
論文 / 著書情報
Article / Book Information

題目(和文) 非加法的速度に関する収束定理の必要十分条件

Title(English) New necessary and sufficient conditions for convergence theorems with
respect to non-additive measure

著者(和文) 高橋誠幸

Author(English) Masayuki Takahashi

出典(和文)  学位:博士(理学),
 学位授与機関:東京工業大学,
 報告番号:甲第9585号,
 授与年月日:2014年4月30日,
 学位の種別:課程博士,
 審査員:室伏　俊明,廣田　薫,出口　弘,渡邊　澄夫,小野　功

Citation(English)  Degree:Doctor (Science),
 Conferring organization: Tokyo Institute of Technology,
 Report number:甲第9585号,
 Conferred date:2014/4/30,
 Degree Type:Course doctor,
 Examiner:,,,,

学位種別(和文)  博士論文

Type(English)  Doctoral Thesis

Powered by T2R2 (Science Tokyo Research Repository)

http://t2r2.star.titech.ac.jp/


New necessary and sufficient conditions for
convergence theorems

with respect to non-additive measure

Department of Computational Intelligence and Systems Science

Interdisciplinary Graduate School of Science and Engineering Tokyo

Institute of Technology

Masayuki Takahashi

2013

1



Contents

1 Introduction 3

2 Definitions of convergences and conditions
with respect to non-additive measure 5
2.1 Non-additive measure. . . . . . . . . . . . . . . . . . . . . . . . . 5
2.2 Conditions with respect to non-additive measure. . . . . . . . . . . . 5
2.3 Definitions of convergences. . . . . . . . . . . . . . . . . . . . . . 9
2.4 Convergence theorems. . . . . . . . . . . . . . . . . . . . . . . . . 11
2.5 Duality and ordinality . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.6 An application of Ordinal Duality Principle

to convergence theorems. . . . . . . . . . . . . . . . . . . . . . . . 14

3 Relations from (pseudo-)almost uniform convergence 16

4 A new neccesary and sufficient condition
for the Egoroff theorem 23

5 Conclusion 30

2



1 Introduction
Since Sugeno [16] introduced the concept of non-additive measure, which he called

a fuzzy measure, non-additive measure theory has been constructed along the lines of
the classical measure theory [1, 14, 24]. Generally, theorems in the classical measure
theory no longer hold in non-additive measure theory, so that to find necessary and/or
sufficient conditions for such theorems to hold is very important for the construction of
non-additive measure theory.

Sugeno defined a fuzzy measureµ as a set function on a measurable space on(X,S )
satisfying the following five conditions:

(FM1) lower boundary condition:µ( /0) = 0;

(FM2) upper boundary condition:µ(X) = 1;

(FM3) monotonicity:A,B∈ S , A⊂ B⇒ µ(A) ≤ µ(B);

(FM4) continuity from below:{An} ⊂ S , An ↗ A⇒ µ(An) ↗ µ(A);

(FM5) continuity from above:{An} ⊂ S , An ↘ A⇒ µ(An) ↘ µ(A).

However, (FM2) is not essential from the viewpoint of mathematics. Therefore, some
authors define a fuzzy measure as a set function satisfying the conditions (FM1), (FM3),
(FM4) and the following condition (FM5’) in place of the condition (FM5) [5, 9, 10, 17,
18, 22, 24].

(FM5’) conditional continuity from above:

{An} ⊂ S , An ↘ A, µ(Ak) < ∞ for somek⇒ µ(An) ↘ µ(A)

On the other hand, others define a fuzzy measure as a set function satisfying (FM1)
and (FM3) [6, 21]. Without (FM4) and (FM5’), it is possible to define the Sugeno
integral and the Choquet integral which are integrals with respect to fuzzy measures.
In addition, several useful set functions in fuzzy theory do not satisfy the continuity
conditions. For example, a necessity measure does not satisfy (FM4) and a possibil-
ity measure does not satisfy (FM5’). For this reason, some outhors have studied set
functions satisfying (FM1) and (FM3) and called such a set function a fuzzy measure.

In this dissertation, we deal with set functions satisfying (FM1) and (FM3), and, in
order to avoid confusion, we call such a set function a non-additive measure instead of
a fuzzy measure.
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In the classical measure theory, there are several different convergences of a sequence
of measurable functions such as almost everywhere convergence, almost uniform con-
vergence, and convergence in measure, and theorems that describe implication relation-
ship between such convergence concepts (e.g, the Egoroff, Lebesgue, and Riesz theo-
rems) are fundamental and important. In non-additive measure theory, these theorems
do not hold without additional conditions.

This dissertation discusses necessary and sufficient conditions for the implications
between almost everywhere convergence, pseudo-almost everywhere convergence [23],
almost uniform convergence, pseudo-almost uniform convergence [23], convergence
in measure, and convergence pseudo-in measure [23] in non-additive measure theory.
Pseudo-almost everywhere convergence [23], pseudo-almost uniform convergence [23],
and pseudo-in measure [23] are newly defined in non-additive measure theory.

This dissertation is organized as follows.
In Chapter 2, we show the definitions of conditions with respect to non-additive mea-

sure and convergences in non-additive measure theory. Moreover, we explain Ordinal
Duality Principle [11].

So far, most of the implications between the convergence concepts have been estab-
lished [3, 4, 5, 6, 7, 8, 10, 13, 15, 18, 22, 23, 24]. Chapter 3 of this dissertation clarifies
the remaining ones, that is, shows necessary and sufficient conditions for almost uniform
convergence to imply pseudo-almost everywhere convergence, pseudo-almost uniform
convergence, and convergence pseudo-in measure. Moreover, we summarize necessary
and sufficient conditions for implications between the six convergences into two tables
and show two figures which illustrate some implications among conditions in the tables.

In Chapter 4, we show the result related with the Egoroff theorem. The Egoroff the-
orem, which asserts that almost everywhere convergence implies almost uniform con-
vergence, is one of the most important convergence theorems in the classical measure
theory. In non-additive measure theory, this theorem does not hold without additional
conditions. So far, it has been shown that each of the Egoroff condition [13] and con-
dition (E) [4] is a necessary and sufficient condition for the Egoroff theorem to hold in
non-additive measure theory. Both of the conditions are described by a doubly-indexed
sequence of measurable sets. This dissertation gives condition (M) which is described
by a singly-indexed sequence of measurable sets and shows that condition (M) is equiv-
alent to the Egoroff condition.

In Chapter 5, we state the conclusion of this dissertation and give subjects of future
research.
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2 Definitions of convergences and conditions

with respect to non-additive measure
Throughout the paper,N denotes the set of positive integers and(X,S ) is assumed to

be a measurable space. All functions onX are assumed to be measurable. In addition,
every measurable functionf is assumed to be finite real valued, i.e.,−∞ < f (x) < ∞ for
all x∈ X.

2.1 Non-additive measure

Definition 1 A non-additive measureon (X,S ) is a set functionµ : S → [0,∞]
satisfying the following two conditions:

(i) µ( /0) = 0,

(ii) A,B∈ S , A⊂ B ⇒ µ(A) ≤ µ(B).

Unless stated otherwise, all subsets are supposed to belong toS andµ is assumed to
be a non-additive measure onS .

A non-additive measureµ is said to befinite if µ(X) < ∞. If µ is a non-additive
measure on(X,S ), the triplet(X,S ,µ) is called anon-additive measure space. For
eachA ∈ S , the restrictionµ � (S ∩ A) is a non-additive measure on(A,S ∩ A),
whereS ∩A = {E∩A | E ∈ S }, and(A,S ∩A,µ � (S ∩A)) is called asubspace

of (X,S ,µ).

2.2 Conditions with respect to non-additive measure

In the following definitions, each label in bold face stands for the corresponding term;
for example, “↓ /0” means “order continuity” (Definition 2 (i). These labels will be used
later in Tables 1–3 and Figures 1 and 2.

