

Aq and A7 can be calculated easily.
We shall calculate 3)4 . We first form the matrix Qh*,
4 .
(5.2) Q = O 03 .l" .3

03 ol" .1 g2
o2 .6 0 o2

1. 0 0 0

. a N

N ' L L b L 4 b
The limiting vector 7 = ( ¥y Vg1 Vg1 ¥ ) of Q" can be obtained
by the Cramer's rule. So yg (j=4,5,6) 4is proportional to h%
J
which is the determinant of the matrix formed from (I - Q“) by

deleting the row and the column corresponding to the state J e Hence

the entry gg of 5’4 corresponding to j dis given by '

(5.3) g

L bk
hj / ( h4 + h

2 g ) (3= 4,5,6).

Here we have

(5.4 n)

1l
1
=
=
]
Ui
=
=

= 027 .
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It follows that
(5.5) y‘*»=(,4,,4,,2),
Similarly we have
(5.6) Y7 o ¢ Aoy 2, )

Then the problem is reduced to the problem of calculating the

stationary distribution of a Markov chain with the transition‘matfix

1 2 3 A# A

L2

H
-
O
.
o
A8}

(5.7) Q
2.2 0 .2 0 .6
30 0 W3 .1 .2 b

A l2 0 0 .76 Lok

A 0 0 2 .16 64
This chain has the stationary distribution

(508) G=(01,005’011045,03)‘

Hence we obtain the stationary distribution o of the original chain as

(5.9) o = (.10, .05, .10, .18 , ,18 , .09 , .12 y 406 , 12 ) .,
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Example 2. We shall calculate the stationary distribution ol of a

Markov chain with the transition matrix

(5.10) P= 1 [.8 .1 | | .
2 .1 7 .2 i i
3 ___._1_._6_'_.3 i_ ]
y 15 Wb i
5 I :
: o s le
2 1 i i T -T.a .7 -
8 i !.1 1.8
9 |9 i l o 0 )

We will use the lumping method with 'the partition A = {(1,2,3),
(4,5,6), (7,8,9)% and calculate 85(n+1) and Y(k(n+1) by the Gauss-
Seidel iterative method and adopt the modifications stated in Remarks

5 and 6 . We start with the initial values

(5.11)  Y0) = (1/3, /3, 1/3) , ¥2(0) = (1/3, 1/3, 1/3)

and  ¥2(0) = (1/3, 1/3, 1/3).
Then the matrix Q(1) 'becomes

(5.12) Q(1) = 8366667 . 100000 +0333%3%3% .
+0333%33 766667 «200000
300000  .033333 666667
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In order to get the value of [ (1), we use the Gauss-Seidel iterative

method for the system of linear equations

(5.13%) (x1, X x3) (0,0,1)

+

(x1, Xy x3) .866667 - ,100000 -1
«033333 . 766667 -1
. 300000 +033333 0

We start with the initigl value
(5.14) x(0) = (.333333 0333333 «333334)
Then the successive values of the vector =x are as follows

(5.15) | x(1) ( 400000 « 306667 .293333 )

x(2) = ( 444889 .289378 .265733 )
X(3) = ( 74937 278200  .2h68sh )
x(4) = ( J49k9hk2 271016 .23Lok2 )
x(5) = ( .508197 .266400 225403 )
x(6) = ( .516939 263447 219614 )

As stated in Remark 5, we may regard this x(6) as the value of P (1).

Next we calculate Y1(1) from Q1(1). Q1(1) becomes

(5.16) Q' (1) =/ .8 o1 .0 1
.1 .7 .2 .0
.O . 01 ¢6 ’ 03

136389 0 .018179 ‘,845432
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In order to get the value of q1(1), we use the Gauss-Seidel iterative

method for the system of linear equations

+ (Fgs T T30 ¥y) | 8 o1 .0 -1
o o7 o2 -
.0 .i .6 -1
.1%6389 .0 .018179 0

- N

We may use the initial value y(0) = ( .111111 111111 111111
.666667 ). However in this case we adopt the initial value y(0) =
( 172313 172313 .172313 483061 ) for the sake of the

‘modification stated in Remark 6. Then the successive values of y  are

(5.18)  y(1)

ft
~

.220965 159947 1bhis9 (474929 )

y(2) = ( .257542  ,1521%3  ,125556 464769 )
y(3) = ( 284636  .147513  ,113286 454565 )
y(4) = ( 304458 145034 ,105243% Al5265 )

By the modification stated in Remark 5, we regard this value y(4) as,

the value of 71(1). Then the vector Y1(1) is given by
(5.19) Y1) = ( 548835  .261447 189718 ).

We note that in order to get ? and })'s by the iterative method, we
need not calculate the last columns of the matrices Q's . In practices,
we may directly form the matrices in the systems of equations such as in

(5.13) and (5.17) + In this case, we next form the system of equations

»
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(5.20) (y1’ y2’ y3, Y4) = (0 y0,0,1)

* Ty Yoo Y50 ) |05 o .0 -1
o1 o T .5 -1

.0 .1 3 1

| 039945 .0 .009939 0

Starting with the initial value y(0) = ( .087816 .087816 .087816
.736552 ) , we obtain the value 1 2(1) = y(4) = ( 077432  ,063168
.057u46 801954 ).  Hence we have Y 2(1) = ( .390980  .318956
290064 ).  In like manner we have y3<1) = ( .325518  .295372
.379111 ). |

Using these values for Y's , we can form the system of equations

for FE (2) ,

(5.21) (x1, X5 x3) =(0,0,1)
+ (x1, Xy x3) .888201 056915 =1
.039098 .786864 -1

341200 .032552 O

and starting with the initial value x(0) = %(1) , we have F>(2) =
x(6) = ( .605926 ,205617  .188457 ). '

We can proceed in like manner.
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Ixample 3. The author used the lumping method for obtaining thel
stationary distribution of a Markov chain with the transition diagram
in TFigures 8 and 9 din Chapter 5. The state space of the chain
is divided into six classes in a natural way. ﬁence it is expected
that the lumping method ig effective than ordinary methods. He first
modified the problem by adopting the modification stated in Remark 4 to
the sets in which states are combined with arcs with probability one in
the transition diagram.. Then he calculated the stationary distribution
using the lumping method with the partition with six classes.

He also examined the numbers of multiplications and divisions
required for the computations of the modified problem in two methods,
the lumping method and the Gauss-Seidel iterative method. We can see
from Table 1 below that the lumping method is especiallf effective for

the cases in thch the number of the states is large and the rate of

. convergence in the Gauss-Seidel method is slow.

Table 1. Comparison of the numbers of multiplications and divisions

between the lumping method and the Gauss-Seidel method

P q r k the lumping method  the Gauss-Seidel method
1/3 /3 /3 3 1466 1556
7 3938 8190
S 3 .2 3 175k 2972
7 3938 8612
729 W01 3 1754 more than L592
7 5666  more than 10712
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CHAPTER 5 A SEQUENCING MODEL WITH AN APPLICATION TO THE SPEED CLASS

SEQUENCING IN THE AIR TRAFFIC CONTROL

1. Introduction

Somewhat to relieve the air traffic congestion at a terminal, sequencing
methods of landing aircrafts by their speeds have been proposed and analyzed
with computer simulations by many authors in private papers. In this paper
we analyze theoretically h&w the 1andi£g capacity can be increased by
adopting the speed class sequencing und;r some idealized conditions.

We set up a model in Section 3, while in Section 2 the speed class
sequencing in the air traffic control is briefly explained and also the plan
of the model is shown from the point of view of the speed class seduencing.

- The model is so §}mple that it can also be applied to many other queueing
problems of the following type: There are %wo (or more) typeé of customers.
A server serves customers one by one, and needs some transfer times besides
substantial sefvice times when the types of consecutive customers are
different with each other. Then how can we decrease the mean service time
(or increase the capacity) in a busy period by reordering (sequencing) the'
customers ?

Problems of this type could be analyzed using the theory of multi-
queues or the theory of priority queues. However they are very difficult
and only sélved in the simplest cases. Though our model is very idealized,
it will have many applications for the sake of the simplicity. For

example, it may be applied to some queueing models in computer systems

or to some job-shop scheduling models.
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2, The Speed Class Sequencing

We shall start with a variant of the model used by A. Blumstein [1]

for the analysis of the landing capacity. We consider a single'runway which
is used for landings only. Aircrafts pass through an imaginary gate in space
and follow a common glide path to the runway. To schedule the passing times
through the gate, two conditions for security must be satisfied:

(a) When an aircraft passes through the gate, the distance from the next
aircraft should be greatgr than d (some fixed distance),

(v) There can be only one éircraft on the runway.

Let us define that the service time of an aircraft is the time interval
between the bassing times through the gate of it and of the preceding one.,
Then the éervice time of an aircraft depends not onf;igls own speed but also
on the speed of the preceding one. We wish to schedule the passing times

- through the gate so. that each service time is.as short as possible. When
should the aircraft paés the gate in order to have the shortest service time
nder the above conditions?

Let the length of the glide path and the runway be m and 1
irespectively. (See Fig. 1.) Suppose that an aircraft with speed v, '
- follows one with speed Vo o (We assume that the speed of each aircraft is
gcoﬁstant in the considering area about the terminal., Modifications to the
‘real situation would be obvious.) Let tb be the scheduled passing time of

the preceding aircraft through the gate. Then it goes out the runway at

o + (m + 1)/vy o If the following aircraft passes the gate at ty it

reaches the runway at t, + m/v1 « Hence by the condition (a), t, must be

greater than by + d/v1 y and by the condition (b) t, + m/v1 must be greater
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than t, + (m + 1)/v0 « For the shortest service time of the following

aircraft, we should schedule its passing times through the gate as
(1) t, =ty + max ( d/v, s (m + 1)/vy - m/v1 )
and then the shortest service time of it is given by

(2) S1 = t1 - to = max ( d/v1 y (m + 1)/vo - m/v1 ) .

Since ordinarily d >—l. for the sake of the unaccuracy of the estimation
. of the position, in the speéd class sequencing it is preferable ta schedule

~ the passing time of an aircraft so that it follows another aircraft with the

- same or slower speed, or conversely speaking, so that it is followed by an

laircraft with the same or faster speed.

Fig. 1
gate glide path A runway
- @ |
> m i 1 2

tune

e A N A
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We can also regard the service time §, in (2) as the sum of the
essential service time d/v1 and the transfer time 8, - d/v1 . Then
non zero transfer time is needed only when the following aircraft is slower
than the preceding one, From this point of view, our aid is to decrease the
rate of transfer time or to decrease the rate of changes from a fast aircraft
to a slow one by sequencing, For this purpose we should schedule them so
that as many aircrafis as possible with the same speed land continuously.
However if many aircrafts with the same speed land continuously, there is an
aircraft with faster or slower speed having a long wait, and this&is inadmissible
in the practical situations. Hence we should seek an optimal sequencing policy
in the set of policies satisfying some restrictions which assre that no aircraft
has a long wait. This will be expressed in the four kindé ofvrestrictions in
our model in Section 3.

