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Summary

Control of complex dynamical systems is an important and active research area. Dynam-
ical models of various complex real life systems from biology, physics, finance, and engi-
neering fields incorporate randomly varying parameters. These parameters often describe
the state of external environment in which the system under consideration operates, and
hence they may not be directly measurable or may not be observed as frequently as the
state of the system itself. Therefore, when a control problem for a complex dynamical
system with stochastic parameters is explored, one needs to take into account the fact that
system parameters may not be available for control purposes at all time instants.

In this thesis we address feedback control problem for linear stochastic parameter-
varying systems, under the assumption that the controller has access only to sampled infor-
mation of parameters.

We first develop sampled-parameter feedback control frameworks for linear systems
with a stochastic parameter that takes values from a finite set. Each value of the parame-
ter represents a mode of the dynamical system. The overall system in this case is called a
“switched system”, since the operation mode of the dynamics switches when the parameter
changes its value. Switched stochastic systems accurately characterize complex processes
that are subject to dynamical changes due to sudden environmental variations. We in-
vestigate continuous-time switched systems with a randomly varying mode signal. This
mode signal is assumed to be observed (sampled) periodically. In this case, information
about the operation mode of the switched system is available for control purposes only
at periodic mode observation instants. We propose a feedback control law that achieves
stabilization of the system states by using only periodically observed (sampled) mode in-

formation. We then direct our attention to a more complex feedback control problem for

Xi



the case where the sampled mode information is subject to time delay before it becomes
available for control purposes. This time delay may emanate from communication de-
lays between the mode sampling mechanism and the controller or computational delays
in mode detection. We propose stabilizing control laws that depend only on delayed and
sampled version of the mode signal.

In addition to continous-time switched stochastic systems, we also explore the feed-
back control problem for discrete-time switched stochastic systems. We consider the case
where the mode of the switched system is periodically observed. We develop a stabilizing
feedback control framework that incorporates sampled-mode-dependent and time-varying
feedback gains, which allow stabilization despite the uncertainty of the operation mode
between consecutive mode observation instants. We utilize the periodicity induced in the
system dynamics due to periodic mode observations, and employ discrete-time Floquet the-
ory to obtain necessary and sufficient conditions for the stabilization of the system states.
Furthermore, we address the case where mode information obtained through periodic ob-
servations is imprecise. Imprecise mode information characterizes the situation where some
of the modes are indistinguishable by the mode detector. Specifically, in this situation,
the modes of the switched system are divided into a number of groups, and the controller
periodically receives information of the group that contains the active operation mode. For
this case, we develop a feedback control law that guarantees stabilization by using only
the group information rather than a precise information of the active mode.

Next, we address feedback control problem for continuous-time and discrete-time
switched stochastic systems for the case where the mode of the switched system is ob-
served at random time instants. For the continuous-time case, we develop a stabilizing
control law under the assumption that the lengths of intervals between mode sampling
instants are exponentially distributed independent random variables. For this particular
case, we observe that the closed-loop system under our proposed sampled-mode control
law can be modeled as a switched linear stochastic system with a mode signal that is
defined to be a bivariate stochastic process composed of the actual mode signal and its
sampled version. On the other hand, for the discrete-time case we do not assume a partic-
ular structure for the distribution of the lengths of intervals between the time instants at

which mode is sampled. We observe that this characterization encapsulates periodic mode

xii



observations as a special case. Our investigation for the discrete-time case is predicated
on the analysis of a sequence-valued process that encapsulates the stochastic nature of the
evolution of active operation mode between mode observation instants.

Parameters of certain dynamical system models from engineering field evolve in mul-
tidimensional spaces composed of a continuum of points. Hence, dynamical systems with
such kind of parameters can not be characterized as switched systems. In the last part
of this thesis, we explore sampled-parameter feedback control of discrete-time dynamical
systems with stochastic parameters that are defined on multidimensional spaces. Further-
more, we investigate a special class of linear parameter-varying systems where the system
matrix depends affinely on the entries of the stochastic parameter vector. For this class of
parameter-varying systems, we show that stabilization can be achieved by using a control
law with a feedback gain that is an affine function of the entries of the sampled parameter
vector.

All sampled-parameter feedback control frameworks that we develop in this thesis
have guaranteed stabilization properties. Specifically, we obtain conditions under which
our proposed control laws guarantee that the system states converge to the zero solution

for all possible trajectories of the parameters.
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Chapter 1

Introduction

1.1 Dynamical Systems with Stochastic Parameters

The framework developed for dynamical systems with time-varying parameters has been
indispensable in modeling complex real life processes and has found applications in vari-
ous fields such as aeronautics, energy, and automotive systems as well as bio-informatics
and finance [1-3]. Specifically, parameters of many dynamical systems vary in a stochastic
fashion. For example, the dynamical model of a flight control system includes the time-
varying parameter airspeed, which is modeled as a stochastic process [4,5]. Moreover, for
power systems, load profile is a time-varying parameter of the dynamical model and char-
acterized by a stochastic process in several studies (see [6, 7] and the references therein).
Furthermore, researchers of population dynamics also use dynamical models that incor-
porate randomly varying parameters [8-13]. Note that growth rate, which is a parameter
of the population model of a species, changes randomly within time depending on vari-
ations in environment such as increase or decrease in food resources. Dynamical models
with stochastic parameters have also been adopted in finance. For instance, models that
describe stock prices often include randomly varying parameters [14-17]. Specifically,
volatility, which is a parameter of stock price models, is subject to random variations due

to market trends that are influenced by external social, economical, and political changes.

There is a common feature between dynamical system models used in different appli-

cation fields. Randomly varying parameters of these dynamical system models describe



the state of external environment, and hence they may not be directly measurable or may
not be observed as frequently as the state of the system itself. Therefore, when a control
problem for dynamical systems with stochastic parameters is considered, one must take
into account the fact that perfect knowledge of the parameters may not be available for
control purposes at all time instants. Motivated by this point, in this thesis, we address
the control problem for the case where only sampled information of parameters is available
for control purposes. Our goal is to develop sampled-parameter control frameworks that
are effective for controlling linear dynamical systems when parameters are not observed

exactly, instantaneously, or as frequently as the system state.

1.2 Sampled-Parameter Feedback Control

Control of complex dynamical systems with time-varying parameters is an important and
active research area. For many practical applications, it is desirable that the system state
is stabilized around a set point by a controller despite the effect of varying parameters.
Feedback control of linear systems with varying parameters has been explored in many
studies (e.g. [18-40]). The state-space description of continuous-time linear dynamical

systems with time-varying parameters is given by
#(t) = A(E(1)z(t) + BE®))u(t), =0, (1.1

where z(-) and u(-) respectively denote the state and control input vectors; furthermore,

A(-) and B(-) are state and input matrices that depend on the parameter £(-).

In the literature, the control input u(-) is often designed based on the assumption that
the parameter () can be measured at all times instants ¢ > 0 (see [18-26,41,42]). For
example, many researchers have investigated stabilization of the state of the dynamical
system (1.1) towards the origin with a control law of the form u(t) £ K(£(t))x(t). Note
that in this case, K (-), which denotes the feedback gain, depends directly on the param-
eter £(-). On the other hand, in [43], a controller is designed for the case where only
certain components of the parameter vector &(-) is measurable. Furthermore, in [43-45],

researchers propose a feedback control law that depends on a noisy measurement of the



parameter £(-). Note that all abovementioned control laws require continuously available
information concerning the parameter. In the case where parameter information is not
continuously available, these suggested control laws would not be applicable. The same
issue arises also in the discrete-time case, where the dynamical model is described by the

difference equation

o(k + 1) = AE(K)z(k) + BEKk))u(k), k€ No. (1.2)

Note that the parameter £(-) may not be available for control purposes at all time instants

k € Np.

In the case where the parameter £(-) is not observed at all time steps, we need alterna-
tive control frameworks that do not require knowledge of the parameter at all times. To
deal with such cases, one can use feedback control laws that are independent of the pa-
rameter (e.g., [27-31,37-40]). In this case, the control law takes the form u(k) = Kz (k)
for the discrete-time system, and u(t) = Kx(t) for the continous-time system, where K
is a fixed constant gain matrix that is independent of the parameter. However, in this
problem setting, finding a constant feedback gain K that achieves stabilization despite the
uncertainty of the time-varying parameter £(-) is a difficult problem. On the other hand,
if the parameter can be observed (sampled) at certain time instants (even if rarely), this

sampled parameter information can be utilized in the control framework.

In this thesis, we consider the stabilization problem under the assumption that the
controller has access only to sampled parameter information. We explore the case where
the parameter is observed periodically, as well as the case where the information about
the parameter is obtained at random time instants. Furthermore, we address sampled-
parameter feedback control problem for both linear systems with a stochastic parameter

that takes values from a finite set and linear systems with a parameter that evolves in R'.



Mode 1 Mode 2
#(t) = Arz(t) + Bru(t) &(t) = Asa(t) + Bou(t)

Mode 3
#(t) = Asz(t) + Byu(t)

Figure 1.1: Modes of a continuous-time switched stochastic system

1.3 Sampled-Mode Feedback Control of Switched Stochastic Sys-

tems

In the case where the stochastic parameter of a dynamical system takes values from a
finite set, each value of the parameter represents a mode of the dynamical system. The
mode of the dynamics switches when the parameter changes its value. The overall system
in this case is called a “switched system”. Fig. 1.1 shows possible transitions (switches)
between the modes of a switched stochastic system with 3 modes. Note that the dynamics

of the ith mode is characterized by state and input matrices A; and B;.

Mode signal of a switched stochastic system characterizes the random transitions be-
tween the modes of the switched system and it is modeled as a finite-state stochastic pro-
cess. In the literature, the mode signal is often modeled as a time-homogeneous Markov
chain (e.g., [15,46-53]). Note that the value of the mode signal determines the index of
the active subsystem (mode) that will govern the dynamics until the next mode switching

instant.

Feedback control problem for switched stochastic systems has been investigated in
many studies (e.g., [4,14,41,42,49,51,54-66] and the references therein). Most of the
control frameworks developed for switched stochastic systems require the availability of
information on the active operation mode at all times. Note that for numerous applica-

tions the active mode describes the operating conditions of a physical process and is driven



by external incidents of stochastic nature. The active mode, hence, may not be directly
measurable and it may not be available for control purposes at all time instants during
the course of operation. When the controller does not have access to any mode informa-
tion, for achieving stabilization one can resort to adaptive control frameworks [67-69]
or mode-independent control laws [63, 70-72]. Furthermore, an estimate of the mode
signal can also be employed for control purposes [73,74]. It is also mentioned in [75,76]
that mode information may be recovered from system state observations. However, mode
information recovery is difficult when there is noise in the dynamics. On the other hand,
if mode information can be observed (sampled) at certain time instants, this sampled

information can be utilized in the control framework.

One of the main goals of this thesis is to explore the feedback control problem for
switched stochastic systems under sampled mode information. In this regard, we first ad-
dress the case where the mode is sampled periodically. However, periodic mode sampling
(observation) is not always possible. Note that there are certain situations where mode
information can only be obtained at random time instants. For example the mode may
be sampled periodically; however, due to random losses in the communication between
mode sampling mechanism and the controller, some of the mode samples do not reach
the controller. Furthermore, in some applications, the active operation mode has to be
detected, but the detected mode information would not be always accurate. In this case
each mode detection has a confidence level. Mode information with low confidence is
discarded. As a result, depending on the confidence level of detection, the controller may
or may not receive the mode information at a particular mode detection instant. In this
thesis, we also address the feedback control problem for such cases where the information

of the mode signal is randomly available to the controller.

Note that feedback control problem setting with sampled mode information is ap-
propriate for applications where the mode cannot be observed as frequently as the sys-
tem state. On the other hand, sampled mode information may also be subject to delays.
Specifically, each sampled mode data may become available to the controller after a delay.
Addressing this problem is crucial, because in practical applications there may be delays

in mode detection. In this thesis, we address this problem and propose a control law that



depends only on the sampled and delayed mode information.

In the literature, switched stochastic systems have also been used for modeling fault-
tolerant control systems (see [77,78]). Fault-tolerant systems are composed of a normal
operation mode and a number of faulty modes. Faulty modes are associated with failures
of different components of a process. Furthermore, failures are often detected through
diagnostic tests, which may fail to identify the exact type of the failure. When a failure
is detected, the controller receives the information that there was a failure; however, the
exact information of the type of the faulty mode may not be available for control purposes.
In this thesis, we develop control frameworks that can deal with such situations. Specif-
ically, we investigate feedback control of switched stochastic systems for the case where
mode information obtained through observations is not precise. In order to model impre-
cision of mode information, we divide the modes of the switched system into a number
of groups, and consider the case where the controller periodically receives information of
the group that contains the active mode. We propose a control law that depends only on
the periodically available mode group information, rather than the exact information of

the mode.

1.4 Sampled-Parameter Feedback Control of Dynamical Systems

with Parameters Defined on R!

In the switched system framework, the stochastic parameter of the system takes its values
from a finite set. On the other hand, certain complex real life processes from biology, me-
chanical engineering, and finance incorporate randomly varying parameters that takes val-
ues from sets with uncountably many elements (see [79-81]; and the references therein).
One of the main goals of this thesis is to address feedback control of dynamical systems
with stochastic parameters that evolve in a multidimensional state space. Specifically, we
develop a stabilizing control framework for discrete-time linear dynamical systems for the

case where the system parameter is observed (sampled) periodically.

The analysis for systems with stochastic parameters that evolve in multidimensional

spaces with uncountably many elements is more complicated than the analysis for switched



stochastic systems. In our analysis we rely on stationarity and ergodicity properties of a
stochastic process that represents the sequences of values that the system parameter takes

between consecutive observation instants.

In many studies that deal with linear dynamical systems with time-varying parameters,
researchers embrace models with affine parameter-dependence (e.g., [2,82,83]). In such
models system matrices are affine functions of the entries of the parameter vector. In
the literature, researchers often employ control laws that depend on perfect information
of the parameter at all time instants. In this thesis, we explore linear parameter-varying
systems where the state matrix is an affine function of the entries of the parameter vector.
We show that stabilization for this class of parameter-varying systems can be achieved
through a control law with a feedback gain that is an affine function of the entries of the

sampled parameter vector.

1.5 Outline of the Thesis

We introduce the notation in Chapter 2, where we also present several definitions and
some key results concerning continuous-time and discrete-time stochastic processes. Fur-
thermore, the definitions of the stochastic stability notions “almost sure asymptotic stabil-

ity” and “second moment asymptotic stability” are provided also in Chapter 2.

In Chapter 3, feedback stabilization of continuous-time switched linear stochastic dy-
namical systems is explored. The mode signal, which characterizes the switching between
subsystems, is modeled as a continuous-time Markov chain. We propose a feedback con-
trol law that depends only on the uniformly (periodically) sampled mode information
rather than the actual mode signal. We analyze the probabilistic dynamics of the sampled
mode information, and develop a form of strong law of large numbers to show the almost

sure asymptotic stability of the closed-loop system under the proposed control law.

In Chapters 4 and 5, we consider the feedback control problem for the case where
the mode of a continuous-time switched system is periodically sampled at discrete time
instants and obtained sampled mode information is subject to time delays. In Chapter 4

we analyze the stability of the closed-loop switched stochastic system under our proposed



control law with a piecewise-constant feedback gain that depends on delayed and sampled
version of the mode signal. The results presented in Chapter 4 are based on our proba-
bilistic analysis of a bivariate stochastic process that is composed of the actual mode signal
and its delayed sampled version. Next, in Chapter 5 we propose a new control framework
that relies on a probability-based feedback gain scheduling scheme that utilizes the available
delayed sampled mode data as well as a priori information concerning the probabilistic
dynamics of the mode signal. Specifically, the feedback-gain scheduling method is based
on selecting the gain associated with the mode that has the highest conditional probability

of being active given the most recent sampled and delayed mode data.

In Chapter 6, second-moment asymptotic stabilization of a discrete-time switched stochas-
tic system is investigated. Active operation mode of the switched system is assumed to be
only periodically observed (sampled). We develop a stabilizing feedback control frame-
work that incorporates sampled-mode-dependent time-varying feedback gains, which al-
low stabilization despite the uncertainty of the active operation mode between consecutive
mode observation instants. We employ discrete-time Floquet theory to obtain necessary
and sufficient conditions for second-moment asymptotic stabilization of the zero solution.
Furthermore, we use Lyapunov-like functions with periodic coefficients to obtain alterna-

tive stabilization conditions, which we then employ for designing feedback gains.

In Chapter 7, we propose a feedback control law for discrete-time switched stochas-
tic systems that depends only on the periodically obtained imprecise mode information.
Specifically, the modes of the switched system are assumed to be divided into a number
of groups, and the periodically available mode information indicates only the group that
contains the active mode. We obtain sufficient conditions for second moment asymptotic
stability of the closed-loop system under our proposed control law which depends only on

mode group information.

In Chapters 8 and 9, we investigate feedback control of continuous- and discrete-
time switched stochastic systems for the case where the mode of the switched system
is observed at random time instants. Specifically, in Chapter 8, we explore almost sure
asymptotic stabilization problem of continuous-time switched linear stochastic dynamical

systems, for which the mode signal is modeled as a Markov chain. Intervals between



the mode sampling time instants are assumed to be exponentially distributed random
variables. We show that the bivariate process composed of the actual mode signal and
its sampled version is a finite-state continuous-time Markov chain due to the exponential
distribution property of the mode sampling intervals. Based on this result, we obtain suf-
ficient conditions under which our proposed control law achieves almost sure asymptotic
stabilization. Next, in Chapter 9, feedback control of a discrete-time switched stochastic
system is explored for the case where the active operation mode is observed only at ran-
dom time instants. A stabilizing control law that utilizes the information obtained through
mode observations is proposed. We analyze the probabilistic dynamics of a sequence-
valued stochastic process that captures the key properties of the evolution of active mode
between mode observation instants. We then use the results of our analysis to obtain suffi-
cient conditions under which our proposed control law guarantees almost sure asymptotic

stabilization.

In Chapter 10, feedback stabilization of a discrete-time linear stochastic parameter-
varying system is explored. The parameter of the system is modeled as a discrete-time
stationary and ergodic Markov process on R!. We develop a stabilizing control framework
for the case where the system parameter is observed (sampled) periodically. We obtain
sufficient conditions under which almost sure asymptotic stabilization of the closed-loop
stochastic parameter-varying system is guaranteed by our proposed control law, which
depends only on the sampled version of the system parameter. Furthermore, we explore
a special class of linear parameter-varying systems where the state matrix is an affine
function of the entries of the parameter vector. We show that stabilization for this class of
parameter-varying systems can be achieved through a control law with a feedback gain

that is an affine function of the entries of the sampled parameter vector.

Note that in each chapter we present illustrative numerical examples to demonstrate
the efficacy of our results on the sampled-parameter feedback control problem for dynam-

ical systems with stochastic parameters.

Finally, we give concluding remarks and provide a discussion on future extensions in

Chapter 11.






Chapter 2

Mathematical Preliminaries

In this chapter, we first introduce the notation used in the thesis, we then present several
definitions and some key results concerning continuous-time and discrete-time stochastic
processes. Furthermore, we provide the definitions of several stochastic stability notions

that are used throughout the following chapters.

2.1 Notation

We denote positive and nonnegative integers by N and Ny, respectively. Moreover, R
denotes the set of real numbers, R" denotes the set of n x 1 real column vectors, and R"™*™
denotes the set of n x m real matrices. We write (-)* for transpose, | - || for the Euclidean
vector norm, and ® for Kronecker product. Furthermore, we use |-| to denote the largest
integer that is less than or equal to its real argument, tr(-) for trace of a matrix, I,, for
the identity matrix of dimension n, and Ay, (H) (resp., Amax(H)) for the minimum (resp.,
maximum) eigenvalue of the Hermitian matrix H. We represent a finite-length sequence
of ordered elements ¢1, ¢2, . .., ¢, by ¢ = (q1, q2, - - -, ¢n ). Furthermore, the length (number
of elements) of the sequence ¢ is denoted by |¢|. A function V' : R” — R is said to be
positive definite if V(z) > 0,z # 0, and V(0) = 0. We use VV to denote the vector
of the first order spatial derivatives of a twice continuously differentiable scalar-valued

function V, that is, VV = gTVl’ %7 ool 867‘2 , and we use V(VV) to denote the matrix of
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the second-order spatial derivatives of V, that is,

v 9V
0zx10x1 0x10Tn
V(VV) =
9%V . 9%V
895"8:51 837n81'n

Now, let (©2, F,P) be a probability space. We use the notation E[-] to denote the ex-
pectation. Conditional expectation of a random variable z : 2 — R given an event G € F

(with P[G] > 0) is denoted by

Efz|G] 2 P[lG] /G (w)P(dw). @2.1)

Furthermore, conditional expectation of a random variable x : Q — R given a o-algebra

H is defined to be the #-measurable unique random variable E[z|#] such that

/E[m|7—l][?(dw):/x(w)]?(dw), AeH.
A A

We use 1 : 2 — {0, 1} to denote the indicator function, defined by

1, weaga,
]l[G} (w) = GeF. (2.2)

0, wé¢gdq,

2.2 Continuous-time Stochastic Processes

A continuous-time stochastic process is a collection of random variables z; : Q@ — R"
parametrized by the time variable ¢ € [0,00) (see [84-86]). Furthermore, a filtration

{Fi}+>0 on a probability space (2, F,P) is defined to be a family of o-algebras such that

FsCF CF, 0<s<t.
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A stochastic process {z; € R"};>¢ is said to be adapted to the filtration {F;}:>¢ if the

random variable z; : Q0 — R" is F;-measurable, that is,

{we: xn(w)yeBeF, t>0,

for all Borel sets B € B(R™), where B(R™) denotes the Borel o-algebra associated with R™.
In the following we provide definitions of continuous-time Markov chains and Poisson

processes.

2.2.1 Continuous-Time Finite-State Markov Chains

A finite-state, continuous-time Markov chain {r(t) € M £ {1,2,..., M}};>0 with r(0) =
ro € M, is an F;-adapted, piecewise-constant and right-continuous stochastic process
characterized by a generator matrix Q € RM>*M_ The generator matrix € RM*M

determines the transition rates between each pair of states i, j € M such that

. . qijAt +o(At), i # ],
Plr(t 4+ At) = jlr(t) =] =

1 —I—qi’jAt—i-O(At), 1 =7,

where ¢; ; denotes the (4, j)th element of the matrix ). Note that ¢;; > 0, ¢ # j, and
Gii = —.j2i %y @ € M. Furthermore, transition probabilities for each pair of states

i,7 € M are given by

Plr(t +7) = jlr(t) = i] = pi(7), 7 >0, (2.3)

where p; j() denotes the (i,5)th element of the matrix e“”. A Markov chain is called
“irreducible” if it is possible to reach from any state to another state with one or more
transitions. For all finite-state, irreducible, continuous-time Markov chains there exists a
unique stationary probability distribution 7 £ [r,..., 7|7 € RM such that 77'Q = 0,
m; >0,i€ M,and ), ,,m = 1[86,87].

In Chapters 3-5, and 8, the mode signal, which manages the transition between sub-
systems (modes) of a switched stochastic continuous-time dynamical system, is modeled

as a finite-state continuous-time Markov chain.
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2.2.2 Continuous-Time Poisson Processes

A continuous-time Poisson process is a stochastic process that counts the number of oc-
currences of some events. Mathematically, it is defined to be the F;-adapted stochastic
process {N(t) € No}t>o with N(0) = 0, where N(t) denotes the number of events that
occur in the time interval (0, ¢]. Probability of the occurrence of an event in a short time

interval (¢,t + At] is given by

PIN(t+ At) = k+ 1| N(t) = k] = MAt+o(At), ke Ny, (2.4)

where )\ > 0 denotes the intensity of occurrences. Length of intervals between consecutive
events are distributed by the exponential distribution with parameter \. A Poisson process
has “stationary and independent increments”. “Independent increments” property sug-
gests that occurrences of events in non-overlapping intervals are independent. Moreover,
as a result of “stationary increments” property, the number of events in any time interval
is distributed with Poisson distribution depending only on the length of the interval. For
Poisson processes, the probability of occurrences of more than one event at a time is zero.
Additionally, only finite number of events occur in finite time intervals, almost surely.
Note that in Chapter 8, we employ a Poisson process to characterize the occurrences

of random mode observations.

2.3 Discrete-Time Stochastic Processes

A discrete-time stochastic process is a collection of random variables z;, : 2 — R", k € Ny,
defined on a probability space (2, F,P). Furthermore, a filtration in the discrete-time

setting is defined to be a collection of o-algebras {Fj }ren, such that

FiCcF.CF, j<k, jkeNy.
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A discrete-time stochastic process {x; € R"}ren, is called Fj-adapted if the random vari-

able z;, : Q — R™ is Fj-measurable, that is,

{weQ: zp(w) € B} € Fi, k€ Ny,

for all Borel sets B € B(R"™) [88].

In what follows, we first define discrete-time finite-state Markov chains, and then we
explain Markov chains on countable spaces. We follow with a definition of discrete-time
renewal processes, and characterize Markov processes on R. Finally, we explain notions

of stationarity and ergodicity for discrete-time stochastic processes.

2.3.1 Discrete-Time Finite-State Markov Chains

A finite-state, discrete-time Markov chain {r(k) € M £ {1,2,..., M}}ren, is an F-
adapted stochastic process characterized by an initial distribution v : M — [0,1] and a

transition probability matrix P € RM* sych that

Pir(0) =i =v;, ieM, (2.5)

where p; ; € [0, 1] denotes the (7, j)th entry of the matrix P. Note that ) ;,_,,v; = 1 and

ZjEMpi:j =1,i€e M.
In Chapters 6, 7, and 9, we employ a time-homogeneous discrete-time Markov chain to

model the active operation mode of a switched stochastic discrete-time dynamical system.

2.3.2 Discrete-Time Markov Chains on Countable State Spaces

A time-homogeneous, discrete-time Markov chain defined on a countable state space S is
an Fj-adapted stochastic process {s(k) € S}ien, characterized by an initial distribution

A : 8 — [0,1] and transition probabilities p; ; € [0, 1], 7,5 € S, such that

Pls(0) =i = X;, i€, 2.7)

P[S(k‘ + 1) = ]’8(]{5) = Z] = Pij, i, €S8, keNg. (2.8)
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Note that 3 3;ccA; =1land 3, spij =11 €S,

A discrete-time Markov chain {s(k) € S}ien, is called aperiodic if for every i € S,
there exists n € N such that for all 7 > n, P[s(k + n) = i|s(k) = i] > 0, k € Ny. Note that
states of aperiodic Markov chains are revisited aperiodically.

We call a discrete-time Markov chain {s(k) € S}ien, trreducible if for every i,j € S,
there exists n € N such that P[s(k + n) = j|s(k) = i] > 0, k € Ny. In other words, for
irreducible Markov chains it is possible to reach to any state from another state in finite
transitions.

A distribution ¢ : S — [0,1] : j — ¢; is called invariant distribution of the Markov
chain {s(k) € Stren, if ¢; = > ;c5Pirij> j € S. Now, suppose {s(k) € S}ren, is an
irreducible discrete-time Markov chain with the invariant distribution ¢ : S — [0, 1]. The
strong law of large numbers (also called ergodic theorem; see [86,87,89]) for discrete-
time Markov chains states that for any §; € R, i € S, such that ) . _ ¢ ¢;|£;| < oo, it follows
that P[limy, 0 % Zz;é Esk) = Dies Pi&il = 1.

In Chapter 9, we employ a time-homogeneous, discrete-time, finite-state Markov chain
for modeling the mode transitions of a switched stochastic system. We consider the case
where mode is observed at random time instants. Furthermore, the sequences of modes
between random mode observation instants are characterized through a countable-state
discrete-time Markov chain. Therefore, the ergodic theorem for countable-state Markov

chains is crucial for developing our main results in Sections 9.2 and 9.3.

2.3.3 Discrete-Time Renewal Processes

A discrete-time renewal process {N (k) € No}ren, with initial value N(0) = 0 is an Fj-

adapted stochastic counting process defined by
N(k) =) y<p, (2.9)
ieN

where t; € Ny, i € Ny, are random time instants such that o = 0and 7; = ¢; — t;_1 € N,
i € N, are identically distributed independent random variables with finite expectation
(i.e., E[r;] < o0, i € N). Note that 7;, i € N, denote the lengths of intervals between time

instants ¢;, i € Ny. Furthermore, we use i : N — [0, 1] to denote the common distribution
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of the random variables 7;, ¢« € N, such that
Plri=7]=p,, 7€N, €N, (2.10)

where y; € [0,1]. Note that > _yu- = 1. Now, let 7+ £ > _7u, = E[n|(= E[r],

i € N). It follows as a consequence of strong law of large numbers for renewal processes

(see [86]) that limy, o, 22

1
=

Note that in Section 9.2, we employ a renewal process to characterize the occurrences

of random mode observations.

2.3.4 Discrete-Time Markov Processes on R!

A time-homogeneous, discrete-time Markov process defined on state space R! is a stochas-
tic process {¢(k) € R'},en, characterized by an initial distribution v : B(R!) — [0,1] and

transition probability function P : R! x B(R!) — [0, 1] such that

P¢(0) € S] = v(S), (2.11)

Ple(k +1) € S|¢(k) = 5] = P(s, S), (2.12)

for all s € R!, S € B(RY), k € Ny. Note that for each s € R/, P(s,-) : B(R)) — [0,1] is a
probability measure on the measurable space (R!, B(R!)); furthermore, for each S € B(R!),
P(-,8) : R — [0, 1] is a measurable function on multidimensional space R (see [89,90]).

We define i-step transition probability functions P(¥) : R! x B(R!) — [0, 1] by

1, ifse s,
PO (s,8) 2 (2.13)
0, otherwise,
ptl(s Gy & / P™(s5,8)P(s,ds), neN. (2.14)
R!

Note that P() (s, S) = P(s,S), s € R, S € B(RY). For a given time k € Ny and step size
i € Ny, P%(s,S) denotes the conditional probability that the Markov process will take a

value inside the set S € B(R') at time k + 4, given that it had the value s € R at time F,
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that is
Pl¢(k + 1) € S|¢(k) = s] = PO(s,5), k,ie Ny. (2.15)

A probability measure 7 : B(R!) — [0,1] is called a stationary distribution of Markov

process {£(k) € R} jen, if
/ P(s,S)r(ds) = n(S), S € B(RY). (2.16)
R!

A Markov process {£(k) € R'},en, is called aperiodic if there is no integer d > 2 and
non-empty subsets S; C R', i € {1,2,...,d}, such that S; N S; =0, i # j, P(s,Si+1) = 1,
s€S;,ie€{l,2,...,d—1} and P(s,S1) =1, s € Sy (see [91]).

In Section 10.3, we employ an aperiodic Markov process defined on R’ to characterize

the parameter of a discrete-time linear stochastic parameter-varying dynamical system.

2.3.5 Stationarity and Ergodicity of Discrete-Time Stochastic Processes

In this section we first give the definition of stationarity, and then we explain measure
preserving transformations and ergodic stochastic processes.
A discrete-time stochastic process {((k) € R'}jen, is called stationary if for every

n €N,

P[C(:) € S1,¢(t +1) € Sa,...,((i+n—1) €S,

=P[C() € 51,¢(GF +1) € S2,...,C( +n—1) € Gy, (2.17)

for all Sy € B(RY), k € {1,2,...,n}, and 4,7 € Ny. Note that for a stationary stochastic
process {((k) € R'}4en,, the joint distribution of random variables ¢ (k), ((k+1), ..., (k+
n) is the same for all k& € Ny, in other words the joint distribution does not change over
time [90,92]. It is important to note that a time-homogeneous discrete-time Markov
process {¢(k) € R'}jen, characterized with the transition probability function P : R! x

B(RY) — [0,1] and the initial distribution v : B(R') — [0, 1] is stationary if the initial
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distribution v(-) is also a stationary distribution, that is,

P(s,S)v(ds) = v(S), S e B(RY). (2.18)
R!

Now consider the probability space (2, F,P). A measurable function 7' : Q@ — Q is

called a measure preserving transformation if
P[TY(F)] =P[F], FecF,
where
THF)2{weQ:T(w)e F}, FecF. (2.19)

Note that every stationary stochastic process is associated with a measure preserving
transformation [90,92]. We define the measure preserving transformation associated with
the stationary stochastic process {¢(k) € R'},en, in the following way. First, let Q £
(RZ)NO denote the space that includes all infinite-sequences of R'-valued vectors, and let
Fa&B ((]R{Z)NO) denote the product o-algebra (see [90,92]). Furthermore, let P be the
probability measure induced by {¢(k) € R'};cy,. Note that all sequences of the form
w = {w(k) € Rl}ken, are included in ; moreover, F includes all sets of the form {w €
Q:w(i) € Si,w(i+1)€Sy,...wi+n—1) € 8,}, forall S, € BRY), k € {1,2,...,n},
and i € Ny. For a fixed w € Q, the stochastic process {¢(k) € R'}en, is given by ((k) =

w(k), k € Ng. Now, we define T, : Q — Q by

Te({w(k) breny) = {w(k + 1) }reny, w € Q. (2.20)

Note that T : Q — Q shifts the sequence w € Q. The stationarity of the stochastic
process {((k) € Rl}cn, implies that the function 7; : @ — Q is a measure preserving
transformation [90]. For the measure preserving transformation 7¢ : 2 — (), we define
T¢: Q — Q, by TY(w) = w and T} (w) = T¢(Ti(w)), i € No.

Consider the stationary stochastic process {¢(k) € R'},ecn, and the associated measure

preserving transformation 7; : 2 —  defined in (2.20). The stationary stochastic process
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{¢(k) € R} pen, is called ergodic if P[F] = 0 or P[F] = 1 for all F € F such that TC_I(F) =
F.

Now let {¢(k) € R'}xen, be a stationary and ergodic stochastic process. Furthermore,
let f : Rl — R be a measurable function such that E[|f(¢(0))|] < oc. Ergodic Theorem
[90,92] states that lim,, o Zz;é f(¢(k)) = E[f(¢(0))], almost surely.

Stationarity and ergodicity notions are crucial for obtaining the main results of Chap-

ter 10.

2.4 Stochastic Stability Definitions

In the literature, researchers employ various stability notions for analyzing stochastic dy-
namical systems. In this section, we give definitions of almost sure asymptotic stability and

second-moment asymptotic stability, which we adopt in our study.

2.4.1 Almost Sure Asymptotic Stability

In Chapters 3-5, and 8, we investigate continuous-time stochastic dynamical systems,
where the state variable is characterized by the stochastic process {z(¢) € R"};>¢. The
zero solution z(t) = 0 of a continuous-time stochastic dynamical system is called asymp-

totically stable almost surely if
P[tli)rgo l|lz(t)]]| = 0] = 1. (2.21)

Furthermore, in Chapters 9 and 10, we investigate almost sure asymptotic stability
of discrete-time stochastic dynamical systems, for which the state variable is given by
discrete-time stochastic process {z(k) € R"}1en,. The zero solution z(k) = 0 of a discrete-
time stochastic dynamical system is called asymptotically stable almost surely if

P[lim |z(k)| = 0] = 1. (2.22)

k—o0

Note that almost sure asymptotic stability notion is also called “asymptotic stability

with probability one” [14].
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2.4.2 Second-Moment Asymptotic Stability

In Chapters 6 and 7, we investigate second-moment asymptotic stability of discrete-time
stochastic dynamical systems. The zero solution z(k) = 0 of a discrete-time stochastic

system is called second-moment asymptotically stable if

Jim E[||z(k)||*] = 0. (2.23)
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Chapter 3

Feedback Control of
Continuous-Time Switched Linear
Stochastic Systems Using Uniformly
Sampled Mode Information

3.1 Introduction

Stabilization of stochastic hybrid systems have been investigated by many researchers.
Particularly, feedback control of Markov jump systems have attracted considerable atten-
tion. Markov jump systems are composed of deterministic subsystems (modes). Transi-
tions between these subsystems are characterized by a stochastic mode signal, which is
modeled as a finite-state Markov chain. Feedback control of Markov jump linear systems
have been discussed in [57]; output feedback stabilization of Markov jump systems have
been investigated in [4] and [63]; moreover, stabilization problem under the effect of de-
lays is explored in [62] and [64]. In addition to Markov jump systems, researchers have
also explored more general “switching diffusion processes”, which introduce stochasticity
also in the subsystem dynamics. Several results regarding the stabilization of switching
diffusion processes are provided in [13, 14, 54], and [49].

In the literature concerning the stabilization of switched stochastic systems, researchers
often employ feedback control laws that require perfect knowledge of the mode signal.

These suggested control laws are not suitable when mode information is not available or
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only available at certain instants. It is important to address the stabilization problem un-
der limited mode information. In this regard, when there is no mode information available
at all, under some conditions, stabilization can be achieved using a fixed feedback con-
trol law that is independent of the mode [63, 71]. Furthermore, an estimate of the mode
signal can also be employed for control purposes [73,74]. On the other hand, if mode
information can be observed at certain time instants (even if rarely), this information can
be utilized in the control framework.

In this chapter, we consider the stabilization problem for the case where mode infor-
mation is sampled uniformly, that is, the mode sampling instants are equally spaced by a
constant interval. Specifically, we consider a switched linear system composed of stochas-
tic subsystems which include Brownian motion in their dynamics. The mode signal of the
switched system is modeled as a time-homogeneous, finite-state Markov chain. We pro-
pose a control law that depends only on the uniformly sampled mode information. In this
case, the closed-loop system under the proposed control law cannot be transformed into
another switched linear stochastic system with a mode signal that is a time-homogeneous
Markov chain. As a consequence, a new approach is needed to analyze stability of the
closed-loop system. We first obtain a representation of the mode signal from the available
samples employing the “sample and hold” technique. We investigate the probabilistic dy-
namics of this sampled version of the mode signal. Next, we derive and employ a type of
strong law of large numbers for a bivariate process composed of the actual and the sam-
pled mode signal to show that our proposed control law guarantees almost sure stability
of the zero solution.

The contents of the chapter are as follows. In Section 3.5, we give the mathematical
model for continuous-time switched linear stochastic dynamical systems, then we inves-
tigate the feedback control problem for these systems under uniformly sampled mode
information and obtain some sufficient conditions of almost sure asymptotic stabilization.
In Section 3.4, we explore the sampled-mode output feedback control problem. Further-
more, in Section 3.5, we investigate the sampled-mode stabilization problem for switched
linear stochastic dynamical systems with multiplicative noise. We then present illustrative
numerical examples in Section 3.6 to demonstrate the efficacy of our results. Finally, we

conclude in Section 3.7.
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3.2 Feedback Control of Switched Linear Stochastic Systems

Using Periodically Sampled Mode Data

In this section, we investigate feedback control of switched linear stochastic systems that
are composed of a number of deterministic subsystems and a stochastic mode signal, which
characterizes the transition between the subsystems. We develop a control framework
for the case where the mode signal of the switched system is sampled (observed) only
at equally spaced discrete time instants. We start with the mathematical model for the

switched stochastic dynamical system that we investigate.

3.2.1 Mathematical Model for Continuous-Time Switched Linear Stochastic

Systems

We consider the continuous-time switched linear stochastic dynamical system with M € N

number of subsystems (modes) described by
z(t) = AT(t)l‘(t) + BT(t)u(t), (3.1)

with initial conditions xz(0) = z¢ and r(0) = ro, where z(t) € R" is the state vector,
u(t) € R™ is the control input, and A4;, € R**" B; € R™™ j ¢ M £ {1,2,..., M}, are
subsystem matrices. Transitions between the modes are characterized by the piecewise-
constant F;-adapted mode signal {r(t) € M};>0, which is assumed to be an continuous-
time irreducible Markov chain characterized by the generator matrix Q € RM*M with
the stationary probability distribution 7 € RM (see Section 2.2.1 for the definition of

continuous-time irreducible Markov chains).

3.2.2 Feedback Control Problem Under Periodic Mode Observations

We investigate feedback stabilization of the linear stochastic dynamical system (3.1) under
the assumption that only a periodically-sampled version the mode signal {r(t) € M};>o
is available for control purposes. Specifically, we assume that the mode signal is sampled
(observed) at time instants 0, 7, 27,37,. . ., where 7 > 0 denotes the constant mode sampling

period. Our goal is to design a stabilizing feedback control law that depends only on the
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Figure 3.1: Actual mode signal r(¢) and the sampled mode signal o(t) versus time

sampled mode information.
First, by employing the “sample and hold” technique we obtain a representation of the
mode signal {r(t) € M};>o using only the available mode samples {r(k7) € M}ien,. We

define this sampled mode signal {o(t) € M};>o by

o(t) = r(kr), tel[kr,(k+1)7), k € Np. (3.2)

Furthermore, in order to achieve almost sure stabilization using only the sampled mode

information, we consider the control law of the form

u(t) = Ka(t):l/‘(t). (33)

In what follows we show that under certain conditions, the control law (3.3) guarantees
the stability of the zero solution x(¢) = 0 of the closed-loop switched linear system (3.1).
To this end, we first explore the relation between the actual mode signal r(-) and its
sampled version o (-). We then present some key results that are necessary for investigating
the stabilization problem.

The sampled mode signal {o(t) € M};>¢ is a piecewise-constant stochastic process.
It may be subject to jumps at the time instants k7, £ € N, only when there is a mode
switch in the time interval ((k — 1)7, k7]. In Fig. 3.1 we present sample paths of both

the actual mode signal r(¢) and the sampled mode signal o(¢) of a switched system (3.1)
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with M = 2 modes. Note that both the sampling period = > 0 and frequency of the
occurrences of mode transitions have an influence on how closely the sampled mode signal
{o(t) € M};>0 resembles the actual mode signal {r(t) € M};>¢. For example, when mode
samples are obtained relatively frequently compared to the occurrences of mode switches,
the sampled mode signal {o(t) € M};>¢ is likely to be a good representation of the actual
mode signal {r(t) € M}:>o.

We denote the obtained mode samples by the sequence {r(k7) € M}ren,, which is a

discrete-time Markov chain with state transition probabilities given by
Plr((k +1)7) = jlr(k7) = i] = pi;(7), (3.4

where p; ;(7) is the (4, j)th element of the transition matrix e9". Since {r(t) € M};>q is
irreducible, {r(k7) € M}ren, is also an irreducible Markov chain. Furthermore, 7 € RM
is also the stationary probability distribution for the discrete-time Markov chain {r(k7) €
M}ren, [87].

The following lemma is concerned with finite-state, irreducible Markov chains and

crucial for developing the main results of this chapter.

Lemma 3.1. Suppose {r(t) € M = {1,2,..., M}};>o is a finite-state, irreducible Markov
chain characterized by the generator matrix Q € RM*M_ Then for any ¢; € R, | € M,

7> 0, and k € N such that P[r(k7) = i,r((k + 1)7) = j] > 0, it follows that

(k+1)7
E| /k by dslr(kr) = i, r((k + 1)7) = J]

1 T
/ Z i1 (T — s)pig(s)ds. (3.5)

Cpig(n) o &,

Proof. First, let Fj(t) £ {w € Q : r(w) =1},t>0,1 € Mand G £ Fy(kr) N F;((k +
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1)7). By the definition of conditional expectation given by (2.1), we have

(k+1)7
E| /k by dslr(kr) = i, r((k + 1)7) = J]

(k+1)7

T

1 (k+1)7’
= r(s)dSP(dw
FIC) L radspa

1 T /
=567 ] J, Ot

1 T /
~ P[G] /G /0 > ol (n=ydsP(dw), (3.6)

leM

where we also used the substitution s’ = s — k7. By employing Fubini’s Theorem [93], we

change the order of integrals in (3.6) to obtain

(k+1)T
E| /k by dslr(kr) = i, r((k + 1)) = j]

al, ’
= — 11 (sr i =nP(dw)ds
Bl J, GZZ[(-i—k:)l]( )

lemMm

1 T
= Lo s g P(dw)ds’
P[G]/OZGEA;@/G (r(s'+kr)=)) P(dw)ds
1 T
= — P[G N Fy(s' + k71)]ds’. 3.7
P{Gl/oleZMM (s + h7)lds (3.7)

Furthermore, it follows from (2.3) that

PG N Fy(s' + k7)) PIF(k7) N Fy((k+ 1)7) N Fi(s' + k7))
P[G] N PIF;(kT) N Fj((k+ 1)7)]
_ PIE((k + D7) |Fi(s" + k7)[P[FY(s" + k7) | Fi (k)]
PIF;((k + 1)7)|Fi(kT)]
_ oy (T = $)pia(s’)
pij(T) '

(3.8)

By substituting (3.8) to (3.7), we obtain (3.5), which completes the proof. O
Next, in Lemma 3.2 we present a form of strong law of large numbers for the bivariate
stochastic process {(7(t),o(t)) € M x M};>o. This result is then utilized for developing

the main results below in Sections 3.3 and 3.5.

Lemma 3.2. Suppose {r(t) € M = {1,2,..., M}};>o is a finite-state, irreducible Markov

chain characterized by the generator matrix @ € RM*M with stationary probability dis-
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tributions 7 € RM; and {o(t) € M}i>o defined in (3.2) is the sampled version of

{r(t) € M};>o for a given sampling period 7 > 0. Then for any v; ; € R, i,j € M,

t

1 1 T
1 — = — Qs
th_g)lo 7 ; I)/T(S),O'(S)ds Ttr(H /0v e dSF), (39)

almost surely, where II € RM*M js the diagonal matrix with the diagonal elements

]RMXM

m,m9,..., Ty, and I' € is the matrix with the elements v; ;, i, j € M.

