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1 Introduction

Since Sugeno [16] introduced the concept of non-additive measure, which he called
a fuzzy measure, non-additive measure theory has been constructed along the lines of
the classical measure theory [1, 14, 24]. Generally, theorems in the classical measure
theory no longer hold in non-additive measure theory, so that to find necessary and/or
sufficient conditions for such theorems to hold is very important for the construction of
non-additive measure theory.

Sugeno defined a fuzzy measyras a set function on a measurable spaceQr”’)
satisfying the following five conditions:

(FM1) lower boundary conditionu(0) = 0;

(FM2) upper boundary conditioru (X) = 1;

(FM3) monotonicity:ABe ., AC B= u(A) < u(B);

(FM4) continuity from below:{A.} C .77, Ay /A= U(An) " U(A);

(FM5) continuity from above{An} C .77, An \\ A= U(An) N\, U(A).

However, (FM2) is not essential from the viewpoint of mathematics. Therefore, some
authors define a fuzzy measure as a set function satisfying the conditions (FM1), (FM3),
(FM4) and the following condition (FM5’) in place of the condition (FM5) [5, 9, 10, 17,
18, 22, 24].

(FM5’) conditional continuity from above:
{An} C.7, An N\ A, (A < oo for somek = [1(An) \, 1(A)

On the other hand, others define a fuzzy measure as a set function satisfying (FM1)
and (FM3) [6, 21]. Without (FM4) and (FM5’), it is possible to define the Sugeno
integral and the Choquet integral which are integrals with respect to fuzzy measures.
In addition, several useful set functions in fuzzy theory do not satisfy the continuity
conditions. For example, a necessity measure does not satisfy (FM4) and a possibil-
ity measure does not satisfy (FM5’). For this reason, some outhors have studied set
functions satisfying (FM1) and (FM3) and called such a set function a fuzzy measure.

In this dissertation, we deal with set functions satisfying (FM1) and (FM3), and, in
order to avoid confusion, we call such a set function a non-additive measure instead of
a fuzzy measure.



In the classical measure theory, there are several different convergences of a sequence
of measurable functions such as almost everywhere convergence, almost uniform con-
vergence, and convergence in measure, and theorems that describe implication relation-
ship between such convergence concepts (e.g, the Egoroff, Lebesgue, and Riesz theo-
rems) are fundamental and important. In non-additive measure theory, these theorems
do not hold without additional conditions.

This dissertation discusses necessary and sufficient conditions for the implications
between almost everywhere convergence, pseudo-almost everywhere convergence [23],
almost uniform convergence, pseudo-almost uniform convergence [23], convergence
in measure, and convergence pseudo-in measure [23] in non-additive measure theory.
Pseudo-almost everywhere convergence [23], pseudo-almost uniform convergence [23],
and pseudo-in measure [23] are newly defined in non-additive measure theory.

This dissertation is organized as follows.

In Chapter 2, we show the definitions of conditions with respect to non-additive mea-
sure and convergences in non-additive measure theory. Moreover, we explain Ordinal
Duality Principle [11].

So far, most of the implications between the convergence concepts have been estab-
lished [3, 4,5, 6, 7,8, 10, 13, 15, 18, 22, 23, 24]. Chapter 3 of this dissertation clarifies
the remaining ones, that is, shows necessary and sufficient conditions for almost uniform
convergence to imply pseudo-almost everywhere convergence, pseudo-almost uniform
convergence, and convergence pseudo-in measure. Moreover, we summarize necessary
and sufficient conditions for implications between the six convergences into two tables
and show two figures which illustrate some implications among conditions in the tables.

In Chapter 4, we show the result related with the Egoroff theorem. The Egoroff the-
orem, which asserts that almost everywhere convergence implies almost uniform con-
vergence, is one of the most important convergence theorems in the classical measure
theory. In non-additive measure theory, this theorem does not hold without additional
conditions. So far, it has been shown that each of the Egoroff condition [13] and con-
dition (E) [4] is a necessary and sufficient condition for the Egoroff theorem to hold in
non-additive measure theory. Both of the conditions are described by a doubly-indexed
sequence of measurable sets. This dissertation gives condition (M) which is described
by a singly-indexed sequence of measurable sets and shows that condition (M) is equiv-
alent to the Egoroff condition.

In Chapter 5, we state the conclusion of this dissertation and give subjects of future
research.



2 Definitions of convergences and conditions
with respect to non-additive measure

Throughout the papely denotes the set of positive integers dKd.) is assumed to
be a measurable space. All functionsXmre assumed to be measurable. In addition,
every measurable functioiis assumed to be finite real valued, i-eep < f(X) < oo for
all x e X.

2.1 Non-additive measure

Definition 1 A non-additive measuren (X,.”) is a set functioru : . — [0, o]
satisfying the following two conditions:

(i) u(0)=0,
(i) ABe.”, ACB = u(A) <u(B).

Unless stated otherwise, all subsets are supposed to belorfigitwl i is assumed to
be a non-additive measure of.

A non-additive measurg is said to befinite if py(X) < co. If u is a non-additive
measure oriX,.), the triplet(X,.”, u) is called anon-additive measure spac&or
eachA € .7, the restrictionu [ (N A) is a non-additive measure g\, . NA),
where”NA={ENA|E €.}, and(A,.NA u | (¥ NA)) is called asubspace
of (X,.7, U).

2.2 Conditions with respect to non-additive measure

In the following definitions, each label in bold face stands for the corresponding term;
for example, “| 0" means “order continuity” (Definition 2 (i). These labels will be used
later in Tables 1-3 and Figures 1 and 2.

Definiton2 (i) | @: [2] u is said to beorder continuousf N, | 0 impliesu(Np) —
0.

(i) 10: [3] u is said to bestrongly order continuous N, | N andu(N) = 0 together
imply t(Np) — 0.
(iii) TA: pis said to becontinuous from below at & A, T Aimplies u(An) — U(A).

T : uis said to beontinuous from below u is continuous from below at every
measurable set.



(iv) Tu(A): [8] u is said to bestrongly continuous from below atiAB, 1 B C Aand
p(B) = u(A) together implyu (Bn) — H(B).

The value ofu(A) is not substituted fop (A) in “7T u(A)”; if u(A) = 0.5 for example,
we write not “1 0.5” but “1T u(A)”.

