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Abstract

Recently, the weak-value amplification (WVA) has been extensively investigated as a
promising quantum technique for improving an accuracy of a precision measurement. The
basic idea of WVA comes from the weak measurement introduced by Aharonov, Albert,
and Vaidman in 1988. The weak measurement is the indirect quantum measurement
with the weak interaction and postselection of the final state of the measured system.
The attention point is that we can measure the quantity called the weak value, which
appears in the shift of the measuring probe given by the weak measurement. Because the
weak value can be outside the range of the eigenvalues, the shift of the measuring probe
obtained by the weak measurement becomes larger than the one given by the conventional
measurement. This shift amplification effect by the weak value is the WVA, which has

been studied for precisely measuring the small coupling constant.

In this thesis, we propose the two possible applications of the WVA. First, we analyt-
ically obtain the optimal probe wave function for a given weak value by the variational
method. It is shown that the amplification factor obtained by the optimal probe has no-
upper bound while the one in the Gaussian probe already reported by some researchers
has the upper bound. Furthermore, the variance of the optimal probe after the measure-
ment can be zero. We can derive the optimal probe by the Lagrange multiplier method
for maximizing the shift of the probe position or minimizing the variance of the final

distribution.

Second we have developed the way which has a technical advantage of the WVA from
the viewpoint of statistics. It is often argued that the WVA is not helpfull for the
parameter estimation. Therefore we consider the statistical inferences that the WVA will
be advantageous. We propose a method to determine whether the interaction is present or
not and evaluate the capability of the WVA for this interaction detection problem by using
the hypothesis testing in statistics. As the main result, it is shown that the merit of the
WVA is the reduction of the possibility to miss the presence of the interaction more than
the conventional measurement while keeping the probability of a misdetection, when the
absolute value of the weak value is outside the range of the eigenvalues. In this discussion,
we assume that the number of the obtained data is infinitely large and we neglect the

data loss by the failure of the postseleciton.
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Chapter 1

Introduction

1.1 Background

It is undoubted that a progress of a measurement technique substantially contributes
to developing physics. As a recent topic, for example, the alternative uncertain princi-
ples [IH3] instead of Heisenberg’s one [4] were theoretically proposed and some researchers
experimentally demonstrated by the neutron spin [5] and the optical experiments [6]. In
other instances, gravitational wave detectors, which are large Michelson interferometers,
have been developed for an ultra-high-precision measurement [7, ). If the detectors ob-
serve a gravitational wave, we can make a definite progress in the researches of general
relativity, cosmology, and astronomy. Furthermore, because the quantum uncertainty
principle limits the sensitivity of the detector |9} [10], we need to study quantum measure-
ment, quantum optics, and optomechanics [ITHI3], which will also contribute to a further

measurement technique.

Meanwhile, in recent years, the weak-value amplification (WVA) has been intensively
developed as a promising quantum measurment technique for improving an accuracy of
a precision measurement [I4HIG]. The basic idea of the WVA emerged from the weak
measurement introduced by Aharonov, Albert, and Vaidman in 1988 [I7]. The weak
measurement is described as an indirect quantum measurement with postselection of the
final state of the measured system and has been studied by many quantum physicists in
recent years [I8]. For example, the experiment in Ref. [6] used the weak measurement.
Usually, we assume that the interaction Hamiltonian is of the von Neumann type which

gives rise to a translation of the probe position distribution. The interesting point is that
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we can measure the quantity called the weak value by the weak measurement. The weak

value is defined as

<A>w =

where |i) and |f) are the pre- and postselected states and A is an observable in the
measured system, respectively. The weak value appears in the shift of an expectation
value of the measuring probe induced by the interaction between the measured system
and the probe. When the coupling is very weak, the shift is proportional to the weak
value and the coupling constant [I7]. The term of weak in the weak measurement comes
from the weak coupling in the original proposal. On the other hand, the shift given by the
conventional indirect measurement is the eigenvalues of the measured system observable
and the coupling constant. We focus on the property of the weak value, that the weak
value can be outside the range of the eigenvalues. Hence the shift of the measuring probe
obtained by the weak measurement can be larger than the one given by the conventional
measurement [19]. We call this shift amplification effect by the weak measurement as the
weak-value amplification and some researchers have extensively studied the WVA for the

purpose of measuring the small coupling constant [18§].

Actually, the amplification effect has been demonstrated in various experiments [20-H30].
Especially, an experiment for measuring a beam displacement shows a significant ampli-
fication effect. Setting a single birefringent cystal between the two poralizers, Ritchie
et al. monitored the large beam split by a crystal with tuned poralizers [20]. We see
this experiment in greater detail in Chap. [6l Hosten and Kwiat succeeded in the first
observation of the spin Hall effect of light by the WVA [2I]. The WVA in the Sagnac
interferometer was done by Dixon et al. [22]. They measured the beam deflection caused
by the tilted mirror with postselection, and they accomplished about 80 times ampli-
fication of the shift of the beam axis by the mirror. The WVA was also used for the
velocity measurement by Viza et al. with the Michelson interferometer and measured the
velocity of the longitudinal moving mirror from the photons at the output port. They

have achieved the measurement of 400 fm/s [2§].

We have some theoretical discussions on the properties of the WVA. Although the orig-
inal proposal by AAV [I7] used the weak coupling approximation, Wu and Li considered
the higher-order terms in the coupling constant and showed the bound of the amplifica-
tion factor [3I]. The amplification limit is analytically given by full-order caluculation

on the assumption that the measured system is a two-state system [32-34]. We note
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that people often assume that the initial probe wave function has a Gaussian profile.
Actually, Ref. [35] claimed that the amplification limits essentially depends on the initial

probe state and the number of the distinct eigenvalues of the measured system.

Some researchers have theoretically studied a technical utility of the WVA. In Ref. [36],
Nishizawa et al. have compared the amplified shift and the shot noise in an optical inter-
ferometer. Also the same resercher has studied the WVA in the Michelson interferometer
which has two kinds of the fundamental quantum noise, the shot noise and the radiation-
pressure noise [37]. Jordan et al. have analyzed the several types of the technical noise to
conclude that the WVA has practical advantage for a precision measurement [38]. Lee
and Tsutsui have evaluated the three principal noises, which show up in a standard mea-
surement model [39]. They have shown that the WVA has advantage for the observation

of interaction.

There is the trade-off that the larger the amplification factor is, the smaller the number
of available measurement data becomes due to the postselected state almost orthogonal to
the preselected state. Some researchers worry that this trade-off might be considered as a
disadvantage of the WVA for a precision measurement usually requiring a large number of
data [40H44]. They had discussed this issue by the estimation theory, which is one of the
statistical inferences. The purpose of this discussion is the estimation of the value of the
coupling constant which indicates the interaction strength between the measured system
and the measuring probe. They have evaluated the estimation accuracy of the coupling
constant with the weak measurement and also with the conventional measurement. It
is well known that the inverse of the Fisher information multiplied by the number of
obtained data gives the lower bound of the mean squared error of the estimator, i.e., the
Cramér-Rao inequality [45]. Applying this bound to both the weak measurement and
the conventional one, they concluded that the weak one is inferior to the conventional
one for the parameter estimation due to the data loss by the failure of the postselection.
Some researchers mention that the data loss by the postselection dose not need to be
considered in practical cases [32]. Also the researchers theoretically proposed ways to
circumvent this weak point of the postselection by recycling photons Refs. [46, 47] or by
entanglement [48, [49]. Actually, there remain controversies over this discussion whether
the WVA is usefull or not [30] 38| 50-52].
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1.2 Aim of this thesis

As we will see in the subsequent sections the original idea of the WVA by AAV may not
have an advantage over the conventional measurement. One might contemplate various
ways of its modifications to make the WVA advantageous; choose the probe wave function
other than the standard Gaussian function or even change the task of measurement itself

and probably more.

In this thesis, we concentrate on the two applications of the WVA from the different
viewpoints, a probe engineering to give a large amplification and a task of the statistical
hypothesis testing for the interaction detection problem rather than the coupling param-
eter estimation. At the moment other possibilities cannot be excluded but we believe the

present two are most promising, especially the second one.

First, as we have introduced in the previous section, Ref. [35] has shown that the
amplification limit depends on the initial probe state. They have also calculated the
amplification limit by using a variational method. Especially, they have exemplified the
Stern-Gerlach experiment, the measured system of which is the two-state system, and
suggested that we can enlarge the maximal shift of the position expectation value by
broadening the initial probe wave function. We note that they have used the assumption
that the interaction strength is very weak, i.e., g < 1 for the von Neumann Hamiltonian.
Meanwhile, according to Refs. [32H34], we can calculate the expectation value of the probe
position and momentum without any approximation when the measured system is the
two-state system. Accordingly, we will evaluate the maximal shift of the probe position
by the full-order calculation for the two-state system. The Gaussian probe case has the
upper bound of the maximal shift. Here, the question is raised whether any initial probe
wave function has the upper bound or not. In this thesis, we analytically derive the
optimal probe wave function, which maximizes the shift of the probe, by the Lagrange
multiplier method. It is shown that the amplification factor given by the optimal probe
has no upper bound, while the amplification factor in the Gaussian probe already reported
by some researchers has the upper bound for any weak values [32H34]. We also show that
the optimal probe wave function is derived by the variational method for minimizing the
variance of the final distribution. The optimal probe wave function is the unique solution
of the two variational problems. For a specific weak value, the final distribution can be
described as the Kronecker delta, the variance of which is zero. To produce this probe,
we need to know the weak value, which can be calculated from an experimental setup,

and the value of the coupling constant, which is an unknown parameter that we want
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to measure. It is a practical strategy that we use the reasonably guessed value of the
coupling constant and repeatedly update the value from the measurement results. Our
result suggests that varying the initial probe will give benefit for developing the WVA or

a precise measurement.

