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CHAPTER 1

INTRODUCTION

Martensitic transformations afe characterized by the cooperative shear’
movement of atoms and by the existence of orientation relationships between
the parent phase and the martensite. These characteristics ehable one to
suppose that the occurrence of a particular type of martensitic transformation
is related to the operation of a particular shear system. From this, one can
further expect that if stress is applied during the transformation, a variant
of martensite, usually identified as a stress-induced martensite with a
certain crystallographic orientation to the parent phase, will be formed
preferentially, depending on the direction and sense of the applied stress.

| Several experimental studies have been reported which have examined the
above expectation with respect to F.C.C. to B.C.C. martensitic transformation
in single crystals; an Fe-Ni alloy by Bogers[l], thin films of Fe by Olsen and
Jesser[Z],band stainless steels by Higo et al[3] and Stone and Thomas[4].

However, the shear deformation accompanying a martensitic transformation
is, in a sense, vaguely defined. It may be taken as the shear movement of
atoms to change the lattice on an atomic scale or as the macroscopic shear
deformation such as a component of the shape deformation discussed in the
phenomenological crystallographic theory[5,6] of martensitic transformations.

Historically speaking, the first rational explanation of the stress effect
on nucleation of martensite was offered by .Patel and Cohen[7]. They suggested
that the applied stress aided the total shape deformation accompanying the
transformation. Subsequently, Christian considered that the preferential for-
mation of the specific martensite variants is determined by the interaction
between applied stress and the shape deformation discussed in the phenome-
nological theory[8].

However, the thermodynamic discussion such as that by Patel and Cohen and
the phenomenological theory do not necessarily go together with each other.
For, in the former, necessity of some activation process arises essentially
from considering the elastic and interface energies accompanying the transfor-
mation, while, in the latter, total shape deformation is considered to occur in
such a manner that the elastic energy becomes zero and, moreover, interface
energy is neglected. Thus, it is doubtful that one could duly understand the
stress effect on the martensitic transformation in terms of the total shape
deformation.

Although Patel and Cohen's idea has been utilized by several workers,



unambiguous'and conclusive experimental evidence to support the idea has not
“been offered yet.  For example, Stone and Thomas discussed the stress effect
on the transformatlon in a stainless steel in terms of the assumption by Patel
and Cohen and could not explaln the experimental results completely[4].
Though the experlmental results are not clearly presented because of the use
of polycrystalline specimens, an analysis is along this direction in some
studies[9-11].

The second idea is just the use of the total lattice (Bain) deformation.
This approach was taken by Olsen and Jesser[12] to examine the preferential
formation of some particular variants of martensite in iron films which had
originally been grown epitaxially on copper or nickel substrates and had been
under stress caused by the difference of the lattice parameters between iron
films and substrates[2]. Olsen and Jesser discussed the experimental observa-—
tion in terms of the interaction between the stress and the Bain deformation
together with the operation of some shear systems, which are the main concern
of the present study. One notes that the study by Olsen and Jesser has an
advantage as well as a disadvantage. Both of these are direct consequences of
the experimental condition; thin films and, at the same time, restricted
choices of materials and stress systems.

Thirdly, an idea that the applied stress aids the shear deformation,
which can be considered as the further factorization of the lattice deforma-
tion, was developed by Bogers and Burgers[13]. They explained the observed

results by Bogers{l] by introducing two {lll}f<211> shear systems which are

the main components of the Bain deformation. Stresz—induced martensites
observed by Bogers were the ones which were formed under the [001]f or [110]f
compressive loading. As the first attempt to examine a stress effect in a
single crystal, the work by Bogers should remain to be a milestone in the
history of the study of martensitic transformation. However, shear systems
which convert the parent phase lattice to the martensite lattice are usually
of less symmetric character. Thus, it is sometimes more preferable to use
less symmetric crystal direction as a stress axis than the highly symmetric
cnes which were adopted by Bogers.

The experiment on-this standpoint was carried out by Higo et al in an 18-
14 stainless steel single crystal[3]. They investigated €~ and o-martensites
which had been formed under asymmetrical tensile and compressive loadings and

concluded that the applied stress aids the {lll}f<211> shear system in the

£
Y - o lattice change. 1In a stainless steel, €- and o-martensites coexist in

some temperature ranges, whether or not the formation of the two types of



martensite is related to each other. For this reason, if we are only inferw
ested in the Yy + o transformation, it may be mofe natural and direct to inves—
tigate alloys in which‘ohly a Yy = o transformation occurs. In addiﬁion, such
a study will shed iight on the 1onély study by Higo et al belénging to a
minority group in the world of martensitic transformation study.

Motivated, intrigued and encouraged by the above mentioned current state
of understanding about stress effect on martensitic transformation, the
present study was started. First, effect of the applied stress on the F.C.C.
to B.C.C. martensitic transformation was examined. The alloys used in the
experiment were Fe-23Ni-5Cr and Cu-1.06Fe single crystals. In the former,
needle-like surface martensite was formed, while in the latter, spherical
Y-iron precipitates surrounded by the copper matrix transform into c-iron
martensite. If applied stress aids the total shape deformation in the trans-
formation, the stress-induced martensite variants in these two alloys must be
different in each other even if the stress is applied along the same direction.
For, the shape deformation of martensite in an Fe-23Ni-5Cr alloy is entirely
different from that in a Cu-1.06Fe alloy.

On the other hand, if the deformation in the lattice change is aided by
the applied stress, the variants formed will essentially be identical for
these two alloys. Therefore, by examining the martensite in these two alloys,
one will get the straightforward answer to the question, " In which stage of
the transformation should the stress effect appear? "

The ¥y ~ o transformation has also been a good object in the phenome~
nological crystallographic theory[5,6]. This is because it is not so simple
as the Y + € transformation and it is widely observed in many ferrous alloys.
The phenomenological theory was born when the understanding of the irrational
habit plane and orientation relationship found in ferrous martensite was

needed. It is characterized by the consideration of the invariant lattice

A\ A\

defdrmation based on a certain criterion, Invariant Plane Deformation '.
Nowadays, it has been expanded by postulating two or more lattice invariant
deformations[14,15] or by introducing a dilatation parameter[16]. However,
such modifications of the original phenomenological theory result in the in-
crease in the number of arbitrary parameters. Is it along right direction in
understanding physics involved that a number of arbitrary parameters are
chosen to ﬁatch a calculation with an experimental observation? The answer
will, of course, depend on individuals. However, the present study takes the

attitude to say, "No', to this question, although it cannot be denied that the

majority in the research world of martensitic transformation will follow the



phenomenological theory. »

Therefore, the present study will examine the physical meaning qf the
criterion (Invariant Plane Deformaﬁion) with the infinitesima} deformation -
theory, which enabies on% to compute the elastic state and the elastiC*energy
associated with the deformation involving the transformation and the plastic
deformation. From this, some interesting facts, which have been overlooked
uﬁtil now, will be.pointed out; A few more words before concluding this
paragraph. Spheriéal iron particles in copper do not have a shape which is
within the treatment of the phenomenoclogical theory.

Thus, the elastic calculations will be fully utilized to examine the
elastic state and the elastic energy of the martensite formed from spherical
particles. 1In addition, a disc-shaped martensite will be treated similarly.
These calculations were based on the recent study by Mura et al[l7], on the
ellipsoidal inclusion with eigenstrains. Historically speaking, the elastic
state of the ellipsoidal inclusion was.first studied by Eshelby{18,19]. Mura
et al's work belongs to the developments of Eshelby's theory. The papers by
Kinoshita and Mural20] and Mura and Chengl[21] are also in this category and

will be utilized to discuss some experimental observations in this study.

This thesis goes as follows:
In Chapter 2, stress-induced martensite formed in Fe-23Ni-5Cr single"
crystals is examined. Experimental results are well-explained by the assump-

tion that the applied stress aids the {1ll}f<211> shear system in the lattice

£
change during the transformation.

In Chapter 3, the elastic calculation in an ellipsoidal inclusion with -
periodically distributed eigenstrains is applied to the evaluation of the‘
elastic energy with disc and spherical martensites. The significant contri-
bution of the periodically distributed eigenstrain, which has been, until now,
overlooked in the phenomenological calculation, is found to be very important
in the energetics involved in martensitic transformations.

In Chapter 4, a spherical iron martensite induced by the applied stress
in a Cu-1.06Fe alloy singie crystal is examined. Together with the results
in Chapter 2, it is concluded that the applied stress aids the {lll}f<211>f
shear deformation in the initial stage of the transformation. In addition,
by applying the calculated results in Chapter 3, specific twin-interface
energy in the a-iron is evaluated.

In Chapter 5, orientation and shape dependence of the elastic energy

associated with precipitation is considered in anisotropic media. This study

has been motivated by the spherical shape of iron particles formed by the



precipitatién in Cu-Fe alloys. Depending on alloys, the precipitates with
the transformation strain of pure dilatation (hydrostatic) components take a
disc or spherical shape. ‘There must be a reason, of energetics character, to
account for the obéerved shape of .the precipitates. The shape dependence af
the elastic energy is fuéther examined in the light of the dinteraction
between the elements constituting a precipitate.

In Chapter 6, the total summary of this thesis and the concluding remarks

are given.



CHAPTER 2

STRESS~INDUCED MARTENSITE IN Fe—23Ni—5Cr ALLOY SINGLE CRYSTALS

2-1. Motivation of the Study

Martensitic transformation without or under stress in Fe-Ni or Fe-Ni-Cr
alloys has been extensively examined by many investigators. This is because
morphology and structure of martensite in these alloys are very similar to
those found in the industrial ferrous alloys and, moreover, one can easily
change the temperature to start transformation (Ms temperature) by changing
the nickel content. In the present work, single crystals of an Fe-23Ni-5Cr
alloy were used. This alloy consists of the paramagnetic y-austenite (F.C.C.)
in room temperature, while by cooling down to the lower temperétures it trans-
forms into ferromagnetic G~martensite (B.C.C.).

Some experimental works on the examination of the relation between
applied stress and F.C.C. to B.C.C. maftensitic transformation have been
réported. However, most were done by using the polycrystalline specimens.

It is surprising that there have been only a few works done with single
crystal specimens; an Fe-Ni alloy by Bogers[l], thin films of Fe by Olsen and
Jesser[2], and stainless steels by Higo et al[3] and Stone and Thomas[4].

However, the experiment by Bogers was performed under the limited condi-
tion; he only observed the martensite which was formed under the symmetrical
([001]f and'[llO]f) compressive loadings. Olsen and Jesser used thin films of
Fe, which cannot necessarily be representative of bulk single crystals.
Moreover, in stainless steels such as those utilized by Higo et al and Stone
and Thomas, not only o- but also e-martensite (H.C.P.) are formed, which makes
the analysis of the experimental results complicated.

Furthermore, as has been related in Chapter 1, it has not yet been estab-
lished that on which stage of the transformation the applied stress preferen-
tially has an effect. Bogers and Burgers[13] discussed the experimental
results by Bogers in terms of shear deformations to change the lattice. Olsen
and Jesser[12] and Higo et al[3] followed a similar approach in examining
their observations. Contrary to this, Stone and Thomas[4] discussed the
stress—induced martensite in a stainless steel on the basis of the iﬁteraction
between the total shape deformation of the transformation and the applied
stress.

On the historical standpoint mentioned above, the emphasis in the present

study is placed on the examination of the stress—induced Y < o martensitic



transformation ofcurring under the symmetrical and asymmetrical tensile and

compressive stresses in Fe-23Ni-5Cr single crysﬁals.'

2-2. Experimental Procedure
13

Three single crystals (crystals 1, 2 and 3) of an Fe-23.2wt#%Ni-5.0wtZCr
alloy with less than 0.01wt7ZC were grown in alumina crucibles in vacuum by
zdne melting{22]. Presumably because of the inevitable segregation of alloy-
ing elements during zone melting, these three crystals differed with respect
to their transformation characteristics on simple cooling. In crystal 1, a
needle-like surface relief, a?proximately 10 x 200 ﬁm, appeared at 253 K.
Successive cooling to 77 K induced several surface reliefs. However, no burst
formation of o~martensite occurred. In crystals 2 and 3,'no surface relief
appeéred by cooling down to 77 K. |

Rectangular flat specimens were cut from the single crystals using a wheel
cutter. After removing the damaged surface layer by electrolytic polishing,
these specimens were annealed under an argon atmosphere at 1273 K for 1 hour,
water quenched and again electrolytically polished. _

The orientation of the surface normals and the directions, along which
the pniaxial stress was to be applied, were determined by the back-reflection
Laue method and are shown in Fig.2.1.
Crystals 1, 2 and 3 correspond tb
specimens with approximaéely [729]f’
[427]f and {OOl]f stress axes, respec—
tively. The specimens were stressed
either in tension or compression on
an Instron-type testing machine at

100

various temperatures with a strain
rate of approximately 2 X 107" sec™!.
The gage lengths of the specimens were
20 mm in tension and 4 mm in compres-
sion and the cross section was 1 X 3

Tnm,

»Optical.microscopic observations oo
were performed on the surface reliefs

P Fig.2.1 .
and on the martensite of the deformed  Stereographic projection showing the loading axes
and flat surface normals in crystals 1,2 and 3.

TD and N represent the tensile ( compressive) axes
To determine the orientation relation" and the surface normc,s' respecﬁve!y~

specimens after polishing and etching.



ship of the variants of the stress—induced martensite to fhe parent phasé, the
X-ray Weissenberg method with the Kd line of Mo was épplied to the samples.
The samples for the X-ray analysis were prepared by mechanical polishing,
spark cutting and electrolytical p@lishing out of the deformed specimens and

were of approximately 2 X 2 X 0.1 mm sections.

2-3. Experimental Results
2-3-1. Stress-strain curves, deformation mode and transformationAmorphology

Stress-strain curves of ecrystal 1 (with [729]f stress axis) in tension
and in compressioﬁ are shown in Fig.2.2 ((a) and (b)). No serrated flow was
observed at any temperature. The tensile tests were interrupted at every 5 7

strain to examine the slip and trans-—.

formation morphology. The arrow marks

G
(o]
t
3
[¢}]
A
i

in Fig.2.2 indicate the strains at .

which the presence of the stress-

o
]
1
1

Tensile Stress (MN/m2)
a2 >\ '
s
N
o
Y
x
N
\J
M
=

induced martensite was first noted as

surface relief under an optical micro-~

o
o
i

‘scope. In general, in crystals 1 and

2, specimens deformed in compression

. ; o | 1 ! .
contained less martensites than those % 10 20 30 20

deformed in tension at the same tem- = Tensila Strain (%)

{a)
perature and the same strain. This

point will be discussed later. ‘ ~ : !

, ()
| _AT3K
195K

o
o
T
¢

Figure 2.3 shows a sequence of

martensite formation occurring simul-

s}
o

taneously with slip during deformation
at 195 K. It is noted that several

martensite needles formed by simple

8]
o
f

Compressive Stress(MN/m?)

cooling and shown in (a) did not grow

on deformation. Contrary to this, as

o P SN
ini Compressive Strain 10 %
straining proceeded, the amount of the
{b)
stress—induced martensite increased.
\ . Fig.2.2
Some martensites apparently showed g
growth on deformation in both lateral Tensnle(a‘) and comprassive(b) stn:ess~strcm_curv'es of
the specimens of crystal |. Tensile tasis wera inter-
and lengthwise directions. However, rupted at every 5 % sirain. Arrows indicats the strains

at which the surface reliefs of stress-induced martensite
the isothermal formation and growth of were first noted. A dotied arrow in the compression at

. 253 K means that very few martensites were observed.
martensite were not observed. - ‘



Fig.2.3

Opticol micrographs showing the formation and growth of stress-induced martensite during
tensile deformation at 195 K. Tensile strains are (a) 0%, (b} 5%, {c)15% and {d) 25 %.

From these reasons, the variants of martensite detected by the X-ray analysis
were all identified as those which had been formed and grown under the applied
stress. It can be seen from Fig.2.3 (b) and (c) that slip and transformation
téok place concurrently. '

The lattice rotation accompanying the deformation was followed in every
tensile test and a few compressive tests in crystals 1 and 2 by taking micro-
Laue pictures from the y-phase. The direction of straining calculated from
the amount of strain under the assumption of single slip differed at most by
only 2° from the observed strain axis. More significantly, the observed

lattice rotation followed the arc expected from primary slip on the stereo-
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graphic projection. This observation implies that the martensite did not
occupy a significant volume of the specimen. This was supported by the opti-
cal microscopic observatiop-of martensite, revealed by polishing and -etching.
The amount of martensite decreased as the depth from the owviginal surface
increased[23]. This factr indicates that the martensites formed during defor-
mation are similar to the surface martensite reported by Klostermann and
Burgers[24]. ByAusing the linear traces which appeared as mid-rib and by
condﬁcting one surface analysis, it was found that all needles of the mar-
tensites lay parallel to the‘{le}f plane. This also agrees with the charac—
teristics of the surface martensite[24].