Definiton 3 (i) 0-sub.A: pu is said to benull-subtractive at Af y(N) = 0 implies
H(A\N) = p(A).

0-add.: [22] u is said to benull-additiveif p(N) = 0 impliesu(AUN) = u(A)
for everyAc ..

(ii) c.0-add.A: pis said to beconverse-null-additive at & p(A) = u(A\N) implies
H(ANN) =0.

c.0-add.: u is said to beconverse-null-additivéf u is converse-null-additive at
every measurable set.

In [25] null-subtractivity is defined as null-subtractivity at every measurable set. Null-
subtractivity at every measurable set is equivalent to null-additivity [24]. Converse-
null-additivity defined above is stronger than the original in [22]A) = u(A\N) < o
impliesp(ANN) =0.

Definiton 4 (i) auto.T A: uis said to beutocontinuous from below atif\u (N,) —
0 impliespu(A\ Nn) — u(A).
auto.T: [22] u is said to beautocontinuous from belov u is autocontinuous
from below at every measurable set.

(i) c.autof A: u is said to beconverse-autocontinuous from below at ifA
H(A\Nn) — u(A) implies u(ANN,) — 0.
c.autol: u is said to beconverse-autocontinuous from beldwu is converse-
autocontinuous from below at every measurable set.
(i) m.auto.] A: u is said to banonotone autocontinuous from below at Al, | and
U (Nn) — O together implyu(A\ Ny) — H(A).
m.auto.]: u is said to banonotone autocontinuous from beldw is monotone
autocontinuous from below at every measurable set.
(iv) c.m.autol A: pu is said to beconverse-monotone autocontinuous from below at
Aif Nn | andpu(A\ Ny) — u(A) together implyu(ANN,) — 0.

c.m.autol]: u is said to beconverse-monotone autocontinuous from bafow
is converse-monotone autocontinuous from below at every measurable set.



(v) s.m.auto] A: u is said to bestrongly monotone autocontinuous from below at A
if Nn | Nandu(N) = 0 together implyu(A\ Nn) — u(A).

s.m.autol: u is said to bestrongly monotone autocontinuous from belbw is
strongly monotone autocontinuous from below at every measurable set.

(vi) s.c.m.auto] A: u is said to bestrongly converse-monotone autocontinuous from
below at Aif Ny | N andu(A\ N) = u(A) together implyu(ANNy) — O.

s.c.m.autof: u is said to bestrongly converse-monotone autocontinuous from
belowif u is strongly converse-monotone autocontinuous from below at
every measurable set.

Converse-autocontinuity from below defined above is stronger than the original in [23]:
H(A\Nn) — U(A) < oo implies u(ANNy) — 0. In [15] strong converse-monotone au-
tocontinuity from below is called pseudo-order continuity.

Definiton 5 (i) (S): [18] u said to haveproperty (S)if u(N,) — O implies that
there exists a subsequen@eé, } of {N,} such thafu (M- Ui« Nn) = 0.

(i) (PS)A: u said to haveoroperty (PSatAif pu(A\Nn) — u(A) implies that there
exists a subsequenédly, } of {Nn} such tha (A\ Ne_1 U~k Nn ) = H(A).
(PS): [17] u said to haveproperty (PS)f u has property (PS) at every measurable
set.

(iii) (TS)A: u said to haveproperty (TSatA if u(N,) — O implies that there exists
a subsequencNy, } of {Nn} such thafu (A\ -1 Ui~k Nn ) = U(A).
(TS): u said to haveproperty (TS)f u has property (TS) at every measurable
set.

(iv) (TPS)A: u said to haveproperty (TPSkat A if u(A\Ny) — p(A) implies that
there exists a subsequendé, } of {Nn} such thaiu (Ne_1 Ui Nn NA) =
0.

(TPS): u saidto haveroperty (TPS)f u has property (TPS) at every measurable
set.

Definiton 6 (i) (S1): [10] u said to haveproperty (S) if u(N,) — O implies that
there exists a subsequen@sy, } of {Nn} such thatu (> Nn) — 0 (k —
oo)_

(i) (S2) A: u said to haveproperty (S) atAif u(Ny) — O implies that there exists a
subsequencéNy, } of {Nn} such thatu (A\ U2 Nn) — H(A) (kK — o).



(S2): [10] u said to haveproperty (S) if u has property (8 at every measurable
set.

(i) (PS) A: u said to haveroperty (PS) atAif u(A\Ny) — u(A) implies that there
exists a subsequengsly, } of {Nn} such thau (> Nn, NA) — 0 (K — o).
(PS1): [10] u said to haveproperty (PS) if u has property (P$ at every mea-
surable set.

(iv) (PS)A: u said to haveproperty (PS) at A if u(A\ Nn) — U(A) implies that
there exists a subsequend, } of {N,} such thaiu (A\ Uj”Nr) — H(A)
(k — ).
(PS): [10] u said to haveproperty (PS) if u has property (P$ at every mea-
surable set.

Definiton 7 (i) (E): [4] u is said to satisfgondition (E)if E" | E™ (n — ) for ev-
erymandu (Un—1 E™) = 0 together imply that there exist strictly increasing
sequences$n; } and{m} such thatu (> Ef') — 0 (k — ).

(i) (TE) A: p is said to satisfycondition (TE)atA if E" | E™ (n — ) for every
mand u (Upr_1 E™) = 0 together imply that there exist strictly increasing
sequences$n; } and{my} such thatu (A\ U ERY) — H(A) (K — o).

(TE): u is said to satisfycondition (TE)if u satisfies condition (TE) at every
measurable set.

(i) (PE)A: uis said to satisficondition (PE)at A if E' | E™ (n — o) for everym
andu (A\Um=1E™) = u(A) together imply that there exist strictly increas-
ing sequence$n;} and{m;} such that (A\ U2 ERY) — U(A) (K — ).

(PE): u is said to satisfycondition (PE)if u satisfies condition (PE) at every
measurable set.

(iv) (TPE)A: u is said to satisfycondition (TPE)at A if EJ" | E™ (n — ) for ev-
erymandu (A\ Up_1E™) = u(A) together imply that there exist strictly
increasing sequencés; } and{m} such tha (U En') — 0 (K — o).

(TPE): uis said to satisfgondition (TPE)f u satisfies condition (TPE) at every
measurable set.

