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Abstract

Computational costs for electromagnetic scattering analyses by the Physical Optics (PO)

or the Method of Moments (MoM) become extremely heavier in higher frequency. In this

dissertation, some techniques to embed the high frequency locality of scattering phenomena

into PO or MoM, named “Localization method,” are studied for the reduction of the com-

putational loads. The scatterer surface is localized and truncated according to the Fresnel

zone number criteria and the localization leads to suppression of frequency dependence of

computational costs without degradation of computational accuracy. In Chapter 2, the

fundamental property of Fresnel zone localization is investigated. In order to suppress

the truncation error, a raised cosine function, named “EYE function,” whose argument is

also the Fresnel zone number is introduced. From Chapter 3 to Chapter 5, some specific

localization methods are presented and numerically examined for 3-dimensional scattering

analysis of simple structures such as a rectangular plate or a part of sphere. In Chapter

3, localization of radiation integral is discussed. In order to define the local area around

edge diffraction points, the modified surface-normal vector is adopted. In Chapter 4,

frequency-independent segmentation in PO radiation integral, which consists of the local-

ization method and the adaptive sampling, is discussed. This technique is at first applied

to 2-D problem, and then, the expansion to 3-D problem is examined. In Chapter 5, MoM

analysis of the localized scatterer, named “Local-MoM,” is discussed. It is proposed that

the square root of EYE function should be applied to a source side and an observer side.

Local-MoM enables a MoM analysis for very large scatterer with 112λ×112λ which cannot

be analyzed by the standard MoM due to the memory capacity of 32GB. In Chapter 6,

the summary and future works are presented.
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Chapter 1 Introduction

1.1 Representative Methods for Scattering Analysis

Electromagnetic scattering problem and its analysis have been important research subjects

in various areas such as antennas and propagation, RADAR (Radio Detecting and Rang-

ing), electromagnetic compatibility (EMC), wireless communication, geoscience and remote

sensing, and so on. Scattering analysis is of course to analyze a scattering phenomenon

or a scattered field in electromagnetics. Methods for scattering analysis are mainly classi-

fied into two categories: high frequency approximations (HFA) and numerically-accurate

methods. The latter one is also called low frequency methods. The classification of the

representative methods for scattering analysis is summarized in Fig. 1.1

Low High
Suitable Frequency

☺ High computational accuracy

� Large computational costs

☺ Small computational costs

� Some specific errors

� FDTD, FEM � MoM � PO, PTD � GTD, UTD

Numerically-Accurate Methods High Frequency Approximations

Current-based Ray-based

� Using some approximation� No implicit approximation

☺ Physical interpretation is possible

� Physical interpretation is not given

☺ Applicable to complicated structures

� Difficult to treat complicated structures

Hybrid Methods

� PO-MoM
� MoM-GTD/UTD

Figure 1.1: Representative methods for scattering analysis.

1.1.1 High Frequency Approximation (HFA)

HFA itself is mainly divided into two ways: current-based methods and ray-based meth-

ods. The physical optics (PO) approximation is one of the representative current-based

methods.

The PO is the method based on Kirchhoff approximation. When Kirchhoff introduced

an integral formula to express a scattering (diffraction) from an aperture, he assumed that
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a scattered field was derived by an integration of equivalent sources on the aperture. And

he used the approximation that equivalent sources can be directly given by an incident

field [1.2]. Note that this approximation can be traced back to Huygens-Fresnel principle.

Huygens’ Principle published in 1690 stated that every point where a primary spherical

wave reaches without any disturbance becomes a secondary source of spherical wave. In

1818, Fresnel extended his principle so that a diffraction wave was covered. Fresnel replaced

Huygens’ isolated spherical waves by purely periodic trains of them and made use of the

principle of interference [1.3, 4].

The basic idea of PO itself was firstly proposed by Macdonald in 1912 [1.5]. Formu-

lations and explanations of PO were reinforced through a variety of researches and are

summarized well in some professional books [1.6–8]. In PO, a scattered field is given by

an integration of induced currents on an illuminated side of the scatterer. In most of the

cases the scatterer is regarded as PEC and the currents is given by 2n̂ × Hi where n̂ is

an unit vector normal to the scatterer surface and Hi is an incident magnetic field. PO

currents for dielectric materials are also known [1.9].

PO provides reasonable results of radiation patterns of reflector antennas in the angles

near main beam direction, but it was pointed out that the accuracy in shadow region is not

good [1.10]. A main cause is that PO doesn’t take the edge effects into account. In 1955,

the physical theory of diffraction (PTD) [1.11] was proposed by Ufimtsev as an extension

of PO. He introduced non-uniform edge currents named as fringe wave (FW) currents near

the edge of the scatterer. It led to the enhancement of accuracy of radiation pattern.

Because of these historical background, PO and PTD have often appeared in radiation

pattern analyses of reflector antennas and radar cross section (RCS) [1.12–14].

Ray-based methods are based on ray optics which was already proposed before Christ

and have been evolved through the studies and designs of lens. Ray optics is also called

as Geometrical Optics (GO). In ray optics, propagation of a light is regarded as ray, in

other words, a particle. Until Young’s work, ray optics had treated only incident field

and phenomena following the Snell’s law, that is, reflection and refraction. So the sum of

these three components is sometimes called as GO components. In 1802, Young defined a

diffraction which is a component of the scattered field radiated from the edge of scatterer

[1.15]. Maggi [1.16] and Rubinowicz [1.17] independently provided an idea that the Kirch-

hoff’s integral can be decomposed into a GO component and a diffraction component and

that diffraction comes from every point of the boundary of the aperture.

In the 1940s and 1950s, Luneburg and Kline pointed out that GO term corresponds

to the leading terms of the asymptotic expansion in inverse powers of the wavenumber k

[1.18, 19]. From the 1950s to 1960s, Keller proposed and developed the geometrical theory

of diffraction (GTD) as an extension of GO. He derived diffraction coefficients by applying
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the generalization of the Luneburg-Kline expansion to the Sommerfeld’s solution. Accord-

ing to GTD’s idea, diffraction may be regarded as rays arising from edges, wedges, cor-

ners, tips, smooth curved surfaces, and so on. He provided diffraction coefficients for edges

and wedges [1.21] although these coefficient yields divergence at incident and reflection

shadow boundaries (RSB/ISB), caustics, and focuses. After Keller’s formulation, variety

techniques have been proposed to overcome GTD’s difficulties. The uniform asymptotic

theory of diffraction (UAT) [1.22–24] and the uniform geometrical theory of diffraction

(UTD) [1.26] are the representative methods. They were at first introduced to obtain edge

or wedge diffraction coefficients and they have currently been extended for various diffrac-

tion phenomena although all of the difficulties have not necessarily been eliminated. These

ray optics techniques are utilized mainly in analyses of radio propagation environment as

well as RCS prediction in terms of ray tracing method [1.27–29]. Recently, the shooting

and bouncing rays (SBR) method [1.30, 31] has become very popular as efficient technique

for ray tracing [1.32, 33].

In a sense that both of the GO and diffraction components correspond to the leading

term in inverse powers of k, ray-based methods are interpreted as one of HFA. On the

other hand, the reason why PO and PTD are also classified with HFA is that PO’s cur-

rents approach the exact induced currents when the size of scatterer becomes larger and

the curvature of each point on the scatterer becomes smaller in terms of wavelength, that

is, frequency gets higher. One advantage of HFA is that physical interpretation of a field

can be given. HFA provides information of which component is dominant, where it comes

from, and how much the contribution of it is. Another advantage is that the frequency

dependence of computational costs in HFA is very small. That of ray-based methods is

usually independent of frequency f while PO and PTD has f 2 dependence since they

include numerical surface integrals. However this dependence is much smaller than that

of the numerically-accurate methods as mentioned later. Because of these advantages,

HFA is regarded as powerful tools for scattering analysis even now although HFA is clas-

sical method and some disadvantages such as inaccuracy and inapplicability for some of

structures have not been overcome yet.

1.1.2 Numerically-Accurate Methods (Low Frequency Methods)

The numerically-accurate methods are those to solve Maxwell’s Equations without any

implicit approximations unlike HFA. The Method of Moments (MoM) [1.34], Finite El-

ement Method (FEM) [1.35, 36], and Finite-Difference Time-Domain (FDTD) [1.37, 38]

are the representative methods. They have been significantly developed with the growth

of computer performances.
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The MoM is a method to solve electromagnetic boundary or volume integral equations

and is based on the field equivalence theorem. Among them, the MoM is the most suitable

for radiation and scattering problem because it is able to treat a open region having infinite

volume of space without any assumption. In scattering analysis by the MoM, unknown

induced currents are at first assumed on the surface of the scatterer and are obtained by

solving a linear equation. These MoM currents play the similar role as PO’s currents.

That is, radiation integrals of induced currents give a scattered field.

The FDTD is a method to solve Maxwell’s time-dependent vector-rotation equations

(Faraday’s law and Ampere’s law with Maxwell’s addition) using finite difference. In the

FDTD, the electromagnetic field in a finite volume is at first sampled at distinct points

in a space and time domain. Next, the field is updated by using the two out of four of

Maxwell’s equations. The FDTD is suitable for waveguide problems, wave propagation

in complex dielectrics, and EMC problems. However, in order to deal with open-region

radiation and scattering problems, some special treatments (assumptions) are required:

absorbing boundary conditions [1.39, 40] or perfectly matched layer (PML) formulations

[1.41, 42] and so on. This is because analysis domain in the FDTD must be a finite

volume of space. Moreover, these treatments are not perfect in the sense that a very small

reflection from the boundary is unavoidable from the theoretical point of view. Note that

many techniques to suppress the reflection have been proposed, such as the convolutional

PML [1.43] and the higher-order PML [1.44]. Therefore it is currently recognized that the

applicability of FDTD to radiation and scattering problems is high enough.

The FEM was originally proposed and developed in the area of structural mechanics

[1.45]. Later it was imported into analysis of electromagnetic fields [1.46]. The FEM is a

method to solve boundary value problems for partial differential equations. In the FEM,

the partial differential equations are at first transformed to equivalent variational or weak

forms. After that, coefficients for elements are obtained by solving a linear equation. The

FEM is often used in the frequency domain analysis of the electromagnetic field distribution

in complex, closed regions such as cavities and waveguides. In common with the FDTD,

the solution domain must be a finite volume of space. So the special treatments such as

PML or radiation boundaries are necessary.

The reason why the numerically-accurate methods are also called as low frequency

methods is that they are not suitable for high frequency problems in terms of computational

costs. The computational costs such as required time and memory capacity are dominated

by the value of L = kRs where Rs is the radius of the smallest sphere circumscribing the

analysis domain. The costs are usually proportional to L3 to L6. If the physical size of

the problem is fixed and only frequency f gets higher, L simply increases in proportional

to f . It leads to explosive increase in computational costs for higher frequency So the
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numerically-accurate methods were restricted to the problem with less than L ∼ 100 until

the early of 1990s [1.47].

That difficulty has been overcome to some extent with the rapid development of com-

puter performances such as operating frequency and the number of cores of central process-

ing unit (CPU), capacity of random access memory (RAM), and bandwidth of memory

bus. Recently, graphics processing unit (GPU) computing and parallel computing have

also been adopted to accelerate numerical analysis. In addition to that, a variety of fast

and efficient techniques have been developed in the 1990s and 2000s. For instance, the

fast multipole method (FMM) [1.48], multilevel fast-multipole method (MLFMM) [1.49],

and the characteristic basis function method (CBFM) [1.50] have proposed to enhance

the efficiency of MoM analysis. Through these developments, many commercial simula-

tor to realize the numerically-accurate methods for practical problems have been released.

Currently, the commercial simulators are widely and frequently used by many researchers

and engineers. However, the intrinsic disadvantage of the numerically-accurate methods

has not been overcome yet. That is, the physical interpretation is still impossible for the

results obtained by these methods.

1.1.3 Hybrid Methods and Emergence of Fresnel Zone Number Criterion

Together with the development of the HFA and the numerically-accurate methods, hybrid

methods between them have attracted attention among researchers. Most of the hybrid

methods are those between the MoM and some of HFA. MoM-GTD was one of the first

hybrid methods [1.51]. In the MoM-GTD, complicated structures or vicinities of antenna

excitations are analyzed by MoM and the other contributions are taken into account by

using GTD. As researches on UTD progressed, MoM-UTD was also proposed and devel-

oped [1.52–54]. PO-MoM is another way to reduce the number of unknowns in MoM

[1.55–58]. A scatterer is divided into a PO region and an MoM region and then unknowns

are assumed only on the MoM region. These hybrid methods are now available in some of

commercial simulators such as FEKO R⃝[1.59].

However, to the best knowledge of the author of this dissertation, there is no explicit

criterion of how to select whether HFA or MoM is applied to a part of structures, although

hybrid methods are still studied actively as [1.60, 61]. Fig. 1.2 shows the concept of hybrid

methods cited from [1.52]. The scatterer surface is decomposed into three regions with

different analysis methods; MoM, PO, and UTD. However, a criterion to decompose it

uniquely and specifically has not been given in any papers already referred.
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Figure 1.2: Treatment of scatterer in the conventional hybrid methods (Figure 1 of [1.52]

is cited).

The first trial to give the criterion was done by Shijo and Ito [1.62, 63]. They proposed

the Fresnel zone number criterion to implement the high frequency locality into the MoM

analysis. Fresnel zone number itself is used to evaluate path losses of radio propagation

in a long-distance wireless communication [1.65]. The use of Fresnel zone number in the

calculation of PO or MoM can be traced back to the visualization of scattering phenomena

[1.64]. In [1.64], the Fresnel zone number was utilized to evaluate how large an integration

area is necessary for convergence of brightness of scattered field. The Fresnel zone number

criterion again appeared in the discussion of the large-size local-domain basis function for

the method of moments [1.66]. The relationship between Fresnel zone number and the

degree of sparsity of impedance matrices was investigated in this paper.

The papers of [1.62, 63] gave the criterion to determine an appropriate boundary be-

tween MoM and PO regions using Fresnel zone number which is the function of source

and observer position, and frequency. In addition to that, the novel MoM named “Local-

MoM” was proposed in these papers. In the Local-MoM, the scatterer is at first localized

and truncated based upon the Fresnel zone number criterion. Next, unknown currents are

assumed only on the localized scatterer and are obtained by the MoM analysis. Finally,

scattered fields are obtained by radiation integrals with an appropriate windowing function.

In [1.62, 63], the fundamental idea of Fresnel zone localization was shown and the PO-

MoM and Local-MoM with Fresnel zone number criterion were applied to two-dimensional

problems.

One of the advantages of Fresnel zone number criterion is that physical interpretation

is available because the localized area corresponds to a certain scattering center such as a

reflection or diffraction point. Another advantage is reduction in frequency dependence of
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computational costs due to truncation. The frequency dependence of electrical size (unit:

wavelength squared) of truncated (localized) area is suppressed unlike that of original

problems and it leads to a great reduction in computational cost as frequency gets higher.

Moreover, this Fresnel zone number criterion may become a bridge between HFA and low

frequency methods as shown in Fig. 1.3. According to the Fresnel zone number criterion,

localized analysis areas cover the whole of surface when frequency is low enough. As

frequency becomes higher, the localized areas shrink and become some of portions of

surface. Finally, the localized areas become a some of specific points. This characteristic

means that the localization method based on the Fresnel zone number criterion approaches

normal MoM with lower frequency. On the other hand, the scatterer will be treated as the

localized one in higher frequency, that is, a scattered field depends on local properties of

scattering centers such as unit normal vectors or curvatures as idea of GTD or UTD. As

frequency changes, the treatment of scatterer also will change automatically and smoothly

due to the Fresnel zone number criteria.

Frequency HighLow

Contribution comes from Whole surface Portions Smaller Portions Specific Points

Corresponding Methods MoM Proposed Method (Localization Method) Ray Optics

A bridge to connect Low frequency and 
High frequency methods
= Fresnel zone number criteria

Figure 1.3: A role of Fresnel zone number criteria: localization method may become a

bridge to connect low frequency and high frequency method.

