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Abstract

We have entered the age of information for more than two decades, and now we
are entering the age of big data. Traditional supervised learning, which requires
all labels for training a model, costs too many resources and thus becomes inap-
plicable nowadays. In vivid contrast, imperfectly supervised learning, which does
not have such a requirement, is much less expensive and then more practical for
real-world applications. To this end, this doctoral thesis is devoted to developing

discriminative methods with imperfect supervision in machine learning.

We have found six major problem settings that can be viewed as learning with
imperfect supervision. This thesis focuses on three of them. Three learning mod-
els each with one or two algorithms are proposed for certain learning problems,

namely, clustering, metric learning, and semi-supervised classification.

Firstly, we investigate the clustering problem and propose maximum volume
clustering (MVC). State-of-the-art clustering methods have many advantages, for
example, the cluster shape can be very flexible. However, all of existing methods
lack two important theoretical guarantees: Finite sample stability which analyzes
when different local optima induce the same data partition, and clustering error
bound which theoretically bound the clustering error from above. MVC employs
the soft response vector as the hypothesis rather than the centroid or hyperplane,
and is approximately solved by sophisticated optimization methods. Consequent-
ly, MVC is theoretically guaranteed with the finite sample stability and clustering
error bound. Experiments demonstrate MVC is promising.

Secondly, we investigate the metric learning problem and propose semi-sup-
ervised metric learning paradigm with hyper-sparsity (SERAPH). State-of-the-art
semi-supervised metric learning methods are all based on manifold regularization

and manifold embedding. These methods can successfully extract the similarity



information of unlabeled data, but the dissimilarity information is simply ignored.
Nonetheless, most unlabeled data should be dissimilar for rich enough input data
domains. To this end, SERAPH learns a metric by learning a probability parame-
terized by that metric, while it employs entropy regularization so that it can also
extract the dissimilarity information of unlabeled data. Experiments demonstrate
SERAPH is promising.

Thirdly, we investigate the semi-supervised classification problem and propo-
se squared-loss mutual information regularization (SMIR). Information maximi-
zation methods for semi-supervised classification, as the state-of-the-art methods,
can directly deal with the multi-class out-of-sample classification problem. How-
ever, all of existing information maximization methods are non-convex, and thus
they have no access to the globally optimal solution. SMIR replaces the ordinary
mutual information with the squared-loss mutual information, and the optimiza-
tion involved in SMIR is strongly convex under mild conditions and then has the
analytic expression of the unique globally optimal solution. Experiments demon-
strate SMIR is promising.

Given the encouraging experimental results of the proposed methods, we fi-
nally conclude that discriminative methods with imperfect supervision in machine

learning are successful and worth a further study in the future.

vi
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Chapter 1
Introduction

This doctoral thesis is devoted to developing discriminative methods with imper-
fect supervision in machine learning. In this chapter, we state the motivation and

objective of our work.

1.1 Learning and Machine Learning

Learning is the activity of inferring certain unknown facts based on some known
facts and some knowledge of the environment. When we talk about learning, we
should have already implied in the context a subject who carries out the learning
activity and an underlying environment where the subject of learning acts. Usu-
ally, learning is achieved by first generalizing a set of rules from given facts and
knowledge and then applying these rules to infer the unknown facts. These rules
obtained by learning can be further added to the knowledge of the environment,
and thus the object of learning can be either the unknown facts or the knowledge
of the environment itself.

Learning has many different internal motivations and external manifestations
according to the various learning subjects. Sugiyama (2001) gives an illustrative
example: Physicists who are interested in the underlying laws and principles of
the world constitute a typical group of subjects, and their activity to clarify those
laws and principles based on a limited amount of experimental data is a typical
paradigm of learning. Hence, learning has actually been a very important issue in

science.
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If the subject of learning is a person, it is called human learning. Besides our
human beings, animals such as dolphins, dogs, cats, and even bees and ants can
also learn, and it is called natural learning. Surprisingly, besides these creatures,
programs in computer systems can also learn, and it is called machine learning.

In the context of machine learning, the known facts are training data sampled
from the environment, the unknown facts are usually unknown labels of test data,

and the knowledge may be a particular regularization or a prior of parameters.

1.1.1 Three Major Issues in Learning

Learning is not an isolated research field. It is closely related to several research

fields. Sugiyama (2001) has pointed out three major issues in learning:

o Clarification of mechanism of brain, which has been mainly studied in psy-

chology, biology, and neuroscience;

e Development of learning machines, which has been mainly studied in com-

puter science and neuro-engineering;

e [nvestigation of essence of learning, which has been mainly studied in in-

formation science.

In a special sense, machine learning refers to the third issue, while in a general
sense, it covers all three issues. In this thesis, we adopt the special sense, that is,
investigation of essence of learning. More specifically, the essence of learning is

hidden in the answers of two questions (cf. Mitchell, 2006):

e How can computer systems automatically improve with experience?

e What are the fundamental laws that govern all learning methods?

Although we develop machine learning methods when we seek the answers, we
do not develop learning machines, and our motivation is not to copy the way our
human being thinks. We would like to argue that machine learning does not have
to mimic human learning just like artificial intelligence does not have to mimic
human intelligence (Russell and Norvig, 2009), as the way we think and behave
is not necessarily what we want to be imitated by machines. Consider someone

walks up to his “intelligent” car and says “Take me home.” but it answers “Don’t
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you see I’'m enjoying this beautiful and peaceful place? Take a cab!”. Is anyone

willing to buy it?

1.1.2 Machine Learning, Data Mining, and Statistics

Perhaps it is unclear what the difference of machine learning from data mining or
statistics is, especially since nowadays many machine learning and data mining
methods originate from the statistical learning theory (Vapnik, 1998).

Roughly speaking, machine learning shares a similar yet slightly different goal
with data mining and statistics, and they diverge at what the unknown facts to be

inferred are and how to evaluate the performance:

e Machine learning emphasizes predicting the future. It infers the unknown
labels of test data and prefers the model with higher accuracy. In practice,
the future is unknown, and thus the evaluation often relies on training data
(e.g., through cross-validations). Both probabilistic methods (e.g., logistic
regression) and non-probabilistic methods (e.g., support vector machines)

are popular, and the classical methods are supervised.

e Data mining emphasizes discovering novel knowledge. Typically, it infers
any unknown knowledge, while it does not have specific targets before it
mines the data. Once the new knowledge has been discovered, the novelty
is scored by the user. In such typical settings, the supervision is absent in

mining, so the classical methods are unsupervised.

e Statistics emphasizes understanding the past. It infers the unknown mech-
anism that has generated the data and prefers the model with better inter-
pretability. As a result, probabilistic methods exploring the physical mean-
ings of features are more popular than non-probabilistic methods that look

often like black boxes.

Note that, however, the clarification given above only works with the primary
goals of the most representative tasks from the three fields in a traditional flavor.
Nowadays, machine learning also studies clustering and anomaly detection, data
mining also studies classification and regression, and besides analyses statistics

also makes predictions. Consequently, in a modern flavor the difference between
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machine learning, data mining and statistics is quite subtle, and the methodology

to be followed mainly depends on the problem that we want to solve.

1.1.3 Machine Learning and Artificial Intelligence

Machine learning and artificial intelligence have been closely related since long
before. The nuance between machine learning and artificial intelligence sounds
even more subtle in a traditional flavor. However, nowadays they are in fact not
significantly overlapped.

In artificial intelligence, the subject who acts in the environment is called the
agent or the intelligent agent, and there are several key issues for the intelligent
agent (Russell and Norvig, 2009):

e Perceiving, which collects the information from the environment. The col-

lected information will be used for decision making;

e Searching, planning, and learning, which analyzes the output of perceiving

and makes the decision as the input of acting;
e Acting, which executes the decision and interacts with the environment;

e Communicating, which exchanges the information with other agents, and

thus assembles the agents into a society.

We can see that from this point of view, machine learning is a branch of artificial
intelligence, and it is partially in charge of decision making. Despite that search-
ing and planning can also be used for the same purpose, there are two intrinsic

differences:

e Searching and planning rely more on the knowledge formulated by the de-
signer, while learning relies more on the data sampled from the environ-

ment;

e Searching and planning are more logical reasoning, while learning is more

statistical reasoning.

Recall the two questions about the essence of learning. The agent who can learn
is able to automatically improve with experience, and hence it may take a better

action at the same state after it explores the environment for a longer time. By
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contrast, the agent who cannot learn is going to disregard the experience during
the exploration of the environment, and hence it will take the same action at the
same state forever.

Note that learning in artificial intelligence mainly means reinforcement learn-
ing which is overwhelmingly popular than other machine learning paradigms. In
a modern flavor, machine learning includes lots of advanced data analysis topics
so that it is much more general than the specific learning in artificial intelligence.
Therefore, machine learning is regarded as an independent research field instead

of a branch of artificial intelligence in the modern age.

1.2 Generative and Discriminative Methods

Let X and Y be the input domain and output range of our interests, and X € X
and Y € ) be the input and output random variables respectively. Without loss
of generality, assume that the Cartesian product X x ) has an underlying joint
probability distribution p(z,y) with the marginal density p(z) and the marginal
probability p(y). In this thesis, X" is always a continuous set and ) is always a
discrete set.

A generative model is a model for either randomly generating the data with
labels, i.e., drawing (x,y) according to p(z,y), or randomly generating the data
given labels, i.e., drawing x given y according to p(x | y). A generative method
in machine learning is a method that focuses on certain generative models. The

goal is to estimate the hidden parameter 6, such that

p(x,y;0) = p(x,y) = plz | y)p(y).

Since our y is discrete, estimating the joint probability distribution p(z,y) can be
reduced to estimating the conditional probability density p(x | y), and it can serve
as an intermediate step to estimating the conditional probability p(y | z) through

Bayes’ rule

plyply) _ ple]y)py)
p(x) dyeyP@ [ y)p(y)

plylz)=

Examples of generative models are Gaussian mixture models and hidden Markov

models.
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A discriminative model is a model for analyzing the dependence of the labels
on data, usually given observed data with labels yet sometimes given observed
data only. A discriminative method in machine learning is a method that focuses
on certain discriminative models. The goal is to estimate the hidden parameter 6,
such that

ply | =;0) ~ p(y | z),
which can be used for predicting y after seeing x without the help of Bayes’ rule.

Alternatively, we can learn an unnormalized probability ¢(y | x; #) such that

q(y | z;0)
yeydy' | =0

zﬁ(ylaf):Z

)%p(yliv)-

Note that doing so in a generative method is not a good idea, since p(y | =) is a

discrete probability and the partition function

Z(x) = qly|z:0)
yey
is very easy to compute, whereas p(z | y) is a continuous density and computing

the partition function
2) = [ ala|y0)s
TEX

itself can be a hard problem. Examples of discriminative models are support vec-
tor machines and logistic regression models.

Generative methods and discriminative methods have their own strong points
and weak points. The differences all attribute to that generative methods use full
probabilistic models of X and Y while discriminative methods use partial prob-
abilistic models of Y conditioned on X. In other words, the randomness of gen-
erating z is not considered by discriminative methods though X is stochastic. As
a result, generative methods can simulate the data generation including all forms
(x,y), x,y, z | y and y | x, while discriminative methods can only simulate the
generation of y | x, and the results do not necessarily follow the same p(x,y).
In addition, generative models can generally express more complex dependence
of X and Y than discriminative models. Nevertheless, for most complex depen-
dence, generative models are very rough approximations to the true p(z,y), and
generative methods are less robust against incorrectly specified models than dis-

criminative methods. Moreover, if the problem of interest is just predicting y for
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given z and does not require p(z,y), generative methods usually make more as-
sumptions than discriminative methods, while discriminative methods only make
the assumptions necessary to solve the problem at hand. In such cases, discrim-
inative methods may yield superior performance. To sum up, the characteristics
of the problem that we want to solve finally determine we should use generative
methods or discriminative methods.

In this thesis, we simply focus on discriminative methods, since our problem
of interest is no more than predicting y given x (Chapters 2 and 4) or predicting y
given x and z’ (Chapters 3). An issue of discriminative methods is that they are
originally supervised methods and cannot be readily extended to the supervision
other than the full supervision. Thus, we study discriminative methods with im-
perfect supervision. The imperfect supervision is a general name of many types
of supervision less informative than the full supervision. It will be introduced in

the next section.

1.3 Imperfect Supervision

The imperfect supervision can be referred to as many types of supervision which
are less informative than the full supervision. In this section, we briefly explain
fully supervised learning and six major imperfectly supervised learning:

e Supervised learning in Section 1.3.1;

e Unsupervised learning in Section 1.3.2;

e Semi-supervised learning in Section 1.3.3;

Transductive learning in Section 1.3.4;

Weak-supervised learning in Section 1.3.5;

Active learning in Section 1.3.6;

e Reinforcement learning in Section 1.3.7.

By no means could we make a comprehensive review in a single section, so we
just focus on their basic problem settings. For details, please refer to textbooks
in machine learning such as Duda et al. (2001), Bishop (2006) and Hastie et al.
(2009).
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1.3.1 Supervised Learning

Undoubtedly, supervised learning, or what we call learning with full supervision
here, is a best-studied type in machine learning compared with other types, par-
ticularly in statistical learning theory (Vapnik, 1998). It refers to the problem of
inferring a function y = f(z) based on completely labeled training data.

Here for the consistency of terminology, the term training data means the raw

data to be used for training without labels, e.g.,
L1yeyTp,

the term labeled training data means those raw data with the labels given by the

domain expert, e.g.,
(x17y1)7 ey (xna yn)a

and completely labeled training data means that each raw datum possesses a label.
Consequently, our terminology is slightly different from some commonly used
ones in supervised learning where training data are our labeled training data. We
distinguish here the raw and the labeled training data in order to clearly explain
the data flow. We will abbreviate labeled training data to labeled data if there is
no ambiguity.

The data flow of supervised learning is shown in Figure 1.1. The white boxes
mean the data and labels, and the gray boxes mean certain subjects who interact
with the data and labels. Moreover, the box with a red border means the primary
goal of supervised learning. In Figure 1.1, the model is the key part. It can map
any unseen test data to some reasonable predictions, and therefore it generalizes
from a limited amount of training data to infinitely many test data.

More specifically, the training data flow starts at the data generator and ends

at the model:

1. The data generator produces the training data x4, ..., x, according to the

marginal density p(x);

2. The domain expert, who is the supervisor, labels all training data according
to the conditional probability p(y | x). Thatis, Vy € Y, y is assigned to x;
with probability p(y | z;);
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Data Generator

|

Domain Expert

Training Data

L1y.e.y Ty

|

|

) 4
Labels Labeled Data Test Data
yl’?:yn ('r17y1>77(‘rn7yn) Ill?

:

Learning Method

:

Model

I

Predictions for
Test Data

~/
yl’...

Figure 1.1: Data flow of supervised learning. The white boxes mean the data and
labels, the gray boxes mean the subjects, and the box with a red border

indicates the primary goal.
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3. The learning method analyzes the labeled data (x1,%1),. .., (Zs, y,), and
then builds the model y = f(z).

After we have a model in hand, the test data flow starts at the data generator and
ends at the prediction. For any test datum 2z’ € X, the model predicts the label as
g = f(2'), i.e., the output value of the learned function f given an input .
Supervised learning is the prototype and almost all other types are its varia-
tions. An understanding of supervised learning would help appreciating the im-

perfectly supervised problem settings.

1.3.2 Unsupervised Learning

As opposed to supervised learning reviewed in the last subsection, unsupervised
learning refers to the problem of inferring a function y = f(x) based on com-
pletely unlabeled training data. Since no supervision has been given, the learning
method can only rely on the knowledge provided by the designer that frequently
makes strong assumptions.

Unsupervised learning is often used for data analysis and unsupervised meth-
ods diverge very much according to various data analysis purposes. Some classi-

cal problems in unsupervised learning include but are not limited to:

e Clustering, where the output y is some discrete cluster assignment;
e Density estimation, where the output y is some real-valued scalar;

e Dimensionality reduction, where the output y is some real-valued vector.

Here, we simply use discriminative clustering where classifiers are trained in an
unsupervised manner as an example to explain the data flow.

The data flow of unsupervised learning is shown in Figure 1.2. Similarly, the
white boxes mean the data and labels, and the gray boxes mean certain subjects
who interact with the data and labels. Unsupervised learning has two goals, i.e.,
making predictions for the training and test data respectively. In Figure 1.2, the
primary goal is indicated by the box with a red border, while the secondary goal
has a data flow composed of the dashed boxes and lines. If the learning method
can achieve this secondary goal, we say that it has the out-of-sample ability. An

out-of-sample extension is otherwise needed.
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Compared with Figure 1.1, we can see from Figure 1.2 that there is no label
for training since the domain expert is absent, and thus the training data directly
go to the learning method. Then some learning methods build a model y = f(x)
explicitly and use it to determine the predictions ¥y, . . ., ¥,, While some learning
methods build a model implicitly as a by-product and determine the predictions
without the model.

Unsupervised learning is an extreme in learning with imperfect supervision.
Many imperfectly supervised problem settings can be obtained by cleverly com-

bining supervised and unsupervised learning.

1.3.3 Semi-supervised Learning

Semi-supervised learning, as its name, is half supervised learning and half unsu-
pervised learning. In semi-supervised learning, the domain expert labels a subset
of training data while the learning method cannot control the data to be labeled.
Then the learning method infers a function y = f(x) based on partially labeled
training data.

The data flow of semi-supervised learning is shown in Figure 1.3. It is similar
to the data flow of supervised learning in Figure 1.1. Now, the training data flow

starts at the data generator and ends at the prediction:

1. The data generator produces the training data x4, ..., x, according to the

marginal density p(z);

2. The domain expert labels a subset of training data according to the condi-
tional probability p(y | z). Thatis, Vy € Y, y is assigned to z; with proba-

bility p(y | x;) if z; is labeled. Without loss of generality, assume 1, . . ., z;
are labeled, ;. 1, ..., x, are unlabeled, and [ is usually much smaller than
UB

3. The learning method analyzes the labeled data (x1, %), ..., (z;, ;) and the
unlabeled data 2,4, .. ., x,, and then builds the model y = f(x);

4. The model sometimes predicts 9,11 = f(2i11),..-,0n = f(xn), i-e., the
output values of the learned function f given inputs x; 1, ..., z,.

Note that, however, the last step in the training data flow is the secondary goal of

semi-supervised learning. Similarly to supervised learning, the model is the key
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part, which generalizes from a limited amount of training data to infinitely many
test data. In Figure 1.3, the primary goal is the terminal of the test data flow and
indicated by the box with a red border. After we have a model in hand, the model
predicts ¢ = f(z') for any test datum z’ € X.

For details of semi-supervised learning, please refer to Chapelle et al. (2006).

1.3.4 Transductive Learning

There has been two views of transductive learning, one is more similar to super-
vised learning and the other is more similar to semi-supervised learning. Both of
them agree that transductive learning makes some predictions without building a
model, but diverge at these predictions are for test data or for unlabeled training
data.

Transductive learning is also called transduction or transductive inference. It
is the opposite of inductive learning. It does not build any model so that it does
not generalize from a limited amount of training data to infinitely many test data.
The key idea of transductive learning is to infer from limited and specific training
data directly to limited and specific test data. According to Vladimir Vapnik (e.g.,
Vapnik, 1998), transductive learning is preferable to inductive learning, since in-
ductive learning requires solving a more general problem (inferring a function) as
an intermediate step before solving a more specific problem (making predictions
for test data).

Despite the philosophically advanced motivation of the above view of trans-
ductive learning, we adopt the other view which suggests that transductive learn-

ing makes predictions for unlabeled training data, since

e Transductive learning is a member of learning with imperfect supervision,

when it makes predictions for unlabeled data;

e Based on the research known as the out-of-sample extension for transduc-
tive learning methods (e.g., Delalleau et al., 2005), transductive learning is
able to deal with infinitely many test data, just like semi-supervised learn-
ing. The original test data now serve as unlabeled data, while the out-of-
sample extension serves as the model though it is not built by the learning
method;
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e As aresult, a transductive learning method equipped with an out-of-sample

extension need not be retrained when new test data arrive.

In recent years, transductive learning papers and semi-supervised learning papers
are significantly overlapped.

The data flow of transductive learning is shown in Figure 1.4. Compared with
the data flow of semi-supervised learning in Figure 1.3, we can see that the out-
of-sample extension replaces the model. Now, making predictions for unlabeled
data is the primary goal, and the predictions directly follow the learning method
on the chain without passing the out-of-sample extension. On the other hand, the
secondary goal is making predictions for test data, and its data flow is indicated
by the dashed boxes and lines, since not every transductive learning method has

an out-of-sample extension and can deal with test data.

1.3.5 Weak-supervised Learning

Weak-supervised learning infers a function y = f(u,v), where the output y is a
weak label, based on completely labeled training data pairs. A weak label only
takes two values +1 and —1 and indicates the similarity and dissimilarity of the

input data v and v, such that

e [f the output y = +1, then the input data u and v are similar;

e [f the output y = —1, then the input data « and v are dissimilar.
The physical meaning of weak labels implies that the function f should be sym-
metric with respect to its variables, i.e., f(u,v) = f(v,u) for any v and v.

The data flow of weak-supervised learning is shown in Figure 1.5. Compared
with the data flow of supervised learning in Figure 1.1, we can see that

e All the data points are replaced with the corresponding data pairs;

e All the class labels are replaced with the corresponding weak labels.
For real-world applications, the domain expert labels the similarity and dissimi-
larity of given data pairs, and it is easier for the domain expert than to label the

classes of all data points. However, for laboratorial study, we still employ those

benchmark data sets for classification to evaluate the learning method. All weak
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labels are constructed from class labels by testing whether the class labels of u
and v equal or not. Given the class-posterior probability p(y’ | =) where 3/ is a
class label and x can be u or v, the conditional probability of a similarity weak
label is then
ply=+11uv) =Y p/ [wpl |v),
y'ey

and the conditional probability of a dissimilarity weak label is

When constructing weak labels from class labels, it is clear that learning with

weak labels is a member of learning with imperfect supervision:

e O(n) data points with class labels can lead to O(n?) data pairs with weak
labels;

e For O(n) data points, O(n) weal labels cannot recover the original O(n)

class labels, unless the set of class labels ) only contains two elements.

1.3.6 Active Learning

Active learning refers to the problem of inferring a function y = f(x) when the
learning method actively join the data generating or labeling. There are two ap-
proaches to active learning, sequential active learning and batch active learning

with completely different stories (cf. Sugiyama, 2006):

e In sequential active learning, some training data are collected and labeled,
the model is learned, then more training data are collected and labeled and
the model is learned again. This iteration of more-data and better-model is

repeated until the learning method decides to stop;

e In batch active learning, all training data are collected in the beginning.

The discussion below applies only to the sequential approach to active learning,
since the batch approach is not learning with imperfect supervision.
The data flow of active learning is shown in Figure 1.6. We can see that there is

a feedback from the model to the data generator or learning method. The training
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data flow is not linear as supervised learning or semi-supervised learning, but con-
tains many circles, and each circle improves the model a bit towards the optimal
model. Basically, active learning methods can either generate data by themselves
or access a huge amount of data generated by the data generator and stored in the

data pool:

e If a single data point is collected in each iteration of more-data and better-
model, then the learning method may access a huge amount of data in the

data pool;

e [f a few data points are collected in each iteration of more-data and better-
model, then the learning method may generate data or control the distribu-

tion according to which the data generator works.

In both cases, the training data labeled by the domain expert should have a den-
sity different from the underlying marginal density p(z), and most often but not
necessarily data that are more difficult to be classified deserve higher probability
to be labeled.

The combination of active learning and semi-supervised learning is popular.
That is, when building the model, the learning method makes use of the data in
the data pool that have not been labeled by the domain expert. The difference of
active and passive semi-supervised learning is the learning method or the domain
expert who decides the data that are important and should be labeled. Letting the
learning method decide may be better, since the domain expert usually gives the

supervision independent of what the learning method needs to build a model.

1.3.7 Reinforcement Learning

Reinforcement learning refers to the problem of inferring a function a = f(s) or
equivalently p(a | s) based on returns of trajectories where a is the action and s
is the state. The problem setting of reinforcement learning is very different from
other problem settings introduced before. We just illustrate it can also be viewed
as learning with imperfect supervision. Please refer to Sutton and Barto (1998)
for details of reinforcement learning.

The data flow of reinforcement learning is shown in Figure 1.7. We can see

that the names in the boxes are different from the ones we have seen:
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e Trajectories are analogous with training data. A trajectory h is a sequence
of states and actions, and it can be written as (s, aq, ..., Sr, ar) if it is of
length T°;

e Returns, which are discounted sums of future rewards, are analogous with
labels. The higher quality a trajectory h has, the higher the corresponding

return R is;

e Simulator serves as a data generator. Given the current state s; and action

ay, it produces the next state sy, 1;

e Policy serves as a model. Given the current state s;, it produces the current

action a; as f(s;) or according to p(a; | s¢);

e Reward Function serves as a domain expert. It assigns a return 12 to given

trajectory h.

Note that the reward function may be designed by the domain expert. Unlike the
domain expert who manually labels training data, the reward function automati-
cally computes the returns of trajectories, and thus reinforcement learning can in
principle be endless.

Furthermore, it is difficult to separate the training and test data flows in Fig-
ure 1.7. We use dashed boxes and lines to represent the data flow for trajectory
generating, and solid ones to represent the data flow for policy learning. In order
to generate a trajectory h of length 7', we need to iterate the dashed circle 7' times.
After we have n trajectories, the learning method updates the policy. Most often
but not necessarily, the update of policy involves the trajectories, the returns, and
the current policy.

It is easy to see that the returns of trajectories are imperfect supervision. If it
was supervised learning, there should be 71" desired actions given by the domain
expert for each trajectory of length 7', while reinforcement learning only affords

a single return for each trajectory no matter how large the value of 7' is.

1.4 Contribution of This Thesis

Our research contributes to three machine learning problems: Clustering, metric

learning, and semi-supervised classification. In this section, we explain what our
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contributions are and how we have achieved them briefly.

1.4.1 An Overview

In this thesis, we study discriminative methods with imperfect supervision in ma-
chine learning. Three machine learning models each with one or two algorithms
are proposed, all of which are discriminative and work under imperfect supervi-

sion for certain machine learning problems:

Firstly, maximum volume clustering is a discriminative approach to cluster-
ing following the large volume principle (El-Yaniv et al., 2008). It includes, for
example, a spectral clustering and two relaxed k-means clustering as special lim-
it cases. This research involves two types of imperfect supervision. While the
discriminative clustering model itself is unsupervised (Section 1.3.2), the large
volume principle comes from transductive learning (Section 1.3.4). The learning

problem here is hardest among three problems with least supervision.

Secondly, semi-supervised metric learning paradigm with hyper-sparsity 1s a
discriminative approach to metric learning following both the supervised maxi-
mum entropy principle (Berger et al., 1996) and the unsupervised minimum en-
tropy principle (Grandvalet and Bengio, 2005). It improves manifold regulariza-
tion for metric learning by considering dissimilarity constraints over unlabeled
data. This research involves the combination of weak-supervised learning (Sec-
tion 1.3.5) and semi-supervised learning (Section 1.3.3). The learning problem

here is in the middle of three problems with moderate supervision.

Thirdly, squared-loss mutual information regularization is a discriminative ap-
proach to semi-supervised classification following the information maximization
principle (Sugiyama et al., 2011). It is convex under mild conditions, and thus
improves the non-convexity of mutual information regularization. This research
involves semi-supervised learning (Section 1.3.3). The learning problem here is

easiest among three problems with most supervision.

We provide solid theoretical analyses for all of these methods. Experiments
demonstrate that they compare favorably with the corresponding state-of-the-art

methods.
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1.4.2 Clustering

Clustering aims at grouping a set of objects in such a way that objects in the same
cluster are more similar to each other than to those from other clusters.

Clustering has been an important topic in machine learning and data mining
communities. In recent years, a large number of clustering methods have been
developed to improve classical k-means clustering, e.g., kernel k-means cluster-
ing (Girolami, 2002), spectral clustering (Shi and Malik, 2000), and maximum
margin clustering (MMC) (Xu et al., 2005). MMC, which maximizes the margin
between two opposite clusters, is the first clustering approach that is directly con-
nected to the statistical learning theory (Vapnik, 1998). For this reason, it has been
extensively investigated. The theoretical foundation of MMC is the large margin
principle (Vapnik, 1982).

Nevertheless, in statistical learning theory, the large margin principle is not the
only way to go. A useful alternative to it is the large volume principle proposed
by Vladimir Vapnik (Vapnik, 1982), which advocates that hypotheses lying in an
equivalence class with a larger volume are more preferable.

Following the large volume principle, we introduce a novel discriminative
clustering model called maximum volume clustering (MVC), and propose two

approximation schemes to solve this model:

e A soft-label MVC method using sequential quadratic programming;

e A hard-label MVC method using semi-definite programming.
Subsequently, we show theoretically MVC includes the optimization problems
of a spectral clustering (von Luxburg, 2007), two k-means clustering (Ding and
He, 2004) and an information-maximization clustering (Sugiyama et al., 2011)
as special limit cases. Hence, MVC might be regarded as a natural extension of
many existing clustering methods. Moreover, we establish two theoretical results
in order to analyze the soft-label MVC method:

e A theory called finite sample stability;

e A data-dependent error bound.

Experiments demonstrate that MVC often outperformed
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e Kernel k-means clustering (Zha et al., 2002),

e Normalized spectral clustering (Ng et al., 2002),

Maximum margin clustering (Xu et al., 2005),

Generalized maximum margin clustering (Valizadegan and Jin, 2007),

Label-generation maximum margin clustering (Li et al., 2009).

