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Abstract

We humans are bipeds with about two thirds of body mass located on
about two thirds of body height above the ground level, so we are an inherently
unstable mechanical system, unless a control system is continuously acting. The
control of balance, hence, is always a challenge and a side objective in human
movements. Any failure in the control of balance may easily lead to an initiation
of a fall. The degeneration of the balance control in the elderly and in many
pathologies, added to the fact of the increase in our aging population and with
increased life expectancy of our elderly, has forced researchers and clinicians to
understand more about how the system works and how to quantify its status at
any point in time. In this framework two key questions emerge: 1) what is the
feasible range of movement for a body to remain balanced while standing, and
2) how good the balance is at a body situation or at every moment during a task.

A feasible region for the control of balance has been proposed previously in
the center of mass (CoM) position-velocity plane. This research shows that for a
certain individual with given anatomical and mechanical parameters, the
feasible movements of the CoM, or more generally the range of states at which
the control of balance would be possible, can be analytically found through a
mechanical reasoning. This research introduces a subspace of the motion state
space, namely the integrated stable subspaces (/SS), dependent on the model's
anatomical and strength parameters, and proves that the control of balance is
possible all over the ISS. In order to illustrate how the method may be used in
practice, the feasible region for a well-known 2-segment mechanical model as
well as for a 3-segment one is found using this approach, and is compared to
that found by the conventional method. The feasible region found by this
method depends on the physical properties of a body including anatomical
parameters of a body as well as the torque (control input) constraints. The
method works with any arbitrary shape of the control input constraint.

Regarding question (2), a metric to quantify the level of stability at a body
situation (state) is the matter. In this research a new measure for postural
upright stability is suggested which assigns a value to a body state addressing
how possible the control of balance at that state is. The principle is that a bigger
stability value should be granted to a state from which a bigger portion of the
society will be able to control their balance and not initiating a fall. Using the
population’s statistical characteristics and taking advantage of the concept of
probability, the postural stability at a state is defined as the probability of the
balance to be recoverable over the entire population, and called the probability
of recovery (PoR). For a perturbed body state solving the balance recovery
problem for a population sample of 600 subjects estimates which portion of
them are able to maintain their balance. PoR takes values between zero (0%, no
one, low stability) and one (100%, everyone, high stability). It, therefore,
describes an attribute of a body state: how possible the control of balance is, or



how safe being at that state is. The PoR calculated for a 3-segment body model
is shown for all states on a plane, compared to that found using a 2-segment
model, and compared to the conventional metric: the margin of stability (MoS).
It is shown, for example, that MoS may be very low at a state from which most
of the people will be able to easily control their balance.

The new method of finding the feasible range of movements proposed in
this research is, in contrast with the conventional approaches, free of iterative
numerical calculations, and hence is very fast. A result is, one may easily change
the model parameters and follow how the range of feasible movements will be
altered, or study the effect of each anatomical and strength parameter in the
feasible range of movements.

The postural upright stability that defined in this research shows how
probable avoiding a fall initiation is at a body state. It compares the states
directly on the basis of success of the primitive balance control strategies, and
hence, is capable to represent the stability at a body state by a single scalar
quantifying how good the balance is, or its complementary, how likely the loss
of balance is. A corollary, for example, is that a perturbation, no matter of what
type or how complicated it is, may be transferred to the state space and
replaced with a single scalar: PoR, as a function of the response delay.

Keywords: balance, perturbation, body state, perturbed state, balanceable
region , postural upright stability
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Chapter 1 Introduction

Chapter 1

Introduction
1.1. The problem of falls

Humans are bipeds and locomote over the ground with two, one, and no foot in
contact in standing, walking, and running, respectively. Because of the small support area
with respect to the body height, and the fact that about two thirds of our body mass is
located on about two thirds of body height above the ground level, we are an inherently
unstable mechanical system, unless a control system is continuously acting. The control of
balance, hence, is always a challenge and a side objective in human movements. Any
failure in the control of balance may easily lead to an initiation of a fall.

Because of the degeneration of the balance control in the elderly and in many
pathologies, added to the fact of the increase in our aging population and with increased
life expectancy of our elderly, the importance of maintaining mobility is becoming even
more critical. It is estimated that one in three persons over the age of 65 is likely to fall at
least once each year (World Health Organization [WHO], 2008; Scott, Peck & Kendall, 2004;
Tinetti et al.,, 1994; Tinetti & Speechley, 1989; O'Loughlin et al., 1993). In Canada for
example, this translated into approximately 1.4 million seniors who fell at least once in
2005. With the number of older persons in Canada projected to increase from 4.2 million to
9.8 million between 2005 and 2036 (Human Resources and Skills Development Canada
[HRSDC], 2010), the estimated number of older persons who will fall at least once in 2036
will increase to 3.3million.

Even more important than the frequency of falling are the consequences of a fall. The
fall of an older person can have an enduring and devastating impact. These can be physical
or psychological, resulting in injury, chronic pain, a reduced quality of life and, in severe
cases, death. Almost half of those who fall experience a minor injury and between 5 and 25
percent suffer from more serious injury, such as a fracture or a sprain (Herman et al.,
2006). The hip fracture, which usually implies the fracture of femoral head, is a very
common problem for elderly people and can have devastating consequences (cf., Kannus
et al. 1999). It is also reported that falls are the leading cause of injury - related
hospitalizations and the cause of most hip fractures among seniors, and 20% die within a
year of the fracture (Public Health Agency of Canada, 2005). It is also reported in the US
that over 2.2 million adults over 65 years old were treated in the emergency room for fall-
related injuries in 2009, 20422 of which concluded in death (Centers for Disease Control
and Prevention [CDC], 2010). In Europe the situation is similar. As reported by the World
Health Organization (World Health Organization [WHO], 2002) the falls as a cause of death
dramatically increase with increasing age. For instance, in two countries that could be
considered representative of Europe, The Netherlands and Spain, the rate of deaths caused
by falls of people aged above 75 level reach values between 30 and 40 deaths per 100000
inhabitants. These values are extremely high, taking into account that they represent only
the deaths caused directly from a fall.
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In addition, many people limit voluntarily their independent activity due to the fear of
falling. Thus, the psychological impact of a fall may result in a post - fall syndrome that
includes dependence on others for daily activities, loss of autonomy, confusion,
immobilization and depression (World Health Organization [WHO], 2008), which is
considered of the most important aspects for a good quality of life (see e.g. Imms &
Edholm, 1981).

So, falls are a major health problem in particular for elder adults, and this fact has
forced researchers and clinicians to understand more about how the system works and
how to quantify its status at any point in time.

1.2. How we regard the problem: The state space framework

In order to reduce consequences and costs associate with falls, three main topics
should be addressed, observing the three stages of a fall: perturbation, reaction, and
collision, as follows:

1) The perturbation onset to one’s balance, aiming in minimizing the incidence of a
perturbation in one’s balance which will conclude to a reduction of loss of balance
occasion, and will directly lead to a reduction in fall incidences. It is related to the
environmental factors, gate abnormalities, and the like.

2) Response to a perturbation, trying to control the balance and not initiating a fall,
when a perturbation is already happened and the balance is disturbed.

3) Approach to the ground, aiming in minimizing the injuries, when a fall has already
been initiated and a collision to the ground is unavoidable.

This research has focused on the second area: the control of balance when it is already
perturbed.

If we look at the epidemiology of falls we see reports that about 50% of the falls occur
during some form of locomotion (Ashley et al. 1977; Gabell et al., 1985; Overstall et al.,
1977; Prudham & Evans, 1981). It is during walking that we challenge our system the most:
initiating and terminating gait, turning, avoiding obstacles (altering step length, changing
direction, stepping over objects, etc.), bumping into people and objects. However, in spite
of the epidemiological evidence that most falls occur during one form of locomotion or
another, a large body of research into balance during quiet and perturbed standing has
evolved, in order to study the upright balance, its mechanisms and conditions, in general.
Thus, much of the research has attempted to perturb the balance system in a large number
of ways in order to quantify the human response. When the researcher is interested in
reactive responses he/she introduces unexpected perturbations. On the other hand,
proactive control will require either voluntarily initiated internal perturbations (such as
raising an arm) or anticipatory well-learnt perturbations (such as is experienced many
times over the walking cycle). (Winter, 1995-a) An inherent difficulty in such a research
theme is that, a large number of perturbations in different types, severities, and
complexities must be considered in order to study the human response. In fact, in many
studies a (few) particular form of balance perturbation are studied, such as a horizontal
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impulse at a certain point in the body height (see e.g. Atkeson & Stephens, 2007), a
horizontal movement of the base of support (Le Goic et al. 2012), etc. In such studies it
would be difficult to generalize the findings to a generic perturbation in one’s balance. In
this research we work in a different framework.

Following a perturbation, like a slip, trip, stumble, etc., no matter what the source, type,
or complexity of the perturbation is, right after some response delay and exactly when the
individual starts its response trying to regain its balance, the body situation can be
described by a single point in the body state space. We use the term “state” to describe
human situation at a moment which is the combination of all postural and movement
variables, such as joint angles and angular velocities. It may be expressed mathematically
by a vector the components of which are postural and movement variables, e.g. joint
angles and all angular velocities. State space is then a virtual n-dimensional space, each
axis of which is one of the joint angles or angular velocities. n is the number of state
variables. A single point in the state space uniquely describes a body situation in the reality.
Any body movement, such as the action of control of balance, may be described uniquely
by a curve or trajectory in the state space, showing what the body situation is at every
point in time. So, in this study we never use terms like slip, impact, trip, etc. Whatever we
say is about the body state a person has at a moment.

1.3. The two key questions

A fall begins with a dynamical perturbation in one's balance, but not every perturbation
initiates a fall. The possibility of maintaining stability from at perturbed situation depends
on two factors. First, the individual’s abilities which shows the range of perturbations or
states that is tolerable for a certain individual, and second, the severity of the perturbation
which may be interpreted as the subject’s state right after the perturbation onset, or after
some reaction delay. Thus, studying the control of balance, or equivalently, the risk of loss
of balance, may be focused on two sides: 1) the individual side and studying the risk of fall
initiation for a certain subject and different situations, and 2) the body state and consider
how risky a fall initiation is at a certain body situation (posture & movements) for different
individuals. In this framework 2 questions emerge:

1. What is the range of feasible movements for the control of balance? or equivalently,
in what region in the state space the control of balance would be possible?

2. How good is the balance at a given body state?

In the first question, for a certain individual with known anatomical and strength
parameters the range of movements or body states is to be obtained at which the control
of balance would be feasible. Such a range varies with the subject, and is a representative
of one’s ability in handling balance perturbation. In the second question, a method to
quantify the upright stability at a certain stare is the matter, seeking a postural stability
metric to assess the upright balance .
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1.4. Current answers

A single, quantitative criterion for assessing a person’s ability to control balance is
often difficult to establish, primarily because there are many feasible movements to choose
from which accomplish the same task. One strategy for resolving this issue is to quantify
various constraints that a person has to negotiate in the performance of a task, and then to
use these constraints to identify the range of feasible movements in which the control of
balance can be maintained.

Previous studies have investigated feasible ranges in acceleration, torque, or manual
force application spaces under various constraints necessary for a person to maintain
standing balance by keeping the feet stationary (Gordon, 1990; Kerk et al., 1994; Kuo,
1995; Kuo and Zajac, 1993; Levine et al., 1983; Nashner et al.; 1989, Yang et al. 1990). For
instance, Gordon (1990) introduced the idea that certain physical constraints (i.e. muscle
strength, the need for the foot to remain on the floor, etc.) can be mapped into the
acceleration space. In his work, a model of the foot segment was used to introduce
constraints on the dynamics of a three-joint planar model of standing. A feature lacking in
these studies was an understanding of how the range of feasible movements could be
influenced by the interaction of several task constraints. For example, the interplay
between velocity and position has never been examined in balance dynamics, presumably
because velocities are considered low in nearly static standing.

For a long time the feasible movements of a body for the control of balance were
described by a single condition related to the position of the body CoM: the horizontal
component of the location of the body CoM has to be confined within the base of support
(BoS) (Borelli, 1680; Dyson, 1977; Patla et al., 1990; Kuo, 1995). It has been first brought to
the attention by prof. Pai and his group that this condition is neither sufficient nor
necessary in dynamical situations (Pai & Patton, 1997). The velocity of the center of mass
should also be accounted for in describing the feasible movements for the control of
balance, since it governs the destiny of the CoM position. Even if the CoM is above to BoS,
control of balance may be impossible if the velocity of CoM is large enough and directed
outward. The reverse is also possible: even if the vertical projection of the CoM is outside
the BoS but its velocity directed towards it, control of balance may be feasible. They
defined a "motion state" consisting of two variables: the horizontal component of the
location and velocity of the CoM in the sagittal plane. They obtained a region in the
corresponding two-dimensional state space and suggested that the condition for the
balance to be maintained for a body situation is that its corresponding motion state lies
within this feasible region. However, in order to figure out the feasible recovery region they
used a numerical searching and optimization method which includes iteratively solving the
problem of whether maintaining the balance is possible at initial motion states. It is
computationally expensive.

The feasible region has also been obtained in research dealing with the optimal balance
recovery trajectory (see e.g. Atkeson & Stephens, 2007). The area in which an optimal
trajectory finder has a solution is the feasible region. Trivially the computation burden in
this approach is very heavy as well. Another work used a curve fitting method (Yang et al.,
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2008) in order to express the boundaries of the feasible region obtained by Pai & Patton
(1997) beforehand, which only simplifies working with the feasible region. Hof et al. (2005)
simplified the dynamic equation of the same two-segment mechanical model of body and
developed a very simple equation for the two main boundaries of the feasible region. In
this research as well as those done in Pai & Patton (1997), average muscle strength is
assumed, and hence the effect of muscle strength is left out of view since for an average
amount of strength the geometric constraints determine the feasible region.

Though in Pai & Patton (1997) additional calculations have been conducted in order to
find the threshold values where key parameters (strength, friction, etc.) started to affect
the feasible region, there is still no method, whether analytic or a computationally light
numerical method, to figure out the feasible recovery region in the state space for any
arbitrarily given anatomical and strength parameter values. Such a method will be
necessary, for example, to consider the role of each constraint or parameter in altering the
person’s feasible movement range.

