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Minimization of Output Errors of FIR Digital Filters by
Multiple Decompositions of Signal Word

Mitsuhiko YAGYU', Student Member, Akinori NISHIHARA', and Nobuo FUJII', Members

SUMMARY  FIR digital filters composed of parallel multiple
subfilters are proposed. A binary expression of an input sig-
nal is decomposed into multiple shorter words, which drive the
subfilters having different length. The output error is evaluated
by mean squared and maximum spectra. A fast algorithm is
also proposed to determine optimal filter lengths and coefficients
of subfilters. Many examples confirm that the proposed filters
generate smaller output errors than conventional filters under the
condition of specified number of multiplications and additions in
filter operations. Further, multiplier and adder structures (MAS)
to perform the operations of the proposed filters are also pre-
sented. The number of gates used in the proposed MAS and
its critical path are estimated. The effectiveness of the proposed
MAS is confirmed.

key words: FIR digital filters, multiple decompositions of signal
word, error spectrum, the number of multiplications and additions

1. Introduction

FIR digital filters are implemented by the finite number
of multiplications and additions. Naturally, output sig-
nals of FIR filters have errors. To implement more pre-
cise arithmetic operations in filters, long wordlengths of
signals and coefficients are needed. Long wordlength of
the input signal does not guarantee high accuracy unless
the output errors due to the finiteness of the number of
taps are small enough. Thus high accuracy FIR digital
filters need to have the large number of multipliers and
adders with the long wordlength. This pushes up the
hardware size, the operation delay and the number of
executions of high-speed array multipliers[1].
Real-time implementation of direct-form N-tap
FIR digital filters requires N multiplications and ad-
ditions in a sampling interval. It is well known that
an [ x [ multiplication can be performed using an % x 1
multiplier twice where [ is the wordlength of a multi-
plier. In this case, the chip size is reduced at the price
of longer execution time. When two % x | multipliers
operate at a time to perform multiplications in filter op-
erations, the speed of such two multipliers is faster than
that of the [ x [ multiplier. So in this case, the execu-
tion time in filtering is reduced in comparison with that
in filtering by using the | x [ multiplier. In the above
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discussion, an | x [ multiplier is decomposed into two
% x { multipliers to reduce the hardware size or the exe-
cution time. Further reduction is expected in the case of
multiple decompositions of an [ x [ multiplier. That is,
several multipliers having shorter wordlengths may per-
form multiplications in filter operations with reduced
hardware size or execution time. In a realization of fil-
ters, there are three factors for the multipliers to be spec-
ified; the number of multipliers, their wordlengths and
the number of executions of the multiplications (NEM)
in a sampling interval. Once the three factors are spec-
ified, it becomes important to minimize the errors of
filters. -
In this paper, FIR filter structures composed of par-
allel multiple subfilters driven by shorter signal words
are proposed. We minimize the errors of the proposed
structures realized with the specified multipliers. A bi-
nary expression of the input signal is decomposed into
multiple shorter words, which drive the subfilters hav-
ing different length. We call this type of filters as sig-
nal word decomposed filters (SWDFs). SWDFs do
not have any deterministic frequency responses, because
they have nonlinear operations. It is, however, possi-
ble to evaluate the output error of SWDFs by using
mean squared and maximum spectra in passband, stop-
band and also transition band. Next, fast algorithms
are also proposed to determine optimal filter length and
coefficients of subfilters. In many design examples, we
confirm that the SWDFs generate much smaller out-
put errors in passband and stopband than conventional
filters under the condition of specified NEM in filter
operations.

Several techniques to design sharp cut-off filters
have been proposed [2]-[4]. The filters designed by us-
ing these techniques have internal filters whose output
signals are attenuated in transition band. Accordingly,
even if SWDFs have comparatively large output errors
In transition band, the output errors of SWDFs imple-
mented as the internal filters do not become a problem.
By analyzing the output errors in passband, stopband
and also transition band. we confirm the superiority
of the sharp cut-off filters using SWDFs as the internal
filters.

Finally, multiplier and adder structures to perform
the SWDF operations are presented. We analyze the
number of gates used in the proposed structures and
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their critical paths, and confirm the effectiveness of the
proposed structures in comparison with conventional
ones.

2. Signal Word Decomposed Filters

Figure 1 shows an M-channel SWDF structure. We
assume that all filters discussed in this paper have zero
phase. An ideal filter is defined as Fy, and its frequency
response as D(w), where amplitude of D(w) is 1.0 in
whole passband, and 0.0 in whole stopband. The M
subfilters shown in Fig. 1 are called as F;, i =1,..., M,
their numbers of taps as 73,4 = 1,..., M and coefficients
of the filter F; as h;(j), j = 1,...,T;. All subfilters keep
long wordlength and then only a total sum of outputs
of the subfilters is rounded off so as to have the same
wordlength with the input signal.

Now let the input signal expressed as [ bit fixed-
point binary numbers be z(n), |z(n)| < 1, those quan-
tization levels be g;, i = 1,...,L, L = 2!, a set whose
elements are g;, i = 1,...,L be B; and all filter coeffi-
cients be . bit binary numbers. Binary expressions of
z € B; are written as

x = bybobs - - - bi(), ey

where b, is a sign bit and b; € {0,1},¢=1,...,l. Then
z and b;, 1 =1,...,1 satisfy

1
z=—b+ > 2. )

=2

Now input signal words are decomposed into M parts.
Let the wordlength of the i-th significant signal word
be I;. Then we can write the i-th significant signal word
of z shown in Eq. (1) as

bdi+1bdi~i;2bdi+3 e bdi+lz7 (3)

Wheredi :zl+lg+"'+li_1,’i: 2,...,M andd1 = 0.
As shown in Fig. 1, input signal words are decomposed
by the nonlinear function blocks Q;[], i = 1,..., M
whose input signals are z(n) having wordlength [. We

Fig. 1 An M-channel signal word decomposition filter struc-
ture.