In [8] condition (TE) atX is called pseudo-condition (E).

Definition 8 (EC) : [13] u is said to satisfyhe Egoroff conditionf, for every doubly-
indexed sequendy, such thaEmn D Eqy v for m>m' andn < n" andu(Un=1Nh=1Emn) =
0, and for every positive numberthere exists a sequenfay} of positive integers such
that tt(Um=1Emnn) < €.



Condition (E) is equivalent to the Egoroff condition. Both Condition (E) and the
Egoroff condition are necessary and sufficient conditions for the Egoroff theorem, i.e.,
each of them is satisfied iff almost everywhere convergence implies almost uniform
convergence.

Definition9 (i) (M): u is said to satisfycondition (M) if u(Up_1NiznEi) =0
implies that for every positive numberthere exists a sequenden,} of
positive integers such that(Un_; ™ Ei) < €.

(i) (PM) A: pu is said to satisfcondition (PM)atA if u(A\Up_1NienEi) = U(A)
implies that for every positive numbér < u(A) there exists a sequence
{my} of positive integers such that/A\ U1 ™ Ei) > &.

(PM): u is said to satisficondition (PM)if u satisfies condition (PM) at every
measurable set.

We define condition of Definition 9 newly and show that condition (M) is equivalent
to the Egoroff condition in Chapter 4.

Let P be a condition concerning a non-additive measure space)aud, 11) a non-

additive measure space. We write the condiffoconcerning X,.7, i) asP(X,.7, u).
For example, ifP is the null-subtractivity at the whole set, and\iis a measurable set
in a non-additive measure spagé,.”, i), thenP(A,. NA u | (¥ NA)) means the

null-subtractivity atA.

Let P be a condition concerning a non-additive measure spaceand, () a non-
additive measure space. TheA;P(A,.” NA u [ (.’ NA)) is also a condition con-
cerning(X,.#, u). We call the conditiorvA;P(A,. NA, i | (¥ NA)) theuniversal
of P(X,.#, u). For example, the universal of the null-subtractivity at the whole set is
equivalent to the null-additivity.

2.3 Definitions of convergences
In this section, we show the definitions of the convergences treated in this dissertation.
Definition 10

a.e.: {fy} is said to converge tdé almost everywherewritten f, ae, f, if there exists
N such thaiu(N) = 0 and{ fn(x) } converges td (x) for all x € X\ N.

p.a.e.: [23]{fn} is said to converge t6 pseudo-almost everywhemaritten f, s f,
if there existsN such thau(X \ N) = u(X) and{ fo(x)} converges td (x) for all
xe X\ N.



a.u.: {fy} is said to converge tb almost uniformlywritten f, 2= f, if for everye > 0
there existdNg such thaiu(Ng) < € and{ fn} converges td uniformly onX\ Ng.

p.a.u.: [23] {f,} is said to converge té pseudo-almost uniformlyvritten f,, pat f,
if for every & < u(X) there existdNg such tha€ < p(X\ Ng) and{ f,} converges
to f uniformly on X\ N;.

in meas.: {fy} is said to converge t6 in measurewritten fj, ot if HE{X| | fa(x) —
f(x)| > €}) — O for everye > 0.

p. in meas.: [23] { f,} is said to converge t6 pseudo-in measuyevritten f, LN , if
X [fa(X) — f(X)| < €}) — pu(X) for everye > 0.

Let A € .. For each convergence defined abovd,fif | A} convergences td [ A
on the subspac@, . NA, u|(# NA)), we say{ fn} convergences té on A and write
fn—~f, wheref | A denotes the restriction dfto A andx stands for a.e., p.a.e., a.u.,

p.a.u.,u, or pu.

In measure theory, a null set is defined to be a measurabi¢ sath thatu(N) = 0,
so if a setN is a null set, them (X \ N) = u(X). Moreover, on a finite measure space, a
setN is a null set iffu (X '\ N) = u(X). Therefore, in measure theofyﬁ f implies
fn pag f, fn au ¢ implies f, pat f, and f, Mt implies f, PR Moreover, on
a finite measure spack 2% f is equivalent tof, =5 f, f, 2% f is equivalent to
fn pat f, andf, Hofis equivalent tof, PH ¢,

However, in non-additive measure theory, it does not necessarily hold that for every
setN, u(N) =0 impliesu(X\ N) = u(X), and neither does the converse proposition
hold. Therefore, in non-additive measure thecﬁ.nyﬁ f does not implyf, pag f,
fn 2Y% f does not implyfy, pat f, fn .t does not implyfy, Ll f, fn P22 t does not
imply fn 2% f, f, ™25 f does not implyf, 2% f, andf, =5 f does not implyf, ——

f. For this reason, pseudo-almost everywhere convergence, pseudo-almost uniform
convergence, and pseudo-in measure are newly defined in non-additive measure theory.

Example 1 shows thdt, 2%, f does not implyfp pas

Example 1 Let X = {0,1}, u be the non-additive measure on the power seb2X
defined as

and f, andf be measurable functions defined by

10



0 ifx=1, 0 ifx=1,
for everyn, fu(x) = f(x) =
2 ifx=0, 1 ifx=0.

Then{ f,} converges td almost everywhere, bytf,} does not converge tbpseudo-
almost everywhere.

2.4 Convergence theorems

In measure theory, a convergence theorem for a sequence of measurable functions is
represented as follows.

forany{f,}, foranyf, f, = f = f, =5 f

%, *x stands for a.e., a.u., @r, andx is different from=x. We call the convergence
theorem written above of type.
In non-additive measure theory, the following theorem is also considered.

[for anyA, forany {f,}, foranyf, f, % f=fy % f]

%, *x Stands for a.e., p.a.e., a.u., p.ap.or pu., andx is different fromsx. We call
the convergence theorem written above of tye

In non-additive measure theory, if botrand«x are a.e., a.u., qu which are defined
in measure theory, then typéis equivalent to type”. For example,

[for any {f,}, forany f, f, 2% f = f, 25 f ]
is equivalent to
[for anyA, for any { f,}, for anyf, f, % f= f, % f}.
However, If eitherx or xx is p.a.e., p.a.u., or g, then it does not necessarily hold
that typeX implies type.. For example,
[for any{f,},foranyf, f, 2% f = f, 225, }
does not imply

[for anyA, for any {fn}, for anyf, f, % f=fn p'ie }

Therefore, in non-additive measure theory, if betAndxx are a.e., a.u., og, then
consider typeX, and if eitherx or xx is p.a.e., p.a.u., or g, then consider type”.
Example 2 shows that there exigts,} and f such that

11



[fnﬂf:fnﬁ }

is true, but
{for anyA, fn 2% f = f, 222 }
A A
is false.

