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Chapter 1 General introduction

Chapter 1
General introduction

It is arrangement of atoms that gives to a substance its characteristic properties. The
idea of atom occurred a long time ago. It is said that the Greek philosopher Democritus
stated the universe is composed of vacuum and atoms. This statement of Democritus was
purely based on his speculation and it was not practical. Then, it was in the beginning of
the 19th century that the English chemist J. Dalton hypothesized all substances consist of
several different kinds of small particles, called atoms. Dalton succeeded to explain the
law of conservation of mass, which was investigated by A. L. Lavoisier, and the law of
constant proportions, which was found by J. L. Proust. Moreover, Dalton stated the law
of multiple proportions based on his studies. Followed by experimental confirmations of
this law, the atomic theory of Dalton was accepted. Dalton's discovery can be regarded as
the root of contemporary knowledge on atoms. Thus, Dalton's atomic theory appears to
be one of the most priceless accomplishments in a long history of science. Nowadays, we
take for granted the existence of atoms thanks to all the former scientists. Since the
existence of atoms was verified, one of the dreams that scientists have has been to control
arbitrarily the arrangements of various atoms and molecules for creating various
substances. Controlling arrangement of atoms in a molecule is mainly performed via
chemical reactions. Specific parts in a molecule, which are called as functional groups,
can give functions to the molecule. Increasing the number of atoms that participate in the
composition of a substance makes usually problems further more complicated, except for
the case that regularity exists. One of large-number limits is crystalline substances. In the
crystalline state of solids, atoms are arranged in a pattern that repeats itself periodically.
Therefore, it is the periodicity of arrangement of the atoms in a crystal that gives rise to
the characteristic properties of the crystal.

For a long time, it had been believed that only three-dimensional periodicity is
allowed to exist stably, and that a crystalline state having one- or two-dimensional long-
range order can be spontaneously broken. Therefore, it was immeasurably surprising that

a two-dimensional single layer of graphite can be isolated with a macroscopic size. The



Chapter 1 General introduction

single layer of graphite is now commonly known as graphene. It was A. K. Geim and K.
S. Novoselov who succeeded to isolate micrometer-scale flakes of graphene and
demonstrated experimental investigations on its electronic properties [1,2]. For their
ground breaking experiments regarding the two-dimensional material graphene, the
Novel Prize in Physics was awarded to Geim and Novoselov in 2010. In addition to the
stable existence of a two-dimensional graphene, the technique of isolation was again
surprising because it was just to exfoliate graphite with adhesive tape and to put it onto a
silicon substrate. The impacts brought by Geim and Novoselov caused explosive
developments of experimental studies on graphene and stimulated studies on other two-
dimensional materials [3—6] such as MoS2 [7,8] and WSz [9].

Graphene is composed of carbon atoms arranged in the two-dimensional honeycomb
network. Carbon is the primal element for life. Four valence electrons of a carbon atom
give itself the flexible capability for the formation of covalent bonds with various
configurations. The enormous diversity of organic compounds is based on this flexibility.
A large number of experiments has been performed to understand chemical bonds of
carbon. The development of the theory of hybrid bond orbitals around 1930 was of
particular excellence. According to this theory, we can understand typical sp'-, sp>-, and
sp3-hybridized configurations of carbon and other atoms. Carbon has many allotropes. An
allotrope composed by the sp3-hybridized carbons is well known as diamond. Another
allotrope composed by the sp! carbons is called as carbyne [10]. Then, carbon atoms
having the sp>-hybridized configuration can exist in several forms, i.€., graphite, fullerene
[11], nanotube [12], and graphene. Among these sp>-carbon allotropes, graphene should
be regarded as the particularly important form because the other sp? allotropes can be
formed by graphene as a fullerene, a nanotube, and a graphite are a wrapped, a rolled, and
a stacked graphene, respectively [13]. Therefore, the periodicities of the arrangement of
the sp>-hybridized carbon atoms in the crystals of these allotropes that give rise to the
characteristic properties of themselves are considered to be based on that of graphene.

The crystal structure of graphite was first investigated by J. D. Bernal [14]. In a single
sheet of graphite, one carbon atom with four valence electrons has the sp?-hybridized
configuration, in which three electrons are used to form sp’>-c bonds with other three
carbon atoms building a honeycomb-arranged plane, so that the other valence electron

occupies the 2p; orbital perpendicular to the plane. The overlap among the 2p: orbitals



Chapter 1 General introduction

gives rise to the formation of m network spreading in the entire honeycomb lattice of
graphene. Therefore, the electronic structure near the Fermi energy is characterized by
these 2p; orbitals of the carbon atoms. The first study on the electronic energy-band
structure of a single sheet of graphite was reported by P. R. Wallace in 1947 [15]. It was
found that the single sheet can be a semimetal with unusual linear dispersion. During the
following years, the study of graphite resulted in the Slonczewski—Weiss—McClure band
structure of graphite, which provided a nice description of the electronic properties in
graphite [16,17]. This model was followed by correction of the assignments of the
electron and the hole states by P. R. Schroeder et al. [18]. Thus, the currently accepted
electronic structure of graphite was established. It can be viewed that the consideration
on the electronic structure of graphene appeared as just a starting point for understanding
graphite, probably because graphene was unlikely to exist at that time [19].