Though the speeds of landing aircrgfts may be different with each other,
~ordinarily they can be predicted by the types of the aircrafts only, and in
the speea class sequencing, we have to schedule the passing times through the
gate by the information on the types of aircrafts. Hence we classify aircrafis
by their types, and in the simplest case, we consider two types of aircrafts
(e.g., jet planes and turbo-prop planes). '

We will concern the case in which there are always sufficiently many

aircrafts waiting for landing. It does not matter if few aircrafts are

- waiting. This altitude enable us to ignore the laws concerning the arrivals

such as inter-arrival times,
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3+ The Model with Two Types of Customers

Now we shall set up our model. We consider a servicing system with

a single server. Following three assumptions are made in the model.

A, : There are two types of customers and we distinguish them by type
0 or type 1 .

A2 : Each customer has his own service time, and when the types of two
consecutive customers are different with each other, the server needs
some transfer time beéides the own service times of the customers.
Furthermore we assume that the own service time Sy (1=0,1) of a
customer of type i is constant, and that the transfer time ’.I.‘i (i=0,1)
from type (1-1i) to type i is also constant. (This assumption can
be replaced with a loose one. See Remark 1 at the end of this paper.)

A There arékélways sufficiently mény customers wailting for service.
(This assumption is introduced in order to simplify the model so that
the laws for the input, such as the assumption of a renewal input and
the distribution of the inter-arrival times, need not be specified.
Hence it can be replaced with a loose one or with one defined more ¢

definitely. See Remark 2,)

By the above assumptions, the arriving customers can be represented by

a sequence ( €19 €5, 63 sy *° ) where &, is equal to O or 1
according to the tyﬁe of the n~-th customer. We will use the term "the
service time" of a customer as the sum of his own service time and the
'transfer time preceding it. Then our problem is to find a policy which
winimize the mean service time of the first N customers. In order to

state the problem more definitely, some preparations are needed.
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We consider the first N customers whose types are represented by a

sequence ( Gd* Eor " elq). A '"sequencing policy" or simply

1 2 e N

m1 ma L ] mN

policy and the n-th customer gets the mnnth position in the new sequence.

"policy" is a permutation ( ) . Customers are reordered by a

The types of the customers in the new sequence are represented by
(éf; , ‘52" coe el\}) where en'ln = en . Then the service time of the

m=-th customer of the new sequence is given by

S if ¢! = ¢!
(3) S(m)=? E.m. o m m-1

¢t T el CAf gl= el -

Hence the (arithmetic) mean service time of the N customers is given by

i

N
3 1 \ A

(4) 5y T[m;l S(m)} - [NOSO £ N8, + MTo + M1T,J

= PSo. + 481 + oyTo * x4

where N, (1=0,1) is the number of m's such that 1< m <N and

]

61;1 i, and IVIi (i=0,1) is the number of m's such that 2 $m< N and
Ep =1y €l _q=T1-1 . Ve will call Py = NO/'N as the ratio of customérs
of type O (in the first N customers) and Gy = N1/'N as the ratio of’
customers of type 1. And we will call CXN = MO/’N as the ratio of 1-0
changes (in the first N customers) and @y =M,/N as the ratio of
O=1 changes.

In order to minimize the mean service time Ek y if Toj> T1 we might

reorder the input sequence so that all customers of type O are served first

and then customers of type 1 are served, When N is larg@, under such a
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policy a customer of type 1 has a long wait. However in most of servicing
systems, such a situation ig inadequate. Especially for aircrafts, waiting
time is very expensive, and such a situation arises excessive injustices.
Hence we should restrict our policy so that no customer has a long wait, and
find an optimal policy under the restriction,

Here we shall study the following four ranks of restrictions. (For

other restrictions, see Remark 3.)

Ry m o =n (i.e., the first-come first-served policy).
Ry 1 m, < W e for all n and i ( > 0).

R, : [mn»- n| <k for all n.

R3 : moLn+k for all n.

In the above restrictions, k expresses the allowance limit of exchanges,

and when k=0, R

4+ R, and R3 coincide with Ro o Let P, (i=:0,1,2,3)_

be the set of all policies satisfying the restriction R, »  Then clearly
Pi ‘- Pj if i<j .
Now we can state our problem definitely. For each input sequence, we

say that a policy is optimal in Pi if it minimize the mean service time EN.

+

Problem. Find an optimal policy in Pi (i=1,2,3),

The answer of this problem is giveﬁ in the next section.
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-4, An Optimal Policy

Now we seek an optimal policy in each Pi . We can prove that the
following procedure makes an optimal policy. In the procedure, we decide
- the servicing order one by one. So it is convenient to use the terms
- concerning the queue in the servicing system. We assume that custonmers

in the queue are in the order of arrivals.,

Procedure I : Serve the first customer in the queue of the same type as
one being serﬁed, unless it is out of accordance with the
restriction Ri . If it is out of accordance with Ri or

if there is no customer in the queue of the same fype as one

being served, then serve the customer at the top of the queue.

In order to determine a policy by this procedure, we must choose a
. e
L] .
customer to be served first. Two special cases are considered.

Policy IO : First serve the first customer of type O, and then adopt

Procedure I.

Policy I1 : First serve the first customer of type 1, and then adopt .

Procedure I.

Policy IO or Policy I1 may not be in Pi , since the first service may
violate the restriction Ri’ But at least one of them is in Pi’ and we
can prove that either DPolicy IO or Policy 11 is optimal din Pi’

We will conveniently call the optimal one of them as Policy I.
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Before proving the optimality, let us study an example adopting Policy

I, to a sequence under the restriction R,. (See Fig. 2.) 1In this case

Procedure I can be rephrased as follows.

Rephrased Form of Policy I for R1 :

If the server is servicing a customer of type O and if the customer ;

at the top of the queue is of type & s then before servicing the top of

the queue, let the server serve customers of type O in the first (k+ 1)
customers of the queue.. And then let him servewcustomers of type 1
untill a customer of type'o comes to the top of the queue. In the

contrary case, do the same way exchanging the roles of O and 1.

Fig. 2. An example of Policy IO with the restriction R1 for k=3

input sequence 0 1 O 1 1,1 9 Q9 1 9, 1\\9 1 /O, 170
WV NOW » a N
A ANEAAN PR PN
v N kKN ¢ ks N &
reordered sequence o o111 11T 0 0 0 00 1T 1 11
;1 O /1, 0O 0 1 \9_~1 1, MO = 9 M1 = 10 ,
LN /)‘\ ' Vg
4 \<A‘ ., ‘/v(\
7.0 0 0 0 0 1 1 1 M. =2 M, =3
0 1
Hence the mean service time S is decreased
from S = 12}8 s w2m A0 q (under FCFS)
- 25 70 " 25 "1 25 "0 " 25 1 .
T =12 15 2 2 r Policy I
to S = 5% 8o +5% S, + 55 Ty + 35 T, (unde Policy 0)
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' The proof of the optimality of Policy I

Here we prove the optimality of Policy I for the restriction Rq.'
We can prove the optimality for the other restrictions in the same line.

_We prove it in two steps.

Lemma 1. There exists an optimal policy in the class Pq (c P1) of
policies satisfying that m < m for each pair n and =n' such that
n < n' and ¢ = €4 ¢ (In ofher words, we are sufficient to
seek an optimal policy in the class, P% of policies under which the

A

first-come first-served rule is adopted for the customers of the same type.)

Proof. Let the input sequence be ( 61 v 651 6'3, ver 6N‘)’ and under
a policy in P1 the n~th customer get the mn~th position in the reordered

sequence. Suppose that for some n and n' (n<mn') &, = € s

'm =x, m,=y and x> y. By the definition of R,

* < mn+k+i

for all positive i. Then, since y < X ,

() ¥y <

m .
n+k+i

for all positive i , and since n < n' ,

(7) x <

m .
nt'+k+1i

for all positive i . Hence there is another policy in P,I which reorders

the sequence in the same manner as the original policy except that m o=y
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and mo, =X . Since €, = € y the ratios of 1-0 changes and 0O-1 changes

n!

are the same in both policies, and this shows that an optimal policy is in
N

the class P; .
Theorem 2. Either Policy IO or Policy I1 is optimal in P1 .
Proof. Let us consider an optimal policy in P} and name it as Policy I .

1

Suppose that (m=- 1) customers have been served under Policy II and that

€r.q =0 (i.e., a customer of type O has just been served). If the

£

ni-th customer (i=0,1) in the original sequencé is the first customer of
type i in the queue, then under Policy II , either the no-th or the n1-th

customer is served next, Three cases can be considered. In order to

'

satlisfy the restriction R1 ,

(i) the no-th customer must be served next.

(i)  the n,-th.customer must be served next.

(di) both the no~-th and the n,

In the first two cases we have no alternative, and we can consider that

-th customers may be served next,

Policy II adopts Procedure I in this step. In the third case, if mooo=m
0

(i.e., the 'no-th customer is served next), Policy II adopts Procedure I in
this step. If mn1 =m , we can prove that there exists another optimal ‘
policy which adopté Procedure I in this step.

Suppose that we are in the third case and that mh1 = m under Policy II.
Let Mg:(j,j') be the number of 1-0 changes from the j-th customer to the

j';th customer in the reordered sequence., Then the number of 1«0 changes

in the N customers is given by
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(8) M3 = M3 (1,N) 3L(1 Jm=1) + M (m=1,m) + M (m,N)

i}

My (1ym=1) + O + M) (m,N) .

We define Policy IT as follows. TUnder Policy II, the server serves
(m-1) customers in the same manner as Policy iI, and then serves the no~th
~ and the n1-th customersin this or@er. And he serves the remaining (Nem- 1)
customers in the queue in the same order as Policy II except for the noeth
customer.  Then Policy II adopts Procedure I at the m-th service, and we

can easily prove that Polic& IT is in P; . The number of 1-0 cﬁanges under

Policy II is given by

M“Lm Jm=1) + M (m~1,m¢1) + M (m+1,N)

fl

: ol m
‘(9) .MO = M, (1,N)

m‘(1 ju=1) + O + M (m+1,N) .

i

Now we comparie ng(m,N) with MgL(m+1;N) « The reordered segment
from the (m+ 1)=-th costomer to the N-th one under Policy II is the same
as the reordered segment from the m-th customer to the N-th one under

Policy II exéept that a customer of type O has been gone out. Hence

(10) (m N) = M (m+1,N) .
Since (1 yiiel) = M (1 s=1) , we have
N iy
>
(11) My =2 My

by (8), (9) and (10) .
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s
For the number of O-1 changes, we can also prove that M1 = M? in

a similar way. Hence we have
(12) Sy

It follows that Policy I is also optimal, since Policy II is optimal.
Using the above result , by the mathematical induction on ‘n , We can

- prove that there exists an optimal policy in P; which adopts Procedure I

in éach step. Such an opt;mal policy is either Policy IO or Pol%cy I1 ’

and this proves the theorem. ’

5, The Limiting Mean Service Time under an Optimal Policy

Now we shall investigate how we can decrease the mean service time hy
adopting the sequencing. For the purpose, we are convenient to assume that
the input sequence is a Bernoulli sequence with probabilities p of type O
and q of type 1 (p+q = 1), Namely we assume that E‘:,] ’ 62, ey GN

‘are mutually independent random variables with the common distribution

P(e:i:-.O):p and P(ei=1)=q. .

