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Abstract

This thesis deals with a new type of neural networks called Echo States Networks

(ESN) and their use in nonlinear adaptive filtering. ESN use sparse, recursive

and randomly generated recurrent networks as “reservoirs”. The states of the

neurons in the reservoir can be tapped into using a “readout” in order to closely

approximate any desired response. The weights in the reservoir are not trained,

and adaptation of the readout weights is as simple as training of linear filters. This

makes ESN very promising as nonlinear adaptive filters, compared to traditional

Recurrent Neural Network (RNN) where training is difficult with local minima.

However, despite easy training, ESN have two disadvantages. Firstly, the

reservoirs are randomly generated, and the parameters involved in their generation

requires manual tuning in order for ESN to perform well. Proper tuning is problem

specific and require experience on the part of the user. Secondly, the covariance

matrix formed by the reservoir states has extremely high eigenvalue spread, on the

order of millions or more. Therefore online readout training requires the use of

RLS algorithm instead of the much cheaper LMS. This is made worse by the fact

that the reservoir size required for satisfactory performance in many problems is

in the hundreds, making online adaptation by RLS very expensive.

This thesis proposes the solution to the above two problems. For the first

problem, we propose the adaptation of the reservoir by maximizing the mutual

information between the neurons states and the desired response. For the second

problem, we propose the use of a specific type of feed-forward neural network

as readouts, leading to reduced number of taps to be adapted by the RLS algo-

rithm, and much reduced computational cost for online training of ESN with large

reservoirs.
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Chapter 1

Introduction

Linear finite impulse response (FIR) filters have enjoyed great success in adap-

tive filtering because of their simplicity, well-understood properties, and low cost

learning algorithms [Widrow and Stearns, 1985]. However, there are times when a

nonlinear and/or recursive structure must be employed in order to achieve the best

possible performance for the problem at hand. Such situations include: nonlinear

system identification [Nelles, 2001], prediction of signals generated by a nonlin-

ear and/or recursive process [Kantz and Schreiber, 2004; Haykin and Li, 1995],

and nonlinear channel equalization [Patra et al., 1999]. Nonlinear filter structures

range in their complexity, training difficulty and applicability. This thesis deals

with a very general type of nonlinear structure called Echo State Networks (ESN),

which was proposed as an alternative to Recurrent Neural Networks (RNN)

We begin this chapter by briefly discussing common nonlinear filter structures.

Next, RNN will be introduced, and discussed why training of RNN is a difficult and

high cost problem. We then present ESN as an alternative to RNN and explain in

details the theory as well as practical training of ESN. After that, we discuss how

ESN have their own new set of challenges. This thesis is about overcoming those

challenges. Finally, the chapter concludes with the contribution of this research

and the structure of the rest of the thesis.
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1.1 A Taxonomy of Nonlinear Filter Structures

1.1.1 Hammerstein and Weiner Models

The simplest type of nonlinear structure are the Hammerstein and Weiner models

[Schetzen, 1981] where a linear filter is preceded or followed by a static nonlinearity

such as the structure shown in Figure 1.1. While simple, this class of nonlinear

structure is limited in applicability. The system/signal in question must be able

to be expressed as a cascade of a linear system with some nonlinear function(s).

Moreover, the nonlinearity must be manually chosen. The advantage of this type

of structure is that its training complexity is basically the same as a linear filter.

linear filter
static

nonlinearity

Figure 1.1: A Weiner nonlinear model.

1.1.2 Volterra and Wiener Series

Volterra and Wiener series [Koh and Powers, 1985] can be though of as nonlinear

extension of Taylor series. A filter’s input u(k) and its output y(k) is related by

Volterra series expansion

y(k) = w0 +
∞∑

l1=0

w0(l1)u(k − l1)

+
∞∑

l1=0

∞∑
l2=0

w2(l1, l2)u(k − l1)u(k − l2)

+
∞∑

l1=0

∞∑
l2=0

∞∑
l3=0

w3(l1, l2, l3)u(k − l1)u(k − l2)u(k − l3)

+ . . . ,

where the terms wi are called kernels. The problem with the Volterra series

representation is one of complexity. As can be seen by the above equation, it is an

infinite sum of infinite order, and in practice one must settle for a truncated series

of some finite order. Moreover, the number of filter coefficients grows exponentially

with the order, thus even a relative low order Volterra filter can have a very large

number of coefficients. For this reason, in practical use the order of Volterra series

is usually limited to only second order.

2



1.1.3 Kernel Methods

The idea of the kernel method [Pŕıncipe et al., 2011] is to transform an input

vector u(k) via a nonlinear map into a higher-dimensional feature space where

the original nonlinear input-output relationship can be described by a linear filter.

This is illustrated in Figure 1.2. The linear filter in the feature space’s output due

to a new input u(k) in the original space can be described by

y(k) = ω(k)Tφ(u(k)) = µ
k∑

j=1

e(j)σ(u(j),u(k))

where σ is the kernel function, ω is the filter’s coefficient vector in feature space

and e is the error produced by the filter. This is made possible by the kernel trick

that allows one to avoid actually having to compute the transformed input φ(u).

The difficulty in using this method is that the kernel σ must be appropriately

chosen. Both the Kernel Methods and Volterra series cannot model nonlinear

lower-dimension
input space

higher-dimension
feature space

Figure 1.2: Nonlinear mapping from input to feature space.

systems with feedback. This can easily be seen by simple inspection that they

contained no feedback term.

1.1.4 Neural Networks

A neural network consists of interconnections of individual computing elements

called neurons. A diagram of a neuron is depicted in Figure 1.3. A neuron

computes a sum of its inputs multiplied by their corresponding connection weights

and feeds the result into an activation function f to produce its output. The output

y(k) of a neuron is given by

y(k) = f(wTu(k)), (1.1)

3



Figure 1.3: A neuron. In the rest of this thesis, a neuron is denoted simply by a

blank circle.

where w is the neuron’s input weights vector, u is its input vector and f is a scalar

activation function.

A neural network is formed when multiple neurons are connected together.

The topology of the connection allows for classification of neural networks into two

types, feed-forward and recurrent neural networks (FNN and RNN). In FNN, there

is no feedback connection and the signals only flow one way from input to output.

FNN are also known as multi layer perceptron (MLP) when the activation function

f is a step function. It has been proven that FNN are universal approximators of

functions without feedback [Hornik et al., 1989]. FNN are quite popular in signal

processing applications, when they are fed by a tap delay line [Haykin, 2005], as

shown in Figure 1.4. However, due to the lack of feedback connection, this type of

neural networks share the same disadvantage as Voltera series and kernel filters,

that they cannot approximate nonlinear systems with feedback.

Figure 1.4: A feed-forward neural network with tap delay line.

Neural networks with any feedback connection can be classified as RNN. How-

ever, this term is rather generic, as it applies to any network which contains a

4



feedback connection. There are RNN with specific structure, activation functions

and training regime which are known under their own names such as Hopfield

and Jordan networks, Boltzmann machines, etc. In this work, we assign the term

RNN to mean fully recurrent neural networks, where every neuron is connected

to every other neurons and also to itself, and the activation function is a smooth

function. A diagram of RNN is shown in Figure 1.51. The input weights to the

network are denoted by the matrix Win. The connection weights between the

neurons themselves, which can be viewed as feedback connections, are denoted by

the matrix W. The input to the network at time k is denoted by the vector u(k).

RNN are dynamical systems, where the concept of network states applies. The

state of RNN at time k are the outputs of each neuron. We denote the state by

the vector x(k). The state is updated from time k − 1 to k by the state update

equation

x(k) = f [Wx(k − 1) + Winu(k)] . (1.2)

The output y(k) of the entire network can be tapped from any one element of the

state vector.

Unit 
delaysfully connected

Figure 1.5: A fully recurrent neural network.

RNN have also been shown to be universal function approximators [Jin et al.,

1995]. Moreover, by considering the state variables as feedback, it can be shown

that the output of RNN can be mapped to the nonlinear autoregressive moving

average (NARMA) nonlinear representation [Nerrand et al., 1993]. The output of

1For RNN, since they have feedback, there is no need for a delay line like in FNN, instead,

the inputs are “fanned out” to all the neurons

5



a NARMA system can be written as

y(k) = f(y(k − 1), ..., y(k − dy), u(k), ..., u(k − du)), (1.3)

where f is any nonlinear function and dy, du are the orders of feedback and input

vectors, respectively. This is a general nonlinear difference equation which can

represent any discrete time nonlinear system, much the same way as linear ARMA

can represent any discrete time linear system. The ability of RNN to approximate

any nonlinear function with feedback make them the most general nonlinear filter

structure. However, their use in adaptive filtering is rather limited because of the

difficulty and computational cost to train them well. We will discuss these in the

next section.

1.2 Training of RNN

Neural networks are usually trained with some sort of gradient based algorithm. It

is well known that training of neural networks is a nonlinear optimization problem

with local minima. The local minima can trap any gradient based algorithm and

cause the trained network to have sub-optimal performance. Both FNN and RNN

suffer from this problem.

However, compared to FNN, RNN are even harder to train. In the case of RNN,

the gradient with respect to connection weights are more expensive to calculate,

on the order of O(N4) [Williams and Zipser, 1989], compared to O(N2) for FNN.

Moreover, the error surface of RNN can be more complicated. The study in [Horn

et al., 2009] clearly demonstrated this. They fed a white noise input into a single

neuron with one input and one feedback weight and recorded the output. Then

the exact same input was fed to neurons with different weights values and their

outputs recorded. The mean squared error (MSE) between these outputs and the

output of the original neuron forms an error surface. It was discovered that even

with this small, matched-structure case, the error surface can be very complicated

with multiple local minima. In contrast, large, practical FNN can have unimodal

error surface under certain conditions [Bianchini et al., 1995].

The same study also proposed a way to overcome the local minima problem in

RNN. By inspection of 2D error surfaces generated as described above, they found

that the majority of local minima occur because of saturation caused by large

6



values of weights. Therefore they proposed adding a regularization term which is

the sum of the weights, to the MSE to steer the gradient descent away from large

weight values. In the case of a single neuron this leads to 99% convergent rate to

the global minimum. However, we note that the error surfaces they studied come

from matched structure case, which is of course not applicable to practical use

of RNN. Moreover, even for the matched structure case, the same study reported

that when the number of neurons is increased to just two neurons, the rate that

the global minimum is reached drops significantly.

The high cost of gradient calculation can be addressed by using the pipelined

RNN [Zhao and Zhang, 2009; Zhao et al., 2011; Mandic and Chambers, 1999],

which is a modular structure where each unit consists of a small recurrent net-

work in order to reduce the computational cost of training large RNN. Still, such

structure has local minima and it introduces the problem of delay between each

module which needs to be compensated.

Another problem with gradient-based training of RNN is that the gradient tend

to vanish, leading to extremely slow of even stagnant weights update [Hochreiter,

1998], especially for problems that require long memory. Their proposed solution

is to use special units called “Long Short Term Memory” (LTSM) in addition

to normal neurons in RNN. However, pipelined RNN and LTSM have not been

combined, therefore the user of RNN has to choose between non vanishing gradient

and lower computational cost.

At present, the best first order training algorithm reported for RNN is the

APRL algorithm [Atiya and Parlos, 2000], which was shown to be much better

than direct weight update following the output gradient. Although the weight

update in APRL is different, it is still based on gradient descent and therefore suffer

from the same local minima problem. The use of second order methods based on

the Extended Kalman Filter to train RNN seem to yield better results that first

order methods [Jaeger, 2002]. However, these methods are really computationally

expensive since the Hessian has to be calculated or estimated, in addition to the

gradient. It is simply trading more calculation for improved performance, and the

problem of local minima still exists.
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1.2.1 Training of RNN with Global Optimization

The difficulties discussed above had lead to efforts to train RNN using global

optimization (GO) algorithms such as Particle Swarm Optimization or Adaptive

Simulated Annealing [Krusienski and Jenkins, 2004; Ingber, 1996]. These algo-

rithms can search multi-modal surfaces, and do not require calculating the gra-

dient. Applying a GO algorithm to train small RNN for adaptive equalization

problem had been shown to produce lower symbol error rate than using gradient

descent [Yuenyong and NISHIHARA, 2013].

This may sound like GO algorithms should be able to solve the problem of

training RNN. However, GO algorithms do have disadvantages of their own. These

algorithms are probabilistic and heuristic in nature, meaning that there is no proof

of convergence except for very specific conditions. Moreover, these algorithms are

population based and the size of the population required to produce good result

grows with the number of neurons in the network to be trained.

Furthermore, these algorithms need the MSE to be estimated and cannot work

directly on the instantaneous error values2. This means that they do not work

on a sample-by-sample basis, but are window-based in which all the outputs in a

window must be recalculated every time the weights change. This and the fact

that they are population based makes the computational cost of GO algorithms in

training RNN impractical but for very small networks containing only a few neu-

rons. Thus, just like gradient based methods, there is no guarantee of consistently

reaching the global minimum for most practical RNN.

Despite the disadvantages of GO algorithms, they are the only option when

one is faced with a multi-modal function which the derivative cannot be easily

calculated, or does not exist at all. We shall encounter such a function later in

this thesis, and we will use a GO algorithm called Differential Evolution (DE) to

optimize that function. The details of DE can be found in Appendix A.

1.3 Echo State Network

Now we come to the main subject matter of this thesis, Echo State Network (ESN).

This is a new type of neural network proposed in [Jaeger, 2001] to overcome the

2GO algorithms are quite sensitive to noise in the cost function. Thus variations in the

instantaneous error produced by a filter would cause them to misconverge.
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difficulties of RNN training.

ESN is based on employing large, randomly generated and sparsely connected

recursive networks as “reservoirs” in a sense that the outputs of a reservoir’s

neurons provide a rich pool of signals that can be tapped into by using a “readout”

layer in order to closely approximate any desired response.

Figure 1.6 compares RNN vs ESN. In RNN, the neurons are fully connected

(W is a dense matrix) and the output y(k) is taken from one of the neuron. In

ESN, the neurons are sparsely connected (W is a sparse matrix), and y(k) is

formed by linear combination of the neurons states. The number of neurons N is

usually large for ESN. There are examples which use hundreds or even thousands of

neurons. For comparison, N in the case of RNN is usually limited to less than 100.

For the input weights Win, apart from the matrix being larger to accommodate

large N , there is no structural difference between that of RNN and ESN3.

fully 
connected

from one
of the neurons

sparse
random

(a) RNN

(b) ESN

Figure 1.6: Comparison between (a) RNN and (b) ESN.

3In the ESN literature, sometime the word reservoir means only the neurons and W. In this

work, we also include the input weights, thus reservoir in this thesis means W,Win and the

neurons
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As mentioned, the output of ESN is formed by taking a linear combination of

the reservoir state, this can be written as

y(k) = wT
outx(k), (1.4)

where wout is the output or the readout weights. Apart from a linear combination,

one can also use a nonlinear neuron to produce the output, which can be written

as

y(k) = tanh
[
wT

outx(k)
]
. (1.5)

The key point in ESN is that the matrices Win and W never need to be

adapted. The only parameter that is adapted or trained is the readout weight

wout. By inspection of (1.4), we can make an analogy to FIR filter where y(k)

is a linear function of the filter weights. Therefore, wout in (1.4) can be trained

using any method that can train linear FIR filters4. In the case where a nonlinear

neuron is used as the readout, the MSE can be made linear with respect to wout

by applying tanh−1 to the desired response, we shall have more to say about this

when we discuss ESN training later in this chapter.