Stress—strain curves in crystal 3 (with [001]f stress axis) are shown in_
Fig.2.4. Three specimens were deformed both in tension and in compression at.
77 X in order to examine the reproducibility of deformation mode. Although
the-stress-strain curves were somewhat different among the specimens, the
average critical resolved shear stress in crystal 3 was much higher than that
in crystal 1, in which the specimens were deformed between 273 and 173 K.

The small reproducibility in crystal 3 can be attributed to the unstable
stress axis for slip, i.e., [OOl]fi In all the specimens, streés~induced
martensites were observed after the first 5 %Z strains. The.morphology and
the transformation mode of the stress-induced martensite were essentially

identical to those in crystal 1.

T T T T

However, the most significant result 5t
in crystal 3 was that compressive’

loading induced more martensites than

& 4F -
tensile loading, as shown in Fig.2.5. § .
This fesult cannot be explained by the E
dilatation accompanying the Y > o 3 1
transformation and will be discussed g tomﬁg“mn

, --——Compression
later. §2 77K =
2-3-2. Orientation of stress—induced
martensite i+ _ §
Figure 2.6 shows an example of

X-ray Weisseﬁberg analysis. From this % 5 ) : 5 26
photograph, one can see that the (110)b Plastic  Strain (%)
plane of the martensite lies parallel Fig.2.4
to the (lll)f plane of the parent Stress—strain curves of crystal 3. Specimens were

— — def
phase and that the [101]f and [lll]b eformed dlong LOONg at 77 K.
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directions coincide with each other,
showing the Kurdjumov-Sachs (K-S) ori-
entation relationship._-ln this work,
almost all the observed stress—inﬂuced
nartensites obeyed'the K-S orientation
“relationship to the parent phase with
one exception described later. For
some variants in crystal 3, the precise
determination of the orientation rela-
tionship was difficult because of the
large deformation preceding the X-ray

‘analysis. In such a case, the nearest

Compression 0-2mm

Fig.2.5

Optical micrographs token from the specimens deformad in tsnsion and
in compression in crystal 3. They were deformed by 20% at 77K,
slightty polished and etched. Horizontal direction corresponds to [OOilg.

/

o)/

222b‘ 422f 242f
2 o 2204 $02%
4 2, oo /

2h

o FCC spots (m)*
s BCC spots (110)*

Fig.2.6

X-ray Weissenberg photagraph showing the K-S orientation relationship,
The specimen was rotated along L1111 )¢,

K-S relationship was conventionally

marked. However, this does not

essentially change the discussion in

the next section.

The determination and notation

of twenty-four K-S variants are

summarized in Table 2.1. Observed

variants in three crystals are as.
follows:
Crystal 1.

The observed variants in crystal

1 formed under temsile loading at

253 K and 195 K and under compressive

loading at 223 K are shown in Table

2.2.

Since the geometrical shape of
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Table 2.1 Notation of the 24 K-S variants>and‘related
shear mechanism by Bogers and Burgers

Variant K-S relation Twin- Bogers~Burgers

_ Plane Direction { related | shear mechanism
notation | ( £M/(b )| [ £ I/ b ]| variant| 1st 2nd
-1 | (Q1i) (10) | [101] [121}] 1 - 4 Ba cé
-2 {oi1} {111} 1 -5 Bo DY
1 —3 {110} [111}}{ 1~ 6 Ca DR
-4 {101] [111]) 1 -1 Co B6
-5 for1} [111}| 1 -2 Da BY
-6 {110} {1111} -3 Da cB
-1 | @11 (o) | [To1] [111]] 2 - 4 c8 B,
-2 {o11] f111)} 2 -5 cé AB
s — 3 [110] {1111} 2 - 6 BS Ay
-4 [101] fi111} 2 -1 BS Ca
-5 [o1i] {i1i}| 2 -2 A8 cB
-6 {110} {1111} 2 -3 AS BY
-1 |@il) o) | {101} [111]| 3~ 4 AB DY
-2 foiij {i11jf 3-5 A8 cs
3 — 3 {110} {111} 3 -6 D8 Co.
-4 {101] {211]1{ 3 -1 DA AY
-5 folr} [111]1| 3 - 2 c8 AS
-6 {iio] {1113} 3 -3 cB Da
-1 | (@i @io) | (101} {1211 4 - 4 DY A8
-2 fox1} [11i]} 4 -5 Dy Ba
4 — 3 [110] fi11)} 4 - 6 AY BS
-4 {ipi] {111} 4 -1 Ay D8
-5 [011] {111]] &4 - 2 BY Da
-6 f1io] {1111] 4 -3 BY Ad

Table 2.2 Interaction energis, U/o values and observed
variants in crystal 1

Crystal 1 with [729]f stress axis
1 Variant Interaction v/o 2bse?ved variants )
. ension |[Compression
notation energy - value 253 K | 195 K 293 K
-1 0.064 -0.075, -0.062 O
-2 0.064 -0.003, 0.052 (1-3")
-3 -0.007 0.032, 0.073 } O
LI 4 .—0.007 -0.062, -0.075 -0
-5 -0.121 0.052, -0.003
-6 -0.121 0.073, 0.032 |—O—F—0O
-1 0.064 -0.082, -0.067 —0)
-2 0.064 ~0.021, 0.029
9 -3 -0.007 0.018, 0.055
-4 ~0.007 -0.067, -0.082 | —OQ—+—-0O—+—0O
-5 -0.121 0.029, ~0.021 | —O—1—0O
-6 -0.121 0.055, 0.018
-1 0.064 -0.027, -0.008
-2 0.064 0.002, 0.041 QO
3 - 3 -0.007 0.051, 0.072
-4 -0.007 -0.008, ~0.027
-5 -0.121 0.041, 0.002
-6 -0.121 0.072, 0.051 |—C—1—0O
-1 0.064 -0.023, ~-0.011
-2 0.064 0.015, 0.052 O
P 3 -0.007 0.043, 0.067
-4 -0.007 -0.011, -0.023
-5 -0.121 0.052, 0.015 |—O—+0O
-6 -0.121 0.067, 0.043
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the X-ray sample did not permit the quantitative measurement of thé distribu~
tion of martensite, the circles were put in Table 2.2 if the presenée of the
variant with the corresponding orientation relationship was detected by the
X-ray analysis. One typé of the Nishiyama variant, described by V
(WD), /10y, [211]; //[110],

was observed after tensile deformation at 195 K. Since this can be considered
as having an intermediate orientation between variants 1—3 and 1-4 of the K-S
type, this is denoted .as variant 1-3'. Although the specimen deformed in
‘tension at 195 K dantained more martensites than that deformed in tension at
253 X, the distriBution of the observed variants was essentially identical din
both the specimens. Sometimes, twin-related variants were formed; 1-3 (pre- -
cisely 1-3") <> 1-6 in the 195 K specimen, and 1-1 <> 1-4 and 2-1 <> 2-4 in
the 223 K specimen.

The most important fact in Table 2.2 is that, except for the variant 2-4,
‘the variants formed in tension are not observed in compression and vice versa.
This demonstrates the strong influence of the sense of the applied stress and
the unidirectionality of the deformation associated with the transformation,
as previously reported[25].
Crystal 2. |

Since the stress—induced mar-
Table 2.3 U/0 values and observed

tensite studied in the present work is , .
variants in crystal 2

surface martensite, one might speculate

. . . . . Crystal 2 with [427 tres is
that the distribution of martensite is Variant Y /o v [Obsiﬁvzdriaiﬁﬁts
: . R Tensi
not solely determined by the applied notation value ensson
~ . 77 X
stress direction but also is iInfluenced - 1] -0.074, -0.057
» -2 | -0.030, 0.030
by the surface orientation. As shown 1 — 3 0.06%, 0.091|———()
- 4 | -0.057, -0.074
in Fig.2.1, the surface orientation of -5 0.030, ~0.030
-6 0.091, 0.069{—--+-)
crystal 2 differs significantly from 1| -0.087, -0.045
. -2 -0.057, 0.000
that of crystal 1, while the stress , -3 | 0,054, 0.066
. - 4 | -0.045, ~0.087 :—*—-—i :
axes are not markedly different. Thus, -5 | 0.000, -0.057
. . -6 0.086 054 o D
in order to examine whether the surface vss, ©
-1} -0.039, 0.005
orientation actually affected the dis-~ -2 | -0.038, o0.012{—Q
_ ' 5 — 3| 0.083, 0.093
tribution of martensites, a specimen of -4 0.005, -0.039
-5} 0.012, -0.038 |——rO)
crystal 2 was deformed in tension by -6 | 0.093, 0.083|-u0
o _ ~ 1 | -0.032, 0.004
20 7% at 77 K. The results of the X-ray -2 | —0.017. 0.040
: . . - 3| 0.075, 0.08%
analysis are shown in Table 2.3. 4 _ 4| 0.004, -0.032
Besides the variants formed in tension B > | 0.060,-0.017} O
6 | 0.084, 0.075

in crystal 1, this specimen contained
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Table 2.4 Interaction energies, U/0 values and observed
' variants in crystal 3

Crystal 3 with [001]¢ stress axis _
Varilant Interactior; v/o Observed variants
notation energy . value Te;s;i;n Coml;;:els(sion
-1 0.200 -0.090, -0.009]———dt(")
-2 0.200 ~0.090, -0.009
1 —3 -0.132 0.126, 0.126—O
-4 -0.132 -0.009, -0.090] -
-5 -0.132 ~0.009, ~0.090{—
-6 -0.132 0.126, 0.126
-1 0.200 ~0.090, ~0.009
-2 0.200 ~-0.090, -0.009 i)
g -3 -0.132 0.126, 0.126{—0
-4 ~-0.132 -0.009, -0.090
-5 -0.132 -0.009, ~0.090 —_—8 .
-6 ~0.132 0.126, 0.126
- 1 0.200 -0.090, -0.009 —O
-2 0.200 -0.090, -0.009
3 —3 -0.132 0.126, 0.126]—O
-4 ~-0.132 | -0.009, -0.090
-5 -0.132 ~0.009, -0.090|—
-6 | -~0.132 0.126, 0.126
-1 0.200 -0.090, -0.009 )
-2 0.200 -0.090, -0.009
s ~ 3 ~0.132 0.126, 0.126]—0
-4 -0.132 -0.009, -0.090
-5 -0.132 -0.009, -0.090
-6 ~-0.132 0.126, 0.126{—)

some additional ﬁariants. A éompressive test at 77 K introduced only a few
martensite needles so fhét-they were not detected by the Weissenberg technique.
‘Crystal 3.

The results for crystal 3 which was stressed along [001]f are listed in
Table 2.4. Here again, one can see, as in crystal 1, that the variants formed
in tension are not observed in compression and vice versa. However, what is
the most significant in crystal 3 is that the compressive loading had stronger
tendency to form stress—~induced martensites than the tensile loading as was
mentioned before and shown in Fig.2.5. Accordingly, one can again find the
strong effect of the direction and sense of the applied stress on the forma=-

tion of stress-induced martensite.

2-4. Discussion
2-4-1, Stress-strain curves and deformation morphology

Contrary to the stainless steel single crystals which show an inverse
temperature dependence of yield stress below a critical temperature[26], the
yield stress of the single crystals in the present alloy exhibited the normal
temperature dependence even when stress—induced martensite was formed during

deformation. This change in the temperature dependence is caused by a change
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L4

“4in the relative proportion of deformation occutred‘by martensitic transfor-
‘mation as compared to slip.. In the stainless steel, all deformationltakes‘
place by the transﬁormatioh with the twinning below some definite temperature
[3], while, in the presenF alloy, the deformation occurs by simultaneous slib
and transformation as in Fe-30Ni alloy[26]. As concluded by Breedis and
'Robertson[26], this result appears to indicate that the occurrence of y - o
transformation is not necessarily responsible for the inverse temperature
dependence. In contrast, Bolling and Richman[11,27] and Maki et al[28]
reported the presence of the inverse temperature dependence of the yield
stress in polycrystalline FeQNi(—C) alloys between Ms and Mg (the temperature
below which the inverse temperature dependence is observed). They attributed
the yielding below Mg to the Y - o transformation. However, the observation
by Maki et al shows that the larger the grain size, the smaller the inverse
temperature dependence and the difference between Mg and Ms. In fact, when
their observations are extrapolated to.the situation of the dinfinite grain
size, Mg - Ms goes to zero and the decrease of the yield stress disappears.
Thus, it is believed that the present observations as well as those by Breedis
and Robertson are not inconsistent with those by Bolling and Richman and Maki
et al and that the remarkable decrease of the yield stress of Fe-Ni alloys are

only characteristics of the polycrystalline samples.
2-4-2. Crystallography of stress-—induced martensite

Throughout the present study, the martensite formed by deformation has
been called the stress-induced martensite in order to emphasize that its for-
mation is aided by the applied stress. The fact that the orientation of the
martensite variants formed during deformation is critically sensitive to the
sense of the applied stress strongly indicates the importance of the applied
stress in determining the martensite formation. If the formation of the mar-
tensite during the deformation in the present study should be considered as
aided by the internal stress field or particular atomic arrangement around
defects produced by deformation as diécussed by Suzuki et al{29], one should
not expect that the distribution of the variants would strongly reflect the
sense of the applied stress and of theplastic deformation. For, the dislocations
responsible for work hardening are primarily the statistically stored ones[30]
in a single phase alloy and the dislocation arrangement should not be sensi-
tive to the sense of the deformation. -Furthermore, the abéence of the iso-
thermal formation and growth of the martensite in deformed specimens compels

one to consider the essential role of the applied stress in martensitic trans-
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formation in the present study.

Effect of the applied stress on the martensitic traﬁsformation has been
examined by several inveétigators; although it seems that no unified-views on
the stress effecthévebeen establiéhed, as mentioned previousiy. Thereforg;‘
the cbserved distriﬁutioé of martensite variants will be examined in several
‘possible manners. This can conventionally be done by using the well-accepted
concept of the phenomenological crystallographic theory of martensitic trans-
formation[5,6]. 1In this theory, total shape deformation of the martensite
product T is factorized into lattice deformation B, lattice invariant defor-
mation P and rigid body rotation R. An idea that the applied stress aids the
total shape deformation T was first offered by Patel and Cohen[7]. On the
other hand, the possibility of the role of the stress on the lattice deforma-
tion B was discussed by Olsen and Jesser[12]. Furthermore, Bogers and Burgers
[13] explained the experimental results by Bogers[l] using the double shear
mechanism which can be understood to consist of the further factorization of
the lattice deformation B. Early mechanisms proposed by Kurdjumov and Sachs
[31] and Nishiyama[32] also belong to this category. 1In the following, we
would like to discuss the stress effect on the martensitic transformation from
several different viewpoints.

i) The factorized component of the lattice deformation B

The dominant shear deformation, whichis also common in the three mechanism
by Kurdjumov-Sachs, Nishiyama and Bogers-Burgers, occurs on {lll}f<211>f.
The importance of this shear in the earliest stage of the transformation in
Fe-Ni alloy was in fact pointed out by Dash and Brown{[33]. Moreover, Higo et
all[3] well explained the distribution of stress—induced martensite in an 18-

14 stainless steel taking into account the {lll}f<211> shear systems. Here,

the discussion of the Yy = o transformation through thi double shear mechanism
by Bogers and Burgers will be shown in the following.

Crystallographically possible {1ll}f<211>f shear systems are listed in
Table 2.5 with the simplified notation by Thompson's tetrahedron together with
the Schmid factors for the stress axes in crystals 1, 2 and 3. A shear system
with a positive Schmid factor and one with a negative Schmid factor are
favored in tension and in compression, respectively.

First, we will discuss the observed distribution of martensite variants
in crystal 1. TFrom Tables 2.1, 2.2 and 2.5, one can see that the observed
variants 1-6, 3-6 and 4-5 have the shear system Do(0.491) which is the most

favorable in tension. The variant 2-5 with the second most favorable shear

system A§(0.366) was also formed. In the compression specimen, observed
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Table 2.5 Schmid factors for the {111}.<211>. shear systéms.
Symbols are taken after the Thompson té%rahedron;'.

Shear plane | Shear direction_ Schmid factor : Symbol
. . Crystal 1 [Crystal 2 |Crystal 3

' [112] ~0.305 -0.366 ~0.471 Ba
i)y v (2111 ] -0.144 ~0.103 0.236 Co
(1213 0.491 0.455 0.236 Da

[112] -0.263 | -0.337 ~0.471 cs

(111) [211) -0.110 0.055 0.236 BS
[121] 0.366 0.307 0.236 A8

[1i2] -0.152 | -0.270 | -0.471 AB

(111) [2171) 0.170 0.284 0.236 DB
[121] -0.017 -0.021 0.236 CB

[113} 0.033 -0.051 -0.471 DY

(11in) [211] -0.026 0.033 0.236 AY
{121} -0.007 0.018 0.236 BY

variants 1-1, 2-1, 3-2 and 4-2 have Bo.{(~0.305) and/or CS§(-0.263) which are the
first and the second most favorable shear systems in compression.