Next, we have developed a way which has a technical advantage of the WVA from the
viewpoint of statistics. As we have noted above, some researchers worry that the failure of
the postselection makes the number of available measurement data small, which might be
a disadvantage of the WVA for a precisely estimating parameter usually requiring a large
number of data. Actually, we see it with the typical example in Sec. 2.4] that the weak
measurement is worse for the parameter estimation than the conventional measurement
due to the failure of the postselection. Additionally, as stated in Sec. 2.4, we find that the
Fisher information with postselection orthogonal to preselection is smaller than one with
postselection parallel to preselection regardless of whether the data loss is considered or
not. When postselecion is orthogonal to preselection, the weak measurement gives large a
weak value and large amplification. Basically, the amplification by the weak measurement
is not helpful for estimating regardless of the failure of the postselection. Thereupon we
consider a statistical inference problem with the exception of the estimation method, in
which the amplification effect would be beneficial even only the case that the number of

the obtained date is infinitely large.

Here we study the detection problem that we determine whether the interaction is
present or not between the measured system and the measuring probe. In this problem,
we evaluate the distinguishing capability of the weak measurement and the conventional
measurement and compare them. To see such a problem, the hypothesis testing method is
usually used [53H55]. The similar detection problem has been treated also in Refs. [39, 42].
The authors of Ref. [39] did not used the hypothesis testing method. They supposed
that the interaction is present if the expectation value of the final probe is non-zero for
a zero-mean initial probe. They compared the expectation value with the noises (the
systematical noise , the statistical noise, and the approximation error) to obviously judge
whether the expectation value is non-zero or not. Further they find a region of the
weak value that the weak measurement has the merit to find the non-zero expectation
value. Here we remark that the region depends on the coupling constant that we want to
measure. Therefore we need to know the coupling constant to configure an experiential
setup. Additionally , in this method, we will miss the case that the interaction is present
while the expectation value is zero. The authors of Ref. [42] evaluated the detection

capability of the weak measurement with the likelihood-ratio test method, which is widely
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used in the hypothesis testing for a practical reason. As mentioned later, the likelihood-
ratio test is not always appropriate. We have another proper method to consider the
detection problem. Therefore, we reconsider this problem properly using the standard

hypothesis testing method to obtain a definite result.

In the hypothesis test, we set up the two contradictory hypotheses, a null hypothesis
and an alternative hypothesis, and determine which one is more likely on the basis of
the experimental results. We apply the hypothesis testing for the weak measurement and
propose the appropriate test function for a particular testing problem that we determine
whether or not the interaction is present. Namely, for the coupling constant g, we set the
null hypothesis that the interaction is absent, i.e., g = 0, and the alternative hypothesis
represents that the interaction is present, i.e., g # 0. Such a testing problem is classified
as the two-sided test in the hypothesis testing theory. We have to choose an appropriate
test function, which is the criterion of determination, prior to testing. In the two-sided
test, a test function giving the uniformly most powerful unbiased (UMPU) test is most
appropriate, the detection power of which is grater than one given by any other test
functions and the probability of the misdection is a significance level. We remark that, in
one-sided test, the uniformly most powerful (UMP) test is most appropriate, a detection
power of which is grater than one given by any other test functions and the probability
of the misdection is lower than a significance level. Often, the likelihood-ratio test is
used for the testing problem such that the both hypotheses are simple, in which the
test is UMP. In the likelihood-ratio test, comparing the two likelihood functions, i.e.,
probability distributions obtained by the measurement, one given in the null hypothesis
and the other given in the alternative hypothesis, we determine which hypothesis is more
likely. Noting that, in problem of the two-sided test, the UMP test does not exist.
Although the likelihood-ratio test is usually used for practical reasons, e.g. Ref. [42], the
likelihood-ratio test is not appropriate for our testing problem described as the two-sided
test. Thus we should consider a test function giving the UMPU test for the two-sided
test.

As the main result, it is shown that the merit of the WVA is the reduction of the
possibility to miss the presence of the interaction more than the conventional measurement
while keeping the probability of a misdetection, when the absolute value of the weak value
is outside the range of the eigenvalues. In this discussion, we assume that the number
of the obtained data is infinitely large and we neglect the data loss by the failure of the
postseleciton. Additionally, we show that our proposed test function can be a UMPU

test or a UMP test, which gives a statistically good test. It is also shown that our result
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remains valid under an additive white Gaussian noise typically occurred in an electric

circuit or device.

Furthermore, we apply our proposed testing method to the famous weak measurement
experiment demonstrated by Ritchie et al. [20] to get the physical intuition of the proposed
testing method. This experiment uses the two polarizers and the single birefringent
crystal, which is originally designed for measurement of a weak value. In this framework,
we consider the testing problem to determine whether a crystal used is birefringent or
not. We show that the case of the almost orthogonal angles of the two polarizers, which
does not satisfy the weak coupling approximation, make the WVA notable powerful in
terms of the testing power. This result will enhance the physical understanding of the
WVA and of the proposed testing method.

1.3 Organization

In Chap. Bl we review the concept of the weak measurement and the WVA following
the original proposal by Aharonov, Albert, and Vaidman [I7]. Also we see the weak-
value amplification in a full-order calculation with the assumption that the measured
system is two-quantum state system described as the Bloch sphere. We see the issue
from the viewpoint of the estimation theory that the failure of the postselection causes
the disadvantage of the WVA. By calculating the classical Fisher information, we can

evaluate the estimation capability of the weak measurement.

In Chap. Bl we explicitly derive the optimal probe wave function in the momentum
space by the Lagrange multiplier method in two ways: maximizing the shift of the probe
position and minimizing the position variance of the final probe distribution. This chapter
is based on Refs. [58, 59).

In Chap. E, we recapitulate the standard concept of the statistical hypothesis testing
for the subsequent chapter. The purpose of the hypothesis testing method is to determine
the right hypothesis. We explain two types of errors that disturb the determination and
quantitatively define the testing power. We introduce the test function, which gives
a criterion of the determination. In the hypothesis testing, we have prescriptions for

preparing the appropriate test function in response to a testing problem.

In Chap. B we consider the testing problem that we determine whether the interaction

is present or not, which is treated as the two-sided test. We propose the test function in
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which the interaction is supposed to be present when the variance of the measurement
data deviates from the initial probe fluctuation. With this test function, we evaluate
the testing powers of the weak measurement and the conventional measurement. This
chapter is based on Ref. [60].

In Chap. [6] we see the physical intuition of the hypothesis testing method proposed
in the previous chapter through the famous optical experiment for measuring the weak
value demonstrated by Ritchie et al. [20]. We review the experiment which uses the two
polarizers and a single birefringent crystal. In this thesis, we regard that this experiment
is used for distinguishing whether the crystal used is birefringent or not. We find that
case that postselected state completely orthogonal to the preselected one gives the striking
amplification effect and the notable testing power, where the weak coupling approximation
breaks down. This chapter is based on Ref. [61].

We give the concluding remarks of this thesis in Chap. [l Especially, we summarize

the discussion with the focus on the hypothesis testing with the weak measurement.

Subsequently, we note some technical matters in the Appendices. In Appendix [Al we
show an example of the position expectation value of the final probe in the full-order
calculation. Here we do not restrict our attention to the case that the initial probe is

Gaussian.

In Appendix [B], we derive the Cramér-Rao Inequality and calculate the classical Fisher

information for the weak measurement and the conventional measurement. We use them

in Sec. 2241

In Appendix[C] we review the optical shot noise in the weak measurement, which is one
of the fundamental noises in an optical experiment, referring to Ref. [36]. We see that

the shot noise is always larger than the variance of the final probe.

In Appendix [D] we consider two other situations of the testing problem. In Appendix
[D.2] we consider the testing problem with a small interval null hypothesis such as |g| < e
for small e. This discussion is motivated by Refs. [50, 57], the author of which mentions
that one might care a point null hypothesis such as ¢ = 0. Also, in Appendix [D.3]
we secondarily discuss the testing including the risk of the data loss by failure of the
postselection. For this discussion, we alternatively propose the makeshift test function
which has a few defects in its physical interpretation. This section is based on Appendix
C in Ref. [60].



Chapter 2

Basic Concept of Weak-Value
Amplification

2.1 Preface

In this chapter, we introduce the basic concept of the weak-value amplification (WVA).
The WVA is derived from the weak measurement proposed by Aharonov, Albert and
Vaidman (AAV) [17]. At the stage of their proposal, they assumed that the coupling
constant is small. We can find that the strange quantity called the weak value in the shift
of probe position or momentum, which brings an amplification effect. Recently, some
researchers have analyzed the weak measurement without any approximation under the
particular assumption [32H34]. They have shown that the amplification factor has an
upper bound and we can see that the factor depends on the initial measuring probe state.
Also there is a discussion from the viewpoint of the estimation theory which is one of the

statistical inferences [41].

2.2 Weak Measurement in AAV Formalism

We recapitulate the weak measurement and the conventional measurement. These mea-
surements are described as indirect quantum measurements, which need the measured
system and the measuring probe. Initially, we prepare the preselected state |i) of the

measured system and the initial state |¢)) of the measuring probe.
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First, we take the Gaussian profile which has the width o for the initial state of the

measuring probe, the wave function of which in the position = space is

2o

w@:@wz(]'feﬁ. 1)

With the Fourier transform, we can derive the initial probe wave function in the momen-

tum space p as

202

1
~ ]_ . 4 2,2
= =—— [de e (z|p)=|— ) e 7. 2.2
50 i= 1) = = [ e eetali) = (22) 22
We note that the expectation values of the position (Z) and the momentum (p) given by
the probe state |1)) are both 0. We have an interaction between the measured system
and the measuring probe. Usually, we assume that the interaction Hamiltonian is von

Neumann type described as

where ¢ is a coupling constant, A is an observable in the measured system and p is the
momentum operator of the measuring probe which is conjugate to the position operator
2. For simplicity, we assume that the probe and system momentarily interact at ¢ =
0. Therefore the unitary operator is given by U = exp(—igfl ® p) which represents
time-evolution. This interaction gives the position displacement to the measuring probe
wave function. For example, we assume that the measured system is a two-state system

consisting of the states |+) and |—) and the observable operator A is given as
A= NN+ A=), (24)

where A. € R are the eigenvalues of the states |+), respectively. After the interaction,

the probe probability distribution in the position space becomes

felzlg) = [{alwe) P = [ Ul)16)
1 (z=A1g)

o 2 g @m0
:«ggoww% W |(—fi)fre ) (2.5)

We can see that the probability distribution of the probe position is shifted to two split

Gaussian distributions, the peak positions of which are (the interaction strength g) x (the

eigenvalues A1 ). Here we focus on the coefficients |{+]i)|* and |[(—|i)|? of the two Gaussian

distributions. If the initial state is |i) = |+), for example, the final probe distribution
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(a) conventinonal measurement process (b) weak measurement process
measuring probe mesaured system measuring probe mesaured system
interaction Ff; . 1nteract10n H int
0t '] 0t
correlated state correlated state

postselection

t information of the intial state | Z> t information of the weak value <A> w

Figure 2.1: Schematic diagrams of (a) the conventional measurement process and (b)
the weak-measurement process.

becomes a single Gaussian, the peak position of which is gA; and so on. Thus we can
get information of the initial state |i) from the final probe distribution f.(x|g). This is

the standard process of the conventional measurement [Fig. 2.1a)].