1.4.3 Maetric Learning

Metric learning aims at finding a Mahalanobis distance, such that under this dis-
tance metric, objects that are labeled similar are close and objects that are labeled
dissimilar are far apart (Xing et al., 2003). The similarity and dissimilarity con-
straints (as weak labels in weak-supervised learning, Section 1.3.5) are given by
the domain expert.

Semi-supervised metric learning relaxes the requirement that an object must
be involved in at least one similarity or dissimilarity constraint, or otherwise in-
visible to supervised metric learning. Manifold regularization is often used as the
semi-supervised extension, which explores the hidden similarity constraints but
ignores the hidden dissimilarity constraints over unlabeled data (Hoi et al., 2008;
Baghshah and Shouraki, 2009; Zha et al., 2009; Liu et al., 2010).

To improve it, we propose a general information-theoretic approach SERAPH
(SEmi-supervised metRic leArning Paradigm with Hyper-sparsity) that does not
rely on the manifold assumption (Belkin et al., 2006). Given the probability pa-
rameterized by a Mahalanobis distance, we follow entropy regularization (Grand-
valet and Bengio, 2005), that is,

e We maximize the entropy of that probability on labeled data;

e We minimize the entropy of that probability on unlabeled data.

Our approach allows the supervised and unsupervised parts to be integrated in a
natural and meaningful way, since now the unsupervised part considers not only
similarity constraints but also dissimilarity constraints, as the supervised part. The
constrained optimization problem of SERAPH can be solved efficiently and stably
by an EM-like scheme:
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e The E-Step has an analytical solution;

e The M-Step is convex and Lipschitz continuous.
Experiments demonstrate that SERAPH often outperformed

e Global distance metric learning (Xing et al., 2003),

Neighborhood component analysis (Goldberger et al., 2005),

Large margin nearest neighbor classification (Weinberger et al., 2006),

Information-theoretic metric learning (Davis et al., 2007),

Local distance metric learning (Yang et al., 2000),

Manifold Fisher discriminant analysis (Baghshah and Shouraki, 2009),

and the learned metric possesses high discriminability even under a noisy envi-

ronment.

1.4.4 Semi-supervised Classification

Semi-supervised classification aims at training classifiers with both labeled and
unlabeled data. It relaxes the requirement that all objects must be labeled by the
domain expert. Instead, additional assumptions about the joint distribution of the
data and class labels are made under semi-supervised settings to extract helpful
information from unlabeled data. Among them, the manifold assumption (Belkin
et al., 2006), which assumes that data lie on a manifold of much lower dimen-
sionality than the input space, is of vital importance. Its origin is the smoothness
assumption following the low-density separation principle.

However, this low-density separation principle is not the only way to go. The
information maximization principle is a useful alternative. It prefers probabilistic
classifiers maximizing a certain information measure (e.g., the mutual informa-
tion) between input data and output labels (Agakov and Barber, 2007; Gomes
et al., 2010; Sugiyama et al., 2011).

Following the information maximization principle, we propose a regulariza-

tion technique called squared-loss mutual information regularization (SMIR) by
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specifying the squared-loss mutual information (Suzuki et al., 2009) as the infor-
mation measure to be maximized. A key advantage of SMIR over mutual infor-
mation regularization is the convexity under mild conditions such that the unique
globally optimal solution is accessible. Furthermore, SMIR offers the following

four abilities to semi-supervised algorithms:

e Analytical solution;
e Out-of-sample classification;
e Multi-class classification;

e Probabilistic output.

SMIR is the unique framework up to now which incarnates semi-supervised algo-
rithms with all four abilities mentioned above. Again, two novel data-dependent
generalization error bounds are derived which even incorporate the information

of unlabeled data. Experiments demonstrate that SMIR often outperformed

e Plain and kernel entropy regularization (Grandvalet and Bengio, 2005),
e Plain and kernel expectation regularization (Mann and McCallum, 2007),

e Laplacian regularized least squares (Belkin et al., 2006) with a multi-class

extension,

e [earning with local and global consistency (Zhou et al., 2004) with an out-

of-sample extension.

1.5 Organization of This Thesis

This thesis consists of five chapters (see Figure 1.8). In this section, we explain
the organization of this thesis.

Chapter 1 covers the most important concepts, including machine learning in
Section 1.1, discriminative methods in Section 1.2, and the imperfect supervision
in Section 1.3. Particularly, we give the basic problem settings of discriminative
unsupervised, semi-supervised and weak-supervised learning in Sections 1.3.2,
1.3.3 and 1.3.5. The knowledge in these sections form the basis of this thesis, so

they should be read before the main chapters.
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Subsequently, Chapter 2, Chapter 3, and Chapter 4 are devoted to three dis-
criminative methods with imperfect supervision. These chapters are independent
and can be read separately. Note that among three chapters, the learning problem
in Chapter 2 is hardest with least supervision, the learning problem in Chapter 4
is easiest with most supervision, and the learning problem in Chapter 3 is in the

middle of them with moderate supervision.

In Chapter 2, we present maximum volume clustering (MVC). Section 2.1 de-
scribes the motivation and the background knowledge. In Section 2.2, we briefly
review the large volume approximation (El-Yaniv et al., 2008). Then in Section
2.3, we propose MVC. More specifically, the basic model of MVC is in Section
2.3.1, the soft-label MVC method is in Section 2.3.2, and the hard-label MVC
method is in Section 2.3.3. In Section 2.4, we show that MVC includes the op-
timizations of a spectral clustering (von Luxburg, 2007), two relaxed k-means
clustering (Ding and He, 2004) and an information-theoretic clustering (Sugiya-
ma et al., 2011) as special limit cases. The theoretical results, the finite sample
stability theory and the data-dependent error bound, are derived in Sections 2.5
and 2.6 respectively. Related works are compared in Section 2.7. Experimental
results are reported in Section 2.8. Finally, proofs of all the theoretical results

given in this chapter are provided in Section 2.9.

In Chapter 3, we present information-theoretic semi-supervised metric learn-
ing. Section 3.1 describes the motivation and the background knowledge. In
Section 3.2, the model of SERAPH is proposed including the basic model in Sec-
tion 3.2.2 and the regularization in Section 3.2.3. Then in Section 3.3, a practical
EM-like algorithm is developed to solve the optimization problem resulted from
the proposed model, where the implementation details are also included in Sec-
tion 3.3.4 since the optimization is non-convex. In Section 3.4, we discuss the
posterior sparsity, the projection sparsity, and the hyper-sparsity in the sense of
metric learning, and present two additional justifications of the proposed model.
Related works are compared in Section 3.5. Experimental results are reported in
Section 3.6. Finally, proofs of all the theoretical results given in this chapter are

provided in Section 3.7.

In Chapter 4, we present a regularization technique for semi-supervised clas-

sification called squared-loss mutual information regularization (SMIR). Section
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4.1 describes the motivation and the background knowledge. In Section 4.2, the
unsupervised SMI approximator (Sugiyama et al., 2011) is reviewed. In Section
4.3, we propose SMIR. More specifically, an alternative kernel model and an al-
ternative SMI approximator are in Section 4.3.1, the basic model is in Section
4.3.2, the algorithm using the squared difference of two probabilities as the loss
function is in Section 4.3.3, and the post-processing is in Section 4.3.4. Then in
Section 4.4, we derive and discuss the data-dependent generalization error bounds
for SMIR. Related works are compared in Section 4.5. Experimental results are
reported in Section 4.6. Finally, the proof of the generalization error bounds is
provided in Section 4.7.

In the end, concluding remarks and future prospects are delivered in Chapter



Chapter 2
Maximum Volume Clustering

In this chapter, we present maximum volume clustering (MVC) which is a novel
discriminative clustering approach. Our contributions can be summarized as four
folds.

We apply the large volume principle for transduction to clustering;

We demonstrate that MVC includes well-known clustering methods as spe-

cial limit cases;

We establish a theory called finite sample stability;

Novel data-dependent error bound is derived.

This chapter is organized as follows. Sections 2.1 and 2.2 include the background
and preliminaries. Then we propose the model and algorithms of MVC in Section
2.3, and show the generality in Section 2.4. In Sections 2.5 and 2.6, we present
our theoretical results. Related works are compared in Section 2.7. Experimental

results are reported in Section 2.8.

2.1 Introduction

Clustering has been an important topic in machine learning and data mining com-
munities. Over the past decades, a large number of clustering algorithms have
been developed. For instance, k-means clustering (MacQueen, 1967; Hartigan
and Wong, 1979; Girolami, 2002), spectral clustering (Shi and Malik, 2000; Meila
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and Shi, 2001; Ng et al., 2002), maximum margin clustering (MMC) (Xu et al.,
2005; Xu and Schuurmans, 2005), dependence-maximization clustering (Song
et al., 2007; Faivishevsky and Goldberger, 2010) and information-maximization
clustering (Agakov and Barber, 2006; Gomes et al., 2010; Sugiyama et al., 2011).
These algorithms have been successfully applied to diverse real-world data sets

for exploratory data analysis.

To the best of our knowledge, MMC, which maximizes the margin between
two opposite clusters, is the first clustering approach that is directly connected to
the statistical learning theory (Vapnik, 1998). For this reason, it has been exten-
sively investigated recently, for example, generalized MMC (Valizadegan and Jin,
2007) and lots of approximation algorithms for speedup (Zhang et al., 2007; Zhao
et al., 2008b,a; Li et al., 2009; Wang et al., 2010).

However, the large margin principle (LMP) is not the only way to go. There is
a large volume principle (LVP) which was introduced by Vapnik (1982) for hyper-
planes and extended by El-Yaniv et al. (2008) for soft response vectors. Roughly
speaking, learning algorithms based on LVP should prefer hypotheses in some
large-volume equivalence classes. See Figure 2.1 as an illustrative comparison of
two principles. Here, C';, C5 and Cj represent three data clouds, and our goal is
to choose a better hypothesis from two candidates h; and hy. A hypothesis is a
line, and an equivalence class is a set of lines which equivalently separate data
samples. Therefore, we have two equivalence classes H; and H,. Given an equiv-
alence class H; (or H>), its margin is measured by the distance between two red
(or blue) lines, and its volume is measured by the area of the red (or blue) region.!
Though LMP prefers h; due to the larger margin of H; than H,, we should choose
hs when considering LVP, since H» has a larger volume than H;.

In this chapter, we introduce a novel discriminative clustering approach called
maximum volume clustering (MVC), which serves as a prototype to partition the
data samples into two clusters based on LVP. We motivate our MVC as follows.
Given the samples X,,, we construct an X,,-dependent hypothesis space H(X,,).
If H(X,) has a measure on it, namely the power, then we can talk about the
likelihood or confidence of each equivalence class (Vapnik, 1998). Similarly to

'In Figure 2.1, we integrate all unit line segments in an equivalence class and treat the resulting

area as its volume.
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hl h2

Figure 2.1: Large margin vs. large volume separation of three data clouds C, C
and (5 into two clusters. In this figure, a hypothesis is a line (e.g., h1),
and an equivalence class is a set of lines which equivalently separate
data samples (e.g., H;). Given H; (or Hs), its margin is measured
by the distance between two red (or blue) lines, and its volume is
measured by the area of the red (or blue) region. The large margin
principle prefers h; and the large volume principle prefers hs, since
they consider different complexity measures.
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the margin used in MMC, the notion of volume (El-Yaniv et al., 2008) can also be
regarded as an estimation of the power. Therefore, the larger the volume is, the
more confident we are of the data partition, and we consider the partition lying in
the equivalence class with the maximum volume as the best partition.

Similarly to the majority of clustering algorithms, the optimization problem
involved in MVC is combinatorial and thus NP-hard, so we propose two approxi-

mation schemes:

e A soft-label MVC method that can be solved by sequential quadratic pro-
gramming (Boggs and Tolle, 1995) in O(n?) time;

e A hard-label MVC method as a semi-definite programming problem (De Bie
and Cristianini, 2004; Lanckriet et al., 2004) that can be solved in O(n%9)

time.

Subsequently, we show that the primal problem of soft-label MVC can be reduced
to the optimization problems of unnormalized spectral clustering (von Luxburg,
2007), plain and kernel k-means clustering after relaxations (Ding and He, 2004),
and squared-loss mutual information based clustering (Sugiyama et al., 2011), as
the regularization parameter of MVC approaches infinity. Hence, MVC might be
regarded as a natural extension of many existing clustering methods. Moreover,

we establish two theoretical results:

o A theory called finite sample stability for analyzing the soft-label MVC
method. It suggests that under mild conditions, different locally optimal
solutions to soft-label MVC would induce the same data partition, and thus

the non-convex optimization of soft-label MVC seems like a convex one;

e A data-dependent error bound for the soft-label MVC method. It upper
bounds the distance between the partition returned by soft-label MVC and
any partially observed partition based on transductive Rademacher com-
plexity (El-Yaniv and Pechyony, 2009).

Experiments on three artificial and fourteen benchmark data sets (i.e., ten IDA
benchmarks, USPS, MNIST, 20Newsgroups and Isolet) demonstrate that the pro-
posed MVC approach is promising.



2.2 Large Volume Approximation 35

2.2 Large Volume Approximation

Suppose that we are given a set of objects X,, = {x1,...,z,}, where z; € X for
i = 1,...,n, and most often but not necessarily, ¥ C R¢ for some natural number
d. We will construct a hypothesis space H(X,) that depends on X,,, such that for
any hypothesis h € H(X,,) C R", [h]; stands for a soft response or confidence-
rated label of x;, where [-|; means the i-th component of a vector. We will then
pick a soft response vector h* following the large volume principle and partition
X, into two clusters {z; | [A*]; > 0} and {z; | [h*]; < 0}.2

As El-Yaniv et al. (2008), assume we have a symmetric positive-definite ma-
trix () € R™ ™ that contains the pairwise information about X,. Consider the
hypothesis space

Heo :={h | h'Qh < 1},
which is geometrically an origin-centered ellipsoid £(#H) in R". The set of sign
vectors
{sign(h) | h € Ho)

contains all 2" possible dichotomies of X,,. In other words, H¢ is now partitioned
into a finite number of equivalence classes Hy, ..., Hon, such that for fixed k €
{1,2,3,...,2"}, all hypotheses in Hj, will generate the same dichotomy of X,.
The power of an equivalence class H, is defined as a probability mass

P(H,) ::/ p(h)dh, k=1, 92"
Hy

where p(h) is the underlying probability density of h over H. The hypotheses
in Hj, with a large power P(H},) are preferred according to the statistical learning
theory (Vapnik, 1998).

When no specific domain knowledge is available (i.e., p(h) is unknown), it
would be natural to assume the continuous uniform distribution

1
P = oy V(Hy)
where
V(Hy) ::/ dh, k=1,...2"
Hj,

Due to our clustering model that will be defined as optimization (2.2) in page 37, [h*]; = 0
hardly happens in practice, and we simply assume [h*]; # 0 in our problem setting.
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is the volume of Hj as well as the geometric volume of the k-th quadrant of
E(Hg). Consequently, P(Hy) is proportional to V(H), and the larger the val-
ue of V(Hy) is, the more confident we are of the data partition sign(h*) where h*
is chosen from Hj,.

However, it is very hard to accurately compute the geometric volume of a sin-
gle n-dimensional convex body let alone for all 2" convex bodies, so we employ
an efficient approximation introduced by El-Yaniv et al. (2008) as follows. Let
A < oo <\, be the eigenvalues of (), and v, ..., v, be the associated nor-
malized eigenvectors. Then, v; and 1/1/); are the direction and length of the i-th
principal axis of £(?). Note that a small angle from h € H, to v; with a smal-
1/large index ¢ (i.e., a long/short principal axis) implies that V(H},) is large/small.
Based on this key observation, we define

n R'v;\> h'Oh
Vh) =S A L 2.1
=320 (fa) = i >0

=1

where h'v;/||h||; means the cosine of the angle between h and v;. We subse-
quently expect V' (h) to be small when h lies in a large-volume equivalence class,

and conversely to be large in a small-volume equivalence class.

2.3 Maximum Volume Clustering

In this section, we define our clustering model and propose two approximation

algorithms.

2.3.1 Basic Formulation

Motivated by Xu et al. (2005), we formulate the binary clustering from a regu-
larization viewpoint. If we have labels Y,, = {yi,...,y,} at hand where y; €
{—1,+1}, we can find a base algorithm to compute

ﬁ(Xna Yn) = hEHr?)l(E,Yn) A(an h’) + ’VW(XT” h’)v

where H (X, Y,,) is a hypothesis space that depends upon X,, and Y,,, A(Y,,, h)
is the overall loss function, W (X,,, h) is a regularization function and v > 0 is
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a regularization parameter. The value of ¥(X,,,Y,,) is a measure of classification
quality.

When the labels are absent, a clustering algorithm tries to minimize ¥(X,,, y)
over all possible assignments y € {—1,+1}" for given X, that is, to solve the
problem

y* = argmin J(X,,y).
ye{—1,+1}"

Generally speaking, ¥(X,,, y*) can be regarded as a measure of clustering quality.
The smaller the value of J(.X,,, y*) is, the more satisfied we are with the resulting
data partition y*.

In our discriminative clustering model, we hope to utilize V' (h) in Eq. (2.1) as
our regularization function. Formally speaking, given the matrix (), by instantiat-
ing A(y, h) = —2h'y, we define the basic model of maximum volume clustering
(MVC) as

h'Qh
min ~ min —2h'y 4+ —<,
veoLipnety 00 R

(2.2)
where Hg = {h | h'Qh < 1} is the hypothesis space mentioned in Section 2.2,
and v > 0 is the regularization parameter. Optimization problem (2.2) is com-
putationally intractable, due to not only the non-convexity of V' (h), but also the
integer feasible region of y that makes (2.2) combinatorial. In the next two sub-

sections, we will discuss two approximation schemes of (2.2) in detail.

2.3.2 Soft-label Approximation

We now try to optimize h alone by removing y. After exchanging the order of the
minimizations of y and h in optimization (2.2), it is easy to see that the optimal y
should be sign(h), since the second term is independent of y and the first term is
minimized when y = sign(h) for fixed h. Therefore, (2.2) becomes

h'Qh

in —2||h LD 2.3
o k|l 4+~ 7k (2.3)

Similarly to El-Yaniv et al. (2008), we replace the feasible region H, with R”,

and relax (2.3) into

min —2||hll; + vh'Qh st ||k, = 1. (2.4)

heR™



38 Chapter 2. Maximum Volume Clustering

Although the optimization is done in R™ now, the regularization is done relative
to Hq. Optimization (2.4) is the primal problem of soft-label MVC (MVC-SL).

Optimization (2.4) is non-convex mainly attributed to the minimization of neg-
ative ¢1-norm rather than the equality constraint of /5-norm. In order to solve this
optimization, we resort to sequential quadratic programming (SQP) (Boggs and
Tolle, 1995). The basic idea of SQP is modeling a non-convex problem by a se-
quence of convex subproblems: At each step, it uses a quadratic model for the
objective function and linear models for the constraints. A nonlinear optimization
problem with a quadratic objective function and linear constraints is known as
quadratic programming (QP). An SQP constructs and solves a local QP at each
iteration, yielding a step toward the optimum.

More specifically, let us include a class balance constraint —b < thn <
with a user-specified class balance parameter b > 0 to prevent skewed clustering

sizes. Denote the objective function of optimization (2.4) by
f(h) := —2hsign(h) + vh'Qh,
and the auxiliary functions by
fi(h) == h'h 1,
fo(h) == h'1,,

where 1,, means the all-one vector in R"”. Subsequently, let A\; be the smallest

eigenvalue of @, the corresponding Lagrange function should be?

L(h,n, p,v) = f(h) = nfi(h) = p(f2(h) — ) + v(f2(h) + ),

where < A is the Lagrangian multiplier for the constraint f;(h) = 0, and
> 0,v > 0 are the Lagrangian multipliers for the constraint —b < fy(h) < b.
Then, given constant h and variable p with a tiny norm, the auxiliary functions

can be approximated by

filh+p) = p'V fi(h) + fi(h),
fo(h+p) =p'Vfo(h) + fo(h),

3We will ignore variables z and v later, since first-order terms of L(h, 7, i1, ) would disappear

in the second-order derivative V2L(h,n, i1, v). The Lagrange function L(h, n) itself has no con-
straint on h, so we impose 77 < yA; to make sure that L(h, ) is bounded from below. Otherwise,
the subproblem may be ill-defined.
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so the constraints are replaced with

p'Vfi(h)+ fi(h) =0,
—b < p'Vfa(h) + fa(h) <.

Nevertheless, it would be incorrect to adopt the second-order Taylor expansion of
f(h + p) as our new objective function, since we need to capture the curvature of

f1(h + p). The correct way is to use the quadratic model*

L(h+p,n) ~ TVQ L(h,n)p+p'VL(h,n) + L(h,n)

and form our objective at any fixed (h,7) into
min §p 'V2L(h,n)p+p'Vf(h),

peR™

according to Boggs and Tolle (1995, p. 9). As a consequence, the subproblem of
the ¢-th iteration is a simple QP at the current estimate (hy, 7;):

min p; (vQ — neln)p, + 2p, (YQh: — sign(hy))

p,ER™
st. 2pihy+hh, =1 (2.5)
—b<pl,+h1, <b,

where [, is the identity matrix of size n. The new estimate (h.q,7:41) is given
by

hi11 = h: + p;, (2.6)

hI(WthH — mPf — Sign(ht))
hlh, ’

Ne+1 = (2.7)

where p; is the optimal solution to (2.5). Notice that we cannot obtain 7, di-
rectly from (2.5) and in fact Eq. (2.7) comes from the best fit in the least-square

sense of the following equation

V2L(he,n))p; + V(i) — 101V fi(he) = 0. (2.8)

4Note that minimizing —h 'y in optimization (2.2) or — | k|| in optimization (2.4) has an effect

to push h away from the coordinate axes of R™. Thus, [h]; = 0 hardly happens in practice and we
assume that ||h||; is always differentiable.
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Algorithm 1 MVC-SL
Input: stopping criterion e,

symmetric positive-definite matrix (),
regularization parameter -,
class balance parameter b

Output: soft response vector h*

—_—

Initialize (hy, 19), recommended but not required, from Eq. (2.9)
1<+ 0
repeat
Obtain p; through optimization (2.5)
Update h;., through Eq. (2.6)
Update 7,4, through Eq. (2.7)
if 77;.1 > )\ then break
t+t+1
until [|h; — by || + | — ne1| <€
return h* = h,

R I A S

_
e

The MVC-SL algorithm based on SQP is summarized in Algorithm 1. In our

experiments, we use an initial solution (hy, 19) defined as

1 1
ho = 7 sign (m — E1n1ﬁvg) . mo=0, (2.9)

where v5 is the eigenvector associated with the second smallest eigenvalue of ().
The construction of hy is explained as follows. The term (v, — 1,,1] v, /n) equals
C,vq where C,, = I, — 1n11 /n is the centering matrix, and it means that the
center of v, is subtracted from its components. Then, an initial data partition is
extracted from the sign vector of ), v, and normalized into a unit vector as hy.
The asymptotic time complexity of each subproblem is at most O(n?), and the
convergence rate of SQP iterations is independent of n (Boggs and Tolle, 1995).
Moreover, it takes O(nQ) time to compute hy. Hence, the overall computational

complexity of Algorithm 1 is no more than O(n?).
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2.3.3 Hard-label Approximation

As opposed to the soft-label approximation, we can also optimize y alone. Let
h = a oy, where a = |h| is a vector of element-wise absolute values, y =
sign(h) is a vector of the corresponding signs, and o means the element-wise
product. We would like to further introduce a hyperparameter C' to bound each
component of a, which might be helpful for dealing with outliers. Subsequently,
the primal problem of hard-label MVC (MVC-HL) is written as

min  min —QaTln a (Qoyy") o
ye{—1,+1}" acR" 7 (Q yy)

st. adla=1 (2.10)
0, <a<C(Cl1,,
where 0,, means the all-zero vector in R".
By employing the technique described in Lanckriet et al. (2004), let M = yy"
and then optimization (2.10) can be relaxed to

' - 201, —va'(Qo M Ta—1
(B8, mip g 2071, =9 (Qo Mya+ el —1)

st. M >0
diag(M) =1,
0, <a<(Cl1,,

(2.11)

where the function diag(-) forms the diagonal entries of a square matrix into a
column vector, and > O indicates the positive semi-definiteness of a symmetric
matrix.’ The relaxation of (2.10) to (2.11) is mainly achieved by replacing M &
{=1,+1}™" and rank(M) = 1 with M € R™", M = 0 and diag(M) = 1,,.
As a result, optimization (2.11) is a semi-definite programming (SDP) provided
(vQ o M —nl,) = 0. Letv > 0, and i > 0,, be the Lagrangian multipliers for
the constraint 0,, < « and @ < (C'1,,, then (2.11) is equivalent to

Mmin max 2a' (1, —p+v)—a' (yQo M —nl,)a +2Cu'l, —n
v o

st. M >0
diag(M) =1,
uw>0,v>0,.

(2.12)

SWe imply by M = 0 that M is symmetric and will not explicitly write M = M for conve-

nience.
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When considering the variable ¢ in (2.12), the optimal a should be

a=(yQoM—nL) (1, - p+v),
where 1 is the operator of the pseudo inverse, and we can form (2.12) into

min (L, — p+v) (7Q 0 M —nl,) (1, — p+v) + 206", — 1
LY 5T

st. M*>0
diag(M) =1,

(2.13)

under an additional condition that (1,, — @ + v) is orthogonal to the null space of
(vQ o M — nl,). Eventually, by the extended Schur complement lemma (De Bie
and Cristianini, 2004), we arrive at a standard SDP formulation:

min ¢
M,p,vm,t
s.t. M*=0
diag(M) =1,

(2.14)
p=>0,v=>0,

’YQOM_n[n (1n—M+V) -0

(1, —p+v)" t+n-2Cu'1,) —

The asymptotic time complexity of optimization (2.14) is O(n®?) if direct-
ly solved by any standard SDP solver (De Bie and Cristianini, 2004). It could
be reduced to O(n*?) with the subspace tricks (De Bie and Cristianini, 2006),
which essentially make use of the spectral properties of () to control the trade-off
between the computational cost and the accuracy.

After we obtain M*, y* could be recovered from the rank one approxima-
tion of M™ by either thresholding (De Bie and Cristianini, 2004) or randomized
rounding (Raghavan and Thompson, 1985; De Bie and Cristianini, 2006). In our
experiments, we use the former technique: The eigenvector v* associated with the

largest eigenvalue of M ™ is extracted, and then y* is recovered as
* - * 1 T, %
Yy =sign|v — Elnlnfv ,

where the threshold is the center of v* (cf., the construction of hy in MVC-SL).
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2.4 Generality

MVC is a general framework and closely related to several existing clustering
methods. The primal problem of MVC-SL can in fact be reduced to the op-
timization problems of unnormalized spectral clustering (USC) (von Luxburg,
2007, p. 6), relaxed plain and kernel k-means clustering (Ding and He, 2004), and
squared-loss mutual information based clustering (SMIC) (Sugiyama et al., 2011)
as special limit cases. We demonstrate these claims in this section.

First of all, consider USC. The relaxed RatioCut problem can formulate USC

from a graph cut point of view as

min f'Laf st fL1., ||fllz = VR (2.15)

fern

when the number of clusters is two, where L, is the unnormalized graph Lapla-
cian (von Luxburg, 2007, pp. 10-11). Note that we can rewrite the primal problem
of MVC-SL defined in (2.4) as

min —2||h||;/y +h'Qh  s.t. |kl =1. (2.16)

heR™

Optimizations (2.16) and (2.4) share exactly the same optimal solution with/without
the class balance constraint —b < thn < b, though (2.16) has an optimal objec-
tive value v times smaller than (2.4)’s. Now, let Q = L, + €I, with arbitrarily
chosen € > 0 to make sure the positive definiteness of (). Assume that f* is the
solution to (2.15), and k) is the solution to (2.16) with () specified as above, a
class balance parameter b = 0, and a regularization parameter y,, = m given a

natural number m. Subsequently, it is obvious that
lim h}, = f*//n,
m—0oQ
and
lim 2,1 /7 + B QR = [ Lun /0 <,

since ||h) |1 < v/nllk;,|l2 = /n and then lim,, . ||k ||1/7m = 0. Therefore,
USC is a special limit case of MVC-SL, that is, a special case with the specifica-
tion () = Ly, + 1, of a limit case as v — oo.
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Remark 2.1. The motivation of f_11,, in USC is very different from h'1, = 0
in MVC-SL for class balancing. When L., is constructed from a fully connect-
ed similarity graph, the constraint f_1 1, means that the feasible region of opti-
mization (2.15) is in a space spanned by all eigenvectors of L., except the trivial
eigenvector 1,,. Note that h'1,, = 0 just asks for strictly balanced soft responses
and is not equivalent to sign(h)'1,, = 0 that demands strictly balanced cluster

assignments.

On the other hand, continuous solutions to the relaxations of k-means clus-
tering (MacQueen, 1967; Hartigan and Wong, 1979) and kernel k-means clus-
tering (Girolami, 2002) can be obtained by principle component analysis (PCA)
and kernel PCA respectively (Zha et al., 2002; Ding and He, 2004). Now, let
Q = el, — C,KC, with arbitrarily chosen ¢ > ||C,KC,||2, where K is the k-
ernel matrix, C,, = I,, — 1,1} /n is the centering matrix, and | - ||> here means
the spectral norm (also known as the operator norm induced by the ¢5-norm) of a
matrix. As a result,

lim h; =v",
m—0o0

and
lim —2||h |1/ Ym + ROQR, =& — v C KC,v*,
m—0o0

where h is the solution to (2.16) with () specified as above and 7,, = m, and
v* is the solution to the relaxed kernel k-means clustering (Ding and He, 2004,
Theorem 3.5). In addition, if ¥ € R? and X € R™*?is the design matrix, we will
have

: I 1%
o P =07

and
lim —2[|h |1/ ym + RQRY = ¢ — v C, X X C'™,
m—0o0

where h.” is the solution to (2.16) with the specification Q = ¢I,,—C, X X'C,, e >
|C.XXTC,||2 and 7,,, = m, and v"* is the solution to the relaxed k-means clus-
tering (Ding and He, 2004, Theorem 2.2). In other words, k-means clustering and

kernel k-means clustering are special limit cases of MVC-SL after relaxations.®

®When considering k-means algorithms that are referred to as certain iterative clustering algo-
rithms rather than clustering models, by no means they can be closely related to MVC-SL.