The electronic energy in single-layer graphene is linearly dependent of the electronic
momentum in the vicinity of the Fermi energy as given by ¢ ==xv,p, where ¢ is the
energy, Vr is the Fermi velocity, and p is the momentum [20], in contrast to the parabolic
band structure in conventional two-dimensional electronic systems written as
&£=p’/2m, where m is the mass of electron. In other words, it is frequently said that
electrons in single-layer graphene follows the relativistic massless Dirac equation in the
vicinity of the Fermi energy. This peculiarity originates from the two-dimensional
honeycomb bipartite lattice of graphene. The valence and the conduction bands touches
each other at zero-energy point, which is called as the Dirac point. The fact that electrons
in single-layer graphene are like Dirac fermions has been experimentally evidenced by
the observation of anomalous quantum Hall effect [2,21] immediately after the successful
isolation of graphene by mechanical cleavage, and by the following angle-resolved
photoemission spectroscopy measurements [22] and scanning tunneling spectroscopy
measurements [23].

The case that an infinite sheet of graphene is cut into nanometer-scale fragments had
been considered prior to the isolation of graphene [24,25]. Such small fragments of
graphene, namely nanographene, must have edges. Edges of graphene can be classified
into two types of atomic structures, i.e., zigzag- and armchair-shaped arrangements.
Theoretical studies [24,25] stated that a non-bonding & electronic state called as the edge

state exists at the vicinity of zigzag-shaped edges. The edge state has been experimentally
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evidenced utilizing scanning tunneling microscope [26,27]. Besides magnetic properties
originating from localized electronic spins of the edge state have been investigated
employing nanographite-based materials in terms of magnetic susceptibility [28], near-
edge X-ray absorption fine structure [29,30], and so on. Recently the interests in the
subjects of the edge state in a single sheet of graphene have appeared to be increasing.
One of triggers is the observation of Kondo effect in defective single-layer graphene that
evidences the presence of localized spins [31], of which the origin is expected to be the
edge state.

More interestingly, edges of graphene give rise to the chances of coupling the unique
physics of graphene with chemistry via adding various functional groups. From the point
of view of chemistry, the other sp>-carbon allotropes, graphite, fullerene, and nanotube,
are capable of accommodating guest species into their nano-spaces, i.e., small spaces
between the layers of graphite, the inside of a fullerene or a nanotube, resulting in distinct
characteristics. Such host—guest interactions have been addressed also in graphene for
example in terms of molecular adsorptions on the surface of graphene [32,33]. On the
other hand, as another road to chemical modification of graphene, functionalization of
graphene edges is hopeful regarding potential applications as well as fundamentals
because it would achieve the coexistence of the unconventional electronic behaviors in
graphene with magnetic properties arising from edges and their modifications [28,34].

Motivated by above descriptions, the studies in this thesis have highlighted the
evolution in the electronic structure of graphene upon the introduction of edges. Several
techniques for the introduction of edges into macroscopic graphene flakes can be
considered, for example nanofabrications. However, it is not always true that the edge
state emerges at edges introduced into a graphene sheet. Moreover, experimental
information on whether electronic phenomena originating from edges in a graphene sheet
are observable or not is lacking. Accordingly, it needs to be confirmed that such
phenomena can be observed, and that the edge state exists at the edges. In addition,
chemical structures around the edges should be precisely controlled. These issues are
addressed in this thesis. This thesis is based on the following papers: Y. Kudo, K. Takai,
and T. Enoki, Electron transport properties of graphene with charged impurities and
vacancy defects, Journal of Materials Research 28, 1097 (2013); Y. Kudo, M. Kiguchi,
J. Takashiro, K. Takai, and T. Enoki, Development of edge state on graphite surface
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induced by Ar" irradiation studied using near-edge X-ray absorption fine structure
spectroscopy, Carbon, in press (2014), (http://dx.doi.org/10.1016/j.carbon.2014.01.067).
In addition, the author has been contributed to the following works: K. Yokota, K. Takai,
Y. Kudo, Y. Sato, and T. Enoki, Polaron coupling in graphene field effect transistors on
patterned self-assembled monolayer, Phys. Chem. Chem. Phys., in press (2014); J.
Takashiro, Y. Kudo, S. Kaneko, K. Takai, M. Kiguchi, T. Enoki, T. Ishii, and T. Kyotani,
Heat treatment effect on the electronic and magnetic structures of nanographene sheets
investigated with electron spectroscopy and conductance measurements, accepted for
Phys. Chem. Chem. Phys. (2014); J. Takashiro, Y. Kudo, S. J. Hao, K. Takai, M. Kiguchi,
T. Enoki, et al., Preferential oxidation-induced etching of zigzag edge on nanographene,

in preparation.
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Chapter 2
The fundamentals of graphene

2.1 Electronic structure of graphene

2.1.1  Single-layer graphene

The crystal structure of graphite was first investigated by J. D. Bernal in 1924 [1].
The electronic structure of a single sheet of graphite, namely graphene, was described
within tight binding approximation [2]. Figure 2.1 shows the honeycomb structure of the
single-layer graphene and the first Brillouin zone. The unit cell of the single-layer
graphene can be defined as indicated in Fig. 2.1a. Two inequivalent carbon atoms that are
labeled as A and B sublattices are included in the unit cell. Two primitive lattice vectors

a and b are given by

a=a(1,0),
( 1 ﬁ} -+(2.1)
b=a| ——,~—|.
272

Here, a is the lattice constant given by 2.46 A [3—5], which is related to the bond length
between adjacent carbon atoms ao = 1.42 A as a= \/gao. The vectors connecting the

nearest neighbor carbon atoms T, (/=1, 2, 3) are defined as

1
T, =a O,Tj,
3

11
T =a|——,——— |, -(2.2)
’ 2 2\/§J

1
-5
The primitive reciprocal lattice vectors a* and b* are given by the followings.