The traditional view to the upright stability at a body situation was expressed as the
vertical projection of the center of mass (CoM) has to be within the base of support (BoS)
for the balance to be maintained, and its shortest distance to the edge of BoS was used to
show how far from the balance a state is (Borelli, 1680; Dyson, 1977; Kuo, 1995; Patla et
al., 1990, Shumway-Cook, 1995; Winter, 1995-a). BoS is the area which transfers the body
weight to the ground, i.e. the possible range of the center of pressure (CoP). Later, it has
been brought to attention that this criterion is neither sufficient nor necessary in dynamic
situations, and the velocity of the CoM should also be accounted for (Pai & Patton, 1997;
Igbal & Pai, 2000). They obtained a feasible stability region in the position-velocity plane,
which was reformulated later by Hof et al. (2005) as: the condition for dynamic stability is
being the “XcoM” within the BoS. XcoM is the "position of the extrapolated CoM" which is a
linear combination of the horizontal position of CoM and its time derivative. They also
suggested a new measure for stability of a body state, the margin of stability (MoS), as the
shortest distance of XcoM to the edge of BoS. However, MoS is not well related to the
“possibility” of maintaining the balance or “safety” at a state. It may be very small for a
state while it is highly safe. The reverse is also true: high MoS is not necessarily highly
stable.

A new metric for upright stability should be developed which directly represents how
possible the control of balance at a certain body state is, or how safe being in a state is.

1.5. The objectives of this research

The objective in this research is to develop an analytic method to figure out the range
of feasible movements for the control of balance for a given individual with certain
anatomical and strength parameters. Such a method will be computationally light, and
hence, it would be quite practical to study the role or effect of every physical parameter in
the range of feasible movements, by altering a parameter and follow up how the feasible
range of movements will be changed. Thus a thorough parametric study on one’s ability to
handle balance perturbation can be performed efficiently.
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A second objective of this research is to develop a new metric to assess the upright
balance at a given body state, so that directly bears the concept of stability at a state, or
represents the safety for an individual to be at a certain state, with respect of the fall risk.

1.6. Thesis content

In the present text, we first introduce the class of mechanical models our theories may
be used on in Chapter 2, as well as two models which we will use as platforms to apply the
theories and demonstrate the results.

Chapter 3 introduces the method we propose as an analytic way to figure out the range
of feasible movements. It includes definition of the balanceable region, description of the
key idea on a very simple mechanical model, then explain the theory and theorems for a
more generic model, apply the method on a 2-segment and a 3-segment mechanical
model, and a discussion on the method, results, and limitations.

In Chapter 4 the new metric we suggest to assess the postural upright stability will be
described. The so called no-risk curve will be introduced and obtained first, and then the
new metric for upright balance called PoR will be introduced conceptually, then it will be
described that how PoR can be calculated for a body state, and the method will be applied
again on 2 mechanical models to find the PoR. Results will be discussed and main
limitations of this method will be introduced.

Chapter 5 presents a conclusion for the presently reported work, and brings some
suggestions for future extensions.
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Chapter 2

Mechanical Model

2.1. Introduction

Studies of human standing balance have revealed several strategies to compensate for
perturbations: the ankle strategy, in which torque about the ankle joints is used to balance
and the rest of the body is held in a fixed posture, the hip strategy, in which torque about
the hip joints is used to generate horizontal ground forces moving the center of mass, the
squat strategy, in which the knees and hips are flexed to lower the center of mass (Runge
et al., 1999; Hemami et al., 2006), and the step strategy, in which a step is taken (Nashner
et al., 1985; Horak & Nashner, 1986). These multiple strategies reflect the mechanical
constraints faced by humans and humanoid robots. In studies of humans, the ankle
strategy seems to be used for small and slow perturbations on flat rigid support surfaces,
while the hip strategy seems to be used for large or fast perturbations and on narrow or
compliant support surfaces (Runge et al., 1999).

In this study in order to avoid the complexities associated with the dynamics of
stepping as well as three-dimensional movements, the focus is limited to non-stepping,
sagittal planar linkages with sagittal symmetry assumed, capable only for
anterior/posterior movements of ankle, hip, and squat strategies, although the
methodology may be used for medio-lateral movements as well, and may be extended to
include stepping actions. External forces are gravitational forces applied to each segment at
their center of mass (CoM), and the ground reaction force (GRF) applied to the feet
segment at the center of pressure (CoP).

The control input to this system (u) by which a person controls its posture is the set of
torques applied on each joint: u = [Tynkie Tknee 17, Where Tankier Tknee, - are the
torques applied from feet to shanks at the ankle, from shanks to thighs at the knee, etc.
The number of the control input components (m) is equal to the number of model joints.
The control input u is restricted by the individual’s physical constraints such as the muscle
strength, the necessity of keeping the feet stationary on the ground, etc. Let U be the
feasible range of u, which is an m-dimensional subset of R™ (U c R™). U is specific to
the subject. The control input constraint may be generally expressed in form of

u(t) e U; vt (2-1)

Throughout this study we always deal with a conditions in the model dynamics so that
the balance is maintained, and the dynamic equations is being solved always for such
conditions. Since we have limited our scope into non-stepping mechanical model, one
coherent condition for a successful control of balance is remaining the “feet” segment
stationary on the ground. The equation of motion for such a general serial linkage with a
fixed base of support may be expressed in the familiar form of

M(q)qg=C(q.9)+G(q) +u
where q is the coordinate vector, which may be assumed as the joint angles:

7
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q= [eAnkle Oknee ]T

and matrices M, C, and G are the inertial, Coriolis, and gravity terms. In order to describe
the system state at a moment, a trivial way is to use the set of all joint angles and angular
velocities, and show by X:

X=[q"q"]"

The state x = 0 or the origin of the state space, hence, corresponds to the erect
standing posture without any part of the body moving. The number of state variables (n)
for the class of mechanical models considered in this study, therefore, is equal to the
number of joints (m) times 2:

n=72m

State space is then a virtual n-dimensional space, the axes of which are joint angles and
angular velocities. Any body movement may be described by a curve (state trajectory) in
the state space, showing what the body state is at every point in time. The state is also
constrained to a region which is imposed by the range of motion of joints and so that it
excludes a fall, which can be generally expressed by

X(t) € X; vVt (2-2)

where X is the feasible range of states which is an n-dimensional subspace of the state
space including the origin (x = 0). Let’s assume that no joint has a range of motion
including +m or - i, which is, with a little approximation, a realistic assumption for humans
in general movements. Particularly in standing balance studies, the practical range of
motion of joints are much smaller that this assumption.

The equation of state for the general model of this work will be expressed in the
general form of

X(®) = f(X@®),u®);X(0) =X, (2-3)

In particular, in this research we use two mechanical models in order to describe the
proposed methods, as well as to demonstrate how they can be used. The models are a 2-
segment and a 3-segment model capable for ankle strategy and ankle and hip strategies of
perturbation management and control of balance, respectively. The followings will
introduce such models.

2.2. Two-segment model

Consider a well-known 2-segment mechanical model of the human standing balance
consisting of the feet and the rest of body jointed at the ankle, with sagittal symmetry
assumed, which supports forward-backward movements without taking steps. (Figure 2-1).
Medial-lateral movements can be modeled with the same model with a similar story for
balance in the frontal plane, and one may easily extend it to include both forward-
backward and medial-lateral movements. This conventional model is widely in use as a
platform in balance control analysis (see e.g. Geurtsen et al. 1975; Winter, 1995-b; Pai &

8
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Patton, 1997; Hof et al. 2005; Pilkar et al. 2007; Honarvar and Nakashima, 2013). In
particular, for nearly standing postures, where the distance of the CoM to the ground
remains constant, the CoM does not move upward/downward, and the feet are kept
horizontally in touch with the ground, human body dynamics may be completely described
by the movement of its center of mass, and such a 2-segment model of human standing
balance may be used to estimate the CoM dynamics.

Figure 2-1. The 2-segment dynamical model we use
in this research. It consists of two rigid parts: feet and
the rest of body, jointed at ankle. External and
internal forces, and the control input (ankle torque)
are shown by red arrows.

Using such a sagittal model, an individual’s situation at a moment (state) may be
expressed uniquely by a set of 2 variables: location of the vertical projection of the CoM (x)
and its time derivative (v), which uniquely correspond to the body inclination angle (65)

and its angular velocity (6g).

External forces on this system are: 1- the gravitational force which is applied to the
body on its CoM, and 2- the ground reaction force which applies to the feet on the center
of pressure (CoP). The CoP must remain always within the foot length, the vertical
component of the ground reaction force must be always in an upward direction (pressure
force), and its horizontal component must meet the static friction requirements.

The only control input to this model is the ankle torque, by which the individual may
control their posture. The amount and direction of control input imposes the position of
CoP. The control input for a certain individual is restricted by 2 extremes: the maximum
strength in the dorsiflexion and the plantar flexion direction for that subject. These
maximums vary with both the angle and angular velocity, because of 1- the muscle force-
length and force-contraction rate dependency and 2- change of moment arm.

9
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Ankle angle is limited to a given range of motion. We use some non-conservative data
here in order to have the least restriction in our results due to the range of motion, which
is based on Beers & Berkow (1999) and Anderson et al. (2007) and reckoned as -0.7rad
(plantar flexed) to +0.50rad (dorsiflexed).

Writing the Newton equations for feet and body delivers the following four equations:
. . .2
fo = _mBlBCM (COSHBQB - SanBQB ) (2‘4‘1)
. . .2
fGy = (mp + mg)g — mplp,,, (sm@BQB + cosfz05 ) (2-4-2)

. . ) . 2
mBlBCM((xA — Xcop)Sinfg — yAcoseB)GB + mglg,,, ((xA — Xcop)cosfy + yA51n93)93 —

(meA + mFXfCM + (mB + mF)xCop)g — Ty = 0 (2'4'3)
(TB + mBlBCMz)Q.;; = mBlBCMSinng + Ty (2'4'4)

where fo,fGy, and xcop are the horizontal and vertical components of the ground

reaction force and the location of the center of pressure, respectively, mg, mg, 73, lBCM' X4,
Ya, and x¢,, are feet mass, body mass, body standard moment of inertia, ankle to body
CoM length, horizontal and vertical position of ankle with respect to toe, and horizontal
position of the feet CoM, respectively, and 7,4 is the torque applied from feet to the body at
ankle. The acceleration of gravity is shown by g.

Equations (2-4-1) to (2-4-2) show the relationship between f; , fay, and x¢op with the

body inclination angle (85), its angular velocity (6) and the applied torque (t4) at the
moment. Equation (2-4-4) is the main dynamic equation which describes the dynamics of
the system:

mBlBCM

2-4-4) = 0, =
( ) 93 (TB+mBlBCM2)

1
sinfp + ——————~14 (2-5
g B (13+mBlBCM2) 4 (2-5)
Now let’s define the body state as the set of angle and angular velocity:

. 05
X1 = QB,XZ = 93 =>X= [ . ] (2'6'1)
Op

Therefore, the equation of state will be found easily as

X, =X

107 (2-6-2)
X, = asinX; + bu

where u = 14, and
mpgl
a=—"205cM ~g>0
1
b >0

10
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Chapter 2
The state of the system may be defined in another way as well. Define x as the location
of the vertical projection of the body center of mass, and v as its time derivative, or the

horizontal velocity of the center of mass

X =x4 —lg_ sinfp (2-7-1)
v= —chméBcoseB (2-7-2)
and the normalized variables X, v, u as follows:
% =9l‘ X4 (2-8-1)
7= ng‘;_m (2-8-2)
- (2-8-3)

Now rewrite the dynamic equation (2-5) as

o
i=22 9 4 cxV1—x2 —V1—x2du (2-9)
1-x chm
where
1 g
c =
2
1+ (llBg > e
ch
1 1
d= 5
o (fy et
ch
and define the body state Y as
x] (2-10-1)

=[_

le.f,Y2='l7$Y

The equation of state for Y will be found as

or

11



Chapter 2 Mechanical Model

where

w = _l
Bem

Because of the nature of the contact conditions between feet segment and the ground,
as well as noting the condition of remaining the feet stationary on the ground, three
constraints are imposed on the ground reaction force applied on feet:

1- The vertical component of the GRF must be upward, i.e. pressure type: fGy > 0; vVt (2-
11-1)

2- The horizontal component of the GRF must comply with the static friction
requirements:

\fe,| < wsfs, ; vt (2-11-2)

where p, is the static coefficient of friction.

3- Center of pressure must lie within the foot length (lf):
0 < xcop < lp; Vt (2-11-3)

These three conditions when incorporated with equations (2-4-1) to (2-4-3) come in this
form:

metme) o > (sinBBég + cosBBHBZ) (2-12-1)

mBlBCM

(mp+mp)

|005939}9 - sin939'32| < Us < g— (sinGBH';g + c0593932)> (2-12-2)

mBlBCM
i . .2 . . . 2
0< 14+ (—mBlBCM (smBBBB + cosO50p )xA +mglp,,, (COSBBBB — sinfg0p )yA +
(mFxfCM + meA)g) < fe,ly (2-12-3)
Equation (2-4-4) relates 74 and 65 to 9}3. Thus, at every state (X or Y) three constraints

of (2-12) restrict the applicable ankle torque, and they must be satisfied together. These
are referred to as the “foot constraints” throughout this work.

2.3. Three-segment model

Consider a 3-segment model consisting of feet, lower limbs excluding feet which is
called “Legs”, and the upper body (head, arms, and trunk) which is called “HAT”, jointed at
the ankle and hip (Figure 2-2). Symmetry in sagittal plane is assumed. External forces are:

12



Chapter 2 Mechanical Model

1) gravitational force applied to the feet, Legs, and HAT at their CoMs, and 2) a ground
reaction force (GRF) applied to the feet at the CoP. The control inputs into this model are
ankle and hip torques, by which the individual controls his or her posture.