Example 2 Let X = {0,1,2}, u be the non-additive measure on the power Sev®X
defined as

L ):{2 if A={0,1},{0,2},0r X,

0 otherwise
and,

0 ifx=0or 0 ifx=0or
for everyn, fn(x) = " L f(x) = "X .
2 ifx=2, 1 ifx=2
ae p.ae .
Then,|fy — f = fp — ] is true. Howevex f, | {0,2}} converges td | {0,2}
almost everywhere. Whild,f, | {0,2}} does not converge tb [ {0,2} pseudo-almost
everywhere.

2.5 Duality and ordinality

Definition 11 Theconjugatey of a finite non-additive measugeon (X,.¥) is defined
by

HA) = u(X)—p(X\A)  (Ae ).

For every finite non-additive on (X,.%), its conjugatdl is a finite non-additive mea-
sure on(X,.#) andfi = p.

We denote the class of all non-additive measure spac®ADYS, and the class of
all finite non-additive measure spacesfblAMS. Note thatNAMS andfNAMS are
proper classes, i.e., they are not sets.

Definition 12 [11] Let P andQ be conditions concerning a non-additive measure space.
P is said to bedualto Q when, for everyX,., u) € fNAMS, (X,., u) satisfies iff
(X, 1) satisfieQ.

12



For each(X,.”,u) € NAMS, we denote by® o ) the family of continuous,
strictly increasing functiong : [0, u(X)] — [0, o] satisfying¢ (0) = 0. If (X,., ) €
NAMS and¢ € ®x ~ ), then the composite functiafio it is a non-additive measure
on(X,.”).

Definition 13 [11] A conditionP concerning a non-additive measure space is said to be
ordinalif (X, .7, ¢ o) satisfiesP for everyp € ®x o ,) wheneverX,.”, i) satisfies
P.

Ordinal Duality Principle [11]: An ordinal proposition concerning a (not necessarily
finite) non-additive measure space holds, then its dual also holds.

Now we examine the duality and ordinality of concepts defined in the previous sec-
tion.

Table 1: Dual pairs

(@) 0-subX <« c.0-addX
(b) auto}]X <« c.autolX
() m.auto]X <« c.m.autolX
(d) s.m.autgX <« s.c.m.autgX
(e) (S) < (PS)X

() (TS)X « (TPS)X
(9) S) <« PHX
(h) (22X < (PS)X
(i) (B) < (PEX

0) (TE)X < (TPE)X
(k) 10 < 1TX

() 10— TuX)
(m) a.e. < p.a.e.

(n) a.u. < p.au.

(o) in meas. < p.inmeas.

Proposition 1 Each pair in Table 1 is dual.

For example, (a) in Table 1 means that null-subtractivity at the whole set is dual to
converse-null-additivity at the whole set. (k) and (I) are pointed out in [8], and (m)—(0)
are in [9].

Proposition 2 Every concept in Table 1 is ordinal.

13



By the above two propositions, Ordinal Duality Principle can apply to the concepts
in Table 1.

2.6 An application of Ordinal Duality Principle
to convergence theorems

AssumeP(X,., 1) is dual toQ(X,., ).
If P(X,., 1) is equivalent to

[for any{fn}, foranyf, fo = f = fo = f }
thenQ(X,.#, 1) is equivalent to
{for any{f,}, foranyf, f, “, f= 4 = f }

( " is dual tox andx**’ is dual toxx ). For example, since the null-subtractivity at the
whole set is satisfied iff

[forany{fn}, foranyf, fn 2% f = f, 222, ]
the converse-null-additivity at the whole set is satisfied iff
p.ae

[forany{fn}, foranyf, f, —— f = f, 2% f].

Moreover, sincd>(X,.”, 1) is equivalent to
[for any{fn}, foranyf, fj “ f= fy SN f }

it holds thatvA € .7; Q(A, . NA, U | (< NA)) which is the universal oQ(X,.7, 1) is
equivalent to

{for anyA, forany {fn}, foranyf, f, *A—,> f= *T*/’ f}'

For example, since null-subtractivity at the whole set is satisfied iff
[forany{fn}, foranyf, fn 2% f = f, 222, ]

it turns out that null-additivity is satisfied iff

{for anyA, forany {f,}, foranyf, f, % f= f, -p.ie. }

14



A point to notice is thatvA € .7;P(A,. NA u | (¥ NA)) is not dual toVA €
QA NA U | (L NA)). For example, the proposition that the null-subtractivity
at the whole set is satisfied iff

[forany{fn}, forany f, f 2% f = fn& }
is dual to the proposition that convrse-null-additivity at the whole set is satisfied iff
[for any {f,}, forany f, f, Ll N f, 2%, f].

However, the proposition that the null-additivity is satisfied iff
{for anyA, forany {f,}, foranyf, f, % f= fn p'ii ]

is not dual to the proposition that the convrse-null-additivity is satisfied iff
{for anyA, forany {f,}, foranyf, f, p'ii f= f, % f}.

For this reason, from the viewpoint of mathematics, ti{os fundamental.

Example 3 shows that the null-additivity which is the universe of the null-subtractivity
at the whole set is not dual to the converse-null-additivity which is the universe of the
converse-null-additivity at the whole set.

Example 3 LetX = {0,1,2} andu be the non-additive measure on the power $eif2
X defined as

if A={1,2},orX,

if A={0,1},0r {0,2},
if A= {1},or {2}

if A= {0}.

H(A) =

O r N W

\

Then, the converse-null-additivity is satisfied obviously. From the definitiqm, @f is
given as follows.

if A={1,2}or X,

if A={0,1}or {0,2},
if A={1}or {2}

if A= {0}.

=
—
2
I
S r N W

\

Sincef({1}U{0}) =2, p({1}) =1, andu({0}) = 0, the null-additivity is not satisfied.