2 1
a* = la_ )
a ( V3 j

2z 2

o0.2)

N |~

+(2.3)
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The hexagonal first Brillouin zone is shown in Fig. 2.1b. The corners of the Brillouin

zone are labeled as two inequivalent K and K’ points, which are given by,

271 1 ) 2x( 1 1) 2z( 2
K:_ Ty | | AT T T __50 s
a\3 \/5 a\3 \/§ a 3

(2.4)
, 2 1 1 Y2z 1 1 ) 2x(2
K = "=y —F7= | == | _)O .
a 3 \/§ a 3 \/5 a \3
There are the following relationships between 7,, K, and K'.
exp(iK-1)=w, exp(iK-1,)=0", exp(iK-t,)=1, ~+(2.5)
exp(iK'-1,)=1, exp(iK'-1,)=0", exp(iK'-1,)=0, +(2.6)

where, @ =exp(27i/3).
In terms of a tight-binding model [6], electronic wave function in graphene is

described as

‘P(r):RZI//A(RA)¢(r—RA)+RZwB(RB)¢(r—RB). (2.7)

Here, ¢(r) isthe wave function of the 2p: orbital of a carbon atom, R, =na+nb+1,
and R, =na+nb withinteger n, and n,. The first and the second terms correspond
to the Bloch waves on A and B sublattices, respectively. Defining the transfer integral
between the nearest neighbor carbon atoms as y, ~3 eV [3] and choosing the origin of
energy at the carbon 2p: level, we have

ey, (RA) = _7/02‘//3 (RA -7, )=
o ++(2.8)

3
EWYy (RB) = _7/OZV/A (RB -7, )=
=

where the overlap integral between the nearest carbon atoms is ignored for the simplicity.
Because the wave functions y, (R,) and w,(R,) are the Bloch functions, we can

assume y, (R, )oc f, (k)exp(ik-R,) and w, (R,)o f,(k)exp(ik-R,), so that we

w30

h, (k)=—yOZexp(—ik~‘r,). -+(2.10)

obtain,

10
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Thus, the dispersion relation of the electronic energy band in single-layer graphene is
given by

3ak
£, (k)_iﬂfo\/l+4cos(a§‘]cos[\/_;Z yJ+4cosz(%k"). - (2.11)

This energy band is plotted in Fig. 2.2. The plus and the minus signs correspond to the

conduction 7* band and the valence m band, respectively. At the corners of the first
Brillouin zone that are denoted as the K and the K’ points, ¢, (K) and &, (K') are
equal to zero so that the valence and the conduction bands touch each other at these points.
The Fermi level locates at these points so that electronic properties of graphene are mainly
governed by electrons in the states near the K and the K’ points. We are allowed to write

in another way by using the Fermi velocity given as,

2h

=1.01x10° (ms™), ~+(2.12)

then,

&, (K)=+nv, k. (2.13)

+

For taking a close look at the vicinity of a K point, it is convenient to replace k with

K + k. Equation (2.9) becomes

(hA ( 0 hAB(k+K)](fA (k+K)J:g(fA (k+K)J’ o

o (k+K)* 0

B (k+K) —702exp[ (k+K)-7, | +(2.15)

Expanding Eq. (2.13) to the first order of kx and ky, which are the ingredients of k, we

obtain the following expression.
h (k + K) ==7, {a)‘1 exp[—ik : ‘rl]+ a)exp[—ik : 172] + exp[—ik : 173]}

=—7, {(a)+ o+ 1) + (—ik)'(a)_lfl T T, + 71, )}

=7, %GXp(zgj(k +ik, ) (2.16)

—7/exp( 6J(k +ik, ).

Here, y= \/§a7/0 / 2. Similar procedures on £, (k+K)* lead to

11
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hAB(k+K)*:7/exp(i%j(kx—iky). ~+(2.17)

Hence, Eq. (2.14) becomes

0 y (k. —ik, [FKA (r)]:g(FKA (Y)J - (2.18)

F(r)) (R (r)

A A

y(k+ik) 0

where k=—iV , F; (r)=(1/27r)4fdkfi(k+K)exp(ik-r). Combined with similar

calculation in the vicinity of a K’ point, the effective Schrodinger equation is given by

0 y(k, ik, 0 0
. [£-5) F(r))  [FE(r)
]/(kX-i-iky) 0 0 0 KB(F) KB(F)
=& .
0 0 0 p(k k)| ()| Felr)
o F.(r) F¢ (r)
0 0 7 (k. —ik, 0

--(2.19)

By the use of the Pauli spin matrices,

(0 1} (0 —ij [1 oj
o, = ,O, = ,0, = , -++(2.20)
1 0" i 0 0 -1

as o = (ox, gy), the above equation is rewritten as,

7(o-K)F*(r)=cF"“(r), +(2.21)
7(o-K')F* (r)=¢F“(r), ++(2.22)
F* (r):[i E:U F* (r) :(i E:B (2.23)

where lgx' = IQX , and IQ}’ = —I\Aty.
Equations (2.19) and (2.20) lead the energy band in the vicinity of the K and the K’

points as follows

~(2.24)

2

g, (k) =s7/|k

where s = £1. s = +1 corresponds to the conduction band and s = —1 corresponds to the

valence band. The density of states is given by,

12
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g, 8.8, ¢
D) =B 5 o(e-sr )= S5,

where L? is the area of the target system, gy = 2 is the spin degeneracy, and g» = 2 is the

~(2.25)

valley degeneracy. It is clear that the density of states is a linear function of the energy
and therefore vanishes at & = 0, at which the valence and the conduction band touch each
other. The electronic energy band structure and the density of states of single-layer

graphene in the vicinity of the K point are shown in Fig. 2.3.