/_': 61‘1 /‘::QH

34

Head, Arms, & Trunk
(HAT)

—— Hip
. <
o)
E
T .
g —1
6 1

3 A

Ankle
)
: $
[N

Ground

Figure 2-2. The 3-segment dynamical model used in this research,
consisting of 3 rigid parts: feet, lower limbs (excluding feet), and the
rest of the body (head, arms, and trunk; HAT), jointed at the ankle .
and hip. External and internal forces, as well as the control inputs !
(ankle & hip torque) are shown by red arrows. )

Writing the Newton equations for feet and body delivers the following four equations:

fe, tfa, =0
Foot: { fa, + fa, —mrg =0

fAy (X4 — Xcop) — mFg(xfCM - xcop) - fo)’A —74=0
Legs:

. . . 2
!( _fo + fo = _leLCM (COSHLHL - SlnHLHL )
. .. . 2
—fay, + fu, —myg =-myl, (51n9L9L + cos6, 0, )

1,6, = —fa,li gy COSOL — fAylLCMsinQL - fo(lLH - lLCM)COSHL - ny(lLH - ZLCM)sinBL +T— Ty

13



Chapter 2 Mechanical Model

fu, =my (lLH (cos@Lé'L - sin@LéLz) + gy (cosQHBHH - sinHHQ'HZ)>
HAT: ny +myg =my (lLH (sin@LHHL + cos@LéLz) + gy (sinBHQHH + cosBHB},Z))
THéH = _folHCMCOSQH - nylHCMSirIQH + Ty

where fo,fGy,fo,fAy,fo,ny are the horizontal and vertical components of the GRF,

horizontal and vertical components of the force the foot part exerts on the Legs part at
ankle joint, and horizontal and vertical components of the force the Legs part exerts on the
HAT part at hip joint, respectively. Angles 8, and 8 are the inclination angle of Legs and
HAT with respect to the vertical line, respectively. By eliminating fo,fAy,fo,ny from the

above equations we will have the below three equations:

fo = —fo = —(mHlLH + leLCM)COSQLQNL - (mHlHCM)COSHHg}'I
+ (mHlLH + leLCM)sinBLéLZ + (mHlHCM)sinGHH'H2

fo, = —fa, + mpg

= —(mHlLH + my, )SIHHLHL - (mHlHCM)SmBHB'}-I

lLCM

- (mHlLH + leLCM)COSHLGLZ — (mHlHCM)coseHH'HZ

+ (mp +my, +my)g

A= —Ya [leLCM (cosHLH"L - sinBLéLZ)
+my (lLH (cosHLH"L - sinBLéLz) + Ly (cosGHG"H - sinHHH'HZ))]
+ (%4 = Xcop) [mL (-g + oy (sin@Lé'L + cosBLéLz))
. N ) _ .. .2
i (_g by (SmngL + cos6,6, ) Ly (SmeH@H + costy 0y ))]
- mFg(xA - xfCM)
(2-13)

in addition to the two equations which form the main dynamic equation of the system
expressed as

M(q)§=C(q.9) +G(q) +u
where q is the coordinate vector
q =16, 64]"

and u is the control input vector. Matrices M, C, and G are the inertial, Coriolis, and gravity
terms as follows:

2 4 mHlLH2 myly,ly,,cos(@y — 6L)
2

M(q) _ TL + leLCM
myly, ly.,,cos(6y —6,) Iy +myly,,

14



Chapter 2 Mechanical Model
. 0 (mHlLHlHCMsin(GH - GL)) 9‘L2
C(q, q) = . .2
— (mHlLHlHCMsm(GH - GL)) 0 Oy
6(q) = (leLCM + mHlLH)sineL p
myly,,, Sinfy

Ta — TH
_[ Ty ]

(2-14)

The three foot constraints due to the contact conditions between feet and the ground
exist in this model similar to the foot constraints (2-11) in the two-segment model, as
follows:

fGy = 0; Vit

\fo.| < wsfe, s vt
OSXCOPSlf; vt

which when incorporated with equations (2-13) and (2-14) set restrictions on the
applicable ankle and hip torques at every body state. Such constraints are to be satisfied in
addition to the limitations due to the body mechanical strength (mainly the muscles
strength).

The body state (X) at a moment may be uniquely expressed by a 4-variable set: Legs
and HAT inclination angles and their angular velocities;
X=1[q" ¢"1"=1[6, 6y 6, 64]". The equation of state may be written in the
general form of

X(®) = FX@,u®); X(0) = X
where
frana(X©,u®) = [0 11X(0)
frana(X(©,u(®) = M @(C(q,9) + 6(@)) + M~ (g)u(t)
2.4. Summary

In this section we specified the class of mechanical models being used in this research,
which is limited to the non-stepping models and those described only in the sagittal plane.
In particular, a 2-segment and a 3-segment body model are introduced which are capable
for ankle strategy and ankle and hip strategies of perturbation management and control of
balance, respectively. These models are used in this research in order to describe the
proposed methods, as well as to demonstrate how they can be used.
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Chapter 3

The Balanceable Region

3.1. Introduction

This section addresses the question of what condition is to be fulfilled for the balance
to be maintained during a movement or task, or similarly, what is the range of body
movements in which the control of balance will be feasible.

We propose a new method to figure out the feasible range of the movement states in
which control of balance would be possible, for an arbitrarily given mechanical
characteristics of an individual. In the followings, the “balanceable region” will defined first,
then the idea behind our suggested method will be illustrated by step-by-step solving the
balanceable region for a simple mechanical model. In the following the balance recovery
problem and the concept of balanceable region will be defined first, then the key idea will
be described on a very simple mechanical model. Next, the theory and theorems for a
more generic model will be formulated, followed by application of the method on a 2-
segment and a 3-segment mechanical model, and a discussion on the method, results, and
limitations.

3.2. The balanceable region

Human body is being regarded as a mechanical linkage including joint actuators.
Control input in this model is the set of joint torques. An unconstrained control input being
assumed, any initial state can be controlled and driven to the erect standing posture
without any part of the body moving (origin of the state space). However in the reality the
applicable joint torques are restricted by the individual’s physical constraints mainly
including the muscles strength, and the necessity of keeping the feet stationary on the
ground.

The balance recovery problem, the problem of driving the system state from an initial
state (xq) at time t = 0 to the balance posture (x = 0, the origin of the state space) in
some limited time (t¢), is finding a control input over the time (control input trajectory) to
be applied into the equation of state (2-3) which drives the body state to the origin while
satisfying the control input constraint (2-1), as well as the state constraint (2-2), during the
entire recovery movement. Because of the constraints, the balance recovery problem has a
solution for some initial states and is not solvable at some other initial states.

Maintaining the balance from an initial state x¢ for a certain individual who has its own
specific input constraint ‘U is feasible, or it can be called x is balanceable for U, if and only
if the corresponding balance recovery problem has a solution. In other words, an initial
state for a human body model with given properties is balanceable, if and only if the
system is able to drive that state to the balance posture satisfying all the necessary
constraints during the recovery movement from beginning to the end:

Xg is balanceable & 3u(t) € U; Vt = 0 such that
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SVt >
{x(t) €X; vt =0 subjectto x = f(x,u); x(0) = x,

x(t)) =0;t; =0

where U © R™is the input constraint (m is the input vector size) and X ¢ R" is the state
constraint (n is the state dimension), and x = f(x, u) shows the equation of state for the
mechanical model.

Let B(U) be the set of all states (subspace of the state space) that are balanceable for
U, and call it the balanceable region of U. It means that for a mechanical model with
certain anatomical parameters, if the control input is constrained to take values only from
the set U, the balanceable region B(U) shows from which body configurations (including
the velocity of segments) the control of balance would be possible. At any other state, i.e.
R™ — B, a fall will initiate. Obviously, the balanceability of a state depends on the
mechanical properties of the individual (more precisely, the physical properties of the
mechanical model of the body), such as the geometric and inertial parameters, as well as
the control input and state constraints. For example, a more strong individual has a larger
feasible input region ‘U, and thus has a larger balanceable region B.

3.3. Finding the balanceable region on a simple model

A trivial method to obtain the balanceable region B for a model with given anatomical
parameters and given input constraint U is to solve the balance recovery problem for many
states scattered (intelligently) in the state space, in order to find which states are
balanceable. Checking the balanceability for a single state is a time consuming process,
since an iterative searching algorithm should try different control input trajectories (not
control input points), apply each to the dynamic model and follow the resultant state
trajectory. When such an algorithm is to be repeated for so many initial states, the
computational burden becomes very huge. Such an algorithm is computationally very
expensive, in particular when the dimension of the state space increases.

However, fortunately there is a possibility to dramatically reduce the computational
load of such a huge numerical method. Let’s illustrate the idea on a very simple mechanical
model. Suppose a simple inverted pendulum (Figure 3-1) with an equation of motion of

mgrcm 1

0 =asind +bt; a=—--"T"— hb=—"—"—+
(Icm + mrcmz) (ICTTL + mrcmz)

Figure 3-1.The mechanical model used to illustrate the
idea behind the analytic finding of the balanceable
region. It is a simple inverted pendulum.
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To simulate an average human of m = 75 [kg] and H = 1.75 [m], one may estimate
the model parameters based on the anthropometric data in Winter (2009) as bellow:

Tem = (1 — 0.412)H = 1.0290; Position of CG, from heel

Ltotar = liegs + Inar = 9.8687 + 49.4622 = 59.3309 ; Moment of inertia of whole body
with respect to the heel joint.

{a = 12.760
b =0.0169

Control input (u) is the applied torque, and let the state (x) for this system be the angle
and angular velocity:

X, =0
Xy = 9
u=rt
The equation of state will be
x1(0) = X1,
%1 (t) = x,(¢) . _ . , )
{X'z (6) = asinx, (£) + bu(t) x2(0) = x5, (Eq. of State in continuous form) (3-1)
t € RT + {0}

T. s
where [x10:x20] is the initial state.

Due to physical restrictions the applicable torque is limited to some range (control
input constraint). Let’s roughly estimate the input constraint (based on the anthropometric
data in Winter, 2009) as follows:

2.5
Lpp = 0.266 X 2= = 0.190

1
Lrg = 0.266 X 3= = 0.076

Npax = m(1.1g) = 809.3

where pr, LfR, and N, ., are the horizontal distance between ankle and toe, horizontal
distance between ankle and heel, and the maximum normal ground reaction force in quite
standing and small movements around it. The maximum torque applied to the body in
plantar flexion direction (upf,_ ) cannot exceed the torque produced by the GRF when the
center of pressure is located at its most forward location (toe), therefore:

Upr, . = LrpNmay = 153.7718
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and similarly, the maximum torque in dorsiflexion direction (uDFmax) will be the product of
Niax and Lgg:

uDFmax = LfRNmax = 615087

By selecting the dorsiflexion as the positive direction for torques, the control input
constraint for such a model may be defined as

—153.7718 < u < +61.5087 (3-2)

Now suppose system (3-1) without applying any control input (zero-input system)

(30=560

X, (t) = asinx (t)

and draw the phase plane (state trajectories from different initial states, in x; — x, space)
for this system.

The equilibrium point for system (3) is xq = [8] Write the Taylor’s expansion with respect

to the equilibrium point:

af (x)
0x

i =[ 20 T = 60 = flxeq) +

asinx, (t)

(x - xeq) + 0((X - xeq)z)

X=Xeq

f(xeq) = 0, and for points around the equilibrium point one may linearize the dynamics
and estimate it as

0 1

X =Ax = [a O]x (3-4)

Find the eigenvalues and eigenvectors for system (3-4):

~[!? bl
A, = —a vl—[_\/a]—wtae

N
= 1
A = +Va v, = [+\/E] — unstable

So, since a is an absolutely positive scalar, system (3-4) has one positive (stable) and one

|/11—A|=0:,o{

negative (unstable) eigenvalue. So the origin of the phase plane is unstable of saddle type
for system (3-4) as well as the nonlinear system (3-3), and there is one stable manifold
along with the stable eigenvector, and one unstable manifold along with the unstable
eigenvector. Phase plane for system (3-3) is shown in Figure 3-2.

It is trivial that the stable manifold of system (3-3) is totally included in the balanceable
region of system (3-1) with the control input constraint of (3-2). In addition, if some control
input which satisfies the constraint can drives the system from an initial point to any point
on the stable manifold, that initial state is balanceable (see Figure 3-3). In other words, if a
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trajectory produced by some allowed control input cuts through the stable manifold, that
trajectory entirely lies inside the balanceable region.

Ankle Angular Velocity [Rad/sec]

025 02 015 01 005 0 005 04 015 02 025
Ankle Angle [Rad]

Figure 3-2. phase-plane for the zero-input nonlinear system (3-3).

Ankle Angular Yelocity [Rad/sec]

-0.25 -0.2 -0.158 -01 -0.05 a 005 0.1 0.1a 0z 0.25
Ankle Angle [Rad]

Figure 3-3. Blue curve: stable manifold for the zero-input system (3-3). If a trajectory (red curve)
meets this manifold, by setting input to zero it will go to the origin.

Now suppose system (3-1) with the maximum plantar flexion torque (upg, ) applied

on it:

{951 () = x,(t) (3-5)

X, (t) = asinx,(t) + bup,

Let’s draw the phase plane for this system. First, find the equation of state trajectories:
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dx; _ asinx (£)+bupr,, . .
P e ;forx,(t) #0

X, (t)dx, = (asinxl(t) + bumeux) dx,
x,2(t) = —2a (cos(xl(t)) — cos(xlo)) + 2buy (x1(8) — x1,) + x2,% 5 x2(t) # 0 (3-6)
where xq = [¥1, X2,]T is the initial state, or a given state a trajectory has to pass

through. The phase plane for system (3-5) is shown in Figure 3- 4. The equilibrium point for
this system is:

. x2(t) 0 sin™! (—BuPF ) for — & < <
= . = p—1 = max . —_— -
* = |asinx, (t) + bupg,,,. Xeq 4 10N = S UPPnax S,

0

T S RO S O - OB SRS OSSO S PR WOt SRR SR S - S SO Y -

o

o
S
&

|

o

&

2

8
I

Ankle Angular Velocity [Rad/sec)
T

015 : : ; S S S I A S N N

i i i i i i i i i i i
025 -0z 015 <01 005 o 0os o041 01s 02 025

Ankle Angle [Rad]
Figure 3-4. Phase-plane and stable and unstable manifolds for system (3-5)

Equation of state trajectories (3-6) passing through this equilibrium point (in limit, not
exactly passing through the equilibrium point) has two solutions. By a variable change from
x to y where

. b
Y= X = Xgg = X, — sin (—auppmax)

system (5) comes in form of
Y2

X2
Y —_ X —_— . —_ b
” x [as}nxl + buPFmax] asin <y1 + Sil’l_l <_ auPFmax)> + buPFmax

with an equilibrium point at the origin:
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vea = o]

and the linearized system around this equilibrium point comes in form of
y =4y

where

_ Of(y, ul)
= —ay

A

0 1
- [\/a2 — b%upp_ 2 0]
Y=Yeq

This system, hence, has one stable and one unstable eigenvalue:

(Al = —i/a2 — b%upg, % — stable

Ay = +i/a2 — b%upg, % — unstable

and accordingly one stable and one unstable eigenvector:

( [ 1

vy =] 4 — stable
J 1 _\/az _quPFmaxZ

1

V2 =41 q2 — p2y 5| = unstable
| PFmax |

Thus, the stable subspace of system (3-5) is the solution of equation (3-6) for its
equilibrium point, which aligns with the stable eigenvector of the linearized system around
its equilibrium point. Figure 3-4 shows both stable and unstable subspaces (manifolds) of
system (3-5). As it is clear in this figure, all states between the stable manifold of system (3-
5) and stable manifold of system (3-3) cut through the stable manifold of system (3-3)
under dynamics of (3-5). So, since dynamics (3-5) satisfies the constraint (3-2), this area is
entirely included in the balanceable region of system (3-1) with constraint (3-2).

