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Photodetection method using unbalanced sidebands for squeezed quantum noise
in a gravitational wave interferometer

K. Somiya*
Department of Advanced Material Sciences, The University of Tokyo, Bunkyo-ku, Tokyo 113-0033, Japan
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Homodyne detection is one of the ways to circumvent the standard quantum limit by changing the readout
phase of a gravitational wave detector. In this paper it is shown that the readout phase can also be changed by
the radio-frequency heterodyne detection scheme that is generally used in present detectors.

DOI: 10.1103/PhysRevD.67.122001 PACS number~s!: 04.80.Nn, 42.50.Dv, 42.50.Lc, 95.55.Ym
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I. INTRODUCTION

Several large-scale laser interferometric gravitatio
wave detectors have recently been developed. There
many kinds of noise sources that limit a detector’s sensi
ity, all of which, other than the quantum noise of the las
beams, may be reduced by technical advances in the
future. The laser beams used in these interferometers
coherent light which satisfies the least uncertainty relat
between the number of photon and the phase of the li
which represents the particle and wave nature of light,
spectively. Fluctuations in the photon number produ
radiation-pressure noise on the test masses and fluctua
in phase produce shot noise. The shot noise can be red
by increasing the laser power; however, this increases
radiation-pressure noise. Consequently there exists a s
tivity limit that is called the standard quantum limit~SQL!
@1#. There are several ways to circumvent this SQL by u
balancing the coherent state, one of which is called hom
dyne detection@2#. In homodyne detection, the readout pha
can be chosen by changing the homodyne phasez, reducing
the quantum noise below the SQL. Whenz is chosen inde-
pendently of the frequency, the SQL can be avoided only
a narrow band way, while a frequency dependentz, though
very hard to obtain@3#, could allow us to avoid the SQL in a
broadband way. In this paper, we introduce a new detec
method which is similar to the conventional scheme using
internal phase modulation to obtain the gravitational wa
signal @4# and which does not require additional equipme
other than the planned control system, but which can cha
the readout phase as easily as homodyne detection. In
broadband configuration which is currently used in grav
tional wave detectors@5,6#, the SQL cannot be avoided wit
this method because of an extra quantum noise@7–10#, but
this method is useful for the detuned configuration wh
will be employed in next generation detectors@11,12#.

II. STANDARD QUANTUM LIMIT

Fluctuations in the photon numberDn and the phase o
light Df are related to each other by Heisenberg’s unc
tainty principle. When the product of these two uncertaint
is minimized, i.e.,Dn•Df51/2, the light is said to be in a
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coherent state. In a laser beam the light is in a coherent s
The electric field of the laser beam is described by the
lowing equation:

Ein5AN1Dne2 i (Vt1Df).S 11
Dn

2N
1 iDf DANe2 iVt.

~1!

Here, N is the average photon number andV is the light
frequency. From statistical theory,Dn5AN so that Df
51/2AN. Thus the fluctuations of the real part and imag
nary part of Eq.~1! are equal, a well-known property of th
coherent state. Vacuum fluctuations of the electric field
independent of the photon numberN; they can be injected in
the detector from any transmissive optic such as the be
splitter or lossy mirrors@13,14#.

Since the motion of the test mass induced by a grav
tional wave of frequencyv produces a pair of sideban
fields at frequenciesV6v, it is convenient to use the two
photon mode description introduced by Caves and Sc
maker@15#, in which a pair of photons are considered simu
taneously. There are two combinations of the pho
excitation quadratures written in terms of annihilation a
creation operators~for details see Sec. II of Ref.@3#!:

â15
â11â2

†

A2
, ~2!

â25
â12â2

†

A2i
. ~3!

Here, â and â† are the annihilation and creation operato
respectively, the suffix6 indicates the upper and lower op
erators whose frequencies areV1v andV2v. Henceforth,
we shall assume that the incident laser light is in the fi
quadrature. With this assumptionâ1 andâ2 are the source of
photon number and light phase vacuum fluctuations, resp
tively.