2.4 Generality 45

Similarly to USC and two k-means clustering, the optimization problem of the
binary SMIC is also a special limit case of MVC-SL. It involves maximizing an

unsupervised squared-loss mutual information approximator, that is,

ay,02€R™

2
max - E 1 ayK oy — 3 2.17)
y:

under an orthonormal constraint of {c;, s}, where a; and a; are model param-
eters of posterior probabilities and K is the kernel matrix. The optimal solutions
to (2.17) can be obtained through

o} = argmax o K o s.t. Jalls =1, (2.18)
acRn

o = argmax o K o st alad,|als = 1. (2.19)
acRn

Now, let Q = e1,, — K?* with arbitrarily chosen € > || K|3. We could then know

li =)
Jm ki, = e,
and

7&2&3_2HhTth/7Wl+_hf;£2hTmL::g__oq}{%li
where hj ,, is the solution to (2.16) with @ specified as above and v,, = m.
Likewise,

m—0o0 ’

and

nEEéJ_2Hh;th/W%l+_h§;#2h;mz::€<_(1;I(2057

where h;,, is the solution to (2.16) with ) specified as above, 7,, = m and a

variant constraint for class balancing as h'h} = 0.

Remark 2.2. After optimizing (2.18) and (2.19), SMIC adopts the post-processing
that encloses o] and o into posterior probabilities and enables the out-of-sample
ability to cluster any = € & even for z ¢ X,, (Sugiyama et al., 2011), while
MVC-SL can use

h* = o} sign(1] a?) — ajsign(1] o)

as the optimal soft response vector since there are just two clusters.
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2.5 Finite Sample Stability

The stability of the resulting clusters is important for those solved by randomized
algorithms (e.g., MVC-SL and k-means clustering) rather than by casting them-
selves to convex dual problems (e.g., MVC-HL and MMC). In this section, we
investigate the stability of the primal problem of MVC-SL in the finite sample
scenario.

In the following, we presume that we are always able to find a locally optimal
solution to optimization (2.4) accurately. Under this presumption, we prove that
the instability is resulted from the symmetry of data samples: As long as the
input matrix () satisfies some asymmetry condition, we could obtain the same
data partition based on different locally optimal solutions, and consequently the

non-convex optimization of MVC-SL seems convex.

2.5.1 Definitions

Definition 2.3. The Hamming clustering distance for two n-dimensional soft re-

sponse vectors h and k' is defined as
L . . . : .
dy(h, B') := 5 min(||sign(h) + sign(h') |1, || sign(h) — sign(R')]1).

When measuring the difference of two binary clusterings, dy (h, h') is always
a natural number smaller than n/2, since || sign(h) + sign(h)||; + || sign(h) —
sign(h')||; = 2n.

Definition 2.4 (Irreducibility). A sample x; is isolated in X,, if Q;; > 0 and
Vi # 1,Q;; = 0. A set of samples X, is irreducible, if no sample is isolated in

X,,,; otherwise X,, is reducible.

The idea behind the irreducibility of X, is simple: If x; is isolated, we cannot
decide its cluster based on the information contained in () no matter what binary
clustering algorithm is used, unless we assign x; to one cluster and X,, \ z; to
the other cluster. We would like to remove such isolated samples and reduce the
clustering of X, to a better-defined problem.

Next we define two symmetry concepts, the submatrix-information- (SI- for

short) symmetry in Definition 2.5 and the axisymmetry in Definition 2.7. SI-
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asymmetry is a part of the sufficient condition for finite sample stability, and ax-
isymmetry is a part of the sufficient condition for instability. The relationship of

irreducibility, axisymmetry and SI-symmetry will be proved in Theorem 2.10.

Definition 2.5 (Submatrix-Information-Symmetry). A set of samples X, is submatrix-

information-symmetric, if there exist {01,...,6,} € {—1,+1}" and nonempty
K C{1,...,n} such that
Ziezc,jgz/c,aizaj Qij = ZiGIC,jQK,éi;ééj Qij- (2.20)

Otherwise, X,, is submatrix-information-asymmetric.’

Remark 2.6. It is clear that

ZZGK,_]¢K:,6,L:6J Ql"] ZZE’C,]%’C ? JQ'LJ7
= — E 5:8:0;
ZZGK,‘]Q’C,&,#(;J QZJ ZEK,]Q’C ? JQZ,]7

and thus Eq. (2.20) is equivalent to

(Srcctier) @2, 0eer) =0 221

where {ey,...,e,} is a standard basis for R". From now on, we may use E-

g- (2.21) as the condition to check SI-symmetry or SI-asymmetry for convenience.

Intuitively, the SI-symmetry of X, says that () has a submatrix containing the
same amount of similarity and dissimilarity information. More specifically, both
{d1,...,9,} and K are valid partitions of X,,, though they have different repre-
sentations and functions. The partition {d1,...,d,} is a reference for similarity
and dissimilarity, and based on this partition, we categorize the information @); ;
between z; and z; into similarity information if §; = d; or dissimilarity informa-
tion if §; # J;. On the other hand, we divide () into four parts Q[i € K;j € K],

7Strictly speaking, saying that X, is SI-symmetric is a bit abuse of terminology. In formal
mathematical terminology, an object is symmetric with respect to some operation, if this operation,
when applied to the object, preserves certain property. For example, in the axisymmetry, the object
is X, the operation is ¢ and the property is ). However, in the SI-symmetry, the object is a set
of two vectors { ;- x Ok€rk, D _jqx Oker}, the operation is replacing /,, with @, and the property
is the orthogonality (preserved from the standard orthogonality to the Q-orthogonality).
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Qi e K;j € K],Qli € K;j € K]and Qi € K;j ¢ K| according to the parti-
tion K. The SI-symmetry of X,, shown in Eq. (2.20) indicates that the submatrix
Qi € K;j ¢ K] (likewise Q[i ¢ K;j € K]) contains the same amount of simi-
larity information (i.e., the left-hand side) and dissimilarity information (i.e., the
right-hand side).

When X, is SI-symmetric, we can easily find two feasible solutions to opti-
mization (2.4), such that they result in different partitions of X,, with the same

value of the objective function. To see this, let

ho > keic Or€r + D kg ke
+ — \/ﬁ ’
D kek vk = D pgxc Ok

NG

It is easy to verify that ||h||» = 1, ||h+| = v/nand dy(hy,h_) > 1. Moreover,

h_

T Qhy = hlQhy — (hy +h ) Q(hy —h_)=h Qh._,

where we used (hy + h_)'Q(hy — h_) = 0 by the condition Eq. (2.21) of SI-
symmetry. Note that, however, h are not necessarily locally optimal solutions
to (2.4) and there may be no solution that can result in the same partition with
h or h_. The real reason for finite sample instability is the axisymmetry of data

samples defined below.

Definition 2.7 (Axisymmetry). A set of samples X, is axisymmetric, if there exists
a permutation ¢ : {1,...,n} — {1,...,n} such that

1 Jie{1,...,n),60) i
2.Vie{l,...,n}, ¢ 1(i) = ¢(i);
3. V1 <45 <n, Qi = Qyi) o)

The first property says that the permutation ¢ cannot be the identical mapping:
It allows some, but not all, x € X, mapped to x itself. The second property
requires that those samples x € X,, mapped to others are all paired. In other
words, X, is separated into two types of disjoint subsets according to ¢, either
cardinality one (i.e., {z; | ¢(i) = i}) or two (i.e., {z;, x40 | ¢(i) # i}), but
no greater cardinality. The third property guarantees that () is ¢-invariant, or
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equivalently the pair {x;, x40 | ¢(i) # i} cannot be distinguished by all other
single points {z; | ¢(j) = j,j # i} orpairs {x;, Ty | #(J) # 4,5 # 0,5 # ¢(1)}
based on the information contained in (), so we can exchange x; and w,(;) freely
without modifying Q).

The axisymmetry of X, in terms of () is equivalent to the axisymmetry of X,
in X, if ¥ ¢ R? and Q is induced from the Euclidean distance such as Gaussian

kernel matrices. For example, as shown in Figure 2.2,

X4 = {(07 O)’ (17 0)7 (17 1)? (O’ 1>}a
X, = {(0,0), (1,0), (1,0.5), (0,0.5)}

are axisymmetric both in R? and in terms of @ if ) is a Gaussian kernel matrix,

regardless of the kernel width. The permutation ¢ for X could be

{(17 2)’ (37 4)}7 {(173)7 (274)}7 {(]"4)’ (27 3)}7

and besides them, ¢ for X, could also be

{(D),(3), (2,4}, {(1,3),(2), (4)}-

We can identify an axis of symmetry geometrically in R?: It passes through either
x; if ¢(i) = i or (x; + x4()) /2 if ¢(i) # i fori = 1,...,n. This is why we call
such a property axisymmetry.

Generally speaking, the concepts of axisymmetry and SI-symmetry almost
coincide, if () is a Gaussian kernel matrix or the corresponding graph Laplacian
matrix. While it is possible to deliberately construct counter-examples that are
SI-symmetric but not axisymmetric, it is improbable to meet a counter-example

in practice. For instance, as illustrated in panel (c) of Figure 2.2,
Xy ={(0,0), (v/In(5/3),0), (v/In(10/3),0), (v/In(5/3), VIn 2) }
~ {(0,0), (0.7147,0), (1.0973,0), (0.7147,0.8326) }

is SI-symmetric but not axisymmetric in terms of Gaussian kernel matrix () when
o=1/ V2, yet X 1 is SI-asymmetric whenever o # 1/ V2.

Definition 2.8 (Anisotropy). A set of samples X,, is anisotropic, if () has n distinct

eigenvalues.
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Figure 2.2: Four-point sets that are typical in the theory of finite sample stability.
Gaussian similarities (c = 1/ v/2) between nodes are visualized by
the line thickness of edges. All sets in this figure are irreducible. X,
in panel (a) is axisymmetric and SI-symmetric. X} in (b) is axisym-
metric, SI-symmetric, anisotropic, and has a unique best partition. X}
in (c) is very special: It is anisotropic, SI-symmetric but not axisym-
metric, since the similarity of the red and blue points equals the sum
of the similarities of the red and green points. A random set would be

anisotropic and SI-asymmetric with high probability.
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The anisotropy of X, is the other part of the sufficient condition for finite
sample stability. The name comes from a geometric interpretation of the ellip-
soid £(H): All its principal axes achieve distinct lengths when () has distinct
eigenvalues, and thus £(H() is anisotropic and not rotatable. The concepts of
anisotropy and axisymmetry are not complementary, since they concern different
aspects of different objects, that is, the rotation of £(#¢) vs. the reflection of X,.
In Figure 2.2, X, is axisymmetric, X is axisymmetric and anisotropic, and most
random sets are just anisotropic. There might be X,, neither axisymmetric nor
anisotropic. Nonetheless, when considering the more general SI-symmetry and
certain families of () such as Gaussian kernel matrices, X, is anisotropic as long
as it is SI-asymmetric.

All definitions have been discussed. The theoretical results will be presented

next.

2.5.2 Theoretical Results

The following lemma will be used in Theorems 2.11 and 2.13. All proofs are

provided in Section 2.9.

Lemma 2.9. Let X,, be an irreducible set of samples, v, ...,v, be the nor-

malized eigenvectors of Q), and {e1, ..., e,} be a standard basis for R". Then,
VZ,j S {1, .. ,77,}, V; 7é iej.

The following two theorems describe the relationship between the properties

defined above.

Theorem 2.10. A set of samples X,, is SI-symmetric, if it is reducible or axisym-

metric.

Theorem 2.11. If X, is an SI-asymmetric set of samples, and there exists k > 0
such that ()11 = Q22 = -+ = Qnn = K, then X,, is anisotropic.

We are ready to deliver our main theorems. To begin with, given a constant

n, we define (recall the assumption that ||h||; is differentiable thanks to the non-
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sparsity of h)
G(h) = yh'Qh —1||h|j3 — 2||h||:,
1 .
g(h) = §VG(h) =~vQh — nh — sign(h).

Theorem 2.12 (Twin Minimum Theorem). Assume thatn > 2, X,, is an axisym-
metric set of samples, ¢ is the corresponding permutation, and T = {{i, ¢(i)} |
¢(i) # i} is the index set of those paired samples given ¢. For every minimum h*
of optimization (2.4), if

1. Vi, [h"); # 0, and
2. 3(0,6(9)} € . [W")ogo [A°]; < 0,

then h* has a twin minimum h* satisfying G(h*) = G(h") and dy(h*,h*) > 1.

The only exception is
Vi € {]_, . ,n}, [h*]¢(z)[h*]z < 0.

In order to explain the implication of Theorem 2.12, let us recall X, and X
in Figure 2.2. There are many twin minima when considering the perfectly sym-
metric X, while it is also an unstable input even for those convex relaxations of
MMC due to the post-processing. On the other hand, X illustrates an exception:
While X, allows ¢(i) = i, it is impossible for X}. More specifically, any mini-
mum h* corresponding to partition (+1, —1, —1, 41) has no twin minimum, since
¢ could be {(1,2),(3,4)}, {(1,3),(2,4)} or {(1,4),(2,3)} for X}, and

V6, (3, [Buqo 1) < 0) = (¥, [0 [A°): < 0).

It suggests that if we permute h* according to ¢, the resultant sign(h*) = +y is
the same partition and thus dy, (h*, h*) = 0. Another minimum h that corresponds
to (+1,+1, —1, —1) and satisfies dy(h*, h) > 1 should have G(h) > G(h™). In
a word, local minima corresponding to different partitions for X are not equally
good and the best partition is unique, as illustrated in panel (b) of Figure 2.2. The

genuine instability emerges only when the best partition is not unique, like X}.

Theorem 2.13 (Equivalent Minima Theorem). All minima of optimization (2.4)

are equivalent with respect to dy;, provided that
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1. X, is SI-asymmetric;
2. X, is anisotropic.

By combining Theorem 2.11 and Theorem 2.13, we have a corollary immedi-

ately.

Corollary 2.14. All minima of optimization (2.4) are equivalent with respect to
dyy, provided that

1. X, is SI-asymmetric;
2. There exists k > 0 such that Q11 = Q22 = -+ = Qpn, = K.

To sum up, as long as () has the two properties listed above, different locally
optimal solutions to optimization (2.4) would induce the same data partition. N-
evertheless, the output of the algorithm is not in the same form as the solution to
optimization (2.4), since the variable 7 has been introduced, and we cannot fore-
see its optimal value when we analyze the original model. Spectral clustering is
consistent (von Luxburg et al., 2008), but it has a similar problem in finite sam-
ple stability, that is, when the graph Laplacian has distinct eigenvalues and the
unique spectral decomposition leads to a stable spectral embedding, the follow-
ing k-means clustering can still introduce high instability due to the non-convex

nature of the distortion function.

Remark 2.15. We rely on a Karush-Kuhn-Tucker stationarity condition g(h*) =
0,, in the proofs of Theorems 2.12 and 2.13, where h”* is the optimal solution
to (2.4). Actually, the objective of (2.4) usually has a non-zero derivative, and
the objective of (2.3) always has a non-zero derivative in the feasible regions.
Therefore, we introduce the function g(h) to analyze MVC-SL from a theoretical
point of view. In MVC-SL, Eq. (2.7) comes from the least-square fit of Eq. (2.8),
and if ¢t — oo, we will have p; — 0,, and then Eq. (2.8) will turn into g(h*) =
lim; 0 g(ht) = 0,,.

2.6 Data-dependent Error Bound

In this section, we derive a data-dependent error bound for MVC-SL based on the

theory of transductive Rademacher complexity (El-Yaniv and Pechyony, 2009).



54 Chapter 2. Maximum Volume Clustering

It is extremely difficult, if possible, to evaluate clustering methods in an objec-
tive and domain-independent manner (von Luxburg et al., 2012). However, when
the goals and interests are clear, it makes sense to evaluate clustering results using
classification benchmark data sets, where the class structure coincides with the
desired cluster structure according to the goals and interests.

In real-world applications, we often find some experts to label a small portion
X, of X,, where n’ < n according to their professional knowledge, run a pool of
candidate clustering algorithms, see their agreement with the labels and eliminate
those low agreement algorithms. This procedure may be viewed as propagating
the knowledge of domain experts from X, to X,,.

Here, we present a data-dependent error bound to ensure the quality of the
knowledge propagation. The key technique is called transductive Rademacher
complexity for deriving data-dependent transductive error bounds. To begin with,
we define transductive Rademacher complexity based on El-Yaniv and Pechyony
(2009) as follows.

Definition 2.16. Fix positive integers m and u. Let H C R™% be a hypothesis
space, p € [0,1/2] be a parameter, and o = (01,...,0m+) be a vector of

independent and identically distributed random variables, such that

+1 with probability p,
0; ‘= § —1 with probability p,
0  with probability 1 — 2p.

Then, the transductive Rademacher complexity of H with parameter p is defined

as
1 1
Riu(H,p) = —+ = ) Eqy "h}.
+u(H, D) (m + u) {suppey o'}
For the sake of comparison, we give a definition of inductive Rademacher
complexity following El-Yaniv and Pechyony (2009).8

Definition 2.17. Let p(x) be a probability density on X, and suppose that X,, =

{z1,...,x,} are independent observations drawn from p(z). Let H be a class of

8 Albeit there are many definitions of Rademacher complexity, for example, Koltchinski-
i (2001), Bartlett and Mendelson (2002), Meir and Zhang (2003) and Bousquet et al. (2004),
they are similar and conceptually equivalent.
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functions from X to R, and o = (04,...,0,)" be a vector of independent and

identically distributed random variables, such that

+1 with probability 1/2,
—1 with probability 1/2.

g; i —

The empirical Rademacher complexity of H conditioned on X,, is
~ 2
RD(H) .= ZE, {supey o'h| X},
n

where h = (h(x1),...,h(z,))", and the inductive Rademacher complexity of H
is
R () = By, {ﬁgg‘nd) (7—[)} .

The transductive Rademacher complexity of H is an empirical quantity that
depends only on p. Given the data X,,, we have that R, (H) = 27@%%3(7—[) if
p =1/2 and m = u.® Whenever p < 1/2, some Rademacher variables will attain
zero values and reduce the complexity. We simply consider py = mu/(m + u)?
and abbreviate R, (H, po) t0 Ryuiw(H) as El-Yaniv and Pechyony (2009) in
Lemma 2.18 and Theorem 2.19, though these theoretical results hold for all p >
Do, since R+ (H, p) is monotonically increasing with p. Please see El-Yaniv
and Pechyony (2009) for the detailed discussions about transductive Rademacher

complexity.

Lemma 2.18. Let ﬁQ be the set of all possible h returned by Algorithm 1 for the
given QQ, n* be the optimal 11 when Algorithm 1 stops,

p = sup,.g7, sign(h)' (vQ — 7" L,) "' sign(h),

and M\, ..., \, be the eigenvalues of (). Then, for the transductive Rademach-
er complexity of ﬁQ, the following upper bound holds for any integer n' =
1,2,...,n—1,

N 1/2 n 1/2
~ 2 ) n "
RaHa) <\t —y i ) V™ (Zm‘i—n*)?) ’(Zm—n*>

i=1 i=1

A class of functions conditioned on fixed data is equivalent to a hypothesis space of soft
response vectors.
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The proof of Lemma 2.18 can be found in Section 2.9. By Lemma 2.18 togeth-
er with Theorem 2 of El-Yaniv and Pechyony (2009), we can derive immediately

the data-dependent error bound:

Theorem 2.19. Assume that the ground truth partition on X, is y*, and L is cho-
sen uniformly over {L | L C {1,...,n},|L| =n'}. Let{(z) = min(1, max(0, 1—
z)) for z € R be the ramp loss, ﬁQ be the set of all possible h returned by Algo-
rithm 1 for the given (), n* be the optimal n when Algorithm 1 stops,

p = supy,cz,, sign(h)' (vQ — 0" L,) " sign(h),

A1y ..y A\ be the eigenvalues of Q, and co = \/32(1 +1n4)/3. Forany h € ﬁQ,
with probability at least 1 —  over the choice of L, we have

dusign(h),y") < 2 min {Zf *J»,Ze(—[h]i[y*]i)}

€L €L

2n2(n —n')?

Tt \/n’(Zn “Ty@n 2w -1 M) (2.22)
2( ) n 1/2 n 1/2
n—n' . n U
+ 7,L/ — min \/57 <; (,y)\l_,n*)2> 7(27)\1_77*)

There are four terms in the right-hand side of inequality (2.22). The first term

is a measure of the clustering error on X, = {x; | i € L} by the ramp loss
times the ratio n/n’. More specifically, we would like to select a proper similarity
measure via the given labels {[y*]; | i € £} to make the error on X, as small as
possible, under the assumption that the error rates on X,,; and X, should be close
for a fixed similarity measure (the given labels are not used for training). The sec-
ond term depends only on n and 7/, i.e., the sizes of the whole set and the labeled
subset. Besides n and 7/, the third term further depends on the significance level 4,
as in common error bounds. The last term is the upper bound of (n — n/ )Rn(ﬁQ),
which carries out the complexity control of ?:ZQ implicitly: The smaller the value
of Rn(ﬁ,Q) is, the more confident we are that dy (sign(h), y*) will be small if the
error on X, is small. The order of the bound is roughly O(n/+/n’) if the cluster-
ing error is measured by dy, and it is roughly O(1/+/n’) if the clustering error is
measured by dy /n.
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Remark 2.20. Our problem setting is equivalent to neither semi-supervised clus-
tering nor transductive classification: We do not reveal any labels to the clustering
algorithm in Theorem 2.19; instead, a set of randomly chosen labels are revealed
to an evaluator who then returns an evaluation of the quality of any possible parti-
tion generated by the algorithm. We can use the theory of transductive Rademach-
er complexity to derive a data-dependent error bound for our clustering algorithm,

since it can be viewed as a transductive algorithm that ignores all revealed labels.

2.7 Related Works

In this section, we review related works and qualitatively compare the proposed
MVC with them.

2.7.1 Maximum Margin Clustering

Among existing clustering methods, maximum margin clustering (MMC) is clos-
est to MVC. Both of them come from the statistical learning theory, but their
geneses and underlying criteria are still different: The primal problems of var-
ious MMC models adopt a regularizer ||w]|3 originated from the margin, while
MVC relies on the regularizer V' (h) in Eq. (2.1) originated from the volume. The
hypothesis shared by all MMC is the hyperplane for induction, whereas the hy-
pothesis in MVC is the soft response vector for transduction.

The family of MMC algorithms was initiated by Xu et al. (2005). It follows
the support vector machine (SVM) (Boser et al., 1992; Cortes and Vapnik, 1995)

and its hard-margin version can be formulated as
. . 2
min ~ min ||w|;
ye{—1,+1}" w,§

st. ywx; >1, i=1,...,n

The value of y;w'z; is called the functional margin of (x;,9:), and the value of
y;w'z;/||w| is called the geometric margin of (z;,y;). MMC can maximize the
geometric margin of all z; € X,, over y € {—1,+1}" by minimizing ||w||» and

requiring the minimal functional margin to be one simultaneously. Likewise, the
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primal problem of the soft-margin MMC is

ye{-1,+1}" wg

n
min  min H’LUH%—I—C’ZEZ
=1
s.t. yz’wazzl_fwszO; izl?"'unu

where C' > 0 is a regularization parameter, and £& > 0, is a vector of slack

variables. Then, it can be relaxed into a standard SDP dual

min ¢
M,pw,t
st. M*>0
diag(M) =1, (2.23)
n=0,v=>0,
MoK (1, —p+v) ~ 0.
(1, —p+v)  t—-2Cu"1,

and solved by any standard SDP solver in O(n%?) time.

Remark 2.21. Xu et al. (2005) initially imposed three groups of linear constraints
on the entries of M in MMC:

1. Vijk, M, > M; j + M;y — 1;
2. Vijk, My, > —M; ; — My — 1,
3. Vi, =b< 37 M;; <b.

However, Xu and Schuurmans (2005) and Valizadegan and Jin (2007) considered
(2.23) as the dual problem of MMC, sometimes with an additional class balance
constraint —b1,, < M1, < bl,. In other words, the first and second groups of

constraints were ignored.

Subsequently, generalized maximum margin clustering (GMMC) (Valizade-
gan and Jin, 2007) relaxes the restriction that the original MMC only considers
homogeneous hyperplanes and hence demands every possible clustering bound-
ary to pass through the origin. Furthermore, GMMC is a convex relaxation of

MMC, and its computational complexity is O(n??) that is remarkably faster than
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MMC. In fact, GMMC optimizes an n-dimensional vector rather than an n X n
matrix. More specifically, the hard-margin GMMC converts the original MMC
following Lanckriet et al. (2004) into a dual problem as
1
min  min = (1, + v + \y)' diag(y) K~ diag(y)(1, + v + \y)
ye{-1,+1}» v A 2

s.t. v > 0,,

where the function diag(-) here converts a column vector into a diagonal matrix.
The trick here is

(Koyy") ' = (diag(y)K diag(y))™" = diag(y)K " diag(y),

since y € {—1,+1}". By a tricky substitution w = (diag(y)(1, + v);\) €
R™*! where we use the semicolon to separate the rows of a vector or matrix (i.e.,
(A; B) = (A", B")"), it becomes
min  w'(L,; 1)K (L, L)w + C. (1], 0)w)”
weRmH (2.24)
st. [wP?>1,i=1,...,n,

where ((1),0)w)? is another regularization to remove the translation invariance
from the objective function and C. is the corresponding regularization parameter.
Let

W = (I; 1)K (I, 1,) + Ce(1,;0)(1}, 0) — diag((+; 0)).

The SDP dual of optimization (2.24) is then

max~y'1, st. W >=0,v2>0,.
~YER?

This is the dual problem of the hard-margin GMMC. The dual problem of the
soft-margin GMMC is slightly different such that -+ is upper bounded:
max~'1l,  s.t. W >=0,0, <~ <Csl,, (2.25)

yER™

where (s is a regularization parameter to control the trade-off between the clus-
tering error and the margin. After obtaining the optimal -y, the partition can be
inferred from the sign of the eigenvector of W associated with the zero eigenval-
ue, since the Karush-Kuhn-Tucker complementary condition is Ww = 0,41, and

sign([w];) = sign([y];) fori =1,..., n.
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There exist a few faster MMC algorithms. [lterative support vector regression
(IterSVR) (Zhang et al., 2007) replaces SVM with the hinge loss in the inner
optimization subproblem with SVR with the Laplacian loss, while for each inner
SVR the time complexity is at most O(n?) and the empirical time complexity is

23). Cutting-plane maximum margin clustering

usually between O(n) and O(n
(CPMMC) (Zhao et al., 2008b) can be solved by a series of constrained concave-
convex procedures within a linear time complexity O(sn) where s is the average
number of non-zero features. Unlike MMC and GMMC that rely on SDP or
IterSVR and CPMMC that are non-convex, label-generation maximum margin
clustering (LGMMC) (Li et al., 2009) is scalable yet convex so that it can achieve
its globally optimal solution. Roughly speaking, LGMMC replaces the hinge loss
in SVM with the squared hinge loss to get an alternative MMC:
. 1 C <
vl e Sl —p+5 ;53
st. yw'r, >p—&, i=1,...,n
—-b< yTln < b.

After a long derivation, LGMMC can be expressed as a multiple kernel learning

problem:

. 1 -+ + 1
Mléllégn mgx - §a <Zt:b§'y-tr1ngb IutK ° ytyt + 51n> *

st. p@'lon =1, 0> 0o

a'l,=1a>0,.

This optimization is again solved by the cutting plane method, that is, finding
the most violated vy, iteratively, and the empirical time complexity of multiple
kernel learning has the same order as the complexity of SVM which usually scales
between O(n) and O(n*3).

On the other hand, the stability of MVC is by no means inferior to those
non-convex MMC in terms of the resulting clusters. The optimization involved
in MVC-HL is a convex SDP problem; the optimization involved in MVC-SL
is a non-convex SQP problem, while under mild conditions, it seems a convex

one if we only care the resulting clusters. Moreover, MVC-SL possesses a data-
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dependent error bound, and to the best of our knowledge no MMC has such a re-
sult. Although the time complexity of MVC-SL is O(n?), its computation time has
exhibited less potential of growth in our experiments than the computationally-
efficient LGMMC (see Figure 2.5 in page 71).

2.7.2 Spectral Clustering

Spectral clustering (SC) (Shi and Malik, 2000; Meila and Shi, 2001; Ng et al.,
2002) is also closely related to MVC. SC algorithms include two steps, a spectral
embedding step to unfold the manifold structure and embed the input data into a
low-dimensional space in a geodesic manner, and then a k-means step to carry out
the clustering using the embedded data.

Given a similarity matrix W' € R™*"™ and the degree matrix D = diag(W'1,,),
we have three popular graph Laplacian matrices: The unnormalized graph Lapla-
cian is defined as

Ly =D —-W,

and two normalized graph Laplacian are
Lym =D ?L,wD7V? =1, - D7V2WD™/?
L :=D 'Ly, =1,— D 'W.