It is also possible to have feedback connection from the output back into the

reservoir. In such case, the feedback connections are dense, and they are randomly

initialized and not trained, just like Win. Using feedback connection is a technique

which may improve the performance when the task at hand requires long memory.

However the impact of feedback connections is not well understood in ESN theory

since it was developed assuming no feedback connections. Therefore, in this work

we shall exclusively use ESN without feedback connections.

The ESN approach to adaptive filtering allows one to utilize the power of

RNN to perform nonlinear filtering without all the difficulties that come with

their training as explained in Section 1.2. Further, it is possible to use results

from linear adaptive filter to analyze the filter since the readout layer and the

weights adapted are linear. Therefore, we can compute information such as excess

MSE, convergent speed, etc., when a certain algorithm is applied to train the

readout. This essentially turns difficult to analyze, nonlinear and recursive RNN

into well understood and simple FIR filters.

4This is only a theoretical statement. In practice the LMS algorithm can not be used to train

wout well. The reason will be discussed later in this chapter.
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1.4 Theory of ESN

Before we discuss training and challenges involved in using ESN for adaptive

filtering. It is important for understanding to know the theory behind ESN, which

we discuss in this section.

1.4.1 Echo State Property

The key to ESN is the “echo states property”, which has the following formal

definition. For all left-infinite input sequence u(k) where k = ...,−2,−1, 0 and for

all state sequences x(k),x′(k), it holds that

x′(k) = x(k)∀k ≤ 0 (1.6)

Intuitively, if the network had been running for a very long time, the current

network state is uniquely determined by the history of input, regardless of the

initial state. In order to have echo states, it is nessesary for the network to

satisfy any one of the following three equivalent properties: state contracting,

state forgetting, and input forgetting. We explain these three properties now, even

though in practical use of ESN it is not essential to understand them, to prepare

for later when we investigate ESN in the complex domain. These definitions are

taken from [Jaeger, 2001]. Here, we try to explain them in a more intuitive manner.

For a highly rigorous mathematical approach, please see the reference.

Definition 1 The following are all equivalent to the network having echo states.

Let d denote Euclidean distance. We introduce a network state update operator

T and write x(k+ h) = T (x(k),uh) to mean the network state that resulted from

repeated application of (1.2) where a network with state x(k) is fed with input

sequence u(k + 1), ...,u(k + h). The set A is some closed set.

1. The network is called state contracting if for all right-infinite input sequences

u+∞ there exist a null sequence5 (δh)h>0 such that for all states x,x′ ∈ A,

for all h ≥ 0, and for all input sequence prefixes uh = u(k), ...,u(k + h) it

hold that d(T (x,uh), T (x′,uh)) < δh, where d is the Euclidean distance on

RN .

5A null sequence is a sequence which has a limit of zero.
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2. The network is called state forgetting if for all left-infinite input sequences

...,u(k− 1),u(k) there exists a null sequence (δh)h>0 such that for all states

x,x′ ∈ A, for all h ≥ 0, and for all input sequences suffixes uh = u(k −
h), ...,u(k) it holds that d(T (x,uh), T (x′,uh)) < δh.

3. The network is called input forgetting if for all left-infinite input sequence

u−∞ there exist a null sequence (δh)h>0 such that for all h ≥ 0, for all input

sequence suffixes uh = u(k− h), ...,u(k), for all states x,x′ end-compatible6

with uh, it holds that d(x,x′) < δh.

Intuitively, state contracting means that two networks with different initial

states fed with the same input will have their states coming closer and closer

to each other as k → ∞. The state forgetting property basically means the

same thing, that as the length h approaches infinity, the state difference between

two networks with initial states x,x′ approaches zero, thus, the networks has

“forgotten” their initial states. Finally, the input forgetting property means that

the effect on the state from previous inputs approaches zero as the network is fed

by the new inputs.

In essence, the echo state property means that the effect of current state x(k)

and current input u(k) on future state x(k+ h) approaches zeros as h approaches

infinity.

The definitions above, while formal, are difficult to check in practice. Fortu-

nately, for networks that use the standard tanh activation function, the existence

of echo states can easily be checked by verifying that the spectral radius of W is

less than one. The spectral radius of W is given by max (|λW|), where λW denotes

the eigenvalues of W. The reason behind this quick check for echo states can be

seen from the following proof.

d(T (x,u), T (x′,u)) = d(tanh(Win + Wx), tanh(Win + Wx′))

≤ d(Win + Wx,Win + Wx′)

= d(Wx,Wx′)

= ||W(x− x′)||

≤ max (|λW|)× d(x,x′)

, (1.7)

6End-compatible means that the state can be reached by feeding a particular input sequence

to the network.
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assuming that the spectral radius is less than one, the final line shows that the

distance between the states x,x′ after state update is less than that before state

update. This satisfies the state contacting property and according to Definition

1, it is equivalent to the network having echo state. The key step in the proof is

going from the first to second line, where the fact that tanh is bounded between

[−1, 1] allows dropping it from the distance calculation.

In order to easily ensure the existence of echo states, in this thesis we shall

exclusively use tanh as the activation function. Unless stated otherwise.

1.4.2 How Does ESN Works?

Up to this point we have discussed what is an Echo State Network and the echo

states property. But why would ESN work at all? It seems remarkable that a

randomly generated structure can be tapped by a linear combiner to produce any

desired response. In order to illustrate how ESN work, consider the most general

nonlinear system description where the desired response is some nonlinear function

of the entire input history

d(k) = f(...,u(k − 1),u(k)). (1.8)

We would like to approximate the above d(k) using some linear combination of

the state x(k) of ESN. If echo states exist, then there is also a one-to-one corre-

spondence between the current state and the input history. The current state can

be written as

x(k) = e(...,u(k − 1),u(k)), (1.9)

where e is a vector-valued “echo7” function that uniquely maps the entire input

history to the current state, (1.9) is valid due to the echo states property, allowing

one to one mapping between input history and current state.

It can be seen that the above two equations are similar, thus we may be able

to approximate d(k) using the elements of the state vector. In order to do this we

7We follow the name used in [Jaeger, 2001].
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write
d(k) = f(...,u(k − 1),u(k))

≈ y(k)

=
N∑
i=1

wiei

= wT
outx(k).

(1.10)

The last line of the above equation is exactly the output of ESN when a linear

combination is used as the readout.

In essence, ESN work because the echo function maps uniquely the entire input

history to the current states thanks to the echo states property. We can then take

a linear combination of the current state to approximate as closely as possible

the desired response d, due to the close similarity between (1.8) and (1.9). This

similarity also suggests that other functions apart from a linear combiner can be

used to produce the output as well. In fact, in Chapter 4 we shall use a particular

type of FNN as the readout.

1.5 Training of ESN

Training of ESN involves adapting wout, which can be done either offline or online.

We will now discuss offline training. First assume that the readout is a linear

combiner, whose output can be written as

y(k) = wT
outx(k).

Given the input u(k) and the desired response d(k) both of length L, we would

like to minimize in the MSE sense the error

e(k) = d(k)− y(k) = d(k)−wT
outx(k). (1.11)

In the offline setting, this is a linear regression problem. The readout weights wout

can be computed by solving

Pwout = d, (1.12)

where P is a matrix whose rows are the state vector at each time sample

P =


x(1)T

...

x(L)T

 , (1.13)
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and d is a vector of desired response. Since L is generally larger than N the

system in (1.12) does not have an exact solution. Linear regression looks for the

least squares solution to (1.12), which can be obtained by calculating the pseudo

inverse of P.

PTPwout = PTd. (1.14)

and solving for wout. Since linear regression belongs to statistic, not adaptive

filtering which solves the normal equation. We now show that they are essentially

the same. From (1.13), the product PTP can be written out as

PTP =


∑L

k=0 x1(k)x1(k) · · ·
∑L

k=0 x1(k)xN(k)
...

. . .
...∑L

k=0 xN(k)x1(k) · · ·
∑L

k=0 xN(k)xN(k)

 , (1.15)

which has the same form as the time-average correlation matrix [Haykin, 2005].

Similarly, PTd can be written out as

PTd =


∑L

k=0 x1(k)d(k)
...∑L

k=0 xN(k)d(k)

 , (1.16)

which has the same form as the time-average cross-correlation vector. Where in

both of these, the lag on the tap delay line is replaced by different positions of

x(k) like in “array” adaptive filters. Therefore, solving (1.14) for wout is the same

as solving the normal equation in linear FIR filter. Both linear regression and

solving the normal equation arrives at the same solution for wout.

When the readout is a tanh neuron, the output is given by

y(k) = tanh [woutx(k)] . (1.17)

Therefore, (1.12) is changed to

tanh [P] wout = d. (1.18)

But this would be a nonlinear regression problem. In order to avoid this, we may

perform linear regression using the input to the tanh function of the output neuron

as the data and the transform desired response tanh−1 [d(k)] as the target. This

new regression problem can be written as

Pwout = tanh−1 [d] . (1.19)
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Doing this is justified since tanh() is invertible and one-to-one. It is clear that

wout which produces wT
outx(k) that closely approximates tanh−1 [d(k)] will also

produce tanh
[
wT

outx(k)
]

that closely approximates d(k).

Another way to see this is to look at how the errors in the two cases are related.

The “original error” is e(k) = d(k)− tanh [woutx(k)]. When we are solving (1.19),

the “transformed error” that we are minimizing is e′(k) = tanh−1 [d(k)]−woutx(k).

Thus e(k) and e′(k) are related by e(k) = tanh [e′(k)] or e2(k) = tanh2 [e′(k)].

Thus, when [e′(k)]2 is minimized, e2(k) is also minimized since tanh2() is an even

function with the minimum at 0.

Regularization of Training

A point to note about the training process of ESN is that, to produce the state

vectors that fill the rows of P, the state update in (1.2) has to be modified as

x(k) = tanh [Winu(k) + Wx(k − 1)] + ηa, (1.20)

the difference from (1.2) is the addition of the ηa term, which serve as a regular-

ization, η is a scalar factor and a is a noise vector drawn from the standard normal

distribution. If unregularized state update as in (1.2) is used, the rows of P may

be so similar to each other that (1.12) becomes an ill-conditioned problem, leading

to very large output weights that generalize poorly to new inputs. Throughout

this thesis, we fix the value of η to be 0.0001.

The training process of ESN may be summarized as follows:

1. Set the sparsity of W.

2. Sample the elements of Win and W from a uniform distribution in the

domain [−1, 1].

3. Scale the elements of W such that the spectral radius is a specific value less

than 1.

4. Scale the elements of Win by a scalar input scaling parameter v between

zero and one.

5. Feed the network with u(k), apply (1.20) and collect x(k) of each time step

k into the rows of P, collect each desired response sample d(k) into the rows

of d.
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6. Discard the top Lwashout rows from both P and d.

7. Solve (1.12) using any least squares method.

8. When the trained network is used to process new inputs, use the unregularize

state update (1.2). The regularized state update (1.20) is only used for

training.

The reason why the top Lwashout rows of both P and d has to be discarded is

because echo states take some time to establish, so the initial states should be

“washed out” and not used in training. Exactly how many time steps it takes is

not a hard fact, but from our experience as little as 10 samples is enough in certain

applications. However, to be on the safe side and avoid any possible confusion if

echo states have been established or not, we choose to fix Lwashout = 200 in all

simulations in this thesis unless explicitly stated otherwise.

It can be seen that the parameters involved in generating the reservoir are:

the spectral radius, the input scaling, and the sparsity of W. We will illustrate

in Chapter 2 that the performance of ESN is sensitive to the choice of these

parameters. The current practice in using ESN to set these parameters manually

by trial and error, as well as by the user’s experience.

For online training, the first 4 steps of the above procedure to generate the

reservoir remains the same. The state vector can be updated with the unregular-

ized state update equation (1.2), since in online training one is no longer solving

the linear system in (1.12). To see how the readout can be trained online, we can

make an analogy with linear FIR filters. It is clear to see that x(k) is analogous

to the tap input signal and wout is analogous to the filter’s tap weights. Thus we

can use any training algorithm for linear filters to train wout online by replacing

u(k) in the linear algorithm with the state vector x(k) and replace the tap delay

line update with state update. To accommodate the washout period, the adap-

tation algorithm can be turned on only after Lwashout time steps has passed (the

state vector starts updating from k = 0 however), which can easily be checked in

practice.

1.5.1 State Vector Augmentation

An easy way to improve the performance of ESN is state vector augmentation

[Jaeger, 2003]. That is, before storing the state vector of each time instant x(k)
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into the rows of P for training, one can apply an arbitrary transformation to it,

such as

x′(k) =
[
u(k),x(k), u2(k),x2(k)

]
, (1.21)

for example, where x′(k) is the “augmented” state vector. There is no theory

regarding state vector transformation, and its use in ESN take a see-what-works

approach. However we note that the use of the input u(k) is quite popular, as

well as a squared version of the state vector itself. All of which is included in the

above transformation.

State vector augmentation improves the performance at the cost of larger “ef-

fective” reservoir size. As can be seen from (1.21), the length of x′(k) is 2N + 2

instead of N , therefore the size of P as well as the number of output weights also

must be increased to match the length of the augmented state vector. Thus one

must consider whether or not to augment the state vector by comparing the per-

formance gain versus using a larger reservoir with un-augmented or “plain” state

vectors.

1.5.2 Example

Next we present an example to illustrate ESN training. Consider a system identi-

fication problem where the task is to identify [Narendra and Parthasarathy, 1990]

y(k) =
y(k − 1)y(k − 2)(y(k − 1) + 0.25)

1 + y2(k − 1) + y2(k − 2)
+ u(k), (1.22)

where the input u(k) is a uniform noise in [0, 0.5]. We shall later refer to this

problem as “NARMA2”. We consider two different parameters sets for the reser-

voirs, we call these reservoir 1 and reservoir 2. In both sets, the reservoir size is

N = 20, the sparsity of W is 5% and the spectral radius is 0.8. The difference

between reservoir 1 and reservoir 2 is that the first has input scaling of 1.0, while

the latter has input scaling of 0.3.

The reservoirs are fed with the input and the state vector x is updated using

(1.20). At each time instant k, the current state vector x(k) is saved into the kth

row of the matrix P, while the desired response sample d(k) is saved into the kth

row of the vector d. Once the entire input has been fed into the reservoir, the top

200 rows of P and d were discarded. Then the readout was obtained by solving

(1.12) using pseudo inverse.
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After training, the state vector is re-initialized to all zeros, another 500 samples

was input for testing, the state update was done using (1.2) and the output y(k)

was calculated using (1.4). The plot of the test outputs produced by the two

reservoirs and the desired response for this example in shown in Figure 1.7. The

top panel shows the output of reservoir 1 with input scaling of 1.0, while the

bottom panel shows the output of reservoir 2 with input scaling of 0.3. It can

be seen that the output of reservoir 2 matched the desired response more closely

than that of reservoir 1. This shows that a reservoir’s parameters have significant

effect on its performance.