Proof. First, we divide the interval [0, ¢] into sub-intervals as
[0,¢] =[0,7) U[r,27)U... U [N(t)7,t], t>0, (3.10)

where N(t) £ |t/7] + 1,t > 0, denotes the number of mode samples obtained in the
interval [0,¢]. Consequently, we evaluate the integral over the interval [0,¢] in (3.9) by

summing the integrals over each of the sub-intervals given in (3.10), that is,

/t N%l (k+1)7 ¢
77'(5),0'(5)d3 = / 7r(s),o(s)d3 + / ’}/T(s)vg(s)ds. (3.11)
0 k=0 ’kT N(t)r
Now, we define
N(?)
NY(t) 23 Ljp(mtyr))mir(er)=g] £ = 0, (3.12)
k=1

which denotes the number of times consecutive mode samples take the values i and j,

respectively, in the interval [0, ¢]. Note that

> NW(t) = N(1). (3.13)

i,JEM

Furthermore, for each pair of modes i,j € M, we define the sequence of indices {kfﬂ €

NU}nEN by

ky! =min{k € No : r(k7) = i,7((k + 1)7) = j}, (3.14)

ko =min{k > k2 (k) =i, r((k+ 1)7) = j}, (3.15)
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for n > 1. Note that r(kj;’r) = i and r((ki’ +1)7) = j, n € N, i,j € M. As a result, for
a given pair of modes i,j € M, [k’ 7, (ki’ + 1)7) denotes the nth time interval between
mode sampling instances for which the consecutive mode samples are i and j, respectively.

It follows from (3.11)-(3.15) that

¢ NY() (e 1)r t
/ Vr(s),o(s)ds = Z Z / , Vr(s),ids +/ Vr(s),o(s)dSs (3.16)
0 ijeM n=1 Jka’T N(t)T

where we also used 7, (s),.5(s) = Vr(s),i> 5 € | “i7 (kk? +1)7). Consequently, we calculate

the limit in (3.9) as

t

tlglolog ; Vr(s),0(s)dS
1 NS (k5 +1)r t
= lim - d d 3.1
ti>nolo ¢ ( Z ; \/k’i,:jﬂ' Vr(s),i A4S + /N(t)f Yr(s),o(s) S> ( 7)
1,jEM n=1
Since f]f;(t)f Yr(s),o(s)ds < | max; jesm viglT, t >0,
1 t

lim — Yr(s) o(s)ds = 0. (3.18)
=00 t [y (s),0(s)

It follows from (3.17) and (3.18) that

1 t
lim — "yr(s)jg(s)ds

t—oo t 0

i.d Ni’j(t) ki’j+1)7'
L N®) NV (ks
=i 5 X (S i v 2

n=1 n

%,(s),ids) (3.19)

In the following, we calculate the three limit terms on the right hand side of (3.19).

First of all, by the definition of N (¢) we have

lim N = 1 (3.20)

t—oo t T
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Second, in order to evaluate lim;_ o ﬁ()t in (3.19), we focus on the probabilistic dy-
namics of the sequence of mode samples {r(kT) € M}ren. Specifically, the sequence
{r(kt) € M}ren is a discrete-time Markov chain with transition probabilities given in
(3.4). In addition, for the discrete-time Markov chain {r(k7) € M}yen, N; ;(t) and N(t)
respectively denote the number of state transitions from ¢ to j, and the total number of
state transitions. It follows by the strong law of large numbers for discrete-time Markov
chains [86, 87] that

N
tlggo N(t)

= Wipi,j(T)- (321)

Third, we also employ strong law of large numbers to evaluate the last limit expression

N”(t) f(knj—s—l

limy 00 7 j NI Yo Yr(s),ids in (3.19). Note that for given pair of modes i, j €

M, the integrals fk(kj +)7 Yr(s)ids, n = {1,...,N%(t)}, in (3.19), are R-valued i.i.d.
random variables, that is, for the Borel sets B € B(R), ¢(B) = P[f;;fj“ﬁ Yr(s),ids € B]
induces a probability measure on the measurable space (R, ) independent of n € N.

Moreover, by using Lemma 3.1, we obtain

(kI +1)1
E[/k ) Vr(s),ids]

s
n

oo (k+1)7 o o
=Y E| / i eyadls| KT = KPR = &]
k=0 kT

o0

= ZE[/ Vo(s),ids|r(kT) = i, r((k + 1)7) = j|P[k;? = K]
k=0

/ Z " zpl,] pzl dS Z P kz’j = k‘]
p” k=0

0 jem

/ > Wiy (T = $)pia(s)ds, (3.22)
pz,] 0

leM

for n € N. Note also that N*J(t) approaches infinity as ¢t — oo, almost surely. Thus, the

strong law of large numbers can be employed to obtain

NI (k59 +1)r (k27 4+1)r
tliglo NZJ Z /k r(s),i ds = [/k” ’Y'r(s),ids]

/ > wipg(r = s)pia(s)ds,  (3.23)

pia o leM
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Finally, we substitute (3.20), (3.21), and (3.23) into (3.19), and arrive at

tlilgo E 77" (s),0(s) dS = Z 7Tz/ Z " zpl,j T = S)pzl( )d

Tijem 70 1em

- Z 7“/ Z Vi Z P (T — s)pii(s)ds (3.29)

zEM lemM JEM

Moreover, since ZjeM pj(t) =1,t >0, 1 € M, it follows from (3.24) that

tliglo E 77‘ (s),0 s)ds - Z 771/ Z M, zpzl

7,6/\/[ leM

1
= —tr(II / e@*dsl), (3.25)
T 0

which completes the proof. 0

3.3 Sufficient Conditions for Almost Sure Asymptotic Stabiliza-

tion

By utilizing the strong law of large numbers developed in Lemma 3.2 and employing a
quadratic Lyapunov-like function, we now obtain sufficient conditions for the almost sure
asymptotic stability of the closed-loop system (3.1), (3.3) under uniformly (periodically)

sampled mode information.

Theorem 3.1. Consider the continuous-time switched linear stochastic control system
(3.1), (3.3) with mode sampling period 7 > 0. If there exist P > 0 and scalars v; ; €

R, i,7 € M, such that

0> (A; + B,;K;)'P + P(A; + B,K;) — vi;P, i,j €M, (3.26)
T
tr(11 / e@3dsT) < 0, (3.27)
0
where IT € RM*M s the diagonal matrix with the diagonal elements 7, 7, ..., 7y, and

I' € RM*M jg the matrix with (4, j)th elements given by =, j, then the zero solution z(¢) = 0

of the closed-loop control system (3.1), (3.3) is asymptotically stable almost surely.
Proof. First, consider the quadratic, positive-definite function V (z) £ 2™ Px. It follows
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from (3.1) and (3.3) that

V(z(t) = 2" () (A + BryKow) " P+ P(Ay) + Bry Ko@) x(t), t>0. (3.28)

Now let

2 mini’jeM )\min((Ai + BlKJ)TP + P(AZ + BZKJ))

o (P : (3.29)
It follows from (3.28) and (3.29) that
V(z(t)) > aV(z(t)), t>0. (3.30)
Therefore,
V(z(t)) > eV (2(0)), t>0, (3.31)

which proves that for nonzero values of the initial state x(0) = zo, V(z(t)) > 0, t > 0.
Now consider In V' (z(t)), which is well defined for ¢ > 0, since V(x(¢)) > 0. It follows

from (3.28) that

dlnV(z(t))

T ((Arey + BryKow) " P+ P(Ary + Brin Kony))z(t), 2> 0.

|
8

(3.32)

Now integrating (3.32) over the interval [0, ¢] yields

In V(z(t))

t
1
+/0 WxT(S) ((Ar(s) + Br(s)KU(S))TP + P(Ar(s) + BT(S)KU(S)))x(3>dS.

(3.33)
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It then follows from (3.26) that

InV(z(t)) <IlnV(z(0)) —|—/0 m%(s)yo(s)xT(S)Px(s)ds

t
~lV @)+ [ Hiods, 20
0

By the strong law of large numbers (presented in Lemma 3.2),

1 [ 1 7
lim — ’Yr(s),a(s)ds :tl‘(H/ €QstF),
0

almost surely. By using (3.27), (3.34), and (3.35), we obtain

1 1 T
limsup —InV(z(t)) < tr(H/ e@%dsT)
0

t—o0 T
<0.
It then follows that lim;_,~, In V(2(t)) = —oo, almost surely, and hence,

P[lim V(z(t)) =0] =1,

t—00

which implies that the zero solution is asymptotically stable almost surely.

(3.34)

(3.35)

(3.36)

(3.37)

0

Theorem 3.1 provides sufficient conditions under which the proposed control law 3.3

guarantees almost sure stabilization of the zero solution of the switched linear stochastic

dynamical system (3.1). Note that the conditions of Theorem 3.1 depend not only on

subsystem dynamics but also on the probabilistic dynamics of the mode signal as well as

the mode sampling period 7 > 0.

Remark 3.1. Note that conditions (3.26), (3.27) can be used to assess stability of the

closed-loop system (3.1), (3.3) when the gain matrices K;, i € M, are already known.

On the other hand, in practice, we often need to employ numerical methods for finding

gain matrices so that the proposed control law (3.3) with those gains achieves almost

sure asymptotic stabilization. In this regard, it is important to note that conditions (3.26),

(3.27) are also well suited for finding stabilizing feedback gain matrices K;, i € M. Specif-

ically, note that for given P > 0, the inequalities (3.26), (3.27) are linear in K;, i € M,
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and v; ;, 7,7 € M. Thus, numerical tools for linear matrix inequalities (see [94-96]) can
be used for finding feedback gain matrices K;, i € M, and scalars v; ;, i,j € M, that

satisfy conditions (3.26), (3.27).

Remark 3.2. Note that the condition (3.72) of Theorem 3.1 depends not only on the
transition rates between modes ¢; ;, i,j € M, but also the sampling period 7 > 0. For a
given mode sampling period 7 > 0, checking the condition (3.72) requires evaluation of
the integral [ e®?*ds. A wide range of numerical integration algorithms can be used to

calculate this integral accurately.

3.4 Sampled-Mode Output Feedback Control Problem

In the previous section we considered sampled-mode state feedback control problem. In
this section we extend our results for the output feedback control problem. Specifically,

we consider the dynamical system (3.1) together with
y(t) = Crya(t), (3.38)

where y(t) € R! is denotes the output of the system and C; € R'*", i € M, are output
matrices for each mode. In the output feedback control problem setting, the controller has
access to output information rather than the system state. We propose an observer-based
control framework which requires only output y(¢) and sampled mode information o ().
Specifically, we estimate the state with an observer and use the estimated state in our

feedback control framework. To this end, we propose the observer
2(t) = Ag(n@(t) + Boyu(t) + Lo (y(t) — Conyd(t)), (3.39)

where #(t) € R” is the estimate of state and L; € R"!, i € M, are observer gains.

Furthermore, we consider the control law

u(t) = Ka(t)i'(t), t Z 0. (340)
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Note that in our proposed observer (3.39) and control law (3.40), only sampled mode
signal o(t) is required rather than the actual mode signal r(t).
Let e(t) £ 2(t) — 2(t). Note that e(t) € R” denotes the state estimation error at time

t > 0. It follows from (3.1), (3.38), (3.39), and (3.40) that

= A, (px(t) + Bryu(t) — (AgyZ(t) + Bowyu(t) + Loy (y(t) — Copyi(t)))
= Az (t) + Brn Kow2(t) — A (t) — Bouy Ko (t)
= Lo (1) (Crpyz(t) — Con2(1))
= Apy@(t) + Br(y Koy (2(t) — e(t)) — Aoy (2(t) — e(t))
— Boty Koy (@(t) — e(t)) — Loy (Cryz(t) — Coy (x(t) — e(t)))
= ((Ar() = Ao()) + (Briy = Bo)) Koty = Lo (Crity = Cowy)) 2(1)

+ (Aoty = Lo)Coty — (Brty — Bo)) Koy €(t). (3.41)

Now, define A1, AL2 421 422

Z7‘7 4 27.] ’ Z7‘7 4 27-] 2

i,j € M, by

Apl & A+ BiK;, (3.42)
A;? & _BiK;, (3.43)
AP 2 (A — Aj) + (B; — Bj)K; — Lj(C; — Cy), (3.44)
Af’f £ Aj— L;C; — (B; — Bj)K;, i,j€ M. (3.45)

It then follows from (3.1) and (3.41) that

. 71,1 71,2

i(t) _ Ar(t),a(t) Ar(t),a(t) z(t) ) (3.46)
. 12,1 12,2

é(t) Ar(t),a(t) Ar(t),a(t) e(t)

In the following we obtain sufficient conditions under which the zero solution z(t) = 0,
e(t) = 0 of (3.46) is asymptotically stable almost surely. Note that under these condi-
tions both the state and estimation error converges to zero almost surely. We follow the
approach that we used in the previous section. Specifically, we utilize the strong law of

large numbers developed in Lemma 3.2 and employ a quadratic Lyapunov-like function.
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In this section the Lyapunov-like function has the form V(z,e) = 2T Pz + T Pye, where

both P; € R™*™ and P, € R™*™ are positive-definite matcies.

Theorem 3.2. Consider the continuous-time switched linear stochastic control system
(3.1), (3.38), (3.39), and (3.40) with mode sampling period 7 > 0. If there exist P; > 0,

P, > 0, and scalars v; ; € R, 7, € M, such that

AMTP 4 P AN — P PA? + AZTP,
0 Z v _112T 1 v _2’?7] 1 12,2T 1 v _;; 2 ’ Z’J < M’ (347)
Ai Pt PBAY; Ay Pt R AYT =i Po
T
tr(II / e@%dsT) < 0, (3.48)
0

where AL A2 A%1 0 422

(2% 2V I % I 2 I

i,j € M, are defined by (3.42)-(3.45), II € RM*M js the
diagonal matrix with the diagonal elements 7, 7o, ..., 7y, and T' € RM*M s the matrix
with (z, j)th elements given by ~; ;, then the zero solution z(¢) = 0, e(t) = 0 of the closed-

loop control system (3.1), (3.38), (3.39), and (3.40) is asymptotically stable almost surely.

Proof. First, consider the quadratic, positive-definite function V(z,e) £ 2T Pz +

eT Pye. It follows from (3.1), (3.38), (3.39), and (3.40) that

V(z(t),e(t)) =z () ((Ar) + Bry Ko@) P+ Pr(Ary + Bry Kow)) 2 (t)
— 227 (t) P B,y Ky e(t)
+ e (1) ((Ao) = LoyCoty = (Brty = Bo) Kow) ' P2
+ Pa(As(t) = Lo(t)Cotry = (Br) = Bo) Kor))e(t)
+2¢ () P2 ((Ars) — Ao(t) — Loty (Criry — Cotry)

+ (Br(t) — Ba(t))Ka(t))x<t)- (3.49)

Now by using (3.42)-(3.45), we obtain

T
. z(t AbITp 4 p ALY pAM? 4 A2 TP z(t
V(z(t),e(t)) = ©) e A A A Q . (3.50)
71.2T 72,1 22T 12,2
e(t) AT PL+ P AY AYD P+ P AYY e(t)
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Hence, it follows from (3.47) that

V(@(t),e(t) < Wm0 (@ () Pra(t) + € (t) Poe(t))

= Yrt)or)V (x(t),e(t)), t=0. (3.51)

Now by using a similar argument that we employ in the proof of Theorem 3.1, we can
show that V' (z(t),e(t)) > 0, t > 0. Now consider In V' (z(t), e(t)), which is well defined

since for ¢ > 0, since V(z(t), e(t)) > 0. It follows that

dInV(z(t),e(t)) - 1 () e
dt = V(:U(t),e(t))v( (t), e(t)). (3.52)

Furthermore after integrating (3.52) over the interval [0, ¢] and using (3.51), we obtain

InV(x(t),e(t)) = InV(x(0),e(0)) +/0 v V(x(s),e(s))ds

-
(x(s), e(s))
< InV(z(0),e(0)) —i—/o Vr(s),o(s)dS- (3.53)

By the strong law of large numbers (presented in Lemma 3.2),

1/t 1 T
im — [ 7(5),00s)d8 :tr(H/ eQ3dsT), (3.54)
0

t—oo t 0 T

almost surely. By using (3.48), (3.53), and (3.54), we obtain

1 1 T
limsup = In V (2(t), e(t)) < ~tr(II / ¢Q*dsT)
0

t—o0 T
< 0. (3.55)
It then follows that lim;_,~, In V(z(t), e(t)) = —oc, almost surely, and hence,
P[lim V(z(t),e(t)) =0] =1, (3.56)

t—o00

which implies that the zero solution z(t) = 0, e(t) = 0 is asymptotically stable almost
surely. O

Theorem 3.2 provides sufficient conditions under which our observer-based sampled-
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mode feedback control framework guarantees convergence of state x(¢) and estimation
error e(t) to zero. It is important to note that given positive-definite matrices P, P, €
R™*™_ the inequalities (3.47)—(3.48) are linear in feedback and observer gains K; € R™*",
L; € R™! i € M. Hence, efficient numerical methods can be used to find these gains
so that the conditions (3.47)-(3.48) are satisfied. Precisely, there are polynomial-time
algorithms for checking feasibility of linear matrix inequalities. On the other hand, note
that if the dynamical system has a nominal mode 4, which is controllable and observable,
Py, Py € R™" can be heuristically assigned by solving algebraic Riccati equations A} P, +
PiA; — PB;R{'BI'P, + Ty = 0 and A;P, + P AT + P.CYR;YC;Py + Ty = 0, where
Ry, Ry, T1,T5 € R™ ™ are known positive definite matrices.

In the next section, we consider the sampled-mode feedback control problem for

switched linear stochastic systems with multiplicative noise.

3.5 Sampled-Mode Feedback Control of Switched Linear Stochas-

tic Systems with Multiplicative Noise

In this section we consider the continuous-time switched stochastic dynamical system with

M € N modes given by
dz(t) = Az (t)dt + Bypu(t)dt + Dy qyx(t)dW (t), (3.57)

with the initial conditions x(0) = z¢ and r(0) = ry, where z(¢) € R™ and u(t) € R™ re-
spectively denote the state vector and the control input, {W(¢) € R};>¢ is an F;-adapted
Wiener process, A;, D; € R™" B; € R™™ i ¢ M = {1,2,..., M}, are subsystem
matrices. The mode signal {r(t) € M};>¢ is assumed to be an F;-adapted, irreducible

Markov chain characterized by the generator matrix Q € RM*M

with the stationary prob-
ability distribution 7 € RM. The Wiener process {W(t) € R};>o and the mode signal

{r(t) € M}>o are assumed to be mutually independent stochastic processes.

Remark 3.3. Note that the switched stochastic system (3.1) discussed in Section 3.2 is a
special case of the dynamical system (3.57) where D; = 0, i € M. Note that the term

D,z (t)dW (t) in (3.57) characterizes the effect of noise on system dynamics. This type
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of noise (called multiplicative noise) often characterizes stochastic disturbance on the sys-
tem parameters of a dynamical system [97]. In engineering applications, state matrices of
subsystems of the dynamical system (3.1) may be subject to disturbance. In such cases, the
state matrix of the ith subsystem can be characterized by A;+ D;n(t), where A;, D; € R™*"
are constant matrices and 7(t) denotes white noise. Now note that white noise 7(t) is con-
sidered as the “informal time derivative” of Wiener process W (t) (see [85,98]). Moreover,
dynamical systems that involve white noise can be characterized as stochastic differential
equations that incorporate Wiener processes. In the case where the state matrices of sub-
systems take the form A; + D;n(t), by setting n(t)dt = dW (t), we can characterize the
overall dynamics of the switched system by (3.57). In this study for simplicity of exposi-
tion, we only consider the case with one-dimensional noise (characterized by the Wiener
process {W(t) € R};>¢). It is important to note that our proposed framework can easily

be extended to the more general case with multi-dimensional noise.

In what follows, we explore the state-feedback stabilization problem for the case where
the mode signal is observed (sampled) periodically. To achieve stabilization, we employ
the state feedback control law (3.3), which incorporates a feedback gain that depends only
on the sampled mode signal {o(t) € M};>0. In Theorem 3.4 below, we extend the results
presented in Section 3.2, and obtain sufficient conditions for the almost sure asymptotic

stability of the switched stochastic control system (3.57),(3.3).

Theorem 3.3. Consider the continuous-time switched linear stochastic control system
(3.57), (3.3) with mode sampling period 7 > 0. If there exist P > 0 and scalars v; ; €

R, i € M, such that

0> (A; + BiK;)TP + P(A; + B;K;) + DY PD; —~; ;P, i,j €M, (3.58)
1 T N . (DFP+ PD;)
—tr H/ e93dsT) — ;2 <0, (3.59)
Pl D) = ) m e
where IT € RM*M js the diagonal matrix with the diagonal elements 7y, o, ..., m)s, and

I € RM*M js the matrix with the elements given by v; ;, 4,7 € M, then the zero solution

z(t) = 0 of the closed-loop system (3.57), (3.3) is asymptotically stable almost surely.

Proof. First, we define the quadratic, positive-definite function V(x) £ T Px. The
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closed-loop system (3.57) under the control law (3.3) is described by multi-dimensional

Ito stochastic differential equations. Using Ito formula, we obtain

dV(x(t))

= (V@) (A + Bry Ko (t) + %tr(D,,(t)x(t)xT(t)D;f(t)V(VV(as(t)))))dt

+ YV (@(8) Dy () AW (1)
= 2" (t) ((Ar(t) + BriyKo()) " P+ P(Any + By Ko() + D?(t)PDr(t)>x(t>dt

+ 22" () PD,yx(t)dW (¢). (3.60)

Itis shown in [14,51] that for nonlinear and time-dependent stochastic systems that satisfy
local Lipschitz continuity and linear growth conditions in the state variable (see [98]), if
the initial state is nonzero (i.e., z¢ # 0), then it follows that x(¢) # 0, for all ¢ > 0, almost
surely. The same result holds for the state x(¢) of (3.57), (3.3), since the linear closed-
loop system (3.57), (3.3) satisfies local Lipschitz continuity and linear growth conditions.
Therefore, it is guaranteed by the positive-definiteness of V() that V(z(¢t)) > 0, t > 0.
Now consider the function In V' (z(t)), which is well-defined for all t > 0, since V' (x(¢)) > 0,

t > 0. We use Ito formula once again to compute

dlnV (z(t))
- V(fﬁl(t))xT(t) (<Ar(t) + By Ko) " P+ P(Ar) + Brny o) + D;F(t)PDr(t)>l‘(t)dt
1 1
- W(?xT(t)PDr(t)iﬂ(t))th 70 22T (t)PD, sy (t)dW (t). (3.61)

Integrating (3.61) over the time interval [0, t] yields

InV(x(t))

=InV(zo) / Vi 96T(8 (( r(s) + Br(s)Ko(s) P + P(Ay(5) + Br(s) Ko(s))

t
+ Dl PD,() /0 2v2 (207 (5)PD,yyx(s)%ds + L(t),  (3.62)
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where L(t) 2 fot mQ:cT(s)PDT(S)x(s)dW(s). We note that

20" (5)PD,(g(s) = 2" (s)(DY, P + PDyy))a(s)

> Amin (D) P + PDy(g))a™ (s)a(s)
)\min(Dg&s)P'i_PDr(s))
>

- Amax(P)

z T (s)Px(s). (3.63)

Furthermore, by (3.58), (3.73), (3.62), and (3.63),

t \2

min(

DE(S)P + PD,y))

t
In V(l‘(t)) <In V(CC()) +/ ’%«(s)’g(s)ds — / ds + L(t). (3.64)
0 0

2X%0x(P)
By the strong law of large numbers (Lemma 3.2),
lim © t ds —ltr(H / ’ e@%dsT) (3.65)
oo t g Yr(s),o(s) —r 0 ) .

almost surely. Moreover, by the strong law of large numbers for continuous-time irre-

ducible Markov chains [86,87] we have

1 [t An(Df P + PDys) A2 (DTP + PD;
lim = _ (s) (s) s = — Z : mln( 4 + )’ (366)
t—oo t 0 2)\1%1ax(P) ieM 2A12nax(P>

almost surely. In addition, note that the Ito integral L(¢) in inequality (3.62) is a local

martingale with quadratic variation given by

= t 1 CL’TS 37528
2 = | a2 ()P Dra(s))a

t
_ /0 %(nT(S)PDT(S)x(S))?ds

bl
< [ Gr W O)DE P+ PD,)els) s

t A?nax(D;Iis)P + PDT‘(S))
/0 )\IQIIIH(P)
< MaXiem A\ (DIP+ PDi)t
- Ain (P)

min

<

ds

(3.67)

It follows from (3.67) that lim;_,oo %[L]t < oo. Thus, we can employ the strong law of
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large numbers for local martingales [14,49,51] to show

lim SL(t) = 0, (3.68)

t—oo t
almost surely. Moreover, it follows from (3.59), (3.62), (3.65), (3.66), and (3.68) that

1 1 T A2 (DTP+ PD;
limsup ; InV(2(t)) < ~tx(IT / (@dsT) - 3 Jmin(Dr P+ PDy)

t—o00 T 0 ieM 2\ ax(P)
< 0. (3.69)

Finally, it follows that lim;_,o, In V' (z(t)) = —o0, almost surely, and hence,
P[tli)n;lo V(z(t)) =0] =1, (3.70)
which implies that the zero solution is asymptotically stable almost surely. O

Remark 3.4. Theorem 3.3 provides conditions that can be used to verify the almost sure
asymptotic stability of the closed-loop system (3.57) under the control law (3.3), when
the gain matrices K; € R™*", i € M, are known. Note that conditions (3.58) and (3.59)
are obtained through a quadratic Lyapunov function approach. Specifically, we consider
the Lyapunov function candidate V (z(t)) £ 2’ (t)Pz(t), where P € R™*" is a positive-
definite matrix. In Theorem 3.4 below, we show that under certain conditions, almost

sure asymptotic stability of the closed-loop system (3.57) is guaranteed by the control law

(3.3) with the feedback gain given by K, ;) = — By ;) P-

Theorem 3.4. Consider the continuous-time switched linear stochastic dynamical system

(3.57) with mode sampling period 7 > 0. If there exist P > 0 and scalars {; € R, i € M,

such that
0> A} P+ PA; + D} PD;, — 2PB;B} P — (;P, i € M, (3.71)
%tr(ﬂ /0 " eQ@sdsT) — ;A N Aiﬂn(;;i :: (;)P D) (3.72)
where IT € RM*M s the diagonal matrix with the diagonal elements 7, 7o, ..., Tys, and
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I' € RM*M jg the matrix with (4, j)th elements given by

Cj? 1= j7

i = T Amin(P(B; BT +B;BT)P) (3.73)
2>\max PBiBi P min i +B5;B; . .
Gi+ Aim(P) = pwweroo N 2

then the feedback control law (3.3) with the feedback gain matrix given by

Ky = =By P (3.74)

guarantees that the zero solution x(¢) = 0 of the closed-loop system (3.57) and (3.3) is

asymptotically stable almost surely.

Proof. Note that 3.71 and 3.73 imply 3.58 with K; = — B} P, i € M. Hence, the result
follows from Theorem 3.3. O

Note that when the mode sampling period is very small, mode samples are obtained
frequently; therefore, the sampled mode signal {o(t) € M };> is expected to resemble the
actual mode signal {r(t) € M};>o closely. Hence, when ith mode is active, the feedback
gain is likely to be K;. Moreover, as the mode sampling period 7 tends to zero, the
problem at hand becomes a stabilization problem with full mode information. In this case

the condition (3.72) takes a simpler form. Specifically, note that

1tr(H/ e3dsl) = / nQn sT)
T 0
1 oo n+1Qn
;tr HZ
Z n+1 tr(IIQ™T). (3.75)

It follows that as the mode sampling period 7 tends to zero, Ltr(II f; e“*dsI') approaches

to tr(IIl") = >, v, mi¢(;- Consequently, the condition (3.72) reduces to

N . (DIP+ PD;
S w6 - mm(w (+> ) <. (3.76)
74€M max

Note that (3.71) and (3.76) are the conditions we provide in Chapter 8 for almost sure
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stabilization with a control law that depends on the perfect knowledge of the mode signal.

3.6 Illustrative Numerical Examples

In this section, we present numerical examples in order to illustrate the efficacy of our
approach regarding the feedback control of a switched stochastic system using uniformly

sampled mode information.

Example 3.1. In this example, we present a practical application of our proposed sampled-
mode feedback control framework. In [4,5], a linear dynamical model of a helicopter flight
control system is provided. This dynamical model incorporates the time-varying parameter
airspeed, which is modeled as a stochastic process. Specifically, in [4, 5], researchers
consider a switched linear stochastic system model of the form (3.1) with M = 3 modes
which correspond to nominal, low, and high values of the airspeed. These modes are

characterized by the subsystem matrices

—0.0366 0.0271 0.0188 —0.4555 0.4422 0.1761
0.0482 —1.01 0.0024 —4.0208 3.5446 —7.5922
Al = ) Bl = )
0.1002 0.3681 —-0.707 1.42 —5.52 4.49
0 0 1 0 0 0
—0.0366 0.0271 0.0188 —0.4555 0.4422 0.1761
0.0482 —1.01 0.0024 —4.0208 0.9775 —7.5922
A2 - ) BQ = )
0.1002 0.0664 —0.707 0.1198 —5.52 4.49
0 0 1 0 0 0
0.0366 0.0271 0.0188 —0.4555 0.4422  0.1761
0.0482 —1.01 0.0024 —4.0208 5112 —7.5922
Az = , Bs=
0.1002 0.5047 —-0.707  2.546 —5.52 4.49
0 0 1 0 0 0

Note that (3,2)th and (3, 4)th entries of the state matrices A;, i € M, are different
for each mode. Furthermore, (2,1)th entry of the input matrices B;, i € M, are also

mode-dependent. It is important to note that the states x(-), z2(+), x3(-), z4(:) of the
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Figure 3.1: State trajectory of the uncontrolled system versus time

switched stochastic system (3.1) correspond respectively to longitudinal velocity, vertical

velocity, pitch rate, and pitch angle of a helicopter. Moreover, control inputs u; () and us(-)

correspond respectively to collective and longitudinal cyclic commands of the helicopter.
The mode signal {r(t) € M £ {1,2,3}};>0 of the switched system is characterized by

a continuous-time Markov chain with the generator matrix

—0.0907 0.0671  0.0236
Q= 0.0671 —0.0671 0 ) (3.77)
0.0236 0 —0.0236
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Figure 3.2: Mode signal versus time

with stationary probability distributions, m; = %, i € M. Note that the mode signal is an
irreducible Markov chain.

Figure 3.1 shows state trajectory of the uncontrolled system (3.1) (with u(¢) = 0)
obtained with initial conditions z(0) = [1, 1, 1, 1]T and r(0) = 1. Furthermore, Figure 3.2
shows the mode signal {r(t) € M}:>o. Note that the uncontrolled switched stochastic
system clearly indicates unstable behavior, as the state trajectories diverge.

The hover condition of the helicopter is characterized by the zero solution z(t) = 0
of the switched linear stochastic system (3.1). Note that stabilization of the zero solu-
tion of switched linear stochastic system (3.1) has been investigated in [4, 5] under the
assumption that the mode information is continuously observable. In the remainder of
this section, we show that feedback control of the helicopter described by the switched
stochastic system (3.1) can be achieved by only using sampled mode information.

Now, consider the case where the mode signal is sampled periodically and hence avail-
able for control purposes only at the time instants k7, k € Ny, where 7 = 1 is the mode

sampling period.
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The conditions (3.26) and (3.27) of Theorem 3.1 are satisfied by matrices

1.8873  0.0557 0.0179 —0.8975

0.0557  0.1843 0.1205 —0.0461
P = ) (3.78)

0.0179  0.1205 0.2425 0.0949
—0.8975 —0.0461 0.0949 1.3219

—0.6368 04777 0.6430 0.5966
Ky = ; (3.79)
0.2139 1.1880 —0.5608 —1.3941

—0.6414 1.0274 0.5375  0.1207
Ky = ) (3.80)
0.7746 1.1947 —-1.1604 —2.0611

—0.7219 —-0.0531 0.8595 1.1602
K3 = ) (3.81)
—0.6138 1.3216 0.1941 —0.5091

and scalars v, = —0.1925, v15 = 1.4185, v13 = 1.4217, 491 = 1.0957, 495 = —0.2014,
Y23 = 1.1928, y31 = 1.1588, 732 = 1.3642, 733 = —0.3316. It follows that the zero
solution z(¢) = 0 of the system given by (3.1) under the control law (3.3) with feedback
gains K;, i € M, given by (3.79)-(3.81), is asymptotically stable almost surely. It is
important to note that in order to obtain feedback gain matrices K;, i € M, and scalars
Yij» i, j € M, that satisfies conditions of Theorem 3.1, we first set the positive-definite
matrix P by solving algebraic Riccati equation (see [99]) for mode 1 (which corresponds
to the subsystem associated with the nominal value of the airspeed parameter for the
helicopter flight control system). Then we use numerical tools to find feasible solutions to
matrix inequalities (3.26) and (3.27), which are linear in matrices K;, i € M, and scalars
V> 1,J € M, given the matrix P.

Figures 3.3 and 3.4 respectively show sample paths of z(¢) and u(t) obtained with the
initial conditions z(0) = [1, 1, 1, 1] and r(0) = 1. Furthermore, the actual mode signal
r(t) and its sampled version o(¢) are shown in Figure 3.5. Note that for obtaining the
state and control input trajectories, we used the sample path of the mode signal shown
in Figure 3.2. Figure 3.3 indicates that the proposed sampled-mode control framework is
effective for achieving convergence of the state trajectories to the origin (indicating hover

flight condition of helicopter). Note that control input u(-) is subject to jumps at mode
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Figure 3.3: State trajectory versus time

sampling instants when sampled mode signal o(t) changes its value (see Figure 3.4). At
mode sampling instants, the feedback gain, which depends on the sampled mode signal,
is switched.

In this example the sampled mode signal is an accurate representation of the actual
mode signal (see Figure 3.5), since the mode switches occur relatively rarely compared to
the frequency of mode observations. In the following we consider the case where the mode
switches occur more frequently. We show that the sampled-mode feedback stabilization
can still be achieved for the sampling period = = 1. Specifically, we consider the case

where the mode signal {r(t) € M};>¢ of the switched system is characterized by the
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generator matrix

—1.814 1.342  0.472
Q=1 1.342 —1.342 0 ; (3.82)
0.472 0 —0.472

with stationary probability distributions, m; = %, i € M. We assume that the mode signal
is sampled periodically with period 7 = 1.

Note that the inequalities (3.26) and (3.27) are satisfied by matrices

1.8873  0.0557 0.0179 —0.8975
0.0557  0.1843 0.1205 —0.0461

P = ) (3.83)
0.0179  0.1205 0.2425 0.0949
—-0.8975 —0.0461 0.0949 1.3219
—0.6541 0.5125 0.5533  0.5181

K, = ) (3.84)

0.3139 1.0222 —-0.6048 —1.5197

—-0.6736 0.7789 0.4721  0.2981
Ky = ) (3.85)
0.6171 0.9992 —-0.9348 —1.8636

—0.7589 0.0683 0.7029  1.0019

Kq = , (3.86)

—0.3119 1.0889 —0.0242 —0.8238

and scalars v 1 = —0.0966, v12 = 0.293, 713 = 0.5988, 721 = 0.1076, y22 = —0.255,
72,3 = 0.5915, 731 = 0.4215, 32 = 0.6753, 73,3 = —0.4522. It follows from Theorem 3.1
that the zero solution z(¢) = 0 of the system given by (3.1) under the control law (3.3)
with feedback gains K;, i € M, given by (3.84)-(3.86), is asymptotically stable almost
surely. Note that the feedback gains (3.84)-(3.86), obtained for the case with genera-
tor matrix (3.82) are different from the feedback gains (given in (3.79)-(3.81)) that we
obtained for the generator matrix given by (3.77).

Figures 3.6 and 3.7 respectively show sample paths of state x(¢) and control input u(t)
obtained with the initial conditions 2(0) = [1, 1, 1, 1]* and r(0) = 1. Moreover, actual

mode signal r(¢) and its sampled version o(t) are shown in Figure 3.8.
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Figure 3.6: State trajectory versus time
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Example 3.2. In this example, we consider the switched linear stochastic dynamical sys-

tem (3.57) with M = 3 modes characterized by the subsystem matrices

05 1 2
Al = » Bl = )
—4 0.5 —2
1 -6 —2
AQ = y BQ = )
1 1.5 2
05 0 0
A3 = > B3 = )
0.5 0.5 0

and Dy = Dy = D3 = I,. The mode signal {r(t) € M £ {1,2,3}};> of the switched

system is assumed to be a Markov chain with the generator matrix

Q=11 -2 1 |, (3.87)

with stationary probability distributions, m; = %, i € M. Furthermore, the mode signal
{r(t) € M}>o is assumed to be sampled periodically and hence available only at the time
instants k7, k € Ny, where 7 = 0.1 is the mode sampling period.

The conditions (3.71) and (3.72) of Theorem 3.4 are satisfied by the positive-definite
matrix P = Iy and the scalars (; = —1, (o = —1.4, (3 = 2.5. It follows that the zero
solution z(¢) = 0 of the system given by (3.57) under the control law (3.3) with feedback
gains K; = —Bl'P, i € M, is asymptotically stable almost surely.

Figures 3.9 and 3.10 respectively show sample paths of (¢) and u(t) obtained with the
initial conditions x(0) = [1, 1]* and r(0) = 1. The piecewise-continuous control law (3.3)
depends on the sampled mode signal information o(t). As a consequence, control profile
is subject to jumps when sampled mode signal o(¢) changes its value at mode sampling
instants.

The quality of the representation of the actual mode signal by the sampled mode sig-

nal affects the stabilization performance. In this numerical example, mode samples are
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Figure 3.11: Actual mode signal r(¢) and the sampled mode signal o(¢) versus time (mode

sampling period 7 = 0.1)

55



1| = - Mode switching instants []

1.5

1.0

l‘l(t)

]
I
|
0.5 1
|

0.0
0.0 0.5 1.0 1.5 2.0

! | |
0.0 0.5 1.0 1.5 2.0

Time [{]

Figure 3.12: State trajectory versus time (mode sampling period 7 = 0.1)

1.5 T S S S S W S ———
1.0 — - Mode switching instants
0'5 . Mode observation instants

T o00f i\t Do
S -05
SLOE Sy, ST Y E
N R T I I T A A
0.0 1.0

Time [¢]

Figure 3.13: Control input versus time (mode sampling period 7 = 0.1)

obtained frequently compared to the occurrences of mode switches. As a consequence,
the sampled mode signal o () is a good representation of the actual mode signal r(¢) (see
Figure 3.11). Hence, the states converge to the origin (Figure 3.9).

Note that Theorem 3.4 guarantees that state trajectories z(¢) converges to the origin
with probability one. Figures 3.12-3.14 show different sample paths of state, control
input, actual mode signal, and sampled mode signal obtained with the same initial con-
ditions (z(0) = [1, 1]* and r(0) = 1) used for obtaining the sample paths shown in Fig-
ures 3.9-3.11. Figure 3.11 shows that for the sampling period 7 = 0.1, the sampled mode
signal o(t) can be considered as a good representation of the actual mode signal r(¢), even
though there are intervals where the actual mode signal differs from its sampled version.
On the other hand, note that if we consider larger mode sampling periods, the sampled

mode signal o(¢) would no longer be an accurate representation of the actual mode of the
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Figure 3.14: Actual mode signal r(¢) and the sampled mode signal o(¢) versus time (mode
sampling period 7 = 0.1)
switched system (3.57). In such cases, the stabilization performance of the control law
(3.57) would deteriorate.

Now, we use the sample path of the actual mode signal r(¢) presented in Figure 3.14,
and by considering a large mode sampling period (7 = 0.6), we obtain the sampled mode
signal o(t) (see Figure 3.17). Furthermore, in order to illustrate the deterioration of the
stabilization performance for the large mode sampling period 7 = 0.6, we obtain sample
paths of the state x(¢) and the control input u(t) (see Figures 3.15 and 3.16). Note that
when the mode signal is sampled very rarely, sampled mode signal may not provide a good
information of the actual mode of the switched system. Therefore, control performance

may be subject to deterioration.

3.7 Conclusion

A piecewise-continuous feedback control law that depends only on the uniformly sampled
mode information has been proposed for continuous-time switched linear stochastic sys-
tems. In order to analyze the almost sure asymptotic stability of the closed loop system
under the proposed control law, we first examined the relation between the sampled and
the actual mode signal. Furthermore, we developed a kind of strong law of large num-
bers for the bivariate process comprising the sampled and the actual mode signal. We

obtained sufficient conditions of almost sure asymptotic stabilization by using a quadratic

57



0.0 ] ] 11

| 1 [

—0.2}F 1 1 [
= —04} | 1 [ 1
— | 1 [ 1
g —06} I T 1o 1
1 11 1 1 1
08 — - Mode switching instants | 1
—-1.0 1 1T | T T 1

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
Time [t]
x10*
14 T I T II T I I T

121 I T 1o

1.0} 1 1 [

= 0.8F 1 1 [

= 0.6} 1 1 [

2 04 | 1 [

02l | 1 [

0.0 | ] 1

| L1l | 1 I
0.0 0.5 1.0 1.5 2.0
Time [t]

Figure 3.15: State trajectory versus time (mode sampling period = = 0.6)

T 1 T 1t 1 i T T
10000 | — - Mode switching instants

5000 Mode observation instants
g o .
_5 L ! !
5000 i |
—10000 - : :

0.0 0.5

Figure 3.16: Control input versus time (mode sampling period 7 = 0.6)

3 i T 1 T L I

i i 1o RS ¢ T o]
i I (| I Ll N

= 2t — % b ¢—— 5 ElI —
g 1 It [ I LI Aol
i It 1o | L 0o

IT—> It o *—=0 e
11 L 1t | i I | Ll [ | |

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Time [t]

3 ‘:1 T i i ‘ ‘ I |§| I
i 1 It 1 | [ M
1 It (| o I I

ESIF'] N B SND S G TR T
iy i I 1o R B I
1 It (| Do I I

L e E—— I 0 | H— |
L LIt P | [l L

0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Time [t]

Figure 3.17: Actual mode signal r(¢) and the sampled mode signal o(¢) versus time (mode
sampling period 7 = 0.6)



Lyapunov-like function and taking advantage of the developed strong law of large num-
bers.

Note that in this chapter, we only proposed a control law for stabilizing continuous-
time switched linear stochastic dynamical systems under sampled mode information. In
Chapters 4 and 5 we extend the results of this chapter to the case where the sampled mode
information is also subject to time delay.

Furthermore, note that in this chapter, we considered the case where the mode is
sampled periodically. Hence, mode sampling instants considered in this chapter are de-
terministic. In Chapter 8, we will address the case where the mode signal is sampled at
time instants that are separated by exponentially distributed independent random time

intervals.
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Chapter 4

Stabilization of Switched Linear
Stochastic Systems Under Delayed
Discrete Mode Observations

4.1 Introduction

Most of the feedback control laws documented in the literature of stochastic hybrid sys-
tems require perfect knowledge of the mode signal. As a consequence, when the mode of
the switched system is not available for control purposes or only sampled mode informa-
tion is available, these control laws cannot be used for stabilization. It is therefore impor-
tant to develop feedback control frameworks for the limited mode information case. In
the previous chapter, we explored a feedback control problem for switched stochastic sys-
tems for the case where the mode information is observed (sampled) only at discrete time
instants. Specifically, we proposed a feedback control law for stabilizing continuous-time
switched linear stochastic dynamical systems under periodically sampled mode informa-
tion. In this chapter, we extend our results presented in Chapter 3 to the case where the
sampled mode information is subject to time delay.

A feedback control problem for stochastic hybrid systems under the effect of delays
is explored in several studies. Specifically, stabilization with delayed state feedback has
been investigated in [59, 62, 64,100-103] and stabilization of discrete-time Markov jump

systems over communication networks with delays has been discussed in [104,105]. Fur-
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thermore, an optimal controller is obtained in [106] for stabilizing discrete-time linear
Markov jump systems under “one time-step” delayed mode observations.

In this chapter, we explore the feedback control problem for continuous-time switched
stochastic systems under sampled and delayed mode information. These systems are com-
posed of linear stochastic subsystems, which include Brownian motion in their dynamics.
A continuous-time, finite-state Markov chain is employed for modeling the mode signal of
the switched system. We focus on the case where the mode signal of the switched system is
observed (sampled) only at equally spaced discrete time instants and the obtained mode
samples are available to the controller only after a time delay. The mode information
time delay can capture communication delays between the mode sampling mechanism
and the controller. On the other hand, computational delays in mode detection might
as well be modeled by the delayed mode observations. For example, mode information
delays may correspond to failure-detection delays for a fault tolerant control system with
normal/faulty modes and a “fault detection and isolation scheme” explored in [77, 78].
We propose a piecewise-continuous control law that depends only on the delayed version
of the sampled mode signal rather than the actual mode signal. We employ a quadratic
Lyapunov-like function to obtain sufficient conditions under which our proposed control
law guarantees almost sure asymptotic stability of the switched stochastic system.

The contents of this chapter are as follows. We explain the feedback control problem
for switched stochastic systems under sampled and delayed mode information in Sec-
tion 4.2. We then obtain sufficient conditions under which our proposed control law
guarantees almost sure asymptotic stability in Section 4.3. In Section 4.4, we give an

illustrative numerical example. Finally, we provide the conclusion in Section 4.5.