A similar story concludes that the area between the stable manifold of system

{351 () = x,(t) (3-7)

X, (t) = asinx, (t) + bupg,

and the stable manifold of system (3-3) is entirely balanceable, which concludes to that the
area between stable manifolds of systems (3-5) and (3-7) are included in the balanceable
region of system (3-1) with constraint (3-2). Phase plane for system (3-7) as well as its
stable and unstable manifolds is shown in Figure 3-5. Figure 3-6 shows the stable subspaces
for systems (3-3), (3-5), and (3-7). The highlighted area is totally balanceable.

At a point outside this area, the system with an input of either of upp  _and upg,
have the state trajectories outward of this region (note to the arrows in Figure 3-4 and 3-5).
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It can be easily shown that the situation is the same for any other control input within the
range of [-153.7718~ + 61.5087], which means there is no possibility to drive a state
outside of the area between the stable manifolds for systems (3-5) and (3-7), inside this
area, with a torque satisfying the constraint (3-2). The conclusion is, the balanceable region
for system (3-1) with input constraint of (3-2) is equal to the region between stable
manifolds of system (3-5) and (3-7).

Ankle Angular Velocity [Rad/sec]

Ankle ﬁlngle [Rad]
Figure 3-5. Phase-plane and stable and unstable manifolds for system (3-7)

Ankle Angular Velocity [Rad/zec]

025 02 015 01 005

o 0.0s 01 0.15 02 025
Ankle Angle [Rad]

Figure 3-6. Green and red curves are the stable manifolds for system (3-5) and system (3-7),
respectively.. Balanceable region for system (3-1) is the area between the green and red curves. Blue
curve is the stable manifold for system (3-3)
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The balanceable region for a simple mechanical model of human body is obtained
analytically, without using a huge numerical method of checking the balanceability for
many initial states and drawing the balanceable region from the results. In the followings,
the idea will be formulated so that can be used for more general mechanical models.

3.4. The balanceable region for a generic non-stepping model

In the following, for a general non-stepping mechanical model in the sagittal plane, a
specific region will be introduced as a subspace of the state space which may be
analytically defined and found for any control input constraint, and it will be shown that it
is the balanceable region.

The integrated stable subspace (ISS): System (2-3) with u(t) = 0 has an equilibrium
point at zero (x.q = 0), i.e. the system is in equilibrium if all of the joint angles and angular
velocities are zero. This equilibrium point is unique in X if X includes no point with an
angle equal to +m. Such an assumption has already been made on the feasible state region
X. Also, x.q = 0is an unstable equilibrium point (since a small perturbation will not
automatically return to the equilibrium unless a controller makes it stable) with an ng-
dimensional stable subspace (SS) and ny-dimensional unstable subspaces, where
ng + ny = n. Similarly, System (2-3) for any constant input u(t) = u4 has an equilibrium
point Xeq(1q) in X. Let SS(uy) represent the corresponding stable subspace.

Let's assume that for every input u* on the boundary of the input constraint U* there
exists an equilibrium point x4 such that f(xeq,u*) = 0 (This assumption will be discussed
later). Define the Integrated Stable Subspaces (/SS) as:

ISS(U) = U{SS(u")|u* € U*}

which is a piecewise continuous n — 1 dimensional subspace of the state space. ISS divides
X into three regions: on ISS, inside (including the origin) which we show by iISS, and
outside (0/SS).

Theorem 1: Under the system dynamics of (2-3) with its input and state constrained to
U and X, respectively, any state in iISS(U) will be able to be controlled so as not to
escape out of iISS(U):

Vxgo € iISS(U) Fu(t) € U such that vVt > 0: x(t) € ISS(U) U iISS(U)

Proof: For any point p on ISS(U) there exists an input u, on the boundary of U (which is
shown by U*) the corresponding equilibrium point of which (xeq(up)) isonISS(U)andp
is on its stable subspace (SS(up)):

p € ISS(U) = Fuy, € U, x0q(uy) € ISS(U) : p € SS(u,,)

This is equivalent to the idea that every point on ISS lies on the SS of some u, € U* which
entirely lies on ISS(U), and this is the definition of ISS. Therefore, p will remain on
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SS(up) and will be driven to xeq(up) simply by setting the control input as u(t) = u, €
U*. The result is, hence, as a trajectory touches ISS, it can be controlled to remain on it.

Thus, an individual with an input constraint of U can control its state to remain on or in
ISS(UW) ifitisonorin ISS(U). ***

However, iISS is not necessarily a bounded set, so if the state is remaining in iISS it
doesn’t necessarily mean that it goes toward the origin, or even that it doesn’t get infinitely
far. Another step forward is needed:

Theorem 2: Suppose there is a control input constraint U; and a control input
constraint U, entirely inside U4, i.e. U, € (U; —U;") where U, " is the boundary of U;. It
may be easily proven that the integrated stable subspaces of U, entirely lies inside that of
U4, i.e. ISS(U,) c iISS(U,). Then, if U, is not the zero-set (U, # {0}), for every point p,
on ISS(U,) there exist a control input w4 on U,, another control input region U; entirely
inside U,, i.e. U3z < (U, — U,"), and a point ps in its integrated stable subspaces ISS(U5)
such that a state trajectory passing through p, will arrive on p3 under the system dynamics

of x = f(x, uq). In mathematics:

sz € ISS(uz) : Elul € 'Ul & ’U3 C (UZ _UZ*) & P3 € ISS(U3) such that th >
t; : x(t,) = p3 under the dynamics of x = f(x, uy), x(t;) = p,, where U, c (U; —U;")
and U, # {0}.

Proof:

From the definition of 1SS we know that if p, € ISS(U,)=3u, € U," such that
P2 € SS5(uy) = x(p,, uy) is tangent to ISS(U,).

. : af (x,u)
x(pz,u) = x(p2,uz) + “ou | (ppuy) (U —uz) + -

af (x,u)

M(@)q=C(qq) +G(q@) +u 0
} o |au) = [M_l(pz)] = x(p2,u) = x(p2,uz) +

=g e

[M_l(Pz)O(u - uz)]

Let i,y be the unit normal outward vector of ISS(U,) at p,. 7 is perpendicular to

[Tfl}mn]. Therefore

x(py, uy): . x(py, uy) = 0. Let’s decompose i as i = [
[A2]mx1

£ 2) = g1 Y - | = o M )@ =)

Define the e-neighborhood of U, as: U5 = {u € R™norm(u —u,) < & Vu, € ’UZ}.
For a u, € U, vector (u—u,) covers all directions in R™ for u € U5, and hence
M~1(p,)(u — u,) covers all directions in R™ as well since M is the symmetric matrix of
inertia, positive definite and full rank. Thus, Ju; € U5 such that A.x(py,uy) =
fl,. M~ (p,)(u; — u,) < 0 which means %(p,,u,) goes inside iISS(U,). The above holds
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for any € > 0, implying that at a point p, on ISS(U,) there exist a control input
u; € U5 © U, which pushes the state in iISS(U,), or to ISS of some U; < (U, — U,"Y).

* %k

This theorem says that for a certain input constraint U, the system will be able to drive
any point on the ISS of some subset of ‘U - except the origin of the state space - to the ISS
of some subset of that subset which will easily conclude to the balanceability of iISS by
using the Lyapunov 2" theorem or the Krasovskii-LaSalle principle: the volume of the iISS
of U or its current subset is always positive and can be continuously decreased except
when it reaches {0} where the algorithm stops, thus iISS goes to {0} as time goes to
infinity.

For any given input constraint its iISS is entirely balanceable. The input constraint in
this study may be any closed subspace of which includes the origin, and is not limited to
those which may appear in practice for real cases. It is not guaranteed that for any arbitrary
form of the input region in the input space its iISS covers the entire balanceable region.
However, the following theorem gives a criterion to check whether iISS of a givenU
covers the balanceable region entirely or not:

Theorem 3: For the system x = f(x,u); u € U let B(U) be the complete balanceable
region. If at some time, the state of the system x4 be on the boundary of the balanceable
region B*(U), it may easily be proven that there is no possibility for the system to drive its
state inside B (i.e. in B — B*):

If x; € B*(U) = A uy € U such that x(x,,u,) goes inside B(U) — B*(U).
Proof (by contradiction):

Suppose that Ip € B*, u; € Uand At >0 such that (p+x(p,uy)dt) € (B—
B*); Vot € (0, At]. Suppose that At is very small.

Letp; = p + x(p,uAt, p' = p — ax(p,uy)At where a > 0, p, = p' + x(p,uy)At, and
ps = p' + x(p’,uy)At. Let d be the minimum distance from p;to B*.

) ! o ! a.x.' !
ps—p1=p —p+ EQ\u) — ()Mt =p' —p + o~ lpuy (@'~ PIAL

ox .
=—a (1 + FP |(p,u1)At) x(p,uq)At

Therefore:

d
1+%|(p.u1)Af)x(p,u1)At||

p' is balanceable, but it is out of B* = contradiction. ***

a< ”( = |Ips — p1ll < d which means p; € (B — B*) which means

In other words, at B the state time-derivative vector f(x,u) must be outward or
tangent to B*. This criterion may be easily checked for the boundary of a candidate for the
balanceable region such asilSS. Furthermore, for some candidate of the balanceable

26



Chapter 3 The Balanceable Region

region which is entirely balanceable such as the iISS, if at some x4 on its boundary and
some u4 € U the above condition doesn’t hold, a corrective computer algorithm may
extend the candidate region in the direction of —f (x4, u¢) in order to include the missed
balanceable states.

3.5. Application of the method on two mechanical models

This section will illustrate how the balanceable region, or the feasible movement area
for the control of balance, can be found using the above theory. The mechanical models to
be used here are planar 2-segment and 3-segment models of the human standing balance
in the sagittal plane, although the methodology is the same in frontal plane for medio-
lateral movements.

3.5.1. Two-segment model

Consider a well-known 2-segment mechanical model of a body in upright balance,
which has been introduced in section 2.2. It consists of 1) feet, and 2) the rest of body with
only one degree of freedom in its ankle joint.

The motion state of this model may be expressed by either of the ankle angle and
angular velocity: x = [0 w]” (w = 6) or by the location of the vertical projection of the
CoM and its time derivative: z = [d v]7, where v = d. The only control input (u) to this
model is the ankle torque (T4,xie) by which the individual controls its state. The ankle
torque is restricted to some maximum value in the dorsiflexion direction (upg,,,,) and
some maximum value in the plantar flexion direction (upg,, .. ). The feasible range of u,
hence, is U = {u|uDFmax <uc< uppmax}, the boundary of which consists of two points:

U* = {Upp g UPF gy - The equation of state (2-5-2) may be written as

X2 ()

asinx; (t) + bu(t) ;2(0) = xo (3-8)

x(6) = [

where xq is the initial state, constants a and b are mglg_ g/lankie and 1/laniie

respectively. Lixie = I + mBchmz where I is the body moment of inertia about its CoM.

To find SS(uPFmax), the stable subspace corresponding to u = upg,, ., i-€. the sort of
initial states which automatically travel to some equilibrium point x4 under the system
dynamics of x(t) = f(x(t),umeax ), the equilibrium point xeq(umeax) must be found
first, then the state trajectory passing through that point must be figured out. At an
equilibrium point the state remains constant (x = 0):

f(XeqrUprpmgy ) = 0= Xeq = [sin‘1 (—Zuppmax) O]T (3-9)

The state trajectory passing through this point for the input u = upg,, .. may be found as
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x,%(t) = —2a <cosx1(t) — cos (sin‘1 (—Suppmax») + 2bupp,,,, (xl(t) —

(Si“_l (_ZuPFmax))> ; x%(t) #0 (3-10)

Eqg. (3-10) produces four curves, two of which align with the stable eigenvector and show
the stable subspace of system (3-8) with u = UpF,q,- THE Other stable subspace,

SS(UpF g, ) €an be found in a similar way.

In order to produce numerical results, average anatomical values (Winter, 2009) are
used, as shown in Table 3-1, which are similar to those used in Pai & Patton (1997) and Hof
et al,, (2005). The control input constraint is set tou € U = [-167.0~ + 39.17] (+:
dorsiflexion) which closely simulates the conditions in those studies. The stable subspaces
for such a model are shown in Figure 3-7-a: the green curve= S5(4+39.17) and the red
curve= $5(—167.0), inside which is iISS(U) which is proven to be balanceable . Theorem 3
helps to make sure that iISS covers the balanceable region of system (3-8) entirely. At
x; = [0.439 — 0.676]7 on SS(—167.0) (thus on ISS(U)), for example, the direction of
f(xq,u) for allu € U is drawn in Figure 3-7-a, in the upper right corner. It shows there is
no possibility to enter the ISS at x4 if constrained to inputs within U, since all the
trajectories at this point are tangent to or outward of ISS. Checking the criterion of
Theorem 3 for all points on ISS confirms that there is no balanceable point on ISS or
outside it, and hence, that iISS(U) is exactly and thoroughly the B(U) since a trajectory
from outside ISS to the origin will surely cut through ISS.

