[2R2 Exflsks U H—FURI Y

Science Tokyo Research Repository

oo /00000
Article / Book Information
Title Fast FIR Digital Filter Structures Using Minimal Number of Adders and
Its Application to Filter Design
Authors Mitsuhiko Yagyu, Akinori Nishihara, Nobuo Fujii
Citation IEICE Trans. Fundamentals, Vol. E79-A, No. 8, pp. 1120-1129
Pub. date 1996, 8
URL http://search.ieice.org/
Copyright (c) 1996 Institute of Electronics, Information and Communication
Engineers

Powered by T2R2 (Science Tokyo Research Repository)


http://search.ieice.org/
http://t2r2.star.titech.ac.jp/

1120

IEICE TRANS. FUNDAMENTALS, VOL. E79-A, NO. 8 AUGUST 1996

|PAPER _Special Section on Digital Signal Processing

Fast FIR Digital Filter Structures Using Minimal Number
of Adders and Its Application to Filter Design

Mitsuhiko YAGYU', Student Member, Akinori NISHIHARA', and Nobuo FUJII', Members

SUMMARY  This paper proposes fast FIR digital filter struc-
tures using the minimal number of adders. Filter coefficients are
expressed with canonic slgned digit (CSD) code and Hartley’s
technique is used to minimize the number of adders and subtrac-
tors. The proposed filters implemented as wired loglc are fast
because the structure having the shortest critical path is selected.
Two algorithms are given to obtain such fast structures. In many
examples the critical path Iength of the filter structures obtained
using the proposed method is equal to that of the conventional
CSD structures. This paper also presents a new design method
of FIR filters using the mixed integer programming (MILP). Uti-
lization of common expressions in Hartley’s technique widens
the CSD coefficient space. Thus the MILP may lead to better
frequency responses. Superior frequency responses are actually
obtained in many simulations.

key words: FIR digital filter, CSD expression, MILP

1. Introduction

FIR digital filters realized as the hard wired-logic have
advantages in respect to processing speed. The hard-
ware cost can be reduced if the multipliers are replaced
with some wired shifters, adders and subtractors on the
CSDEs (canonic signed digit expressions) of the filter
coefficients [ 1] 9].

Later several interesting methods [2]-[4] to reduce
further the number of adders and subtractors have been
proposed. Liimplements a multiplier in which the num-
ber of adders and subtractors is not more than that
of nonzero bits in its CSD[2]. Hartley’s technique
extracts common CSD expressions (CCSDEs) in all
CSD coefficient expressions[3], and the common use
of the shift, add and subtract operations corresponding
to those CCSDEs reduces the number of adders and
subtractors. Hartley’s method is more efficient than Li’s
method, because a whole filter has the minimal num-
ber of adders and subtractors. Recently Dempster and
Macleod has proposed a method to obtain an optimal
filter structure having the minimum number of adders
and subtractors[4].

In general the filter structures obtained by using the
above method have longer critical paths than the normal
CSD structures, which is not analyzed in the above three
papers. This paper considers the critical path length as
well as the number of adders and subtractors. Firstly an
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efficient algorithm is presented to find all filter structures
whose number of adders and subtractors is minimized
by applying Hartley’s method which extracts CCSDEs.
Hartley’s heuristic method is used instead of Dempster
and Macleod’s optimum method, because it is necessary
to obtain all structures in a reasonable time. Then the
obtained filters are re-implemented so as to shorten the
critical paths. The filter structure which has the shortest
critical path is selected as the solution. In many exam-
ples the critical paths of such optimized structures are
compared with those of normal CSD structures.

The above method reduces the number of adders
and subtractors as the frequency response is kept un-
changed. If the total number of adders and subtractors
is specified, better frequency response could be realized.
The mixed integer linear programming (MILP) is often
used to design FIR digital filters over discrete coefficient
space, because it can obtain the optimal response in the
Chebyshev sense[6]. In Lim’s design[6], the number of
nonzero bits of a CSDE of each coefficient is limited.
This limitation determines the coefficient space searched
by MILP. The utilization of some specified CCSDEs ex-
tends the coeflicient space to be searched. Thus a new
method using MILP is presented that can design FIR
filters over the wider coefficient space. The optimal fre-
quency responses designed in the proposed coefficient
space are superior to those designed in the conventional
space, which is actually confirmed by many examples.