Definition 2 (i) ↓↓↓ /0/0/0: [2] µ is said to beorder continuousif Nn ↓ /0 impliesµ(Nn) →
0.

(ii) ↓↓↓0: [3] µ is said to bestrongly order continuousif Nn ↓ N andµ(N) = 0 together
imply µ(Nn) → 0.

(iii) ↑↑↑AAA: µ is said to becontinuous from below at Aif An ↑ A impliesµ(An) → µ(A).

↑↑↑ : µ is said to becontinuous from belowif µ is continuous from below at every
measurable set.
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(iv) ↑↑↑ µµµ(((AAA))): [8] µ is said to bestrongly continuous from below at Aif Bn ↑ B⊂ A and
µ(B) = µ(A) together implyµ(Bn) → µ(B).

The value ofµ(A) is not substituted forµ(A) in “↑ µ(A)”; if µ(A) = 0.5 for example,
we write not “↑ 0.5” but “↑ µ(A)”.

Definition 3 (i) 0-sub.AAA: µ is said to benull-subtractive at Aif µ(N) = 0 implies
µ(A\N) = µ(A).

0-add.: [22] µ is said to benull-additiveif µ(N) = 0 impliesµ(A∪N) = µ(A)
for everyA∈ S .

(ii) c.0-add.AAA: µ is said to beconverse-null-additive at Aif µ(A) = µ(A\N) implies
µ(A∩N) = 0.

c.0-add.: µ is said to beconverse-null-additiveif µ is converse-null-additive at
every measurable set.

In [25] null-subtractivity is defined as null-subtractivity at every measurable set. Null-
subtractivity at every measurable set is equivalent to null-additivity [24]. Converse-
null-additivity defined above is stronger than the original in [22]:µ(A) = µ(A\N) < ∞
impliesµ(A∩N) = 0.

Definition 4 (i) auto.↑↑↑AAA: µ is said to beautocontinuous from below at Aif µ(Nn)→
0 impliesµ(A\Nn) → µ(A).

auto.↑↑↑: [22] µ is said to beautocontinuous from belowif µ is autocontinuous
from below at every measurable set.

(ii) c.auto.↑↑↑AAA: µ is said to beconverse-autocontinuous from below at Aif
µ(A\Nn) → µ(A) impliesµ(A∩Nn) → 0.

c.auto.↑↑↑: µ is said to beconverse-autocontinuous from belowif µ is converse-
autocontinuous from below at every measurable set.

(iii) m.auto.↑↑↑AAA: µ is said to bemonotone autocontinuous from below at Aif Nn ↓ and
µ(Nn) → 0 together implyµ(A\Nn) → µ(A).

m.auto.↑↑↑: µ is said to bemonotone autocontinuous from belowif µ is monotone
autocontinuous from below at every measurable set.

(iv) c.m.auto.↑↑↑AAA: µ is said to beconverse-monotone autocontinuous from below at

A if Nn ↓ andµ(A\Nn) → µ(A) together implyµ(A∩Nn) → 0.

c.m.auto.↑↑↑: µ is said to beconverse-monotone autocontinuous from belowif µ
is converse-monotone autocontinuous from below at every measurable set.
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(v) s.m.auto.↑↑↑AAA: µ is said to bestrongly monotone autocontinuous from below at A

if Nn ↓ N andµ(N) = 0 together implyµ(A\Nn) → µ(A).

s.m.auto.↑↑↑: µ is said to bestrongly monotone autocontinuous from belowif µ is
strongly monotone autocontinuous from below at every measurable set.

(vi) s.c.m.auto.↑↑↑AAA: µ is said to bestrongly converse-monotone autocontinuous from

below at Aif Nn ↓ N andµ(A\N) = µ(A) together implyµ(A∩Nn) → 0.

s.c.m.auto.↑↑↑: µ is said to bestrongly converse-monotone autocontinuous from

below if µ is strongly converse-monotone autocontinuous from below at
every measurable set.

Converse-autocontinuity from below defined above is stronger than the original in [23]:
µ(A\Nn) → µ(A) < ∞ implies µ(A∩Nn) → 0. In [15] strong converse-monotone au-
tocontinuity from below is called pseudo-order continuity.

Definition 5 (i) (S): [18] µ said to haveproperty (S)if µ(Nn) → 0 implies that
there exists a subsequence{Nni} of {Nn} such thatµ (

∩∞
k=1

∪∞
i=k Nni) = 0.

(ii) (PS)AAA: µ said to haveproperty (PS)atA if µ(A\Nn) → µ(A) implies that there
exists a subsequence{Nni} of {Nn} such thatµ (A\

∩∞
k=1

∪∞
i=k Nni) = µ(A).

(PS): [17] µ said to haveproperty (PS)if µ has property (PS) at every measurable
set.

(iii) (TS) AAA: µ said to haveproperty (TS)at A if µ(Nn) → 0 implies that there exists
a subsequence{Nni} of {Nn} such thatµ (A\

∩∞
k=1

∪∞
i=k Nni) = µ(A).

(TS): µ said to haveproperty (TS)if µ has property (TS) at every measurable
set.

(iv) (TPS)AAA: µ said to haveproperty (TPS)at A if µ(A\Nn) → µ(A) implies that
there exists a subsequence{Nni} of {Nn} such thatµ (

∩∞
k=1

∪∞
i=k Nni ∩A) =

0.

(TPS): µ said to haveproperty (TPS)if µ has property (TPS) at every measurable
set.

Definition 6 (i) (S1): [10] µ said to haveproperty (S1) if µ(Nn) → 0 implies that
there exists a subsequence{Nni} of {Nn} such thatµ (

∪∞
i=k Nni) → 0 (k →

∞).

(ii) (S2) AAA: µ said to haveproperty (S2) at A if µ(Nn) → 0 implies that there exists a
subsequence{Nni} of {Nn} such thatµ (A\

∪∞
i=k Nni) → µ(A) (k→ ∞).
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(S2): [10] µ said to haveproperty (S2) if µ has property (S2) at every measurable
set.

(iii) (PS1) AAA: µ said to haveproperty (PS1) atA if µ(A\Nn)→ µ(A) implies that there
exists a subsequence{Nni} of {Nn} such thatµ (

∪∞
i=k Nni ∩A) → 0 (k→ ∞).

(PS1): [10] µ said to haveproperty (PS1) if µ has property (PS1) at every mea-
surable set.

(iv) (PS2) AAA: µ said to haveproperty (PS2) at A if µ(A\Nn) → µ(A) implies that
there exists a subsequence{Nni} of {Nn} such thatµ (A\

∪∞
i=k Nni) → µ(A)

(k→ ∞).

(PS2): [10] µ said to haveproperty (PS2) if µ has property (PS2) at every mea-
surable set.

Definition 7 (i) (E): [4] µ is said to satisfycondition (E)if Em
n ↓Em (n→∞) for ev-

erymandµ (
∪∞

m=1Em) = 0 together imply that there exist strictly increasing
sequences{ni} and{mi} such thatµ (

∪∞
i=k Emi

ni )→0 (k→ ∞).

(ii) (TE) AAA: µ is said to satisfycondition (TE)at A if Em
n ↓ Em (n → ∞) for every

m and µ (
∪∞

m=1Em) = 0 together imply that there exist strictly increasing
sequences{ni} and{mi} such thatµ (A\

∪∞
i=k Emi

ni ) → µ(A) (k→ ∞).

(TE): µ is said to satisfycondition (TE)if µ satisfies condition (TE) at every
measurable set.

(iii) (PE) AAA: µ is said to satisfycondition (PE)at A if Em
n ↓ Em (n→ ∞) for everym

andµ (A\
∪∞

m=1Em) = µ(A) together imply that there exist strictly increas-
ing sequences{ni} and{mi} such thatµ (A\

∪∞
i=k Emi

ni ) → µ(A) (k→ ∞).