Table 3-1. Anatomical parameters used for the 3-link model of section 2.3.

- Mass mp = 72.825 kg
S Moment of inertia (CoM) Iy = 11.7057 kg.m?
- Hip to CoM length lg,, = 0.8755m
Mass mp = 2175 kg
Length, toe to heel lr =0.2660 m
E Height, ground to ankle y4 = 0.0683m
Toe to ankle (horizontal) x4, =0.2155m
Toe to CoM (horizontal) Xf, = 0.1330m

The balanceable region in the x-plane may be mapped into the z-plane by

d= (xA — chmsin(B))/lF

v = (~lg,, Bcos(6))/H (3-11)

where z = [d v]”, d and v are the horizontal location of the CoM normalized to the feet
length and the horizontal velocity of the CoM normalized to the body height. The
balanceable region found above transferred into the z-plane as well as those proposed in
Pai & Patton (1997) and in Hof et al., (2005) are shown in Figure 3-7-b.
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Figure 3-7. a) Stable subspaces corresponding to the maximum torque in dorsiflexion
(green curve) and plantar flexion (red curve) directions, in the angle-angular velocity
(X) plane. The area between the two curves is balanceable. The criterion of Theorem 3
is checked and confirmed. As an example, f(x, ) at one state x = [0.439 — 0.676]"
for all u € U is shown. b) Boundaries of the balanceable region mapped in the z-plane
(green and red curves), and those obtained in Pai & Patton (1997) (solid black) and in
Hof et al. (2005) (dash-dotted black).

29



Chapter 3 The Balanceable Region

The main two boundaries of the balanceable region found by the method of this
research match those of Pai & Patton (1997). However, we have missed a third boundary
which comes from a condition on the exerted torque on the ankle joint in large movements
in order to ensure that the pressure-type nature of the GRF holds. Such a condition cannot
be seen in the form of the control input constraint considered in this study. A discussion on
the input constraints will be done later.

3.5.2. Three-segment model

In this section we will apply the same theory on a more complicated model as well, in
order to figure out its balanceable region. Consider a 3-segment mechanical model which
has been introduced in section 2.3, consisting of 1) feet, 2) lower limbs (excluding the feet),
and 3) the upper body, jointed at the ankle and hip with the sagittal symmetry is assumed.
Two degrees of freedom for this model are rotations in ankle and hip joints.

A set of four variables is needed to express the state of this model, e.g. x =
[6;, 6, 91 QZ]T € R* where 6, and 8, are the lower limbs and upper body inclination
angles respectively, and 6; and 6, are their time-derivatives.

The control input vector u consists of the ankle and hip torques: u = [Tankie Thip]”,
which is restricted to some region in the input space: u € U < R2. For an input u* on U*
the equilibrium state of the system x = f(x,u") is

_uA* _uH*

T
* _ . _1 . _1
xeq(u)_[sm (g(leLCM+mHlLH)) sin (gmHchM) 0 0] (3-12)

The stable subspace for this system near its equilibrium point is the span of the stable
eigenvectors of the linearized matrix A:

0h ... 94

. 0xq 0xy
A=% =|: - | (313

Yoxsxeq o O

6x1 aX4,

which is a 2-dimensional plane. To obtain the SS(u*) entirely, one may solve the state
trajectories that pass through points on the stable subspace near the x4, i.e. solve the
system x = f(x,u"); x(0) = x, with negative time steps, where x, = c;v1 + ¢, V5, V1 and
v, are the stable eigenvectors of 4, ¢; and ¢, are arbitrary real values, such that ¢;? + c,?
be very small. ISS(U) is the set of all SS(u*) for allu* € U* and is a 3-dimensional surface
separating iISS from 0ISS in the 4-dimensional state space.

Average anatomical values of Table 3-2 (Winter, 2009) and a rectangular shape of the
feasible input region are used as

Uy
U= {[UH] |uAmin Suy = Udmax &uHmin Sup < uHmax}
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Table 3-2. Anatomical parameters used for the 3-link model of in section 2.2.

- Mass my = 50.85 kg
% Moment of inertia (CoM) Iy = 3.1777 kg.m?
Hip to CoM length lyg,, = 0.1885m
Mass m; = 21975 kg
g é Moment of inertia (CoM) I, = 1.5489 kg.m?
33 Ankleto CoM length ligy = 0.5637 m
Ankle to hip length I, =0.8592m
Mass mp = 2.175 kg
Length, toe to heel lr =0.2660 m
E Height, ground to ankle y4 = 0.0683m
Toe to ankle (horizontal) x4 =0.2155m
Toe to CoM (horizontal) X5, = 0.1330m

withu,, .. = —-167.0,u,, . = +3917, uy, .. = —87.85, anduy, . = +102.0 (Figure
3-8) and the ISS was obtained for this system. Figure 3-9 shows the part of the balanceable
region which has zero angular velocities (a), the part with zero angles (b), and the part in
which 8; = 6, & 6; = 6, inthe 8 — 6 plane (c) and in the d — v plane (d). Figures c) and d)
show which initial states with an aligned lower and upper body and the same angular
velocities are balanceable, which is generally similar to the balanceable region of Figure 3-
7. This is because the dynamics of the two and three-segment models are not so different
in configurations determined by the condition of 8; = 6, & 8; = 65, since the third link’s
length (ly,,) is small. Minor differences mainly come from 1) Hip bending, which makes
the 3-segement model more capable in momentum management, and explains the upper
shifting of the upper boundary. Therefore, the area between the upper blue curve and
upper solid black curve in Figure 3-9-d which has been declared not balanceable by a 2-
segment model is now found balanceable by a 3-segment model including a hip joint. 2)
The torque limit on the hip joint of the 3-segement model which prevents the application
of torques big enough in states bellow the lower blue curve, while such a limitation doesn’t
exist in the 2-segment model. Thus, there is an area in Figure 3-9-d which is balanceable
according to the 2-segment model and not according to the 3-segment model.

However, it should be noted that Figure 3-9-d shows only a cross-section of the
balanceable region for the 3-segment model, not the projection of the balanceable region
in z-plane. Many body configurations (states) in the 4-dimensional state space of the 3-
segment model, including both balanceable and non-balanceable points, would be mapped
into the same point in posidion-velocity of the CoM plane (z-plane). This means that the
range of feasible movements for the control of balance in a 3-segment model cannot be
thoroughly compared by areas in the z-plane. A seperate study may focus on a thorough
analysis and comparison of the results from different models, e.g. to consider how the
feasible range of movements vary when shifting from ankle strategy to hip or squat
strategies.
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Figure 3-8. The control input constraint used in section 3.5.2. The input (ankle and hip torque)

may take values only from inside the blue rectangle. It is also called the feasible input region.
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Figure 3-9. Some aspects of the balanceable region in the 4-dimensional state space: the
part with zero Legs and HAT angular velocity (a), with zero angles (b), with equal
angles and equal angular velocities (c). d) Figure (c) mapped into the z-plane (blue
curves) and the balanceable region obtained in Pai & Patton (1997) (solid black) and in
Hof et al. (2005) (dashed black).

Boundaries in Figure 3-9 are not so smooth, which should be related to the low
resolution of the 4-dimensional matrix that stores the ISS. Increasing the resolution would
increase the matrix size by a fourth power.
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3.6. Discussion

3.6.1. The Control Input Constraint

The less restricted the joint torques are, the larger the balanceable region is. The
motor (muscle) maximum force (active+passive), geometry of the joint (the point of action
of forces, muscle directions, the instantaneous center of rotation), and the mechanical
strength of tissues engaged in force transmission and joint stability (bones and soft tissues),
restrict the possible joint torques. For example, the average (standard deviation) isometric
maximum ankle torque for both legs together in dorsiflexion and plantar flexion and hip
torque in flexion and extension are reported to be 47.44 (14.58) and 90.70 (56.24), 191.09
(56.24), and 87.85 (73.41) Newton-meters, respectively, for a group of about 1000
Japanese adults (NITE, 2003). The actual values vary with each subject. However, the
maximum motor torque is not the only constraint. Foot-ground contact conditions (the
vertical component of the contact force must be in pressure form, its horizontal
component must comply with static friction requirements, location of the CoP is limited)
also have to be satisfied. For example, for a foot length of 27.1cm, the ankle to toe
horizontal distance of 21.9cm, and the body mass of 80kg, the dorsiflexor torque on ankles
may not exceed 39.17N. m, which is less than the dorsiflexor torque most of the people are
able to produce in their ankles.

The maximum torque an individual is able to produce in a joint varies with the joint
angle as well as its angular velocity, since joint geometry and muscle forces are
position/velocity dependent. In addition, the limit of applicable joint torques in order to
maintain the stability conditions and keep the feet stationary on the ground varies with the
kinematics and dynamics of the entire body. The control input constraint, therefore, is
state-dependent in reality, while in this study state-invariant input constraints were used
for simplicity. However, the results may be extended easily to the state-variant input
regions by localizing the ISS for each state.

The control input an individual actually applies in response to a sudden balance
perturbation in order to prevent a fall from initiating may be less than what they are
mechanically able to exert. Non-mechanical factors will be involved as well, such as acute
or chronic pain (Farina et al., 2004) and fatigue (see e.g. Beelen & Sargeant, 1991; Spendiff
et al., 2002), which means a perturbation might lead to a fall for an individual, though he is
mechanically able to recover its balance. Nevertheless, this research doesn’t focus on how
to find the control input constraint for an individual. The method of this research works for
all closed feasible input regions (origin must be included) of any shape.

3.6.2. Existence of Stable Subspaces

The range of feasible movements of a body for the control of balance with certain
constraints is figured out in this research by some particular state trajectories (stable
subspaces) corresponding to the boundary of torque constraints. Each of such trajectories
meets the equilibrium point corresponding to one of the points on the boundary of the
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input torque constraints, under the system dynamics with that certain input. However, the
existence of an equilibrium point for an arbitrary input torque is not proven. A question
arises here: how to find the balanceable region if no stable subspace exists for some
inputs? In fact, such a condition may happen for the shoulder joint, knee, and even the hip
joint. The answer is, for a control input on the boundary of the input constraint and with no
corresponding stable subspace, the extreme trajectory should be used instead which
satisfies all the constraints and meets the stable subspace of another control input which
has an equilibrium point in the feasible input region, inside the feasible input region. An
extreme trajectory is that, if it is selected, all other trajectories of the above condition for
the same system dynamics will be included in iISS. To illustrate, let’s turn back to the 2-
segment model. From equation (5) the condition for the existence of the stable subspace
for a control input u is
—s<u<: (10)
which is —=779.9 < u < +779.9 for anatomical values of table 1. The control input
constraint used in section 3.1 pretty well satisfies the existence condition entirely, i.e. for
all the torques in the assumed feasible input range stable subspaces exist. Now, in order to
demonstrate how to deal with a case in which an equilibrium point is missing, and in order
to avoid complexities in explanation and demonstration for a more degrees of freedom
model, let the input constraint for the same 2-link model be the very unrealistic range of

U = {u| — 500 < u < +1000}

such that includes inputs with no stable subspace. Also, suppose that a state may excurse
inside the window of X = {x € R?||x4| < 1} only, i.e. —60° < 8 < +60°, otherwise the
system has failed to control its balance.

Stable subspaces for all control inputs for which a stable subspace exists are shown in
Figure 3-10: the red curves. For u*; = —500N.m on the boundary of U, the equilibrium
point Xeq = [-0.70 0]" € X, and therefore T; = {x € R?|x € X, x € SS(u*)} forms the
upper part of the ISS (thick red curve). The input u*, = +1000N. m on the boundary of U
doesn’t satisfy the condition (10) and hence, no equilibrium point exists. The extreme
trajectory satisfying the system constraints should be used instead of SS(u*,). All state
trajectories of the system (4) with u = +1000 are drawn in Figure 3-10: the blue curves.
The curve T, which passes through the point [-1 0]7 is the extreme trajectory of this
input and forms a part of the ISS since it is the only one that excludes no trajectory in ISS
which cuts a stable subspace while satisfying the constraints. The ISS for this system is
therefore, the area bounded by Ty, T,, and X, i.e. the four corners of which are marked
with an “x” in Figure 3-10.

3.6.3. Limitations

A state-invariant input constraint was assumed in this research for simplicity. A
constraint expressed in such a way cannot simulate any state-variant condition on the
input torque, e.g. the condition imposed by the necessity of being the GRF always upward.
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This is why the corresponding third boundary of the balanceable region couldn’t be found
in Figure 3-7. A future extension may consider a general form of the state-variant input
constraint and figure out the balanceable region by localizing the integrated stable
subspaces at every point of its boundary.