The existence of twin-related pairs such as 1-3' <> 1-6 in tension and
1-1 +» 1-4 and 2-1 <+ 2-4 in compression can be explained in that the forma—
tion of one component of the pair was aided by the applied stress and the
other component was produced under the influence of the internal stress pro-
duced by the former, as discussed previously[3]. The same analysis can also
hold in crystal 2 (Table 2.3). Here, observed variants 1-6, 2-6, 3-5, 3-6 and
4-5 have Da(0.455) or A§(0.307) which are the first and the second most favor—
able shear systems in tension, and the variants 1-3, 2-3 and 3-2 are twin-
related with 1-6, 2-6 and 3-5, respectively. Thus, except for the variant
. 2-4 appeared in tension in both crystals 1 and 2, the Bogers—-Burgers mechanism
fits very well to explain the formation of the stress-induced variants in the
specimens deformed by the asymmetrical stress.

The general trend foupdvin crystals 1 and 2, that the stress-—induced
martensite is formed iIn a larger quantity and at a higher temperature in
tension than in compression, can be discussed on the same basis as the preced—
ing discussion. For, the largest Schmid factor for the possible shear system
of {lll}f<211>f in crystal 1 is 0.491 in tension and 0.305 in compression.
This difference accounts for the stronger tendency towards martensite forma-—
tion under tension in crystal 1. A similar argument can be repeated for
crystal 2.

Next, we will discuss the results in crystal 3 with the symmetric [OOl]f
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stress axis. From Tables 2.1, 2.4 and 2.5, one can see that all the obsérved
variants in tension have shear systems with the.Schmid factor of 0.236 which
is favorable in tension and all the observed variants in compre531on ‘have
shear systems with the Schmid factor of -0.471 which is favorable in compres—
sion. Furthermore, the Schmld factor of the favorable systems in compression
is twice as large in magnitude as that in tension. This is also in accordance
with the experimental observation, Fig.2.5; the compressive loading induces
more martensite than the tensile loading. The fact that not all the variants
with the same Schmid factor were observed can again be attributed to the
unstable direction of the applied stress, 1. e., {OOl]f.

1i) The lattice deformation B

The possibility that the stress mainly affects the Bain deformation in
total can be examined by calculating the interaction energy between the stress
and the Bain strain[3]. The lattice parameters of the parent phase af=3.59l Z,
and of the product phase, ab=2.875 R [34] and the assumption of the uniformity
of elastic constants give the interaction energy, per unit volume of the
parent phase, in Tables 2.2 and 2.4 for crystals 1 and 3. Positive and nega-
tive values of the interaction energy are favored in compression and in
~tension, respectively. 1In the case of crystal 1, the observed variants in
tension have the interaction energy of -0.121 which is the most favorable in
tension, and two additional variants 1-3' and 2-4. Since the variants 1-3'
can be considered as twin-related to 1-6, the formation of 1-3' can be ex-
plained rationally. Furthermore, the observed variants in compression, two of
which accompany the twin-related variants, have the interaction energy of
0.064, which is the most favorable in compression. The stronger tendency
towards martensite formation in tension as compared with that in compression
in crystal 1 can again be explained in terms of the interaction energy, for
the most favorable interaction energy in temsien(-0.121) is almost twice of
the most favorable one in compression(0.064).

The same argument entirely holds in crystal 3. That is, all the observed
variants in tension have the interaction energy of -0.132, which is favorable
in tension, énd all the observed variants in compression have the interaction
energy of 0.200, which is favorable in compression. Again in this case, com-
pressive stress can introduce more martensites than tensile stress in consist—
ent with the experimental results.

It is not surprising that both the double shear mechanism, such as that
proposed by Bogers and Burgers, and the interaction energy between the applied

stress and the Bain strain explain the present results equally well, for the
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occurrence of the double shear with a little expansion in the parent phase
results in the Bain deformation, which can be considered as the initial stage
of martensitic transformation. : -

iii) The shape deformation T

Whether the stress determines the preferential formation of martensite
by aiding the shape deformation can be examined by the U/o value[9].
According to the formulations by Patel and Cohen[7], when a unit volume of the
parent phase is transformed into martensite, the work done by the applied

stress consists of ‘two terms., That is,

U/0 = YocosB+cosX + £€,c0s20 (2.1
where U = work done
0 = applied stress
Yo= total transformation shear strain in the habit plane
€,= total transformation strain normal to the habit plane
0 = angle between the habit plane normal and the stress axis
A = angle between the shear direction and the stress axis.

Goodchild et al[9] and Stone and Thomas[4] used equation (2.1) to examine the
crystallographic direction of the applied stress on the martensitic transfor—
mation in stainless steels. 1In thé present alloy, it is not certain whether
the habit plane does exist, because the morphology of o crystals appears
needle~like rather than plate-like. However, for one attempt, the calculation
of the U/0 values based on the original Bowles-Mackenzie theory[6] with the
{101}f<i01>f lattice invariant shear is ca?ried out. The principal distor-
tions of the Bain deformation used in the calculation were 1N1=N,=1.1321 and
Nn3=0.8005, resulting in the following habit plane and strains of the total
shape deformation.

The habit plane {0.1848, 0.7823, 0.5948].

The shear strain in the habit plane Yv,=0.224.

The expansion normal to the habit plane €,=0.026.

The calculated results are listed in Tables 2.2, 2.3 and 2.4. Positive
and negative values of U/0 are favofed in tension and in compression, respec-
tively. In the Bowles-Mackenzie theory, suitable combinations of the compres-
sive axis of the Bain deformation, the lattice invariant shear, and invariant
lines and normals lead to the 48 variants, every two of which virtually degen-
erate to be one K-S variant*. This is the reason why two U/0 values corre-

spond to one variant.

*Sfrictly speaking, the orientation relationship calculated in the phenomenol-
ogical theory is a little away from the K-S relationship.
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In crystals 1 and 2, the U/0 values show that the variants 1-6, 2—6; 3-6
and 4-6 and their twin-related variants are favéred in tension and 1-1, 2-1,
3-1 and 4-1 and their twin—related variants are favored in compressidn.‘
Although some observed variants may be explained by the U/u vélues, the '
absence of variants'2—6, Z~6(in tension), 3-1, 4-1(in compression) in crystal
1 and 4-6 in crystal 2 cannot be understood., TFurthermore, it can be seen that
the analysis based on the U/0 values cannot account for the formation of the
observed variants 2-4 in tension and 3-2, 4-2 in compression. Such contradic-
tions also appear in discussing the stronger tendency towards martensite for-
mation in tension in crystals 1 and 2, since in crystal 1, the largest value
of U/o is 0.073 in tension while it is 0.082 in compression.

In crystal 3, the similar arguments can also be repeated. Here, as shown
in Table 2.4, the observed variants 1-5, 2-5 and 3-5 in tension cannot be
understood through the U/0 values. Furthermore, the magnitude of the largest
U/o is 0.090 in compression while it is 0.126 in tension. Thus one cannot
help expecting, on the basis of the U/o, that tension will have a stronger
tendency to induce martensite than compression. However, the experimental
observation in this respect is just the opposite to the above expectation,

Summarizing the above considerations, the preferential formation of mar-
tensite under the stress can be reasonably understood by the postulate that
the stress ailds the change in lattice. The shape deformation accompanies the
additional deformation, slip or twinning, besides the lattice change. It is
very unlikeiy that this additional deformaticn precedes the lattice deforma-~
tion. Therefore, it is natural to conclude that the existence of the stress
affécts the very initial stage of martensitic transformation, where the defor-
mation consists of the lattice change. Unfortunately, the present experimental
results cannot discriminate the role played by the Bain strain or by the
lattice shears which constitute the Bain strain. However, by taking into
account the importance of the cooperative shear movement of atoms as well as
the experimental observations such as those by Dash and Brown[33], we would

like to emphasize the essential role of the {lll}f<211> shear system in the

f

initial stage of ¥ + o martensitic transformation.

2-5. Conclusion

The morphology and orientation of stress—-induced martemsite in single
crystals of an Fe-23Ni-5Cr alloy were studied.  Surface martensite with

needle-like surface relief was found in the present study. The distribution
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of martensife variants was very seﬁsitive to the direction and sense of the
applied stress. Not only the orientation of the stress-induced martensite but
also the dependence of -the tendency to form martensite on‘the'sense of the
applied stress indicate Ehat the applied stress mainly affects the {lll}f
<211>f shear systems, operative in the initial stage of the y + o lattice
change. On the contrary, U/0 values based on the phenomenological theory of
martensitic transformation showed no sufficient correlation to the distribu-
tion of the orientation of the observed variants and cannot explain the de-
pendence of the tendency towards martensite formation on the sense of the
loading. These results imply that the orientation relationship and the dis-
tribution of martensite variants under the appiied stress are determined in

the initial stage of the transformation.
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CHAPTER 3
APPLICATION TO MARTENSITIC TRANSFORMATION OF THE ELASTIC PROBLEM N
IN AN ELLIPSOIDAL iNCLUSION WITH PERIODICALLY DISTRIBUTED- EIGENSTRAINS .

1

3-1. Motivation and Background

~ Since Eshelby[18,19,35] gave the attractive solution for the elastic
field caused by an ellipsoidal inclusion with a uniformly-distributed eigen-
strain (phase transformation strain, plastic strain, thermal strain, etc.)
<‘in isotropic media, there havé been many works done for the determination of
solutions for- the elastic fields due to inclusions. Walpole[36], Willis[37]
and Kinoshita and Mura[20] extended the problem to the case of inclusions in
anisotropic media. The stress field due to linearly-distributed eigenstrain
was given by Sendeckyji[38] for isotropic media. Recently, Asaro and Barnett
[39] obtained the solution when the eigenstrain is distributed in the form of
polynomials with respect to rectangular coordinates.

As implied by Asaro and Barnett{39], an application of the stress field
due to a non-uniform eigenstrain in an ellipsoidal inclusion lies in the
understanding of martensitic transformation. However, it has been found that
martensite plates formed in many martensitic transformations have a structure
with alternating twins[40]. Small spherical particles of face-centered cubic
Fe in a Cu matrix also transform into martensite with a banded structure[4l].
vTherefore, the solutions for the elastic field due to eigenstrains distributed
in polynomial form throughout an ellipsoidal inclusion are not general enough
to solve these problems.

They require the investigation of the elastic field due to a periodic
distribution of eigenstrain throughout an inclusion. The alternating twins
and banded structure in inclusions can be approximated by periodic distribu-
tions of eigenstrains. The elastic solution for such a periodic distribution
of eigenstrain throughout an inclusion is also important for more general
cases, since any distribution of eigenstrain can be expressed in terms of the
Fourier integral or summation of these periodic terms.

Recently, This solution has been offered in a beautiful form by Mura et
al[17]. 1In this work, the solution obtained is used to evaluate the elastic
strain energies due to a thin disc of so-called twinned or slipped martensite
and to a spherical precipitate with a banded structure induced by martensitic
transformation. Previously, these problems of martensitic transformation have

been considered by other investigators under some simplification of the dis-
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tribution of eigenstrain. For insfance, Shibata and Ono[42,43] assumed.the
distribution to be uniform and Kinsman et al[44j approximated it by a linear
function of space coordiﬁates It will be shown in the present work that
significant dlfferences arise when more realistic (periodic) distributions

of eigenstrains are con51dered

3-2. Fundamental Equation and Flat Ellipsoidal Inclusion

First, the fundamental equation of the displacement component u, used in
a problem of a periodically distributed eigenstrain in an ellipsoidal inclu-
sion, which has been obtained by Mura et al[17], is shown in the following.
We define © as an ellipsoidal domain in an infinitely extended medium as
Q xi/ai f x%/ag + x%/a3 <1 . (3.1
When a distribution of eigenstrain €nm(§) in a domain @ can be written in a

periodical form as

ata
~

enm(g) =€ exp(lcpxp/ap), (sum over p) (3.2)

the displacement component ug becomes

a.aa&
6, () = 14T2T 3 C oy | {(x C D)I_(e R) - tega LRI, (e R)/c}
: S
. E N, .(E) - '
exp {1 - Do af 0%} L5 as@® . (3.3
o) :

where the reference is to rectangular Cartesian coordinate axes O(Xi) (i=1,2,
3), and the usual summention convention for repeated subscripts applies.

In equation (3.3), Cjﬁmn are elastic constants, s2 is on the unit sphere
€i€i= i, J, and Jl are Bessel functions of the first kind of the zeroth and
first orders, respectively and Nij(g) and D(g) are respectively the cofactors
and the determinant of the 3X3 matrix with the element 1p}qu£ as an (i,3)
component.

R, ¢, and ¥ are defined as

O
~{1- - DU E

1
/
co={ ¢ e, (c,a k /o) 2} 7 (3.4)

- = = 2,1
o= {Ep? + (aE)" + (a8
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The solution (3.3) is called the fundamental solution. The derivation of
(3.3) is shown in- Appendix A by quoting the paper by'Mufa et al[17].
If one of the pr1nc1pal axes, say a,, becomes zero, (3.3) can be 81mp11—

fied and the total dlstortlon becomes

!

ui,k - Jﬁmn nm623 kBJO(C )N (E)D—l(g) (3.5)

where 6ij is the Kronecker's delta and U g means the derivative of uy with
) s

respect to X - Also for the stress components inside the inclusion:

—_— Fad —1-_
qpq B Cpqik [: Jlmn nm623 k3J0(C )N (§)D (g)

-—te

- €£i exp {i(clxl/al + ¢ e /a )i] (3.6)

The derivation of (3.5) and (3.6) is shown in Appendix B.

3-3. Application of the Theory to Martensitic Transformations

In this section, we shall evaluate elastic energies due to martensite
formation through use of periodically-distributed transformation strains, by

using the solutions given in the previous section.
3-3-1. Disc-shaped martensite with alternating twins

In many ferrous alloys, martensites take the form of a thin disc which
-consists of alternating twins, as shown schematically in Fig.3.l.' Each twin
can be considered to be formed with the reépective transformation strains
(eigenstrains). For example, in the case of transformation from F.C.C. to B.
C.T.(body-centered tetragonal), the eigenstrains in regions 1 and 2 shown in

Fig.3.1l are respectively

€y 0 0 32 0 0

1% 2% .

Eij = 0 €, 0 ’ Eij =10 €y 0 . (3.7)
0 0 €1 0 0 81

where the coordinate system is taken along the crystallographic directions of

the matrix (xl, Xy» x3)—directions in Fig.3.1 (a) and €,, €, are given in

1 72
terms of the lattice constants for the F.C.C. and B.C.T. phases[5], i.e.

= V2 afa, - 1, €, = cla, — 1, (3.8)

where a, is the lattice constant for the F.C.C. phase and a, ¢ are the lattice

constants for the a- and c-axes of the B.C.T. phase, respectively.
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For simplicity, the martensite plate

is assumed to have the shape bounded by - ‘ X3 z
the surface '
(x2 + yz)/a2 + zZ/a2 =1, a, < a_,. 3
. 1 3 3 1
Xy
By taking the x-direction in the direc~ C:::::::_; i
= X
tion of the change of the eigenstrain {a)
(Fig.3.1 (b)), (3.8) can be written as
5 Gy = B (0) 4 ) B (eosmr/t), 2P B2 B
er.(x) = €. + ) e,.(@m)cos(2mnx s V., “
S n=1 *J ' / / )
(3.10)
¥ 17/ //
where ‘le,
EF.(0) == | €F(x) ax AT
ij A ij
/2 : (b)
= f%’i‘j + (1 - f)%;‘j, (3.11) Fig.3.1
Thin-plate martensite, approximated as a flo} ellipsoidal
—s 2 A/z_,_ : inclusion, with alternating twins.
Eij(n) = X.J Eij(x) cos(2ﬂnx/l) dx,
~-A/2 (3.12)

k-being the wavelength describing the periodic distribution of alternating
twins and f being the volume fraction of the region 1 ( 0 i:f <1).

It is facitly assumed in the phenomenological crystallographic theory of
martensitic tfansformation that the internal stress developed by the eigen-—
strain, corresponding to the first term in the right side of (3.10), all
vanish, if the orientation of the z-axis, § and £ take suitable values[45].
In the sequel, it will be shown that even when all the stress components,
resulting from the first term in the right side of (3.10) vanish, then there
appear non-vanishing stresses due to the second term in the right side of
(3.10), resulting in a significant amount of elastic strain energy.