Then by the law of large numbers, the ratios p, and g of customers of

type O and of type 1 converges to p and q 'with proﬁability one as
N-—» , By the renewal theor%ﬁﬂwe can prove that the ratio c(N of 1-0
changes under Poiicy I converges to a limit o with probability one as
N-—»00 « The ratio § N of 0-~1 changes under Policy I also converges
the same limit O with probability one as N —?00 , since always

{Mo - M1[ < 1. Hence we can write the limiting mean service time as
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(13) § =pS, +aS, + A(Ty +T,) .
Table 1 shows the representation of the limit o for each restriction.

In the remaining of this section, we shall prove it. In the subsequent

discussions, we sometimes discuss as if N is infinity and omit the word

"limiting".

Table 1. The limiting ratio ¢l of 1-0 changes under

an optimal policy with the restriction Ry

restriction ‘ ol
Ry ! pq
R, : pa/(1 + 2kpq)
L*)
R, pa/(1 + 2pq E(2,))
R3 ra/(1 + k)

D Z, is a random variable having the distribution

. t-1 - -
(14) proizme= vl = (1) CoMPE L PR ) ar kg vg awen,

= 0 otherwise.

Table 2. E(Zk) for small k

x E(2, )
0 0
1 1
2 201+ pq)
B 3 | 3(1 + pa + 2p°q%)
L ‘ (1 + pq + 6p2q2 + 5p3q3)
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(i) The case under the restriction R1

In this case Procedure I can be rephrased as in Section 4, Hence,
considering the input sequence as a discrete time stochastic process, we
may take the time as a remewal epoch when a customer of type 1 comes to the

top of the queue during a continuous services of customers of type O (see

Fig. 3).
Fige 3. Renewal epochs under Policy I in P1
renewal epochs .
X k Y
. I \ | A ¥ !
Lnput 0 0 0 111 0010001 0 1 1
sequence \ L “ ’
\\ ’,\< \Y/

d d 14’4 \N k-/ \&
reoraere 0 0 O 11711000000 1 1 1
sequence

. a. &

Then the length of a cycle from a renewal epoch to the next renewal

epoch is given by
(15) L=2k+X +7Y

where X and Y are random variables representing the number of customers
required in a Bernoulli sequence up to and including the first arrival of a
customer of type O and of type 1 respectively. Since X and Y have

geometric distributions, the mean cycle length is given by
1 1 1
16 ECL) =2k + — 45 — 2k !
(16) (L) t ot pq(1+ pq)

In each cycle, just one 1-0 change occurs. Hence by the renewal theoremn,

the limiting ratio ol of 1-0 changes exists with probability one and is given by

(17) od=1/E(L) = pqg/ (1 + 2kpq) .
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(ii) The case under the restriction R2

We may take similar renewal epochs as in (i) (see Fig. 4). In this

case a cycle consists of four mutually independent random variables W X,

1 ]

W2 and Y. Gl Customers of type O in W, are served before the customer
of type 1 who is the last one in preceding Y, and 3 customers of type 1

in w2 are served before the tustomer of type O who is the last one in X.
X and Y ‘have the same distributionsas in (i). LA (i=1,2) is the
number of customers required in a Bergoulli sequence untill at least k
‘customers of one type arri;e. Then we can easily show that Wi Ahas the

distribution given by (14), " Hence it follows that the mean cycle length

(18) E(L)

&}

E(w1)+E(X) +E(W2) + B(Y)

1 1
2 B(Zk ) +—5—+-a— ,

and that the limiting ratio of 1-0 changes

(19) o =pqg/(1 + 2pq E(Zk ))

Fig. 4. Renewal epochs under Policy I in P, '

////f ~ renewal epochs

W, X
; [ N\ N\ T
Lnput o oY1 00 101 11 qQ'q Qq
sequence S0/ P s«
, / 7/ “ P \’\/\ »\r
- > £ 228K
reordered 6 o 6 6 ¢ 9 1 1 1 1 1 0

sequence
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(iii) The case under the restriction R

3

We use similar renewal epochs as in (i), too (see Fig. 5). In this
case a cycle consists of four mutuélly independent random variables U, X; '
V and Y . Customers of type O in U are served before the customer’of
type 1 who is the last one in preceding Y, and customers of type'1 in V
aré served before the customer of type O who is the last one in X. X and
Y have the séme distributions as in (i). U is the number of customers
required in a Bernoulli sequence up to and inéluding the k-th arrival of type
0, and V is a similar éne for type 1. Then U and V have negative

*

binomial distributions. Hence it follows that the mean cycle length

(20) E(L) =E(U) + ECX) + B(V) + E(Y)
Xk 1 k 1 k+1
R it et S N
P P 4 4 Pa

and that the lidgéing ratio of 1-0 changes

(21) oL:pq/("l + k) .

Fig. 5. Renewal epochs under Policy I in P3

///// renewal epochs

U X v Y
. / \ ] \ 7 \ [ v
tnput o oY1 0110011000 11QQ0Q9. 1010
pequence T~y “aoow T N N \ \A-’)—\" - S0
VARE S SN SR, S NN, . SR
» / > PN ~ et N TN T N ’ ~
o o \5—\ F e e’ ;“\ o Y - N !i’ ’
reordered o o ¢ ¢ F&H N Y 1 14 “FH DDV 0 b 000

sequence
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6., Comparison of Policy I in the Three Restrictions

We have considered three restrictions R1 ’ R2 and R3’ and obtained
an optimal policy in each case. However the optimality in here reflects
only the Qapacity of the system, In general, ameasure for goodness of a
policy may contain more factors. In the speed class sequencing, the measure
might have factors such as the capacity of the runway, the simplicity of
the control, the mean number of aircrafts which go ahead of a certain 3ircraft,
and so on. Hence we should decide the measure taking care of the pattern of
the landing aircrafts, the ébility of %he control system, the security in the
sequencing, feelings of people for the éelays caused by the sequencing, and
50 on.

If the measure is determined, we might be to seek an optimal policy with
respect to the measure. However, such approach is sometimes difficult, and
there is another‘qpproach in which we have been engaged. In the approach,
we choose several policies and study their properties. And in the application,
we adopt one of them which is best of all with respect to the measure. Hence
we should study properties of Policy I for each restrictions.

Here we consider only the mean number y‘ of aircrafts which go ahead of
a certain aircraft. )L can be als§ congidered as the mean delay E [mn ~'n]+
caused by the sequencing, or as a half of the mean absolute departure
E 1mn - nl of m from n, since E(n&v) = n, Table 3 shows the results
of the calcglations of }l, and Fig. 6 shows a numerical example for p=0.7

and gq=0.3 . There may be an optimal policy in Pi which has smaller }A
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than Policy I . For example, if the input sequence is (0, see ,6,1,0,... ,0),
then for eaéh restriction Ri ’ rk= k/’N under Policy I , but V‘= o}

under the first-come first-served policy which is also optimal for the
sequence. Hence we might be to éeek an optimal policy in Pi which
minimize H~' Unfortunately, we have not yet find such an optimal policy.
However under such a policy, probably we cannot decide the servicing order

one by one, and so the control is more complicated than Policy I .

EY

Table 3. The nean number _V. of aircrafts which go

ahead of a certain aircraft under Policy I

restriction ,A‘¥L
R, | kpaft+ Ge-1)pa}/C 1+ 2kpq)
R2 | pq{(k+3/2)E( Zk) -k}/(1+2kpqE(Zk))
R, 2kpq /(k +1) + k/2 -

In order to prove the results in Table 3, we return to Section 5. For
the case under the restriction Rq, we consider a cycle in Fig. 3. Aircrafts
of type 1, which arrive after an aircraft of type O and whichare served
before it, are in the third interal denoted by k. If the i-th aircrafé in
the interval is of type O, the mean number of aircrafts of type 1 which go
ahead of it is (k-i)g. And for the last aircraft in the second interval
denoted by X, the mean number of aircrafts of type 1 which go ahead of it
is kq. These are the only aircrafts of type O for which mhj> n. We can

obtain similar results for aircrafts of type 1 for which mo> n. Hence the

mean number }A of aircrafis which go ahead of a certain aircraft is given by
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(22) . pq k
= o . k .
g 1 ekpg 1{:‘1 (k - i)pg + kq + J5 (k- i)ap + kPJ
i=1
= —Xpg
1 + 2kpq {1 + (k -~ 1)pq ]
For the restrictions 1%2 and 11.;).

esult in Table 3 for Rq.

This proves the r
£ to calculate rather E

[ n - mgx+ than

we only notice that it is convenien

E(?n - ﬂ}+ , and omit the* proofs. '
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Fig. 6. The mean number W of aircrafts which go ahead of
a certain aircraft and the ratio A of 0-1 changes
under Policy I  ( p=0.7 , g=0.3)

1.8 + 3
(Numbers attached to nodes
\ represent the values of k )

1.07
0.8
0.6

0.kl

e o
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7. An Example with Three Types of Customers

If the number of types of customers are more than two, we can not adopt
the renewal theoretical techniques used in the preceding sections. In such
a case, we should use a Markov chain technique in order to calculate the
limiting ratios of changes of the type of service, As an example we consider
a servicing system with three types pf customers under the restriction R1
(defined in Section 3). In this case we can hardly find an optimal poiicy; '
because, if we try to get an optimal pélicy, the selction of the next served
customer depends not only on the type of the customer being served, but also
on the whole sequence. This shows an essential difference between the cases
of two types of customers and of three or more types of customers. Hence

inthis case we are content with a policy adopting Procedure I . We study with
Policy I': TFirsbt.serve the first customer, and then adopt Procedure I.

Since our aid is to obtain the limiting ratios of changes of the type
of service, we can take an infinite sequence ( 61 N 652, 6;3, *** ) as the
input sequence. We assume that it is a sequence of ‘mutually independent

random variables & (n=1,2,%, *++ ) with a common distribution \

(22) Pr( E,=2 ) =p, Pr( &, =0 ) = q
and Pr(6&, =¢ ) =r (p+rg+r =1 ).
In order to calculate the limiting ratios of changes of the type of

service, we must define a Markov chain. However it is preferable to study

an example of services under Policy I' before we define the Markov chain,




129

Let us consider an example for k=3 in TFig. 7. Customer 1 is served

first. Then Customer 2 comes to the top of the queue, but he is of
different type with Customer 1. Hence we secek customers of type a among
Customers 3~5 who are the only customers being able to be served before

Custonmer 2 under the restriction R We find that Customer 4 is of type a.