In this research, like the previous ones, the feasible range of movements for the
control of balance addresses the physical feasibility for a mechanical model where the
maximum torque an individual can apply on their joints as well as the anatomical
parameters play the key role. The model may be extended to include the control system as
well, in order to differentiate between the balanceable regions for individuals with not only
different mechanics but different control skills as well. For example, adding a response
delay into the model will map a state to a point in the instant response model which will be
the destination of that state after the response time.
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Figure 3-10. Theoretical balanceable region for an unrealistic input constraint of —500 <
u < 41000 [N m] to show how to deal with a case where no stable subspace exists. Red
curves are stable subspaces for all the inputs for which a stable subspace exists (condition
10). $S(—500) forms the upper border of the balanceable region (the thick red curve, T;).
For u = 41000, no stable subspace exists, and the extreme trajectory should be used instead.
Blue curves are state trajectories of system (4) for u = +1000, and the extreme trajectory is
the thick blue one (T3). All trajectories below T, cannot be kept inside X by the system, and
those above it are able to be driven to an equilibrium point, and therefore are able to be
driven to the origin. Lateral boundaries are imposed by the state constraint (green lines). The
balanceable region for this system is the area between the “x” marks.
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3.7. Summary

In this section we addressed the question of what is the feasible range of movement
for a body to remain balanced while in upright postures. A feasible region in the center of
mass position-velocity plane has been proposed previously. We showed that for a certain
individual with given anatomical and mechanical characteristics, the feasible movements of
the CoM, or more generally the range of states at which the control of balance would be
possible, can be analytically found through a mechanical reasoning. We introduced a
subspace of the motion state space, namely the integrated stable subspaces (/SS), and
proved that the control of balance is possible all over the ISS. In order to illustrate how the
method may be used in practice, the feasible region for a well-known one-DoF mechanical
model as well as for a two-DoF one is found using this approach, and is compared to that
found by the conventional method. The feasible region found by this approach depends on
the physical properties of a body including anatomical parameters of a body as well as the
torque (control input) constraints. This method works with any arbitrary shape of the input
constraint.
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Chapter 4

The new metric for postural upright stability:
Probability of Recovery - PoR

4.1. Introduction

Balance gets disturbed by perturbations of different types, then, escaping from the
initiation of a fall the individual starts a procedure to recover balance. After a person feels
at risk of the loss of balance and after some reaction delay, the recovery procedure
commences and lasts until advancing the posture to a safe one. Let’s call the start point of
the recovery trial a “perturbed state”, and without loss of generality, assume that the
objective of recovery is to drive the posture to an exactly upright position without any part
of the body moving. The balance is recovered if and only if this objective is achieved. The
possibility of an individual to recover his or her balance from a perturbed state, in addition
to the individual’s characteristics, depends on the perturbed state. The more severe a
perturbation is, the more recovering from the corresponding perturbed state becomes
difficult, where one may say that state is far from balance, or the postural upright stability
at that state is poor. In many cases, research or practice, it is essential to quantitatively
know how good the balance is at a body posture or at every moment during a task. In this
part of this research a quantitative metric to assess the upright stability at a certain state is
the matter of interest

We take advantage of the idea of risk of fall initiation and suggest a new measure for
the postural upright stability which assigns a value to a body state based on the probability
of avoiding a fall initiation from that state. A value between 0 (highly unstable) and 1
(highly stable) is allocated to a body state describing how possible maintaining/regaining
the balance is at that state. It is in close relation with how safe being in a certain state is,
with respect to the loss of balance. It will be defined conceptually first, then a three-
segment mechanical model will be selected as a platform based on which we will explain
how it may be calculated and show some results. Results will be shown and compared for a
2-link model as well. This new measure will also be compared to the conventional metric:
margin of stability (MoS).

4.2. The no-risk curve

For a free uncontrolled inverted pendulum, for every angle (8z), which is measured
from the vertical line, between —m/2 and /2 there exist an angular velocity (f3) in the
opposite direction which drives the pendulum to an upright posture with zero velocity after
some time.

Now, consider the 2-segment mechanical model of section 2.2. This model is slightly
different than a simple inverted pendulum since we have two segments. In order for a body
part to behave like a simple pendulum, constraints (2-4-1) to (2-4-3) must be satisfied.
Therefore, for a subject in a situation having some (x,v) corresponding to the above
mentioned pair of (85, 8) according to (2-7-1) and (2-7-2), it will easily be driven to a static
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upright posture without any effort, if constraints (2-4-1) to (2-4-3) are satisfied during this
motion. Thus, such a pair of (x, v) is a “no-risk point”, since no one will initiate a fall from it.
To find all no-risk points, one may set u = 0, Vt in the equation of state (2-6-2) and obtain
the no-risk curve (NRC) as follows:

932 = 2a(1 —cosfg) (4-1)

l
where a = %g. Rewriting (4-1) for x and v delivers
(IB+mBlBCM )

v? =20 <13cm — \/chmZ — (x4 — x)2> (I = (xa = 20%)  (4-2)

(TB"'mBlBCMZ)

In order to get rid of individual’s characteristics and obtain general results, we use
normalized position and velocity of the body CoM as defined in (2-8-1) and (2-8-2). Thus,
the equation of the NRC will become as

2=—2 —(1-VI-%2)(1-%2) (4-3)

“{a)
lBem
where lBg is the gyration radius of the body (Iz = mBlBgZ). According to anthropometric

databases (for ex. see Winter, 2009) lBg/chm may be estimated as 0.4579. The dashed red

curve in Figure 4-1 shows the NRC in Y-plane. For example, for the CoM to be behind the
ankle at 0.25 times of its distance to the ankle (which is, for an average male, about 22 cm),
a normalized forward velocity of 0.2204 (which about 0.65 m/s for an average male) is
needed to drive it to exactly above the ankle and stop it, in the absence of any ankle torque.

However, equation (4-3) for the no-risk curve is obtained under the assumption of an
absence of any control input, i.e. ankle torque, always, for every body state. In the reality
the control input is a summation of active and passive torques, i.e.

u(t) = Toc(0) + Tps(t) (4-4)

where T, and T,,¢ are the active and passive ankle torques [N.m], respectively. In reality,
what every person with any level of strength may apply is a zero active torque, and since a
passive moment might exist depending on the posture, the control input will not be always
zero. Passive torque-angle relationship has been modeled by exponential summations as
follows:

Tps(0p) = Bye¥1% + B,e*208  (4-5)

where B;, B,, k1, and k, are coefficients obtained by experiments. Values obtained for a
group of male adults aged over 65 years old are 5.693E-5, -0.488, -21.088, and 7.309
respectively (Anderson et al., 2007). By adding a small constant value to the passive torque-
angle relation (4-5), one may remove its bias in order to have TpS(O) =0.
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Figure 4-1. No-risk curve (NRC), assuming zero input, i.e. passive torque is assumed not dependent
to angle (dashed red curve), and without the above assumption, i.e. torque varies with angle (solid
blue curve). Axes are horizontal position and horizontal velocity of the body center of mass
normalized by equation (2-8-1) and (2-8-2). Origin ((x = ¥ = 0)) corresponds to the static upright
posture. Arrows correspond to dynamic traces for the zero-input case, showing that without
making any efforts the system will get far from the balance when concluding with a fall, for all
initial conditions except those lying on the no-risk curve.

NRC in this case, i.e. without the assumption of zero passive torque for all angles, can
be calculated through an easy numeric method. Set the active torque to zero for all times
(T, = 0,Vt), and the control input at a given state will be the passive torque at that state:

(4-4)=> u(x,v) = TpS(BB (x))

By substituting this input in the equation of state (2-6-2) and solving it with a negative
time step, the no-risk curve can be found. It is shown in Figure 4-1. A remark here is, if the
solver starts at the origin of the x — v plane, which corresponds to an upright posture
without motion, the equation of state delivers the trivial solution of x = v = 0. To avoid
this problem, the solver should start with some initial states on the curve of (4-3) and very
close to the origin, since for points close to the origin of x — v plane Tp,s(x) = 0 and thus
equation (4-3) works. As shown in Figure 4-1, the no-risk curves obtained with and without
the simplifying assumption of zero passive torque almost overlap, except at the two ends
where small differences can be seen. For the same example of ¥ = —0.25 the necessary
normalized velocity is found to be ¥ = 0.2219 which is only 0.7% different from the
previous result (0.2204).
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4.3. The new metric for upright balance: conceptual definition

The term “state” is used in this work to describe the body situation at a moment which
may be expressed by a vector consisting of all postural and movement variables, e.g. joint
angles and angular velocities. State space is then a virtual n-dimensional space (n: the
number of state variables), each axis of which is one of the joint angles or angular velocities.
Any human movement, like balance recovery trial, may be described by a curve in the state
space, showing what the body state is at any point in time.

Postural stability is different from state to state. At the body states on the so called no-
risk curve everybody are able to control their balance, since no active action is needed at
those situation, and everybody have the ability to accomplish the no action job. At some
other body states (e.g. CoM behind the BoS with a backward velocity) no one is able to
maintain its balance and a fall will surely initiate. Thus, the postural stability at these
situations is poor. A postural stability value should be assigned to every state to show how
good the balance is at each state.

For points other than those on the NRC, without making some efforts a subject will
undoubtedly initiate a fall (see the phase plane shown in Figure 4-1). To avoid beginning a
fall a subject must make some efforts. Even under a perfect reaction, some subjects will be
successful and the others will lose their balance, depending on their strength. The portion
of fallers varies from state to state. One may argue that a bigger stability value should be
granted to the state from which a smaller portion of the society will initiate a fall, which
directly implies how safe that state is. This is the key idea behind our new stability metric.
By using the population’s statistical characteristics and taking advantage of the concept of
probability, the postural stability at a state may be defined as the probability of the balance
to be recoverable from that state over the entire population, without initiation of a fall,
and called the probability of recovery (PoR).

4.4. How to calculate PoR

PoR, may be solved on any mechanical model, whether planar or spatial, both legs
paired with sagittal symmetry or independent legs, and any number of segments.
Nevertheless the complexity of the model dramatically increases the computation burden.
In order to define this new stability measure in more details and illustrate how it will be
found for a state we use a simple yet most common mechanical model in the balance
analysis research as a chassis, although the methodology may be extended to other
mechanical models.

4.4.1. Dynamic model

The model is a 2-segment linkage introduced in section 2.2. Using such a sagittal model,
an individual’s situation at a moment (state) may be expressed uniquely by a set of 2
variables: the normalized location of the vertical projection of the CoM (X) and the
normalized horizontal velocity of the CoM (7), i.e. state can be
V=[]
v

or the body inclination angle () and its angular velocity (85), i.e.
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<[}

The equation of state for X and Y is given in equations (2-6-2) and (2-10-2), respectively.
The foot constraints that restrict the applicable ankle torque are given in relationship (2-12).

The control input into this model by which the individual controls his or her posture is
the ankle torque. Control input at state X is limited to a band Tg.:(X) = [TPFMax(X)’
TDFMax(X)] which varies with the state, but Tg,;(0) is an attribute of the individual.
Abbreviations PF and DF stand for plantar flexion, and dorsiflexion respectively. For
example, Tpp,,,..(0) is the maximum plantar flexion torque this specific person can apply

on his or her ankle in a still, erect standing position.

4.4.2. The balance recovery problem

It is the problem of checking whether the control of balance at a given perturbed state
X, is possible for a certain subject with a given Ts,;(0). With a control input trajectory
(input at every point in time) candidate and a given initial state, a computer program may
solve the dynamic equation (e.g. by Runge-Kutta method) and obtain the state trajectory
X(t). Control input trajectories will be searched on, and if there exists one such that 1)
drives the body from X, to 0, 2) complies with the applicable input range at every state
(Tser (X)) for that specific subject, 3) all the joint angles remain within their range of motion,
4) foot constraints always hold, and 5) the movement excludes a fall, the outcome of the
balance recovery problem is positive. Though several methods have been developed to find
an optimal input trajectory for a movement (see e.g. Helbig et al, 1998; Atkeson &
Stephens, 2007; Honarvarmahjoobin, 2009) a direct search over the possible input
trajectories should be utilized since only the existence of a solution is important here.

4.4.3. Torque limits at a given state, T ¢ (X)

Both the active and passive torques vary with the joint angle and its angular velocity,
since the maximum force each muscle can generate depends on the muscle length and its
contraction rate, and hence depends on the joint angle and angular velocity at the time. In
addition, the muscle force direction and its moment arm varies with the joint angle.
Models have been generated to simulate the force-length-velocity dependency of muscles
or torque-angle-angular velocity relationships for joints, based on a Hill-type model (Hill,
1938; Chow et al., 1999; King and Yeadon, 2002; Anderson et al., 2007). This study uses the
model developed by Anderson et al. (2007) which suggests equation (4-5) to correlate the
passive torque (T)) to the joint angle (6), and equation (4-6) to correlate the maximum

active torque (T,.) to the joint angle and angular velocity (6):
2C4Cs+0(Cs—3Cy)
Cicos(C2(6 = C3) (zc4cs+é(zcs—4c4)
_ 2C4Cs—0(Cs—3Cy) ). A
Cr0s(C(8 — €2)) (rogranaes) (1 = CoB); 6 <0
where By, By, kq, k,, C,, C3,Cy4, Cs, and Cg are correlation constants. Values obtained by

);920

Tac(6, 9) = (4-6)

Anderson et al. (2007) are given in Table 4-1. Constant C; equals to Tjntmax(O); jnt =
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Table 4-1. Values of C,~Cg¢ in torque-angle-angular velocity relationships (Equations 4-5 and 4-6), for male
adults over 65yo, in plantarflexion (PF), dorsiflexion (DF), hip extension (HE), and hip flexion (HF)
directions. Data from Anderson et al. (2007).

PF 1.465 0.498 0.490 1.867 0.571
Ankle 5.693E-5 -0.488 -21.088 7.309
DF 1.419 -0.174 0.561 1.558 1.198
. HE 0.896 1.125 1.561 3.152 0.477
Hip -2.671 0.092 -7.850 5.192
HF 0.762 -0.269 1.875 3.819 0.296

{PF,DF}and T = Tjntmax(ejnt, éjoint); jnt = {PF,DF}. As stated in equation (4-4), the
applied torque on a joint is the summation of active and passive torques:

T(6,0) = Tys(0) + Tuc(6,0)

For example, to find the maximum active ankle torque in the plantar flexion direction,
when the ankle angle is 8, and its velocity is 8,4, substitute C; = TpF 1145 (0) in equation (4-
6) (since T,s(0) =~ 0) and find T,c(64,64). This added to Tps(84) found by equation (4-5)
delivers the maximum plantar flexor torque at (64,6,). The applied ankle torque by a
subject at a certain state must always remain somewhere between the maximum plantar
flexor and maximum dorsiflexor torque this subject can produce at this state. In addition
the foot constraints given in relationships(2-12) has to be satisfied, which is in somecases
more restrictive than the strength. In case of the foot constraints are more restrictive than
the muscles strength, the maximum applicable torque will be saturated at the highest level
which satisfies all the foot constraints.

4.4.4. Probability of recovery at a state, POR(X,)

Values of Tg.:(0) for a population sample of 553 adults are available at NITE, 2003.
Average (SD) for Tpp,,,,(0) and  Tpg,,, (0) are —91.65(56.24)N.m and
+47.66(14.58)N.m, respectively. Figure 4-2 shows the distribution of plantar flexion-
dorsiflexion strength data. For a given initial state X, a computer program solves the
balance recovery problem for each subject (i.e. for each Ts.:(0) data), integrates the
results and delivers which portion of them have the possibility of regaining their stability
when released from X, which is, by definition, PoR(X;). PoR hence takes values between
zero (0%, no one) and one (100%, everyone).