1.2 Objectives

The localization techniques based upon the Fresnel zone number criteria may be a break-

through in scattering analysis for the electrically-large scatterer in terms of the reduction

of computational costs. Moreover, the Fresnel zone number criteria may realize a novel

numerically-accurate method where the physical interpretation of obtained results is possi-

ble. In order to realize these, the problems left in the works of [1.62, 63] must be resolved.

For instance, the localization method were not applied to three-dimensional problems in

their works. The theoretical investigation on the Fresnel zone number criteria were not
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conducted. Frequency dependence of computational costs must be discussed quantita-

tively. With these in mind, the applicability of several localization methods is checked for

scattering problems of some simple structures such as a rectangular plate and a part of

sphere. The localization methods are basically suitable for smooth surfaces, so the discus-

sion on rough surface is out of this dissertation. Only a scattered field at infinite distance

(far field) is discussed in this dissertation.

The objectives of this study are as follows:

• To investigate physical meanings and theoretical properties of Fresnel zone number

criteria.

• To propose and establish a good application way of localization methods to three-

dimensional problems.

• To check numerical accuracy and its characteristics of these proposed methods.

• To check frequency dependence of computational costs for these proposed methods.

1.3 Outline of Remaining Chapters

The outline of the remaining chapters in shown in Fig. 1.4

In Chapter 2, the physical meaning of localization method and Fresnel zone number

criteria is given. The relationship between the stationary phase method and the localization

method is explained. The importance of windowing function is also reviewed. It is proposed

that Fresnel zone number is used as the argument of windowing function. The error due to

localization is evaluated numerically and analytically. Other properties such as frequency

dependence of computational costs is analytically derived .

In Chapter 3, a localization technique for radiation integrals is presented. The treat-

ment of edge or corner diffraction points in terms of localization technique is explained as

well as that of overlapped local areas. Numerical results for a rectangular plate and a part

of sphere are presented. This chapter together with Chapter 2 provides the basis of the

other chapters.

In Chapter 4, one method is shown, which realizes radiation integrals with the frequency-

independent number of divisions by jointly using the Fresnel zone localization and adap-

tive sampling methods. Main numerical discussion is done for two-dimensional problems.

Frequency dependence of computational time and accuracy is numerically checked. The

extension to three-dimensional problems is also discussed.

In Chapter 5, the Local-MoM is extended for three-dimensional problems. The use

of windowing function is reconsidered and application of windowing function to the inci-
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dent field from the source is proposed. The implementation of Local-MoM into a MoM-

based commercial simulator WIPL-D R⃝[1.67]. Scattering analysis for electrically-very-large

problems with reasonable accuracy is realized. Computational cost reduction, especially

memory capacity saving, is confirmed.

In Chapter 6, conclusions of the thesis are given and future works are presented.

Chapter 4
Physical Optics Radiation Integrals 
with Frequency-Independent 
Number of Division utilizing 
Fresnel Zone Number Localization 
and Adaptive Sampling Method

Chapter 6
Conclusion

Chapter 3
Fresnel Zone Localization of 
Radiation Integrals

Chapter 1 
Introduction

Chapter 2
Fundamental Theory of Fresnel Zone Localization

Chapter 5
Implementation of High Frequency 
Locality in the Method of 
Moments for 3-Dimensional 
Scattering Problems

Figure 1.4: Outline of the thesis.
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Chapter 2

Fundamental Theory of Fresnel Zone Local-
ization

2.1 Introduction

A concept of Fresnel zone has been frequently and widely used to evaluate path losses due

to a reflection from a ground, a knife edge diffraction by a moutain, a blocking effect by

obstacles, and so on in a long-distance wireless communication [2.1]. Fresnel zone itself

is a three-dimensional ellipsoidal volume and is defined around transmitter and receiver

antennas. The size of Fresnel zone is expressed by the Fresnel zone number n as follows

(See Fig. 2.1);

n =
LSI + LIO − LSO

λ/2
(2.1)

where λ is the wavelength. In many cases, n = 1 or 2 is chosen as the criterion to evaluate

the path losses. That is, when there are obstacles within the 1st or 2nd Fresnel zone, it is

interpreted that they disturb line of sight (LoS) propagation even if they are not located

on the direct line path between transmitter and receiver antennas.

As shown in (2.1), Fresnel zone number is directly related with an optical path length

from the source (S) to the observer (O) via a point of interest (I) (See Fig. 2.1). An

optical path length itself is a key parameter in ray optics such as the geometrical theory

of diffraction (GTD) [2.2] and uniform theory of diffraction (UTD) [2.3]. For instance, a

reflection wave propagates along the shortest or longest path from a source to observer

via a certain point on a surface of a scatterer. From a point of view of some theories

of diffraction, an edge diffraction wave also propagates through the path with the local

shortest or longest length via a certain point on a periphery of a scatterer.

On the other hand, the wave optics such as the physical optics (PO) [2.5, 6] originally

does not put importance on a path length. It is when an asymptotic technique such as

the stationary phase method (SPM) is applied to the integral (e.g. [2.7]) that the optical

path length becomes important. It means that a surface integral form is approximated

by a sum of point contribution from the scattering centers, namely, the stationary phase

points (SPP) which correspond to reflection and edge diffraction points in terms of ray

optics. Note that an optical path length has been a keyword in the result by the SPM

as well as that by ray optics, but the term of Fresnel zone number had seldom appeared
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in these discussions until the paper [2.8]. This is because only the (local) minimum (or

maximum) length of optical path makes sense in these discussions, thus there was no need

to translate a path length into the Fresnel zone number.

Asymptotic evaluation of radiation integral using Fresnel zone number was firstly con-

ducted for a visualization of scattering phenomena in Shijo and Ito’s paper [2.8]. In their

work, they focused on not only the extreme values of path lengths (shortest or longest)

but also on the path length difference from these. For instance, a reflection point looks

the brightest and edge diffraction points looks the second brightest as shown in Fig. 2.2.

Moreover the vicinity of these points also look brighter than the other area. In his paper,

it was proposed that Fresnel zone number should be used as the criterion to evaluate how

large an integration area is necessary for converging the brightness, although their work

was not aimed at the calculation of the scattered field pattern. Fresnel zone number was

again introduced in the discussion of the large-size local-domain basis function for the

method of moments [2.9]. Although the paper focused on scattering analyses, Fresnel zone

number was not directly used for analyses; the relationship between Fresnel zone number

and the degree of sparsity of impedance matrices was investigated in the paper. The first

paper is [2.10] where Fresnel zone number was directly used for analyses. In a series of

these researches, the insight into Fresnel zone number as well as discussion on how to apply

it had been deepened.

In this chapter, some explanations about the SPM are at first given. Next, the re-

lationship between the SPM and the localization based on Fresnel zone number will be

explained. After that the detail of the localization and windowing function will be in-

troduced. The validation of the Fresnel zone localization will be investigated through

numerical and analytical approaches in the following subsection.
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Figure 2.2: Visualization of locality in scattering from plate illuminated by a dipole (cited

from [2.8])
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2.2 Stationary Phase Method

The stationary phase method [2.4, 11] is one of the mathematical asymptotic techniques

to evaluate integrals of highly-oscillating functions as

I =

∫ x2

x1

f(x)e−jkg(x)dx, (2.2)

where k is a real and a large positive parameter. This type of integrals often appear in

radiation integrals for induced currents on a surface of a scatterer (e.g. electromagnetic

scattering analysis by PO or MoM). In many cases of calculation in scattering analysis,

k and g(x) usually correspond to the wave number (= 2π/λ, where λ is the wavelength)

and the path length from the source to the observer via the integration point, respectively.

Based on the SPM, the integration of (2.2) can be approximated as

I ∼


f(x2)

jkg′(x2)
e−jkg(x2) − f(x1)

jkg′(x1)
e−jkg(x1) +O (k−2) g′(x) ̸= 0 (x1 ≤ x ≤ x2)√

−π

2kg′′(xs)
f(xs)e

−jkg(xs)+
π
4
j +O (k−1) g′(xs) = 0, g′′(xs) ̸= 0 and xs = x1.

(2.3)

The physical meaning of (2.3) in radiation integrals is visualized in Fig. 2.3. In wave

optics, an integrand in radiation integrals may often be a highly-oscillating function whose

g(x) can be approximated as g(x) = LSI+LIO. The middle of Fig. 2.3 depicts the behavior

of the real (or imaginary) part of the integrand. This phase change becomes more rapid

at higher frequencies. The contribution from the area with rapid phase changes is almost

zero due to the cancellation effect. Therefore, the radiation integral over the entire area

is well approximated by contribution from the inner stationary phase point (SPP) with

the slowest phase change (g(x) = 0) and/or the edges of integration area. The former

contribution corresponds to the first term of the second line of (2.3) (the O (k−0.5) term)

and is often called ”a relfected wave.” The latter one corresponds to the first and second

terms of the first line of it (O (k−1) terms) and is called “edge diffracted waves.” These

points are collectively called “scattering centers.” When a frequency is high enough and

k gets larger, the contribution from the inner SPP is the most dominant and the edge’s

ones are the second dominant. Note that the results by the SPM looks the contribution

only from the scattering centers in analogy with ray optics, while components from the

vicinities of the scattering centers are still considerable level in actual scattering phenomena

as shown in Fig. 2.2.

Another key role of the SPM is to reduce a dimension of integrals. Although (2.2)

is a form of one-dimensional integral, radiation integrals for practical scattering problems

are usually a two-dimensional form. There are two ways to apply the SPM to surface
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(2-D) integrals. First one is to approximate it by the sum of the contributions from a

finite number of the points such as an inner SPP and edge diffraction points. This way

is interpreted to apply the SPM to both of two axes which construct a coordinate system

for a surface of scatterer at the same time (e.g. x- and y-axes of the Cartesian coordinate

system and ρ- and ϕ- axes of the polar coordinates system for a planar surface). Another

way is to convert the surface integral into the line integral along the periphery of scatterer.

This is interpreted to apply it to either of the two axes and is often called “a line integral

form.” Note that if the SPM is applied to the latter one’s result once again, the final

results may be identical to that of former one. Both of the ways have been widely used to

asymptotically (in some cases rigorously) evaluate the radiation integrals. The application

examples of the former one are seen in [2.7, 12–15] and those of the latter one are also seen

in [2.16–21].

Although the SPM has been a useful technique for scattering analyses, there are some

problems. One of the representative problems is divergences of the results in some spe-

cific cases [2.22]. For instance, such singularities appear in the field at geometrical-optics

incident and reflection shadow boundaries (ISB/RSB) and caustics. There are several

techniques to avoid some of these singularities [2.7, 23, 24]. The similar singularities also

appear in the diffracted field by the GTD although uniform versions of GTD have been

proposed [2.3, 25, 26]. Note that the localization technique does not reduce the dimension

of integral therefore such singularities never appear.
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Figure 2.3: Physical meaning of the stationary phase method

2.3 Localization and Windowing Function based on Fresnel Zone

Numbers

2.3.1 Physical interpretation of Fresnel zone number localization

Fig. 2.4 shows the concept of localization method. In the localization method, it is inter-

preted that dominant components of scattered fields come from not only the scattering
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centers but also the neighboring areas. The importance monotonically decreases with

distance from these centers. This property is well matched with the actual scattering phe-

nomena of Fig. 2.2. Through the works of [2.8, 10], it was found that the areas where the

considerable components exist should be specified by the difference of Fresnel zone num-

bers, in other words, the difference of optical path lengths. From the point of view of the

SPM, the only points where the optical path length takes the extreme value are important.

On the other hand, the localization method put importance on the area where the optical

path length difference from the extreme value is less than a certain value (e.g. 1.5 λ in

Fig. 2.4). The method to specify a local area for the inner SPP (reflection point) in terms

of Fresnel zone number is depicted in Fig. 2.5. The area where the following conditions

hold will be recognized as the areas with large contributions (here we name the area(s) as

“local area(s)”).

nR =
LSR + LRO − LSO

λ/2
(2.4)

|n− nR| = ∆n ≤ ∆nB (2.5)

nR is the Fresnel zone number at the reflection point. The parameter ∆nB is the number

to determine the size of the local area. The larger ∆nB creates the larger local area. The

shape of local area is elliptical. Note that the center or focus points of this ellipse does not

coincide with the inner SPP (See Appendix A). This criterion means that the area where

the optical path length difference is smaller than ∆nB(λ/2) is defined as the local area. In

addition to that, the difference of Fresnel zone numbers corresponds to the number of half

oscillation or the phase change normalized by π in the integrand (See Fig. 2.4).

This criterion is able to determine the appropriate size, position and shape of local

areas depending on the source position, observer position and frequency because Fresnel

zone number is the function of these variables. For instance, if the frequency becomes

higher, the oscillation of integrand gets more rapid and the size of local area specified by

∆nB becomes smaller as Fig. 2.4 (b). Furthermore, if the frequency is infinitely higher,

the local area converges to the point as ray optics or a point contribution approximation

by the SPM. In that sense, the localization based on Fresnel zone number is the method to

connect the concept of wave optics and that of ray optics smoothly. This is a new insight

into the interpretation of scattering phenomena, which never appears in the discussion on

wave optics nor ray optics.
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Figure 2.4: Physical meaning of the localization
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2.3.2 Implementation of Fresnel zone localization and discussion on window-

ing function

The “implementation of locality (or localization technique) into scattering analysis” means

that an analysis surface area is restricted to the local areas and the other areas are ignored.

Let us consider that the localization is applied to the radiation integral for perfect electric

conductor (PEC) infinite plate illuminated by the dipole source as shown in Fig. 2.6 as an

example of localization. The dipole is located at (x, y, z) = (0, 0, d) and the observer is at

the angle θ and infinite distance from plate. Note that in this case the induced currents

J is rigorously identical to PO’s currents as JPO = 2n̂ ×Hi where n̂ is the unit normal

vector on the plate and Hi is an incident field from a dipole source. The imaginary part

of integrand is shown in Fig. 2.7. After the localization (truncation), the discontinuities

of the envelope of the integrand appear at the boundaries of local area (See Fig. 2.7 (b)).

So these boundaries look fictitious edges which do not exist in the original problem and

would produce undesired diffracted fields.

In order to suppress these, a windowing function is introduced. This function should

take the values 1 at the scattering center so that the result of radiation integral remains

unchanged due to localization, smoothly decreases towards the boundary of the local area

and takes the value 0 at the boundary (See Fig. 2.7 (c)).

A raised cosine function is one of the candidates which satisfy these conditions. In

[2.8, 10], the function in (2.6), named “EYE function,” was adopted. r and rB are the

actual distance from the scattering center to the integration point and to the boundary of
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the local area, respectively (See Fig. 2.6).

EYE

(
r

rB

)
=

cos2
(

r

rB
· π
2

)
r ≤ rB

0 r > rB

(2.6)

After multiplying the EYE function with the truncated integrand, the fictitious edges

disappear and the envelope of the integrand in Fig. 2.7 (d) resembles the figures of “bright-

ness & importance” in Fig. 2.4. As mentioned later, the EYE function of (2.6) has the

disadvantage of the trade-off relationship between the computation accuracy and the small-

ness of ∆nB. This is because (2.6) was originally designed for the visualization [2.8] and

was not optimized for the localization using the general concept of the Fresnel zone num-

ber. Reflecting the knowledge of the localization using the Fresnel zone numbers, we here

newly propose to adopt the Fresnel zone number instead of the actual distance as the

argument in the EYE function as follows;

EYE

(
∆n

∆nB

)
=

cos2
(

∆n

∆nB

· π
2

)
∆n ≤ ∆nB

0 ∆n > ∆nB.

(2.7)

Here, we examine the superiority of the new EYE function (2.7) to the old one (2.6).

The reflected far field from the infinite PEC plate as shown in Fig. 2.6 was calculated by

the proposed localization technique and compared with that by the image theory. The

minimum value of ∆nB which reproduces the original field is searched.

Fig. 2.8 presents the comparison for various values of ∆nB for various conditions of

d and θ. The left vertical axis indicates relative amplitudes of field after localization

normalized by that of image field. The right vertical axis indicates phase differences. For

both of the windowing functions, (2.7) and (2.6), the amplitude and the phase converge

to the exact ones when ∆nB becomes large enough. The phase difference by the old one

(EYE (r/rB)) however does not reach zero even in ∆nB = 8. That is, in the old one, there

is the trade-off relationship between the computation accuracy and the smallness of ∆nB.