In an interferometer for gravitational wave detection t
antisymmetric port of the beam splitter is kept dark~see Fig.
1! to maximize the signal compared to the shot noise; all
light but the gravitational wave signal is reflected to the sy
metric port. These two ports are called the dark port and
bright port, respectively. Assuming perfect contrast for si
©2003 The American Physical Society01-1
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K. SOMIYA PHYSICAL REVIEW D 67, 122001 ~2003!
plicity, there is no leakage carrier light at the dark po
which means a perfect-contrast interferometer. In this c
the vacuum fluctuations coming from the direction of t
laser are reflected to the bright port; only the vacuum fl
tuation coming from the direction of the signal detection p
can contribute quantum noise~Fig. 1!. Furthermore we as
sume there is no optical loss in the interferometer; the
mirror reflectivities are unity.

The output field of the dark port consists of different
components including a gravitational wave signal and fl
tuations in the light that are derived from a coupling betwe
the incident beam and the vacuum fluctuations coming fr
the dark port. From the fact that the quadrature coordina
of the input fieldâ1 andâ2 are equal, one may think that th
output fieldb̂1 andb̂2 are also balanced equally, but actua
their amplitudes differ because of a coupling from phot
number fluctuations to phase noise, known as radiat
pressure noise.

Following Ref.@3#, we definek(v) as the coupling con-
stant by which the radiation-pressure converts inputâ1 into
output b̂2,

S b̂1

b̂2
D 5S 1 0

2k~v! 1D S â1

â2
D e2il, ~4!

k~v!5
~ I 0 /I SQL!2g4

v2~g21v2!
. ~5!

Here we assume the interferometer configuration of TAM
@5# and initial Laser Interferometric Gravitational Wave O
servatory~LIGO! @6# as an example. These interferomete
are recombined Michelson interferometers with Fabry-Pe
resonators in the arms. The phase shift 2l is accumulated by

FIG. 1. The quantum noise of incident coherent light resu
from the vacuum fluctuation. The coordinatea1 is the source of
photon number fluctuation anda2 is the source of phase fluctuation
Each of these coordinates consists of a pair of annihilation
creation operators.
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the signal sideband during a round trip in the arm cavity,g is
the Fabry-Perot cavity pole frequency,I 0 is the light power
at the beam splitter, andI SQL5mL2g4/4V is the light power
necessary to reach the SQL sensitivity atv5g, whenm is
the mass of the mirror andL is the arm cavity length.

As a result, the quantum output field is depicted by
squeezed ellipse as shown in Fig. 2 with axes rotated
(1/2)arccot(k/2). This effect is called ponderomotiv
squeezing and was first recognized by Braginsky a
Manukin @16#. If conventional radio-frequency~rf! hetero-
dyne detection is used as the readout scheme@4#, the signal
sideband, as well as the squeezed vacuum, combines w
local oscillator field or rf sideband of the light to produce
signal and noise at the photodetector, both of which are p
portional to the amplitude of the local oscillator. The noi
level is defined as the ratio between the projection of
quantum noise ellipse to theb̂2 axis and the signal appearin
on that axis with the input noise levelâ1 and â2 scaled to
unity, and the signal is proportional to the amplitude of t
incident classical fieldAk, so the sensitivity can be written

hn5hSQL•Ak211

2k
, ~6!

wherehSQL[A8\/mv2L2 is the SQL sensitivity, which oc-
curs whenk51, or I 05I SQL andv5g.

III. CONVENTIONAL DETECTION AND HOMODYNE
DETECTION

Over the last few decades, several theoretical efforts
overcome the SQL have been made@2,17–19#, so-called
‘‘quantum nondemolition’’~QND! techniques@20#. One such
scheme is homodyne detection@2# which allows the phase o
the local oscillator to be adjusted relative to the signal a
noise ellipse so that the readout can occur for instance a

s

d

FIG. 2. The output quantum noise is squeezed by the effec
the radiation pressure. The quantum noise level is defined as
ratio between the differential signal and the projection of this ellip
to theb2 axis.
1-2
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PHOTODETECTION METHOD USING UNBALANCED . . . PHYSICAL REVIEW D67, 122001 ~2003!
the minor axis of the noise ellipse, where the quantum no
is minimized, rather than simply along theb̂1 or b̂2 axis, like
conventional detection.

In conventional detection we use rf sidebands for
modulation-demodulation scheme that produces the foll
ing field components at the photodetector:

signal: 2iD sinc~ t !,

sidebands: 24ia cosvmt sinh,

vacuum: b1cos@j~ t !1f1#1b2i sin@j~ t !1f2#.