4.4.5. A faster calculation method

Calculation of the probability of recovery from a certain point in the x — v plain
includes solving the recovery problem from that point for the population’s strength pairs,
whether by integration of differential areas in the probability distribution function (PDF)
map, which is the derivative of the cumulative probability shown in Figure 4-3, or by
strength pairs data we have for a statistical group. In either case, to get a value for the risk
from a single posture, the recovery problem must be solved for many strength pairs.

Furthermore, to solve the recovery problem from a certain posture and for a certain
PF-DF strength pair, i.e. to find the possibility of regaining the balance from that posture for
a certain set of ankle torque limits, many iterations on torque-time functions must be
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Figure 4-2. Maximum applicable ankle (left) and hip (right) torques at zero angle and velocity
condition, for paired lower limbs, for a group of 553 Japanese adults (NITE, 2003). For each
subject, data for plantar flexion, dorsiflexion, hip extension, and hip flexion is available.

tested. Thus, to figure out the postural fall initiation risk from a single posture, a great
volume of calculations is needed. Finding a risk map for x — v plain will be a very time
consuming job.

Fortunately, there is a possibility for dramatically reducing the computational load.
Suppose a subject has a maximum isometric voluntary plantar flexor and dorsiflexor
torques of Tpg,,...(0) = 71.52N.m and Tpp,, ., (0) = 32.79N.m, respectively. This subject
is shown by a star mark in Figure 4-3. It is found that 53% of the population is able to apply
torques in both plantar flexion and dorsiflexion directions equal to or greater than those of

q) T T T T T T
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Figure 4-3. Contour map of cumulative probability function based on the statistical data from
the NITE (2003). For example it shows 53% of the population are able to apply normalized
plantar flexor and dorsiflexor torques of 0.8 and 0.7 (actual torques of -71.52 N.m and +32.79
N.m), respectively, at a static upright standing posture.
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this person. Now, find the balanceable region for this person in the X — v plane, as
introduced in section 3. The balanceable region for this person is the area between the red
curve and green curve in Figure 4-4, and this specific subject may regain their balance from
all states in this area but will initiate a fall if they start from any other state. Now, one may
do the same procedure for other possible subjects, i.e. other PF-DF strength points in
Figure 4-2, find the balanceable region for each subject, and by integration of the
probability distribution function over the subjects figure out the probability of recovery
(PoR) for all states.

For even more simplicity, if we neglect changes of maximum joint torques with ankle
angle and angular velocity, the boundaries of the balanceable region which are stable
subspaces corresponding to each point on the boundary of the input region, can be found
analytically by equation (3-10) as follows

X,2=—-2a (cos(Xl) - cos(XlO)) + 2bu* (X1 () — X1,) + X2,%; X2(0) #0
where u* is a control input on the boundary of the input region, and

b
sin™?! (— - u)
a

0

X0:

1
te [—4\/ a? — bzuz]

and ¢ is a small scalar, to move X slightly away from the X, = 0 axis in a true direction.

Figure 4-4. Phase plane for maximum plantar flexor torque of a subject with Tpp,, ==
71.52N.m. Green curve is the stable manifold for the maximum plantar flexion torque, and the
red curve is the stable manifold for the maximum dorsiflexion torque of Tpg,, .. (0) = 32.79N.

The balanceable region for this subject is the area between green and red curves.
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By solving the stable subspace for u* = Tpp,, . (0) for a subject, this curve will be the
contour of the PoR-map with a PoR equal to the portion of the population with a maximum
plantar flexion strength (Tpf,,,, (0)) equal to or greater than that of this person.

4.5. Results
4.5.1. 2-link model

For a 2-segment mechanical model of section 2.2 and anthropometric parameters of
Table 3-1 a MATLAB® program solved PoR for the entire X — ¥ plane. Satisfaction of foot
constraints is guaranteed and when necessary, saturated input is applied. The result is
shown in Figure 4-5. The model is facing to the left, and the positive direction implies
posterior movement. The dark red color means nobody will lose their balance, and dark
blue means everybody will lose their balance. This figure shows that recovery is not
possible except in a diagonal feasible region, the boundaries of which are imposed by foot
constraints: keeping the CoP between heels and toes (lateral boundaries) and keeping the
GRF upward (both ends). The origin corresponds to the CoM exactly above the ankle
without moving, and is colored as dark red. States around the origin and those spreading
along a particular diagonal curve, corresponding to those inclined postures having a proper
returning velocity are the safest states.

As a general trend, stability reduces with distance to the safe curve. It happens

I

o

horizontal component of CoM velocity)
N

dimensionless v : © (v

2.5 -2 -1.5 -1 0.5 0 0.5 1 15 2 25

dimensionless x : # (x: horizontal component of CoM position)

Figure 4-5. Color-map of the probability of recovery (PoR) for the 2-link model of section 2.2, in
X — D plane. Red means high PoR (1) and blue means low PoR (0). Recovery may be possible only
in a diagonal feasible region. The subject is facing to the left and positive X means backward
inclination. Origin of the coordinate system (¥ = ¥ = 0) implies the static upright posture.
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gradually on the left side (anterior displacement of the CoM) while a sudden drop to zero
takes place on the right side (posterior displacement). The reason is simple: in the posterior
movement of the CoM, the CoP arrives to its final location (the heel) very soon, beyond
which there is no possibility to recover without stepping backward. While in anterior
movements, CoP can move longer, and thus, the strength of joints is the key in most cases.

4.5.2. 3-link model

For the 3-segment model of section 2.3 PoR may be calculated for every single point in
the 4-dimensional state space (X = [QL,QH,GL,QH] € R*). Here it is shown for states on a
2-dimensional subspace of equal legs and HAT angles, and equal velocities, i.e.

HLZHH&HLZQH att=20 (4‘7)

mapped on the X — ¥ plane, the axes of which are the horizontal displacement of CoM of
the entire body (except feet) normalized to the foot length (X), and its time derivative (¥):

lLCM sin(QL)mL+(lLH Sin(eL)+lHCM sin(BH))mH

X =
lp(mp+my) (4-8)
1’) _ lLCM cos(BL)éLmL+(lLH COS(@L)GL‘FIHCM cos(BH)BH)mH
B lp(my+mpy)

During the recovery states may go out of this plane by hip flexion/extension.

A MATLAB® program solved the PoR for about 1000 initial states intelligently scattered
on the X — ¥ plane. Average anthropometric parameters (Winter, 2009, see Table 3-2)
were used. Satisfaction of foot constraints is guaranteed and when necessary, saturated
input is applied. The result is then interpolated for the entire plane (PoR-map) and shown
in Figure 4-6.

4.5.3. Risk of loss of balance on a train

Risk of loss of balance is the complimentary of the probability of recovery (1 minus
PoR). In order to present a practical example, risk of loss of balance for a person standing
on a train will be considered in this section.

For the same 2-link model of section 4.5.1, Figure 4-7 shows a color-map of postural
risk of loss of balance at any posture within the range of motion of the ankle joint, obtained
by the fast calculation method and with consideration of changes of the maximum
voluntary ankle torque with ankle angle and angular velocity. In this figure, the dark red
color means no one is able to regain stability under the assumptions of this paper (high
risk) and dark blue means everyone may regain their balance (no risk). The black dashed
curve is the no-risk curve. The ankle range of motion is supposed to be -0.7rad~+0.5rad (as
stated in section 2.2), which corresponds to the range of X as -0.48~+0.64. For the most
dorsiflexed case (X = —0.48) the maximum possible range of ¥ was found to be
+0.275~+0.512, while 50% of people cannot control their balance for velocities less than
+0.355. The upper bound is the same (0.512). The maximum tolerable plantar flexed
situation was found to be X = —0.540 for which a forward velocity of ¥ = —0.492 is
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Figure 4-6. Color-map of the probability of recovery (PoR) for the 3-link model of section 2.3, in

X — D plane. Red (1) means high PoR which implies low-risk of fall initiation, blue (0) means no
possibility to recover unless taking a step(s). Thus, recovery may be possible only in a diagonal
feasible region. The subject is facing to the left, thus, positive X means backward inclination.
Origin of the coordinate system (X = U = 0) implies the situation in which the center of mass of
the body is exactly above the ankle and doesn’t move, i.e. static upright posture.

necessary to make recovery possible for some subjects. The maximum tolerable forward
normalized velocity is -0.581 (@ X = —0.512). For static postures (v = 0), the possible
range of X is —0.214~ + 0.050 which is exactly — as expected — the foot length. However,
50% of people are not able to keep their balance outside the area of x = —0.113~ +
0.050.

Risk of loss of balance for a person standing on a train for several conditions is given in
Table 4-2. The person is in a erect stance situation when the train sudenly brakes with a
deceleretion of a. A forward perturbation means the person is facing toward the head of
the train, and a backward perturbation means they are facing to the rear. Delay time, tp, is
the delay between perturbation onset and recovery start. The initial situation for the
recovery trial is given by (X, 7). All initial states given in this table are shown in Figure 4-7.
The last row for each t; shows the lowest accelereation with 100% risk, which in some
cases are higher than what happens in a train in practice. It shows, for example, 98% of
those with a relatively fast response (75ms) are able to control their balance under a
sudden backward braking deceleration of 0.1g, which is quite normal in daily
transportation, while a response delay of 150ms makes stepping unavoidable. In forward
perturbation the risk of loss of balance for a 0.26g deceleration, which might happen in
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Figure 4-7. Color-map of the risk of loss of balance. Red (1) means high risk, blue (0) means no risk. X range is set to
[—0.48, +0.64] to keep the ankle angle within its range of motion. The subject is facing to the left, thus, positive X
means backward inclination. Origin of the coordinate system (X = ¥ = 0) implies the situation in which center of
mass of the body is exactly above the ankle and doesn’t move, i.e. a static upright posture. Black dashed curve is
the no-risk curve (NRC). Small black plus marks: initial states for recovery trial after forward/backward deceleration
perturbation on a train, for conditions stated in Table 4-2.

Table 4-2. Risk of loss of balance for a person standing on a train when the train suddenly brakes with a
deceleration of a. Forward perturbation means the person is facing toward the head of the train. Delay time, tp, is
the delay between perturbation onset and recovery start. Initial situation for the recovery trial is given by (X, )

tp 75 100 150
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a X . a X . a X .
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emergency braking, will be 25%, 43%, and 75%, after 75ms, 100ms, and 150ms of response
delay, respectively. One may use the method introduced in this study to consider the
stability of states in other actions and tests, such as walking, sit-to-stand, stepping
threshold tests, etc. For example, in walking, after a heel strike, when the other limb bears
almost no portion of the body weight, the position and velocity of the CoM may be used to
figure out the risk of loss of balance. In such a case it should be noted that the strength of
only one limb should be accounted for.

4.6. Discussion

A new measure for postural upright stability was introduced in this section to describe
guantitatively how good the balance is in a certain situation (state), which assigns a value
to a body state based on the probability of successfully maintaining the balance. PoR
calculated on a 3-link and a 2-link dynamic model is shown for all states in a 2-dimentsional
space mapped in the X — ¥ plane. In the followings, PoR will be compared to the
conventional stability measure: MoS, PoR obtained by the 3LM will be compared to that of
2LM, and limitations of this work will be discussed.

4.6.1. PoR vs MoS

MoS as defined by Hof et al. (2005) is

lF—XCOM ; XCOMZIF/Z

Mos = {XcoM . XcoM < 1p/2

where  XcoM = x +v/wg, wg =/9/lp,,, * = x4 —lp, sinfp, v=dx/dt . Positive
MoS implies the feasible recovery. It is normalized and shown for the ¥ — ¥ plane in Figure
4-8(a). Black lines are the MoS contours of 0.50 and 0.00. The same contours of PoR for the
2LM and 3LM are included for comparison as green and blue curves, respectively. MoS
takes one on a line (0 = —wyX — wy(2x4 — ) /21E), and linearly reduces with distance
from this line, while the distribution pattern for PoR is quite different.

MoS may be very small for a state while it is highly safe: at [¥  ©] = [0.16 0] MoS is
0.05 while PoR is 0.90 (Figure 4-8(b)). Orat[x ©#] =[0 0.51] M0S=0.07 versus PoR=0.90
(Figure 4-8(c)). The reverse is also true: high MoS doesn’t necessarily mean that recovery is
easy for everybody. At[® ©] =[—0.31 0] where according to MoS the stability is
maximum, only 70% of the population is able to control their balance. The required plantar
flexor torque at this posture is not applicable by the others. Also, for points out of the
feasible region nobody may recover their balance without taking a step, which is not
possible in the mechanical model of this study as well as that of MoS. Thus PoR=0
constantly, while MoS keeps reducing, e.g. from -0.40 at p3 to -0.86 at p4.

Furthermore, in an erect standing position small excursions of the vertical projection of
the CoM around the ankle are pretty safe and should not affect an upright stability index as
much as those near the toe or heel. This is exactly what can be seen on the PoR-map: the
maximum value with a small gradient on and around the origin, while MoS largely varies
with the state, e.g. from p1 to p2 in Figure 4-8(a) and (b) PoR changes from 1.00 to 0.90
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Figure 4-8. (a) Margin of stability (MoS) for the X — ¥ plane, normalized to its maximum. Dark red

corresponds to 1 (highest stability). Black curves are contours of 0 and 0.50 of MoS. The inner curve

corresponds to 0.50. Green and blue curves are contours of 0 and 0.50 (inner) of the probability of

recovery (PoR) for the 2-link model and 3-link model, respectively. Part of the 0.50 contours overlap with

the 0 contours. The thick blue curve shows the recovery trajectory of the 3-link model from p6. The thick

green curve shows the best attempt of the 2-link model from the same point. (b) A cross section of PoR-
2LM, PoR-3LM, and MoR at ¥ = 0, and (c) at X = 0. Points p1~p4 are equally distanced. (d) A stick view of
the recovery trajectory from p5 by the 3-link model for 50ms intervals.
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while MoS drops from 0.50 to 0.05. The sensitivity of PoR to (&, ¥) has its maximum on the
boundary of the feasible region, while MoS has a uniform gradient everywhere.

In fact, the physical interpretation of MoS is the minimum momentum which brings the
subject to the edge of a loss of balance. Following a perturbation onset and at the initial
state of the recovery trial, when there is no external intervention, it is PoR that addresses
how likely it is to lead to a loss of balance, and hence, describes how good the balance is in
the situation.