2. Minimal Number of Adder Structure

2.1 Hartley’s Technique for Linear Phase FIR Digital
Filters

In this section Hartley’s extraction techniques are ex-
plained so that it can be applied to obtain the shortest
critical path structure. The following 4-tap FIR filter
F1 is given as an example.

Fy=2"14234925 97499
+(_2—5 + 2—7 _ 2—9)2—1

+(277+27%)27 24 (277 — 27978, (1)

The filter coefficients of F| are referred to as hq, - -, hs.
Figure 1 shows the CSD structure of ;. When the num-
ber of nonzero bits in all CSDEs of filter coefficients is
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Fig. 1 CSD structure of filter Fy.

m, the CSD structure has m — 1 adders and subtrac-
tors. In Fig. 1 the number of adders and subtractors is
11. Figure 2 (a) shows the CSDEs of the coefficients of
Fy, where + = —1. In Fig.2 (a) the partial expressions
10%,101 and 10*01 exist in more than one place. Note
that 10%, 101 and 10x01 can be made equivalent in their
implementation to *01,%0 % and # 010, respectively.
The shift, add and subtract operations corresponding to
those CCSDEs are extracted from all operations in the
CSD structure shown in Fig. 1 so that the extracted com-
mon operations can be implemented by a single block
of adders and subtractors. In this example 10% is further
extracted from 10 x 01. The above processes reduce the
number of adders and subtractors. The structure of Fj
realized by this method is shown in Fig.2 (b), where the
number of adders and subtractors is 7. This type of ex-
traction is referred to as the method 1 and the resultant
structure is referred to as the structure 1. Note that the
CCSDEs to be extracted do not share any nonzero bits.
In Fig. 3 the interlaced CCSDEs which do not share any
nonzero bits are extracted.

An N-tap linear phase FIR filter has [%1 indepen-
dent filter coefficients due to its symmetry. The extrac-
tion method is applied to these (%1 and not all the N
coefficients in order not to violate the symmetry. Con-
sider next a 5-tap FIR filter F» having CSD coefficients
shown in Fig. 4 (a), in which there are 8 adders and sub-
tractors. In this filter 5 adders and subtractors cannot
be reduced by the method 1. In the method 2 therefore
the CCSDEs which span several coefficients as shown in
Fig. 4 (a) are extracted. Now let hy, k=0, -+, N —1
be all the filter coefficients. Consider the CCSDEs F,.
If some nonzero bits in the CSDEs of the filter coeffi-
cients h;, hit; and hitp, (0 < Vj < p,) form a CSDE
P, additional p,, delay units are required to implement
the operations corresponding to P,. The operations
corresponding to P, (n =1,--) can be realized using
additional max py, delay unmits, rather than individually

using respective p, delay units. According to Fig.4(a)
the structure of F, is realized as shown in Fig.4(b).
The implementation of F5 has 6 adders and subtractors
and an additional delay unit.

Linear phase FIR filters have symmetric coeffi-
cients, and they can be efficiently implemented us-
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(a) The CSDEs of the filter coefficients and the extraction of
the CCSDEs.

Input

(b) Structure based on the extraction (a).

Fig. 2 Proposed structure of F; by method 1.

Fig. 3 The interlaced CCSDEs which do not share nonzero
bits one another.

21 22 23 24 25
he| 0 (M 0 0 y
hy| O 0{*”0
nl 0 0 {} 0 0
| 0 (L0 0

hy)/ 1 0 0 0 \L

(a) The CSDEs of filter coefficients and the extraction of the
CCSDEs.

(b) Structure based on the extraction (a).

