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Design of FIR Digital Filters Using Estimates of Error
Function over CSD Coefficient Space

Mitsuhiko YAGYU', Student Member, Akinori NISHIHARA', and Nobuo FUJII!, Members

SUMMARY  This paper proposes an algorithm for the design
of FIR digital filters whose coefficients have CSD representations.
The total number of nonzero digits is specified. A set of filters
whose frequency responses have less than or equal to a given
Chebysheyv error have their coefficients in a convex polyhedron in
the Euclid space. The proposed algorithm searches points where
a coefficient is maximum or minimum in the convex polyhedron
by using linear programing. These points are connected with the
origin to make a convex cone. Then the algorithm evaluates CSD
points near these edges of the cone. Moving along these edges
means the scaling of frequency responses. The point where the
frequency response is the best among all the candidates under the
condition of specified total number of nonzero digits is selected
as the solution. Several techniques are used to reduce the calcula-
tion time. Design examples show that the proposed method can
design better frequency responses than the conventional methods.
key words: FIR digital filter, CSD representation, optimization

1. Introduction

Linear phase finite impulse response (FIR) filters are
widely used in digital signal processing. They can be
realized as a multiplierless wired logic using adders and
shifters. When the specified transition band width is
narrow, FIR filters need a large number of taps and
longer wordlength of coefficients. Then the hardware
size of such FIR filters becomes large. To reduce the
hardware size the canonic signed digit (CSD)[1] code
is often used to represent the coefficients rather than the
normal binary system, and the total number of those
nonzero digits is sometimes limited. The CSD code
uses 0,1 and —1 in each digit. The implementation of
—1 as a coefficient digit is as simple as that of 1, and the
use of —1 can reduce the total number of nonzero digits
or the complexity of a filter. In this case, however, the
design of filters becomes difficult, because representable
numbers distribute non-uniformly.

Many algorithms have been proposed for this de-
sign problem[1]-[7]. The mixed integer linear pro-
graming (MILP)[2] method can find an FIR filter
whose frequency response is optimal in the minimax
sense. The MILP method, however, needs enormous
computational cost, and has a restriction that the max-
imum number of nonzero digits for each coefficient is
fixed. The hardware size of a filter of a given order
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depends mainly on the total number of nonzero digits
in the filter, and not on how the nonzero digits are al-
located to the coefficients. Then such restriction is not
reasonable when the hardware size is specified.

Later Li et al. proposed a polynomial time algo-
rithm in which only the total number of nonzero digits
of all coefficients is specified [6]. That method utilizes
the freedom of selecting the number of nonzero digits
in each coefficient to yield superior frequency responses
compared to the MILP method. Li’s method, however,
only minimizes the [* norm of the difference between
the CSD coefficients and the coefficients obtained by us-
ing the famous McClellan and Parks program[8], and
so the frequency responses, which are not evaluated, are
not good enough.

Then the authors have proposed a design method
[7], which can design better frequency responses than
those by Li’s method. The computational time in that
method is acceptable but not short. This paper presents
a new design method which is superior to our previous
method in both computational time and resultant fre-
quency responses. Many examples show the superiority
of the proposed method compared to Li’s method and
our previous method.

2. CSD Representation

A filter coefficient « is represented as sum and difference
of powers of two, given by

M

a= Zsk2*k, (1)

k=1

where s, € {—1,0,1} and M is the number of ternary
digits. There are several representations for a given a.
Among them, the representation in which the number
of nonzero digits becomes minimum is called a CSD[1]
representation. A CSD representation is unique, and
any nonzero digits are not adjacent. Consider that the
wordlength M is given as 7 and the most significant
digit (MSD) is 271, for example. Among the M-digit
numbers, the maximum and the minimum numbers are

0.9921875 = 11111119, 2)
—0.9921875 = sokokskkk(g), 3)

respectively, where * represents —1. Among the M -digit
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CSD numbers, however, the maximum and the mini-
mum numbers are