15



3 Relations from (pseudo-)almost uniform convergence

The following propositions and corollaries give implication relations of (pseudo-)
almost uniform convergence to other convergences. Proposition 3 is obviously derived
from [24]. (i) and (ii) in Propositions 3 and 4 are dual to each other; one is derived from
the other by Ordinal Duality Principle. On the other hand, (i) and (ii) in Cororallies 1
and 2 are not dual in the sense of Definition 12.

Proposition 3 (i) Null-subtractivity at the whole set is a necessary and sufficient
condition for almost uniform convergence to imply pseudo-almost everywhere
convergence; that iy is null-subtractive at X iff £ 2% f implies fﬁie' f.

(i) Converse-null-additivity at the whole set is a necessary and sufficient condition
for pseudo-almost uniform convergence to imply almost everywhere convergence.

Corollary 1 (i) Null-additivity is a necessary and sufficient condition that, for ev-
ery measurable set A, almost uniform convergence on A implies pseudo-almost
everywhere convergence on A.

(i) Converse-null-additivity is a necessary and sufficient condition that, for every
measurable set A, pseudo-almost uniform convergence on A implies almost ev-
erywhere convergence on A.

Proposition4 (i) The following statements are equivalent.
(a) The non-additive measure is monotone autocontinuous from below at the
whole set.

(b) Almost uniform convergence implies pseudo-almost uniform convergence.
(c) Almost uniform convergence implies convergence pseudo-in measure.
(i) The following statements are equivalent.
(a) The non-additive measure is converse-monotone autocontinuous from below
at the whole set.
(b) Pseudo-almost uniform convergence implies almost uniform convergence.
(c) Pseudo-almost uniform convergence implies convergence in measure.
Proof. By Ordinal Duality Principle, it suffices to prove (i).

(@) = (b). If f, 2% f, then for everym there exists a strictly increasing sequence
{ni™},_, such that

(00

k=Lli=ny

1)

1
_

rfi<x>—f<x>rz§} <

16



Define a doubly-indexed sequenfa]'} by al' = max {n{,nZ....,n"} for eachk. We
PUtNm = Uleuf”za&n {x|[fi(x) = f(x)| > 1/k}. If | > m, thena} > &' for all k. Hence
{Nm} is a decreasing sequence, and from (1) it follows fh@i,,) — 0 asm — . By
monotone autocontinuity from below Xt we obtainu (X \ Nm) — p(X) asm — oo,
and obviouslyf, converges td uniformly onX\ Ny,. Therefore we havé, Ll
(b) = (a). LetN, | N andu(N,) — 0 asn — o, and define a sequen¢é,} of measur-
able functions by

fn(X

)_{o if x € X\ N, > 1)

|1 ifxe N,

and a measurable functidnby

0 ifxeX\N,
f(x) = \
2 ifxeN.

Then f, converges td uniformly onX \ N, and sinceu(N,) — 0, we havefy ab, f,
By hypothesis, it follows thaf, PR, f. Thus, for everyé < u(X), there existS\lé
such tha€ < p(X\ Né) and f, converges td uniformly onX'\ Né. By the definitions
of f, andf, there exists such thaX \ Ng € X'\ Ny and henceu(X\ Ng) < p(X'\ Nn).
Thereforeu (X \ Np) — p(X) asn — oo,

(&)= (c). From the proof of (a} (b), if f, 2%, f, thenf, Pt f. From [24], it holds
that f, 22 f implies f, =& f without additional conditions. Thereforf 2% f
implies f, PH ¢

(c) = (a) Itis similar to the proof of (b} (a). O

By Proposition 4, we immediately obtain the following corollary.

Corollary 2 (i) The following statements are equivalent.
(a) The non-additive measure is monotone autocontinuous from below at every
measurable.

(b) Forevery measurble set A, almost uniform convergence on A implies pseudo-
almost uniform convergence on A.

(c) For every measurble set A, almost uniform convergence on A implies con-
vergence pseudo-in measure on A.

(i) The following statements are equivalent.

(a) The non-additive measure is converse-monotone autocontinuous from below
at every measurable set.
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(b) For every measurble set A, pseudo-almost uniform convergence on A implies
almost uniform convergence on A.

(c) Forevery measurble set A, pseudo-almost uniform convergence on A implies
convergence in measure on A.

The results in the previous propositions and corollaries are summarized together with
existing ones [4, 6, 8, 10, 15, 18, 22, 23, 24] into Tables 2 and 3.

Table 2 shows necessary and sufficient conditions for implications between the six
convergences on the whole sét The cell at romr and columnc indicates a neces-
sary and sufficient condition far-type convergence to imply-type convergence; for
example, condition (E) is a necessary and sufficient condition for almost everywhere
convergence to imply almost uniform convergence. The symbioldicates the impli-
cation holds unconditionally. A cdll _Tshows a condition for the Riesz-type theorem;
for example, property (S) is a necessary and sufficient conditionf,‘tihé{e f implies
that there exists a subsequeddg } of { f,} such thatf, 2% f asi — c.

Table 3 shows necessary and sufficient conditions for implications between the six
convergences on every measurable set; for example, condition (E) is a necessary and
sufficient condition that, for everx € ., fna—'Ae>f implies fn%f. Table 3 is derived
from Table 2.

The results indicating (TSX and (TPS)XX in Table 2 and (TS) and (TPS) in Table 3
are derived from [10, Theorem 5 and its proof] by removing the assumption of con-
tinuity of non-additive measures. Each of the other results without reference number
follows from the result (and its proof) in the corresponding cell of the other table. For
example, “(a.e= p. in meas.)< s.m.autol X" in Table 2 is derived from VA € .