2.1.2  Bilayer graphene

Next, electronic structure of bilayer graphene is considered. In fact, three-
dimensional graphite is a stack of single-layer graphene, and there are two major stacking
rules shown in Fig. 2.4. For the most favorable structure, carbon atoms in the second layer
are translated with respect to those in the first layer, and the third layer is the exact
translation of the first layer. This structure is called as the AB stacking after the regularity
that can be denoted as 4, B, 4, B, ..., or as the Bernal stacking (Fig. 2.4a) [7]. In contrast,
the metastable structure has the regularity of 4, B, C, A, B, C, ..., which is named as the
ABC stacking (Fig. 2.4b) [7]. The proportion of the ABC stacking structure in natural
graphite is likely to be as much as a few percent. In addition to these structures, one can
find a structure having the AA regularity in some graphite intercalated compounds. Here,
electronic structure of bilayer graphene having the most favorable AB stacking structure
is considered.

The unit cell of bilayer graphene contains four carbon atoms, namely two atoms in
the upper layer denoted by A and B as well as two atoms in the lower layer denoted
by A and B. The nearest pair between two layers is the vertically neighboring A —B, of
which the transfer integral is y1 = 0.39 ¢V [8]. For the other pairs, B—A and A—A (B
—B) have y3 = 0.32 eV [7] and y14 = 0.04 eV [9], respectively. Figure 2.5 summarizes the
geometrical relationships of these transfer integrals together with the intra-layer nearest
neighbor one yo.

An effective Hamiltonian of bilayer graphene [10—12] is represented in a basis with
components corresponding to atomic sites A, B, A, B in the vicinity of a K point and

to B ,A,B, A inthe vicinity of a K’ point

13
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%u ve 0 vr'
.1
VT Eu %4 0
H=¢ . , ++(2.26)
0 v’ ——u
U ot
1

ve 0 &y, Eu

where 7Z'=h(kx +iky):(px +ipy) , ' :(px —ipy) , VZ(\/g/Z)yOa/h , and
v, :(\/5 / 2) y,a/h. The asymmetry of the upper and the lower layers is included by
distinguishing the on-site energies +(1/2)u. £ =+1 corresponds to the K point, and &= —1
corresponds to the K’ point. This Hamiltonian determines four energy bands in bilayer

graphene described as,

2 2 2
P AL (A NN @27
2 4 2
with
_l 22 2)\? 2 2[ .2 2 2 2 2 3 -(2.28
1“—4(7/1 vip ) +Vv'p [71 +u"+vp ]+2§y,v3vp cos3¢. (2.28)

Here ¢ is an angle of p, where p =|p|(cos¢,sing). In the vicinity of the K point, these
energy bands are plotted in Fig. 2.6 with v3 and u set to be zero.

o = 2 represents higher-energy bands originated from vertically aligned A and B
atoms, which have relatively strong interaction of yi1. The minimum (maximum) of the
conduction (valence) band of a =2 locates 0.4 eV above (below) the Fermi energy.

a = 1 describes the dispersion of lower-energy bands. In the intermediate energy

range, (1/2)y,(v,/ v)2 <|&,|< 7., Eq. (2.27) can be written in an approximate form of,

2

2_2
glizi%}/[ 1+4V7p —1] ++(2.29)
1

In a high wavenumber range, this energy depends mainly on vp, of which linear relation
resembles the case of single-layer graphene, while in a low wavenumber range the energy
band & ~ p’/2m* has a parabolic dispersion. An effective mass is calculated to be
m*=y,/2v* =0.0305m, (m. is the mass of electron), which is comparable with an
effective mass of electron m*,=0.057m, and that of hole m™*, =0.039m, in bulk

graphite. The density of electrons and the density of states can be obtained by Eq. (2.29)

14
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as
N(&)= 47g[§h2 (57/1 +sgn(5)£2), ++(2.30)
1
D(g):\/g—m/z(2|g|+7l). +(2.31)

An interesting feature has been found by focusing attention on the term of the on-site
energy theoretically [13] and experimentally [14,15]. The asymmetry can be achieved by
applying external electric field perpendicularly to the plane of bilayer graphene. The
application of electric field has been performed by means of chemical doping [14] and
backgate and topgate electrodes [15]. Under the presence of the external electric field, u
cannot be assumed to be zero. The energy bands with various u are plotted in Fig. 2.7.

The opening of the energy band gaps is understood.

2.1.3  Multilayer graphene

Finally, the electronic structure of N—layer graphene is referred to [16]. As used in
the case of bilayer graphene, the Bernal stacking structure with the AB regularity is again
considered, which is shown in Fig. 2.8. In this figure, carbon atoms labeled as A» and Bx
(n 1s integer) denote A and B sublattices in the n-th layer, respectively. For the description
of the electronic structure of bilayer graphene, a basis with components corresponding to
atomic sites A, B, A, B in the vicinity of a K point was taken. Similarly for multilayer,
taking a basis of the Bloch functions at A1, Bi, A2, B, ..., A, By, an effective Hamiltonian

for the multilayer graphene at the vicinity of the K point is represented as

H, V
vt H, V'

H - , ++(2.32)

Vv H, V
with

0 vk 0 0

H, = , V= , ++(2.33)
vk, 0 7, O

where k =k +ik,, k =k, —ik, .Theeffective Hamiltonian around a K’ point is written
by exchanging &+ and k- with each other.