The first matrix is denoted by Ly, since it is a symmetric matrix and the second
one by L., since it is closely related to a random walk. Each popular graph Lapla-
cian corresponds to a popular SC algorithm according to von Luxburg (2007).
Unnormalized SC computes the first k eigenvectors of L., where the eigenvalues
are all positive and listed in an increasing order. Shi and Malik (2000) com-
putes the first £ generalized eigenvectors of the generalized eigenvalue problem
Lyyu = ADw that are also the eigenvectors of L., and hence it is called normal-
ized SC.'° The other normalized SC algorithm, namely Ng et al. (2002), computes
the first £ eigenvectors of Ly, puts them into an n x k matrix, and normalizes
all rows of that matrix to the unit norm, that is, projects the embedded data fur-
ther to the k-dimensional unit sphere. Anyway, the main idea is to change the

representation from R¢ to R* and then run k-means clustering.

10 Actually, two algorithms were proposed in Shi and Malik (2000): The two-way cut algorithm
only makes use of the second eigenvector and the k-way cut algorithm uses all first k£ eigenvectors.
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MVC-SL is able to integrate the two steps of unnormalized SC into a sin-
gle optimization when the number of clusters is two and the highly non-convex
k-means step is unnecessary. Furthermore, a vital difference between MVC and
SC is that the basic model of MVC has a loss function which pushes hypotheses
away from the coordinate axes and always leads to non-sparse optimal solution-
s. When considering the finite sample stability, the spectral embedding step of
SC is stable if MVC-SL is stable but not vice versa, since SC only requires that
the graph Laplacian has distinct eigenvalues; the k-means step is always unsta-
ble for fixed data due to the non-convex distortion function which is essentially
an integer programming, but it is stable for different random samplings from the
same underlying distribution, if the globally optimal solution is unique (Rakhlin
and Caponnetto, 2007). In addition, there are a few theoretical results about the
infinite sample stability or the consistency of SC. Globally optimal solutions to
k-means clustering converge to a limit partition of the whole data space X, if the
underlying distribution has a finite support, and the globally optimal solution to
the expectation of the distortion function with respect to the underlying distri-
bution is unique (Ben-David et al., 2007). Eigenvectors of graph Laplacian also
converge to eigenvectors of certain limit operators, while the conditions for con-
vergence are very general for Ly, but very special for L, so that they are not
easily satisfied (von Luxburg et al., 2005, 2008). In contrast, the infinite sample
stability of MVC is currently an open problem.

Remark 2.22. Certain SC algorithms such as Belkin and Niyogi (2002) ignore
the first eigenvector by extracting the second to k-th eigenvectors of some graph
Laplacian, and thus change the representation to R¥~! rather than R*. Never-
theless, the multiplicity of the eigenvalue zero of the graph Laplacian equals the
number of connected components of the similarity graph, and the eigenspace of
eigenvalue zero is spanned by the indicator vectors of the connected components
(von Luxburg, 2007, Propositions 2 and 4). As a consequence, all three aforemen-
tioned SC algorithms keep the first eigenvector in order to deal with disconnected

similarity graphs.
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2.7.3 Approximate Volume Regularization

The connection of approximate volume regularization (AVR) (El-Yaniv et al.,
2008) and MVC is analogous with the connection of SVM and MMC.

Compared with MVC, AVR is a transductive method for classification so
that the label vector y is constant and only the soft response vector h needs to
be optimized. More specifically, given m labeled data {(x1,41),. .., (Zm, Ym)}
and v unlabeled data {z,,,1,...,%m .}, the label vector is denoted by y =
(Y15 Ym, 0,...,0)T € R™™ and the primal problem of AVR is defined as

min —%hTy +~vh'Qh st ||k =t, (2.26)

heRm+u

where t is a hyperparameter to control the scale of h. Since y is constant, op-
timization (2.26) can be directly solved using Lagrangian multipliers and the

Karush-Kuhn-Tucker conditions
—y/m + 2yQh — 2nh = 0,
h'h —t* = 0.

Let the eigen-decomposition of Q) be Q = VAV and d; = [V 'y];, then we get an
equation about the optimal 7:

1 m-+u d2

— 2 —
DY e =0 (2.27)

i=1
Thanks to the special structure of (2.27), a binary search procedure is enough for

finding its smallest root n*, and the optimal h is recovered by

1

h* = —(vQ — 0" L,..) .
2m(v@ N Iga) Y

On the other hand, MVC involves a combinatorial optimization similarly to
the most clustering models and several semi-supervised learning models such as
MMC. This difficulty caused by the integer feasible region is intrinsically owing to
the clustering problem and has no business with the large volume approximation
V' (h). In order to solve the basic model, we proposed two approximation schemes
based on SQP and SDP that are more complicated than finding the smallest root
of Eq. (2.27) as in AVR.
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2.8 Experiments

In this section, we numerically evaluate the performance of the proposed MVC

algorithms.

2.8.1 Setup
Seven clustering algorithms were included in our experiments:
e Kernel k-means clustering (KM; Zha et al., 2002),

e Normalized spectral clustering (NSC; Ng et al., 2002),

e Maximum margin clustering (MMC; Xu et al., 2005),

Generalized MMC (GMMC; Valizadegan and Jin, 2007),

Label-generation MMC (LGMMC,; Li et al., 2009),

Soft-label maximum volume clustering (MVC-SL),

e Hard-label maximum volume clustering (MVC-HL).

The CVX package (Grant and Boyd, 2011), which is a Matlab-based modeling
system for disciplined convex programming, was utilized to solve the QP problem
(2.5) for MVC-SL and the SDP problems (2.14), (2.23) and (2.25) for MVC-HL,
MMC and GMMC.

Table 2.1 summarizes the specification of data sets in our experiments. We
first evaluated all seven algorithms on three artificial data sets. MVC-HL and
MMC were excluded from the middle-scale experiments since they were very
time-consuming when n > 100. The IDA benchmark repository'! contains thir-
teen benchmark data sets for binary classification, and ten of them that have no
intrinsic within-class multi-modality were included. Additionally, we made in-
tensive comparisons based on four well-known benchmark data sets for classifi-
cation: USPS and MNIST'? contain 8-bit gray-scale images of handwritten digits
‘0’ through ‘9’ with the resolution 16 x 16 and 28 x 28, 20Newsgroups sorted

http://ida.first.gmd.de/ raetsch/data/benchmarks.htm.
2http://cs.nyu.edu/ roweis/data.html.
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# Classes  # Features # Data  # Samplings

Artificial Data

2gaussians 2 3 - 12x10
2moons 2 2 400 12x10
2circles 2 2 315 12x10
IDA Benchmarks
Breast-cancer 2 9 200 100
Diabetes 2 8 468 100
Flare-solar 2 9 666 100
German 2 20 700 100
Heart 2 13 170 100
Image 2 18 1300 20
Ringnorm 2 20 400 100
Splice 2 60 1000 20
Titanic 2 3 150 100
Twonorm 2 20 400 100
Other Benchmarks
USPS 10 256 11000 8x10
MNIST 10 784 70000 8x10
20Newsgroups 7 26214 18846 8x10
Isolet 26 617 7797 8x10

Table 2.1: Specification of artificial and benchmark data sets
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by date'® contains term-frequency vectors of documents that come from twen-
ty newsgroups, and Isolet'*
from ‘A’ to ‘Z’.

In our experiments, the performance was measured by the clustering error rate

contains acoustic features of isolated spoken letters

1 1
- 1y, y") 5 min(||y + "1, |y — y*[1),

where y is the label vector returned by clustering algorithms and y* is the ground

truth label vector. The similarity measure was either the Gaussian similarity

|2
m,j = exp <_Hxl m]”?)

202

with a hyperparameter o, the cosine similarity

(zi, ;)
Wi, = [zil2];]2

0 otherwise,

lfl‘i ~E Ty,

with a hyperparameter k, where x; ~j x; means that x; and x; are among the
k-nearest neighbors of each other, or the locally-scaled Gaussian-like similarity
(Zelnik-Manor and Perona, 2005)

|2
1= o (L 208)

20'in

with a hyperparameter k, where o0; = ||z; — xz(-k)Hg is the local scaling factor
of x; and xgk) is the k-th nearest neighbor of x; in X,,. The kernel matrix was
K = W for KM, MMC and LGMMC, and K = W + [,,/n for GMMC since
it would be very unstable without this small eigenvalue shift. NSC relied on the
graph Laplacian Ly, constructed from . Due to the requirement of positive
definiteness of () for MVC, we also slightly shifted the eigenvalues of certain
positive semi-definite matrices and adopted () = Lgym + I,,/n for MVC-SL and
Q =W + I,,/n for MVC-HL.

Numerical issues always exist and there may be more than one candidate hy
for MVC-SL. Let \; < --- < )\, be the eigenvalues of (), and v, ..., v, be the

Bhttp://www.cad.zju.edu.cn/home/dengcai/Data/TextData.html.
http://archive.ics.uci.edu/ml/datasets/isolet.
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associated normalized eigenvectors. In our implementation, we initialize MVC-
SL by a few eigenvectors whose eigenvalues are close to \,. Specifically, we
construct a set of candidate eigenvectors V = {v; | |A\; — Xo| < 107*}, and if
#V > 10, we say that () is ill-defined and only keep ten such v; in V. Next we
obtain one h from each v; € V and solve the SQP problem based on each hj. At
last, the solution h* resulting in the smallest objective value —2||h*||; +vh* Qh*
would be selected as the final solution to MVC-SL. This trick can sometimes
improve the performance significantly, while the cost is the increase of the com-

putation time by no more than ten times.

2.8.2 Artificial Data Sets

To begin with, we compare the clustering error and the computation time of all
seven algorithms based on three artificial data sets. As visualized in Figure 2.3,
2gaussians is a three-dimensional data set generated as follows. We first randomly
sampled X :{/2 from a Gaussian distribution with zero mean and covariance matrix
diag(100,4) and Xn_/2 from the other Gaussian distribution with zero mean and
covariance matrix diag(4, 100), set the third dimension as +3 for X:LF/Q and —3
for X;/z and combined X;L/z and Xn_/2 into X,,. Subsequently, 2moons is a two-
dimensional data set with two non-Gaussian crescent-like clusters, and 2circles is
another two-dimensional data set with two non-Gaussian ring-like clusters. The
Gaussian similarity was applied to all algorithms, and o was fixed to m, /10,

where m,, is the mean pairwise distance given by

— Zl§i<j§n i — 2][2 _ ZZj:l i — 22
7 n(n—1)/2 n(n—1) ’

(2.28)

since ||x; — x| = 0 when ¢ = j. The regularization parameter C' of MMC
was the best value among {10_3, 1, 103}, that is, we ran MMC three times using
C = 1073, 1, 103 and recorded the best performance, since there lacks a uniformly
effective model selection framework for clustering algorithms. The regularization
parameter C' of LGMMC was also selected from {1072,1, 10} in the same way.
For GMMC, the regularization parameter C, was set to 10* following Valizadegan
and Jin (2007) and the other regularization parameter C's was the best candidate
in {1073,1,10%}. We fixed the stopping threshold ¢ to 10°, the regularization
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parameter vy to 1072 and let the class balance parameter b adaptively be 1/n for
MVC-SL, while for MVC-HL, we fixed C'to 1 and tried v € {1073, 1,10%}.

The experimental results in terms of the means of the clustering error are re-
ported in Figure 2.4. All of the results were obtained by repeatedly running an
algorithm on 10 random samplings with given sample size n, and the sample sizes
were {50,60,...,100} for the small-scale experiments and {50, 100, ...,300}
for the middle-scale experiments. We can see that among the three data sets,
2gaussians is most difficult such that LGMMC still had a mean clustering error
around twenty percents even when n = 300, and 2circles is easiest because MMC,
MVC-SL and MVC-HL already got near zero errors when n = 80 and LGMMC,
GMMC and NSC also achieved perfect partitions after n = 150. In contrast, KM
cannot deal with these artificial data well due to the non-convex distortion func-
tion and the random initialization of cluster centers, even though it was equipped
with the Gaussian similarity. Surprisingly, NSC was worse than KM on 2guas-
sians, whereas MVC-SL based on the almost same input () = Lgym + I, /n had
much lower clustering errors, which implies that the highly non-convex k-means

step may be a bottleneck of NSC.

Next we report the corresponding computation time of these algorithms in
Figure 2.5. All of the results were measured in average seconds per run on X-
eon X5670 processors. Note that the worst case running time (i.e., the asymp-
totic time complexity) of KM is super-polynomial in the sample size n (Arthur
and Vassilvitskii, 2006), and so is the worst case running time of NSC. On the
other hand, the asymptotic time complexities of LGMMC, MVC-SL, GMMC,
MMC and MVC-HL are O(n?), O(n?), O(n*®), O(n®%) and O(n5®) respective-
ly. In our experiments, NSC was the most computationally-efficient algorithm
and almost always faster than KM, since the k-means invoked by NSC after the
spectral embedding converged in fewer iterations than KM. While LGMMC was
consistently faster than GMMC, MVC-SL lay between them and was comparable
with GMMC in the small-scale experiments and comparable with LGMMC in the
middle-scale experiments. As a result, the computation time or empirical time
complexity of MVC-SL exhibited less potential of growth than LGMMC and G-
MMC. The worst-case computational complexities of MVC-HL and MMC made
them extremely time-consuming, poorly scalable to middle or large sample sizes,
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Figure 2.3: Visualization of artificial data sets
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and hence impractical despite their low mean clustering errors on 2guassians and

2circles.

Furthermore, we investigate three important properties of MVC-SL, and report

the results over 100 random samplings in Figure 2.6.

Firstly, panel (a) shows the mean and median values about the number of iter-
ations required by MVC-SL, where each mean is shown with the standard error,
and each median is shown with the median absolute deviation divided by the
square root of the number of random samplings (i.e., 10). As mentioned before,
the convergence rate of SQP iterations is independent of the sample size n, and
we can see that MVC-SL usually stopped within just a few iterations in our exper-
iments. This phenomenon implies that the empirical time complexity of MVC-SL

is directly proportional to the internal QP solver.

Secondly, we examine the distribution of * which may influence the stability
of the resulting clusters. Fortunately, panel (b) shows that n* for fixed data set
and fixed sample size were highly concentrated, and the mean and median values
exhibited a strong correlation with the sample size as well as a weak correlation
with the data set.

Thirdly, recall that there may be more than one candidate h( and we initialize
MVC-SL using V = {v; | |\; — Xo| < 107*}. Although all v € V appear
nearly equally good to NSC, they could induce initial solutions of very different
qualities for MVC-SL, as shown in panel (c). The vectors v,, vg, hg, and h*
are all treated as soft response vectors, and the means with standard errors of the
clustering error are plotted in panel (c), where v, is the eigenvector of () and Ly,
associated with Ay, v is the eigenvector selected by MVC-SL, and hy and h™ are
the corresponding initial and final solutions. We can see that h* was better than
hy and h was better than vy,. Moreover, v, was significantly superior to v5 on
2guassians. It is interesting and surprising that both h and v, were significantly
inferior to vy on 2circles when n = 100, but they still resulted in A" with the
lowest mean clustering error. In a word, not only good initial solutions but also
the SQP method contribute to the success of MVC-SL, and the underlying large

volume principle is reasonable and useful for clustering.
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Figure 2.6: Experimental results concerning three important properties of MVC-
SL
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2.8.3 Benchmark Data Sets

In the following, we discuss the experiments on the benchmarks listed in Ta-
ble 2.1: The experiments involving ten IDA benchmarks are discussed in the first
part, then USPS and MNIST in the second part, 20Newsgroups in the third part,
and Isolet in the fourth part.

IDA Benchmarks

We compare KM, NSC, LGMMC, GMMC, and MVC-SL on ten data sets in the
IDA benchmark repository that are designed for binary classification tasks and
have one hundred fixed realizations for each data set except that the data sets
Image and Splice only have twenty realizations. For each realization of each data
set, we ignored the test data and tested five clustering algorithms using the training
data, yet GMMC was not tested on the data sets Flare-solar, German, Image and
Splice as it required a very long execution time when n > 600. The Gaussian sim-
ilarity was applied and o was the best value among {4m,, 2m,, my,, m, /2, m, /4}
for each realization and each algorithm, where the variable m, was the mean pair-
wise distance defined in Eq. (2.28). An exception is the data set Ringnorm where
the locally-scaled similarity with & = 7 was applied, since it consists of data
from two highly overlapped Gaussian distributions and can be treated as a multi-
scale data set.'> The settings for other hyperparameters of LGMMC, GMMC, and
MVC-SL were exactly same as the experiments on the artificial data sets, specif-
ically, C € {1073,1,10%} for LGMMC, C, = 10* and C;5 € {1073,1,10%} for
GMMC, and ¢ = 1075,y = 1072 and b = 1/n for MVC-SL.

Table 2.2 describes the means with standard errors of the clustering error rate
by each algorithm on each data set. For the sake of comparison, Table 2.2 also
lists the means of the classification error rate of highly-tuned SVM provided by
the official web site of the IDA benchmark repository.

We could see from Table 2.2 that LGMMC and MVC-SL were either the best

algorithm or comparable to the best algorithm based on the unpaired ¢-test at the

131n fact, Ringnorm violates the underlying assumption when evaluating clustering results using
classification data sets, that is, the class structure and the cluster structure must coincide with each
other. However, 2circles does not violate this assumption, since those ring-like clusters are neither
Gaussian distributions nor overlapped clusters.
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significance level 5% on five data sets. The clustering errors of five algorithms
exhibited large differences on five data sets, namely, Breast-cancer, Flare-solar,
German, Ringnorm and Splice, among which MVC-SL was one of the best al-
gorithms on three data sets, and LGMMC was one of the best algorithms on two
data sets. The clustering errors exhibited merely small differences on the other
five data sets. Moreover, the fully supervised SVM has a mean classification error
obviously smaller than the lowest mean clustering error on the data sets German,
Image and Splice, and larger than the lowest mean clustering error on the data sets
Breast-cancer, Titanic and Twonorm. It should not be surprising or confusing s-
ince the classification error is the out-of-sample test error on the test data whereas

the clustering error is the in-sample test error on the same data to be clustered.

Images of Handwritten Digits

Secondly, we take the images of handwritten digits in USPS and MNIST. Instead
of testing KM, NSC, LGMMC, GMMC and MVC-SL on all forty-five pairwise

clustering tasks, a few challenging tasks were selected, namely, the pairs

{1,7},{1,9},{8,9},{3,5},{3, 8}, {5, 8}

of USPS and
{1,7},{7,9},{8,9},{3,5},{3,8},{5,8}

of MNIST. The task digits 7 vs. 9 of USPS is too hard for all algorithms, so we se-
lected an easier task digits 1 vs. 9. Unlike the training data in the IDA benchmark
repository that are already standardized (i.e., normalized to mean zero and stan-
dard deviation one) by the provider, the 8-bit gray-scale images in USPS/MNIST
are raw data represented by 256-/784-dimensional vectors of integers between 0
and 255. The popular pre-processing is to divide each integer by 255 and thus
change the representation to vectors of floating-point numbers between 0 and 1.
As a consequence, (x;,x;) is always nonnegative for any 1 < 4,5 < n and we
can use the cosine similarity for NSC, where in our experiments the hyperparam-
eter k of the k-nearest neighbors was the best value among {3,4,5,6,7,8} for
each random sampling. The same cosine similarity was also applied to MVC-SL.
However, this cosine similarity did not work for the other three algorithms here,

and then we still used the Gaussian similarity with o as the best value among
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{4my,2my, my, my /2, m,/4} for each random sampling, where m,, was defined
in Eq. (2.28). The settings for other hyperparameters of LGMMC, GMMC and

MVC-SL were exactly same as the experiments on the artificial data sets.

Figure 2.7 reports the means of the clustering error by each algorithm on each
task. The sample sizes were {50, 100, 150, 200, 250, 300, 400, 500} for all tasks,
and each mean value was obtained by repeatedly running an algorithm on 10 ran-
dom samplings. Given a certain task with sample size n, we first merged all data
of the two classes and then randomly sampled a subset of size n, so the classes in
the resulting subset were not necessarily balanced when n was small. Moreover,
Table 2.3 summarizes the means with standard errors of the clustering error, in
which each algorithm has 80 random samplings on each task. Since the sample
sizes here varied in a large range, we performed the paired ¢-test of the null hy-
pothesis that the difference of the clustering error is from a Gaussian distribution
with mean zero and unknown variance, against the alternative hypothesis that the

mean is not zero.

We can see from Figure 2.7 that the easiest task is MNIST 1 vs. 7, such that
the mean clustering errors of MVC-SL and NSC were less than two percents
when n > 100, and the hardest tasks are MNIST 7 vs. 9 and 5 vs. 8, where
no algorithm was better than twenty-five percents. Both Figure 2.7 and Table 2.3
show that the relatively easy tasks include the pairs {1, 7}, {1,9}, {3, 8} of USPS
and {1,7},{8,9}, {3, 8} of MNIST, while the relatively hard tasks are the pairs
{8,9},{3,5},{5,8} of USPS and {7,9},{3,5},{5,8} of MNIST. In addition,
according to Figure 2.7, the mean clustering errors of MVC-SL were basically
non-increasing except in panel (f) USPS 5 vs. 8, and MVC-SL, NSC and GMMC
usually outperformed KM and LGMMC, as in Table 2.3. Similarly, MVC-SL was
either the best algorithm or comparable to the best algorithm on ten out of twelve
tasks according to Table 2.3, among which it was best on eight tasks and outper-
formed all others on seven tasks. The second best algorithm GMMC was best on
four tasks, and then NSC was comparable on two tasks. In a word, MVC-SL was
fairly promising on USPS and MNIST.
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Figure 2.7: Means of the clustering error (in %) on USPS and MNIST
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Newsgroup Documents

The benchmark 20Newsgroups has three versions containing 19997, 18846, and
18828 newsgroup documents, partitioned nearly evenly across twenty differen-
t newsgroups. The second version with 18846 documents is recommended by
the original provider'® and hence is used in our experiments. The documents in
20Newsgroups can be further grouped into seven topics: They are ‘alt’, ‘comp’,
‘misc’, ‘rec’, ‘sci’, ‘soc’ and ‘talk’, with 799, 4891, 975, 3979, 3952, 997 and
3253 documents respectively, where comp consists of five classes, each of rec,
sci and talk consists of four classes, and each of alt, misc and soc consists of a
single class. We prepared nine pairwise clustering tasks which included all tasks
between the four multi-modal topics and all tasks between the three uni-modal
topics. The term-frequency vectors were processed into term-frequency-inverse-
document-frequency vectors using the script written by the provider'” for the w-
hole data set. We tried all of the three similarity measures, and found that for any
algorithm no one was consistently better than the other two. However, the locally-
scaled similarity generally fitted all five algorithms, where the hyperparameter k
was the best value in {3, 4,5,6,7, 8} for each random sampling. The settings for
other hyperparameters of LGMMC, GMMC and MVC-SL were exactly same as
the experiments on the artificial data sets.

Figure 2.8 reports the means of the clustering error by each algorithm on each
task. The sample sizes were {50, 100, 150, 200, 250, 300, 400, 500} for all tasks,
and each mean value was averaged over 10 random samplings. Similarly to the
random samplings of USPS and MNIST, the classes in each random sampling
here were not necessarily balanced when n was small. In addition, Table 2.4
summarizes the means with standard errors of the clustering error, in which each
algorithm has 80 random samplings on each task. The paired ¢-test was performed
due to the varied sample sizes.

We can see from Figure 2.8 and Table 2.4 that the tasks between the four
multi-modal topics are more difficult than the tasks between the three uni-modal
topics. Two tasks involving misc (i.e., alt vs. misc and misc vs. soc) are easiest,

and three tasks involving sci (i.e., comp vs. sci, rec vs. sci, and sci vs. talk) are

16http://qwone.com/ jason/20Newsgroups/.
http://www.cad.zju.edu.cn/home/dengcai/Data/code/tfidf.m.
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hardest. Moreover, MVC-SL, NSC and GMMC usually outperformed KM and
LGMMC, and Figure 2.8 also illustrates that the mean clustering errors of MVC-
SL were basically non-increasing. As shown in Table 2.4, MVC-SL was either
the best algorithm or comparable to the best algorithm on eight out of nine tasks,
among which it was best on six tasks and outperformed all others on four tasks.
The second best algorithm NSC was best on three tasks, and then GMMC was
best on two tasks and comparable on one task. In a word, MVC-SL was also

fairly promising on 20Newsgroups.

Isolated Spoken Letters

The final benchmark is Isolet from the UCI machine learning repository. The
data were collected by letting 150 subjects speak the name of each letter of the
alphabet twice, while two ‘F’ and one ‘M’ were dropped due to difficulties in
recording. Unlike the features of the previous benchmarks USPS, MNIST and
20Newsgroups, the acoustic features of Isolet are extracted by different ways and
possess different physical meanings, including spectral coefficients, contour fea-
tures, sonorant features, pre-sonorant features and post-sonorant features. All fea-
tures are real-valued and scaled into the range —1 to +1. Generally speaking,
all five algorithms can easily deal with the majority of pairwise clustering tasks,
if we randomly choose two letters. Therefore, similarly to USPS and MNIST,
a few challenging tasks that might sometimes be difficult for the mankind were
selected: The letters B vs. P, T vs. D, B vs. D, A vs. H, G vs. J, and M vs. N.
The hyperparameters here were slightly different from the previous experiments
for better performance. The cosine similarity was applied to NSC, and the hy-
perparameter k was the best value in {1,2,3,4,5,6} for each random sampling.
The Gaussian similarity was still used for KM, LGMMC and GMMC, and the
hyperparameter o was the best value in {2m,, m,, m,/2, m,/4, m,/8} for each
random sampling, where m, was defined in Eq. (2.28). For MVC-SL, we adopted
either () = Lgym + I,,/n where Lgy,,, was constructed from the cosine similarity or
@ = nl, — W with the Gaussian similarity depending on the task and the sample
size n, and the hyperparameter £ or o was chosen in the same way. A key ob-
servation here was that for certain tasks such as M vs. N, the former specification

was preferable for small n, whereas the latter specification was more advisable
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Figure 2.9: Means of the clustering error (in %) on Isolet

for relatively large n. The settings for other hyperparameters were exactly same
as the experiments on the artificial data sets.

Figure 2.9 reports the means of the clustering error by each algorithm on each
task. The sample sizes were {50, 100, 150, 200, 250, 300, 400, 500} for all tasks,
and each mean value was averaged over 10 random samplings. Similarly to the
random samplings of USPS and MNIST, the classes in each random sampling
here were not necessarily balanced when n was small. In addition, Table 2.5
summarizes the means with standard errors of the clustering error, in which each
algorithm has 80 random samplings on each task. The paired ¢-test was performed
due to the varied sample sizes.

We can see from Figure 2.9 and Table 2.5 that the tasks A vs. H and G vs. J
are very easy, and the tasks B vs. P, B vs. D and M vs. N are very hard. Inter-
estingly, T vs. D is much easier than B vs. P and B vs. D, such that the lowest
mean clustering errors on B vs. P and B vs. D were almost three times larger
than the lowest mean clustering error on T vs. D. Unlike the curves shown in

Figures 2.7 and 2.8, the mean clustering errors of MVC-SL in Figure 2.9 were
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basically non-increasing only in panel (d) A vs. H. Furthermore, LGMMC in-
stead of NSC became a competitive algorithm besides GMMC and MVC-SL in
Table 2.5, unlike the performance in Tables 2.3 and 2.4. According to Table 2.5,
GMMC was the best algorithm on four tasks, MVC-SL was best on one task and
also comparable to the best algorithm on one task, and LGMMC was best on
one task. Nevertheless, MVC-SL was still satisfying on Isolet, if considering that
MVC-SL consumed less than five percents of the total computation time while
GMMC consumed over ninety percents, and thus GMMC was remarkably less
computationally-efficient than MVC-SL.

2.9 Proofs of Theoretical Results

2.9.1 Proof of Lemma 2.9

If 35 € {1,...,n}, e; or —e; is an eigenvector of (), there should exist an eigen-
value A > 0 such that Qe; = Ae;. This equation means that ();; = A and
Vi # 7,Qi; = 0. In other words, z; is isolated and X,, is reducible. O

2.9.2 Proof of Theorem 2.10

If x; is isolated in X,,, let 6; = --- = 9§, = 1, K = {i} and by definition X, is
SI-symmetric.

If X, is axisymmetric under a permutation ¢, without loss of generality, we
assume ¢(1) = 2andletd) = —1,0o = --- =4, = L and K = {1,2}. Then X,
is SI-symmetric by Eq. (2.21),

n

<ZszIC 5kek>TQ (ZMZK 6’“61“) - Z(Q% — Q1) =0,

1=3

since Vi € {3,...,n}, ¢(i) € {1,2} and Q1,; = Q2,4(;). O

2.9.3 Proof of Theorem 2.11

When n = 2, X, must be axisymmetric if ()11 = ()22, and we know that X, is

SI-symmetric by Theorem 2.10.
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When n > 2, assume that X, is irreducible due to Theorem 2.10, and then
R™ has two disjoint bases: the standard basis and the set of the principle axes of
E(Hg) according to Lemma 2.9. We present an indirect proof of the theorem as

follows.

Step 1. Let \q, ..., \, be the eigenvalues of () and vy, ..., v, be the associated
normalized eigenvectors. Suppose that v; and v; are the directions of two prin-
cipal axes of £(Hg) with the same length 1/1/); = 1/,/A;. There should be at
least one principal axis v; such that [ ¢ {i,j}, \; # \; and £(#) is rotational
about v; along the circle

C(v;,v;) := {cos(d)v; +sin(f)v; | 6 € [0,2m)}.

Otherwise, all principal axes have the same length and £(H) is a perfect ball,
which contradicts the fact that eq, . . . , e, are not eigenvectors of ().

Further suppose that \;, # \; for any k # [, that is, the principal axis with
the direction v; has a unique length. As a consequence, v; has a fixed position
and cannot rotate within C'(vy, v;) for any k& ¢ {4, j,(}. Otherwise, all vectors
in C(vy,v;) are legal principal axes and can be considered as v; with a fixed
position.

