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Abstract—This work explores the use of Particle Swarm
Optimization (PSO) as an alternative to training adaptive IIR
filters in system identification setting with focus on the estimation
of the cost function to be minimized. It was found that the usual
way to estimate the cost function when PSO is applied to adaptive
filtering has a problem, the cost function values are noisy, due to
inaccurate early samples of block-error signal used to form the
mean square error. This causes a problem when particles move
close together, as the cost function value can change slightly,
even for the same location in parameter space. This prevents
the algorithm from properly conducting fine search of the filter
coefficient space, as all points in a small region have ambiguous
cost function values due to noise. A modification was proposed
to address this problem by extending the window size and
discarding early samples of the error signal. Experiments using
the standard constriction-factor PSO was conducted to test the
proposed modification against the standard. Due to different cost
function estimation methods, an independent mean square error
value, calculated separately from the cost functions, was used
as performance evaluation. The results demonstrate improved
performance in terms of lower mean squared error values by
5 dB for high order filter with noise at the plant’s output, and
several orders of magnitude for second order filter with no noise.

I. INTRODUCTION

System identification tasks that deal with systems which
are recursive in nature require the use of adaptive IIR filters
in order to model the transfer function of the unknown plant
more accurately than possible with FIR filters. However,
IIR adaptive filters are more difficult to train due to the
fact that the error performance surface is multi-modal under
certain conditions. This means that gradient based training
algorithms can become stuck in a local minimum, moreover,
they are generally slower to converge compared with their FIR
counterparts [1]. These drawbacks motivate the use of global
optimization algorithms to train adaptive IIR filters.

Particle Swarm Optimization (PSO) algorithm is a global
optimization algorithm proposed by Kennedy in [2], after
which there have been proposed many modifications to the
algorithm [3]. In this work we used the standard constriction
factor PSO [4] as a test platform. The concepts of PSO is that
the algorithm starts by generating M random points in the
weight (coefficient) space of the filter, each point is called a
particle, and the set of all particles is called the swarm. In each
iteration, the value of the cost function (the unknown error
performance surface of the filter) [5] at each point is estimated.

Each particle are then given velocity according to the distances
to two points in space: the point where the lowest cost function
value had been encountered by that particle, called personal
best or pbest, and another point where the lowest cost function
value had been encountered by any particle, called global best
or gbest. Particles will tend to move in general directions
toward these two points. If a lower cost function value than
pbest or gbest is found by a particle, then these points get
updated. Heuristically, concentrating the particles around the
region in space where the lowest cost function value had been
found increases the chance of finding a point with lower cost
value. This way, the weight space is efficiently searched and a
point that enables satisfactory performance of the filter likely
can be found.

Denoting the iteration number as n, pbests and gbest are
updated by

x;(n)
(D
%.(n)) — J(xi(n—1)) J(xi(n)) > J(Xxi(n—1))
Jem) {J<xi<n>> Toa(n) < Sln—1))
2
7(g(n)) = min(J (i(m), o
g(n) = argmin(J(%(n)), @

K3

where x;,%;,g and J() denote respectively the current posi-
tion and pbest of particle ¢, gbest, and the cost function. The
next step is to update the velocities and positions of particles
by

vi(n+1) = K[vi(n) + ciD(x; — x;) + D(g — x;)], (5)
xi(n+1) =x;(n) + v;(n+1), (6)
where,
©=c1+ca, (7
2
K = —2—p\/p2—4p ® >4 (8)
Ky otherwise

The variables ¢; and ¢y are the acceleration coefficients which
are parameters of the PSO algorithm and D is an L x L
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diagonal matrix whose entries are uniform random numbers
in the range 0 to 1 and L is the number of filter coefficients.
The constant K is the “constriction factor”, which keeps
the velocities from increasing without bound and causing the
algorithm to become unstable.