This Hamiltonian Eq. (2.32) can be diagonalized into smaller matrices by choosing

15
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an appropriate basis that is independent on k. Carbon atoms of multilayer graphene can
be divided into two groups as

Group I: A1, B2, As, ...,

Group II: B1, A2, Bs, ...,
where, the atoms of the group I are vertically aligned along the normal of the stacking
plane and those of the group II are above or below the center of hexagons in the
neighboring layers, as shown in Fig. 2.8. When the basis is arranged in the order of group
I and group II, namely, Bi, A2, B3, ...; A1, B2, As, ..., the Hamiltonian Eq. (2.32) becomes

_ Hll H12 ...
H= : (2.34)
H. H

22

with Hj; being N x N matrices defined as

0 1
10 1
Hy=p| . . |, -++(2.35)
10 1
10
k+
k.
H,=y k, , -++(2.36)
ki
0 k
k0 k
k. 0 k
Hy,=7' oo : ~(2.37)
k. 0 k
k. 0

where the upper and the lower signs of the subscriptions for k correspond to odd and even
N, respectively. At the K point where k = 0, H12 and H22 vanish. Then, H11 is equivalent
to the Hamiltonian of a one-dimensional tight-binding chain with the interlayer nearest-

neighbor coupling yi1. The eigen energies are given by
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&=V P> -+(2.38)
mimw

1 =02si --+(2.39

Vo Sm—2(N+1)’ (2.39)

m=—-(N-1),-(N-3),...,N-1. +++(2.40)

If the number of layer N is even, m is taken as an odd integer, and vice versa. The

corresponding wave function is explicitly written as

va ()= N2+1 Sln{(_rzzz\iv;;)” } @4l
where y, (/) represents the amplitude at Bi, A2, B, ... and satisfies

Z‘//m (/)W (4)=6,.- -(2.42)
A relationship between the wave functions with the subscription of m and —m is

v, (7)=w,()(-1)". -(2.43)
Utilizing these wave functions, the basis can be rewritten as

2 =v., (DA +, (2)]B.)+y, (3) A+ 2

A" =w, (V]B )+, (2)|A,)+v, (3)B)+--

and the Hamiltonian Eq. (2.32) is modified. The matrix elements within the group I come

from Hi1 and become diagonal as is obvious from the definition,
(80| H|") =67 A, --(2.45)
Off-diagonal elements between ‘¢$)> and ‘fo)> are written from Hi2 as
(0| H|6") =7k 2w (v, () +irk, 2w (7w, (7)x(=1)
j=1 j=1
—ik,5, ).

H

H

-+(2.46)
=y(kso

mm'

Finally, the matrix elements within group II are obtained from H>> as

17
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A = 'kz[ (+)w, () v (1w, (+1)]

+yzk2 ) Lo G0, () -vo G, (G+1)] 247

=7/’/1N)m(k 8, +ik5, ).

x - mm' vy m,—m'

(0| H

A ).[2).|47).| )} for cach

|m|. Particularly, m = 0 is special in that the subspace is spanned with only two bases

{0

The Hamiltonian is thus closed in the subspace {

¢(§I)>} , while this is absent in even-layer graphenes. The submatrix is written as

0 sk
H = 7. (2.48)
vk, 0

This Hamiltonian Eq. (2.48) is equivalent to that for single-layer graphene, which is

independent of y1 and y3. For m > 0, we can take the basis as

o)) 2. (10) +|o2)) V2 +(2.49)
()~ -|2) ). |

Then, the Hamiltonian becomes

0 yk 0 Ayk,
vk 0 Ay 0

Hm = : 9 (250)
0 Ay, 0 vk

1

'k 0 vk 0

+

with 2 =4, . This Hamiltonian Eq. (2.50) is equivalent to that for bilayer graphene
while the interlayer coupling y1 and y" (oc y3) are multiplied by A.

Thus, the Hamiltonian can be decomposed into those equivalent to single-layer or
bilayer subbands. The Hamiltonian of odd-layer graphene is composed of one single-
layer-type and (N—1)/2 bilayer-type subbands, while that of even-layer graphene is
composed of N/2 bilayer-type subbands without single-layer-type one. The electronic
energy band structures of N-layer graphene (N = 2, 3, 4, and 5) are shown in Fig. 2.9 [16].

In the above descriptions, the transfer integral y, included in Fig. 2.8 is not used.
y, originates from the interaction between atoms in the next nearest layers. The

involvement of y, causes small energy gaps between the conduction and the valence
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bands. However, y, =—-0.02 eV [7] is small enough to be neglected for approximation.

2.2 Transportin graphene

2.2.1 Classical basis

Electronic transport is motion of electron in some direction in a solid, which is
generally induced by external fields. Motion of electrons is accelerated by external fields
and disturbed by various kinds of collisions. Here, a simple case that an electron moves
in two-dimensional plane with the speed of v, is considered.

The velocity of an electron is v =(vx,vy), the mass is m, the elementary electric
charge is e. When a magnetic field is applied perpendicularly to the plane, the equation

of motion for the electron contains the Lorentz force, which is written as following.

mﬂz—eva. -+(2.51)
dt
The solutions are
v
x(t)=—", --+(2.52
(=" @.52)
v
t)=—, --+(2.53
y= (253)
with
v, =v,cos(@r), +(2.54)
v, =V, sin(a)ct), ++(2.55)
o, =§, ++(2.56)
m

where @, is the cyclotron frequency. The radius of cyclotron motion is

v,/ @, =mv, /eB. In the presence of electric field E, the equation of motion becomes
d 1

m|—+—|v=—e(E+vxB), ---(2.57
a ( ) (@37)
1
m i+— v.=—eE —eByv,, ++(2.58)
da t)° :
1
m i+— v,=—ek +eBv,, +(2.59)
da
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m(i+l]v =—eE_, ++(2.60)
d tv) -~

where 7 is the relaxation time, which involves contributions of scattering events without
consideration on detailed mechanisms of these events. In a steady state, time-dependent

variations are neglected.

v :—E[E +v B ], -+(2.61)

x m X vz

v, =—2[E +vB ], ~+(2.62)

: m

—_—y ++(2.63)
m

In this case, the current density j=—env with the concentration of electron n can be

written as

. enr eB1 .