0.6640625 = 1010101y, 4)
—0.6640625 = *0%0*0%(3), (5

respectively. The M-digit numbers a in the following
ranges cannot be represented as the standard M -digit
CSD representations:

0.6640625 < a < 0.9921875, (6)
—0.9921875 < a < —0.6640625. (7

An M-digit number in the ranges shown in Egs. (6)
and (7) can be represented by a standard M + 1 digit
CSD code whose MSD is 2°. Instead of increasing
the wordlength the representable range of M-digit CSD
numbers is extended. The following representations of
the M-digit numbers in the ranges shown in Egs. (6)
and (7) are also defined in this paper as the M-digit
CSD representations.

a = 8183+ M (2) (8
where

sl,---,stz{ 9T 1sMsM )
and

81841 =0, i=M',--- .M — 1. (10)

In the above M-digit representation, the number of
nonzero digits of the expression sy sp/+1 - - - Spr, where
any nonzero digits are not adjacent, becomes min-
imum among all the representations equivalent to
Sp/Spr41ccSp.  But sp,---,8py0 is a sequence of
nonzero digits of a kind. Unless an additional digit sg
is introduced, the representation s, -, s is unique.
Therefore the M-digit CSD representations shown in
Egs. (8)—(10), which include a sequence of nonzero dig-
its as sq - - - 85/, have the minimum number of nonzero
digits among all equivalent M -digit representations.
Those CSD representations can be obtained from the
binary representations in the same way as the standard
CSD representations can.

3. Evaluation of Frequency Response

To improve the frequency response, the passband gain
is not given as a fixed value. For the evaluation of the
designed frequency response H(w), the error function
e(w) is defined as

e(w): W(w)|H(w)—qD(w)|’ (11)

q

where D(w) is the ideal response which has the pass-
band gain 1.0 and W(w) is a weighting function and
q € R is the passband gain. ¢ is substituted for 1/k in
Eq.(11). Then :
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e(w) = W(w)|kH (w) — D(w)| (12)

is obtained. The maximum value of Eq. (12) is defined
as

¢ = . 13
°= oz, o) 1

In the proposed method, k is selected so that the value
of Eq.(13) is minimized. In other words, the design of
the filter is formulated as an optimization problem

mkinnl;%x{W(wﬂkH;(w) — D(w)l}, (14)

where Hi(w) and Hi(w) are the maximum and mini-
mum values of H(w) in the band 1.

4. Algorithm to Optimize the Filter Coefficients
4.1 Outline of the Proposed Method

A linear phase FIR digital filter of a length 2N or 2N —1
has NV independent coefficients due to the symmetry. Let
filter coefficients be = [z 3 -+ zn]%, and the fre-
quency response H(w) is written as

Hw) = Pw)Ta (15)
where P(w) is given as

[1 2cos(wT’) 2cos(2wT)

- 2c08((N — 1)wT)]T  Type I,

[2 cos(FwT’) 2cos(3wT) (16)
-+ 2co8((N — D)wT)]T Type IL

P(w) =

Now ég 1s defined as the error value of the fre-
quency response optimized by using McClellan and
Parks program[8]. And A is defined as A = 6 +6,6 =
0. If the error of frequency response as Eq.(13) for
g = 1.0 is smaller than A, the filter coefficients « satisfy

Az < d, (17)

where

d=[A+Ww)Dw) A—Ww)D(w)

A —W(wp)D(wp) |7, (18)
A= W(w)P(w1) —W(wy)P(wy)
~W (wp) P(wp) 7. (19)

p is the number of sampling frequencies from 0 to 7.
In the N-dimensional Euclid space, the point « is in a
convex polyhedron as Eq. (17).

Next if an arbitrary passband gain ¢ is given for
the evaluation of the point =, from Eq. (11) « satisfies

W (wi)|P(wi) @ — ¢D(wi)|
q

wheres = 1,---,p. By using Eqs. (18) and (19), Eq. (20)
can be written as

<A (20)
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¢ point whose element
is maximum or minimum

Fig. 1 A convex polyhedron and cone in the 3-dimensional
space.