II. ESTIMATING THE COST FUNCTION

Unlike gradient based methods, which need only the current
error sample e(n) of the filter in order to update the filter
weights, global methods such as PSO need accurate value
of the cost function at each point, i.e., E[e?(n)] needs to
be estimated instead of just using e(n) as the cost function
to be optimized. This is because all global methods progress
from rough search to fine search as the number of iterations
increases, using only e(n) which is an inaccurate represen-
tation of E[e?(n)] causes error in the rough search stage
and subsequently fine search will be conducted in the wrong
region, leading to poor result. The ensemble average, Ele?(n)]
has to be estimated by error samples, using the notation that
J(x;) denotes the cost function value at position x; in the
weight space from (2), we have

1
J(xi(n)) = Eile*(n)] ~ ) > e (n—k), )

k=0

where i is the index for the i particle, e;(n — k) is the error
produced by a filter whose weights are represented by that
particle, and @) is the number of samples involved in the
estimation, which gets more accurate as () becomes larger.
In practice, ) is limited by computational complexity, in fact,
most of the computational load of training adaptive filter with
a global method comes from estimation of the cost function.

The expression in (9) is deceptively simple. It looks like
a moving average, which incorrectly implies that to estimate
E;[e*(n)] one simply need to keep the previous N — 1
samples of e;(n) produced by each particle ¢ in each iteration
and then take the squared average. However, this is the
wrong way to estimate the cost function, because the samples
e;(n —1),e;(n —2),...,e;(n — Q + 1) were all calculated
using different filter weights (because each belong to different
iterations of the algorithm, and the weights are updated every
iteration) and hence these error values are not representative
of the current position in the weight space whose cost function
value is being estimated. In fact, only one sample, e(n) was
calculated using the weights at the current position of the
particle.

The correct way of estimating the cost function is to keep
the input samples z(n), x(n —1),...,x(n — @ +1) in memory
and recompute the output samples y(n),y(n — 1),...,y(n —
Q@ + 1) for every iteration of the algorithm. This way the
error samples e(n),e(n — 1),...,e(n — Q + 1) in (9) are all
calculated from the same filter weights and therefore they form
accurate estimate of how good the weights are in predicting the
unknown system. This way of estimating the cost function is
shown by the block diagram in Figure 1. In this figure, it can be
seen that the input samples are stored within a buffer of length

w(n)

Q samples
buffer

Q

x(ny leanl I

Q ( d(n)
Q samples - H. 5
buffer ! y(n)
/ c(n)
. Q samples
MSE =& Q|  buffer
Fig. 1. Estimating The Cost Function

Q@ on the left-hand side. For each iteration of the algorithm,
the outputs due to particle ¢ is calculated using the stored
input samples by filtering with the filter represented by H;
(particle ¢), which are compared with the corresponding time
samples output from the plant to calculate the error samples
that form the estimate of J(x;). This process is repeated for
each particle in order to update pbests and gbest that the
PSO algorithm is based on. Additionally, each of the H; must
have its internal signals cleared every iterations, since particles
can move very far (compared to gradient update) and using
the signals generated by the previous iteration will affect the
output of the current iteration.

A. Issue with The Cost Function

The cost function value estimated as in Figure 1 has an
issue. That is, the output of the plant is obtained by continuous
filtering without clearing of internal signals, while each of H;
always start filtering with cleared internal signal. This means
that the early samples of the error will have large magnitudes.
Thus, when taking the average mean squared error, these early
samples will dominate and “obscure” the later samples, which
are in fact more important since the internal signals of H;
had been completely loaded and these later samples more
accurately reflect value of J(x;)

B. Proposed Modification

In order to deal with the aforementioned issue, this work
proposes a simple modification to the way the cost function
is calculated. Instead of using all ) error samples to form the
cost function estimate according to (9), one simply discard
some early samples of e(n) and use only the remaining
samples to form the estimate. That is

Q1—1
J(xi(n) ~ é Y e2(n—k), (10)
k=0

where (1 < Q. It should be noted here that all of the @
samples had to be calculated. Due to the recursive nature of
IIR filters, the difference between @ and (), had to be quite
large compared to the order of the filter, because the effect
of the early output propagate forward due to feedback. From
experiments, it was found that using @) = 130 and @; = 100
works well, irrespective of other parameters.
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Fig. 2. Old and Improved Cost Function Values Over 200 Iterations

In order to illustrate the advantage of (10) over (9), two
plots comparing the cost function values of a single particle
over 200 iterations is shown in Figure 2. The top panel shows
the cost function estimated using (9), it can be seen that the
value of the cost function still varies significantly during the
later iteration, which by nature of the PSO algorithm should
not happen because velocities of particles should now be very
small. This fluctuation in the cost function values is the noise
that prevents the algorithm from conducting fine search during
the later iterations.