We know that £(Hg) intersects the k-th coordinate axis at +ey//k from
Qrxr = k, and the intersections compose an (n — 1)-dimensional hyperplane.
Principal axes of £(#¢) are orthogonal and have at most (n — 1) distinct lengths,
and £(H) also has a set of n orthogonal axes with the same length 1/\/k, i.e.,
the standard basis {ey, ..., e,} extended by 1/4/x. Hence, any principal axis in
a fixed position especially v; should lie on the central direction of some quadrant
with the dimensionality at least two. In other words, v; can be written in the form
of

v = Zékek’ 0 € { 1,0, 1}
V Zk 1 5[?3 k=1
where 91, ..., 0, cannot be all zeros.

Step 2. Let L = {k | 6 = 0} and one has 0 < #K < n where # measures the
cardinality. We discuss the cases #K > 0 and #K = 0 separately.
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If #K > 0, we reset 9, = 1 for k € K. Subsequently,

(Cctier) @(X,tee) = (3, o00) @ (vir—#kw)
(X, o) Vi #K(@Qw)
(X, e) Vo #K(w)
M (o) (Vi)
(X)) (X0

<

=\
= )\l Z 5k/8—£8k/
kek k' ¢K
=0,
due to Qu; = \v; and the orthonormal condition of the basis {e;,...,e,}. If
#K = 0, without loss of generality, assume that 6 = —d, = 1 since n > 2

and the sign of v; is arbitrary. The first two rows of the eigenvalue equation
Qu; = \v; tell us

K— Q2+ Z 0kQ1r =N n

o = Z 0 (@1 — Qa2) = 0.
Qo1 — K — Z Q2 = =N k=3

k=3

Hence by resetting L = {1, 2}, we obtain

(Zkelc 5kek>TQ (Z,@Q,C 5kek> = 2": 0 (Qrr — Q2) = 0.
k=3

Both cases lead to a contradiction since X, is SI-asymmetric.
Therefore, all principal axes of £(#¢) have distinct lengths, which is exactly
what we were to prove. 0

2.9.4 Proof of Theorem 2.12

Let us denote h* = (hy, ..., h,)" and consider h* = (hy(), - - -, hom))'-
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Obviously, ||h*[|; = ||h*||; and |h*||2 = ||h"||2. Moreover,

Y Qishowho) = D, Qunemhamhos) = > Quilihi,
ij=1 ij=1 k=1
because of the third property of Definition 2.7. Hence, h*'Qh* = h*'Qh* and
then G(h*) = G(h").
Similarly, Vi € {1,...,n},

> Qishoiy =Y Quiretyhet = O Qotiy il
j=1 j=1 k=1

where we use the third property of Definition 2.7 again. As a result,

[g(h)]: =Y Qijhog) — mhog) — sign(hgg))

j=1
= 7Y Qutiyihi — nhog) — sign(hy()
k=1

= [9(h")]s)-

Hence, g(h*) = 0,, according to the Karush-Kuhn-Tucker condition g(h*) = 0,,
which indicates that h* is also a minimum of optimization (2.4), since the Hessian
matrix V2G(h) = 2(yQ — nl,,) must be symmetric and positive-definite.

Notice that dy,(h*, h*) > 1 due to the condition that 3, hy;h; < 0, with the
only exception dy (h*, h*) = 0 when sign(h*) = —sign(h"), i.e., Vi, hy)h; < 0.
This completes the proof. L

2.9.5 Proof of Theorem 2.13

We prove the theorem in three steps.

Step1. Let0 < Ay < --- < A\, and vy, ..., v, be the eigenvalues and eigen-
vectors of (). Given a minimum h, the Karush-Kuhn-Tucker condition g(h) = 0
implies that

h = Qy’ (2.29)
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where y = sign(h), Q = (YQ — nI,)", and the unknown 7 satisfies n < ;.
Plug Eq. (2.29) into the constraint ||h||s = 1, note that () is a symmetric matrix,

and then we will have
y'Q’y = (Qy)'(Qy) =h'h =1. (2.30)

All eigenvalues of () are different and positive since X, is anisotropic, so are
all eigenvalues of Q Consequently, Q2 has a unique spectral decomposition. It is

easy to see that

y'QPy =y (Z mvw?) y=> vy (2.31)
i=1 i=1

where y1; = 1/(v\; — 1)? is the i-th largest eigenvalue of Q2.

Step 2. Define a linear mapping
Y RE — R”
B = Bivi+ -+ By,

where B = (B1,...,08,)0, R = R™ and we use the symbol R7 to distinguish

the domain and the range. It is obvious that ¢/ is a vector space automorphism,

and the set of vectors {ey, ..., e,} and the set of images {i(e1),...,¥(e,)} =

{vq,...,v,} are completely different bases due to Theorem 2.10 and Lemma 2.9.
Let 3 = ¢~ !(y). Then,

lylla=vn = B+ +8=n (2.32)
(230)+@231) = mbi+- bl =1 (2.33)

Eq. (2.32) represents a hyper-ball in R}, and Eq. (2.33) represents an irrotational
ellipsoid in R} since fu1, . .., u, are distinct eigenvalues. As a result, given any
other 3 = (B},...,[.)" satisfying (2.32) and (2.33), there exist three disjoint
index sets 7, J_, Jo such that 7, UJ_U Jy = {1,...,n} and

Vi€ Ty, B; #0,68;+6; =0
Vj Gjt),ﬁj:@,‘ =0.
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Step 3. For another arbitrarily chosen minimum A’ of (2.4), let y' = sign(h’) and
B = ¢~1(y'), then B is also a solution to the system of Egs. (2.32) and (2.33),
and it is guaranteed the existence of aforementioned 7, J_, Jo.

Notice that Vj € 7.,

fv—]r(y + y/) = ﬂj + ﬂ; =0 = ’U—]ry = —v;y.

Similarly, Vj € J_,v;y’ = vy and Vj € Jo,vjy’ = vy = 0. In a word, we
have (vjy')? = (vjy)® forall j = 1,...,n. Hence,

y'Qu="> N(vjy)’ =Y N@i) =y"Qy,
p =1

which indicates that (y + v')'Q(y — y') = 0.
Let 01 = [yl1,~++ 0 = [yl and K = {k | [yl = [¥]s,1 < k < n}.
Subsequently, check the condition Eq. (2.21), and we will find that

<Zkelc 5’“6"“)TQ <Zk¢1c 5’“6"“) - }l(y +y)'Qy—vy)=0.

However, X,, is SI-asymmetric, and there must be #/X = 0 or #K = n, i.e.,

/—_

y' = —y or y' = y. Therefore, dy(h, h’) = 0 and h’ is equivalent to h. O

2.9.6 Proof of Lemma 2.18

For any h € ﬁQ, there exists o € R"™ such that h = U, where U consists of n
orthonormal eigenvectors of @, and ||| = 1 since ||h||; = 1and U'U = I. The
expression h = Ua is an unlabeled-labeled representation (ULR) since U only
has the information about unlabeled samples. Each column of U has a unit length,

and thus ||U||% = n where || - || is the Frobenius norm. The first part of the upper

Ra(Hg) < v/2n/n'(n—n),

comes from Eqgs. (20)—(22) of El-Yaniv and Pechyony (2009).
Let Q = (yQ — n*I,,)~*. Another ULR is shown in Eq. (2.29), in the proof of
Theorem 2.13:

bound, namely,

h = Qsign(h).
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It is obvious that {1/(vA; — n*)}", are the eigenvalues of ). Subsequently, the

second part of the upper bound, i.e.,

n 1/2
~ 2 n
R <\ (S )

=1

can be derived from Egs. (20)—(22) of El-Yaniv and Pechyony (2009) with p; =
v/n. Furthermore, Eq. (2.29) is also a kernel ULR, since Q is symmetric positive
definite and can be viewed as a kernel matrix. Thereby we can obtain the third

part of the upper bound

n 1/2
~ 2 L
< [ — 7
Ra(fle) < || s (z = _n*)

i=1

based on Egs. (23)—(25) of El-Yaniv and Pechyony (2009) with pz = /. U



Chapter 3

Information-theoretic
Semi-supervised Metric Learning

In this chapter, we present information-theoretic semi-supervised metric learning.

Our contributions can be summarized as two folds.

e We formulate supervised metric learning as an instance of the generalized

maximum entropy distribution estimation (Dudik and Schapire, 2006);

e We propose a semi-supervised extension of the above estimation following

entropy regularization (Grandvalet and Bengio, 2005).

This chapter is organized as follows. Section 3.1 describes the background. The
proposed model and algorithm are formulated in Sections 3.2 and 3.3. In Section
3.4, we discuss the sparsity issues and additional justifications. Related works are

compared in Section 3.5. Experimental results are reported in Section 3.6.

3.1 Introduction

How to learn a good distance metric for the input data domain is a crucial issue
for many distance-based learning algorithms. The majority of metric learning
methods developed in the last decade fall into three types:

(a) Supervised type requiring class labels (e.g., Chiaromonte and Cook, 2002;
Sugiyama, 2007; Fukumizu et al., 2009);

93



94 Chapter 3. Information-theoretic Semi-supervised Metric Learning

(b) Supervised type requiring weak labels, that is, {4-1}-valued labels that indi-
cate the similarity/dissimilarity of data pairs (e.g., Xing et al., 2003; Gold-
berger et al., 2005; Weinberger et al., 2006; Globerson and Roweis, 2006;
Torresani and Lee, 2007; Davis et al., 2007). See the illustration in Figure
3.1;

(c) Unsupervised type that requires no label information (e.g., Roweis and Saul,
2000; Tenenbaum et al., 2000; Belkin and Niyogi, 2002). See the illustra-

tion in Figure 3.2.

There are many examples of using weak labels: Asking anybody for weak label-
s of image pairs from Flickr, and asking anybody for weak labels of book/DVD
pairs from Amazon. Compared with class labels, weak labels are fast and cheap,
and crowdsourcing is allowed. Notice that classical supervised metric learning
methods have a strict limitation. Algorithms in (a) need all class labels, and al-
gorithms in (b) still need each data point be involved in at least one weak label,
otherwise the algorithm cannot see this point. These requirements are sometimes
problematic for real-world applications. Based on the belief that preserving the
intrinsic geometric structure of all training data in an unsupervised manner can
be better than strongly relying on limited labeled data, semi-supervised metric
learning has emerged. To the best of our knowledge, all previous semi-supervised
methods that extend types (a) and (b) employ off-the-shelf unsupervised tech-
niques in type (c). For example,

e Principal component analysis (e.g., Yang et al., 2006; Sugiyama et al., 2010);

e Manifold regularization or embedding (e.g., Hoi et al., 2008; Baghshah and
Shouraki, 2009; Zha et al., 2009; Liu et al., 2010).

They can be regarded as propagating labels along an assistant metric by some
unsupervised techniques and learning a target metric implicitly in a supervised
manner.

However, the target and assistant metrics assume different forms: The target
metric is a Mahalanobis distance defined over a Euclidean space, while the assis-
tant metric is a geodesic distance defined over a curved space or a Riemannian

manifold. The target and assistant metrics also share slightly different goals:
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=

(a) Original data

® Class A
B Class B
¢ ClassC
___Similarity

constraints
H Dissimilarity
constraints

(b) Projected data

Figure 3.1: Illustration of supervised metric learning based on weak labels. In
this figure, we have three classes, each with two labeled data. The
goal is to find a metric so that data in the same class are close and
data from different classes are far apart. Note that the class labels
will not be revealed to algorithms, and we show the projected data
here, since the Mahalanobis distance of the original data equals the

Euclidean distance of the projected data.
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e The target metric aims at a metric so that data in the same class are close
and data from different classes are far apart (as illustrated in Figure 3.1), for

instance, Fisher discriminant analysis (Fisher, 1936);

e The assistant metric tries to identify and preserve the intrinsic geometric
structure of unlabeled data (as illustrated in Figure 3.2), for instance, Lapla-

cian eigenmaps (Belkin and Niyogi, 2002).

Simply putting two metrics together works in practice, but the paradigm is con-

ceptually neither natural nor unified.

In this chapter, we propose SERAPH (SEmi-supervised metRic leArning Para-
digm with Hyper-sparsity), a novel semi-supervised metric learning approach, as
an information-theoretic alternative to those manifold-based methods. Our idea is
to optimize a metric by optimizing a conditional probability parameterized by that
metric. We maximize the entropy of that probability on labeled data, and mini-
mize the entropy of that probability on unlabeled data via entropy regularization
(Grandvalet and Bengio, 2005), which can achieve the sparsity of the posterior
distribution (Graga et al., 2009; Gillenwater et al., 2011), i.e., unlabeled data can
be classified with high confidence. Furthermore, we employ mixed-norm regular-
ization (Argyriou et al., 2007) to encourage the sparsity of the projection matrix
(Ying et al., 2009), i.e., the low-rank projection matrix induced from the metric
can carry out dimensionality reduction adaptively. Unifying the posterior sparsity
and the projection sparsity brings to us the hyper-sparsity. Thanks to the hyper-
sparsity, the Mahalanobis distance learned by SERAPH possesses high discrim-
inability even under a noisy environment. Notice that our extension is compatible
with the manifold-based extension, which means that SERAPH can have an addi-

tional manifold regularization term.

3.2 SERAPH, the Model

In this section, we formulate the model of SERAPH. We first propose the super-

vised part, and then introduce its regularization terms.
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(a) Data clouds

(b) Identified manifolds

Figure 3.2: Illustration of manifold learning, a subclass of unsupervised metric
learning. Here, the goal is to identify and preserve the intrinsic geo-
metric structure of unlabeled data. Previous semi-supervised metric
learning methods share the same assumption with manifold learning,

though they usually carry it out in a regularization manner.
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3.2.1 Problem Setting

Suppose that we have a training set X = {z; | z; € R™}!" | that contains n points

each with m features. Let the set of similar data pairs be
S = {(z4,%;) | z; and x; are similar},

and the set of dissimilar data pairs be

D = {(z;,z;) | ; and z; are dissimilar}.
With some abuse of terminology, we refer to S U D as the labeled data, and

U={(ziz;) | i #J,(2;,3;) ¢ SUD}
as the unlabeled data. A weak label y; ; is assigned to (z;, z;) such that

+1 if (z;,2;) € S,

Yij =4 —1 if (x;,z;) € D,
undefiend if (z;,2;) € U.
We abbreviate Z(miwj)e‘gup, Z(zi@j)eu and Zye{+1,—1} to Y sups Dy and Zy

for simplicity. Consider learning a Mahalanobis distance metric for z, 2’ € R™ of

the form

d(z, o) = ||z — 2'||a = \/(x —aTA(x — '), (3.1)

where " is the transpose operator, and A € R™*™ is a symmetric positive semi-
definite matrix to be learned'. The probability of labeling (z,z’) € R™ x R™ with
y = %1 is denoted by p”(y | z,2’) that is explicitly parameterized by the matrix
A. When the pair (x, 2’) comes from SUD UU, p*(y | z;, z;) is abbreviated into

Pfj(y)-

3.2.2 Basic Model

To begin with, we derive a probabilistic model to investigate the conditional prob-

ability of y = £1 given (z,2") € R™ x R™. We resort to a parametric form of

'In the rest of this chapter, the matrix A is always assumed symmetric and positive semi-
definite if it is an optimization variable, and the constraints A = AT and A > 0 will not be

explicitly written for convenience.
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pA(y | x,2'), and we will focus on this parametric form for the out-of-sample
ability.

The maximum entropy principle (Jaynes, 1957; Berger et al., 1996) suggests
us to choose the probability distribution with the maximum entropy out of all
distributions that match the data moments. Let?

pz] - Z pzy lnpz,] y)

be the entropy of the conditional probability pfj (y), and
flz, 2’ y; A) :R™ x R™ x {+1,-1} = R

be a feature function that is convex with respect to A, then the constrained opti-

mization problem is

1
max H(pf}j) — 2—52
v (3.2)

s.t. ‘ZSUDE;;;}]. [f (@i, 25,y; A)] — ZSUD f(@i, xj, 95 A)| <&,

where ¢ is a slack variable and v > 0 is a regularization parameter. After the in-
troduction of £, distributions are allowed to match two data moments in a way that
is not strictly exact. The penalty term £2/(27) in the objective function presumes

the Gaussian prior of the expected data moment

> B [f (i, y; A)

SuD

from the empirical data moment

Z f($zaxjayz,j7A)a

SuD

which is essentially consistent in spirit with the generalized maximum entropy
principle (Dudik and Schapire, 2006). Please see Section 3.4.2 for the neces-
sity of the introduction of the slack variable £ and the alternative explanation of
optimization problem (3.2) in the sense of the generalized maximum entropy prin-

ciple.

>Throughout this thesis, we adopt that 0In 0 = lim,_, o+ 2 Inz = 0.
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Theorem 3.1. The primal solution p** is given in terms of the dual solution

(A", K*) by

exp(r*f(z,2',y; A7)
Z(x, o'y A% k)

where Z(z,2'; A, k) = > exp(kf(x,2',y'; A)) is the partition function, and

Py |z, 2') = (3.3)

(A*, K*) can be obtained by solving the dual problem

min sup InZ(x;, x5, A, k) — Z

n ff (g, g A)+ 2R% (B4)

SuD

Define the regularized log-likelihood function on labeled data (i.e., on observed

weak labels) as
_ Ay 1,2
La(Am) =D p(yy) — 5k
Then, for supervised metric learning, the regularized maximum log-likelihood es-

timation and the generalized maximum entropy estimation are equivalent.’

When considering f(z,2’,y; A) that should take moments about the metric

information into account, we propose*

fa,al s Am) = =2 (= 23 = ). (3.5)

where 1 > 0 is a hyperparameter served as the threshold to separate the similar
and dissimilar data pairs in S and D under the target metric d(z,z’). Now the

probabilistic model (3.3) becomes

A / !
) ' 3.6
Pyl e 1+ exp(ry([lz — 2|3 —n)) oo

For the optimal solution (p*#, A*, x*) and reasonable 7, we hope for two proper-

ties:

(i) The feature function can indicate the correctness of the observed weak la-

bels, i.e.,

G —m)/2 > 0;

f(xhxjayi,j;A*?n) = —yzg(Hﬂfz - mj|

3The proofs of all theorems are in Section 3.7.
“Note that in Niu et al. (2012) the feature function is f(z,2’,y; A,n) = y(||lz — 2’|} — n)/2

that has the opposite sign with the feature function in Eq. (3.5). However, they are equivalent
feature functions, since the signs of k* are also opposite here and there.
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(i1) The probabilistic model can correctly classify the observed weak labels, i.e.,

(yw | :L‘Z,x]) =1/ (1 + exp(K” yz](sz - |A* - 77))) > 1/2.

Therefore, there must be v* > 0.

Although we use Eq. (3.5) as our feature function in this chapter, other feature
functions emphasizing different perspectives of the metric information are avail-
able. In fact, optimization (3.2) can even be applied to other problem settings. For

instance, the local distance metric feature function is given by

v
f(x7$/>y;A777) :_g (u_n)a

[l — [l

and the global distance metric feature function for multi-label metric learning can
be defined as

1 <yuy/> /12
fx7$/7y7y/;Av = <__ r—x - >

where the labels y and 3/ are binary-valued vectors.

3.2.3 Regularization

In this subsection, we extend £ (A, k) defined above to semi-supervised metric
learning by entropy regularization, and further regularize it by trace-norm regu-
larization.

Our unsupervised part does not rely upon the manifold assumption and is not
in the paradigm of smoothing the projected training data. In order to be integrated
with the supervised part more naturally, our unsupervised part follows the mini-
mum entropy principle (Grandvalet and Bengio, 2005), and hence pfj should have
low entropy (i.e., low uncertainty) for (z;, z;) € U. Generally speaking, the resul-
tant discriminative models prefer peaked distributions on unlabeled data, which
can carry out a probabilistic low-density separation. Subsequently, according to

Grandvalet and Bengio (2005), our optimization becomes
_ A
max Lo(A k) = ZSU np;; (yi;)
o2
1Yy, D P ) — 5,
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where 1 > 0 is a regularization parameter.

In addition, we hope for the dimensionality reduction ability by encouraging
a low-rank projection matrix induced from A. It will be helpful in dealing with
corrupted data or data distributed intrinsically in a low-dimensional subspace. It
is known that the trace is a convex relaxation of the rank for positive semi-definite
matrices, SO we revise our optimization problem into

max L(A, k) = Z lnp;}j(yi,j)

Ak
Y
+MZ Z pw y)In pm y>—§/€2—)\tr(A),

where tr(A) is the trace of A, and A\ > 0 is a regularization parameter.
Optimization problem (3.7) is the final model of SERAPH. We say that SER-

(3.7)

APH is equipped with the hyper-sparsity when both 1 and A are positive and hence
both regularization terms are active. The hyper-sparsity, as well as the posterior
and projection sparsity, will be discussed in Section 3.4.1. Moreover, SERAPH
possesses standard kernel and manifold extensions, and we will explain them lat-

Cr.

3.3 SERAPH, the Algorithm

In this section, we reduce the model defined in optimization (3.7) to a form that is
easy to handle, and develop a practical EM-like algorithm for solving the reduced

optimization problem.

3.3.1 Reduction

First, we eliminate ~ from optimization (3.7) and thus reduce it to a simpler form,

thanks to the fact that we use a single feature function (3.5) in optimization (3.2).

Theorem 3.2. Define the reduced optimization problem as’

max L(A) = Zs 1Hﬁfj(yi,j)
F Y, Y A ) - M),

>The new functions and parameters are denoted by - within this theorem for the sake of clarity.

(3.8)
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where the reduced probabilistic model is

1
~A /
Py | z,2') = . (3.9)
W22 = TGl = 2B =)

Let A and (A*, k*) be the optimal solutions to optimizations (3.8) and (3.7), re-
spectively. Then, there exist well-defined hyperparameters 1) and A, such that

(i) d(z,x'") parameterized by A is equivalent to d(x,2') parameterized by A*,

ie., X
d(z,2'; A)

V.o e RM, — "7
nT e D d(x, 2l A¥)

= Const.;
(ii) p*y | x,2") parameterized by A and # is identical to the original Py |

x, x') parameterized by A*, k* and ), i.e.,

Vo, ' € R™ y € {+1,—1}, p(y | z,2"; A7) = p*(y | 2,2 A" k", ).

Remark 3.3. After the reduction of Theorem 3.2, ~ has been dropped, 1 and \
have been modified, but the regularization parameter p remains the same, which
means that the tradeoff between the supervised and unsupervised parts has not

been affected.

3.3.2 EMe-like Algorithm

There exist several approaches for solving optimization (3.8), for example, EM
algorithms or gradient ascent algorithms (cf. Grandvalet and Bengio, 2006, p-
p. 155-158). We would like to pose it as an EM-like iterative scheme to access
the derandomization by the initial solution, the stability for the gradient update,
and the insensitivity to the step size, just to name a few nice algorithmic proper-
ties.

The EM-like iterative scheme runs as follows. In the beginning, we initialize
a nonparametric probability ¢(y | w;, ;) for each pair (x;,2;) € U. Then the
M-Step and the E-Step get executed repeatedly until some stopping conditions are

satisfied. The initial solution of our current implementation is

q<y =-1 ‘ xhxj) = 17
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which means that at the beginning we treat all unlabeled pairs as dissimilar pairs.
At the t-th E-Step, similarly to Graga et al. (2009) and Gillenwater et al.
(2011), we have for each pair (z;, z;) € U that

min KL(q || p;) + #Eq[—Inpf;(y)], (3.10)

where KL is the Kullback-Leibler divergence, and pf}j is parameterized by the
metric A®) found at the last M-Step. Optimization (3.10) can be viewed as a pro-
jection of probabilities from p”(y | z;, z;) to q(y | z;, z;) restricted to (z;, z;) €
U, and it can be solved analytically as shown in Theorem 3.4 below. It is inter-
esting that the optimal solution to (3.10) looks quite similar to the E-Step of the
deterministic annealing EM algorithm described in Grandvalet and Bengio (2006,
pp- 155-158). From a viewpoint of minimizing the thermodynamic free energy,
the temperature is 1 —  in their E-Step and 1/(1 + p) in ours.

Theorem 3.4. The optimal solution to optimization (3.10) is given by

(7)) o
>, (i)

On the other hand, at the ¢-th M-Step, we find new metric AWM through ¢(y |
x;, ;) which is generated in the last E-Step and only defined for (z;,z;) € U:

A
max F(A) = Zsu lnpij(yid)
—HLZ Z y | xi, x)) lnp”( ) — Atr(A).

Since the convexity of the objective F(A) has already been implied by the con-

q(y | w5, 25) = (3.11)

(3.12)

vexity of the feature function f(z,z’, y; A) with respect to A (Boyd and Vanden-
berghe, 2004, p. 74), optimization (3.12) could be solved without worry about
the local maximum by the gradient projection method (Polyak, 1967), using the
calculation of the gradient matrix V.F given by

VF(A) =~ st Yig (L= p (i) (s — ) (w — )"
—uy s, > valy | w1 —pl W) — ) (e - )T (313)
— A,

A remarkable property of F(A) is that its gradient is uniformly bounded, re-
gardless of the scale of A, i.e., the magnitude of tr(A).
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Theorem 3.5. The objective function F(A) is Lipschitz continuous, and the best

Lipschitz constant Lip . (F) with respect to the Frobenius norm || - || satisfies
Lipy . (F) < (#8 + #D + ps#d) (diam(X))* + Am, - (3.14)

where diam(X') = max,, . ex ||2; — 252 is the diameter of X, and # measures
the cardinality of a set.

3.3.3 Asymptotic Time Complexity

As mentioned before, we solve optimization (3.12) by the gradient projection
method. Let 7 be the operator that projects a symmetric matrix to the cone of
symmetric positive semi-definite matrices, which includes eigen-decomposing a
symmetric matrix and recovering it from the positive eigenvalues and the eigen-
vectors associated with those positive eigenvalues. Assume s is the step size of

the k-th iteration, and denote the gradient projection update as
Ak+1 < W(Ak + SkV}-)

Now consider the asymptotic time complexity of the EM-like algorithm. The com-
putational complexity of calculating the gradient matrix V.F is O(n?m), the com-
plexity of projecting the matrix (Ay + sxV.F) back to the positive semi-definite
cone is O(m?), and thus each inner iteration takes O(n*m + m?) time. Let € be
a stopping criterion of the M-Step such that F(A) has to increase at least ¢, then
the asymptotic time complexity of each M-Step will be

o (nzm—/l—m?’) .
€

Secondly, it is easy to see that each E-Step consumes the time of order O(n?).
Thirdly, let € be a stopping criterion of the whole algorithm such that £(A) must
increase at least ¢, the total number of outer iterations is then O(1/¢). Therefore,

the overall asymptotic time complexity is

n’m + m?
0 (— ) |
ce
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3.3.4 Implementation

The warm start is used for M-Steps, and the initial solution of the first M-Step is
m

Sl

where [, is the identity matrix of size m. We employ a heuristic strategy for the

0

step sizes. At the k-th iteration of the gradient projection method, we initially set

the step size
m 1

" 10vVEIVFF

Then we try the aforementioned gradient projection update

Sk

Ak+1 — W(Ak + ska)

and keep it if Ay, improves Ay, otherwise we decrease sy by half

Sk
Sk < —
2

and try the update again. The maximum number of these attempts is 20. We will
not be trapped by local maxima, since we are maximizing a concave objective
function. Furthermore, the maximum number k., of inner gradient projection
iterations and the maximum number ¢,,,, of outer EM iterations are 10. We halt
the algorithm before reaching the maximum iteration numbers if either the solu-
tions have been converged for both inner and outer iterations, or we fail to further
improve the objective function L after the last M-Step.

In practice, the main computational bottleneck is how to compute VF(A) in
a high-level language such as Matlab without computationally-inefficient double
FOR loops, as well as computing L(A), F(A) and q(y | z;, z;) forall (z;, z;) € U
without double FOR loops. Fortunately, there are nice implementations. With-
out loss of generality, we describe the efficient method for computing V.F(A)
in Algorithm 2. We observed that in our experiments Algorithm 2 was at least
twenty times faster than the naive implementation of the same subroutine using
double FOR loops. SERAPH was in general the second most computationally-
efficient algorithm in our experiments, and manifold Fisher discriminant analysis
(Baghshah and Shouraki, 2009), as the most computationally-efficient one, only
involves solving a linear system in locally linear embedding (Roweis and Saul,
2000) and a generalized eigenvalue problem as in Fisher discriminant analysis
(Fisher, 1936).
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Algorithm 2 Efficient Computation of V.F(A)
Input: the current solution A,

X € R™™ that is the design matrix of X,
S e R™" S(i,7) = 1if (x;,x;) € S and S(i, j) = 0 otherwise,
D e R™™ D(i,j) = 1if (x;,2;) € Dand D(i,j) = 0 otherwise,
Q € Rnxn, Q<Z>]) = q(—|—1 ’ Zi, l‘j) for (.’Il‘i7$j) eu

Output: VF(A)

1: Compute all pairwise Mahalanobis distances by

T < diag(XAX"), M + repmat(z, 1,n) + repmat(z',n,1) — 2XAX".

2: Compute
P+ 1./(1+exp(M —n)),

where ./ and exp are the element-wise matrix division and exponential func-
tion.

3: Let C' € R™*™ that will store all the coefficients of (z; — x;)(x; — ;)"
Initialize it as C' < 0,,%,.

4: Let O < 1,5, and subsequently
Cs < Ps — Og,Cp « Pp,

where the subscripts S and D mean that the matrix operations are done only
for the entries corresponding to S(7,j) = 1 or D(i,7) = 1.
5: Get the matrix form of U/ by

U+~0-5—-D—1,,
and compute
Cy + (Qu. * (Py — Oy) + (Ov — Qu). x Py)

where .x is the element-wise matrix multiplication.