Another point we would like to make about this example is that, if one calculate

the eigenvalue spread of the covariance matrix formed by the reservoirs state

vectors, the value comes out to be about 1.6 × 1016. We have discussed earlier

that the state vector is analogous to a FIR filter’s tap input vector. Thus, online

training of wout is severely affected by this very large eigenvalue spread.
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Figure 1.7: Result of ESN training example.

1.5.3 Challenges in ESN Training

ESN offer an intriguing alternative to RNN due to its simple training scheme.

However, it is not without its own drawbacks. As the above example illustrates,

there are two main challenges one faces. The first challenge comes from the random
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generation of W,Win, which involves parameters that must be chosen manually.

Parameter choice has significant effect on a reservoir’s performance. We elaborate

more on this in Chapter 2.

The second challenge in ESN arises when it is used as an adaptive filtering

structure, which in practice must be trained online. As can be seen from (1.4),

the output equation of ESN resembles that of linear FIR filters, this suggests

that any algorithm that can be used to train linear FIR filters online can be used

to train wout in the same manner. Theoretically speaking this is true, however,

the problem is that the eigenvalue spread of the covariance matrix formed by the

reservoir states x in ESN is extremely high. This eigenvalue spread is enormous

compared to linear filter standard that the LMS algorithm can not be used to

train wout successfully8. One must resort to using the RLS algorithm which is

insensitive to eigenvalue spread of the input, but, as the reservoir size in ESN

can be large (100 neurons or more), the computational cost of RLS can become

impractically high. This is the second challenge in ESN as adaptive filters.

1.6 Thesis Contribution and Organization

The contribution of this thesis is that it addresses these two challenges. For

the first challenge, we propose a method to automatically optimize a reservoir’s

parameters so that it performs optimally given a particular problem. This method

is presented in Chapter 3. For the second challenge, we propose using a new

type of readout structure that significantly reduces the number of coefficient that

must be adapted by the RLS algorithm for large reservoirs, greatly reducing the

computational cost in online training. This is presented in Chapter 4.

The organization of this thesis as follows. In Chapter 2, ESN will be compared

with RNN trained with different methods, in order to establish that ESN can per-

form at least as well, or better than RNN trained with the best training methods.

It will be shown by experiments that the performance of ESN is sensitive to its

parameters, setting the stage for our reservoir optimization method which will be

presented in Chapter 3.

In Chapter 3, we present a method that adapts the reservoir parameters to

specific input and desired response. We call this “pre-training” in order to distin-

8We will illustrate this fact in Chapter 4.
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guish it from readout training. Pre-training of the reservoir allows one to avoid the

trial and error process in manually choosing the parameters. We then extend the

ESN concept to the complex domain, and finally finish the chapter by extending

the reservoir pre-training method presented to the complex domain as well.

In Chapter 4, we deal with the problem of online training. We show that the

eigenvalue spread problem lead to much higher MSE when the readout is trained

using LMS, compared to when it is trained with RLS. We then investigate an O(N)

algorithm that is generally regarded in the ESN literature to be effective at online

training and show that is its performance is actually only slightly better than

LMS. We then propose a new readout structure and conduct many experiments

to confirm its effectiveness as well as compares the computational cost against

linear readout given the same reservoir size.

To conclude this introductory chapter, we started by outlining some nonlinear

filter structures and showed that RNN is more general than others due to its

recursive nature. We discussed the reasons why RNN are still not very widely

used in adaptive filtering due to the difficulties in their training. We introduced

ESN, discussed its theoretical foundation, and gave an example of how it can be

used for nonlinear adaptive filtering problems. Next we discussed the challenges in

using ESN, the solution to which is the main contribution of this thesis. Finally,

we ended the chapter by presenting the organization of this thesis.

1.7 ESN vs Deep Learning

This section is an aside, it may be skipped without loss of understanding.

Currently, another hot topic in neural network is Deep Learning (DL) [Bengio,

2009], which compared to ESN, have a larger number of publications. In order to

avoid any possible confusion whether ESN may be a subset of DL, in this section

we briefly discuss DL and see whether there is any relationship to ESN.

DL derives its name from learning of FNN with many layers, hence “deep”.

Theoretically, a single layer FNN can represent any static function, however the

number of neurons required may be very large. A network with multiple layers

may be able to represent the same function with much lower number of weights.

Less number of weights mean less amount of training data is required. Another

advantage of using a deep architecture is that each layer can represent different
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level of abstraction, the use of deep architecture allows for composing of lower

level of abstraction (output of previous layers) for the construction of higher level

of abstraction. For a photo for example, lower abstraction level are the raw pixel,

edges, histogram, etc. The higher level of abstraction may be the objects in the

photo, even higher is what the person in the photo is doing.

The difference between DL and ESN are clear in terms of the application

domain, architecture employed and training methodology.

1. Domain: DL is used in machine learning to discover pattern in the training

data in order to allow for highly abstract (compared to raw data) classifica-

tion or representation such as recognizing a photograph. The environment

in these tasks is static, that is “time” is not present in the data. ESN on

the other hand is a dynamical system, its use is to approximate temporal

nonlinear functions.

2. Architecture: DL use FNN architecture. Although each layer may consists

of recurrent Restricted Boltzman Machine (RBM), but the overall flow of

signals is only from input to output of the entire network. Furthermore,

RBM learns only static function. ESN on the other hand is fully recurrent

and learns temporal functions. At present, extending the concepts of DL to

recurrent or dynamical networks is still an open question [Bengio, 2009].

3. Training: DL networks are trained layer by layer. When each layer consists of

RBM, this can take a long time and is not unimodal. In ESN training consists

of solving an overdetermined linear system which is fast and unimodal.

It is true that in some application such as speech classification, both ESN and

DL can be used and DL would probably gives better results because there is

abstraction (speech feature as input and classification label as output). However

in adaptive filtering the data is temporal and there is no abstraction (the output

is as “raw” as the input). It is clear that for our purpose here, ESN is neither a

subset of, nor is replaceable by DL. A literature search reveals that DL has never

been applied to adaptive filtering.
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Chapter 2

Performance Comparison

between RNN and ESN

In Chapter 1, we argued that ESN can potentially outperform RNN due to their

simple, unimodal training. In this chapter, we compare the performance of RNN

against ESN in nonlinear system identification, time-series prediction and equal-

ization tasks. The RNN are trained with an algorithm that was shown to be much

better than simple gradient descent. Furthermore, we also trained the RNN with

a hybrid algorithm that utilizes both global optimization and the aforementioned

training algorithm. The performance of ESN is shown to be better than RNN in

all problems considered in this chapter. We also show that while ESN are very

simple to use, their performance is sensitive to the choice of parameters. The spec-

tral radius and the input scaling in particular significantly effect the performance

of ESN. A parameter sweep was conducted for different problems to demonstrate

this fact.

2.1 Training of RNN

The first training algorithm proposed for RNN was the RTRL algorithm [Williams

and Zipser, 1989]. It is based on direct gradient calculation from the RNN state

update and output equations. While this gradient is exact, its complexity is

O(N4), making RTRL limited in applicability to situations where small network

sizes would suffice. Back propagation through time [Werbos, 1990] (BPT) is a

very popular method to overcome the high complexity of RTRL. By “unfolding”

23



RNN through time, each time instance that the network has been running becomes

another layer in a feedforward network that stretches back to k = 0. BPT essen-

tially transforms RNN into (highly) multi-layer FNN, the training of which many

algorithms with O(N2) complexity are available. Obviously, the BPT approach

only make sense if the network would not be run for a very long time, otherwise,

any computational saving gained from using a O(N2) algorithm would be lost due

to the shear size of the network.

The shortcoming of RTRL had lead to many studies which proposed new al-

gorithms for training RNN [Werbos, 1990; Toomarian and Barhen, 1991; Sun

et al., 1992; Schmidhuber, 1992], with lower complexity and better performance

than RTRL. The study in [Atiya and Parlos, 2000] showed that these different

approaches to RNN training are essentially different ways of solving the same un-

derlying matrix equations. The same study also proposed a new training algorithm

now known as APRL that we will apply in this chapter.

Regardless of what training algorithm is used, RNN training suffers from one

major problem: the error surface of RNN is highly multi-modal. The study in

[Horn et al., 2009] showed that even a single neuron with one input weight and

one feedback weight can have local minima. Since the problem they consider was

just training of one network to match the weights of another with exactly the same

connection architecture, it is likely that the local minima problem would be worse

in practical use of RNN, where the structure of the network has no relation to the

problem.

The local-minima problem is also well-known for linear IIR filters, for which

numerous methods based on GO algorithms had been proposed to overcome it,

such as [Chen et al., 2001; Karaboga, 2005; Krusienski and Jenkins, 2004]. A GO

based approach to RNN training for nonlinear equalization problem was proposed

in [Yuenyong and NISHIHARA, 2013]. However as discussed in Chapter 1, most

GO algorithms are heuristic and probabilistic, meaning that convergence to the

global minimum point is not guaranteed. Moreover, they are also population-

based and the size of the population required for good search capacity grows

with the dimension of the parameter space. Because neither gradient-based or

GO algorithm can be 100% successful at locating the global minimum on their

own, a hybrid approach where a GO algorithm is combined with a gradient-based

algorithm is an interesting new way of training RNN.
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One such hybrid algorithm for training linear IIR filters based on combining

DE and gradient descent was proposed in [Yuenyong and Nishihara, 2013] and

was shown in be superior than either algorithm by itself. Extending along this

line, in this chapter we apply the same principles as in that work to train RNN

using a hybrid APRL-DE algorithm1, the result of which serves as a baseline which

represent the best trained RNN, against which the performance of ESN can be

compared to.

2.2 Experiments - Comparing RNN vs ESN

The purpose of this section is to compare the performance of RNN against ESN

using three different problems in adaptive filtering: system identification, time-

series prediction, and equalization, all of which are nonlinear. RNN are trained

using both APRL alone and by using the hybrid APRL-DE algorithm. ESN are

trained as described in Section 1.4.2. The measure of performance for system

identification and time-series prediction is given by the normalized mean squared

error (NMSE), defined by

NMSE =
E[(y(k)− d(k))2]

σ2
d

, (2.1)

where σ2
d is the variance of the desired response. Note that the signals in the

above equation are independently generated as “test” signals, different from the

input and desired response used to train the networks. As a rule, we exclude the

first Lwashout samples when evaluating the NMSE values, both for RNN and ESN.

This is to make sure that the echo states property had been established. The

performance measure for the equalization problem is given by the symbol error

rate (SER), evaluated by simulating the transmission of 10000 test symbols after

the network has been trained.

2.2.1 System Identification

For this problem we take the same NARMA2 system from Chapter 1, reproduced

here

y(k) =
y(k − 1)y(k − 2)(y(k − 1) + 0.25)

1 + y2(k − 1) + y2(k − 2)
+ u(k),

1For the details of the APRL algorithm, please see [Atiya and Parlos, 2000], the details of

DE can be found in appendix A.
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where the input u(k) is a uniform noise in [0, 0.5]. We consider offline training with

the number of training samples L = 500. Four different cases were simulated: RNN

trained with APRL and APRL-DE, and two ESN with different parameters (ESN1

and ESN2). The parameters of the APRL algorithm were µ = 0.2, ε = 0.001, taken

from [Atiya and Parlos, 2000].

The parameters of the DE algorithm were F = 0.8, CR = 0.3, NP = 50, taken

from our previous study on training RNN with DE [Yuenyong and NISHIHARA,

2013]. For ESN1, both Win and W was sampled from the range [−1, 1], the

spectral radius was 0.8, the sparsity ρ of W was 5%, and the input scaling was

one. ESN2 had exactly the same parameters except that ρ was 10%.

The RNN had 10 neurons, while the ESN had 202. The initial weights for

APRL was initialized from the range [−1, 1] and the initial population for APRL-

DE was also initialized from the range [−1, 1]. Both APRL and APRL-DE were

run for 50 epochs for each trial with early stopping for the APRL algorithm if the

NMSE goes up for 5 consecutive epochs. The simulation in each case was repeated

for 20 independent trials. The results are shown in Table 2.1 and Figure 2.1. It

can be seen that both ESN1 and ESN2 had lower NMSE than RNN trained with

either APRL or APRL-DE, and that changing only one parameter had significant

effect on the performance of ESN.

2.2.2 Time-Series Prediction

This task is the prediction of the Mackey-Glass time series [Jaeger and Haas, 2004]

that is governed by the following differential equation

dx(t)

dt
=

0.2x(t− τ)

1 + x(t− τ 10)
− 0.1x(t), (2.2)

where τ is an adjustable integer parameter, which was set to 17 to make the time-

series chaotic. The initial condition x(0) was randomly initialized in the range

[0, 1]. To generate a discrete-time sequence, (2.2) was solved numerically and

sampled at integer values of time. For the simulations, other than the change

of input and desired response, all other parameters were exactly the same as the

2It may seems like it’s not a fair comparison between RNN and ESN as the later has more

neurons. However, in terms of the number of trained parameters, RNN in these simulations have

100, while ESN only have 20.
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Table 2.1: Average NMSE over 20 trials for the NARMA2 and MG problems for

the four different cases considered.

APRL APRL-DE ESN1 ESN2

NARMA2 0.0358 0.0309 0.0254 0.0118

MG 0.0172 0.0117 0.0046 2.31× 10−5

system identification problem. The results are shown in Table 2.1 and Figure 2.13.

It can be seen that results follow the same trend as in the NARMA2 problem.
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Figure 2.1: Performance of APRL, APRL-DE and the two ESN’s for NARMA

and MG problems.

2.2.3 Channel Equalization

Channel equalization is another area where the use of recurrent structures give

much better performance than FNN [Cha and Kassam, 1995]. For this prob-

lem we considered the following non-minimum-phase, nonlinear channel given by

[Kechriotis et al., 1994]

v(k) = 0.3482u(k) + 0.8704u(k − 1) + 0.3482u(k − 2)

y(k) = v(k) + 0.2v2(k),
(2.3)

3The bar for ESN2 of MG problem is not visible at this scale.

27



where u(k) is the channel input and y(k) is the output. The delay for the desired

response was one. The input signal was a binary alphabet from the set {−0.5, 0.5}.
Following [Kechriotis et al., 1994], we set the number of neurons to be N = 2

for RNN. Keeping the same number of neurons for ESN as in the previous two

problems seems to be too much different from the RNN size, so the reservoir size

was changed to N = 10. In terms of the number of trained parameters, RNN now

have 8, while ESN have 10. Training length was increased to 2000 samples. After

training is completed, 10000 more samples was transmitted in order to measure the

SER. The parameters for the training algorithms were the same as the previous two

problems. We ran 20 independent trials at each SNR value and plotted the average

SER for each as shown in Figure 2.2. At low SNR values, APRL and APRL-DE

are indistinguishable, with their SER curves started to deviate at around 12 dB.

The SER curves of both ESN1 and ESN2 are below the other two for all SNR

values.
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Figure 2.2: Symbol error rate for the equalization problem.

These experiments have shown that ESN have comparable or better perfor-

mance than the best-trained RNN over different classes of problems, and that

changing the sparsity of W has significant effect on their performance. For the

remaining of this chapter, we will demonstrate that the other two parameters: the

spectral radius and input scaling, also have significant effect on the performance

as well.
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Figure 2.3: Nonlinear laser data.