Ad)<a 21
q
Equation (21) shows that the point @, where the error is
below A, is obtained by scaling a point in the original
convex polyhedron of Eq.(17). Accordingly by chang-
ing the scaling factor the points & form a convex cone
shown in Fig. 1.

Now E* and @’ are respectively defined as the points
whose element z; is maximum or minimum among all
the points in the convex polyhedron of Eq. (17). The al-
gorithm finds 2N points # and z*,i=1,---, N. These
points are regarded to approximate the convex polyhe-
dron. Therefore the convex cone can be approximated
by the 2N half-lines t&* and tz’ where ¢ = 0. Among
the CSD points near by those half-lines, the proposed
method evaluates the frequency responses of the CSD
points where the total number of nonzero digits satis-
fies the specification.

Next consider the convex polyhedrons as Eq.(17)
where A is given as

A =g +nd (22)

where 0 < n < Nypgs, and n and ng,.. are positive
integers. If n is decreased from 7,4, to 0, the convex
polyhedron gradually shrinks. Finally the convex poly-
hedron shrinks to be a single point at n = 0. This point
corresponds to the point whose elements, namely, filter
coefficients are obtained by using Remez exchange al-
gorithm. The proposed algorithm searches for the CSD
points near all the half-lines that approximate the con-
vex cones as Eq. (21) where A is varied as Eq. (22). The
proposed method selects the minimum error CSD point
as the solution.

4.2 Determination of the Vertices

The problem of finding « whose element z,, is maxi-
mum or minimum subject to Eq.(17), becomes equiva-
lent to the following linear programing (LP) problem:

Minimize z = ¢’'x, (23)

Subject to Az < d, (24)
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where
c:[cl R R ]T, (25)
L Tl j=m
G = { 0 otherwise’ (26)

In Eq.(26), if ¢, is the positive number, the minimum
Z., is obtained by solving the LP problem. If ¢, is
negative, the maximum z,, is obtained. In the proposed
method, the dual problem to the prime problem given
by Egs.(23) and (24) is solved in order to reduce the
computational time, because the number of sampling
points p is generally much larger than the number of
independent coeflicients V.

The change of A as Eq. (22) corresponds to the fol-
lowing change of the vector d:

d = dg + nds 27
where

dr =1 6r 5r 17, (28)

ds=[6 --- 61" (29)

and n =0, -+, Nmas in Egs. (23) and (24). Namely the
change of A means the modification of the objective
function in its dual problem. Therefore the algorithm
preserves the optimum solution and basic inverse matrix
obtained by solving Egs. (23) and (24) for the original
d. By using the preserved matrix and solution, the al-
gorithm solves Egs. (23) and (24) where the vector d is
modified, and obtains the new optimum solution and
basic inverse matrix.

4.3 Filter Coefficient Roundoff

Even though the half-lines whose initial point is the
origin and which cross the vertices of the convex poly-
hedron are obtained, CSD points are, in general, not
on the half-line because of their discrete nature. It is
therefore necessary to examine frequency responses at
CSD points near the half-line. '

When the wordlength is specified, coefficient vec-
tor space is divided into regions such that any point
in each region is rounded off to a single CSD point
in that region. The algorithm successively examines re-
gions which the half-line crosses or passes very near.
Now let the least significant digit (LSD) of a filter co-
efficient be 27!, The procedure is as follows:

1. Let initial and terminal coefficients on the half-line
be @' = [z} 2)T and &' = [} --- z'y]T respec-
tively. The determinations of those initial and ter-
minal coefficients will be explained in the next sub-
section. Let the direction vector along the half-line
be v = [v; ---wn]T, |v| = 1. Iteration counter is
set m = 1.

2. Consider two CSD numbers adjacent to z{*. Let
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the larger one be [2*], and the other |z7|. Then

the following (") is determined such that

2

o] + o
@)= g2 U
M= e feer ‘
s v; <0

(«7™) is the boundaries of the region in which any
points are rounded off to ™.