4.2 Feedback Control Problem Under Delayed Sampled Mode

Information

Consider the continuous-time switched stochastic system given by (3.57). In the following,
we investigate the feedback control problem for the case where the mode signal of the
switched system is sampled and the sampled mode information is subject to time delay.

Specifically, the mode signal is assumed to be observed (sampled) periodically with period
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7 > 0. Moreover, the obtained mode samples are assumed to be available to the controller
after a constant time delay 7p > 0.

We denote the available mode samples by the sequence {r(k7) € M}ren,. By employ-
ing the “sample and hold” technique we obtain the sampled version of the mode signal

{o(t) € M};>0 defined by

o(t) = r(kr), tel[kr,(k+1)7), k& Np. 4.1

In Chapter 3, we had considered a control law of the form u(t) = K,z(t), which
depends only on the sampled mode information. In this chapter, each mode sample data
is assumed to be subject to delay 7 > 0, and hence only a delayed version of the sampled
mode signal {o(t) € M};>0 is available for control purposes. As a result, the control law
presented in Chapter 3 cannot be directly employed. We assume that the initial mode is

known to the controller and propose a new control law of the form

K,y z(t), 0<t<Tp,
u(t) = (4.2)

Ka’(t—TD)‘T(t)’ t > 1p,

which depends only on the delayed version of the sampled mode signal. Henceforth, our
main objective is to obtain sufficient conditions of almost sure asymptotic stability of the
closed-loop system (3.57) under our proposed control law (4.2).

In the remainder of this section, we first discuss the relation between the actual mode
signal {r(t) € M};>0, the discrete mode sample sequence {r(k7) € M }xen,, and the
time delayed version of the sampled mode signal {o(t — Tp) € M};>7,. We then extend
our results presented in Chapter 3 for the time-delay case and obtain a strong law of
large numbers for the continuous-time bivariate stochastic process {(r(t),o(t — 1p)) €
M x Ml>my,.

Note that the sequence of mode samples {r(k7) € M}ken,, is a discrete-time Markov

chain with state transition probabilities given by

Plr((k+1)7) = jlr(k7) = i] = pi(7), (4.3)
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Figure 4.1: Actual mode signal r(¢), the sampled mode signal o (), and the delayed version
of the sampled mode signal o(t — Tp) versus time

where p; j(7) represents the (i, j)th entry of the transition matrix ¢?7. Note that {r(kt) €
M}en, is an irreducible Markov chain, since the mode signal {r(t) € M};>¢ is irre-
ducible. Moreover, the stationary probability distribution for {r(k7) € M }yen, is given by
7 € RM which is also the stationary probability distribution for {r(t) € M};>o [87].

The delayed sampled mode signal {o(t — Tp) € M}>1y, is a piecewise-constant
stochastic process that depends on the actual mode signal {r(t) € M};>o. Note that
the frequency of the occurrences of mode transitions, mode sampling period = > 0, and
sampled mode information delay 7 > 0 affect how accurately the actual mode signal
{r(t) € M};> is represented by the delayed sampled version {o(t — Tp) € M}i>1y, . Fig-
ure 4.1 shows sample paths of r(¢), o(t), and o(t — Tp) of a switched system (3.57) with
M = 2 modes.

Our goal now is to analyze the long run average of a piecewise-constant function
that depends on the actual mode signal r(¢) as well as its sampled and delayed version
o(t — Tp). This analysis is important for obtaining sufficient stability conditions for the
closed-loop system (3.57), (4.2) through a Lyapunov-like approach. The following lemma

presents a preliminary result that is necessary for our analysis.
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Lemma 4.1. Let {r(t) € M = {1,2,...,M}};>o be a finite-state, irreducible Markov
chain characterized by the generator matrix @ € R™*M_ Then for any ¢ € R, [ € M,

t1,t2 € [0,00) and G € F such that ¢; < t5 and P[G] > 0, it follows that

to 1 to
B[ ércodslC] = g /t %:A $P[G N Fi(s)|ds, 4.4)

where Fi(t) £ {w € Q:ri(w) =1}, t > 0.

Proof. By using the definition of conditional expectation given in (2.1), we obtain

to 1 to
Bl " 61dslC] = ﬁ /G [ 6 sP(a
to
/ / D Gl ) (w)dsP(dw). (4.5)
1 em

Moreover, we employ Fubini’s Theorem [93] to change the order of integrals in (4.5). It

follows that

to

1 [
E 5ds|G] = / / &1 ds
[tl 1G] 7/, > dlims dw)
_ 1

leM
to
[G/ Zqﬁz/ﬂm(s (w)P(dw)ds
o 1em
1 [
- 5@ / S GP(G N Fi(s) (4.6)
o 1em
which completes the proof. O

Now, by using the result presented in Lemma 4.1, we obtain a strong law of large

numbers for the bivariate stochastic process {(r(t),o(t —1p)) }+>1y, in Lemma 4.2.

Lemma 4.2. Let {r(t) € M = {1,2,..., M}};>0 be an irreducible Markov chain character-
ized by the generator matrix Q € RM*M with stationary probability distribution = € R,
Moreover, let {o(t) € M};>o defined in (4.1) be the sampled version of {r(t) € M};>¢ for
a given sampling period 7 > 0, and let 7, > 0 be the time-delay constant. Then, for any
vij ER i, j €M,

1 t 1 T+1p
lim Vr(s),o(s—Tp)ds = tr(H/ e@%dsT), 4.7)

t—o00 t s T o
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almost surely, where IT € RM™*M denotes the diagonal matrix with the diagonal en-
tries 7y, 7o, ..., mar, and T € RM*M denotes the matrix with the (i, j)th entries given

by Yijs Z,] e M.

The delay-free version of the result presented in Lemma 4.2 was proved in Chapter 3.
For proving Lemma 4.2, we employ a method similar to the one used in Chapter 3; how-
ever, some additional key steps are required due to the effect of time-delay.

Proof. First, let {N(¢) € No}+>7, be the counting process defined by
N(t) =max{k € Ny : k7 +Tp <t}, t>1Tp. (4.8)

Note that N(t¢) represents the number of mode samples obtained until time ¢. The integral

on the left hand side of (4.7) can be computed as

N(t)

t kT+Tp
Vr(s),0(s—T; ds = / Vr(s),o(s—Tj ds
/TD (8),0(s—Tb) ; (h—1)r+Tp (s),0(s—Tp)

t
+ / Vr(s),0(s—Tp) 45, (4.9)
N(t)T+TD

for t > Tp. We observe that

t
Vr(s),o(s— ds S max |7; j|7T, (410)
for all t > Tp, and hence
1 t
lim — fYr(s),a(szD)dS =0. (411)

t=oo t JN(t)yr+Tp
Consequently, by using (4.9) and (4.11), we obtain

1 t N(t)

kT-l—TD
lim — Vo(s) o (s—Tyds = hm - / Yr(s).o(s—Tia) A8 (4.12)
too0 t [, TOETTD) t=oo b Z; (k-tyryzp | TETTR)

Next we consider two cases: the case where Tp < 7 and the case where T, > 7. For both

fk"l'+TD

cases we evaluate the limit lim; o 1 Zk (k—1)r 4T

Yr(s),0(s—Tp)ds and show that the

limit is given by the right hand side of (4.7) in both cases.
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Case 1) We now consider the case where T < 7. Note that in this case the information
delay is less than the mode sampling interval, and hence the kth sampled mode data r (k)
becomes available for control purposes before time (k + 1)7.

Now, let { N"%3(t) € No};>T,, be the counting process defined by

N™8(t) =" L (hmtyr) ()i (o )r)=g» £ = Tb. (4.13)

Note that for all h,i,j € M, the counting process { N/ (t) € No};>1, is a stochastic

process that depends on the mode signal {r(t) € M};>¢. Note also that

> NMW(t) = N(t), t>Tp. (4.14)
h,i,jeM

Furthermore, for all h,i,j € M, let the sequence of indices {kﬁ’i’j € N},en be defined by
kM9 = min{k € N: NV (kr + Tp) =n}, n e N. (4.15)

Now, note that r((ki"’ —1)7) = o (ki1 —Th) = h, r(kn'7) = i, and (k)" +1)7) = j,
n €N, h,i,j € M. Furthermore, o(s — Tp) = r((k:ﬁ’i’j —1)7) =h,fors e [(kﬁ’i’j -1+

1D, k‘ﬁ” 7+ Tp). As a consequence, it follows from (4.13) and (4.15) that

1 t k:T+TD
lim — / Yr(s),o(s— ds
> oty T ETD)

NMI(@) iy,

“lm > Y

hoisg ’Yr(s),a(s—TD)ds
hijeM  n=1 (kn! =1)7+1p

h
NI iy,

Y Z

hijeM  n=1

h 'Yr(s),hds- (416)
Y1)+ Tp
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Nhyi,j(t)

We multiply the integrals in the right hand side of (4.16) by % Nrra(n) © obtain
N@®)  kr+y
1 D
lim — / Vr(s),0(s—T ds
t—00 t ; (k}—l)T-f—TD ( )7 ( D)
. NhBI(t)  phisi
. N(@) Nhii@) 1 n " THID
= lim —— ( i o Yr(s ,hd5>
e 1 hZM N(t) Nhi(i) Z::l i _tyryy
. N(t) _ NPbi(f) 1 N kb
= lim —= E ( lim ———= lim NI N *yr(s)ﬁds).
t—oo t higem t—00 N(t) t—oo [Nt (t) o (kz,l,Jfl)TJrTD
4.17)

We start by computing lim;_, @ By the definition of N (¢) given in (4.8), we have

N(t)T—i—TD <t< (N(t)-i—l)T—l—TD, t>1Tp. (4.18)
Therefore,
t—1—1 t— T
T ID o N < S > T, (4.19)
T T
Since limy oo + 55710 = limy o 1572 = 1 it follows from (4.19) that
N 1
lim Y _ 1 (4.20)
t—oo T
NMI(t)

Next, we evaluate lim;_,oo N in (4.17). The counting process N} ; ;(t) denotes
the number of time instants k € {1,2,..., N(¢)} such that »((k — 1)7) = h, r(k7) = i, and
r((k +1)7) = j. Furthermore, note that N(t) = >, ; .\ N™¥i(t). By using the strong
law of large numbers [86, 87] for the discrete-time Markov chain {r(k7) € M}ien,, we
obtain

NI (¢)

Jim O ThPh,i (T)Pi ;i (T), (4.21)

where 7, > 0 is the stationary probability distribution for state h € M and p;, ;(7) and
pi;(T) are transition probabilities characterized in (4.3).

As the third step, we will employ the strong law of large numbers for independent and
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identically distributed random variables in order to compute the limit

h,i,7 ;A
L N gk,

oo N3 (t) nz::l (K9 174 T r(s),
Note that
kﬁ’i’jT—&-TD kZ’i’jT kﬁ’i’jT—&-TD
o Y ,hds:/ o Y. ,hdS-i-/ N Y, 7hds. (4.22)
/<k2,z,J_I)T+TD 7(s) (K 1)r 4T r(s) Wiy r(s)
Now let
k:;’i’j‘r
yﬁ,m 2 L Yr(s),pds, mEN, hyi,jeM, (4.23)
(kb7 1) r 4T
. kI T+ Tp
2yl & /k . Tr(synds, n €N, hi,jeM. (4.24)
n T

Note that by definition (4.15), the mode signal takes the values h and i at time instants
(kzﬁ’i’j — 1)7 and ki, respectively, for all n € N. The value of the mode signal during
the interval ((ki™? — 1), ki"/7) may differ for each n € N. However, the probability
of the mode taking the value | € M at time (k** — 1)r + s, where s € (0,7), does
not depend on n € N. Hence, for given h,i,j € M, the random variables yﬁ’i’j ,n €N,
are independent and identically distributed. Similarly, for given h,i,j € M, the random
variables 2/ , n € N, are also independent and identically distributed. Now, we calculate

E[y"*] and E[2"]. It follows from (4.23) that

0 kﬁ’i’j'r
Elyn™] =) E[[ Yooy nds| KT = K]PkhT = ]
; (k™7 =1)7+Tp ©)
o0 kT
= E| / Vo(s)nds|GIP[kT = K], (4.25)
k=1 (k*l)T+TD
where
G E{w e Qirg ), (W) = hr (W) = 1,760, (W) = 5} (4.26)

We set t; = (k — 1)7 + Tp, to = kT, Br(s) = Yr(s),hs S € [t1,t2), and employ the result
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presented in Lemma 4.1 to obtain

o 1 kT ..
Ejy] / YaPlG O Fi(s)dsPlid = K], (4.27)
[ ] ; P[G] (k1) 4T l;:/l I,h l( )] [ ]

where Fi(s) £ {w € Q:r5(w) =1}, s € [(k — 1)7 + Tp, k7). Note that G = F,((k — 1)7) N

Fi(kT) N Fj((k + 1)7) and hence
B[G N Fi(s)] _ PLEL((k — 1)7) N Fy(kr) 0 Ey((k + 1)7) 0 Fi(s)
P[G] Fr((k— 1)) N Fi(kt) N F;((k+1)7)
BLE;((k + 1)7) |74 (k) JLF: () | Fy(s) PLEY ) | (k = D)r)|PLER((k = 1)7)]
PLE;((k + 1)7)| B (kr)|PLEs (k) [Fn((k — )7)]PLEw((k — 1)7)
B[, (k)| Fi(3)|PLEY(s) [ Fw((k — 1)7)
PLE; (k)| Fh((k — 1)7)]
)

_ pri(kT — S);’:léj)— (k — 7')’ se[(k—17+Tp, kr), (4.28)

where pj,;(7) is given by (4.3). We substitute (4.28) into (4.27) and set § = s — (k — 1)7

to arrive at

z / 5 A g —

T e pm
plz 7'_SPhZ h.i,
/ Z dZ}P’k J = k]
Dle/\/l
/ R PLi(T phl()ds, n e N. (4.29)
TDlEM phl()

On the other hand it follows from (4.24) that

.. kh ‘ JT+TD .. ..
BEEY = SB[, adslkh = KPR = K

hyi,j
Robod

B
Il
—

o

k‘T+TD o
El / Vr(s)nds|GIPRL = K], (4.30)
k

T

i

1

where G is given by (4.26). We now set t; £ k7, ty £ kT + T, ¢r(s) = Vr(s)h> S € [t1,t2),

and employ the result presented in Lemma 4.1 to obtain

o0 1 k?7'+TD ..
=Yg [ wPEOREMER <K 43D
T leM
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where Fi(s) £ {w € Q : 7¢(w) =1}, s € [k, k7 + Tp). Now note that for s € [k, k7 + Tp),

PG NFi(s)] _ P[Fu((k—1)7) N Fi(kr) 0 Fi((k + 1)7) N Fi(s)]
P[G] N Fo((k—1D1) N F(kt) N Fj((k+ 1)7)
PIES((k + 1)7)[Fi(s)|P[Fi(8) | Fi(k7)]P[F; (k7) | FR((k — 1)7)]P[FR((k — 1)7)]
PIE;((k + 1)7)|Fi(kT)]P[F; (k7)| Fp((k — 1)7)|P[FR((k — 1)7)]
PIF;((k + 1)) Fi(s)|P[Fi(s) | Fi(kT)]
PIE;((k + 1)7)|Fi(kT)]
_ (B + D)7 — s)pia(s — k7)

(4.32)
pij(T)
We now use (4.32) and set 5 2 s — (k — 1)7 in (4.31) to arrive at
7’+TD _ o
2] Z / 3 o BT IR ) gy
T leM ](T)
T+TD (27 — 8)poi(5 — o N
:/ 3 PG APE 2 T) o S i gy
T lem Pij (T
7+Tp (27 — 5§ —
/ S T APE ) g o (4.33)
T leM pZ]( )

Note that lim; o, N7 (t) = oo, almost surely. Therefore, it follows from the strong law

of large numbers and (4.29) and (4.33) that

Nh 1, ](t
lim ———— yhid = Z ", (T = S)pna(s )dg, (4.34)
t—oo Nhi (t) Sy Phi(T)
Nh i, ]( _
1 T+To P (27 — 8)pi (8 —7)
lim ————— 2T = 4 ds. .35
500 N (t) /T l;;‘V pij(T) ’ *:3%)

Now it follows from (4.22)-(4.24), (4.34), and (4.35) that

th] khl]T+TD p g)p (~)
lz h,l ~
ds = E ——ds
),h Y,k
t—>oo Nhlj Z /h” T+TD TDIEM ph,i(T)
”TDZ P (21 = S)pii(s—71) -
Yi,h ( ) ds.
T leM Pigtt

(4.36)

As a final step, we substitute the limits evaluated in (4.20), (4.21), and (4.36) into (4.17),

71



and obtain

N(t)

1 kT+Tp
lim — / Yr(s).o(s—Tr)dS
t—oo t ; (k—1)r+Tp r(s),0(s—Tb)
1 T PLi(T — 8)pni(s
T > Whph,i(T)pi,j(T)/ > d '()T) ) s
h,i,JEM ™o 1eMm hai
1 T+Ip (2T — $)pii(s —7)
+ - Z Whph,i(T)piJ(T)/ Z Yp = z ds
T hi; T Pij(7)
h,i,jeEM leM
1 T
== > mpig(r) [ D mapni(m — s)pni(s)ds
h,i,jEM To e pm
1 T+1p
+ g Z Whph,i(T)/ Z VP (27 — 8)pig(s — 7)ds
hyi,jeM T lem
1 T
== Z Wh/ Z V1,1PhI(S) Z pi(T —8) Z pi;i(T)ds
hem  2Toiem iEM JEM
1 7+TD
+- > 7Th/ o Y pri(Mpia(s —7) D (27 — s)ds. (4.37)
heM T leM iEM jEM

Note that } . pi,;j(t) =1, t > 0, forall i € M. We use this fact to obtain » _ ;. v, pi;(7) =
L > iempri(t —s) =1, and > .\ m,;(27 — s) = 1 in (4.37). Furthermore, note that

Y iem Phi(T)pig(s — 7) = ppa(s), for all h,1 € M. Therefore, it follows from (4.37) that

N(t)

kt+Tp 1 T
tllglo ; Z/( FYT(S),O’(S—TD)dS = ; Z ﬂ—h/ Z Pyl,hph,l(s)ds

k=17 (k=1)7+Tp heM To e pm

1 T+1p
- d
+ > 7Th/T > npnals)ds
heM leM
1 T+Tp
_— d
S [T s

heM o jem

1 T+Tp
e / ¢ dsT). (4.38)

T o

Case 2) We now consider the case where Tp > 7 and compute lim;_, % f;D Vr(s),0(s—Tp) A5
Note that in this case, the information delay is larger than the mode sampling interval, and
hence the kth sampled mode data r(k7) becomes available for control purposes after time

(k+1)7. Let

k= max{k € N: kr < Tp}. (4.39)
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Note that the kth sampled mode data r(k7) becomes available for control purposes before
time (k + k + 1)7. Now, for given g, h,i,j € M, let {N9"¥3(t) € No};>7;, be the counting
process defined by

N(t)

NOPBI() =3 Lok 1)m)=gur((k—1 k) r)=har (b)) =i (k4 D))=, T > T (4.40)
k=1

Note that for all g, h,i,j € M, the counting process { N9 (t) € No};>7, is a stochastic

process that depends on the mode signal {r(t) € M};>. Furthermore, note that

Z Ng,h,i,j(t) — N(t% t>1T1p. (4.41)
g,h,i,jEM

Now, for all g, h,i,j € M, we define the sequence of indices {k%’h € N}pen by
kgm0 = min{k € N: N9 (kr + Tp) =n}, neN. (4.42)

Now, note that 7((k%""? —1)7) = o(k"" — 1+ k)7 — Tp) = g, (™" —1+k)7) = h,
r((k3"5 4+ k)7) =i, and r((k3"" + k +1)7) = j, n € N, g, h,i,j € M. Furthermore,
note that (s — Tp) = (k4™ — 1)r) = g, for s € [(k§"" — 1)1 + Tp, k™I 1 + Tp). As

a consequence, it follows from (4.12)-(4.42) that

1 kT+TD
lim — / Vo(s).o(s—Tr)dS
kz (k- 1)r4+Th (s),0(s—Tp)

NOPOI(t) - pashiii

_tllf?oE >y / Vr(s),0(s—Tp) 48

h
g7h7Z7J€M n=1 kg ' ]_1)T+TD
Nghm() kghng+TD
= tliglo ; g E i Vr(s),gds' (443)
g,hyijeM n—1 (k™" —1)r+Tp
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We now multiply the integral in the right hand side of (4.43) by &5 ~>74 to obtain

N(t) N9-Pbi(t)
(t) No-h-bd (¢)

N(t)

1 kT+Tp
lim — / o _r.ds
oot kzzl (bt 7T
N(t) Nohii() 1 NOLI()  pahido g
= lim —~* Z ( Frirj - %«(s),gdS)
et iem N(t)  NoRbi(t) o= gt 1y,
N(t) Nom(t) | N gy,
= lim —= Z < lim lim T N ’y,,(s),gds).
oot igen e N e NORWI(E) S Sy,
(4.44)
We now evaluate lim;_,oo % in (4.44). The counting process Ny j ; ;(t) denotes the

number of time instants k € {1,2,...,N(¢)} such that r((k—1)7) = g, r((k—14+k)7) = h,

r((k+k)r) =1i,and r((k + k + 1)7) = j. Note that N(¢) = > m VORI (). We use

g,hi, g€
the strong law of large numbers [86,87] for discrete-time Markov chain {r(k7) € M }ien,
and obtain

i N:hid (1)

oo N(t) TgPg,n (ET)Phi(T)Pi s (T), (4.45)

where 7, > 0 is the stationary probability distribution for state g € M. Moreover, py, ;(k7),
ph,i(T) and p; j(7) are transition probabilities characterized in (4.3).
Next, our goal is to compute the limit

) NOTEI(E) - pghod -y,

S No-hii(t) ; 1y T Vr(s),gdS- (4.46)

Note that by the definition (4.39)

k%’h‘i’j7+TD (k%,h,i,j+E)T k%,h,i,jT+TD
/ 9 hyind Vr(s),gds = / 9 hiinj Vr(s),gd8 + / i Vr(s),gdS- (4.47)
(k™™ 1) +Tp (k™9 1)+ Tp (KSPH7 4 )y
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Now let

. (k" k)
yg’hw = /(kg htd 1) VT(S),gdsv neN, ghijeM, (4.48)
n I 1)+ D

kM
sahid & / o geds. nEN, ghijeM (4.49)
(KG9 4 k)

Note that by definition (4.42), the mode signal takes the values g and 7 at time instants
(k?;h”"j — 14 k)7 and (k%’h’i’j + k)7, respectively, for all n € N. The value of the mode
signal during the interval ((k‘,g;h’i’j — 14 k)7, (k3" 4 k)7) may differ for each n € N.
However, the probability of the mode taking the value [ € M at time (k%’h’i’j —1+k)T+s,
where s € (0,7), does not depend on n € N. Note that the integration in (4.48) is over the
interval [(k3""7 — 1)7 + Tp, (k3" 4 k)7), where (k3" — 1)r + Tp > (k™" — 1+ k)7.
Hence, for given g, h,i,j € M, the random variables y%’h’i’j , n € N, are independent and
distributed identically. A similar argument can be used to show that for given g, h,i,j €

7h7i7j

M, the random variables z;;""", n € N, are also independent and distributed identically.

Now, it follows from (4.48) that

NE

. (k" k)T - .
By = SB[ oo sl = KPR = b
(

S DR

k=1
%0 (k+k)T )

=> E| / Vr(s),gds|GIPIES T = k], (4.50)
k=1 (k=1)7+Tp

where

GE2{weQ:rp 1) (W) = g, o140 (W) = hy Tegiyr (W) = &, Tpr1yr (W) = j}. (4.51)

We sett; 2 (k— 1)7 +Tp, t2 = (k + k)T, br(s) = Yr(s),g» 8 € [t1,12), and employ the result

presented in Lemma 4.1 to obtain

N 1 (k+k)T .
Ejyohii] = $° L / PG N Fi(s)|dsP[kSM = k], (4.52)
[ ] ; P[G] (k—1)7—+TD IEZ/V( ’W,g [ l( )] [ ]

where Fi(s) = {w € Q:ry(w) =1}, s € [(k — 1) + Tp, (k + k)7). Note that
G=F,((k-1)r)NF((k=1+k)1)NEF((k+E)7)NF;((k+E+1)7), (4.53)
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and hence

P[G N Fi(s)]
PG
_ PIE((k = D7) N EFu((k =1+ E)7) 0 Fi((k + E)7) N Fi((k + E+ 1)7) N Fi(s)]
- Fy((k =1)7) 0 Fp((k =1+ E)7) N Fi((k 4+ E)7) N Fi((k+ k+1)7)
PIF}((k + &+ 1)7)|Fi((k + E)7)|P[Fi((k 4 E)7)| Fi(s)]
PIE;((k + E+ V)7)|Fi((k + E)T)IPIF((k + E)7)[Fh((k — 1+ E)7)]
PLE(s)[Fn((k — 1+ E)T)[P[F((k — 1+ k) ) Fy((k = DT)P[E,((k = 1)7)]
PLER((k =1+ E)7) | Fy((k = DT)IP[EG((k — 1)7)]
PIE((k + B)7)[F(s)[P[E(s) | Fu((k = 1 + k)T)]
PIE;((k + E)T)|Fn((k =1+ E)7)]

_ (b + B)r — Sz)fijh(lg — (k-1 +E)T)7 selk—1)7+Tp,(k+k)7), (454)

where py,;(7) is given by (4.3). We substitute (4.54) into (4.52) and set § = s — (k — 1)7

to arrive at

(E+1)T k‘ 1 _ k o
ghzg Z/ Z lgpll + 7' 5) ( 77') dgp[k‘g’h’z’] _ k]

lem phyz( )

(k+1)7 ((k+1)7 — —k7T) & y
_ / Z "yl7gpl’ ((74‘ )T 8)ph,l(5 —T ngP[kz,hJ,] — k]
™ =y ph,i<7) k=1

(k+1)T pLi((E+1)7 — 3)ppi(5 — k7)
= Z Vi.g

Tp leM ph,i(T)

ds, neN. (4.55)

On the other hand it follows from (4.49) that

kM T T - y
ds|kg b = E|P[kSMT = ]

E[z9h41] = ZE /

w0
kT+TD .

_ Z]E / ) ods|GIP[kSM = ), (4.56)
k+k’)7

where G is given by (4.51). We now set t1 £ (k + k)7, to £ kT + Tb, br(s) = V()90

€ [t1,t2), and employ the result presented in Lemma 4.1 to obtain

. 1 kr+Tp .
E[z9"] =) —— » Fy(s)]dsP[k%"47 = k]. 5
S = P[G] /(k+k)7 leM%g G0 Fils)dePii, | 457
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where Fi(s) £ {w € Q: rg(w) =1}, s € [(k + k)7, kT + Tp). Note that

P[G N Fi(s)]
PG
_ PIE((k=D7) N Fu((k -1+ k‘)T) Fi((k+E)m) N Fi((k+k+1)7) N0 Fi(s)]
Fy((k = D7) N Fp((k =1+ Ek)7) N Ei((k + E)7) N Fj((k + k4 1)7)

PIE;((k+E+1)7 )IFz(S)]P[ ()| Fi((k 4 k)7)]

PIF((k + &+ 1)7)|Fi((k + E)T)IPFi((k + k)7)[Fr((k — 1+ k)7)]
PIE((k + E)T) [ Fp((k — 1+ B)7)P[FL((k — 1 + k)7)[Fy((k — D7)JP[F,((k — 1)7)]

PlEL((k — 1+ k)7)[Fy((k — 1)7)|P[Fy((k — 1)7)]

_ PIFj((k+ k+1)7)|F(s)]P[Fi(s)|F; ((k + k) )}

PIF((k + &+ 1)7)|Fi((k + k)7)]
_ p((k+k+1)7 —s)pi(s — (k+ k) )

pij(T)

\]

€ [(k+Ek)r kT +1p). (4.58)

We now use (4.58) and set 5 2 s — (k — 1)7 in (4.31) to arrive at

T+ . N, (=
Zg h 'Lj Z/ b ,gpl,j((k + 2)7_ - 3)pz,l(5 - T = ET) d§P[k;‘fL’h’i’j _ ]{7]
k+1)7 leM Pij(T)
T ((k+2)7 — 8)pi(5— 17—k > y
= / %,gpl’J((*Jr )7 = 8)pia(5 = 7 = k7) dézlp[k%hw = k]
(k+1)7 g y2 ]( ) 1
THD ((k+2 5—71—k
/ 3 g (DT =T TR g N (459
E+1)T 1oy i j(T)

Note that lim;_,o, N9 (t) = oo, almost surely. Consequently, it follows from the strong

law of large numbers and (4.29) and (4.59) that

N9R3 (1) (k+1)r

" pLi((k+1)7 — 8)pr(s — k1)
lim yghii —/ Vi.g— : ds, (4.60)
t—o0 Ng N9hid (1) J Z To lg\:/t 9 DPh,i (7’)
Ng,h,L,J(t) 4T
> T k+4+2)t — —7—k
lim hll S aghis :/ Z lgply(( + 27— S)pia(5 — T —k7)
t—oo N9 ](t) el (k+1)T lem ng( )

(4.61)
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It then follows from (4.22)-(4.24), (4.60), and (4.61) that

li : N-"*hz’“:j@) s d
tir{olo Ng:hit.j (t) ~ (kgz’h’i'j—l)T-',-TD Vr(s),g94S
/ (k+1)T pl,i((E + 1)7‘ — §)ph,l(§ — ET) ds
- leM Pr,i(7)
/ T+TD y PalE+ 2T = Opua(§ =7~ k7) 4o (4.62)
kD)7 le./\/l pij(T)

Finally, we substitute the limits evaluated in (4.20), (4.45), and (4.62) into (4.44), and

obtain
1 MO ket
lim — / Vr(s),o(s— ds
t—oo t ; (k*1)7'+TD ( )7 ( TD)
1 (k1) pri((E+1)7 — s)pni(s — kT
== > ngg,h(kT)Ph,z‘(T)pi,j(T)/ > g (k1) ‘(T)) s~k )ds
g.hijeM b lem Phyi
1
+- > wepgn(kT)phi(T)pis(7)
g,hi,jEM
/T+TD P ((k+2)7 — s)piu(s — 7 — k1)
: V.9 ds
(k+D)7 ey pij(T)

1 (k+1)
= > wopgn(kT)pij(7) / > igpri((k+ )7 = 8)ppa(s — kr)ds
g;hyi,jEM b

leM
1 T+Tp
+- > mpgn(kT)pni(T) / > g ((k+2)7 = 8)pis(s — 7 — kr)ds
g hyijEM (1T e
(k+1)r
- Z 779/ V.9
gEM
S pon(kr)pnls — kr) Z pLil(k+ D)7 =) Y pig(r) ) ds
heM ieEM JeEM
1 T+TD
+27rg/ (Z%gZp% (kT)
T (k+1)7
geM leM heM
. Z Phi(T)pit(s — 7 — kT) Z P ((k+2)7 — s))ds. (4.63)
ieEM JEM

By using the fact that } .\, pi;(t) =1, ¢t >0, for all i € M, we obtain >, \(pi;(7) = 1,
Yiembri((k+1)7 —s) =1, and >, p,;((E+2)7 —s) = 1in (4.63). Note also that

Y hem P (ET)pr (s — kT) = pgi(s), for all g,1 € M. Moreover, >, Pni(T)pii(s — 7 —
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k7) = pp(s — k1), for all h,l € M. Therefore, it follows from (4.63) that

N(t)

1 kt+Tp
lim - / Yr(s),o(s— ds
t—oo t Zl (h—1)r+Tp (s),0(s—Tp)
(k+1)T
= Z Fg/ ’Yl,gpg,l(s)ds
ge/\/l
7"‘I’T‘D
+ — Z 779/ Z ’Yl,g Z pg’ kT phl S — ij)d . (464)
Now note that Zhe/\/l pg,h(ET)phJ(S — ET) = pg,l(s), for all g,l c M. As a consequence,
i 1 ]%t)/kr—i—TD 4 1 Z /(k—f—l)r Z 0
o Vr(s),o(s— S = — e 7l,p718 s
t=eo b i (k=17 +1p ()ols=1b) T Y ) 9Pg
T+1p
T Z / Z ’Yl,gpgl
gE./\/l (k+1)T leM
T“FT]:)
p Z 779/ Z V,gPg,1(5)ds
QGM leM
1 T+1p
= tr(H/ 6Qsdsf). (4.65)

T ™

We evaluated the limit lim;_, o + 7 Z e f ]ZTJ;)TE 1y, Vr(s).0(s—Tp)ds for cases where T <
7 and Tp > 7. It is shown in (4.38) and (4.65) that for both cases the limit is given by

Lir(11 f;;TD e@3dsT"). It then follows from (4.12) that for all 7 > 0 and Tp > 0,

1 t 1 T+Tp 0
Jim ) %(s),a<s_TD>d8 = —tr(Il /T e dsI’), (4.66)
which completes the proof. O

4.3 Sufficient Conditions for Almost Sure Asymptotic Stabiliza-
tion

In this section, we employ a quadratic Lyapunov approach similar to the one used in

Chapter 3 and utilize the strong law of large numbers developed in Lemma 4.2 to obtain

sufficient conditions of almost sure asymptotic stabilization under sampled and delayed

mode information.
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Theorem 4.1. Consider the switched linear stochastic system (3.57) with mode sampling
period 7 > 0 and sampled mode information constant time delay 7 > 0. If there exist

P > 0 and scalars ¢; € R, i € M, such that

0> AlP+ PA;+ D!'PD; — 2PB;Bf' P — (;P, (4.67)
for i € M, and
1 To+r N . (DIP+ PDy)
tr(H/ e@3dsl) — et Y <0, (4.68)
T T zg\:/l 2)‘12nax(P)

where II € RM*M denotes the diagonal matrix with the diagonal entries 7,79,. . .,7rs,

and I' € RM*M denotes the matrix with the (i, j)th entries given by

ij 1= .jv

Yij = (4.69)
2Amax(PB;BTP)  Amin(P(B; Bl +B;B])P) .,
Ci + Amin(P) o Amax(P) ) t # ‘7’

then the feedback control law (4.2) with the feedback gain matrices given by

K;=-B'P, ieM, (4.70)

guarantees that the zero solution z(¢) = 0 of the closed-loop system (3.57) and (4.2) is

asymptotically stable almost surely.

Proof. We can describe the closed-loop system (3.57) under the control law (4.2) by

the multi-dimensional Ito stochastic differential equation

dz(t) = (Ar(t) + Br(t)Kp(t))x(t)dt + Dr(t)x(t)dW(t), t>0, 4.71)

where

T, 0<t<Tp,
pt) 2 (4.72)

U(t — TD), t>1p.

Now, let V(x) £ 2T Pz and consider the function In V(z(¢)). Note that V(-) is a positive-
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definite function; therefore, In V' (z(t)) is well-defined for non-zero values of the state. It

follows from Ito formula and (4.70) that

I V(2(t)) = V(o) +/0 Wl@

T T T
- PBP(S)BT(S)P - PBT(S)Bp(s)P+Dr(s)PDT(s)>x(5)d5

2" (s) (AT P + PAy)

_ /0 M(QxT(s)PDT(S)x(s))st+L(t), (4.73)

where L(t) £ [§ k722" () PDyoyz(s)dW (s). We observe that

22" (s)PDyyz(s) = x" (s) (D} oy P + PDys))a(s)
Amln(D,T(S)P+PDT(s))

- Amax (P) z! () Pa(s). (4.74)

By (4.67), (4.69), (4.73), and (4.74), we arrive at

t \2 (DT P+PDT(S))

t
min\""r(s)

1 <1 -

nV(z(t)) <InV(xg)+ /0 Vr(s),p(s)d8 /0 2X2 .« (P)

max

ds+ L(t). (4.75)
Note that p(s) = rg, s € [0,7p), and consequently

Tp
ds| < im0 |1D-
| /0 Vr(s),p(s) S‘ = ?61%31{ |’Y7,,7"o| D

Therefore,

1 [
lim — Yr(s),p(s)ds = 0. (4.76)

t—oo ¢ 0

Furthermore, it follows from (4.72), (4.76) and the strong law of large numbers presented

in Lemma 4.2 that

t t
A [ reds = lim g " Vr(s),p(s—Tp) 48
1 74+TD
= —tr(Il / e@3dsT), 4.77)
T Tp

almost surely. In addition, by the strong law of large numbers for continuous-time, finite-
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state, irreducible Markov chains [86,87]

1 [t MDY, P+ PDy (DTP + PD;
lim - [ — () =) - Z Ammin(Di' P + ) (4.78)
t—oo t 0 2>‘?nax( ) 2>‘?nax( )

almost surely. Furthermore, note that the Ito integral L(¢) in inequality (4.73) is a local

martingale with quadratic variation given by

2 = | Gy ()P Dra(s) s
|
:/0 W(ZxT(s)PDT(S)x(s))2ds

bl
S/o W(SUT(S)(DE(S)P+PDT(S))l‘(S))QdS

/t A121130((1)’11( )P+PDT’(S))
0

<
) NP
ielT A DIP+ PD;
< 2 j;"(( 5 + PP (4.79)

It follows from (4.79) that lim;_, %[L]t < oo. Hence, by using the same approach pre-
sented in [14,49,51], we can employ the strong law of large numbers for local martingales

to show

lim L() 0, (4.80)

t—oo t

almost surely. Moreover, by using (4.68), (4.75), (4.77), (4.78), and (4.80), we arrive at

! ! b 2m(DIP + PD;
fmsup § IV (a(t)) < er(11 [ (@dsT) — Y Nmin D P+ PD)

t—o00 T > ieM 2)‘1211ax( )

< 0. (4.81)
As a consequence of (4.81), limy_,o In V' (z(t)) = —oo, almost surely; moreover,
P[tlim V(z(t)) =0] =1. (4.82)

Therefore, the zero solution z(¢) = 0 of the closed-loop system (3.57), (4.2) is asymptoti-

cally stable, almost surely. O
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Note that the stabilization conditions (4.67) and (4.68) depend not only on the sub-
system dynamics, but also on the probabilistic dynamics of the mode signal, as well as the

mode sampling period 7 > 0 and the sampled mode information delay 71, > 0.

Remark 4.1. When time delay for the sampled mode information 71, tends to 0, the con-
ditions of Theorem 4.1 reduces to the stabilization conditions presented in Theorem 3.4

for the case where time delay for sampled mode information is not present.

Remark 4.2. Note that under the conditions (4.67) and (4.68), our proposed control law
(4.2) guarantees almost sure stabilization even if the mode samples are subject to different
time delays that are upper-bounded by a constant 7 € (0, 7|. Specifically, consider the
case where the kth mode sample data (k) is subject to time delay 7}, > 0, k € Ny. In this
case, the sequence {k7 + T} }ren, denotes the time instants at which the obtained mode
samples become available to the controller. If there exists a constant T, € (0, 7| such that
Ty € (0,1p], k € Ny, then the mode samples become available to the controller in order,

that is,
kim 4+ Ty < kot + Tk, ki <ka, Fki,ka€ Np. (4.83)
Furthermore,
kt +T, <kt +1Tp, k€ No, (4.84)

which implies that the controller has the sampled mode information r(k7) at time k7+Tp,
and hence the proposed control law (4.2) can still be employed for stabilizing the switched

linear stochastic dynamical system (3.57).

4.4 TIllustrative Numerical Example

In this section, we demonstrate the efficacy of our approach concerned with the stabiliza-
tion of switched linear stochastic dynamical systems under sampled and delayed mode

information. Specifically, we consider the switched linear stochastic system (3.57) com-
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posed of M = 3 subsystems characterized by the subsystem matrices

1 -5 —1.6
Al = ) Bl = )
1 1.5 1.6
05 O 0
AQ = ) B2 = )
0.75 0.5 0
0.5 0.5 2
A3 — 3 BS — 3
—4.75 0.5 -2

and D; = Dy = D3 = I,. The mode signal {r(t) € M £ {1,2,3}};>¢ of the switched

system is assumed to be a Markov chain with the generator matrix

Q=11 -2 1 |, (4.85)

with stationary probability distributions, m; = %, i € M. Furthermore, the mode signal
{r(t) € M}i>0 is assumed to be sampled periodically at the time instants k7, k € Ny,
where 7 = 0.1 is the mode sampling period. Furthermore, the obtained mode samples are
assumed to be available to the controller after a constant time delay 7 = 0.03.

Note that the positive-definite matrix P = I, and the scalars (; = —0.35, (; = 2.75,
(3 = —2.25 satisfy (4.67) and (4.68). Therefore, it follows from Theorem 4.1 that the zero
solution z(t) = 0 of the switched stochastic system given by (3.57) under the proposed
control law (4.2) is asymptotically stable almost surely.

Figures 4.1 and 4.2 respectively show the sample paths of x(¢) and u(¢) obtained with
the initial conditions #(0) = [1, 1]* and r(0) = 1. The sampled mode signal o(t) may
change its value at mode sampling time instants denoted by the sequence {k7}cn. Since,
the piecewise-continuous control law (4.2) depends on the delayed sampled mode signal
o(t — Tp), the control input trajectory is subject to jumps at time instants denoted by
{kT + Tp }ren-

Note that the feedback control performance is directly related to the quality of the rep-
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Figure 4.4: Stabilization region with respect to 7 and Tp

resentation of the actual mode signal by the sampled and delayed version that is available
to the controller. Owing to frequent mode sampling and small mode information time
delay, the delayed sampled mode signal o(t — Tp) of this numerical example is a good
representation of the actual mode signal r(¢) (see Figure 4.3).

Stabilization performance depends on both the mode sampling period 7 > 0 and the
mode sample information delay 7 > 0. Figure 4.4 shows the numerically obtained values
of the constants 7 and 71, that satisfy the condition (4.68) of Theorem 4.1 for the positive-
definite matrix P = I, and the scalars (; = —0.35, (s = 2.75, (3 = —2.25. The dark
region represents the set of values (7,7p) € (0,00) x (0, 00), for which the stabilization
is guaranteed by the control law (4.2) according to Theorem 4.1. Note that the sample
paths of z(t), u(t), r(t) and o(t — Tp) shown in Figures 4.1-4.3 are obtained for the values
7 = 0.1, Tp = 0.03, which corresponds to a point in the stabilization region shown in

Figure 4.4.

4.5 Conclusion

In this chapter, stabilization of switched linear stochastic systems has been investigated.
A feedback control framework has been developed for the case where the mode of the
switched system is periodically sampled and the obtained mode samples are available to
the controller only after a time delay. We employed a quadratic Lyapunov-like function for
obtaining sufficient conditions under which our proposed control framework guarantees
almost sure asymptotic stabilization.

The control law proposed in this chapter incorporates a feedback gain that depends on
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the sampled and delayed version of the mode signal. Note that this feedback gain remains
constant between consecutive time instants at which sampled mode data becomes avail-
able. In Chapter 5, we propose a new feedback gain scheduling mechanism for selecting
the feedback gain associated with the mode that has the highest conditional probability of

being active given the available sampled and delayed mode data.
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Chapter 5

Probability-Based Feedback Gain
Scheduling for Stabilizing Switched
Linear Stochastic Systems Under
Delayed Sampled Mode Information

5.1 Introduction

In Chapter 4, we investigated the stabilization of a continuous-time switched linear stochas-
tic system for the case where the mode information is observed only at discrete time in-
stants and the observed mode information is available to the controller only after a delay.
In this chapter we develop a new control framework for the same problem setting. Specif-
ically, to guarantee feedback stabilization of continuous-time switched linear stochastic
dynamical systems under delayed sampled mode information, in Chapter 4, we proposed
a piecewise-continuous linear state feedback control law. The feedback gain of the control
law presented in Chapter 4 is switched between the gains associated with each mode of
the system depending on the delayed sampled mode signal. This approach is based on
picking the feedback gain associated with the mode that was active at the most recent
mode sampling instant. Furthermore, the same feedback gain is maintained until the next
mode sample data becomes available (see Chapter 4). Note that when the mode is sam-
pled rarely and the mode information delay is large, the delayed sampled mode signal

will not be an accurate representation of the actual mode signal, and hence the control
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law presented in Chapter 4 may fail to stabilize the switched system. In this chapter, in
order to relax the requirements on the mode sampling period and the mode information
time delay, we develop a new control framework with probability-based feedback gain
scheduling scheme.

In the literature, probabilistic gain schedulers have been employed in different prob-
lem settings. For example, in [107], probability-based gain schedulers are used for design-
ing filters for a discrete-time system with missing output measurements. Furthermore, a
stochastic scheduling scheme is proposed in [108], where a Markov chain is used for the
scheduling between finite number of controllers to stabilize a discrete-time linear system.

Our proposed scheduling method uses the available delayed sampled mode data of
a continuous-time switched stochastic system to identify the conditional probability dis-
tribution of the modes at any given time. In our proposed control framework, the gain
scheduler selects the feedback gain associated with the mode that has the highest probabil-
ity of being active. We employ a quadratic Lyapunov function approach to obtain sufficient
conditions under which our proposed control framework with the probability-based gain
scheduling scheme guarantees asymptotic stabilization.

The contents of this chapter are organized as follows. In Section 5.2, we provide a
preliminary result concerning continuous-time Markov chains. In Section 5.3, we intro-
duce the feedback control problem for switched stochastic systems under delayed sampled
mode information; furthermore, in Section 5.4 we explain our proposed control frame-
work based on a probabilistic feedback gain scheduling scheme. We obtain sufficient con-
ditions of almost sure stabilization in Section 5.5. In Section 5.6, we provide a numerical

example. Finally, we conclude the chapter in Section 5.7.