2.3 Parameter Study for ESN

In order to demonstrate that the performance of ESN is also sensitive to the

spectral radius and input scaling, we fixed the sparsity of W to 5% and sweep

the spectral radius in the set {0.5, 0.55, ..., 0.95} and the input scaling in the set

{0.5, 0.55, ..., 1.0}. At each grid point in this 2-D parameter space, we repeat-

edly train and test the networks using four different problems to get the average

NMSE over 20 independent trials. The number of neurons was fixed at 10 in all

simulations.

Figure 2.4 shows the contour NMSE plot for the NARMA2 and MG problems

we considered in the previous section. Figure 2.5 shows the plots of the equaliza-

tion problem and another problem which is the prediction of nonlinear laser data

from [Gershenfeld and Weigend, 1994], shown in Figure 2.3. We scaled the values

of the original time-series so that the maximum magnitude is less than one.

For the NARMA2 problem, the contour plot reveals that the performance is

sensitive to both the spectral radius and input scaling, the surface of the NMSE

plot is highly complex, having disjoint global minimum areas with NMSE=0.01.

There are also several local minima where NMSE=0.02. The NMSE corresponding
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to the worse possible parameter is 0.04, which is roughly 4 times that of the best

possible value.

For the laser problem, the global minimum area is concentrated on the top of

the parameter space. Thus generally, larger input scaling yield better performance,

and spectral radius has relatively little impact compared to the NARMA2 case.

Given a particular input scale, varying the spectral radius yield a difference of only

around 0.02 in NMSE value. The difference between the best and worse parameter

is less than the NARMA2 case, only around 2 times.

The MG problem has the most complicated surface, and also has the smallest

area for the global minimum, which is located at roughly 0.8 for input scaling and

0.9 for spectral radius. Also, the difference between the best and worse parameters

is the largest, with the worse parameter giving almost 10 times the NMSE value

of the best parameters.

The equalization problem has the simplest surface of all. It also follows roughly

the same trend as the laser problem: the performance is better with larger input

scaling, with spectral radius having little or no impact at all. Moreover, the

difference between the NMSE values of the best and worse parameters is the

smallest at 0.08.

From these 4 plots, it can be seen that in some problems, the performance of

ESN is highly sensitive to both the input scaling and spectral radius. Whereas in

others, the performance is only sensitive to the input scaling. In such problems,

the NMSE surface tend to be simpler, with large global minimum area, and the

difference between the best and worse parameter are small. In problems with

complicated surface, the global minimum areas are smaller, and the difference

between the best and worse parameters are much larger.

It is important to keep in mind that the situation here is simplified, since the

sparsity of the reservoir is fixed. As seen in the previous section, the value of

the sparsity also effects the performance. However even in this simplified case,

it can be seen that the performance of ESN, depending on the problem at hand,

can be sensitive to the input scaling and spectral radius. Since in practice we

would have no prior knowledge which parameter the performance is sensitive to,

as well as what the shape of the NMSE surface looks like, it would be desirable

to have some method to “adapt” the reservoir parameters in order to ensure the

best performance of ESN regardless of the problem under consideration.
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2.4 Conclusion

In this chapter, we have shown by experiments on different adaptive filtering

problems that ESN have better performance than the best trained RNN. We have

also shown by a parameter study that the performance of ESN, depending on the

problem at hand, can be quite sensitive to all of the reservoir parameters. The

NMSE values achieved by reservoirs with good parameters can be many times

less than those obtained by reservoirs with bad parameters. Therefore, how to

determine the best parameters given a particular problem, without having to tune

them manually by trial and error, is a worthwhile question in ESN. This is one of

the main subject matter of the thesis and is presented in the next chapter.
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Chapter 3

Reservoir Adaptation for ESN

3.1 Toward Reservoir Adaptation

The results in the previous chapter show that although ESN works with randomly

initialized reservoir, the final performance is sensitive to the choice of reservoir

parameters. We have shown that all parameters involved in reservoir generation:

the spectral radius, the reservoir sparsity and the input scaling, can effect the

performance of ESN. It would be desirable to have a function that can accurately

predicts the performance of a reservoir from its parameters. Ideally, the minimiza-

tion or maximization of such function should lead to lowest possible MSE when

the readout is trained, we call such optimization “pre-training”, to distinguish it

from “training” of the readout weights. We also say reservoir adaptation to mean

the same thing as pre-training.

The obvious choice for a cost function, is to use the MSE itself, or its normal-

ized version NMSE. This is called supervised pre-training. However, in order to

evaluate this cost function, the readout must be trained, and then tested. This

requires two blocks of signals, one for training of the readout, and one for testing

it to compute the MSE or NMSE. This process must be repeated for each point

in the parameter space to be evaluated, which means repeatedly solving (1.12).

Therefore supervised pre-training has high computational cost.

On the other hand, unsupervised cost functions are computed only from the

states of the reservoir, without training the readout. Thus, such functions has to

somehow predict a reservoir’s performance from its states. And since the states

of a reservoir is determined by its parameters and its input signal, optimizing
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the cost function is equivalent to optimizing a reservoir’s parameters for a given

task. Since the readout is never trained, unsupervised pre-training has much lower

computational cost than supervised pre-training.

Reservoirs are nonlinear dynamic systems, thus a function defined on their

states would be highly multi-modal, with derivative that is difficult, if not impos-

sible, to calculate. Therefore, for the purpose of adapting the reservoir, we use

the DE algorithm. This algorithm, and evolutionary algorithms in general, are

affected by the randomness of reservoir generation, which results in a different one

being generated each time even when exactly the same parameters are used. It

was demonstrated in [Ozturk et al., 2007] that reservoirs generated with the same

parameters can have significantly different performance.

Since the performance of ESN is linked to the states of the reservoir which is

in turn linked to the cost function defined on the states, random generation ulti-

mately acts as noise to the algorithm used to adapt the reservoir and degrades the

quality of the final result. Recently, Deterministically Constructed Cycle Reservoir

with Regular Jumps (CRJ) was proposed in [Rodan and Tiňo, 2012] and shown

to have better performance than classical reservoirs1 when its parameters are set

by brute force supervised pre-training. CRJ reservoirs are completely determinis-

tic, meaning that there is only one possible reservoir that can be generated from

a given parameters set. This is preferable for the purpose of optimization than

classical reservoirs. In this chapter and the next, will we focus mainly on CRJ

reservoirs.

In this chapter, we will first present the CRJ reservoir. Next, we will review

existing works on reservoir adaptation, present our pre-training cost function and

demonstrate its effectiveness by using it to pre-train reservoirs for different prob-

lems. The results will be compared against that of classical reservoirs with sparsity

set to 10% and both the spectral radius and input scaling set to the middle of

their respective ranges, which is 0.5 for the input scaling and 0.75 for the spec-

tral radius. These parameter setting for the classical reservoirs reflect their actual

use where one has no a priori knowledge of the proper parameters. We call this

parameter set for classical reservoirs “standard parameters”. For the rest of this

chapter, whenever we say classical reservoir, we mean classical reservoir with stan-

dard parameter.

1By ”classical reservoirs”, we mean those generated as described previously in Chapter 1.
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We will then extend the pre-training cost function to the complex domain and

compare the performance of pre-trained CRJ reservoirs against classical reservoirs

for complex valued time-series prediction problem.

3.2 The CRJ Reservoir

The CRJ reservoir is illustrated in Figure 3.1. It has a clockwise ring topology with

one-directional weight rc connecting adjacent neurons, and bi-directional “jumps”

rj every l neurons. The N input weights are denoted by a vector v where each

element vi is assigned −v if the ith decimal digit of π is equal to or less than 4 and

+v otherwise. The entire CRJ reservoir is completely characterized by 4 numbers:

rc, rj, l, v. The three parameters rc, rj, v take on real values from 0 to 1 while l

takes on integer values from 1 to bN/2c.
The reason for using the digits of π is to provide a deterministic way of assigning

plus or minus signs to v for each of the input weights, so that for the same number

of weights, the same sequence of pluses and minuses will be generated every time, in

contrast with randomly generated reservoirs, where the signs of the input weights

or the weights themselves are sampled from a probability distribution. It is not

necessary to use π, any irrational number such as e,
√

2 will also work.

..
.

..
. ..
.

Figure 3.1: A CRJ reservoir with 12 neurons and jump size of 3.

3.3 Predicting Reservoir Performance

In this section we review existing studies on the relationship between reservoir

parameters and performance. A method based on kernel quality proposed in

[Maass et al., 2005] involved feeding the reservoir with k different inputs, and
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collecting the resulting states x(n0) where n0 is some fixed time after the input

was presented, row-wise into a matrix Mk×N . If the rank of M equals k then

the reservoir is said to have linear separation property. This basically tests if the

reservoir is capable of reaching independent states when fed by different input

sequences. Thus this method is useful for time series classification tasks.

Various research directions in ESN was briefly outlined in [Jaeger, 2005], most

notably the problem of very high eigenvalue spread (EVS) of the covariance ma-

trix formed by the reservoir’s states, which is a quantity that ideally should be

minimized2. However, high EVS seems unavoidable because each neuron in the

reservoir is fed by the same input thus their states will always have some depen-

dency on each other. We have tried to minimize EVS by minimizing the condi-

tion number of P. While this does lead to a lower (but still very high by linear

filter standard) EVS, it only slightly improve the performance of the reservoir.

Moreover, decreasing the EVS too much seems to adversely effect the reservoir

performance.

Recently [Song and Feng, 2010] studied the relationship between the reser-

voir connectivity (sparsity) and its performance for time-series prediction tasks.

Their criterion, the omega-complexity index, seems to be successful at predict-

ing a reservoir’s performance based on its connectivity. But their method applies

only to time-series prediction and difficult to apply to CRJ reservoirs where the

connectivity is only coarsely adjustable through l.

The study in [Ozturk et al., 2007] proposed viewing the elements of x(k) of

each time instant as samples of an underlying random variable. Their cost function

is evaluated by first calculating the Renyi’s squared entropy values H2(x(k)), k =

1, ..., L and then taking the average of the values. This cost function is maximize

by first linearizing the ESN state update equation around zero state, and then

distribute the poles of the resulting system evenly inside the unit circle. This

procedure also has the effect of distributing the eigenvalues of W evenly in the

unit circle as well. However, the eigenvalues of W for the CRJ reservoir are located

on a circle with radius less than 1, providing a counter example. Moreover, each

element of x(k) actually belongs to different random variables since they are the

outputs of different neurons. Moreover, linearizing around zero means that the

2As discussed in the introduction, extremely large EVS is a problem when trying to train

ESN online. We will deal with this issue in Chapter 4.
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nonlinear power of the reservoir is not taken into consideration, since tanh is very

close to linear around zero.

The edge of chaos is a region in the state space of a dynamical system at

which it operates at the boundary between chaotic and non-chaotic behaviour. It

is often claimed that at the edge of chaos, dynamical systems have high computa-

tional power [Bertschinger and Natschläger, 2004]. The edge of chaos is detected

by measuring the Lyapunov exponent, a task that is difficult in itself. A method

to approximate the Lyapunov exponent of non-autonomous dynamical systems

was proposed in [Verstraeten et al., 2007]. Application of this method to classical

reservoirs showed that the optimal reservoir coincide with positive Lyapunov expo-

nent, which supports the edge of chaos hypothesis. However, for CRJ reservoirs,

the optimal one coincide with negative Lyapunov exponent, when corresponds

to non-chaotic behavior [Rodan and Tiňo, 2012]. Moreover, [Verstraeten et al.,

2007] did not offer any criterion for optimizing the Lypunov exponent except that

it must be positive, since different problems can have different optimal Lypunov

exponent, this is not a cost function that can be maximized or minimized.

The study in [Verstraeten, 2009] suggested that the magnitude of the smallest

singular value of P (MSS) is a good predictor of a reservoir’s performance, but

did not provide any optimization attempt using this criterion. We tested this cost

function and found, for the CRJ reservoir, that increasing the MSS does correlate

with lower NMSE, but only up to a certain point. Beyond that, larger value of MSS

can actually lead to a higher NMSE. Since the optimal value of MSS is different

for different problems, it cannot be used for optimizing reservoir parameters.

Finally, it is often stated that the computational power of ESN is maximized

when its states are maximally decorrelated or independent [Steil, 2004]. In other

words, the columns of P should be as independent from each other as possible.

A reservoir with maximally independent states would give the lowest possible

NMSE when the readout is trained. We show by a counter example that this is

not necessarily true in Section 3.1.

After reviewing the existing works on the relationship between reservoir pa-

rameters and performance, we found that a usable cost function, especially one

that can be applied to CRJ reservoirs, is not available. Therefore, we propose one

of our own in the next section.
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3.4 Proposed Pre-training Cost Function

Our proposed cost function is based on a well-known quantity and is easy to

calculate. It is the average mutual information (MI) between each column of P

and the desired response vector d. The idea is that producing the desired response

vector d3 is basically taking a linear combination of each column of P, this can

easily be seen in the linear system formulation of ESN training (1.12). Therefore,

it is reasonable to assume that in order for the reservoir to perform well, there

should be high degree of dependency between the columns of P and d. This

dependency is maximized when the average MI between them is maximum.

MI [Steuer et al., 2002; Estévez et al., 2009] measures the degree of (nonlinear)

dependency between two random variables. The state of each neuron and the

desired response can be regarded as random variable pairs, where MI can be

calculated. The MI between two random variables X and Y is defined by (Here,

we follow the convention of denoting random variables by uppercase letters, and

we use “;” instead of “,” to separate the random variable in order to reserve “,”

for joint pdf.)

I(X;Y ) =

∫ ∫
p(x, y) log

p(x, y)

p(x)p(y)
dxdy. (3.1)

where p(x, y) is the two-dimensional probability density function (pdf) and p(x)

and p(y) are the two one-dimensional pdf’s.

In practice MI must be estimated from samples since we have no knowledge

of the pdf’s. There are many methods available for the estimation of MI with

different accuracy and computational cost ranging from simple histogram, adap-

tive partitioning, kernel density, k-nearest neighbor (KNN), wavelets-based, etc.

The study in [Walters-Williams and Li, 2009] surveyed the many methods of MI

estimation. It was found that the top three most accurate methods are KNN,

B-spline and wavelet-based, and the least accurate one is the histogram.

In general, one would prefer a method with high accuracy, however, the pre-

training cost function we shall define below is not based on a single value of

MI but an average of many MI values. Using a relatively inaccurate method

such as the histogram, some MI value will be overestimated, while some will

be underestimated. These estimation errors tends to cancel out as the average is

3Or, when a nonlinear neuron is used as the readout, the desire response transformed by

tanh−1
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taken. Furthermore, we are interested in the relative values of average MI between

reservoirs with different parameters, not the absolute values, when we pre-train

the reservoir. As long as their relative size is correct, the estimation error does

not matter. Therefore, for our purpose here, it is not necessary to use a very

accurate method for MI estimation. We confirmed this fact by comparing the end

results produced by using the histogram, adaptive partitioning, and supervised

pre-training using MSE as the cost function. There was no statistically significant

difference between the three.