On the other hand, the weak measurement is originally proposed as the method to
extract the weak value of the measured system [Fig. [2.I[(b)]. In the weak measurement
processes, we select the final state |f) of the measured system. Performing the postse-
lection is a key distinct from the conventional measurement. By the postselection, the
final probe distribution is significantly changed from the one given by the conventional
measurement in general. AAV [17] evaluated the final probe state in the weak coupling

approximation g < 1 as

) = (Fle8%0i) [9) = {£1(1 — igA © p)lidl) = (f1i) [1 — iglAbu| [0),  (26)

where the weak value is defined as

(A)y = YA o (2.7)
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The final probe wave function in the position space is given by

i) =11 [1= gt (=22 )| el

zﬁm(]_>€”M“m“W2ﬁ$mWM%%% (2.8)

In this calculation, we have used the approximation g|(A),| < 1 which is sometimes

called “AAV approximation”. The probe position distribution is evaluated as

P (1N e gmethn)?
mm@_fmmwmpw(%ﬂ>ea( ). (2.9)

Thus we can obtain the real part of the weak value from the expectation value of the

probe position as

N L <ww|£|¢w> ~ e A
MW_TMET gRe(A),. (2.10)

Hence we can experimeantly get the weak value for a given interaction strength.

We remark that with those approximations, we can also obtain the imaginary part of
the weak value by measuring the final probe wave function in the momentum space given

as

(plvow) = (18} (1 = ig{A)up) (pltb) = (fli)e= 9D (plyp)

1
2\ 1 ) ) )
) <2a )4 e,gz(p,%%Imm)w)2+%Im<A)gfigRe<A>wp (2.11)
T

which leads to the expectation value of the final probe momentum

(Yulpltw) g

Pl =00 o) 207

Im(A),. (2.12)



Basic Concept of Weak-Value Amplification 13

":’-—-.'.., ' - Z 77
",'nrg.."'..
S A <

t%lt"i%,i‘*"e
'..

Figure 2.2: Plots of Left: Re(A),, and Right: Im(A),, with the axes O and ¢(= o5 —;).
In each plots we fix 0; = 7/2.

Let us see the weak value when the measured system, for example, is two-state system.

The initial and final states are given as

0; 0; .
i) = cos §Z|—|—> + sin Eze”” -, (2.13)
0 0r .
|f) = cos ?f|+> + sin gfemf\—}, (2.14)
where 0 < 6; ; < 7 and 0 < ¢; ; < 27, and the observable is A = [+)(+| — |=)—|. The

weak value (2.7)) is calculated as

<A>w _ cos 6; + cos by —i—is%né’i sin Orsin(or — ¢;) . (2.15)
1+ cosb; cos Oy + sin0; sin 05 cos(dr — ¢;)

As shown in Fig. 2.2, the weak value can be arbitrarily large by tuning the postselected

state almost orthogonal to the preselected state, i.e., 0; + 0y ~ 7, ¢y — ¢; = .

We have reviewed the conventional and the weak measurements, the targets of which
are the initial state |7) of the measured system and the weak value, respectively. On the
other hand, the aim of the WVA is the extraction of the coupling constant g between the
measured system and the measuring probe. Under the given weak value, we can obtain
the coupling constant from the final probe expectation values (ZI0) and (ZI2). While
the conventional measurement can also provide the interaction strength under the given
initial state |7), the “intuitive” merit of the WVA method is that the weak value can make
the shift of the expectation value outside the eigenvalues ranges [19]. Therefore we will
extract the information of the coupling constant even if it is very small. Measurments of
the weak values and the WVA have been done in several experiments [I8]. In Chap. [6
we exemplify the experiment using a single birefringent crystal demonstrated by Ritchie

et al. [20] for the weak measurement and the WVA.

We remark that, as seen in the definition (27), the weak value becomes arbitrarily
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large for the almost orthogonal pair of the initial and final states. However, the expecta-
tion value does not become infinitely large for the arbitrarily large weak value like Egs.
(Z10) and (Z.12), because the AAV approximation breaks down. Some researchers have
evaluated the expectation values with the full-order caluculation under the particular

assumption [32H34]. We see it in the next section.

2.3 Amplified shift in full-Order Calculation

We see the exact case of the weak measurement for an arbitrary interaction strength g
and the weak value (A>w To calculate the expectation values of the probe position and
momentum without any approximation, here we assume that the observable A satisfies
the property A% =1, i.e., A = |+)+| — |-)—|, and the initial probe retains the Gaussian
profile (2.I]). The final probe state after the postselecion is calculated as

[u) = (Fle™94%7)i) )

= (fllcos(gA @ p) — isin(gA @ p)]}i)|)
= {

=

fl(cos gp — i Asin gp)|i)|)

fli)(cos gp — i(A)w singp)[¢). (2.16)

A

For later convenience, we introduce B(p) := cos gp — i(A),, sin gp. First, we consider the

probability distribution of the final probe momentum f,,(p|g), which is calculated as

o ATIE  [plBOWE B
PO pgr T BOWE  TaiBeeeP
and
BOIP = 50+ [{A)uP) + 5 (1~ [(A)uf) cos2gp + Im(A)usin2gp.  (218)

Here we provide the calculation formula for general real values a and b(> 0) as

1
/dpcos ap et = /dp elap = — /dp e_b(p”%)L% = (%) ’ e_%i. (2.19)
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Thus the denominator is calculated as

[ BlBEEGE = 50+ 1A + 51~ [P ( )

g

= LA + 50— [{A)uP)e i =

:1‘0

\ 8

N

/dp cos 2gp e 20
Z
2

(2.20)

Thus the probability distribution is

Fulplg) = 2T (221

The expectation value of the final probe momentum is calculated as

ho= [ dprfitig) = 2L HEREL 22

Because the numerator is

/dp psin 2gp e 200

i (2)
= Im(4),, (2%2) "I { / dp pe*oP 6—2021)2]
()

o 202 % g e
— Im(A),, (2= ) Im { / dp pe_%?(p_zzﬂy_%?]
™
g iy -
= L tm(Ayye i, (2.23)

the expectation value of the final probe momentum becomes

N g2 N _i
() = 28 lAVwe 27 g tm(A)e 2 . (2.24)
202 2 T (14 [(A)u]?) + (1 = [(A)y[2)e 32

Next we evaluate the position distribution f,(x|g), which can be calculated by the

inverse Fourier transform as

Fulzlg) = ’ 2 = / dpB(p)d(p)e™ (2.95)
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The integration becomes

1
202\ 1 N .
= (i) /dp(cosgp—z'(A)w sin gp)e =7 ¥ e
m
1
2 2\ 1 R e \2 g2
N <i> /dp(cosgp—i<A>wsingp)6_”2(”_l%2) Ca?
m
202 i <2 . gx a . gx 2,2
— (7) ew/dp [cos (gp+zr‘2) —i(A), sin (gp+zr‘2)] e 7"
1
202\ 1 22 o
— (%) e 102 [cosi% —i(A)y sini%} /dpcosgp e P
1
202\ 4 2 A 2
“() o g s 5] (5)
1
1 /27\ 14 N (z—g)2 - (z+9)°
=3 (5) 0 e - e ) (226)

2 A _(9679)2 ~ _(oc+g)2 2
w(Z]g) =———|(1 + (A)p)e” 202 + (1 — (A),)e 2
fuw(l|g) \/WZ‘( (A)w) ( (A)w) |
2 (z—g)?

Hence, the expectation value of the final probe position is

(14 [{A)wl?) + (1 = [{A)w|*)e 22

We can extract the weak value from the expectations values (2.24) and (228)). However,
we can easily see that the expectations values cannot be infinitely large even if the weak
value can be arbitrarily large, because the denominators of Eqs. (224 and (2.28)) have the
second order term of the weak value. This term comes from the higher-order terms of the

coupling constant, which is understood as a back action of the measurement. Actually,
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we can show the weak value which gives the maximal expectation value as shown below;

0) e 20— >Re<A>w1m<A>w2 | (2.20)
ORe(A)., (14 (A)u) + (1= [(A)y[2)e 272
0) L+ e i 4 (1= o E)(RetA)] — Im(A)) 230

Olm(A)., (L [AYP) + (1 = (Aol

@) _ , 1terie = (L= e o) Re(A)] — m(A)}) (2.31)
ORe(A) (L KAl + (1= [Py

Hi)w  _ —4ﬁl—ei)RdA)I<&% | (2.32)
O A [(1+ [(A)ul?) + (1 = [(A)u[2)e 272

We can obtain each maximal shift as

o2
Max(p) 252 i ~ for Re( (2.33)
1—e o2
Max(#), = ——2—— for Re(A), (2.34)
1—e0?

For an appropriate weak value, Max(Z),, can be arbitrarily large with the large o, while
Max(p),, has a local maximal value at o satisfying V1 — e=9*/9* = ¢%/202.