5.2 Mathematical Preliminaries

We provide a key result concerned with continuous-time finite-state Markov chains in

Lemma 5.1 below, which we employ for obtaining the main results provided in Section 5.3.

Lemma 5.1. Let {r(t) € M £ {1,2,..., M}};>0 be a finite-state irreducible Markov chain
characterized by the generator matrix Q@ € RM>*M, Let ¢ : [0,00) — R, I € M, be

bounded piecewise-constant functions. Then for any ¢1,¢2 € [0,00) and G € F such that
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t; <ty and P[G] > 0, it follows that
to 1 to
B[ 0 (10sIG) = g [ 3 @ulo)BIG N Ri)lds, 5.1)
11 ]P)[G] 11 leM
where Fi(t) £ {w € Q:r(w) =1}, t > 0.

Proof. By using the definition of conditional expectation given in (2.1), we obtain

ta 1 t2
E[ " (z)r(s)ds‘G] = IP)[CTY]/G " (;ST(S)(s)ds]P’(dw)

1 f2
-5 /G / S 6151y ) () d5P(co). (5.2)

1 emM

Moreover, we employ Fubini’s Theorem [93] to change the order of integrals in (5.2). It

follows that

b G lem
o 0 [ v epaa
= (s Lips) (W w)ds
PIG]Ju i3 l
I
=50 / > &i(s)P[G N Fi(s)]ds, (5.3)
tjem
which completes the proof. O

Note that Lemma 5.1 is a generalized version of Lemma 4.1 in Chapter 4, in the sense
that it allows the integrand ¢,(,)(-) in the integral of the left hand side of (5.1) to not only

depend on the Markov chain r(-) but also depend directly on time.

5.3 Feedback Control Problem for Switched Linear Stochastic

Systems Under Sampled and Delayed Mode Information

In this section, we explain the stabilization problem under sampled and delayed mode in-
formation for switched linear stochastic systems. Specifically, we consider the continuous-
time switched stochastic dynamical system given by (3.57). We assume that the mode
signal of the switched system is observed (sampled) periodically and the obtained sam-

pled mode data is subject to a constant time delay. We denote the mode sampling period
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by 7 > 0 and the mode information time delay by T > 0.
We denote the obtained mode samples by the sequence {r(k7) € M }yen,, which forms

a discrete-time Markov chain with state transition probabilities given by

Plr((k +1)7) = jlr(kr) = i] = pi;(7), (5.4)

where p; j(7) represents the (4, j)th entry of the transition matrix e%¥7. It follows from the
irreducibility of the mode signal {r(t) € M};>( that {r(k7) € M}cn, is also irreducible.
Furthermore, the stationary probability distribution for the discrete-time Markov chain
{r(k7) € M}ren, is given by 7 € RM  which is also the stationary probability distribution
for {r(t) € M}>o [87].

We use the “sample and hold” technique and define the sampled version of the mode

signal {o(t) € M}s>0 by

o(t) = r(kr), te[kr,(k+1)7), k € Np. (5.5)

As each mode sample data is subject to time delay 71, > 0, only a delayed version of the
sampled mode signal {o(t) € M};>¢ is available for control purposes. We denote the
delayed sampled mode signal by the stochastic process {o(t — Tp) € M}i>,.

In Chapter 4, under the assumption that the initial mode r( is known to the controller,
we had proposed the stabilizing feedback control law (4.2). The control law (4.2) depends
only on the delayed sampled mode signal {o(t — Tp) € M}i>7,, which switches the
feedback gain of the controller between the gains K, Ko, ..., K); associated with the
modes of the switched stochastic system (3.57).

The delayed sampled mode signal {o(t — Tp) € M };>71;, and hence the feedback gain
remain constant in the time intervals [k7 + Tp, (k + 1)7 + Ip), k € Ny. Moreover, the
feedback gain in (4.2) is switched at the time instant k7 + Tp, only if the consecutive
mode samples r((k — 1)7) € M and r(kt) € M are different. Stabilization performance
of the feedback control law (4.2) is directly related to the quality of the representation of
the actual mode signal {r(t) € M};>o by the sampled and delayed version {c(t — Tp) €
M}z
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Note that the frequency of the mode transitions, the mode sampling period = > 0, as
well as the sampled mode information delay T, > 0 affect how accurately the actual mode
signal is represented by its time delayed sampled version. If the mode is sampled very
frequently and the mode information time delay is small, then the delayed sampled mode
signal {o(t — Tp) € M}>1y, is likely to resemble the actual mode signal {r(t) € M};>0
accurately. In this case, the feedback gain is likely to be K; when mode i is active. On the
other hand, if the mode is observed rarely and the mode information delay is large, then
the delayed sampled mode signal {o(t—1p) € M };>m, is likely to be a poor representation
of the actual mode signal {r(¢) € M};>¢. Consequently, depending also on the subsystem
dynamics and the mode switching frequency, the control performance may deteriorate. In
order to overcome this issue associated with the control law (4.2), in the following section
we will propose a new probability-based scheme to schedule the switching between the

feedback gains K, Ko, ..., Ky, in the time intervals [k + Tp, (k + 1)7 + 1p), k € Ny.

5.4 Probability-Based Feedback Gain Scheduling

In this section, we develop a probabilistic feedback gain scheduling framework that is
based on selecting the feedback gain associated with the mode that has the highest prob-
ability of being active.

The mode signal {r(¢) € M};>o of the switched stochastic system (3.57) may change
its value in the time intervals between mode sampling instants. However, the trajectory
of the mode signal in the time intervals (k7,(k + 1)7), £ € Ny, is not available to the
controller. Nevertheless, the available delayed sampled mode data and the a priori in-
formation concerning the probabilistic dynamics of the mode signal can be utilized to
compute the probability distribution regarding the active mode in those intervals.

The conditional probability of the mode signal taking the value j € M at time t5 > 0

given that it had the value i € M at an earlier time ¢; € [0, ¢2], is given by
Plr(ts) = jlr(t1) = i] = pi;(ta — ta), (5.6)

where p; ;(t), again, represents the (i,j)th entry of the matrix e¥, t > 0. Note that
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Figure 5.1: The structure and the partitions of the set S

Y jemPig(t) =1,6>0,i€ M.

We define the conditional probability distributions p; : [0,00) — RM i € M, by

pi(t) & pia(t), pia(t), ..., pim ()T, t >0,i € M. 5.7)

It follows that p;(t2 — t1) € M represents the conditional probability distribution regarding
the active mode at time ¢» > 0 given that the mode signal had the value i € M at time
t; € [0, ta].

Nowlet S £ {z e RM : Y.\ 2 = 1;2 > 0,i € M}. Note that the trajectories of the
conditional probability distributions p;(-),7 € M, move on the set S, that is, p;(t) € S, t >

0,7 € M. We partition the set S into M subsets Sy, So, ..., Sy given by
Sit{z€8 12>z {l,...;i—1}z>z,j€{i+1,...,M}},ie M. (5.8)

Note that S = [ J;c 1, Si and S; N S; = 0, i # j. For example, when M = 3, the trajectories
of the conditional probability distributions p;(-), i € {1, 2,3}, move on a triangular surface
characterized by the set S = S§; US, U S3 (see Figure 5.1). Note that the trajectories of the
conditional distributions converge to = € R™, which denotes the stationary distribution
for the mode signal {r(¢) € M};>o. For example, Figure 5.2 shows the conditional prob-
ability distribution p3(-) which starts in the subset S3 and moves towards the stationary

distribution 7 € RM, which is in the subset S;.
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Figure 5.2: Trajectory of the conditional probability distribution p3(-) on the set S

Now we construct the feedback gain switching (scheduling) signal {p(t) € M}¢>0 by

T](To,t), if te [O,TD),
o(t) & (5.9)
n(r(kr),t — k), if t €T, k € Ny,

where Ty, £ [kT + Tp, (k + 1)7 + Tp), k € Ny, and

1, if pl() € Sy,

n(i,-) = : i€ M. (5.10)

M, if pz() € Sy,

\

For a given mode i € M, 1(i, ) is a piecewise-constant, deterministic function of time. The
trajectory of 7(i, -) depends only on the generator matrix @ € RM*M of the mode signal,
which is assumed to be known. Furthermore, 7(i,%2 — ¢1) denotes the index of the mode
that has the highest conditional probability of being active at time ¢ > 0 given that the ith
mode was active at an earlier time ¢; € [0,¢3]. Note that the information of an obtained
mode sample r(k7) become available to the controller at the time instant k7 + 7. This
mode sample is used for computing n(r(k7),t — k7) in (5.9), which represents the index
of the mode with the highest conditional probability at time ¢ € [kt + Tp, (k + 1)7 + 1p)
given the mode information (k7). Hence, for a given time ¢t > 0, p(¢) denotes the index
of the mode that has the highest conditional probability of being active at time ¢ given the
most recent sampled mode information.

Note that the conditional probability distributions p;(-), i € M, cross the boundaries

between the sets S;, i € M, finitely many times in every finite time interval. As a conse-
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of the sampled mode signal o(t — Tp), and the feedback gain switching signal p(¢) versus
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quence, {p(t) € M}:>o changes its value only finite number of times in every finite time
interval. For an example switched system (3.57) with M = 2 modes, Figure 5.3 shows
sample paths of r(t), o(t), o(t — Tp), and p(t).

We employ {p(t) € M};>¢ for switching between the feedback gains K, Ko, ..., Ky

and propose a new control law of the form
u(t) = K,px(t), t>0. (5.11)

Note that in the closed-loop system (3.57), (5.11), the active mode is denoted by r(t),
whereas the index of the active feedback gain is denoted by p(¢). In Lemma 5.2 below we
present a strong law of large numbers for the bivariate stochastic process {(r(t), p(t)) €
M x M}, so that we obtain sufficient almost sure asymptotic stability conditions for

the closed-loop system (3.57), (5.11) in Section 5.5.

Lemma 5.2. Let {r(t) € M}:>o be the irreducible Markov chain characterized by the
generator matrix Q € RM*M_ Furthermore, let {p(t) € M},;>( be the stochastic process

defined in (5.9). Then for any v, ; € R, 4, j € M, it follows that

t

' 1 1 7+1p
Jim. ; Vr(s),p(s) 48 = Tij;%' /T . Vin(i,s)Pi.i (5)ds, (5.12)

almost surely.

In order to prove Lemma 5.2, we use the method that we employed previously in
Chapter 4 for proving Lemma 4.2.

Proof. We define the counting process { N (¢) € No}/>1, by
N(t) = max{k € No : kr +Tp <t}, t>Tp. (5.13)

The number of mode samples obtained until time ¢ > T, is given by N (¢). It follows from
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5.13 that

t Tp N kr4To
7rs,sd3:/ 7rs,sd3+ / 7rs,sd3
/0 (s).p(s) 0 (8):p(s) ; (b=1)r4Tp (s).p(s)
t
+/ fYr(s),p(s)dsv t>0. (5.19)
N(t)T+TD
Now note that
Tp
|/0 Vr(s)p(s)d8] < i{?gﬁlw,ﬂTD, (5.15)
t
Tr(s).p(s)d8] < max |v; |7, t>1Tp. (5.16)
|/N(t)r+TD ():p(s) | z,jEM| il
Therefore,
.1 (M
Am g | e ds =0, (5.17)
1 t

lim — V(o). p(s)ds = 0. (5.18)
=00 ¢ (et (s),p(s)

By using (5.14), (5.17), and 5.18 we obtain

t N(t)

] 1 ] kT-i—TD
Jim 2 ; Vr(s)p(s)ds = Him 2 /<k—1>T+TD Vr(s).p(s)dS- (5.19)

We now consider the following cases: the case where T < 7 and the case where T > 7.

t) rkT+T]
| f(k—1)£+TD Yr(s),p(s)ds and show that

For each case we evaluate the limit lim;_, o, % ZkN:(
the limit is given by the right hand side of (5.12) in both of the cases.

Case 1) Consider the case where Tp < 7. It is important to note that in this case the
information delay is less than the mode sampling interval, and hence the kth sampled
mode data r(k7) becomes available for control purposes before time (k + 1)7.

Now, let { N"%3(t) € Ng}y>T,, be the counting process defined by

N(t)

N3 () =Y " Lpp(hmt)r)mhor (br)=isr (ot )r)=g)> = T (5.20)
k=1

Note that for all h,i,j € M, the counting process {N"%J(t) € Ny};>7, is a stochastic
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process that depends on the mode signal {r(t) € M};>¢. Note also that

h,i,jEM

Furthermore, for all h,i,j € M, let the sequence of indices {kﬁ” € N},,en be defined by
kM = min{k € N: N (kr +Tp) = n}, n e N. (5.22)

Now, note that (k" —1)7) = o(kl"™ = Tp) = h, r(kl'™7) = i, and r (k27 + 1)) = j,
n €N, h,i,j € M. Furthermore, (s — Tp) = r((kp'™! — 1)7) = h, for s € [(ki'™ — 1) +

Tp, i g Tp). It follows from (5.9) that
p(s) =n(h,s — (kﬁ’i’j —1)71), sE¢€ [(kﬁ’i’j — 1)1 + Tp, k‘ﬁ’i’jT +Tp). (5.23)

It then follows from (5.20), (5.22), and (5.23) that

Y rkr+Tp
lim — / Yr(s).o(s)dS
t—oo ,; (k—1)7+Th ():ps)

h
NMBI()ghoid oy,

= lm > >

i, Vr(s),p(s)dS
higem n=i ¢ w7 -1)T+TH

Nt (¢) RO N
V() m(hs— (kT -1yr)45- (5.24)
hijemM n=1 J k7 =1)7+Tp

N(t) N*2I () to obtain

We multiply the integrals in the right hand side of (5.24) by N NI

kT+TD
lim — / Vr(s),o(s— ds
t—oo t ; (k—1)r+Th (8),0(s—Tp)

NMBI(E)  phii
n

. N(1) Nhbi(t) 1 T+To
= lim —~% ( — ~y hyij ds)
t—o00 t h}g;M N(t) Nh77’7.7 (t) nz:l (kz’i’j—l)T-‘rTD T(S),ﬂ(haS—(kn J_I)T)
. N() - NME(t)
o tllglo t Z (tlggo N(t)
hyi,jeM
1 NPI@)  kheid gy
lim — o ) 5.25
et Nhii(2) 712::1 1y T Tr(s)in(hys— (k7 —1)r) 48 ( )
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We start by computing lim;_, @ By the definition of N (t) given in (5.13), we have

Nt)T+Tp <t < (N(t)+1)7+Tp, t> Tp. (5.26)
Therefore,
t—71 -1, t — T
PTTTID Ny < TR s T, (5.27)
T T

1i=7=Tp _ iy, 1=Ib = %, it follows from (5.27) that

Since limy 00 37— P

N(t 1
lim Y8 _ 1 (5.28)
t—oo t T
Next, we evaluate lim;_ o % in (5.25). The counting process N}, ; j(t) denotes

the number of time instants k € {1,2,..., N(¢)} such that r((k — 1)7) = h, r(k7) = ¢, and
r((k +1)7) = j. Furthermore, note that N(t) = Y, ; . s N™*(t). By using the strong
law of large numbers [86, 87] for the discrete-time Markov chain {r(k7) € M}ien,, we
obtain

Nh,i,j
lim (*)

P W = Whph,z‘(T)pi,j(T)a (5.29)

where 7, > 0 is the stationary probability distribution for state h € M and py, ;(7) and
pi,;(T) are transition probabilities characterized in (5.4).
As the third step, we will employ the strong law of large numbers for independent and

identically distributed random variables in order to compute the limit

h,i,j i
y 1 NMBI(t) kﬁ’td +Tp
1m —— E
t—o0 Nh,l,] (t)

n=1

i,j ds.
(KT 1y Tk 1))

Note that

kZ’”&-;—TD

hoird ds

/(kh,i,j_l)HTD Tr(s)n(hos— (k™ =1)7)
n

kI r kI 4 Ty

~ i e Vr(s)n(hs— (I -1yr) 45 F /kh,i,jT Tr(s)m(h,s— (k™7 ~1)7)

ds. (5.30)
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Now let

hoii
kn’Z’JT

ha'7 ] A N o
Yn ») = (kh’i’j )47, %(5)777(’%78—(%’“3—1)T)d37 nc N; h, 1, € M, (531)
n b

k‘Z ZJT-’—TD
hid o N -
wt = /khu Vo(s)mihs— (ki -1y ds: mEN, - hyd,j € M. (5.32)

Note that by definition (5.22), the mode signal takes the values h and i at time instants
(kﬁ’i’j — 1) and kb, respectively, for all n € N. The value of the mode signal during
the interval ((ki™? — 1), ki"/7) may differ for each n € N. However, the probability
of the mode taking the value [ € M at time (ki'*/ — 1)7 + s, where s € (0,7), does

not depend on n € N. Hence, for given h,i,j € M, the random variables y/""

n € N,
are independent and identically distributed. Similarly, for given h,i,j € M, the random
variables zﬁ” n € N, are also independent and identically distributed. Now, we calculate

Elyr*] and E[z""7]. It follows from (5.31) that

0 kﬁ’i’jT
E[y] =) E 5 nig_ g ds|kbtd = EPEMT = |
[ ] ; [ (k:,Z’i’j—l)T‘f‘TD T(s)vn(h75_(kn J_I)T) ‘ ] [ ]
0 kT
= ZE[/ Ve(s)m(hos—(h-1)r) ds|GIP[ER ™ = K], (5.33)
1 (k—1)7+Tp
where
GE2{we: T(k—l)T(W) =h,rpr (W) =1 ST (k1) S(w)=7j}. (5.34)

We set ¢ = (k‘ — 1)7’ + Tp, to =S kT, ¢T(S)(S) = Vr(s)m(h,s—(k—1)1)> S € [tl,tQ), and employ

the result presented in Lemma 5.1 to obtain

[e.e]

1 -
Elyn] =) o > Ymhs— -1y PIG N Fi(s)]dsPlk;) = K], (5.35)
k=1 ]P)[G k 1 T+TD leM

where Fi(s) £ {w € Q: 15(w) =1}, s € [(k — 1)7 + Tp, k7). Note that G = F,,((k — 1)7) N
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Fi(kT) N Fj((k + 1)7) and hence

PIGNF(s)]  PlFu((k = 1)r) 0 Fy(kr) 0 Fy((k + 1)7) N Fi(s)]
PG| N Fro((E=1)1m)NFi(kr)NF;((kE+ 1))
BIF ((k + 1)7) [Fy(kr)[BLE, (k) [Fy(s) PLE (3) | Fn((k — D7)BLEL ((k — 1)7)]
BIE ((k + V)7 [ B (kr)[BE, (k) [En ((k — D7) [B[ER((k — 1))
B[, (k)| () B[FL(5)| i ((k — 1)7)
BIF, (k7) [EA((k — 1)7)]
)

_ 2ualr - 5>§:’f§i>_ E=0D e (= 1)+ T, kr), (5.36)

where py, ;(7) is given by (5.4). We substitute (5.36) into (5.35) and set § 25— (k—1)rT

to arrive at

] Z/TDZWLSP“ — el — 1

leM
pri(T phz i,
/ § Vin(h,5) d E:]P’k:h J = k]
o jepm Phi(
D1i(T — S)Dh,i
/ § Vlnhs (p ()) ()d87 n € N. (537)
o 1e pm hyi\T

On the other hand it follows from (5.32) that

k™I 74T N
ds|kh” kP[kM4T = k]

o

hyij
E[Zn ] E[ kh,i,jT ,YT(S)WU%S (khzj 1

i
I

kT+TD B
E[/k WT(S)vW(h,s—(k—l)T)dﬂG]P[knm] = k]v (5.38)

T

B
Il
—

where G is given by (5.34). We now set t1 = k7, ta = k741D, dr(5)(5) = Vo(s)m(hs—(k—1)r)»

€ [t1,t2), and employ the result presented in Lemma 5.1 to obtain

> kt+Tp

. 1 .
hi,j] — iy hyij _
Elzy*] = kgl e /kT ZGEM 'Yl,n(h,s—(kﬁ*”—l)r)P[G N Fi(s)|dsP[ky = k].  (5.39)
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where Fi(s) £ {w € Q : 7¢(w) =1}, s € [k, k7 + Tp). Now note that for s € [k, k7 + Tp),

PIGNFi(s)] _ PIFW((k = 1)7) N Fi(kr) N Fj((k + 1)7) 0 Fi(s)]
P[G] Fro((k=1)1)NFi(kr)NF;((E+ 1))
PLE; ((k + D7) F1(s)[PLFy ()| By (kT)JPLE; (K7) [ Fh ((k = DT)IPIER((K = 1)7)]
PLE; ((k + D7) | Fi(kn)IPLE (k) [ Fr (k= DT)IP[FL((k — 1)7)]
PIE;((k + 1)7) | Fi(s)]P[Fi(s) | Fi(kT)]
PLE;((k + D7) |Fi(kT)]

_ i ((B+ )7 — s)pia(s — k‘T)'

(5.40)
pij(T)
We now use (5.40) and set 5 =2 s — (k — 1)7 in (5.39) to arrive at
T+Tp Vi (3
hz, pLi (2T = S)pia(8 — 1) hyjj _
=3 [ s 2 T D e
T leM b
T4+Tp
_ pl,j (27— )pzl h,z,
T leM 6J
’T-‘rTD
b, Pii\s ~
= / Z ’W,?’](h,g) j( i )(7—) ( )dS, n € N. (5.41)
T leM b

Note that lim; o, N7 (t) = oo, almost surely. Therefore, it follows from the strong law

of large numbers and (5.37) and (5.41) that

Nh i ]
: h g pl z 5)ph,l( )
tlggo N (t) /D lg/l 0 (h,3) Pha(7) ds, (5.42)
Nh i, ]( B ~
1 THID pz — 3)pia(8 — 1)
lim ———— PR 4 b ds. 5.43
tggo Nhig (t) /T l;\:/t Vim(h,5) i (7) S ( )

Now it follows from (5.30)-(5.32), (5.42), and (5.43) that

1 NMBI(t) pheisi gy

t—o0 N (t) nz:l (K9 _1)r s Ty Tr(s),p(s) 45
7+1p ) N\m: (3
P1i(T — 8)pRa(8 P (2T = 3)pi(3—7) . _
/ Z Vin(h,3) D (1.) ) ds +/ Z Vin(h,3) il i )(7.) >d5'
To jepm hi T lem i.J

(5.44)

As a final step, we substitute the limits evaluated in (5.28), (5.29), and (5.44) into (5.25),
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and obtain

N(t)

1 Z kr+Tp
L2y / 7 ds
t—oo t = J—1)r+15 r(s),p(s)
1 T pl7<(7' — 8)ph7l(3)
== > Whph,i(f)pz,j(f)/ S Ay 2L o N
e ™o 1em Phi

1 D P (2T = $)pia(s — 7)

+= ) Whph,i(T)pi,j(T)/ > V) =2 - ds
T hi T pij(T)

,jEM lemM

1 T
== Z Whpi,j(T)/ Z%,n(h,s)Pz,i(T—S)PhJ(S)dS

hyi,jEM To e pm
1 T4+Tp
+ - Z Whph,i(T)/T Z Vin(hs)Ply (2T — $)piy(s — 7)ds
hyi,jeM leM
1 T
- Z 7Th/ Z 71777(h78)ph,l(5) Z pri(T — ) Z pi j(T)ds
heM b leM ieM JEM
1 ’7'+TD
T > ”h/T > Mn(hos) Z Pri(T)pia(s — 1) Z pi(2T — s)ds.  (5.45)
heM leM ieEM jem

Note that } . pi,;j(t) = 1, t > 0, foralli € M. We use this fact to obtain » _ ;. v, pi;(7) =
L > iempri(t —s) =1, and > .\ m,;(27 — s) = 1 in (5.45). Furthermore, note that

Y iem Phi(T)pig(s — 7) = pra(s), for all h,1 € M. Therefore, it follows from (5.45) that

N(t)

S ST ID
lim = / . ds == 7Th/ Vi n(h ph,l(s)ds
oo 1 = J Go-1)r 410 7(8),0(s) - = T ) n(h,s)
1 T+TD
ED LY BRI PN
heM T leM

T+TD

1
= > 7Th/ > Vin(hs)Pr(s)ds. (5.46)

hem  TD jem
Case 2) We now consider the case where T, > 7 and compute the limit given by
N®)  kr+Tp
lim - /( Vo(s),p(s)dS- (5.47)

kJZ]. k—l)T+TD

Note that in this case, the information delay is larger than the mode sampling interval,

and hence the kth sampled mode data r(k7) becomes available for control purposes after
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time (k + 1)7. Let
k= max{k € N: kr < Tp}. (5.48)

Note that the kth sampled mode data r(k7) becomes available for control purposes before
time (k + k + 1)7. Now, for given g, h, i, j € M, let {N9"%3(t) € No};>1y, be the counting

process defined by
N(t)
NOPBI(E) =3 " U ((h-1)m)=gur( (k- 14 B =hr (4 B =i (k4 D) =] £ = T (5.49)

k=1

Note that for all g, h,i,j € M, the counting process { N9/ (t) € Ng};>7, is a stochastic

process that depends on the mode signal {r(t) € M};>o. Furthermore, note that

> NOMH()=N(t), t>Tp. (5.50)
g7h7i7jEM

Now, for all g, h, 4,7 € M, we define the sequence of indices {k:;"l’h’i’j € N}, en by
k9T = min{k € N: N9"W (kr + Tp) = n}, neN. (5.51)

Now, note that (k"7 — 1)7) = o((k§"" — 1+ k)7 —Tp) = g, r((k"" — 1+ k)7) = h,
r((k$"™ 4 k)r) = i, and r((k&"™ + k4 1)7) = j, n € N, g, h,i,j € M. Furthermore,
note that (s — Tp) = (k3" — 1)1) = g, for s € [(k4™" — 1)1 + Tp, k3" 7 + Tp). It

follows from (5.9) that

p(s) =n(g,s — (k9™ — 1)7), s € [(k&™MH — )7 + Tp, k&7 + Tp). (5.52)
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As a consequence, it follows from (5.19)-(5.51) that

1 Z k‘T+TD
lim — / Yr(s),p(s ds
— J(k—1)7+Tp (9):0(5)

Nghz](t) kth]T—f—TD

tlir?oi > 2 / Vr(s),p(s)dS

9 h,i,g
g,hijeEM  n=1 —1)7+Tp
R, i
N9 u(t) k%’h’z‘]T—i-TD

Vr(s)m(gos— (6 —1)7) 45 (5.53)

s
g.hyijEM  n=1 (k" —1)r+Tp

We now multiply the integral in the right hand side of (5.53) by # N2 ()

1) N9-mii(t)
. 1 kT+TD
tlggo + kz /( B Vr(s),p(s)d5

~ i N N9 (t)
= lim —= Z W

to obtain

g7h7i7jEM

1 N9hd (1) k%,h,z,]T+TD
N9t) (t) el (k%’h’Z’J—l)T—l-TD

:limM Z (hmw

t—oo T t—woo N (t)

/yT(S),n(g,s—(k%’h’i’j71)7-) ds)

gh,i,jeEM

1 N9-hyiJ (t) k::f]l’h’i’jT"rTD

- lim

50 Nohiid (t) (5.54)

i ds).
(k3™ 1) 7 +Tp Vr(s)n(g,5— (k8™ ~1)7)

n=1

N9 (1)

We now evaluate lim;_, 0

in (5.54). The counting process Ny j ; ;(t) denotes the
number of time instants k € {1,2,...,N(¢)} such that r((k—1)7) = g, r((k—14+k)7) = h,
r((k+k)7) =i, and r((k + k + 1)7) = j. Note that N(t) = 3 ; . pg N9™5I(t). We use
the strong law of large numbers [86,87] for discrete-time Markov chain {r(k7) € M }ien,
and obtain

oo N(t) = TyPg,h (ET)pPn:i(T)pi i (T), (5.55)

where 7, > 0 is the stationary probability distribution for state g € M. Moreover, py, ;(k7),

ph,i(T) and p; ;(7) are transition probabilities characterized in (5.4).
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Next, our goal is to compute the limit

h"y y P
1 N9 7’](t) kg’h’Z’]T+TD
lim ————— E
t—o00 Ngvhﬂ’?] (t)

n=1

(krgy,’}LYi’jfl)Tﬁ*TD 77’(5)777(975_(k$17h’i7j—1)T)ds' (5'56)

Note that by the definition (5.48)

krgLyh’i’jT“l‘TD

haiyg ds

/(kg’h’i*j1)7+TD Tr(s)n(gs— (" =1)7)
mn

(k%’h’i’j-i—E)T k‘z’h’i’jT-‘rTD
= i, ds i, ds.
/(kigﬁh’i’j—l)T—f—TD ’YT(S)vn(g’s_(kleh’ ']_1)7—) + (k}%’h’i’j-‘rk)T ’y’r'(s),n(g,s—(k%’h’ Y3_1)7_)

(5.57)
Now let
s [T
k) 7Z7 _ L. . .
yghoid & /(kg,h,w' - Vo(s)m(gs— (ki1 a8 mEN, g,h,i,5 € M, (5.58)
n - D
i k&I Ty
k) 727 A L. . .
sohig & /(kg’h’i’%)f Yoo (phii s EN, g i j € M. (5.59)

Note that by definition (5.51), the mode signal takes the values ¢g and 7 at time instants
(k3™ — 1 4 k)7 and (k9™ + k)7, respectively, for all n € N. The value of the mode
signal during the interval (ki — 1 + k)r, (k3™" + k)r) may differ for each n € N.
However, the probability of the mode taking the value [ € M at time (k:%’h’i’j —1+k)7+s,
where s € (0, 7), does not depend on n € N. Note that the integration in (5.58) is over the
interval [(k&"" — 1)r + Tp, (k™" + k)7), where (k3" — 1)1 +Tp > (k" — 1+ k)r.
Hence, for given g, h,i,j € M, the random variables y;";h’i’j , n € N, are independent and
distributed identically. A similar argument can be used to show that for given g, h,i,;j €
M, the random variables 297 , n € N, are also independent and distributed identically.

Now, it follows from (5.58) that

P (k%" + k)T i i
Bly"9) = Y Bl ) sy sl = KB = I
; (9T 1)y, M@= (BT -1))
00 (k+k)T hoii
=D _E| / Vr(s)n(gos—(o—1)r) S| GIP[RET = k], (5.60)
k=1 (k—1)7+Tp
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where

G2 {weQ:13-1)r (W) = &, 714k (W) = D T (o) (W) = 4, T (er1yr (W) = j}. (5.61)

We set 1 = (k - 1) +1p, to = (k + k) ¢r(s)(5) = Yr(s)m(g,s—(k—=1)7)> S € [tlth); and

employ the result presented in Lemma 5.1 to obtain

& (k+k)T

[ws "] Z]P’ /k > Vg (k-1 PIG 0 Fi(s)|dsP[kS" = k], (5.62)

D7+Tb jc aq

where Fi(s) £ {w € Q:ry(w) =1}, s € [(k— 1) + Tp, (k + k)7). Note that
G=F,(k—1)m)NF((k—14+k)r)NEF((k+k)7)NF;((k+Ek+1)7), (5.63)

and hence

P[G N Fi(s)]
P[G]
_PIF,((k—1)7) 0 Ey((k — 1+ E)7) N F((k + k)7) 0 Fj((k + k4 1)7) N Fi(s)]
N Fy((k—=1)71)NE((k—14+k)7)NF((k+k)7) N Fj((k+k+ 1)T)
_ PIF}((k + &+ 1)7)|Fi((k + E)7)|P[Fi((k + k)7)|Fi(s)]

PF;((k+ &+ D7) Fi((k + E)7)[PFi((k + E)7)[Fa((k — 1+ E)7)]
PLEY(s) | Fn((k — 1+ E)7)[P[F((k — 1 4 E)7)|Fy((k — 1)7)]P[Fy((k — 1)7)]
PFu((k — 1+ E)7)[Fy((k — 1)7)[P[Fy((k — 1)7)]

_ PIE((k + E)7)|Fi(s)[P[Fi(s) | Fa((k — 1 + k)7)]
PIE((k + E)T)|FR((k — 1+ k)7)]
_ pi((k+E)T = s)pna(s — (k =1+ k)7)
Phi(T)

, se[k—Dr+Tp,(k+k)T), (5.64)

where py, ;(7) is given by (5.4). We substitute (5.64) into (5.62) and set § 25— (k=11

to arrive at

kDT , _3 x_
L, DL z((E'ﬁ‘ 1)7’ S)phl(s ET) ~ hii
]E[ygah,%]] — / o 5= ) dS]P)[k'gL’ dJ k’]
(k+1)7 ((k+1)7T—3 5—k s .
[T g AT I E R 455 i —
b lem ph,i(T) 1
D)7 i(k+1)7 — 8)ppa(5 — k
= / Vin(g) 2 (DT =9 =kr) 4 en (569
To e Phi(T)
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On the other hand it follows from (5.59) that

i ° k" T hii.i hii
g7 7Z7J —_— . . g7 77‘7.] —_— g7 7Z7J —_—
P ZE[/(W wii gy Oty AR = PR = A
k=1
oo k}T—f—TD o
Z Vr(s)m(grs—(k—1)r) AS|GIPIEG T = ], (5.66)
i ketR)T

A

where G is given by (5.61). We now set t; = (k + k)7, t2 £ k7t + Tp, ¢p5)(s) =

Vr(s)m(g,s—(k—1)7)> S € [t1,t2), and employ the result presented in Lemma 5.1 to obtain

oo 1 kT+Tp

E[25""] = / Wn(g,s— (k-1 PG O Fi(s)|dsPkE™M = k). (5.67)
;P[G] (k-+E)T g\; 7

where Fj(s) £ {w € Q:rg(w) =1}, s € [(k + k)7, kT + Tp). Note that

PG N Fi(s)]
P[G]
 PE((k— L)1) N Fy((k =1+ k)7) N E((k+k)7) N EFj((k+k+1)7) N Fi(s)]
- Fy(k—1)7) N Fp((k =1+ E)7)NFi((k+k)7) N Ei((k+k+ 1)7)
PIF;((k + k + 1)7)[Fy(s)IP[Ey(s) | F5((k + E)7)]
PIE((k + k+ 1)7)|Fi((k + B)T)P[Fi((k + E)7)|[Fi((k — 1+ k)7)]
PIE((k + B)T)|Fn((k =1 + E)7)[P[Fy((k — 1+ E)7)|Fy((k — 1)7)|P[Fy((k —1)7)]
PER((k =1+ E)7)|Fy((k — 1)7)|P[Fy((k —1)7)]
_ PIE;((k + E+ 1)7)[Fi(s)[P[Fi(s)| Fi((k + E)7)]
PF;((k + k+ 1)7)[Fi((k + E)7)]
_ pi((k+Ek+1)7 —8)pii(s— (k+k)r)
Pij(7) ’

T

e [(k+ k)7, kr + Tp). (5.68)

We now use (5.68) and set § £ s — (k—1)7 in (5.39) to arrive at

T+1Tp

Zghl] Z/ Z’Ylngspl]((k+2)T_S)p l(S_T_kT)d ]P)[kghl_] ]C]

E+DT (g sz( )

T+Tp Py P >
pii(E+2)T —58)pi (8 —7—kT) __ i
/ Z’Ylngs) J ) ) ( )dszp[k%h’ J :k‘]

(E+D)T jcaq ng( ) 1
T+1Dp k 9 ; e _ k

/ Z " n(g, s)plj(( * ) )p l(s T 77—) dg, n € N. (569)
(E+1)T 1e pz](T

Note that lim;_,o, N9™%J(t) = oo, almost surely. Consequently, it follows from the strong
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law of large numbers and (5.37) and (5.69) that

N9 h,i ] ~ ~
- > Y nia _ [ETS e = k)
t—oo N9 hﬂ:] o lemM g Ph,i(T) 7
(5.70)
Ng hoiod (t)
lim 1 ghyig _ T Z P ((k+2)T = S)p; l(S_T_kT)d
15550 Nohii (1) “n T1(g:3) (r) >
n= 1 EADT 1o Pig (T
(5.71)
It then follows from (5.30)-(5.32), (5.70), and (5.71) that
L NI kg,
lim s Y g Vr(s).p(s) 48
t—oo NOMUI(t) £~ Jpohii _1)r i,
_ [ pril(k + )7 = $)pa(5 — kr) |-
= Vin(g,3) pi(7) s
Tb leM hsi
7+1p ((k — N (5 — + —
prj((k+2)7 —8)pi(8 —7 —kT) ..
+/ Vin(9,) il ) : .)(T) ( ) as. (5.72)
(k+1)T leM Pi,j

Finally, we substitute the limits evaluated in (5.28), (5.55), and (5.72) into (5.54), and
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obtain

1 YO ket
lim — / Yr(s).o(s)dS
Jim > e OO
1 (k+1)7 prLi((E+ 1)1 — $)pni(s — kT
= ; Z ngg,h(kT)ph,i(T)pi,j(T)/ Z Vl,n(g,s) : ((7 ) (7_)) : ( — )dS
g hijEM To leM Phi
1
+ p Z TgPg,h (ET)Ph,i (T)Pij(T)
g,h,i,jEM
T+Tp P ((E+2)T — s)pii(s — T — k1)
: Vin(g,s) ds
(k+1)7 [ pm( )
1 (k+1)
== > wopgn(kr)pi(r) / > VngsPri((k + 1) = 8)pp(s — kr)ds
g,h,i,jeM b leM
1 T+TD
b2 mpnnoni() [ S (k207 = s)pials = 7~ kr)ds
ghijEM (AT e
(k+1)7
pn Z 7T-‘J/ Z Tin(g,s)
gEM leM
7 ponkn)pnals = k) 3 pra((b+ )7 — ) S pis() ) ds
heM iEM JEM
T+TD
+Z7Tg/ (Z’Yl,ng,s)ZpghkT
gem  ERDT Yoy heM
> pni(PIpials = 7 = k1) Y pug((k+2)7 — 5) )ds. (5.73)
iEM JEM

By using the fact that } .\, pi;(t) = 1,t > 0, for all i € M, we obtain 3, \(p;;(7) = 1,
Yiembri((k+1)7 —s) =1, and > ;v p,;((k+2)7 —s) = 1in (5.73). Note also that
> hem Pah(ET)ppi(s — kT) = pgu(s), for all g, 1 € M. Moreover, » ;¢ v Ph,i(T)pia(s — 7 —
k7) = pn(s — k1), for all h,l € M. Therefore, it follows from (5.73) that

1 kT—‘rTD
lim — / Yr(s).o(s)dS
t—=oo 1 kz (k—1)7+Tp ().p(s)
k:+1)T
- Z 7rg/ ’nn g,s)pgl( )d
geM
T+TD
+ = Z 7rg/ Z Vin(g,s) Z Pg,h(ET)pR (s — kT)ds. (5.74)
T gem T leM heM
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Now note that ;-\ pg.n(ET)pni(s — kT) = pg,(s), for all g,1 € M. As a consequence,

1 kT+Tp k+1
tliglo ; ;/( Tr( Z 7[-9/ Vl,n g,5)Pg,I\8 ( )d

k—-1)7+Tp QGM
T+TD
+ = Z / Z Vl,n(g,s)pg,l(s)ds
T gem E+DT 1em
T+1Dp
- Z 7Tg/ Z Vin(g,5)Pg,1(5)ds. (5.75)
ge/\/l leM

N(t) fkT+TD

We evaluated the limit limy o0 3 > 1y [10 DT T

(),0(s)d8 for cases where Tp < 7 and
Tp > 7. By changing the variables for sums in (5.46) and (5.75), we can show for both
cases that the limit is given by Y iem Ti fT+TD > jeM Vim(i,s)Pij(s)ds. Consequently, it

follows from (5.19) that for all 7 > 0 and Tp > 0,

T+1p
tliglo E 77‘(3) (s—Tp) ds = Z 7TZ/ Z ’Yj,n(i,s)pi,j(s)ds

JEM

T—‘rTD
- Z 71-1/ Yimn(i,s) pz,]( )d (5.76)

1,jeEM

which completes the proof. O

Lemma 5.2 provides a strong law of large numbers for the bivariate stochastic process
{(r(t), p(t)) }+>0. The result presented in Lemma 5.2 is crucial for obtaining the main re-
sults of this study. Specifically, the integral expression obtained in (5.12) for the long-run
average of the piecewise-constant stochastic process {7, () ) }t>0 will be used in Sec-

tion 5.5.

5.5 Sufficient Conditions of Almost Sure Asymptotic Stabiliza-
tion
In this section we provide sufficient conditions under which our proposed control law

(5.11) achieves almost sure asymptotic stabilization of the switched linear stochastic sys-

tem (3.57).

Theorem 5.1. Consider the switched linear stochastic system (3.57) with mode sampling

period 7 > 0 and sampled mode information constant time delay 7T > 0. If there exist
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P > 0 and scalars ¢; € R, ¢ € M, such that

0> ArP+ PA;+ D'PD; — 2PB;Bf' P — (;P, (5.77)
fori € M, and
1 7+Tb . (DYP+ PD,
pu Z 7Ti/ Vjaﬁ(i,s)pi,j(s)ds - Z T mln(Q)\; (P) 2 <0, (5.78)
ijem 7o ieM max
where
G if i =7,
% T Amin(P(B; BT +B; BT)P) .79
2Amax PBlB P min i D . . .
G+ Aim(P)z - oo i,

then the feedback control law (5.11) with the feedback gain matrices given by
K;=-B'P, ieM, (5.80)
guarantees that the zero solution z(¢) = 0 of the closed-loop system (3.57) and (5.11) is

asymptotically stable almost surely.

For proving Theorem 5.1 we employ the strong law of large numbers developed in
Lemma 5.2, and utilize a quadratic Lyapunov approach similar to the one used in Chap-
ters 3 and 4.

Proof. The closed-loop system (3.57) under the control law (5.11) is given by the

multi-dimensional Ito stochastic differential equation

da(t) = (Ape) + Bripy Kpry)x()dt + Dygyx(t)dW (1),

for ¢ > 0. First, we define V(z) = 2T Pz and consider the function In V(). Since V(-) is

a positive-definite function, In V'(z) is well-defined for non-zero values of the state. Using
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Ito formula and (5.80), we obtain

InV (z(t))
t
1
=1 AT ' p+prPA,,—PB . BY . P—PB., BL. P
HV($0)+/() V(m(s)) ()< r(s) + 7(s) p(s)Pr(s) () p(s)
t
T _ 1 T 2
+DT(S)PDT(S)>3:(s)ds /0 ey 2 PP ()P ds + L), (58D

where L(t) £ [} V(I 3 247 (s)PD,(5x(s)dW (s). Noting that

)\min(Dg‘(s)P_‘_ PDT(S))

Q:ET(s)PDT(s).T(S) > A (P)

xT(s)Px(s), (5.82)

it follows from (5.77), (5.79), and (5.81) that

! Arznm(l)r[% )P+PDT(3))
In V(l‘(t)) <In V(l‘o) +/ ’)/T(S)7p(s)d8 — / 5
0 0 2Amax( )

ds+L(t). (5.83)

We now apply the strong law of large numbers presented in Lemma 5.2 to obtain

] 1 T4+Tp

tglgo E ’Yr(s),p(s)ds = Z T / Y3, s)plﬂ( )d (5.84)
L,jeEM

almost surely. In addition, by the strong law of large numbers for continuous-time, finite-

state, irreducible Markov chains [86,87],

1 [t A (DL P+ PD,) (DTP + PD;
lim - | — (5) (=) ——Z Ain + PD;) (5.85)

t—oo 1 0 2A?nax( ) 2Agnax( ) ’

almost surely. Furthermore, note that the Ito integral L(¢) in inequality (5.81) is a local

martingale with quadratic variation given by

= t 1 ZET S r\S 2 S
2 = | Gy ()P Dra(s))a

/t )‘max( T(S)P + PD’/‘(S))
0 )\rzmn( )

max;e pm )\maX(DiTP + PD;)

min

<

S

(5.86)

so that lim;_, t[L]t < oo. Hence, by employing the same approach presented in [14, 49,
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51], it follows from the strong law of large numbers for local martingales that

lim SL(t) = 0, (5.87)

t—oo t
almost surely. Finally, using (5.78), (5.83), (5.84), (5.85), and (5.87), we arrive at

, 1 1 T+Tp . (DIP+ PD;
hmsupg InV(z(t)) < - Z m/T Vjn(i,s)Pirj (8)ds — Z T (2/\2 @ )
D

t—o0 i,jEM ieEM max

< 0. (5.88)

Hence, lim; ,oo In V(2(t)) = —oo almost surely; moreover, P[lim;_,, V(z(t)) = 0] = 1.
Therefore, the zero solution z(¢) = 0 of the closed-loop system (3.57), (5.11) is asymptot-
ically stable almost surely. O

The conditions of Theorem 5.1 reflect the effect of the mode sampling period 7 > 0 and
the sampled mode information delay 7 > 0 on the stabilization. Note that the subsystem
dynamics as well as the mode switching frequency also affect the stabilization.

Sufficient conditions of almost sure asymptotic stabilization presented in Theorem 5.1
are obtained through a quadratic Lyapunov function approach. Specifically, we consider
the Lyapunov function candidate V(z(t)) = z'(¢)Px(t). The condition (5.77) guaran-

tees an upper-bound on the stochastic Lyapunov derivative. Namely, under the condition

(5.77), we have

LV (x(t)) £ &7 (t)(A} )P + PAy) + D}y PDyy — PByy Bl P — PByy By P)a(t)

<@V (@), t>0, (5.89)

where v; ; € R, i, € M, are given in (5.79). On the other hand, the condition (5.78)
characterizes the requirement on the long run average of .4 ,(;), which we obtain through
the strong law of large numbers presented in Lemma 5.2. Note that we do not require
vij < 0, for all 4,5 € M. In fact, as long as the condition (5.78) is satisfied, almost
sure asymptotic stability of the closed-loop system is guaranteed even if ; ; > 0 for some
1,7 € M.