Then, in this work we will use the histogram method because it has the lowest

computational cost of all MI estimation algorithms. Histogram based estimation

of (3.1) is given by

Ĩ(X;Y ) = log(L) +
1

L

∑
ij

kij log
kij
kikj

, (3.2)

where kij is the number of samples that lie within the ij bin of the 2D histogram.

Similarly, ki and kj are respectively the number of samples that lie with the i and

j bins of the 1D histograms. We used L = 500 sample pairs for the estimation

in (3.2) in order to compromise between low variance of the estimation while

maintaining acceptable computational cost. The optimal number of bins of the

histograms depends on the pdf’s which we are trying to estimate [Moddemeijer,

1989]. For this reason, we must settle for a good guess for the number of bins. For

the 1D histograms, we set the number of bins to
⌈√

L
⌉
, and for the 2D histogram,

we set it to
(⌈√

3L
⌉)2

. These values were obtained from the default setting of a

MI toolbox [Brown et al., 2012].

We are now ready to define our pre-training cost function which we denote as

J

J(rc, rj, v, l) =

∑N
i=1 Ĩ(Xi;D)

N
, (3.3)

where Xi denote the random variable that is the state of each neuron in the

reservoir and D is the desired response. The cost function J(rc, rj, v, l) can be

evaluated as follows

The proposed cost function can be evaluated as follows:

1. Generate a CRJ reservoir with the parameter set {rc, rj, v, l}, as described

in Section 3.2.

2. Feed the reservoir with the input signal, update the states according to (1.2).
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3. Store the states for each time instant k row-wise into P. and each desired

response sample into the elements of d. Repeat 2-3 until all L samples have

been used.

4. Discard the top 200 rows of P as the initial washout period, in order to make

sure that the echo state properties is established.

5. Calculate MI values between each columns of P and d using (3.2).

6. Take the average of the MI values, the result is the cost function value

J(rc, rj, v, l).

An advantage of using MI to construct the cost function is that it should be robust

to noise. In order to show that, we will use the chain rule of MI which states that

I(X;Y, Z) = I(X;Z) + I(X;Y |Z), (3.4)

where X, Y, Z here are just some dummy random variables.

In the system identification configuration, where the desired response is cor-

rupted by an independent additive measurement noise. The MI between this

corrupted desired response and the states of ESN can be written by considering

this corrupted desired response as a joint random variable of the true desired

response and the noise

I(observed plant output, Xi) = I(D, ε;Xi), (3.5)

where ε is the noise random variable, D is the true desired response and D, ε

denote the joint random variable of desired response and noise.

By using the chain rules of mutual information, we can rewrite the previous

equation as

I(D, ε;Xi) = I(D;Xi) + I(ε;Xi|D). (3.6)

Since the true desired response has no effect on the states of ESN, we can drop

the “given D” from the last term and write

I(D;Xi) + I(ε;Xi|D) = I(D;Xi) +���
��:0

I(ε;Xi) = I(D;Xi), (3.7)

where in the end we used the fact that the MI between some random variable and

noise must be zero, since noise contains no information. This shows that the MI

is the same in both noise-free and noisy case. Similar arguments can be made for
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the equalization configuration, by moving the noise term to the state variable Xi,

since the effect of noisy input to the states can be modeled as additive noise to

the true state variable.

The situation in the time-series prediction configuration is a little more com-

plicated, since both the input and the desired response are corrupted by noise.

Since the desired response is a one step ahead sample and the noise added to the

original time-series is assumed to be white, we can model the added noises to the

input and desired response as two independent noise variables. That is, the MI

between the noisy state variable and the noisy desired response can be written as

the MI between joint random variables

I(D, ε1;Xi, ε2), (3.8)

where D and Xi are respectively the noise-free desired response and state of neuron

i and ε1, ε2 are respectively the noise random variable added to the clean desired

response and clean state.

We can show that I(D, ε1;Xi, ε2) = I(D;Xi) by applying the chain rule of MI

twice. The first application gives

I(D, ε1;Xi, ε2) =I(D;Xi, ε2) + I(D; ε1|Xi, ε2)

=I(D;Xi, ε2) +���
��:0

I(D; ε1)
, (3.9)

where we can change I(D; ε1|Xi, ε2) to I(D; ε1) because ε1 is independent from the

joint random variable Xi, ε2 and of course the MI between anything with a noise

is zero.

By apply the chain rule of MI to the remaining term I(D;Xi, ε2), we get

I(D;Xi, ε2) =���
��:0

I(D; ε2) + I(D;Xi|ε2)

=I(D;Xi)
, (3.10)

where we can replace Xi|ε2 by Xi because the true state is not dependent on

the noise term. Thus we have shown that J is noise robust for the time-series

prediction configuration as well.

3.4.1 Maximizing The Cost Function

In order to pre-train a reservoir, we have to maximize J with respect to the four

parameters {rc, rj, v, l}. It can be seen that the evaluation of J involves estimation
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of MI using (3.2 for which the derivative is not defined. Thus a gradient-based

method is not applicable to maximize J . A derivative-free method is needed

for this task. We used the DE algorithm, even though the required population

size may be larger than some other evolutionary algorithm, for example CMAES

[Hansen, 2011], because it can easily handle mixed-integer problems, as in this

case since l takes on only integer values. Using a derivative free method is the

norm when dealing with reservoirs [Ishu et al., 2004; Bush and Tsendjav, 2005;

Jiang et al., 2008].

We set the two parameters of DE to F = 0.8, CR = 0.8 and the population

size NP = 15. The maximum number of iterations to run is 100. The original

DE/rand/1 version was used without any modification. There are more advanced

version of DE such as [Lin et al., 2000; Huang et al., 2007], but since the problem

at hand here is only 4 dimensional and static, we decided to use the original version

of DE, to keep things as simple as possible.

DE is a minimizing algorithm, but our problem here is that of maximization,

therefore we minimize 1/J instead, so that the algorithm does not need to be

modified. The formal formulation of the reservoir pre-training problem is therefore

min
rc,rj ,v,l

(
1

J

)
. (3.11)

In using any evolutionary algorithm, a search domain for each parameter being

optimized needs to be defined. Since the CRJ reservoir already places limits on

the values of its parameters (see Section 3.2), we can specify the same limits to

the DE algorithm. The search domain is therefore [0, 1] for rc, rj, v and 1 to bN/2c
for l.

The search domain could have been made smaller by constrained optimization

since certain combinations of rc, rj produce reservoirs whose spectral radius is

higher than 1, violating the condition for the existence of echo states. Such reser-

voirs will not work so the corresponding region in the parameter space need not be

searched. However, calculating the spectral radius involves solving the eigenvalues

problem for large matrices which is an expensive operation. Fortunately J seems

to take on small values for such reservoirs, so there is no need to implement the

constraint on the values of the spectral radius into the optimization of J .
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3.5 Experimental Results

For the first part of the experimental results, we compared CRJ reservoirs pre-

trained with our cost function versus classical reservoirs of the same size with

standard parameters. CRJ Reservoirs are pre-trained using 500 samples of input

and desired response. Then to evaluate the performance, the readouts are trained

and tested using different blocks of 2000 samples. The final performance measure

is the average of NMSE over 30 independent trials. For the first three problems, we

shall employ state vector augmentation as in (1.21) to illustrate that pre-training

is beneficial even if state vector augmentation is used.

In order to show that the difference between the mean of NMSE values reported

is statistically significant, we calculated the p-values using Welch Two Sample t-

test.

3.5.1 System Identification and Time-Series Prediction

The first problem is the identification of a tenth order system (NARMA10)

d(k + 1) = 0.3d(k) + 0.05d(k)

[
9∑

i=0

d(k − i)

]
+ 1.5u(k − 9)u(k) + 0.1, (3.12)

where the input u(k) is a uniform random sequence in the range [0, 0.5]. The

plots showing the output and desired response of the classical reservoir and our

pre-trained reservoir is shown in Figure 3.2. It can be seen that the output of the

pre-trained CRJ reservoir matches the desired response more closely than that

of the classical reservoir. The average NMSE of pre-trained CRJ reservoirs are

0.0476, 0.0443 and 0.0360 respectively for reservoir of size 100, 200 and 300. The

average NMSE of classical reservoirs are 0.1266, 0.0916 and 0.0830 for the same

sizes.

This problem presents us with an opportunity to provide a counter example to

the claim that a reservoir with maximally independent states will give the lowest

possible NMSE, which was discussed in Section 3.3. To quantify the notion of

maximally independent, we use the average of pair-wise MI between each neuron

in the reservoir, i.e., the MI between each pair of the columns of P, we call this

quantity Average Pair-wise MI (APMI). Since MI measures degree of dependence,

a reservoir with maximally independent states has the lowest APMI.

45



1700 1750 1800 1850 1900 1950 2000
0.1

0.2

0.3

0.4

0.5

0.6

0.7

Pre−trained CRJ: N=100,r
c
=0.72,r

j
=0.53,v=0.05,l=18,NMSE=0.0289

k

si
gn
al
va
lu
es

d(k)
y(k)

1700 1750 1800 1850 1900 1950 2000
0.1

0.2

0.3

0.4

0.5

0.6

0.7

k

si
gn
al
va
lu
es

Classical: N=100,NMSE=0.1013

d(k)
y(k)

Pre-Train CRJ: N=100, NMSE = 0.0289

Figure 3.2: One trial of last 300 samples of the test output and desired response

of the classical and pre-trained CRJ reservoirs for the NARMA10 problem with

N = 100.

For a counter example, take a reservoir of size N = 100 with parameters

{rc, rj, v, l} = {0.8882, 0.5247, 0.05, 33} .

This reservoir has APMI of 0.0880, but the average NMSE of this reservoir is

0.1146. On the other hand, our pre-trained reservoir for this problem has APMI of

0.1529 but it has average NMSE of 0.0443. This shows that a reservoir with higher

degree of independence between its states is not necessarily the best performing

one.

Next, for the time-series prediction problem we use the same laser time-series

introduced in Chapter 2. We do not show the plot for for this problem, because

due to low value of NMSE it would be very difficult to discern the difference

between the classical reservoirs and pre-trained CRJ ones. The average NMSE of

pre-trained CRJ reservoirs are 0.0072, 0.0069 and 0.0066 respectively for reservoir

of size 100, 200 and 300. The average NMSE of classical reservoirs are 0.0088,

0.0078 and 0.0077 for the same sizes. Table 3.1 summarize the results for the

NARMA10 and laser problems. It can be seen that the pre-trained CRJ achieved
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lower NMSE than the classical reservoirs in all cases, the difference is especially

large for the NARMA10 problem.

3.5.2 Memory and Nonlinear Mapping Task.

The next problem is memory and nonlinear mapping. The task is to reconstruct

a delayed and nonlinear versions of the input signal:

yp,dl(k) = sign[β(k − d)]× |β(k − dl)|p, (3.13)

where β(k − dl) is the product of two delay successive inputs,

β(k − dl) = u(k − dl)× u(k − dl − 1), (3.14)

and the input u(k) is a uniform noise in range [−0.8, 0.8]. The parameter dl

controls the amount of delay, and p controls the amount of nonlinearity. Since

there are extra parameters in this case, the reservoir size is limited to only N = 100

for the experiments. We pre-trained the CRJ reservoir using the signals generated

by setting p, dl = 3 and used the obtained parameters for simulations with other

values of p, dl. The results are shown in Table 3.3. It can be seen that the pre-

trained CRJ reservoir performed better than the classical one for all values of dl

and p and especially for larger values of dl.

Table 3.1: Average NMSE results for NARMA10 system identification and laser

prediction problems.

N = 100 N = 200 N = 300

NARMA10
classical 0.1266 0.0916 0.0830

pre-trained CRJ 0.0476 0.0443 0.0360

laser
classical 0.0088 0.0078 0.0077

pre-trained CRJ 0.0072 0.0069 0.0066
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Table 3.2: P-values of the result presented in Table 3.1.

N = 100 N = 200 N = 300

NARMA10 1.913× 10−10 6.799× 10−7 3.914× 10−7

laser 2.824× 10−11 2.790× 10−5 2.550× 10−5

Table 3.3: NMSE results for the delayed-nonlinear mapping problem. N = 100.

p\dl 2 3 4 5 6

2
classical 0.2240 0.2813 0.3689 0.5726 0.8968

pre-trained CRJ 0.1489 0.1639 0.1786 0.2159 0.4177

3
classical 0.4214 0.4830 0.5395 0.7338 0.9188

pre-trained CRJ 0.3392 0.3717 0.3824 0.4136 0.5737

4
classical 0.5662 0.6379 0.7115 0.8220 1.0068

pre-trained CRJ 0.5018 0.5395 0.5489 0.5755 0.6889

5
classical 0.6870 0.7531 0.7945 0.8951 1.0243

pre-trained CRJ 0.6286 0.6730 0.6727 0.6938 0.7957

6
classical 0.7242 0.9150 0.9605 1.0054 1.0582

pre-trained CRJ 0.7158 0.7774 0.7774 0.7830 0.8826

3.5.3 MIMO System Identification

In this problem, we consider identification of the following MIMO system described

by the nonlinear state equations:

x1(k + 1) = 0.5x
2/3
1 (k) + 0.3x2(k)x3(k) + 0.2u1(k)

x2(k + 1) = 0.5x
2/3
2 (k) + 0.3x3(k)x1(k) + 0.5u1(k)

x3(k + 1) = 0.5x
2/3
3 (k) + 0.3x1(k)x2(k) + 0.5u2(k)

y1(k + 1) = 0.7(x1(k + 1) + x2(k + 1))

y2(k + 1) = 1.5x21(k + 1)

, (3.15)

where x1, x2, x3 are the three states of the system, u1, u2 are in the inputs and

y1, y2 are the two outputs. The input are again randomly generated from the

range [0 0.5].

CRJ reservoirs were proposed only for the single input case, to apply it to this

problem, we extend it to the MIMO configuration. Assume that the number of
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Table 3.4: P-values of the result presented in Table 3.3.

p\dl 2 3 4 5 6

2 < 2.2× 10−16 < 2.2× 10−16 < 2.2× 10−16 2.30× 10−15 5.37× 10−15

3 3.68× 10−10 < 2.2× 10−16 < 2.2× 10−16 1.00× 10−15 < 2.2× 10−16

4 5.30× 10−10 3.45× 10−15 7.96× 10−16 < 2.2× 10−16 < 2.2× 10−16

5 1.06× 10−4 1.49× 10−6 4.24× 10−14 2.00× 10−15 < 2.2× 10−16

6 2.16× 10−5 3.26× 10−6 3.36× 10−8 2.32× 10−13 3.06× 10−14

inputs is Q and that the number of outputs is R. We change the input vector

v in the SISO case into a matrix Win = [v1,v2, ...,vQ] where Q is the number

of inputs. Each of the vi is generated in exactly the same way as v in the SISO

case, with exception of each one having its own scalar parameter. Thus, MIMO

CRJ reservoir are characterized by {N, rc, rj, v1, ..., vQ, l}. The MIMO classical

reservoir has an extra input scaling parameter from the SISO case considered thus

far, for which we again use the middle of the range 0.5.

On the output side, the output weights is now represented by the matrix Wout

instead of the vector wout. Each row i of Wout is now the output weights vector

of the i output.