According to the result in Appendix B, the situation when all the stress

components resulting from the first term in the right side of (3.10) vaniéh

is achieved by
—-% -5 =%
e (0) =€ (0) =¢_ (0) =0, 3.13
(@) = &) (0) = B (3.13)
where the (%, vy, z)-directions are taken in the principal axes directions of

the flat ellipsoid. It can be shown that the above condition is attained for

four crystallographically equivalent conditions, one of which is described by
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_ 1
&, = (1 + 81/82)‘ s &y =0, &= (-e,/e5) f , (3.14)

£=(1-g/e)t . (3.15)

Since the phenomenologicél approach employs the finite deformation theory
while the present one adopts the infinitesimal theory, (3.14) and (3.15)
differ in form from the corresponding expressions obtained from the phenome-
nological approach. However, because the essential concepts are identical in
both approaches, the phenomenological approach leads to the same expression as
(3.14) and (3.15) when (Iell; |€2I) « 1 ( see Wechsler, Lieberman and Read[5],
equations (32), (34) and (38)). These correspondence between the present cal-
culation and the phenomenclogical theory are evident and the process to derive
(3.14) and (3.15) can be understood as a 'phenomenological theory based on the
infinitesimal deformation approach’.

0f course, as done by Shibata and Ono[42,43] and by Easterling and Tholén
[46], the habit plane normal to achieve the minimum elastic energy changes as
the value of the aspect ratio k = a3/al changes. However, the choice of any
specific non~zero aspect ratio is never justified. Moreover, zero elastic
energy is attained only when k = 0, obtaining the perfect correspondence to
the implication and the calculated consequences in the phenomenological crys—
tallographic theories[5,6].

The above calculation and resultant consequences are due to the assump-
tion that the eigenstrain in the martensite is distributed uniformly.
However, in reality, the eigenstrain is distributed periodically as shown in
equation (3.10). Now, let us calculate the elastic energy, originating from
the presence of the second term in the right side of (3.10), under the condi-
tion that (3.14) and (3.15) are satisfied. In this situation, one can take
into account the effect of the elastic constants of the martensite usually
differing from those of the matrix. Suppose there exists an equivalent inclu-
sion, similar in shape to the martensite plate considered here, with the same

elastic constants as the matrix, and which has the eigenstrain

[e 0]
Eij(x) = 355(0) +n:l€ij(n) cos(2mnx/A) , (3.16)

producing distributions of displacement and stress, identical to those
produced by the actual martensite plate. The existence of such an equivalent

inclusion is assumed if

K . %

b 8. ) = (ui,k - gik)

o =¢C¢ . (u. (3.17)
pq pgik i,k

Cpqik
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is satisfied, i.e.

Cooin L © jan mn( NG TG - o)

qlk{z jgmn®mn ()gkgg o(zm )N (')D (%)

o e 27n }
Ea eik(n) cos ”K" b'd

n=1
P = S NN
- Cpqik { jlmn 55( )Dkg h (§)D qg) - eik(O) }
pqlk {2 Huon ;g(n)gkg J \2”3- n\)Nij(g)D—l (g)
n=1 .
- ) Z;‘k(n) cos AR 1, - - (3.18)
n=1 ’

where C are the elastic constants of the matrix and the martensite,

pqik’ Cpqik
respectively. Suppose that we take

(0) = e (0) s : (3.19)

and, then, the first terms in the left and right sides of (3.18) disappear,
since we have chosen Eik(O) so that all the stresses produced by it vanish.

Thus, (3.18) feduces to

{ RN ____21‘[8. N ‘_a'r*,: ,2Wn
“pqik {2 IO & )Nij(E)D © -), T cos A x }

B Czqik'{jgl. j4mn mﬁ< )°k€£ (2§é' )Nij(§>D—l<§>
n= ’ »

[eed
— ’2_” .
- ¥ £in
z e (n) cos = x} . - 620
n=1 ‘

. . _ .
Electron microscopic observation has shown that a ~ 10 um and A = 100 A[40].
Thus, the requirement for the existence of the equivalent inclusion is given

by the condition
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2mn
- qlk z (n) cos T X

2 - . .
= - C*qlk z (n) cos *%[-1- X . (3.21)

-L

qikeik(n) = C" pqik lk( n). From (3.18),

0f course, (3.21) is satisfied if Cp
(3.21) and (3.10), the stress Opq through the martensite plate is written as

0, () = - C;qik { e, G - €l (0 . (3.22)

The elastic energy Eel is calculated from the expression[35]
E,=-% | o e a | (3.23)
el 2 pgpq O ° )

where dv is the volume element. Thus, from (3.23), (3.22) and (3.7), the

elastic energy E, due to unit volume of martensite plate is computed as

_ - 3 £ % N 2.
E°~Ee£/§2 £(1 f)(C11 Clz)(z—:1 82) , . (3.24)

where f is given by (3.15) and Cll = Cilll’ CiZ = ilZZ' By using numerical
values adequate for an Fe—-227%Ni-0.8%C alloy (8 =0.1201 and €, =-0.1723)[5]
with €& = 2.37 x 10" and ¢}, = 1.41 x 1011 N/m , one obtains from (3.24) the
elastic energy of the martensite as 1.4 X lO J/mol. The fact that this value
is considerably large is significant in three respects as follows. (i) The
phenomenological theory of martensitic transformation takes account of only
the first term in the right side of (3.10). The éondition that the elastic
energy vanishes under this situation results in the significant amount of the
elastic energy, if one takes into account the second term in the right side

of (3.10). It seems that the postulate and the resultant indication in the
phenomenological theory require refinement and modification. (ii) F.C.C.
B.C.T.(or B.C.C.) martensitic transformation of ferrous alloys occurs in a
considerably supercooled state.  This is’attributed partly to the elastic
energy associated with martensite formation (Note that the above supposition
is in contradietory to the tacitly assumed postulate of the phenomenological
theory.) 1In steels, it is said that the martensitic transformation occurs
only when the supercooled state in which the free energy difference between

the y-phase and martensite becomes as much as 1.3 X 103 J/mol[47). Thus, the

order of magnitude of the elastic energy calculated from (3.24) is sufficient
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enough to explain the necessity of the supercooling for the transformation to
occur. (iii) It is difficult to consider some relaxation mechanisms, such as
those énﬁisaged by\Kajiwafa and OWen[48], which occur inside a martensite
platéband for which the glastic energy is reduced, because the alternating
twin structure itself has been adopted as a relaxation mechanism. In order to
reduce the elastic energy, It seems that one has to seek relaxation processes,
ihvolving dislocation motion, which take place outside the martensite.

The experimental observations which have established the existence of
‘twinned martensite plates mightnullify the conclusion reached above. Howevef,
it should be pointed out that the twinned martensite has been observed only in
a thin film or on a surface. It has never been established that inside a bulk
crystal martensite plates are also twinned and have a form, consistent with
the prediction by the phenomenological theory. The evaluation of the elastic
energy, conducted above, assumes the infinitely extended material,'correspond—
ing to the situation where a martensite plate is actually present in a bulk
crystal. In other words, the elastic state has been relaxed only by removing
the constriction by the matrix, even when one claims that the twinned marten-

site plate has actually been observed.
3-3-2, Disc-—shaped martensite with slip

Martensite plates with slip as a lattice invariant shear have also been
observed in many alloys. In this case, one can treat the elastic calculation
in a similar manner as in the previous section.

For example, in case of the transformation from F.C.C. to B.C.T., the
transformation strain in the martensite plate approximated as the flat ellip-

soidal inclusion 2 described by (3.9) becomes

e, 0 0
el =10 e o0 . (3.25)
14 1

0 ] 81

Shibata and Ono in their first paper[42] and Clarke[49] considered, in essence,
only the equation (3.25) as the eigenstrain involved in the transformation.
However, one cannot obtain the situation of zero elastic energy by taking only
Egj into account. On the viewpoint of the phenomenological theory, this
corresponds to the fact that the situation of the existence of an undistorted

plane cannot be attained by the pure Bain deformation. Thus, one must

consider an additional plastic deformation either by slip or by twinning —



lattice invariant deformation ~—-in the martensite to find the zero elastic

energy state. In order to treat the case which.corresponds to the situation

calculated and prédicted.by‘the phenomenoiogical theory, the assumption  that

the lattice invariant shear occurs on (llO)f{liO]f is adopted in the calcu-

lation.

Considering that the slip in a real crystal must be induced by the

motion of perfect dislocations, the Burgers vector of which is determined

crystallographically.

cannot occur uniformly.

This physically means that the slip in the martensite

In other words, a slipped martensite can be under—

stood consisting of regular arrangements of the alternating slipped and

unslipped regions. 'In the case of a twinned martenmsite, this fact corresponds

to the existence of alternating two kinds of twinned reglons as previously

discussed.

Let Eij(x) be the eigenstrain caused by the slip deformation which

differs from place to place periodically in the martensite.

One can write the

 total eigenstrain, due to the lattice change and slip, as

= S S B
Eij(x) = sij +~€ij(x)
T , -P T =P 27 .
= : - 3.26
€3 tE; (0) + Z €5 (a) cos5nx , ( )
n=1
where
rl/Z
~P . _ 1 P
Eij(O) =X | Sij(xj dx
LAz
a2
e.(@) =2 r 21 - (3.27)
?ij (n) ) Eij‘ (x) cosZnx dx .
I-x/2
—- &ty
T P 7777777774~ V )
— —_ '
A o
(717777 N1 711N 1'
FHAHAHAAH %“M" LVeX
INNNNERNENN|
FCC BCC BCC+slip X
Fig.3.2

Schematic representation showing the periodic distribution of the slip deformation
in a martensite . Note that the eigenstrain by slip is introduced periodically.
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Here, we have assumed that the slip occurs with the periodicity of A. Tﬁe
assumption that the €§j is a function of x is jﬁstified,.since we .are copsid—
ering the plate martensite. '
Adopting Vp (0 < Vp < 1) as the fraction of the slipped reglon in. the
martensite and s as the amount of slip to be determined crystallographically,

the second term in (3.26) can be written as

V s/2 0 0
P
P
Eij(o) = q _VPS/Z 0 . | (3.28)
0 0 0

The situation of (3.26), (3.27), (3.28) is schematically shown in Fig.3.2.
(3.28) corresponds to the average amount of the lattice invariant shear, and
if by considering only 8T] + €. J(O) as eigenstrains, the elastic energy
becomes zero when the unit vector E, parallel to the z-axis (habit plane

normal) and Vps take the following values;

5&

0, (- €1/€2) s

= _ A
£ = ((1+ 81/82) E

(3.29)
Vps = 281 .

As mentioned before, when lsl‘ and IEZ! are small, the corresponding expres-—

sions derived from the phenomenological calculation become identical to (3.29).

Our task is to evaluate the elastic energy due to the third term in
(3.26) which was overlooked in the past, under the condition that (3.29) is
fulfilled., By taking the same procedure as that adopted in the previous
section, the elastic energy per unit volume of martensite in the situation

described by (3.26) and (3.29) is calculated as

_ S % 2
Eo = Vp(l - Vp)(Cll - Clz)(s/2) s (3.30)

where Cil and Ciz are the elastic constants of the martensite. In the slipped

region, we assume P p=1, 2, 3,...) dislocations have passed on every slip
plane. From thé crystallographic consideration, s is evaluated as
2 2
1+ el) + (1 + ez)

s = P, (3.31)
(1 + 61)(1 + 82) :

where the slip along the [lll]b on the (le)b is considered, corresponding to
the (llO)f[llO]f system. With (3.8), if a and c are equal (B.C.C. lattice),

(3.31) can be simplified and is rationally written as
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32 : ‘
This can be considered .as ‘the consequence that p dislocations with tﬁe Burgers
vector b = (a/Z)[lii]b have passed on every (211)b plane. It should be noted
: 1
that if one pursues the infinitesimal deformation approach in expressing s,

(3.31) can be simplified and is rationally written as

s = 2p . (3.33)

In fact, (3.32) and (3.33) differ only by 6 Z.

The elastic energy, given by (3.30), is shown to take a minimum when

p = 1, that is,

VP =€ . (3.34)
Using adequate values of €4 and €,y for an Fe-31Ni alloy (81 = (0,1321 and €y =
~0.1995[{451) with Cil = 2.37 and C;Z = 1.41 X 1011 N/mz, one obtains the

4

elastic energy of 7.8 x 10 J/mol of the martensite from (3.30).

What must be emphasized here is that the significant contribution of
the periodically distributed lattice invariant deformation, which has been,
until now, overlooked, should be considered in the energetics involving the
martensitic transformation. The discussions on this matter in the present
study are identical to those presented in the last paragraph of 3-3-1.

Here, we would like to comment on some recent developments in the phenom-
enologocal theory. In order to explain the {225}f habit plane found in the
stainless steel or the complicated internal traces in the martensite plate,
several efforts have recently been made by introducing the so-called dilata-
tion parameter[16] or multiple lattice invariant shears[14,15] to the original
phenomenologicél theory. However, the dilatation parameter which is trans-—
lated into Japanese, " A/°FA~-7—", sometimes cheating one by a vaguely
defined word, "#£ /& ", and is adjusted to match the calculation with the ob-
servation is a quantity which cannot find itself in physics in the deformation
associated-with the martensitic transformation. It is an arbitrary quantity
to please those who use it. The introduction of more than one lattice in-
variant shear also enables one to select arbitraryvparameters. To show this,
an example of the calculation will be given in Appendix C which proves that
any plane can be a habit plane, in the context of the phenomenological theory,
if at least three independent shear systems are assumed to operate imn the
lattice invariant deformation. In short, the introduction of arbitrary param-

eters spoils the beauty possessed by the original phenomenological theory when
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3. Spherical precipitate undergoing martensitic transformation

A spherical iron prec‘ip‘itate,'bwhich is formed in a copper matrix and is

¢. before martensitic, transformation, becomes B.C.C. with the banded

al1[44] with an unrealistic approximation based on a simplified model. The

spsitic transformation, the upper and the lower halves shearing in anti-par-
1lel directions, as shown schematically in Fig.3.3 (a). Thus, the surface
the eigenstrain of the transformed particle 2 should be respectively

(xi + xg_ + x:%))/a2 =1, (3.35)

% 1 ' C
€3l(§)=i-2—8, x320 in @ , | | (3.36)

\ ére a is the radius of the spherical particle and S is a constant to be
,e:termined by crystallographic information. However, Kinsman et alll4]

ipproximated the above situation with the eigenstrain

831(}5) = tx3/a in Q , (3.37)
th t = S, in order to utilize Asaro and Barnett's work[39]. 1In the sequel,
X3
s/2
N (inragion 1)
Sl /2 *
{inregion 2)

(a) {b)

Fig.3.3

Spherical pracipitate undergoing martensitic transformation.
When matrix constraint is absens, the spherical particle
changes its shape successively 1o (a), (b} and (c) to form
twinned martensita .

ructure of alternating twins after transformation. The elastic energy of an

;.rbﬁ particle with the banded structure has recently been evaluated by Kinsman

‘ysical situation envisaged by them is that a spherical region undergoes mar-
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the elastic energy assicoated with the situation described by (3.35) and
(3.36) will be calculated. " '

The Fourier series expressed for the eigenstrain (3.36) is

v o T
€5 @ = @8/m. ] @n - D7 lsin((2n - Dmxyla) . (3.38)
n=1
For simplicity, ﬁhe spherical precipitate and the matrix will be assumed to
have.the same isotropic elastic constants. From (3.3) and (3.38), the only
non-vanishing stress component 031 pertinent to the strain energy evaluationr

becomes o

04,00 =] 05y (%, ) (3.39)
n=1

with
Gy (xom) = ﬂL——-j (3,0 sin {(x.E)c,gs/a }
+23_(C_RIC,E,(x. §) cos {(x. g)C3§3/a } /a
+ 3 (CR) {kg.g':) c /(a"R) + ¢} €2 R/co} sin {(§.§)03€3/a H
X & +E; -3 §3>ds<5) - (4pS/Cy) sin (Cyxy/a) . (3.40)

where C3 = (2n - 1)7, u is the shear modulus, and Poisson's ratio is taken to
‘be 1/3. Since the analytical integration involved in (3.40) is difficult, the
_ stress and the elastic energy to be determined from (3.23) have been evaluated
numerically on a computer. The procedure eﬁployed in the numerical computa-—’
tion is as follows. (i) The Fourier series in (3.38) and (3.39) are truncated
at n = 16; it seems (empirically) that this truncation does not introduce any
significant error, since the calculated elastic enmergy with the truncation at

= 20 differs from that at n = 16 only by 0.5 Z. (ii) Since
Ogp (Xs%y5%3) = 0gq (xy,%),%5) = 031(X1’"?2’X3) = Og1 (xp5%5,m%5)

it is sufficlent to consider a one-eighth part of ©, this being divided into
114 identical volume elements. By means of the above procedure, it has been
found that the situation corresponding to (3.35) and (3.36) gives the elastic

energy as

E = 0.365u5%0/2 (3.41)

The value (3.41) is a little larger than Kinsman et al's value[44] based on
the approximate distribution of eigenstrains. Similar calculations have been

performed for the cases
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S, 2Na/M < X4 < (2N + 1)a/M,

€5, (x) = in Q@ , . (3.42)

N N

S, (2N + Da/M < X,

< (2N + 2)a/M,

with M = 2, 3, 4 (see Fig.3.3), (the case M = 1 corresponds to (3.36)). 1In
(3.42), N takes integer values. The calculated elastic energies are
plotted against M in Fig.3.4, which also includes results for the case M = 0,

corresponding to uniform shear and Kinsman et al's value for the case M = 1.