Fig. 4 Proposed structure of F» by method 2.
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ing only the independent coefficients. The extraction
method 2 destroys the symmetry, and so it is not recom-
mended in general to be applied to linear phase FIR
filters. If the number of nonzero bits is limited to 1 in
each CSDE, however, a multiplier corresponding to the
coefficient is implemented as a wired shifter. Then any
adders or subtractors are not reduced even if the symme-
try is utilized to the filter structure. If each CSDE has
a nonzero bit, there is no CCSDE and the extraction
method 1 cannot be applied. In that case the extraction
method 2 becomes effective. In this paper the extraction
method 2 is applied to linear phase FIR filters whose
filter coefficients are expressed as CSDs having only one
nonzero bit. Structures thus obtained using the method
2 is referred to as structure 2.

2.2 Proposed Minimization Algorithm

In this section we present algorithms to find all solu-
tions, namely, all the minima in the number of adders
and subtractors by extracting CCSDEs from a given set
of CSDEs of filter coefficients.

We respectively define Hy, ---,H,_; as the CS-
DE:s of the independent filter coefficients kg, -, hp_1.
A set H is defined as the set of Hy, ---,H,_;. If P;is a
CSDE and P is the CSDE obtained by multiplying all
nonzero bits of P; by 1 or —1, we denote the relation
between P; and P, as P, = P,. The algorithm finds
all CCSDEs P;, i = 0, ---, which exist in more than
one place in Hy, ---,H, ;. A set O is defined as the
set of the CCSDEs such that P, € © and P; ¢ © for
i = j satisfy P; + P;. Next we describe P; > P; if the
F; includes P; for i  j. Now @, k= 0,--- is defined
as arbitrary sets of CSDEs in ©. If all CSDEs in a set
®;, © = 0 are included in P; and the locations of the
CSDEs in P; do not overlap one another, such ®; is
written as ®;(P;), i = 1, .-+, ¢;. If all P, € ®;(P))
are included in several P] ¢ ®; (P;) and the locations
of P, € ®(P;) in P € ®,(P;/) do not overlap one
another, we describe the relation between ®;(P;) and
®;(Pyr) as ®;(P;) < ®,(P;). If there are one to one
relations between k and k' where P, = Py, P, € ®,(P;)
and Py € ®;(Pj), the relation between ®;(P;) and
®;/(Pyr) is written as ®,(P;) = ®;/(P;/). Next we define
the set ¥(P;) as the follows:

U(P;) = {®;(F;) | There are not any ®(P;)
where ®;(F;) < ®,(F;), j + k,
1< k<e) (2)

Moreover, the following elements ®,(F;) are removed
from the set ¥(P;).

®;(F) = @x(F), j <k 3
Finally the set A(P;) is defined as the follows:

AP = 2;(P) (4)
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In the same way W(H;) and A(H;),i =0, ---, n—1
are determined also. The algorithm using the extrac-
tion method 1 to find all filter realizations which have
the minimal number of adders and subtractors is shown
as follows:

1. Define X7 as the set which has all H; as elements.
In the following an arbitrary element in X7 is de-
scribed as x;. Naturally z; satisfies z; = dP; € ©
orz; =3H, € H. Let X{ 1= X0,4:= 1, iy := 1,
m:=1,1:=1.

2. If X7* = 0, then stop.

3. Remove zj from X[ where zj, = T4, Tj, T € X"
and j < k.

4. If there are not any y and z where y € A(z;),
z € Alzy), y = z, Jz;,3z, € X, then go to
Step 8.

5. Now determine the set I' satisfying

I' = {z; | There are not any x; where
Tj, T € le, T; < Tg, J :§: k‘} (5)

6. Each element in ¥(x;) is the set of the CCSDEs
which exist in z;. Let the number of elements in
W(xz;) be t(z;). There are 9(z;) types of the com-
binations of the extractions of the CCSDEs from
zj. Let d be the number of the combinations of
the extractions of the CCSDEs from all CSDEs in
X{". So d can be written as

d=[J¢(z;), z; €T (6)

So Let X! := X k =1,---,1+d. Replace
Vz; € T by all the elements in ®,(z;) € ¥(z;)
respectively. This replacement means that all el-
ements in the set ®,(z;) are extracted from ;.
Xt is a set of the CSDE obtained by extract-
ing the CCSDEs from the CSDEs in X Let
l:i=10+d, i:=94+1.