On the other hand, the new one (EYE (∆n/∆nB) in Fig. 2.8) brings about much faster

phase convergence than the old one. Furthermore, in the new one, both of the amplitude

and phase are identical to the exact one when ∆nB is odd number and not smaller than

3; ∆nB = 3 seems the optimum number for the localization. The Fresnel zone number

realizes the uniform criteria valid for all the combinations of parameters θ and d as shown

in Fig. 2.8.

The resultant total fields in the same model are shown in Fig. 2.9. The distance d is

fixed at 10λ and θ varies from 0◦ to 30◦. In EYE (r/rB) case, the interference between the
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scattered and incident field cannot be reproduced accurately. EYE (r/rB) for ∆nB adopted

in [2.10] is also presented for comparison and the superiority of the new one is obvious in

terms of both the accuracy and the smallness of the integration area. These results clarify

the superior of the new EYE function and the fact that the area where ∆nB = 3 or the

path difference is smaller than (3/2)λ is enough to calculate the fields. Hereafter, we adopt

∆nB = 3 together with the new EYE function of (2.7).

Fresnel zone number
difference

n∆0 Bn∆
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z

Dipole Source
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Observer

∞

PEC Infinite Plane

y
h

1x x= 2x x=sx x=
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r
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Figure 2.6: Localization of scattering phenomena from an infinite PEC plate with a dipole

source
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2.4 Analytical Expression of Fresnel Zone Localization

2.4.1 Size of Local Areas in Terms of Wavelength

Here let us consider the frequency dependence of size of local area for the case of Fig. 2.6.

The local area is basically an ellipse for any θ. The lengths of semi-major axis and semi-

minor axis, a and b respectively, are expressed as

a

λ
=

√(
λ
2
∆nB

)2
+ 2h

(
λ
2
∆nB

)
|cos θ|

λ cos2 θ
=

√(
∆nB

2

)2
+ h

(
∆nB

λ

)
|cos θ|

cos2 θ
(2.8)

b

λ
=

√(
λ
2
∆nB

)2
+ 2h

(
λ
2
∆nB

)
|cos θ|

λ cos4 θ
=

√(
∆nB

2

)2
+ h

(
∆nB

λ

)
|cos θ|

|cos θ|
. (2.9)

When θ is 0◦ or 180◦, the local area becomes a true circle. The radius R (= a = b) is

expressed as

R

λ
=

√(
∆nB

2

)2

+
h∆nB

λ
. (2.10)

Derivation of these formula is summarized in Appendix A. Obviously, the normalized

values of a and b (including R) by the wavelength have the frequency dependence as

O(λ− 1
2 ) = O(f

1
2 ). In conclusion, the electrical area size (unit: λ2) of surface area of ellipse

increase in almost proportional to f . This characteristic is very important to consider the

frequency dependence of computational costs when the localization method is applied.

Let us consider the size of local area (∆nB = 3 and θ = 0◦) defined on the planar plate

with the finite physical length of 5 meters. As shown in Fig. 2.10, the physical size of

local area, which produces strong contributions to the observer, becomes smaller in higher

frequency as Fig. 2.4(b). The electrical area size of it however becomes larger as frequency

gets higher. This discrepancy can be explained as follows; if the physical size of whole area

(plate) remains unchanged, the electrical area size of whole area increases in proportional

to f 2 while that of local area also increase as O(f) tendency. This difference of frequency

dependencies makes an impression that the local area shrinks for higher frequencies in a

visual sense, although it enlarges in terms of the wavelengths.

This difference is the big advantage of localization method. In PO or MoM, the com-

putational costs increase depending on L = kRs where Rs is the radius of the smallest

sphere circumscribing the scatterer. If the whole area is regarded as analysis area, L has

the O(f) tendency. On the other hand, in the scattering analysis of local area, it has O(f
1
2 )

tendency. So we can suppress the computational costs by using the localization method

while the costs of localization method themselves increase with higher frequency.
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In order to realize the frequency-independent computational cost, we need to combine

the localization method with another technique as discussed in Chapter 4.
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Figure 2.10: Size of plate with finite physical length and local area

2.4.2 Error in Localization

In 2.3.2, we concluded that ∆nB = 3 is the optimum number for localization because

the error of amplitude and phase of scattered field looks zero for any value of h and θ in

Fig. 2.8. However, strictly speaking, these errors are not zero and they depend on h and

θ. Fig. 2.11 shows the relative error of the results by the localization method with the

∆nB = 3 criterion. Here the relative error ε is defined as

ε =

∣∣ES
Local −ES

Exact

∣∣
|ES

Exact |
(2.11)

where ES
Local is the calculated scattered field based on the localization method with ∆nB =

3 and ES
Exact is the exact solution calculated by image theory. This graph shows the relative

error ε is susceptible not to θ value but to h. The ES
Local in Fig. 2.11 was calculated by

numerical integration based on the rectangle method with the double precision and the

segment size of 0.01λ. It is difficult to derive the analytical representation of this error

for arbitrary cases. Here we show it for θ = 0◦ case. p is a dipole moment and r̂o is a
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unit vector from the origin to the observer at θ = 0◦, that is, r̂o = ẑ. ω and µ denote the

angular frequency and the permeability, respectively. Derivation of these is summarized in

Appendix B.

ES
Exact =E0I∞ (2.12)

ES
Local =E0IL (2.13)

E0 =
ωµkh

4π
e−jkh {r̂o × (r̂o × p)} (2.14)

I∞ =
1

jkh
(2.15)

IL =
1

2
I0 +

1

4
I+ +

1

4
I− (2.16)

I0 =j

{
e−jπ∆nB

k
(
h+ λ

2
∆nB

) − 1

kh

}
(2.17)

I± =j

(
1± 1

∆nB

)
e
+jkh

(
1± 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1± 1

∆nB

)
u=kh

(
1± 1

∆nB

)
+

1

∆nB

e
+jkh

(
1± 1

∆nB

)
[E (u)]

k(h+λ
2
∆nB)

(
1± 1

∆nB

)
u=kh

(
1± 1

∆nB

) (2.18)

I− =

[
lnu− u

jπ

]1+ 2h
λ

u= 2h
λ

(∆nB = 1) (2.19)

E(x) is the function related with the sine integral si(x) and the cosine integral ci(x) as

E(x) =−
∫ ∞

x

e−jt

t
dt = ci (x)− j si (x) (2.20)

si (x) =−
∫ ∞

x

sin t

t
dt (2.21)

ci (x) =−
∫ ∞

x

cos t

t
dt (2.22)

E(x) ∼je−jx

x
(x ≫ 1). (2.23)

We also define κ = IL/I∞ as the ratio of the localization’s result to the exact solution.

Note that the amplitude and phase of κ correspond to the left and right vertical axes of

Fig. 2.8, respectively.

In addition to the rigorous formula of (2.16) to (2.19), we derive the asymptotic formula

of (2.16). When kh ≫ 1 and ∆nB ≥ 2, x ≫ 1 holds. By applying the approximation of
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(2.23), IL and κ are approximated as

IL ∼ 1

4jkh

2 +
2

1−
(

1
∆nB

)2
− e−jπ∆nB

4jkh
(
1 + π∆nB

kh

)
2− 2

1−
(

1
∆nB

)2
 (2.24)

κ ∼1

4

2 +
2

1−
(

1
∆nB

)2
− e−jπ∆nB

4
(
1 + π∆nB

kh

)
2− 2

1−
(

1
∆nB

)2
 . (2.25)

Table 1 shows the comparison of relative errors ε calculated by three methods; the

analytical and rigorous value (based on (2.16) to (2.19)), the numerical integration result

(Fig. 2.11) and the approximated value (using (2.24) instead of (2.16)) for ∆nB = 3. The

numerical integration results, which may include the numerical errors due to the rounding

or rectangular integration method, are in very good agreement with the analytical ones.

The approximated values also succeeded in predicting the errors well.

The value of κ is the intrinsic and inevitable error of localization method. Let us

consider the characteristic of κ by using the asymptotic formula of (2.25). When ∆nB is

integer, κ in (2.25) is a real number, that is, the phase of κ is zero. The amplitude (absolute

value) of κ is always more than 1 and takes the local minimum value when ∆nB is an odd

integer number. Note that (2.25) holds for ∆nB ≥ 2. These are the same conclusion as

that in 2.3.2.

If the errors due to the localization with the windowing must be avoided (e.g. required

computational accuracy is very severe), we may add a correction term predicted by (2.16)

or (2.24) to (2.7). At that moment, we should neglect the observation-angle dependence of

errors and should use the correction value for θ = 0◦ because its dependence is insignificant.

Furthermore, the correction term itself is not necessary for most of the practical cases

because the relative error becomes -29 dB at largest (See Fig. 2.12) and -29-dB relative

error is acceptable in most of the scattering analyses. So we do not use the correction term

throughout this dissertation.
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Table 1: Relative Errors ε for θ = 0◦ and ∆nB = 0 in the case of Fig. 2.6.

h (λ)
Analytical value (dB)

(based on (2.16) to (2.19))
Numerical integration (dB)

(refer to Fig. 2.11)
Approximated value (dB)

(based on (2.24))

1 -29.6156 -29.6156 -28.5194

2 -31.8537 -31.8537 -31.4419

4 -35.5015 -35.5015 -35.3678

8 -40.1540 -40.1540 -40.1150

16 -45.4319 -45.4319 -45.4213

32 -51.0642 -51.0642 -51.0615
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2.5 Concluding Remarks

In this chapter, the fundamental knowledge and interpretation of Fresnel zone number

localization were provided. We compared the SPM and the localization method based

on Fresnel zone number. The localization with Fresnel zone number enables the physical

interpretation of scattered fields unlike the PO or MoM, and the results by localization

never include the singularities unlike that of the SPM. In that sense, the localization

method is situated between the wave optics (e.g. PO) and ray optics (e.g. GTD or UTD).

Necessity of windowing function was explained and the EYE function was introduced as

one of the candidates of windowing function. We proposed the new EYE function Fig. 2.7

whose argument is also the Fresnel zone number. The superiority of the new one to the

old one was shown with the numerical data.

We analytically showed the fact that the electrical area size of local area has the fre-

quency dependence as O(f) while that of the whole surface with constant physical length

has O(f 2). This difference on frequency dependencies indicates the advantage of localiza-

tion method in terms of computational cost reduction for higher frequencies. Finally, we

showed the analytical and asymptotic formula of the error due to the localization method

with EYE function. Since the maximum of the relative error is up to -29 dB, the correction

term is not necessary for most of the practical scattering analyses. If the higher accuracy
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is required, we may add the correction term.

Other functions are possible to be used as windowing function as long as they satisfy

the condition mentioned in 2.3.2, that is, they take 1 at scattering centers and smoothly

decrease toward the boundary of local area and take 0 at the boundary. We however use

the EYE function of (2.7) as windowing throughout this dissertation since its characteristic

has already been investigated very well.
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Chapter 3

Fresnel Zone Localization of Radiation Inte-
grals

3.1 Introductory Remarks

Most of the numerical calculation methods for electromagnetic fields, such as the Method

of Moments (MoM) [3.1], Finite Element Method (FEM) [3.2, 3] and Finite-Difference

Time-Domain (FDTD) [3.4, 5], are suitable only for the low frequencies due to increas-

ing computational loads in the high frequency. On the other hand, the high frequency

diffraction techniques such as Geometrical Theory of Diffraction (GTD) [3.6], Uniform

Geometrical Theory of Diffraction (UTD) [3.7] and Physical Theory of Diffraction (PTD)

[3.8, 9], give the enhanced accuracy in higher frequency, by taking the advantage of so-

called “the locality of scattering phenomena” without increasing the computational loads.

The concept of “locality” was embodied by the authors of [3.10] and was visualized

as mentioned in the chapter 2. The points with a strong contribution appear near the

scattering center, that is, the reflection points and the edge diffraction points. GTD and

UTD focus upon only the local corrections at the diffraction points. Physical Optics (PO)

[3.11] approximates the induced currents focusing upon the local direction of the surface

at the point of locality. PTD provides the local correction for PO in terms of fringe wave

(FW) and leads to alternative and compatible results with UTD.

Regardless of these, the locality had been conceptual and too ambiguous for us to

implement into calculation algorithm. There had been few examples which quantifies and

utilize the locality, except PO-MoM hybrid method which explicitly uses the locality of

the fringe wave [3.12, 13]. A hybrid method which complementarily uses PO and MoM

suggested the use of locality but no general criteria has been discussed even in the recent

papers [3.14]. Authors have tried to visualize [3.10], evaluate and implement the concept

of locality. In their work of [3.15], the large-size local domain basis functions which make

the reaction matrix in the MoM sparse were introduced and the Fresnel zone numbers

were used as the truncation criteria based upon locality for the first time; the sizes of

the matrix were successfully reduced and the computational load increase of MoM was

remedied. The author further applied the Fresnel zone number for the direct reduction

of the scattering objects into its partial or skeleton scatterers. The reduced scatterers
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are compactly analyzed by MoM and the smooth weighting functions for suppressing the

unwanted contribution emanating from truncation edges assured the highly accurate results

[3.16]. The Fresnel zone number, proposed to use as the criteria for localization in [3.16], is

the function of the positions of the source, observer and the point of interest on the scatterer

as explained in the chapter 2. [3.16] also showed that Fresnel zone number is also useful for

defining the seamless transition points between PO and MoM in PO-MoM hybrid method.

Unfortunately, in [3.16],the Fresnel zone numbers for localization (truncation) depended

upon types of scattering centers; ∆nB = 4 for the reflection points while ∆nB = 6 for the

edge diffraction points for example were adopted. Furthermore, the discussions in [3.15, 16]

were conducted only for two-dimensional problems.

In this chapter, how to apply the localization method to diffraction points is reviewed.

Fresnel zone number localization is applied not directly to the actual surface but to the

virtual one associated with the modified surface-normal vector satisfying the reflection

law in [3.17]. The two revisions, incorporating the modified surface-normal vectors and

adopting the Fresnel zone number in the windowing function (refer to the chapter 2),

bring about the following two advantages; the uniform treatment of various types scattering

centers and the applicability to 3-dimensional problems. Although these revisions also seem

effective for 2-dimensional cases, in this chapter, they are conducted only for 3-dimensional

cases.

3.2 Localization for Practical Scattering Problems

3.2.1 Localization for Edge and/or Corner Diffraction Points

Here, we newly introduce the localization method for the general point including the

edge diffraction point, incorporating the modified surface-normal vector to the localization

method. Fig. 3.1 shows the method to determine the local areas for both of the reflection

and diffraction points. As for the reflection point, as already mentioned in the chapter 2,

the area which satisfies the following conditions will be recognized as the local area;

nR =
LSR + LRO − LSO

λ/2
(3.1)

n =
LSI + LIO − LSO

λ/2
(3.2)

|n− nR| = ∆n ≤ ∆nB (3.3)

where n and nR is the Fresnel zone number at a point of interest and at the reflection

point, respectively.
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On the other hand, these conditions of (3.1) to (3.3) cannot be directly applied to

edge or corner diffraction points because the reflection law is not satisfied at these points.