IEICE TRANS. FUNDAMENTALS, VOL. E81-A, NO. 3 MARCH 1998

define their outputs Q;[z], ¢ = 1,..., M, which corre-
spond to an input , as

l1

Qi[z] = —b1 + Z 9—k+1p, 420 @
k=2
dj+l;
Qjla] = —2 ¥ba 1+ Y 227D
k=d;+2
(5)
and
Qulz] = —g7dMp, o+ Z 2~ k+1p, (6)
k=dn+2

where j = 2,...,M — 1. From Egs.(4), (5) and (6),
the signal words corresponding to the outputs Q;[z] are
written as

Qufz] = biba - - -byy 15, @)

Q;[x] = ba,+1ba;+2 - - - ba;41; Lo (8)
and ‘

Qurlx] = bayy+1bdpt2 Ddas+1na (2)» )

where j = 2,..., M — 1. Then Q;[z| and z also satisfy

M
:czZQl[m] (10)
i=1

All the binary expressions shown in Eqgs.(7), (8) and
(9) are 2’s complement and thus their most significant
bits are sign bits. Therefore all multiplications in the
subfilters ¥}, 7 =1, ..., M can be performed by using 2’s
complement parallel array multipliers[1]. Although the
signal words given in Egs.(7) and (8) have wordlength
I; + 1, respectively, the least significant bits of those sig-
nal words are equal to 1 independently of the input
signal words . So among those [; + 1 bits, let the [; bits
without the least significant bit be an input to the filter
F; as shown in Fig. 1. Instead of neglecting the' least
significant bits,

M-1T;

o=

i=1 j=

C9mdlip(4) ‘ (11)
1

is calculated beforehand. In filtering, ¢ is added to out-
puts of an SWDF so that the errors caused by truncating
the least significant bits are canceled.

The actual inputs of all subfilters F;,i=1,..., M
have wordlength /; so that wordlengths of all multiplica-
tions in subfilter F; become I; x I bits. Then to evaluate
the amount of additions and multiplications of SWDFs,
we define AAM as

u ‘
AAM = Z Lil.T;. (12)

=1
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Further, an accumulator is loaded with ¢ before addi-
tions and multiplications not to increase AAM.

Now the (I + 1)-th bit of the input signal z(n) is
regarded as 1, constantly. In that case, the functions
Qilz], i =1,..., M satisfy

Qi[—z] = ~Ql]. (13)
3. Output Errors of SWDFs
3.1 Evaluation of Errors in Passband and Stopband

When all subfilters F;, i = 1,...,M have a specified
ideal frequency response, the SWDF does not generate
any output errors. However, due to finiteness of AAM
of SWDFs, each subfilter generally has a deviation of
its frequency response from an ideal response, and the
output signals of SWDFs have errors. In this section,
the output errors are analyzed.

The discrete-time Fourier transforms (DTFTs) of
z(n) and Q;[z(n)], i = 1,..., M are called as X(e/®)
and X;(e’*), which are written as

X () = w(n)e=in (14)
and

Xi(e) = Qula(n))e™™, (15)

respectively. From Eq.(10), z(n), Q;[z(n)] and their
DTFTs satisfy

M
(n) =3 Qif(n)] (16)
and
M
X(e?¥) = ZXi(ej“’). (17)

Let a zero-phase frequency response of the filter F;
be H;(w). Then the error responses R;(w) of H;(w),
1=1,..., M are written as

From Fig.1 and Egs.(17) and (18), the output error

R,(e¥) corresponding to the input signal z(n) is ob-

tained as
Ry(e7*) =

Hi(w)X;(e’*) — D(w)X(e’*)  (19)

Jn

{4
Il
-

Ry(w)X;(e™). (20)

@
1
-

li
AME

By substituting Eq. (15) into Eq. (20), R,(e’*) is rewrit-
ten as
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Ro(e :;{ZR

We express the DTFT of an error response of an SWDF
corresponding to an input level z as R[z,w]. Then
R[z,w] can be written as

M
= Z Qilz]Ri(w). (22)

By using Egs. (21) and (22), the output error R,(e/*)
corresponding to the input signal z(n) can be rewritten

as
e]“’ ZR

In [5], we have proposed two methods to analyze
and evaluate output errors which are written as Eq. (23).
Using the method in [5], we firstly analyze the mean
squared output error spectrum (MSOES) of an SWDF.
We assume that the stochastic input signals z(n) are sta-
tionary independent process and that their probability
density function is p(g;), ¢ = 1,...,L. Then the av-
erage and the variance of the error responses R|[g;,w],

}e—jm. (1)

wle™ i, (23)

1=1,...,L are obtained as
L
Rave(w) = > p(q:) Rlgs, ] (24)
=1
and

Ryar(w) = ZP(Qi) {Rlas, 0]} — {Rave()}’, (29)

respectively. From [5], the MSOES of SWDFs is ob-
tained as

2

2 |P—-1
Rmse(w> = Rvar(w)—*‘i%& Z 6—-jnw

(26)

where P is the number of sampling points of the stochas-
tic input signal x(n). We assume that the probability
density function of the input signals is an even function.
From Eq.(13), @,[z], 7 = 1,..., M are regarded as odd
functions so that Q;[] and p(-) satisfy

L

Z Qjlailp(a:) =0, 27)

=1

where j = 1,..., M. Substituting Egs.(22) and (27)
into Eq.(24), we obtain

Rape(w) = 0. (28)

By using Egs.(22), (25), (26) and (28), Rse(w) is
rewritten as
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2

M
)3 QiR (W) p - 29
=1

Zp a:)