We note that the shift of the expectation value depends on the initial probe wave

function. Here we present one of examples of the position expectation value as

2Re<fl)
(L4 [(A)uf?) + (1= [(A)ul?) [ dpcos 2gp|d(p)]*

(T)w =g (2.35)
which is derived in the case that the initial probe wave function @(p) is an even real

function and converges to 0 at x — 400 including the Gaussian probe case. We show

the derivation in Appendix [Al

Let us see the figures of the position and momentum distribution and its expectation
values given by the weak measurement. For an illustration, we consider the case that
the measured system is the two-state (|£)) system, the observable of which is A =

|+)+| — |=)X—|. The initial and final states of the measured system and the weak value

are given as Egs. (213), 213), and ZI5). From Eqs. 221), 224), 227), and 2.2])
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(a) fu(p) 0.6¢ fu(p) 0.6 (© fu(p) 1.0
¢ = Gmax 03¢ 038
0.4F Qb = ¢max
g=20.1
0.3} g=3
0.
02 0.2}
0AF 1 0.
‘ : P ‘ P
-4 2 2 2 4 -4 2 2 4

Figure 2.3: The plots of the final probe distribution in the momentum space (Z.37) and
its expectation values (238)) in the three cases. The values of ¢(:= ¢5 — ¢;) and g are
different in each cases. @pax(/ 2.94) in (a) means ¢ which maximizes the expectation
value. We fix the other parameters as 0; = 6y = 7/2, and o = 0.5.

and using

2

1+ cos6; cosfy + sinb; sin Oy cos(¢py — gbi)e_ng'A’
Z =2 —
1+ cosb; cos @y + sinb; sin Oy cos(py — ¢;)

, (2.36)

we obtain the distributions and the expectation values in another form as

g2

Zyn =14 cosb;cosO +sinb,; sinf; cos(¢r — ¢;)e 22,
202)é e—20°P?

fu(plg) = ( [1+ cosb; cosbf +sinb; sin by cos(2gp — o5 + ¢i)],  (2.37)

™ ZN
. g : : . _ %
(P = m[sm 0;sin Oy sin(¢pr — ¢;)e 2902], (2.38)
fuw(@lg) = fur(2|g) + fu2(2|9) + fus(z|g), (2.39)
1 0; O _(—g)?
a(z]g) = ————(2cos? = cos? Lo 507
1 ; 0 (z+9)?
w2(z]g) = ——(2sin? = sin? o500 )
1 . . _ 2442
fuws(zlg) == m[sm& sinfscos(¢pr — ¢i)e” 202 |,
N
() = i(cos 6; + cosby), (2.40)
ZN
respectively.

In Fig. 23] we plot the final probe distribution in the momentum space (2.37)) and its
expectation values (Z38) in the three cases. (a) shows the case that the expectation value
is maximally shifted in the specific condition for setting the phase ¢ — ¢; which meets Eq.
(233). Because the expectation value becomes (p),, ~ 0.99, we can see that the coupling

~

strength g = 0.1 is amplified. The weak value in (a) is computed as (A),, ~ 10i. On the
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(a) fuw(x) 1.5

efzemax
p=m
g=20.5

(c)
O =7/2
o=0
g=20.5

Figure 2.4: The plots of the final probe position distribution (Z39) and the expectation
value of which (240). We depict the four curves, f,(x|g) in black, fy,1(x|g) in blue,
fuw2(x|g) inred, and f,3(z|g) in green. The dashed vertical lines indicate the expectation
value. The parameters of 0, ¢, and g are tuned in each cases. Gpnax(=~ 1.08) in (a)
means fy maximizing the expectation value. We have set §; = 7/2,0 = 1 in all cases.

other hand, in (b), we set the phase which gives the two-equal-height-peak distribution
and the indeterminate weak value. In this case, the peak momentums are p ~ £1.5 larger
than the expectation value in (a), while one in (b) is zero. We set the strong interaction
in (c), which shows the multimodal function. There are also the peaks, the momentums
of which are large, but it is somewhat difficult to observe due to their probabilities smaller

than the one nearby zero-momentum.

Figure 2] displays the final probe position distributions (239) and the expectation
values of which (Z40) in the four cases. The case (a) gives the weak value (A), ~ 4
and the maximal shift to the expectation value of position, the value of which is about
1.06 while the interaction strength is 0.5. Hence, we can see the amplification effect. On
the other hand, in the case (b), the distribution f,(x|g) has two peaks at z ~ +2 with
the zero expectation value. The weak value becomes infinity for the postselected state

completely orthogonal to the preselected state, which breaks the AAV approximation
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gl(A)y| < 1. The authors of Ref. [19] said that breaking the AAV approximation brings
the notable amplification effect. The third term of the distribution f,3(x|g) contributes to
the amplification by its negative canceling the overlapped region of f,1(z|g) and fu2(x|g).
The same holds in the case (a). Actually, the distribution f,(z|g) in (¢) does not exhibit
the amplification effect due to the positive fyu3(z|g). We can find that f,3(z|g) contributes
to the amplification. (d) represents the strong coupling constant case, which brings
fws(x|g) = 0 regardless of the weak value. So, the strong coupling constant cancel the

amplification effect.

In this section, we see that the amplification by the weak measurement has an upper
bound due to the higher-order terms in the coupling constant. In other words, the back
action of the measurement is significant, while we can amplify the output larger than the
one obtained by the conventional measurement. In next section, we see the WVA from

the viewpoint of the parameter estimation.

2.4 Parameter Estimation

The purpose of the WVA in a broad sense is an extraction of the information about the
interaction strength by the amplification. In the statistical inference, there is a prescrip-
tion for estimating the parameter provided by the estimation theory. Some researchers
applied the estimation theory to evaluate the capability of the WVA for estimating the
parameter in each different situation [40-44]. Meanwhile, there is a criticism to the WVA
that the large amplification makes a number of obtained data small. The survival rate of

the data is calculated as the transition probability:

P = [(fle 54l = Z ()P (2.41)

which is sometimes called as the success probability of the postselection. By the postsele-
tion for a large amplification, the probability becomes small. Some researchers argue that
this point is the disadvantage of the WVA in respect to estimating the coupling constant.
Especially, the authors of Ref. [41] showed the essence by evaluating the quantum Fisher
information that the postselection cannot increase the information due to the small suc-
cess probability of the postselection. The Fisher information gives the lower bound of
the mean square error of an estimator. Namely, the WVA is worse for estimating the

parameter than the conventional measurement.
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In this section, we see the Cramér-Rao inequality which gives the relation between
the mean square error and the Fisher information. We compare the Fisher information
of the probability distributions obtained by that of the conventional measurement and
the weak measurement. Here we consider the classical Fisher information instead of the
quantum one. When we evaluate the quantum Fisher information, we assume that we
take the measurement which maximizes the Fisher information. However, to see the
essence, it is enough to calculate the classical Fisher information, which is calculated
from the obtained probability distribution f(z). As stated in Ref. [41], we need to get
the classical Fisher information for a practical comparison of the estimation capabilities

of the weak measurement and the conventional measurement.

Firstly, we introduce an unbiased estimator é(x) satisfying
(0(x)) = 0 for all 6, (2.42)

where @ is a true value of the parameter that we want to measure. When the estimator
takes a close value of the true value on average, we can say that the estimation works
well. We employ the mean square error ((8(x) — 6)2) as an indicator of the estimation.

The Cramér-Rao inequality tells us the lower bound of the mean square error as

~ 9 1
— > ‘
(@) -0 = 15 (2.43
where 1(0) is the classical Fisher information defined as
10) = [ dsfoniog f(alo) 1 (s10) (2.44)

and n is the number of the data, which are obtained from independent identical distribu-
tions. We give the proof of the Cramér-Rao inequality in Appendix [B.Il Therefore, the
Fisher information can be an indicator of the estimation capability of the measurement,

although it is not always equal to the mean square error.

Here we give the Fisher information for each measurement in the case that we can
analytically calculate. Like the previous sections, we take the two-state (|£)) as the
measured system, the observable A = [+)+| — |=X—|, and the Gaussian probe (2I)).
We set the estimation problem that we estimate the value of the coupling constant from
the position distribution obtained by measurements. For the conventional measurement,

we assume that the initial state of the measured system is |i) = |4). The final probe
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distribution (Z.5]) becomes

1 _(z—9)?

e 2%, 2.45
\V2mo? ( )

f(zlg) =

which gives the Fisher information

I°(g) = % (2.46)

Next, we look at the weak measurement. We assume that 6; = 6; = 7/2 and cos(¢;—¢;) =

€. Moreover, we consider only the case ¢ = £1 for an analytical calculation, where € = 1
and € = —1 correspond with (c¢) and (b) in Fig. (24]), respectively. From Eq. (239) with

these assumptions, the final probe distribution becomes

1 6_(12,%)2 +e (1;92)2 + 2ee” zz+§2
f(xlg) = , 2.47
(o) = 5= = (247
which gives the Fisher information
2 2
11+ ele 32 —e o2
I%(g) = o . . (2.48)

2
T (14 e 20?)?

We describe these calculations in Appendix [B.2l

Here we pay attention to the right-hand side of the Cramér-Rao inequality ([2.43]) which
has the number of obtained date n. In some case, we should consider the success probabil-
ity of the postselection (Z.41]), which would make the number of the detected data small.
If the number in the conventional measurement is n, the one in the weak measurement

becomes n P, where

2

B 1+66_297
= 5 )

P (2.49)

Figure shows the plots of the Fisher information ¢ and I”. (a) shows that the
Fisher information given in the weak measurement with ¢ = 1 can exceed the one in
the conventional measurement (1/0?). However, in (b) which includes the factor of the

success probability of the postselection, we can find the inequality with respect to the

! Although the authors of Ref. [41] forget the factor of € in the denominator of Eq. (248), their
conclusion remains true.
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Figure 2.5: Plots of the Fisher information of the conventional measurement (black
line) and the weak measurement (blue curve for e = 1 and red curve for e = —1). The
vertical axis is normalized by 1/02 and the horizontal axis indicates g2/02. (a) shows a
simple comparison of the Fisher information, and (b) includes the factor of the success
probability of the postselection.