(PE): µ is said to satisfycondition (PE)if µ satisfies condition (PE) at every
measurable set.

(iv) (TPE) AAA: µ is said to satisfycondition (TPE)at A if Em
n ↓ Em (n → ∞) for ev-

ery m and µ (A\
∪∞

m=1Em) = µ(A) together imply that there exist strictly
increasing sequences{ni} and{mi} such thatµ (

∪∞
i=k Emi

ni ) → 0 (k→ ∞).

(TPE): µ is said to satisfycondition (TPE)if µ satisfies condition (TPE) at every
measurable set.

In [8] condition (TE) atX is called pseudo-condition (E).

Definition 8 (EC) : [13] µ is said to satisfythe Egoroff conditionif, for every doubly-
indexed sequenceEm,n such thatEm,n⊃Em′,n′ for m≥m′ andn≤n′ andµ(

∪∞
m=1

∩∞
n=1Em,n)=

0, and for every positive numberε, there exists a sequence{nm} of positive integers such
thatµ(

∪∞
m=1Em,nm) < ε.
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Condition (E) is equivalent to the Egoroff condition. Both Condition (E) and the
Egoroff condition are necessary and sufficient conditions for the Egoroff theorem, i.e.,
each of them is satisfied iff almost everywhere convergence implies almost uniform
convergence.

Definition 9 (i) (M): µ is said to satisfycondition (M) if µ(
∪∞

n=1
∩∞

i=nEi) = 0
implies that for every positive numberε there exists a sequence{mn} of
positive integers such thatµ(

∪∞
n=1

∩mn
i=nEi) < ε.

(ii) (PM) AAA: µ is said to satisfycondition (PM)at A if µ(A\
∪∞

n=1
∩∞

i=nEi) = µ(A)
implies that for every positive numberξ < µ(A) there exists a sequence
{mn} of positive integers such thatµ(A\

∪∞
n=1

∩mn
i=nEi) > ξ .

(PM): µ is said to satisfycondition (PM)if µ satisfies condition (PM) at every
measurable set.

We define condition of Definition 9 newly and show that condition (M) is equivalent
to the Egoroff condition in Chapter 4.

Let P be a condition concerning a non-additive measure space, and(X,S ,µ) a non-
additive measure space. We write the conditionP concerning(X,S ,µ) asP(X,S ,µ).
For example, ifP is the null-subtractivity at the whole set, and ifA is a measurable set
in a non-additive measure space(X,S ,µ), thenP(A,S ∩A,µ � (S ∩A)) means the
null-subtractivity atA.

Let P be a condition concerning a non-additive measure space, and(X,S ,µ) a non-
additive measure space. Then∀A;P(A,S ∩A,µ � (S ∩A)) is also a condition con-
cerning(X,S ,µ). We call the condition∀A;P(A,S ∩A,µ � (S ∩A)) the universal

of P(X,S ,µ). For example, the universal of the null-subtractivity at the whole set is
equivalent to the null-additivity.

2.3 Definitions of convergences

In this section, we show the definitions of the convergences treated in this dissertation.

Definition 10

a.e.: { fn} is said to converge tof almost everywhere, written fn
a.e.−→ f , if there exists

N such thatµ(N) = 0 and{ fn(x)} converges tof (x) for all x∈ X \N.

p.a.e.: [23]{ fn} is said to converge tof pseudo-almost everywhere, written fn
p.a.e.−→ f ,

if there existsN such thatµ(X \N) = µ(X) and{ fn(x)} converges tof (x) for all
x∈ X \N.
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a.u.: { fn} is said to converge tof almost uniformly, written fn
a.u.−→ f , if for everyε > 0

there existsNε such thatµ(Nε) < ε and{ fn} converges tof uniformly onX \Nε .

p.a.u.: [23] { fn} is said to converge tof pseudo-almost uniformly, written fn
p.a.u.−→ f ,

if for everyξ < µ(X) there existsNξ such thatξ < µ(X\Nξ ) and{ fn} converges
to f uniformly onX \Nξ .

in meas.: { fn} is said to converge tof in measure, written fn
µ−→ f , if µ({x | | fn(x)−

f (x)| ≥ ε}) → 0 for everyε > 0.

p. in meas.: [23] { fn} is said to converge tof pseudo-in measure, written fn
p.µ−→ f , if

µ({x | | fn(x)− f (x)| < ε}) → µ(X) for everyε > 0.

Let A∈ S . For each convergence defined above, if{ fn � A} convergences tof � A
on the subspace(A,S ∩A,µ|(S ∩A)), we say{ fn} convergences tof on A and write
fn

∗−→A f , where f � A denotes the restriction off to A and∗ stands for a.e., p.a.e., a.u.,
p.a.u.,µ, or p.µ.

In measure theory, a null set is defined to be a measurable setN such thatµ(N) = 0,
so if a setN is a null set, thenµ(X \N) = µ(X). Moreover, on a finite measure space, a
setN is a null set iffµ(X \N) = µ(X). Therefore, in measure theoryfn

a.e.−→ f implies
fn

p.a.e.−→ f , fn
a.u.−→ f implies fn

p.a.u.−→ f , and fn
µ−→ f implies fn

p.µ−→ f . Moreover, on
a finite measure spacefn

a.e.−→ f is equivalent tofn
p.a.e.−→ f , fn

a.u.−→ f is equivalent to
fn

p.a.u.−→ f , and fn
µ−→ f is equivalent tofn

p.µ−→ f .
However, in non-additive measure theory, it does not necessarily hold that for every

setN, µ(N) = 0 impliesµ(X \N) = µ(X), and neither does the converse proposition
hold. Therefore, in non-additive measure theoryfn

a.e.−→ f does not implyfn
p.a.e.−→ f ,

fn
a.u.−→ f does not implyfn

p.a.u.−→ f , fn
µ−→ f does not implyfn

p.µ−→ f , fn
p.a.e.−→ f does not

imply fn
a.e.−→ f , fn

p.a.u.−→ f does not implyfn
a.u.−→ f , and fn

p.µ−→ f does not implyfn
µ−→

f . For this reason, pseudo-almost everywhere convergence, pseudo-almost uniform
convergence, and pseudo-in measure are newly defined in non-additive measure theory.

Example 1 shows thatfn
a.e.−→ f does not implyfn

p.a.e.−→ f .

Example 1 Let X = {0,1}, µ be the non-additive measure on the power set 2X of X

defined as 
µ(X) = 2

µ({1}) = 1

µ({0}) = 0

and fn and f be measurable functions defined by

10



for everyn, fn(x) =

{
0 if x = 1,

2 if x = 0,
f (x) =

{
0 if x = 1,

1 if x = 0.

Then{ fn} converges tof almost everywhere, but{ fn} does not converge tof pseudo-
almost everywhere.

2.4 Convergence theorems

In measure theory, a convergence theorem for a sequence of measurable functions is
represented as follows.[

for any{ fn}, for any f , fn
∗−→ f ⇒ fn

∗∗−→ f
]

∗, ∗∗ stands for a.e., a.u., orµ, and∗ is different from∗∗. We call the convergence
theorem written above of typeX.

In non-additive measure theory, the following theorem is also considered.[
for anyA, for any { fn} , for any f , fn

∗−→
A

f ⇒ fn
∗∗−→
A

f

]
∗, ∗∗ stands for a.e., p.a.e., a.u., p.a.u.,µ, or p.µ., and∗ is different from∗∗. We call
the convergence theorem written above of typeS .

In non-additive measure theory, if both∗ and∗∗ are a.e., a.u., orµ which are defined
in measure theory, then typeX is equivalent to typeS . For example,[

for any { fn}, for any f , fn
a.e.−−→ f ⇒ fn

a.u.−−→ f
]

is equivalent to[
for anyA, for any { fn} , for anyf , fn

a.e.−−→
A

f ⇒ fn
a.u.−−→
A

f

]
.