(a.e. oNA = p.in meas. o) < (0-add. &7)” in Table 3 and its proof in [15]; in
this case, the equivalence “(0-add.’® < s.m.auto]” holds (Proposition 5 below).
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Table 2: Necessary and sufficient conditions for implications between convergences on

the whole seX

[r =c ]

a.e.

p.a.e. [ a.u. [ p.a.u. [ inmeas. | p.inmeas. |
a.e. %] 0-sub.X (E) [4] (TE) X [8] 10 s.m.auto} X
p.ae. c.0-add X I} (TPE)X [8] (PE)X [8] s.c.m.autg.X T H(X)
0-sub.X m.auto] X m.auto] X
au. o[22 [Prop.3()] g [Prop.4()] @[22 [Prop.4(i)]
c.0-add.X > c.m.auto} X > c.m.auto} X >
p-a.u. [Prop.3(i)] [Prop.4(ii)] [Prop.4(ii)]
in meas. (S) (TS)X (S1) (S2)X %] auto] X
p. in meas. (TPS)X (PS)X (PS1)X (PS2)X c.auto] X (%]

Table 3: Necessary and sufficient conditions for implications between convergences on

all measurable sets

[VAr =c¢) | a.e. pae | a.u. pau. | inmeas. [ p.inmeas. |

ae. o ggf‘g " ® (TE) 10[15] O'add'[fg]
pae. ‘[:Z'g:azcia' @ (TPE) (PE) S'C'm'aﬁg‘ 1015]
0-add. m.auto] m.auto]

au. g [Cor.1()] g [Cor.2(i)] @ [Cor.2(i)]

c.0-add. c.m.auto} c.m.autof

p-a.u. [Cor. 1(ii)] 2 [24] [Cor. 2] g [Cor.2ii)] @ [24]

in meas. (S) [18] (TS) (S1) [10] (S2) [10] (%] auto] [23]

p. in meas. (TPS) (PS) [6] (PS1) [10] (PS2) [10] c.auto] [23] %]
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Figure 1 shows some implications among conditions in Table 2. Most of implications
in the diagram are obvious. For the sake of simplicity, we omit from the diagram some
implications obtained similarly to others. For example, “(PS) & c.0-&de: (TPS)X”
is omitted since it is the dual of “(S) & 0-sulX = (TS) X” in the diagram; “(TS)X
& c.0-add.X = (S)” also is omitted since it is obtained by an application of duality
principle to the proof of “(S) & 0-subX =- (TS) X”; similarly, “(TS) X & c.auto] X
= (PS)X” and “(TPS)X & auto.] X = (S)” also are omitted. The implication “(S) &

1 0= (E)” in the diagram is shown in [7, 13], (B> | 0" is in [13], and “(S) = (S)”

is in [10]. Figure 2 gives some implications among conditions in Table 3 and is derived
from Figure 1; ] 0 & 0-add.=- | 0” is pointed out in [3]. These two diagrams may be
imcomplete; there may be other implications.

Proposition 5 Null-additivity and continuity from below are satisfied iff strongly mono-
tone autocontinuity from below is satisfied.

Proof. By Figure 1 we have that
[0-subX & Tu(X)] = s.m.auto] X = [0-subX& TX]. (2)
Considering every subspac®,. NA, u [ (¥ NA)), we obtain

VAe .7[0-subA& 1 u(A)] = VA€ .¥[s.m.auto] A
= VA€ .7[0-subA& TA].

Then “(0-add. & 1) < s.m.auto]” follows from the facts

VA € .#[0-subA] < 0-add,
VAe [ u(A)] & VAe [T A < 1,
VA € .Y[s.m.auto] A] & s.m.auto] . O

Note that in (2) neither converse holds. In addition, the dual-like implications
(c.0-add. & | 0) = s.c.m.auto] = (c.0-add. & | 0)

hold, and neither converse holds.

20



(S),1 0, & m.auto] X

\

(S)& |0
rd AW
(E) &m.autol X [ [(TSX & Tu(X)[ [(S1) & m.auto} X
c.m.auto} X & s.m.auto] X
Y Y Y
1 0 & m.auto] X (TE) X 0-subX & T u(X) (S2)X (S) & 0-subX (S1)
"\h/v
| 0 & m.auto] X | |s.m.auto} X TH(X)
(TSX (S)
A
10 m.auto] X
Y,
10 0-subX

Figure 1: Implication relationship among conditions in Table 2
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(S),] 0, & m.auto]

\

4

(E) & m.auto]

c.m.autof, 0-add. &7

0-add. &7 (< s.m.auto})

Y
1 0 & 0-add.

(S)& 10
AW
(S1) & m.auto}
(S2) (S) & 0-add. (S1)
Y
auto] (TS) (S)

/

m.auto]

Y,
0-add.

Figure 2: Implication relationship among conditions in Table 3



4 A new neccesary and sufficient condition
for the Egoroff theorem

In this chapter, we show a new necessary and suffucient condition for the Egoroff
theorem.

Lemmal Let {Enn} be a doubly-indexed sequencey > Ewn for m> m and
n<n', andUmn-1Nh=1Emn = 0. Then there exists a sequenf&,} of measurable
sets such thdty_, N~ A = 0, and for every strictly increasing sequengde} of pos-
itive integers, there exists a non-decreasing sequéngeof positive integers such that
Ut NEZmEin € Una NI A

Proof. Let {Emn} be a doubly-indexed sequence of s&gn D Em v for m> m and
n<n',andUn_1My-1Emn = 0.

When there exists a non-decreasing sequéngesuch that Jy—1 Ni=mEin = 0, for
each positive integdr let Ai = E; ,, then it holds thatJy_; NiZ,Ai = 0 and for every
strictly increasing sequendé,} of positive integerslm_1 MiemEin € Up=1 ﬂ!‘;nAi.

We consider the case that for every non-decreasing seqyenc®f positive in-
tegers, it holds that)y_1Ni=mEin # 0. Letx € Upe1NiemEi,i be fixed arbitrarily.
SinceNp-1Emn = 0 for each positive integen, for every positive integel, there ex-
ists a positive integek such thatx ¢ A . We denotej!, = mkin{k|x ¢ A} for each

positive integer. Since for every integen, Amn T Upe1Amn (M — ), for every
X € Um=1MizmEi; and positive integel, X ¢ A, ; ;111 impliesx ¢ A 111 Therefore,
for everyx € Up—1Ni=mEi.i, {jL} is a non-decreasing sequence of positive integers. In
addition, for everyx € Up—1Ni=mEi,, it holds thatI limj!. = . Because if it is false,