Fisher information as
I° > PI?, (2.50)

regardless of the value of e. We remark again that the Fisher information only represents
the lower bound of the mean square error of the estimator. Here we put the Cramér-Rao

inequalities in the conventional measurement and the weak measurement as

((ge(z) = 9)7)e = Ek (2.51)
i ) 1
((Gu(@) = 9))w 2 Prl(g)’ (2.52)

where g.(z) and g, (x) are the estimators for each measurement. If we want to compare the
mean square errors, we need to show that the Cramér-Rao inequality (2.43]) has equality.
When the probability distribution is Gaussian and we want to estimate the mean value of
the distribution, we have the uniformly minimum variance unbiased (UMVU) estimator,
which gives the equality of the Cramér-Rao inequality. In the Gaussian distribution, the

variance of the sample average X is equal to the population variance o divided by sample
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number 2. Namely,

— === n]cl(g), (2.53)

<

((

which imply that the sample average X is the UMVU estimator. Hence the Cramér-Rao

inequality (Z.43)) has equality in the conventional measurement case, when g.(z) = X.
From this fact and Eqgs. (Z50), (Z51]), and ([2352]), the inequality

((Ge(2) = 9)%)e < {(Gu(@) = 9)*)u (2.54)

holds for g.(z) = X, which indicates that the weak measurement is worse for estimating
the coupling constant than the conventional measurement when the number of trials in an
experiment are same in the two measurement. Although we have shown Eq. (2.54]) for the
Gaussian probe, it is not guaranteed that Eq. (2.54]) holds for other probe cases, because
an unbiased estimator such as minimizing the mean square error is not always presents.
We remark that the derived inequality (Z54) holds even for the finite 72. Note that
we also evaluate the Fisher information with the probe distribution in the momentum
space. We give the result in Appendix [B.2l In Ref. [43], they compared the Fisher
information of the final probe distribution in the position space given by the conventional
measurement with one of the final probe distribution in the momentum space given by

the weak measurement. They concluded that the former is better than the latter.

Here we focus on the Fishier information given by the weak measurement. We show the

two cases, the case of € = 1 which gives no amplification as seen in Fig. [24] (¢) and the

v v an 1 - 1 - 1 0'2
2((X — 9)* = Var(X) = Var (%) = ﬁVar (ZX"> = EZVM(X") = ﬁnUQ =
i i

where X, is a sample value.

3 When there is not a UMVU estimator, the maximum likelihood estimator (MLE) is usually used
for the practical reason. According to the asymptotic theory, roughly speaking, by using the MLE
with the infinitely large number of data, the mean square error approaches to the inverse of the Fisher
information as stochastic convergence. This property is referred as the asymptotic efficiency of the
maximum likelihood estimator. Hence, if we have the infinitely large number of data, the comparison
of the Fisher information is meaningful for as evaluating the estimation capability, even if a UMVU
estimator does not exst. On the other hand, this conclusion will be meaningless as the comparison of
the estimation capabilities when the number of data is finite, although the inequality (Z350) holds.

4 The authors of Ref. [43] shows the inequality ([2.50) for a probe spatial wave function which is real
valued under the assumption that the weak coupling constant (¢ < 1) and the AAV approximation
(9](A)| < 1), and the asymptotic efficiency (n — o). In addition, they give the inequality (Z50) for
the Gaussian probe without any approximation, while using the asymptotic efficiency. The authors of
Ref. [42] have shown it in Supplemental Material that the quantum Fisher information given by the weak
measurement is smaller than one given by the conventional measurement not only in the asymptotic case
but also the finite data case based on the Chernoff bound. There is no mention of the equality of the
Cramér-Rao inequality.
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case € = —1 which provides a large amplification as seen in Fig. 2.4] (b). As seen in Fig.
2.5 the Fishier information in € = —1 cannot overcome the one in € = 1 whether or not we

mind the success probability of the postselection. Although we have to care the equality
of the Cramér-Rao inequality to discuss the estimation capability as stated in above, we
can regard that the amplification effect primarily has a disadvantage for estimating the

coupling constant regardless of the success probability of the postselection.

2.5 Summary of this chapter

In this chapter, we have reviewed the concept of the weak measurement and the weak-
value amplification originally proposed by Aharonov, Albert and Vaidman [I7]. In a
proposal in Ref. [I7], the authors considered only the case that the coupling constant is
weak. As we have seen in Sec. 2.2 by the weak measurement, i.e., the indirect quantum
measurement with postselecting the final state of the measured system, the weak value
appears in the shift of the expectation value of the measuring probe. The weak value can
be complex and arbitrarily large by tuning pre- and postselected state of the measured
system. In the WVA, we apply this property for amplifying the output and measuring
the coupling constant between the measured system and the measuring probe [19]. Hence
some researchers are developing the WVA for a precise measurement technique [I4HI6].
Actually, some researchers demonstrated the WVA by several experiments [I8]. Note
that calculating the probability distribution without a weak coupling approximation in a
certain situation, we can analytically show that the amplification has an upper bound for
the higher-order terms in the coupling constant [32H34]. Simultaneously, the output of
the weak measurement depends on the initial probe wave function. It means that we will
engineer the probe wave function providing a large amplification and a small variance for
a certain experiment. If we manufacture such a probe wave function, the application of

the WVA may be expanded. We discuss this topic in the next chapter.

Meanwhile, as we have mentioned, some researchers argue that the postselection makes
the number of detectable data small, which brings the disadvantage for the WVA. To
see this issue, in this thesis, we have exemplified the estimation capability of the weak
measurement, evaluated by the classical Fisher information, which is also disclosed in

Ref. [41]. We have shown that the postselection reduces the classical Fisher information.

Furthermore, in the case of the parameter estimation, it seems that the amplified shift

is not utilized even if the success probability of the postselection is neglected. Thus
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we consider another statistical inference problem, in which we can intuitively find the
merit of the amplification. We pick up the statistical hypothesis testing method, which
is usually used for analyzing the signal detection in a physical experiment [53H55]. We
review the standard hypothesis testing in Chap. [l Also we establish the testing method
in the weak measurement and compare the testing capability of the two measurements in
Chaps. [ and

In the subsequent chapters, we discuss these two topics, the probe engineering and the
hypothesis testing to develop the WVA technique for a precising measurement. Here we
remark that when we discuss practical accuracy of the measurement, we need to consider
a technical noise. Not mentioning about a technical noise in the main body, we introduce
the photon shot noise which is one of the fundamental noises in an optical interferometer
in Appendix [Cl



Chapter 3

Optimal Probe Wave Function in
Weak-Value Amplification

3.1 Preface

In this chapter, we analytically derive the optimal probe wave function for the fixed
experimental setup, i.e., the given coupling constant and tuned the pre- and postselected
states that we can calculate the weak value before the experiment. The wave function
gives not only the infinitely large expectation value but also the zero variance of the
final probe position in principle. We have the two ways to derive the optimal probe
wave function. One is that we derive the function which gives the maximum expectation
value of the final probe position. The other is that we derive the function which gives
the minimum variance of the final probe position. In both ways, we use the Lagrange
multiplier method. In this optimization, we assume that the observable A satisfies A2 = 1

A

and Re(A),, # 0. This chapter is based on the research [58, [59].

3.2 Property of optimal probe

In this section, we show the optimal probe wave function and consider its properties and

connotations preparatory for derivation. The optimal initial probe wave function in the

27
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momentum spemen:I is given as

gRe(A),| P {_Z 2Re( A}
™ cos gp — i{A),, sin gp ™

g(I(Ayw[2+1) }

MB*@) exp [—i(Z)ep]

(3.1)

E(p) = (pl¢) =

the support of which is —7/2g < p < 7/2g. The function gives the position expectation
value of the initial probe (Z)¢ = 0 and the one of the final probe as
. [(A)ul* +1
(T)e, =9 — (3.2)
2Re(A),,

which can be arbitrarily large as the weak value becomes large. Since B~!(p) in the
optimal probe wave function cancel out the higher-order terms given by the unitary
operator, the shift of the expectation value (Z)¢, — (Z)¢ has no upper-bound in contrast
with the case of using the Gaussian probe. This is the characteristic feature of the optimal

probe form.

According to Eqgs. (2.16]) and (8.10), the probe wave function after the postselection is

) ) [T |
Sw(p) : \/m T p[ < >§wp] ) (3 3)

the support of which is also —7/2g < p < 7/2¢g. Furthermore, we can obtain the final
probe wave function in the position space with the inverse Fourier transform as

_ 2g5inlE (@ = (@)

w(T) = (3.4)

™ T — (D),

. 'We can also derive the function in the position space with the inverse Fourier transform. When
(A),, = —1, the function is given by

Al [ @~ e, +9)
) i 2Rt [ b |

When (A),, # —1, the function becomes

oy = AR 2[5 O @+ 9] 11 (| 2 e+
7.‘-29 1+<A>w 1+<A>w’ ) 29 )
where VU [z, s, a] := Z (_7_7)8 called Hurwitz-Lerch zeta function. It is noted that the author partially
a+n

n=0
used Mathematica to derive this.
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Figure 3.1: The plots of the initial and final optimal probe wave function in the mo-
mentum space [€(p) and &, (p)] and the position space [€(2) and &, ()] are shown. The
parameters are fixed g = 0.1 and (/l>w = 2+ 3v/3i. It is noted that the probe wave
function in the position space is discrete as dots indicates.

We note that the position x takes discrete values © = 2¢gj (5 € N) for the finite boundary
condition —7/2g < p < 7/2g of the probe wave function. Therefore, if the final expecta-
tion value takes (2)¢, = 2gk (k € N) by controlling the weak value, the final probe wave

function in the position space with the normalization becomes the Kronecker delta as

29 sin[3; (295 — 29k)]
s 297 — 29k B

sin[(j — k)]
(J —F)m

Ew(x =2g7) = = k. (3.5)

Hence, the variance of the final probe can be zero.
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We remark that the expectation value ()¢ has the lower bound given as

Ll ) [Tm(A), |2 + 1 1
(@)l = <|R8<A>w| + W) > gl Im{A),[>+1>1[g[.  (3.6)

~ ~

The minimum |(Z)¢| = |g| is given when Re(A),, = £1 and Im(A),, = 0, which means that
the postselected state identical to the one of the eigenstates of the observable A. In this
certain case, we can almost regard the weak measurement as the projective measurement
of the system, and the unitary operator by the interaction becomes e¥%” that gives the
shift operator by Fg to the probe position. It indicates that the weak measurement with
the optimal probe wave function always amplifies the shift of the position expectation

value more than the projective measurement.

From the expectation value (3.2)), we can obtain the convergence

(e, |(Fli)l = 5 (3.7)

as the postselected state |f) approaches the state orthogonal to the preselected state |i).
From this relation, we can see that it is possible to obtain the coupling constant g by

extrapolation.

3.3 Derivation

We have two ways to derive the optimal probe wave function (8]) by using the Lagrange
multiplier method. One is by maximizing the shift of the probe position expectation value,

and the other is by minimizing the position variance of the final probe distribution.