Now ™+l .= g™,

3. Define ¢; by

1
ity —
ti = u—lj (31)
Uy
which is the distance between the initial point z*
and the intersecting point of the direction vector

and each boundary plane.

4. Define k(j) such that ¢,;y is the j-th smallest value
in all ¢,.

5. Determine the set K of k() such that the difference
between ty(;11) and ty(;) is smaller than 2771,
K(k(1) € K) satisfies

K = {k(G+1) | trgeny — togy <2770,
k(j)e K,j=1.---,N —1}. (32)

6. Determine all sets of arbitrary selections of k(j) out
of all k(j) € K. Assign

m+l {xﬁ])_l Vk(5) >0 33
i) - { Lmﬁjﬂ V() <07 (33)

where each k(j) belongs to a set of selections. Then
determine all ™! by Eq. (33) in respect to all sets
of the selections of k(j). Among all £™*1, evaluate
the frequency response of ™ 1! which has the total
number of nonzero digits within the specification.

7. Assign :cgl(j)l, all k(j) € K as Eq.(33). If :c’,gg)l >
x}c(l), then stop. Otherwise let m :=m + 1 and go
to Step 2.

The smallest magnitude ¢; is defined as tr(1)-
Hence the direction vector crosses the region includ-
ing the point ™!, whose element a:ZGL)l is assigned
as Eq.(33), after crossing the region including the ™.
From the fact that each difference between t;;) and
tr(i) (Vk(i),Vk(j) € K) is very small, the algorithm also
defines the points whose element wzg)l (Vk(7) € K) is as-
signed by the two coefficients Ty and fzzn( plor Lxﬁj) |
as the points near by the direction vector. Figure 2
shows the determination of the regions which the direc-
tion vector passes very near in case of N = 2. In this
figure the point ™ is assumed to be the point 2. In case
that the direction vector is A, tj(g) — k(1) 1s obtained as
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o CSD point

—— direction vector

.......... boundary of region

which covers CSD point

If the direction vector crosses the region

B

only the CSD point in that region is evaluated.

"Fig. 2 Regions near by the direction vector for N = 2.

® CSD point
® CSD point near the direction vector

—— direction vector along a half-Jine
boundary of region which covers CSD point

Fig. 3 CSD points near by the direction vector.

be(2) — ey = agay 2 27071 (34)

from Fig.2. So the algorithm regards only the point 1
as ™1, and evaluates the error value of that point. If
the direction vector is B, however, t,(5) — k(1) 1s given
as

ti2) — tir) = bibg < 27171 (35)

from Fig. 2. Then the algorithm regards all the point 1,
3 and 4 as ™11, If the total number of nonzero digits
of each point satisfies the specification, the algorithm
evaluates the frequency response of each point.

Figure 3 shows the way that CSD coefficients are
selected for an example N = 2.

4.4 Speed up of Frequency Response Evaluations

The change of the filter coefficients & on the half-line,
which crosses the origin and the vertex, only scales the
gain coefficient in the frequency response without the
variation of the normalized frequency response. Thus
the normalized frequency responses at the CSD points
near the half-line resemble one another. From this fact,
it is possible to reduce the calculating time by using the
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following processes as the successive estimation of the
CSD points near by the half-line.

1. Initially assign ep := oo.

2. Calculate the frequency response H (&) at an initial
point on the half-line. Find all w; where H (w;) be-
come the local maxima and minima.

3. Applying the method in the above subsection, find
a CSD point = near the half-line where the num-
ber of nonzero digits is less than or equal to the
specified value. If the evaluations on the half-line
finish, then determine an initial point on another
half-line and go to Step 2.