It can be seen that as M increases,

r T T T ¥
then the elastic energy decreases. N Q;%\ ]
Thus, as far as the elastic energy is g \\\ O present work
concerned, the alternating twin struc- ?g. 0.41 \\\O @ Kinsman etal.
ture with the shorter interwval is xz o3k gf\\ |
favored. This conclusion matches with ? ' \‘\
intuition, based on an examination of 5 0.2 \}jf\\\ -
Fig.3.3; as the interval between the § ol Oi\“~<3‘__
alternating twins decreases, the change ™ )
in shape of the particle caused by the oo : é ; ;
transformation becomes smaller as a - M

whole. : Fig.3.4

It is to be noted that in order to Elastic ensrgy of o marlensits porficle with M poirs of twins .

explain the observed value of M in a
real Cu-Fe alloy, not only the elastic energy calculated above but also the
specific twin-interface energy must be considered. This will be discussed in

Chapter 4.

3-4. Conclusion

The solution for the elastic field caused by‘a periodic.distribﬁtion of
eigenstrains in an ellipsoidal inclusion was applied to the disc-shaped and
spherical martensites to estimate the elastic energy associated with the
transformations. | _

The applications illustrate the importance'éf periodically-varying
eigenstrains for the contribution to elastic energies. If uniform average
eigenstrains are used for the disc-shaped martensite, then the minimum elastic
energy becomes zero, resulting in the perfect correspondence to what the phe-
nomenological crystallographic theory seeks. However, if one duly considers

the periodic distribution of eigenstrains in the disc-shaped martensite, a
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large amount of the elastic energy‘does exist which never becomes zero. This
is an attractive result indicating that the 1mp11cat10n of the phenomenologl—
cal theory must be re- examlned

The calculation for elastlc energy due to the spherical martensite with
alternating twins shows that the elastic energy per unit volume of the mar-

tensite is a decreasing functlon of the number of twin pairs.
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CHAPTER & _
STRESS-INDUCED MARTENSITE OF SPHERICAL TRON PARTICLES IN A Cu-Fe ALLOY

§~l. Motivation of the Study

In Chapter 2, it has been concluded that applied stress plays a role in
the vy » o martensitic transformation by aiding the shear deformation associ-
ated with the lattice change rather than the total shape change, which is one
of the quantities calculated by the phenomenological crystallographic theory.
It is well known that y-iron.precipitates formed in Cu-~Fe alloys and sur-— ‘
rounded by the cobper matrix undergo a Y - 0 martensitic transformation when
external stress is applied[50]. However, the shape of this o~iron martensite.
is spherical and is very different from that of other martensites in ferrous
alloys. Such a spherical shape is outside of the calculation in the phenom-
enological theory in its presentAform. However, it certainly appears that
the total shape deformation varies when the form of martensite changes con-
siderably. Consequently, if applied stress plays a dominant role on the pref-
erential formation of martensite by aiding the shape deformation, one can
expect that the orientation of martensite preferentially formed under stress
varies with the shape of martensite. On the other hand, if the preferential
formation of martensite is understood through the shear deformation in the
lattice change, the similar variants of martensite can be expected to be
formed regardless of the shape of martensite. With this in mind, the present
study has examined Yy - o martensitic transformation of the spherical iron
particles in a Cu-1.06Fe alloy single crystal by examining the orientation of
the preferentially formed martensites with respect to the stress direction.

The o-iron martensite in a copper matrix possesses the banded structure
which was first considered as alternative layers of a- and Y-iron discs[41].
Recently, Kinsman et al have shown that the bands consist of two types of
twinned variants with nearly the Kurdjumov-Sachs orientation relationship to
the parent copper matrix[44]. In a recent paper[17], the solution of the
elastic state of an ellipsoidal inclusion with a periodic distribution of
eigenstrain (transformation strain) has been presented, as edited in Appendix
A, and its applicability to the evaluation of the elastic energy due to a mar-
tensite with alternating twins has been shown in Chapter 3. It has been indi-
cated that the elastic energy caused by a spherical martensite with alternat-
ing twins decreases as the number of the twin bands increases. On the other

hand, the alternating twins induce  the additional twin-interface energy which
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is an increasing function of the number of bands. The elastic energy and the

twin-interface enérgy have different depeﬁdences on the particle size. Thus, |
one can expect that the number of the twin bands depends on the particlebsiZe.
This chapter will also examine this possibility experimentélly. Further, we
will try to obtain an information on the specific twin-interface energy in
B.C.C. iron by extending and conducting the previous calculation in 3-3-3 with

some constants relevant to the present study.

4-2. Experimental Procedure

Single crystals of a Cu~1.06wtZFe alloy were grown by the Bridgman method.
After determining the orientation of the crystal by the back-Laue technique,
tensile(3 X 3 X 40 mm) and compressive (3 X 3 X 6 mm) specimens were spark-—cut
from the as-grown single crystals. These specimens were then solution-treated
at 1233 K in vacuum for & hours and water quenched. Various sizes of vYy-iron
particles were obtained by aging the sbecimens at 973 K in vacuum for from
6 hours to 7 days. After these sequences, y-iron particles with about 200 ~
2000 K in diameters could be obtained. The y-iron particles did not transform
to equilibrium ca-iron after either 7 day aging or simple cooing to 77 X, in
agreement with the previous study[50].

Uniaxial tensile and compressive stresses were applied along approxi-
mately [416]f direction at 77 K using an Instron-type testing machine to
induce Y > & martemsitic transformation inside the irom particles. These
single crystals were sliced parallel to several different {111}f planes by a
spark-cutter. Thin foils were prepared from the discs by the jet polishing
technique using a chromic-acetic acid solution. The internmal structure and
the distribution of martensite variants in the iron particles were observed
on an electron microscope (Hitachi H-700), equipped with a 60 degrees gonio-

meter, under an acceleration voltage of 200 kv.

4-3. Experimental Results
4-3-1. Martensite variants after deformation

As theVY + o martensitic transformation in the iron particles in this
alloy begins in the very early stage of the deformation, specimens were de—
formed as much as 5 % tensile (compressive) strain at 77 K. 1In practice,
magnetic mesurement after this deformation indicated the occurrence of the

Y - o transformation in the iron precipitates. The characteristics of the
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deformation behaviour shown in Fig.

60 T — T
4.] were similar to those in the '
previous works[51, 52], i.e., the yleld -~ 1 §
:
stress was given by Orowan's relatlon 240__ :
= Cu-1.06wt%Fe

and the initial work—hardenlng rate

. - b4
was small. From electron microscopic § -
b
. .
observation of the specimens, it was °’20
L -
. . . [+
found that the orieantation relation- 2
7

ship between the G~iron particles

and the copper matrix was approxi-

o 0 { 1 !
mately 2 away from the K-S type. -0 -10 20 30
Plastic Shear Strain (%)

Fig.4.1

Stress~strain curves of Cu-1.06%Fe dlloy single crysicis
deformed at 77 K in tension. For comparison, g curve of
pure Cu single crystal was also drawn. Standard mongle
spots from the G-iron particles were . shows the tensile diractions.

‘This relationship had also been ob-
.served by Easterling and Weatherly{53].

Very often, twin-related diffraction

observed.

Figure 4.2 shows the typical appearances of the o-iron particles taken
from the primary (lil)f plane after the compressive deformation: (a) is a
bright field image, (b) and (c) are dark field images taken by using the two
kinds of o-~iron spots which are twin-related to each other. From these photo-
graphs, one can see that an o-iron particle consists of alternating bands of
twin—related martensites. In particles with 200 ~ 1500 A in diametérs, such
banded appearances could in most cases be resolved from some definite direc-—
tions when a thin foil specimen was rotated in the electron microscope.
Another feature to note in Fig.4.2 is that the bands in most particles are
equi-directionally aligned in the same direction. This was common among all
the area examined and shows the strong influence of the applied stress on the
martensitic transformation, i.e., applied stress aids the preferential forma-
tion of the specific martensite variants among the crystallographicallyAequiv—
alent ones. These bands dre parallel to the {le}b twinning plane which are
approximately parallel to {110}f matrix plane. The particles larger than
A1500 A showed rather complicated infernal structures as had been reported by
Kinsman et all44]. The dark field analysis of these large particles indicated
that they consisted of more than two variants of martensite. From this reason,
the deformed specimens, which had been aged for 2 days and in which the
particles had an average diameter of 950 A and showed a simple structure such

as shown in Fig.4.2 were mainly observed for the crystallographic analysis.
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‘ 2000A I

(a) (b) (c)
Fig.4.2
Electron micrographs of a-Fe particles. The specimen was deformed by 5%
in compression at 77 K after 2 day aging at 973K . Matrix plane is
paraliel to the primary (111} plane. (a) is a bright field image and(b) and

(c¢) are dark field images using two kinds of the a-Fe spots which are
twin-related to each other. ’

In order to examine the effect of the sense of the loading on the trans-—
formation, the‘orientations of the preferentially formed martensite variants
were determined by the dark field analysis, using the electron beam normal to
{111}f planes. The example of this analysis is given in Fig.4.3. The photo-
‘graphs'were taken from the (lll)f plane of the specimen which had been de—
formed under tensile stress after 2 day aging. More than 400 particles were
statistically examined and the final results of the distribution of the
variants both in tension and in compression are listed in Table 4.1+. As can
be seen easily, there is a strong dependence of the distribution of the mar—

tensite variants on the sense of the loading. This will be discussed later.
4~3-2. Particle size dependence of the banded structure

As stated before, the iron particles with about 200 ~ 2000 A in diameter

were obtained by varying the aging time. The banded structure of alternating

T Here, we have assumed that the martensite has the K~S orientation relation—
ship to the parent phase. That is, the nearest K-S variants were conven—
tionally marked.
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Fig.4.3

Electron micrographs showing the distribution of varionts in (1T1)¢ plans of @
tensila specimen. (a) is a bright fiald image and (b),(¢) ond (d) cre dark fisld
images corresponding fo the variants I1-6, 1-3 and I-1, respectively.

twins could be observed in many particles of various sizes. Typical appear—
ances of the banded structures in o-iron particles of various sizes are shown
in Fig.4.4. One can see in Fig.4.4 that the number of the bands in the par—-
ticle increases as the particle size becomes larger. About fifty a-iron par—
ticles of various sizes were examined and the number of bands in each particle
is plotted against the particle diameter in Fig.4.5. It can be seen that the
number of bands has the tendency to be proportional to the particle diameter
despite of the large scatter in the observation. This will be discussed

later.
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4~4. Discussion
‘4-4-1. Stress effect on the Yy > o transformation in the iron particles.

As seen in Table 4.1, the sense of the applied stress plays an importaﬁt
role in the Yy - o martensitic tranéformapion. This means a strong effect of
the applied stress on the transformation. In Chapter 2,we have observed the
variants of stress-induced martensite in Fe-23Ni-5Ct alloy single crystals and
concluded that the applied stress aids the shear deformation of’{lll}f<211>f
in the initial stage of the transformation. In a similar manner, one can
interpret the present experimental observation on the stress effect on the
orientation of préferentially formed martensites.

The variants distribution shown in Table 4.1 is essentially the same as
that found in the Fe~23Ni-5Cr alloy with almost the same stress axis (see
Table 2.2). Moreover, Higo et al[3] observed the similar distribution of the
stress-induced martensite in Fe-18Cr-14Ni stainless steel single crystals

except that their observed distribution belonged to the variants, of which the

orientation relationships were described with the plane parallel to the active

Fig. 4.4

Typical banded structures varying with tha siza of the a-Fa particles.
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Table '4_1'{111}f<211>f shear mechanism and E;/0 values of the 24

K-S variants with respect to the present stress axis. Observed

frequency of the stress-induced martensite variants is listed in
the right columns.

Variant {111} <211> E_/o Observed
. ' £ £ I
shear frequenc
notation mechanism value 4 4
1st shear 2nd shear Tension|{Comprassion
-1 Ba(-0.343) ¢8(-0.321) | 0.028 |-—~—4%F — 697
- 2 Ba(-0.343) | Dy(-0.049) { -0.027
1~ 3 Ca(-0.143) | DR( 0.188) | -0.078 |—60%
-4 Co(~0.143) B§(-0.061) { 0.028 |——l——§5%
-5 Do 0.481) | By( G6.011) | -0.027
-6 Do 0.481) CB(-0.004) | -0.078 |—65%
-1 €8(-0.321) Ba(-0.343) | 0.028 |———t—m 23
-2 C8(-0.321) | AB(-0.179) | -0.027
2 - 3 B8(~-0.061) Ay( 0.039) | -0.078
-4 BS(-0.0561) Co(~0.143) | 0.028 |t 25%
-5 AS( 0.390) CB(-0.004) | -0.027 |-—31Z
~ 6 Ad( 0.390) By( 0.011) | -0.078
-1 AB(-0.179) | py(-0.049) | 0.028
-2 AB(-0.179) C3(-0.321) | -0.027
3 ~ 3 - D3( 0.186) Co{-0.143) | ~-0.078 |~—10Z
-4 DB( 0.186) Ay( 0.039) | 0.028
-5 - CB(-0.004) | AS( 0.390) | ~0.027
6 c8(-0.004) | pa( 0.481) | -0.078 |—-332
-1 bY{-0.049) AB{~0.179) | 0.028 |—19%
-2 DY{(-0.049) | Ba(-0.343) | -0.027 |———— 9%
4 - 3 Av( 0.039) | BS8(-0.061) | -0.078
- 4 Ay( 0.039) DR( 0.186) | 0.028
-5 By( 0.011) Da( 0.481) | -0.027 =797 ] 5%
-6 BY( 0.011) A8( 0.390) | -0.078 :

slip plane (lil)f. In the present Cu-Fe alloy, the spherical martensite is
formed. On the other hand, in the Fe-23Ni-5Cr and Fe-18Cr-14Ni alloys, the
shapes of martensite are needle-like and lath-like, respeétively. In short,
the same variants of G-martensite are forméd under the stress regardless of
the martensite shape, when the change in lattice is from F.C.C. to B.C.C.

This strongly suggests that one can interpret the present result on the stress
effect on the preferential formation of the stress—induced martensite in a |
manner similar to that discussed in the studies of the Fe-23Ni-5Cr and Fe-18Cr—
14N4 alloys. Accordingly, we can again conclude here that the applied stress
aids the shear deformation of {111}f<211>f in the v »+ o lattice change. In
fact, the K-S variants with the large Schmid factors of the>{1ll}f<211>f

shear systems are preferentially observed in Table 4.1.

One might argue that the épplied stress determines the preferentially
formed variants in such a manner that it aids the total deformation. This
idea can be examined by calculating the interaction energy between the average
Bain strain of the martensite and the applied stress, Gij. On the assumption
that an o-iron particle consists of the same amount of two twin variants and

that the elastic constants are uniform throughout the specimen, the interaction
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energy per unit volume of martensite becomes

E = - b e .
I ij ij
= - (\UE* cosza + oe? coszd + ge¥ cosza ) ‘ (4.1)
' B B I 1 22 2 33 3 > :

. where 0 is the applied stress, cost, is a directional cosine between the

stress axis (%[416]f in the present study) and the principal axis X, of the
. & . . . .

F.C.C. lattice. gij is the average transformation strain and can be written

in the case of the twin variants 1-3 and 1-6 as

_ 82 .0 0 el 0 0
* _ 1 1x 2% _ 1 1
iy =2 ( Eij + Eij ) = 5 0 El 0| + 5 0 €, 0 . (4.2)
0 0 el 0 0 el

With the lattice parameter of a-iron, 2.862 2 and that of y-iron, 3.562 2,
which is an extrapolated value[41], el and €,y become 0.136 and -0.197, respec~
tively. The calculated interaction energies are shown in terms oﬁ EI/U in
Table 4.1. Positive and negative values of EI/O are favored in compression
and in tension, respectively. We can see that twenty-four K-S variants are
divided into the three sub-groups with the same EI/O values. However, the
experimental results of the distribution of variants indicate that the
variants belonging to the same sub-group were not observed equally even if we
admit the statistical errors. This fact means that the formation of stress-—
induced martensite should not be understood solely through the stress effect
on the total shape deformation.