7. if4 > imax, thend := 1,40 =1, 1 := 1, m := m+1
and go to Step 2. Otherwise go to Step 3.

8. The CCSDEs in X/™ do not have any CCSDEs to
be extract. By referring to all sets X7, X{, ---, X7,
which have been used to obtain the set X]"*!, de-
termine the procedure to extract the CCSDEs, and
calculate the number of adders and subtractors. Let
1:=14-+1 and go to Step 7.

An element in ¥(F;) is a set of the CCSDEs which
can be extracted from P; all together. All the optimal
structures can be obtained by examining all the combi-
nations of only the extractions in ¥. Due to using such
the set ¥, the computational time can be reduced.
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Since the data structure of X7, i=0,---,j =1,---
is a tree structure, the above algorithm can recursively
search X; Then the memory capacity required for the
above algorithm can be decreased by the recursive op-
eration.

To implement the shift, add and subtract opera-
tions corresponding to the CCSDEs in the extraction
method 2, additional delay units are required. In this
paper the ratio of the hardware costs of an adder and a
delay unit is specified as 1 : w. Then the hardware cost
S of a whole filter is given as

S = (The number of adders and subtractors)
+ (The number of additional delay units) x w.

Q)

The above cost factor S is minimized. In such a case
the computational time for the minimization becomes
enormous. So by using the following simple algorithm,
which is referred to as the method 2, a local solution
is found. Suppose each filter coefficient has only one
nonzero bit. Hy is defined as all CSDEs of filter coef-
ficients. P; is defined as the CCSDEs. Hy and P; have
two dimensional CSDEs. Dy, k=1, -+, dpae are de-
fined as the sets of P; corresponding to the shift, add
and subtract operations which require k£ delay units to
be realized.

1. Let k := 1, and let Hy be the initial element in the
set X.

2. If & > dyax, then Stop. Otherwise determine the
sets B, j =2, -+, bypax of F; € Dy which have j
nonzero bits. Let j := byax.

3. Find all the locations of each CSDE P; € B; in
all CSDEs z € X. Extract P; € B; from all z € X
in descending order of the number of its locations.
Then replace the nonzero bits where F; € B; exists,
by zero bit successively. Let F; € B; which can be
extracted in more than one place in V& € X be one
of elements in X.

4, Letj:=7—1.If j <2, then let k:= k41 and go
to Step 2. Otherwise go to Step 3.

The above algorithm determines the optimized filter
structures which have k, k = 1, ---, dnay additional
delay units, respectively. Among these structures, the
structure having the minimum S is selected as the solu-
tion, which is referred to as the structure 2.

2.3 Critical Path Analysis

The algorithms in the above section determine the CCS-
DEs to be extracted in the CSDEs of the filter coeffi-
cients as shown in Figs.2(a) and 4(a). Those extrac-
tions of the CCSDEs enable the filter structure to have
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the minimal adders and subtractors. The order of ad-
ditions and subtractions corresponding to the CCSDEs
is, however, undetermined yet. In this section we ex-
plain a method to order those additions and subtrac-
tions so that the critical path may become the short-
est. The method gives practical filter structures such
as Figs.2(b) and 4(b) from the extractions of CCS-
DEs such as Figs.2(a) and 4(a). Each coefficient of
N-tap FIR filter is referred to h;, ¢ = 0,---, N — 1,
whose CSDE has p (i) nonzero bits, and the number of
adders and subtractors on the critical path is defined as
c. In the CSD structure if the shift, add and subtract
operations corresponding to filter coefficients are imple-
mented as the tree structures with the minimum depths
and each output of tap delay is added to each root of
that tree structure, ¢ is minimum as follows:

c= max {[logyu (N —1)], logyp(d)] +1}.(8)

Note that the root of the tree structure corresponding to
hn_1 is not added to any outputs of the tap delays. In
the structures [ and 2 no addition is also given to the
output of the tree structure corresponding to A 1. In
the structures 1 and 2 minimum height trees correspond-
ing to filter coefficients can not be implemented as the
CSD structures generally, because the critical path must
be optimized under the restrictions that the operations
corresponding to CCSDEs are extracted.