The control framework developed in this study is based on a probability-based feed-
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back gain scheduling. When a mode sample data becomes available to the controller after
a delay, the feedback gain is switched according to the conditional probability distribution
of the active mode given the available sampled mode data. This method is in contrast with
the approach presented in Chapter 4, where the same feedback gain is maintained until
the next mode sample data becomes available. The effect of the proposed feedback gain
scheduling on the stabilization is characterized in the condition (5.78) by 7(i,-), i € M.
Note that 7(i,-), i € M, (defined in (5.10)) are deterministic functions of time that can
be computed easily for a given generator matrix Q € RM*M,

In the development of our control framework above, we have considered the case
where the mode information delay is constant. However, in certain applications, the sam-
pled mode information delay may vary for every mode sample. It is important to note
that our proposed control law (5.11) can still be employed for almost sure asymptotic
stabilization even if each mode sample is subject to a different time delay. Let 7 > 0
denote the time delay after which the kth mode sample data r(k7) become available for
control purposes. If there exists a positive constant 7 < 7 such that T}, < Tp, k € Ny,
sampled mode data reach the controller in order; furthermore, the controller has access to
the mode sample r(k7) at time k7 + Tp. In this case, as long as the conditions (5.77) and
(5.78) are satisfied for the time delay upper-bound constant Tp, stabilization of the zero

solution is guaranteed by our proposed control law (5.11).

5.6 Illustrative Numerical Example

In this section we present a numerical example to demonstrate the utility of our pro-
posed framework. Specifically, consider the 2-dimensional continuous-time switched lin-

ear stochastic system (3.57) composed of M = 3 modes characterized by the subsystem
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matrices

0.5 0.1 -2
1= ) By = )
-5 0.5 2
025 0 0
2 = ) B2 = ;
0.25 0.25 0
1 —5.5 2
A3 == 9 B3 - 9
0.75 0.5 -2

and D; = Dy = D3 = I,. The mode signal {r(t) € M = {1,2,3}};>¢ of the switched

system is assumed to be an irreducible Markov chain with the generator matrix

Q=| 4 -5 1 |, (5.90)

and the stationary probability distribution given by 7, = %, Ty = T3 = % Moreover, the
mode signal {r(t) € M};>¢ is assumed to be sampled periodically with the mode sampling
period 7 = 0.5. In addition, the obtained mode samples are assumed to be available to
controller after a constant time delay 7Tp = 0.4.

Note that the positive-definite matrix P = I, and the scalars (; = —2.9, (o = 1.75,
(3 = —2.2 satisfy the conditions (5.77) and (5.78). As a consequence, it follows that the
control law (5.11) guarantees almost sure asymptotic stabilization of the zero solution
z(t) = 0 of the switched stochastic system (3.57).

The sample paths of z(¢) and u(t) obtained with the initial conditions z(0) = [1, 1]*
and r(0) = 3 are shown in Figures 5.1 and 5.2, respectively. Moreover, Figure 5.3 shows
the sample paths of the actual mode signal r(¢) and the feedback gain switching signal
p(t). Note that the control input trajectory is subject to jumps at feedback gain switching
instants, as the feedback gain switching signal p(¢) changes its value.

Both the mode sampling period 7 > 0 and the mode sample information delay 7 > 0
have effects on the stabilization. The whole dark region in Figure 5.4 shows the nu-

merically obtained values of the constants 7 and Tp that satisfy the condition (5.78) of
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Figure 5.2: Control input versus time
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Figure 5.4: Stabilization region with respect to 7 and Tp

Theorem 5.1 for the positive-definite matrix P = I, and the scalars (; = —2.9, (s = 1.75,
(3 = —2.2. Hence, our proposed control law (5.11) based on the feedback gain schedul-
ing framework developed in Section 5.4 is guaranteed to achieve almost sure asymptotic
stabilization for any values of 7 and Tp, selected from the whole dark region. On the other
hand, the smaller region denoted by R in Figure 5.4 represents the values of 7 and Tp such
that the control law given in (4.2) guarantees the stabilization according to Theorem 4.1
in Chapter 4. This indicates that in comparison to the control law (4.2), our new control
law (5.11) that relies on the probability-based feedback gain scheduling framework offer
more relaxed stabilization conditions with respect to the mode sampling period 7 > 0 and
the mode sample information delay 7 > 0 for this example.

The sample paths of x(t), u(t), r(¢t) and p(t) shown in Figures 5.1-5.3 are obtained for

the case where the mode sampling period is 7 = 0.5 and the mode sample information
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delay is 7p = 0.4. Note that the point (7 = 0.5, Tp = 0.4) lies only in the stabilization
region associated with the control law (5.11) that relies on the probability-based feedback

gain scheduling framework (see Figure 5.4).

5.7 Conclusion

Feedback control of switched linear stochastic systems under sampled and delayed mode
information have been investigated. A new feedback gain scheduling method has been
developed. This method is based on selecting the feedback gain associated with the mode
that has the highest conditional probability of being active given the available sampled and
delayed mode data. Sufficient conditions of almost sure asymptotic stabilization under the
proposed control law have been obtained by employing a quadratic Lyapunov approach.
In Chapters 3-5, sampled-mode stabilization of continuous-time switched stochastic
systems was explored. In Chapters 6, 7, and 9 below, we direct our attention to discrete-

time switched stochastic systems.
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Chapter 6

Sampled-Mode-Dependent
Time-Varying Control Strategy for
Stabilizing Discrete-Time Switched
Stochastic Systems

6.1 Introduction

In Chapters 3-5, we explored feedback control of continuous-time switched stochastic sys-
tems that incorporate a continuous-time mode signal. Under the assumption that the
mode of the switched system can be periodically observed, we proposed stabilizing feed-
back control laws that utilize the available sampled mode information.

In this chapter, our goal is to investigate the feedback control problem for discrete-
time switched linear stochastic systems. Discrete-time switched linear stochastic systems
are composed of a number of deterministic subsystems that are described by difference
equations. The transitions between the subsystems (modes) of a discrete-time switched
stochastic system is managed by a discrete-time stochastic mode signal. In this chapter,
we use a finite-state discrete-time Markov chain (see Section 2.3.2) to model the mode
signal. We consider the feedback control problem for the case where the mode signal is
observed periodically. Therefore, the feedback control problem we explore in this chapter
can be considered as a discrete-time analogue of the problem discussed in Chapter 3. Note

that the feedback gain of the control law developed in Chapter 3, is set to a constant gain
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associated with the last observed mode. Furthermore, the same constant feedback gain is
maintained between consecutive mode observation instants. The control law developed
in Chapter 3, guarantee stabilization when the sampled mode information is an accurate
representation of the actual operation mode, which is the case when transitions between
modes occur rarely, and the operation mode of the system is frequently observed. In
this chapter, we develop a time-varying control strategy that guarantees second-moment
asymptotic stabilization of a discrete-time switched linear stochastic dynamical system.
In our proposed control law we utilize sampled-mode-dependent feedback gains that vary
during the intervals between consecutive mode observation instants. Note that these feed-
back gains can be designed for each time step to effectively compensate the uncertainty
of the operation mode during large mode observation intervals. Therefore, our present
control framework allows us to relax the tight requirements characterized in Chapter 3
on the mode observation period. Note that the control framework that we propose in this
chapter and the control framework that we developed in Chapter 5 are similar in the sense
that feedback gains in both frameworks are allowed to vary between the time instants at
which consecutive mode observations become available for control purposes.

In this chapter, to obtain conditions under which our proposed control framework
guarantees stabilization, we first investigate the properties of a bivariate process com-
posed of the actual mode and its sampled version. We also observe that the dynamics
that govern the evolution of the state covariance is periodic due to periodic mode obser-
vations. We then apply the discrete-time analogue of Floquet theory (see [109-111]), to
obtain necessary and sufficient conditions of second-moment asymptotic stability of the
zero solution. Furthermore, by employing Lyapunov-like functions with periodic coef-
ficients, we also obtain alternative stabilization conditions, which we use for designing
feedback gains.

The contents of this chapter are as follows. In Section 6.2, we propose our feedback
control framework for stabilizing discrete-time switched stochastic systems with periodic
mode observations. Then in Section 6.3, we present conditions under which our pro-
posed control law guarantees second-moment asymptotic stabilization. In Section 6.4, we

present a numerical example. Finally, in Section 6.5, we conclude the chapter.
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Figure 6.1: Mode transition diagram for {r(k) € M = {1, 2} }xen,

6.2 Feedback Control of Switched Stochastic Systems with Pe-

riodically Observed Active Operation Mode

In this section, we propose a feedback control framework for stabilizing a switched stochas-

tic system by using only the periodically obtained mode information.

6.2.1 Mathematical Model of Discrete-Time Switched Linear Stochastic Sys-

tems

We consider the discrete-time switched linear stochastic dynamical system with M € N

number of modes given by
z(k+1)= Ar(k)x(k:) + Br(k)u(kﬁ), k € Ny, (6.1)

with the initial condition x(0) = z, where (k) € R" and u(k) € R™ respectively denote
the state vector and the control input; furthermore, 4; € R*™*" B; € R»™™ j € M &
{1,2,..., M}, are the subsystem matrices. The mode signal {r(k) € M}ren, is assumed
to be an Fj-adapted, M -state discrete-time Markov chain characterized by the initial mode
distribution, v : M — [0, 1] and the transition probability matrix P € RM*M with entries
pij € M, 1,57 € M (see Section 2.3.2 for the definition and properties of discrete-time
Markov chains). Let pgl]) denote the (7, 7)th entry of the matrix P!. Note that pgl]) € [0,1],
i,j € M, characterize [-step transition probabilities between the modes of the switched
system, that is,

P = Plr(k+1) = jlr(k) = ], | € No, i,j € M, (6.2)

z?]

(0)

withp:/ =1,71¢€ M, pg)j) =0, i # j. Moreover, pfj) = pij, 1, € M.
We use transition diagrams to graphically represent possible transitions between the

operation modes of a switched system. A mode transition diagram for a switched system
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Figure 6.2: Actual mode signal r(k) and its sampled version o (k)

with M = 2 modes is shown in Figure 6.1. The labels on the directed edges indicate
probability of associated transitions. For example, Figure 6.1 indicates that probability of

transition from mode 1 to mode 2 is given by p; 2 = 0.9.

6.2.2 Control under Periodic Observations of the Active Operation Mode

Our goal in this section is to investigate a feedback control problem for the case where
operation mode of the switched stochastic system (6.1) is observed (sampled) periodically
at time instants 0, 7, 27, ..., where 7 € N denotes the mode observation period.

The sampled mode information that is available to the controller can be represented

by the discrete-time stochastic process {o(k) € M }xen, defined by

ok)=r(nr), ke {nr,nt+1,...(n+ 1)1 — 1}, (6.3)

for n € Ng.

In Figure 6.2, we show sample paths of the actual mode r(-) and the corresponding
sampled mode o(-) for a switched stochastic system with A/ = 2 modes. In this example,
active mode is observed at every 7 = 3 steps. Note that at mode observation instants,
the operation mode of the switched system is known by the controller with certainty.
However, at the other time instants, the actual mode signal may change its value according

to transition probabilities p; ;, 7,7 € M, and hence, sampled mode may differ from the
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actual mode.

Remark 6.1. Note that when the operation mode rarely switches and the mode obser-
vations are frequent, the sampled mode o(-) is likely to be an accurate representation of
the actual mode 7(-) of the switched system. Therefore, stabilization can be achieved by a

feedback control law of the form
u(k) = Ka(k)a:(k), ke No, (64)

where K; € R™*™ is a constant gain matrix designed for mode ¢ € M. In Chapter 3, we
employed continuous-time version of the control law (6.4), for stabilizing continuous-time
switched stochastic systems.

It is important to note that when the mode observation period 7 € N is large, the
sampled mode is likely to be a poor representation of the actual mode, and therefore, the
control law (6.4) may not suffice to stabilize the switched stochastic system. To illustrate
this issue, we consider [-step transition probabilities pz(z]) € 10,1, 4,5 € M £ {1,2}, fora
switched system with M = 2 modes. Operation mode of the switched system is assumed
to switch randomly according to transition probabilities given by the transition diagram
in Figure 6.1. Note that given the n-th sampled mode information o(nr) = r(n7), the
probability of mode j being active at time n7-+1, is given by the [-step transition probability

p((f()m) . For example, consider the case where o(n7) = r(n7) = 1, that is, at time k = nr,
7]

the switched system is in mode 1. In this case pgl,)l and p%, which are shown in Figure 6.3,
respectively denote probabilities of mode 1 and mode 2 being active [ € N steps after
the mode observation instant n7. As shown in Figure 6.3, it is likely that mode 2 will
be active 1 step after the mode observation instant n7. Note that this information is not
taken into account in the control law (6.4), and the feedback gain is set to K; until the
next mode observation instant (n + 1)7. Therefore, the control performance may be poor,
as the feedback gain is kept constant at K7, when mode 2 is likely to be active.

In order to overcome the above-mentioned issue with the stabilization problem for

the case of large mode observation periods, we propose a sampled-mode-dependent time-
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Figure 6.3: Evolution of conditional mode transition probabilities over time

varying feedback control strategy. Specifically, we consider the control law
’LL(I{I) = Ka(k) (k)l‘(l{?), ke N07 (65)

where K;(-) : Ny — R™*™, i € M, are 7-periodic matrix functions, that is, K;(k + 7) =
K;(k), k € Ny, i € M. Note that with this new control framework, feedback gains
K;(0), K;(1),...,K;(t — 1), can be designed effectively by utilizing the /-step conditional
transition probabilities p(l)-, je M.

1,J

6.3 Conditions for Second-Moment Asymptotic Stabilization

In this section, we obtain conditions under which the control law (6.5) guarantees second-
moment asymptotic stabilization of the switched linear stochastic system (6.1).

Note that the closed-loop system dynamics (6.1), (6.5) can be treated as a switched
stochastic system on its own with a bivariate mode signal {(r(k), o(k)) € M x M}ken,- In
the following, we present some key results on the probabilistic dynamics of the bivariate
process {(r(k),o(k)) € M x M}ien,-

It is important to note that for given i, j, i, j € M, the conditional probability ]P’[(r(k +
1),0(k + 1)) = (i,5)|(r(k),o(k)) = (i,5)] cannot be unambiguously defined in the case
where P[(r(k),o(k)) = (i,5)] = 0 (Borel’s paradox, [93]). For example, at mode observa-

tion instants k € {0, 7,27, ...}, we have P[(r(k),o(k)) = (i,7)] = 0, when ¢ # j. Further-
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more, depending on mode transition probabilities and the initial mode distribution, there
may be other time instants k such that P[(r(k), o (k)) = (,5)] = 0.

In Lemma 6.1 below, we show that under certain conditions on the mode transition
probabilities p; ; € [0, 1], i, j € M, and the initial mode distribution v : M — [0, 1], there

exist 7-periodic functions Vi) - No — [0,1], 4, 4, i,7 € M, such that

P(r(k +1),0(k +1)) = (i, )| (r(k), o(k)] = Yoy oy (K)s - K € No. (6.6)

Note that the 7-periodicity of the functions Vi )G 3)(-), i,7,i,j € M, and subsystem ma-

trices A; + B, K;(-), 1, j € M, is crucial for obtaining our main stability results.

Lemma 6.1. Lety; iy No— [0,1], 4,7,%,) € M, be 7-periodic functions defined by

p;;, if i=j and pg.i-) > 0,
Vi), ) T+ ) = 6.7)
0, otherwise,

fork=7-1,1€ Ny, and

P if g =j and p(-l? > 0,

Vi), Gp T +k) = g 6.8)

0, otherwise,

for k € {0,1,...,7—2},1 € Nyo. If p; ; > 0,4,5 € M, and v; > 0, i € M, then it follows
that for i, j, i, j € M, and k € Ny such that Plr(k) =i,0(k) = j] =0,

Vi), i) (F) = 0, 6.9)
moreover,

Plrk+1)=i,0(k+1) =] (r(k),o(k))] = Vr (k)0 (k)i (K), k€ No. (6.10)

Proof. First, let {p(k) € M x M}cn, be a bivariate process defined by

p(k) 2 (r(k),o(k)), ke No. (6.11)
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Furthermore, for all £ € {0,1,...,7 — 1} define

N(k) & {(i,j) € M x M :Plp(k) = (i,5)] > 0}. (6.12)
Let, N(k) C M x M denote the complement of the set N'(k), that is,
N(k) & (M x M)\ N (k). (6.13)
Now, note that
Plo(ir + k) = (i,7)] = Plr(ir + k) = i, o(ir) =
=Plr(lr + k) = ilo(lT) = j|P[o(IT) = j]
(6.14)

= p\VPlo(ir) = jl,

N3

,7 — 1}, I € Ny. By the assumption that p; ; € (0,1), 4,5 € M, and

for k € {0,1,...
v; € (0,1), 1 € M, we obtain P[o(IT) = j] > 0, [ € Ny. Therefore, by (6.14), P[p(IT + k) =

(7,7)] > 0 if and only if p§? > 0, and hence, it follows from (6.12) that
(6.15)

N(k) = {(i,5) € M x M :pl¥) > 0},

By the definition of conditional probability of an event given a random variable [93,112],

it follows that

Plp(ir + k +1) = (i, J)|p(IT + k)]
= Y Plr+k+1) = (i, |p(r + k) = (6 D jprk)=(ig))» (6.16)
(i.)EN (k)

,7—1}, 1 € Ng. Note that r(It+k+1) = o(Ir+k+1) and P[r(it+k+1) =

fork € {0,1,...
ilr(It + k) = i] = p,; for k = 7 — 1, | € Ny, because at time instants 0, 7, 27, ..., the mode
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is sampled. Hence, by (6.7) and (6.16), for k =7 — 1 and [ € Ny,

Y Plo(r +k+1) = (i, )lp(r + k) = (i, DL par 10)=(i)

(4,5)eN (k)
S iien ) Piillpran—Ggy =1,
0, otherwise,

= > Vi) T+ B L= (6.17)
(4,5)EN (k)

Furthermore, since o(it+ k+ 1) =o(it+ k), k € {0,1,...,7 — 2}, | € Ny, it follows from
(6.8) and (6.16) that for k € {0,1,...,7 — 2}, € Ny.

Z Plo(it + k+1) = (i, )| p(7 + k) = (6, )L pprtr)=(ig)]

(i.4)EN (k)

) Zapenwm Piilperin=aa, - 5=,
0, otherwise,

= Z V)5 U+ F) L prh)=(ig))- (6.18)
(1.1)EN (k)

Next, note that (6.7), (6.8), and (6.15) imply (6.9), that is, Vij) (;3.)(17 + k) = 0 for
(i,7) € N(k), k€ {0,1,...,7 — 1}, 1 € Ny. Consequently,

Z 7(@73‘),(%75‘)(k)]l[p(k):(i,j)] = 0, k€ No. (6.19)
(i,§)EN (k)

Since N'(k) UN (k) = M x M, it follows from (6.16)-(6.19) that

Plr(k+1) = i,0(k +1) = jl(r(k), 0 (k)] = Plp(k + 1) = (i, J) | p(k)]

(i,5)EMXM

- Z Vi), G.5) F) L (k)=i,0 (k) =]
i,jEM

= Ver(k).o ),y (K)s - F € No, (6.20)

which completes the proof. O
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Remark 6.2. Note that Y k), 1,7, 1,7 € M, defined in (6.7), (6.8) cannot be consid-

i) (i)
ered as transition probabilities between the states of the bivariate process {(r(k),c(k)) €
MxM}pen,. Specifically, Lemma 6.1 shows that Vi) G) (k) can only be considered as the
transition probability from state (4, j) to state (7, ;) of the bivariate process {(r(k), o (k)) €
M x M}, if P[r(k) = i,0(k) = j] # 0. On the other hand, when P[r(k) =i,0(k) = j] =0,

we have 7(17]),(’275) (k) = 07 275 e M.

In the following, we utilize the result presented in Lemma 6.1 to obtain necessary
and sufficient conditions for second-moment asymptotic stability of a class of switched
linear stochastic control systems (6.1), (6.5) with nonzero mode transition probabilities
and random initial mode. Specifically, we consider the case where the mode signal is
characterized by transition probabilities and initial distribution that satisfy p; ; > 0, 7,5 €

M, and v; > 0, i € M, respectively.

Theorem 6.1. Consider the switched linear stochastic control system (6.1), (6.5) with a
mode signal characterized by transition probabilities and initial distribution that satisfy
pi; > 0,i,5 € M, and v; > 0, i € M, respectively. Let A : Ny — RM*n*xM?*n? ha g

T-periodic matrix function given in block matrix form as
Aa(k) oo A pe(k)
A(k) = : : , ke Ny, (6.21)
Ay i (k) -+ Appz (k)

where A(%—l)M—l—j’,(i—l)M—l—j(k) = V(i,5),(5.5) (ki) (Az + BZKJ (k‘)) & (A,L + B,LKJ(]{I)) for i, j, %,j S
M and Vi), G j«)(k) is given by (6.7) and (6.8). Furthermore, let

® 2 AT —1)A(T —2)---A(1)A(0). (6.22)

Then the zero solution z(k) = 0 of the closed-loop system (6.1) and (6.5) is second-
moment asymptotically stable if and only if all eigenvalues of the matrix & ¢ RM *n?x M?n?

are inside the unit circle of the complex plane.

The proof of Theorem 6.1 is based on stability analysis for a linear periodic system, the

states of which are closely related to the second moment E|[||z(k)||%]. Specifically, by using
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an approach similar to the one employed in [58,113,114], we analyze the dynamics that
govern the evolution of the state covariance (given in vector form by E[x(k) ® z(k)]). In
our analysis, the dynamics of the state covariance is affected by both the actual mode and

its sampled version.

Proof. First, define
y(k) £ E[r(k) @ 6(k) @ z(k) @ x(k)], (6.23)
where 7(+) : Ng = RM_  5(-) : Ny — RM are vector-functions given by

(k) = ]l[r(k:):i}, i1eM, keNy, (6.24)

Q
—
&y
~—
I

= ﬂ[a(k):z‘]a 1€ ./\/l, k€ No. (6.25)

Our goal is to obtain a difference equation that characterizes the evolution of y(k). Now,

let Zlm- :Ng — R”2xn2, i,j € M, be matrix functions defined by

Ai,j(k) £ (Al + BZKJ(/C)) X (AZ + Bin(k:)), ke No. (626)

Note that A4, ;(-), i,j € M, are T-periodic matrix functions, because K;(-), j € M, are

r-periodic. Now, for each pair of modes i, j € M,

B i 1ymi o=y Tk +1) @ z(k + 1)]
= B[ 1) o ()= (Arte) T Brioy Ko (8) 2 (k) @ (Arry + Brii Koy () 2 (k)]
=E[ [r(k+1):2,a(k+1):j]Ar(k),o(k)(k) (w(k) @ x(k))]

where #;, denotes the o-algebra generated by the random variables x(k), r(k), and o (k).

It follows from (6.27) that

ElL, ki 1)=iopiny=j @ (F +1) @ z(k + 1)]

= BB}, 1yt ok 1)=j) HE Ar .ot (F) (2(k) @ 2(K))], i,j € M, k € No.  (6.28)
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Now, note that r(k + 1) = o(k + 1), k € {nT — 1 : n € No}. Since {r(k) € M}ren, is a
Markov process, the random variables r(k+1) and o(k+1) are independent of the random
variable z(k) given r(k) for k € {nT — 1 : n € Ny). On the other hand o(k + 1) = o(k) for
k € No\ {nT—1:n € Ny). Therefore, for k € No\ {n7—1:n € Np), r(k+1)and o(k+1)

are independent of the random variable (k) given r(k) and o (k). Consequently,

E[1 [r(k+1):i,o(k+1):j’]x(k +1) @ z(k +1)]

= E[E[]l[r(kﬂ):;,g(kﬂ):j]‘(T(k’)a O-(k))]*’zlr(k),cr(k)(k)(x(k) ® !T(k))]’ i,j €M, (6.29)

for k € Ny. Now by Lemma 6.1,

BlLy, (o 1) ny=jy (R + 1) @ 2(k + 1)]
= B[V ()0 (0, (0.5) ) Ar i) o) (B) (2(R) @ (k)]

= Zry(i,j),(%j)(k)Ai»j(k)E[]l [T(k):i,g(k):j]l‘(k:) & -’L’(k)}a 2,5 eM, keN. (6.30)
A7j
It then follows from (6.23) and (6.30) that
y(k+1) = A(k)y(k), k€ No, (6.31)

where A(-) : Ny — RM*n*xM*n* defined in (6.21) is a 7-periodic matrix function. Note

that
y((l+1)7) = dy(lT), 1€ Ny, (6.32)

where ® € RM*n*xM*n* defined in (6.22) is in fact the monodromy matrix associated
with the discrete-time deterministic linear periodic system (6.31). Based on discrete-time
version of Floquet theory [111], we study asymptotic behavior of the solutions of (6.31)
through the associated monodromy matrix ®. Specifically, limy_, y(k) = 0, if and only if
all eigenvalues of the monodromy matrix ® are inside the unit circle of the complex plane.
Note that for z € R", 7,5 € RM, such that 7 # &, we have A(0)E[f ® ¢ ® x ® 2] = 0, and
hence PE[F ® & ®  ® 2] = 0. On the other hand, for z € R", 7,5 € RM, such that 7 = 7,

limy, 00 PPE[F ® & ®  ® 2] = 0 if all eigenvalues of the monodromy matrix & are inside
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the unit circle of the complex plane.

Now, as a consequence of (6.23), the zero solution is second-moment asymptotically
stable (i.e., limy_ oo E[||z(k)||?] = 0) if and only if limy_,., y(k) = 0. Therefore, we have
limy_,o0 E[||2(k)||?] = 0 if and only if all eigenvalues of the monodromy matrix ® are inside
the unit circle of the complex plane. O

Theorem 6.1 shows that the stability of the zero solution of the closed-loop switched
stochastic control system (6.1), (6.5) can be deduced through the eigenvalues of the ma-
trix @ € RM*n*xM*n? (given in (6.22)), which depends not only on the mode transition
probabilities and subsystem dynamics but also on the mode observation period 7 € N.

Next, we present alternative stabilization conditions by considering quadratic Lya-
punov function with periodic coefficients that depend on both the actual mode signal

r(-) and its sampled version o ().

Theorem 6.2. Consider the switched linear stochastic control system (6.1), (6.5) with a
mode signal characterized by transition probabilities and initial distribution that satisfy
pij > 0,4,7 € M, and v; > 0, i € M, respectively. If there exist 7-periodic matrix

functions R; ;(-), Qi ;(-) > 0, i, j € M, such that

0= vy anEAL k)R, 5(k + 1) Ay (k)
i,jEM

—Rij(k)+Qi;k), ke{0,1,...71—1}, i,jeEM, (6.33)

where A; (k) 2 A; + B;K;(k), and Vi), i.j) (k) is defined by (6.7), (6.8), then the zero
solution z(k) = 0 of the closed-loop system (6.1), (6.5) is second-moment asymptotically

stable.

Proof. First, let V(x(k),k) £ T (k)R, (k) o) (k)z(k), k € No. We now show that the
Lyapunov function candidate decreases in expectation. It follows from (6.1) and (6.5)

that

E[V (2(k + 1),k + 1)]
= Bl (k) Al o) (B) Re (o 1),0 04 1) (B + 1 Ar oy ()2 (R)],

= BE[z" (k) A} ) o) F) Re(er1).o(ea1) (B + 1) Ary o) (k)2 (k) [ Hil], (6.34)
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where #Hj, denotes the o-algebra generated by the random variables x(k), r(k), and o (k).
Note that the random variables x(k), r(k), and o(k) are H,-measurable, and hence, it

follows that

E[V (x(k + 1), k + 1)]

A~

= E[z" (k) AT ) o) B E[Rr s 1), (61) (5 + DIHE Ay 1), 0(0) (B) (). (6.35)

Note also that E[(r(k+1),0(k+1))|Hk] = E[(r(k+1),0(k+1))|(r(k),o(k))]. Consequently,

it follows from Lemma 6.1 that

B[Ry (kr1),0 (k1) (k + D)[Hr] = B[Ry i1y o1y (B + D (r(K), o (k)]

= 3 ElLe 11ty (7(R), o)) Ry 5k + 1)

1,]EM

= > Plrk+1) =i,0(k+1) =j|(r(k),o(k)|R; ;(k+ 1)
i,jEM
i,jEM

Now, by substituting (6.36) into (6.35), we obtain

E[V(z(k+1),k+1)]

= E[wT(k) ( Z 7(r(k>7g(k)),(%73)A;]':‘(k),o’(k)(k)RiJ(k + 1)Ar(k),a(k)(k))x(k)]- (6.37)
1,JEM

Moreover, as a consequence of (6.33),
E[V(z(k+1),k+1)] —E[V(z(k), k)] = —E[wT(k)Qr(k),g(k)(k)x(k)]. (6.38)

It follows from the positive definiteness of the matrices Q,(x).»(x)(k), & € No, that the se-
quence {E[V (z(k), k)] }ken, is monotone decreasing with respect to time k. Furthermore,
V(z(k), k) is nonnegative for all k € Ny, and hence, E[V (x(k), k)] > 0, k € Ny. It follows
from monotone convergence theorem that

lim E[V (z(k), k)] = 0. (6.39)

k—o0
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Now note that
E[V (z(k),k)], k€ Ny, (6.40)

where r £ min{\min(R; (k) : i,j € M, k € {0,...,7 —1}}. Since R;;(k) > 0, k €
{0,...,7—1}, we have r > 0. Thus, it follows from (6.39) and (6.40) that E[||z(k)||*] — 0

as k — oo, which completes the proof. O

Remark 6.3. Note that Theorem 6.2 requires the initial mode to be randomly distributed,
that is, v; > 0, i € M. This requirement is relaxed in Theorem 6.3 below. Specifically, the
result presented in Theorem 6.3 can also be used for assessing second-moment asymptotic
stability of the switched stochastic control system (6.1), (6.5) with a deterministic initial

mode ry, such that v,, = 1, v; = 0, i # ro.

Theorem 6.3. Consider the switched linear stochastic control system (6.1), (6.5) with
a mode signal characterized by transition probabilities that satisfy p; ; > 0, i,j € M. If
there exist 7-periodic matrix functions R; ;(-), Qi ;(-) > 0, 4,7 € M, such that (6.33) holds,
then the zero solution z(k) = 0 of the closed-loop system (6.1), (6.5) is second-moment

asymptotically stable.

Proof. Let #(k) £ z(k + 1), 7(k) £ r(k + 1), (k) £ o(k + 1), k € Ny. Since K;(-),

i € M, are T-periodic, it follows from (6.1) and (6.5) that

i’(k: + 1) = A;(k)i'(k:) + Bf(k)ﬂ(k?), k € Ny, (6.41)

(k) = Kz (k)z(k). (6.42)

Note that the random variable 7(0) denotes the initial mode of the switched stochastic
control system (6.41), (6.42). Furthermore, 7; = P[#(0) = i] = p%)’i > 0,1 € M,
because p; ; € (0,1),4,j € M. Now it follows from Theorem 6.2 that for any initial state
z(0) = o € R", the zero solution z(k) = 0 of the switched stochastic control system
(6.41), (6.42) is second-moment asymptotically stable, that is, lim_,., E[||Z(k)||?] = 0. As
a direct consequence of the definition of #(k), we obtain limy_,, E[||z(k)||?] = 0, which

completes the proof. O
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The second-moment asymptotic stability of the switched linear stochastic system (6.1)
under the control law (6.5) can be analyzed through the results presented in Theo-
rems 6.1, 6.2, and 6.3, when the feedback gain matrices K;(k), £ € {0,1,...,7 — 1},
i € M, are already known. On the other hand, we often need to find feedback gains such
that the proposed control law (6.5) with those gains achieves second-moment asymptotic
stabilization. In Corollary 6.1 below, we present sufficient stabilization conditions, which

are well suited for finding stabilizing feedback gains through numerical methods.

Corollary 6.1. Consider the switched linear stochastic system (6.1) with a mode signal
characterized by transition probabilities that satisfy p; ; > 0, 7,7 € M. If there exist

T-periodic matrix functions S'j(-) >0, Lj(-) € R™*", j € M, such that

0> > Yy iq WAL (RS (k + 1) Ay (k) — Sj(k), (6.43)
i,jEM

for all k € {0,1,...7 — 1}, and i,j € M, where A;;(k) £ A;S;(k) + B;L;(k), and
Y, j),(z,j)(k) is defined by (6.7), (6.8), then the feedback control law (6.5) with the feed-

back gain matrix K, ) (k) = La(k)(k)S’;&)(k) guarantees that the zero solution z(k) = 0

of the closed-loop system (6.1), (6.5) is second-moment asymptotically stable.

Proof. The result is a direct consequence of Theorem 6.3 with 7-periodic matrix func-

tions R; j(-) > 0and Q; ;(-) > 0, i, j € M, given by

Rij(k) = 5{ Yk), ijeM, (6.44)

Qi (k) = 3 iy WAL WSk + DA (k) ijeM,  (645)
i,jEM

where /L’J(]{i) éA,—I—BlKJ(l’C),k/‘E {0,1,...7’—1}. ]

Corollary 6.1 shows that if (6.43) can be verified for r-periodic matrix functions
S;(-) > 0, L;(-) € R™*™, for each mode j € M, then second-moment asymptotic sta-
bilization of the zero solution is guaranteed under the control law (6.5) with feedback

gain matrix K, (k) £ Loy (k)S;

o(k) (k)

Remark 6.4. For numerical verification of condition (6.43) in Corollary 6.1, we employ a

numerical technique that involves linear matrix inequalities (see [94,95]). Specifically, we
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use Schur complements (see [115]) to transform condition (6.43) into matrix inequalities

given by
Sitky  T®k) - TMT(R)
TL(k) UYk+1 0
0< “{( ) ( ) , (6.46)
M?2 M2
| T (k) 0 UM (k+1) |

fori,j e M, k€ {0,1,...7 — 1}, where

Ul=DM () £ 8- (k), (6.47)
Ti(,é'il)MH(k) = V(i,j),(i,j)(k)fii,j(k)a%JA' €M, (6.48)

with A; ;(k) £ A;S;(k) + B;L;j(k). Note that the matrix inequalities (6.46) are linear in
Sj(') >0, L;(-) € R™*", j € M. Furthermore, note that since S‘j(-),j € M, are T-periodic
matrix functions, U(—DM+i(7) = y(-DM+i(0), i j € M. In this study, we use numerical
methods to search for positive-definite matrices Sj(kz) >0,ke{0,1,...,7—1},i,5 € M,
and matrices L;(k) € R™*", k € {0,1,...,7 — 1}, i,j € M, that satisfy the linear matrix

inequalities (6.46).

Remark 6.5. Investigation of the applicability of our results to large-scale systems is im-
portant. To this end, we note that in large-scale systems both the state size n € N and the
number of modes M € N may be large. Depending on how large these values are, our
numerical methods characterized through linear matrix inequalities in Remark 6.4 may re-
quire long computation time. It is crucial to investigate computational complexity of these
numerical methods. Note that as explained in Remark 6.4, our numerical method is based
on checking feasible solutions to linear matrix inequalities. Linear matrix inequalities can
be accurately solved in an efficient manner [116,117]. Specifically, the worst-case com-
putational complexity of the method presented in [116] is given as O(ab®) where a € N
denotes the number of total row size of the linear matrix inequalities and b € N denotes
the number of decision variables. Now, note that the row size of the linear matrix inequal-
ity (6.46) is given by nM?; furthermore, there are 7 M? of these inequalities. On the other

hand, since we look for positive-definite matrices, we consider linear matrix inequlities of
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the form Sj(k) > 0,5 € M,k € {1,2,...,7}, which have total row size TnM. Hence,
a = 71M?*nM? + aM = tnM* + mnM. On the other hand, decision variables are entries
of S;(k) > 0, Lj(k) € R™", j € M, k € {1,2,...,7}. Therefore, b = mn*M + rmnM,
where m € N is the control input size. Assuming m < n, the worst-case computational
complexity of our problem is then given by O(ab?) = O(7*n"M7). This shows that the
computatioal complexity grows similarly for state size n € N and the number of modes

M € N.

6.4 Illustrative Numerical Example

We now demonstrate our results with an illustrative numerical example. Specifically, con-
sider the switched linear stochastic system (6.1) with M = 2 modes described by the

subsystems matrices

0.01 1 04 1.2
Al = ) A2 = )
1.5 —-0.1 1 0.01
By = [0, 1], and By = [-1, 0]T. The mode signal {r(k) € M = {1,2}}xen, of the

switched system is assumed to be a discrete-time Markov chain characterized by the tran-
sition probabilities p; ; = 0.1, p12 = 0.9 and p2; = p22 = 0.5 (see Figure 6.1 for the
corresponding transition diagram).

The mode signal of the switched system is assumed to be sampled at every 5 time

steps, that is, 7 = 5. Note that positive-definite 7-periodic matrix functions S'j(-) > 0,
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j € M £ {1,2}, with values

N 15.062 0.395 | .
1(0): 752(0)
0.395 2.621
3 2.662 —2.754 |
Si1(1) = , S2(1)
—2.754  3.03
B 3.069 —2.073 | .
S1(2) = , S52(2)
—2.073  3.459
3 3.46 —1.97 | .
S1(3) = , S2(3)
—1.97 4.766
3 4.805 0.242 | .
1(4) = , S2(4)
0.242 3.865

3.633  0.961
0.961 45.827
1.849 —2.241
—2.241  3.701
3.7 —2.683
—2.683 3.111
3.156 —1.461
—1.461 4.841
4.873 0.094

0.094 3.847

and 7-periodic row vectors functions L;(-) : Ng — R*2, j € M £ {1, 2}, with values

L1(0) = | —23.082 —2.869
Li(1) = - —~1.502 2.035
L1(2) = - —1.084 1.472
Li(3) = _ —2.307 3.631

Li(4) =1 1.817 0.358

satisfy (6.43). Therefore, it follows from Corollary 6.1 that the proposed control law (6.5)
(k),i € M=

, L2(0)
, La(1)
’ L2(2)

, La(3)

) L2(4)

4.812 56.236 |

—0.701 1.058

—2.153 2.799

—-1.714 2.737

1.754 0.58 |,

with sampled-mode-dependent 7-periodic feedback gains K;(k) = L;(k)

{1,2}, k € Ny, guarantees second-moment asymptotic stability of the closed-loop system

(6.1), (6.5).

Sample paths of the state z(k) and the control input u(k) (obtained with initial condi-

tions z:(0) = [1, —1]" and (0) = 1) are shown in Figures 6.1 and 6.2. Moreover, Figure 6.3

St

7

shows sample paths of the actual mode r(k) and its sampled version o (k).

We can see in Figure 6.3 that the sampled version of the mode signal o (k) is not a
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Figure 6.2: Control input versus time

good representation of the actual mode signal r(k) due to frequent mode switches and
rare mode observations. However, our new sampled-mode-dependent time-varying feed-
back control strategy characterized in (6.5) takes possible mode transitions between mode
observation time instants into account. As it is indicated in Figures 6.1-6.3, the proposed
control law achieves stabilization of the state.

Furthermore, we obtain 5000 sample paths of the state trajectory z(k) and estimate

the second moment E[||z(k)||?] of the state by

5000
1
E[l|(k)|%] =~ 5000 D k)G, k€N, (6.49)
i=1

where ||z(k)l|(;) denotes the norm of state z(k) of the ith sample path at time k. Figure 6.4
shows the numerically approximated second moment, which converges to 0.
Note that at mode observation instants, the active operation mode of the switched

system is known by the controller with certainty; however, between mode observation
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instants only the probability distribution of the possibly active mode is known. Hence, the
control performance may start to deteriorate over time as the certainty of the mode infor-
mation decreases, until the next mode observation instant, where perfect operation mode
information becomes available once again. Note that although the second moment of the
state increases for a few time steps before each mode sampling instant, the controller is ef-
fective enough to compensate the uncertainty on the mode information so that E[||z(k)]|?]
takes a lower value at each mode observation instant, and eventually it converges to 0

(see Figure 6.4).

6.5 Conclusion

In this section, we investigated second-moment asymptotic stabilization of discrete-time
switched linear stochastic systems. Specifically, we developed a control law that guar-

antees stabilization even when only periodically observed version of the active operation
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mode of the switched system is available for control purposes. Our proposed control law,
which incorporates sampled-mode-dependent time-varying feedback gains, is effective for
compensating the uncertainty on the information about the operation mode of the system
between mode observation instants. We utilized the periodicity induced in the closed-loop
system dynamics due to periodic mode observations, and employed discrete-time Floquet
theory to obtain necessary and sufficient conditions for second-moment asymptotic stabi-
lization of the zero solution. Furthermore, we used Lyapunov-like functions with periodic
coefficients to obtain alternative stabilization conditions, which we then employed for

designing feedback gains.
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Chapter 7

Stabilizing Discrete-Time Switched
Linear Stochastic Systems Using
Periodically Available Imprecise
Mode Information

7.1 Introduction

In Chapters 3-5, we considered stabilization problems for continuous-time switched stochas-
tic systems under sampled mode information. Furthermore, in Chapter 6, we explored the
sampled-mode feedback control problem for the discrete-time case.

In Chapters 3 and 6, the mode signal of a switched stochastic system is assumed to
be periodically observed. Note that the control frameworks developed in Chapters 3 and
6 guarantee stabilization under the assumption that perfect information of the operation
mode of the switched system is obtained at mode observation instants. In contrast to the
problem setting in Chapters 3 and 6, in this chapter we assume that the mode information
obtained through the observations is not precise. In other words, the controller does not
receive perfect mode information at mode observation instants. Specifically, we assume
that modes of the switched system are divided into a number of groups, and the controller
periodically receives information of the group that contains the active mode. In summary,
in our new framework, the control law depends only on periodically available imprecise

mode information, rather than the exact information of the mode.
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In the literature, stabilization problem under imprecise mode information has been
previously studied in [118,119] for the case where the mode information is available at
all time instants. Specifically, Hs-control of discrete-time switched systems with imprecise
mode information is explored in [118]. Furthermore, stabilization conditions are obtained
in [119] for continuous-time switched systems under continuously available imprecise
mode information. In this chapter we investigate the case where the imprecise mode
information is only available periodically.

Note that the imprecise mode information characterizes the case where some of the
modes are indistinguishable by the mode detector. For example, for a fault tolerant control
system, the fault detector detects a failure, but the type of the failure may not be exactly
known. Thus, the control system has only imprecise information of the failure. There
are other studies that deal with feedback stabilization problems using imperfect mode
information. For example, in [73, 74, 120] the authors propose stabilizing control laws
that depend on estimates of the mode signal. The difference between mode estimates and
imprecise mode information is that mode estimates may lack accuracy; however, imprecise
mode information lacks exactness, although it is accurate.

This chapter is organized as follows. In Section 7.2, we introduce the feedback con-
trol problem for discrete-time switched stochastic systems under periodically available
imprecise mode information; furthermore, we obtain sufficient conditions under which
our proposed control law achieves second-moment asymptotic stabilization of the zero so-
lution. We present an illustrative numerical example in Section 7.3. Finally, we conclude

the chapter in Section 7.4.

7.2 State Feedback Control of Switched Stochastic Systems Us-

ing Periodically Available Imprecise Mode Information

Consider the discrete-time switched stochastic dynamical system with M € N modes given
by (6.1) with the initial conditions x(0) = x¢ and r(0) = ro. Hence, the initial distribution
of the mode signal {r(k) € M £ {1,2,..., M} }xen, is given by v : M — [0, 1] such that
vr, = land v; =0, i # ro.

A mode transition diagram for the switched system (6.1) with M = 4 modes is shown
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Figure 7.1: Mode transition diagram for {r(k) € M £ {1,2,3,4} }xen,

in Figure 7.1. The labels on the directed edges indicate probability of associated transi-
tions. In Figure 7.1, we only show the edges that correspond to transitions with nonzero

probabilities.

7.2.1 Periodic Mode Observations

For the switched stochastic system (6.1), we study the state feedback stabilization problem
for the case where mode information is observed periodically at time instants 0, 7, 27, . . .,
where 7 € N denotes the mode observation period. In this chapter, we specifically consider
the case where 7 > 2 such that at certain time instants no mode information will be
available for control purposes.

When the observations at time instants 0, 7, 27, ..., provide perfect knowledge of the
active mode, the sampled mode information that is available to the controller can be

represented by the discrete-time stochastic process {o(k) € M}ren, defined by

olk)=r(nt), ke{nt,nt+1,...(n+1)7—1}, neNp. (7.1)

Note that when the observation period 7 is small, and the mode switches occur rarely, the
sampled mode signal {o(k) € M }yen, is likely to be a good representation of the actual
mode signal {r(k) € M}xen,. Hence, the stabilization can be achieved by a control law of

the form

u(k) = Ka(k)(B(k), k € Np. (7.2)
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In Chapter 3, in order to stabilize continuous-time switched stochastic systems, we
proposed the continuous-time version of the feedback control law (7.2) that depends only
on the sampled mode signal, rather than the actual mode signal. In this chapter we extend

our results to the case of imprecise mode information.