4. Calculate the values H(w;) at the found CSD point
x in Step 3, where w; are the frequencies found in
Step 2.

5. Among the values H(w;), choose the frequencies
where the values of H(.J;) are the maximum and
minimum in each band.

6. Find the extrema of H(w) such that the frequen-
cies are closest to the frequencies obtained in Step
5. Then evaluate the error value é from the deter-
mined extrema according to Eq.(14).

7. If e < €, then go to Step 3. Otherwise evaluate the
frequency response all over the frequency, and let
that error value be é.

8. If e, < & then go to Step 3. Otherwise assign e, := €
and z; := . Go to Step 3.

After the evaluations on all the half-lines, the algorithm
selects x; as the solution.

Both the initial and the terminal points on the half-
lines are given so that the wordlength may be most ef-
fectively utilized. Now let a point @ be a vertex on a
convex polyhedron which has the passband gain of 1.0.
In all the filter coefficients, that is, the elements of x, let
Zmaz D€ the maximum absolute value. For instance, the
wordlength is given as 9 with the MSD 27!, Among
the positive CSD numbers whose MSD is nonzero, the
minimum and the maximum numbers are respectively
written as

10%0%0+0% () = 0.333984375, (36)

1111111119y = 0.998046875. (37)
From Egs. (36) and (37), the initial and the terminal
points can be obtained as
0.333984375

initial point : | | x, (38)
Tmax
. 4
terminal point : %SE (39)
Tmax

The gain coefficient normalizes the error of the fre-
quency response according to Eq. (14). Therefore there
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are many good CSD points in a space where a gain co-
efficient is large. However the number of nonzero digits
of CSD points in such a space becomes large. So the
algorithm evaluates the CSD points not near the whole
segment between the initial point and the terminal point
as Eqgs. (38) and (39) on the half-line but near a 60 per-
cent of the segment on the side of the terminal point.
If the algorithm cannot find any CSD points where the
number of nonzero digits satisfies the specification near
the 60 percent of the segment, the algorithm evaluates
the CSD points near the remaining segment that is the
40 percent of the whole segment.

5. Parameters for the Algorithm

The variables nmq; and § are explained. The algorithm
searches near edges of 7,4, convex cones. Large value
of nnaz increases the possibility to find a better solution
at the expense of computational time. When the LSD is
given as 27!, the difference of two CSD numbers is 27°.
6 is the step size for the shrinking convex polyhedron,
so that & should satisfy the following condition:

§< 2771, (40)

Here e, is defined as the error of the best point among
all the CSD points which have been previously evalu-
ated during the optimization. Then the algorithm need
not calculate any vertices on the convex polyhedron that
contains the point where the error is equal to or lager
than e;. During the optimization, if § and 7., satisfy
the inequality

6nmaz = Eb; (41)

the algorithm assigns ¢ as

5= (42)

nma:c

and continues the optimization by using the modified
8. In the proposed method, 27172 is given as the initial
value of §.

6. Design Examples

Three types of specifications are designed and compared
with MILP algorithm, Li’s method and our previous
method. Example 1 uses the same specifications as
Li used in [6]. The other two examples use different
weights of the passband and the stopband. The com-
mon specifications are: passband 0.0 — 0.15, stopband
0.25 — 0.5, wordlength 9, the total number of nonzero
digits 2N, filter length 27 —43. Passband and stopband
weights are 1 : 1, 1: 10 and 10 : 1 in design examples 1,
2 and 3. In case of MILP, two nonzero digits are given
to each coefficient.

Figures 4, 5 and 6, respectively, show the results
of the proposed method together with those of MILP,
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proposed method nmax=32
proposed method nmax=24
our previous method

Li’s method

MILP

Filter Length

Fig. 4 Error in design example 1.

proposed method nmax=32

"""" proposed method nmax=24
R *our previous method

= Li’s method

__44 1 1 ] 1 1 1 1 1
27 29 31 33 35 37 39 41 43

Filter Length
Fig. 5 Error in design example 2.

proposed method nmax=32
------ proposed method nmax=24
' our previous method
== Li’s method
== === MILP

47 L L 1 1 1 1 1 |
27 29 31 33 35 37 39 41 43

Filter Length

Fig. 6 Error in design example 3.