6: Finally,

VF(A) + X' (repmat(sum(C,2),1,m). * X) — X' CX — \,,.
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3.4 Discussions

We have left out a few theoretical arguments when we proposed the model of
SERAPH in order to keep the presentation as concise as possible. Therefore, we
discuss the sparsity issue in the sense of metric learning and give two additional

justifications of our formulation in this section.

3.4.1 Posterior Sparsity and Projection Sparsity

Sparse metric learning may have different meanings, since we learn a metric with
low-rank linear projections by optimizing a conditional probability, where the
optimization variable is actually a square matrix. First of all, we would like to
explain the meaning of our sparsity and claim that we can obtain the posterior
sparsity (Graga et al., 2009) by entropy regularization and the projection sparsity
(Ying et al., 2009) by trace-norm regularization. The arguments are as follows.

By a “sparse” posterior distribution, we mean that the uncertainty (e.g., the
entropy or variance) of the probability p;’; for (x;, ;) € U is low, such that (x;, z;)
can be classified to be a similar or dissimilar pair with high confidence.

Figure 3.3 is an illustrative example of metric learning with the sparse and
non-sparse posterior distributions. Recall that the supervised metric learning aim-
s at learning a Mahalanobis distance metric under which data in the same class
are close and data from different classes are far apart. It would result in the met-
ric which ignores the horizontal feature and only focuses on the vertical feature.
Nonetheless, the horizontal feature is useful, and taking care of the posterior s-
parsity would lead to a better metric as shown in subfigures (e) and (f). As a
consequence, we prefer taking the posterior sparsity into account in addition to
the aforementioned goal of supervised metric learning, and then the risk of over-
fitting weakly labeled data can be significantly reduced.

We can rewrite £o(A, k) as a soft posterior regularization objective function
(Graga et al., 2009; Gillenwater et al., 2011). Let the auxiliary feature function be

gz, a',y) = —Inp(y | z,2'),
then maximizing £4(A, ) is equivalent to

max L1(A, k) ,uz By g(zi, z5,v))]. (3.15)
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Figure 3.3: Sparse vs. non-sparse posterior distributions. In this example, six
weak labels are constructed according to the four class labels. The
left three panels show the original data and the projected data by met-
rics learned with/without the posterior sparsity. The right three panels
exhibit one-nearest-neighbor classification results based on the Eu-

clidean distance and two learned metrics.
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On the other hand, according to optimization (7) of Graga et al. (2009), the soft
posterior regularization objective should take a form as

max Lq(A, k) — mqin (KL(Q | p™) + Mzu 5@])

K

S.t. Eq[g(.lfi,l'j,y)] S €i7]’,V(3§'i,ZUj) € L{, (316)

where &; ; are slack variables. Since ¢ is unconstrained, we can optimize ¢ with
respect to fixed A and «. Itis easy to see that ¢ should be p* restricted on U, so the
KL divergence term is zero and the expectation term is the entropy, which implies
the equivalence of optimizations (3.15) and (3.16).

Besides the posterior sparsity, we also hope for the projection sparsity, which
may guide the learned metric to a better generalization performance. Figure 3.4 il-
lustrates its effectiveness, where the horizontal feature is dominant and the vertical
feature is uninformative.

The underlying technique of the projection sparsity is the mixed-norm regu-
larization (Argyriou et al., 2007) or group lasso (Yuan and Lin, 2006). Denote the

{(2,1)-norm of a symmetric matrix M as

m m 1/2
1Ml =D (Z M;?,za) :

k=1 \k'=1

Similarly to Ying et al. (2009), let P € R™*™ be a projection, and W = P'P be
the metric induced from P. Let P, and IV; be the i-th column of P and W. If P;
is identically zero, the i-th component of = has no contribution to 2 = Px. Since
the column-wise sparsity of 1V and P are equivalent, we can penalize ||IV|| 2,1 to
reach the column-wise sparsity of P.

Nevertheless, this is the ability of feature selection rather than dimensionality
reduction. Recall that the goal is to select a few most representative directions
of input data which are not restricted to the coordinate axes. The solution is to
pick an extra transformation V' € (O™ to rotate = before the projection where
O™ is the set of orthonormal matrices of size m, and add V' to the optimization
variables. Consequently, we penalize ||W||(,1), project « to 2 = PV x, and since
A= (PV)Y(PV)=VTWV, we arrive at

max Lo(A, k) = MW (21)

Arre W, (3.17)
st. A=VWV,W=W'W =0,V eOm
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Figure 3.4: Sparse vs. non-sparse projections. In this example, twenty-eight weak

labels are constructed according to the eight class labels. The left

three panels show the original data and the projected data by metrics
learned with/without the projection sparsity. The right three panels

exhibit one-nearest-neighbor classification results based on the Eu-

clidean distance and two learned metrics.
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Remember that the final model of SERAPH is given by optimization (3.7) as
max Lo(A, k) — Mtr(A).

The equivalence of optimizations (3.7) and (3.17) is guaranteed by Lemma 1 of
Ying et al. (2009). By unifying the posterior sparsity and the projection sparsity

mentioned above, we obtain a property that we call the hyper-sparsity.

3.4.2 Generalized Maximum Entropy Principle

The basic model defined in optimization (3.2) contains an inequality constraint
instead of an equality constraint, since the regularization term —vx?/2 is indis-
pensable for £,(A, k). Otherwise, we will have k* = 400 for the optimal so-
lution (A*, x*). In other words, the optimization will be degenerated, and the
learned metric may easily overfit weakly labeled training data. This phenomenon
is owing to the single-point prior of the expected data moment from the empirical
data moment. An {y-regularization on the dual variable reflects the Gaussian prior
of the expected data moment from the empirical data moment according to the
generalized maximum entropy principle (Dudik and Schapire, 2006), while the
ordinary maximum entropy principle (Jaynes, 1957; Berger et al., 1996) assumes
the single-point prior and applies no regularization onto the dual variable.

The potential function underlies the generalized maximum entropy estimation.
By the potential function and the slack variable, we could obtain the same dual
problem for ¢5-regularization but different dual problems for ¢;-regularization on
the gap of expected data moment and empirical data moment.

Let the potential function U(-) and its target value u s be

1 2

Uyp(z) = 5@ —uf)”,

Uf = ZSUD f('r’wxjuyz,])

Redefine optimization (3.2) as an equivalent form

2,11?% ZSUD H(pfj) — U (ZSUD Epfj CEESE y)]> ’
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where the equivalence is due to Fenchel’s Duality Theorem of Dudik and Schapire
(2006) plus the fact that the conjugate of Uy(x) is Uf(x) = y#*/2. Subsequently,

_ A (o)
II}&{X Lo(A k) = Zsu 111]%;‘(1%,3)

—Uf — pU, (Z ]EA a:z,xj,y)])

is an optimization problem with two potential functions Uy(-) and U,(-) under the
posterior regularization framework (Graca et al., 2008, 2009; Bellare et al., 2009;
Gillenwater et al., 2011), and thus SERAPH can be viewed as a semi-supervised

maximum entropy estimation equipped with the additional projection sparsity.

3.4.3 Information Maximization Principle

The final model of SERAPH defined in optimization (3.7) can also be viewed as
an information maximization approach for semi-supervised metric learning. The
regularized information maximization framework (Gomes et al., 2010) follows
the information maximization principle, and it advocates the preference for maxi-
mizing the mutual information between data and labels as well as the necessity of
regularization on model parameters.

Let p(y) be the prior distribution

/ /RWR,,, y |z, 2 )p(e)p(a')deda’,

and p(y) be its estimate

0) = 27 3, 75

Let I (y; x, 2) be the mutual information between the data pair and the weak label

I(y;z,2') / /R mem Ay | 2,2 )p(z)p(z) In (%) dad?’,

and I (y;U) be its estimate, that is, the mutual information between unlabeled data

and unobserved weak labels

pfj(y)
y’ #[/{Z Z ZJ ( 5 >

p(y)
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Given the supervised part of SERAPH, regularized information maximization would
suggest

Ay Tl ) — Lr2 —
mex ) o Inp; (i) + ' I(y; U) 5k Atr(A),

where we assume the regularization parameter y’ satisfies /' = #U . By decom-
posing I (y;U), it could be rewritten as

max £(A4, &) + u' H(p(y)).

The entropy term encourages a balanced prior distribution of y under the metric
d(x,z"). However, the number of similar and dissimilar data pairs (i.e., y = +1
and y = —1) are inherently imbalanced in all metric learning problem settings.
Therefore, we simply drop the regularization term p/ H (p(y)) and attain optimiza-
tion (3.7).

3.5 Related Works

Xing et al. (2003) initiated the research of metric learning based on pairwise sim-
ilarity and dissimilarity constraints by global distance metric learning (GDM). In-
spired by miscellaneous motivations, several excellent metric learning methods
have been developed in the last decade, such as neighborhood component anal-
ysis (NCA; Goldberger et al., 2005), large margin nearest neighbor classification
(LMNN; Weinberger et al., 2006), information-theoretic metric learning (ITML;
Davis et al., 2007), and so on.

Both ITML and SERAPH are information-theoretic, but the ideas and models

are quite different. ITML defines a generative Gaussian model
1 1
p(a) = o (3l - uld).

where p is the unknown mean value, Z is a normalizing constant, and both of them
can be canceled out in the constrained optimization. Compared with GDM, ITML
regularizes the Kullback-Leibler divergence between p“°(z) and p*(x) where A
is the prior metric, and then transforms this term to a Log-Det regularization. By
specifying Aqg = I,,,/n, it becomes the maximum entropy estimation of p“(z).

Thus, it prefers the distance metric close to the Euclidean distance. On the other
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hand, the supervised part of SERAPH also follows the maximum entropy principle,
but the probabilistic model p(y | z, 2’) is discriminative.

A probabilistic GDM was designed intuitively as a baseline method in the ex-
perimental part of Yang et al. (2006). It can be viewed as a special case of our
supervised part, but the final model of SERAPH is much more general. Please refer
to Section 3.2.2 for details.

Due to the limitation of supervised metric learning when few labeled data are
available, semi-supervised models and algorithms that incorporate off-the-shelf
unsupervised techniques to existing supervised approaches have been proposed
in recent years. Local distance metric learning (LDM; Yang et al., 2006) is the
pioneer. Unlike later manifold-based methods, it embeds the unsupervised in-
formation by assuming that the eigenvectors of the optimal A are the principal
components of all training data. Hoi et al. (2008) borrows the idea of Laplacian
eigenmaps (Belkin and Niyogi, 2002) and combines manifold regularization to the
min-max principle of GDM. Baghshah and Shouraki (2009) then shows that Fish-
er discriminant analysis can be regularized by locally linear embedding (Roweis
and Saul, 2000), and the resulting manifold Fisher discriminant analysis (MFDA)
is extremely computational-efficient. Liu et al. (2010) brings the element-wise
matrix sparsity of A to Hoi et al. (2008). In principle, any unsupervised embed-
ding method that preserves the local neighborhood information can be modified
into a semi-supervised extension. Check DistLearnKit® for a partial list.

The manifold extension is so general that it can be attached to all metric learn-
ing methods, whereas our information-theoretic extension can only be applied
to probabilistic metric learning methods. Nevertheless, any probabilistic method
with an explicit expression of the posterior distribution such as NCA, LbM and
SERAPH can have two semi-supervised extensions, while deterministic methods
like GDM, LMNN and MFDA cannot benefit from our semi-supervised extension.
ITML utilizes a generative Gaussian model whose parameters are not estimated by
the algorithm, so it is non-trivial to apply our extension to it.

Notice that we leave out sparse metric learning and robust metric learning.
Instead, we recommend Huang et al. (2009, pp. 8-9) and Huang et al. (2010, p. 2)

for the reviews of sparse and robust metric learning respectively.

A Matlab toolkit for distance metric learning: http://www.cs.cmu.edu/ liuy/distlearn.htm.
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3.6 Experiments

In this section, we numerically evaluate the performance of metric learning algo-

rithms.

3.6.1 Setup

We compared the proposed SERAPH with six representative metric learning algo-

rithms (plus the Euclidean distance):

e Global distance metric learning (GDM; Xing et al., 2003)’;

Neighborhood component analysis (NCA; Goldberger et al., 2005)%;

e [arge margin nearest neighbor classification (LMNN; Weinberger et al.,
2006)%;
e Information-theoretic metric learning (ITML; Davis et al., 2007)'°;

Local distance metric learning (LDM; Yang et al., 2006)'!;

Manifold Fisher discriminant analysis (MFDA; Baghshah and Shouraki, 2009)'2.

GDM, NCA, LMNN and ITML are supervised methods, and LDM and MFDA are
semi-supervised methods. SERAPH as well as GDM, ITML and LDM utilize the
global metric information. On the other hand, NCA, LMNN and MFDA benefit
from the local metric information.

Table 3.1 describes the specification of benchmark data sets in our experi-
ments. The top six data sets (i.e., iris, wine, ionosphere, balance, breast cancer,
and diabetes) come from the UCI machine learning repository'?, while USPS and
MNIST come from the homepage of the late Sam Roweis'*. The gray-scale im-

ages of handwritten digits in USPS are downsampled to 8 x 8 pixel resolution

http://www.cs.cmu.edu/ epxing/papers/Old_papers/code_Metric_online.tar.gz.
8http://www.cs.berkeley.edu/ fowlkes/software/nca/nca_demo.tar.gz.
http://www.cse.wustl.edu/kilian/code/files/mLMNN.zip.

1Ohttp://www.cs.utexas.edu/ pjain/itml/download/itml-1.2.tar.gz.
Mhttp://www.cs.cmu.edu/ liuy/Idm _scripts_2.zip.

2Implemented based on locally linear embedding, http://www.cs.nyu.edu/ roweis/lle/code.html.
Bhttp://archive.ics.uci.edu/ml/.

“http://cs.nyu.edu/ roweis/data.html.
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resulting in 64-dimensional vectors. Similarly, the gray-scale images in MNIST
are downsampled to 14 x 14 pixel resolution resulting in 196-dimensional vectors.
The symbol USPS;_5 9o means 20 training data from each of the first 5 classes,
USPS;_ 10,40 means 40 training data from each of all 10 classes, MNIST; 7 means
digits 1 versus 7, and so forth. Note that in the last two tasks, the dimensionality
of data is greater than the size of all training data.

All algorithms were repeatedly run on 50 random samplings of a given task.
For each random sampling, we construct the sets of similar and dissimilar data
pairs S and D according to the class labels of the first few training data. The
sizes of S and D were dependent on the specific random sampling of each UCI
task, but fixed for all samplings of each USPS and MNIST task. We measured the
performance of the one-nearest-neighbor classifiers based on the learned metrics
and the computation time for learning the metrics.

We fixed n = 1 for simplicity. Then, four settings of SERAPH were considered

in our experiments (except on two artificial data sets):

e SERAPH,, stands for ;. = 0 and A = 0;

® SERAPH,g stands for p = #(;zzp) and \ = 0;

® SERAPH,; stands for 4 = 0 and A = 1;

® SERAPHpyper Stands for 1 = #(iZD) and A\ = 1.

There was no cross-validation for each random sampling, because we would

like the learned metrics of different algorithms to be independent of the nearest-
neighbor classifiers whose performance had a large deviation given limited su-
pervised information. The hyperparameters of other algorithms, e.g., the number
of reduced dimensions, the number of nearest neighbors, and the percentage of
principal components, were selected as the best value based on another 10 ran-
dom samplings (which serve as additional validation data) if the default values or

heuristics were not provided by the original authors.

3.6.2 Results

Figures 3.3 and 3.4 had already displayed the visually comprehensive results of
the posterior and projection sparsity regularization on two artificial data sets re-

spectively. Subfigures (c) and (d) in both figures were obtained by SERAPH with
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#(SUD) y _
#U
0 in Figure 3.3 and p# = 0, A\ = 100 in Figure 3.4. We can see from Figures 3.3

i = A = 0, while (e) and (f) were generated by SERAPH with p = 10-

and 3.4 that the sparsity regularization can dramatically improve the supervised

maximum entropy estimation.

The experimental results in terms of the nearest-neighbor misclassification
rate are reported in Tables 3.2 and 3.3, where GDM was very slow for high-
dimensional data and excluded from the comparison. SERAPH is fairly promising,
% and A = 1). It was best or tie

over all twelve tasks. It often outperformed other algorithms statistically signif-

especially the hyper-sparsity setting (1 =

icantly except ITML on six UCI data sets. SERAPHpyper Was superior to all other
algorithms on four USPS tasks including SERAPH, and SERAPH,,;. Moreover,
it successfully improved the accuracy even on two ill-posed MNIST tasks, though
the improvement was insignificant on MNIST3 5 5. To sum up, SERAPH can re-
duce the risk of overfitting weakly labeled data with the help of unlabeled data,
and hence our sparsity regularization would be reasonable and practical.

In vivid contrast with SERAPH that exhibited the nice generalization capabil-
ity, supervised algorithms might learn a metric even worse than the Euclidean
distance due to overfitting problems, especially NCA that optimized the expected
leave-one-out classification error on a limited amount of labeled data. The pow-
erful LMNN did not behave satisfyingly, since it was hardly fulfilled to find a lot
of neighbors belonging to the same class within labeled data. ITML worked very
well despite that it can only access weakly labeled data, but it became less useful
for high-dimensional data. On the other hand, we observed that LDM might fail
when the principal components of all training data were not close to the eigenvec-
tors of the optimal target matrix, and MFDA might fail if the amount of training

data cannot afford to recover the intrinsic geometric structure.

An observation is that the global metric learning often outperformed the local
one in our experiments where the supervised information was insufficient, which
is opposite to the phenomena observed in supervised metric learning problem set-
tings. It indicates that the local metric learning tends to fit the neighborhood infor-
mation exceedingly and suffers from overfitting problems, since the neighborhood

information has a relatively large variance for a small amount of data.

Finally, we report the computation time of each algorithm (excluding GDM)
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on each task in Figure 3.5. Generally speaking, SERAPH was the second most
computationally-efficient algorithm, and the most computationally-efficient algo-
rithm MFDA consists of only solving a linear system in locally linear embedding
(Roweis and Saul, 2000) and then a generalized eigenvalue problem as in Fisher
discriminant analysis (Fisher, 1936). Improvements may be expected if we pro-
gram in Matlab together with C/C++ as NCA and LMNN.

3.7 Proofs of Theoretical Results

3.7.1 Proof of Theorem 3.1

To simplify our notations and make the proof compact, let us denote

p::j = pfj(+1)7
p;j £ pfj(_l)a
2 g, 41),
i = i@, 1),
fig & Fxa g, yig),

respectively.

Foremost, expand optimization (3.2) into its complete form:

1
— T Inp “lnpr) — —&2
Arg?jfg ZSUD(pZJ lnplvj + pzv] lnpl,]) 2,}/6

+ o+ o -
s.t. ZSUD(pi’j i,j —l—pmfi’j) — ZSUD fi,j _§ S 07
fo.o_ + ot — ey
ZSU'D fi»] ZSU'D(pi,j ,J +p1,,jfz’]) 5 S O,
pi; + iy = 1L,V(zi,2;) € SUD.

+ — . . . . + — o .
The terms Inp;’; and Inp;; in the objective function plus p;"; + p;; = 1 in the
constraints have already implied that

0<plpy; <1

By introducing dual variables x; > 0, ko > 0 for the first and second constraints,
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and 0; ; € R for the third group of constraints, the Lagrangian is expressed as
1
A , _
L(Aapi,]Wfa K1, Ra, 51;,3') =— ZSUDQ?ZZ‘ hlpj,j + D lnpi,j) - 552

+ ot — =
— k1 <ZSUD<pi,j i +pi,jfi,j) - ZSUD fij — f)
f Fopb o o
T <ZSUD f” - ZSUD@M 1,7 +pi,jfi,j) - f)
+ —
- ZSUD 6ii(pi; +piy — 1)

Differentiating the function L(A, p;‘}j, €, K1, ke, 6; ;) with respect to p;fj and
Pp;.;» and equating the derivatives to zero will give us

lnp;-fj =K fj +0;; — 1,

(3.18)
Inp;; =kf;+di;—1,
where kK = k9 — k1 € R. Note that Eq. (3.18) says that
i
=L = exp(kf;; — Kfi;)- (3.19)
Pi;
Hence Eq. (3.3) follows with
j=1-InZ}. (3.20)

Next, differentiating L(A, p;‘}j, €, K1, Ko, 0; ;) with respect to £ and equating the

derivative to zero will give us

§=(k1 + Ka). (3.21)

According to the Karush-Kuhn-Tucker condition about the dual complementary

slackness, i.e.,
+ £+ — - ;
k1 (ZSUD(pi,j ij +pi,jfi,j) - ZSUD fig — 5)
f + ot — -
2 (ZSUD fi’j B Zgup(pi»j ,J + pi,jfi,j) - §>

we know that x1x9 = 0, which means

0,

0,

(k1 + K2)? = (K1 — K9)? = K%, (3.22)
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Substituting Eq. (3.18)-Eq. (3.22) into L(A, pfj, &, K1, ke, 0; ;) accomplishes dual
problem (3.4).
Finally, the optimization of the regularized maximum log-likelihood estima-
tion is
max L1(A, k).
By plugging the probabilistic model (3.3) into it we get optimization (3.4) exactly,

which is the dual problem of the generalized maximum entropy estimation for

supervised metric learning defined in optimization (3.2). Ol

3.7.2 Proof of Theorem 3.2

The proof is constructive.
As mentioned before, there must be x* > 0. Moreover, k* < +oo and

tr(A*) < +o0, since they are penalized in optimization (3.7). Let

A= r*A",
N =K,
A= \/K*

Then 7) and ) are well-defined hyperparameters as finite positive real numbers, and
A is a feasible solution to (3.8) as a finite trace symmetric positive semi-definite
matrix.

Differentiate p** and p** with respect to A,

aPA A A / T
FA = P (1—=p")(x—2")(z—2), (3.23)
aﬁA ~A ~A / NT
G4 WP (1—=p")(x—2")(z—2)". (3.24)
Note that from
Py | w2’y A = pMy |, s AT K ), (3.25)
we have X
oL oL
aﬁfj A=A apf}j A=A* k=r*
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Thus from

opA 1 op?

DA laci k* OA A=A* o=r*
0tr(A)/0A = I, where I, is the identity matrix, and the KKT stationarity con-
dition of optimization (3.7)

oL
9A

- Om xXm
A=A* k=kK*

where 0,,,x,, is the zero matrix in R™*™, we get

oLl voc _O
IA[4_4 R OA g g o er e
This implies that A is a stationary point of £(A).
Similarly, we could derive
2Ll (10«
0A? A=A B K 0A? A:A*,R:H*'

Hence, 02 L(A) < 0if and only if 92 L(A*, k*) < 0, and A is actually a maximum
of L(A).

Remember Eq. (3.25) that p* (y | z, 2/; A, 7)) is identical to pA(y | =, 2'; A*, K*, ).
The theorem follows. [

3.7.3 Proof of Theorem 3.4

By the techniques used in the supplementary material of Graca et al. (2009), the
dual problem of optimization (3.10) should be

min In (Y- pl(y) exp(y npl,(v)))

é’i,j
st. 0<&; <,

where &; ; is the dual variable, and the primal variable can be recovered by

oy |z, ;) = P (y) exp(&i; Inpf;(y))
o Zy’ pfj (v') exp(&,; In pfj (¥))
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The optimal ¢(y | z;, z;) is given by

oy | 02;) = p;?jiy) exp(pInpi;(y)) |
>y i (y) exp(pInpi(y)
since the objective of the dual problem is monotonically decreasing with respect
to &; ;.
However, we present here a shorter and direct proof to get Eq. (3.11) for the
sake of self-containing.

As before, let us denote

piy = piy(+1),
piy = piy(=1),
;= q(+1 | @, 2y),
;= (=1 |z, z)),
respectively. We expand optimization (3.10) to its complete form:
n _

4 B 4 _ B
gy In o — g npl; — g npy
i i

min qjj In
Qi,j ’

s.t. qu +q;; =1

The terms In(q;";/p;;) and In(q; ;/p; ;) in the objective function plus ¢;7; +¢;; = 1
in the constraints have already implied that

0<qq,; <1

By introducing a dual variable §; ;, the Lagrangian is expressed as

+ —_
;5 _ . Y _ _ _
L(¢ij,& ) = g5 1n pﬁ +¢;;In p_’ —pg; npl—pg Inpy 46 (g +a,—1).
1,J 1,J

Differentiate the function L(g;;,&;;) with respect to ¢;; and ¢; ;, equate the

derivatives to zero, and then we get
+ It +
lnq;j = lnp;j + /Llnp;j —1-&;,

which says that

o

— = —Lexp(ulnp;; — plnp; ;).
4; ; b

The analytical solution defined in Eq. (3.11) follows after the normalization. [
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3.7.4 Proof of Theorem 3.5

Obviously F(A) is differentiable as long as we allow unbounded derivatives. Now
we prove that the derivative is uniformly bounded for fixed training set X'.

The conjugate matrix norm of the Frobenius norm is still the Frobenius norm,

namely,
Bl = max tr(A'B) = || B||r.
Bl = max, a(A7) = Bl
Then the best Lipschitz constant of F with respect to || - || » can be expressed as

Lipy. (F) = supypo [ VF||F,

so it is sufficient to bound ||(0F /0p:.)(Op;;/OA)| ¢ from above uniformly.
Recall that the partial derivative of the simplified p* with respect to A was
given by Eq. (3.24) as
op™ A A / NT
—=— 1— — — .
oq = v (=) —2)(z ~ )
On the other hand,
1

OF pf}j (yi,j)

opls ) waly | @i, xy)

lf(.]?l,l'j) eSuUD

if (z;, ;) eU,y € {1,—-1}.

pf}j(y)
Hence when (z;,z;) € SUD,
OF opl
apr |l = 1= (U= i) (@ — ) (s — 25) e
2,] F

where we use the fact that

B Z(Zizj)z
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Similarly, we have that when (x;, xj) € U for fixed y,

OF  Op .
o, DA . < waly | @i, w;)(diam(X))°,
and thus
oF 8p;‘}j

< p(diam(X))?.

2,

As a consequence, there exists a finite Lip, -(F). The inequality (3.14) is

op;  9A

obtained by applying the triangle inequality of the Frobenius norm. ]
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Chapter 4

Squared-loss Mutual Information
Regularization

In this chapter, we present squared-loss mutual information regularization (SMIR)
which is a novel information-theoretic approach to semi-supervised learning. Our

contributions can be summarized as three folds.
e We apply the squared-loss mutual information (SMI) (Suzuki et al., 2009)
to semi-supervised classification;

e We prove that SMIR is convex under mild conditions, which improves the

non-convexity of mutual information regularization;
e Novel data-dependent generalization error bounds are derived.
This chapter is organized as follows. Sections 4.1 and 4.2 include the background
and preliminaries. In Section 4.3, we propose SMIR. In Section 4.4, we discuss

the data-dependent generalization error bounds. Related works are compared in

Section 4.5. Experimental results are reported in Section 4.6.

4.1 Introduction

Semi-supervised learning, which utilizes both labeled and unlabeled data for train-
ing, has attracted considerable attention over the last decade in machine learning

and data mining communities. Additional assumptions about the joint distribution

131
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of the data and class labels have been made under semi-supervised settings in or-
der to extract certain helpful information from unlabeled data. There are currently

two such assumptions of vital importance in semi-supervised learning:

o The cluster assumption (Chapelle et al., 2003) assumes that data form dis-
crete clusters, and then data from the same cluster are more likely to have

the same class label.

e The manifold assumption (Belkin et al., 2006) assumes that data lie on an
intrinsic geometric structure of much lower dimensionality than the input
space. This structure of data is called the data manifold. Then this assump-
tion suggests that data from the same region of the data manifold are more
likely to have the same class label, and thus gives the priority to decision

boundaries which are smooth over the data manifold.

These assumptions both are specialized versions of the smoothness assumption
and originate from the low-density separation principle, which advocates that
decision boundaries should pass preferentially through the low-density regions
where training data hardly appear.

However, the low-density separation principle is not the only direction to
go. In this chapter, we propose a novel information-theoretic approach to semi-
supervised learning following the information maximization principle IMP).

IMP comes from information maximization clustering (Agakov and Barber,
2007; Gomes et al., 2010; Sugiyama et al., 2011), in which probabilistic classi-
fiers are trained in an unsupervised manner so that a given information measure
(e.g., the mutual information) between input data and output cluster assignments
is maximized. These clustering methods have shown that IMP is reasonable and
powerful and hence can be a useful alternative to the low-density separation prin-
ciple. Please refer to Figure 4.1 as an illustrative example of IMP. In Figure 4.1,
the cluster assignments in panel (a) are intuitively consistent with the cluster struc-
ture of data and the corresponding estimated MI is 1.01 nat. On the other hand,
the cluster assignments in panel (b) are independent of the cluster structure of data
and the corresponding estimated MI is 0.02 nat. The information maximization
principle advocates that the clustering shown in (a) is superior to the clustering in

(b). Therefore, information maximization clustering which specifies the mutual
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information as the information measure to be maximized prefers the clustering in
(a) to (b).

More specifically, in our work, the squared-loss mutual information (SMI)
(Suzuki et al., 2009) is designated as the information measure to be maximized in
IMP. Then, we introduce an unsupervised SMI approximator with no logarithm
inside similarly to Sugiyama et al. (2011), and propose the basic model of SMI
regularization (SMIR). Unlike maximizing the mutual information, SMIR can be
strongly convex under two mild conditions, such that the unique globally optimal
solution is accessible (see Theorem 4.1). Albeit we can employ any convex loss in
principle, SMIR can get rid of the logarithm completely in the involved optimiza-
tion problem if we use the squared difference of two probabilities (also known
as the least-squares posterior fitting) (Sugiyama et al., 2010), and then it guaran-
tees the analytic expression of the globally optimal solution. Furthermore, SMIR
aims at learning multi-class probabilistic classifiers that possess the innate ability
of multi-class classification with the probabilistic output, and no reduction from
the multi-class case to the binary case (cf. Allwein et al., 2000) is needed. These
classifiers are inductive models, and thus they can naturally handle unseen data
and no explicit out-of-sample extension is required. To the best of our knowledge,
SMIR is the unique framework up to the present which leads to semi-supervised

algorithms equipped with all aforementioned properties.