Firstly the partial tree structures corresponding to
the CCSDEs are implemented. Each CSDE correspond-
ing to the filter coefficient is implemented by interlacing
those partial tree structures so that the critical path may
become the shortest.

Now consider a CSDE P, which consists of m ex-
tracted CCSDEs Py, - - -, P,,, and another p nonzero bits,
and assume that the partial trees corresponding to Py,
.-+, P, are implemented as the minimum height trees,
respectively. Those heights are defined as ¢y, -+ -, ¢, A
minimum height tree corresponding to p nonzero bits
are also implemented. Then that height is defined as
Cm+1, and c¢,,+1 can be written as

cm+1 = [logy pl. ©)

By implementing nonzero bits not extracted in Py as an
above minimum height tree, Py can be regarded as m+1
CCSDEs. Accordingly the partial tree T correspond-
ing to Py can be implemented by connecting the partial
trees corresponding to m 4+ 1 CCSDEs.

Now we explain how these m 4 1 partial trees are
connected. It is assumed that the heights of m+1 partial
trees are minimum, and those trees corresponding to P,
i=1,--+,m+1 are written as T;, ¢ = 1, ---, m + 1.
The set of the elements T}, 2 = 1,---, m + 1 is defined
as 2. The minimum height tree Ty can be created by
using the following algorithm.

1. Let Ty be § and Ty be an element in €.



1124

2. If there is no other element but T in €2, then stop.

3. Select a tree whose height is minimum in 2, and
let that tree be 7. Remove T from Q.

4. Select a tree whose height is minimum in €2, and
let that tree be 72. Remove T from .

5. By connecting both roots of T and T2, create a
new tree. Then let that created tree be Tp.

6. Go to Step 2.

The tree T created in the above algorithm is the min-
imum height tree corresponding to Fy. Then the mini-
mum height of T can be written as

m+1
c= [logz (Z 2)] . (10)
=1

In the above algorithm the minimum height tree T can
be obtained under the condition that the heights of m+1
partial trees are minimum. The extracted CCSDEs form
a layer structure in a CSDE of a filter coefficient as
shown in Fig.5. In the order of depth of locations of
CCSDEs, minimum height trees corresponding to the
CCSDEs are implemented. Then the minimum height
trees and their heights corresponding to CSDEs of filter
coefficients are determined. After implementing the op-
erations corresponding to the filter coefficients, the op-
erations corresponding to the same CCSDEs are shared.
Those common uses of the operations do not cause the
critical path to be longer.

Linear phase FIR digital filters have symmetric co-
efficients. In the structures obtained by using the extrac-
tion method 1 outputs of minimum height tree structures
corresponding to filter coefficients are added to outputs
of tap delays. Figure 6(a) shows a tap structures ob-
tained by using the extraction method 1. In the struc-
ture 2 each CSDE corresponding to filter coefficient has
only one nonzero bit. The symmetry of filter coefficients
is not utilized. In other words, the products with the
respective coefficients need not explicitly be computed.
Thus as Fig. 6 (b) shows, the outputs of tap delays are
also regarded as leaves of tree structures and minimum
height trees are determined. The heights of such trees
become smaller.

/ CSDE of filter coefficient
(=) =29 e=2))

Fig. 5 CCSDEs in a CSDE of a filter coefficients and those
tree structures.
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(another symmetrical coefficient)

(a) Method 1.

(b) Method 2.

Fig. 6  Tap structures by the method 1 and method 2.

solution 2

001010+
100001

(a) Two ways of the extractions giving the minimal number of
adders and subtractors.

solution 1
ho [0010710% hy
hy [10%0%01 &

critical path

solution 2 -

(b) The structures obtained by implementing the operations
corresponding to the filter coefficients as the minimum height
trees.

solution 1

critical path

solution 1 solution 2
(c) After sharing the operations corresponding to the CCSDEs.