Therefore, the scatterer surface should be replaced with the plane which satisfies the re-

flection law. The plane is specified by the modified surface-normal vector n̂mod [3.17]. One

out of two types of the modified surface-normal vectors are selectively used; n̂r and n̂i

satisfy the reflection law for the observation point, source and image source, respectively,

as

n̂r =
k̂d − k̂i

k̂d − k̂i
(3.4)

n̂i =− k̂d − k̂im

k̂d − k̂im
(3.5)

where k̂i and k̂im are the propagation vectors indicating the incident direction from the

source and its image, respectively, and k̂d is the normal vector along with the direction

to observation (see Fig. 3.2). Here, the selection of n̂r or n̂i depends upon the observer’s

position; for the observer on the front side or on the back side, n̂r or n̂i is selectively

adopted, according to the following equation,

n̂mod =

{
n̂r FrontSide : |n̂ · n̂r| ≥ |n̂ · n̂i|
n̂i BackSide : |n̂ · n̂r| < |n̂ · n̂i|

(3.6)

where n̂ is the actual surface-normal vector at the diffraction points. The localization area

will be specified not on the actual scatterer surface but on the fictitious surface defined

by n̂mod as shown in the right side of Fig. 3.1. At that moment, the conditions of (3.1) to

(3.3) will be replaced with the following ones;

nE =
|LSE + LEO − LSO|

λ/2
(3.7)

n =
|LSI′ + LI′O − LSO|

λ/2
(3.8)

|n− nE| = ∆n ≤ ∆nB (3.9)

where the point (I’) indicates a point of interest on the imaginary infinite plane tangential

to n̂mod. Note that the right side of Fig. 3.1 displays the example for n̂mod = n̂r case. In

the case of n̂mod = n̂i, the local area should be determined with respect to not the source

position (S) but the image source position (S’).

Next, we determine a windowing value by using the EYE function as

EYE

(
∆n

∆nB

)
=

cos2
(

∆n

∆nB

· π
2

)
∆n ≤ ∆nB

0 ∆n > ∆nB.

(3.10)
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on the imaginary infinite plane. Finally, the localized (truncated) area and windowing

value defined on the imaginary plate is projected onto the actual scatterer surface. In

conclusion, the local integration areas on the actual scatterer are identified.
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Figure 3.1: Localization for both of the reflection and diffraction points.
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Figure 3.2: Definition of modified surface-normal vector.
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3.2.2 Treatment of Overlapped Local Areas

When the inner SPP (reflection point) and diffraction points or the different diffraction

points get close together, the local areas for each point are overlapped and the windowing

values are multiply defined. Fig. 3.3(a) shows the case when the reflection point and

diffraction point are close together and the windowing value are multiply defined around

x = xc. In that case, the shape of final local areas is determined by merging the different

local areas. There are however several ways to determine the final windowing value. In the

literature of [3.18], a maximum-value rule was adopted. Let EYE i be a windowing value

based on (3.10) with respect to an i-th scattering center (in Fig. 3.3, i = 1 indicates the

reflection point at x = xs, and i = 2 indicates the diffraction point at x = x1). The final

windowing value W following the maximum-value rule is expressed as

W = EYE imax = max
i

EYE i (3.11)

imax = argmax
i

EYE i. (3.12)

The maximum-value rule however has a problem; distribution of final windowing value

has a discontinuity of the first derivative value at some points on a scatterer (See the

distribution at x = xc in Fig. 3.3(a) or Fig. 3.3(e)) and these points would produce the

undesired contributions. In order to cope with it, a smoothing rule was proposed in [3.19].

The correction term ∆EYE is added (3.11) as follows.

W = EYE imax +∆EYE (3.13)

∆EYE =
1

2

∑
i

|σ̂imax − σ̂i| · (1− EYE imax) · EYE i (3.14)

σ̂i = − ∇s (EYE i)

|∇s (EYE i)|
=

∇s (∆n)

|∇s (∆n)|
(3.15)

∇s in (3.15) is a vector differential operator regarding two unit vectors which construct

a coordinate system on a scatterer’s surface, that is, ∇s = ∇ − n̂ (n̂ · ∇). The unit

vector σ̂i was also introduced in the context of the modified edge representation (MER)

[3.20]. Fig. 3.3(e) shows the distribution of windowing value considering ∆EYE . The

discontinuities around x = xc disappear due to the correction term ∆EYE . Note that

∆EYE of (3.14) naturally has a feature which correct windowing values on a medium area

between nearby scattering centers and hardly works on the other area.

Comparison of the maximum-value rule and the smoothing rule will be numerically

done in the next subsection.
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3.3 Numerical Results

3.3.1 Radiation Integrals for Calculation of Scattered and Total Field Patterns

A. A Flat Scatterer: Scattered Fields and Windowing Value Distribution

All results from here, except Fig. 3.6, were calculated under the condition of ∆nB = 3.

Fig. 3.4 shows the computational model. A perfect electric conductor (PEC) square plate

with 50λ×50λ size is illuminated by an x-directed dipole on the z-axis at a distance of 50λ.

Fig. 3.5 shows scattered field patterns in two planes of observation ϕ = 0◦ and 45◦. The

geometrical reflection and incident shadow boundary (RSB and ISB, respectively) are also

drawn in the graphs. Here we used the smoothing rule for determining windowing value,

although the the effect by selection of rules is not significant in the scattered field pattern

so the results by both the rules are indistinguishably matched. The radiation integral

is conducted over the reduced area and weighted with the EYE function in (3.10) using

∆nB = 3. This is much smaller than the previous results ∆nB = 6 and 4 for the inner SPP

and the edge in [3.16] The results by the whole area integration are also presented as the

references. The localization does not deteriorate scattering field at all. The dashed line

indicates an occupation ratio of the local areas against the whole ones (refer to the right

vertical axis). The ratio varies with the observation angle and is always below 43%. It is

noted that the result for ϕ = 45◦, especially, for the angle θ between RSB and 90◦ where

only corner diffraction points survive and the other scattering centers vanish, assures that

the localization algorithm works well for a typical 3-dimensional problem, while the result

of ϕ = 0◦ has a similarity with a 2-dimensional problem in the sense that the reflection

point and edge diffraction points are located on one axis. Fig. 3.6 presents the scattered

field for various values of ∆nB from 50◦ to 90◦ at ϕ = 0◦ plane, where the reflection point

vanishes and only diffraction waves exist in terms of ray optics. Errors were observed in

∆nB = 2 case while that of ∆nB ≥ 3 is almost perfect. This result shows that the criterion

of ∆nB = 3 is also valid and large enough for edge and corner diffraction points.

Fig. 3.7 and Fig. 3.8 show the distributions of windowing values for various observation

angles. They were calculated based on the smoothing rule. In both of the ϕ = 0◦ and

ϕ = 45◦ plane, the shape and windowing value smoothly vary depending on θ. Although

the local area for the reflection point vanishes when the observer transverses the RSB, the

distribution of windowing values continuously changes. This property ensures a continuity

of a scattered field unlike geometrical optics (GO) or GTD’s field.



3.3 Numerical Results 49

50λ
x y

z

φ

r = ∞

θ

20λ

50λ

Dipole Source

PEC Plate

Observer

Figure 3.4: Computational model. A PEC rectangular plate illuminated by dipole.
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Figure 3.5: Scattered field from a rectangular plate (∆nB = 3).
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(a) θ = 0◦.
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(b) θ = 30◦.
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(c) θ = 51.3◦ (just before the RSB).
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(d) θ = 51.4◦ (just after the RSB).

-25 -20 -15 -10 -5 0 5 10 15 20 25
-25

-20

-15

-10

-5

0

5

10

15

20

25

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x position [λ]

y 
po

si
tio

n
[λ

]

[weight]

(e) θ = 60◦.
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(f) θ = 90◦.

Figure 3.7: Distribution of windowing value for various θ value at ϕ = 0◦.
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(a) θ = 0◦.
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(b) θ = 30◦.
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(c) θ = 60.5◦ (just before the RSB).
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(d) θ = 60.6◦ (just after the RSB).
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(e) θ = 60◦.
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(f) θ = 90◦.

Figure 3.8: Distribution of windowing value for various θ value at ϕ = 45◦.



3.3 Numerical Results 54

B. A Flat Scatterer Case: Total Field Patterns and Comparison of Windowing

Rules

A total field pattern is more sensitive to errors than a scattered field since the total field

is the sum of the scattered field and the incident wave and a phase error of scattered field

becomes notable. Fig. 3.9 compares the total field patterns calculated by the maximum-

value rule and the smoothing rule as well as the whole area integration. The patterns of

both of the rules are in good agreement with the whole integration. However, as for the

maximum-value rule, some errors are notable in the angles of 130◦ ≤ θ ≤ 160◦ at ϕ = 0◦

plane and 130◦ ≤ θ ≤ 150◦ at ϕ = 45◦ plane. These error comes from the discontinuities

of windowing value distribution. Not that the scattered field by the maximum-value rule

has also the same error on the front side because the windowing value distribution at θ

is same as that at the angle of 180◦ − θ. The errors however are not notable because the

incident waves, exactly calculated, are dominant on the front side. This graph explicitly

shows the superiority of the smoothing rule. The smoothing rule will be always used from

the next chapter.

The generality of localization method is high. Fig. 3.10 is also a total field when the

dipole source turns to z-direction and the other conditions are unchanged. Also in this

case, the field can be produced accurately.

The localization of radiation integrals is also valid for numerically-exact currents by the

MoM. Total field patterns by the whole integration and localization with the smoothing

rule are compared in Fig. 3.11. The computation model is similar to the one of Fig. 3.4 but

the size is slightly smaller due to the memory limitation in MoM-based simulator Wipl-D

as the reference; 40λ on a side illuminated by a half wavelength dipole at 16λ high. It

is confirmed that the proposed approximation is still effective for the realistic currents

analyzed by the MoM.
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(b) ϕ = 45◦ plane.

Figure 3.9: Total field from a rectangular plate and an x-directed dipole source.
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Figure 3.10: Total field from a rectangular plate and an z-directed dipole source.
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Figure 3.11: Total field calculated by radiation integral of MoM currents. The dimensions

of a rectangular plate change to 40λ× 40λ and the x-directed dipole source is at 16λ high.

C. A Curved Scatterer Case

The localization of radiation integral is also valid for a curved scatterer as Fig. 3.12. When

the angle θ is neither 0◦ or 180◦, there are two diffraction points on the periphery (see
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Fig. 3.12) while θ = 0◦ and 180◦ are the caustics and every point on the periphery becomes

a diffraction point. Therefore results at θ = 0.01◦ and 179.99◦ are used as that at θ = 0◦

and 180◦, respectively. The two patterns are matched well so the validity of the localization

was confirmed.
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Figure 3.12: Computational model. A part of PEC sphere illuminated by dipole.
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Figure 3.13: Total field form a part of PEC sphere and a dipole source.
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3.3.2 Frequency Dependence of Occupation Ratio

Fig. 3.14 summarizes the frequency dependence of the occupation ratio of local area to

whole one for several observation angles θ. At higher frequencies, the ratio is inversely

proportional to the frequency. This means that the computational load reduction would

be enhanced in higher frequency. This is also depicted at the bottom of Fig. 3.14 by

comparing the local areas at θ = 30◦ in original and 10-times frequency. Obviously, the

local areas shrink as frequency gets higher. Note that the electrical surface size (λ2) of local

areas itself increase for higher frequencies as discussed in the chapter 2. However, since the

electrical size of whole area against frequency increase at a higher rate than that of local

areas, the occupation ratio itself decrease for higher frequency. This characteristic of the

ratio means that frequency dependence of computational complexity regarding radiation

integrals is suppressed from O(f 2) to O(f) level.

0.1 1 10 100 1000
0.01

0.1

1

10

100

Normalized Frequency f / f0

L
oc

al
 A

re
a 

/ W
ho

le
 A

re
a 

[%
]

 θ = 0 deg.
 θ = 30 deg.
 θ = 60 deg.
 θ = 90 deg.

( )1O f −

50λ
x y

z

φ

θ

20λ

50λ

θ=30° (f=f0) θ=30° (f=10f0)

0φ = °

-25 -20 -15 -10 -5 0 5 10 15 20 25
-25

-20

-15

-10

-5

0

5

10

15

20

25

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x position [λ]

y 
po

si
ti

on
[λ

]

[weight] -250 -150 -50 50 150 250
-250

-200

-150

-100

-50

0

50

100

150

200

250

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

x position [λ]

y 
po

si
ti

on
[λ

]

[weight]

Figure 3.14: Frequency dependence of the occupation ratio of local area to whole area and

visuals of local areas.
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3.4 Concluding Remarks

The localization of radiation integrals was introduced in this chapter. The techniques to

apply the localization method to an arbitrary point including diffraction points were also

introduced. Various scattering centers, such as the reflection point and the diffraction

points, can be localized uniformly with the same criteria of ∆nB = 3 by utilizing the

modified-surface normal vector. We compared two rules to determine a final windowing

value, the maximum-value rule and the smoothing rule. We concluded that the smoothing

rule is better because the correction term ∆EYE , which considers σ̂i vectors, eliminates

a discontinuity of the first derivative value of windowing value and it leads to enhanced

accuracy of total field pattern. The algorithm was successfully applied to the scattering

analyses for a flat square plate and a part of sphere. The localization is valid for numerically

exact currents by the MoM as well as approximated currents by PO.
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Chapter 4

Physical Optics Radiation Integrals with Fre-
quency -Independent Number of Division uti-
lizing Fresnel Zone Number Localization and
Adaptive Sampling Method

4.1 Introductory Remarks

The efficient and accurate computation of the scattering fields from electrically large scat-

terers is one of the important problems in the antenna and propagation areas such as the

gain estimation of the reflector antenna or the radar analysis. The physical optics (PO)

approximation [4.1, 2] is one of the techniques to calculate them with a reasonable accu-

racy in the high frequency region. The PO has been widely used to analyze scattering

fields from the electrically large conducting scatterers such as the reflector antennas [4.3].

This is also being applied to a radio propagation or wireless communication environmental

analysis in high frequency such as the UHF band [4.4].

The PO assumes induced currents only on the lit surface and a zero current on the

unlit surface as follows;

JPO =

{
2n̂×Hi lit region

0 unlit region
(4.1)

where the n̂ is the surface-normal vector and Hi is the incident magnetic field on the sur-

face. The field radiated from PO currents can be computed by the radiation integrals over

the whole surface. In order to evaluate the radiation integral numerically, the integration

area must be divided into small segments and a certain constant and short value compared

to the wavelength is chosen as this size. The required CPU time of the PO is usually

proportional to the scatterer’s electrical size which basically increases in proportion to the

first power of the frequency (2-D case) or the second power of the frequency (3-D case);

the PO calculation therefore becomes extremely heavy at higher frequencies.

In order to alleviate this load, a variety of techniques have been proposed. The eval-

uation of the PO integrals by the asymptotic method such as stationary phase method

(SP) [4.5] is a classical technique but has been often used because of its usefulness. The

SP is the mathematical asymptotic techniques that replace the integration of the rapidly-
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oscillating function with the contributions from the stationary phase points at which it

takes the extreme value. In other words, the SP is said to be the method to lower the

dimension of the domain of the integration. In the 3-dimensional scattering problem, the

radiation integral is the double (surface) integral. If the SP is applied once, the surface

integral is transformed to the single (line) integration along the contour of the scatterer.

The equivalent edge currents (EECs) are the line currents to be integrated along the pe-

riphery of the scatterers, which are regarded as the results of the SP applied to the surface

integration once: variety types of definition of EECs have been proposed in history which

have the identical asymptotic behaviors [4.6–11]. Furthermore, the line integration can

be transformed into the contribution from some specific points if the SP is applied once

more [4.12]. These points are so-called “scattering centers” such as the reflection point or

the edge diffraction points which are leading terms in high frequency techniques such as

the Geometrical Theory of Diffraction [4.13]. The SP technique is the asymptotic method

thus calculation results become singular in some observation points, for instance, when an

observer is at the reflection shadow boundary, the caustics and so on.

Another mathematical approach is also developed where the amplitude and phase of the

integrand is approximated and expanded in terms of the low-order polynomial functions

which are integrable in the closed-form[4.14–17].

The adaptive sampling method (ASM) proposed by Burkholder [4.20] is the technique to

reduce the sampling point in the PO numerical integration. He pointed out that the usual

sampling criterion, which is based on the wavelength and is so-called “Nyquist sampling”,

often causes over-sampling. In order to cope with this, he proposed another criterion based

on the phase changes of the integrand which is so-called “adaptive sampling”.

We proposed a quite different approach named “Localization of the radiation integrals.”

[4.21, 22] This technique has some of the common points in the SP technique however the

dimension of the domain of integration doesn’t become lower and only the size reduction

or localization takes place. This localization method suggests that only the small portions

of the integration with a slow phase change contribute to the scattering field. This idea

comes from the local property of scattering phenomena as mentioned in the chapter 2. In

order to extract the locality and truncate the areas with strong contribution appropriately,

we have proposed the use of Fresnel zone number as the generalized criterion and the

argument in the weighting function.