J. = E -———j,, -+(2.64)
m m
2

B

7 _¢ m-Ev+e Al J. -+(2.65)
m m
2

j="F. ++(2.66)
m

Then, the solutions are given by

(1+@7*)j, =0,(E,~orE,), -(2.67)
(1+@'7*)j, =0,(E, +01E,), +++(2.68)
J.=0,E.. -+(2.69)

Here, the relationship between the current density and the electric field can be understood,
which are connected by the conductivity tensor [O‘] or its inverse tensor, i.e., resistivity

tensor [p]=[c]".

] X GXX Xy Xz E)f
J, |=|o,. o, o.||E | -+(2.70)
] z GZJC O-Zy zz EZ
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pxx pxy onz jx
= pyz p)of pyz ]t . (271)
z pzx pzy pzz jz

o & &

Compared with Egs. (2.66), (2.67), and (2.68), the form of the conductivity tensor is as
following.

1 -or 0

[O'] =1 ajfz'z or 1 0 . (2.72)

0 l+ao’c’

Let us consider a constant current flowing in x direction. In a steady state, the y component
of current density is zero j =0, so that we can notice the presence of the y component

of the electric field, which is called as the Hall electric field.

(o2
E, =(—]E (2.73)
(o2

The Hall coefficient is written as

p— E :

Yy O, 1
RHall - .
J.B

1 o,
Eof +o T e’ @)

x

The signature of the Hall coefficient indicates the signature of major charge carriers. For

hole carriers with +e, the signature of Ruan is the opposite.

2.2.2  Boltzmann's transport equation [17]

As mentioned above, transport phenomena, such as the flow of electrical current in
solids, involve two characteristic mechanisms with opposite effects. One is the driving
force for carriers applied by the external fields. The other is the dissipative effect of carrier
scatterings by phonons and defects. The interplay between these two mechanisms is
described by the Boltzmann's transport equation, so that one can investigate how the
distribution of carriers in thermal equilibrium is changed in the presence of external fields
and as a result of electron scattering processes.

Under homogeneous temperature conditions and with no external fields, i.e., in

thermal equilibrium, the distribution function is simply the Fermi—Dirac type.
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1

exp[(E(k)—EF)kBTJ+1' +(2.75)

fE(K)} =

One can define the temporal change of wave vector of an electron (k) by an external field
(F) as
h%=F. ++(2.76)
The distribution function depends on wave vector, position, and time as  f (k,r, t) . After
the passage of time dt, the position and the wave vector of an electron become r +rdt
and k +Kkdt . Thus, the temporal variation of the distribution function from ¢—dt totis

given by

(ﬁj :f(k—kdt,r—i‘dt,t—dt)—f(k,r,t). e
dt ). dt

Equation (2.77) is called as the drift term because collisions of carriers are absent.

Expanding the first term of the right-hand side, we obtain,

. . - of .o of
k—Kkdt,x —vdt,t —dt)= f(k,r,t)-| K- —+r-—+— |dt +---. ---(2.78

/ rer )f(r){akrarar} 78)
Here, the first-order term of dr is considered. The drift term is rewritten as

af : o

—| =—k-V, f+v-V f+—|, (2.79

(). kv e
with

k-ka:kxiw,iwézi, -++(2.80)

Ok, 7 Ok, ok,
r-V.f=v %+f1 g+f/ % ++(2.81)

"ox oy oz

Using the expression of temporal variation of wave vector as Eq. (2.76), Eq. (2.79)

becomes
of F of
TV |y reyv 2 (282
(&) v g e
If we define the change in f caused by scattering by the term (af / 81‘)scaner ,
f(k,r,dt)= f(k —%dt,r—vdt,t—dtj+(%j dr. -+(2.83)

Therefore, (8f / at) is described as following.

scatter
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(g—flmr :%+%~ka+v-vrf. +(2.84)
Equation (2.84) is called as Boltzmann's transport equation.

Next, more detailed expression of the scattering term is considered. The variation of
f due to scattering is the sum of electronic transitions from k' to k, which increase f, and
transitions from k to k', which decrease f, taking over the entire k' states that is not the k
state. Here, spatial homogeneity of the distribution function is assumed, so that f is
independent of r. Let P (k,k') be the probability per unit time to scatter from the state
k to k. P (k,k') is typically evaluated from the Golden rule of time-dependent

perturbation theory.
2r

Pk k') ==K [V, K)[ 5[e, -4, +(2.85)

where V. 1is time-dependent perturbation term, ex and ey are initial- and final-state
energy including perturbation, respectively, and the delta function means the conservation

of energy. Utilizing P(k,k') and P (k',k) , the scattering term is rewritten as

(9] - {0k ()1 8] POk 018

=

-++(2.86)
f (k')[l —f (k)] , which is the coefficient for P, denotes the probability that the initial
state k' is filled and the final state k is empty.

In thermal equilibrium, the principle of detailed balance is led as following.
P(K.K) f, (k') = P(k,k') £, (k). +++(2.87)

Using the principle of detailed balance, Eq. (2.86) becomes

In the form of integral, this equation is written as

(%j - _(22)3 Jawp (k=k'){f (k)= 1 (k) f((:))} -(2.89)

where V is the volume of crystal.