However, If either∗ or ∗∗ is p.a.e., p.a.u., or p.µ, then it does not necessarily hold
that typeX implies typeS . For example,[

for any{ fn}, for anyf , fn
a.e.−−→ f ⇒ fn

p.a.e.−−−→ f
]

does not imply[
for anyA, for any { fn} , for anyf , fn

a.e.−−→
A

f ⇒ fn
p.a.e.−−−→

A
f

]
.

Therefore, in non-additive measure theory, if both∗ and∗∗ are a.e., a.u., orµ, then
consider typeX, and if either∗ or ∗∗ is p.a.e., p.a.u., or p.µ, then consider typeS .

Example 2 shows that there exists{ fn} and f such that

11



[
fn

a.e.−−→ f ⇒ fn
p.a.e.−−−→ f

]
is true, but [

for anyA, fn
a.e.−−→
A

f ⇒ fn
p.a.e.−−−→

A
f

]
.

is false.

Example 2 Let X = {0,1,2}, µ be the non-additive measure on the power set 2X of X

defined as

µ(A) =

{
2 if A = {0,1},{0,2},or X,

0 otherwise

and,

for everyn, fn(x) =

{
0 if x = 0 or 1,

2 if x = 2,
f (x) =

{
0 if x = 0 or 1,

1 if x = 2.

Then,
[

fn
a.e.−−→ f ⇒ fn

p.a.e.−−−→ f
]

is true. However{ fn � {0,2}} converges tof � {0,2}
almost everywhere. While,{ fn � {0,2}} does not converge tof � {0,2} pseudo-almost
everywhere.

2.5 Duality and ordinality

Definition 11 Theconjugateµ of a finite non-additive measureµ on (X,S ) is defined
by

µ(A) = µ(X)−µ(X \A) (A∈ S ).

For every finite non-additiveµ on (X,S ), its conjugateµ is a finite non-additive mea-
sure on(X,S ) andµ = µ.

We denote the class of all non-additive measure spaces byNAMS, and the class of
all finite non-additive measure spaces byfNAMS . Note thatNAMS and fNAMS are
proper classes, i.e., they are not sets.

Definition 12 [11] Let P andQ be conditions concerning a non-additive measure space.
P is said to bedual to Q when, for every(X,S ,µ) ∈ fNAMS , (X,S ,µ) satisfiesP iff
(X,S ,µ) satisfiesQ.

12



For each(X,S ,µ) ∈ NAMS, we denote byΦ(X,S ,µ) the family of continuous,
strictly increasing functionsϕ : [0,µ(X)] → [0,∞] satisfyingϕ(0) = 0. If (X,S ,µ) ∈
NAMS andϕ ∈ Φ(X,S ,µ), then the composite functionϕ ◦µ is a non-additive measure
on (X,S ).

Definition 13 [11] A conditionP concerning a non-additive measure space is said to be
ordinal if (X,S ,ϕ ◦µ) satisfiesP for everyϕ ∈ Φ(X,S ,µ) whenever(X,S ,µ) satisfies
P.

Ordinal Duality Principle [11]: An ordinal proposition concerning a (not necessarily

finite) non-additive measure space holds, then its dual also holds.

Now we examine the duality and ordinality of concepts defined in the previous sec-
tion.

Table 1: Dual pairs

(a) 0-sub.X ↔ c.0-add.X
(b) auto.↑X ↔ c.auto.↑X
(c) m.auto.↑X ↔ c.m.auto.↑X

(d) s.m.auto.↑X ↔ s.c.m.auto.↑X

(e) (S) ↔ (PS)X
(f) (TS) X ↔ (TPS)X
(g) (S1) ↔ (PS2) X

(h) (S2) X ↔ (PS1) X
(i) (E) ↔ (PE)X
(j) (TE) X ↔ (TPE)X
(k) ↓ /0 ↔ ↑ X

(l) ↓ 0 ↔ ↑ µ(X)
(m) a.e. ↔ p.a.e.
(n) a.u. ↔ p.a.u.
(o) in meas. ↔ p. in meas.

Proposition 1 Each pair in Table 1 is dual.

For example, (a) in Table 1 means that null-subtractivity at the whole set is dual to
converse-null-additivity at the whole set. (k) and (l) are pointed out in [8], and (m)–(o)
are in [9].

Proposition 2 Every concept in Table 1 is ordinal.

13



By the above two propositions, Ordinal Duality Principle can apply to the concepts
in Table 1.

2.6 An application of Ordinal Duality Principle

to convergence theorems

AssumeP(X,S ,µ) is dual toQ(X,S ,µ).
If P(X,S ,µ) is equivalent to[

for any{ fn}, for any f , fn
∗−→ f ⇒ fn

∗∗−→ f
]
,

thenQ(X,S ,µ) is equivalent to[
for any{ fn}, for any f , fn

∗′−→ f ⇒ fn
∗∗′−→ f

]
( ∗′ is dual to∗ and∗∗′ is dual to∗∗ ). For example, since the null-subtractivity at the
whole set is satisfied iff[

for any { fn} , for any f , fn
a.e.−−→ f ⇒ fn

p.a.e.−−−→ f
]
,

the converse-null-additivity at the whole set is satisfied iff[
for any { fn} , for any f , fn

p.a.e.−−−→ f ⇒ fn
a.e.−−→ f

]
.

Moreover, sinceP(X,S ,µ) is equivalent to[
for any{ fn}, for any f , fn

∗′−→ f ⇒ fn
∗∗′−→ f

]
,

it holds that∀A∈ S ;Q(A,S ∩A,µ � (S ∩A)) which is the universal ofQ(X,S ,µ) is
equivalent to[

for anyA, for any { fn} , for any f , fn
∗′−→
A

f ⇒ fn
∗∗′−→
A

f

]
.

For example, since null-subtractivity at the whole set is satisfied iff[
for any { fn} , for any f , fn

a.e.−−→ f ⇒ fn
p.a.e.−−−→ f

]
,

it turns out that null-additivity is satisfied iff[
for anyA, for any { fn} , for any f , fn

a.e.−−→
A

f ⇒ fn
p.a.e.−−−→

A
f

]
.
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A point to notice is that∀A ∈ S ;P(A,S ∩ A,µ � (S ∩ A)) is not dual to∀A ∈
S ;Q(A,S ∩A,µ � (S ∩A)). For example, the proposition that the null-subtractivity
at the whole set is satisfied iff[

for any { fn} , for any f , fn
a.e.−−→ f ⇒ fn

p.a.e.−−−→ f
]

is dual to the proposition that convrse-null-additivity at the whole set is satisfied iff[
for any { fn} , for any f , fn

p.a.e.−−−→ f ⇒ fn
a.e.−−→ f

]
.

However, the proposition that the null-additivity is satisfied iff[
for anyA, for any { fn} , for any f , fn

a.e.−−→
A

f ⇒ fn
p.a.e.−−−→

A
f

]
is not dual to the proposition that the convrse-null-additivity is satisfied iff[

for anyA, for any { fn} , for any f , fn
p.a.e.−−−→

A
f ⇒ fn

a.e.−−→
A

f

]
.

For this reason, from the viewpoint of mathematics, typeX is fundamental.
Example 3 shows that the null-additivity which is the universe of the null-subtractivity

at the whole set is not dual to the converse-null-additivity which is the universe of the
converse-null-additivity at the whole set.

Example 3 Let X = {0,1,2} andµ be the non-additive measure on the power set 2X of
X defined as

µ(A) =


3 if A = {1,2},or X,

2 if A = {0,1},or {0,2},
1 if A = {1},or {2}
0 if A = {0}.

Then, the converse-null-additivity is satisfied obviously. From the definition ofµ, µ is
given as follows.