In this chapter, we newly introduce the ASM in the localization method. In princi-

ple, the proposed method provides the frequency-independent number of division in the

radiation integrals and the computational time and accuracy. Furthermore, this method

introduces no singularity unlike the SP and EEC techniques.

The proposed method is applied to the radar cross section (RCS) analysis by PO for
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2-dimensional structure. Time dependence of exp (jωt) is assumed and suppressed, where

ω is the angular frequency. λ and k are the wavelength and wavenumber, where k = 2π/λ,

respectively. By the way, the practical computation of scattering covers the numbers of

the sampling points of observation angles and also one of frequencies. These also increase

depending on the frequency [4.18, 19]. Consequently, the multiplication of the three terms

gives the load on computation, that is, a scatterer’s electrical size, number of sampling

points of observation points and one of frequencies determine the computational load. The

techniques we have reviewed so far are aimed for a computational load reduction regarding

the first one, that is, the electrical size. Of course, some of the methods aimed for the other

two terms have also been proposed and developed; the Fast Physical Optics (FPO) [4.18]

and Multilevel Physical Optics [4.19] are the representative method of these. Therefore,

the method developed in this paper, classified into the techniques to reduce computational

cost about the first term, may be combined with the FPO and MLPO for reducing the

number of sampling points and frequencies, and leads to a more efficient computation in

practical applications.

4.2 Adaptive Sampling Method in the Fresnel Zone Number Lo-

calization

In this subsection, we compare the usual sampling method, so-called “Nyquist sampling,”

and the adaptive sampling method which was introduced in [4.20].

Usually, the sampling rate is determined by the criterion of the Nyquist sampling rate.

According to this criterion, the integration area is divided into the equal- and small-size

segments. A small value compared to the wavelength is usually chosen as that size of ∆x;

for instance λ/20 or λ/10 (See Fig. 4.1(a)) depending upon the accuracy required. If the

frequency f becomes higher for the given physical size of the systems, the total number of

divisions increases proportional to the electrical size of total integration areas, viz. O (f)

in the 3-D case, or O (f 2) in the 2-D case. This brings about the heavy computational

load in the high frequency region. Another difficulty of the over-sampling was pointed out

in [4.20]. “Adaptive sampling” is a criterion to cope with this problem. The integrand

in the radiation integral can be generally expressed as (4.2). G (x) is the envelope of the

integrand and f (x) is the path length from the source to the observer via the integration

point.

I =

∫∫
S

G (x) e−jkf(x)dx (4.2)

This ASM is the method to adaptively divide the integration area so that the phase
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change of the integrand, that is, the variation of kf (x) in one segment should be a certain

constant value of ∆α; for instance, π/10 or π/20 (See Fig. 4.1(b)). Since one hump of

the waves (or, half oscillation) corresponds to the π phase changes, this criterion can be

interpreted as the method to divide the hump of the wave into 10 or 20 segments.

Here, let us consider the frequency dependence of total number of divisions when we

introduce the ASM in the localization method. Based on the localization method, (4.2)

will be converted into the following form in terms of the Fresnel zone number.

I ≈
∫∫

S

EY E

(
∆n

∆nB

)
G (x) e−jπ(∆n+nR)dx. (4.3)

To facilitate numerical evaluation, (4.3) can be transformed into a summation of dis-

crete terms. If we adopt the ASM and we put δ = ∆α/k, which corresponds a step value of

the Fresnel zone number in the radiation integral, the discretized version shall be expressed

as follows;

I ≈ e−jknR

NFZN∑
i=0

EY E

(
iδ

∆nB

)
G (x(iδ)) e−jk(iδ)∆xi (4.4)

where ∆xi is a size of an i-th surface segment and NFNZ = ∆nB/δ is the total number of

divisions in the numerical radiation integral. This NFNZ is independent of the frequency

because both of ∆nB and ∆α are the criterion value remaining unchanged for frequency.

In other words, (4.4) is a frequency-independent form, so the constant CPU time can be

achieved.
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4.3 Numerical Results for 2-Dimensional Results

In this subsection, we demonstrate that the adaptive sampling method is better in the sense

of the number of sampling points and the computational accuracy when the localization

method is adopted. In order to facilitate the discussion, problems which can be analytically

evaluated as closed forms will be treated in this section. First, we show the relationship

between the number of sampling points and the relative errors for each criterion when the

localization method is adopted. The TM plane wave express by (4.5) to (4.7) is incident

on the 2-dimensional conducting strip of the width w from the angle of θ as shown in

Fig. 4.2(a). The monostatic radar cross section (RCS) from the strip was calculated by

PO radiation integrals combined with the localization method.

ki = −x̂ sin θ − ẑ cos θ (4.5)

Ei = (ŷ × ki)E0 exp (−jki · r) (4.6)

Hi = ŷ
E0

η0
exp (−jki · r) (4.7)

The specific procedure is as follows. First of all, the PO currents are given by (4.1).

We evaluated the RCS value of (4.9). Please note that σ2D has the dimension of the length

(meter) but σ2D/λ is the dimensionless value. At that time we calculated the scattering
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electric fields according to (4.11) instead of (4.10). In this model, the scattering centers

must be two edge points; the left one (E1) and right one (E2) (see Fig. 4.2(a)). Local areas

were determined by the Fresnel zone criterion and the windowing function, EYE func-

tion, was applied upon these areas. After that, the numerical integration was conducted

following the two types of the division criteria (sampling method); the Nyquist sampling

method and the ASM. We calculated the RCS value for each criterion and discussed the

convergence tendency of it. The reference value was computed by the usual procedure (the

full integration without any weighting function) of PO computation with λ/10000 interval

by using (4.10).

ks = −ki (4.8)

σ2D

λ
=

1

λ
lim
r→∞

{
2πr

|ES|2

|Ei|2

}
(4.9)

ES = −ωµ

4
·
√

2j

πk

∫
strip

JPO exp (−jks · r) dS (4.10)

ES = −ωµ

4
·
√

2j

πk

∫
∆n≤∆nB

EY E

(
∆n

∆nB

)
JPO exp (−jks · r) dS (4.11)

At first, we show the convergence tendency of the radiation integral results against

the division number in the case of the Nyquist sampling. The tendencies for θ = 20◦, 50◦

and 80◦ in the case of w = 10λ are shown in the Fig. 4.3(a). The convergence speeds

for each angle are different and tends to be slower for wider angles. In other words, the

number of divisions required for a certain constant accuracy becomes larger in the wider

angles. The tendencies with a 5 times higher frequency are overlaid on the Fig. 4.3(a).

The speeds against the number of divisions per 1 wavelength are unchanged. Therefore,

the total number of divisions becomes 5 times larger than the one of the w = 10λ case in

the proportion to the frequency.

In comparison, the results from the ASM show us the frequency- and observation-angle-

independent convergence tendencies. Fig. 4.3(b) shows the tendencies when the ASM is

adopted for the strip of w = 10λ and w = 50λ. Three dotted lines for each w value

are matched indispensably. This result tells that these tendencies are almost perfectly

independent of the observation angles. The speeds of convergence against the number of

divisions per one Fresnel zone number are identical for each width of the strip in the same

manner as the case of the Nyquist sampling method. In addition to that, the speed against

the total number of division does not change at all unlike the previous case. And these
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convergence speeds against the total number of division is much faster than ones of the

Nyquist sampling method. In addition to that, these 6 lines are matched as if the same

conditions were used. This result tells us that the tendency is almost perfectly independent

of the observation angles. The advantage of the ASM criterion over the Nyquist one has

been shown.

The RCS pattern from the strip conductor with the width of 10λ is shown in Fig. 4.4.

PO (Number/Wavelength) in this and following figures means the results by the full in-

tegration without any weighting function with λ/10000 interval. PO (Number/Fresnel

zone) is the results by the localization method with the criterion of the adaptive sampling

method with ∆α = π/12 interval. Note that the value of π/12 was experimentally found so

as to realize less than 0.1 dB difference in the peak values of two patterns in the situation

of Fig. 4.2, and that this value might give almost the same accuracy for any other cases.

The accurate results are observed not only for the specific angles of θ = 20◦, 50◦ and 80◦,

but also for every angle from −90◦ to 90◦. The pattern for the case of the rectangular

cylinder in Fig. 4.2(b) is shown in Fig. 4.5. The two patterns are well-matched.
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Figure 4.2: Two-dimensional PEC scatterers with Plane TM wave incidence
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4.4 Frequency Dependence of the Computational Accuracy and

Time

In this subsection, we discuss the frequency dependence of the computational accuracy

and time for the proposed method. Generally speaking, the accuracy in the numerical in-

tegration is enhanced with an increase in the sampling density; however the computational

time gets longer in proportion to the density as well. In other words, there is a trade-off

relationship between the accuracy and the time in the full integration of PO currents. We

therefore have to check the balance of the computational time and the accuracy.

Fig. 4.6 shows the frequency dependence of the CPU time for calculating the monostatic

RCS of the conducting strip in Fig. 4.2(a) against the width w. Note that m-times larger

width w corresponds to the situation with m-times higher frequency. The CPU time by

the usual PO is proportional to the frequency while one by the proposed PO is almost

constant and independent of the frequency.

The normalized root-mean-square (RMS) error defined by (4.12), which is the same

one as that of [4.18], is also indicated in Fig. 4.6.

∆rms =



Nθ∑
i=1

∣∣Eint
S (θi)−Eref

S (θi)
∣∣2

Nθ∑
i=1

∣∣Eref
S (θi)

∣∣2


1
2

× 100 [%] (4.12)

Eref
S (θi) is the reference value computed by usual PO (Number/wavelength) with λ/10000

interval, Eint
S (θi) is the result to be compared andNθ is the number of observation sampling

points and here we use Nθ = 1. The results of Fig. 4.6 show that the proposed method

realizes the constant computational time and accuracy for any frequencies while the RMS

error of the results by the usual one is decreasing with higher frequencies. This reason can

be explained as follows.

If the frequency becomes m-times higher, the width of the scatterer on one side nor-

malized by the wavelength becomes m-times larger; on the other hand, the width of one

oscillation near the scattering center becomes
√
m-times larger. This property has been

mentioned in the chapter 2. For this, the Nyquist sampling criterion makes the sampling

rate per one oscillation
√
m-times dense.

We confirmed the correctness of the above discussion. Table 1 summarizes the sampling

density based on the usual PO, which realizes the almost constant RMS error of 0.45% ≤
∆rms ≤ 0.50%. The third column indicates the predicted sampling density which are

derived from 80/
√
m, where 80 is the sampling density to realize the RMS error of 0.45% ≤
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∆rms ≤ 0.50% in the case of w = 10λ and used as the initial value. The equation of 80/
√
m

succeeded in predicting the sampling rate to realize the RMS error of 0.45% ≤ ∆rms ≤
0.50%. From another point of view, it is said that the Nyquist sampling method brings

about the over-sampling in the higher frequency region. Note that the paper of [4.20]

didn’t discuss the frequency dependence of the adaptive sampling rate however it implied

that the sampling rate should change adaptively not only for the observation position but

for the frequency.
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Figure 4.6: CPU time and RMS error against strip length w

Table 1: Sampling density to realize the constant value of ∆rms

m w [λ]
sampling deinsity
(predicted) [/λ]

sampling deinsity
(chosen) [/λ] ∆rms for 4th column

1 10 (initial value) 80.0 80 0.493

2 20 56.6 56 0.498

3 30 46.2 46 0.495

4 40 40.0 40 0.493

5 50 35.8 36 0.490

6 60 32.7 34 0.474
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4.5 Extension for 3-D Problems

In this section, we discuss the applicability of the proposed method in the 3-dimensional

case which cannot be analytically evaluated as closed forms. Here, integration for local

area around the reflection point on an infinite PEC plane and a part of sphere is discussed

as the basic study.

In 3-D case, it is difficult to uniquely apply the ASM to the radiation integral because

there is ambiguity in determining the segment shape on the scatterer surface while every

segment is simply determined by the shape of the periphery of the scatterer in 2-D case.

One possible segmentation method which harmonizes with the Fresnel Zone localization

and is applicable for 3-D general surfaces is described in Fig. 4.7. The local integration

areas are characterized by two directions; ∆n which is the maximum variation direction

in ∆n and τ which is the non-variation direction in ∆n. Nσ and Nτ are the number of

sampling points along the σ direction per one Fresnel zone number and τ direction per 1/4

rotation, respectively. The precise definitions of σ and τ are mentioned in the scheme of

the modified edge representation (MER) technique [4.9]. Note that the boundary of local

area is defined by the condition of ∆nB = 3 and the shape of it is an ellipse when the

scatterer is planar, and that the boundary is along the τ direction.

Reflected fields from the plane were calculated for various distances d by two methods;

the first one is the image theory, which gives the exact solution in this case, and the

second one is the surface integration based on the localization and proposed segmentation

as shown in Fig. 4.8. Reflected field patterns from θ = 0◦ to 45◦ for d = 1λ and d = 100λ

are plotted in Fig. 4.9(a) and Fig. 4.9(b) respectively. Both of the graphs are drawn under

the condition of Nσ = 20 and Nτ = 10. Although there is a little difference between the

exact solution and proposed one in the case of d = 1λ, two pattern are almost matched.

The RMS errors for the reflection pattern from θ = 0◦ to 45◦ under the condition of

Nσ = 20 and Nτ = 10 against the distance d are plotted in Fig. 4.10. Since the division

of θ is 0.1◦, Nθ equals 451. The sizes of local areas for θ = 0◦ to 45◦ are also depicted and

correspond to the right vertical axis. Note that the total number of segments is always

constant for any values of d and this fact caused the almost-constant CPU time because Nσ

and Nτ are unchanged. While the local integration areas themselves increase in proportion

to d but the total number of divisions is unchanged, the RMS error does not get worse.

The proposed method is applicable to a curved scatterer case as well. We calculated

a reflected wave from a part of sphere shown in Fig. 4.11(a). The same segmentation as

Fig. 4.7 can be straightforwardly applied to the local area on the surface of sphere. The

RMS errors of the reflected pattern from θ = 0◦ to 45◦ with 0.1◦ step and the size of local

area are also plotted in Fig. 4.11(b) under the condition of Nσ = 20 and Nτ = 10. The
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similar tendencies as Fig. 4.10 are observed. The discussion of number of division for the

remaining parts of scattering centers such as the edge- and corner-diffraction for general

3-D scatterers is left for future works.
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Figure 4.7: Segmentation method for local area around the reflection point on 3-
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4.6 Concluding Remarks

The new technique to introduce the ASM in the localization method was presented. We

trim the integration area in such a way that the area contains constant number of the

oscillation of the integrand in PO radiation integral and the ASM provides the constant

sampling points per one oscillation. We applied the propose method to 2-D RCS calculation

for PEC strip and cylinder. We confirmed that our proposed method provides frequency

independent number of divisions and realizes a certain constant accuracy for any frequency

and observation angles. As the starting point for extension to 3-D case, this method was

applied for reflection from an infinite PEC plane and a part of sphere by introducing a

possible segmentation in terms of σ and τ direction.

The discussion of number of division for general 3-D scatterers with diffraction and

application of proposed integration techniques into another radiation integral such as those

in the Method of Moments are left for future works. The hybrid use of this method and

the FPO algorithm can further accelerate the PO computation and is also an important

future task.
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Chapter 5

Implementation of High Frequency Locality
in the Method of Moments for 3-Dimensional
Scattering Problems

5.1 Introductory Remarks

Redaction of the computational complexity and memory consumption in the method of

moments (MoM) [5.1] computation has been an important problem in electromagnetic

scattering analyses for several decades. If the direct method is adopted as matrix inver-

sion, computational complexities for the matrix filling and matrix inversion are roughly

proportional to N2 and N3, respectively, where N is the number of unknowns. The type

of unknowns to be solved depends on the type of analyzed materials and adapted integral

equations (e.g. electric field integral equation (EFIE), magnetic field integral equation

(MFIE) or combined field integral equation (CFIE)). A required capacity of computer

memory is proportional to N2 as well. Since N becomes larger in proportion to the elec-

trical size of scatterer which is proportional to f 2 (f is frequency) when the physical size

of scatter is unchanged, frequency dependency of memory capacity amount to O(f 4). This

means that the MoM analysis becomes explosively inefficient in higher frequency. Some

of the techniques to suppress the computational cost of the MoM have been proposed.