Using the method in [5], we analyze the maximum
output error spectrum (MOES) of an SWDF now. Note
that the MOES Ryorst (w) has the normalized maximum
error value at frequency w among error values of an
SWDF at w corresponding to every possible input sig-
nal [5]. Here, we define the maximum and the minimum
among error responses corresponding to all input levels
at a frequency w as Rpax(w) and Rpin(w), respectively.
Then Ryax(w) and Rpin(w) are written as

Ryse w)

maX(w) = lrél?gx R[‘]u ] (30)
and
Rmin(w) = 1glilgL R[Qiaw]' (31)

From [5], by using Egs. (30) and (31) Ryorst(w) can be
obtained as

Ryorst (w)
B {Rmax(w) - Rmin(w) ,

o { B ()], [Rumin O]},

Now let the dynamic range of the internal signal
Qi[z(n)] be r;, i =1,..., M. Naturally, r; satisfies

w0 (39

w=2~0

—r; < Qilg;] £ i (33)
From Egs. (4), (5) and (6), r;, i = 1,..., M are given
as

rp=1-—2"1, (34)

rj=2"% — 274 b, (35)
where j =2,...,M — 1, and

TV = 9—dum (36)

From Egs.(22), (30), (31) and (33), Rpax(w) and
Rppin(w) become

M
Rinax(@) = > _ il Ri(w)] (37
i=1
and
Runin(w) = ZmR (38)

respectively. By substituting Eqgs.(37) and (38) into
Eq. (32), Ryorst(w) 1s rewritten as

M

= ri|Ri(w)]. (39)

=1

Rworst (w)
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By using (29) and (39), the MSOES and the MOES of
an SWDF can be evaluated in passband and stopband.

If all frequency responses of the subfilters F;, ¢ =
1,...,M are identical, the SWDF becomes a conven-
tional linear filter which has that frequency response.
Then Ryomsi{w) becomes an error response which the
frequency response of the linear filter has. Further, the
peak value of Ryorsi(w) becomes the Chebyshev error
of the linear filter.

3.2 Evaluations in Transition Band

SWDFs do not have any deterministic frequency re-
sponses in passband, stopband and also transition band,
due to their nonlinear operations Q;[-}, i = 1,..., M.
In design of typical frequency selective filters, an ideal
response D(w) is often unspecified in transition band.
However in some applications of filters, estimations of
frequency responses in transition band are needed. In
this section, we analytically obtain frequency responses
such that the MSOES or the MOES is minimum in tran-
sition band.

Firstly, the MSOES is minimized and then the fre-
quency response D;(w) is obtained. Let an arbitrary
frequency in transition band be w;. By using (18) and
(29), the MSOES in transition band can be written as

Rise (Wt)

L M
= > ple) § > Qilad (i) ~ Diler))

j=1
(40)
L
= ZP(%‘) Qith(wt)z
i=1
_2%ZQJ QZ wt Dt(wt)
o 2
ZQj[qz‘]Hj(wt) . (41)

When Eq. (41) is minimum, D;(w;) is obtained as

L M
> plai)ai Y Qjlail Hy(wr)

Di(wi) = L szl : (42)
ZP(%)%’Z
i=1

Next, the MOES is minimized and then the fre-
quency response Dy(w) is obtained. By using (18) and
(39), the MOES in transition band can be written as

ZT‘,|H wt)

Dt(wt)l. (43)

worst wt
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From Egs. (34), (35) and (36), r;, i = 1,..., M satisfy

T >rogt+r3+ -+, (44)

By using Eq. (44), when the MOES expressed as Eq. (43)
is minimum, D;(w;) is obtained as

D(w:) = Hy(wy) (45)

as shown in Appendix A.
4. Design of SWDFs
4.1 An Algorithm to Design Optimum SWDFs

We use the peak value e, of the MOES shown in Eq. (39)
as the criterion for filter design. Then e, is written as

€p = olgnj;{ Rworst - Oglfé ZTZIR . (46)

M,l.,1l;;i=1,...,M and AAM are specified in design
of SWDFs. Then in our algorithm, the SWDF having
the minimum peak of the MOES is chosen among all
SWDFs which meet the specifications. Let the numbers
of taps of subfilters F; of a designed SWDF be 7;. Then
from Eq.(12), T;, ¢ = 1,..., M must satisfy

M
> LT < AAM. 47)
i=1

In this paper, l;, i = 1,..., M are assumed to be equal
to I/M. From this assumption, Eq. (47) can be rewritten
as

M
Y T, (48)

i=1
where

& M x AAM

Ul 49)

T’ is determined by using the specified M, [, I;, i =

..M and AAM.

Coeflicients of a zero phase FIR filter have sym-
metry. So we define a vector whose elements are the
independent coefficients of the filter F;, i =1,..., M as
a;. Then the frequency response H;(w) of the filter F;
1s written as

Hi(w) = A(w)a;, (50)

where A(w) is a vector whose elements are trigonometric
functions[6]. From Eq. (18), the error response R;(w)
is written as

Ri(w) = A(w)a; — D(w). (51)
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To make a discussion simple, we deal with the case of
M = 2. Then e, shown in Eq. (46) can be written as

ep = max [r1 {A(W)a1—D(w)}+r2 {A(w)a—D(w)},

r1{A(w)a, —D(W) —r2{A(w)az - D(w) },
—ri{Aw)ay — D(w)} +r2 {A(w)az — D(w)},
—ri{A(w)a: — D(w)} —r2 {A(w)az — D(w)}].

(52)

The minimization of Eq. (52) is a linear minimax prob-
lem and thus can be solved by using linear program-
ming (LP). In the same way, if M is larger than 2, the
minimization problem can be solved.

Further, to obtain the optimum SWDF, the num-
bers of taps of subfilters T;, i = 1,...,M have to be
determined to obtain the minimum e,. So firstly, all
combinations of T;, ¢ = 1,..., M which satisfy Eq. (48)
are determined. Next e, is minimized by using 75,
t =1,...,M in each combination. Then a combina-
tion of 5,4 =1,..., M corresponding to the minimum
ep is the solution. By using above algorithm, the opti-
mum SWDF meeting the specification can be obtained.
Here after, we call this algorithm as algorithm 1.