If the external force is not very strong, the change of the distribution function with

respect to its form under thermal equilibrium is small, so that we can put
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f(K)=/f(K)+ (k) (f(k)< £ (k). -+(2.90)

Assuming elastic scattering, the variation of energy upon scattering is so small that ex and

ek are approximately equal, and that fo(k) is also approximately equal to fo(k'). Thus,

(%lmz_ (k) r Id%?’(k,k’){l_w}

(27) £ (k)
__/i(k)
= () (2.91)
__ (&)~ fi(K)
- (k)
Here, relaxation time 7(k) is introduced, which is given by
LV fl(k')}
= d’kK'P(kK' )| 1-——2 1, +(2.92
7(k) (27;)3I ( ){ f (k) (252)

as a function of wave vector of electron, i.e., a function of electronic energy.
Within this relaxation approximation regime, the Boltzmann's transport equation is

described as
o F -
T Yy rovv =t --(2.93)
ot h T
In a steady state, the first term of the left-hand side is zero. If crystal is spatially
homogeneous, f'is independent of r, providing that the third term of the left side can be

ignored. Eventually, we obtain

F
LI (2.94)
h T
When the direction of the external field is along x axis,
T . Of
=——F —. (295
A P (2.95)

X

If effective mass of electron is denoted as m*, electronic energy is & =h’k> /2m* with

hk =m*v_. Hence we obtain
Foo_ o

T
=——F =—rv F —. (296
’ h " Oe Ok, "' 0e (2.96)
Utilizing the relation of Eq. (2.90),
0
A =—Tvaxﬁ, -++(2.97)
C o
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is derived approximately. Under an assumption of elastic scattering, the relaxation time

is written as following,

1 4 k!
=— d3k’P(k,k’)[1— j
) <z;r>j : s

- (2”)3 jd3k’P(k,k’)(1 —cosd),

where kx and £'x are x components of wave vectors before and after scattering, respectively,
and @ is the angle between vectors k and k'.
Letting Fx be equal to —eEx, Egs. (2.90) and (2.97) lead to

f(k)= fo(k)+eExrvx%. -+(2.99)

Thus, current density in x direction is given by

2 ;
. _WJ.(—e)fo(k)d k
++(2.100)
S Ivf(k)a”k—ﬂjz'vz%d}k.
g d e 4’ " Oe

The multiplication by 2 indicates up and down spins. The first term of the right-hand side

of Eq. (2.100) vanishes because the internal function of the integral is odd. Therefore,

2
E
J ==L e Doy, ~+(2.101)
' 4 oe
If we have spherical symmetry in k space,
2
E
Jo——Le ;waz%dak, (2.102)
34r og
since a volume in k-space is written as
d3k:a’Sdg:deg’ (2.103)
|ng| hv,

where S is an isoenergetic surface area. At sufficiently low temperature, the Fermi—Dirac

distribution function is

=1 e<¢g
Ty ( ) ++(2.104)
f, =0 (e>¢,)
and its differential by energy is expressed by using the delta function as
0
Do 5(e-s). ++(2.105)

o€
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Hence Eq. (2.102) becomes

. 6(e—¢,)dSde, -+(2.106)

X

then, ultimately,
2

"2z 3h

(vr 47k}), ++(2.107)

where the subscript F means that the function is to be evaluated at the Fermi energy. Let

n be the number of conducting electrons per unit volume as

=—k3 L ~+(2.108)

3 "4

we obtain

Jx:nezExz'F:UEw U:nerF, ’u:eTF' (2.109)
’ m* : m m*

Here o is the conductivity and x is the mobility of electron.
If electronic spins are taken into account, the Boltzmann's transport equation Eq.

(2.84) and the probability of transition Eq. (2.85) are modified as followings.

of F 9.
Yo =—.V f+v .V f +2= -+(2.110
( al jscdtter h kfo- Vo- rfg at ( )

ko) 8(s,, 4. ). (2.111)

ko’k '

P(ka,k'a')z%”\(k' '

Here, o is defined as electronic spins, not the conductivity. In the case of the presence of

degeneration, the equation of the principle of detailed balance is written as
P(K'o' ko) f,, (K)[1- £, (k)]=P(ko.kK'o") £, (K)[1- £, (K')].

(2.112)
Therefore, Eq. (2.86) can be rewritten as

(%) =3 P(ko.k'c") £, (K)[1- ;. (K')]

k'c’

{fg [ )] fg(k)[l—fa,(k')]} +(2.113)
S (K1 fw( )] e ()11, ()]

This equation can be written in the integral form as,
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(thj “(on &) foo (K)[1- £, (K)]
X{ ff,,( )[1—];(1()] W11, k,]} (2.114)

S ()= 1, (k)] fo <k>[1 Jow (K7)]

We now define ¢, as

of (k
£ (k)= (k)-0, ]:;Z( ), +(2.115)
o, (k) 1
be = er e -4 ()] (2.116)

In this case, the interior of the large bracket in Eq. (2.114) can be rewritten as followings

£ 001~ £, (k)] S L)) A O)!

fow (R)[1= £, (K)] kT
(2.117)
R e G ) G2
-(2.118)
finally, subtracting Eq. (2.118) from Eq. (2.117), we obtain
L)1) £ ()11, (k)]
Jor (R)[1= £, ()] £, (K)[1= 1, () 119

I LY .
= kT ((Dk'g' _wka)_[kBTj Do P {f;)a (k)_f(‘Jo (k )}

B

The difference of f, (k) from the Fermi-Dirac function f; (k) is assumed to be
small to neglect the second term in Eq. (2.119) that contains ¢, ¢, . Thus, the

Boltzmann's transport equation is
9. ) _
ot ).