Fig. 7 The implementation of the structure 1 having the best
critical path.
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Figures 7(a), (b) and (c) show examples of the opti-
mization of critical paths. Consider a 4-tap linear phase
FIR filter whose coefficients are h; (¢ =0, ---, 3) where
ho = hz and hy = hy. Each CSDE of the independent
coefficient is shown in Fig.7(a). Then three types of
the extractions can be obtained by using the algorithm
of the extraction method 1. Only two types of the ex-
tractions are shown in Fig.7(a). From each solution
the operations corresponding to all the CCSDEs and
CSDEs of the coefficients are implemented as the min-
imum height trees according to the above algorithm as
shown in Fig.7 (b). Then sharing the operations corre-
sponding to the same CCSDESs leads to the structures
shown in Fig.7(c). Figures 7 (b) and 7 (¢) also show
that such a sharing does not affect the critical path.
From Fig.7 (c), the critical path obtained by solution
1 is shorter than that obtained by solution 2. Then
the extractions illustrated as solution 1 are selected. In
these examples the critical path in the CSD structure
are equal to that from the solution 1. But in general the
critical path in the structure 1 or 2 is longer than that
in the CSD structure.

2.4 Comparison between the Proposed Structures and
the CSD Structures

In this section, the numbers of adders and subtractors
and the critical paths in the proposed structures are
compared with those in the conventional CSD struc-
tures. In the case of the structure 2, the cost factor S
defined in (7) is compared with that in the CSD struc-
ture. The ratio w is assumed to be 0.5 or 1.0. The spec-
ifications of filters are: filter length 16 — 50, passband
0.0 — 0.2, stopband 0.25 — 0.5, passband and stopband
weights 1 : 1. The equiripple linear phase FIR filters
satisfying these specifications are designed using the Re-
mez exchange algorithm. Then all the filter coefficients
are rounded off to CSDs of wordlength 12 or 16 for the
methods [ and 2, respectively. In the latter case the num-
ber of nonzero bits is limited to one in each coefficient.
By using the method proposed in[10], it is possible to
round off the coefficients to the CSDs having only one
nonzero bit. Figures 8(a) and (b) show the results of
the structure 1 and the structure 2 together with the
conventional CSD structures, respectively. From these
figures, the structures 1 and 2 have far less adders and
subtractors than the CSD structures. Especially the 19-
tap FIR filter structure by the method 1 has only 68%
adders and subtractors of CSD structure.

The numbers of adders and subtractors on the crit-
ical paths in the structure 1 happen to be equal to those
in the CSD structures, and become 4 in all examples.
Accordingly the operational speeds of the structure 1
and CSD structures are equal in all the given specifica-
tions. So the operational speeds of both structures are
guessed to be equal in all practical specification. Fig-
ure 9 shows the numbers of adders and subtractors on
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structure by method 1
------ CSD structure

—
© o
< =3
T

I

@
=}
T

Number of adders and subtracters

20 L L L 1 1 1 ]
15 20 25 30 35 40 45 50

Filter length
(a) Method 1.

structure by method 2 ,w=0.5

Trme——— structure by method 2 ,w=1.0
------ CSD structure

50 -

45

40

35

15

15 20 25 30 35 40 45 50
Filter length
(b) Method 2.

Fig. 8 The number of adders and subtractors in structures by
the method 1, method 2 and CSD structures. S=(the number of
adders and subtractors)+(the number of another delay units)xw.

structure by method 2 ,w=0.5
''''''''' structure by method 2 ,w=1.0
""""" CSD structure

05 1 1 1 1 1 1 J
15 20 25 30 35 40 45 50

Filter length

Fig. 9 The number of adders and subtractors on the critical
path in structures by method 2 and CSD structures. D=the num-
ber of adders and subtractors on the critical path.

the critical paths in the structure 2 and in the CSD struc-
tures. Because all the CSDEs of coefficients have only
one nonzero bit, only one adder or subtractor is on the
critical path in the CSD structures. Hence more adders
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and subtractors are obviously on the critical path in the
structure 2.