Here the common factore2 iVt is omitted for simplicity
~just as is shown in the phasor diagram!. D is the classical
amplitude of the carrier,c(t) is the phase shift by gravita
tional waves,a is the amplitude of the sidebands,h is the
phase shift caused by an asymmetry that is necessary to
the sidebands to the dark port,b151 andb25Ak211 are
the amplitudes of the common and the differential mode
erators of the squeezed vacuum,j is an ellipse paramete
which represents random noise, and the phase shiftsf1 and
f2 are given as follows:

u5
1

2
arccot

k

2
,

B1
25~k sinu2cosu!21sinu2,

B2
25~k cosu2sinu!21cosu2,

f15arctan@B2 sinu/B1 cosu#, ~7!

f25arctan@B1 sinu/B2 cosu#. ~8!

The signal, sidebands, and vacuum components sh
above are summed and squared by the photodetector:

usignal1sidebands1vacuumu2

54b2D sinc~ t !sin@j~ t !1f2#1b1
2cos2@j~ t !1f1#

216Da sinc~ t !cosvmt sinh1b2
2 sin2@j~ t !1f2#

28ab2cosvmt sin@j~ t !1f2#sinh14D2 sin2c~ t !

116a2 cos2vmt sin2h. ~9!

Multiplying the signal by cosvmt to extract the amplitude o
the underlined components atvm, a process called demodu
lation, we obtain the signal-to-noise ratio as follows. T
random noise parameterj(t) is time-averaged:

@demodulated signal1noise#528a
Ak

2

h

hSQL

22A2aAk211. ~10!

Here we define the signal produced by a strainh as
12200
e

a
-

ak

-

n

D sinc~ t !5
Ak

2

h

hSQL
. ~11!

And then the noise spectral density reads

Sh5hn
25

hSQL
2

2 S k1
1

k D>hSQL
2 , ~12!

which indicates that we cannot overcome the SQL with c
ventional detection.

In homodyne detection, the local oscillators are combin
with the signal light both with and without ap phase shift as
is shown in Fig. 3. This can be realized by placing a be
splitter at the signal extraction port and injecting the incide
light and the signal from opposite sides of the beam split
The squeezed vacuum injected from the output beam spl
is canceled by this process and the local oscillator can
considered as a classical light:

LO: b cosz1b i sinz,

whereb is the amplitude of the local oscillator andz is a
readout phase called the homodyne phase, i.e., the pha
the local oscillator relative to the phase of the carrier lig
Subtraction of the two interfered beams after square-law
tection gives the following equation:

1

2
$uvacuum1signal1LOu22uvacuum1signal2LOu2%

52 b sinzFA11~k2cotz!2

2
12D sinc~ t !G , ~13!

and the noise spectral density reads

Sh5
hSQL

2

2

11~k2cotz!2

k
, ~14!

which has a minimum value when the homodyne phase
z5arccotk. This result has been derived in previous pap
@2,3#. We can see that the radiation-pressure effect disapp
at a particular frequency~Fig. 4!.

FIG. 3. One example to realize homodyne detection. The li
with carrier frequency is picked off from the laser to be used a
local oscillator for the signal detection of the interferometer.
1-3
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K. SOMIYA PHYSICAL REVIEW D 67, 122001 ~2003!
IV. UNBALANCED SIDEBAND DETECTION

In this section we show that a performance identical
that achieved by homodyne detection can be achieved
using only a single sideband—without any additional opt
such as the output beam splitter. The following analysis
glects what is called nonstationary shot noise, which will
discussed in Sec. VI A:

single sideband: 22iaeivmt sinh.

The solution to Eq.~9! with only a single sideband is a
follows:

usignal1single sideband1vacuumu2

54b2D sinc~ t !sin@j~ t !1f2#14D2sin2c~ t !

24ab2 cosvmt sin@j~ t !1f2#sinh

28aD sinc~ t !cosvmt sinh14a2 sin2h

1b1
2 cos2@j~ t !1f1#1b2

2 sin2@j~ t !1f2#

14ab1 sinvmt cos~j~ t !1f1!sinh. ~15!