7.2.2 Imprecise Mode Information

In this section we provide mathematical definition of the imprecise mode information.
We assume that the index set M is divided into a number of nonempty subsets M, C

M,ie{1,...,N}, where N < M, such that M;NM; = 0,i # j, and Uje(y . vy Mi = M.

We call the M; C M,i € {1,..., N}, the mode groups, since each subset M, represents a

group of modes. Now let A" 2 {1,..., N} and define n : M — A by
n(i) =4, i1eM;, jeN. (7.3)

Note that the function 7(-) maps each mode into its respective group.

In this chapter, we assume that periodically available imprecise mode information in-
dicates only the group that contains the active mode. For example if mode i is active
at a mode observation time instant n7, the only information that is available for control
purposes is 7(i), which indicates the mode group M,,;) that contains mode i. Note that
this information lacks precision when M, ;) also contains modes other than mode i. In
this case, the controller has the imprecise information that one of the modes contained
in M,;) is active at the mode observation time instant n7. A suitable measure for the
precision of the periodically available mode information would be the scalar ;1 £ % For
example, if y is close to 1, it means that the periodically available mode information has
high precision.

We consider the case where the imprecise mode information is only available peri-
odically at mode observation time instants 0, 7,27,.... We denote the available mode
information by the imprecise mode information signal {n(c(k)) € N }ien,, and propose

the control law given by

u(k) = Kyayz(k), ke No. (7.4)
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Figure 7.2: Actual mode signal r(k), sampled mode signal o(k), and imprecise mode
information signal n(o(k))

In the next section, we obtain sufficient conditions of stabilization of the switched stochas-
tic system (6.1) under the control law (7.4).

It is important to note that both the sampled mode signal {o(k) € M }ken, and the
imprecise mode information signal {n(c(k)) € N }en, are stochastic processes that de-
pend on the actual mode signal {r(k) € M}yen,. In Figure 7.2, we show sample paths of
r(k), o(k), and n(o(k)) for a discrete-time switched stochastic system with M = 4 modes.
For this switched system, we assume that the index set M 2 {1,2,3,4} is divided into
subsets M; £ {1,3} and My = {2,4} (see Figure 7.3). Therefore, when the mode is
observed at time instants 0, 7, 27,. . ., the imprecise mode information signal n(o(k)) takes
the values either 1 or 2, which indicate the group of the active mode. For example, at time
k = 37, mode 2 is active, that is 7(37) = 2. Consequently, o(37) = 2, and 7(c(37)) = 2.
Furthermore, note that neither o (k) nor n(o(k)) indicate any information about the mode

switches between two consecutive mode observation instants.
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Figure 7.3: Groups of modes characterized by M; £ {1,3} and My = {2,4}

Remark 7.1. The case of N' = M corresponds to the situation when the mode observa-
tions provide perfect knowledge of the active mode. In this particular case, the problem

turns into the stabilization problem under sampled mode information.

Remark 7.2. Note that the situation where no information is available can also be char-
acterized within the imprecise mode information framework. Specifically, consider the
case where all modes are collected in a single group M; = M. Hence, N' = {1}, and
n(o(k)) = 1, k € Ny. In this case, stabilization has to be achieved by the control law (7.4)

with the fixed feedback gain matrix K; € R™*",

7.2.3 Sufficient Conditions for Second-Moment Asymptotic Stabilization

In this section we present sufficient conditions under which our proposed control law
(7.4) guarantees the second-moment asymptotic stability (see Section 2.4.2) of the zero

solution z(k) = 0 of the closed-loop system (6.1), (7.4).

Theorem 7.1. Consider the switched linear stochastic system (6.1) with control input
(7.4), which depends on imprecise mode information that is available periodically at time

instants 0, 7, 27, ..., where 7 > 2. If there exist P, > 0,i € N, L; € R™*" ;i € N/, and
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scalars « > 0, 8 > 0, v > 0, such that

0> (Azﬁ)n(z) + Ban(z))T]%]_(j)(Aan(z) + BiLn(i)) — apn(i), 1 €M, (7.5)
0> (AiPy(j) + BiLi) " By iy (AiPyy + Bilyy)) = BBy, 4,5 € M, (7.6)

0> Z i (AiPy) + BiLn(l))Tp&;) (AP + BiLyq)) — Py, i,l€M,  (7.7)
JEM

and
af’ 7y <1, (7.8)
then the feedback control law (7.4) with the feedback gain matrix

p—1
Ko = Lnetk) Pyowy) (7.9)

guarantees that the zero solution (k) = 0 of the closed-loop system (6.1) and (7.4) is

second-moment asymptotically stable.

The proof of Theorem 7.1 is based on showing the asymptotic convergence of the
expectation of a quadratic Lyapunov function candidate.

Proof. First, we define the positive-definite matrices P, £ f’&il, i € M, and the
positive-definite function V (x(k), k) £ 2" (k) P,z (k), k € No. Our initial goal is to show
that E[V (z(n7),n7)] — 0 as n — oo.

Note that

E[V(x(k), k)] = > E[V((k), )L ge)—i00)—]
i,jEM

= Y El"(k)Pja(k) Ly g—iom—g). k€ No. (7.10)
i,jEM

Now let flm £ A; + B;Kj, i € M, j € N. Hence, flr(k)m(a(k)) denotes the closed-loop
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state matrix such that x(k + 1) = flr(k)m(a(k))x(k), k € Ny. It follows that

EV(x(k+1),k+ 1] = > ExT(k+ )Pzt + 1)Lygi1)—o(1)=])
1,jEM

= Z E[E[xT(k + 1)ij(k + 1)]1[r(k+1)=i,o(k+1):j]‘-’rk]]
i,jEM

= Z E[E[wT(k)AE(k),n(a(k))Pj
i,jEM

Ay o) TR L (k1) =i ot 1)=g] [ PR, k€ No.  (7.11)

Since the random variables x(k), r(k), o(k) are all F;-measurable, we have

EV(z(k+1),k+ 1] = Y El&"(k)A % o iom) Pidr (o) mie) (k)
i,jEM
B[kt 1)=i,0(k+1)=4)|FEl], & € No. (7.12)

Note that o(k + 1) = r(k + 1) for K = n7 — 1, n € N. It follows from (7.12) that

E[V(z(k+1),k+1)] = Z E[xT(k)A;F(k),n(a(k))PjAr(k),n(a(k))x(k)E[ﬂ (r(k41)=5] [ F k]
jeM

= El v (o () P Ar ) (o (k) T (R)Pr k) 5]
JEM

B ANy o) PiArymo ) Prin.) 2 ()], (7.13)
JEM

fork=nr—1,neN.

Now set Ln( =

K, P, j € M. It follows from the definitions P; = £ p (1) 1 €M,

fli’j £ A+ BKj,i € /\/l, j € N, and the condition (7.7) that

T _
Z Pa(k A k))P A r(k)n(o(k ))pr(k)]Po_( Ky S < "yP (k) k=nr—1, neN. (7.14)
JEM

By pre- and post-multiplying both sides of (7.14) with P, ),

Z A K)o (k) PAr(k) (o) Prk)j < VP (k) (7.15)
JEM
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for kK = nt — 1, n € N. Furthermore, by using (7.13) and (7.15), we obtain

E[V (z(k + 1),k +1)] < 1E[z" (k) Py (k)]

= B[V (x(k), k)], (7.16)

for k = n7 — 1, n € N. Note that o(k + 1) = o(k), and hence o(k + 1) is Fj-measurable,
forke {(n—1)71,(n—1)7+1,...,n7 — 2}, n € N. It follows from (7.12) that

EV(x(k+1),k+1)] =) Elx w0y (o) P Ar (o) T R)E [ (o 1) =) | k]
eM
=) El v (o () P ) Ar (k) (o 1) 2 (R)Pr (1))
ieEM
T AT e
=E[z" (k) A, () (o)) Po k) Arik) m(o (k) @ Z Pr(k).i)
ieM
= Elz" (k) Ay k) o)) Po e Ar o 0y (K)), (7.17)

for k € {(n —1)r,...,nT — 2}, n € N. Note that by the condition (7.6), for n € N,

We now pre- and post-multiply both sides of (7.18) with Py, to obtain

A;F(k),n(g(k))Pa(k)Ar(k),n(o(k)) < 5P0(k), k€ {(n - 1)7’ + 1, e, NT — 2}, n € N. (719)

Hence, by (7.17),

E[V (x(k + 1),k +1)] < BE[z" (k) Pz (k)]
= PE[V(x(k), k)], ke{(n—17+1,...,n7—2}, neN.
(7.20)

Furthermore, since r(k) = o(k), for k = nt, n € Ny, it follows form condition (7.5) that

71 —1
Pa(k)Ar(k),n(a(k)) (k)Ar(k) o), o (k) < aPa(k:)’ (7.21)
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for k = (n — 1)7, n € N. After pre- and post-multiplying both sides of (7.21) with P, ),

we get

A;»T(k;)m(g(k))Pa(k)Ar(kz),n(a(k)) < OzPU(k), k= (’I’L - 1)7‘, n € N. (7.22)
It then follows that

E[V (z(k+ 1),k +1)] < aE[z" (k) P,y z(k)]

= aE[V (z(k), k)], =(mn-1)7, neN. (7.23)
Finally, by using (7.16), (7.20), and (7.23), we obtain

EV(z((n+1)7), (n+ 1)7)] <HE[V(2((n+ 1) — 1), (n+ 1)7 — 1)]
< BTHEV (z(nT + 1), n7 4 1)]

< afT K[V (z(nT),n7)], n € Ny. (7.24)

As a consequence of (7.8) and (7.24), E[V (z(n7),nT)] — 0 as n — oo. Moreover, since

E[||z(n7)|?] < i nnnll i follows that

- minjEM )‘min i

lim E[||z(n7)|*] = 0. (7.25)

Now let ¢ £ max; jem /\max(flzn(j)[lm(j)). Note that E[||z(k+1)||?] < cE[||z(k)||?], k € No.
It follows from (7.25) that for every e > 0, there exists N' € N such that E[||z(n7)|?] < ec”,
for n > N. Consequently, E[||z(k)||?] < ¢, for k > Nr. Therefore, E[[|z(k)|[?] — 0 as
k — oo, which completes the proof. O

Theorem 7.1 provides sufficient conditions under which our proposed feedback con-
trol law (7.4) guarantees second-moment asymptotic stabilization of the zero solution.
Note that feedback control performance is directly related to subsystem dynamics, mode
switching frequency, and mode observation period 7. The condition (7.8) of Theorem 7.1
indicates the effect of the mode observation period 7 on the stability of the closed-loop

system.

Note that the nonnegative scalars «, 3, and  characterize upper bounds on the growth
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of the expectation of a positive-definite function V (z(k), k) = a:T(k:)Pa(k)x(k) with Py =
]5;((17%)). Specifically, the scalar v > 0 characterizes the growth right after an impre-
cise mode information becomes available to the controller. Strictly speaking, E[V (x(nT +
1),nT +1)] < aE[V(z(nT),n7)], n € No. The scalar v > 0 characterizes the growth right
before the mode observation instants, that is, E[V (z(n7),n7)] < AE[V(z(nT — 1),n7T —
1)], n € N. On the other hand, the nonnegative scalar /5 characterizes the growth between
two consecutive mode observation instants when the available mode information may no
longer be an accurate representation of the active mode. As a consequence, 3 has to sat-
isfy the condition (7.6) for all pairs of modes i, € M. Hence, when the dynamics of
the subsystems are significantly different from each other, the condition (7.6) can only be
satisfied for 8 > 1. In this case, the mode observation period 7 has to be sufficiently small
so that the condition (7.8) can be satisfied.

In addition, the effect of the precision of the mode information is also reflected in
conditions (7.5)—(7.7) through the function 7(-), which maps individual modes into their
respective groups. In order to check whether the proposed control law (7.4) guarantees
stabilization or not, we have to find positive-definite matrices P, > 0,4 € N, such that
conditions (7.5)-(7.7) hold. It is important to note that these conditions are harder to
satisfy when the mode information is very imprecise, as one has to satisfy conditions
(7.5)-(7.7) simultaneously with fewer variables, P, >0,L; e R™" e N.

Although, it is not easily seen from the conditions (7.5)-(7.8), in general, one can
compensate the imprecision of the observed mode information by observing the mode
more frequently. Note that this method would not work for the case N’ = {1}, as mode
observations would not provide any distinctive mode information regardless of the mode

observation period.

Remark 7.3. When N = {1}, the conditions (7.5)-(7.7) reduce, respectively, to

0> (AP, 4+ B;L1) P (A; P, + B;Ly) — aPy, (7.26)
0> (A;Py + B;L)" Py (AP, + B;Ly) — 8Py, (7.27)
0> (Alpl + BiLl)Tpl_l(Aip1 + BiLl) — ’)/]51, (7.28)

for i € M. After setting « = 3 = ~, the final condition (7.8) becomes a” < 1, which
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is satisfied only when « < 1. It is natural that when no distinctive mode information is
available through observations (A = {1}), stabilization conditions do not depend on the

mode observation period 7.

Remark 7.4. When 7 = 2, the conditions of Theorem 7.1 take a simpler form. Note

max; je M )\max(?’éﬂl(j))
min;e aq )\min(Pn(j)) ’

CinG) = (Aipn(j) + BiLn(j))TPn_(Jl.)(AiPn(j) + BiL,j). Thus, for the case where 7 = 2,

the stabilization conditions reduce to the inequalities (7.5), (7.7), and ay < 1.

that the condition (7.6) can always be satisfied with § = where

Remark 7.5. Note that the inequalities (7.5)—(7.8) are not linear in L;, PiieN,a>
0, 3 > 0, and v > 0, due to the terms aﬁ’n(i), ﬂf’n(j), wf’n(l), and af"2vy. However,
given the scalars o > 0, 8 > 0, and v > 0 that satisfy (7.8), the conditions (7.5)—(7.7)
can be transformed into matrix inequalities that are linear in L;, Pi e N, using Schur

complements [115]. Specifically, let Aim(j) = (Aiif’n(j) + BiLyj)), i,j € M, and define

Qe Y T e pm, (7.29)
Ay Do)
P, AT
Ri; = B T e M, (7.30)
A P
Py T "
T, P 0
N B i leM, (7.31)
L T% 0 pn(M) i

where TZJZ £ \/]T’jflm(l), i,J,1 € M. It follows that the conditions (7.5)-(7.7) are equiv-
alent to the inequalities Q); > 0,7 € M, R;; > 0, 4,5 € M, and S;; > 0, i,l € M, which
are linear in L; € R™ " P, > 0,i € N, given « > 0, 8 > 0, and v > 0 . Hence, we can
iterate over a set of the values of « > 0, 5 > 0, and v > 0 that satisfy (7.8) and look
for feasible solutions to the linear matrix inequalities ); > 0, ¢ € M, R; ; > 0, i,j € M,
and S;; > 0,7,l € M. In Section 7.3, we employ this approach and find values for

L e R™*" P, > 0,ie N,a>0,8>0,and v > 0 that satisfy (7.5)-(7.8) for a given

discrete-time switched linear system.
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7.3 Illustrative Numerical Example

In this section we present a numerical example to demonstrate the utility of our main
results presented in Section 7.2. Consider the 2-dimensional discrete-time switched linear

stochastic dynamical system with M = 3 modes described by the subsystems matrices

0 1 0
Al = ) Bl = )
1.6 —0.1 1
0 -1 0
A2 = 5 BZ - )
—145 1 —-0.9
0 1 0
A3 = ) B3 - )
1.5 0.3 0.9

The mode signal {r(k) € M £ {1,2,3}}ren, oOf the discrete-time switched stochastic
system is assumed to be a time-homogeneous Markov chain characterized by the transition
probabilities p; ; = 0.6, i € M, p; ; = 0.2, 7 # j, i,j € M. The controller is assumed to
have access to imprecise information concerning the mode signal {r(k) € M }jen,, at time
instants 0, 7, 27, ..., where 7 = 5.

Modes of the switched system are assumed to be divided into N = 2 groups, M; £
{1,3} and My = {2}. Periodically available mode information is characterized by the
imprecise mode information signal {n(o(k)) € {1, 2} }ken,. Hence, the modes 1 and 3 are
indistinguishable by the controller.

Note that the positive-definite matrices,

- 4.5221 —0.2061
P = ) (7.32)

—0.2061  0.2448

- 3.6290 —0.1609
P = , (7.33)

—0.1609  0.2492

the row vectors L; = [—7.3576 0.2998|, Ly = [-6.0399 0.4816], and scalars o = 0.1, 5 =
1.45, v = 1.5, satisfy the conditions (7.5)—(7.8). It follows from Theorem 7.1 that the
control law (7.4) with the feedback gain matrices K; = Llﬁ’fl = [-1.6339 — 0.1510]
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Figure 7.1: State trajectory versus time

T T T T T

— - Mode switching instants |4

Mode observation instants |1

10 15 20

Figure 7.2: Control input versus time

and Ky = LyPy ! = [~1.6252 0.8837], guarantees that the zero solution x(k) = 0 of the
closed-loop system (6.1), (7.4) is second-moment asymptotically stable.

Sample paths of the state and control input, z(k) and u(k), obtained with the initial
conditions #(0) = [1, —1]T and r(0) = 1 are presented in Figs. 7.1 and 7.2, respectively.
Furthermore, sample paths of the actual mode signal r(k), sampled version of the mode
signal o(k), and the imprecise mode information signal n(o(k)) are shown in Figure 7.3.

Note that the states 1,2 € N of the imprecise mode information signal n(c(k)), cor-
respond to the mode groups M; and M,. For example, at time instant £ = 5, impre-
cise mode information signal n(o(k)) takes the value 1, which corresponds to the group
M, = {1,3} (Figure 7.3). Hence, at time k£ = 5, information obtained through mode

observation is not precise. Specifically, given the information, the active mode can either
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Figure 7.3: Actual mode signal r(k), sampled mode signal o(k), and imprecise mode
information signal n(o(k))
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Figure 7.4: Second moment trajectory versus time

be 1 or 3. Note also that in the case n(o(n7)) = 2, for some n € N, information that is
available for control purposes is precise, since the group My = {2} contains only mode 2.

In order to demonstrate the convergence of the second moment of the state, we obtain
1000 sample paths of the state trajectory x(k) (with the initial conditions z(0) = [1, —1]T

and r(0) = 1) to estimate E[||z(k)||?] by

1000
1
E[lo(0I2] ~ 1555 O o)), € No, (7.34)
=1

where ||z (k)| ;) denotes the state norm for the ith sample path at time k. Figure 7.4 shows

the numerically approximated second moment E[||z(k)|%], which converges to 0.

7.4 Conclusion

We proposed a state feedback control framework for stabilizing discrete-time switched
linear stochastic systems. We considered the case where the controller has access to mode
information only at certain time instants. Furthermore, the exact modes which are active
at those instants are unknown to the controller. The controller is assumed to have only
the information of a set of modes one of which is guaranteed to be active. We obtained
sufficient conditions of second-moment asymptotic stabilization under the assumption that
the imprecise mode information is available periodically.

Note that in Chapters 3-7, we explored the stabilization problem for switched stochas-
tic systems for the case where the mode of the switched system is sampled periodically at
deterministic time instants. In Chapters 8 and 9 below, we will address the case where

the mode signal is sampled at random time instants.
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Chapter 8

Sampled-Mode Stabilization of
Switched Linear Stochastic
Dynamical Systems With
Exponentially Distributed Random
Mode Sampling Intervals

8.1 Introduction

In most of the studies that deal with stabilization of switched stochastic systems, proposed
control laws depend on full information of the mode signal of the switched system. As a
result, these control laws may not be appropriate when the mode information is sampled
and only available at sampling instants. In Chapters 3-7 we considered the feedback con-
trol problem for the case where the mode is sampled periodically. Hence, mode sampling
instants considered in Chapters 3-7 are deterministic.

In this chapter, we investigate stabilization of continuous-time switched linear stochas-
tic systems for the case where the mode signal is sampled at random time instants. Specif-
ically, the intervals between mode sampling instants are assumed to be exponentially dis-
tributed independent random variables. First, we provide stability analysis for a continuous-
time switched linear stochastic dynamical system without control input. The mode signal,
which manages the transition between the subsystems of the switched system, is modeled

as a finite-state continuous-time Markov chain (see Section 2.2.1). Based on our stabil-
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ity analysis, we first propose a stabilizing control law that depends on the actual mode
signal. Next, we consider the case where the mode signal information is sampled and
hence available only at random time instants. By using “sample and hold” technique, we
construct the sampled version of the mode signal. We then propose a control law that
depends only on the sampled mode signal rather than the actual mode signal. We observe
that the closed-loop control system under our proposed control law can be character-
ized as a switched linear stochastic system with a mode signal defined to be a bivariate
stochastic process composed of the actual mode signal and its sampled version. Due to the
fact that the time intervals between mode sampling instants are exponentially distributed,
the bivariate process composed of the actual mode signal and its sampled version turns
out to be a finite-state continuous-time Markov chain. Based on our stability analysis for
switched linear stochastic dynamical systems, we obtain sufficient conditions under which
the proposed control law achieves almost sure asymptotic stabilization (see Section 2.4.1).
Note that the closed-loop system under the control law that we propose resembles a fault
tolerant control system with normal/faulty modes and a “fault detection and isolation
scheme” which is explored in [77] and [78]. In this sense, investigation of the stability
of this closed-loop system is also important due to possible applications in the field of
fault-tolerant control systems as well.

This chapter is organized as follows. In Section 8.2, we present the mathematical
model for continuous-time switched linear stochastic dynamical systems, and provide
sufficient conditions of stability. Furthermore we propose a stabilizing control law that
depends on the mode signal. We investigate feedback stabilization of switched linear
stochastic systems under randomly sampled mode information in Section 8.3. A numerical
example is provided in Section 8.4 to demonstrate the utility of our results. Finally, we

conclude the chapter in Section 8.5.

8.2 Stability and Stabilization of Switched Linear Stochastic

Dynamical Systems

In this section, we first provide the mathematical model for switched linear stochastic

dynamical systems. We obtain sufficient conditions of almost sure asymptotic stability.
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Figure 8.1: Transition diagram of a 3-state Markov chain

Then, we consider switched linear stochastic dynamical systems with control input. Based
on our stability analysis, we propose a piecewise-continuous control strategy that achieves
stabilization of the zero solution of continuous-time switched linear stochastic dynamical

systems.

8.2.1 Sufficient Conditions of Almost Sure Asymptotic Stability

Consider the continuous-time switched linear stochastic dynamical system given by

dz(t) = Ar(t)w(t)dt + Dr(t)x(t)dW(t), t >0, (8.1)

with initial conditions z(0) = x¢ and r(0) = ro, where {z(¢)};+>0 is the R"-valued F;-
adapted state vector, {W (¢)}:>0 is an R-valued F;-adapted Wiener process, A;, D; €
R™" i € M = {1,2,..., M}, are subsystem matrices. The dynamical system (8.1) is
assumed to have M > 1 number of subsystems (modes). Transition between the modes
is characterized by the piecewise constant F;-adapted mode signal {r(t) € M};>o, which
is assumed to be an irreducible Markov chain with generator matrix Q € RM*M and
with a stationary probability distribution 7 € RM. We assume that the Wiener process
{W(t) € R};>o and the mode signal {r(t) € M};>¢ are mutually independent stochastic
processes.

Figure 8.1 shows the mode transition diagram for a switched system with M = 3
modes. Nodes in the figure represent the states of the modes of the switched system,
arrowed edges represent a possible transition between the modes in the direction of the

arrows, and the labels on the edges indicate the transition rates between the paired modes.

Stability of the dynamical system given by (8.1) can be analyzed using a quadratic

Lyapunov-like function.

Theorem 8.1. Consider the switched linear stochastic system given by (8.1). If there exist
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P > 0 and scalars (; € R, ¢ € I, such that

0>ArP+ PA; + DI'PD; — P, ie M, (8.2)
A\ (DEP+ PD;)

Zm(g - D) ) <0, (8.3)

iEM

then the zero solution z(¢) = 0 of the system described by (8.1) is asymptotically stable

almost surely.

Proof. We start by defining the quadratic, positive-definite function V(z) = z* Px.
All modes of the switched system (8.1) are described by multi-dimensional Ito stochastic
differential equations. We can employ Ito formula to obtain

av (@ (t) = (VV (@() Argy(t) + %tr(Dr(t)x(t)a:TDTT(t)V(VV(x(t)))))dt

+ YV (@(t)) Dy (£) AW (1)

= 2" (t)(ANy P+ PAyy) + Dy PDyyy)x(8)dt + 227 () Dy (t)dW () (8.4)

which determines the evolution of V' (z(t)), between consequent switching instants, when
the ith mode is active. Now consider the function In V' (z(t)), which is well-defined for
non-zero values of the state, since V(-) is a positive-definite function. We use Ito formula

once again to compute

dlnV(z(t)) = Al P+ PA, ) + D}y PDypy)z(t)dt

JIT
vam)”

_ MHQQ:T(t)PDT(t)x(t)Hth

+ 22" ()P D,z (t)dW (2). (8.5)

1
V(xz(t))
We integrate (8.5) over the time interval [0, ¢] to obtain

A? P+ PAT(.,-) + DTT(T

() )P‘DT‘(T))"E(T)
V(x(r))

t (T
InV(z(t)) =InV(xo) +/0 (n)( dr

V

_ t# 2T (r 2(P)12dr
| st ()PPt
/0 QI‘T(T)PDT(T)I‘(T)dW(T). (8.6)

Vi(x(r))
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Note that

20" (7)PDy(7)z(t) = @ (1) (Dyr) P + PDy(ry)a(7)

> Amin(D} ()P + PDy(ry)z " (7)2(7)
Amin(DY P+ PD,,
& ( T)E;)ax(P) ( ))xT(T)P-’If(T)- (8.7)
It follows from (8.2), (8.6) and (8.7) that
t )‘12111n(DT( )P+PD7"(T)>
InV(z(t)) <InV(xg) —l—/ (Griry — 5 ydr
0 2)‘max( )
t 1 T
+ /O T (P D)W (), 8.8)

By the strong law of large numbers for irreducible Markov chains [87] we have

1 Main (D) P + PDy(r)) A2, (DTP + PD;)
A YEN 1D (D DR T TR
almost surely. Furthermore, the Ito integral in inequality (8.8),
/ T OPD ()W () (8.10)

is a local martingale with quadratic variation

(L], = /0 (V(;(T))2$T(T)PDT(T)1:(T))2dT
- | s 2 )PPl ar

t 1
< / m(gcT(T)<DrT(T)P+PDT(T))9:<T))

t )‘r2nax( r(T)P + PDT(T))
< / .
0 Aoin(P)
max;e pm A2 (DEP + PD;)
- A2in(P)

min

2d7‘

T

min

(8.11)

Consequently, lim;_, t[L]t < oo. Thus, by using the same approach presented in [49,51],
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we can employ the strong law of large numbers for local martingales [14] to show

lim SL(t) = 0, (8.12)

t—oo t
almost surely. Moreover, it follows from (8.8), (8.9), and (8.12) that

A2 (DIP+ PD;)

1 .
lim sup —InV(z(t)) < 7 (G min . (8.13)
sup V() < 3 (G = S8 )
Finally, by (8.3),
P[tlggo Viz(t)) =0] =1, (8.14)
which implies almost sure asymptotic stability of the zero solution. 0

We employ the stability result presented in Theorem 8.1 for investigating almost sure

feedback stabilization problem in the following sections.

8.2.2 Feedback Stabilization with Continuously Observed Mode

In this section, we develop a stabilizing control law for switched linear stochastic dynam-
ical systems. Consider the continuous-time switched linear stochastic system with control
input given by (3.57). The stabilization problem we discuss in this section is to design
a feedback control law which guarantees the almost sure asymptotic stability of the zero
solution z(¢t) = 0. By assuming that information on the mode signal {r(t) € M};>¢ is
available to the controller for ¢ > 0, we propose a control law of the form u(t) = K, )z (t),
where K; € R™*"™ denotes the state feedback gain for the ith mode. Note that the feed-
back matrix is switched when there is a mode transition. As a result, control input u(-)

may have discontinuities at mode switching instants, which we denote by the sequence

{t1, ta, ...}

Corollary 8.1. Consider the continuous-time switched linear stochastic dynamical system

given by (3.57). If there exist P > 0 and scalars (; € R, i € M, such that

0>ArP+ PA;+ D'PD; —2PB;BfP - (;P, i c M, (8.15)
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and (8.3) are satisfied, then the feedback control law
u(t) = =By Pa(t) (8.16)

guarantees that the zero solution z(¢t) = 0 of the switched stochastic system (3.57) is

asymptotically stable almost surely.

Proof. The result is a direct consequence of Theorem 8.1 with A; replaced by A; —
B;BI'P,ie M. O
The proposed control law (8.16) is a function of the mode signal {r(t) € M};>0, and
hence cannot be used for stabilization when the mode information is available only at
certain time instants or when it is not available at all. For the case where the mode signal

information is not available, one can seek a control law of the form
u(t) = Kx(t), (8.17)

which does not depend on the mode signal {r(¢) € M };>¢. On the other hand, when mode
signal is sampled and only available at certain time instants, sampled mode information

can also be employed in the control law.

8.3 Feedback Stabilization Under Sampled Mode Information

with Exponentially Distributed Random Sampling Intervals

In this section we explore feedback stabilization problem for the case where the mode
signal information {r(t) € M};>¢ of the switched linear stochastic system (3.57) is avail-
able only at certain time instants, which we denote by the sequence {ty = 0,¢1,t9,...}.
We assume that the length of time intervals between these instants are independent ran-
dom variables that are distributed by exponential distribution with parameter A > 0.
As a result, these time instants correspond to occurrences of events of a Poisson process
{N(t) € No}+>0 with the parameter A > 0 (see Section 2.2.2 for explanation of the prop-

erties of Poisson processes). We call A the mode sampling intensity parameter.
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The elements of the sequence {¢o, t1, t2, ...} are characterized by
ty =inf{t : N(t) >k}, k€ No. (8.18)

Note that when the mode sampling intensity )\ is small, the length of the time intervals
(tg,trk+1], k € Ny, are likely to be large; therefore, the mode signal information is expected
to be rarely available.

By employing the “sample and hold” technique we construct the sampled mode signal
{o(t) € M}i>0 of the mode signal {r(t) € M}:>o by using only the available mode

samples {r(to),r(t1),r(t2),...} as
o(t) £ r(tng), t=0. (8.19)

At time instants {¢g, t1,t2, ...}, the sampled mode signal is equal to the actual mode
signal of the switched system, that is, o(t;) = r(tx), k € No. Furthermore, the sampled
mode signal may be discontinuous at the time instant ¢;, & € N, if a mode switch occurs
in the time interval (¢;_1,tx]. Figure 8.1 shows a sample path of the actual mode signal
r(t) and the sampled mode signal o(t) of a switched system (3.57) with M = 3 modes.
Note that when the mode sampling intensity parameter \ is sufficiently large, mode signal
information samples will be frequently available; therefore, {c(t) € M };>¢ is likely to be
a good representation of the mode signal.

Now, we show that under certain conditions, the zero solution of the switched linear
system (3.57) can be stabilized by a controller that depends only on the sampled informa-
tion of the mode signal rather than the actual mode signal. Specifically, we consider the

control law of the form
u(t) = Ka(t)l‘(t). (820)
The closed-loop system (3.57) under the control law (8.20) is given by

dz(t) = (Ar(t) + Br(t)KU(t))J?(t)dt + Dr(t)x(t)dW(t). (8.21)
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Figure 8.1: Actual mode signal r(¢) and the sampled mode signal o(t) versus time

We now verify that the closed-loop system (8.21) can be expressed as a switched linear
stochastic dynamical system described by (8.1). For finite values of the mode sampling
intensity parameter ), the sampled mode signal is imperfect, that is, the actual mode signal
r(t) and the sampled mode signal o(¢) may take different values when ¢ # ¢, k € Ny. We

define the bivariate stochastic process

{7(t)}iz0 = {(r(t),0()) }o0- (8.22)

Under the assumption that the Poisson process {N(t) € Ny}:>0 and the mode signal

{r(t) € M}>o are independent stochastic processes, for any ¢, j, k,l € M,

PIA(t 4+ At) = (4, 1) [ 7(t) = (i, k)]

¢

¢ijAt + o(At), i#g k=1,
1+qi7¢At+o(At), i=7=k=I,
= Y AAt + o(At), i=g, k#Li#k, (8.23)

1+ qi At — AAL+o(AL),  i=j, k=1,i#k,

o(At), otherwise.

It follows that the bivariate stochastic process {#(¢)}+>o is a Markov chain with M? states

givenby {(1,1),(2,1),...,(M,1),(1,2),(2,2), ..., (M,2),...,(1, M), (1, M),..., (M, M)?}.
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Figure 8.2: Transition diagram of a Markov chain of 9 states with a special structure for
M =3

We enumerate the states in this order as M £ {1,2,..., M?}. Furthermore, the generator

of the Markov chain {#(t) € M};>¢ is given by

TV A o AJM

a2 g

o=| """ Mo (8.24)
ML A2, . TM

where T = Q — My + A\J},, i € M, and J, € RM*M denotes the matrix with the (i, i)
entry being 1 and the rest of the entries being zero.

The Markov chain {#(t) € M = {1,2,..., M?}};>0 can be represented by a transition
diagram with a special graph structure of M? nodes (Figure 8.2). In this graph structure,
the nodes are placed in M layers. Nodes in the ith layer are numbered as {(i — 1)M +
1,6 —1)M +2,...,(i — 1)M + M}. Graph structure of each separate layer resembles
the transition diagram of the Markov chain {r(t) € M};>o. For example, an arrowed
edge directed from the ((: — 1)M + j)th node to the ((: — 1)M + k)th node represents a
possible transition from the state j to the state k of the Markov chain {r(t) € I};>0. On
the other hand, between two distinct layers 7 and j in the graph structure of the Markov
chain {#(t) € M};so, there exist two directed edges: one from the ((i — 1)M + j)th node
in the ith layer to the ((j — 1)M + j)th node in the jth layer, and another one from the
((j — 1)M + i)th node in the jth layer to the ((: — 1)M + j)th node in the ith layer. The
directed edge from the ith layer to the jth layer represents a possible change in the state

of the sampled mode signal {o(t) € M};>o from i to j.
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Since the mode signal {r(t) € M};>¢ is irreducible, there exists a directed path
between each pair of nodes within each layer of the transition diagram of the Markov
chain {#(t) € M};>o. Furthermore, there exists a directed edge from each layer to an-
other layer. It follows that there exists a directed path from each node to another node
in the transition diagram of the Markov chain {#(t) € M};>o. We conclude that the
Markov chain {7(t) € M}tz() is also irreducible. Consequently, there exists a unique
stationary probability distribution # € R™* such that #TQ = 0, #; > 0,7 € M, and
2iemt i = 2iem Djem F(i—n)mM4j = 1

The Markov chain {7(¢) € M}tz() is irreducible; therefore, we can express the closed-
loop system (8.21) as a comparison system which is a switched linear stochastic dynamical
system of M? modes described by (8.1) with subsystem matrices Ai—1)m+; replaced by
Aj—BjK;,and D(;_yyy4; replaced by Dj, for 4, j € M. The transition between the modes
of this comparison system is represented by the transition diagram of the Markov chain
{#(t) € M}s>0 with M layers.

We now state our main result on the almost sure asymptotic stabilization of the switched
stochastic dynamical system (3.57) under sampled mode information. The result is based

on the stability analysis for the comparison system (8.1) stated in Theorem 8.1.

Theorem 8.2. Consider the continuous-time switched linear stochastic dynamical system

given by (3.57). If there exist P > 0 and scalars (; € R, i € M, such that (8.15) and

A (DJTP—i—PDj)> 0

iEM jEM max
where
Cja 1= ja
Bij = (8.26)
2Xmax(PBjBI P)  Amin(P(B; Bl +B;Bl)P) .
G Aoin(P) X (P) ;o LF],

and # € RM” is the unique stationary distribution of the Markov chain {#(t) € M =

{1,2,..., M?}};>¢ characterized by the generator matrix Q) given in (8.24), then the feed-
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back control law (8.20) with the feedback gain matrix given by
Ko@) = —ByyP, (8.27)

guarantees that the zero solution z(¢) = 0 of the closed-loop system (3.57) and (8.20) is

asymptotically stable almost surely.

Proof. The closed-loop system under the control law (8.27) can be expressed as a
comparison system which is a switched linear stochastic system given by (8.1). The com-
parison system is composed of M2 modes described by the subsystem matrices AG—1)M+j
replaced by A; — B; B P, and D(;_1); replaced by Dj, for i, j € M. The mode signal of
the comparison system is the Markov chain {#(t) € M = {1,2,..., M?}};>o characterized
by the generator matrix @ given in (8.24). We set the initial conditions of the comparison
system as x(0) = zp and r(0) = 7(0). Almost sure asymptotic stability of the zero solu-
tion of the comparison system (8.1) implies almost sure asymptotic stability of the zero
solution of the system (3.57). Thus the result follows from Theorem 8.1 with ((;_1)a/4;
replaced by 3; ;, for i, j € M. O

The transition rates g¢; ;, i,j € M, as well as the mode sampling intensity X affect the
stability conditions of the closed-loop system under the control law (8.27). Note that the
stationary distribution # € RM * also depends on the values of both ¢; ;, i,j € M, and
\. Therefore, the condition (8.25), which involves the stationary distribution # € R 2, is
satisfied only for certain values of ¢; ;, i,j € M, and .

When the transition rates ¢; j, 7, j € M, are large, switchings between the modes of the
system (3.57) are likely to be frequent. In this case, if the mode sampling intensity A is very
small, then the stationary probability distributions associated with the states {(i—1)M+j :
i,j € M, i # j} are high. Furthermore, the sampled mode signal {o(t) € M};>¢ is
expected to differ from the mode signal {r(t) € M};>o. On the contrary, when the mode
switchings are statistically rare and the mode sampling intensity ) is sufficiently large, the
stationary probability distributions associated with the states {(i — 1)M +1i : i € M} are
high. Moreover, {o(t) € M}:>0 is expected to be a good representation of the mode signal

{’I“(t) S M}tzo.
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8.4 Illustrative Numerical Example

In this section, we present a numerical example to demonstrate the efficacy of our ap-
proach. Specifically, we consider the switched linear stochastic dynamical system (3.57)

with M = 3 modes described by the subsystem matrices given by

2 =2 1 0

Al = ) By = )
3 1.5 01
1.5 0 0 0

A2 == 5 BQ — 3
0 2 0 0

2 1 -1 0.3

A3 = ) B3 = )
—-0.5 3 02 1

and D; = Dy = D3 = I. The mode signal {r(t) € M £ {1,2,3}};>¢ of the system is

assumed to be a 3-state Markov chain characterized by the generator matrix

Q=11 -2 1 |- (8.28)

The mode signal {r(t) € M};>( is assumed to be available only at certain time instants.
Furthermore, intervals between these time instants are assumed to be distributed inde-
pendently by exponential distribution with the parameter A = 5.

The bivariate stochastic process {#(t) € M £ {1,2,...,9}}+>¢ defined in (8.22) is a

Markov chain with the unique invariant distribution given by

A I hieM i=j
T(i—1)M+j =
s bJEMi#].
Note that the positive-definite matrix P = 5[5 and the scalars (; = —4.3, (o = 5,

(3 = —3.3 satisfy the conditions (8.15) and (8.25). Therefore, it follows from Theorem 8.2

that the control law (8.20) guarantees almost sure asymptotic stability of the zero solution
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Figure 8.1: State trajectory versus time (mode sampling intensity parameter A\ = 5)

z(t) = 0 of the system given by (3.57).

With initial conditions #(0) = [1, 1]" and (0) = 1, Figures 8.1 and 8.2 show sample
paths of z(¢) and u(t), respectively.

The piecewise-continuous control law (8.20) depends on the sampled mode signal
information o(¢). As a consequence, control profile is subject to jumps when o (t) changes
its value at mode sampling instants. Note that both the mode sampling intensity and the
frequency of mode switches directly affect the quality of the representation of the actual
mode signal by the sampled mode signal. In this example, the sampling intensity A = 5
is relatively high compared to the frequency of mode switches; consequently, the sampled
mode signal o(t) closely matches the actual mode signal r(¢) (see Figure 8.3).

When the mode sampling intensity parameter A is small, the mode signal is sampled
statistically rarely, and hence the performance of the approximation is expected to be poor.
As a consequence, the control performance may also deteriorate. In order to demonstrate
the effect of a relatively small mode sampling intensity parameter, we set A\ = 1 and obtain
sample paths of the state z(t), the control input u(t¢), as well as the actual mode signal r(¢)

and its sampled version o(t¢), which we present in Figures 8.4-8.6 respectively.
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Figure 8.4: State trajectory versus time (mode sampling intensity parameter A\ = 1)
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Figure 8.5: Control input versus time (mode sampling intensity parameter A = 1)
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Figure 8.6: Actual mode signal r(¢) and the sampled mode signal o(t) versus time (mode
sampling intensity parameter A = 1)

8.5 Conclusion

The stability of continuous-time switched linear stochastic systems was investigated. A
quadratic Lyapunov-like function has been employed for obtaining sufficient almost sure
asymptotic stability conditions. Moreover, feedback stabilization of the zero solution under
sampled mode information was explored. The intervals between mode sampling time
instants are assumed to be exponentially distributed random variables. We proposed a
piecewise-continuous control law that guarantees almost sure asymptotic stability of the
zero solution. The proposed control law depends only on the sampled mode signal which
is constructed from the available mode samples by using “sample and hold” technique.

In Chapter 9 below, we investigate stabilization of a discrete-time switched stochastic
system under the assumption that the active operation mode of the switched system is
available for control purposes at random time instants. In this sense the control problem
we consider in Chapter 9 is closely related to the feedback control problem that we have

explored in this chapter.
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Chapter 9

Feedback Control of Discrete-Time
Switched Stochastic Systems Using
Randomly Available Active Mode
Information

9.1 Introduction

In Chapters 6 and 7 we investigated the stabilization of discrete-time switched stochas-
tic systems for the case where only sampled mode information is available for control
purposes. Under the assumption that the active mode can be periodically observed, we
proposed stabilizing feedback control frameworks that utilize the available mode informa-
tion.

In this chapter our goal is to explore feedback stabilization of discrete-time switched
stochastic systems for the case where the active operation mode, which is modeled as a
finite-state discrete-time Markov chain (see Sections 2.3.1 and 2.3.2), is observed only
at random time instants. Specifically, we assume that the length of intervals between
consecutive mode observation instants are identically distributed independent random
variables. We employ a renewal process (see Section 2.3.3) to characterize the occurrences
of random mode observations. This characterization allows us to also explore periodic
mode observations, which are discussed in Chapters 3, 6, and 7, as a special case.

We propose a linear feedback control law with a piecewise-constant gain matrix that
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is switched depending on the value of a randomly sampled version of the mode signal. In
order to investigate the evolution of the active mode together with its randomly sampled
version, we construct a stochastic process that represents sequences of values the mode
takes between random mode observation instants. This sequence-valued stochastic pro-
cess turns out to be a countable-state Markov chain defined over a set that is composed of
all possible mode sequences of finite length. We first analyze the probabilistic dynamics of
this sequence-valued Markov chain. Then based on our analysis, we obtain sufficient sta-
bilization conditions for the closed-loop switched stochastic system under our proposed
control framework. These stabilization conditions let us assess whether the closed-loop
system is stable for a given probability distribution for the length of intervals between
consecutive mode observation instants. As this probability distribution is not assumed to
have a certain structure, the result presented in this chapter can also be considered as
a generalization of the result provided in Chapter 8, where stabilization problem is dis-
cussed in continuous time and the random intervals between mode sampling instants are
specifically assumed to be exponentially distributed. In this chapter we also explore the
case where perfect information regarding the probability distribution for the length of in-
tervals between consecutive mode observation instants is not available. For this problem
setting, we present alternative sufficient stabilization conditions which can be used for
verifying stability even if the distribution is not exactly known.

The contents of this chapter are as follows. In Section 9.2, we propose our feedback
control framework for stabilizing discrete-time switched stochastic systems under ran-
domly available mode information. Then in Section 9.3, we present sufficient conditions
under which our proposed control law guarantees almost sure asymptotic stabilization.
In Section 9.4, we demonstrate the efficacy of our results with two illustrative numerical

examples. Finally, in Section 9.5 we conclude the chapter.

9.2 Stabilizing Discrete-Time Switched Stochastic Systems with

Randomly Available Mode Information

In this section, we propose a feedback control framework for stabilizing a switched stochas-

tic system by using only the randomly available mode information. Specifically, we con-
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Figure 9.1: Mode transition diagram for {r(k) € M = {1, 2} }xen,

sider the discrete-time switched linear stochastic dynamical system with M € N number
of modes given by (6.1) with the initial conditions z(0) = x¢ and r(0) = ro. Hence,
the initial distribution of the mode signal {r(k) € M £ {1,2,,..., M} }ren, is given by
v: M —[0,1] such that v,, = 1 and v; = 0, 7 # 7.

We use the matrix P € RM*M to characterize probability of transitions between the
modes of the switched system. Specifically, p; ; € [0,1], which is the (¢, j)th entry of the

matrix P, denotes the probability of a transition from mode ¢ to mode j. Furthermore, we
0

. . (1) .
;; to denote (i, j)th entry of the matrix P!. Note that p; € [0,1] is in fact the I-step

use p i

transition probability from mode i to mode j, that is,

P 2 Plr(k+1) = jlr(k) =i, 1 € No, 1,5 € M, 9.1

Z?]

with pgg) =1,i€ M, pgg) =0, i # j. Furthermore, pgj) = pij, i,j € M. Mode signal can
be represented using a transition diagram, which shows possible transitions between the
operation modes of the switched system. Mode transition diagram for a switched system
with two modes is shown in Figure 9.1.