In RNN, the MIMO configuration requires that the MSE be redefined to be a

total error, which must take into account all of the R errors and all elements of

Wout must be adapted together. In ESN, since the reservoir is not adapted during

readout training, the total error need not be defined and each of the R readouts

can be trained independently from each other. In other words, the adaptation

of the weights of a readout has no effect to other readouts. Therefore, MIMO

readouts can be trained simply by solving (1.12) R times, each using a different

desired response (P is of course the same). The obtained output weights vectors

can then simply be pasted into the rows of Wout.

Since the R readouts are independent from each other, the pre-training cost

function J can also be easily extended to the MIMO case by averaging the MI

over different outputs as well as different neurons. That is

J(rc, rj, v1, ..., vQ, l) =

∑R
r=1

∑N
i=1 Ĩ(Xi;Dr)

RN
. (3.16)

Thus, in principle at least, the proposed pre-training cost function can be extended
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Table 3.5: Average NMSE over 30 independent trials for the MIMO system iden-

tification problem.

NMSE on y1 NMSE on y2 sum of NMSE

classical 0.1129 0.1109 0.2238

pre-trained CRJ 0.0579 0.0863 0.1442

to as many outputs as desired. The drawback is that the number of MI values

that must be estimated grows with the number of outputs.

We compare the classical reservoir with standard parameters against a CRJ

reservoir pre-trained with the above MIMO cost function. The number of neu-

rons for both reservoir types was 20. Training and testing of the readouts was

done using blocks of 2000 samples. The CRJ reservoir parameters obtained by

pre-training was {rc, rj, v1, v2, l} = {0.5455, 0.3678, 0.2265, 0.05, 2}. The result is

shown in Table 3.5. The average NMSE is individual channels, as well as the sum

of both channel, are lower for the pre-trained CRJ reservoir than for the classical

reservoir. The p-value of the y1 channel is 1.80 × 10−4 and the p-value of the y2

channel is 1.25× 10−4. We did not calculate the p-value of the sum of NMSE.

3.5.4 Channel Equalization

In this section, we consider the same channel equalization problem from Chapter

2. As in the previous problem, we compared the pre-trained CRJ reservoir against

classical reservoir with standard parameters. The reservoir size remained at N =

20.

We pre-trained the reservoir once using signals from the 12 dB SNR environ-

ment, and used the obtained parameters for the simulations at all SNR values. We

simulated 30 trials at each SNR value and calculated the average SER over 10000

symbols for each. The SER results of this experiment is shown in Figure 3.3. At

all SNR values, the SER of the pre-trained CRJ reservoir is lower than that of the

classical one. As expected, the higher the SNR, the larger the difference becomes.

The p-values at different SNR environments are as follows: 1.74× 10−8 at 12 dB,

8.01 × 10−12 at 15 dB, 2.81 × 10−12 at 17 dB and 1.50 × 10−11 at 19 dB. The

success of the pre-training algorithm in this problem also demonstrated that our

cost function still works in a noisy environment as was mathematically shown in
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Section 3.4.
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Figure 3.3: Symbol error rates for classical and pre-trained CRJ reservoirs.

In order to conclude this section, we summarize all the CRJ parameters dis-

covered by pre-training in Table 3.6 and 3.7.

3.6 Pre-Training in The Complex Domain

In this section, we investigate the use of ESN in the complex domain and also

extend the pre-training cost function to the complex domain as well.

Just like real valued linear filters can be extended to the complex domain, ESN

can work in the complex domain as well. However, compared to the real value

case, complex valued ESN are rare in the literature. At the time of this writing,

there are only three studies that investigate ESN in the complex domain [Seth

et al., 2007; Xia et al., 2008, 2011].

These studies make ESN complex valued by simply making W and Win com-

plex valued and using complex value algorithms to train the readout instead of

the real valued version. The results in the studies showed that ESN work just as

well in the complex domain. However, none of them give theoretical foundation

for complex valued ESN the same way as [Jaeger, 2001] did for the real valued

case.
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Table 3.6: CRJ parameters discovered by pre-training for the NARMA10, laser,

and mapping problems.

Problem N = 100 N = 200 N = 300

NARMA10

rc = 0.7200 rc = 0.7211 rc = 0.6085

rj = 0.5304 rj = 0.3890 rj = 0.4723

v = 0.0501 v = 0.3220 v = 0.0534

l = 18 l = 9 l = 6

laser

rc = 0.4970 rc = 0.5014 rc = 0.4974

rj = 0.3235 rj = 0.1073 rj = 0.2150

v = 0.9994 v = 1.0 v = 1.0

l = 41 l = 44 l = 43

mapping

rc = 0.6681 rc = N/A rc = N/A

rj = 0.3277 rj = N/A rj = N/A

v = 0.2103 v = N/A v = N/A

l = 8 l = N/A l = N/A

Table 3.7: CRJ parameters discovered by pre-training for the equalization and

MIMO problems.

Problem N = 20

Equalization

rc = 0.0296

rj = 0.0473

v = 0.9987

l = 4

MIMO

rc = 0.9882

rj = 0.4420

v1 = 0.0583

v2 = 0.0120

l = 1
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In this section, we try to give such theoretical foundation by extending the ma-

terials in [Jaeger, 2001] to the complex domain. In order to do this we utilized the

isomorphism between real and complex number to extend the properties of echo

states given in the introduction to the complex domain. This lay the foundation

for complex valued ESN, which is currently missing from the literature.

3.6.1 Proofs of Echo States Definitions

Recall the three definitions of echo state in Chapter 1. In what follows, we will

explain the proof of each definition in an intuitive manner.

The proofs are based on the set D {(x,x′)} of state pairs that are compatible4

with some input sequence u∞ and the Euclidean distance between state vectors

d(x,x′). By definition of echo state, these state pairs must be the same, such that

D contains only identical pairs (x,x′). Intuitively, if two networks both have echo

states, then when fed by the same input sequence, they must eventually reach the

same states as k →∞.

The first proof is that “state contracting mean echo states”, is done by contra-

diction. Assume that the networks have no echo state but are state contracting.

Then there exists (x,x′) ∈ D such that d(x,x′) > δ when two networks are fed

with u∞. This means that if there are no echo states, the networks can reach

different states such that x 6= x′ when fed by u∞. But this contradicts the state

contracting property which assert that the state difference is always contracting,

which means that d(x,x′) must eventually become smaller than any δ.

The second proof is “state contracting means state forgetting”. This is estab-

lished by linking to the first proof. Assume that the networks are not state for-

getting. This means that there exist some right-hand-infinite input sequence u+∞

such that for two networks with difference current states x,x′, d(T (x,u+∞), d(T (x′,u+∞)) >

δ. That is, the effect of the difference in current states x,x′ does not vanish as

k →∞. This violates the state contracting property. Therefore, if the network is

state forgetting, it must also be state contracting and has echo states.

The third proof is “input forgetting means echo states”. Assume that the

networks do not have echo states. Then there exists an input sequence u−∞

end-compatible with states x,x′ such that d(x,x′) > δ, which violates the input

4Recall that compatible means that the state can be reached when the network is fed by that

input sequence.
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forgetting property itself. Thus if the networks are input forgetting, they must

also have echo states.

It can be seen that the proofs above are based on the set D containing state

pairs expressed as vectors of real number, and the Euclidean distance between two

real vectors d(x,x′). Therefore, if we can express the state vector of a complex

reservoir as a vector of real numbers, show that the Euclidean distance between

a pair of complex vectors is the same as their “real expression”, and that the

state sequence produced by a complex ESN and its real expression is the same,

then the proofs above extend automatically to the complex domain without any

modification.

3.6.2 Isomorphism of State Update

Our tool in expressing a complex reservoir as a real one is the isomorphism between

CN and R2N . Reproduced here for convenience is the state update equation from

Chapter 1,

x(k) = f [Wx(k − 1) + Winu(k)] . (3.17)

Assume that the matrices and vectors in (3.17) are complex-valued and that f is

defined by

f = tanh [R(c)] + j tanh [I(c)] , (3.18)

where R() and I() are respectively real and complex value operators. The vector

c is just a dummy vector.

The key is to express matrix to vector multiplication in the complex domain

in terms of real matrix and vector, this is achieved by the following isomorphism

where C is a complex valued matrix

Creal =

[
R(C) −I(C)

I(C) R(C)

]

zreal =

[
R(z)

I(z)

], (3.19)

where the subscript “real” explicitly denote real matrices and vectors. Using

(3.19), an N × 1 complex state vector can be written as an 2N × 1 real vector.

Furthermore, using f in (3.18) and the isomorphism above, we can rewrite the

complex valued state update (3.17) as a real valued one

xreal(k) = f [Wrealxreal(k − 1) + Win,realureal] . (3.20)
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This works because the product Cz is exactly the same, up to isomorphism with

Crealzreal, and choice of f means that the same result will be produced, again

up to isomorphism whether f is applied to a complex vector or to a real vector

defined by (3.19), because the tanh function is applied independent to the real

and imaginary parts anyway.

With this expression, one can simply replace the complex valued u(k),x(k),W

and Win by their corresponding real valued ones with twice the dimensions. The

state sequence produced will be the same, up to the isomorphism as if complex

valued quantities are used. Therefore, the ESN dynamic will remain the same,

and we can replace state pairs x,x′ of the proofs in the previous section with

xreal,x
′
real without effect the mechanics of the proofs since the dimensions of the

state vectors played no role.

The next task is to show that the distance between two complex vectors and

that between their two corresponding real vectors as defined by (3.19) are the

same. That is

d(x,y) = d(xreal,yreal) = d

([
R(x)

I(x)

]
,

[
R(y)

I(y)

])
, (3.21)

where x and y here denote some complex vectors. In order to show this, we will

show that the norm squared of the distance between the two complex vectors and

that between their real expressions are the same.

Proof Let the subscript R and I denote respectively the real and imaginary parts.

The normed square distance between the real vectors is

d2

([
R(x)

I(x)

]
,

[
R(y)

I(y)

])
= (y1R − x1R)2 + · · ·+ (yLR

− xLR
)2+

(y1I − x1I )2 + · · ·+ (yLI
− xLI

)

=
L∑

k=1

y2kR − 2xkRykR + x2kR + y2kI − 2xkIykI + x2kI

,

(3.22)
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and that of the complex vectors is

d2(x,y) = (y − x)H(y − x)

=
L∑

k=1

[ykR − xkR − j(ykI − xkI )] [ykR − xkR + j(ykI − xkI )]

=
L∑

k=1

y2kR − ykRxkR + jykRxkI − jykRxkI

− xkRykR + x2kR − jxkRykI + jxkRykI

− jykIykR + jykRxkI + jykIxkR − jxkIxkR
+ y2kI − ykIxkI − ykIxkI + x2kI

=
L∑

k=1

y2kR − 2xkRykR + x2kR + y2kI − 2xkIykI + x2kI = (3.22).

(3.23)

Therefore the Euclidean distance is unchanged by the isomorphism in (3.19).

We have shown that both complex state vectors and the distance between

them can be expressed in terms of real quantities without effecting the dynamics

of ESN. In other words, an real ESN based on the isomorphism and the corre-

sponding complex ESN fed with the same input will produce exactly the same

state sequence. And since the Euclidean distance remain unchanged by the iso-

morphism, the echo states property as well as its three equivalent definitions hold.

Moreover, the proofs in the previous section rely only on state vectors pairs and

the Euclidean distance between them, therefore they apply to the equivalent real

vectors constructed from the complex ones using (3.19). It follows logically then

that the theory of ESN applies in the complex domain as well.

An issue when using complex ESN is how to ensure echo state property. The

easy check that the spectral radius must be less than one only applies to the real

ESN with standard tanh activation, the reason for that was explained in back in

Section 1.4.1. It does not work, for example with the true complex tanh defined

by

tanh(x) =
ex − e−x

ex + e−x
, (3.24)

because it contains singularity. For most complex activation functions surveyed

in [Özdemir et al., 2011], if we were to try to follow the same proof as in (1.7), it

would fail because there is no way to guarantee that the distance between the state

vector pair after the activation function have been applied is less than or equal
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to that before the application of the activation function because the function is

not bounded by one. However, f in (3.18) applied to real numbers is bounded by

one. Since we have already shown that the state sequence produced by a complex

ESN and it isomorphic real one are the same, this means that the isomorphism

allows us to extend the proof in (1.7) to the complex domain when the activation

function is (3.18).

3.6.3 Complex-Valued CRJ Reservoir

Next, we extend the CRJ reservoir to the complex domain by making rc, rj com-

plex valued. The input scaling v can be left as a real number and of course the

jump length l must be a real number. The complex valued CRJ reservoir is then

characterized by 6 real numbers: R(rc), I(rc),R(rj), I(rj), v, l.

In order to pre-train this complex reservoir, we must also extend the cost

function (3.3) to the complex domain by defining the complex valued MI. There

are several ways in doing so, such taking the MI of the real part only, or taking

the sum of real MI of the real and imaginary parts. But since we have already

defined real vectors from complex ones in (3.19), the same isomorphism can be

used to define the complex MI as

Ĩcomplex(X;Y ) = Ĩ

([
R(X)

I(X)

]
,

[
R(Y )

I(Y )

])
. (3.25)

Thus the complex version of (3.3) is

J(R(rc), I(rc),R(rj), I(rj), v, l) =

N∑
i=1

Ĩcomplex(Xi;D)

N
. (3.26)

3.6.4 Complex-Valued Time-Series Prediction

In order to test (3.26) we performed an experiment on complex-valued time-series

prediction. The time-series to be predicted is the real-world wind vector data

[Mandic, 2012] which contains wind magnitudes and directions expressed as com-

plex numbers. We compare our pre-trained complex-valued CRJ reservoir against

classical complex-valued reservoir with standard parameters. The wind data is

shown in Figure 3.4. We consider reservoir size of N = 100. The training and

testing signal lengths were both 2000 samples. Pre-training was again done with
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Figure 3.4: High dynamic wind time-series.

500 samples. Here, the performance are measured by the ensemble average of the

standard prediction gain p

p = 10 log10

σ2
u

σ2
e

, (3.27)

where σ2
u and σ2

e are the variances of the input signal and the prediction error, re-

spectively. The complex CRJ parameters discovered by the pre-training algorithm

are

{rc, rj, v, l} = {0.1027 + 0.0121j, 0.0742 + 0.0089j, 0.2962, 10} .

Classical complex reservoir with standard parameters achieved an average predic-

tion gain of 7.0783 dB for this problem, while pre-trained complex CRJ reservoir

got 7.4281 dB. The p-value is 3.90×10−11. The result shows that our pre-training

method is also effective in the complex domain.

3.7 Computational Cost

Now we present the computational cost of our method to give an idea how much

computation is involve in pre-training. In order to do so we measure the time

pre-training takes for reservoir of different sizes. The simulations are performed
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on a PC with 2.93 Ghz core i7 processor and 4 GB of RAM. The environment

is MATLAB 2013a. The number of samples pair used for pre-training was 500.

Figure 3.5 shows the time taken to complete pre-training for different reservoir

sizes from 20 to 200 using MATLAB and C++. We used the Armadillo library

[Sanderson, 2010] which provides matrix vector multiplication as well as many

MATLAB-like functionality in C++ .