The fast multipole method (FMM) [5.2] and multilevel fast multipole method (MLFMM)

[5.3] are the representative methods among them. The two methods suppress the memory

consumption to O(N1.5) and O(N logN), respectively. The characteristic basis function

method (CBFM) [5.4] is also well-known technique to reduce the memory consumption.

Note that these methods don’t directly reduce N itself but reduce N ’s dependence of the

complexity in the MoM computation. Therefore the frequency dependence of N is also

unchanged as O(f 2).

PO-MoM is another way to reduce N directly [5.5, 6]. A scatterer is divided into a

physical optics (PO) [5.7, 8] region and an MoM region and then unknowns are assumed

only on the MoM region. Although PO-MoM has been treated even in the recent papers

such as [5.9], to the best knowledge of the authors, there is no explicit criterion to determine

the boundary between PO and MoM regions.

In this chapter, we focus on the Local-MoM [5.10] which was originally proposed for
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2-dimensional problems and directly reduces the frequency dependence of N . The Local-

MoM is one of the MoM fully considering the “locality of scattering phenomena.” The

locality itself is a key feature in the high frequency asymptotic (HFA) methods such as

localized evaluation of PO integrals [5.11], the geometrical theory of diffraction (GTD)

[5.12] and the uniform theory of diffraction (UTD) [5.13]. As mentioned in the chapter

2, scattering phenomena by PO currents also show the locality. Even if a dipole source

illuminates the whole surface of scatterer, the strong contributions appear in only the area

around the scattering centers (reflection and edge diffraction points in terms of ray optics)

and the contribution from the other area is almost zero [5.14]. Some of the methods which

embed the locality into the MoM have been introduced [5.10, 14–16] and Local-MoM is

one of them. The basic idea of Local-MoM is as follows; the induced currents only on

the truncated local scatterers are at first analyzed by MoM and then the scattered field is

obtained by radiation integral with smooth windowing function to suppress the error due

to the truncation of scatterer. In [5.10], the Local-MoM was firstly applied to radar cross

section (RCS) analyses of 2-dimensional scatterers. In [5.16], the localization of radiation

integral was discussed as the beginning of expansion of Local-MoM into 3-dimensional

problem. Throughout these papers, the authors succeeded in giving the explicit criterion

to determine truncated local areas in terms of Fresnel zone numbers, unlike PO-MoM.

Moreover it was confirmed that a computational accuracy does not degrade so much and

the frequency dependence of N is suppressed than that for the normal MoM.

The objective of this chapter is to expand the Local-MoM into 3-D problem together

with some modifications including the technique proposed in [5.16]. Scatterings from

some simple structures such as a perfect electric conductor (PEC) rectangular plate and

a part of sphere illuminated by an infinitesimal dipole will be treated as the beginning

of the application of Local-MoM to 3-D problems. Since the special procedures in the

Local-MoM computation are only the truncation of analysis model and the applying of

the windowing function based on Fresnel zone criterion, they could be easily implemented

in existing MoM-based commercial simulators. This is the big difference from hybrid

methods between HFA methods and MoM (e.g. PO-MoM, MoM-GTD [5.17] or MoM-

UTD [5.18]). These hybrid methods need to take fields calculated by HFA methods into

account. Therefore an implementation of hybrid methods by existing simulators having a

MoM solution only is impossible without developing a new option to give an HFA solution.

Here the Local-MoM is implemented in a commercial electromagnetic simulator WIPL-D.

We will discuss how to apply the windowing function since we found that the windowing

proposed in the chapter 2 provided inaccurate results. The computational accuracy and

the frequency dependence of computational load will also be discussed.

As already explained, the big difference between the Local-MoM and the fast methods



5.2 Analysis Method 83

of FMM, MLFMM and CBFM is the frequency dependence of N . These fast methods

don’t change it as O(f2) while the Local-MoM technique directly reduces it from O(f 2)

to O(f) due to the truncation of scatterer. Moreover there is a possibility which the

computation complexity can be further reduced by jointly using the Local-MoM and these

fast methods. That is, we may apply the fast methods to small scatterers truncated by

following the Local-MoM procedure. From this point of view, the Local-MoM is totally

independent of these fast methods. In this paper we however don’t use them in order to

simply evaluate the effectivity of Local-MoM.

5.2 Analysis Method

5.2.1 MoM for Localized Scatterer

Fig. 5.1 compares the calculation procedures of normal MoM and Local-MoM. In the nor-

mal MoM, an integral equation is at first constructed for unknown currents J =
∑

n InBn

assumed over the whole surface of a PEC scatterer as the following matrix and inner

product form.

[Zmn] [In] = [Vm] (5.1)

Zmn = ⟨Tm, L (Bn)⟩ (5.2)

Vm =

⟨
Tm,

[{
EYE

(
∆n

∆nB

)}α

· I i

]⟩
(5.3)

EYE

(
∆n

∆nB

)
=

cos2
(

∆n

∆nB

π

2

)
∆n ≤ ∆nB

0 ∆n > ∆nB

(5.4)

Bn and Tm are basis and testing functions, respectively. In is the coefficient for basis

functions, I i is an incident field from external sources and L(·) is a linear operator. The

type of I i (electric or magnetic field) and formulation of L(·) are specified by analysis

conditions including the type of integral equation. For more details, please refer to the

chapter 5 of [5.1]. (5.4) with x = 1 is a raised cosine function which takes the value 1 at

(R) and smoothly decreases towards the boundary of the local area (B) and takes the value

0 at (B). This function was previously utilized to suppress some errors due to localization

in [5.16]. For the later discussion for the Local-MoM, the EYE function to the power of

the parameter α is multiplied with I i in (5.3), although it is not used in the normal MoM,

that is, α = 0 is normally applied. Note that when the exponent value α is zero, the
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windowing value is defined as follows;{
EYE

(
∆n

∆nB

)}0

=

{
1 ∆n ≤ ∆nB

0 ∆n > ∆nB.
(5.5)

After the construction of the matrix (5.2), it is solved by matrix inversion. When a source

is fixed (e.g. bistatic RCS or antenna radiation analysis), this matrix operation step is

conducted only once.

After that, a radiation integral for the observed currents is conducted. For the same

reason as the expression of (5.3), the form of radiation integral including the EYE function

is expressed as (5.6) Here k is a wave number, r is a distance between an integration point

and an observer and β is the exponent for the EYE function. In the normal MoM, the

windowing is not needed, that is, we use β = 0 as defined in (5.5).

ES ∝
∫
S

{
EYE

(
∆n

∆nB

)}β

J
exp (−jkr)

4πr
dS (5.6)

The radiation integral must be done repeatedly for the number of observation angles.

As we mentioned in 5.1, computational times for matrix filling and matrix inversion and a

required capacity of computer memory are proportional to N2, N3 and N2, respectively.

In Local-MoM, we at first give an i-th observation angle (θi, ϕi) and then localize and

truncate the analysis model so that only the local areas which satisfies the Fresnel zone

number criterion survive and the other areas are removed. Unknown currents are placed

only on truncated local areas and a matrix is constructed only for these local currents. After

solving the matrix, radiation integral for these local currents is conducted to obtain the

scattered field at the i-th angle (θi, ϕi). In the construction of matrix (integral equation)

and radiation integral, the windowing is applied to the incident field radiated from the

source and the integrand, respectively. In Local-MoM computation, we apply the EYE

function with some values of α and β. A good combination of α and β for scattering

analysis will be discussed later.

Furthermore, if the analysis model are separated into N sca
i isolated scatterers at the

i-th angle due to the localization as shown in Fig. 4 and electromagnetic couplings between

two separated scatterers is negligible (e. g. planar scatterer case), it is enough to construct

the matrix only for currents on a j-th separated scatterer. The currents and the scattered

field for the j-th scatterer are obtained in the same way as explained above. The scattered

field for the i-th angle, ES(θi, ϕi), is calculated by

ES (θi, ϕi) =

Nsca
i∑

j=1

E#j
S (θi, ϕi) (5.7)
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where E#j
S (θi, ϕi) is the scattered field from the j-th separated scatterer at the i-th angle.

This technique can further reduce the computational cost of Local-MoM because the num-

ber of unknown currents to be solved in one-time MoM execution (procedure of the MoM

analysis) becomes smaller.

Normal MoM
Start: Computational model is given

MoM analysis for induced currents 
on full scatterers

(Linear integral equation setup  
& Matrix Inversion)

: (5.1)(5.2)(5.3) with α=0 

Radiation Integral: 
(5.5) with β=0

End

Start observation angle (θi, φi) loops

End observation angle (θi, φi) loops

Local-MoM
Start: Computational model is given

Radiation integral:
(5.5) with β ≥0

End

Start observation angle (θi, φi) loops

End observation angle (θi, φi) loops

Localization of the scatterer

i=i+1

i=i+1

Start separated scatterer #j loops

End separated scatterer #j loops

j=j+1

Summation of results for 
separated scatterers 

MoM analysis for induced currents 
on localized scatterers

(Linear integral equation setup  
& Matrix Inversion)

: (5.1)(5.2)(5.3) with α ≥0

Figure 5.1: Comparison of Calculation Procedures in Normal MoM and Local-MoM.

5.2.2 Rough Discussion on Computational Cost

Let nij be the number of unknown currents on the j-th separated scatterer for the i-th

angle (θi, ϕi). Since nij for any i and j is much smaller than N of the normal MoM,

the required capacity of memory can be surely saved by the Local-MoM technique. On

the other hand, since the integral linear equation (matrix) must be solved repeatedly for
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the number of observation angle unlike the normal MoM, the computation time becomes

longer than that for the normal MoM for some situations, especially lower frequency cases.

The frequency dependence of nij is however O(f)-level as the electrical size of a truncated

scatterer. The localization therefore becomes more effective in higher frequency and the

difference of frequency dependence between nij and N provides the saving of computational

times as well as the memory capacity. Numerical discussion on these computational costs

will be done in 5.3.3.

5.3 Numerical Results

5.3.1 Discussion on Windowing

In the discussion on 2-D structure [5.10] and the localization technique about physical

optics radiation integral [5.16], the windowing was applied only to the integrand in ra-

diation integral, that is, α = 0 and β = 0 are applied to (5.3) and (5.6), respectively.

We however found that the windowing only to the integrand gave us results with a poor

accuracy. To overcome this, we searched for the better windowing method to reproduce

the scattering field from the original rectangular plate with smaller errors. We examined

several combinations of the exponent α and β of the EYE function. The former one of

{EYE (∆n/∆nB)}α corresponds to the extra boundary condition which the incident field

becomes weaker near the periphery of local areas in addition to the original boundary con-

dition required in an adapted integral equation (e.g. EFIE, MFIE or CFIE). From another

point of view, {EYE (∆n/∆nB)}α can be interpreted to embed the locality in the current

distribution analysis. The latter one of {EYE (∆n/∆nB)}β is just for eliminating a discon-

tinuity of currents near the periphery. The discontinuity would produce diffracted fields

which don’t exist in original problem. Windowing both of them is more natural idea than

that in previous papers, because both of the modification of current distribution analysis

and the elimination of undesired diffraction match the feature of locality well. Since the

paper of [5.16] showed that the EYE function to the first power gives us very accurate

results, we especially focused on the cases of α+ β = 1 although we examined other cases

(e.g. α + β = 2).

The second row of Table 1 compares the root mean square error values of ∆rms for the

scattered field from the rectangular plate in Fig. 5.2 under the condition of a = b = 8d =
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16λ. The error ∆rms is defined by (5.8) [5.19];

∆rms =



Nobs∑
i=1

∣∣Eint
S (θi)−Eref

S (θi)
∣∣2

Nobs∑
i=1

∣∣Eref
S (θi)

∣∣2


1
2

× 100 [%]. (5.8)

where Eref
S (θi, ϕi) is the reference scattered field calculated by the normal MoM, Eint

S (θi, ϕi)

is the one calculated by the Local-MoM and Nobs is the number of observation angle. Here

Nobs is 361 at ϕ = 0◦ plane. In the cases of α+β = 0 and α+β = 0, the errors are relatively

large. These errors decrease as a frequency becomes higher. The third row of Table 1 shows

some of the results for the case when frequency is 6-times higher (a = b = 8d = 96λ). In

both cases, the condition of α = β = 0.5 tends to provide reasonable results. Although

this conclusion might slightly change depending upon the specific profile of problem, we

therefore adopt α = β = 0.5 hereafter.

Table 1: Comparison of root mean square errors ∆rms for various combination of α and β

α, β 0, 0 0, 1 0.25, 0.75 0.5, 0.5 0.75, 0.25 1, 0 0, 2 1, 1 2, 0

∆rms for a = b = 8d = 16λ (%) 80.9 20.3 7.63 5.04 5.07 6.49 29.1 20.3 21.2

∆rms for a = b = 8d = 96λ (%) 4.53 1.17 1.50

r =∞
z

x y

θ

φ
d

ab

Source
(Infinitesimal Dipole)

Rectangular Plate
(PEC)

Figure 5.2: Analysis model (a Rectangular Plate and a Dipole).

5.3.2 Total Field Pattern

Fig. 5.3(a) compares the total field patterns calculated by the normal MoM and Local-

MoM under the condition of a = b = 8d = 16λ. Some errors exist around the refection and
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incident shadow boundary (RSB and ISB) but reasonable accuracy of ∆rms ≈ 5.04% was

obtained. The shapes of localized model for the angle θ = 0◦, 30◦ and 90◦ are shown in

Fig. 5.3(b) to Fig. 5.3(d). The local areas for diffraction points are connected at θ = 0◦ and

30◦ since the scatterer is not large enough (in other words, frequency is not high enough)

from the Local-MoM’s point of view. In that sense, the effectivity of Local-MoM is not

high for this model. The reasonable accuracy was achieved not only in ϕ = 0◦ plane but

also but also in ϕ = 45◦ plane as shown in Fig. 5.4. ∆rms for ϕ = 45◦ plane is about 4.10%.

Fig. 5.5(a) shows the results with 6-times higher frequency(a = b = 8d = 96λ). The

localized scatterers for this frequency are also visualized in Fig. 5.5(b) to Fig. 5.5(d). The

agreement between two patterns is obviously improved, and the error ∆rms is reduced to

1.17%. This is because the Local-MoM is based on the HPA methods and therefore it has

the similar tendency with the HPA which accuracy will be improved in higher frequency.

However accuracy of Local-MoM is unfortunately poorer than the PO’s results since the

geometry of the model is too simple.
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Figure 5.3: Local-MoM’s result (a = b = 8d = 16λ, ϕ = 0◦ plane) (a) Total Field Pattern

(b) (c) (d) Localized model for various angles.

Another example which is difficult to be treated by HFA methods is demonstrated.

A part of sphere with the radius Rsph = 30λ is partly lit by a dipole source and the

shadow boundary is formed on the scatterer as shown in Fig. 5.6. In ray optics, several

kinds of diffraction waves should be taken into account depending on the observer position:

the surface diffracted ray, whispering gallery modes, the incident creeping wave and edge

diffracted ray and so on [5.20, 21]. PO cannot take into account the effect of unlit region

because the PO’s induced currents are not assumed. On the other hand, the local areas

may be defined not only on the lit region but also on the unlit region by following the
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rules mentioned in the chapter 3.2 if the diffraction points are assumed to be located on

the shadow boundary (see Fig. 5.6(a)). Fig. 5.6(b) shows the total field pattern. The error

of the Local-MoM is smaller than that of PO because the Local-MoM treats the induced

currents on the unlit region. It means that the Local-MoM technique is valid even for the

problem where HFA methods cannot work.
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Figure 5.4: Total field pattern for a = b = 8d = 16λ and ϕ = 45◦ plane.
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5.3.3 Discussion on Computational Cost

Fig. 5.7 shows the change of nij against the observation angle. The number of local areas

N sca
i is not constant because the local areas connect or separate each other as seen in

comparison between Fig. 5.3(b) and Fig. 5.3(c) and the presence of scattering centers

switches depending on the angle. The minimum N sca
i for a = b = 8d = 16λ case is 1 while

that for a = b = 8d = 96λ is 6.