—00

there exists a positive integ&rsuch that for every positive integérk > jl(. There-
fore for every positive integey, it holds thatx ¢ N> i Eij. However, this contradicts
X € Ume1MiemEi., so it holds that limjl, = 0. For each positive integex, defineA, by

| —o00

An = U m Ei,i \ ( U (Em7n—1\ Em,n))-

j=1i=] m=1

For any fixed positive integetsandn, and for any fixed poink € U5, N2 Ei,i, jk=n
is equivalent to the conjunction af¢ E| , andx € Ej ,_1. By contrapositionj, # nis
equivalent to eithex € E , or x ¢ E n_1. From this fact, we have the next result.
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xeA, < xe | J[)Ei, and for every positive integér X ¢ E n_1 \ Ej .
j=li=]
& XE U ﬂ Eii, and for every positive integér eitherx € E; n or x ¢ Ej n_1.
j=li=]

< xe€ [J(Ei, and for every positive integér j; # n.
j=1i=]

Therefore for each positive integer
An={X|xe U ﬂ Eii, and for every positive integér il #n}.
j=1li=]

SinceI Iimjl( = oo, fOr every positive integem, and for every € A, there exists positive

—00

integerk such thatjX > n. Sincex ¢ A, it holds that J;_1 Ni—,Ai = 0. For any fixed
strictly increasing sequendg,} of positive integers, we define sequendeg} and
{bn} by

al:]., an:bn_l+1(n:2, 3,...), bn:kan (n::l.7 2,...).

We will show that

) o bp
UNEncUNA
m=1li=m n=1li=an

Since for every positive integéri < kg, it holds that U1 NiZmEi b € Umne1 NiemEii-

Let o
Xe U ﬂ Eip-
m=1i=m

At first we consider the case th@t > by. Leti < by, theni < ji. {j!} is a non-
decreasing sequence of positive integers. Therefore, for every positive ihtedpeids
that ji # i. Therefore for every < by, x € A;, namely,x € ﬂibialAi. Secondly we
consider the case thgt < b;. Assume that for every positive integlrthere exists
a positive integei > k such thatj! < bj. Since for every positive integen, Emp, |
Nn=1Emn (asn — o), for every positive integek, there exists a positive integep k
such thatg; ,, C Ei i by assumption. For every positive integek ¢ Ei i and so for
every positive integek, X ¢ i~y Ei . This contradicts € Up—1 Ni=mEi n. Therefore,
there exists a positive integlesuch that for every positive integie k, ji > by. Letk' =
min{k|for everyi >k, jl > bi}. Then, it holds thatX ~1 < by,_4. If K =1, thenj! > by.

This is inconsistent with assumption. Theref&te 1. As a result,j)‘f >by >be 1>

24



jK~1. Letjbeby > j >be_1+1. Then,jX > j > jK~1. Since{jl} is a non-decreasing
sequence of positive integers, therefore,Aj. Sinceay =by_1+1,Xx€ ﬂia((Ai- This

means that/y, 1 N mEin < Un-1a, A OBViIoUSly,UR_1 7o, A < U1 i A
Thereforel J%_ 1 NmEi € U1 N AL O

Next, we show Lemma 2, which is a generalization of Lemma 1.

Lemma 2 For every doubly-indexed sequencgEsuch that yn D Epy v for m> m
and n< ', there exists a sequenéé,,} of measurable sets such tHgf_; N>, A =
Um=1MNh=1Emn, and for every strictly increasing sequenfe,}, there exists a non-
decreasing sequende®; } such thatn_1 NizmEin € Un=1 ﬂ:‘gnAi.

It does not necessarily hold that for every doubly-indexed sequEfRgesuch that
Emn D Eny for m>m' andn < rf, there exists a non-decreasing sequefigé of
positive integers such thay_1 NiemEin = Um=1MNh=1Emn. The following example
shows that fact.

Example 4 Let X = [0,1]. For each positive integer, define a functinf, : N — N by
fn(m) is one’s digit ofm/10"1 in the decimal system. For examplig(9876) = 8. In
addition, for each positive integer defineg(m,n) : N x N — N by

glmn)=(n+m-1)(n+m—2)/2+n.

Then,g(m,n) is a bijection. For eackiny,ny,...) € NY and positive integen, define
(n1,m2,...)
an by

a'(]nl,nz,...) — fJ (nl)7

where(i, j) = g~%(n). By usinga™""), definexn, n,..., by

Xn..) = Z ar(]nl,nz.,..l)/lon_
n=1

) € X. The representation of,, , ... is unique. In other words, for

every integer, there exists a positive integee> i such thaagnl’nz"“) = 0. Assume that

there exists a positive integesuch that for every positive integgr> i, aﬁ”l’”z’”') #*
0. Sinceg(1,n) is strictly increasing for each, there exists a positive integhrsuch
that for every positive integet > h, g(1,k) > i. Therefore, for every positive integer

k> h, f(n) = ag('i’%"“) - 0. This contradicts that, is a positive integer. Hence, if

(ng,ng,...) # (M, Mmy,...), there exists a positive integkrsuch thatn, # my. Thus,
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since there exists a positive intedesuch thatfi (n) # fi(my), it holds thatx, n,, ) #
X(ml,mz,...)-
For every positive integers andn, let

Amn = {X(nyn,,..)INm=n, and {n;} is a non-decreasing sequence of positive intggers

By using{Amn}, defineEmy by

Emn=UJ U A

i=1j=n

Obviously,Emp is increasing fom and decreasing far. At first, we show that

UJ (N Emn=0.

m=1n=1
Let a positive integem be fixed arbitrarily. Leky, n, ) € Em1, thenXpn, n,...) € Amny,-
However, for every positive integ&rn, n,....) & Amny+i- Since{n;} is non-decreasing,
for every integerk < m andi, X, ... e,é Aknm+, Therefore X, n,....) & Emnp+i-
This means that for every integsr, ﬂn:1 Emn = 0. Secondly, we show that for each
non-decreasing sequen{m® } of positive integers,

(o]

U m Ei,ni 7é 0.

m=1li=m

Let {n;} be an arbitrary non-decreasing sequence of positive integers. For each positive
integerk, it holds thatx, , .y € Axn, C Exn, @nd so that

X(ng,np,) € ﬂE' N

ObviouslyiZ1 Ein € Um—1MizmEin- Therefore Um_1 MiZmEin # Um—1Mh=1Emn.

By using Lemma 2, we show the next theorem.

Theorem 1 Condition (M) is equivalent to the Egoroff condition.