4.2 Fast Algorithms to Design SWDFs

In the algorithm 1 proposed in the above section, a
linear programming is iteratively used to determine the
numbers of taps of all subfilters. However in the case
of large AAM and M, the algorithm 1 consumes enor-
mous computing cost. In this section, we firstly pro-
pose an algorithm to optimize coefficients of subfilters
whose numbers of taps are estimated beforehand, and
then propose an algorithm to estimate the numbers of
taps of subfilters which the minimal error SWDF has.
We call this algorithm as algorithm 2.

To obtain the algorithm 2, we approximate e,
shown in Eq. (46) as

M

M
ep= max ;| Ri(w E max TZIR
0w 4 1 — 0<w<T
i =1

(W)l- (53)

So we define a criterion for fast filter design as

Z max 7| R;(w)]. (54)

0w

In the algorithm 2, é,, that is, the sum of the the Cheby-
shev errors of subfilters is minimized. Then each subfil-
ter is independently designed by using Remez exchange
algorithm[7].

Next, a subroutine in the algorithm 2 to estimate
the numbers of taps of subfilters is presented. Firstly, the
Chebyshev errors e; of the subfilters Fy, ¢ = 1,..., M
can be approximately written as

20logyg €; ~ oT; + 3, (55)
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where o and [ are negative constants and T; is the num-
ber of taps of the designed subfilter F; [8]. By using
Egs. (54) and (55), é, is written as

M
aT;+8
&=y 110 % . (56)
i=1
Equation (48) can be rewritten as
M aTi+B aT’/+MB i
[[rit0=" 2107 = H ;. (57)
i=1 i=1

Equation (57) is equivalent to Eq. (48), because an ex-
ponential function monotonically increases. Accord-
ingly, Eq.(57) is a condition which T3, i = 1,..., M
must satisfy. Now we assume that 75, ¢ = 1,..., M are
odd integers or zero. Then the problem to estimate the
numbers of taps of subfilters which the minimal error
SWDF has can be formulated as

M
aT;+8
Minimize Zmo 20
=1
M / M (58)
aT;+p o s
Subject to [[ri10"H " 210" [[rs,
i=1 i=1

T; are odd integers or zero.

Since the variables 73,7 = 1,..., M are integers, Eq. (58)
is an integer programming problem. An arbitrary con-
tinuous minimization problem derived from Eqg.(58)
can be solved by using the subroutine shown in Ap-
pendix B. So the integer programming problem in
Eq. (58) can be solved by using the branch and bound
algorithm [9].

In the algorithm 2, each subfilter having the es-
timated number of taps is optimized by using Remez
exchange algorithm. Now we propose another fast al-
gorithm. Two subfilters having the estimated numbers
of taps are simultaneously optimized by using LP, and
then by iterating such an optimization all subfilters are
designed. We call this algorithm as algorithm 3 and
show it as follows.

1. Let an iteration counter k := 0 and a provisional
MOES R,(w) :=0.

2. Solve the following minimax problem by using lin-
ear programming.

Minimize Orénggw{Rp(w)
+ TM_k|A(w)aM_k — D(w)\

+ ram—k-1|Aw)ar—s—1 — D(w)|}.
(59)

Then the coefficient vectors a;_x and ap;—x—1 are
obtained.

3. By using the obtained ap—¢ and apr—p—1, Rp(w)
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is updated by

Ry(w) i= Rylw) + s A)ass—t — D(w)
+ TM_k_1|A(w)aM_k41 — D(w)| (60)

4. Ifthe designs of all subfilters are finished, then stop.
Otherwise let k£ := k + 2 and go to the step 2.

The algorithm 3 can design better SWDFs than the al-
gorithm 2 at the price of longer computing time.

5. Application to Frequency Response Masking
Technique

Several techniques to design sharp cut-off filters have
been proposed[2]-[4]. The filters designed by using
these techniques have internal filters whose output sig-
nals are attenuated in transition band. Accordingly,
even if SWDFs have large output errors in transition
band, the output errors of SWDFs implemented as the
internal filters do not become a problem.

In this paper, we treat the frequency response mask-
ing technique (FRMT)[2] among those techniques to
design sharp cut-off filters. SWDFs can be applied to
other techniques[3], [4] also. The FRMT is an effective
method to reduce the complexity of FIR filters with a
very narrow transition band and a wide passband. Fig-
ures 2 (2) and (b) show a filter structure implemented by
using FRMT, which is composed of two masking filters
Fuse and Fyz. and a prototype filter F,,, and its trans-
posed structure, respectively. The frequency responses
of three filters Fasq, Fase and F, are defined as Hpzo(w),
Hpre(w) and H,(w), respectively. Since the three inter-
nal filters are linear and time-invariant, two structures
shown in Figs. 2 (a) and (b) can have same output signal
corresponding to an input signal.

In FRMT, F, have several passbands and stop-
bands, because I}, is an interpolated filter. Then Fz,
and Fis. can have don’t care bands where F, has stop-
bands. If typical frequency selective filters are designed
by using FRMT, ideal frequency responses of Fis, and

Fa FMa

(b) Transposed structure.

Fig. 2  Filter structure implemented by using FRMT.
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Fpzc can be unspecified in transition bands of Fy;, and
Fare [2]. We propose to implement Fyy, and Fiy. of the
structure shown in Fig.2(b) as SWDFs. Even if Fy,
and Fs. implemented as SWDFs generate large output
errors in their transition bands, the output errors can
be attenuated by F,.