In addition, we establish two data-dependent generalization error bounds for
a reduced SMIR algorithm based on the theory of Rademacher averages (Bartlett
and Mendelson, 2002). Our error bounds are able to not only consider labeled da-
ta but also incorporate the information of unlabeled data. As a consequence, they
can reflect certain properties of the particular mechanism generating the data more
comprehensively than previous supervised bounds. Thanks to the analytical solu-
tion to the involved optimization, our error bounds also have closed-form expres-
sion, even though they depend upon the data in terms of Rademacher complexities
(see Theorem 4.4). Notice that previous error bounds for semi-supervised learn-
ing or transductive learning such as Belkin et al. (2004) and Cortes et al. (2008)
just focus on the regression error rather than the classification error, and hence
none of semi-supervised or transductive algorithms hitherto have been provided

similar theoretical results.
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(b) Low estimated MI implies bad clustering

Figure 4.1: Illustration of high vs. low mutual information (MI) estimated from
data in information maximization clustering. In this figure, the clus-
ter assignments in panel (a) are intuitively consistent with the cluster
structure of data and the corresponding estimated MI is 1.01 nat. On
the other hand, the cluster assignments in panel (b) are independent
of the cluster structure of data and the corresponding estimated MI
is 0.02 nat. The information maximization principle advocates that
the clustering shown in (a) is superior to the clustering in (b). There-
fore, information maximization clustering which specifies the mutual
information as the information measure to be maximized prefers the

clustering in (a) to (b).
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4.2 Preliminaries

In this section, we present the preliminaries to squared-loss mutual information

regularization.

4.2.1 Problem Setting

Let X be the input domain, and most often but not necessarily X C R? for some
natural number d. Let ) = {1,...,c} be the set of class labels for some natural
number ¢ > 2. Assume that X € X and Y € ) are two random variables,
and X x ) is furnished with an underlying joint probability distribution p(z, y)
with the marginal density p(x) and the marginal probability p(y). Without loss of
generality, assume that p(z) is strictly positive over X'.

Suppose that we are given [ independent and identically distributed labeled
data

{(x,v1), - (L u)} ~ pla,y),

and v independent and identically distributed unlabeled data

{lerla s 7xn} ~ p(x)a

where n = [ + w and typically [ < u. The goal is to estimate the class-posterior

probability
. p(z,y)
pylz)=ply|z)= :
(vl a) ~ply | 2) =275
Then, we can classify any z € X to
y = argmax,cy p(y | =) 4.1)

with confidence p(7 | x).

4.2.2 Unsupervised SMI Approximator

Let us review the unsupervised approximator of squared-loss mutual information

(SMI) proposed in Sugiyama et al. (2011).
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As an information measure, SMI (Suzuki et al., 2009) between two random
variables X and Y is defined by

SMI := %/}(Zyeyp(x)p(y) (]% — 1) dz. (4.2)

Note that SMI in (4.2) is the Pearson divergence (Pearson, 1900) from p(z,y) to
p(z)p(y), whereas the ordinary mutual information (MI) (Shannon, 1948a) be-
tween two random variables X and Y is the Kullback-Leibler divergence (Kull-
back and Leibler, 1951) from p(z, y) to p(z)p(y):
._ p(z,y)
MI := /Xzyeyp(x, y) log mdx.
The Pearson and Kullback-Leibler divergences both belong to the family of Ali-
Silvey-Csiszér divergences (which is also known as f-divergences, see Ali and
Silvey, 1966; Csiszar, 1967), so they share similar properties. For example, SMI
is nonnegative, and takes zero if and only if X and Y are statistically independent,
as the ordinary MI.
In order to apply SMI to information maximization clustering, a computationally-

efficient unsupervised SMI approximator was proposed in Sugiyama et al. (2011)

as follows. By assuming a uniform class-prior probability

py) =1/c,

SMI in (4.2) becomes

1 (z,y) \° 1
M1 5 [ 500 (7505 ) 05
)

/ Zyey (y | 2))*p(x)dx — % (4.3)

Actually, SMI in (4.3) is an expectation of 3 _,,(p(y | x))* with respect to p(x),

i.e.,
SMI = g -E, [Zyey(p(y | x))z} - % (4.4)

Then, p(y | x) is approximated by a kernel model:

qy | z; ) : ZO‘W x,x;), 4.5)
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where o = {av, ..., .} and o0y = (a1, ..., )" are model parameters, and
k : X x X — R is a kernel function. After approximating the expectation of
> yey(p(y | x))? with respect to p(z) in Eq. (4.4) by the empirical average of
> yey(@(y | zi; @))?, an SMI approximator is derived as

— c 1

- TK?200 — =
SME= 500 e =5

where K' € R™*™ is the kernel matrix defined as K; ; = k(z;, ;).

4.3 Squared-loss Mutual Information Regularization

In this section, we propose squared-loss mutual information regularization (S-
MIR).

4.3.1 Alternative SMI Approximator

Instead of ¢(y | x; ) defined in Eq. (4.5), we introduce our alternative kernel
model and alternative SMI approximator for SMIR. The reason will be explained
in Remark 4.2.

Let the empirical kernel map (Scholkopf and Smola, 2001, p. 42) be

P, : X —R"

x e (k(z,21),... k(z, 1)),

the degree of x; be

n

di = Z ]C(Iz, l’j),

J=1

and the degree matrix be

D = diag(ds, . .., dy).!

!'The kernel matrix K is regarded as a similarity matrix, i.e., the weighted adjacency matrix of
a similarity graph.
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Here, we propose to approximate the class-posterior probability p(y | z) by?

a(y | w3 0) == (K2, (2), D ey, ), (4.6)

where (a,8) = >, a;f; means the inner product of vectors in R". In E-
q. (4.6), we make use of the kernel PCA map K ~/2®,,(z) (Scholkopf and Smola,
2001, p. 43), and balance the influence of high-density and low-density regions
by dividing the parameter «, ; associated with each z; by its degree \/d;.
As a result,
gy | ;) = k; K~ 2D72qy,, (4.7)

where k; is the i-th column of the kernel matrix A. Approximating the expectation
in Eq. (4.4) and plugging Eq. (4.7) into the corresponding average gives us an
alternative SMI approximator:

MI= DVPKD Py, —
S 2n Zyey Y My
or equivalently,
—_— 1
SMI = — tr (ATD"Y2K D2 A) — -, 4.8)
2n 2
where A = (v, ..., ) € R™ ¢ is the matrix representation of model parame-

ters.

4.3.2 Basic Model

In our basic model, we employ SMI in (4.8) to regularize a loss function A(p, q)
that is convex with respect to ¢(y | z; ) fory = 1,..., c. More specifically, we
have three objectives:

e To minimize the loss function A(p, q);

e To maximize the approximator S/\MI; and

e To regularize the parameters o, . . . , .

2We assume that the kernel matrix K is full-rank, and then K —1/2 {5 a well-defined symmetric

and positive definite matrix. The Gaussian kernel matrix is full-rank as long as Vi # j, z; # ;.

—-1/2

As we will see, K1/2 is enough for classifying training data, and K will not be used until

classifying unseen data.
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Therefore, we formulate the optimization problem of SMIR as

| — 1
min _ A(p,q) — ySMI + A Zyej} §HayH§, 4.9)

o,...,0cER™

where v > 0 and A > 0 are user-specified regularization parameters for a trade-off
between those objectives, and || - || means the ¢,-norm of a vector.
A remarkable characteristic of optimization (4.9) is its convexity, as long as

the kernel function & is nonnegative and A > ~c¢/n:

Theorem 4.1. Assume that k : X x X — R, and A\ > ~vc/n. Then optimization
(4.9) is strongly convex with a strong convexity constant (A — yc/n), and there

exists a unique globally optimal solution.’

Proof. Denote the unnormalized graph Laplacian by
L=D-K,
and the normalized graph Laplacian by
L=D"'"PLD'V?=1,-D'?KD™'?

where [, is the identity matrix of size n (Chung, 1997). Optimization (4.9) can be
rewritten as

1
e, |13, (4.10)

min_ _ A(p,q) +9' Zye)} a, Loy, + N Zyey 5

o,...,0c€ER

where 7' = v¢/2n > 0 and N = A — v¢/n > 0 are new regularization parameters
that depend on ~, A, ¢ and n. Notice that Vy € ),

1 [y o\
T ysi Y.
ojcey =3 3 (%= %) Ky
ij=1 v J
and then the second term of (4.10) is convex since K; ; > 0.
We know that the loss function A(p, q) is convex with respect to ¢(y | z; ),
and ¢(y | x; o) is linear with respect to o, so A(p, g) is convex with respect to

aq, . .., .. Moreover, the /o-norm is strongly convex with the strong convexity

3In the rest of this chapter, we will assume that k is nonnegative and A\ > ~yc/n to guarantee
the convexity of SMIR.
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constant 2, and consequently the third term of (4.10) is strongly convex with a
strong convexity constant A’ > 0. Therefore, the objective function of (4.10) (or
of (4.9) equivalently) is strongly convex with the strong convexity constant \’, and
there exists a unique globally optimal solution, since the strong convexity implies

the strict convexity. [

Theorem 4.1 has an interesting implication: According to optimization (4.10),
we smooth a, over the intrinsic geometric structure in SMIR. Despite that max-
imizing SMI and smoothing the model parameters are quite different in general,
the effects would be similar if we regularize these model parameters at the same

time.

Remark 4.2. We introduced the alternative kernel model Eq. (4.6) due to two
reasons, one theoretical and one practical.

Firstly, any kernel model that is linear with respect to «;, may be used to ap-
proximate p(y | x) in principle, and the maximization of SMI alone is non-convex
under all circumstances. However, optimization (4.9) will be convex sooner or
later by increasing ), since the convexity of minimizing » ” |, ||3 will dominate
the non-convexity of maximizing SMI if A is large enough. Hence, only A\ above

a certain threshold is acceptable in order to guarantee the convexity of SMIR:
e The threshold of the kernel model in Eq. (4.6) is y¢/n, which is data-

independent.

e The threshold of the kernel model in Eq. (4.5) is || K||3 - v¢/n, where || K ||
means the spectral norm (also known as the operator norm induced by the
l5-norm) of K. It depends upon all the training data thoroughly and is
usually much larger than vc¢/n.

Secondly, we found that Eq. (4.6) experimentally outperformed Eq. (4.5).

4.3.3 Proposed Algorithm

Among popular divergence measures, we choose the squared difference of the
probability p(y | =) and its approximation ¢(y | z; &) as the loss function (Sugiya-
ma et al., 2010; Kanamori et al., 2009):

Balp)i=5 [ 3, 0| o)~ aly [wi@plade.
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It enables the analytical solution and facilitates our future theoretical analysis a

lot. By expanding (4.11), we have

As(p,q) = Const. — /X Zyey q(y | z;a)p(z,y)dz
3 [ 3,y wia) o)

where the first term only contains p(y | z) and p(z) so it is viewed as a constant.
Note that

/Xzyey q(y |z a)p(z, y)de = Eqylq(y | 25 a)],
/Xzyey(Q(y | ; a))Zp(x)dac =E, [Zyey(q(y | 2 a))Q

We thus approximate the expectation of ¢(y | z; o) with respect to p(z, y) and the
expectation of - _,,(q(y | 2;c))? with respect to p(z) by their corresponding

averages over [ labeled data, and the empirical version of Ay(p, q) is given by

R l 1 l c
As(p, q) = Const. — ; ZZlq(yZ | z;; o) + 5 ZZ(q(y | 25 ))?. (4.12)

i=1 y=1

| —

Let Y € R'*€ be the class indicator matrix such that Y; ; = 1if y; = j and
Y;; = 0 otherwise, and B = ([}; 0,x;) € R™*! where 0,y is the all-zero matrix
in R“*!, Subsequently,

l l
Zq(yi | z; ) = Z klK~\/2D712q
i=1

=1
= tr (KB)' K~ '2D7'2(AYT))
=tr (Y'B'K'?*D7'24).

Similarly,
l c I c
ZZ(‘]@”%, ZZaTD 1/2 po = 1/2k kTK 1/2 n=1/2,
i=1 y=1 i=1

Z 1/2K71/2<KB)(KB)TKfl/QDfl/Qay

=1
(ATDfl/QKl/ZBBTKl/QDfl/QA) .
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As a consequence, ﬁg(p, q) in (4.12) can be expressed by

X 1
As(p,q) = Const. — — tr (Y BTK/2D71/?A)
1 ; (4.13)
+ L (DR BET KD )

21

Dropping the constant term in Eq. (4.13) and substituting it into optimization

(4.9), we will get the following objective function:
1
F(A)=—tr (YTB'K'?D™124)

1
+gtr (ATD™'V2K'2BBTK'? D1/ 4) (4.14)

L (ATDPRD T A) + 4 tr (ATA).

At last, by equating the gradient matrix V.F to the zero matrix, i.e.,

1
0,x. = VF(A) = —7D‘1/2K1/ZBY
+ %D1/2K1/2BBTK1/2D1/2A

_XEp-12g D124 4 AA,
n

and solving the above equation, we obtain the analytic expression of the globally
optimal solution to unconstrained optimization problem (4.9):
Ay =n (nD™V2K'?BB'K'*D7Y? + \nll,

. (4.15)
—yleD™V2K D72 DTYAKY2BY.
The optimal solution avj is then the y-th column of A% fory =1,...,c.

Remark 4.3. Let 1, be the underlying probability measure of p(x). Since ) has a
finite cardinality, a measure p on X x ) such that du = (1/¢)du, = (p(z)/c)dx
is uniquely defined as

:U/(xv Ey) = (#Ey/c) ’ :U':L“(x)v

where £, C Y is a collection on )Y and # measures the cardinality of a set.

Although this y is the underlying probability measure of p'(x,y) = p(x)/c rather
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than p(z,y), it enables us to construct a Lebesgue space L?(X x Y, u) with the

= ([ 3, i)

Recall that we have assumed that p(z) is strictly positive over X. If so, L?(X" x

norm

Y, ) is a normed vector space rather than a seminormed vector space of mea-
surable functions, i.e., ||f||zz = 0 if and only if f(z,y) is identically zero. In
this sense, the loss function Ay(p, ¢) in (4.11) can be rewritten as (¢/2)[|p — ¢||3.,
which is the least-squares fitting of the true class-posterior probability p(y | =) in
L2(X x Y, ).

4.3.4 Post-processing

Since p(y) was set to be uniform, we have the following normalization condition
llTKl/QD—l/Qﬁ ~ 1
n " v
where 1,, is the all-one vector in R" and 3, is a normalized version of a,, for
y=1,...,¢ s0 (3, should be

n K71/2D71/2a2
By="1- 1L K'2D e
However, we recommend to enforce the class-prior probability on all training data

by
K_l/zD_l/QOéZ

1 KV2D 120

where 7, is an unbiased estimate of p(y) based on labeled data. Or we can simply

B, = nm, (4.16)

set
B, =K '*D " (4.17)

without any normalization for model parameters.
In addition, probability estimates should be nonnegative, and thus we round
up (®,(r),B,) to zero if it is negative for y = 1,..., c and normalize the results
once more. Taking these issues into account, our final solution can be expressed
as follows (cf. Yamada et al., 2011):
s 1) — O (BB
>, max(0, (2,(), B,))

(4.18)
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1/2

As mentioned before, K"/~ is necessary just for classifying unseen data, and

K'/? is enough for classifying training data. Let

Py =y [ 1),y [ 20))"

be the probability estimates for all training data concerning the y-th class, then

K1/2D71/2a2
1L KV2D-12ay

A

py _= nﬂ'y .

where we normalize a;; according to m, as in Eq. (4.16). In this case, the ker-
nel matrix /& must be a positive semi-definite matrix instead of a positive definite
matrix, and low-rank approximations of K are allowed for the computational ef-
ficiency.

Although ¢(y | z;a*) might be negative or unnormalized, Kanamori et al.
(2012) implies that minimizing the loss function Ay(p, ¢) could achieve the opti-
mal non-parametric convergence rate from ¢(y | z; ) to p(y | x), and when we
have enough labeled data ¢(y | x; a*) is automatically a probability (i.e., non-
negative and normalized). Anyway, the post-processing should be performed in

practice since we usually have limited labeled data in semi-supervised learning.

4.4 Generalization Error Bounds

In order to theoretically elucidate the generalization capability, we reduce SMIR
to binary classification. Now, a class label y is coded as +1 or —1, a single vector
o € R" is enough to construct a discriminative model, and we classify any v € X
to

g = sign((K~Y2®,(z), D7a)). (4.19)

Lety = (y1,...,uy)" € R!be the class indicator vector where y; € {—1, +1}.
The objective function in (4.14) can be reduced to

1
.7:(04) — _7 TBTK1/2D71/2a

+ laTD_l/QKl/QBBTKl/QD_l/Qa
21

A
. EaTD—l/ZKD—l/Qa + _a—l—a’
2n 2
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and accordingly the optimal solution in (4.15) can be reduced to
ay =n(nD2K'?BBTK'?D™'? 4 \nil,

_ (4.20)
—~leD V2K DY) DK By,

This solution is consistent with the one in Eq. (4.15) when ¢ = 2. In binary
classification, we have a positive class and a negative class, and both of Y and
A have two columns. Denote the columns of Y by ¢y, and y_ and the columns
of A% by o’ and o’ . As a result, (4.20) can be recovered from (4.15) using
y =1y, —y_and ar = o’ —a’, and the classification rule in (4.19) is equivalent
to the classification rule in (4.1) based on p(y | x) in (4.18) with By in (4.17). For

convenience, we define the decision function as
flz) = (K120, (x), Do) “.21)

Let E[-] and E[-] stand for the true expectation and the empirical expectation,
¢(z) be the indicator loss such that

0 ifz>0,
U(z) =
1 ifz<o0,

and ¢, (z) be the surrogate loss (Bartlett and Mendelson, 2002) such that

0 if z > n,
ly(2) =q1—2/n if0<z<n,
1 if 2 <0,

as illustrated in Figure 4.2. For any n > 0, £,(2) is lower bounded by ¢(z) and
approaches /(z) as n approaches zero. In the following, we bound the expected
classification error E{(y f) based on the theory of Rademacher averages (Bartlet-
t and Mendelson, 2002). Moreover, we can bound E/(y f) more tightly, if all
ground truth class labels are available for evaluating the empirical classification
error Eﬁn(y f). We state the theoretical result in Theorem 4.4 and prove it in Sec-
tion 4.7.

Theorem 4.4. Assume that

3By, > 0,Vz, 2’ € X k(x,2') < Bj.
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Figure 4.2: Illustration of loss functions

Let o and f(x) be the optimal solution and the decision function defined in
Egs. (4.20) and (4.21) respectively, and

Br = ||D™ a2

By = | KD ag |,
Foranyn > 0and 0 < ¢ < 1, with probability at least 1 — 6, we have
!

1 2B, B
B (@) < 7 2ol (7)) + T

2 !
© min (37 - 4Bka) In(2/4)
n

(4.22)

20
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If the ground truth class labels y;, 1, . . . , Yy, are also available for evaluation, with

probability at least 1 — ), we have

9B, Br
ny/n

4B: B’ In(2/0)
i 2n

BU(yf(r)) < - 3 oy f ) +
=1 (4.23)

+ min (3, 1+

Theorem 4.4 gives the tightest upper bounds (i.e., the coefficients of the third
terms in the right-hand sides of (4.22) and (4.23) are smallest under each given
scenario) based on the existing inductive definitions of Rademacher complexity
(cf. Koltchinskii, 2001; Bartlett and Mendelson, 2002; Meir and Zhang, 2003; El-
Yaniv and Pechyony, 2009). The bound in (4.22) is asymptotically O(1//1), if
we only know the first [ class labels. In such cases, we may benefit from unlabeled
data by a lower empirical error. The bound becomes asymptotically O(1/4/n) in
(4.23) if we can access the other u class labels, even though these labels are not
used for training. Due to the smaller deviation of the empirical error and the em-
pirical Rademacher complexity when they are estimated over all n data, we can
improve the order of the bound from O(1/+/1) to O(1/+/n). Nevertheless, there
is no free lunch: In (4.23), the empirical error is also evaluated over [ labeled
data and u unlabeled data, and it may be significantly higher than the empirical
error evaluated without v unlabeled data. Basically, inequality (4.22) or inequality
(4.23), which right-hand side is smaller reflects whether the underlying informa-
tion maximization principle befits the data set or not.

Note that there is no unknown constant in our error bounds, and it is possible
to roughly estimate how many data are needed to achieve a certain accuracy. For
example, let us denote the expected classification error and the empirical classifi-

cation error by F and E’ respectively, then we know that

4B}B'; In(2/0)
n 21

B < 2Bbr

Fixing an upper bound of F/, we would like to investigate the lower bound of [ to

+ min <3,1 +

guarantee that F is indeed below that upper bound. For Gaussian kernel function,
B4, is identically one, and we may solve SMIR once to obtain £’, B and B’%. If
assuming that £, Br and B’ do not change rapidly with respect to [ and u, for
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any desired expected classification error £, Lipschitz constant 7, and significance

level d, we have the following lower bound of [:

. (ZBkB;/n + min(3, 1+ 4B2B}/n)/In(2/0) /2) ’ |

E—-F

The theoretical result in Theorem 4.4 is fairly novel. It is argued with both
theoretical and experimental evidence that error bounds with some complexity
measures which do not depend on given training data cannot be universally ef-
fective (Kearns et al., 1997). Fortunately, our data-dependent generalization error
bounds can take both labeled and unlabeled data into account, and hence they can
reflect certain properties of the particular mechanism generating the data. Thanks
to the analytical solution in (4.20), our error bounds in (4.22) and (4.23) involve no
optimization and then possess closed-form expression, even though they depend
on given training data in terms of Rademacher complexities. Note that previ-
ous generalization and transductive error bounds for semi-supervised learning or
transductive learning (e.g., Belkin et al., 2004 and Cortes et al., 2008) just focus
on the regression error instead of the classification error. Therefore, to the best of
our knowledge, neither semi-supervised nor transductive algorithm hitherto has

been provided closed-form generalization error bounds similar to ours.

4.5 Related Works

Generally speaking, information-theoretic semi-supervised approaches directly
constrain p(y | «) by unlabeled data or some p(x) given as the prior knowledge.
Information regularization (IR; Szummer and Jaakkola, 2003) is the pioneer for
this purpose. Compared with information maximization methods, IR minimizes
the mutual information (MI) based on a key observation: Within a small region
Q C X, Ml is low/high if the label information is pure/chaotic. Subsequently,
IR estimates a cover C of X from {xy,...,z,}, and minimizes the maximal MIg
for ) € C, subject to the class constraints provided by labeled data. The advan-
tage of IR is its flexibility and convexity, while the drawback is that it is unclear
how to define C properly. Each () should be small enough to preserve the local-
ity of the label information in a single region, and each pair () and @)’ should be
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connected to ensure the dependence of p(y | ) over all regions, which implies a

great number of tiny regions.

By employing the Shannon entropy of p(y | z) as a measure of class overlap,
entropy regularization (ER; Grandvalet and Bengio, 2005) minimizes the entropy
from a viewpoint of maximum a posteriori estimation. Specifically, ER regu-
larizes the maximum log-likelihood estimation of a logistic regression or kernel

logistic regression model by an entropy term:

l
max Y Ing(y; | z;; o)
- (4.24)
YD 4y me)gly |z ).

1=[+1

ER also favors low-density separations, since the low/high entropy means that the
class overlap is mild/intensive. At a first glance, ER and IR seem opposite, be-
cause MI equals the difference of the entropies of class prior and posterior. How-
ever, IR minimizes MI /ocally and ER minimizes the entropy globally, so both
of them highly penalize the variations of the class-posterior probability in high-
density regions. A recent framework called regularized information maximization
(RIM; Gomes et al., 2010) follows ER directly and further maximizes the entropy
of the class-prior probability to encourage balanced classes. Compared with IR,
ER and RIM do not model p(z) explicitly, which is a big improvement. The dis-

advantage of ER and RIM is the non-convexity of their optimization problems.

Although ER does not model p(z) explicitly, expectation regularization (XR;
Mann and McCallum, 2007) goes one step further, namely, it does not use p(x) at
all. Therefore, XR is absolutely independent of low-density separations, and can
even handle highly overlapped classes. The spirit of XR is to encourage model
predictions on unlabeled data to match some designer-provided expectation by
minimizing the KL-divergence between the expectations predicted by the model
and provided as the prior knowledge. On the other hand, if there is no prior

knowledge, XR matches the class prior of unlabeled data with that of labeled
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data:

l
1
max > gy | vio) =AY ey

i=1

—i—vzyeywyln (Z q(y | xi;a)> :

i=l+1

(4.25)

where 7, is an estimate of p(y) through labeled data, and ¢(y | z; ) is a logistic
or kernel logistic regression model. Unlike IR and ER, neither parametric nor non-
parametric XR prefers low-density separations. As a result, XR cannot deal with
low-dimensional datasets with explicit nonlinear structures (such as the famous
two-moons and two-circles), if there are not enough labeled data.

On the other hand, there are lots of geometric methods for semi-supervised
learning. See Table 4.1 as a list of representative methods. Note that all geometric
methods in Table 4.1 are in the style of either large margins or similarity graphs,
and they favor the cluster or manifold assumption. According to Table 4.1, we
could know that many methods based on similarity graphs (Szummer and Jaakko-
la, 2002; Zhou et al., 2004; Joachims, 2003; Zhu et al., 2003) are transductive,
while the information-theoretic methods are all inductive; only two geometric
methods (Szummer and Jaakkola, 2002; Zhou et al., 2004) could deal with multi-
class data directly, while it is an inherent property of all information-theoretic
methods. However, none of previous information-theoretic methods have analyti-
cal solutions, due to the logarithms in the entropy, MI or KL-divergence. Thanks
to SMI, the proposed SMIR involves a strictly convex optimization problem with
no logarithm inside and consequently has the analytic expression of the unique
globally optimal solution.

The similarity between ER and SMIR is intriguing. Historically, RIM fol-
lowed ER. Nonetheless, if we start from MI maximization with the uniform p(y),
we will get ER as

max/ Zye y|x;a)lng(y | z; a)p(x)de.

Recall that SMI maximization under the assumption of the uniform p(y) is ex-

mas [ 30 aly |z e)aly | i @)pla)da

pressed by
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As a consequence, ER and SMIR have the similar preference, since the logarithm
is strictly monotonically increasing. The vital difference is the convexity and
the analytical solution: SMIR is convex and the globally optimal solution can be
obtained analytically, whereas ER is non-convex so any locally optimal solution
has to be found numerically.*

SMIR is not equivalent to the geometric framework known as manifold regu-
larization (MR; Belkin et al., 2006), that is, we cannot reduce the optimization of
SMIR to MR, or vice versa, despite that SMIR smoothes the parameters a,, and
MR smoothes the outputs q,, = (¢(y | 1),...,q(y | #,))" by minimizing g, Lq,
or qgﬁqy. Due to

a,Lay, = ||L a3,
a,Lq, = |C'K'2D™ 2, |5,
det(LY?KY2D71?) = det(£Y?) det(KY/2D~Y/?),

we know L£/2K1/2D~1/2 also has a zero eigenvalue, as £/2. However, the associ-
ated eigenvectors are different, and hence ||£/?a, |5 cannot be uniformly bound-
ed by a constant times ||£Y/2KY2D~1/2q,||5, or vice versa. As a result, SMIR is

a novel regularization approach which is different from MR.

4.6 Experiments

In this section, we numerically evaluate SMIR. The specification of benchmark
data sets is summarized in Table 4.2. Besides four well-tried benchmarks in the
first block (i.e., USPS, MNIST, 20Newsgroups and Isolet), there are eight bench-
marks from a book entitled Semi-Supervised Learning (Chapelle et al., 2006)° in
the second block, and eight benchmarks from the UCI machine learning reposito-
ry® in the third block except that Senseval-2 is from a word sense disambiguation
workshop’ in conjunction with ACL 2001. Detailed explanation of benchmarks is

omitted. Our experiments consist of three parts:

*In practice, SMIR may also be solved numerically in consideration of the computational effi-
ciency for large n.

Shttp://olivier.chapelle.cc/ssl-book/benchmarks.html.

®http://archive.ics.uci.edu/ml/.

"http://www.senseval.org/.
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Firstly, we compare SMIR with entropy regularization (ER; Grandvalet and
Bengio, 2005) and expectation regularization (XR; Mann and McCallum, 2007).

Two probabilistic models for ER and XR are considered: The logistic regression
q(y | 75 @) o exp(z, o), e, € R,
and the kernel logistic regression (Ker)
9y | 7 &) o exp(®y (1), o), oy € R,

where (-, ) is the inner product, ®,, is the empirical kernel map of the Gaussian
kernel. SMIR also applies the Gaussian kernel, so there are three kernel methods
which allow nonlinear decision boundaries in R¢. The two-fold cross-validation
is performed to select the hyperparameters. The kernel width is the median of all

pairwise distances times the best value among
{1/15,1/10,1/5,1/2,1}.

A Gaussian prior of parameters, which is same as the third term of optimization
(4.9), is included for XR and KerXR (Mann and McCallum, 2007). No extra prior
is added to ER or KerER, since ER itself is a prior from a viewpoint of maximum
a posteriori estimation (Grandvalet and Bengio, 2005). Therefore, ER/KerER has
one regularization parameter whereas XR/KerXR and SMIR have two. The can-

didate list of regularization parameters is
10M{-7,-3,—-1,1,3},
except that \ is chosen from
ye/n + 10" =10, -8, —6, —4, —2}

for SMIR to ensure the convexity. The minFunc® package for unconstrained op-
timization using line-search methods (the quasi-Newton limited-memory BFGS
updates, by default) is utilized to solve ER/KerER and XR/KerXR. Since mini-
mizing the entropy is non-convex, we initialize ER/KerER with the globally opti-

mal solution of its supervised part.