1
- T(gow -0

B

d’k'P(ko.K'c") £, (K)[1-f, . (K')]
-++(2.120)
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2.2.3  Graphene [18—20]
In the case of two-dimensional system for graphene, the Boltzmann's transport

equation for the distribution function f; in the applied electric field E is given by

%.%__;J%[f;(1—fj,k,)—f;k,(1—f;)]W(a'k',ak), (2.121)

dt ok
with

W(o'k',ok)= 27”< Voo 2>5(55k —€.0) ~+(2.122)
where V.. . 1s the matrix element of scattering potential, and the triangular bracket

denotes the average over configurations of scatterers. Here, the case of elastic scattering
is considered for the simplicity. To the lowest order in the applied electric field E, we

have
S =1y (Ea)* Lo (2.123)

where f; (&) is the Fermi distribution function and g, is the deviation proportional
to E. Then,
ﬁ.ﬁ:_eE.(ag_akji_@.%

dt ok hok Joe, h Ok
5 7 5 ++(2.124)
=—cE- Vox i_i(vak XB) 'ﬁ:
Oe, ch ok
with the velocity
Vo = O ; -++(2.125)
hok

and the speed of light ¢, and the magnetic field perpendicular to the system B. The

transport equation becomes

—eE.v i—i(vak XB)-%

*o¢, ch ok
K’ -+(2.126)
=N | ——| f5—f5 W (ck',0k),
Z‘[(Zﬂ)z I:fo-k f;;k] (O- o )
0 e .
E ak[_éJZE( ok ) glz
- -+(2.127)
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Let the relaxation time 7 and the cyclotron frequency @, be

1 2 ¢ dk' )

T ¥ 1= 0,-0.)|0 —&on )s (2,128
AR (27[)2< ik >[ cos (6, k)] (&0 =) ( )
o) = ++(2.129)

ce

ok
where 6, and @, are the angles of wave vectors k and k', respectively. We obtain the

solution written as

o ) 1 B
go’k =—€T(__j Vo‘k .(E—i_a)"TEXEj. (2130)

2.2
L Jtor

Let us define

D=85& (—@j|g|dg, +(2.131)
2ry oe

and the average function p(g) given by

Lef 988
e))==|\| - 2rlglple)de . ++(2.132
Then, the diagonal conductivity and the Hall conductivity can be written as
eyt - T
o =0 = D , --+(2.133
R <l+a)fz'2> ( )
ey’ = or
o,=—0,=— D . +(2.134
? " 2n <1 +@’t’ > ( )

These equations are the same expressions with the case of conventional semiconductors
or metals except that the cyclotron frequency is strongly dependent of the energy while

the velocity remains independent.

2.2.4 Presence of magnetic field

Given that electrons in a material follow cyclotron motions when a magnetic field is
applied to the system, the electronic structure of the material is modified. The
unconventional electronic structure of graphene shows its modification in an
unconventional manner under the presence of a magnetic field, leading to special

electronic properties.
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The electronic structure of graphene is considered under a magnetic field applied
perpendicularly to the plane of graphene [6]. The wave number vector k=—iV needs to
be replaced by k =-iV +(e/)A, where A is a vector potential giving the magnetic
field B =rotA . The commutation relation [l@x,l%} =—i/” is obtained, where / is the

magnetic length given by

h
;_\/Q:B, (2.135)

Here B is the strength of the magnetic field and c is the speed of light. It is convenient to

define two operators as
I \r .
a :(ﬁj(kx —zky), (2.136)
I Y/~
T :
a _(—ﬁJ(kx —Hky). (2.137)

These operators satisfy the commutation relation [a, a*] =1. The Hamiltonian in the
vicinity of the K point in Eq. (2.19) (i.e., left-top 2x2 part) is
0 y(/gx - iléy)
H = . ++(2.138

Therefore, by using Egs. (2.136) and (2.137), this Hamiltonian can be rewritten as,

H:@( 0 “j. -(2.139)
[ (a0

Here, a function 7, (x, y) with n being integer can be defined as

"
hn(x,y):(a ) h(x,y), ++(2.140)

9

with

ah,(x,y)=0. -+(2.141)

The relationships of the function hn(x,y) and the operators a and a' are as

followings.

a'h =~n+1h,,, (2.142)
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ah, =~Inh_,, -(2.143)

a'ah, =nh, . +(2.144)

Thus, the wave function having the following form

0
F(r) :( ] +++(2.145)
hO
is the wave function for &, =0. Other Landau levels have the energy
V2y
g, =sgn(n n, (2.146
 =sen(n) =5 (2.146)
with wave functions
sgn(n)h
o (r)=—L ()% . ++(2.147)
’ V2 o,
The Hamiltonian in the vicinity of the K' point in Eq. (2.19) (i.e., the right-bottom
2x2 part) is
0 % (lg + zl%_ )
H .= o . ++(2.148)
y(k, —ik,) 0

Hence Egs. (2.136) and (2.137) modify this Hamiltonian to

p (0 ) e

On the basis of the vicinity of the K point, the wave function and the energy for the K’

point is given as

F, (r):[}(l)oj (& =0), -++(2.150)
F.,(r) :LZLgn(}:)lqn_J (8" = sgn(n)@\/HJ : +(2.151)

Utilizing Eq. (2.12), y =hv,, the energy is rewritten as

&, =sgn(n)y2eBAv: |n] . ~++(2.152)
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The presence of the Landau level at ¢, =0 is independent of B. This zero-mode Landau
level is a feature of massless Dirac fermion. For comparison, the Landau levels in

conventional two-dimensional electrons with a parabolic dispersion relation is written as
1
£, :ha)c(n+5j, ++(2.153)

where @, is the cyclotron frequency. Plots of the Landau levels for single-layer graphene
and conventional two-dimensional systems under various B are sho