Let the subfilters of Fi, and Fjs. implemented
as SWDFs be Fyq; and Fuyes, @ = 1,...,M and
their frequency responses be Hys, ;(w) and Hyy.;(w),
1 = 1,..., M, respectively. We redefine an ideal re-
sponse of a filter implemented by using FRMT as D(w).
From Eqgs. (29) and (39), the MSOES and the MOES of
a filter implemented by using FRMT are obtained as

Ronse@) = Y p(a) 4 30 0s(a)

{Ha(OJ){HMa,j (w) — Hpe,j (‘U)}

2
+ Hype,j(w) —D(w)}} (61)
and
M
Rworst(‘—‘-)) = ZT1|H0,(‘U) {HMCL,@<UJ) - HMc,z(w)}
i=1

respectively. In the same way to obtain Egs. (42) and
(45), the MSOES and the MOES can be evaluated in
transition band. . :

[2] shows an algorithm to design filters by using
FRMT. In the algorithm, several design parameters of
Fyrq and Fyye are determined by using the experience
of the author of [2]. Then Fy;, and Fy,. are firstly
designed. Next, the Chebyshev error of the filter im-
plemented by using FRMT is minimized and then the
optimum F, is obtained. Next if Fas, and Fy. are
implemented as SWDFs, Fyy, and Fy,. are firstly de-
signed by using the algorithm 1, 2 or 3. In order to
reduce the peak of the MOES of the filter implemented
by FRMT, the MOES of Fy;, where Fi,. has transition
band should be 50 percent smaller than the MOES of
Fare in other bands from our experience. The weighted
MOES is optimized by using a weighting function. In
the same way, the MOES of Fy;. is optimized. Next,
the peak of Ryorst(w) shown in Eq.(62) is minimized
and then the optimum F, is obtained.

6. Design Examples

In this section, SWDFs and conventional linear filters
are compared in many design examples. We specify the
wordlength of input signals as [ = 16. The conventional
filters are regarded as SWDFs with M = 1. Lowpass
filters with passband 0.0—0.15, stopband 0.22—0.5 and
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AAM/(Ix1.) shown in Eq. (49) 179 are designed and
their transition band 0.15—0.22 is specified as don’t care
band. If M multipliers with wordlengths I/M x I, are
used to implement designed filters, the multiplications
of the SWDFs with M channels can be performed by
using the M multipliers AAM/(l x I.) times in a sam-
pling interval. So the SWDFs with M = 1, namely,
conventional filters have the same number of taps with
AAM/(l x 1.). The SWDFs with M > 1 are designed
by using the algorithm 2. By using the algorithm 1, the
optimum SWDFs with M = 2 are also designed.

Figure 3 shows the peaks of the MOES Ryorst(w)
of designed filters. From Fig. 3, with the growth of M,
the errors of the SWDFs with M channels are decreased.
Especially the errors of the SWDFs with M = 16 are
28 [dB] less than the errors of the SWDFs with M =1,
which are the conventional filters. Furthermore, we ob-
tain the result that the errors of the SWDFs designed
by using the algorithm 2 are nearly equal to those of
the optimum SWDFs.

One of our goals is to design filters whose output

— M=16, by using the algorithm 2
————————— M=4, by using the algorithm 2
------ M=2, by using the algorithm 2

Ms=1 (Conventional), by using Remez
-~ == M=2, by using the algorithm 1
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Maximum Error [dB]
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The peaks of the MOES shown in Eq. (46).
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Fig. 4 The MOES of the designed filters with AAM/(I x I.) =
47.
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signals have small errors enough to utilize the resolu-
tion of wordlength [ = 16. So we compare the designed
SWDFs which have AAM/(l x I.) = 47 in detail. Fig-
ure 4 shows the MOES of those SWDFs with M = 16
and M = 1. The MOES of the SWDF with M = 16 is

—— M=16, by using the algorithm 2
"""" M=1 (Conventional), by using Remez

""" Roundoff noise
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Fig. 5 The MSOES of the designed filters with AAM/(Ix 1) =
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much smaller than that with M =1 in whole passband
and stopband. Next, We give three types of stochas-
tic input signals having uniform distributions in the
ranges |z(n)] £ 1.0, |z(n)] £ 0.1 and |z(n)| < 0.01.
Figures 5 (a), (b) and (c) show the MSOES correspond-
ing to the stochastic input signals of the SWDTs with
M =16 and M = 1. The output signals of SWDFs are
rounded off so as to have the wordlength { = 16. Ac-
cordingly, the roundoff noise are added to the output of
SWDFs. The mean squared spectrum of the roundoff
noise has the amplitude —101.1[dB] and is shown in
Figs.5 (a), (b) and (c) also. From Figs.5(a), (b) and
(c), in the case of the input signals having the large am-
plitude |z(n)| £ 1.0, the MSOES of the SWDF with
M =16 are 35[dB] less than that with M = 1. In that
case, the SWDF with M = 16 has great effectiveness.
In the case of input signals having small amplitude, the
SWDF with M = 16 does not have such great effective-
ness. However, the MSOES of the SWDF with M = 16
is 15[dB] less than that with A/ = 1. If the amplitude
of input signals is smaller than 0.01, the MSOES of the
SWDF with M = 1 is smaller than that with M = 16.
The roundofl noise having the amplitude —101.1[dB]
is constantly added to the output signals of SWDFs.
So we can regard that the output errors of the SWDF

~100 L W

0 005 01 015 02 025 03 035 04 045 05

Maximum error [dB]

—95

Normalized frequency

(a) Filter 1.

-80
-85
0}
951
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(b) Filter 3.
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Maximum Error [dB]

Fig. 6 The MOES of the filters 1 and 3.
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Fig.7 The MSOES corresponding to the stochastic input signal
|z(n)| < 1.0 of the filters 1 and 3.

with M = 16 are nearly equal to those of the SWDF
with M = 1, even if the input signals have such small
amplitude.