It can be seen that the computational cost seems a little high, however, to put

this in perspective, the time it takes to do supervised pre-training with N = 100

under the same conditions using MATLAB is 311.62 seconds5.

ESN generally have large reservoirs, therefore even the C++ implementation

can take a significant amount of time. This can potentially be reduced by consid-

ering the nature of the cost function. It may not be necessary to calculate the MI

between every pair of neuron states and the desired response. It is the average of

the MI values that is being maximized, not individual values. As is well known in

statistics, the sample mean approaches the true population mean as the sample

size increases. Therefore, it should be possible to evaluate J sufficiently accurate

enough for optimization by only considering a subset of neurons in the reservoir.

In other words, to calculate the MI values only for some neurons N ′ which can

probably be much smaller than N for large reservoirs.

Another source of speedup may come from the algorithm itself. Profiling our

code, we found that most of the time is spent in the histogram function, which at

first seems strange since forming the histogram is just counting and involve very

little calculation. However, we found that the memory access pattern of the arrays

that hold the histogram values is not contiguous, i.e., there are big jumps in what

element of the arrays is accessed. Non-contiguous memory access is well-known

to have a large overhead. Thus, optimizing the memory access of the histogram

routine can lead to significant speedup.

3.8 Conclusion

We start this chapter by introducing the CRJ reservoir and discussed why, for

the purpose of pre-training, it is better to use a deterministic reservoir than a

5Using the DE algorithm, brute force search as in [Rodan and Tiňo, 2012] would take even

longer.
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Figure 3.5: Time taken for pre-training with different reservoir sizes.

classical one. Then we review existing works on prediction of a reservoir’s per-

formance based on its parameters and showed by eliminating existing works one

by one that a cost function that can reliably related a reservoir’s parameter to its

performance that can be used as a optimizable cost function is still missing. Next,

we proposed the new cost function for pre-training that is based onthe mutual

information between the states of each neuron and the desired response. This is

a semi-supervised cost function in a sense that the desired response is utilized,

but training of the readout is not performed. We showed mathematically that

the proposed cost function is noise-robust, something that is very important for

adaptive filtering applications. We then conducted many experiments to illustrate

the effectiveness of pre-training using the proposed cost function. Reservoirs pre-

trained with our method have better performance than classical reservoirs with

standard parameters in almost all cases.

The theory of ESN was then extended to the complex domain by utilizing the

isomorphism between real and complex number to express complex matrix vector

multiplication using real matrices and vectors. Then the CRJ reservoir and the

pre-training algorithm was extended to the complex domain. Complex time-series

prediction experiment was conducted to verify the effectiveness of complex-valued
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pre-training. Finally, the chapter ended with discussion on the computational cost

of the algorithm and suggest come possible improvements for further research.
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Chapter 4

Online Readout Training

In this chapter, we shift our attention to online training of ESN readout. Since

in the off-line case the dominant training algorithm is ordinary least squares, the

natural algorithm to use for the online case is the Recursive Least Squares (RLS)

algorithm. The readout weights wout can be adapted online using RLS as if they

are taps of a linear filter. However, the complexity of RLS is O(N2) per sample,

and for large reservoirs the computational cost of using RLS to train the readout

can be very high.

For linear filters, the least mean squares (LMS) algorithm [Widrow and Stearns,

1985] is the workhorse. Its complexity is O(N), it is very easy to implement and

free from numerical issues like the RLS algorithm. Its drawback however is that

it is sensitive to the eigenvalue spread of the error surface. When the eigenvalue

spread is large, LMS produces large misadjustment, and its convergence along the

small eigen-directions can be prohibitively slow [Haykin, 2005]. As shown by the

example in Chapter 1, the covariance matrix formed by the neuron states in ESN

has extremely large eigenvalue spread, on the order of 108 or more, using LMS for

online training of ESN readout leads to unsatisfactory performance.

This extremely large eigenvalue spread problem is well known in the ESN

literature [Schrauwen et al., 2007; Jaeger, 2005]. It can be reduced, somewhat,

by injecting noise into the state update equation as in (1.20). As was discuss in

Section 1.5, it is common practice in ESN to add noise during training, but the

purpose of doing so is to avoid very large values of weights when the readout is

trained, getting lower eigenvalue spread is merely a by product. Adding too much

noise can negatively effect the performance of ESN. In fact, the size of η in (1.20)
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is a trade of between performance and small output weights. From experience, we

found that adding a reasonable level of noise, with η in (1.20) around 0.0001-0.001,

significantly reduce the magnitude of the trained readout weights with minimal

impact on performance. This level of noise however does not reduce the eigenvalue

spread enough, but if one tries to reduce the eigenvalue spread further by making

η too large, the performance will be effected too much that it makes no sense to

do so.

An attempt to properly reduce the eigenvalue spread using Hebbian [Gerstner

and Kistler, 2002] and Anti-Hebbian learning [Plumbley, 1993; Hebb, 2005] on

W is reported in [Jaeger, 2005] but it was not successful. In this study we have

also tried to reduce the eigenvalue spread by minimizing the condition number

of P using the DE algorithm. In doing so we were able to reduce the eigenvalue

spread by several orders of magnitudes, but it was still well above 106. Moreover,

the performance of ESN was negatively effected even when offline training was

used. At present it seems that very high eigenvalue spread is something that is

unavoidable when training the readout online, as trying to reduce it too much

means sacrificing performance too much that any gain to be had from smaller

misadjustment is nullified.

Despite being a major problem, in the ESN literature online training had

received relatively little attention, due to the fact that the majority of applications

of ESN are in offline settings [Skowronski and Harris, 2007; Sacchi et al., 2007], or

are online but the sample rate is not so high so computational cost is not a problem

[Plöger et al., 2004; Salmen and Ploger, 2005]. However in adaptive filtering, low

cost online training is a must. In this chapter we will investigate ways to reduce

the computational cost in readout training, not by deriving a new algorithm, but

by reducing the number of taps that must be trained by the RLS algorithm given

a certain reservoir size. We believe that this is the right approach given the state

of the ESN literature at present and from our own investigation.

4.1 Effect of Eigenvalue Spread on Readout Train-

ing

In this section, we investigate how serious of a problem this high eigenvalue spread

is for readout training. For the test problem, we use the same NARMA10 system
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from Chapter 3.

d(k + 1) = 0.3d(k) + 0.05d(k)

[
9∑

i=0

d(k − i)

]
+ 1.5u(k − 9)u(k) + 0.1,

where the input u(k) is a uniform noise in [0, 0.5]. We employed classical reser-

voir with standard parameters and N = 100. We train the readout online using

L = 1000 and evaluate the NMSE over the last 100 samples. For the train-

ing algorithms, we used the standard versions of NLMS, VLLMS[Kamenetsky

and Widrow, 2004] and RLS. The parameters of NLMS was set as µ = 0.5 and

ε = 0.1. The parameters for VLLMS are set the same as in the reference, except

for µ, which we set at the maximum stable value of 0.1. The parameters1 of RLS

was set at λ = 1 and ε = 0.0001. Setting the forgetting factor to 1 is justified be-

cause the problem under consideration here is stationary. We average the NMSE

produced by the three algorithms over 100 trials to compare their performance.

We are concerned with the eigenvalues of the covariance matrix formed by the

reservoir states x, calculated using time average of L samples given by

Φ =
1

L

L∑
k=1

x(k)x(k)T

From Chapter 1, the eigenvalue spread of this problem is on the order of 1016.

The three algorithms produced NMSE’s as follows: 0.6670 for NLMS, 0.6520 for

VLLMS and 0.2813 for RLS. The training squared error curves are shown in Figure

4.1. The top panel compares NLMS vs RLS and the bottom panel compares

VLLMS vs RLS. It can be seen that MSE curve of RLS lies below both of NLMS

and VLLMS.

From this example, it is clear that the extremely large EVS make LMS type

algorithms ineffective compared to RLS for online readout training. This is not

an issue for relatively problems where the error produced by NLMS is already

low enough, or problems that requires small reservoir sizes that one can just use

RLS. It becomes a problem when the reservoir size is large and the performance

specification calls for RLS, as it may be unacceptably costly. From here on, we

assume that RLS is required, and try to reduce the computational cost by reducing

the number of trained taps.

1When we are talking about the RLS algorithm, λ denotes the forgetting factor, not an

eigenvalue.
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Figure 4.1: (a) Comparison of MSE curves between NLMS and RLS, (b) between

VLLMS and RLS.

4.2 Backpropagation Decorrelation Learning

Before we investigate ways to reduce the number of taps that must be trained by

the RLS algorithm, we first look at a training algorithm that has O(N) complexity

that is well known in both RNN and ESN literature. This is to see if there exists

an O(N) algorithm that can train the readout online well.

The study in [Steil, 2004] proposed a RNN training algorithm based on sim-

plification of the APRL algorithm and an observation that under adaptation us-

ing APRL of a SISO network, the weights going into the output neuron changes

rapidly, while the weights of the rest of the network changes much more slowly. The

idea that lead to the derivation of this method is to simplify APRL using instan-

taneous correlation matrix instead of the full one and to use rank one adjustment

instead of actual matrix inverse. The resulting algorithm called Backpropagation

Decorrelation (BD) is then applied only to the output weights in RNN. This sim-

ilarity between the principles of BD and ESN is interesting and begs the question

whether BD could be used for readout training. In fact, in the ESN literature BD

is considered an option for online readout training. So in this section we investi-

gate it to see what kind of performance it has, and whether or not it is really a

suitable method.
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BD was derived for fully connected RNN. As shown in Figure 4.2, if we consider

the output neuron alone, then the rest of the RNN network can be considered

as the reservoir, much that same way as in ESN. Thus if we ignore the sparsity

difference between ESN and RNN then a BD structure of size N+1 is structurally

the same as ESN structure of size N with output feedback connections. This is

reason why BD is considered to be applicable to ESN readout training.

Applying BD to train ESN readout had also been considered in [Küçükemre,

2006]. That study compared various versions of RLS algorithms, along with BD

and LMS algorithm, for training of the readout under two system identification

problems and one noise cancellation problem. ESN structures with feedback were

used throughout, hence, BD was directly applicable. It was found that, for all

problems considered, BD was no better LMS for online training.

We have also conducted our own experiment to investigate the performance

of BD using the same problem as in Section 4.1. The experiment yielded final

NMSE of 0.6695 when the readout was trained using BD. Comparing this to the

values in the previous section, it can be seen that our result agrees with those

from [Küçükemre, 2006].

From these results, we conclude that it is probably more promising to try to

reduce the number of taps to be trained rather than trying to derive an O(N)

algorithm for online readout training. In other words, due to the huge eigenvalue

spread of Φ, there is probably no alternative to RLS for good online readout

training, since it is a natural counterpart to the least squares method in offline

training and both LMS and BD were shown here to be insufficient. What we can

do then is to try to reduce the number of taps that the RLS algorithm has to work

with.

feedback

fully
connected

Figure 4.2: The network structure used by Backpropagation Decorrelation.
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4.3 Extreme Learning Machine As Readouts

In the ESN literature, there are some works that explored using FNN as readout

[Bush and Anderson, 2005; Babinec and Posṕıchal, 2006]. The focus of these re-

search had been to improve the performance of ESN, since FNN are much more

powerful than linear or single nonlinear neuron readouts. However as it is well

known, training of FNN face the same challenges as training of RNN which makes

the result suboptimal. Because of this, often FNN readouts give inferior or only

slightly increased performance than simple linear combination, not enough to jus-

tify the added complexity

For our purpose of reducing the computational cost of online readout training,

we can also employ FNN as readouts. At first, this may seem to do the exact oppo-

site, however, by using a particular type of FNN, and the right number of neurons

in such network, the computational cost can actually be lower than training linear

readouts with RLS, given a particular reservoir size.

We will employ a particular type of feed-forward neural network called Extreme

Learning Machines (ELM) proposed by [Huang et al., 2006]. It is a counterpart

of ESN for feed-forward networks. ELM are single-hidden-layer feed-forward net-

works, depicted in Figure 4.3. The input weights on the left hand side of the

hidden neurons are fully connected, randomly initialized and fixed, only the out-

put weights on the right hand side are adapted. The output neuron usually uses

linear activation function, so it can be considered as just a linear combiner. The

adaptation of the output weights can be done offline using least squares, or on-

line using RLS just like the output weights of ESN. ELM have been proven to

be a universal function approximator and had been utilized in many application

where normal feed-forward neural networks would be used with improved results

[Li et al., 2005; Huang et al., 2012]. This is because, like ESN, the outputs of

ELM are linear function of the output weights, so their training is optimal and

unimodal. This property eliminate the shortcomings of normal feed-forward net-

works, therefore, ELM can be used as readouts of ESN without destroying the

advantage of using ESN in the first place. Moreover, the complex valued case is

covered, since ELM is also available in the complex domain [Li et al., 2005].

The computational gain to be had by using ELM as readouts can be understood

by inspecting Figure 4.4. The output weights wout now belongs to the output

network, with the number of taps equal to the number of neurons M in the ELM.
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Figure 4.3: Extreme Learning Machine architecture.

Figure 4.4: ESN combined with ELM readout.

Thus, if the required M for acceptable performance is significantly less than the

number of neurons in the ESN reservoir N , then the number of taps that must

be adapted by the RLS algorithm is significantly decreased, theoretically without

sacrificing any performance since ELM can approximate any linear readout.

4.3.1 Theory of ELM

Assume ELM with M neurons and a single output, the output y(k) can be written

as
M∑
i=1

wif(w′iu(k) + bi) = y(k), (4.1)

where u(k) is the input vector, w′i is the ith row of the input weight matrix W′,

f is the activation function which we shall also use tanh, bi is the ith bias weight

and wi are the output weights. Now consider training samples of length L, the

goal is to try to approximate the desired response as closely as possible for each
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sample k
M∑
i=1

wif(w′iu(k) + bi) = d(k), k = 1, ...L, (4.2)

which can be written as an overdetermined system of linear equations

Hwout = d, (4.3)

where

H =


f(w′1x1 + b1) · · · f(w′Nx1 + bN)

... · · · ...

f(w′1xL + b1) · · · f(w′NxL + bN)

N × L. (4.4)

One can see the similarity in form between (4.3) and (1.12) for offline ESN training.

They are both based on the same principle of combining the states of the neurons

to approximate the desired response as closely as possible in the least square sense.

This means that the output weights of ELM can be trained online using RLS, just

like when linear readout is used. Therefore, the training simplicity of ESN is not

compromised by using ELM readouts, the same RLS algorithm can be used, the

difference is that it is now working on the output weights of ELM instead of the

weights of a linear readout.

The key to reducing the computational cost is the number of neurons needed

in ELM readouts to produce acceptable results. Just like ESN needs relatively

large reservoir compared to RNN to perform the same task, ELM also needs

relatively large number of hidden neurons compared to traditionally trained feed-

forward networks. However we are optimistic here since the computational cost of

readout training with ELM is O(M2), even when M is a significant portion of N ,

something like N/2, the computation saving will be a factor of four thanks to the

square. Thus, we expect this approach to be effective at reducing the computation

cost of online readout training. In the next section, we will conduct experiments

to demonstrate this. We will use ELM structure with no bias connections, the

activation function of the hidden neurons is tanh and the output layer is just a

linear combiner.