µ(A) =


3 if A = {1,2}or X,

2 if A = {0,1}or {0,2},
1 if A = {1}or {2}
0 if A = {0}.

Sinceµ({1}∪{0}) = 2, µ({1}) = 1, andµ({0}) = 0, the null-additivity is not satisfied.
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3 Relations from (pseudo-)almost uniform convergence
The following propositions and corollaries give implication relations of (pseudo-)

almost uniform convergence to other convergences. Proposition 3 is obviously derived
from [24]. (i) and (ii) in Propositions 3 and 4 are dual to each other; one is derived from
the other by Ordinal Duality Principle. On the other hand, (i) and (ii) in Cororallies 1
and 2 are not dual in the sense of Definition 12.

Proposition 3 (i) Null-subtractivity at the whole set is a necessary and sufficient

condition for almost uniform convergence to imply pseudo-almost everywhere

convergence; that is,µ is null-subtractive at X iff fn
a.u.−→ f implies fn

p.a.e.−→ f .

(ii) Converse-null-additivity at the whole set is a necessary and sufficient condition

for pseudo-almost uniform convergence to imply almost everywhere convergence.

Corollary 1 (i) Null-additivity is a necessary and sufficient condition that, for ev-

ery measurable set A, almost uniform convergence on A implies pseudo-almost
everywhere convergence on A.

(ii) Converse-null-additivity is a necessary and sufficient condition that, for every

measurable set A, pseudo-almost uniform convergence on A implies almost ev-

erywhere convergence on A.

Proposition 4 (i) The following statements are equivalent.

(a) The non-additive measure is monotone autocontinuous from below at the
whole set.

(b) Almost uniform convergence implies pseudo-almost uniform convergence.

(c) Almost uniform convergence implies convergence pseudo-in measure.

(ii) The following statements are equivalent.

(a) The non-additive measure is converse-monotone autocontinuous from below

at the whole set.

(b) Pseudo-almost uniform convergence implies almost uniform convergence.

(c) Pseudo-almost uniform convergence implies convergence in measure.

Proof. By Ordinal Duality Principle, it suffices to prove (i).
(a) ⇒ (b). If fn

a.u.−−→ f , then for everym there exists a strictly increasing sequence{
nm

k

}∞
k=1 such that

µ

 ∞∪
k=1

∞∪
i=nm

k

{
x

∣∣∣∣∣ | fi(x)− f (x)| ≥ 1
k

} <
1
m

. (1)
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Define a doubly-indexed sequence
{

am
k

}
by am

k = max
{

n1
k,n

2
k, . . . ,n

m
k

}
for eachk. We

putNm =
∪∞

k=1
∪∞

i=am
k
{x | | fi(x)− f (x)| ≥ 1/k}. If l ≥m, thenal

k ≥ am
k for all k. Hence

{Nm} is a decreasing sequence, and from (1) it follows thatµ(Nm) → 0 asm→ ∞. By
monotone autocontinuity from below atX, we obtainµ(X \Nm) → µ(X) asm→ ∞,
and obviouslyfn converges tof uniformly onX \Nm. Therefore we havefn

p.a.u.−−−→ f .
(b)⇒ (a). LetNn ↓ N andµ(Nn) → 0 asn→ ∞, and define a sequence{ fn} of measur-
able functions by

fn(x) =

{
0 if x∈ X \Nn,

1 if x∈ Nn,
(n≥ 1)

and a measurable functionf by

f (x) =

{
0 if x∈ X \N,

2 if x∈ N.

Then fn converges tof uniformly onX \Nn, and sinceµ(Nn) → 0, we havefn
a.u.−−→ f .

By hypothesis, it follows thatfn
p.a.u.−−−→ f . Thus, for everyξ < µ(X), there existsN′

ξ
such thatξ < µ(X \N′

ξ ) and fn converges tof uniformly onX \N′
ξ . By the definitions

of fn and f , there existsn such thatX \N′
ξ ⊂ X \Nn and henceµ(X \N′

ξ ) ≤ µ(X \Nn).
Thereforeµ(X \Nn) → µ(X) asn→ ∞.
(a)⇒ (c). From the proof of (a)⇒ (b), if fn

a.u.−−→ f , then fn
p.a.u.−−−→ f . From [24], it holds

that fn
p.a.u.−−−→ f implies fn

p.µ−−→ f without additional conditions. Thereforefn
a.u.−−→ f

implies fn
p.µ−−→ f .

(c)⇒ (a) It is similar to the proof of (b)⇒ (a). �

By Proposition 4, we immediately obtain the following corollary.

Corollary 2 (i) The following statements are equivalent.

(a) The non-additive measure is monotone autocontinuous from below at every

measurable.

(b) For every measurble set A, almost uniform convergence on A implies pseudo-

almost uniform convergence on A.

(c) For every measurble set A, almost uniform convergence on A implies con-

vergence pseudo-in measure on A.

(ii) The following statements are equivalent.

(a) The non-additive measure is converse-monotone autocontinuous from below

at every measurable set.
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(b) For every measurble set A, pseudo-almost uniform convergence on A implies

almost uniform convergence on A.

(c) For every measurble set A, pseudo-almost uniform convergence on A implies

convergence in measure on A.

The results in the previous propositions and corollaries are summarized together with
existing ones [4, 6, 8, 10, 15, 18, 22, 23, 24] into Tables 2 and 3.

Table 2 shows necessary and sufficient conditions for implications between the six
convergences on the whole setX. The cell at rowr and columnc indicates a neces-
sary and sufficient condition forr -type convergence to implyc-type convergence; for
example, condition (E) is a necessary and sufficient condition for almost everywhere
convergence to imply almost uniform convergence. The symbol∅ indicates the impli-
cation holds unconditionally. A cell shows a condition for the Riesz-type theorem;
for example, property (S) is a necessary and sufficient condition thatfn

µ−→ f implies
that there exists a subsequence{ fni} of { fn} such thatfni

a.e.−→ f asi → ∞.
Table 3 shows necessary and sufficient conditions for implications between the six

convergences on every measurable set; for example, condition (E) is a necessary and
sufficient condition that, for everyA∈ S , fn

a.e.−→A f implies fn
a.u.−→A f . Table 3 is derived

from Table 2.
The results indicating (TS)X and (TPS)X in Table 2 and (TS) and (TPS) in Table 3

are derived from [10, Theorem 5 and its proof] by removing the assumption of con-
tinuity of non-additive measures. Each of the other results without reference number
follows from the result (and its proof) in the corresponding cell of the other table. For
example, “(a.e.⇒ p. in meas.)⇔ s.m.auto.↑ X” in Table 2 is derived from “∀A∈ S

(a.e. onA ⇒ p. in meas. onA) ⇔ (0-add. &↑)” in Table 3 and its proof in [15]; in
this case, the equivalence “(0-add. &↑) ⇔ s.m.auto.↑” holds (Proposition 5 below).
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Table 2: Necessary and sufficient conditions for implications between convergences on
the whole setX

r ⇒ c a.e. p.a.e. a.u. p.a.u. in meas. p. in meas.

a.e. ∅ 0-sub.X (E) [4] (TE) X [8] ↓0 s.m.auto.↑X
p.a.e. c.0-add.X ∅ (TPE)X [8] (PE)X [8] s.c.m.auto.↑X ↑ µ(X)

a.u. ∅ [22]
0-sub.X
[Prop.3(i)]

∅ m.auto.↑ X
[Prop.4(i)]

∅ [22]
m.auto.↑ X
[Prop.4(i)]

p.a.u.
c.0-add.X
[Prop.3(i)]

∅ c.m.auto.↑ X
[Prop.4(ii)]

∅ c.m.auto.↑ X
[Prop.4(ii)]

∅

in meas. (S) (TS) X (S1) (S2)X ∅ auto.↑ X
p. in meas. (TPS)X (PS)X (PS1)X (PS2)X c.auto.↑ X ∅