Suzuki et al[29] discussed the formation of martensite during deformation
and emphasized an important role played by internal stresses due to disloca-
tions but not by applied stress. Since only the iron particles transform
into martensite in the situation examined in the present study, only the
dislocations, left around the particles, should be considered if one pursues
the line adopted by Suzuki et al. However, in the present study, it was
found that almost all the iron particles in the specimens deformed by 5 %
shear at 77 K transform into martensite. 5 ¥ shear was within the initial
stage of work-hardening, where the flow curve does not exhibit the character-—
istics of strong particle bearing materials and the hardening rate is not
significantly larger than that in pure copper, as shown in Fig.4.l. Thus,
one should not expect the presence of Orowan loops which might have produced
internal stresses on the iron particles. The remaining possibility is that

some dislocation debris, which may play a role similar to that by statisti-
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cally stored dislocations, is 1eft>around a particle. On this basis, however,
it is hard to see that the distribution of the preferentially formed marten-—
sites is sensitive to the 'sense of the applied stress as observed in Table 3.1.
Thus, it is concluded th%t the applied stress itself induces the martensitic

transformation in the present study.
4-4-2, Elastic energy calculation

Instead of assigning the different Bain strains to the alternating
regions constituting the banded structure, as implied by equation (4.2), the
distribution of the eigenstrain in a twinned banded martensite particle { can

be expressed as

T 1T 27
€., = €,. + €,
ij ij ij

S

T .
€33 (0) 5 (88,5 +8,,8.,) , a1 = 0)

= - ' (4.3)
keij (0) +n21 E'irj () sin {(2n - 1)w§z} . M # 0,

where z is the coordinate axis perbendicular to the twin plane, a the particle
radius, 2M the number of the bands and aij the Kronecker delta. Here, it is
assumed that the alternating regions have equal thickness. The second term in
(4.3) represents the twinning shear; for example, when M = 1 and the suitable

coordinate axis is chosen, it becomes

2T 2T (z>0)

831 = 513 = in £,

N Njwm

(z<0)

with the other components being zero., Here, 28 = t is the twinning shear of
B.C.C. metals, 0.707. Applying calculation given in 3-3-3 and assuming that
the spherical precipitate and the matrix have the same isotropic elastic
constants and the Poisson's ratio is 1/3, we can compute the elastic energy of
a twinned martensite particle, due to the second term in (4.3). The results
of M= 0 to 4 are shown in Fig.4.6, which is identical to Fig.3.4, where U is
the shear modulus. Although the calculation has not been performed for large
values of M because of time limitation, it would be seen that as M increases,
the elastic energy decreases, as speculated by Kinsman et al[44]. However,
their calculation has been conducted in a limited case, corresponding to M = 1
in the present work and based on the rough expression of varying eigenstrain

in the banded structure. Although it can be calculated easily by using the
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Eshelby theory, the elastic energy ‘due

30 i T

to the first term in equation (4.3), \ ‘
. T . R ’
i.e., eij(O) is independent of the
banded structure in the particle., ' : ] .

With respect to the &bove discus-— 820k * . —

o3 L]
sion, it should be useful to comment g * s oo
on a calculation performed by 5 ° oy
L “>es
Easterling and Weatherly, who discussed § °s .
Py - - E L4 L *
the nucleation of martensite in a 2 10 . e —
» L d
spherical particle[53]. They consid- - . "
* ©
ered the uniform eigenstrains of expan- ° o
sion and shear and emphasized a diffi-
. . 0 1 |

culty in nucleation because of the 0 500 050
large elastic energy due to the shear Particls Diameyer{f\)
component. Although the model describ- Fig.4.5
ing the structure of a martensite par—  Relation batwsen the porlicle siza and the number

. . . . . . of bands in the particls.
- ticle in their calculation is different P

from that in the present study, their calculation on nucleation must be mod—
ified. This is because the elastic energy can be reduced if the shear compo-
nents are suitably distributed in many parallel regions, as it is the case.
Here, it must be stressed that the elastic calculation employed in the
present study is entirely different from that conducted by Shibata and Onol43]
and Easterling and Tholén[46]. For the eigenstrains (transformation strain

plus lattice invariant strain) employed by them were uniform throughout a

martensite. On the other hand, in the f T T 0 T

e
o
T
I'd

!

present study, the eigenstrain which

changes periodically in the martensite

e
>
T
’
]

was introduced. This makes it possible

to take into account the effect of the

o
o
T
’
v’
|

non-uniform distribution of eigen—

©
»
T
0]
]
t
|

strain. Contrary to this, Shibata and

Ono and Easterling and Tholén took the

Elastic Energy (x pS20/2)
o

T

i

average eigenstrain which has, in

reality, non-uniform distribution and o 1 1 | 1
thus, could not examine the effect of

the fine structures such as designated ¥ig.4.6

by M in this study. In other words, Elastic energy of o mariensite particla with M poirs of twins.

the calculation using the average



- 47 —

eigenstrain considers, in essence, only the first term in equatioﬁ (4.3),
while the effect of the ﬁumber of the twin'bands is only taken into account
by the second term in (4.3). '

One might say‘that one can examine the possible existence of the lower -
elastic state by changing the relétive volume of the two twin-related regions
instead of assuming that the twinned layers have equal thickness. However,
by symmetry consideration it can be shown that the elastic energy has a
* minimum when the spherical martensite is a single domain or consists of the
equal amounts of two twin-related regions. Since it has been shown that the
former situation results in the larger elastic energy, the assumptlon adopted

in ‘the elastic calculation is justified.

4~4~3. Banded structure in G-iron particles and twin-interface energy

consideration.

As shown in Fig.4.5, the number.of twin bands becomes larger as the par-
-ticle becomes bigger. This can be examined by considering both the elastic
and the twin-interface energies of a particle. 1In Fig.4.6, it is shown that
the elastic energy is the decreasing function of M. However, if M increases,
the interface of the twin boundary.increases; the twin-interface energy is an
increasing function of M. Therefore, it is not difficult to imagine that the
sum of the elastic energy Ee and twin-interface energy Et must have the mini-
oomum at a suitable value of M = M,. This situation is schematically shown in
Fig.4.7.

Let £(M) be the elastic energy per unit volume of a spherical O-iron mar—

tensite and T be the specific twin-
interface energy per unit area. When
M > 1, the total interface area A can

be written as

>
M-1 o
A=27Y {ma®(1- -—-)} - a2 2
n=0 M? L
= ma®( 4M%- 1)/3M .,
Accordingly, the sum of the elastic .
. 0 Mo
ener ertinent to the present discus-~
gy, P P _ "
sion, and the twin-interface energy Fig.4.7
becomes Schema of a dependence of the elastic (Ee) ond the twin-
_ ‘ interface (Et) energies of a mortensite particle on the number
E + E - _4_ Tadf o) + 'rrl"a (4M2 1) of twin pairs,M . The sum of these two energies hos o
e t *

minimum at M =M, .

3
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Putting M = ﬂo where the energy minimum is obtained; M, cdn be expressed by
solving . v V
9(Ee + Ep)
Y
or
f'(M°)=—Z%(4+i%g).

considering that

h<bh+to<s,

Mo

the following expression can finally be obtained

1
M5

I
a

. : (4.4)

' _ T
[£1010) [ = = (4 +=5)

fe

Equation (4.4) means that ]f'(Mo)] is almost proportional to the inverse of
the particle radius a. Noting that f(M) itself is a decreasing function,
downward convex of Mi‘, one will see that as a becomes larger, M, becomes
larger, too. Thus, we can explain the experimental results shown in Fig.4.5
by considering both elastic and twin-interface energies of a particle.

Finally, let us evaluate the specific‘twin—interface energy by means of
equation (4.4), Figs.4.5 and 4.6. 1In order to use the results of Fig.4.6,
we must determine the parti;le radius at M, = 3 (6 bands). From Fig.4.5, it
can be chosen as a % 150 Z. Figure 4.6 shows that If'(B)l = O.O33u82/2.
Substituting U = 4.6 x 10 N/m? and S = 0.354, we can obtain

F'=a.|£'(3)] v 1.4 J/m?

Of course, this is a rough approximation because the graphical differentiation
is inevitable in using Fig.4.6 and the assumption of the uniform and isotropic
elastic constants is involved in the numerical calculation in addition to the
numerical integration, as shown in 3-3-3. TFurthermore, the estimated value of
I' is possibly an over-estimation. This is because the relation between M and
a has been measured under the condition that the total energy is not minimized
but goes to the minimum; for the twin formation is achieved by movement of
twinning dislocations and this requires some amount of energy dissipation.

In fact, Shibata and Ono[43] have shown that as the energy dissipation, Eq,

T This can duly be justified. For if f£(M) should be the upward convex func-—
tion of M, the elastic emergy must become negative at very large values of
M.
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increases, the amount of the average latticé_invariant shear to make Ee-FEd
minimum decreases. This is due to the fact that when the energy dissipation
‘involved in the process, which seeks the equilibrium state, is not vénish— A
ing, the real physical system does‘not attain the equilibrium‘state which is’
required by the eqUilibrium thermodynamic law. For example, in the present
‘situation, when the band of twins is formed, the generalized force, due to the
decrease of the elastic energy and the increase of the twin-interface energy,
is given by - B(Eei-Et)/as, where s represents a parameter to indicate the
amount of twinning shear. The force to oppose the twin formation is BEd/BS,
where Ed is the energy dissipation due to the movement of the twinning disloca-
‘tions. It is.natural that the final state is attained when B(Ee-FEt-FEd)/as
= 0, if the energy dissipation is not zero. In the present situation, this
means that the physically attained M is lower tham M, defined in (4.4). This
is the correct understanding of the conclusion reached by Shibata and Ono[43].
However, the large value of T is not in contradiction to the general

belief thaf the stacking fault energy as well as the twin-interface energy is
large in O-iron. In fact, a calculation by Vitek[15] and one by Masuda[16]
give large values of I'. Furthermore, the absence of annealing twin in o-iron
certainly supports the large value of I'. It is noted that even in Al which is
considered to have ' of v 0.2 J/mz, annealing twins are sometimes observed.

' In concluding this section, it must be emphasized that the significant
contribution of the twin-interface energy should be considered in the energetics

involving martensitic transformation.

4-5. Conclusion

Spherical o-iron martensite in a copper matrix was obtained by applying
the uniaxial tensile and compressive stresses on single crystals of a Cu-Fe
alloy. The orientation of preferentially formed martensite variants undexr the
applied stress was examined by the electron microscope, and was essentially the
same as that of the preferentially formed martensites in an Fe-23Ni-5Cr and an
Fe-18Cr-14Ni alloys. From this,.it has been concluded that the applied stress
plays an important role on the {lll}f<211>f shear systems in the initial stage
of the transformation. Electron microscopic observation indicates that the
O~iron particles are divided into the alternating twin bands, the number of
which is strongly size dependent. Considering both the elastic and twin-interface
energies of a particle, this size dependence can be explained and the specific

twin-interface energy is evaluated to be Vv 1.4 J/mz.
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4-6. Addendum

(a) As will be shown in Chapter 5, a <Y-iron particle in'copber matrix is
subject to a large elastic energy due to the misfit of lattice parameters
between y-iron and copper matrix. The resultant internal stress 8ij is
tensile and hydrostatic, . e. %ij=¥%6ij, and 8 can be evaluated to be.

- 1600 MN/mz. On the other hand, the magnitude of the tensile stress is the
order 6f 50 MN/m2 from Fig.4.1. From these values of the internal'and exter—
nal stresses, it can be shown that the work done by these stresses during the
Y + o transformation process in an iron particle becames respectively

1.2 % 108 J/m3 (by the internal stress) and 3.8 X 106 J/m3 (by the external
stress) which is the largest value. These values mean that from the quantita-
tive standpoint of view, the effect of the external stress on the transforma-
tion is negligible compared with that of the internal stress. However, the
fact that the y-iron particles transform into o-martensite only when the exter—
nal stress is applied strongly indicates that not the huge hydrostatic inter-
~al stress but the shear stress is essehtial for the Y = o transformation to

occur.

(b) As wmentioned in the fhird,paragraph in Section 4-4 from p.48 to p.49,
observed number of the twin bands is not larger than M,. The significant
scattering of the data points in Fig.4.5 may be caused by the existence of a
variety of physical processes, which the present study neither intends to nor
is able to pin down at this moment and by which the large elastic energy
brought abouf by the insufficient number of the twin bands is relaxed.
Pursuing this understanding, one is compelled to conclude that even the use
of the largest number of M at a given particle size in Fig.4.5 gives the upper
bound of I'. 1f one uses the data point of (M=10, a=180 Z) in Fig.4.5 and
extrapolates it linearly to M= 3, a becomes 60 2. This combination, (M=3,
a=60 A), results in T <" 0.6 I/m®. 1t is interesting that I'=0.6 3/m? is
very close to T calculated by Vitek[15] and Masuda[16].
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CHAPTER 5
ORIENTATION AND SHAPE DEPENDENCE OF ELASTIC ENERGY OF
ELLIPSOIDAL PRECIPITATES IN ANISOTROPIC MEDIA

7

5-1, Motivation of the Study

- In a Cu-Fe alloy, the shape of y-iron precipitates formed during aging is
spherical, as shown in Chapter 4. On the other hand, disc-shaped copper pre-
cipitates, usually called G.P. zones, are observed in an Al-Cu alloy. These
two types of precipitates have the identical eigenstrain (transformation
strain) in quality with some differences in guantity and in elastic
constants of the matrix and the precipitates. Tt is conceivable that elastic
energy depending on the eigenstrain as well as on the elastic constants plays
a role in determining the shape and orientation of the precipitates.

The shape dependence of the precipitation was first discussed by Nabarro
[56]. He considered three types of shapes (disc, needle and sphere) of pre-
cipitates and concluded that the disc-shaped precipitate has the smallest
elastic energy, while the spherical one has the largest. ZLater, Laszlo
pointed out that the conclusion reached by Nabarro could not be taken for
granted[57]; it is valid only when the shear modulus of the precipitate is
sﬁaller than that of the matrix, but the reverse condition is correct if the
precipitates are larger in shear modulus than the matrix.

Howevef, the calculations conducted by Nabarro and Laszlo are based on
isotropic elasticity. Recent developments on the elastic state of an ellip-
soidal inclusion in an anisotropic medium can be used to evaluate the elastic
energy due to precipitation occurring in actual and real alloys which have
anisotropic elastic constants. Only very recently, a single paper has
appeared which has calculated the elastic energy of precipitates in some
crystals with anisotropic elasticity[58]. Since such a calculation inevitably
involves some numerical computations, the above paper alone does not offer the
universal condition, which is similar to that by Nabarro and Laszlo in iso-
tropic elasticity and on which the shape and orientation dependence of pre-
cipitation in any alloy can be discussed.

Thus, it has been decided that the elastic energy of precipitates of
representative shapes is calculated in a Cu-Fe alloy to pursue the curiosity
arising from the observed shape of Y-iron precipitates surrounded by copper
matrix. For comparison, a similar calculation is conducted in an Al-Cu alloy.

It is well known that if a precipitate and a matrix have identical
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isotropic elastic constants with the eigenstrain (misfit strain) of €7, = €8,

1] 13,

the elastic energy does not depend on the'shape‘and that-this is due to the
absence of the interaction between any volume elements constltutlng the par—
ticle. Thus, if the elastlc energy depends on the shape and orientation of
the precipitate in an anlsotroplc medium, one can conclude that the interac-—
‘tion among constituting volume elements is present and accounts for such shape
‘and orientation dependences. The calculation of the elastic interaction
energy between two volume elements requires the stress field outside of a
volume element., Recently, Mura and Cheng[21] have succeeded to formulate the
elastic field outside of an ellipsoidal inclusion in an anisotropic medium in
a usable form: This has enabled the present study to examine the shape and
orientation dependence of the elastic energy of the precipitate by the inter-

action between the constituting elements.

5-2. Elastic Energy of a Spherical~, Needle- or Disc-

Shaped Precipitate in an Anisotropic Medium

It has been shown[20,39] that when a homogeneous ellipsoidal inclusion

A
et

/a + x /a + x /agzz (5.1)

ol
has constant eigenstrains of Egn’ total strains (constrained strain) Yik
inside it is uniform and is given by

=G, e* : (5.2)

Yik ikmm mn

with

_ 218283
Sikmn ~ “g;f“{ 4 2mn Eg{ikN (E) + £, Nk (E)}D (a>c (E)dS(E) .
2

S (5.3)

Here C.,an are the elastic constants, E is the unit vector and the integration
J~m 2 - -
is performed on the unit sphere S§°, N..(E) and D(g) are respectively the

cofactors and the determinant of the 3X3 matrix with elements C qupgq

(i,j) components and C(E) is given by
2 . 2 2., 2, =.27%.
g = {a (e Ej) + az(ejzij) + a3(ej3£j) } (5.4)

where e, 2 is the direction cosine between the x1 axis (taken as the crystallo-

graphlc axis such as [100], [010] and [001]) and x] axis, parallel to the

L

principal axis of the ellipsoid, (5.1). When a, = a

1 and a3/al - o (needle),

2
it can be shown that (5.3) reduces to[20]
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1 E IR ow (P aE T [ |
Sikmn = 4 ﬁlcjgmngz{gk“‘ij ® +EN OP T Had , (6.5
s ) .

where the integration is performed along the unit circle, Sl,'the plane :
bounded by it being perpéndicular to the xé axis (needle axis). Similarly,

when a; = a, and a3/al + 0 (disc), it has been shown[20,36] that

_ 1

, = F = = ey =1 .=
Siton = 7 Cigmabe 6N B + ENEIDTTE) (5.6)

where the unit vector, &, is perpendicular to the disc plane (§ ﬂxé).