3.3.1 Maximization of the shift of the expectation value of the

probe position

Here, we consider the probe wave function 5 (p) which maximize the shift of the expec-
tation value of the probe position ()¢, — (Z)e. We set the following Lagrangian which

gives the extremal value of the expectation value of the final probe position (Z)¢,:

zmm*@xd:@m—M(/@mm%ﬂ) (3.5)
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where A\ is the Lagrange multiplier and the constraint condition is the normalization
condition for £(p). Firstly, we obtain £(p) as the solution of the variational problem.
Subsequently, we show the expectation value of the initial probe position can be (Z), = 0.
The final expectation value can be described by Eq. ([228)). Varying the Lagrangian £

with respect to A\, the constraint condition re-emerges as

oL

0= = / dplE(p)? — 1. (3.9)

Varying £ in terms of £*(p), we obtain

0L _i[B*(p)B'(p)E(p) + B()*E (0)] — (#)e,|B(®)*(p)

- —\:E(p). .
o+ [ dp|B(p)&(p)|? <£(p) (310)

This equation means

) _ >—i(<ae>gw+xﬁ|B<p>|-2 / dp|B<p>é<p>|2). (3.11)

With this equation, the normalization condition (B9), and the final expectation value

(%)e,, we can find Az =0 as

i [ dpl B (58 +42)
! [ dp|B(p)é(p)]
= (#)e, + Ac / AplEM)P = (#)e, + Aes - A =0. (3.12)

Then, with the indefinite integration over p for Eq. (BIIl), we obtain the form of the

optimal probe wave function as below:

Eq. @ID) < (ogé(p)) = —(log B(p)Y — ili)e,
N / dp(log£(p)Y = — / dp(log B(p)) — i / dpld)e,
= log £(p) = —log B(p) — i()¢,p + log C

& &£(p) = OB exp [<i(#)e,p], (3.13)

where C' is the normalization factor calculated as

o= ([ dp|B<p>|—2)_1 (3.14)
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from the normalization condition (3.9)) and the integration constant is denoted by log C'
for the sake of simplicity. We next evaluate the initial expectation value (Z)¢ to obtain
the shift of the expectation value (Z)¢, — (Z)¢. Substituting Eq. BI3) into (Z)¢, we

obtain the following equation as

d Zﬁ * * /
Qm:fp@muwma S € (v )_@%_MW/MB@B@)

e " Jaor B
— (#)e, — gRe(A)ulCP [ dplBOI " = 5ICP [ anlB)I . .15

Because the expectation value has to be real-valued and C' # 0, we can find the integration

region which meets

[ asliBw) Y=o (3.16)
Focusing on |B(p)|™% in Eq. (2I8) the periodicity of which is 7/2¢g, we can see that

—7/2g9 < p < w/2g would be one of the appropriate region.

With the integration region and Eq. (8.I4]), we can calculate the normalization factor
C as

7/2g T/29 4 1
m*=/ @W@Wz/ P :

—r/2g €082 g 1 + 2Im(A),, tan gp + |(A), |2 tan? gp

—7/2g
o dt 1
= / — _ ~ substituted ¢ = tan gp
—oo 9 14 2Im(A),t + [(A) |2t

_ e, 1 |
g(Re(A)y)? Jooo 1+ [(Im(A)y, + [(A)y[2t)/Re(A),)?

(A >7f| Re(A)., arctan (Im( Ju A|<A>w|2t>] SR — (3.17)
g(Re(A)w)? [(A)wl? Re(A)y . 9|Re(A)y]

Furthermore, we can obtain the shift of the expectation value from Eq. (815 as

BAWP 1 o KAWL

#e. — (@) = gRe(A),|C]? - v
(T)e., — (2)e = gRe(A)w|C| 2(Re(A),)? 2Re(A),
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Here we have calculated the integration:

/29 w/2g dp 1
/'(mmm4=/

—7/2g /2 €081 gp (1 + 2Im(A),, tan gp + |(A), |2 tan? gp)?
1 [~ 14t :
=— dt - - substituted ¢ = tan gp
9J oo (14 2Im(A),t+ |(A),|*t2)?

_|<A>wl2+1/°°@ 1
2(Re(A),,)2 Jooo 9 1+ 2Im(A),t + [(A), |22

+ ! /Oo dt (IIH<A>w(|<A>w|2 + 1) + (Al + (Al — 2(Re</1>w)2]t>/

2g(Re(A)y)[(A)y)2 1+ 2Im(A),t + [(A), |22

AVul?+1
_|< >w|A+ ‘C|_2

7 3.19
2(Re(A)w)? (19

where we have used Eq. ([B.I7) to evaluate the last equal. Here we consider the initial

expectation value (Z)¢. As sated in above, |B(p)| 2

|B(p + 7/g)|~? which implies

has the periodicity such as |B(p)| 2 =

Ep+/9)l* = @)1 = E(p +7/g) = e ™9E(p) = (), = k. (3.20)

where k is an arbitrary real constant and indicates the degree of freedom of the phase.

Then we can set (Z)¢ = 0 by choosing k = (Z)¢, — (Z)e.

Consequently, we obtain the optimal probe wave function ([B.]) given by Eqs. B.13)),

BI7), and (BI8).

We remark the case that the integration region is m-period, i.e., —mn/2g < p <

mm/2g (m € N) which means

(A2 (if m is odd.),

1 (if m is even.).

| B(mm/2g)* = | B(—mm/2g)|* = { (3.21)

With this integration region, the normalization factor becomes

mm/2 1 /2 Re A w
|@ﬁ:</ @wmrﬂ =—</ cmmmw) _ gReldu] g o)
—mm/2g m —7/2g mm
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while the shift of the expectation value becomes

R mr /2
(T)e, — (2)e = gRe(A)y|Cinl? (/ deB(p)|_4>
—mm/2g
A 2 |<A> ?+1 0 (A >|2_|_1
= gRe(A),|Chn _ 393
el 2(Re(A),)? glRe(A),| * 2Re(d), (3:23)

Then the shift of the probe position expectation value and the amplification factor does

not depend on the periodicity of the integration region.

3.3.2 Minimization of the position variance of the final probe

distribution

We can derive the optimal probe wave function by deriving the function which provides

the minimal variance of final probe wave function, which is given as

VIEW). € ()] = (%, — ()2,
B (i) Beie) f@w@%@r@%ﬁB@&mv

2

J dp|B(p)é(p)[? J dp|B(p)é(p)|?
_ [ B 0)B"@0)IEp) + 2B (0) B(p)'€ ()€ (p) + |B(p)*€* ()€ (p)
J dp|B(p)é(p)[?
_(@hmw%mBMM&MPTU%)P*<)(H>' (324
J dp|B(p)é(p)]?

Varying the variance with respect to é *(p), we obtain the following equation as
0=
o&*

—[B*(p)B"(p)é(p) + 2B*(p) B(p)'¢ (p) + |B(p)|%" (p)] — (2%)¢, | B(p)[E(p)
[ dp|B(p)(p)|?

i[B*(p)B'(p)&(p) + | B(p) € (p)] — (2)e,.| B(p)|*E(p)
[ dp|B(p)¢(p)|?

QMQKB@E@D"+%@ka%mam)+«@%@—2@%JB@E@>.

— 2(Z)e,,

—B(p)
f dp|B(p)§
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Therefore it generates the homogeneous linear differential equation of the second order

with constant coefficients as

0= X"(p) +2i{2)e, X'(p) + ((#%)s,, — 2(2)2,) X (), (3.26)

where X (p) := B(P)&(p). We substitute X (p) = e”?(r € C) into the equation to solve,

which produces
0= 7%+ 2i(2)e, 1 + (&%), — 2(2), . (3.27)

We can easily see the the solutions are r = —i(Z),, +4+/V. Then we can note the solution

of the differential equation with arbitrary constants C'; 5 as

X(p) = Creli e +iVVip o 0, (=it —iVV)p

= [(Cy + Cy) cos VVp+ z’(C1 — C) sin VVple HPewr
= (asin \/_p+bcos \/_p) Dewp, (3.28)

where a(:= C; + Cy) and b(:= i(Cy — C3)) are the arbitrary complex values, which do
not take zero simultaneously. Hereafter we determine the parameters, a, b, V', and the
integration region p_ < p < p, (tentatively we use the notation p1 to describe the region)
for the normalization. We define Y'(p) := asin VVp + beosVVp for convenience. Then

we evaluate the final expectation value as

8. — J dpX*(p) (Z;%) X(p) i fdplem Pewry (p)]*[emiPery (p)]
o fdplX ) JdplY (p)]?
i [ dp Pty (p)[=i(d)e, e PwPY (p) + e ey (p)]

[ dplY (p)]?
i [ dpY*(p)Y'(p)

T ablY ()P 529

= ()¢, +
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therefore we find the parameters satisfy the equation
Pt /
o= [y
= / f [(|a]? = [b]?) sin VVp + (ab* + a*b) cos 2VV + (ab* — a*b)]
b2 2Reab*
/ dp [s|a i sin( 2\/_p +7) + Z\/_Imab*] (7 := arctan RL)

1\3

lal* — [b[?
|a + 2| _ i P+
= cos(2vVp + ) + iV VImab*p
p_
|a? —|—b2| . N
= [(:08(2\/V104r +7) —cos(2VVp_ + fy)] +ivVVImab* (py —p-).  (3.30)

We can choose the parameters to satisfy this equation in three ways as follows;

Case 1. The variance is zero (V' = 0). In this case b becomes the normalization factor.
Hence, the wave function becomes the optimal probe as derived in the previous

section.

Case 2. V # 0, a = ib, and Imab* = 0. They give a = b = 0 which is not appropriate

for the current interest.

Case 3. V # 0, cos(2vVpy +7) = cos(2VVp_ + ), and Imab* = 0. The second

condition provides

—2sin(vVVpy +VVp_ +7)sin(vVVp, —VVp_) =
. \/Ver—l—\/Vp,—l—’y:mr or \/Ver—\/Vp,:

Then we have found that the form of the optimal probe wave function can give the minimal
variance, i.e., the zero variance (Case 1). Subsequent calculations for the normalization
factor, the integration region, and the shift of the expectation value, are the same as the

previous section. Here we omit these calculations.