Fig. 5.8 compares M of the memory capacity required for radiation pattern analyses

with single precision at ϕ = 0◦ plane or ϕ = 45◦ plane by two methods. M was simply

estimated by the equation of M = 8N2 byte. As for the Local-MoM, N is replaced with

nmax defined by

nmax = max
i,j

nij. (5.9)

As we estimated in 5.2.3, M for the normal MoM is increasing according to O(f 4). It

doesn’t change for any ϕ plane because currents on the whole surface are necessary to cal-

culate a scattered filed for any observation angles. In the Local-MoM, M varies depending

on ϕ value. M for ϕ = 0◦ plane is the almost minimum while M for ϕ = 45◦ plane is the

almost maximum. In either cases, the frequency dependence of M for the Local-MoM is

more than O(f2) against our estimation in 5.2.3. This is because the estimation is done

for the case when an observation angle is fixed while the angle to give nmax varies accord-

ing to f (compare Fig. 5.7(a) and Fig. 5.7(b)). Nevertheless, M for Local-MoM is much

smaller than that for the normal MoM. In higher frequency, the difference between two

lines increases furthermore due to the difference of frequency dependence between nmax

and N . Local-MoM technique expands the upper limitation of model size which is solv-

able by a certain given memory capacity. For example, the Local-MoM is available up to

a = b = 8d = 112λ by a computer with 32GB memory while the normal MoM is limited

below approximately 40λ.
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Let us here discuss the effectiveness of the Local-MoM in terms of the computational

time. The total computational time in the procedure of Fig. 5.1 is mainly dominated by

the MoM analysis step. As mentioned in 5.1, the normal MoM’s computational times for

the matrix filling and matrix inversion are expressed as AN2 and BN3, respectively, where

A and B are the coefficients which depend on the specification of computer, numerical

algorithms adopted in simulator (e.g. the type of numerical integration), and so on. On

the other hand, in the Local-MoM computation, the MoM analysis step must repeated for

N sca
i ×N obs times. So the times of Local-MoM for each part are expressed as

TA ≈A
Nobs∑
i=1

Nsca
i∑

j=1

nij
2 (5.10)

TB ≈B

Nobs∑
i=1

Nsca
i∑

j=1

nij
3 (5.11)

Here we define and discuss the efficiencies about the matrix filling step e1 and matrix

inversion step e2, which are the Local-MoM’s time normalized by the normal MoM’s one
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as shown in .

e1 =

Nobs∑
i=1

Nsca
i∑

j=1

nij
2


N2

(5.12)

e2 =

Nobs∑
i=1

Nsca
i∑

j=1

nij
3


N3

(5.13)

Note that e1 and e2 include neither A nor B, that is, the discussion of e1 and e2 is

independent of computer’s specification, and so on. When e1 or e2 becomes smaller than

1, it means the Local-MoM becomes more effective than the normal MoM as for the

corresponding step.

The lines with unfilled circles and triangles in Fig. 5.9 show the e1 and e2 against the

frequency under the condition of θ = 0◦ to 180◦ with 0.5◦ step, N obs = 361 in ϕ = 0◦ plane.

In higher frequency, the both of efficiencies are improved so the Local-MoM becomes much

more useful as e2 lowers 1 after a = b = 8d = 48λ, although e1 does not lower than 1

until a = b = 8d = 160λ. Note that the situation of e1 > 1 and e2 < 1 doesn’t mean

the Local-MoM is inefficient. As the frequency becomes higher and N becomes very large

(e.g. N ≈ 100, 000), the time of matrix inversion step is more dominant than that of

matrix filling step. For instance, N for a = b = 8d = 64λ is approximately 156,000. In

that case, a reduction effect in time for matrix inversion would exceed an inefficiency of

e1. As a result, the total computational time in the Local-MoM would lower than that

in the normal MoM. Also note that the value of e1 and e2 are susceptible to the range of

observation angle and N obs. For instance, if only N obs is halved for the fixed ϕ plane, e1
and e2 simply become halved as shown by the lines with solid-filled circles or triangles in

Fig. 5.9. If ϕ is changed or pattern analysis is conducted for several ϕ planes, the e1 and

e2 lines will increase as well. Even for these cases, the improvement of the efficiencies for

higher frequency can be expected.
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5.4 Concluding Remarks

The Local-MoM which embeds the locality of scattering phenomena into the MoM was

extended for 3-dimensional problems and was implemented in the commercial electromag-

netic simulator WIPL-D. The windowing method was investigated to achieve reasonably-

accurate results. Numerical results were demonstrated for the scattering from a rectangular

plate and a part of sphere illuminated by an infinitesimal dipole. It was confirmed that the

Local-MoM can treat the currents not only on the lit region but also on the unlit (shadow)

region. The required capacity of computer memory is surely saved owing to localization

of scatterer even in lower frequency cases. The usefulness of the Local-MoM in terms of

the total computational time varies depending on situations. Further extensions of Local-

MoM, for example, investigation for more complicated-shaped scatterer and joint use of

the Local-MoM and fast methods such as FMM or CBFM should be examined as future

works. The combination of FMM and Local-MoM is in particular attractive because both

of the frequency dependence of N will be suppressed.
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Chapter 6 Conclusions

6.1 Summary of the Preceding Chapters

The objectives of this thesis are to establish the localization methods which are based upon

the Fresnel zone number criteria and are applicable to three-dimensional problems.

In Chapter 1, the representative methods for scattering analysis were at first reviewed.

Through the introduction of high frequency approximations (HFA), numerically-accurate

methods, and hybrid methods, the background and objective of this study were presented.

In Chapter 2, the physical meaning of localization method and Fresnel zone number

criteria was explained. The localization method is analogous with the stationary phase

method (SPM) in the sense that a surface integration can be replaced with contributions

from scattering centers. However, the localization method doesn’t lower the order of di-

mensions of integral unlike the SPM. A way to determine a boundary of local area around

an inner stationary phase point (SPP) on an actual surface was here presented. The ne-

cessity of windowing function was also explained. It was confirmed that the raised cosine

function named “EYE function” is the good candidate of windowing function. In this

chapter, it was proposed that Fresnel zone number should be used as the argument of

EYE function which was previously an actual distance from a scattering center. Difference

of the arguments was numerically evaluated in the localization errors. The superiority of

Fresnel zone number to an actual distance was confirmed and the criterion of ∆nB = 3

was obtained. The localization error was analytically derived only for the case when the

observation angle θ is 0◦ or 180◦. It was revealed that the errors depends on distance

between a scatterer and a source, and that a relative error is suppressed to less than −29

dB. The frequency dependence of electrical size of local area was also analytically discussed

and was concluded that its dependence is surely reduced from O(f 2) to O(f) level due to

the localization.

In Chapter 3, localization of radiation integrals for three-dimensional problem was

presented. A uniform treatment to define local areas around any scattering centers such

as edge or corner diffraction points was established by introducing the modified surface-

normal vectors. A way to determine a windowing value for multiply overlapped local

areas was also established by introducing the vector σ̂. These cares enable the application

of localization of radiation integrals to scattering problem for a rectangular plate and a

part of sphere with reasonable accuracy. It was confirmed that distribution of windowing

values continuously varies depending on an observer position. As expected in Chapter 2,

frequency dependence of electrical size of local areas is O(f).
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In Chapter 4, one method was shown, which realizes radiation integrals with the

frequency-independent number of divisions by jointly using the Fresnel zone localization

and adaptive sampling method. Due to the Fresnel zone localization, the area includ-

ing the constant number of half oscillation of an integrand is truncated for any observa-

tion angle or frequency. Owing to the adaptive sampling method, one of half oscillation

should be divided into the constant number of segments. These two technique realizes

frequency-independent computational costs with constant computational accuracy. This

hybrid technique was at first applied to two-dimensional problem of a conducting strip

and rectangular cylinder. Expected frequency independence of computational accuracy

and time was obtained for these models. The extension to three-dimensional problem was

discussed. Contribution from an inner SPP on a planar and curved scatterer could be

analyzed using the proposed hybrid technique.

In Chapter 5, the extension of Local-MoM to three-dimensional problems was treated.

It was proposed that the EYE function should be applied to both of an incident field

and induced currents with the exponent α and β, respectively. Several combinations of α

and β were numerically examined and α = β = 0.5 was obtained as the better condition.

The implementation of Local-MoM into an MoM-based commercial simulator WIPL-D

was achieved. This implementation indicates that the applicability of Local-MoM is high

because an existing simulator is directly usable to realize the Local-MoM and it is unnec-

essary to newly develop a new simulator. In addition to that, some efficient techniques

employed in an existing simulator directly accelerate the Local-MoM computation, such as

higher-order basis function and GPU computing. The results for a part of sphere with an

unlit region, which is difficult to be treated by HFA, shows that the Local-MoM technique

is valid even for the problem where HFA methods cannot work. The Local-MoM has a

great advantage in saving memory capacity and it leads to expanding the electrical size

of scatterer, which can be handled with the memory capacity of 32GB, from (40λ)2 to

(112λ)2.

6.2 Remarks for Future Studies

Remarks for future studies are listed as follows.

• Analytical expression of localization errors for an arbitrary case.

The formulation of errors derived in Chapter 2 and Appendix B is limited to the

case when θ is 0◦ or 180◦ and the observer is at an infinite distance. Derivation of it

for an arbitrary case helps to controlling computational accuracy in the localization

methods. Furthermore, derivation for any other windowing function is interesting in

terms of searching the best function for localization.
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• Application of localization methods to other structures with different shapes.

In this thesis, only simple structures were calculated by the localization methods. In

order to enhance the applicability of localization method, they should be applied to

complicated structures. A scattering problem with other simple structures such as

an elliptical cylinder is still interesting [6.1].

• Fresnel zone number criteria to PO-MoM analysis of three-dimensional problem.

In [6.2, 3], a Fresnel zone number criterion for PO-MoM was also proposed and

applied to two-dimensional problems. The extension of it to three-dimensional prob-

lems is expected although there is a possibility that some special techniques should

be newly introduced as shown in 2.1.1 and 2.1.2. PO-MoM is recently available in

some commercial simulators such as FEKO R⃝. The implementation of the Fresnel

zone number criterion into these simulators is also expected.

• Combination use of Local-MoM and the other fast methods.

The Local-MoM is the method to directly reduce the number of unknowns N and

frequency dependence of N . On the other hand, the FMM and MLFMM suppress

N ’s dependence of computational costs. Combination use of Local-MoM and these

fast methods would provide further reduction in computational costs.

• Localization of line integrals of equivalent edge currents (EEC)

In this thesis, localization techniques for surface-radiation-integral type scattering

analysis were discussed. Recently, a few examples were reported where Fresnel zone

number localization was applied to line integrals of EEC [6.4, 5]. Its application gives

a physical interpretation on results by line integral and saves computational time.

References

[6.1] T. Wang, M. Umehara, S. Takeda, T. Miyajima, and K. Kagoshima, “A calculation

model of shadowing loss caused by a moving human body and its validation by

experiments,” IEICE Technical Report, vol. 114, no. 295, RCS2014-211, pp.85-90,

Nov. 2014 (in Japanese).

[6.2] T. Shijo, M. Oishi, Y. Katakai, N. Omaki, K. Yukimasa, L. Rodriguez, and M. Ando,

“Application of the Locality Principle in the Method of Moments for Induced Cur-

rents or Fields in Electrically Large Scattering Problems,” IEICE Technical Report,

vol.106, no.561, AP2006-169, pp.109-112, Mar. 2007.



REFERENCES 104

[6.3] K. Ito, T. Shijo, and M. Ando, “Fresnel zone criterion to implement locality in the

method of moments and PO-MoM hybrid method for the reduction of unknowns,”

IEICE Transaction on Electronics, vol.E94-C, no.1, pp72-79, Jan. 2011.

[6.4] P. Lu, “Surface-to-line integral reduction in physical optics for curved surfaces by

modified edge representation,” Ph.D. dissertation, Tokyo Institute of Technology,

Mar. 2015.

[6.5] M. Ali, T. Kohama, and M. Ando, “Modified Edge Representation (MER) Con-

sisting of Keller ’s Diffraction Coefficients With Weighted Fringe Waves and Its

Localization for Evaluation of Corner Diffraction,” IEEE Transactions on Antennas

and Propagation, vol.63, no.7, pp.3158-3167, July 2015.



REFERENCES 105

Acknowledgement

I would first like to express my spacial appreciation to my supervisor, Professor Makoto

Ando for his kind guidance, valuable suggestions and continuous encouragement through-

out this research. I would also like to express my gratitude to Professor Jiro Hirokawa for

his fruitful advice.

I am deeply grateful to Professor Branko M. Kolundžija of University of Belgrade for
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Appendix A

Geometrical Properties of Local Area with El-
liptical Shape

A.1 Derivation of the Equation of Ellipse

Focal point #1 
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on the boundary

ẑ
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Figure A.1: Geometry of local area for the inner SPP.

A local area defined by the Fresnel zone number criterion becomes an ellipse when a

scatterer is planar. Here, some of geometrical properties of the local area are derived. The

geometry of a local area for an inner stationary phase point (SPP) is given in Fig. A.1.

The observer is infinitely far from the inner SPP and the observation azimuth angle ϕ is

set to 0◦ without loss of generality. The source lies on z-axis with a distance of h ≥ 0 from

the origin. The position vectors for the source, the inner SPP, and a point of interest with

respect to the origin are denoted as rs, rr, and ri, respectively, and the unit vector from

the origin to the observer is r̂o. In the Cartesian coordinate system, they are expressed as
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follows;

rs =(0, 0, h) (A.1)

rr =(xr, 0, 0) (A.2)

xr =h
sin θ

|cos θ|
(A.3)

ri =(x, y, 0) (A.4)

r̂o =(sin θ, 0, cos θ) (A.5)

According to the Fresnel zone number criterion, the boundary of local area is expressed

as

|ri − rs|+ |rr − rs| − (ri − rr) · r̂o =
λ

2
∆nB (A.6)

where λ is the wavelength and ∆nB is the parameter to determine size of local area. By

substituting (A.1) to (A.5) for (A.6), we obtain

√
x2 + y2 + h2 + h

sin θ

|cos θ|
−
(
x− h

sin θ

|cos θ|

)
sin θ =

λ

2
∆nB

⇐⇒x2 + y2 + h2 =

{
λ

2
∆nB − h

sin θ

|cos θ|
+

(
x− h

sin θ

|cos θ|

)
sin θ

}2

⇐⇒(x− xc)

a2
+

y2

b2
= 1 (A.7)

where a and b are the lengths of semi-major axis and semi-minor axis, respectively, and xc

denotes the x position of center of ellipse. They are expressed as

a =

√(
λ
2
∆nB

)2
+ 2h

(
λ
2
∆nB

)
|cos θ|

cos2 θ
=

b

|cos θ|
(A.8)

b =

√(
λ
2
∆nB

)2
+ 2h

(
λ
2
∆nB

)
|cos θ|

|cos θ|
(A.9)

xc =

(
h |cos θ|+ λ

2
∆nB

)
sin θ

cos2 θ
= xr +

λ
2
∆nB sin θ

cos2 θ
. (A.10)

Obviously, xc doesn’t coincide with xr except the case of sin θ = 0.

The x positions for two focal points denoted as x1 and x2 are obtained by the following
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equations;

x1 =xc +
√
a2 − b2 = xc + b |tan θ|

=xr +

λ
2
∆nB sin θ +

√(
λ
2
∆nB

)2
+ 2h

(
λ
2
∆nB

)
|cos θ| |sin θ|

cos2 θ
(A.11)

x2 =xc −
√
a2 − b2 = xc − b |tan θ|

=xr +

λ
2
∆nB sin θ −

√(
λ
2
∆nB

)2
+ 2h

(
λ
2
∆nB

)
|cos θ| |sin θ|

cos2 θ
(A.12)

Here, the relationship of

√
a2 − b2 =

√(
b

|cos θ|

)2

− b2

=b

√
1

cos2 θ
− 1

=b |tan θ| (A.13)

is utilized. As (A.11) and (A.12) shows, neither of the two focal point coincides with the

inner SPP except the case of sin θ = 0.