If the inhomogeneous inclusions with the elastic constants of C;qik and
. . *h L .
the eigenstrain of emn is dealt with, the stress ¢ and the strain Yik in the

inclusion are found by solving the following linear equations:

* *

Oy~ €50 - Coqik Vi ~ €1 (5.7)

¢} = C
pq  pgik
with (5.2) ~ (5.6). The above equation is obtained by considering the equiva-
lency of the stress and the strain of the inhomogeneous inclusion and the
equivalent homogeneous inclusion[19]. As often utilized, the elastic energy,

Es’ due to the inclusion is given by

1 %% 1 *k
E =~—=10 € dx = - =V,0 ¢ 5.8
s 2-[ Pq pq ~ 2 "°"pqgpq .8
Vo

where V, denotes the volume of the inclusion. Since (5.3) is not in general
integrated analytically, one has to perforﬁ the pertinent calculation numeri-
cally, by choosing adequate values of the elastic constants which depend on
particular materials. Choices of materials are numerous and general discus-—
sion on the elastic state of the precipitates is hard to conduct. Thus, in
this study, restriction will be put on a case which is pertinent to the
present thesis and will be discussed later.

For simplicity, we will deal with the case of E;; = ESmn’ corresponding
to the situation where the substitutional solute atoms coagulate or form
precipitates with the crystal structure identical to that of the matrix but
different elastic constants. Also copper is selected as the matrix material,
with C = 16.84, C = 12.14 and C = 7.54 X 1010 N/m?. The numerical

1111 1122 1212
integration of (5.3) is performed by a computer.

5~2-1. Orientation dependence of the elastic energy due to a needle- or disc-

shaped precipitate.

Fisures 5.1 and 5.2 show the equi-energy econtours with respect to the
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Needle (10°4/m’)
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Elastic energy of a needle shaped precipitate as a function of orientaticn
in copper (10'°J/m3)
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Elastic energy of a disc shaped precipitate as a function of crientation
in copper (10'° y/m3)
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principal axes of the copper matrix jn the case of C;qik =f Cpqik {vith f=0.3,
1 and 3 for a needle and a disc, respectively. It is seen that the minimum
elastic energy is attaipe’dywhen the needle-'akis is parallel to [001] and the
disc plane is perpendicular to [001]. The elastic energy becomes maximum wﬁén
the needle is parallel to'[111] anci the disc plane is perpendicular to [111].
The identical orientation dependence of the elastic energy has been found for

£f= 0.1 to 10.
5-2-2. Shape dependence of the elastic energy

In Fig.5.3, the elastic energy of a spherical precipitate is plotted‘
against f together with those of a needle and a disc precipitates at the
lowest energy orientation. When f is small, say less than 1, the elastic
energy is the smallest in the disc and the largest in the sphere, although
the difference between the sphere and the needle is not large. When f is
large, the sequence in the elastic energy becomes inversed. The cross point
is somewhere around £ = 2 v 3. These results are similar to those obtained by
the isotropic elasticity[57]. However, the essential difference between the
present anisotropic calculation and the previous isotropic calculation exists
in that the three curves do not croés together in the former, while, in the
latter, they cross together at £ = 1.0.

Although they are not known, the elastic constants of y~iron are considered

to be of the same order or at most less

than twice of those of copper. Thus, ‘ ‘ ' ‘/
the iron precipitates in a copper matrix n‘\E 1001~ : O |
-3
3 . . o
- could decrease the elastic energy if © sol Cu A
they took a shape of a needle or a disc. :E: O/
3 —
This argument can be examined by using 2 ﬁ%a o
the elastic constants of iron-base F.C. 5 /O
: §, 1o R -
C. alloys which are believed to be not S / © Sphere
much different from the F.C.C. iron, §' 5 O Disc, {00
' ) w A Needle , [OO12
For example, an F.C.C. alloy of 70%ZFe- =
o o
7 . ~ - ul .
30%Ni hai been reported t: have Cllll & ' ) : :
~ = = X .
14i85, (31122 8.67 and 01212 11.34 [oX 0.3 1.0 3.0 10.0
1077 N/m2[59]. Also the elastic f
constants of 70%Fe-187%Cr-127Ni (auste— _ Fig.5.3

nitic stainlesssteel) are available[60], Eigstic energy of spherical, disc and needle

Cilll = 19.11, CilZZ = 11.78 and Ci‘212 = precipitates as a function of relative elastic

10 constants f (copper matrix )
13.85 x 107 N/m?. The elastic energy,
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thus calculated by u31ng these elastic constants and assigned to unit volume ,

of a precipitate with €~~O .0125[41] is 27.4 % 10 J/m? (sphere), 23.9 X 106
J/m® (needle) and 19.8 x 10 J/m (dlSC) for the elastic constants of 70/Fe~304 |
i and 30.2 % 100 J/m®(sphere), 27.0 x 100 J/m®(needle) and 25.5 % 10°% J/m?
- (disc) for those of austenltlcstalnlesssteel. The elastic energies of the
needle and the disc are minimum when they lie parallel to [001] and (001),
- respectively. Thus, the calculation based‘on the available elastic constants
of ferrous F.C.C.alloys also gives the identical argument that spherical iron
precipitates are not the favorable ones in terms of elastic energy. However,
the interfacial area between the matrix and a needle or a disc is much larger
than that between a sphere and the matrix when the volume is constant.
Consequently, when € is small or when the interfacial enery is large, one
could expect that y-iron precipitates take a form of sphere. Although the in-
terfacial energy between copper and y-iron 1is mnot known, € is, in fact, cer-
tainly small, -0.0125[41].
In coﬁnection with the above discussion, similar calculation using alumi-
aum as a matrix is performed. The elastic constants of aluminum are Cllll =
10.82, Cyq,, = 6 13 and Cyyp, = 2:85 % 10%° N/m?. Figure 5.4 shows the calcu-
lated results, similar to Fig.5. 3, with aluminum as amatrix material. Again
in this case, a needle and a disc precipitates take a minimum elastic energy

when they lie parallél to [001] direction and (001) plane, respectively-

Contrary to the y-iron precipitates

in a Cu-Fe élloy, disc-shaped copper
' 100F- O/—

precipitates are formed in an Al-Cu

‘alloy. One can also understand this

o
]
|
2
A

facts through the elastic energy con-—
sideration. Using the elastic constants

of copper (a precipitate) and aluminum

S
1

(2 matrix) with g =-0.109 (calculated

. /37 o ® Sphere i
5 P - —
/ O bise, (001)

from the lattice parameters of copper A Needls, [OOI]

Elastlc Energy /€2 Unit Volume (10" J/m3)

2
and aluminum), the elastic energy as—
signed to unit volume of a copper pre— | & { ' . '
cipitate is calculated as 14.9 x 108 ol 03 '? 30 10.0
J/m3 (sphere), 14 4 % 10 J/m? (needle)
6 O / Fig.5.4

d 13.6 x 1 J/m>(d . Th last
an ( isc) e elastic Elastic energy of spherical, disc ond needle
energies of the needle and the disc are precipitates as a function of relative elastic

minimum when they lie parallel to [001] constants f {aluminum matrix)

and (001), respectively. Thus, one can
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see that the copper precipitates take the form of disc in an Al-Cu alloy.

Of course, one must con51der the effect of the 1nterfac1al energy between the
precipitates and the matrlx However, in an Al Cu alloy, the dlfference of.
the elastic energles between the sphere and the dise is about two figures
larger than that in a CulFe alloy. This is entirely due to the large value of

g in an Al~-Cu alloy and the interfacial energy contribution can duly be neglected.

5-3. Interaction Between Elements Constituting Precipitates

The results in Figs.5.1 " 5.3 will be discussed in a slightly different
manner. Let us consider a homogeneous inclusion for simplicity. The fact
fhat the elasfic energy depends on the shape and orientation is a characteris-
tic of the presence of anisotropy in elastic constants and indicates that
there is an interaction among particles which constitute the precipitate. The
interaction energy between two particles with volumes V, and V2 is expressed

1
as.

2;‘: .

E_= - % " dx , 5.9

I f, pq pq % .9)
Yy

I

where %pq is the stress due to particle 1 and %;q is the eigenstrain of parti-
cle 2, The stress field outside of an ellipsoidal particle has been given by

Mura and Cheng[21] in the case of constant egn as

. a1azas % 5 Evn— Ll Ey 3,5 =
0@ = Cn L o o f:kcjzmnalzkwij<g>n Gl GE
S
%
€mn ® oE = ~L.n, '
- 75;—§ gy ; DD )y @] (5.10)
L

- ’ 1 _
Here , & is a unit vector, y==(yiyi) 2 and T and y are defined as

vy = %q/8p 5 ¥y = xy/a, vy = x5/as

£./C, (5.11)

T, = a5/t T, = a8/t Ty = anE,
= @EDP + (0,57 + (aF)7 .
s* s the subdomain on S° satisfying
cry sl (5.12)

and the integral along L is performed along the circle on 82 given by
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I e

sy =1 A(5,13)
Thus, by'performiﬁg the'integratiop in (5;10) numerically, one can calcﬁlate
the’interactiqn energy bet&een'two.ellipsoidal particles, once their positions
are specified. : .

Suppose a needle—shaped_precipitate is formed By adding solute particles
along a particﬁlar direction. The energy required to form such a row of par-
ticles is the self energy plus the interaction energy of the solute particles,
considered as misfitting spheres. Since the self energy is independent of the
direction, one can tell the energetically favorable direction of the row of
particles by examining their interaction energy. Tables 5.1 and 5.2 show the
interaction energy between two spheres with ezn = Gmn along the relative =
direction between them. Here, the distance R between the two particles is
normalized by a radius of sphere. It should be emphasized that the interac-—
tion energy vanishes for isotropié media and, therefore, these values of the
energy in Tables come from the anisotropy of the material. 'By compar;ng the
magnitude of the interaction energy at a given R/a along [001] (¢ = Oé), [011]
(¢ = 45°) and [111] (B = 54.7°), it is certainly understood that [001] is the
most favorable direction and [111].the least favorable one. This leads to the
same conclusion obtained from Fig.5.1 that a needle-shaped precipitate will be
formed in [001] direction.

The interaction energy averaged over ¢ is also listed in Table 5.1.
Compare this with the interaction energy at ¢ = 0°. Then, it will be seen
that a disc precipitate perpendicular to [001] hés the lower energy than a
needle precipitate parallel to [001] (see Fig.5.3). At the identical R, the
interaction energy along [001] is smaller than that averaged over ¢. However,
one has to compare these values in the situation where the equal number of the

‘solute atoms are accumulated. This can be done by comparing the interaction

Table 5.1 Interaction energy of two spherical particles in Cu with
€¥; = 855. ¢ is defined in Fig.5.1. Energy is normalized by dividing
1] 1] . . . . 6

the particle volume and is in units of J/m°.

ot 0° 11.3° 22.5° 33.8° 45.0° Average
2 | -3.731x1019 | -3.195x10%0| -1.488x1019} 2.663x10% | 9.039x10% | -1.449x10%0
4 | —4.746x109 | ~4.440x10% | -3.391x10° | 4.280x10% | 3.392x209| -1.752x10%
8 | -7.755x108 | -6.574x108% | -5.091x10% |-2,365%107 | 5.622x108 | ~2.801x108
16 | ~1.967x10% | -1.496x10% | ~9.143x107 {-2.190x107 | 6.161x107 | -7.960x107
32 ~7.464x107 | -5.513x107 | -2.689x107 |-1.122x107 | 1.978x105| -3.354x107 .
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Table 5.2 Interactlon energy of two spherical particles in Cu

with e¥, = §... 0 is deflned in Fig.5.1.
1j ij
| 8 L] -] -] -] (-3
R/a 0 A 13.7 27.4 41.1 54,7
2 -3.731x1010 | -2,913x10%0 | -4.652x1010 | 1.819x1010 2.619x1010
4 -4.746x10° | ' —4.017x102 -2.4644%10° 2.690x10° 5.794x%109
8 ~7.755%108 -3.405%108 -2.462x108 4.106x108 8.827x108
16 -1.967x10% 3.964%107 3.734x107 1.119x108 1.410x108
32 ~7.464x107 . 4.611x107 4.001x107 4.551x107 3.151x107

energy at the square of R for the needle with that at R for the disc.

5-4. Conclusion

In this chapter, it has been shown that the elastic field and energy of a
precipitate can be treated with anisotropic elasticity and that the shape
dependence of the precipitates can be interpreted in terms of the interaction
energy between constituting elements. The elastic energy of a precipitate
with misfit strains depends on both the shape and the direction with respect
to the matrix crystalline axes. When the elastic constants of a precipitate
are smaller than those of a matrix, the elastic energy is the smallest in a
disc and the largest in a spherical precipitate. On the other hand, when the
eiastic constants of a precipitate are larger than those of a matrix, the shape
dependence of the elastic energy becomes reversed. Orientation dependence of
the elastic energy coming from the anisotropic elasticity indicates that the
needle- and disc-shaped precipitates prefer to form parallel and perpendicular
to [0011],

respectively. These facts can equally well be explained in terms of

the interaction energy between two particles.
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CHAPTER 6

SUMMARY AND CONCLUDING REMARKS

In this study, the effect of ‘applied stress on F.C.C. to B.C.C. marten-
sitic transformation in Fe-23Ni-5Cr and Cu-1.06Fe single crystals has experi-
mentally been studied. Here, the orientations of the martensites, preferen-
tially formed under stress, have been determined with respect to the direction
and sense of applied stress. This is to discuss the operation of the atomic
shear system to induce the lattice change. In addition, the elastic calcula-
tions, based on the recent development of the elastic state of an ellipsoidal
inclusion, haﬁe been conducted to discuss several aspects of the present
study; the evaluation of elastic state of a disc and a spherical martensite
and the calculation of the elastic energy assoclated with precipitation in a

Cu-Fe alloy.

The content of this thesis and thé important findings in the present
study are summarized as follows :

In Chapter 1, of Introduction, the historical backgrounds and the motiva-
tions of the present studies were mentioned.

In Chapter 2, the experimental study on the effect of applied stress on
F.C.C. to B.C.C. martensitic transformation in Fe-23Ni-5Cr single crystals was
presented. The crystallographic analyses of the stress—induced martensite
indicate the important role of the applied stress in the initial stage of the
transformation involving the lattice change. On the contrary, the experimental
observations could not rationally explain the effect of the applied stress on
the total shape deformation of martensite.

In Chapter 3, the elastic energy associated with the transformation was
evaluated by conducting the calculation based on the elastic state in an inclu—
sion with periodically distributed eigenstrains. It has been found that if
one duly takes into account the periodical distribution of eigenstrains in a
real martensite, a significant amount of the elastic energy does exist. This
fact implies that the basic concepts of the phenomenological crystallographic
theory should be re-examined and that the energetics involving the martensitic
transformation should be considered by taking into account the importancelof
the periodical distribution of eigenstrains in a real crystal.

In Chapter 4, the effect of applied stress on F.C.C. to B.C.C. martensitic
transformation in spherical iron precipitates was examined by using Cu-1.06Fe

alloy single crystals. Together with the results in Chapter 2, it has been
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concluded that the épplied stress mainly affects the {lll}f<21l> shear

. , £
systems in the lattice change. In addition, by using the calculated result

in Chapter 3, the specifié twin—iﬁterface.energy in a~-iron was evaluated.

In Chapter 5, the orientation and shape dependence of‘precipitatés was
examined by using the elastic calculations in an anisotropic medium. Special
interests were placed upon the interaction energy between the volume elements
constituting the particles. From the calculated results, difference in shape
of the precipitates in different materials, such as a spherical precipitation
of iron in a Cu-Fe alloy and a disc-shaped precipitation of copper in an Al-
Cu alloy (G.P. zone), can be explained by considering the elastic state asso-~

ciated with these precipitations.

As Chapter 1 clearly shows, the mechanics associated with the martensitic
transformation has been discussed on the basis of the phenomenological theory
by most research groups. Contrar& to this, the present study has tried to
seek, by studying the transformation under stress, the defofmation which
induces the lattice change. The difficulty for the phenomenological theory to
account for the experimental observations made in the present study has been
pointed out. To emphasize this point, the transformation of spherical iron
particles, which are of the shape outside of the phenomenological theory, has
been studied in addition to an iron-base alloy. Furthermore, it has been
shown by the elasticity calculations that the basis of the fundamental concept

or assumption of the phenomenological theory is never taken for granted.
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APPENDIX A

Derivat_ion of the Fundamental Equation (3.3)

Appendices A and B come from the paper which bears the names of Mura,
‘Mori and myself[17]. The paper consists of the derivation of the fundamental
equations, mainly developed by Mura and Mori and the applications exploited by
mé to evaluate the elastic states of some.martensites which are put in Chapter
3. Since the fundamental equations and their derivations are important for
this thesis and would certainly help the readers understand the background

development, the present and following appendices are spared to them.