1
Then we decide that Cusfomer L is served next and Customgr 2 1is served after
him.  Thus the server seréggigistomers in the order ;3 1,%4,2 . VWhen
Customer 2 is served, Customer > is at the top of the queue. Since he is

of different type with Custémer 2, we sqek customers of type b éﬁong
Customers 4~6 who are the only customers being able to be served before
Customer 3% under the restriction R1 . (Customer 4 has already been served
and he is not in the queue. But in order to clarify the range for search,

it is convenient to treat as if he were in the queue.) However we can find
no customer of type b , and so we decide that Customer 3 is served next.,

When Customer 3 is served, Customer 5 is at the top of the queue. Since he
is of the same type as Customer 3, he is served immediately after Customer 3.
The same situations arise for Customers 6 and 7. When Customer 7 is served,
_Customer 8 is at the top of the queue. Since he is of different type with
‘Customer 7, we seek customers of type c¢ among Customers 9 ~11 . Since’

Customer 9 is of type ¢ , we decide thét he is served immediately after

Customer 7, and then Customer 8 is served. seescacee

mmer
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Fig. 7. - An example of transitions

12 3 4L 5 6 7 8 9 10 1112 13 14 15 16 17 18 19 20

input

a b ¢c a ¢ ¢ ¢c a ¢ b b ¢c a b b a ¢ ¢ a a
sequence

VT e T e WA NN NENe Y A N BEEa NI Wie WK o [ T o B B N YA

x *x *x *x x G # 0 1 2 3 « g g 0 1 2 3 =
states g 01 2 3 « g g g 0123 x x g gHgLP

G F 0 1 2 3 % % % x x 0 1 2 3 « x x @

N R W N N N N N N N e N i RN
reordered a a b ¢ ¢c ¢ ¢ ¢ a a b b b b c.¢c ¢ a a a
sequence .

1 4 2 3 5 6 7 9 8 1310 11 14 15 12 17 18 16 19 20

Now we define a Markov chain which represents the transitions of the
type of service. There are many such Markov chains, but the one defined
below has a fairi} small number of states. |

Since we are interested in the limiting ratios of changes of the type
of service, we need not to know exactly when a change of the type of service
occurs, but need only to know the fact that it occurs at some time. Hence
we define the Markov chain so that it can indicate only the occurrences of,
changes of the type of service. A change of the type of service occurs if
and only if a customer is not served immediately after a customer of the
same type. And in such a case, he comes to the top of the queue when a

customer of different type is served. Hence we can consider that these

three contents represent the same situation. It is convenient to explain

the definition of the Markov chain by following the transitions in the .

example in Fig, 7.
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We consider that the time of the Markov chain correspondé to the
customer's number. The state of the Markov chain at time n (n=1,2,3, ¢¢¢ )
- is denoted by a triple ,(sa(n), sb(n), sc(n)), and each element si(n)
(i=a,b,c) of it varies over a set Kﬁ, 0,1,2, ¢+ ,k, *j . In Figures
7 and 8 , for the convenience of printing, we write the state in the form
of a column vector. |

In the example in Fig. 7, the Markov chain starts with the state
(x ,%,8). Generally, @ in si(nz (i=a,b,c 3 n=1,2,3, 0 )
represents such a situatioﬁ that Customer n is not of type 1 'and that
even 1if he is of type i, he will not be served immediateiy after a customer
of type i. And * in si(n) represents such a situation that if Customer
n is of type i, then he will be served immediately after a.customer of type
i. In this case Customer 1 is the first customer and there is no customer
who is served before him. However it ?s convenient to consider that there
is a customer (say Customer O) of the same type as he and that he is served
immediately after the customer. Hence here we set sa(1) = % .

Customer 2 is of type b but,since sb(1) = @ , he will not be served
immediately after a customer of type b . We represent this situation by
setting sb(2) = 0 . Generally O in si(n) (iza,b,¢c § n=1,2,3, 0+ )
represents such a situation that Customer n is of type i and he will not
be served immediately after a cﬁstomer of type i . Hence if si(n) =0 ,
then Customer n will come to the top of the queue when a customer of
different type is served. Returning to the example, sc(2) remains at
and s,(2) also remains at = , because if Customer 2 is of type a , he

will be served immediately after Customer 1. Hence the state of the Markov

chain at time 2 becomes to (% ,0,4).
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When a customer of different type with one being served comes to the
top of the queue, we must seek customers of the same type as one being
served., In this case we must seek customers of type 'a among Customers
3~5 . In order to indicate these customers among whom we seek customers

of type a , we set sb(B) = 1, sb(4) = 2 and sb(5) = 3, And we can:

i

indicate that we seek customers of type a by setting sa(B) = sa(h)
sa(5) = * (see the meaning of * stated above)., Generally if si(n) = 0
(i=za,b,c 3 n=1,2,3, *++) , then in order to indicate the range for search,
we set si(n+1) = 1, si(n+%) = 2, ** si(n+k) = k. Of course, in the
case, customers of type i among Customers (n+1)~(n+k) are served
successively after Customer n, Hence besides the abo&e meaning, Y in
si(n+l)) (V=1,2, +++ ,k) represents the same situation as * , too.

For the state at time 3, we have already shown that sa(3) = * and
sb(B) =1, Since Customer 3 is of type ¢ and sc(Z) =g, sc(3) becomes
to 0O by the same reason as Customer 2, Hence the state at.time 3 is
(x,1,0) .

When Customer 3 comes to the top of the queue, we seek customers of
type b among Customers U ~6-, In order to indicate these customers,
we set sc(#) =1, sc(5) =2 and sc(6) = 3, And in order to indicate
that we seek customers of type b , we set sb(6) = % since sb(a) and '
sb(5) have already been set to 2 and 3 respectiVely.l Thus the state

of the Markov chain from time 1 to time 5 become as in Fig. 7.




For the state at time 6, sb(6) and sc(6) have been set to +* and

% respectively. The state gt time 5 in which sa(5) = * and sb(5) =3
implies that customers of type a among Customers 3~5 are served before
Customer 2 and that Custémer 6 can not be served before Customer 2. Hence
even if Customer 6 is of type a , he will not be served immediately after

. a customer of type a . In this case Customer 6 is not of type 'a and so

| sa(6) becomes to @ . Thus the state at time 6 is (8,*,3). Generally
if sﬁn-1)=*v(i:mbm;;n=2Jﬂh---) and if s“n—1)=k for some
j (=a,b,c and #1i) , tygn si(n) = O when Customer n dis of type 1i-
and si(n) = § when Customer n is not of type i. *

At time 7, sb(7) becomes @ by the same reason as above stated, and:

sa(7) remains at @ since Customer 7 is not of type a . Since sc(6) =3
and Customer 7 is of type ¢ , he will be served immediately after a customer
of type ¢ . So 50(7) becomes to x . Thus the state at time 7 is
(8,8 ,%) . Generally if si(n-1) =k (i=a,b,c 3 n=2,3,4,¢<¢ ) , then
si(n) becomes to * .,

At time 8, since Customer 8 is of type a , Sa(8) = 0 and sb(8) and
sc(8) remain at @ and * respectively. Hence the state at time 8
becomes to (0,8 ,x) . We can procede in like manner.

We can tabulate the rules of the transition from si(n- 1) to si(n)‘
(i=a,b,c 3 n=2,3,4,¢¢¢ ) as in Table 4, In table 4, € ~represents

the type of Customer n .
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Table 4.  The rules of the transition from si(n-1)
to Si(n) (i=a,b,c s = 233'4, oo )
s. (n=1)-s.(n)
1 L. e

1. @ —.¢ if e # 1 Gn : the type of Customer n

‘ n
— 0 if e, = i
2 o —> 1
1 =2
k-1—> k : )
3 k > *
b, | o ———> % if sj(n-1) 4k for every j (=a,b,c and £1)
—> if sj(n—1) = k for gsome 'j (#i) and if. & # i
—>0 if sj(n-'l) =k for some j (#i) and if ¢ = i

This Markov chain can indicate the occurrence of a change of the type
of service. If si(n) =0 (n=1,2,3,¢++) for some i (=a,b,c) , then
Customer n will not be served immediately after a customer of the same

type. Hence we can know the changes of the type of service by the

appearances of O . In order to know them, it is convenient to see
the transitions of * . Because, each O is follwed by an = in the.
same element of the state just after k epochs, and from one such =
to the next such - * , x's fill the same elements of each state as

the former * .
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The set of possible states (Sa’ Sy sc) (sa,sb,sc==¢, 0,1,2, ¢+,
k,* ) of the Markov chain can be divided in to six classes , @ ,

@ s ’ and . For the purpose, we introduce an order

< dinto the set of the symbols as follows ;
<0< 1 <2< 2o <k < x

The class (:::) - (i,j=a,b,c ; i# j) consists of states (sa, sb,ksc) for

which Sy is most dominan§ and sj is secondarily dominant of tPe fhree |

in the order <. For exarr;ple, (*,#8.,,2) belongs to and

(2,3,x) belongs to + By this rule, (*,8,8 ) can not belong

to any class.y However from this state, the Markov chain can only go to

either (x,0,8) or (=*,f,0) , except for staying in the state. Hence

for the sake of convenience we consider that the half of it (strictly speaking,

q/{qg+r) of it)-+belongs to (é:E) and the.remaining half of it (strictly

speaking, r/(q+r) of it) belongs to <§:§> . (This is justified by the

property of a lumped Markov chain, but here we omit the discussion ébout it.)

For the states (g ,x,d) and (g,8,*) , we can also treat in like manner.
Then the transition diagram of the Markov chain can be written as Figures

8 and 9. Fig. 8 shows a part of it about the class - , and Fig; ‘9

shows the relations between classes. A transition from a state in (::3)

to a state in (:::) (i,j,1=a,b,c ; i#Jj and Jj#1) dimplies a

transition of x from Sy to sj , or a change of the type of service from

type i to type J . Hence in order to obtain the limiting ratios of

changes of the type of service, we may try to obtain the rate of transitions

from one class to another.



136

Fig. 8. The detailed subdiagram of transitions about the class

The transition diagram

9.

kSR s
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Computational results. The author calculated the limiting ratios of

changes of the type of service using a computer, At that time, he used

the idea of a lumped Markov chain and shortened the computing times (on
this subject, see (23 ). As a measure of the utility of the segquencing,

we use the ratio Y of the mean service time under Policy I' to that |
under the first-come first-served policy (FCFS). Y is also the reciprocal
of the ratio of the capacity under Policy I' to that under the first-come
first-served policy.

Fig. 10 shows the value of the ratio Y for various triples .(p,q,r)
when k=k, S =8 =5 =T =2, Tab=Tbc=1 and T, =T, =T, =
where Si (i=a,b,c) is the service time of a customer of type i , and
Tij (i,j=a,b,c 3 i # j) dis the transfer time from type i to type 3.