Li and our previous method for three design examples.
To show the typical results n,,,, are chosen as 24 and
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proposed method nmax=32
our previous method
—==—= Li’s method

----- MILP

0.15 T T
012 : N 4
0.09 )
0.06
0.03

5 -003
006
-009F"
-0.12f
-0.15

-0.18 L L
0 0.05 0.1 0.15

Normalized Frequency

(a) Frequency responses in the passband

proposed method nmax=32
our previous method
--------- Li’s method

=== == MILP

0.35 0.4
Normalized Frequency

(b) Frequency responses in the stopband

Fig. 7 Frequency responses for 34-tap FIR filters of design ex-
ample 2.

32. In these figures the error é defined in Eq.(13) is
shown in dB. In design example 1 the error value é is
equivalent to the normalized peak ripple. In the design
example 2 for filter length 34, the optimized frequency
responses using the proposed method and the other two
methods are shown in Figs. 7 (a) and 7(b). In Figs.7 (a)
and 7(b) all the frequency responses are normalized so
as to minimize the error é.

From these figures, the frequency responses de-
signed by the proposed method are far better than those
designed by Li’s method, and better than our previous
method for almost all the specifications.

From Eq. (16) P(w) given in odd filter length is es-
sentially different from that given in even filter length.
Hence Figs.4, 5 and 6 show natural results that min-
imized error values by all methods are not monoton-
ically decreasing functions. The FIR filters obtained
by all methods except for MILP may be the local opti-
mum solutions. Therefore the error values of odd (even)
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proposed method nmax=32

—————— proposed method nmax=24

1000
900
800
700
600

500

Time[s]

400

200

100
27 29 31 33 35 37 39 41 43

Filter Length

Fig. 8 Growth of computing time with increase of nmaq.

length obtained by all methods except for MILP do not
always monotonically decrease to the increase of filter
length as shown in Figs. 4, 5 and 6. The design program
was run on SONY NEWSS5000SB, and the proposed
method took 370 [s] and 459 [s] for ne. = 24 and 32,
respectively, while our previous method 1104 [s] and Li’s
method 9.12[s]. The proposed method needs shorter
time of the computation than our previous method. The
growth of the computational time with the increase of
Nmaz 15 NOt so much as shown in Fig. 8.

7. Conclusion

A new design method for the design of FIR filters
whose coefficients have CSD representation has been
proposed. Because of the non-uniform nature of CSD
representable numbers, filter gain is not specified but
determined as a result of the optimization to have the
best shape of frequency response.

Filters whose frequency responses have less than
or equal to a given Chebyshev error have their coeffi-
cients in a convex polyhedron in the coefficient space. A
cone spanned by the polyhedrons with different gains is
approximated by a simpler cone made from the points
where coefficient values are either maximum or mini-
mum in a polyhedron. The proposed method evaluates
the CSD points near the edges of the cone. In this case
the frequency responses are roughly the same (except
for the gain) along the edge, and thus their evaluation
can be simplified. The method successively searches the
CSD points along the edges, i.e. changing the gain, and
selects the best points as the solution.

Only the total number of nonzero digits is spec-
ified and each coefficient may have arbitrary number
of nonzero digits, and from this nature the proposed
method can design better filters compared to MILP. The
proposed method is far better than Li’s method. Espe-
cially when the ratio of weights in the passband and the
stopband are different, the superiority of the proposed
method is remarkable. This is probably because the dif-
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ference between the weight ratio distorts the coefficient
space. Li’s method cannot cope with that distortion
because of evaluating no frequency responses.

Our previous method searches the local area in the
coefficient space. The proposed method approximates
the error function in the full coefficient space, and thus
can design the better filters than our previous method.
The computational time is shortened too. By using
larger nnqz, @ better filter may be designed at the ex-
pense of computational cost. The growth of computing
time, however, is not so much.
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