The displacement component u#; in an indefinitely-extended medium caused by
a distribution of eigenstrain ¢f(x) in a domain Q can be expressed by the following
Volterra form :

a o
u(x) =~2r)7 — [ dx' g & de SJ; C it (YN () D)) %

0%, 5
xexp {i&-(x—x)} dSE), (1)

where dx’ = dx} dx} dxj, Cyj, are elastic constants, $? is the unit sphere ¢, = 1,
and Ny(€) and D(E) are the cofactor and the determinant of the 3 x 3 matrix with
elements C;,; &,&, respectively (62 = £¢,, E = &/8).  Since Ny(E) and D(E) are
homogeneous polynomials of the 4th and 6th orders respectively, the above form,
on integration with respect to &, becomes

B a ] b.—‘ . . _ .
ul(x) = —(8z%)~* 7, !J; dx’ sz Ctam X YN EDENSE- (x~x)) dSE),  (2)

where & is the Dirac delta function.

When Q is an ellipsoidal domain with associated principal axes a,, a,, a;, the
following transformation employed by Asaro and BARNETT 1397 is useful;

xx/al';:}’u Xala; = y,, x3las = y3,
xila, =y}, xlz/az = Ybs xslas = y5,
a8 =(;, a8, =85, a3 =3, _ 3
C;/C =Ly GOl = Zzs L3/ = 53,
[=(+83+8) = {(a &) +(a28)* +(as 53)2}*-
Inthe above transformation, the rectangularcartesian coordinate system has been taken
along the principal axes directions of the ellipsoid. If the coordinate system is taken
in arbitrary orientation, then (3) still holds for the components of the vectors
X, ¥, &, § in the principal axes directions of the ellipsoid.
If x lies within the ellipsoid, then (2), with use of (3), can be written as

)= —(0az0sf8) ) [ rdr [ dp § il VN ERDE) dSD. ()

where

o £ (e JEN2 (2L
R={1—(-EPJ2, } (5)

Y = (y-DE+r(m cos o +nsin @),
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and ¢, m, n are shown in Fig. 1. Here, m and n are orthogonal unit vectors in the
plane §-(y—~y) = 0,‘r is the distance between the point y’ and the point of inter-
section of € with the plane E-(y—y) = 0, and ¢ is the angle between r and 1,

'FIG. 1. IHustration of the domain of integration with respect to r, ¢ for equation (4).

Let us consider the case when’
Ean(y') = &y, exp (i xpfa,) = &5 exp (i, yp),. - - (©)

where &7, is constant. Since y' is a function of ¢ and r (through the second term in
the right side of (5,), the integrals with respect to ¢ and r in (4) can easily be found.
Before integration, however, ¢, y), is rewritten as follows (see Fig. 2):

¢, ¥p = (y-B)(c D) +r{(c:m) cos ¢+(c n) sin ¢}

= (x-B)e, 4, &,/ + re cos (p—a), G
where
co = {c,c,—(c,a, &, D)}, } ®)
(c-m)fcy=cose, (e m)fco=sine,
Since , X
jnexp {ireq cos (o —~)} do =2nJ (¢ r),}r
4]
{20, = 212, ©)

where J,, J; are the Bessel functions of the first kind of the zeroth and first orders
respectively, we can write (4) as :

ai. .‘. CEXRJI(COR) Cxp {i(x'g)cpapgplcz} X |
15 '
x (N;®/LDE) dSE), (10)

u(x) = —(a,a, “3/475)Cjzmngfm

where R is defined in (5). _
After differentiation with respect to x;, we have finally

u,(x) = (a, 0,45/ 4R)lemnéjmsj; {(X'E)J O(COR)—icpapEpR‘] I(COR)/ Co} X
- xexp {i(x-8)e,a,&, 1 }E N EB)PDEY dSE). (1)

The solution (11) is called the fundamental solution. When ¢*, is given as an arbitrary
function, it can be expressed by its Fourier series or integral in terms of (6). The
corresponding solution for u; is the summation or integration of (11) with respect
to appropriate values of ¢,
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Fic. 2. Definition of ¢, and the relation of ¢ to other vectors m, n, &,
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APPENDIX B
Flat Ellipsoidal Inclusion

When one of the principal axes of the ellipsoidal inclusion (say a;) becomes .
zero, then the expression (11) is much simplified.

¥1G, 3. Transformation of the surface of the unit spherc S2 into the surface of the enveloping
cylinder.

The unit sphere S? is transformed into the cylinder as shown in Fig. 3. Then,
the cylinder surface element d2 is d0 dé, which is related to dS by

dSE) = d0 d&s[(L+E3)*. _ (13)

Also,

{ So=cosO(L+ED)Y & =sin0(I+&)Y, & =&/(1+edY,  (14)
ang : .

{72 dS(E) = (a} cos® 0-+a? sin? 0+a3E2) "% dO dz,, (15
where —o0 < &; < +o0. :
With use of the identity
(af cos® 0+ad sin® 0+a3£2)"% = (a2 cos? 0-+a2 sin? 0)~ ! x
0 ,
083

then by integration of (11) by parts with respect to &;,

X {&5/(a7 cos® O+a? sin® 6-+a3éd)t}, (16)

ui(x) = (a1 az a3/4ﬂ)cjlnm éfm :{ndg[{(x "E)JO(COR) - icp ap EpR']l(COR)ICO} X
xexp {i(x-E)c,a, p/Cz}z’(é’z Nij(E)/D(E))]§3= o(2]a5)[(a% cos® 0+aj sin® ) —

~(a18,83/40)Crranin [ 40 | &x(a] cos” 0+a sin? 0) ™ x
0 e :
P 3 _
x (a? cos? 0+a3 sin® 0+a3E)~* 7. [{(x-E)Jo(coR) —
3

—icpap_ngJx(coR)/co} exp {i(x‘g)cpap p/cz}(gtNlj(a/D(E))] dfs an
For &3 — oo, from (14), . '
61 =0, 52 =0, EE‘: = 1: v (18)
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and therefore

(19).

Furthermote, for a; — 0, the second integral in-the right side of (17) vanishes,
and (17) becomes ' '

ui(’?) = CiimnEam*3J. olcoR) exp (ixzcslaz)é N ij(E)D ~®, {20)
where use has been made of the result '

B =% L=ay }

Lo =(ci+ed)t,  R=(1—-x3ja3)*

2n ‘ : .
[ (a2 cos® 0+a3 sin® )" d0 = 2nfa, a; @D
0

and E, ¢,, R are defined in (18) and (19). _
Since we are considering a point x inside the inclusion, setting x5 = 0 before
taking the limit ¢; — 0 can be justified. Then, (20) leads to

ufx)=0. . . (22)

By taking the derivative of (20) with respect to x;, we obtain the expressions for the
total strain and, therefore, also for the stress components throughout the inclusion:

ik = Crm il o(cEEN DT O o }(23)
Opg = pqlk[c it Enm ole)éiN, U@)D fl(g) ~gg exp {i(cyx1/ay + c2X3]az)}],

where E is the unit vector normal to the surface of the ellipse. When the coordinate
system is taken along the principal axes of the ellipse, § is given by (18). On com-
parison with the solution for the uniform eigenstrain throughout the inclusion
(KiNosHITA and MURA, [207), the effect of the periodic distribution of eigenstrain
on the total distortion appears by the presence of the factor Jo(co). It is interesting
to note that all the total strain components vanish for a periodic distribution of
cigenstrain satisfying

Jo(ee) =0, - @4)
When &¥, is constant (c, — 0) in an extremely-flat éIIipsoidal inclusion (a3 — 0),
(23) becomes y :
Opg = Coa3Cramemm N, fJ(E)D IO~ Cpmtiy | ’ 25
since J,(0) = 1. By definition, we have: o
CqukzéEkNu(g)D_l(E) = 5;:;- : (26)
where 6,; is the Kronecker delta. When (18) is satisfied, (26) is identical to
CrasNyED™'®) = 5, )
From (27) and (25), it is known that '
6,3 =0, ' (23)

as should be expected for the case of a very flat inclusion. Further, from (23),

Uy 3= Cizms 1N j(E)D— 1@) +Cjamz EmlV, ;,-@D - 1(E) +Cjams &3 N; j(E)D - 1(&)- 29
If
=0, 0%

+ It can be shown from (18) and (23) that

i1 Y,2 7 0.
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then it fnay be shown from (27) and (29) that

%(“1,34-213,‘1) = &}3, _ ’%(uz,s‘f‘us,z) = 333’ Uy 3= 8?3»1‘ (31
and all the stress components vanish, i.e. o7 :
, o "0'” =0, _ (32)

resulting, of course, in vanishing elastic strain energy. Further, the arbitrary vector
parallel to the flat surface does not change, since U, 1 = Uy 5 = 0 from (23). This
result is equivalent to the postulate tacitly assumed in the phenomenological theory
of martensitic transformation (see, e.g., WAYMAN [45 | }. ‘

T Since ui,l = ui’2 = 0, (31) can b‘e written as
u = 2:—:* u = 25:* u = e*
1,3 13 2 72,3 23 73,3 33 °
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APPENDIX C

Making an Arbitfary Plane as a Habit Plane by Postulating-
Three Kinds of Lattice Invariant Shears in the Calculation

Based on Phenomenological Theory

Two different ways -— infinitesimal and finite deformation approaches —

will be taken in the following.
i) Infinitesimal deformation approach

Consider n kinds of independent shears as lattice invariant deformations.
Let the transformation strain be Ezj and the plastic strain caused by the k-th
shear system m(k)EEj(k), where m(k) is an unknown amount of the shear to be
determined and sij(k) is a crystallographically determined shear strain in the

k-th shear system. Thus, the total eigenstrain accompanying the transforma-

tion can be written as

n
g, = sfj + ) m(k)sij(k) . (A.1)

13 k=1

If the coordinate axes are chosen to be parallel to the principal axes of a

flat ellipsoid (3.9), the necessary and sufficient condition to make x., axis

3
as the habit plane normal is (see equation (3.13))
€11 = € =€ =0 | (A.2)
that is,
n
* _ T P _
€1y = €13 *+ 1 m(k)e;, (k) = 0,
k=1
n .
% T P _
€hy = €5y F Y m(k)€,, (k) =0, (A.3)
k=1
n
* T P _
€15 = €79 +kzlm(k)€12(k) =0 .

In these three equations, ezj and €§j<k) (k = 1,""", n) are constants depend-
ing on and determined by the direction of the x3—axis of the flat ellipsoid.
As is well known, the maximum number of the independent shear system is
five. Furthermore, in F.C.C., B.C.C. and H.C.P. strucktures, there exist in
fact five independent shear systems, including twinning systems. Let us
choose any arbitrary five shear systems, Eij(l),"', Eij(S). It can be proved

that out of the five shear systems there exists at least one combination of the
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three shear systems, which satisfy

P - P P

€1 €@ €,0)

P P P i

€(1)  §,,(2) £,,(3) | £0. (A.4)
P P P

LM €,@) &,

If one uses these three systems, thus letting nm=3 in (A.3), one can solve

(A.3) with respect to m(k). 1In other words, with a choice of the three shear
systems, of which the vectors, [Eil(k)’ egz(k), Eiz(k)]’ are independent of
each other and the existence of which is assured, one can have any arbitrary

plane being the habit plane of a thin plate martensite.
ii) Finite deformation approach

Here, the discussion based on the WechSler«Lieberman—Reéd theory[5] will
be given.

By adopting the n kinds of lattice invariant deformations, the total
shape deformation of the martensitic transformation T (invariant plane defor-
mation) can be factorized into 3% 3 matrices of rigid body rotation R, lattice
deformation B and n kinds of lattice invariant shear deformations P(k) (k =

1,°+, n) as
T=RBP(WPR2) -P(n) . (A.5)

In (A.5), P(k) is a matrix expressing the pure shear deformation of the k-th

system and can be written as
P(k) = T +n(k)d@)p' (k) (p'(k)d(k) = 0) (A.6)

where | is the unit 3 X 3 matrix, m(k) is an unknown amount of the shear and
d(k) and p(k) are unit vectors representing the shear direction and the shear
;lane nor;al of the k-th shear gystem, respectively. Vectors without and with
a prime such as d(k) and p'(k) indicate the column and the row vectors,
respectively. F;r the.sa;ing of the space, the column and the row vectors are
distinguished by using different types of parentheses in writing down their
components such as g(k) = [d(k)l, d(k)z, d(k)3] and E'(k) = (p(k)l, p(k)z,
p(k)B). From these notations, ﬁ(k)g'(k) becomes a matrix whose (i,j) compo-
nent is d(k)ip(k)j and B'(k)g(k) becomes a scalar product of the vectors g(k)
and g(k).

Putting F as

F=BP(W)P@2)---Pn) , (A7)
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F must be an undistorted plane deformation with m(k) (k= 1,---, n) as unknown

»

parameters. | .
If the coordinate,akes are chosen to be parallel to the parent érystalline

axes and if one wiéhes h =] hl’ hé, h3] as an undistorted plane normal, it is

necessary and sufficient’that two vectors normal to h, i.e., u and v, which

are not parallel to each other, do not change their lengths and that the

scalar product of them remains unchanged before and after the operation of F[5].

This situation can be written as

u'F'Fu = u'u
v'F'Fv = v'v (A.8)
u'F'Fy = u'y

where F' denotes the transposed matrix of F.
As F'F contains m(k) (k = 1,-++, n), (A.8) constitutes a simultaneous
equation system with respect to m(k). Thus one can solve (A.8) by postulating

as many as three unknown parameters, m(l), m(2) and m(3), i.e., n = 3.
iii) Example of the analyses

For simplicity and conveniencé, the derivation of {llZ}f habit plane
found in o-martensite in stainless steels will be shown. This type of the
habit plané was discussed by Kelly[16] introducing so-called 'dilatation
parameter’ in the phenomenological calculation.

Let the three independent shear systems be (IOl)f[lOl]f,(lil)f[Oll]f and
(111)f[112]f. The first system is identical to that in the original phenome-

nological theory and corresponds to the {211}b<111> type of B.C.C. twinning

shear system in the martensite. The second is the ZOrmal slip system in the
F.C.C. phase and the third is the one which was introduced in the calculation
by Kelly[16].

Matrices B, P(1), P(2) and P(3) are written in the parent crystalline

coordinate axes as

1 0
Ny 0
B = O T]l O ' : (A.g)
0 0 s

{l—m(l)/Z 0 mwm(1)/2 )

P(1)= 0 1 0 R (A.10)

| - m(1)/2 0 1+m(1)/2
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( 1 0 | 0 ‘ ,

P = | n@ /6 1-n@ /6 n@/E |, | (A.11)
| m(2)/V6 - n(2)//6 1+m(2)//6 ) | '
’1—m(3'>/3/2“’ -m(3)/3v2  -m(3)/3/2

P(3) = -m(3)/3/2 1-m(3)/3/2  -m(3)/3/2 | . (A.12)

| { m(3)/3/F  2m(3)/3/F 1+2m(3)/3v2

In order to make (ill)f plane as a habit plane, two vectors in the habit
plane, say u = [0, -1, 1 ]f and v=1[1,1,1 lf,must satisfy the three equa-
tions in (A.8). By using a computer together with the values nl = 1.1321 and
n, = 0.8005[45], it is shown that (A.8) can be satisfied with m(k) given by

m(l) = 0.2918
m(2) = -0.0073 (large deformation approach) (A.13)
m(3) = 0.1022 ' '

In the infinitesimal deformation approach discussed in i), simple calculation

using (A.3) gives the results as

m(1l) = 0.3103
'm(2) = —0.0794 (infinitesimal deformation approach) (A.14)
m(3) = 0.1346

In addition, it is quite matter~of—cou;se that in the present case of the
(fll)f habit plane, the orientation relationship between the parent phase and
the martensite is exactly the Kurdjumov-Sachs relationships described as
(lll)f ﬂ(llO)b and [Oil]f ”[ill]b (variant 1-2 in Table 2.1 (p.12)). For, both
the [lll]f and the [011]f directions, which correspond respectively to [llO]b
and [lll]b from the Bain correspondence, lie on the (211)f habit plane and,
thus, they are actually invariant (undistorted and unrotated) directions before
and after the martensitic transformatiom.

Thus, we can obtain (Ell)f habit plane and the K-S orientation relation-—
ship by postulating three independent shear deformations in place of the dilata-
tion parameter, the physical meaning of which is vaguely defined, and one shear
"~ deformation introduced by Kelly[16]. ‘

In a similar manner, one can, of course, obtain any other plane as a habit
plane by introducing three independent shear deformations in the phenomenologi-

cal calculation.
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