Next by using FRMT, the sharp cut-off filters with
SWDFs are designed and then their output errors are
evaluated. The specifications are; passband 0.0 — 0.27,
stopband 0.275—0.5 and the peak of the MOES 78 [dB]
less than the dynamic range of input signals. The mask-
ing filters are implemented as SWDFs with M = 1,
2 and 4 which are designed by using the algorithm 3.
Then by using the algorithm in [2], their prototype fil-
ters are obtained. We call the filters designed by using
FRMT which have the masking filters implemented as
SWDFs with M =1, 2 and 4 as the filters 1, 2 and 3,
respectively. The peaks of the MOES given in Eq. (62)
of the filters 1, 2 and 3 are —79.3 [dB], —78.7[dB] and
—79.2[dB] and thus roughly equal. Figures 6 (a) and
(b) show the MOES in whole band of the filters 1 and 3.
We give a stochastic input signals having uniform dis-
tributions in the range |z(n)| < 1.0. Then the MSOES
corresponding to the stochastic input signals of the fil-
ters 1 and 3 are shown in Figs. 7 (a) and (b). From these
figures, the MSOES and the MOES of the filters 1 and 3
can be regarded roughly equal. Next, the actual output
errors of the filters 1 and 3 are compared, when sinu-
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Fig. 8 The energy per sample of the output errors correspond-
ing t(}) sinusoids of the filters 1 and 3.

soids cos(w;y, )n are applied as the input signals. We give
win = 0.0007, 0.0017, 0.0027, 0.0037,...,0.9997 and
1.0007 and their number of sampling points as 10000.
Then we calculate the energy per sample of the output
error signal corresponding to each input signal in time
domain. Figures 8(a) and (b) show the energies per
sample of the output error signals. From Figs. 8 (a) and
(b), the output errors corresponding to the actual in-
put signals of the filters 1 and 3 are roughly equal also.
The numbers of taps of the two masking filters and the
prototype filter of the filter 1 are 51, 103 and 119, re-
spectively. However, those of the filters 1 and 2 are 95,
75, 52 and 95, 67, 53, respectively. The total number of
taps of the filter 3 is 22% less than that of the filter I
and thus the number of taps can be reduced by multiple
decompositions of input signal word.

7. Multiplier and Adder Structures to Implement
Operations of SWDF

We assume that [ bit input signal words are decom-
posed into M signal words having wordlength [/M and
that coefficients of SWDFs also have the wordlength
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Fig. 9 A multiplier and adder structure having four /4 x multipliers.

1. The signals corresponding to those decomposed sig-
nal words excite their respective subfilters of an SWDF.
To perform multiplications of the SWDF, several mul-
tipliers with wordlength [/M x | which operate at a
time are used. In this section, M multipliers with that
wordlength are assumed to be used. We call this struc-
ture as the multiplier and adder structure (MAS). The
number of gates used in the MAS and its critical path
are analyzed and then compared with that used in an
I x | multiplier and its critical path, respectively.

Figure 9 shows an MAS having four [/4 x [ mul-
tipliers to perform multiplications and additions of
SWDF with M = 4, as an example. Those multipliers
are implemented as the carry save scheme array multi-
pliers[1] and thus have two outputs, summations and
carries. All the outputs of the multipliers are shifted
and summed up by using the carry save adders (CSA).
The MAS shown in Fig.9 is implemented as a chain
structure. However it can be also implemented as a tree
structure to obtain faster operation speed. When the
MAS which has [ multipliers with the wordlength 1 x [
is implemented as a tree structure, the MAS is called
Wallace tree structure[10]. In Fig.9, the final addition
is performed by using a carry look-ahead adder (CLA).

Now let the wordlength [ be 16. Then we give M as
1, 2, 4, 8 and 16. The number of gates used in the MAS
and its critical path are estimated. In the case of M =1,
the MAS has an [ x [ multiplier, a CSA and a CLA and
do not have any shifters. In the realization of the CLA,
we use the standard scheme given in [11], which uses
full internal carry look-ahead within 4-bit slices. Fig-
ure 10 shows the numbers of gates used in the MASs
and the number of gates on their critical paths. From
Fig. 10, with the growth of M, the total number of gates
used in the MAS is increased. However, the number of
gates used in the MAS having two {/2 x [ multipliers is
nearly equal to that used in the MAS having an [ x [
multiplier. The number of gates on the critical path is
minimum at M = 2. So we can obtain the fact that
the MAS which has two 1/2 x [ multipliers has the best
performance at the lowest price. Further from Fig. 3,
the effectiveness of the SWDFs having 2 channels is as
large as that of the SWDFs having more than 2 chan-
nels. Therefore in the case of [ = 16, it is most efficient
that the operations of the SWDF having 2 channels are
performed by using two [/2 x [ multipliers. The more
[/2 x | multipliers are used, the higher throughput may
be obtained.
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Fig. 10  The number of gates used in the MAS and the number
of gates on its critical path.

8. Conclusions

This paper has presented FIR digital filters composed of
parallel multiple subfilters. A binary expression of the
input signal is decomposed into multiple shorter words,
which drive the subfilters having different length. The
proposed filters have nonlinear operations, however the
output errors can be evaluated by mean squared and
maximum spectra. Fast algorithms have been also pro-
posed to determine optimal filter lengths and coefficients
of subfilters. Many examples have confirmed that the
maximum output error spectra of the proposed filters
have been 28[dB] less than those of the conventional
filters under the condition of specified number of mul-
tiplications and additions in filter operations. Further,
the actual output errors of the proposed and the conven-
tional filters corresponding to many sinusoids are ana-
lyzed. Then we have also confirmed the superiority of
the proposed filters to the conventional filters. We also
have presented multiplier and adder structures (MAS)
to perform the operations of the proposed filters. The
number of gates used in the proposed MAS has been
nearly equal to that of gates used in the conventional
MAS, however the throughput of the proposed MAS
has been larger than that of the conventional MAS. In
future, we will analyze the chip area and the power con-
sumption of the proposed MAS in detail.