3. MILP-Based Filter Design for the Proposed
Structure

3.1 CSD Coefficient Space

In this section the CSDE is modified as[9], because
the representable range of the normal CSDs is narrower
than that of the binary representations. Then the CSDs
proposed in[9], whose representable range is widened,
are used in designing filters.

Many algorithms to design linear phase FIR filters
are proposed in[5]-[9]. The MILP method [6] is often
used to design FIR filters whose coefficients are CSDs,
because it can obtain the filter having the optimum fre-
quency response under the condition that the maximum
number of nonzero bits in the CSDE of each filter co-
efficient is limited. Here let that maximum number be
2 and the coefficient wordlength be 9. Each filter co-
efficient may have at most two adders or subtractors.
The number of all CSDs satisfying those conditions is
shown in Table 1. In the conventional MILP method
the coefficient space is spanned by those CSD numbers
satisfying the condition. Next consider several CCSDEs
are extracted from CSDEs of filter coefficients. Let the
CCSDEs be two CSDEs, 101 and 10 for example. A 9
bit CSDE P; = 10 % 00* 0% 0 has 4 nonzero bits. Since
P, does not satisfy the above condition, it is excluded
in the conventional coefficient space. P; includes the
CCSDEs 101 and 10x%, which can be extracted as fol-
lows:

Py : (10%)00(x0%)0. (11)

The operations corresponding to 10+ and 101 can be im-
plemented using one subtractor and one adder, respec-
tively, and additional adder and subtractor are needed
to connect both the outputs of those operations with the
input of a tap delay. The operations corresponding to
10« and 101 can be commonly used to implement other
filter coefficients. So the operations corresponding to
10x and 101 are excluded from P;. Then the operations
corresponding to P, have only one adder and one sub-
tractor as shown in Fig. 10, and satisfies the condition
that the maximum number of adders and subtractors is
2. Those adder and subtractor are the remaining oper-
ations after extraction. In this paper M*, the maximum
number of adders and subtractors in the operations re-
maining after extracting the CCSDEs from the CSDEs
of filter coefficients is specified.

Now consider a 9 bit CSDE P, = 11000 % 0 x 0,
which is included in the widened range as proposed
in[9]. The CSDE P, is not a normal CSD but one
of the CSDs proposed in[9]. Since the numbers 115y
and 10x(3) are equal, the CCSDEs 11 and *0x can be
extracted from P, as the follows:
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Table 1 The number of expressions in various discrete spaces.
The wordlength is 9. The CSDEs in the conventional space have
at most 2 nonzero bits. The operations corresponding to the CS-
DEs in the proposed space have at most 2 adders and subtractors
in the operations remained by extracting the CCSDEs 101 and
10* from the CSDEs.

binary 1023
conventional space | 133
proposed space 493

(<@
<4

Input

P;

- 7~ 1 z—]

Fig. 10 The adder and subtractor in the operations correspond-
ing to Py.

P, : (11)000(x0%)0. (12)

Although the CSDE P, has 4 nonzero bits, P, is now
included in the proposed CSD coefficient space. Note
that the length of the expression 11 is different from that
of 10%. If the CSDE 11 is replaced by the CSDE 10x
in Py, the length of P, become longer and the longer
wordlength may not satisfy the specification. Then all
CSDEs 10* and (x01) in the CSDEs of coefficients are
replaced by the expressions 11 and (%), respectively.
The number of CSDs included in the proposed CSD
coefficient space is shown in Table 1. The table shows
that the coefficient space to be searched by MILP is ex-
tended. In spite of limiting the number of nonzero bits
by M* = 2, the proposed space can cover about 50%
of all the representable expressions. Accordingly this
wider coefficient space helps the MILP to find a better
solution. If the coefficient wordlength is I, the number
of all CSDEs is 2!. The given CCSDEs are extracted
from the 2! CSDFs, and the CSDE:s satisfying the speci-
fication are chosen as the CSDE:s in the coeflicient space.