After applying the same demodulation process as done
the conventional detection scheme, i.e., multiplying
sin (vm2z8), the output is

2a sinz8FA11~k2cotz8!2

2
12D sinc~ t !G , ~16!

which is the same as Eq.~13! except a→b and z→z8.
Notice that the readout phasez8 is not a homodyne phase bu
a heterodyne demodulation phase, i.e., the phase shift
tween the modulation sidebands and the rf demodulation
nal. Conventionally, to obtain a differential signal, the d
modulation phase is set to bep/2, but considering the
ponderomotive squeezing effect, in order to minimize
quantum noise at the desired observing frequency band
phase should be set toz85arccotk.

One may wonder why this single sideband detection
avoid the SQL even though it is impossible with conve
tional dual sidebands detection. Figure 5 explains the rea

FIG. 4. Using homodyne detection, it is possible to overco
the SQL for a limited frequency band. The center frequency can
changed by adjusting the homodyne phase. The minimum valu
each spectrum is limited only by shot noise, i.e., quantum no
without radiation-pressure noise.
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clearly. With conventional detection using dual sideban
even if one wants to optimize the demodulation phase
one sideband, the other sideband phase is antioptimal
generates increased noise. As a result the total nois
equivalent to the case when the sidebands stay on the d
ential axis.

This detection can also be realized with dual sideband
there is an unbalance between the amplitude of the upper
lower sidebands. It can be derived that the noise spectrum
that case is the same as Eq.~14! when the demodulation
phase meets the following condition:

z85arccot
a

Da
k. ~17!

Here, a and Da are the average and the difference of t
amplitude of the upper and the lower sidebands. When
unbalance factorDa is small, the output~16! is small, al-
though the signal-to-noise ratio is unaffected.

There are several ways to produce an unbalance of
sidebands, for example, one can make only one sideb
resonate in a cavity placed at the dark port. Advanced-LIG
will employ what is called a detuned resonant-sideba
extraction ~RSE! system, realized with a signal recyclin
cavity detuned from the resonant condition~Fig. 6!. To con-
trol the detuned cavity, it is planned to make only the upp
or lower sideband resonant, hence, the carrier is detu
from resonance@11,12#. The transmittance of the RSE cavit
for the resonant sideband is larger than the non-reso
sideband, producing the necessary sideband unbalance.

V. DETUNED CONFIGURATION

With a signal recycling mirror at the dark port, the grav
tational wave signal sidebands circulate in the signal re
cling cavity, which consists of the signal recycling mirro
and the compound mirror with phase shifte62il. The trans-
mitted signal through this cavity is

Y6}Deivt3eif3e62il
t

12re2i (f6l)
. ~18!

Here f5v l s/c is the detuning phase, andt and r are the
transmittance and reflectance of the RSE mirror. From

e
e
of
e

FIG. 5. Signal detection can be done at any phase for sin
sideband detection, but for conventional dual sidebands detec
the other sideband will produce a worse signal-to-noise ratio.
1-4
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~18! we can see that the amplitude of the upper and lo
sideband is different, that is the total signal draws an elli
on the phasor diagram.

The phase shift is different between the upper and lo
sidebands:

tanc65
r sin 2~f6l!

12r cos 2~f6l!
, ~19!

c5
c11c2

2
. ~20!

The ellipse is inclined at an angle off1c. While f is fixed
by the position of the RSE mirror,c varies with frequency.
The output signal from a detector is given by the project
of the ellipse onto a direction that is determined by the re
out phase.

When the laser power is sufficiently high, the reinjecti
of the signal induces radiation-pressure that enhances the
nal at another frequency. This phenomenon is called the
tical spring. In this case the noise spectrum due to the re
out phase needs more complicated calculations, which w
worked out in Refs.@17,21,22#. The result of the calculation
is shown in Fig. 7 with several readout phases. The stan
quantum limit is overcome by the effect of the optical spri
and the shape of the spectrum changes with the diffe
readout phases. Note that in the detuned configuration
quantum noise can no longer be simply identified as the s
noise and the radiation-pressure noise because these
components are strongly coupled.

VI. COMPARISON OF HOMODYNE AND UNBALANCED
SIDEBAND DETECTION

The most interesting feature of unbalanced sideband
tection is that no other equipment is required to change

FIG. 6. Detuned RSE is realized by single-sideband lock
which yields an unbalanced sideband condition.
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readout phase. However, as we shall discuss in the next
tion, the unbalanced sideband detection has advantages
disadvantages compared with homodyne detection.