Table 3: Necessary and sufficient conditions for implications between convergences on
all measurable sets

∀A( r ⇒ c ) a.e. p.a.e. a.u. p.a.u. in meas. p. in meas.

a.e. ∅ 0-add.
[23, 24]

(E) (TE) ↓0 [15]
0-add. &↑

[15]

p.a.e.
c.0-add.
[23, 24]

∅ (TPE) (PE)
s.c.m.auto.↑

[15]
↑ [15]

a.u. ∅ 0-add.
[Cor.1(i)]

∅ m.auto.↑
[Cor.2(i)]

∅ m.auto.↑
[Cor.2(i)]

p.a.u.
c.0-add.
[Cor.1(ii)]

∅ [24]
c.m.auto.↑
[Cor.2(ii)]

∅ c.m.auto.↑
[Cor.2(ii)]

∅ [24]

in meas. (S) [18] (TS) (S1) [10] (S2) [10] ∅ auto.↑ [23]
p. in meas. (TPS) (PS) [6] (PS1) [10] (PS2) [10] c.auto.↑ [23] ∅

19



Figure 1 shows some implications among conditions in Table 2. Most of implications
in the diagram are obvious. For the sake of simplicity, we omit from the diagram some
implications obtained similarly to others. For example, “(PS) & c.0-add.X ⇒ (TPS)X”
is omitted since it is the dual of “(S) & 0-sub.X ⇒ (TS) X” in the diagram; “(TS)X
& c.0-add.X ⇒ (S)” also is omitted since it is obtained by an application of duality
principle to the proof of “(S) & 0-sub.X ⇒ (TS) X”; similarly, “(TS) X & c.auto.↑ X

⇒ (PS)X” and “(TPS)X & auto.↑ X ⇒ (S)” also are omitted. The implication “(S) &
↓ 0 ⇒ (E)” in the diagram is shown in [7, 13], “(E)⇒ ↓ 0” is in [13], and “(S1) ⇒ (S)”
is in [10]. Figure 2 gives some implications among conditions in Table 3 and is derived
from Figure 1; “↓ /0 & 0-add.⇒ ↓ 0” is pointed out in [3]. These two diagrams may be
imcomplete; there may be other implications.

Proposition 5 Null-additivity and continuity from below are satisfied iff strongly mono-

tone autocontinuity from below is satisfied.

Proof. By Figure 1 we have that

[0-sub.X & ↑µ(X)] ⇒ s.m.auto.↑ X ⇒ [0-sub.X & ↑X]. (2)

Considering every subspace(A,S ∩A,µ � (S ∩A)), we obtain

∀A∈ S [0-sub.A & ↑ µ(A)] ⇒ ∀A∈ S [s.m.auto.↑ A]

⇒ ∀A∈ S [0-sub.A & ↑ A].

Then “(0-add. & ↑) ⇔ s.m.auto.↑” follows from the facts

∀A∈ S [0-sub.A] ⇔ 0-add.,

∀A∈ S [↑ µ(A)] ⇔ ∀A∈ S [↑ A] ⇔ ↑,
∀A∈ S [s.m.auto.↑ A] ⇔ s.m.auto.↑ . �

Note that in (2) neither converse holds. In addition, the dual-like implications

(c.0-add. & ↓ 0) ⇒ s.c.m.auto.↑ ⇒ (c.0-add. & ↓ /0)

hold, and neither converse holds.
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Figure 1: Implication relationship among conditions in Table 2

21



(E)

?
↓ 0

?
↓ /0

c.m.auto.↑, 0-add. &↑

?
↓ /0 & m.auto.↑

?

PPPPPPq

↓ /0 & 0-add.
������)
HHHHHHHHHHHHj

(E) & m.auto.↑
((((((((((((9

?

�
�
�
�
�     9
(TE)

?
0-add. &↑ (⇔ s.m.auto.↑)

?
@
@
@
@
@
@R

↑

(S),↓ 0, & m.auto.↑

�
�
�
�
�
�	

@
@
@
@
@
@R

hhhhhhhhhhhhz

?
(TS) & ↑

������)

@
@
@
@
@
@R

m.auto.↑

?
0-add.

(S1) & m.auto.↑

?

@
@
@
@
@
@R

HHHHHHHHHHHHj
(S2)

?

@
@
@
@
@
@R

auto.↑
������)

(S) & ↓ 0

��
,

,
,
,
,
,	

T
T
T
T
T
T
T
T
T
T̂

(S) & 0-add.

?

@
@
@
@
@
@R

(TS)

�������������

(S1)

?
(S)

Figure 2: Implication relationship among conditions in Table 3
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4 A new neccesary and sufficient condition

for the Egoroff theorem
In this chapter, we show a new necessary and suffucient condition for the Egoroff

theorem.

Lemma 1 Let {Em,n} be a doubly-indexed sequence, Em,n ⊃ Em′,n′ for m ≥ m′ and

n ≤ n′, and
∪∞

m=1
∩∞

n=1Em,n = /0. Then there exists a sequence{An} of measurable

sets such that
∪∞

n=1
∩∞

i=nAi = /0, and for every strictly increasing sequence{kn} of pos-

itive integers, there exists a non-decreasing sequence{ni} of positive integers such that∪∞
m=1

∩∞
i=mEi,ni ⊂

∪∞
n=1

∩kn
i=nAi .

Proof. Let {Em,n} be a doubly-indexed sequence of sets,Em,n⊃Em′,n′ for m≥ m′ and
n≤ n′, and

∪∞
m=1

∩∞
n=1Em,n = /0.

When there exists a non-decreasing sequence{ni} such that
∪∞

m=1
∩∞

i=mEi,ni = /0, for
each positive integeri, let Ai = Ei,ni , then it holds that

∪∞
n=1

∩∞
i=nAi = /0 and for every

strictly increasing sequence{kn} of positive integers,
∪∞

m=1
∩∞

i=mEi,ni ⊂
∪∞

n=1
∩kn

i=nAi .
We consider the case that for every non-decreasing sequence{ni} of positive in-

tegers, it holds that
∪∞

m=1
∩∞

i=mEi,ni ̸= /0. Let x ∈
∪∞

m=1
∩∞

i=mEi,i be fixed arbitrarily.
Since

∩∞
n=1Em,n = /0 for each positive integerm, for every positive integerl , there ex-

ists a positive integerk such thatx /∈ Al ,k. We denotej lx = min
k
{k|x /∈ Al ,k} for each

positive integerl . Since for every integern, Am,n ↑
∪∞

m=1Am,n (m→ ∞), for every
x ∈

∪∞
m=1

∩∞
i=mEi,i and positive integerl , x /∈ Al+1, j l+1

x
implies x /∈ Al , j l+1

x
. Therefore,

for everyx∈
∪∞

m=1
∩∞

i=mEi,i , { j lx} is a non-decreasing sequence of positive integers. In
addition, for everyx ∈

∪∞
m=1

∩∞
i=mEi,i , it holds that lim

l→∞
j lx = ∞. Because if it is false,

there exists a positive integerk such that for every positive integerl , k ≥ j lx. There-
fore for every positive integerj, it holds thatx /∈

∩∞
i= j Ei,i . However, this contradicts

x∈
∪∞

m=1
∩∞

i=mEi,i , so it holds that lim
l→∞

j lx = ∞. For each positive integern, defineAn by

An =
∞∪

j=1

∞∩
i= j

Ei,i \ (
∞∪

m=1

(Em,n−1\Em,n)).

For any fixed positive integersl andn, and for any fixed pointx∈
∪∞

j=1
∩∞

i= j Ei,i , j lx = n
is equivalent to the conjunction ofx /∈ El ,n andx∈ El ,n−1. By contraposition,j lx ̸= n is
equivalent to eitherx∈ El ,n or x /∈ El ,n−1. From this fact, we have the next result.
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x∈ An ⇔ x∈
∞∪

j=1

∞∩
i= j

Ei,i , and for every positive integerl , x /∈ El ,n−1\El ,n.