It shows that in the case the sequencing gives an increase in the capacity
of about ﬁO per cent. - Fig. 11 shows the change of the value of the
ratio. Y for smalim k. The line for (.5, ;O, .5) is the lower boﬁna‘of

Y  and ¥ can not be under the line. The upper bound is the line Y = 1.

L]
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Fig. 10, The rate Y of the mean service time under Policy I!

to that under the first-come first-served policy for k=14

under Policy 1!

under IFCFS




Fig. 11.

% S under Policy I'
S under FCFS

il

The change of the ratio Y for small k

upper boﬁnd
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8. Remarks

Here we gather some remarks on generalizations of the model, Remarks
7 and 2 are concerning to the fundamental assumptions, and Remark 3
is concerning tq the restrictions of policies. Some remarks on a Markov
chain method for a system with four or more types of customers afe stated

in Remark 4 .

Remark 1. In the assumption A, (in Section 3), we need not any restriction
for the own service times of customers'in the discussions of the 6ptimality.
‘Transfer times from one type to another‘may be (possibly'dependent) random
variables with a common expectaion if we lbose the definition of the

optimality to minimize the expectation E(S ) of the mean service time.

In order to obtain the limiting mean service time, we need some conditions
for the renewal theorem. For example, we may require that the own service
times of type O, the own service times of type 1, the transfer times from
type 1 to type O and the transfer times from type O to type 1 are mutually
independent random variables having common distributions with finite expectations

fespectively.

[

Remark 2. The assumption A (in Section 3) needs only the assurance of

3
the adoptability of any policy in Pi . Especially, for the restrictions
R1 and R2 ’ it is sufficient to assure that k or more customers are always

waiting in the queue,

Remark 3, We can consider other restrictions than RO ’R1 ,R2 and R3’

such as

RL+ : m >n -k for all n.
=
This assumption RQ would not be adequate for the speed class sequencing in
the air traffic control. However we would be able to use this assumption

for a servicing system with a finite waiting room.



We can also generalize restrictions

different with types of customers.

Ri can be obtained similarly. Their re

~ e,

14

R, (i=1,2,3,4) so that k is

. . - .
R} : m < mn+ko+i fo? all n such that €,=0 and for all. i (>»0).
m < mn+k1+i for all n such that €,=1 and for all i (>0).
R} | lm, - n|< K, for all n such that ¢ =0.
[mn -nlg k,] for all n such that an T
R m < n+k for all n such that ¢ _=0,
3 n 0 n :
m < n + k1 for all n ‘such that en= 1. N
po. ' - —
Rl+ N m >n ko for all n such that en =0,
mozn - k1 for all n such that [ 1.
The limiting ratio o of 1-0 changes under an optimal policy with restriction

sults are as follows.

. where g

ldcl
[ t=1 k t=k
) K= P g
_ Sl it=TY k tek [ teq t=k
Pr{Zkk, = tS- (k-’l) P g +f\k,_1)p
0

is a random variable having the following distribution.

restriction o
R} pq /(1 + (;O-+k1)pq)
R} | pa /(1 + pq E( Z.kok1 + zk1ko )) .
Ry, R} pa/( (ky+1)p + (k. +1)q )

If k <k',

(k <t <k')

(k' <t Ck+k'=1)

(otherwise) ,




142

and if k > k',

t-1) tek! k! '
(k'-1 q (k* £t <k)
t=1 k t=k t=1 t-k' k! ,
Przzkk' = t§ = (k-1>P 4 * (kt_']) p g (k gt < k+k'=1)
0 (otherwise)

Remark k. The example in Section 7 can be generalized for systems
with four or more types of customers. The limiting ratios of changes
between servicing typeé can be analyzed similarly using Marko} chains.
For a system with four types of customers, states of a Markov chain are
represented in quadruples of states of individual types. These states
of individual types and transition rules between them are the same as

in Section 7. Then the transition diagram for the Markov chain has

twelve parts.and becomes more complicated.
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MARKOV CHAINS WITH RANDOM TRANSITION MATRICES

By Yukio TAKAHASHI

Introduction.

Let Pt (¢=1,2,3,+) be the transition matrix {rom epoch £—1 to ¢ of a Markov
chain with a finite state space S, and a™ (2=0,1,2, ) be the probability distri-
bution at 7. Then we have :

Iy

*) @ =0 PLL PP,

Now we assume that a®@ and P! are mutually independent random variables and
that a™ is defined by (*). Then {a®™} is a Markov process on the space of proba-
bility distributions on S. (a®™ represents the probability distribution at #, starting
with the initial distribution «® and following to the random transition matrices
Pty Such a process will be called a “Markov chain with random transition matrices”
(M.C. with R.T.M.).

The author intended to generalize ordinary Markov chains as briefly mentioned
above, by the following reason.

Markov chains have been applied in many fields, and one of their applications
is in the analysis or prediction of market shares. Many authors have worked with

so-called Markov brand-switching models, in which a™  represents the market -
shares at epoch 7 and P* represents the {ransition matrix from epoch /—1 to 4. .

In many cases they assumc that these Markov chains (they consider that a™ is
the distribution of a Markov chain at step #) are stationary. However some other
authors have given warnings of the failure of stationarity and of other defects of
‘these models (see e.g. A. S. C. Ehrenberg [1]). The author thinks that one of the
causes. of the warnings is in the assumption that a® and P! are a priori given
(known) and hence have no stochastic fluctuation. The transition matrix ¢ reflects
the choices of purchasers, and so it is essentially stochastic. Hence it seems to be
natural to consider that P* and «' are random variables. The most simple
stochastic model for market shares is the model using our M.C. with R.T.M.

In this paper, properties of M.C. with R.T.M., in particular moments of a™
and conditions for the convergence (in law) of a®™, are given. And we classify
stationary and irreducible M.C. with R/T.M. into three groups; ergodic chains,
aperiodic and non-ergodic chains, and perindic chains. Pinally we prove sgme
ergodic theorems.

R_.efceive(T june 17, 1§69
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MARKOV CHAINS WITH RANDOM TRANSITION MATRICES 427

1. Markov chains with random {ransition matrices.

Let S={1,2, --,s} be a finitc state space, ./ be the set of all probability
measures on S, and ¢ be the set of all stochastic matrices with index sets S and
S. We may be consider .4 and @ as subsets of s- and s*dimensional Euclidean
spaces respectively,; :

1. 1) J={a=(ax,--',as) a; =0 i=1,..,s, Zi'_.ai:l},
. 'p R s *
(1. 2) Q={P=<Zu ) pisz0 i, j=1, s, zp¢,=1}.
Dt s j=1

Therefore we can define random variables which take values on . or .

Given a sequence of probability spaces (2, &%, Pr’) (¢=0,1,2,--+), a vector valued
random variable '

1.3 a®(0")=(@™w") i=1,2,-,5)
on {° with values in 4, and matrix valued random variables
(1. 4) «a Pt(a)t):(p%j(wt) i;jzlt 2:""! S)

on & (¢=1,2,3,) with values in @, then we define the product probability space
(@, &F, Pr) by

(1.5) (2, F, Pr)= ﬁ (24, &, Prt),
(=0

and random variables a®(w) and P4w) on £ by

(1. 6) a®@)=aP(w®) and PHe)=PY«" (=123,
respectively, where

€7 230=(e" o', % ).

DEFINITION. A Markov chain with random lransition matrices (M.C. with
R.T.M) {a™(w)} is a Markov process on £ with values in 7 of the form

(1. 8) a®(@)=a® ()P (w)-- P (w).

In the following sections we mainly study the stationary case where all proba-
bility spaces (2, &, Prt) (£=1,2,3,-) but (2° F° Pr’) are identical and random
variables P« have a common distribution. We will refer to such a chain as a
stationary M.C. with R.1T.M.

We denote the n-step transition probability matrix by

19 P™(0)=(p{P(0)=DPYw) - P™o).

' \4«;
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Clearly (P?“(w)} is a Markov process and so we sometimes call it also a M.C. with

R.TM.
In the following sections, @ will be omitted when no confusion arises.

2. Moments.

We first calculate the moments of a™(w) and of P™(w). We prepare some
notations. . .

Let Se (k=1,2,3, ) be the set of all ordered k-tuples (i, ws, ;) of states in S
(e.g. when S={1, 2}, Si={(1), @)} S.={(1, 1), (1, 2,2, 1), (2 2), ). The k-th moment
of a™(w) is denoted by the row vector

[}

@21 EM =6y -y i)y (1, +5 1) €SK)

where v

(2.2) iy, -+, b)) = E{af (@) af (@)

and the &-th moment matrix of P4w) is denoted by

@8 Skl ik e 3 G i s JOESEXSE)
where .o |

@1 iy i o o )= E (D )+ D).

In the stationary case X, will be abbreviated to X The same notations as the
moments of P%w) will be used for the moments of P (w) with brackets on their

shoulders.
We note that £ may be considered as a probability measure on Sk and that

Xt and I are stochastic matrices. In fact

5 EM iy, o+, i5) = P E{a({'l'""a(i',;)}

(ig,n g )ESE (i i )ESE

(5 a)( 2 @)} =1
=1 ip=1

which proves the first statement, and a similar calculation leads to the second.
Turthermore, we may prove the following

(2. 5)
=L

TueoreMm 1. For a M.C. with R.1T.M. we have
(2.6) Ip=3 3 and EP=EPIP=E0Xp 20
In particular, for a stationary chain we have
@ SP=(Z) and EP=ERSD"

Proof. We shall éhow that £ =£03™, By the independence of variables we
have

\@y

@8
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606, -, i0=B{ (3 ot wit) (2, oot

— 0Oy ) (n)
= Z F{ah ‘& Pigiyt sztk}
Ly Lg)ESE

(2. 8)

— Ela®...gE{ p™ .. pi®)
(t,.---%)esk {ai® E{ Pl Pl

= Z (0)(117 lk) 0(")(1!’ Ty lk; il: tty ik)'
Uyl deSg

.

The first relation in (2. Gj can be proved by a similar calculation. Q.E.D.
Now we consider the convergence problem of a™(w). We need a lemma for
the convergence of a sequence of random variables (e.g. see Feller 3] p. 244).

N

LemMa 2. Let {X™ be a uniformly bounded sequence of vandom variables in
r-dimensional Euclidean space and py be the k-th moment vector of X". X"
converges in law to « limit X if, and only if, for each k, pf converges to a limit
vector py. In this case p is the k-th moment vector of X.

Applying this lemma to our chains, we obtain the following theorem.