In this chapter, we assume that the mode signal is an aperiodic, irreducible Markov

chain and has the invariant distribution 7 : M — [0, 1].

9.2.1 Feedback Control Under Randomly Observed Mode Information

In this chapter, active mode of the switched stochastic system (6.1) is assumed to be
observed only at random time instants, which we denote by ¢; € Ny, i € Ny. We assume
thattp = O and 7; 2 t; — t;,_1 € N, i € N, are independent random variables that are
distributed according to a common distribution p : N — [0,1] for all i« € N such that
. > +en Thr < 00. In this problem setting, the initial mode information g is assumed

to be available to the controller, and a renewal process { /N (k) € No}ren, is employed for

counting the number of mode observations that are obtained after the initial time. We
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assume that the renewal process {N (k) € No}xen, and the mode signal {r(k) € M }en,
are mutually independent.

Following our approach in Chapter 3, we employ a linear feedback control law with a
‘piecewise-constant’ feedback gain matrix that depends only on the obtained mode infor-

mation. Specifically, we consider the control law
u(k) = K,gyw(k), k€ Ny, (9.2)
where {o(k) € M}ren, is the sampled version of the mode signal defined by
o(k) £ r(tnw), k€ No. (9.3)

Note that the sampled mode signal {o(k) € M }1cn, acts as a switching mechanism for the
linear feedback gain, which remains constant between two consecutive mode observation
instants, that is, K,y = Ky, for k € [ti, ti11).

Between two consecutive mode observation instants, the feedback gain K., stays
constant, whereas the active mode r(-) of the dynamical system (6.1) may change its
value. Stabilization performance under the control law (9.2) hence depends not only on
the length of the intervals between random mode observation instants, but also on how
the active mode switches during the intervals.

In Figure 9.2, we show sample paths of the active mode signal r(-) and its sampled
version o(-) for a switched stochastic system with A/ = 2 modes. In this example, active
mode is observed at time instants t) = 0, ¢t = 2, to = 5, t3 = 6, t4 = 8, .... Note that at
mode observation instants actual mode signal r(-) and its sampled version o(-) have the
same value. However, at the other time instants, sampled mode signal may differ from
the actual mode, since between mode observation instants, the actual mode signal may
change its value.

In order to investigate the evolution of the active mode between consecutive mode
observation instants, we construct a new stochastic process {s(¢)};cn, that takes values

from a countable set of mode sequences of variable length. Specifically, we define the
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Figure 9.2: Actual mode signal (k) and its sampled version o (k)

sequence-valued stochastic process {s(¢) }ien, by

s(i) = (r(ti),r(ti +1),...,r(tiy1 — 1))7 1 € Ng, (9.4)

with ¢;, i € Ny, being the random mode observation instants. By the definition given in
(9.4), s(i) represents the sequence of values that the active mode r(-) takes between the
mode observation instants ¢; and ¢,11. Hence, s, (i), which denotes the nth element of the
sequence s(i), represents the value of the active mode r(-) at time ¢; + n — 1. Furthermore,
the value of the sampled mode signal o(-) between time instants ¢; and ¢;; is represented
by s1(i) = r(t;). Note that the active mode is observed and becomes available for control
purposes only at time instants ¢;, i € Ny. Thus, the controller has access only to the
observed mode data o(t;) = r(¢;), i € Ny, which correspond to the first elements of the
sequences s(i), i € Ny.

For the sample paths of active mode signal r(-) and its sampled version o(-) shown in
Figure 9.2, mode sequences between mode observation instants typ = 0, t; = 2, to = 5,
ts = 6, t4 = 8, are given as s(0) = (1,2), s(1) = (2,1,2), s(2) = (2), s(3) = (2,1). The key
property of the stochastic process {s() }ien, is that, a given mode sequence s(i) indicates
full information of the active mode as well as the information the controller has during

the time interval between consecutive mode observation instants ¢; and ¢;, 1.
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Figure 9.3: Transition diagram of the sequence-valued discrete-time countable-state
Markov chain {s(i) € S £ {(1),(2),(1,1),...}}ien, over the set of mode sequences of
variable length

In what follows, we explain the probabilistic dynamics of the stochastic process {s(7) }ien,
and provide key results that we will use in Section 9.3 for analyzing stability of the closed-

loop switched stochastic control system (6.1), (9.2).

9.2.2 Probabilistic Dynamics of Mode Sequences

The possible values of sequence that the stochastic process {s(i)}icn, may take are char-

acterized by the set

S2{(q1,q2,--,q) Dgnsgner > 0, ne{L, ..., 7 —1};

n EM,ne{l,...,7}; ur >0} (9.5)

Note that the sequence-valued stochastic process {s(i)}icn, is a discrete-time Markov
chain on the countable state space represented by S, which contains all possible mode
sequences for all possible lengths of intervals between consecutive mode observation in-
stants. For example, consider the case where the switched system (6.1) has two modes.
Furthermore, suppose that . > 0 for all 7 € N. In other words, lengths of intervals
between mode observation instants may take any positive integer value. In this case,
the state space S = {(1),(2),(1,1),(1,2),...} contains all finite-length mode sequences
composed of elements from M = {1,2}. See Figure 9.3 for the transition diagram of

countable-state Markov chain {s(i) € S}en, of this example.
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It is important to note that if the set {r € N : p,; > 0} has finite number of ele-
ments, then set S will also contain finite number of sequences. In other words, if the
lengths of intervals between mode observation instants have finite number of possible
values, then the number of possible sequences is also finite. For example, consider the
case where the operation mode of the switched system, which takes values from the in-
dex set M = {1, 2}, is observed periodically with period 2, that is, uo = 1. In this case,
S={(1,1),(1,2),(2,1),(2,2)} (see Figure 9.4).

We now characterize the initial distribution and the state-transition probabilities of the
discrete-time Markov chain {s(i) € S}ien, as functions of the initial distribution and the
state-transition probabilities of the mode signal {r(k) € M}ren,. Specifically, the initial

distribution A : § — [0, 1] of the discrete-time Markov chain {s(i) € S}ien, is given by

=Pt = |q,7(0) = q1,-..,7(|lg| — 1) = qiy]
=Pty =lq| | 7(0) = q1,...,7(lg| = 1) = q|]

Plr(0) =q1,...,7(lgl = 1) = q¢], ¢ € S. (9.6)

Since the mode signal {r(k) € M}ien, and the mode observation counting process
{N(k) € Np}ien, are mutually independent, mode transitions and mode observations
occur independently. Hence, ¢; = 7 is independent of r(n) for every n € Ny. As a

consequence,

Aq =Plt1 = |q[] P[r(0) = q1, ..., 7(lg] = 1) = qiq]

=Pty = [q|] P[r(0) = q]
lq|—1
T Blr) = guaalrn - 1) = 4]
n=1

lgl—1 . _
_ M‘Ql Hn:l an:(InJrl? if q1 = To, (97)

0, otherwise,

for ¢ € S. Note that s;(0), which is the first element of the first mode sequence s(0), is

equal to the initial mode rg.
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Figure 9.4: Transition diagram of the sequence-valued discrete-time Markov chain {s(i) €
) £ {(17 1)7 (L 2)7 (27 1)7 (27 2)}}7L6N0

Probability of a transition from a mode sequence ¢ € S to another mode sequence

g € S is given by

peq = Pls(i +1) = qls(i) = q],
=Plrip1 = |gl,r(tiv1) = @, - -+,
r(tiv1 + 1l — 1) = g | 7 = lal,

r(ti) =q,...,r(ti+]q —1) = Q\q|]a (9.8)

for i € Ny. Note that 7;;; is independent of the random variables r(n), n € Ny, and .
Furthermore, given r(¢; +; — 1), the random variable r(¢;;1) is conditionally independent

of r(t;),...,r(t; + 7 — 2), and 7. It follows that

paq =Plrit1 =a,r(tiv1) =@, - - -,
r(ti +1q — 1) = g | vt + gl — 1) = qiq]

=Plr(tiv1) = q@ |r(ti+ gl — 1) = qq|P[ri+1 = |q]]

|g]—1
] Plr(tivs +n) = Guralr(tizn +n— 1) = Ga)
n=1
|g]—1
=Pay.@s Ha || Pavdnsrs i€ No. (9.9)
n=1

Note that s in (9.9) represents the probability that length of the interval between two
mode observation instants is equal to the length of the sequence ¢, whereas Paq@1 € [0, 1]
represents the transition probability from the mode represented by the last element of
sequence ¢, to the mode represented by the first element of the sequence ¢. Furthermore,
the expression Hf'z_ll Pgn.,ans: denotes the joint probability that the active mode takes the

values denoted by the elements of the sequence g until the next mode observation instant.
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Since the mode signal {r(k) € M }xen, is aperiodic and irreducible, mode sequences
may start with any of the possible modes indicated by the index set M = {1,...,M}.
Furthermore, it is possible to reach from any mode sequence to another mode sequence
in a finite number of mode observations. Hence, the discrete-time Markov chain {s(i) €
S}ien, is irreducible. In Lemma 9.1 below, we provide the invariant distribution for the
countable-state discrete-time Markov chain {s(i) € S}ien,. The invariant distribution for
the case where S contains only sequences of fixed length 7" € N is provided in [86]. In
Lemma 9.1, we consider the more general case where S may contain countably infinite

number of sequences of all possible lengths.

Lemma 9.1. Discrete-time Markov chain {s(i) € S}ien, has the invariant distribution
¢:S—[0,1] : ¢ — ¢, given by

lgl—1
¢q £ Tq1 Hq| H Pgnsgni1s 4 € S, (9.10)

n=1

where 7 : M — [0,1] and p; ;, i, j € M, respectively denote the invariant distribution and

transition probabilities of the finite-state Markov chain {r(k) € M }ren,-

Proof. We prove this result by showing that ¢5 = > ges PaPa, for all g € S. It follows
from (9.9) and (9.10) that

lg|—1 lg|-1

Z%Pq,q = (Zﬂqlulql( H pqn,qnﬂ)l)qmm)ﬂ\ql H Pan,gnp1r €S, 9.11)
n=1 n=1

qeS qES

Now let S; 2 {¢ € S : |q| = 7}, 7 € N. Note that the set S, contains all mode sequences

of length 7. We rewrite the sum in (9.11) to obtain

|q‘_1 —1
Z’ﬂ"h/‘”fl‘( H anvanrl)pq‘qhql - ZMT Z 7Tq1( H anJZn«H)qu,ql
q€s n=1 TeN €S- n=1
T—1
- Z Hr Z o Z Tq ( H an7qn+1)qu,ql- (9.12)
TEN qrEM q EM n=1

Note that since 7 : M — [0, 1] is the invariant distribution of the finite-state Markov
chain {r(k) € M}en,, it follows that > .\, mp;; = 7, i,j € M. Thus, we have

ane/\/t TgnPansgnir = Tansrs M € {1,...,7 — 1}, and ZqTEM g, Dg-.i = Tq - As a result,

185



from (9.12) we obtain

lgl—1
ZWQIMQI( H an,an)pmq\m = Z HrTq
qeS n=1 TEN
= Tg, . (9.13)
Finally, substituting (9.13) into (9.11) yields
lg|—1
> baraq =mama [ Pavnis
qeS n=1
which completes the proof. O

We have now established that the countable-state Markov chain {s(k) € S}yen, is
irreducible and has the invariant distribution presented in Lemma 9.1. In the next section,
we use the ergodic theorem provided in Section 2.3.2 for {s(k) € S}ien, to obtain the

main results of this chapter.

9.3 Sufficient Conditions for Almost Sure Asymptotic Stabiliza-
tion
In this section, we employ the results presented in Section 9.2 to obtain sufficient con-

ditions for almost sure asymptotic stabilization of the closed-loop system (6.1) under the

control law (9.2).

Theorem 9.1. Consider the switched linear stochastic system (6.1). If there exist matrices

R >0, L; € R™*" j € M, and scalars Gi,j € (0,00), 7,5 € M, such that

0> (A;R+ B;L;)"R™Y(A;R+ B;Lj) — Gi jR, i,j € M, (9.15)
Z,LLT Z Z Wipgfgl) In¢;; <0, (9.16)
7eN  I=14jeM
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then the linear feedback control law (9.2) with the feedback gain matrix
Koy = LogyR71, (9.17)

guarantees that the zero solution z(k) = 0 of the closed-loop system (6.1) and (9.2) is

asymptotically stable almost surely.

Proof. First, we define V(z) 2 2" Rz, where R £ R~'. It follows from (6.1) and

(9.2) that
V(z(k+1)) =" (k) (A + Brin Ko) R(Arx) + Briy Koz (k), k € No.  (9.18)
We set L; = KjR_l, j € M, and use (9.15) and (9.18) to obtain

Vi(z(k+1)) < GyomV (@(k))

< n(k)V(2(0)), k€ N, (9.19)

where n(k) £ Hﬁ:o Cr(n),o(n)> & € N. We will first show that n(k) — 0 almost surely as

k — oo. Note that n(k) > 0, k € Ny. Then, it follows that

k
Inn(k) = Zlngr(n),a(n)' (9.20)
n=0

By using the definitions of stochastic processes { N (k) € No}ren, and {s(i) € S}ien,, we

obtain

Ny —1 k

h“?(k'): Z 1n<r(n),a(n)+ Z lngr(n),a(n)

n=0 n:tN(k)
N(k)—1 k
(2

fs(z)"i' Z lngr(n),a(n)v (9.21)

=0 TL:tN(k)

where ¢, £ ZL?':l In¢y, q>q €S-

Next, in order to evaluate limy_,o +1nn(k), note that limy_,o + Zﬁ:m(k) NG, (1) o (n) =
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0. Consequently,

N(k)—1
hrglo Elnn = hm — Z &s(i)
Nk 1 MO
g e o

It follows as a consequence of the strong law of large numbers for renewal processes (Sec-
tion 2.3.3) that limg_, % = %, where 7 = ) __y 7u,. Furthermore, by the ergodic the-
orem for countable-state Markov chains (Section 2.3.2), it follows that lim,,_, oo % Yoo Esi) =

> ges Pq€q- Using the invariant distribution ¢ : S — [0, 1] given by (9.10), we get

lg|-1 ]

1
lim %1117](]‘5) =2 (maumg H Pan nin Zlncqm,m (9.23)

k—o0
qES

Now let S; 2 {¢ € S : |q| = 7}, 7 € N. Note that the set S, contains all mode sequences

of length 7. It follows from (9.23) that

lgl—1 lq|
hm %lnn(k) == Z Z Tg1M|q| H Pan,gns1 Z In Cg,qn
k=00 TEN qES,
= %Z Hr Z 7"(11(1—[ pqn,an) Z In.Cg0n
TEN qeS, = =

—z Z Hr Z Z g, ( H Pamsgnsr) 0 g an - (9.24)

TGN m=1qeS;

Furthermore, let Si’l' 2{qeS q=14,q=73},4,5€ M,l€{1,2,....,7 —1}. The set
Si’ z‘ contains all mode sequences of length 7 that have i € M and j € M as the 1st and

the /th elements, respectively. We use (9.1) to obtain

Z Tqy Hpqnyth»l InCgpq = Z Z Tqy Hpqn»(In+l In Cg;.q1

qES, i,jEM qESl »J

T—1
= > mlnGi Y (J] panaarn)

’L,jEM quZJ n=1

= 3wl (9.25)

i,jEM
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Substituting (9.25) into (9.24) yields

kh_>r1010 flnn ZMTZ Z sz” lnCN. (9.26)

TGN =1 i,je M

Now, since 7 = >y Tpr < 00, as a result of (9.16), we have

1
hm —lnn(k) < 0. (9.27)
k—oo k
Thus, limg_,o Inn(k) = —oo almost surely; furthermore, P[limg_,o, n(k) = 0] = 1. By

(9.19) we have V(z(k + 1)) < n(k)V(x(0)), k € N, and therefore,

P[lim V(z(k)) = 0] =1, (9.28)

k—o0

which implies that the zero solution of the closed-loop system (6.1), (9.2) is asymptotically
stable almost surely. O

Theorem 9.1 provides sufficient conditions for almost sure asymptotic stability of the
closed-loop system (6.1) and (9.2). Conditions (9.15) and (9.16) of Theorem 9.1 indicate
dependence of stabilization performance on subsystem dynamics, mode transition proba-
bilities, and random mode observations. Specifically, ¢; ; in (9.15) characterizes an upper
bound on the growth of a Lyapunov-like function, when the switched system evolves ac-
cording to dynamics of the ith subsystem and the jth feedback gain. Furthermore, the

effect of mode transitions on the stabilization is reflected in (9.15) through the limiting
)

distribution 7 : M — [0, 1] as well as [-step transition probabilities p; ;, ¢, j € M. Finally,
the effect of random mode observations is indicated in condition (9.15) by x : N — [0, 1],
which represents the distribution of the lengths of intervals between consecutive mode

observation instants.

Remark 9.1. It is important to investigate conservativeness of the obtained stabilization
conditions. To this end, first note that we analyze the stability of the closed-loop system
through the Lyapunov-like function V(z) £ 2T Rz with R = R~!, where R is a positive-
definite matrix that satisfy (9.15). The scalar ¢;; € (0,00) in (9.15) characterizes an

upper bound on the growth of the Lyapunov-like function, when the switched system
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evolves according to dynamics of the ith subsystem and the jth feedback gain. Note
that if ¢; ; € (0,1) for all 4,j € M, it is guaranteed that the Lyapunov-like function will
decrease at each time step. However, we do not require (;; € (0,1) for all i,j € M.
There may be pairs i,j € M such that (; ; > 1, hence Lyapunov-like function V() may
grow when ith subsystem and the jth feedback gain is active. As long as ¢, j, i,j €
M, satisfy (9.16) the Lyapunov-like is guaranteed to converge to zero in the long-run
(even if it may grow at certain instants). Note that eventhough the conditions (9.15),
(9.16) allow unstable subsystem-feedback gain pairs, some conservativeness may still arise
due the characterization with single Lyapunov-like function. This conservatism can be
reduced with an alternative approach with multiple Lyapunov-like functions assigned for

each subsystem-feedback gain pairs (see Chapter 6).

Remark 9.2. In order to verify conditions (9.15) and (9.16) of Theorem 9.1, we take an
approach similar to the one presented in Chapters 6 and 7. Specifically, we use Schur

complements (see [115]) to transform condition (9.15) into the matrix inequalities

R AT
0< Cf Yl jeEM, (9.29)
A; R

where A;; £ (A;R + B;L;), i,j € M. Note that the inequalities (9.29) are linear in
R and L;, i € M. In our numerical method, we iterate over a set of the values of Gijs
i,j € M, that satisfy (9.16) and at each iteration we look for feasible solutions to the
linear matrix inequalities (9.29). In Section 9.4 below, we employ this method and find
values for matrices R € R™ " [, € R™*" j ¢ M, and scalars G,j € (0,00),1,7 € M that
satisfy (9.15), (9.16) for a given discrete-time switched linear system. It is important to
note that the scalars (; ; € (0,00),7,57 € M, that satisfy (9.16) form an unbounded set.
Note that this set is smaller than the entire nonnegative orthant in RM *. However, we still
need to reduce the search space of (;;,7,7 € M. To this end, first note that it is harder
to find feasible solutions to linear matrix inequalities given by (9.29) when the scalars
Gij i, j € M, are close to zero. Note also that if there exist a feasible solution to (9.29)
for certain values of (; ;,4,j € M, then it is guaranteed that feasible solutions to (9.29)

exist also for larger values of (; ;,,j € M. Therefore, we can restrict our search space and
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iterate over large values of (; j,¢,j € M, that satisfy (9.16), and check feasible solutions
to (9.29). Specifically, we only iterate over (; ;, 4, j € M, that is close to the search space’s
boundary identified by >y pr D221 D jem mpl(.fj_l) In¢;; = 0. Now note that in order
for (9.16) to be satisfied, there must exist at least a pair i, j € M such that ¢; ; < 1. Since
the scalar (; ; represens the stability/instability margin for the dynamics characterized by
the ith subsystem and the jth feedback gain, we expect (;; < 1 for stabilizable modes

i € M. This further reduces the search space for our numerical method.

Remark 9.3. Note that conditions (9.15) and (9.16) presented in Theorem 9.1 can also
be used for determining almost sure asymptotic stability of the switched stochastic control
system (6.1), (9.2) with periodically observed mode information. The renewal process
characterization presented in this chapter in fact encompasses periodic mode observations
(explored previously in Chapters 6 and 7) as a special case. Specifically, suppose that
the mode observation instants are given by ¢; = iT, i € Ny, where T' € N denotes the
mode observation period. Our present framework allows us to characterize periodic mode
observations by setting the distribution p : N — [0, 1] such that yp = 1and pu, =0, 7 # T.

Note that condition (9.16) of Theorem 9.1 for this case reduces to

T

SN mn Ve <o (9.30)

I=114,jeM

Furthermore, if the controller has perfect mode information at all time instants (7' = 1,
hence o(k) = r(k), k € Np), condition (9.16) takes even a simpler form given by the

inequality

> milng <0, (9.31)

ieM

Remark 9.4. Condition (9.16) of Theorem 9.1 has a simpler form also for the case where
the length of intervals between consecutive mode observation instants are uniformly dis-

tributed over the set {7, 71, + 1,..., 71} with 71, 74 € N such that 71, < 753. In this case
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Figure 9.1: Uniform distribution given by (9.32) with 7, = 2 and 7y = 5 for the length of
intervals between consecutive mode observation instants
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the distribution i : N — [0, 1] is given by

1 .
—_— if re{m,m,+1,...,ma},
pp & o (9.32)

0, otherwise.

Figure 9.1 shows the distribution (9.32) for an example case with 71, = 2 and 7y = 5.

With (9.32), condition (9.16) of Theorem 9.1 reduces to the inequality

ZH i > mpﬁf; Vg <o0. (9.33)

=11, =1 i jEM

Remark 9.5. Note that our probabilistic characterization of mode observation instants
also allows us to explore the feedback control problem under missing mode samples.
Specifically, consider the case where the mode is sampled at all time instants; however,
some of the mode samples are lost during communication between mode sampling mech-
anism and the controller. Suppose that the controller receives a sampled mode data at
each time step k£ € N with probability § € (0, 1). In other words, the mode data is lost with

probability 1 — #. We investigate this problem by setting
pr2(1-6)7"'9, 7eN. (9.34)

Figure 9.2 shows the geometric distribution (9.34) with # = 0.3.
It turns out that for p, : N — [0,1] given by (9.34), the left-hand side of condition

(9.16) has a closed-form expression. Note that by changing the order of summations and
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Figure 9.2: Geometric distribution given by (9.34) with § = 0.3 for the length of intervals
between consecutive mode observation instants

using (9.34), we can rewrite the left-hand side of (9.16) as

ZMTZ Z Wlp(l 2 1an,i: Z TrllnC]lZ/J‘TZpl

TEN =1 1i,j5eM i,jEM TEN =1
= > TFilan,iZng_l)ZuT
ijeM =1 =l
-1
= Z WzlnC]zZp(l Y _ZNT)
i,jEM =1
-1
-y Wllngszp(l Da-Sa-07%). (9.35)
1,jEM =1

Note that (1 — Y124 (1 -6)710) = (1 - 9%) = (1 — 6)!~L. Therefore,

Z“TZ Z ﬂ'lpll] 1 Ingj; = Z m; In lezpl — )1 (9.36)

TEN =1 14,5eM i,JEM

Let Z £ 7°, P71 —0)7!, where P € RM*M denotes the transition probability matrix
for the mode signal {r(k) € M}yen,. Note that the infinite sum in the definition of Z
converges, because the eigenvalues of the matrix (1 — @) P are strictly inside the unit circle
of the complex plane. By using the formula for geometric series of matrices [115], we

obtain

Z=(I-(1-0pP) " (9.37)
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Furthermore, it follows from (9.36) that

Z“TZ Z Wipz(ffl)lan,i: Z ™ In G i2i 5, (9.38)

TeN I=114,jeM 1,jEM

and therefore, when y : N — [0, 1] is given by (9.34), condition (9.16) of Theorem 9.1

takes the form

> milnGazi <0, (9.39)
1,jEM

where z; ; is the (7, j)th entry of the matrix Z given by (9.37).

Remark 9.6. Note that in order to check condition (9.16) of Theorem 9.1, one needs to
have perfect information regarding the distribution p : N — [0, 1], according to which
the lengths of intervals between consecutive mode observation instants are distributed.
In Theorem 9.2 below, we present alternative sufficient stabilization conditions, which do
not require exact knowledge of 1 : N — [0, 1]. Specifically, we consider the case where the

mode observation instants ¢;, i € Ny, satisfy
P[ti—i-l —t; < 7'] =1, 1€ Ny, (9.40)
where 7 € N is a known constant. Note that in this case time instants of consecutive mode

observations are assumed to be at most 7 € N steps apart.

Theorem 9.2. Consider the switched linear stochastic system (6.1). Suppose that the
mode-transition probability matrix P € RM*M possesses only positive real eigenvalues. If
there exist matrices R > 0, L; € R™*"_j € M, and scalars 7 € N, Gj € (0,00), 1,5 € M,

such that (9.15), (9.40),

<(i— Gy, 1,JEM, (9.41)

Z mipy ;i <0, (9.42)

JjeEM

I Mm

hold, then the linear feedback control law (9.2) with the feedback gain matrix (9.17)

guarantees that the zero solution z(k) = 0 of the closed-loop system is asymptotically
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stable almost surely.

Proof. The mode signal {r(k) € M }en, is an irreducible and aperiodic Markov chain;
therefore, the invariant distribution 7 : M — [0, 1] is also the limiting distribution [87].

Thus, for all 7,7 € M and k € Ny,

lim p!’) = Tim Plr(k+1) = jlr(k) = i] = ;. (9.43)
—00

=00 B

O]

)

€ [0,1]"*M i ¢ M, denote the row vector with the jth element given by
)

i

Now, let p

the [-step transition probability pilj) Note that p;’ is the unique solution of the difference

equation

P =P 1 eN,, (9.44)

(0)

=1 and p(o) =0,17 # j, j € M. Since all the eigenvalues

with the initial condition p i/

of the mode-transition probability matrix P € R™*M are positive real numbers, the solu-
)

tion p,’ of the difference equation (9.44) does not comprise any oscillatory components,

(@)

and [-step transition probabilities p; 5 4, J € M, converge towards their limiting values

monotonically, that is,

pgjl) < pgg, ie M, leNy, (9.45)
P =l it ijeM, €N, (9.46)

Now note that for alli,; € M, and 7 € N,
Y = (A ) 047
"= " 1D " = A .

By (9.46), we have pgfj_l) <p;l€ {1,2,...,7}, 1,7 € M, i # j. Hence, it follows from
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(9.47) that

1= - 1 =~ - o)
—2.Pij §T+1(Zpi,j +7_ZZJ)
=1 =1 =1
- T+1 Zp’ +p’
‘r+1
:T+1sz , TeN, i#j]. (9.48)

As a consequence, for all 7 < 7 it follows that

1O (1-1) .
— < . .
~D D Zp, , i#j LjeM (9.49)

=1

Next, we show that (9.40)-(9.42) together with (9.49) imply (9.16). First, let
Rl e =Nl pr D ijeM. (9.50)

It follows that

D DEFLINTED DAL ites

=1 4,jeEM ijeEM 1=1

= 3 mlnGnth + - Z > mpl Vg

i,jEM l 114,5eM
. i) 0,
= g miln Gk = + E E miln ik

ieM 1EM JjEM,jF#L

¢ -1
22 Z mipy I G (9.51)
=1 4,jeEM

Note that by (9.49), we have x>% < 0, 7 < 7, i # j. It follows from (9.41) that, for r < 7,

In¢ kbl <Gk, i#j, i,j € M. (9.52)
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Furthermore, since jem pgl]) =1,1€ Ny, i € M, we have

g 1<~ 1<~
Sk =3 o>l =3 2l
=1

JEM JEM =1 JEM
_1¢ -y 1y (-1)
== D py —ZD ) py
=1 jeM =1 jeM
_T_T
o7 T
=0, ie M. (9.53)
We use (9.51)—-(9.53) to obtain
li Z W-p(l)» In¢,; < Z e b 4 Z Z T In G b
T - W = ’ b . ! b
I=11,jeM ieEM zEMjGM,];éz
+ Y ming Z
i,jEM =
=Y mInGi Y mht Y mlnGz Z (1)
1eEM JEM i,JEM =
1< _
- > mpy; Gy, T (9.54)
=1 i,jeM
Finally, by (9.40) and (9.54), it follows that
1-1)
IV DD DRI SIRIL) S PR TR
T7EN I=114,j5eM 7EN l 114,5eM
< ZMT Z Z 7szl lan,i)- (9.55)
TEN l 14,7e M

Note that (9.42) and (9.55) imply (9.16). Hence, the result follows from Theorem 9.1. [J

Conditions of Theorem 9.2 can be utilized for assessing stability of a switched stochas-
tic control system, even if exact knowledge of the distribution  : N — [0,1] is not
available. Note that the requirement on the knowledge of © : N — [0,1] is relaxed
in Theorem 9.2 by imposing other conditions on the mode-transition probability matrix

P € RM*M and the scalars ¢; ; € (0,00), i,j € M.

In the following we provide an illustrative discussion on differences between Theo-
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rems 9.1 and 9.2.

Note that we can use Theorem 9.1 to find feedback gains that guarantee stabilization of
the closed-loop system for the case where mode is observed at every 7 € N steps. Note also
that these feedback gains do not necessarily guarantee stabilization if mode is observed
more frequently. For example, for the case where the length of mode intervals are given
by 7, = 7 — 1, i € N, the stabilizing feedback gains obtained for the case where mode is
observed at every 7 € N steps, may make the state diverge. In order to demonstrate this

issue, we first obtain a set of sufficient conditions for instability of the closed-loop system.

Theorem 9.3. Consider the switched linear stochastic control system (6.1), (9.2) with the
feedback gain matrices K; € R™*" ¢ € M. If there exist a matrix R > 0, and scalars
Gij € (0,00), 4,5 € M, such that

0 < (A + BiK;)"R(A; + BiK;) — (i ;R, i,j € M, (9.56)

S i S mpl T g > 0, (9.57)

TEN =1 14,jeM

|? = oo, almost surely.

then limy o ||z (k)

Proof. It follows from (6.1) and (9.2) that
V(w(k+1)) =2 (k)(Ar) + Brey Ko(r) " R(Ay) + By Koz (k), k € No.  (9.58)
We use (9.56) and (9.58) to obtain

V(z(k+1)) 2 G)omV (z(k))

> n(k)V(2(0), ke N, (9.59)

where n(k) £ (Hfz:o Q(n)ﬂ(n)), k € N. By using the same approach that we employed in

proof of Theorem 9.1, we show that

.1 1 a -1
lim —Inn(k) = z ZMT Z Z mpl(»’j )In Cji- (9.60)

TEN =1 i,7e M
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where 7 = )7, < oo. Now as a result of (9.57), we have

1
lim —Inn(k) > 0. (9.61)
k—oo k
Thus, limg_, Inn(k) = oo almost surely; furthermore, P[limy_,o, (k) = oo] = 1. By

(9.59) we have V(z(k + 1)) > n(k)V(x(0)), k € N, and therefore,

P[lim V(z(k)) = o] =1, (9.62)

k—o0

which implies that limy,_. ||z (k)||?> = oo, almost surely. O

Now, consider the switched linear scalar stochastic system (6.1), (9.2) with M = 2
modes described by A; = A = 1.1, By = 1, By = —1. The mode signal {r(k) € M £
{1,2} }ken, is assumed to be characterized by the mode transition probability matrix given

by

0.5 0.5
P = ) (9.63)

0.5 0.5

Mode is assumed to be periodically observed at every 2 steps. Periodic observations for
this case can be characterized by setting 2 = 1, and p, = 0, 7 # 2. Note that R = 1
and L; = 1, Ly = —1, and scalars (11 = (22 = 4.41, (12 = (2,1 = 0.01, satisfy the
conditions (9.15), (9.16) of Theorem 9.1. Therefore, the proposed feedback control law
(9.2) with the feedback gains K1 = L1R™! = 1 and K, = LyR~' = —1, guarantees
almost sure stabilization of the zero solution of the closed-loop system. On the other
hand, now suppose that mode is observed at every step k£ € Ny. Periodic observations
for this case can be characterized by setting ;1 = 1, and p, = 0, 7 # 1. Furthermore,
suppose that the control law has the feedback gains K; = 1 and Ko = —1. For the
case where mode is observed at every time step, R = 1, and scalars (11 = (22 = 4.41,
C12 = (21 = 0.01 satisfy conditions of Theorem 9.3. Hence, the state diverges almost
surely, that is, P[limy_, ||z(k)||> = co] = 1. Note that the proposed control law (9.16)

with gains K1 = 1 and Ky = —1 stabilize the system when mode is observed at every 2

steps, and destabilize the system when mode is observed at every step. This issue arrieses
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due to the fact that feedback gain K; works better for mode 2, and feedback gain K,
works better for mode 1. When mode is observed at every step, feedback gain K is always
used with mode 1 and feedback gain K is always used with mode 2, since r(k) = o(k),
k € Npy. On the other hand, when mode is observed at every 2 steps, for some time steps
k, r(k) # o(k). Hence, when mode is observed at every 2 steps, occasionaly feedback gain
is set to K1 when mode 2 is active, and occasionaly feedback gain is set to K, when mode
1 is active. This results in stabilization of the system.

It is important to note that Theorem 9.2 provides a form of monotonicity with respect
to frequency of mode observations that Theorem 9.1 does not provide. Specifically, con-
sider feedback gains K; = L;R ', i € M, with R € R and L, € R™*", i ¢ M,
that satisfy conditions of Theorem 9.2 for constant 7 € N. It follows that these feedback
gains guarantee stabilization if mode observation intervals satisfy 7; < 7, i € N. Hence,
feedback gains obtained with Theorem 9.2 for periodic mode observation interval 7 € N
are guaranteed to achieve stabilization also for the case where mode is observed more

frequently, that is, mode observations intervals are smaller than 7 € N.

9.3.1 Stabilization Conditions for Reducible Mode Signal

Theorems 9.1 and 9.2 provide stabilization conditions for the case where the mode signal
{r(k) € M}en, is an irreducible Markov chain (see Sections 2.3.1 and 2.3.2). In this
section, our goal is to extend our framework to the case where the mode signal {r(k) €
M}ren, is not necessarily irreducible. In order to deal with this problem setting, we
first give definitions of communicating set (also called communicating class) and closed
communicating set for discrete-time Markov chains [87].

A mode i € M is said to communicate with mode j € M if there exist n;,ns € Ny
such that P[s(k + n1) = j|s(k) = i] > 0, P[s(k + na) = i|s(k) = j] > 0, k € Ny. Note
that mode ¢ communicates with mode j if there is a directed path from node i to node j
in the transition diagram of the mode signal. Note also that every mode communicates
with itself. A set of modes C C M is called a communicating set if mode i communicates
with mode j for all i, 5 € C, and mode i does not communicate with mode j for all i € C
and j € M \ C. Note that M (the set of all modes) is partitioned to a number of disjoint

communicating sets. A communicating set C is called closed communicating set if for all
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ie€Candje M\C, Pls(k+n)=jls(k) =i =0, k,n € Nyg. Note that a transition
from a mode belonging to a closed communicating set to another mode outside of the
closed communicating set is not possible. In other words, there is no path to outside from
a closed communicating set in the transition diagram of the mode signal {r(k) € M }ien,-

Note that there is at least one closed communicating set in M, since M has finitely
many modes [87]. If the mode signal {r(k) € M }en, is irreducible, then M is a closed
communicating set itself. Now, note that if the initial mode ry belongs to a closed com-
municating set C C M, then the mode does not leave outside set C, that is r(k) € C,
k € Np. In that case, mode signal is given by {r(k) € C}ren,. The stationary distribu-
tions 7; € [0,1],7 € C, in this case, satisfy 7; = Y ... mp;j, j € C. For checking the
stability of the closed-loop system, we can use Theorem 9.1 with M replaced with C.
On the other hand, if o does not belong to a closed communicating set, then the mode
r(-) will reach a closed communicating set in finite time with probability one. Now let
Cn, € M, h € {1,2,...,c}, denote all closed communicating sets such that there ex-
ist np, € No, h € {1,2,...,c}, with P[r(n,) € Cu|r(0) = ro] > 0, h € {1,2,...,c},
where ¢ € {1,2,..., M} is the total number of such sets. Note that in the transition
diagram of the mode signal {r(k) € M}ien, , Ch C M, h € {1,2,...,¢c}, correspond
to all closed communicating sets that has a directed path from the initial mode ry. Fur-
thermore, note that after the mode signal reaches one of the closed communicating sets
Cn, C M, h € {1,2,...,c}, in finite time, it stays in that set. Now let 7; € [0,1],7 € Cp,
h e {1,2,...,c}, be distributions such that 7; = Ziech miDij,J € Ch, h € {1,2,...,c}. The
distributions 7; € [0,1],7 € Cp,, denote the stationary probabilities for modes after mode
signal reaches in set Cj,.

Using the definitions provided above, we now present sufficient stabilization condi-

tions for the case where the mode signal {r(k) € M }cn, is not necessarily irreducible.

Corollary 9.1. Consider the switched linear stochastic system (6.1). Let C, C M, h €
{1,2,...,c}, denote closed communicating sets with the property that there exist n;, € Ny
such that P[r(ny) € Cu|r(0) = o] > 0, h € {1,2,...,c}, where ¢ € {1,2,...,M} is

the total number of such sets. If for all h € {1,2,...,c}, there exist matrices Ry > 0,
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L; e R™*" i e Cp, and scalars ¢; ; € (0,00), 7, j € Cp, such that

0> (AR, + B;Lj) "R, (A;Ry, + BiL;) — GijRp,  4,j € Ch, (9.64)
S0 Y ml Vg <o, (9.65)
TEN =1 i,j€Cy,

then the control law (9.2) with the feedback gain matrices

LiR;',  ifieCy,
K; = (9.66)

0, otherwise,

guarantees that the zero solution (k) = 0 of the closed-loop system (6.1) and (9.2) is

asymptotically stable almost surely.

Proof. First, we define

tc2inf{keNo:r(k)e [ Cu} (9.67)
he{1,2,...,c}

Note that t¢ € Ny denotes the time instant at which the mode reaches one of the closed
communicating sets C, C M, h € {1,2,...,c}. Now let r¢ = r(tc), ¢ = z(tc). Futher-
more, let h¢ € {1,2,...,c} denote index of the closed communicating set that includes
the mode r¢. Note that (k) € Cp, for k > tc. Hence, after time ¢c, the dynamics charac-
terized by (6.1) can be considered as a switched linear stochastic system with mode signal
{r(k) € Ch¢}k>t- The initial state and mode of this switched system is given by ¢ € R"
and r¢ € Cp,, respectively. Now, note that (9.64) and (9.65) imply (9.15) and (9.16) with

M replaced by Cp,.. Hence, the result follows from Theorem 9.1. O

9.4 Illustrative Numerical Examples

In this section we provide numerical examples to demonstrate the results presented in this

chapter.

Example 9.1. Consider the switched linear stochastic system (6.1) with M = 2 modes
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described by the subsystems matrices

0 1 0 1
Alz ; AQZ )

1.6 —-0.3 —05 14

By = [0, 1]T, and By = [0, —1]T. The mode signal {r(k) € M £ {1,2}}ren, of the
switched system is assumed to be an aperiodic and irreducible Markov chain characterized
by the transition probabilities p;o = p21 = 0.3 and p11 = p22 = 0.7. The invariant
distribution for {r(k) € M £ {1,2}}en, is given by m; = 1 = 0.5.

Moreover, i : N — [0, 1], according to which the lengths of intervals between consecu-
tive mode observation instants are distributed, is assumed to be given by p, = (1 — 0)76,
7 € N, with # = 0.3. In this case, at each time step k& € N, the mode may be observed with
probability 8 = 0.3 (see Remark 9.5).

Note that

- 3.0143  —0.1485
R= , (9.68)

—0.1485 1.5280

Ly = [~3.5326 0.9608], (9.69)

Ly = [—3.0029 1.8284], (9.70)

and the scalars (11 = 0.7, (12 = 1.8, (21 = 2, and (22 = 0.8 satisfy (9.15) and (9.16).
Now, it follows from Theorem 9.1 that the proposed control law (9.2) with feedback gain

matrices

Ky =LiR™' = [~1.1465 0.5174], (9.71)

Ky = LyR™! = [-0.9718 1.1021], (9.72)

guarantees almost sure asymptotic stability of the closed-loop system (6.1), (9.2).
Sample paths of the state x(k) and the control input u(k) (obtained with initial con-

ditions 2(0) = [1, —1]" and r(0) = 1) are shown in Figures 9.1 and 9.2. Furthermore,

Figure 9.3 shows a sample path of the actual mode signal r(k) and its sampled version

o(k). Figures 9.1-9.3 indicate that our proposed control framework guarantees stabiliza-
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Figure 9.2: Control input versus time

tion even for the case where operation mode of the switched system is observed only at
random time instants.

The control law (9.2) with feedback gain matrices (9.71) and (9.72) guarantee stabi-
lization of the closed-loop system with random mode observations characterized by dis-
tribution y, = (1 — )"0 with § = 0.3. Note that for each time step, 6 represents the
probability of mode information being available for control purposes. In order to inves-
tigate conservativeness of our results, we search all values of parameter 6 for which the
control law (9.2) with feedback gains (9.71) and (9.72) achieve stabilization. To this end,
first, we search values of 6 such that there exist a positive-definite matrix R, and scalars
Gij» 4,J € M that satisfy conditions (9.15) and (9.16) of Theorem 9.1 with L; = KiR
and Ly, = KsR, where K; and K, are given by (9.71) and (9.72). We find that for pa-

rameter values 6 € [0.2, 1], conditions (9.15) and (9.16) are satisfied. Hence Theorem 9.1
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Figure 9.3: Actual mode signal (k) and sampled mode signal o (k)

guarantees stabilization for the case where parameter ¢ is inside the range [0.2,1]. On
the other hand, through repetitive numerical simulations we observe that the states of the
closed-loop system converge to the origin in fact for a larger range of parameter values
(6 € [0.12,1]), which indicate some conservativeness in the conditions of Theorem 9.1

(see Remark 9.1).

Example 9.2. Consider the switched linear stochastic system (6.1) with M = 3 modes

described by the subsystems matrices

0 1 0 1 0 -1
A1 - ) A2 = 1) A3 = )
1.5 0.5 1 0.5 1.1 1.2

By = [0,1]%, By = [0,0.2]7, and B3 = [0, 0.7]T. The mode signal {r(k) € M £

{1,2, 3} }ren, of the switched system is assumed to be an aperiodic and irreducible Markov

chain characterized by the transition matrix

0.6 0.2 0.2
PZ102 06 02
0.2 02 0.6

The invariant distribution for {r(k) € M £ {1,2,3}}xen, is given by m; = 13 = 73 = 1.

Furthermore, note that the transition matrix P possesses positive real eigenvalues 0.4
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(with algebraic multiplicity 2) and 1.

The lengths of intervals between consecutive mode observation instants are assumed
to be uniformly distributed over the set {2,3,4,5} (see Remark 9.4). In other words, the
distribution x : N — [0,1] is assumed to be given by (9.32) with 7, = 2 and 74 = 5.
In this example, we will demonstrate Theorem 9.2, which can be utilized for assessing
closed-loop system stability for the case where the exact knowledge of 11 : N — [0,1] is
not available. Note that for this example the mode observation instants ¢;, i € Ny, satisfy
(9.40) with 7 = 5.

Furthermore, note that

. 2.6465 —0.7851
R= , (9.73)

—0.7851  1.2568

Ly =[-3.5858 0.1413], (9.74)
Ly = [~4.7066 — 0.3329)], (9.75)
L3 =[-3.2532 —0.3601], (9.76)

and the scalars Cl,l = 0.6, CLQ = 1.7, C1,3 = 1.5, 42,1 = 1.6, C272 = 0.7, Cg’g = 2, CS,I = 2,
(32 = 2, and (33 = 0.5 satisfy (9.15), (9.41), and (9.42). Therefore, it follows from

Theorem 9.2 that the proposed control law (9.2) with feedback gain matrices

Ki = LR =[-1.6222 —0.9009], 9.77)
Ky =LyR™ ' =[-22794 —1.6888], (9.78)
K3 = L3R =[-1.6132 —1.2942], (9.79)

guarantees almost sure asymptotic stability of the closed-loop system (6.1), (9.2).
Figures 9.4 and 9.5 respectively show sample paths of the state x(k) and the control
input u(k) obtained with initial conditions z(0) = [1, —1]" and r(0) = 1. Furthermore,
a sample path of the actual mode signal r(k) and its sampled version o (k) are shown in
Figure 9.6. As it is indicated in Figures 9.4-9.6, the proposed control framework (9.2)
achieves asymptotic stabilization of the zero solution. It is important to note that the

feedback gains K, K9, and K3 are designed by utilizing Theorem 9.2 without using in-
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formation on the distribution p : N — [0, 1], according to which the lengths of intervals
between consecutive mode observation instants are distributed. Note that Theorem 9.2
requires only the knowledge of an upper-bounding constant 7 € N for the length of in-
tervals between consecutive mode observation instants, instead of the exact knowledge of

N —[0,1].