8http://www.di.ens.fr/"mschmidt/Software/minFunc.html.
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ER  KerER XR  KerXR SMIR

USPS, best or comparable (%) 45.65 1522 21.74 17.39 17391
MNIST, best or comparable (%) 86.95 0.00 19.57 2.17 80.43
20News, best or comparable (%) 36.36 18.18 36.36  18.18 63.64
Isolet, best or comparable (%) 60.76  62.03 68.35 48.10 81.01

USPS, training time (sec) 1.545 1906 1.149 1.770 1.608
MNIST, training time (sec) 2367 1.676 2.060 1.536 1.575
20News, training time (sec) 3987 2023 4144 1917 1.654
Isolet, training time (sec) 2377  1.842 2.194 1.728 1.723

Table 4.3: Summary of all experimental results on USPS, MNIST, 20Newsgroups
and Isolet. For each method, we measure how frequently it is the best
or a comparable method based on the unpaired ¢-test at the signifi-
cance level 5%, and the CPU time is averaged over all samplings of all
tasks. The most accurate and computationally-efficient methods are
highlighted in boldface.

LapRLS LGC SMIR
USPS 39.64 £ 0.55 36.53 £ 0.53 35.87 £ 0.59
MNIST 42.34 + 0.67 42.70 £ 0.60 38.56 + 0.59
20News 64.85 £ 0.61 73.03 £0.24 56.90 = 0.68
Isolet 39.98 £ 0.56 40.62 £ 0.47 38.43 £0.51

Table 4.4: Comparisons of LapRLS, LGC and SMIR, by means with standard er-
rors of the classification error (in %) on the multi-class tasks. For each
data set, the best and comparable methods based on the 5% unpaired
t-test are highlighted in boldface.
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We evaluated them on USPS, MNIST, 20Newsgroups and Isolet. Pearson’s
correlation (Hall, 2000) was used to select 1000 most informative words for 20News-
groups. For each data set, we prepared a multi-class task, namely, the classifica-
tion tasks involving 10 classes of USPS and MNIST, 7 classes of 20Newsgroups,
as well as 26 classes of Isolet. In addition, extensive experiments of simple classi-
fication tasks were conducted, including 45 binary tasks of USPS, 45 binary tasks
of MNIST and 21 binary tasks of 20Newsgroups. Isolet may lead to too many
binary tasks and these tasks are often too easy, so we combined 26 letters into 13
groups (e.g., ‘a’ with ‘b’, ‘c’ with ‘d’ etc.) and treated each group as a single class
resulting in 78 simple classification tasks. For each task, we repeatedly ran all
methods on 100 random samplings, where the sample size was fixed to 500. Each
random sampling was partitioned into a training set and a test set with 80% and
20% data, and 10% class labels of training data were revealed to construct labeled
data.

Figure 4.3 and Figure 4.4 report the experimental results of the multi-class
tasks and the simple tasks, and Table 4.3 summarizes all of experimental results.
We can see from Figure 4.3 that SMIR outperformed others on the multi-class
tasks of USPS, MNIST and Isolet. Likewise Figure 4.3 indicates that SMIR was
the most computationally-efficient algorithm on all four multi-class tasks. Nex-
t, according to the curves in Figure 4.4, SMIR was the best on the simple tasks
of USPS, 20Newsgroups and Isolet, but was slightly inferior to plain ER on M-
NIST. Note that there were 12 highly imbalanced tasks among 21 simple tasks of
20Newsgroups, which says that the uniform class-prior assumption will not affect
the performance of SMIR essentially, if the tasks are not very complicated. The
experiments of Isolet further imply that SMIR is fairly good at multi-modal data,
since all classes there had two clusters. Compared with KerER and KerXR, plain
ER and XR were better on USPS, MNIST and Isolet, but worse on 20Newsgroup-
s. Nonetheless, ER/XR always outperformed KerER/KerXR in Table 4.3. Even
though other algorithms quite often converged very quickly on the simple tasks, S-
MIR was still a computationally-efficient algorithm after taking these simple tasks

into account.

Secondly, we compare SMIR with two geometric methods: Laplacian regular-

ized least squares (LapRLS; Belkin et al., 2006) with a multi-class extension, as
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well as learning with local and global consistency (LGC; Zhou et al., 2004) with
an out-of-sample extension. LapRLS and LGC could represent respectively state-
of-the-art manifold regularization and graph transduction. Similarly to SMIR,
their optimizations are convex and can be solved analytically. LapRLS is ex-
tended using the one-vs-rest trick, and LGC is extended via the Nadaraya-Watson
estimator (Delalleau et al., 2005). The experimental setup and the candidates of
hyperparameters are same as before, except that the regularization parameter o
of LGC is chosen from {0.2,0.4,0.6,0.8,0.99}. SMIR was always best or tie
according to the experimental results in Table 4.4, and thus it can be a useful
alternative to pure geometric methods on these benchmarks.

Finally, we take all seven methods and compare their performance on the six-
teen benchmarks listed in Table 4.2. The experimental results are reported in Ta-
bles 4.5 and 4.6 respectively, where the experimental setup and the candidates of
hyperparameters are same as before. To be clear, there are two benchmarks, BCI
and Wine, whose sample size is less than 500. As a result, each of their random
samplings included the whole set, and the randomness or the difference of the
classification error was actually from how the training, test and cross-validation
data were split and also how labeled data were selected. We can see that in Ta-
ble 4.5, ER, LGC and SMIR were best or comparable on three benchmarks, and
KerER, XR and KerXR were best or comparable on two benchmarks. Moreover,
in Table 4.6, SMIR won or tied five times, while all other methods except XR
won or tied two times. Therefore, the principle of SMIR, which adopts SMI as
the information measure to be maximized, is reasonable and practical, likewise
the proposed SMIR is a promising information-theoretic approach to semi-super-

vised learning.

4.7 Proof of the Generalization Error Bounds

4.7.1 Definitions

To begin with, we state the inductive definition of Rademacher complexity fol-
lowing (El-Yaniv and Pechyony, 2009).

Definition 4.5. Suppose that ©1, ..., x, are independent observations according
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to p(x). Let F be a class of functions mapping from X to R, and o4, . . . , 0,, be in-
dependent uniformly {£1}-valued random variables, i.e., Rademacher variables.
Subsequently, the empirical Rademacher complexity conditioned on x+, . . ., x, is
defined as

There exist various definitions of ﬁn (F): The definition in Bartlett and Mendel-
son (2002) is

n

Z Uif(%')

n
rer iz

~ 2
Rn(-r) = ]Ecrl ,,,,, on {Sup -

while the definition in Meir and Zhang (2003) adopt

. 1 —

Ru(F) =Eoy, 0 {?”161.1?)' i ZZI sz(mz)} .
The definition in El-Yaniv and Pechyony (2009) is consistent with Bartlett and
Mendelson (2002) for function classes that are closed under negation, and is al-
ways equal to or less than the one in Bartlett and Mendelson (2002).

Nevertheless, a vital disagreement arises when considering comparison the-
orems and thus the famous contraction principle of Rademacher averages. If
1 : R + R is Lipschitz continuous with a Lipschitz constant L,, and satisfies
¥ (0) = 0, then
Ra(th 0 F) < LyRo(F)

for El-Yaniv and Pechyony (2009) and

Rn(t 0 F) < 2Ly R, (F)
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for Bartlett and Mendelson (2002). When all involved error bounds are single-
sided concentration results, those definitions without the absolute value in the
argument of the supremum (EI-Yaniv and Pechyony, 2009; Meir and Zhang, 2003)

are more natural and powerful.

4.7.2 Proof of Theorem 4.4

Let B = K~Y2D~1/2a%, then

7= D7 ax|} = BrKB,
=KD ek = 1B

Define the class of functions F as

:{fozn:ﬁzk(m,x;)
Z|@|<B Z@ﬁj i, 7 <32}

4,7=1

;€ X, 5 € R,

It is easy to verify that f(z) = (®,(z),8) € F, where f(x) is the decision
function defined in Eq. (4.21). By Lemma 22 of Bartlett and Mendelson (2002),

we get

1/2
~ QB; 2By Br
R <Zk Ti, T ) < N (4.26)
Applying Lemma 22 of Bartlett and Mendelson (2002) again gives us
QB v 2ByB
RU(F) < =2 (s, 2 < 27 4.27)
<2 (Srtan) <2 <

where R, (F) is the empirical Rademacher complexities of F conditioned only on
T1yeeo, Xy

In the following, we only focus on the proof of inequality (4.23) based on
inequality (4.26). Inequality (4.22) can be derived by the exactly same way based
on inequality (4.27). Let

byoF :=={(z,y) = b(yf(x)) | f € F},
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which is a class of functions mapping from X x ) to the interval [0, 1]. The rest
of the proof consists of two steps. The first step bounds R, (¢, o F) from above,
and the second step bounds E{(y f(z)) using R, (¢, o F).

Step 1

The following lemma relates the inductive Rademacher complexity of a class of

bounded functions to the corresponding empirical Rademacher complexity.

Lemma 4.6 (Concentration Lemma). Let F¢ be a class of functions mapping to
the interval [—C, C|. With probability at least 1 — /2, we have
In(2/6)

Ro(Fo) < Ru(Fe) + 4C —

Similarly, let FJ, be a class of functions mapping to the interval [0,C]. With
probability at least 1 — 6/2, we have

~ In(2/6
Ru(FE) < Ru(FE) + 20y [ M2
n
Proof. Recall that ﬁn(fC') conditioned on x4, ...,x, is a random variable de-

fined as

feFe M

7/—\)\'11(‘70) = E01 ..... on { sup 2 Zalf($l)} :
1

When an observation x; changes to z}, the change of ﬁn(]:c) is no more than
4C'/n, and thus McDiarmid’s inequality (McDiarmid, 1989) implies that

2
Pr {Rn(fc) — Ru(Fo) > e} < exp <—%) :
The first bound can be obtained by equating the right-hand side of the above in-
equality to §/2.
For F(/,, when an observation z; changes to z/, the change of ﬁn(}"g ) is no

more than 2C'/n. The lemma follows by the same argument as above. [

The next lemma is a variation of the comparison lemma in Meir and Zhang
(2003), where the comparison is done for two sets of functions under a Bayesian
framework, and its validity follows Lemma 5 of El-Yaniv and Pechyony (2009)
by setting p = 1/2.
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Lemma 4.7 (Comparison Lemma). Let
Ho={h=(hi,....h)" | hi = yif(z:), f € F},
and ), : R — R be real-valued functions. If forallh,h' € Handi =1,...,n,

Y (hi) — ()| < [¥'(hi) — ¥/ (B)],

Eo... gn{supfjamm)}sml ..... gn{supfjaiwm)}.

heH i—1 heH i—1
Now ﬁn(én o F) and R, (¢, o F) can be bounded from above by ﬁn(}" ) and

R.,.(F) based on the comparison lemma.

Lemma 4.8 (Contraction Lemma). For any n > 0, we have

~

Rn(ly o F) <

A~

1
_Rn F )
o n(F)
1
Rp(ly,oF) < =R, (F).
n
Proof. Note that ¢, (z) satisfies the Lipschitz condition

1
1,(2) — £,(2")] < 5]2 — 2|, Vz,2 eR.

feF .

Eo,.. an{supzoiﬁn(yif(xi))}S%Eal ..... an{supzcnyif(xi)}
1

where the first step is a corollary of the comparison lemma, and the second step is

due to the same distribution of each o;y; and ;. This completes the proof. ]

As a result, if we contract ﬁn(]—" ) and then concentrate ﬁn(fn o F), we could
know
In(2/6)
2n
nn 2n

Rn(ly o F) < Rp(ly 0 F) +2

(4.28)
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since £, maps to the interval [0, 1]. On the other hand, for any f € F,

=1

which says that F is a class of functions mapping to the interval [— B BY, B BY].

[fllec = sup < BB,
reX

Thus, if we concentrate R,,(F) before contract R,,(F), we can obtain
1
Ru(lyoF) < ﬁRn(}—)

1 (2B,Br ., [m(2/9)
< — . .
<5 ( e HABIBR =5 (4.29)

Combining inequalities (4.28) and (4.29) finalizes the first step of the proof, that

is,

R, 0 F) <

2 R/
2B.Br + min (2’ 4BkB]_-) 111(2/(5)
n/n 2n

Step 2

This step is composed of a single concentration inequality, that is, with probability
atleast 1 — 0/2,

In(2/0)
2n

El(yf(z)) < Euly(yf(2)) + Ra(ly o F) + (4.30)

Since Vz € R, £(z) is always equal to or less than ¢, (z), for any f € F we

can write

Eé(yf(x)) < El(yf(z))

Any function ¢(x,y) = €,(yf(x)) € £, o F satisfies 0 < ¢)(z,y) < 1, so when
(i, y;) changes to (z7,y;), the change of sup,¢, o7 (EY — [,1) cannot be more
than 1/n. Hence, McDiarmid’s inequality implies that
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or equivalently, with probability at least 1 — §/2,

. N In(2/6
sup (B¢ — En)) < Ewy ). @na) SUP (EY — Eu9) + (2 / )-
YEL,oF PYely oF n

~
.....

the complexity R,,(¢, o F). Suppose that
{1, 0), -5 (@) | (@00 ~ plx,y)}

is a ghost sample for symmetrization, then

pelyoF
=E(,y) sup <E<x;,yg)[ﬁn¢(wi,y§)]—Enlb(rvi,yi))

YelyoF
=By 510 (EaruplBat (e y0) — Bt (o))

YelyoF
< Eyo), 2ty SUD (Enl/}(x;,yé)—]@nw(xi,yi)) (4.31)

YELlyoF
1 n

=Bl y.@ay SUD_— > (], u)) — (i, y))

elyoF T i—1

1

n

- Eo'i xziy:),(zt ) Sup  — 0; ¢ Iiay; - ¢ Ty Yi (432)
e SUP D () — vl i)
< E(mé,yé) ; Sup — Z O-zw xza yz

pelyoF T

n

1
+ E(ﬂﬁnyi)ﬂi sup — Z(—Ui)¢($i, yz)

pelyoF N 4=

= 2K, p)00 SUD — Y 0(4, 1) (4.33)
(riou)o el oF T Z

= Rn(ly 0 F),

where (4.31) uses the fact that the supremum is a convex function and then we
apply Jensen’s inequality, (4.32) is due to the symmetry of the ghost sample and
the original sample and thus the same distribution of ¢ (x},y}) — 1 (x;,y;) and
oi(Y(xl, ) — (i, v:)), and (4.33) is valid since o; and —o; have the same distri-

bution while the original and ghost samples also have the same distribution. [
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Chapter 5

Conclusions and Future Work

5.1 Conclusions

This thesis was devoted to developing discriminative methods with imperfect su-
pervision in machine learning. We formulated six major settings of learning with
imperfect supervision, and then focused on three typical imperfectly supervised
learning problems: Discriminative clustering, (weak-supervised) metric learning,
and semi-supervised classification.

In Chapter 2, we proposed maximum volume clustering (MVC), a novel dis-
criminative approach to clustering. It partitions the data to be clustered based on
the large volume principle so that hypotheses lying in an equivalence class with a
larger volume are more preferable. Two algorithms were developed for approxi-
mating the basic model of MVC:

e MVC-HL relaxes MVC to a semi-definite programming problem which is

convex but time-consuming;

e MVC-SL employs sequential quadratic programming which is non-convex

but computationally-efficient.

Then, we showed that MVC includes the optimizations of some famous cluster-
ing methods as special limit cases, and discussed in great detail the finite sample
stability and the data-dependent error bound of MVC-SL. Given the encouraging
experimental results on many artificial and benchmark data sets, we conclude that

the proposed MV C approach is promising, especially for images and text.

169
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In Chapter 3, we proposed SERAPH (which is named after SEmi-supervised
metRic leArning Paradigm with Hyper-sparsity), a novel discriminative approach
to semi-supervised metric learning. It serves as an alternative to the methods ap-
plying manifold regularization or manifold embedding to semi-supervised metric
learning. To begin with, the generalized maximum entropy distribution estima-
tion for supervised metric learning was our foundation. Then, a semi-supervised
extension that can achieve the posterior sparsity was obtained by entropy regular-
ization. Moreover, we enforced a trace-norm regularization that encourages the
projection sparsity. The constrained optimization problem of SERAPH was finally
solved by an EM-like scheme with some nice algorithmic properties. Experiments
on many benchmark data sets demonstrated that given limited supervised infor-
mation, SERAPH usually outperformed state-of-the-art metric learning methods,
and the learned metric possessed high discriminability even under a noisy envi-
ronment.

In Chapter 4, we proposed squared-loss mutual information regularization (S-
MIR), a novel discriminative approach to semi-supervised learning. It serves as an
information-theoretic regularization technique for learning multi-class probabilis-
tic classifiers. In contrast to other information-theoretic regularization techniques,
SMIR is convex with no logarithm in the involved optimization problem, and thus
enables the analytic expression of the globally optimal solution. Compared with
the geometric methods for semi-supervised classification, SMIR directly deals
with multi-class out-of-sample classification problems. Moreover, we established
novel data-dependent generalization error bounds that take the information of
unlabeled data into account and can test whether the information maximization
principle befits the data set or not. We evaluated the proposed SMIR on twenty
benchmark data sets, and the results demonstrated that it compared favorably with

state-of-the-art semi-supervised learning methods.

5.2 Problems for the Future

In the final section of this thesis, we show some important problems for the future.
The first subsection includes possible directions of MVC, the second subsection

includes possible directions of SERAPH, and the last subsection includes possible
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directions of SMIR.

5.2.1 Future Directions of MVC

Recall that without any weak labels (similarity and dissimilarity constraints), the
current model of MVC partitions the data samples into two clusters based on the
large volume principle, and the primal problem of sofe-label MVC can be written
as

}?é%}b —2||h|l; + vh'Qh s.t. ||kl = 1.

When we have some weak labels at hand, we can modify MVC as follows. Put z;
and z; into the same cluster if they are similar, i.e., h;h; > 0if (x;, ;) € S; put z;
and z; into different clusters if they are dissimilar, i.e., h;h; < 0if (2;, ;) € D.
The optimization problem becomes
min = 2[|h[l; +h'Qh
st. ||k|l2 =1
hihj > 0,Y(z;,z;) € S
hihj < 0,Y(x;,z;) € D.

G.D

Optimization (5.1) can no longer be solved by sequential quadratic programming
or semi-definite programming, and then in order to solve it we need more ad-
vanced optimization methods.

Next, the basic model of MVC is currently binary, and it needs a multi-way
extension to partition the data samples into more than two clusters. To this end,
we should extend the definition of the volume before extending the basic model
of MVC. Unlike the margin, there exists no multi-class definition of the volume
hitherto. We may borrow the idea of the multi-class definition of the margin in
Crammer and Singer (2001) based on which the first multi-way extension of MMC
was proposed (Xu and Schuurmans, 2005).

The proposed approximation schemes and optimization algorithms for MVC
may be improved. However, we believe that the improvement cannot be straight-
forward. We have considered several options and found that none of them be-
fits MVC well. Recall that the primal problem of MVC-SL defined in (2.4) is

non-convex, and the concave-convex procedure (CCP) and the constrained CCP



172 Chapter 5. Conclusions and Future Work

(CCCP) (Yuille and Rangarajan, 2003; Smola et al., 2005) seem able to solve it.
In fact, CCP can only be applied to the Lagrange function L(h,7n), and 7 as an
optimization variable may diverge even though h is guaranteed to converge given
constant 7. On the other hand, CCCP accepts any first-order equality constraint
and any inequality constraint involving the difference of two convex functions, but
the second-order equality constraint like h'h = 1 is unacceptable. If we relax the

equality constraint h'h = 1 into an inequality constraint h'h < 1, we will get

min —2||hfl, + yh'Qh  st.h'h <1. (5.2)
e n

Unfortunately, CCCP fails to solve optimization (5.2) again, since now we can-
not assume that ||h||; is differentiable and then we cannot easily linearize the
concave part of the energy function. Note that the popular trick to cope with

¢;-regularization is futile here, since (5.2) is never equivalent to

o T T
min 2’1, + vh Qh

st. h'h < l,-a<h<aaoa>0,.

Similarly, (5.2) itself is not quadratically-constrained quadratic programming
(QCQP) (Boyd and Vandenberghe, 2004) due to the minimization of negative
¢1-norm, but it can be reformulated as a QCQP with an optimization variable

essentially in R?":

ye[glliﬁl]n min —2h'y+~vh'Qh  st.h'h <1. (5.3)
Although optimization (5.3) is convex in y and convex in h, it is not jointly convex
in y and h, so no off-the-shelf QCQP solver is applicable and we need relax it
via semi-definite programming or reformulation-linearization technique (Sherali
and Adams, 1998) once more. Actually, the feasible region [—1,+1]" of y is
as difficult as the combinatorial {—1, +1}", and all of optimizations (2.2), (2.4),
(5.2) and (5.3) are NP-hard, regardless of the different feasible regions of h.
In contrast to MVC-SL, there is much more room for MVC-HL to be im-
proved. GMMC uses a tricky substitution to get (2.24), and that substitution is so
specific that it does not work for MVC-HL. Following the idea of LGMMC, we
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can obtain an alternative relaxation as
. N & T T
u%égl" min 20 1, + Yo (Zt:bgymgb @ o ytyt> «a
st. p'lon =1, 0> 0o

a'a= 1, > 0,.

Similarly, this optimization can also be regarded as a multiple kernel learning
problem and solved by the cutting plane method, as LGMMC. However, the inner
optimization subproblem is difficult due to '« = 1 instead of a'1,, = 1 in
LGMMC, and we decide to investigate how to solve it in our future study since
the computational efficiency is not the main focus of the current research.

In our experiments we always use the best candidate hyperparameters in the
hindsight, since there lacks a systematic way to tune the hyperparameters for clus-
tering. Such choices may be okay from the theoretical standpoint but not enough
from the practical standpoint. Notice that any validation technique using the clus-
tering error, which is the in-sample test error on the same data to be clustered,
simply does not work here. In order to do model selection, a criterion other than
the clustering error is required. Fortunately, such criteria exist though they are not
uniformly effective for clustering. In Sugiyama et al. (2011), the mutual infor-
mation (MI) (Shannon, 1948b) was used for M1 based clustering (Gomes et al.,
2010) via maximum likelihood MI (Suzuki et al., 2008) for model selection, and
likewise squared-loss MI (SMI) (Suzuki et al., 2009) was used for SMI based
clustering (Sugiyama et al., 2011) via least-squares MI (Suzuki et al., 2009) for
model selection.

It is unclear how to specify the input matrix ) appropriately for a given da-
ta set, including a proper similarity measure and the construction of () from it.
According to von Luxburg et al. (2012), the former issue is actually open for all
clustering algorithms and it probably has no uniformly effective solution. For the
latter issue, we advocate MVC-SL with ) = Lgy, + I,/n, where Ly, is the
normalized graph Laplacian, and the underlying similarity measure can be any
similarity suitable for spectral clustering. Note that MVC and NSC have the simi-
lar tendency of performance on several benchmark data sets since the same graph
Laplacian matrix has been used, but MVC is slightly better. We summarize the

corresponding experimental results in Table 5.1, that is, over all tasks how many
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IDA USPS MNIST 20News Isolet

MVC-SL won NSC 3 5 4 6 5
MVC-SL tied NSC 5 1 2 2 1
MVC-SL lost NSC 2 0 0 1 0

Table 5.1: Summary of experimental results concerning MVC vs. NSC

times MVC-SL won/tied/lost NSC statistically significantly.

Then, it is still unsolved when we should use MVC-SL, and when we should
use the family of MMC or other clustering algorithms. Unfortunately, there is
no answer from a theoretical point of view since clustering has no supervision at
all. Nevertheless, MVC-SL may work with high probability in practice if spec-
tral clustering works. We argue that it is the minimization of negative /;-norm in
MVC-SL whose non-sparse optimal solutions improve the performance of spec-
tral clustering, as shown in panel (c) of Figure 2.6.

Theoretically speaking, it is unclear whether the better performance of MVC
is actually attributed to the finite sample stability and the clustering error bound,
and it is non-trivial to confirm that. The finite sample stability requires the exact
locally optimal solution which is difficult from an algorithmic viewpoint, but all
other requirements for the data to be clustered can easily be satisfied in practice.
In order to test the tightness of the clustering error bound, experiments should be
carried out using the same problem setting with the clustering error bound. We
have considered this issue when we need to select proper similarity measures in

our experiments.

5.2.2 Future Directions of SERAPH

Let us consider the kernel extension of SERAPH. Suppose that we have a kernel
function k : R™ x R™ + R, and a basis B = {7, | 7; € R™}"_, where most often
but not necessarily B C X'. Let the empirical kernel map (Scholkopf and Smola,
2001, p. 42) be

¢ :R™— R°

z s (k(z,71),...,k(z, 7))
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Under this scenario, we learn a Mahalanobis distance metric for ¢(z), ¢(2') € R?

of the form

d(z,2') = /(¢(x) — p(a'))TA((x) — d(2')),

where A € RY*? is a symmetric positive semi-definite matrix to be learned.
Subsequently, we assume that B = X'. Let ky, ..., k, be the columns of the

kernel matrix K, then for any z;, x; € X,

d(i, ;) =\ (s — k)T A(K; — ky).

All components of SERAPH remain the same just by replacing x; € R with the
corresponding k; € R™. The resultant metric d(x,z’) will be highly non-linear
with respect to the original domain. Similarly, one can construct a kernel exten-
sion based on the kernel PCA map (Scholkopf and Smola, 2001, p. 43) defined
as

¢:R™—R"
= KY2(k(x,x0), ... k(2 2,))

SERAPH also has the manifold extension. Without loss of generality, we adopt
the kernel matrix K as the adjacency matrix of the underlying similarity graph.
Letd; = Z?Zl K ; be the degree of z;, and D = diag(ds, ..., d,) be the degree
matrix, then the unnormalized graph Laplacian is givenby L = D — K.

Let P € R™*™ be the projection matrix associated with A such that A =
PP, X = (x1,...,2,)" € R"™™ be the design matrix of X, and Z = (zy,...,2,) €
R™ ™ be the design matrix of the projected data such that z; = Px; and Z =
X PT. The manifold assumption suggests Vx, 2’ € X, if 2 and 2’ are close, z and
2" should also be close. As a result, we should minimize the Laplacian regular-
ization term defined by

M(A) =tr(Z'L7) = tr(X'LX A).

More specifically, the similarity of x; and x; is measured by the value of the
kernel function K, ; = k(x;,x;), whereas the dissimilarity of z; and z; is mea-

sured by the Euclidean distance ||z; — z;||2. The manifold assumption translates
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into that ||z; — z;||3 should be penalized more for larger K ; than smaller K ;.

Consequently, we have

1 n
M(A) =5 > Kigllz— %113

1,j=1
n
_ T T
=) Kij(zlz— 2%)
1,j7=1
n n
_ § T § T
= dizi Zi — Ki,jzi Zj
=1 3,7=1

=tr(DZZ") —t1(KZZ")
tr(LZZ")
(XTLXA).

=tr

Note that M (A) is again linear with respect to A, and it will affect neither the
convexity nor the Lipschitz continuity of the M-Step. Let w > 0 be a regulariza-

tion parameter for M (A), then the optimization problem becomes
max L(A) —wM(A),
and at each M-Step, we solve
max F(A) —wM(A).
The gradient of F(A) — wM(A) is given by
VF(A) —wVM(A) = - st Yig (1= pig (yay) (@i — ) (s — )"
— Zu Zy ya(y | zi,x5) (1 = pis () (@i — x) (2 — ;)"
— A, —wX'LX.

It is possible to initialize ¢(y | x;, x;) in other ways for the proposed EM-like
algorithm. Currently, all unlabeled data are initialized as dissimilar by

qly=—-1|z;,z;) =1
It may be better if we estimate the ratio of dissimilar data over similar data, and
initialize ¢(y | x;, z;) accordingly for each specific data set. Moreover, the prob-
ability parameterized by the metric is now logistic that is not robust against noise

weak labels. It is interesting to find another probabilistic model that can balance

the robustness and the statistical efficiency.
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5.2.3 Future Directions of SMIR

As mentioned early, minimizing the squared difference of the probability p(y | z)
and its approximation ¢(y | z; a) as the loss function could achieve the optimal
non-parametric convergence rate from ¢(y | z; &) to p(y | x), though ¢(y | z; a®)
might be negative or unnormalized. However, when taking the regularization for
maximizing SMI into account, the order of the convergence rate may still be the
same but the constant of the convergence rate should change. Our Theorem 4.4 has
shown that under certain conditions, the order of the generalization error bound
can change from O(1/+/1) to O(1/+/n). Hence, it is interesting to study whether
unlabeled data could also improve the order of the convergence rate and under
what conditions this phenomenon may happen.

The novel data-dependent generalization error bounds appeared in Theorem 4.4
can only be applied to the reduced SMIR method for binary classification. When
Eq. (4.16) instead of Eq. (4.17) is used for the post-precessing, we can no longer
prove a generalization error bound using the same technique. Moreover, for the
original SMIR method for multi-class classification, generalization error bounds
are unavailable even if there is no normalization as Eq. (4.17), since the existing
inductive definitions of Rademacher complexity are all binary. Nevertheless, the
existing generalization or transductive error bounds for previous geometric meth-
ods based on inductive or transductive Rademacher complexity cannot be readily
extended to upper bound multi-class classification errors. Previous information-
theoretic methods even do not possess a generalization error bound. Therefore, it
would be a promising direction to investigate generalization error bounds for the

original multi-class SMIR.
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