References

[1] C.R.Baugh and B.A. Wooley, “A two’s complement paral-



YAGYU et al: DESIGN AND IMPLEMENTATION OF FIR DIGITAL FILTERS

lel array multiplication algorithm,” IEEE Trans. Comput.,
vol.C-22, pp. 1045-1047, Dec. 1973.

[2] Y.C. Lim, “Frequency-response masking approach for the
synthesis of sharp linear phase digital filters,” IEEE Trans.
Circuits & Syst., vol.CAS-33, pp.357-364, April 1986.

[3] Y. Neuvo, C.Y. Dong, and S.K. Mitra, “Interpolated finite
impulse response filters,” JEEE Trans. Acoust. Speech, Sig-
nal Processing, vol. ASSP-32, pp.563—570, June 1984.

[4] J.W. Adams and A.N. Willson, Jr., “Some efficient dig-
ital prefilter structures,” IEEE Trans. Circuits & Syst.,
vol.CAS-31, pp.260—266, March 1984.

[5] M. Yagyu, A. Nishihara, and N. Fujii, “Analysis and mini-
mization of output errors of 2-D non-separable FIR digital
filters with finite precision internal signals,” IEICE Trans.
Fundamentals, vol.E80-A, pp. 13911402, Aug. 1997.

[6] L.R. Rabiner and B. Gold, “Theory and application of
digital signal processing,” Prentice-Hall, 1975.

[7] T.W. Parks and J.H. McClellan, “Chebyshev approxima-
tion for nonrecursive digital filters with linear phase,”
IEEE Trans. Circuit Theory, vol.CT-19, pp.189-194,
March 1972.

[8] J.F. Kaiser, “Nonrecursive digital filter design using the
Ip-sinh window function,” Proc. IEEE Int. Symp. Circuits
& Syst., pp.20-23, 1974.

[9] R. Fletcher, “Practical methods of optimization,” Second
Edition, John Wiley & Sons, 1987.

[10] C.S. Wallace, “A Suggestion for a fast multipliers,” IEEE
Trans. Electronic Computers, pp.14—17, Feb. 1964.

[11] 1. Flores, “The logic of computer arithmetic,” Prentice-
Hall, 1963.

Appendix A: Minimization of the MOES in Transi-
tion Band

The problem to minimize the MOES Egq. (43) can be
formulated as

M
Minimize f(z) = Z rilz — a,

i=1

(A-1)

where a variable z 2 Dy(w,) and given constant num-
bers a; 2 H;(w;). The derivative of Eq.(A-1) can be

defined at z + a;, 1 = 1,..., M, and written as
M
fl@) =Y si(@)r, (A-2)
i=1
where s;(x) satisfies
1 x> a4
s@={ 1, LIu. (A3

Now consider f'(z) where two ranges of =, x > a; and
x < a1, and thus by using Eq. (44), f'(z) satisfies

M
7’1+Zsi(:c)m >0 T >a
f(@)= =2 - (A-4)

M
—rﬁ—z si(z)r; <0 T < ay
=2

Equation (A-4) implies that f(z) where z > a; is
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monotonically increasing and f(z) where z < a; is
monotonically decreasing. Accordingly, f(z) has a
minimum value at z = a;.

Appendix B: A Subroutine to Seolve an Arbitrary
Continuous Minimization Problem De-
rived from Eq. (58)

In the branch and bound algorithm [9] an arbitrary con-
tinuous minimization problem derived from Eq. (58) is
given as

N
Minimize Z Vi
i;l
Subject to [[VizK and 0<a; £V; <b;,

=1

where a; < b;, j=1,...,N.

(A-5)

The upper and lower bounds a;, b;, i = 1,...,N are
given as positive numbers. Those numbers always sat-
isfy only one condition among four conditions,

N
@ JJe <k, (A-6)
=1
N
an &=k, (A7)
=1
N N
(Im JJb > K and [[e:zk (A-8)
i=1 =1
and
N N
av) J[e:>K and [Ja:i<kK. (A-9)
=1 =1

Here, an arbitrary solution of the minimization prob-
lem Eq.(A-5) is defined as V;, ¢« = 1,...,N. If
a;, bt =1,..., N satisfy a condition (I), (II) or (III),

Vi, i=1,..., N are easily obtained as
_ 0 @
Vi=< b Imn (A-10)
a; (15

respectively. If a;, b;, 4 = 1,..., N satisfy (IV), the so-
lution V;,4=1,..., N always satisfy

N o~
Ivi=x.
i=1

We give the proof of Eq.(A- 11) as follows.

Proof: From the condition (IV) and Eq.(A-5), one of
Vi, i = 1,..., N is larger than its lower bound. So we
write 171 as 171 =ay +¢€,e > 0. To prove Eq. (A- 11), we
assume

(A-11)
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N
(e +e) [[Vi=K+6>K,

(A-12)
=2
where § > 0. Now we define £’ as
, o Ke
= . A-13
1o  ° (A-13)
We define V7 as
~, A Ke ~
v/ 2 V. A 14
1 al*ﬂf(%—5 < Vi ( )

Replace Vi by 171’ as a new solution. Then 171’ . Vi
i = 2,...,N satisfy the condition given in Eq.(A-5)
and

N N
Vi+) Vi< Vi (A-15)
i=2 i=1
Equation (A-15) is inconsistent with the definition of
Vi,i=1,...,N. a
Hence if a;, b;, 1 = 1,..., N satisfy (IV), the opti-
mum solution can be obtained by solving a minimiza-
tion problem given by

N
Minimize E Vi

=1

N

Subject to HVi:K and 0 < a; < V; £ by,
i=1
where a; < b;, i=1,...,N.

(A-16)

Let a candidate of the solutions of the minimization
problem Eq.(A-16) be V;*,7=1,..., N. Then we give
the following lemma.