THEOREM 3. A M.C. with R.T.M. converges in law if, and only if, EM=gP3L... 3%
converges for each k. . . :

3. Classification of stationary M.C. with R.T.M. (I)—Periodicity.

The theory of ordinary Markov chains suggests us that stationary M.C. with
R.T.M. could be classified by similar ideas. For convenience we consider J>®™-process
instead of ae™-process. Theorem 1 shows thal for the expectation of P™ we can
consider the ordinary Markov chain with transition matrix 5. It seems to be
natural to classify stationary M.C. with R.T.M. by the properties of M.C. 2, (we

refer to an ordinary stationary Markov chain by its transition matrix and write as -

M.C. X). We might define that a stationary M.C. with RT.M. is érreducible
(reducible) if M.C. 3, is irreducible (reducible), and that a stationary and irreducible
M.C. with R.T.M. is aperiodic (periodic) if M.C. 2, is aperiodic (perxodlc) This

definition of an irreducible chain is adequate in the sense that for each palr i,7 (€S)
there is an # such that

3.1 Pr {p%(w)>0}>0.

However Example 1 below shows that the above definition of an aperiodic chain
does not seem to be adequate.
In the following sections (except in Theorem 8) we will consider stationary

and irreducible M.C. with R.T.M. only, and sometimes the words “irreducible” and
“stationary” will .be omitted.

Exampre 1, Let s=3 and the distribution of P* be

ey T

s e e S T VST
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(3.2) Pr {Pt=Py}=Pr {P'=Pp}=Pr {P‘:Pg}:%—
where
1 0 0 0 0 1 0 1 0
3.3 p=l0 0 1, P={0 1 0 and P={1 0 O
0 1 0 Y U 0 0 1
Then we have )
: ‘ /3 1/3 1/3.
(3. 4) Se={13 1/3 1/3}.
13 13 173
Hence M.C. 3, is aperiodic.
Now let
1 0 0 0 0 1 0 1 0
(3.5) P={6+1 0], Pszkl 0 0| and FP={0 0 11
0 0 1 0 1 0 i 0 0
Since
P.Py=P,Py=PyPs=D%, PP, =P P,=DPsPs= 1y,
(3.6 P,P,=P,Py=P:P,=F, P.P,=P;Py=Ps P =P,
Py Py==PyPy=PsPy=D5, P Py=P;Pi=Ps =D,
we have
3.7 Pr (P ™ =P} =Pr (P® =Py} =Pr {P®=Dy}= %
if # is odd, and
(3.8 Pr (P ® =P} =Pr {P® =Py} =Pr {P®=Pe}= -:1{

if # is even. Hence we would rather say that this M.C. with R'.T.M. has “period

two”.

Thus we must make a new definition of the period of a stationary M.C. with
R.T.M. By Lemma 2, for the convergence of P™ we are enough to examine the
convergence of its moments only. We shall show that there is an integer r=1
such that Y@rtm=(X)"*™ convérges as #—00 for each £ and m (m=0,1,2,.,r=1).

(Convergence of a sequence of matrices means element-wise convergence.)
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By the theory of ordinary Markov chains, each state (G, -, ix)€S: has its own
period with respect to M.C. X+. We define that (ji, -, ja)eSr and (s, -, ix)€Sk be
equivalent if both consist of the same states in S. (For example, (1,1,2) is equiva-
lent to (2,1,2,2).) Let (ji, -, jn) be equivalent to (iy, -+, 4). By the very definition
we have

3.9 oDy oy iy by oy =L PO p Sl
and )
(3. 10) a2y o dns du oy I=ELD D Sl

So the equivalence of (i, +-, &) and (i, -+, /&) implies that the values in both braces
in the right sides of (3. 9) and (3. 10) vanish simultancously. Therefore o(i,, +, ix;
i1, -, 1)=0 if, and only if, efP(js, -+, ju; j1, ++-, f1)=0. Thus equivalent states have
the same period if they are periodic. And it is easily shown that if a state in S
is transient (with respect to M.C. %)), then each state, which is cquivalent to it, is
also transient. Therefore equivalent states have a common period.

Let 7 be the Jeast common multiple of the periods of states in S; (s is the
number of states in S). Then Y@M +m=(F )" converges as n—oo for each m
(m=0,1,2, -+, r—1) and the limit matrices are different for different m’s. We note
that each state’in Si has an equivalent state in S,. Ience 7 is also a common
multiple of the periods of states in Sy and '™ =(X)**™ converges as #—oo for
cach m (m=0,1,2, .-, 7—1). Therefore applying Lemma 2 to r requences {P o imy}
(m=0,1,2,---,v—1) we obtain the following

TuroreMm 4. For a stationary and irveducible M.C. with R.T.M. there exists
unique integer v=1 such that r sequences {P ™™} (m=0,1,2, ., r—1) converge in
law as n—oo and that their limit distvibutions arve different from each other.

DeriNiTiON., The period of a stationary and irreducible M.C. with R.T.M. is
the number whose existence is assured in Theorem 4.

The discussion preceding Theorem 4 shows that the period of a M.C. with
RT.M. is the least common multiple of the periods of states in S, Turning to
Example 1, the states (1,1,1), (2,2,2) and (3,3,3) have period one with respect to
M.C. 2y and other states in S, have period two. Hence the chain has period two.
Thus the new definition of the period seems to be adequate.

4. Classification of stationary M.C. with R.T.M. (II)—Ergodicity.

In the last section we classified stationary and irreducible M.C. with R.T.M,
by their periods. However, there is another and more essential classification; ergodic
chains or non-ergodic chains. We shall start with two examples.

ExamprLe 2. Let s=2 and the distribution of P* be -

48
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. 1) Pr (P'=P,)=Pr {P‘:Pz};—_%_
where
1 0 1
(4. 2) 131:< and P2=< ).
0 1 1 0
Then
1/2 1/2
4. 3) 21:( )
' . 1/2 1/2 *

and it is easily shown that this chain is aperiodic. Since

P1Pz:P2P1=P2v

(4' 4) P1P1=P2P2:P1 and
we have
4.5) Pr (P =P =Pr (P =P =

for cach n. Hence it @®=(p, 1—p) with probability one,
(4. 6) Pr{a™=(p, 1-p)}=Pr {@a®=1—p, p)}= —;—

Thus the distribution of @™ is independent of =, and the limit distribution is
given also by (4.6). We note that the limit distribution depends on a.

ExampLr 3. Let S and the distribution of P* be as in Example 2, but this

time we put
1/2 1/2 1/2 1/2
1)1:< > and 1)2=< )-
1 0 0 1

Then X, is given by (4. 3) and the chain is aperiodic too. But the distribution of
a™ is not so simple as the preceding example. Direct calculation shows that

4D

pn.k 1‘I§nk l_pn.k i)n,k 1
4. 8) PriP ™= > =Pr P<"):( ) =

qn.k 1—qu.x l—@ni qni' )
where

-1
@9 prim 2l and quam g (=122,

Thereforc P ™ converges in law to a random matrix

ES|

T

4. 10y i
where ¢ :
interval [

law to
(4.11) i

which do
Two i
Therefore:’

Dern
aperiodic
N
It is
law to a

4.12)

which has'
and suffic”

DiA:

o

. We s
theorems,
We h

6.1 N

If the ord'
from (5.1

(.2

Clearly P
a™ or P¢
epoch m (

(GRS
and its du ‘

. 4) )
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4.10) - (q q)
q l1—q

where ¢ is a random variable following to the uniform distribution on the unit

interval {0,1]. Hence even if a®=(p, 1—p) with probability one, a™ converges in
faw to

4. 11) (g, 1—q)

which does not depend on &®.

Two chains in above have the same 3, but their behaviors are quite different.
Therefore we have to distinguish aperiodic cHains into two types.

DeFiNITION. A stationary and irreducible M.C. with R.T.M. is ergodic if it is
aperiodic and its limit distribution does not depend on the initial variable &,

It is easily shown that a chain is ergodic if, and only if, P™ converges in
law to a random variable

Qi+ Qs
4. 12) Q=(3 )
i qs

- which has the same row vectors. In section 6 we shall obtain some necessary

and sufficient conditions for ergodicity.

5. Dual processes.

We shall define the “dual process” which plays an important role in ergodic
theorems, and introduce some notations. '
We have denoted the n-step transition probability matrix by

6.1 . P 0)=(piP@)=PY o) P"w), ol

If the order of multiplications in (5. 1) is reversed, the value of the matrix differs
from (B. 1), so we denote it by

5. 2) Pm(my=( PP () =P™w) - Pw), wes.

Clearly Pm is a Markov process, and we will call it the dual process (of a chain
a™ or P™). Similarly, we denote the #-step transition probability matrix from
epoch m (m=1,2,) by

G.3) nP ®()=("p{P(@))=P ™ (o) P™w),  wel,
and its dual by
(5.4 mﬁ‘"’(m)Z(’”ﬁ?}’({u)):P"‘"’"(m)mP"‘""(m), weR,

{50

S

T ——
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For a stationary M.C. with R./T.M., random variables Piw) are mutually inde-

pendent and Ahave a common distribution. IHence the distributions of P, 13(”’,
mp@ gnd mP®™ coincide with each other. So, for any s*-dimensional Borel set B
(5. 5) Pr{P™eB}=Pr {ﬁ‘"’eB}:Pr {(mPmeB}=Pr {"‘13<">GB}.

We denote the maximum and the minimum of the j-th column of P“"[ﬁ‘"’] by

5. 6) M (w)=Max p{}(m) {ﬁ M(w)=Max Hy ((:))1

15188 - ' 15iss N
and ) *
6.7 () =Min (o) [ﬁz‘,m(w):Min fz“’)(w)]

15184 - 15iss

respectively. Since

. . 8 H
(5. 8) Py = k‘/_.“lp?,é"‘pk’}", ;
we have
~ s -~
(5. 9) , By IR 3 put =19
- k=1

and similarly

(5. 10) PO Z R,

Hence we obtain the following relation:

(¢.11) O=mP=mP=z--=mfo=- =lP=-- =AP=MP=L.

Since {]i?( "™(w)} and {m§w)} arc hounded monotone sequences, there exist their limit

variables M j(») and m(w) for each j: '
(5.12) lim (o) =) = I (o) =lim H (o).

Using these M ; we define the matrix valued random variable M with the same
row vectors by ’
() (o)
(5.13) M(w)=< Ui ~ >
M ()M ()

6. Ergodic theorems.

In this section we shall obtain some crgodic theorems. Theorem 5 shows the
fundamental relation between the ergodicity and the convergence of the dual
process, and Theorem 6.gives us a good criterion for the ergodicity. Theorem 9

also gives 1

useful to
states tha:
in the lon,

TueO!
Sfour stalei,
(@ 7
(o) Fi
© F
@ F
(We note ,

Proof.

@) i

6. 1)

f

which has
By thi

that (d) ind

So we nee,
Suppo. ;

verges wit y

(6. 2)
Hence

6. 3) 1
By the mu

6. 4)

’

’

Since for ¢

(6. 5) S
we have
6. 6)

which is {
Now -

distributio

[3] p. 242,
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also gives a necessary and sufficient condition for the ergodicity, but it might be
useful to study non-ergodic chains. Theorem 8 treats the non-stationary case and
states that under some mild assumptions the effect of the initial variable vanishes
in the long run.