9.5 Conclusion

We proposed a feedback control framework for stochastic stabilization of discrete-time
switched linear stochastic systems under randomly available mode information. In this
problem setting, information on the active operation mode of the switched system is as-
sumed to be available for control purposes only at random time instants. We presented

a probabilistic analysis concerning a sequence-valued stochastic process that captures the
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evolution of active operation mode between mode observation instants. We then used the
results of this analysis to obtain sufficient almost sure asymptotic stability conditions for
the zero solution of the closed-loop system. These conditions can be used to verify almost
sure asymptotic stability of the closed-loop system for the case where stochastic properties
of mode observation instants are fully known. Furthermore, we characterized a numerical
method (based on linear matrix inequalities) for finding feedback gain matrices so that
the proposed control law with those gains achieves almost sure asymptotic stabilization.
Note that we also explored the case where exact knowledge of the stochastic properties of
mode observation instants is not available. For this case, we presented a set of alternative

stabilization conditions.
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Chapter 10

Sampled-Parameter Feedback
Control of Discrete-time Linear
Stochastic Parameter-Varying
Systems

10.1 Introduction

Feedback control of dynamical systems with stochastic parameters have been explored in
several studies [4,51,55-60]. Most of the documented control frameworks for stochastic
parameter-varying systems require the availability of parameter information at all time
instants. Note that the parameters of a system usually describe the state of external envi-
ronment, and may not be directly measurable or may not be observed as frequently as the
state of the system itself. Hence, it is important to investigate the control problem for the
case where the parameters are not available for control purposes at all time instants.

In Chapters 3-9, we investigated stabilization problem for Markov jump systems for
the case where the controller has access only to sampled information of the system mode,
which is modeled by a finite-state Markov chain.

In this chapter we explore feedback control of discrete-time linear stochastic parameter-
varying systems under sampled parameter information. Specifically, the parameter of the
system is modeled as a discrete-time aperiodic, stationary, and ergodic Markov process

defined on R! (see Section 2.3.4). We assume that this parameter is observed (sampled)
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periodically. In order to achieve stabilization, we develop a control framework that de-
pends only on the sampled version of the parameter. We obtain sufficient conditions of
almost sure asymptotic stabilization of the closed-loop system by utilizing the stationarity
and ergodicity properties of a stochastic process that represents the sequences of values
that the system parameter takes between consecutive observation instants. We then ex-
plore a special class of linear parameter-varying systems where the state matrix is an affine
function of the entries of the parameter vector. Note that linear parameter-varying sys-
tems with affine parameter dependence has been previosly studied by many researchers
(see [2,82,83], and the references therein). Our goal in this chapter is to show that sta-
bilization for this class of parameter-varying systems can be achieved through a control
law with a feedback gain that is an affine function of the entries of the sampled parameter
vector.

This chapter is organized as follows. In Section 10.2, we provide a key result con-
cerning discrete-time Markov processes on R!. In Section 10.3, we present the mathe-
matical model for discrete-time linear stochastic parameter-varying systems and explain
the feedback control problem under periodically sampled parameter information. We ob-
tain sufficient conditions under which our proposed control law guarantees almost sure
asymptotic stabilization in Section 10.4. Then, in Section 10.5 we discuss almost sure
asymptotic stabilization problem for linear parameter-varying systems with affine param-
eter dependence. In Section 10.6, we present an illustrative numerical example. Finally,

in Section 10.7 we conclude the chapter.

10.2 Mathematical Preliminaries

In this section, we present a key result that is necessary for developing the main results in
the following sections.

In Section 10.3 below, we consider a discrete-time linear stochastic parameter-varying
dynamical system. The parameter of the dynamical system is modeled as an aperiodic,
stationary, and ergodic discrete-time Markov process {¢(k) € R'}ien,. Note that Sec-
tion 2.3.4 provides a detailed characterization of discrete-Time Markov processes on R!;

furthermore, Section 2.3.5 provides the definitions of stationarity and ergodicity notions
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for discrete-time stochastic processes. We investigate the stabilization problem for the case
where the parameter process {¢(k) € R'},cy, is observed (sampled) at every 7 € N time
steps. The sequences of values that the parameter &(-) takes between consecutive observa-

tion instants are characterized through the stochastic process {£(n) € R' x R! x --- x R'},.en,

T terms

defined by

E(n) £ (&(n),&(nT 4+ 1),...,&((n+ )T = 1)), (10.1)

for n € Ny. Our main results presented in Section 10.3 rely on Lemma 10.1 below, where
we show that the stochastic process {£(n)}ney, defined in (10.1) is also stationary and

ergodic.

Lemma 10.1. Suppose that {£(k) € R'} e, is a discrete-time aperiodic, stationary, and
ergodic Markov process. Then the stochastic process {¢ (n) }nen, that is defined in (10.1)

for a given 7 € N is stationary and ergodic.
Proof. We first show that {é(n)}neNO is stationary. For all Sg,, € B(R!), m €

{1,2,...,7}, ke {1,2,...,n},n € N, and i € Ny,

PlE(i) € S1,E(i+1) € S,.. . E(i +n —1) € ]
=Pl(it) € S11,...,8((i +1)7 = 1) € 17,
E(i+1)7) € S, E((i+2)T7—1) € Sory ...,

€((i+n—1)7) € Snty.. ., E((i+1)T — 1) € Surl, (10.2)

where Sy, 2 Sj.1 X Spo X -+ X Sk, k € {1,2,...,n}. The stationarity of {€(k) € R }xen,

implies that for every n € N,

PiE(iT) € S11,..-,6((i +n)7—1) € Sp 7]

= P[é(JT) € Sl,l7 s 75((] + n)T - 1) € Sn,7]7 (103)

for all Sy, € BRY, m € {1,2,...,7}, k € {1,2,...,n}, and 4,5 € Ny. Now it follows
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from (10.2), (10.3), and the definition of {é(n)}neNO given in (10.1) that for every n € N,

PlE(i) € S1,E(i+1) € S,.. . E(i +n—1) € Sy]

= PlE(j) € 81,6 +1) € 8o, £(G+n—1) € Sy, (10.4)

for all Sy, € B(RY), m € {1,2,...,7}, k € {1,2,...,n}, and i,j € Ny, which shows that
{€(n)}nen, is stationary.

Next, we show that {& (n)}nen, is an ergodic stochastic process. Now let 2 = (Rl)NO
denote the space that includes all infinite-sequences of R'-valued vectors, and let F £
B ((RZ)NO) denote the product o-algebra. Furthermore, let IP be the probability measure
induced by {¢(k) € R'}jen,. For a fixed w € €, the stochastic process {£(k) € R'}ren,
is given by {(k) = w(k),k € Ny. The measure preserving transformation T¢ : 2 —

associated with the stationary process {¢(k) € R'} ey, is given by

Te({w(k) Yheno) = {wlk + D}reny, w € Q. (10.5)

Now, for a fixed w € €, the stochastic process {£(n) }nen, is given by £(n) = (w(nT), w(nT+
1),...,w((n + 1)7 — 1)),n € Ny. Furthermore, the measure preserving transformation

T;: Q2= Q associated with the stochastic process {& (n) }nen, is given by

Te({w(k)reny) & {w(k + 7)}ren,, w € Q. (10.6)
Moreover, note that Tg(w) =T¢ (w),w € Q. Hence, for all F' € F,

Tgl(F) ={weN: Tyw) € F}

={weQ: T (w) € F}. (10.7)

Note that for the case of 7 = 1, T¢(w) = T¢(w),w € €, and hence ergodicity of {{(k)}ren,
implies ergodicity of {£(n)}nen,. Now, consider the case where 7 > 2. Let F € F be a set
such that {w € Q : T{ (w) € F'} = F. Then in the case where {w € Q@ : T¢g(w) € F'} = F,
we have P[F'] = 0 or P[F| = 1. Otherwise, aperiodicity of {{(k)}xren, implies that P[F] €
{0,1}. Hence, for all F' € F such that Tgl(F) = F, we obtain P[F| = 0 or P[F] = 1, which
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shows that the stationary stochastic process {¢ (n) }nen, is ergodic. O

10.3 Sampled-Parameter Feedback Control of Discrete-Time Lin-

ear Stochastic Parameter-Varying Systems

In this section, we first provide the mathematical model for a discrete-time linear stochas-
tic parameter-varying system. Then we explain the feedback control problem under pe-
riodically observed (sampled) parameter information and present our proposed sampled-
parameter control framework for stabilizing discrete-time linear stochastic parameter-

varying systems.

10.3.1 Mathematical Model

We consider the discrete-time linear stochastic dynamical system given by
2k + 1) = AE(R)a(k) + B(E(k)ulk), k € No, (10.8)

with the initial condition z(0) = zo, where z(k) € R" is the state vector, u(k) € R™
is the control input. Furthermore, A : R — R"*" and B : R — R"*™ denote the
parameter-dependent system matrices. The parameter denoted by {£(k) € R'}pen, is
assumed to be an aperiodic, stationary, and ergodic Markov process characterized by the
transition probability function P : R! x B(R!) — [0, 1] and the initial stationary distribution

v : B(R!) — [0,1]. Note that

P[£(0) € S] = v(S), S e B(RY, (10.9)

P(s,S)v(ds) = v(S), S e B(RY). (10.10)
R!

Note that a class of switched stochastic systems can be modeled as stochastic parameter-
varying systems of the form (10.8). For instance, the discrete-time switched linear stochas-
tic system discussed in Chapters 6, 7, and 9 is a special case of the dynamical system
(10.8), where {{(k)}ren, is modeled as an aperiodic and irreducible finite-state Markov

chain (see Remark 10.1). Note that in Chapters 6, 7, and 9, the parameter &(-) indicates

213



0 : ©++ Parameter observation instants :
= 1t ]
w 92} i

-3t - L= 1 - I - ]
0 5 10 15 20

1F 3 — — 7 s

0 g ; : : -
© —2p i i _ S

-3t : L : - L - ; : =
0 5 10 15 20

Time [k]

Figure 10.1: Actual parameter £(k) and its sampled version ¢(k)

the active mode (subsystem) that governs the overall dynamics of a switched system. Fur-
thermore, note that linear systems with stationary and ergodic autoregressive parameters
can also be characterized through (10.8), since vector autoregressions are Markov pro-
cesses (see [89]). In Section 10.6, we present an illustrative discussion on the almost
sure asymptotic stabilization of a stochastic parameter-varying system with stationary and

ergodic autoregressive parameters.

10.3.2 Control Under Periodic Parameter Observations

In this chapter, we investigate feedback stabilization of the linear parameter-varying dy-
namical system (10.8) under the assumption that only a periodically-sampled version of
the parameter process {¢(k) € R!}icy, is available for control purposes. Specifically,
we assume that the parameter £(-) is observed (sampled) periodically at time instants
0,7,27,..., where 7 € N denotes the parameter observation period. The sampled param-
eter information that is available to the controller is characterized through the stochastic

process {¢(k) € R'}1en, defined by

o(k)=&(nT), ke {nt,nT+1,...(n+ 1) — 1}, (10.11D)

for n € Np.

In order to achieve stabilization of the dynamical system (10.8), we propose the con-
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trol law
u(k) = K(¢(k)e(k), k€N, (10.12)

where K : R — R™*" denotes the sampled-parameter-dependent feedback gain. Note
that the control law (10.12) requires only sampled parameter information.

Figure 10.1 shows sample paths of a parameter process {{(k) € R}xen, (modeled as
an autoregressive process), and its sampled version {¢(k) € R}ien,. In this example, the
parameter £(-) is observed (sampled) at every 7 = 3 steps. At these parameter observa-
tion instants, actual parameter and its sampled version share the same value. However,
at other time instants, actual parameter may differ from its sampled version, since the
parameter may change its value between the observation instants. Hence, the perfect
knowledge of the actual parameter is available to the controller only at the parameter ob-
servation instants. In the following, we obtain sufficient conditions for stabilization of the
parameter-varying system (10.8) under the proposed control law (10.12) that depends
only on the sampled parameter information.

Note that the system dynamics in (10.8) depend on the actual parameter {{(k) €
R'};en,, Whereas the feedback gain of the control law (10.12) depends on the sampled
version of the parameter, {¢(k) € R'}cn,. In the following lemma we present an ergodic
theorem for the coupled stochastic process {(£(t), ¢(k)) € R! xR} en,, which is composed
of the original parameter process and its sampled version. Note that the result provided
in Lemma 10.2 below is crucial for developing the main results of this chapter presented

in Theorems 10.1, 10.2, and Corollary 10.1.

Lemma 10.2. Suppose {£(k) € Rl'}xcn, is an aperiodic, stationary, and ergodic Markov
process characterized by the transition probability function P : R! x B(R!) — [0, 1] and the
initial stationary distribution v : B(R!) — [0, 1]. Furthermore, let {¢(k) € R'},cn, defined
as in (10.11) be the periodically sampled version of {¢(k) € R'},cn, for a given sampling

period 7 € N. Then for any Borel measurable function v : R! x Rl — R, it follows that

1 1= e e
i 53 o6k 600 = -3 | [ A€aPO@.0(as) (10.13)
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almost surely.

Proof. Let {f(n) ER xR x -+ x Rl}neNO be the stochastic process defined in (10.1).

T terms
Note that £(n) denotes the sequence of values that the parameter £(-) takes between con-

secutive observation instants n7 and (n + 1)7. Furthermore, let N(k) £ |k/7], k € Ny.
The number of mode samples obtained upto time k € Ny is given by N (k) + 1. Note that,

for all 7 € N such that » > 7, we have

A—1 N(n)—1r-1 n—1
YER), () = D D AT +i), d(n + 1)) + Y(&(k), o(k)).  (10.14)
k=0 n=0 =0 k=N (R)T

Since limy; 00 = Z;Il\f(ﬁ)"r v(&(k), ¢(k)) = 0, it follows from (10.14) that

n

_ N(n)—1
— gim LS gy, (10.15)
n=0

where §(£(n)) £ Y2725 v(&(nT + k), ¢(nT + k)). Now, by using the definition of N(-), we

obtain limjy_ oo Néﬁ) = % Furthermore, it follows from Lemma 10.1 that the stochastic

process {£ (n)}nen, is stationary and ergodic. Thus, by the ergodic theorem for station-

ary and ergodic stochastic processes, we obtain limy 00 & Song 7(€(n)) = E[F(£(0))].
Therefore,
Jim nrlzév(f(kw(k)) = “E[1(£(0))]
= TE[TZ:% v(&(3), ¢(9))]
- ié@h@(z‘)w))}. (10.16)

Note that since the value of sampled parameter process ¢(-) does not change between

parameter observation instants, we have ¢(i) = ¢(0) = £(0), i € {0,1,...,7 — 1}. It then
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follows that

n—1 T—1
Tim = 57 (6(k), 6(k) = — > ER(E), £0)] (10.17)
k=0 =0

Now by using the transition probability function P : R! x B(R!) — [0,1] and the initial

stationary distribution v : B(R!) — [0, 1], we obtain

. = _ _
ﬁlgﬂoﬁkzzov(ﬁ(k)a Z/}Rl /Rl (€, §)PE(i) € dE, £(0) € dg]
Eijjél/gl V(6,d0v(dd),  (10.18)

which completes the proof. O

10.4 Sufficient Conditions for Almost Sure Asymptotic Stabi-

lization

In this section, we utilize the result presented in Lemma 10.2 and obtain sufficient almost
sure asymptotic stabilization conditions for the closed-loop stochastic parameter-varying

system (10.8), (10.12).

Theorem 10.1. Consider the linear parameter-varying control system (10.8), (10.12). If

there exist a matrix R > 0 and a measurable function A : R! x R! — (0, 0o) such that

0> (A() + B(E)K(9)) " R(A() + B(E)K(9)) = M&, #)R, €d€eR,  (10.19)

Z@@mf¢ )(6,dE)v(dg) <0, (10.20)

then the zero solution z(k) = 0 of the closed-loop system (10.8), (10.12) is asymptotically

stable almost surely.

Proof. First, let V : R" — [0, 00) be the positive-definite function defined by V (z) £
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zT Rx. It follows from (10.8) and (10.12) that for k € Ny,

V(a(k+1)) = 2 (k) (A& (k) + BER) K (6(K))) R(AE(R)) + B(E(R)) K ((k))) (k).

We now use (10.19), (10.21) and definition of V() to obtain

V(z(k+1)) < AE(k), o)V (z(k))

< O0(k)V(x(0)), ke No,

where 6 : Ng — (0, 00) is given by

Now, it follows from (10.23) that

k
=S (&), 6(n)), k€ N,
n=0

Furthermore, as a consequence of Lemma 10.2,

lim 11n(9(/~6)) ~ lim + k 1n(/\(€(n) ¢(n)))
k—oo k k—ro0 k ’

Z/Rl/Rlln (€ 5)P(3,d8)v(d5).

It then follows from (10.20) and (10.25) that

o1
klggo %ln(ﬁ(k‘)) <0,

almost surely. Hence, limy_, . In (k) = —oo, almost surely, and therefore,

P[ lim 6(k) = 0] = 1.

k—o00
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Now, as a result of (10.22) and (10.27), P[limy_,~ V(z(k)) = 0] = 1, which implies that
the zero solution z(k) = 0 of the closed-loop system (10.8), (10.12) is asymptotically
stable almost surely. O

Theorem 10.1 provides sufficient conditions for almost sure asymptotic stability of the
zero solution of the closed-loop system (10.8) under the control law (10.12). Conditions
(10.19) and (10.20) of Theorem 10.1 reflect that the stabilization performance depend
not only on the system dynamics but also on the probabilistic dynamics of parameter

transitions as well as the parameter observation period 7 € N.

Remark 10.1. Note that the parameter-varying dynamical system model defined by (10.8)
includes switched linear stochastic system models (explored in Chapters 6, 7, and 9) as a
special case. Consequently, conditions (10.19) and (10.20) allow us to also assess almost
sure asymptotic stability of closed-loop switched linear stochastic systems. Specifically, let
the parameter process {{(k) € R},en, be characterized through the transition probability
function P : R x B(R) — [0,1] and the initial stationary distribution v : B(R) — [0, 1]

given by

P(6.{&}) =psen €€ ME{1,2,... M}, (10.28)
v({¢}) =vz, o€ M, (10.29)

where pg ¢ € [0, 1], v5 € [0,1], ¢, € € M, are scalars that satisfy dEemPog =1, b EM,
> demVs =1, and ) SeMVsPgE = Ve € € M. With this characterization, the parameter-
varying system (10.8) represents a switched linear stochastic system composed of M € N
number of subsystems (modes); moreover, the parameter process {{(k)}ren, corresponds
to the mode signal that is modeled as an aperiodic and irreducible Markov chain with
transition probabilities pz ¢ € [0,1], ¢,£ € M, and initial stationary distributions v €

[0,1], € M. Furthermore, the condition (10.20) for this case reduces to

Z >3 A AP s <0, (10.30)

=0 ée M pc M

(@)

& € € [0,1], ,& € M, denote i-step mode transition probabilities of the switched

where pt

system.
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In the next section, we explore the sampled-parameter control problem for a linear

parameter-varying system with a state matrix that depend affinely on the stochastic pa-

rameter {€(k) bien,.

10.5 Stabilization of Linear Parameter-Varying Systems with

Affine Parameter Dependence

We now consider a special case of the parameter-varying dynamical system (10.8) where
the state matrix A(-) is defined as an affine function of the entries of the parameter vector
¢(-) € RY; moreover, the input matrix B(-) is defined as a constant matrix. Specifically, we

consider the linear parameter-varying system (10.8) with

I
AG) 2 (Ao + > &), (10.31)
i=1
B(§) £ B, (eR, (10.32)
where 4; € R™*" i € {0,1,...,1}, and B € R™™ are constant matrices. In order

to achieve stabilization of the zero solution of dynamical system (10.8) with state and
input matrices given by (10.31) and (10.32), we employ the control law (10.12) with the

sampled-parameter-dependent feedback gain function

l
K(¢) 2 Ko+ ) é:iKi, ¢eR, (10.33)
i=1

where K; € R™*" i € {0,1,...,1}, are constant matrices. Note that the feedback gain

(10.33) is an affine function of the entries of the sampled parameter vector ¢(-).
In Theorem 10.2 below, we present sufficient conditions under which the proposed
control law (10.12) with the feedback gain (10.33) guarantees almost sure asymptotic
stabilization of the linear stochastic parameter-varying system (10.8) with state and input

matrices given by (10.31) and (10.32).

Theorem 10.2. Consider the linear parameter-varying system (10.8) with state and input

matrices given by (10.31) and (10.32). If there exist a matrix R > 0 and scalars a; €
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(0,00),7 € {1,2,...,1}, B; € (0,00), 7 € {0,1,...,1}, such that

0> ATRA; — R, ie€{l,...,1}, (10.34)

0> (A; + BK;))"R(A; + BK;) — BiR, i€{0,1,...,1}, (10.35)

and (10.20) hold with X : R! x R! — (0, 00) given by
!
MEB) £ L+ 1)(B5+ Y (& — ¢)’af + 6157)), (10.36)

i=1

then the control law (10.12) with the feedback gain (10.33) guarantees that the zero
solution z(k) = 0 of the closed-loop system (10.8), (10.12) is asymptotically stable almost

surely.

Proof. Using the definitions (10.31), (10.32), we obtain

(A(€) + B(E)K(9)) " R(A(€) + B(E)K(9))
l l l l
= (Ao + Zgz;lz + B(Ko + Z @Rz‘))TR(z‘io + Z EA; + B(Ky + Z quf(z))
=1 =1 =1 =1
l l
i=1 i=1

Note that for i € {1,2,...,1},

= (& — ¢i)Ai + ¢i(Ai + BK;). (10.38)
As a consequence of (10.37) and (10.38), we have

(A() + B(O)K ()" R(A(€) + B(E)K(9))
l

I
= (Ado+BEo+ Y (& — di)Ai + $i(A; + BK;))"

=1 =1
l l
-R(AQ—FBK()-FZ(& —QEZ)AZ +Z(Z>z(lez+gkz)) (10.39)
=1 =1
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Now, let C; € R™*", { € {0, 1,.. .,2[}, be defined by Cj = /_10 + BKQ, C; £ (gz - &i)/_lz:

Civ1 = ¢i(A; + BK;), i € {1,2,...,1}. Then, it follows from (10.39) that

(A(§) + B(O)K(¢))"R(A(E) + B()K(9))
21 21
=~ (Y ) R )
=0 =0

20 21 2l

=> > (CFRC; + CTRC)) =Y CFRC;

i=0 j=i =0

Note that for any pair of matrices C;, C; € R™*", we have CZT RC; + CJ-TRC’]- —

C/RC;) = (C; — Cj)TR(C; — Cj) > 0. Hence, (10.40) yields

(A(€) + B(E)K () R(A(€) + B(E)K(9))

21 21 21
<> > (CFRCi + CTRCy) - ZCERQ-
i=0 j=i i
21 j2l 21 21
=Y > CIRCi+) > CfRC; - ZCTRO
=0 j=1 =0 j=1
Now note that
21 21 21 21 7
Z Z CIRC; = Z Z CTRC; = Z Z CTRC;.
i=0 j=1 7=0 1=j =0 j=0

Inserting (10.42) into (10.41) yields

(A(€) + BE)K(9)) " R(A(E) + B()K(9))

2l 21 i
<> > cfRre;+ Z > CIRC; - ZCTRC’
1=0 7 1=0 7=0
2l j2l "
=> > C'RCi + Z CRC; — Z CTRC;
=0 j=0

2l
=(20+1)) CIRC;.
=0

(10.40)

(C;FRC]‘ +

(10.41)

(10.42)

(10.43)

By using the definitions of C; € R"*", i € {0,1,...,2l}, together with (10.34)-(10.36) we
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obtain

(A(€) + BK(9)) T R(A(€) + B(E)K(9))
l
< (20 + 1) ((Ag + BKo)"R(Ag + BKo) + Y (& — ¢:)* A RA;

=\, 9)R, (10.44)

which implies (10.19). Hence, the result follows from Theorem 10.1. O

Note that the conditions presented in Theorem 10.2 can be used for assessing almost
sure asymptotic stability of the closed-loop system (10.8), (10.12) with the system matri-
ces (10.31), (10.32) when the gain matrices K; € R™*", i € {0,1,...,1}, for the control
law (10.12), (10.33) are already known. In practice, we often need to employ numerical
methods for finding gain matrices so that the proposed control law (10.12) with those
gains achieves almost sure asymptotic stabilization. In Corollary 10.1 below, we present
an alternative set of sufficient almost sure asymptotic stabilization conditions, which are
well suited for finding stabilizing gain matrices K; € R™ ", i € {0,1,...,1}, through

numerical methods.

Corollary 10.1. Consider the linear parameter-varying system (10.8) with state and input
matrices given by (10.31) and (10.32). If there exist matrices R>0,L; € R™*n j ¢
{0,1,...,1}, and scalars «; € (0,00),7 € {1,2,...,1}, B; € (0,00), i € {0,1,...,1}, such

that

0> (AR)TRY(AR) — R, ie{1,2,...,1}, (10.45)

0> (A;R+ BL)TR Y (A;R+ BL;) — B;R, ie{0,1,...,1}, (10.46)
and (10.20) hold with X : R! x R! — (0, o0) given in (10.36), then the control law (10.12),

(10.33) with gain matrices K; = LR Y ie {0,1,...,1}, guarantees that the zero solution

x(k) = 0 of the closed-loop system (10.8), (10.12) is asymptotically stable almost surely.
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Proof. The result is a direct consequence of Theorem 10.2 with R = R~!. O

Remark 10.2. We verify conditions (10.20), (10.45), and (10.46) of Corollary 10.1 by
employing a numerical technique. Specifically, following the approach presented in Chap-

ter 9, we transform conditions (10.45) and (10.46) into the matrix inequalities

OCZ‘R (AZR)T
0 < o i ,oie{l,..,1), (10.47)
(A;R) R
BiR (A4;R+ BL;)T
0 < o ) cie{0,1,...,1}, (10.48)
(A;R + BL;) R

by using Schur complements (see [115]). Note that the inequalities (10.47) and (10.48)
are linear in R and L;, i € {0,1,...,1}. Our numerical method is based on iterating over
a set of the values of a;,7 € {1,2,...,1}, and j;, ¢ € {0,1,...,1}, that satisfy (10.20) with
A(+) calculated according to (10.36). At each iteration we look for feasible solutions to
the linear matrix inequalities (10.47) and (10.48). We use this method in Section 10.6
below to find matrices R > 0,L; € R™*", i € {0,1,...,1}, and scalars a; € (0,00),i €
{1,2,...,1}, and B; € (0,00), i € {0,1,...,1}, that satisfy (10.20), (10.45), and (10.46)
for a given discrete-time linear stochastic parameter-varying system (10.8) with affine

parameter dependence characterized in (10.31) and (10.32).

10.6 Illustrative Numerical Example

In this section, we present an illustrative numerical example to demonstrate the main
results of this chapter. Specifically, we consider the linear parameter-varying stochastic

system (10.8) with state and input matrices given by

_ 0.34+0.1& 0.3+ 0.1(& + &
AG) = +0.1& +0.1(&1 + &2) 7 (10.49)

41+ & 1+ &
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and B(§) = B = [0, 1]T, for all ¢ € R2. Note that the state matrix A(-) given in (10.49) is

an affine function of the form (10.30) with

) 03 03| _ 0 01| _ 0.1 0.1
Ay = Ay = Ay = : (10.50)

4 1 1 0 0 1

The parameter {£(k) € R?}cn, of the system is assumed to be a Markov process with

autoregressive entries characterized by

&i(k+1) =p&(k) +wi(k+1), (10.51)

Eo(k + 1) = pa&a(k) + wa(k + 1), (10.52)

where p; = 0.8, p2 = 0.4; furthermore, {w; (k) € R}ren and {wa(k) € R}xen are mutually
independent stochastic processes. We assume that the random variables w; (k), k € N, are
independent and identically distributed by normal distribution N (0, 03 = 0.7) (i.e., mean
value = 0, variance = 0.7). Similarly, the random variables wy(k), k € N, are assumed to
be independent and identically distributed by normal distribution NV'(0, 3 = 0.3). The ini-
tial values &;(0) and & (0) are assumed to be distributed by normal distributions A/ (0, %)
and N(0, %), respectively. Note that {£(k) € R?}en, defined in (10.51) and (10.52)
is an aperiodic, stationary, and ergodic Markov process characterized through the transi-
tion probability function P : R? x B(R?) — [0,1] and the initial stationary distribution

v : B(R?) — [0, 1] given by

by bt S
P(¢,la1,b1) x [ag, b2)) = / f1(&1 = ¢1) fa(&o — Pp2)d&1dEa, (10.53)
v(la1,b1) X [az,b2)) —/ f1(01) fo(p2)dp1d o, (10.54)

for al,bl,ag,bg € R with a; < bl and as < bg, where f1 ‘R — [0,00), f2 R — [0,00),

fi:R = [0,00), and f, : R — [0, o) respectively denote the probability density functions

for the normal distributions V' (0, o3), (0, 03), N(0, %), and N (0, %) Moreover, by
1 2

using (10.53) we obtain the i-step transition probability function P(®) : R! x B(R!) — [0, 1]
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Figure 10.1: State trajectory of the uncontrolled system versus time

as
PD(3, [a1,b1) x [az, by)) = / FNE = pid) 156 — phdo)dérddy,  (10.55)

for a1,b1,a0,b2 € R with a; < b; and as < by, where the functions fl(i) : R — [0,00)
and fz(i) : R — [0, 00) denote the probability density functions for the normal distributions
N(0, Z;:l P17 1o?) and N (0, 22:1 ph102) for a given step size i € N.

Figure 10.1 shows state trajectory of the uncontrolled system (10.8) (with u(t) = 0).
Note that the uncontrolled parameter-varying system clearly indicates unstable behavior.
In the remainder of this section, we will show that stabilization of the system (10.8)
can be achieved through our proposed control law (10.12) with the affine feedback gain
(10.33) even if only a sampled version of the parameter is available for control purposes.
Specifically, we assume that the parameter {£(k) € R?};c, is observed (sampled) at every
7 = 3 steps. Hence the controller receives information about the parameter only at the

time instants 0, 3,6, .. ..
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Now, note that

. 4.6524 —2.1804
R= , (10.56)

—2.1804 4.1509

Lo = [-16.7758 4.2915], (10.57)
Ly = [-4.5515 1.9864] (10.58)
Lo = [2.0641 — 4.2430], (10.59)

and the scalars a1 = as = 1.5, 5y = 0.1, 81 = B2 = 0.01 satisfy (10.45), (10.46), and
(10.20). Therefore, it follows from Corollary 10.1 that the proposed sampled-parameter-

dependent control law (10.12), (10.33) with gain matrices

Ko=LoR™' = [-4.,1407 —1.1412], (10.60)
K; = LiR™!' =[-1.0003 — 0.0469], (10.61)
Ky =LoR™' =[-0.047 —1.0469], (10.62)

guarantees almost sure asymptotic stabilization of the closed-loop system (10.8), (10.12).

Sample paths of the state z(k) and the control input u(k) obtained with initial condi-
tion z(0) = [1, —1]" are shown in Figs. 10.2 and 10.3, respectively. Moreover, a sample
path of the actual parameter £(k) and its sampled version ¢(k) are shown in Figure 10.4.
Figures 10.2-10.4 indicate that our proposed control framework (10.12) which affinely
depends on the sampled parameter ¢(k) achieves asymptotic stabilization of the zero so-

lution.

10.7 Conclusion

In this chapter, we investigated feedback control of discrete-time linear stochastic sys-
tems with time-varying parameters under sampled parameter information. Specifically,
we considered the case where the parameter of the system is observed (sampled) period-
ically; furthermore, we proposed a control law that depends only on the sampled version

of the parameter. We obtained sufficient conditions under which our control framework
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Figure 10.3: Control input versus time

guarantees almost sure asymptotic stabilization of the zero solution. With a numerical
example, we presented an illustrative discussion on the almost sure asymptotic stabiliza-
tion of a stochastic parameter-varying system with stationary and ergodic autoregressive
parameters. The results obtained in this chapter suggest that our proposed control law
successfully achieves almost sure asymptotic stabilization even if only a sampled version

of the parameter is available for control purposes.
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Chapter 11

Concluding Remarks and
Recommendations for Future
Research

11.1 Conclusions

The goal of this thesis was to address sampled-parameter feedback control of dynamical
systems with stochastic parameters. Specifically, we considered linear dynamical systems
with time-varying parameters that are modeled by stochastic processes. These stochastic
parameters describe the state of a randomly varying environment in which the dynami-
cal system under consideration operates. We proposed control frameworks for the case
where the parameter of the dynamical system is observed (sampled) only at certain time
instants. Furthermore, we obtained conditions under which our proposed control frame-
works guarantee convergence of the system state trajectories towards origin.

In this thesis, we explored the case where the parameter takes values from a finite
set as well as the case where the parameter evolves in a space of uncountably many
values. The case where the parameter of a dynamical system takes values from a finite set
is characterized by switched stochastic system models. Switched stochastic systems are
dynamical systems that are composed of a number of subsystems (modes). Each mode of
the switched stochastic system describes the dynamics for a specific parameter value.

In Chapter 3, we investigated feedback control of continuous-time switched stochas-
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tic systems under the assumption that the mode of the switched system is sampled only
at periodic time instants. In this problem setting, the information of the system state is
continuously available for control purposes, however, the controller is assumed to have
only sampled information of the mode signal. This problem setting is appropriate for ap-
plications where the perfect knowledge of the mode is not available for control purposes
at all time instants. We developed a sampled-mode control framework in Chapter 3. This
control framework incorporates a piecewise-constant linear feedback gain. It is important
to note that the feedback gain in our control law depends only on the sampled mode
signal. Specifically, feedback gain of our control law is switched periodically between a
number of constant gains depending on the sampled mode information. We showed that
under certain conditions, our proposed control law guarantees that the state trajectory of
the closed-loop system converges to the origin almost surely. These sufficient stabiliza-
tion conditions depend not only on the subsystem and mode transition dynamics but also
on the mode sampling period. In order to obtain these conditions, we developed a form
of strong law of large numbers (ergodic theorem) for a bivariate stochastic process com-
posed of the actual mode and its sampled version. Using this key mathematical tool, we
also showed that, our proposed control law can be used for stabilizing the system state
even if the dynamics also include Wiener noise. Specifically, in Section 3.5, we considered
a switched stochastic dynamical system where the dynamics of each mode is described
by Ito-type stochastic differential equations which involve Wiener processes. We obtained
sufficient stabilization conditions under which our proposed sampled-mode control frame-
work achieves stabilization of the zero solution of the closed-loop system. The numerical
examples, which we presented in Chapter 3, illustrate the efficacy of our sampled-mode
control strategy in stabilizing continuous-time switched stochastic systems.

In Chapter 4, we explored sampled-mode feedback control of continuous-time switched
stochastic systems under the effect of mode information delays. In this problem setting,
the mode of the switched system is assumed to be periodically sampled, and each sam-
pled mode data becomes available to the controller after a delay. This problem setting
is important for applications, because in practice there may be delays in mode detection.
In order to address this problem, we proposed a control law that depends only on the

sampled and delayed mode information. We obtained some sufficient conditions under
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which the asymptotic stability of the state of the closed-loop switched stochastic system is
guaranteed with our proposed control law.

We directed our attention to developing a new probability-based feedback gain schedul-
ing mechanism in Chapter 5. Specifically, we investigated feedback control of continuous-
time switched stochastic systems under delayed and sampled mode information (which
was also explored in Chapter 4). Our probability-based feedback gain scheduling scheme
utilizes the available delayed sampled mode data as well as a priori information concern-
ing the probabilistic dynamics of the mode signal. In this scheme, the feedback gain of
our controller is set to the gain associated with the mode that has the highest conditional
probability of being active given the most recent sampled mode information. We demon-
strated the utility of this new scheme through a numerical example. In our demonstration,
we showed that probability-based feedback gain scheduling mechanism offers less conser-
vative stabilization conditions with respect to the mode sampling period and the sampled
mode information delay. In other words, with the probability-base feedback gain schedul-
ing, stabilization can be guaranteed for larger values of the mode sampling period and
the mode sample information delay compared to the case where we use the control law
developed in Chapter 4.

In addition to continuous-time switched stochastic systems, we also explored feedback
control of discrete-time switched stochastic systems. Specifically, in Chapter 6, we con-
sidered a discrete-time switched stochastic system which incorporates a stochastic mode
signal that characterizes the switching between a number of deterministic subsystems that
are described by difference equations. We investigated feedback control of discrete-time
switched stochastic systems for the case where the mode is observed periodically. In order
to achieve stabilization of the system state, we proposed a time-varying control strategy.
Our proposed control law incorporates a feedback gain that depends not only on the sam-
pled mode signal and but also on the time explicitly. Specifically, in this control strategy,
a time-varying, periodic feedback gain is assigned to each mode of the switched system.
When a sampled mode information becomes available to the controller, the gain associ-
ated with the sampled mode is set to be the feedback gain of the controller. Until the next
mode sample becomes available, this time-varying gain is used. We obtained the dynami-

cal equations that govern the evolution of the expectation of a stochastic process related to
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the covariance of the system state. We showed that these dynamical equations are deter-
ministic and show periodic behavior due to periodicity of mode observations and periodicity
of the feedback gains associated with the modes. By using discrete-time Floquet theory we
obtained necessary and sufficient conditions for second-moment asymptotic stabilization of
the zero solution. These conditions let us assess the stability of the closed-loop system for
known feedback gains. However, for practical applications, we are required to find the
feedback gains that we use in our control law. To this end, we also obtained alternative
stabilization conditions that are better suited for finding feedback gains. In this regard,
we provided efficient numerical methods to find stabilizing feedback gains. It is impor-
tant to note that mode observation (sampling) period and the number of subsystems that
we consider are finite. Hence, eventhough we consider a time-varying control strategy,
the number of feedback gains we have to find is finite due to the discrete-time setting.
Furthermore, our numerical methods can be used to efficiently determine these feedback
gains.

In the literature, switched stochastic systems have been used for modeling fault-tolerant
control systems which are composed of a normal operation mode and a number of faulty
modes that are associated with failures of different components of the process. When
there is a failure, information about this failure may not be instantaneously available to
the controller. The failure is often detected through diagnostic tests. However, these tests
may fail to identify the exact type of the failure. Hence, although the controller has the
information that there was a failure and the system is in one of the faulty modes, it does
not have the exact information of the mode. In order to develop control frameworks that
can deal with such situations, in Chapter 7, we investigated the feedback control problem
for a discrete-time switched stochastic system for the case where mode information ob-
tained through the observations is not precise. We assumed that the modes of the switched
system are divided into a number of groups, and the controller periodically receives in-
formation of the group that contains the active mode. We then proposed a control law
that depends only on the periodically available imprecise mode information, rather than
the exact information of the mode. We obtained a set of numerically verifiable conditions
under which our proposed control law guarantees stabilization of the closed-loop system.

In practical applications, it would be ideal if the mode information of a switched sys-
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tem is available for control purposes at all time instants or at least periodically. However,
there are certain cases where mode information is obtained at random time instants. This
situation occurs for example when the mode is sampled at all time instants; however,
some of the mode samples are randomly lost during communication between mode sam-
pling mechanism and the controller. On the other hand, in some applications, the mode
has to be detected, but the detected mode information may not be always accurate. In
this case each mode detection has a confidence level. Mode information with low con-
fidence is discarded. As a result, depending on the confidence level of detection, the
controller may or may not receive the mode information at a particular mode detection
instant. In order to deal with such cases where the information of the mode signal is
randomly available to the controller, the methods that we developed in Chapters 8 and 9
can be employed. Note that in Chapter 8, we investigated sampled-mode feedback control
problem for continuous-time switched stochastic systems for the case where the lengths
of intervals between mode sampling time instants are exponentially distributed random
variables. Futhermore, in Chapter 9, we proposed a sampled-mode feedback controller
for stabilizing discrete-time switched stochastic systems. In Chapter 9, we did not assume
a particular distribution for the length of intervals between mode observation (sampling)
time instants. In fact, the sufficient stabilization conditions that we obtained in Chapter 9
can be used in various situations related to the nature mode observations. For example,
these sufficient conditions can be used to assess stability of the closed-loop system un-
der our proposed sampled-mode-dependent control law for cases such as uniformly or
geometrically distributed mode observation intervals, or for the case where the mode is
sampled periodically.

In Chapters 3-9, we investigated sampled-mode stabilization of switched stochastic
control systems. Switched stochastic systems constitute an important class of dynamical
systems with randomly varying parameters. Specifically, switched stochastic system mod-
els can be used for modeling processes with parameters that take values from a finite set.
In the switched system framework, instantaneous change of the value of a parameter is
modeled as a mode switch. On the other hand, for certain applications, we may also need
to consider the case where the parameter of a process takes values from a space composed

of a continuum of points. In this case, there are uncountably many values that parameter
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may take over time. In Chapter 10, we investigated feedback control of a dynamical sys-
tem with stochastic parameters that evolve in a multidimensional space. We developed a
stabilizing control framework for the case where the system parameter is observed (sam-
pled) periodically. We obtained sufficient conditions under which almost sure asymptotic
stabilization of the closed-loop stochastic parameter-varying system is guaranteed by our
proposed control law. As a key step towards obtaining these sufficient conditions, we
utilized the stationarity and ergodicity properties of a stochastic process that represents
the sequences of values that the system parameter takes between consecutive observation
instants. In Chapter 10, we also explored a special class of linear parameter-varying sys-
tems where the state matrix is an affine function of the entries of the parameter vector.
We proved that stabilization for this class of parameter-varying systems can be achieved
through a control law with a feedback gain that is an affine function of the entries of the
sampled parameter vector. We presented a numerical example to illustrate the efficacy of
our approach for stabilizing linear systems with autoregressive parameters.

In conclusion, in this thesis, we investigated feedback control of dynamical systems
with parameters that evolve randomly. Specifically, we explored the case where the in-
formation of the system parameter is only available for control purposes at certain obser-
vation (sampling) instants. We proposed a range of different control methods to achieve
stabilization of the system state by using only sampled mode information. We proved that
our proposed control frameworks guarantee stabilization despite the uncertainty of the
parameter between the observation instants. The sampled-parameter control frameworks
that we developed are well-suited for controlling complex systems that work under the
effect of stochastically varying environments, as the changes in the environmental con-
ditions may not be observed exactly, instantaneously, or as frequently as the state of the

system itself.

11.2 Recommendations for Future Research

In this thesis we worked on the sampled-parameter feedback control problem for linear
systems with randomly varying parameters. We considered the case where the probabilis-

tic dynamics that govern the evolution of the parameter is available a priori. Specifically,
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in Chapters 3-9, where we considered feedback control of switched stochastic systems, we
assumed to have the knowledge of mode transition rates for the continuous-time case and
mode transition probabilities for the discrete-time case. Furthermore, in Chapter 10, we
investigated feedback control of a linear parameter-varying system with parameters that
are Markov processes that evolve in R! according to known transition probability func-
tions. A future direction to thesis is the investigation of the case where the probabilistic
dynamics of the parameters are unknown. In such cases one may develop adaptive control
frameworks. A possible approach is to estimate the probabilistic dynamics of the parame-
ter process by using the observed values of the parameter, and adjust the controller based
on this estimation in an iterative fashion. A second approach would be considering a di-
rect adaptive control framework. In this case, the feedback gain is directly adjusted based
on the system state and parameter observations, since direct adaptive control does not
require estimation of the probabilistic dynamics of the parameter.

For certain applications, we need to consider the case where the evolution of the pa-
rameters also depend on the system state. In such cases, when a switched stochastic
system is considered, we can model the evolution of the mode through state-dependent
transition rate or transition probability matrices. On the other hand, if the parameter takes
values in R!, transition probability functions would be state-dependent. In this thesis, we
considered the case where the evolution of the parameter is not state-dependent. As a
future work, the results presented in this thesis can be extended to include the case where
the parameter variation depends also on the state.

In Chapter 7, we considered the feedback control of a switched stochastic system for
the case where only sampled and imprecise information of the mode signal is available to
the controller. In that problem setting, the information of the mode was assumed to indi-
cate only the group of modes that include the active mode. This group information is not
an exact characterization of the active mode, although it accurately identifies the group of
modes, one of which is guaranteed to be active. For many applications, mode information
is provided to the controller by sensors, which may not have perfect accuracy. It is there-
fore important to address the feedback control problem for the case where the sampled
mode information is not accurate. In this case, the information about the active mode

may be wrong with a certain probability. Future research in this direction includes explo-

237



ration of the relation between the accuracy of the mode information and the stabilization
performance.

In this thesis, randomness is introduced in the dynamics through parameters. Specif-
ically, we investigated feedback control problem for dynamical systems with parameters
that evolve randomly. Note that in practice, randomness also appear as an input to the dy-
namical system. In this case the dynamics for the continuous-time case can be represented

in the form

(t) = Ax(t) + Bu(t) + £(t), >0, (11.1)

where £(-) represents a randomly evolving input. This type of dynamics with random
inputs are often seen in mechanical systems. In [121], response of a mechanical dynamical
system to random excitation is analyzed. Furthermore, when a liquid contained in a tank
is part of dynamical structure, the movement of liquid surface due to random excitation
affects the overall dynamics. Investigation of liquid sloshing due to random excitation
is conducted in [122,123]. On the other hand, when the suspension system of a car is
considered, road profile acts as a randomly evolving input [124,125]. It is often the case,
where the random input £(-) can not be measured as frequently and as precisely as the
states x(-) of the system. Therefore, we are required to investigate the control problem for
the case where only sampled information of the random input &(-) is available for control

purposes.
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