3.4 Summary of this chapter

In this chapter, we have derived the optimal probe wave function by the Lagrange mul-

tiplier method. Ref. [35] shows that the amplification limit in the weak interaction case
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and any number of the distinct eigenvalues of the measured system. Here we have cal-
culated the optimal probe and the amplified shift without any approximation, where the
measured system is the two-state system. The optimal wave function is described in
the momentum space as Eq. (B1I), the support of which is —7/2g < p < 7/2¢g. This
support can be extended the region —nm/2g < p < nm/2g (m € N), which leads to the
same conclusion. The weak measurement with the wave function gives the shift of the
expectation value of the probe position as Eq. ([32]), which has no upper bound as ](A)w|
becomes large. Furthermore when we choose such a weak value that gives the final probe
position expectation value (Z)¢, = 2gk (k € N), the final probe position distribution be-
comes the Kronecker delta &, (z = 2gj) = ;5 for j € N, i.e., the variance of which can be
zero. Namely, we can extract the value of the coupling constant from the obtained data
without the statistical fluctuation in principle. Here we remark that when the coupling
constant is sufficiently small, the support of the function covers the whole momentum
space. Then, the final probe wave function in the position space behaves like a delta
function. To derive the wave function, we assume that the observable A of the measured
system satisfies A2 = 1 and the weak value Re(A),, # 0 which is for the normalization of

the statically.

Note that there is another wave function which can give an arbitrary amplification
factor, for example, the wave function proposed in Ref. [62] . Anyhow, the essence of the
arbitrary amplification is that the denominator of the wave function (B.1]) denoted by B(z)
cancels out the higher-order terms given by the unitary operator which brings the upper
bound of amplification. Among such wave functions, the optimal probe wave function is

the only solution that can decrease the variance of the final position distribution to zero.

We should pay attention to engineering the wave function that we need to use the
coupling constant g and the weak value (121>w We can grasp the weak value from the
chosen pre- and postselected states in a given experimental setup. On the other hand the
value of the coupling constant ¢g is unknown obtainable only by the experiment. Then,
initially, we need to choose the value by a reasonable guess for construction of a tentative
probe wave function. From the discrepancy of the coupling constant from the theoretical
prediction and the actual experimental data, the value of the coupling constant tends to

a more and more accurate value by iteration.

2 The proposed wave function is & (p) = e=*¢®)/B(p), the support of which is —nm < gp < n for
n € N. Here a is an arbitrary real number and G(p) is a primitive of | B(p)|~?. This wave function gives
the initial and final position expectation value as (&); = g(a — Re(A)y)(1 + [(A)w]?)/2(Re(A),)? and
(#)5 = —ga/|Re(A)y|. Then the shit of the expectation value is A(#)/g = (1 + [(A)w|?)/2Re(A),, +
al(1 = Re(A)w|)? + (Im(A)w)?]/2(Re(A) ).






Chapter 4

Review of Statistical Hypothesis
Testing

4.1 Preface

In this chapter, we recaptulate the concept of the standard hypothesis testing established
by Jerzy Neyman and Egon Sharpe Pearson [63]. The hypothesis testing is one of the
statistical inference methods, which is widely used not only in physical experiments but
also in other research fields [53H55]. The hypothesis testing method provides the math-
ematical decision for the testing problem to judge which hypothesis is more plausible in
two contradictory hypotheses. For the good decision-making, we have to produce the
appropriate testing method corresponding to a problem. Here we consider the uniformly
most powerful (UMP) test, and the uniformly most powerful unbiased (UMPU) test. To
write this chapter, the author have refered to Ref. [45].

4.2 Definitions of technical terms and notations

Here we introduce some technical terminologies and notations. In the hypothesis testing,
we attempt to determine which hypothesis is more proper in two contradictory hypothe-

ses, i.e., a null hypothesis and an alternative hypothesis.

39
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Table 4.1: The relation between our decision and the actual hypothesis.

actual hypothesis

null alternative
5
5z null correct the type-2 error
o
o .
5 alternative | the type-1 error correct
S

Here we consider what the value of the unknown real parameter § idl. We define the
two parameter sets, ©g and O; such that ©g N O; = {¢}. We call the null hypothesis H,
if the parameter 6 is included in Oy, i.e., Hy : 0 € ©q. Similarly the alternative one is

H, : 6 € ©,. Hereafter, we simply describe the testing problem as

H0:9€@0 VS. H1 29661. (41)

If the set © is a single point set such as © = {6y}, the hypothesis is called the simple
hypothesis. Meanwhile, the hypothesis that is not simple is classified as the composite

hypothesis. In this chapter, we consider the three testing problems below.

1. the both hypotheses are simple, i.e., Hy: 60 =6y vs. Hy : 0 = 0y,
2. the one-sided test, i.e., Hy: 0 <0y vs. Hy : 0 > 0y,

3. the two-sided test, i.e., Hy: 0 = 6y vs. Hy : 0 # 0.

Sometimes the testing problems such as Hy : 0 = 6y vs. Hy : 0 > 6y and Hy : 0 = 6y vs.
Hy : 0 < 6 are classified as the one-sided test. We state “we accept the null (alternative)

Y

hypothesis,” when we determine that the null (alternative) hypothesis is correct. On the
other hand, we state “we reject the null (alternative) hypothesis,” when we determine

that the null (alternative) hypothesis is incorrect.

Next we consider a cost or risk that we have to pay in the process which we want
to evaluate. In the standard hypothesis testing theory, we regard the error, i.e., the

misjudging which hypothesis is true as the cost. We have two types of errors as

type-1 error: we wrongly reject the null hypothesis, whereas the null one is correct,

'In this thesis, we assume that € is an one dimensional parameter, i.e., § € R.
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type-2 error: we wrongly accept the null hypothesis, whereas the alternative one is

correct.

Obviously, a good testing is the one that the probabilities of these two errors are small,
which are calculated from a distribution function. Our objective in the hypothesis testing
is to find such a decision-making procedure with small errors. However, generally, it is
very difficult to make the two errors simultaneously small. Hence, we are content to
take the standard strategy that we make the probability of the type-2 error small, while
we control the probability of the type-1 error to be smaller than a certain value called
a significance level (0 < o < 1) [54]. This strategy is called as the Neyman-Pearson

Criterion.

To calculate these probabilities, we choose a test function? d(x) which depends on the
obtained data z by an experiment. The test function d(x) takes the binary values of 0
or 1. The 0 indicates that we accept the null hypothesis, and the 1 represents that we

accept the alternative one. We can describe the test function as

0 for T(z) < ¢,
d(z) =< r for T(z) =c, (4.2)
1 for T'(z) > ¢,

where T'(x) is a test statistics which indicates the decision criteria with the obtained data
x, and c is a critical point which gives the significance level. Theoretically, we can take an
arbitrarily real value as ¢. The region of x satisfying T'(z) > ¢ is a rejection region (or a
critical region), which indicates the region of rejecting the null hypothesis. Similarly the
region of x such as T'(x) < cis an acceptance region. When 7'(x) = ¢, we randomly accept
the null hypothesis with the probability (0 < r < 1). For the distribution function of
continuous variable, the probability for the continuous random variable = coincides just
with the case T'(x) = ¢ is zero. An appropriate test statistics T'(x) depends on a testing

problem.

With the decision function d(z), we can define a power of a statistical test as

Ba(6) := / d(z) f(x|9)de. (4.3)

where f(x|0) is the probability distribution x with the parameter 6. The test function for
all # € O, represents the probability that the accepted alternative hypothesis is correct,

2This corresponds to the decision function in the statistical interference. In the hypothesis testing
function, we usually use the term “test function” instead of “decision function.”



42 Chapter (4]

while the test function for all § € ©q is the probability of the type-1 error. Here the
probability is calculated by the integration of the distribution function f(x|f) for 6 € ©,

over the rejection region. We can evaluate the probability of the type-1 error Pr[&] as
Pr[&1] = 54(0) for 6 € O,. (4.4)

Also the probability of the type-2 error Pr[&;] is calculated by the integration of the

distribution function f(z|f) for # € ©1 over the acceptance region, which is given as

Pr[&] = 1 — Ba(6) for 0 € O,. (4.5)

Therefore, we can obtain the probabilities of the type-1 and -2 errors. As we stated
in the above, the smaller the probabilities of errors are, the better the decision-making
becomes. It is important to appropriately choose the test function because it gives the
probabilities of errors. In the next section, we propose a proper test function for one

testing problem.

4.3 Uniformly most powerful (UMP) test

As we noted in the previous section, we customarily take the strategy such that we
reduce the probability of the type-2 error, while we keep the probability of the type-1
error smaller than a certain significance point. In this strategy, we can say that the best

test method is a uniformly most powerful (UMP) test.

Definition 4.3.1. (Uniformly most powerful test)

We assume that the testing problem is Hy : 6 € Oy vs. H; : 0 € O; and d(z) is an
arbitrary test function (0 < d(x) < 1) which gives the test at a significance level « for the
testing problem, namely (3,(0) < « is satisfied for all § € ©y. If the test function d*(z),

which gives the test at the significance level «, satisfies the inequality

Ba=(0) > Ba(0), 70 € O, (4.6)

the test is UMP.

Namely, the test gives the maximum power for all alternative hypotheses (Y0 € ©,).

When the alternative hypothesis is simple, a test satisfying the inequality (4.6]) is simply
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called most powerful (MP) test. We remark that we cannot always find a UMP test or a
MP test in every testing problem. Precisely, there is a testing problem such that a UMP

test or an MP test is not present.

Here we exemplify a MP test for the testing problem such that the both hypotheses
are simple, which is addressed by Neyman-Pearson’s lemma [63]. This lemma claims that

the test named likelihood-ratio test is MP only when the both hypotheses are simple.

Lemma 4.3.1. (Neyman-Pearson’s lemma)
We assume that the testing problem is Hy : 6 = 6y vs. Hy : 0 = 0y, and that f(z|6y) and
f(z|0;) are the probability distributions in the null hypothesis and the alternative one,

respectively. We consider the following test function

0 for f(xz]01)/f(x]0y) < c,
d*(x) =4 r for f(w(61)/f(x[00) = (4.7)
1 for f(xz[61)/f(x]00) >

in which the probability of the type-1 error is «, i.e., B4+(6y) = a. This test function gives
the MP test at the significance level a for the hypothesis testing problem.

The f(x|01)/f(x]0) is called the likelihood-ratio. Here we give the proof of the lemma.