The bottom panel of the figure showed the cost function
values estimated using (10). It can be seen that the cost
function values no longer vary significantly during the later
iterations. This allows the algorithm to conduct fine search,
and lead to relatively better result.

III. EXPERIMENT RESULTS

The experiments followed standard system identification
configuration with white noise input. The performance of two
schemes based on different cost function estimates has to be
compared by defining a common cost function that is used
to evaluate both schemes. In each iteration, the quality of the
gbest position is evaluated by using its weights to filter a white
noise sequence (independently generated and different from
the input z(n)) of length 1000 samples, and comparing the

output with the output of the plant fed by the same input
using the mean squared error criterion. The parameters of
the algorithm fixed for all experiments: ¢; = 2.2, c; = 1.9,
M =20, Q@ = 130 and ; = 100. Each experiment was run
for 100 trials, for each trial, the MSE value of each iteration
was calculated as described previously to form a curve. The
average of the 100 MSE curves were then taken across the
trials to yield to final MSE curve. The output of the plant
had additive white noise with power of -30 dB to simulate
measurement noise. The adaptive filter had lattice form, so
that it was easy to initialized particles within the stable region
by simply restricting the reflection coefficients to be in the
range [-1 1].

A. Matched Order Filter with Noise Floor

The unknown plant is given by the ladder-lattice coefficients

[6]

k1,k2,ks,ka,ks =0.4621,0.0660,0.2798,0.01001,0.0113 (11D
V0,V1,v2,vs,04,05 —=—0.0647,—0.1910,0.0941,0.5499,0.4351,0.1057
(12)

with a matched order filter with exactly the same number of
coefficients. The result is shown in Figure 3, the dashed curve
indicate the performance of gradient descend for comparison,
blue curve is the PSO with unmodified cost function, and
red curve is the PSO with the proposed cost function. The
final MSE value of the red curve was 5 dB lower than the
blue one, and both were lower than gradient descend over 200
iterations. The reason why they are not able to reach the noise
floor was due to the limitation of the algorithm itself. As with
any stochastic search algorithm, PSO performs best in low
dimensional space, as the volume of space to be searched
is less. Since this volume increases exponentially with the
number of dimensions, higher order filter such as (12) is a
challenge for the algorithm.

B. Matched 2™ Order Filter
The unknown plant is given by [7]

k1, ks = —0.0966, 0.5132
Vo, V1, Vg = 0.1240, —0.3744, 0.1750

13)
(14)

In this experiment, the adaptive filter was second order lattice
form with coefficients {k1, k2, vo,v1,v2}. The noise at the
output of the plant was removed, and the result is shown in
Figure 4. In this case, the difference between the two cost
functions becomes several orders of magnitude. The PSO with
improved cost function was able to identify the system almost
perfectly. From the experiment results, it can be concluded
that the proposed modification allows the algorithm to perform
to its full potential in situations where it can perform well,
which are for low order plants. As can be seen from the result
in Figure 4, without the modification, the performance in the
ideal case with low order plant and no noise was not much
better than that of high order with noise. This demonstrates
the importance of the modification.
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IV. CONCLUSION

A new way to estimate the cost function when PSO
algorithm is applied to training adaptive filter for system
identification application was proposed. The improved cost
function is less noisy in a sense that its value does not fluctuate
much when particles move slower during later iterations. This
allows the algorithm to conduct fine search better and resulted
in better performance as demonstrated by the experiments. In
lower order system with the noise floor removed, using (10)
allowed the algorithm to identify the plant very accurately.
Therefore, the proposed cost function is promising, and further

research will be addressed at overcoming the limitation of
algorithm with higher order systems by using cooperative

learning approach [8].
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