A. Nonstationary shot noise

An undesirable aspect of the unbalanced sideband de
tion is the influence of nonstationary shot noise, which is
shot noise generated during the demodulation process@7–9#.
A vacuum fluctuation exists not only around the carrier f
quency but also around the62 f m region. Both incoherent
noises are coupled to rf sidebands and square-summed w
being demodulated byf m. While the vacuum around the
carrier is ponderomotively squeezed the vacuum aro
62 f m is not squeezed so that the quadrature noise still
mains for any demodulation phases~Fig. 8!. If the readout
phase is chosen far fromp/2, the ratio from the signal to the
original quantum noise may decrease while the ratio from
signal to the nonstationary shot noise increases and beco
dominant instead of the radiation-pressure noise at lower
quencies. As is discussed in Ref.@10#, it is very hard to avoid
the SQL in a broadband way with the unbalanced sideb

g

FIG. 7. The optical spring changes the shape of the noise s
trum with the readout phase. The laser power is 500 W, the fine
of the arm cavities is about 2000, the reflectivity of the RSE mir
is 0.98, and the detuning phase is 0.03° from the RSE condit
The homodyne phase or the demodulation phase for the thin s
line and the small dotted line is set top/2 andp/221.2, respec-
tively, and that for the large dotted line is chosen fromp/2, p/2
21.2, andp/221.5 to be optimized at each frequency; this can
called a ‘‘multi-phase optical spring.’’

FIG. 8. A vacuum fluctuation from the62 f m region generates
the nonstationary shot noise during the demodulation process. I
readout phase is changed largely fromp/2 the amount of the non-
stationary shot noise exceeds that of the original quantum nois
1-5
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K. SOMIYA PHYSICAL REVIEW D 67, 122001 ~2003!
detection. For the detuned configuration, the readout ph
should be optimized for the signal phase at the peak
quency to realize the best sensitivity; in this case the S
can be avoided even with the effect of the nonstationary s
noise.

B. Multiphase detection

One advantage of unbalanced sideband detection is
one can combine the spectra of different demodulat
phases. On the phasor diagram the single sideband rotat
its modulation frequency, for example, 12 MHz megahertz
initial-LIGO. Here the demodulation is a kind of the strob
scopic measurement@20#, clipping the moving signal-to-
noise ratio at some periodic phase and producing a spec
for that phase. There is no quantum demolition if the m
suredphotocurrentis split to several demodulator circuits
each of which has a different demodulation phase. There
on the other hand, quantum demolition if the outputbeamis
split to several photodetectors, because another vacuum
tuation would be injected from the optical components u
for the pick-off. In other words, if severaloptical local os-
cillators with different homodyne phases were to be used
try to avoid the SQL at several frequency bands, the decre
in optical power would increase the shot noise level, bu
different-phaseelectrical local oscillators are used there is n
corresponding increase in shot noise. By this technique
can obtain the thick dotted curve indicated in Fig. 7.~If we
were able to remove the nonstationary shot noise in the c
ventional interferometer, the combined multiphase spect
would be the dotted curve indicated in Fig. 4.!

VII. CONCLUSIONS AND DISCUSSIONS

In this paper, we introduce the rf unbalanced sideba
detection as a photodetection method useful for future gr
tational wave detectors. The unbalanced sideband dete
can also change the readout phase and can help improv
P.
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sensitivity of the gravitational wave detector. The advanta
of this method is that no additional equipment is requir
other than the planned control system for a future detect

However, unlike homodyne detection, the rf detection
troduces extra noise during the demodulation process@7–9#.
While this nonstationary shot noise makes it hard to ov
come the SQL for the broadband configuration, it is s
possible to avoid the SQL through the effect of the opti
spring when a detuned phase is used. The possibility of
ducing the nonstationary shot noise by square wave mod
tion and demodulation, as suggested in Refs.@7–9#, and
squeezed input light could be investigated.

We also discuss the possibility of combining the spectr
from more than two ports with different readout phas
which could improve the sensitivity. This multiphase tec
nique is available only for this unbalanced sideband de
tion, but cannot be achieved with homodyne detection.

A practical multiphase detection method for a high-pow
detuned RSE deserves more investigation. For example
optical spring can generate instabilities between the a
cavities and the transmissive RSE mirror@21#. Such instabili-
ties can be cured in the case of simple homodyne detec
by damping the optical spring with a feedback control s
tem @21#. The condition will be more complicated with
multiphase detection scheme, so further study is needed
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