⇔ x∈
∞∪

j=1

∞∩
i= j

Ei,i , and for every positive integerl , eitherx∈ El ,n or x /∈ El ,n−1.

⇔ x∈
∞∪

j=1

∞∩
i= j

Ei,i , and for every positive integerl , j lx ̸= n.

Therefore for each positive integern,

An = {x|x∈
∞∪

j=1

∞∩
i= j

Ei,i , and for every positive integerl , j lx ̸= n}.

Since lim
l→∞

j lx = ∞, for every positive integern, and for everyx∈ An, there exists positive

integerk such thatjkx ≥ n. Sincex /∈ A jkx
, it holds that

∪∞
n=1

∩∞
i=nAi = /0. For any fixed

strictly increasing sequence{kn} of positive integers, we define sequences{an} and
{bn} by

a1 = 1, an = bn−1 +1 (n = 2, 3, . . .), bn = kan (n = 1, 2, . . .).

We will show that
∞∪

m=1

∞∩
i=m

Ei,bi ⊂
∞∪

n=1

bn∩
i=an

Ai .

Since for every positive integeri, i < kai , it holds that
∪∞

m=1
∩∞

i=mEi,bi ⊂
∪∞

m=1
∩∞

i=mEi,i .
Let

x∈
∞∪

m=1

∞∩
i=m

Ei,bi .

At first we consider the case thatj1x > b1. Let i ≤ b1, then i < j1x. { j lx} is a non-
decreasing sequence of positive integers. Therefore, for every positive integerl , it holds
that j lx ̸= i. Therefore for everyi ≤ b1, x ∈ Ai , namely,x ∈

∩b1
i=a1

Ai . Secondly we
consider the case thatj1x ≤ b1. Assume that for every positive integerk, there exists
a positive integeri ≥ k such thatj ix ≤ bi . Since for every positive integerm, Em,n ↓∩∞

n=1Em,n (asn→ ∞), for every positive integerk, there exists a positive integeri ≥ k
such thatEi,bi ⊂ Ei, j ix

by assumption. For every positive integeri, x /∈ Ei, j ix
, and so for

every positive integerk, x /∈
∩∞

i=k Ei,bi . This contradictsx∈
∪∞

m=1
∩∞

i=mEi,bi . Therefore,
there exists a positive integerk such that for every positive integeri ≥ k, j ix > bi . Letk′ =
min

k
{k|for everyi ≥ k, j ix > bi}. Then, it holds thatjk

′−1
x ≤ bk′−1. If k′ = 1, thenj1x > b1.

This is inconsistent with assumption. Thereforek′ ̸= 1. As a result,jk
′

x > bk′ > bk′−1 ≥
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jk
′−1

x . Let j bebk′ ≥ j ≥ bk′−1+1. Then,jk
′

x > j > jk
′−1

x . Since{ j lx} is a non-decreasing

sequence of positive integers, therefore,x∈A j . Sinceak′ = bk′−1+1, x∈
∩b′k

i=a′k
Ai . This

means that
∪∞

m=1
∩∞

i=mEi,bi ⊂
∪∞

n=1
∩bn

i=an
Ai . Obviously,

∪∞
n=1

∩bn
i=an

Ai ⊂
∪∞

n=1
∩kn

i=nAi .

Therefore,
∪∞

m=1
∩∞

i=mEi,bi ⊂
∪∞

n=1
∩kn

i=nAi . �

Next, we show Lemma 2, which is a generalization of Lemma 1.

Lemma 2 For every doubly-indexed sequence Em,n such that Em,n⊃Em′,n′ for m≥ m′

and n≤ n′, there exists a sequence{An} of measurable sets such that
∪∞

n=1
∩∞

i=nAi =∪∞
m=1

∩∞
n=1Em,n, and for every strictly increasing sequence{kn}, there exists a non-

decreasing sequence{ni} such that
∪∞

m=1
∩∞

i=mEi,ni ⊂
∪∞

n=1
∩kn

i=nAi .

It does not necessarily hold that for every doubly-indexed sequenceEm,n such that
Em,n ⊃Em′,n′ for m≥ m′ and n ≤ n′, there exists a non-decreasing sequence{ni} of
positive integers such that

∪∞
m=1

∩∞
i=mEi,ni =

∪∞
m=1

∩∞
n=1Em,n. The following example

shows that fact.

Example 4 Let X = [0,1]. For each positive integern, define a functinfn : N → N by
fn(m) is one’s digit ofm/10n−1 in the decimal system. For example,f3(9876) = 8. In
addition, for each positive integern, defineg(m,n) : N×N → N by

g(m,n) = (n+m−1)(n+m−2)/2+n.

Then,g(m,n) is a bijection. For each(n1,n2, . . .) ∈ NN and positive integern, define
a(n1,n2,...)

n by
a(n1,n2,...)

n = f j(ni),

where(i, j) = g−1(n). By usinga(n1,n2,...)
n , definex(n1,n2,...) by

x(n1,n2,...) =
∞

∑
n=1

a(n1,n2,...)
n /10n.

Obviously,x(n1,n2,...) ∈ X. The representation ofx(n1,n2,...) is unique. In other words, for

every integeri, there exists a positive integerj ≥ i such thata(n1,n2,...)
j = 0. Assume that

there exists a positive integeri such that for every positive integerj ≥ i, a(n1,n2,...)
j ̸=

0. Sinceg(1,n) is strictly increasing for eachn, there exists a positive integerh such
that for every positive integerk ≥ h, g(1,k) ≥ i. Therefore, for every positive integer
k ≥ h, fk(n1) = a(n1,n2,...)

g(1,k) ̸= 0. This contradicts thatn1 is a positive integer. Hence, if
(n1,n2, . . .) ̸= (m1,m2, . . .), there exists a positive integerk such thatnk ̸= mk. Thus,
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since there exists a positive integerl such thatfl (nk) ̸= fl (mk), it holds thatx(n1,n2,...) ̸=
x(m1,m2,...).
For every positive integersm andn, let

Am,n = {x(n1,n2,...)|nm = n, and {ni} is a non-decreasing sequence of positive integers}.

By using{Am,n}, defineEm,n by

Em,n =
m∪

i=1

∞∪
j=n

Ai, j .

Obviously,Em,n is increasing form and decreasing forn. At first, we show that

∞∪
m=1

∞∩
n=1

Em,n = /0.

Let a positive integermbe fixed arbitrarily. Letx(n1,n2,...) ∈Em,1, thenx(n1,n2,...) ∈Am,nm.
However, for every positive integeri, x(n1,n2,...) /∈ Am,nm+i . Since{ni} is non-decreasing,
for every integersk ≤ m and i, x(n1,n2,...) /∈ Ak,nm+i . Therefore,x(n1,n2,...) /∈ Em,nm+i .

This means that for every integerm,
∩∞

n=1Em,n = /0. Secondly, we show that for each
non-decreasing sequence{ni} of positive integers,

∞∪
m=1

∞∩
i=m

Ei,ni ̸= /0.

Let {ni} be an arbitrary non-decreasing sequence of positive integers. For each positive
integerk, it holds thatx(n1,n2,...) ∈ Ak,nk ⊂ Ek,nk, and so that

x(n1,n2,···) ∈
∞∩

i=1

Ei,ni .

Obviously
∩∞

i=1Ei,ni ⊂
∪∞

m=1
∩∞

i=mEi,ni . Therefore,
∪∞

m=1
∩∞

i=mEi,ni ̸=
∪∞

m=1
∩∞

n=1Em,n.

By using Lemma 2, we show the next theorem.

Theorem 1 Condition (M) is equivalent to the Egoroff condition.