TuroreM 5. [For a stationary and irreducible M.C. with R.T.M., the following
Jour statements are equivalent:

@ The c/zam is ergodic.

(b) P(")(a)) [I""’((u)] converges i low to M (w).

(©) P"“(m) converges in' probability to M (w).

(d) P<">(w) converges with probability one lo M (w).
(We note that the expression in (b) is justified 'by the relation (5. 5).)

Proof. As stated in section 5, (a) is equivalent to
@ P®™(w) [P™(w)] converges in law to a random variable

) qnw’) - gs(o)
6. 1) Qo')={ : ) (0'ef)

@) - (o)

which has the same row vectars, where (£, ', Pr’) is a certain probahility space.
By the well known theorems for convergences of random variables, it is clear
that (d) implies* (c) and that (c) implies (b). Also it is .obvious that (b) implies (a’).
So we need only to show that (c) implies (d) and that (a’) lmphes (c).
Suppose that (c) is satisfied. Then there is a subsequence {P<”k’} which con-
verges with probability one to M, ie., for every i,j -

6. 2) yi)s ,’6’—>M g (b—oo) w.p. 1.
Hence
6. 3) my o i P (h—o0) w.p. 1.

By the monotonicity of {{}, (6. 3) implies that
(6. 4) mP—M;  (n—o0) w.p.l.

Since for every i,j

(6. 5) iy = P =M P,
we have
(6. 6) ﬁ%’}’—nﬁj (n—co) w1,

which is the samc as (d).

Now we show that (@) implies (¢). Lel [ be an interval of continuity for the
distribution of @ (i.e., I is open and its boundary has probability zero. See Feller
[3] p. 242.), then (a’) implics that

N
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6.7 Cpr{Pwel}—Pr' (Qel}  (n—oo).

We can choose a finite set of points {a.} (v=0,1, -, %) such that each @, is a point

of continuity for cach marginal distribution of ¢; and that
(6. 8) @<0, a,>1 and 0<@,—a,.1<d =1, u)
for arbitrary given positive number d. Let

I(Vl’ ) VS):(‘avl—h av;)x e X(av,—lr avs)
6.9 [ERRITRTR s times.
X (aul——l) avl) Koo X (avs—ly avs)

Then I(, -+, vs) (vj=1, -, ) are intervals of continuity of the distribution of Q@

and they are mutually exclusive. From (6. 7) we have
(6. 10) Pr{P™Wel(y, -+, va)}—Pr/ {Qel(vy, -+, vs)}-

Summing up them with respect to (v1, -+, vs), We obtain that

Pr{f""’e U I(u,,“-,vs)}: > Pr {13<")el(u1,~--,v3)}
[CTRENT)Y] [T Y]

(6. 11) ARE . ‘

— 3 Pr{Qel(vy, -, vl

(v, vg)
We first show that the right side of (6.11) is equal to one. Let
I*(U], tty u&):(dv1~ly du;) Koo X (avs—lv dv‘)

X (@oy ) X X @oy u)
......... } s—1 times
X (do, au) Keee X ((10’ du)

(6. 12)

and

I* == (@, @) X v X o, @) ]
(() 13) ......... s times.
X (o, @) X+ X (o, @)

Since @ has the same row vectors, we have
Pr’ {Qel(vy, -+, vl
6. 14) =P’ {a,, .. <q:1<a, -, @1 < Qs <@y}
=Pr’ {Qel*(vy, ++, vs)}.

Hence we obtain the desired result as follows:

|53

A

6.17) 7

3

Combi
C(6.18) { «

If
et v

o1

6.19) '
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Y Pri{Qel(vy, -+, vsht
[T

= ¥ Pr'{Qel*(v, -, vs)}
(Vl""vv&)

(6. 15) :Pr,{Qe U I*(Vl)“’,ys)

1 vs)
=Pr’ {Qel*}
=Pr'{0=¢;=1 for all j}
ey )

that ié

(6.16) (H‘;M)Pr’ {Qel(vy, vy v}=1.

Next we calculate the left side of (6. 11), then

PriPmwe U

(vt

I(Vly *tty Vs)}

vg)

2 Pr U (auj_1<1‘1§’})<a,j for; all i,j)}

[CITPEY]

6. 17) =Pr{ U (a.,j_1<n‘z‘,"’ and auj>1ﬁ}"’ for all j)}

(v1yivg)

<pr| U @p—mp<a for all j)}

v
=Pr{M{P—m§ < for all 7}
<Pr{|pp—M{|<d for all i,j}.
Combining (6. 16) and (6. 17) with (6. 11), we obtain that for any positive number 0
(6. 18) Pr{|py—M{|<é for all i,jj—1 (n—oo).

If we denote the length of a vector P in s’-dimensional Euclidean space by
1|P]l, we have

Pr {||P™ — 11|} >0)

E - <2

(6.19) < % prlGy—tty> 5
tg=1 | s

> Pr{ms';uﬁjp—‘l}.
i,J=1 )

v e o S R S
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For any positive number 4, each term in the last summation in (6.19) tends to
zero as s—oo, $O we have proved that (a’) implies (c). Q.ED.

THEOREM 6. A stationary and irreducible M.C. with R.T.M. is ergodic if, and
only if,

(6. 20) Pr (i (w)>0>0  for some j,
or equivalently if, and only if, Jor some j and N
(6. 21) Pr {p{()>0 for-all i}=Pr{ P(@)>0 for all i} >0.

Theorem 6 is an easy corollary of Theorem 8 or of Theorem 9, but the proof
of Theorem 8 is complicated while the proof of Theorem 6 is rather simpler by
using the dual processes. The structures of both proofs are similar to each other,
hence we shall prove Theorem 6 first and then modify it for Theorem 8. To prove
these theorems we need the following lemma.

LemMa 7. Let P=(p:y), Q=(qiy) and R=QP=(ri;) be stochastic matrices (i.e.,
they are elements of ®). We denote the maximum and the minimum of the j-th
column of P by

(6. 22) , M;=Max p;; and  my;=Min p;;

-~ 1s5iss nléiss
and similarly those of R by

(6. 23) M{=Max r;; and mj=Min 7.
1Liss 151s8s

If for some j, theve is a number 0>0 such that
(6. 24) Qify >0

Jor every i, then
0
6.25 - Miy—mi) = <1« %)(M,—m,)

Sfor every j. -

Proof of Lemma 7. Through this proof, j is arbitrarily fixed. When M;=1m;,
(6. 25) is trivial, because my=mj=Mj=M; as in (5.11). Hence we inay assume
that M;>my. Let J be a subset of S defined by

: ' . 1
(6. 26) J= {1 pu= 5 (Mytmg)
Since

(6. 27} 6= 2, QikDicss

| 55

we have

f
3

(6. 28)

-Similarly,

(6. 29)

Subtractix.

f

(6. 30

for if jog

Proof

may supy’

J

(6. 31)
for every
(6. 32)

Since

(6. 33)

ls

K

for every E
(6. 34)

and so wd
Next

Theorem

and a pos

(6. 35)
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we have for some ¢

/V[;-'-—‘?’,tj B Z} Gin Prj > Jik i
ked

fedd
1 ~
(6. 28) EM; T quet 5 (Mybing) 2 i
ke z I ¢

1
=My - (My=—=n2g) 7, Qi
2 7y’
Similarly, for some ¢ we have
. i .
(6. 29) v gyt s (My=1t5) 73 Qorke
Z reJ
Subtracting (6. 29) {rom (6. 28) we obtain the desived result:

1 1
My—m 5 (My—ang) <1~ o i ) qi,k>
. . Z kedJ 2 kqJ
(6. 30) ‘
<=m)(1-),
2
for if jeeJ then Fresqes>0 and il jo¢/ then 2w qu>d. Q.ED.
Proof of Theorem 6. First we shall prove the necessity. By Theorem 5 we
may suppose that

(6. 31) PW—IE;  (n—co) wap.l.

for every 4,7 and so we have

(6. 32) W=kl wap. L
Since
(6. 33) ¥ =1

=t

{or cvery ¢ and #, (6. 31) and (6. 32) imphes that

;
(6. 34) > el w.p. L
i=t
and so we conclude (6. 20).
Next we shall prove the sufficiency by showing that (6. 21) implies (¢) in

Theorem 5. We may restate (6. 21) as follows; for some J there is an integer N

and a positive number ¢ such that

(6. 35) Pelpip > for al ij>0.
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For these N and 4, let (6. 46) |
KNHD 5 ; o= :
(6. 36) Ar={wes| >0 for all g}, (k=1,2,3,+). v Repeating
Then A, are mutually independent events and moreover from (5. 5) and (6. 35) we ' complete
have : Next
- : However,
(6. 37) 33 Pr{Ag}=co. : variable v
k=1 .
Thercfore using Borel-Cantelli lerdima, it follows that ; Turo
* . number o
(6. 38) Pr {4 occurs infinitely often}=1. ~
(6. 47
In other words, if the random variable K “(w) denotes the number of occurrences ( )
within the # events {Ai, As, -+, Ax), for each integer r
: then for ¢
(n) — — :
(6. 39) Pr{K™zr}—1 (n—00). 5 (6. 48)
We divide the whole space into 2" events as
Proof
not hold :
. . the proof
where ix=0 or 1, and Bro=Ax, Bu=A% Then the number of zeros in {ix, k=1, n} “ Select
is equal to the value of K™. If @€ Bry=Ax then by Lemma 7 we have
. 6.49)
(6' 41) M((kII)N)(w)_m((k+1)N)(0))< <1___ _5__>(M(IcN)(w) 'n(kN)((l))) : and a .pro:'
Because, we may replace P, @ and R in Lemma 7 by Pam kNP aD apd PkthN (6. 50)
respectively. ? We will
Now we use the inequality (6. 41) for we By and use the inequality | : variables
(6. 42) H 0 () — e 1“"’(m)<M(’”‘”(w)—m"”"’(w) ' Let u
for w€ B, then for we{K ™ =7} we have (6. 51)
6. 43 )7 (aESRE "((Ic-\-l)}\;)( 1 [AY ‘ f for n“l;};
(6. 43) i (w)— it =\t"7g )" Cantelli I
For cach >0 there is an integer r such that (1—6/2)" <, and therefore for (6. 52)
g . \ 4 ;
mbxtra}nly small ¢’ we have or if the
(6. 44) Pr {JI§™ —in§™ <3’} z=Pr{K™zr-1 (n—o0). events {Cl
By the monotonicity of M‘”) and #m§", (6. 44) implies that : , (6. 53) J
. Next,

(6. 45) PriM{yp—m<d'i—1 (11—00).
So we have | ‘ ' _ : (6. 54)




T
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(6. 46) Pr{|pyy—M;|<d—1  (n—00).

Repeating the ‘discussion at the last paragraph in the proof of Theorem 5, we
complete the proof.