4.4 Experiments - Large Reservoirs

For the experiments, we will compare linear readouts trained using RLS and ELM

trained with exactly the same RLS algorithm with the same parameters. We will
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consider all real-valued problems we have seen where the use of large reservoir size

would make sense, and we will consider both regular state vectors and augmented

ones. For the mapping problem, since there are many possible parameter choices,

we choose a moderately difficult parameter with p, d in (3.13) equals to 3 and 5

respectively, we call this particular setting “mapping35”. In all cases we fixed

the parameters of RLS to be λ = 1 and ε = 0.0001. From here on, we refer to

linear readout trained with RLS simply by “RLS”, and we refer to ELM readout,

also trained by RLS, as “ELM”, to avoid confusion as both types of readouts are

trained by the same algorithm. We trained the readout for 2000 samples, then

stop training and evaluate the NMSE using another 1000 samples. All reported

NMSE values are averages of 100 independent trials. We randomly initialize the

input weights of ELM in the range [−1 1]. We used the CRJ reservoir, where the

reservoir size in all cases is N = 200, the reservoir parameters were taken from

Table 3.6, except for the MG problem where we perform a fresh pre-training to get

the parameters. For each problem, we incrementally increase M , with the starting

value of M = 0.1N . This is increased in increments of 10 until M = 0.25N . We

consider the “acceptable” level of performance of ELM readouts to be when the

average NMSE produced by ELM is no more than 10% in excess of those produced

by RLS.

The result for the non-augmented case is shown in Table 4.1. When M = 40,

the ELM readouts were able to achieved acceptable NMSE for all problems. The

interesting point is that, the NMSE of ELM can actually become lower than that of

RLS. The most notable case is the laser problem where even with a small M = 20,

the NMSE value of ELM is already lower than that of RLS by 20.8%. At M = 30,

ELM also surpass RLS for the MG and mapping35 problems. If M is increased

further than 40, the same trend holds for the NARMA10 problem, for example

at M = 50, the NMSE value produced by ELM for the NARMA10 problem is

0.1312. That the NMSE of ELM can become lower than RLS is due to the fact

that ELM’s are more powerful than linear readout.

The laser problem seems to response very well, much more than other problems,

to ELM readout. The reason for this may be because ELM is a nonlinear readout

and ESN had been shown to have troubles with approximating static, highly

nonlinear function [LukošEvičIus and Jaeger, 2009], and laser devices are highly

nonlinear. The use of ELM probably compensate for this weak spot of ESN.
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Next, we repeat the experiments, this time considering augmented state vector

as (1.21). The “effective” reservoir size then becomes 2N+2. The result is shown in

Table 4.2. We have also plot the NMSE as a function of M for the non-augmented

cases in Figures 4.7 through 4.10 and for the augmented cases in Figures 4.11

through 4.14.

Comparing Tables 4.2 to Table 4.1, we see that state vector augmentation leads

to better performance, as expected. The same trend as in the non-augmented case

held for the laser and MG problems, where relatively small M was enough for

acceptable NMSE. The NARMA10 problem required M = 80 for the NMSE to

reach acceptable levels. The only problem where the NMSE was not acceptable

at M = 0.25N was the mapping35 problem, which needed M = 120, producing

NMSE of 0.3989.

4.4.1 Computational Saving

In order to demonstrate the computational saving achieved by using ELM read-

outs, we compare the real time taken to perform 20 trials of training and testing,

using M = 30 for the non-augmented case, and M = 70 for the augmented case.

The reason we do not compare the computational cost in terms of multiplications

per cycle, as is usually done, is because ELM readouts have the cost of evaluating

the tanh activation functions for the ELM’s neurons. This cost is not included

in the number of multiplications. Therefore, it would be better to compare the

computational costs using real time taken on the same hardware, since this cap-

tures the total cost. The reason we used M = 30 and M = 70 is because these

are the average number ELM neurons required to reach acceptable performance,

across the four test problems, for the non-augmented and augmented case, re-

spectively. Figures 4.5 and 4.6 respectively show the computation times for the

non-augmented and augmented case. From Figure 4.5, it can be seen that the

computation time of ELM stayed below 5 seconds as N was increased from 20

to 200, while the computation time of RLS went up to almost 30 seconds for the

same range of N . The computational saving when N = 200 is 84.1%. The compu-

tational saving for the augmented case in Figure 4.6 is even greater as the effective

reservoir size is now 2N + 2. When N = 200, the computational saving is 94.28%.
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Figure 4.5: Real time taken to perform 20 trials of training and testing for RLS and

ELM as a function of the reservoir size N . Number of neurons in ELM, M = 30 is

the average to achieve satisfactory performance across the 4 test problems in the

non-augmented case.

20 40 60 80 100 120 140 160 180 200
0

20

40

60

80

100

120

140

160

N

ti
m

e
 t
a
k
e
n
 (

s
.)

augmented

 

 

RLS

ELM

Figure 4.6: Real time taken to perform 20 trials of training and testing for RLS and

ELM as a function of the reservoir size N . Number of neurons in ELM, M = 70 is

the average to achieve satisfactory performance across the 4 test problems in the

augmented case.
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4.5 Conclusion

We started out this chapter by investigating the effect of extremely high eigenvalue

spread of the reservoir state matrix P has on the online learning algorithms. By

comparing the learning curves of LMS and RLS on an example system identifica-

tion problems, it was found that LMS has very slow convergence and high final

error when compared to RLS algorithm, as shown in Figure 4.1. This confirms

the well-known fact in the ESN literature that the eigenvalue spread of P can be

extreme high, even with noise added to the state update. This prevents LMS from

being used successfully for online readout training.

We then investigated a learning algorithm called back-propagation decorrela-

tion (BD) which was claimed in [Steil, 2004] to exhibit similar level of performance

as the APRL algorithm for RNN, and has only O(N) complexity when applied

only to the output weights. However, when we actually applied BD to the ESN

structure, we found that the final error achieved by BD is only slightly better than

using LMS and still much worse than RLS. The same observation had also been

made in [Küçükemre, 2006] using test problems that are different from our own.

From the poor performance of LMS and BD, we concluded that there is no

choice but to use the RLS algorithm for online training. Therefore in order to

reduce the computational cost, the number of taps to be trained must be reduced.

Following this direction, we investigated the use of ELM as a readout. ELM is

ESN’s counterpart for feed-forward networks and can be trained without local

minima using RLS. Computation saving is achieved by making the number of

neurons in the ELM structure M significantly smaller than the reservoir size N .

We tested all large-reservoir problems both with non-augmented and aug-

mented state vector. It was found that the NMSE values of ELM can actually

become lower than that of RLS, given a large enough M . From the results, we

see that in order to reach satisfactory NMSE, M = 30 is required on average

for the non-augmented case. For the augmented case, on average M = 70 is re-

quired. Compared to the cost of training linear readouts with RLS, using ELM

achieved average computational saving of 84.1% and 94.28%, respectively for the

non-augmented and augmented case. These big saving, coupled with being able

to reach lower NMSE values, make ELM a very much better choice than linear

readout, especially for large N .
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4.6 Epilogue

As an epilogue to this chapter, we would like to summarize other methods we

have tried for online readout training that we have found to be lacking. Since

online training of ESN have received relatively little attention, there may be some

researchers considering these methods we have already tried.

The first thing that came to mind when faced with the huge eigenvalue spread

of Φ was to use the variable leaky LMS algorithm [Kamenetsky and Widrow,

2004] (VLLMS), sine the eigenvalue spread “seen” by it is much lower than the

true eigenvalue spread due to the leakage factor. However, in order to have proper

convergence, the leakage factor must eventually become zero. We observe the using

VLLMS does accelerate initial convergence, but as the leakage factor becomes zero,

the excess NMSE at the end is the same as using LMS.

Based on the observation that the eigenvalues of Φ have few large ones and

the rest are very small, we tried using the low rank adaptive filter [Strobach, 1996]

(LRAF) to adapt the readout. LRAF is basically RLS with reduced computa-

tional complexity of O(Nr) where r is the rank, the number of eigenvalues and

eigenvectors used to reconstruct the reduced rank covariance matrix Φr from the

full rank Φ. If the rank r required for good performance is small, then large com-

putational saving can be had. Unfortunately, we found that the rank required for

the same “acceptable performance” as presented in this chapter can be as large

as N/2, especially for augmented state vectors. In such case the computational

saving is only a factor of two. Moreover, the NMSE values produced by low rank

filters did not become lower than those produced by the full rank ones, despite

the finding in [Scharf and Tufts, 1987] which suggests that it can happen given

the distribution of eigenvalues that we observed.
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Figure 4.7: NMSE’s of RLS and ELM for the NARMA10 problem, non-augmented

case.
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Figure 4.8: NMSE’s of RLS and ELM for the laser problem, non-augmented case.
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Figure 4.9: NMSE’s of RLS and ELM for the MG problem, non-augmented case.

20 22 24 26 28 30 32 34 36 38 40
0.485

0.49

0.495

0.5

0.505

0.51

0.515

N
M

S
E

M

 

 

ELM

RLS

Figure 4.10: NMSE’s of RLS and ELM for the mapping35 problem, non-

augmented case.

78



40 50 60 70 80 90 100
0.09

0.1

0.11

0.12

0.13

0.14

0.15

0.16

N
M

S
E

M

 

 

ELM

RLS

Figure 4.11: NMSE’s of RLS and ELM for the NARMA10 problem, augmented

case.
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Figure 4.12: NMSE’s of RLS and ELM for the laser problem, augmented case.
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Figure 4.13: NMSE’s of RLS and ELM for the MG problem, augmented case.
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Figure 4.14: NMSE’s of RLS and ELM for the mapping35 problem, augmented

case.
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Chapter 5

Conclusion

This thesis has presented pre-training of ESN reservoirs and low cost online read-

out training. In the first two chapters, we introduced ESN and demonstrated that

the reservoir parameters have significant impact on ESN performance.

In Chapter 3, we discussed why it is better, from the viewpoint of pre-training,

to use a deterministic reservoir instead of classical ones. We then presented our

pre-training cost function based on the average mutual information between neu-

ron states and the desired response. We mathematically showed that this cost

function works in noisy environment, and demonstrated its effectiveness in pre-

training of reservoirs in different adaptive filtering problems. Then, we extend

the theory of ESN to the complex domain using isomorphism between real and

complex vectors and matrices. We finished the chapter by extending pre-training

to the complex domain.

In Chapter 4, we showed that the huge eigenvalue spread of the covariance

matrix formed by the reservoir states make online training with LMS ineffective.

We investigated an algorithm that is generally considered to be effective at on-

line training and showed that it was not the case. We showed that there is no

alternative to the RLS algorithm for online training of ESN. In order to reduce

the computational cost of online training for large reservoir sizes, we proposed

the use of ELM as the readout structure. Using ELM, the number of coefficients

that must be adapted by RLS was reduced significantly, leading to huge saving in

computational cost due to the O(N2) nature of the RLS algorithm.
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5.1 Further Research

The proposed pre-training algorithm, though quite effective, still has high com-

putational cost. As shown in Figure 3.5, even a C++ implementation needs more

than 10 seconds to pre-train reservoirs with 200 neurons. Since very large reser-

voirs are quite common for ESN, speeding up the pre-training algorithm is a must

to make it more practical.

To this end, we note that it may not be necessary to calculate the MI between

every pair of neuron states and the desired response. It is the average of the

MI values that is being maximized, not individual values. As is well known in

statistics, the sample mean approaches the true population mean as the sample

size increases. Therefore, it should be possible to evaluate J sufficiently accurate

enough for optimization by only considering a subset of neurons in the reservoir.

In other words, to calculate the MI values only for some neurons N ′ which can

probably be much smaller than N for large reservoirs.

Another source of speedup may come from the algorithm itself. Profiling our

code, we found that most of the time is spent in the histogram function, which at

first seems strange since forming the histogram is just counting and involve very

little calculation. However, we found that the memory access pattern of the arrays

that hold the histogram values is not contiguous, i.e., there are big jumps in what

element of the arrays is accessed. Non-contiguous memory access is well-known

to have a large overhead. Thus, optimizing the memory access of the histogram

routine can lead to significant speedup. We propose a further research objective

of being able to pre-train reservoirs with 1000 neurons in under 1 second. This

should be fast enough to make pre-training practical for most applications.

An interesting area for further research is to extend pre-training to problems

where the desired response is not available, most notably for blind signal processing

such as blind source separation or blind deconvolution/equalization. As we have

shown in Chapter 3, simply maximizing the independence between neurons states,

the obvious thing to do without a desired response, does not lead to the best

performing reservoirs. A new cost function that uses only the input and reservoir

states is needed for pre-training in blind signal processing problems, for example

some high order statistics on the neurons states.

Closely related to ESN are what’s called Liquid States Machine (LSM). These

are basically ESN which use more biologically realistic model of neurons which
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can be regarded as the “type 3” neurons after type 1 perceptrons and type 2

tanh neurons. LSM works on the same principles as ESN but are potentially

more powerful due to the higher fidelity of the neurons they used. Type 3 neural

networks are presently used for realistic simulation of the brain or other nervous

systems [Bugmann et al., 1997; Maass and Bishop, 2001]. The use of type 3 neural

networks in general and LSM in particular for engineering applications are only

beginning to be investigated [Jaeger et al., 2007; Verstraeten et al., 2005]. It would

be interesting to see if the any of the results presented here can be extended to

LSM.
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Appendix A: Differential

Evolution

Differential Evolution (DE) [Storn and Price, 1997] belongs to the family of evo-

lutionary algorithms. But it stands out due to its simplicity, robustness and good

performance. Like most GO algorithms, DE is population based, where each

member of the population is vector of filter coefficients. There are two control

parameters: F,CR. The algorithm consists of adapting target vector vtarget ac-

cording to the flowchart in Figure 1 and (1-3). The vectors vb,vi,vj are distinct

and randomly chosen from other vectors, excluding vtarget. A temporary vector

vtemp is generated by (1) while the crossover operation is described by (2), where

“rand” denotes uniform random number and l is the vector length. The output of

the crossover operation is a trial vector, which is compared to the original target

vector. The one with the lower cost is saved for the next iteration, as shown by

(3). One iteration is completed when each vector in the current population has

taken turn being the target vector. The parameters F,CR must be appropriately

chosen for DE to perform best. Tuning of DE’s parameters is not part of the scope

of this study, see [Das and Suganthan, 2011] for more details about DE and tips

on setting the parameters.

vtemp = vb + F (vj − vk), (1)

vtrial,l =

vtemp,l rand < CR

vtarget,l otherwise
1 ≤ l ≤ l, (2)

vi(k + 1) =

ti(k) J(ti) < J(vi(k))

vi(k) otherwise
. (3)
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Babinec, Štefan and Posṕıchal, Jǐŕı. Merging echo state and feedforward neural

networks for time series forecasting. In Artificial Neural Networks–ICANN 2006,

pages 367–375. Springer, 2006. 68

Bengio, Yoshua. Learning deep architectures for ai. Foundations and trends R© in

Machine Learning, 2(1):1–127, 2009. 21, 22
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