Proof. Assume that condition (M) is satisfied. Let{Em,n} be a doubly-indexed se-
quence of sets,Em,n⊃Em′,n′ for m≥ m′ andn ≤ n′, andµ(

∪∞
m=1

∩∞
n=1Em,n) = 0. As-

sume that there exists a positive numberε such that for every non-decreasing sequence
{hi} of positive integers,µ(

∪∞
m=1

∩∞
i=mEi,hi) ≥ ε. By Lemma 2, there exists a se-

quence{An} of measurable sets such that
∪∞

n=1
∩∞

i=nAi =
∪∞

m=1
∩∞

n=1Em,n, and for ev-
ery strictly increasing sequence{kn}, there exists a non-decreasing sequence{ni} such
that

∪∞
m=1

∩∞
i=mEi,ni ⊂

∪∞
n=1

∩kn
i=nAi . Since

∪∞
n=1

∩∞
i=nAi =

∪∞
m=1

∩∞
n=1Em,n, we have
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µ(
∪∞

n=1
∩∞

i=nAi) = 0. An application of condition (M) to{An} yields that there exists a
strictly increasing sequence{ln} of positive integers such that

µ(
∞∪

n=1

ln∩
i=n

Ai) < ε.

There exists a non-decreasing sequence{ni} of positive integers such that∪∞
m=1

∩∞
i=mEi,ni ⊂

∪∞
n=1

∩ln
i=nAi . This contradictsµ(

∪∞
m=1

∩∞
i=mEi,ni) ≥ ε. Therefore,

for every positive numberε, there exists a non-decreasing sequence{hi} of positive
integers such thatµ(

∪∞
m=1

∩∞
i=mEi,hi) < ε.

We show that there exists a sequence{ki} of positive integers such that

µ(
∞∪

m=1

∞∩
i=m

Ei,ki) = 0.

For each positive integerl , there exists a non-decreasing sequence{kl
i} of positive inte-

gers such that

µ(
∞∪

m=1

∞∩
i=m

Ei,kl
i
) <

1
l
.

For each positive integerm, define a sequence{km} by

km =
m

∑
j=1

k j
m.

Let a positive integerl and a nonnegative integerh be fixed arbitrarily. Since

kl+h =
l+h

∑
j=1

k j
l+h > kl

l+h,

it follows that
El+h,kl+h ⊂ El+h,kl

l+h
.

Therefore,
∞∩

i=l+h

Ei,ki ⊂
∞∩

i=l+h

Ei,kl
i
.

This means that
∞∪
j=l

∞∩
i= j

Ei,ki ⊂
∞∪
j=l

∞∩
i= j

Ei,kl
i
.

Since
∞∪
j=l

∞∩
i= j

Ei,ki =
∞∪

j=1

∞∩
i= j

Ei,ki and
∞∪
j=l

∞∩
i= j

Ei,kl
i
=

∞∪
j=1

∞∩
i= j

Ei,kl
i
,
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we have
∞∪

j=1

∞∩
i= j

Ei,ki ⊂
∞∪

j=1

∞∩
i= j

Ei,kl
i
.

As a result, for every positive integersl ,

µ(
∞∪

j=1

∞∩
i= j

Ei,ki) <
1
l
,

thus,

µ(
∞∪

j=1

∞∩
i= j

Ei,ki) = 0.

We show that the Egoroff condition is satisfied. Let a positive numberε be fixed arbi-
trarily. We can choose a sequence{kn} of positive integers such thatµ(

∪∞
j=1

∩∞
i= j Ei,ki)=

0. For each positive integeri, let Ai = Ei,ki , thenµ(
∪∞

j=1
∩∞

i= j Ai) = 0. An application of
condition (M) to{An} yields that there exists a sequence{h j} of positive integers such
that

µ(
∞∪

j=1

h j∩
i= j

Ai) < ε.

SinceEm,n is increasing with respect tom and decreasing with respect ton,

h j∩
i= j

Ai =
h j∩

i= j

Ei,ki ⊃ E j,ki ⊃ E j,khj
.

For this reason,
∞∪

j=1

h j∩
i= j

Ai ⊃
∞∪

j=1

E j,khj
,

and so

µ(
∞∪

j=1

E j,khj
) < ε.

Thus,µ satisfies the Egoroff condition.
Conversely, assume thatµ satisfies condition (M). Let a sequence{An} of measurable

set satisfyµ(
∪∞

n=1
∩∞

i=nAi) = 0. Define a sequence{Em,n} as

Em,n =


m∪

i=n

Ai if m> n,

n∩
i=m

Ai if m≤ n.

Then the sequence{Em,n} is increasing with respect tomand decreasing with respect to
n. Sinceµ(

∪∞
m=1

∩∞
n=1Em,n) = µ(

∪∞
n=1

∩∞
i=nAi) = 0, it follows that for every positive
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numberε, there exists a sequence{nm} such thatµ(
∪∞

m=1Em,nm) < ε . We can let{nm}
satisfynm≥ m. Then

∪∞
m=1Em,nm =

∪∞
m=1

∩nm
i=mAi , thereforeµ(

∪∞
m=1

∩nm
i=mAi) < ε. �

The following proposition and collorary are obvious by Theorem 1 and the duality
principle.

Proposition 6 (i) Null-subtractivity at the whole set and condition (PM) at the whole

set are satisfied iff almost everywhere convergence implies pseudo-almost uni-

formly convergence.

(ii) Condition (PM) at the whole set is satisfied iff pseudo-almost everywhere conver-
gence implies pseudo-almost uniformly convergence.

(iii) Conversel-null-additivity at the whole set and condition (M) are satisfied iff pseudo-
almost everywhere convergence implies almost uniformly convergence.

Corollary 3 (i) Null-additivity and condition (PM) are satisfied iff for every measur-

able set A, almost everywhere convergence on A implies pseudo-almost uniformly
convergence on A.

(ii) Condition (PM) is satisfied iff for every measurable set A, pseudo-almost every-
where convergence on A implies pseudo-almost uniformly convergence on A.

(iii) Conversel-null-additivity and condition (M) are satisfied iff for every measurable

set A, pseudo-almost everywhere convergence on A implies almost uniformly con-

vergence on A.

29



5 Conclusion
In this dissertation, we give necessary and sufficient conditions for convergence theo-

rems whose necessary and sufficient conditions have not yet been found. Moreover, we
have newly defined condition (M) which is described by a singly-indexed sequence of
measurable sets and shown that condition (M) is equivalent to the Egoroff condition.

However, the usability of condition (M) has not yet clear, so it is important to clarify
the usability of condition (M).

It is also an important subject to find necessary and sufficient conditions for other ver-
sions of convergence theorems. In non-additive measure theory, the concept of “almost
everywhere” has the following interpretations:
(ae1) For everyx∈ X exeptx’s in a measurable setN such thatµ(N) = 0 [5, 14, 24].
(ae2) For everyx∈ X exeptx’s in a measurable setN such thatµ(X \N) = µ(X)[5, 24].
(ae3) For everyx ∈ X exeptx’s in a measurable setN such thatµ(A∪N) = µ(A) for
every measurable setA[12].

We have adopted (ae1) and (ae2) in this dissertation. Almost everywhere, almost uni-
formly,and in measure are interpretation of (ae1). Pseudo-almost everywhere, pseudo-
almost uniformly,and pseudo-in measure are interpretations of (ae2).

In measure theory, (ae1) is equivalent to (ae3), (ae3) implies (ae2), and on finite
measure space, (ae1), (ae2),and (ae3) are equivalent. However, they are not equivalent
in non-additive measure theory. Therefore, with respect to almost everywhere, almost
uniformly, and in measure, there are 81 different convergence theorems. For exam-
ple, almost everywhere convergence of (ae1) (i.e.fn

a.e.−→ f ) imples almost everywhere
convergence of (ae3).
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