Lemma 1: If V,” and V", where 1 < Jp, 3¢ < N, sat-
isfy V, " < V5, V" <bpand V,* > ag, V;",i=1,...,N

> Vp
is not any solutions of Eq. (A- 16).
Proof: We assume V;*, i = 1,..., N is a solution of
Eq. (A: 16) and then define &, and ¢, as
V * _ V *
0 < EEP < min {bp — ‘/;,*, —qz—p,
ViV’ 05 (o
Qq Vo +V,
and
A Vg
= 4 A-18
Eq €p + Vp* » ( )

respectively. Replace V,,* and V;* by V,* + ¢, and
V," — g4 as a new solution. Then the new solution
satisfies the condition given in Eq.(A- 16) and

N
SV > (B tep) (Ve ) + Y Vie (A19)

=1 1gigN
iFp,q
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Equation (A- 19) is inconsistent with the assumption in
this proof. a
We define two sets A and B as A = {ay,a2,...,an}
and B = {by,bs,...,by}, respectively. Further, three
sets 4, ®g and @ are defined as

<I>,4={¢|IZeA,i:1,...,N}, (A-20)

@B:{HKZGB,i:L...,N} (A-21)

and
cp':{z' | V; € A and B, izl,...,N}, (A-22)

respectively. By applying Lemma 1, we can obtain the
following theorems.

Theorem 1: V, = V;, where Vp, Vg € &',
Theorem 2: If & is not empty, max YN/p < ‘7[1, Vg €
pe®B

®' < min V.

reda
Theorem 3: If ® is empty, max ‘7@ < min VT.
pE®p TEP 4
By applying Theorems 1, 2 and 3, the minimization
problem given in Eq.(A- 16) can be solved. We pro-
pose a subroutine to solve the problem and then show
it as follows.

1. Let a set whose elements are a; and b;,i=1,...,N
be U, the ¢-th smallest element of the set ¥ be g;,
the number of the set ¥ be Ny, an iteration counter
k:=1 and e* := o0.

2. If k > Ny, then Stop. Otherwise go to step 3.

3. Determine three sets ® 4, @5 and ®’ such that

Oy={i|a;i=grt1, i=1,...,N}, (A-23)
Bp =i | b <ge, i=1,...,N} (A-24)
and
@ ={i| a; < gr and b; = gr41,

i=1,...,N}. (A-25)

Then let the number of elements of the set ®' be
N,

4. Calculate P’ such that

JK
/ _ N .

P = ‘/—PAPB’ (A-26)

where

P, = H a; (A-27)
€D 4

and

Pg= ] b (A-28)
iedp
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5. If P < g or P/ > gpiy, then let k := k+1 and go
to step 2. Otherwise go to step 6.

6. Calculate e such that

e:N/N’//Pj;B+ Zai+ Z b;.

1€Pa i€Pp

(A-29)

7. Ife < e*, thene* and V;*,4=1,..., N are updated

by
e :=e (A-30)
and
a; xS @A
V¥ = b, 1edp , (A-31)
P iecd

respectively. Otherwise let k := k+1 and go to step
2.

Using the above subroutine, we obtain the solution V;*,
i = 1,..., N of the minimization problem given by
Eq. (A- 16).

Mitsuhiko Yagyu was born in Osaka,
Japan, on December 3, 1969. He received
the B.S. and M.E. degrees from Tokyo In-
stitute of Technology, Tokyo, Japan, in
1993 and 1995 respectively. He is cur-
rently working toward the Ph.D. degree in
the Graduate School of Science and En-
gineering, Tokyo Institute of Technology.
His main research interest is in digital sig-
nal processing.

Akinori Nishihara was born in
Fukuoka, Japan, on February 26, 1951.
He received the B.E., M.E. and Dr.Eng.
degrees in electronics from Tokyo Insti-
tute of Technology in 1973, 1975 and
1978, respectively. Since 1978 he has
been with Tokyo Institute of Technology,
where he is now Professor of the Center
for Research and Development of Educa-
tional Technology. His main research in-
terests are in filter design, 1D and multi-
D signal processing, and educational technology. From 1990 to
1994 he served as an Associate Editor of the IEICE Trans. Fun-
damentals. During 1995-1996 he was Student Activities Com-
mittee Chair, IEEE Region 10 (Asia Pacific Region). He is
now serving as an Associate Editor of the IEEE Transactions
on Circuits and Systems IX. Dr.Nishihara is a member of IEEE,
EURASIP, ECS and JET.

419

Nobuo Fujii received B.E. degree from
Keio University, Yokohama, Japan, and
M.E. and Doctor of Engineering degrees
from Tokyo Institute of Technology, To-
kyo, Japan, in 1966, 1968, and 1971, re-
spectively. Since 1971, he has been with
the Faculty of Engineering, Tokyo Insti-
tute of Technology where he is now a pro-
fessor in the Department of Physical Elec-
tronics. From 1984 to 1985, he was a vis-
iting scholar at the University of Califor-
nia, Santa Barbara. From 1990 to 1992, he served as an editor of
the Transaction of the Institute of Electronics, Information and
Communication Engineers, from 1995 to 1997, was the chairman
of the Circuits and Systems Society of IEEE Tokyo chapter, and
is now one of the chief editors of the International Journal of
Analog Integrated Circuits and Signal Processing, Kluwer Aca-
demic Publishers. He is the president of the Engineering Sciences
Society of IEICE and is the chairman of the technical group of
electronic circuits of IEE Japan. His main interest lies in the
fields of active networks, analog integrated circuits, and analog
signal processing. He is the recipient of the 1983 and 1996 Best
Paper Awards of the Institute of Electronics, Information Com-
munication Engineers of Japan. He is the author of more than
10 books. Dr.Fujii is a senior member of the Institute of Elec-
trical and Electronics Engineers, and the Institute of Electrical
Engineers of Japan.