A.2 A True Circle Case

When sin θ = 0, the local area becomes a true circle. The radius R (= a = b) of the circle

is obtained by substituting |cos θ| = 1 for (A.8) and (A.9).

R =

√(
λ

2
∆nB

)2

+ 2h

(
λ

2
∆nB

)
(A.14)

As we explained before, only in this case, the center of ellipse and the inner SPP are

coincident.
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Appendix B

Error Due to the Localization

B.1 Integral Form of a Scattered Field from a Local Area

Infinitesimal dipole 
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x y
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φ
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Bn n∆ = ∆
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r = ∞

θ π=

O

Figure B.1: Geometry of the problem.

In Appendix B, an error due to the localization is analytically derived. The geometry

of the problem is given in Fig. B.1. A scatterer is an infinite plane of perfect electric

conductor (PEC) at z = 0 and a source lies on z-axis with a distance of h ≥ 0 from the

origin. The normal unit vector of the plane n̂ is identical to ẑ. The analytical expression

can be obtained only for sin θ = 0 case. Here, the case when the observer is located at

θ = π and r = ∞ is treated. The infinitesimal dipole moment is denoted as p = Iℓ where

I is the electric current vector and ℓ is the length of dipole. The position vectors for the

source, integration point, and unit vector to the observer with respect to the origin are
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denoted as rs, ri and r̂o, respectively. They are expressed as follows;

rs =(0, 0, h) = hẑ (B.1)

ri =(ρ sinϕ, ρ cosϕ, 0) = ρρ̂ (B.2)

r̂o =(0, 0,−1) = −ẑ (B.3)

We define the vector R as R = ri − rs = ρρ̂ − hẑ. Using R and (B.1) to (B.3), the PO

currents JPO is expressed as follows;

JPO =2n̂×H i (B.4)

H i =
e−jkR

j4πR
k

(
−1− 1

jkR

)
p× R̂ (B.5)

R = |R| =
√
ρ2 + h2 (B.6)

R̂ =
R

R
=

ρρ̂− hẑ

R
=

ρρ̂− hẑ√
ρ2 + h2

(B.7)

where k is the wavenumber as k = 2π/λ and λ is the wavelength. Note that the induced

currents J on the infinite PEC plane is rigorously identical to PO’s currents JPO.

Let us consider the radiation integral with a windowing function W (∆n/∆nB) for the

local area where ∆n ≤ ∆nB holds. Here, W (∆n/∆nB) is not necessarily the EYE function

of (B.8).

EY E

(
∆n

∆nB

)
=


1

2

{
cos

(
∆n

∆nB

π

)
+ 1

}
∆n ≤ ∆nB

0 otherwise

(B.8)

As for the definition of ∆n and ∆nB, please refer to the chapter 2.

By substituting (B.5) for (B.4), we obtain

JPO =
ke−jkR

j2πR

(
−1− 1

jkR

)
n̂×

(
p× R̂

)
=

ke−jkR

j2πR

(
−1− 1

jkR

){(
n̂ · R̂

)
p− (n̂ · p) R̂

}
=

ke−jkR

j2πR

(
−1− 1

jkR

){
− h

R
p− (n̂ · p) R̂

}
. (B.9)

From the definition of ∆n, the following equation is obtained.√
ρ2 + h2 − h =

λ

2
·∆n

⇐⇒ ρ =

√(
λ

2
·∆n

)2

+ λ ·∆n · h (B.10)
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In the cylindrical coordinate system, the integration area is expresses as 0 ≤ ρ ≤ ρmax

and 0 ≤ ϕ ≤ 2π where ρmax is given by replacing ∆n with ∆nB.

Here, an electric vector potential AJ is derived. The free-space Green’s function for the

Helmholtz equation is denoted asG (ri; ro) = exp (−jk |ri − ro|) / (4π |ri − ro|). Assuming

the far field approximation and θ = π, the exponential term is identical to 1 and the

attenuation of 1/ |ri − ro| is ignored. So we obtain

AJ = µ

∫∫
∆n≤∆nB

W

(
∆n

∆nB

)
JPOG (ri; ro) dS

=
µk

j8π2

∫∫
∆n≤∆nB

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

){
h

R
p+ (n̂ · p) R̂

}
dS

=
µk

j8π2

∫ ρmax

ρ=0

∫ 2π

ϕ=0

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

){
h

R
p+ (n̂ · p) R̂

}
ρ dρdϕ

=
µk

j8π2

∫ ρmax

ρ=0

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

)
ρ

[∫ 2π

ϕ=0

{
h

R
p+ (n̂ · p) R̂

}
dϕ

]
dρ.

(B.11)

where µ is the magnetic permeability.

Let us consider the integration regarding ϕ. The first term is the constant value for ϕ.

From the rotational symmetry, only the z component remains after the integration of the

second term. Moreover, the z component finally vanishes when we consider a far field for

θ = π because the far electric field ES is given as follows;

ES =− jωAJ
⊥ (B.12)

AJ
⊥ =AJ − r̂o

(
r̂o ·AJ

)
= −r̂o ×

(
r̂o ×AJ

)
(B.13)

where ω is the angular frequency.

Considering (B.3), (B.11), and (B.13), (B.12) is converted to a single integral form

regarding ρ.

ES =
ωµk

8π2

∫ ρmax

ρ=0

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

)
ρ
2πh

R
{r̂o × (r̂o × p)} dρ

=
ωµkh

4π
{r̂o × (r̂o × p)}

∫ ρmax

ρ=0

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

)
ρ

R
dρ

= E0IL (B.14)
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where

E0 =
ωµkh

4π
e−jkh {r̂o × (r̂o × p)} (B.15)

IL =

∫ ρmax

ρ=0

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

)
ρ

R
dρ (B.16)

Here, the variable of integration IL is replaced with ∆n.

∆n =
2

λ

(√
ρ2 + h2 − h

)
=

2

λ
(R− h) (B.17)

⇐⇒ d∆n =
2

λ
· ρ√

ρ2 + h2
dρ

⇐⇒λ

2
d∆n =

ρ

R
dρ (B.18)

Using (B.17) and (B.18), IL is converted to the integration for ∆n as follows.

IL =

∫ ρmax

ρ=0

W

(
∆n

∆nB

)
e−jkR

(
1

R
+

1

jkR2

)
ρ

R
dρ

=

∫ ∆nB

∆n=0

W

(
∆n

∆nB

)
e−jk(λ

2
∆n+h)

{
1

λ
2
∆n+ h

+
1

jk
(
λ
2
∆n+ h

)2
}

λ

2
d∆n

=

∫ ∆nB

∆n=0

W

(
∆n

∆nB

){
e−jπ∆n

∆n+ 2
λ
h
+

e−jπ∆n

jπ
(
∆n+ 2

λ
h
)2
}
d∆n (B.19)

We later evaluate IL. The discussion so far is valid for any W (∆n/∆nB).

B.2 W (∆n/∆nB) = EYE (∆n/∆nB) Case

We introduce some of the special functions. The sine integral and cosine integral defined

by (B.20) and (B.21) are used to introduce E (x).

si (x) = −
∫ ∞

x

sin t

t
dt (B.20)

ci (x) = −
∫ ∞

x

cos t

t
dt (B.21)

E (x) = −
∫ ∞

x

e−jt

t
dt = ci (x)− j si (x) (B.22)
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The asymptotic formulas of these for x ≫ 1 are given as

si (x) ∼− cosx

x
(B.23)

ci (x) ∼sinx

x
(B.24)

E (x) ∼je−jx

x
. (B.25)

For the later discussion, we derive the following formulations.∫
e−jbt

t+ a
dt =

∫
e−jb(u

b
−a)

1
b
u

1

b
du （u = b (t+ a) is used）

= e+jba

∫
e−ju

u
du (B.26)∫

e−jt

t2
dt = −e−jt

t
− j

∫
e−jt

t
dt (B.27)∫

e−jbt

(t+ a)2
dt =

∫
e−jb(u

b
−a)(

u
b

)2 1

b
du （u = b (t+ a) is used）

= −be+jba

(
e−ju

u
+ j

∫
e−ju

u
du

)
(B.28)

Here, we derive the rigorous solution by two ways. First one is based on the image

theory. At first, the incident field Ei from the actual (not image) source is given by

Ei =
e−jkR

j4πR
kη

[{
−1− 3

jkR
− 3

(jkR)2

}(
p · R̂

)
p+

{
−1 +

1

jkR
+

1

(jkR)2

}
p

]
. (B.29)

Assuming a far field with R → ∞ and θ = π, (B.29) is converted into

Ei =
e+jkrs·r̂o

j4π
kη {p− (p · r̂o)p}

= −e+jkrs·r̂o

j4π
kη {r̂o × (r̂o × p)} . (B.30)

Considering the image theory and θ = π, p in (B.30) is replaced with −p and r̂o · rs = −h

is used. We obtain the incident far field from the image source Eimage as follows;

Eimage =
e−jkh

j4π
kη {r̂o × (r̂o × p)} (B.31)
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The second way is to evaluate IL with W (∆n/∆nB) = 1 and ∆nB → ∞. Only

W (∆n/∆nB) = 1 is at first applied to (B.16).

IL =

∫ ∆nB

∆n=0

{
e−jπ∆n

∆n+ 2
λ
h
+

e−jπ∆n

jπ
(
∆n+ 2

λ
h
)2
}
d∆n

= e+jkh

∫ k(h+λ
2
∆nB)

u=kh

(
e−ju

u
+

e−ju

ju2

)
du

= e+jkh

[
E (u)− e−ju

ju
− E (u)

]k(h+λ
2 )∆nB

u=kh

= −e+jkh

[
e−ju

ju

]k(h+λ
2 )∆nB

u=kh

(B.32)

And then ∆nB → ∞ is applied.

I∞ = lim
∆nB→∞

IL

= −e+jkh

(
−e−jkh

jkh

)
=

1

jkh
(B.33)

By replacing I∞ with IL and using ωµ = kη, we again obtain the reference of far electric

field Eref as follows.

Eref = E0I∞

=
ωµkh

4π
e−jkh {r̂o × (r̂o × p)} 1

jkh

=
e−jkh

j4π
kη {r̂o × (r̂o × p)} (B.34)

This is totally identical to (B.31). So we define ES
Exact as E

S
Exact = Eref = Eimage = E0I∞.

Next, we evaluate IL with W (∆n/∆nB) = EYE (∆n/∆nB) using

1

2

{
cos

(
∆n

∆nB

π

)
+ 1

}
=

1

2
+

1

2
cos

(
∆n

∆nB

π

)
=

1

2
+

1

4

{
exp

(
+j

∆n

∆nB

π

)
+ exp

(
−j

∆n

∆nB

π

)}
. (B.35)
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By substituting (B.35), we obtain the following formulation.

IL =
1

2
I0 +

1

4
I+ +

1

4
I− (B.36)

I0 =

∫ ∆nB

∆n=0

{
e−jπ∆n

∆n+ 2
λ
h
+

e−jπ∆n

jπ
(
∆n+ 2

λ
h
)2
}
d∆n

=− e+jkh

[
e−ju

ju

]k(h+λ
2
∆nB)

u=kh

=− e+jkh

j

{
e−jk(h+λ

2
∆nB)

k
(
h+ λ

2
∆nB

) − e−jkh

kh

}

=− 1

j

{
e−jπ∆nB

k
(
h+ λ

2
∆nB

) − 1

kh

}
(B.37)

I+ =

∫ ∆nB

∆n=0

e
−jπ∆n

(
1+ 1

∆nB

)
∆n+ 2

λ
h

+
1

jπ

e
−jπ∆n

(
1+ 1

∆nB

)
(
∆n+ 2

λ
h
)2
 d∆n

=e
+jkh

(
1+ 1

∆nB

)
[E (u)]

k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

)

− 1

j

(
1 +

1

∆nB

)
e
+jkh

(
1+ 1

∆nB

) [
e−ju

u
+ j E (u)

]k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

)

=− 1

j

(
1 +

1

∆nB

)
e
+jkh

(
1+ 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

)
− 1

∆nB

e
+jkh

(
1+ 1

∆nB

)
[E (u)]

k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

) (B.38)

I− =

∫ ∆nB

∆n=0

e
−jπ∆n

(
1− 1

∆nB

)
∆n+ 2

λ
h

+
1

jπ

e
−jπ∆n

(
1− 1

∆nB

)
(
∆n+ 2

λ
h
)2
 d∆n

=e
+jkh

(
1− 1

∆nB

)
[E (u)]

k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

)

− 1

j

(
1− 1

∆nB

)
e
+jkh

(
1− 1

∆nB

) [
e−ju

u
+ j E (u)

]k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

)

=− 1

j

(
1− 1

∆nB

)
e
+jkh

(
1− 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

)
+

1

∆nB

e
+jkh

(
1− 1

∆nB

)
[E (u)]

k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

) (B.39)
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Note that (B.39) is invalid for ∆nB = 1. In that case, (B.40) is used instead.

I− =

[
lnu− u

jπ

]1+ 2h
λ

u= 2h
λ

(B.40)

We here define κ = IL/I∞ as the ratio of the localization’s result to the exact solution.

B.3 Asymptotic Formula of IL and κ

From now, we derive the asymptotic formula of (B.36). When kh ≫ 1 and ∆nB ≥ 2,

x ≫ 1 for E(x) holds. By using (B.25), (B.36), (B.38), (B.39) and κ are approximated as

I+ ∼− 1

j

(
1 +

1

∆nB

)
e
+jkh

(
1+ 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

)

− 1

∆nB

e
+jkh

(
1+ 1

∆nB

) [
je−ju

u

]k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

)

=− 1

j
e
+jkh

(
1+ 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1+ 1

∆nB

)
u=kh

(
1+ 1

∆nB

)

=− 1

j

 e−jπ(∆nB+1)

k
(
h+ λ

2
∆nB

) (
1 + 1

∆nB

) − 1

kh
(
1 + 1

∆nB

)
 (B.41)

I− ∼− 1

j

(
1− 1

∆nB

)
e
+jkh

(
1− 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

)

+
1

∆nB

e
+jkh

(
1− 1

∆nB

) [
je−ju

u

]k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

)

=− 1

j
e
+jkh

(
1− 1

∆nB

) [
e−ju

u

]k(h+λ
2
∆nB)

(
1− 1

∆nB

)
u=kh

(
1− 1

∆nB

)

=− 1

j

 e−jπ(∆nB−1)

k
(
h+ λ

2
∆nB

) (
1− 1

∆nB

) − 1

kh
(
1− 1

∆nB

)
 (B.42)
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IL ∼ 1

4jkh

(
2 +

1

1− 1
∆nB

+
1

1 + 1
∆nB

)
− e−jπ∆nB

4jk
(
h+ λ

2
∆nB

) (2 + e+jπ

1− 1
∆nB

+
e−jπ

1 + 1
∆nB

)

=
1

4jkh

2 +
2

1−
(

1
∆nB

)2
− e−jπ∆nB

4jkh
(
1 + π∆nB

kh

)
2− 2

1−
(

1
∆nB

)2
 (B.43)

κ =
I0
I∞

=jkhI0

=
1

4

2 +
2

1−
(

1
∆nB

)2
− e−jπ∆nB

4
(
1 + π∆nB

kh

)
2− 2

1−
(

1
∆nB

)2
 (B.44)

(B.44) shows that

• The absolute value of κ is always more than 1.

• The absolute value of κ takes the local minimum when ∆nB is an odd integer number

(Note that ∆nB ≥ 2 is already assumed).

• The imaginary part of κ becomes 0 when ∆nB is an integer number. That is, the

phase of κ in terms of a complex number becomes 0.

• As h gets larger for an fixed odd integer number of ∆nB, κ goes to 1.

• As ∆nB gets larger for a fixed value of h, κ goes to 1.