Next we shall consider the non-stationary case where in general no limit exist.
However, by generalizing Theorem 6, we can show that the effect of the initial
variable vanishes in the long run.

TuroreM 8. If theve is an increasing sequence {t} of integers and a positive

nwmber 8 such that : .

Pr {"p§teri=m0 >§  for some j and all i}=oo,

Mae

(6. 47)

k=1

then for any positive number ¢
(6. 48) © Pr{M{(w)—m§H{w)<e for every -1 (n—oo).

Proof. For a non-stationary M.C. with R.T.M., the basic relation (5.5) does
not hold and so wo cannot use the concept of the dual process. Hence we shall
define a substitutional process with which this proof can be done in parallel with
the proof of Theorem 6.

Select a large integer L and define random variables I;;(w) (¢t=1,--,L) by
(6. 49) C Pyw)=PE Y w),  we
and a process {f",ﬁ"} by
(6. 50) PPw)=Dw) - Po)="""P (@) @=1,+, L),

We will use the same symbols with tilde and I, instead of hat, for corresponding
variables as those in the dual process. :
Let us denote the events in the braces of (6. 47) by

(6. 51) Ci={weQ | - mh plti"(w) >3 for some 7 and all 2}

for ne,1<L, then {Cinp1=L) are mutually independent. Hence by (6. 47), Borel-
Cantelli lemma assures that

(6. 52) Pr {Ci occurs infinitely often}=1

or if the random variable K®™(») denotes the number of occurrences within the »
events {Cy, Cy -+, Ca}, then for each integer

~

(6. 563) Pri{iK™zrl-1 (1n-—c0).

Next, let ky=Max {k]| ..éi} and divide 2 as

(6. 54) o= U {nﬁk]

Cigorerty) Yhss1
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where #;=0 or 1, and BNkor—Ck, §k1=C,€. For weCy, by Lemma 7,
6.55) M) i (o) S <1~ i) (BT 549 (0) — i 40 ().

Because, we may replace P, @ and R in Lemma 7 by P, L""k“ﬁ‘”kﬂ‘"k) and
Bg-m regpectively. Therefore, if we use the inequality (6. 55) for weBko and use

the inequality
(6. 56) M ‘L’_‘,"‘k’(a))-—m([ff“k’(w)<M e (@) — D (W)
for weﬁm, then for we{K %> =7} we have

M(L)(w)__ m L)(w) M(L)(w)_ ,n<L)(w)

L\:i (=%}
\<

(6. 57) é(M},’g""ko’(w)-ﬁtf{;,"’ko’(w))(L—

é(h%)i

For each 6’>0, there is an integer » such that (1—0/2)"<¢’. Hence we have
(6. 58) P (P —mP < for all j)zPr (K=,

By (6. 53), for each ¢>0, there is an integer &’ such that for k=&’

(6. 59) Pr{K® = >1—e.

Therefore for any L(Z=#nx)

(6. 60) Pr{M®—m{@ <§’ for all j}>1—¢

which shows (6. 48). .
Now we shall prove one more theorem which is useful to examine the structure

- of a non-ergodic, stationary and irreducible chain.

THEOREM 9. A stationary and itrreducible M.C. with R.T.M. is ergodic if, and
only if, for each pair of subsets I and K of S (Ix¢, Kx¢ and [N K=4)

6. 61 Pr {there is an n=nlw) such that p{P(w)=0
-OD) for icl, k&1 and for icK, k¢ K)<1.

Proof. We first prove the sufficiency in several steps.
(i) Since the number of possible pairs (J, K) is finite, (6. 61) implies that the1e »
are positive numbers ¢ and ; such that for each pair (7, K)

6. 62) Pr {there is an n=n(w) such that p{P(w)<d
) for iel, k¢ I and for ieK, k¢ K} <1~y

8

For arbitre
the followi

(6. 63)
and

(6. 64)

We put
(6. 65)
and

(6. 66)

i

e St it 2 e AT W b St

and define

(6. 67)
and
(6. G8)

(ii) F

_ the sequent

(6. 69)

. and

6. 70)

Then if n,,

6. 71)

for iel, /egiz'

(6. 72)
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For arbitrarily fixed j, let {g:;} (i=1, -, s) be a set of rational numbers satisfying
the following conditions: ’

(6. 63) 05%15—1 i=1,"',8

and

(6. 64) : }\;Ia; qij=M>m=11\s/§Sr} Qije

We put . *
(6. 65) . I={i|qiy=M)}

and

(6. 66) K={i|qi;=m)

and define the positive numbers d and ¢ by

6. 67) d=Min mi,n (M=qu), Miin (@ ,-m)]
and
6. 68) - —‘;-5—

(ii) From now on we concentrate on the j-th column of f"“’(w). We define
the sequence of random times n/(w) inductively by :

Min (|| pi(m)—qisi<e for all i},
(6. 6%) m(w)y={ °

co if the set in above braces is empty,
and

Min {n>n,_(w) || P (0)—qi;| <e for all i),
(6. 70) nlw)=1{co if n;_y(w)==00 or if n,_;(w)<oco and the

set in above braces is empty.
Then if n1(w)<oo, we have
. n B 2e
6. 71) e HRe-TO L v =0
[«

for z'é[, kel and for ieK, k¢ K. In fact, since

: 8
- . A n -— A
(6_ 72) pg?u 1) — kz:‘ "‘Pf'k (28} n‘)p,(c?‘),

| €0
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for iel and ko4l we have

s
Me—e< 0 < 35 M BRH"0(durte)
k=1

— PSS g LT3} ny AMeL1-Ne)

(6.73) et kg.oqujk + Gros " Pk :
et M(L— e B0+ qugs ™ BT »
=e+M*,(M-—q;;oj)"‘ﬁ?,}ol'“?"”.

Hence forr iel, ko¢I we have ,

2¢ 2e
3 Ny {ML41—N0) e =)
(6, 74) Dk, < Mg d

Similarly the same relation holds for ie kK, kot K.
@iii) Next we shall show that

(6. 75) Pr {1 1(0) <oo} <(1—7)"-

We may dividgtlm,e eventv {fe, (@) < oo} into disjoint events as

(6. 76) {1t {w)< oo} = y L<J {ndm)=v, ’.llrl»l("’):'”“}“l‘}'
pL oo 00

By the result obtained in (ii) we have

6. 77) {nw)=y, n,,.},l(w)=u+/,z}(:{"ﬁ&’,‘c’((:))<5 for iel, k¢ and for ieK, k¢ K},

while
(6.78) (o) =y, (o) =vEplC {no)=v}
Therefore
{r(w)=v, ru,lo)=v-1
(6. 79)

c{pw(wy<a for iel, k¢ and for i€k, k¢ K} n{nlw)=v}

The event {r,=v} depends only on the fraction (o, -, ") of w=(0", o, ? -), and
the event {"pi<a for i€l k¢l and for i€k, k¢ K} depends on the fraction
(@1, -, "), So they are independent. Hence we have

Pr {ny=v, ne.1 =y p}

(6. 80) .
<Pr {'pw<a for iel, k¢l and for i€k, k¢ K} -Pr {m=v}

Therefore

(6. 81)

Using
(iv
qijteli
often.
in the

(6. 82)
Hence

(6. 83)

(v
B be
exists

(6. 84)

Since

Pr{B}:
N

([, K)

(6. 85)
Let D

k¢ K.

(6. 86)
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Prim<col=3% X Prim=y,n v=v-Fd

v oo oo

=¥ 5 Pringe=y} Pr{B@ <o for icl, k¢l and for iek, k¢ K}

v<oo poo

v oo

= 3! Pr {n,=v}-Pr {there is an n(w)>v such that "pip<é

(6. 81) for iel, k¢TI and for ieK, k¢ K}
= ¥ Pr {n,=v}-Dr {there is an n(w)>0 such that piP<é

v< 00

for i¢I, k¢ and for ieK, k¢ K}
<(1—8) X Pr {n,=v}=(1—0) Pr {n,<oo}.
y<oo

Using this relation repeatedly we obtain the desired result (6. 75).

(v) If pflw) (i=1,-,s) has an accumulation point in the interval (gij—e/2,
qii+el2) (=1, -, 5), then piP(w) visits the interval (¢i—e¢, gis+e) =1, 8) infinitely
often. Therefore if A(g:) denotes the event that P{P(w) has an accumulation point
in the interval (qij—¢/2, qig+e/2) (i=1, -, s), then for every ¢

(6. 82) Algic {n<oo}.

Hence RS . .

(6. 83) Pr {A(g: )} =lim Pr {n, <oco}=lim (1—7)7'=0.
) t=rog {—100

(v) Now we shall Aconsider the case in which the chain is not ergodic. Let
B be the event that P™(w) does not converge to M(w). For every weB, there
exists some j and {gi;} such that weA(g:y). Therefore

(6. 84) ' Bc U U Algi).
J=1{g3}

Since g¢:; are rational numbers, the number of possible {g;} is countable. Therefore
Pr{B}=0. This completes the proof of the sufficiency.

Now we shall prove the necessity. Suppose that there exists a pair of subsets
(I, K) of S (Is¢, K¢ and INK=4¢) with which

Pr {there is an n=n(w) such that PV (0)=0
(6. 85)
for icl, k¢ I and for ieK, k¢ K}=1.

Let D (c @) be the set of all P=(p;) such that py;=0 for iel, k¢I and for iek,
k¢ K. Then the assumption is

(6. 86) ' Pr {there is an n=n(m) such that P™eD)=1,
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If PweD and ”ﬁ‘""eg, then it is easily shown that Pc*m™eD. Hence if we ‘
define that t=Min {n| P™eD} then

{there exist at least two #’s such that ﬁm’eD}

(6. 87) A
= U {t=v, there exists an = such that "P™eD}.

y<oo

Therefore we have

Pr {there exist at least two m's such that Pm™eD) .
= ¥ Pr {¢t=1}.Pr {there exists an n such that *PaeD)
p< o0
(6. 88) — Y Pr {t=y)-Pr {there cxists an n such that P™eD)
p< oo
= ¥ Pr{t=}-1
v oo

=Pr {there exists an n such that Pmepy=1.

Similarly for each m we can show that
(6. 89) Pr {there exist atb least m cpochs (w's) sych that Bavgpl=1,

Therefore for every N, there is an n>N with probability one such that PmeD.
Hence by the monotonicity of my> we have '

(6. 90) AP S = pIP=0

for n=n({w)>N with which PeD and for iel, j¢/ and iekK, j¢ K. Since I°UK® :
=S, we have for each j 2

(6. 91) mf"=0 I
with probability one, and as N is arbitrary, this implics that ‘

(6. 92) fy=lim m{" =0.

N-soo
On the other hand, for every N and i
(6. 93) Z ap= Z p=1.
j=1 =1

Therefore for cach  at least one M s=liMy e zﬁgm is strictly positive, and this
contradicts to (d) in Theorem 5.
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