The branch and bound algorithm to solve MILP
problems is useful for its flexibility. It can deal with any
discrete space. Here the branch and bound algorithm
is used to solve the MILP problems over the discrete
space which spans the candidates of filter coefficients de-
termined by extracting given CCSDEs. Lim’s papers|6]
mentions applications of the branch and bound method
to filter design in detail.

In the Sect. 2 the two algorithms are shown. By
using those algorithms the number of adders and sub-
tractors used in every filter can be minimized. So by
searching all the filters which have CSD coefficients with
those algorithms, the filter whose frequency response is
the best would be obtained instead of limiting the CCS-
DEs to be extracted. But the number of such filters is 2!V
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where [ is the wordlength and N is the number of the
independent coefficients. Then it is practically impossi-
ble to search all the filters due to enormous computing
time, and the proposed design method is effective on
that point.

3.2 Comparison between the Proposed Method and
the Conventional Method to Design Filter

The MILP in the proposed method searches over the
wider coefficient space than in the conventional method.
Now many specifications are designed and the Cheby-
shev errors of the resultant frequency responses are com-
pared. The specifications in frequency responses are:
passband 0.0 — 0.15, stopband 0.25 — 0.5, wordlength 9,
filter length 25 — 37. Passband and stopband weight is
1:1.

Since the shortest CSDEs are 10+ and 101 in all
possible CSDEs, they are expected to appear in CSD
filter coefficients with the highest probability. So 10x
and 101 are extracted as the CCSDEs here. M* is given
as 2.

Firstly filters are designed to meet those specifica-
tions using the proposed method. The number of adders
and subtractors in the operations of the independent
coefficients is calculated as M. So the total number
of nonzero bits in the CSDEs of the filter coefficients is
given as M +1. For the reference the conventional CSD
structures which have M + 1 nonzero bits are designed
for the same specifications so that the total numbers of
adders and subtractors are equal for the proposed and
the conventional structures. The design method in[9]
is used in this case because that method surpasses oth-
ers including MILP which search over the conventional
CSD coefficient space.

Figure 11 shows the results of the proposed
method together with those obtained by the conven-
tional method[9]. In the design example for filter
length 34, the optimized frequency responses using
the proposed and conventional method are shown in
Figs.12(a) and (b). From these figures the frequency
responses designed by the proposed method are far bet-
ter than those designed by the conventional method [9].
Figures 13 (a) and (b) show the structures of the 34 tap
filters designed by using the proposed and conventional
method. In these figures, the numbers of adders and
subtractors in the operations of the independent coeffi-
cients are 25 in both the structures.

4. Conclusion

This paper proposes fast FIR digital filter structures us-
ing minimal number of adders. Hartley’s technique,
which reduces the number of adders and subtractors
in CSD filter structures, is modified to obtain all fil-
ters whose operations have minimal number of adders
and subtractors. Among them a filter with the short-
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proposed method
—————— conventional method

Error [dB]

-54

25 27 29 31 33 35 37
Filter length
Fig. 11  The errors of frequency responses.

proposed method
"""" conventional method

Gain [dB]

-0.03 L : !
0 0.05 0.1 0.15

Normalized Frequency

(a) Frequency responses in the passband.

proposed method
—————— conventional method

Gain [dB]

o lbereee==T T

Normalized Frequency

(b) Frequency responses in the stopband.

Fig. 12 The designed frequency responses for 34-tap FIR filters.

est critical path is selected. The critical paths obtained
in this way happened to be equal to those of conven-
tional CSD structures in all examples we tried. This
paper also presents the method to design FIR filters to
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(b) The structure obtained by the proposed method.

Fig. 13

which Hartley’s technique are applied. The application
of the technique extends the CSD coefficient space to
be searched by the MILP. The CSD coefficient space is
now determined by the maximum number of adders and
subtractors used in the filter structures and not the num-
ber of nonzero digits. For the same numbers of adders
and subtractors, the proposed method, which searches
the wider coefficient space, can yield fairly superior fre-
quency responses than the conventional method.
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