4.6.2. 2-Link Model vs 3-Link Model

Dynamics of the 2-link model (2LM) and 3-link model (3LM) are not so different in
configurations determined by condition (4-7) since the third link’s length (ZHCM) is small.
Thus, PoR (X, ¥) in Figures 4-5 and 4-6, as well as its contours and cross sections in Figure
4-8 show a similar pattern in general. Minor differences mainly come from 1) Hip bending
which makes the 3LM more capable in momentum management. See how a 3-link modeled
individual [Ter,, .0 ToFmax THE max: THE max) = [—120,+50, =120, +250] recovers from
a forward-inclined state with a backward velocity smaller than what is necessary for an
easy recovery (p5: [ ©] =[—1.2 +1.8]). The hip starts with a flexor torque in order to
speed up backward movement of Legs, and then quickly turns to an extensor torque. The
stick view (50ms intervals) and state trajectory of such a movement is shown in Figure 4-
8(d) and (a), respectively. This individual, if modeled as a 2LM, cannot recover from p5. The
state trajectory of its best 2LM attempt is shown in Figure 4-8(a) as well. PoR at p5 by 3LM
and 2LM is 30.03% and 23.77%, respectively. 2) The torque limit on the hip joint of the 3LM
prevents the application of torques big enough in some states. Thus, for example, at p6
([x ©]=[-0.38 +1.7]) PoR declared by the 3LM (58%) is less than that of the 2LM
(98.24%).

Anomalies in the PoR distribution pattern for the 3LM should be mainly related to the
simplifications and inaccuracies associated with the nature of this study’s numerical
solution algorithm, since the computational burden was much heavier in this case than that
in the 2LM.

However, the story is different for initial states other than those of condition (4-7)
where PoR by the 2LM (as well as MoS) might be far wrong, because of the lack of ability of
a 2LM to simulate a 3LM dynamics. As an example, consider an upright standing posture
with the velocity of Legs and HAT parts in an opposite direction but a zero velocity of the
total CoM. Both PoR by the 2LM and MoS declare this situation highly stable, while there
exist velocities for which the situation is not recoverable at all. A 2LM is capable to describe
body dynamics only in nearly standing postures, where the distance of the CoM to the BoS
remains almost constant and the horizontal excursions of CoM is small regarding the body
height.

4.6.3. Foot constraint versus torque limitations

Figure 4-7 says that, except in a diagonal band including the origin, regaining stability,
regardless of how strong an individual is, will not be possible under the assumptions of this
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paper, e.g., conditions in which no step is to be taken and no support is available other
than that from the ground. In that band, the possibility of recovery depends on one’s
strength.

If we don’t care about the ankles’ range of motion, the possible region for regaining
stability is bounded by four boundaries: two lateral boundaries are imposed by the
limitation of the position of the center of pressure, and the other two (northwest and
southeast) imposed by the nature of the ground reaction force. These boundaries are
shown in Figure 4-9 by solid black lines . Also a map of the postural risk of loss of balance
without caring about any constraint, i.e. range of motion and foot constraints (2-11), and
without taking into account the variability of the maximum applicable torque with angle
and angular velocity (equations 4-5 and 4-6), is shown by a colormap in the same figure. It
is interesting to note that the left and right lateral boundaries are the plantar flexion
extreme curve (PEC, which is the stable subspace with the maximum applicable plantar
flexion torque) with a fall initiation risk of 0.88 (i.e. PoR of 0.12) and dorsiflexion extreme
curve (DEC, the stable subspace with the maximum applicable dorsiflexion torque) with a
0.32 risk (PoR=0.68), i.e. when moving from negative X to positive, from left to the right in
Figure 4-7, at first the risk equals 1, then when the left border is reached it jumps from 1
(dark red) to 0.88 (red), decreases gradually —not uniformly — to zero (dark blue) at the no-
risk curve, increases gradually to 0.32 (cyan) at the right border and jumps suddenly to 1
again. It means that for a large majority of the population (88%) in forward bending, the
ankle strength matters and defines their possibility of balance control. For the other 12%

0.8 0.4 0.2 0 02 04 06

Figure 4-9. Postural risk of fall initiation, without using the torque-angle-velocity relationships.
No constraints are applied. Black solid lines indicate the area of possible stability from Figure 4-
7. Black dashed line shows the forward bending limit based on the ankle range of motion.
Backward bending limit lies at x = 0.643.
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(top strongest subjects), keeping the position of CoP within the supporting area is more
restrictive, and therefore, in extreme forward bending postures they cannot use their
maximum power. The story for the right lateral boundary is different. The DEC of a 0.32 risk,
implies that in backward leaning, the lack of support is dominant, since 68% of the
population cannot apply their maximum dorsiflexor torque in extreme backward inclination
cases. The reason is, roughly, that the supporting area is extended toward the front side
more than to the back, thus, the constraint on the position of the CoP is less restrictive in
forward leaning than in backward.

4.6.4. Effect of torque-angle-velocity relations

Human joint torque depends on angle and angular velocity. We included this fact in our
solution by using a model for torque-angle-velocity (equations 4-5 and 4-6) to determine
the ankle torque at a moment during solving the equation of state (2-6-2). Figure 4-1
showed a negligible difference in no-risk curves found with and without noting this fact.
We obtained the risk for the entire x — v plane again ignoring this fact in the solution
method, by using equations (3-9) and (3-10). The result, without any constraint, is
demonstrated in Figure 4-9. Comparing it to Figure 4-7 suggests that, even though the
obtained NRC was almost the same with and without this simplifying assumption, the
difference for the entire risk map is noticeable. One difference is that all iso-risk curves are
almost parallel in Figure 4-9 while they tend to converge when getting far from the origin in
both PF and DF directions, in Figure 4-7. This is mainly because in higher angles — in both
directions — one’s maximum applicable torque decreases, therefore one can tolerate
velocities in a smaller range and closer to that on the NRC. Another difference is that the
possible band has rotated slightly counter clockwise in Figure 4-7 with respect to Figure 4-9.
The point here is the role of passive torque, which is always concentric. At a backward
leaning posture a proper range of forward velocities is tolerable. If we don’t ignore the
passive torque, which acts in forward direction and collaborates with the forward velocity,
a smaller velocity works like a bigger one when passive torque was ignored. Thus, the
tolerable velocity range with presence of angle-dependent passive torques has a smaller
absolute. In order to ease comparison, the possible stability area of Figure 4-7 is indicated
in Figure 4-9 by solid black lines.

4.6.5. Limitations

In order to find a unique solid stability value for a body state, the focus of this work is
limited to mechanical characteristics since they may be easily modeled and measured. The
role of control skills is put out of view by assuming the controller to work optimally.
Therefore, whether a person is physically able to recover or not is the issue, where the
maximum torque an individual can apply on his or her joints plays a key role. Inclusion of
control/cognitive impairments would be possible by adding a control system model and
using statistical probability distribution functions for its parameters.

In this research a 3-link mechanical model was used to introduce and solve PoR which
does not include all the joints that play a noticeable role in the control of balance, such as
knees and shoulders. PoR estimated based on such a model is not perfect in some states or
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X, U pairs, since it may lose some possible recoveries. One may use the same method on a
more complete model in order to find more accurate results, or include medio-lateral
movements as well, though the computational time increases with the model complexity.
However, taking a step in order to recover one’s balance is a different story and is totally
put out of view in this study. In order to solve the recovery problem on a biped model a
multi-goal trajectory finding problem on a state-variant (or hybrid) dynamic system must
be solved, which is computationally very heavy. Nevertheless there are hopes that some
analytical methods may be developed to replace some huge parts of the numerical
computation.

4.7. Summary

The control of balance is a primary objective in most human movements. In many
cases, research or practice, it is essential to quantitatively know how good the balance is at
a body posture or at every moment during a task. In this section we suggested a new
measure for postural upright stability which assigns a value to a body state based on the
probability of avoiding a fall initiation from that state. The balance recovery problem is
solved for a population sample using a strength database, and the probability of
successfully maintaining the balance is found over the population and called the probability
of recovery (PoR). It, therefore, describes an attribute of a body state: how possible the
control of balance is, or how safe being at that state is. We also showed the PoR calculated
for a 2-link body model and for a 3-link body one for all states on a plane, compare the
results, and compare it to a conventional metric: the margin of stability (MoS). It is shown,
for example, that MoS may be very low at a state from which most of the people will be
able to easily control their balance.
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Chapter 5

Conclusion and Suggestions

5.1. Conclusion

In this research we addressed two key questions in the field of human posture control
and balance: what condition is to be fulfilled for balance to be maintained, and how good
the balance is at a certain body situation.

The condition for the balance to be maintained is interpreted to the question of what
is the feasible range of movements for a body to keep its upright balance. A feasible range
of movements has been figured out for a two segment mechanical model in its center of
mass position — velocity plane, previously. This research shows that for a certain individual
with given anatomical and mechanical characteristics, the feasible movements of the CoM,
or more generally the range of states at which the control of balance would be possible
(the balanceable region), can be analytically found through a mechanical reasoning. A new
method to figure out the balanceable region is developed, which, in contrast with the
conventional methods, obtains the borders of balanceable region analytically, and hence, it
is free from iterative numerical calculations. Thus, this method is computationally lighter
than the conventional approaches and the solution, therefore, is very fast. As a result, a
thorough parametric study on one’s ability to handle balance perturbations comes more
practical and may be performed efficiently. One may easily alter the model parameters and
follow up how the feasible range of movements will be changed, and hence, the role or
effect of each every physical parameter can be studied.

In order to illustrate how the method can be used in practice, the feasible region for a
well-known two-segment mechanical model as well as for a more complex three-segment
one is found using this approach, and is compared to that found by the conventional
method.

The feasible range of body movements for the control of balance that found by this
method depends on the physical properties of a body including anatomical parameters as
well as the joints’ strength and whatever constrains the control input into the model (input
constraint). The method suggested in this research works with any arbitrary shape of the
input constraint.

In addition, in this research a new metric to assess the postural upright stability has
been introduced in order to describe quantitatively how good the balance is in a certain
situation (body state). The control of balance is a primary objective in most human
movements, and in many cases of fundamental or clinical research, or in practice, it is
essential to quantitatively know how good the balance is at a body posture or at every
moment during a task.

The key idea behind our proposal of this new metric is that a bigger stability value
should be granted to the state from which a smaller portion of the society will not be able
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to control their balance. There are some body states from which most of the people can
maintain their balance, and some others from which most of the people cannot, and will
lose their balance. At the former states the balance is good, and at the later one it is poor.
This principle should be addressed in suggestion of the upright stability metric.

The balance recovery problem is solved for a population sample using a strength
database, and the probability of successfully maintaining the balance is found over the
population and called the probability of recovery (PoR). It, therefore, describes an attribute
of a body state: how possible the control of balance is, or how safe being at that state is.

Furthermore, a faster calculation approach is also introduced to replace the time-
consuming method of solving the recovery problem for so many times. This approach is
based on the analytic solution of the balanceable region.

PoR calculated on a 2-link and a 3-link dynamic model is shown for all states in a 2-
dimentsional space mapped in the center of mass position — velocity plane, and it is
compared to the conventional stability measure: MoS. It is shown, for example, that MoS
may be very low at a state from which most of the people will be able to easily control their
balance, and reversely, at a state with the highest MoS still a noticeable portion of the
population (e.g. one third) are not able to control their balance and will initiate a fall
undoubtedly. PoR, hence, better represents how good the balance is at a given body state,
and may be replace the MoS in many studies and clinical researches dealing with upright
balance, one’s ability to control the balance, and how to improve it.

The PoR as defined in this work shows how probable avoiding a fall initiation is at a
body state, but not exactly the actual probability of not falling since many fall initiations
may be controlled by taking steps. POR compares the states directly on the basis of the
success of the primitive balance control strategies, and hence, is capable of representing
the stability at a body state by a single scalar quantifying how good the balance is, or its
complementary, how likely the loss of balance is. A corollary, for example, is that a
perturbation, no matter what type or how complicated it is, may be transferred to the
state space and replaced with a single scalar: PoR, as a function of the response delay.

5.2.  Suggestions for future extensions

Indeed a first idea for extension of such an initial research with simplified mechanical
models is to extend the model complexities in order to better simulate a human behavior
in the reality. The model in this researh was limited to non-stepping models and to those
with sagittal symmetry assumed, i.e. in limitted to the sagittal plane. In an extension the
medial-lateral movements in the frontal plane may be included. In this case the definitions
and theory presented in this work must be slightly modified, but the story is generally the
same.

Addition of the ability of taking a step to the model is a different story. In order to solve
the recovery problem on a biped model a multi-goal trajectory finding problem on a state-
variant dynamic system must be solved, which is computationally very heavy. Analytical
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methods may be developed to replace with some huge parts of numerical computation, or
otherwise development of a particular effective numerical algorithm for this case seems
necessary.

In this research we used statistical strength data in order to find the PoR at a state, but
for anatomical parameters (body height, mass, foot length, etc.) just average values have
been used for all the subjects. An extension to this work is to use statistical data for
anatomical parameters in order to improve the accuracy of simulating the probability of
recovery for the population sample.

Also, In this research the control of balance was regarded only from the mechanical
side. The balanceable region was talking about is the region in the state space at which an
individual is mechanically able to control its balance. In the reality a response to a balance
perturbation is always more or less suboptimal, and a person will lose their balance at
some states included in their balanceable region, at which they are mechanically able to
control their balance. One very interesting research which can be done based on the
foundings of this work is to study the optimality of response (OoR) to a perturbation.

One may obtain the actual balanceable region and/or actual PoR for an individual
through experiments. Initial states scattered [intelligently] in the state space should be
induced to the subject, and the outcome of the balance recovery effort get recorded. The
relationship between the actual and theoretical (mechanical) balanceable region and/or
PoR shows the OoR for this subject. Changes of OoR may be studied for a person at
different situation in order to figure out the role of physical/mental conditions in OoR, or
for example before and after some rehabilitation training.

Furthermore, intrapersonal studies on OoR, as well as analysis of OoR in different body
states, may reveal useful facts about the nature of optimality of one's response to a
perturbation in their balance.
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