Proof. Assume that condition (M) is satisfied. LéEm,} be a doubly-indexed se-
quence of setdsmn D Eqy v for m>m andn < ', andpu(Un-1Nh=1Emn) = 0. As-
sume that there exists a positive numbeuch that for every non-decreasing sequence
{hi} of positive integersu(Um-1Ni=mEin) > & By Lemma 2, there exists a se-
quence{An} of measurable sets such thaf_1 N~ A = Umne1MNn=1Emn, and for ev-

ery strictly increasing sequengk,}, there exists a non-decreasing sequemgg such
that Upm—1 NiZmEin C Uﬁ:lmikinAi- SinceUn—1MiznA = Um=1MNn=1Emn, we have
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H(Un=1NiZnA) = 0. An application of condition (M) tdA,} yields that there exists a
strictly increasing sequenéé, } of positive integers such that

There exists a non-decreasing sequencg} of positive integers such that
Ume1NizmEin € Unz1 ﬂ:”:nAi. This contradictgt(Upm—1Ni=mEin) > €. Therefore,
for every positive numbeg, there exists a non-decreasing sequefigé of positive
integers such that (Up—1NiemEin) < €.

We show that there exists a sequefikg of positive integers such that

(U NEx =0

m=1li=m

For each positive integér there exists a non-decreasing seque{m¢}3 of positive inte-
gers such that

H(UJ N Ei7k1!> < :ll—-
m=1li=m

For each positive integen, define a sequendéy} by
m .
kn="3 Kh
=1

Let a positive integer and a nonnegative integkibe fixed arbitrarily. Since

I+h

Kih= _Zlk|1+h > kll—l—h»
i=

it follows that
Brinigin CBiing,, -
Therefore, . .
1 ExC () Eg-
i=l+h i=l+h
This means that N
U

j=li

.Ei,ki - U mEi,k,!'

i j=li=]

(29 00 00

Since

DX

U

j=ti=]

Ei,k@ = U ﬂ Ei,k.' and U ﬂEi,ki' = U ﬂEi,ki"
j=1i=]

j=i=] j=1i=]
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we have

GﬁEm C G ﬁEi,ki"

j=1li=] j=1li=]
As a result, for every positive integdrs
[o0] (o] 1

j=1i=]
thus,
u(JMEix) =0
j=1li=]

We show that the Egoroff condition is satisfied. Let a positive nuralterfixed arbi-
trarily. We can choose a sequer{ég} of positive integers such that( U7, N2 Ei k) =
0. For each positive integerlet Aj = E; i, thenu(U‘j”:l ﬂi‘”:j Aj) = 0. An application of
condition (M) to{A,} yields that there exists a sequer{tg} of positive integers such

that
00 hj

n(UJNA) <e

j=1li=]
SinceEm, is increasing with respect to and decreasing with respectrp

hj h;
mA| = ﬂ Eik DEjk D ELkhj'
i=] i=j

For this reason,
00 hj (o)
UMA=UEik,
j=li=] =1

and so

[oe]

HUEjk,) <=
j=1
Thus, u satisfies the Egoroff condition.
Conversely, assume thatsatisfies condition (M). Let a sequeno,} of measurable

set satisfyu(Un-1NienAi) = 0. Define a sequenddEmn} as

m

UA; if m>n,
Em,n: i:nn

(A ifm<n

i=m

Then the sequenddemn} is increasing with respect tnand decreasing with respect to
n. Sincept(Umn=1MNn=1Emn) = H(Un=1NiznAi) = 0, it follows that for every positive
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numbere, there exists a sequenéam} such thatu(Up—1 Emn,) < €. We can lef{nm}
satisfynm > m. ThenUp_1 Emn, = Ume 1 N A, thereforeu(Up, N A) < €. O

The following proposition and collorary are obvious by Theorem 1 and the duality
principle.

Proposition 6 (i) Null-subtractivity at the whole set and condition (PM) at the whole
set are satisfied iff almost everywhere convergence implies pseudo-almost uni-
formly convergence.

(i) Condition (PM) at the whole set is satisfied iff pseudo-almost everywhere conver-
gence implies pseudo-almost uniformly convergence.

(iif) Conversel-null-additivity at the whole set and condition (M) are satisfied iff pseudo-
almost everywhere convergence implies almost uniformly convergence.

Corollary 3 (i) Null-additivity and condition (PM) are satisfied iff for every measur-
able set A, almost everywhere convergence on A implies pseudo-almost uniformly
convergence on A.

(i) Condition (PM) is satisfied iff for every measurable set A, pseudo-almost every-
where convergence on A implies pseudo-almost uniformly convergence on A.

(iii) Conversel-null-additivity and condition (M) are satisfied iff for every measurable
set A, pseudo-almost everywhere convergence on A implies almost uniformly con-
vergence on A.
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5 Conclusion

In this dissertation, we give necessary and sufficient conditions for convergence theo-
rems whose necessary and sufficient conditions have not yet been found. Moreover, we
have newly defined condition (M) which is described by a singly-indexed sequence of
measurable sets and shown that condition (M) is equivalent to the Egoroff condition.

However, the usability of condition (M) has not yet clear, so it is important to clarify
the usability of condition (M).

Itis also an important subject to find necessary and sufficient conditions for other ver-
sions of convergence theorems. In non-additive measure theory, the concept of “almost
everywhere” has the following interpretations:

(ael) For every € X exeptx’s in a measurable sét such thatu(N) =0 [5, 14, 24].
(ae2) For every € X exeptx's in a measurable sét such thafu (X \ N) = u(X)[5, 24].
(ae3) For everx € X exeptx’s in a measurable s&t such thatu(AUN) = u(A) for
every measurable sAf12].

We have adopted (ael) and (ae2) in this dissertation. Almost everywhere, almost uni-
formly,and in measure are interpretation of (ael). Pseudo-almost everywhere, pseudo-
almost uniformly,and pseudo-in measure are interpretations of (ae2).

In measure theory, (ael) is equivalent to (ae3), (ae3) implies (ae2), and on finite
measure space, (ael), (ae2),and (ae3) are equivalent. However, they are not equivalent
in non-additive measure theory. Therefore, with respect to almost everywhere, almost
uniformly, and in measure, there are 81 different convergence theorems. For exam-
ple, almost everywhere convergence of (ael) (ie=>> f) imples almost everywhere
convergence of (ae3).
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