Proof. We set that d(x) is an arbitrary test function at a significance level a, namely

Ba(6y) < a and 0 < d(z) < 1. First of all, we show the inequality
/[d*(ﬂc) — d()][f(2]01) — cf (x]6o)]dz > 0. (4.8)
From Eq. (@) and 0 < d(z) < 1, we can see

d*(z) —d(z) > 0 for f(x|6y) — cf(z|6y) > 0, (4.9)
d*(x) —d(z) <0 for f(x]0,) — cf(x]6y) < 0. (4.10)

Additionally, the left-hand side of the inequality (4.8)) is zero when f(z|0;) —cf(x|6y) = 0.
Thus the inequality (A8]) holds, because the integrand is non-negative for all . Therefore
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we can show

B0 (00) = u6) = [ @@ 1(el6s)do — [ do)falor)ds
— [l i) fGalor) o
> ¢ [1d'(@) ~ dla))flalo)ds
—c [/ d* () f (]00)d — /d(x)f(x]@o)dm}

= cla— Ba(0y)] >0 (4.11)

Thus we have shown that the likelihood-ratio test is the MP test. O

We have to pay attention to the fact that this lemma holds only when the both hy-
potheses are simple. Subsequently, we can find a UMP test also in the one-sided test.

Prior to showing it, we define the monotone likelihood-ratio.

Definition 4.3.2. (Monotone likelihood ratio)
Let us consider the likelihood-ratio f(x|6s)/f(x|0:1) for arbitrarily fixed 6; and 65 (61 < 6s).

We assume that the likelihood-ratio can be described as

[ (x]6s)
[ (x]61)

= g(T'(z),61,0). (4.12)

When ¢(7(z),01,02) is a monotonically increasing function of T'(x) for 6, < s, we state

that the distribution function f(z|f) has a monotone likelihood ratio in 7'(z).

We see the theorem to find a UMP test in the one-sided test.

Theorem 4.3.1. (Uniformly most powerful test in the one-sided test)
Here we consider the testing problem Hy : 0 < 6y vs. Hy : 0 > 6y. When the distribution

function f(z|f) has a monotone likelihood-ratio in the statistics T'(x), the test function

0 for T'(z) < ¢,
d*(z) =4 r for T(z) =c, (4.13)
1 for T'(z) > ¢,

becomes a UMP test based on the critical point ¢ and the random probability r for an

arbitrary significance level a (0 < ae < 1).
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This theorem is even valid for the testing problem Hy : 0 = 6y vs. Hy : 0 > 6y3. The

proof is the following.

Proof. Firstly, we consider the particular testing problem Hy : § = 6y vs. Hy : 0 = 6
with arbitrary fixed 6y and 6; (0; > 6). As shown in Neyman-Pearson’s lemma, the
likelihood-ratio test becomes MP test, which can be described as the form of Eq. (AI3]).
The critical point ¢ and the random probability r are independent of the parameter 6.
The test function (LI3) gives the UMP test for the testing problem Hy : 6 = 6y vs.
Hy:0>0,.

Next we expand the null hypothesis Hy : 6 = 6, into 8 < y. In preparation, we show
the following inequality

[orans@is [wre)swis < [o@emhre) @, @

where g(T'(x)) and h(T(x)) are the monotonically increasing functions of T'(x). Setting
m = [ g(T(x))f(z)dx, we can obtain the equation

o:/mw@»—mvwwx (4.15)

due to the probability distribution f(z). Since g(7(x))—m is the monotonically increasing
function of T'(z), there is a finite value ¢ such as g(T(z)) — m < 0 for T'(z) < t and
g(T(x)) —m > 0 for T'(x) > t to satisfy Eq. (I5). h(T(z)) is also the monotonically
increasing function of 7'(z), we can obtain the inequalities, h(T'(x))—h(t) < 0 for T'(x) <t
and h(T(z)) — h(t) > 0 for T'(x) > t. Therefore, the inequality

9(T(@)) = m[h(T(2)) — h()] <0 (4.16)
holds for all z, which indicates

0< [lo(T() = mB(T () = WD) (o)

— [lo(r()) = mbT @) @)z~ bit) [lo(T(a) = m) )

— [9T@T@) s —m [ W)@ (e ET)

~ [ 9T @ @) @) - [ oT@) e [ WTE@) @z @D
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Hence we have shown Eq. (414). Here we assume 6 < 6, to evaluate the the proba-
bility of the type-1 error and . In Eq. (@I4), substituting f(x) = f(z|f), g(T(z)) =
f(z]00)/ f(x]0), and h(T(x)) = d*(z), we obtain

/f 2l0) / “(z) f(2]0)dz </f 190 g+ (2) f(10)dc
@/d* £(xl0) dx</f(x|90)d*(x)dx

& B4+ (0) < Ba- () = (4.18)

For 6 < 6y, the probability of the type-1 error is smaller than the significance level a.
Therefore the test function d*(z) gives a UMP test for the one-sided test Hy : 0 < 6 vs.
H 0>(90&IldH0 6—90VS H - (9>90. ]

In this section, we see a likelihood-ratio test and a UMP test for the specific testing
problems, the case that the both hypotheses are simple and the one-sided test, respec-

tively. In the next section, we consider a better test function in a two-sided test.

4.4 Uniformly most powerful unbiased (UMPU) test

We have introduced the UMP test for a one-sided test in the previous section. However,
a UMP test does not exist in a two-sided test. We note this issue in Sec. [£.5l Here we
find the better test function in a two-sided test. Firstly, we introduce the unbiased test

to find one.

Definition 4.4.1. (Unbiased test)
In the testing problem Hy : § € © vs. H; : 6 € O, if the test function d(z) at the

significance level « satisfies
Ba(0) > a, 70 € ©,. (4.19)

we state that the test is unbiased.

Next we define the class of a better testing in the unbiased test. Similar to the UMP
test, the unbiased test which gives the maximum power for all alternative hypotheses is

preferable.
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Definition 4.4.2. (Uniformly most powerful unbiased test)

We assume that the testing problem is Hy : 6 € Oy vs. H; : § € O; and d(z) is an
arbitrary unbiased test function at a significance level «, namely 54(0) < « for all 6 € ©
and 0 < d(z) < 1. If the unbiased test function d*(x), which gives a test at the significance

level «, satisfies the inequality
Ba(0) > Ba(8), 70 € O, (4.20)

we state that the test function d*(x) gives uniformly most powerful unbiased (UMPU)
test.

Hereafter we consider the unbiased test at the significance level a, i.e., 54(6y) < « for
the two-sided test Hy : 0 = 6y vs. Hy : 0 # 0y. We assume that the power function §,(x)

is differentiable with respect to 6 and satisfies

0 0
75(0) = /d(x)%f(x\e)dx. (4.21)

This assumption implies that £4(6) is the continuous function of . By the unbiasedness
of the test, 54(0) > « for all # € Oy, and the continuity of the power function 54(6) at
0 = 0y, we can deduce that the probability of the type-1 error is fixed «, i.e., B4(0y) = a.
Furthermore, it is clear that the power function £;(6) takes minimum value at 6 = 6,
which implies 8(6p) = 0. The prime indicates the differential with respect to 6. For the
unbiased test with these properties, we have the following lemma to obtain a test function

giving a UMPU test in the two-sided testing problem.

Lemma 4.4.1. (Uniformly most powerful unbiased test)
We consider the two-sided testing problem Hy : 0 = 0y vs. Hy : 6 # 6. We assume that

the test function d*(z) satisfies

S (®) = [ @) (alo)d, (4.22)
B (6o) = v, (4.23)

B (6) = 0. (4.24)
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For an arbitrary fixed 6;(# 6p), when the test function can be described as

0 for F(x) <0,
d*(x) =< r for F(z) =0, (4.25)
1 for F(x) >0,
where
Flx) = Jalfh) — cuf(elfo) — ex o f(al6), (1.26)

for specific ¢; and ¢y, the test function d*(z) gives a unbiased test, which maximizes the
power at € = 6;. Furthermore, for the arbitrary 0;(# 6,), if we can appropriately choose
c1 = ¢1(01) and ¢y = ¢5(0y), the test function d*(x) gives a UMPU test.

Proof. The proof is similar to the one of the Nyeman-Pearson Lemma. We set an arbi-

trarily unbiased test function d(z) (0 < d(x) < 1) at the significant «, which meets
ﬁd(eo) S « and ,Bd(91) 2 a, v91 7£ 90. (427)

Also we assume that the power function 34(0) of the the test function d(x) satisfies Eq.
(4.2T]), which implies that

0

0
Ba(bp) = a and %ﬁd(ﬁo) = /d(m)%f(xwo)dx = 0. (4.28)
First we show the inequality
/[d*(a:) —d(z)|F(z)dz > 0. (4.29)
From Eqs. ([d25]), (£26]) and 0 < d(z) < 1, we can see
d*(x) —d(z) > 0 for F(z) > 0, (4.30)
d*(x) —d(z) <0 for F(x) < 0. (4.31)

Additionally, when F(x) = 0, the integrand of Eq. (£.29)) is zero regardless of the sing of
d*(x) — d(z). Therefore the inequality (4.29) holds for all x. Next, we see the left-hand
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side of the inequality (d.29]), which is evaluated as

J1a@ - dw)F@)
= /d*(:c)f(x]ﬁl)dx—/d(x)f(x|91)dx
(/d*(x)f(xwo)dx—/d(:z:)f(:x|90)dx)
o (/ d*(m)%f(x]&o)dx - /d(x)%f(:cwo)dx)
= 50 0) = 6u(02) — ca( (00) — 5u(00) = (550 (00) — 00

00
= Ba-(01) — Ba(6h) — c1(av — ) — (0 —0)
= Ba(01) — Ba(61). (4.32)

To show this equation, we have used Eqs. (£22), (£23), (£24), and ([A2])). From Egs.
@27), (E29), and ([£32), we can obtain the inequality

Ba-(0) > Ba(0) >, "0 € Oy, (4.33)

because 6, is the arbitrary value except for 6.

Hence d*(z) gives the UMPU test for the two-sided test Hy : 0 = 0y vs. Hy : 0 # 0y. O

4.5 Examples of the UMP test and UMPU test

In this section, we see the UMP test and UMPU test by exemplifying the testing problem
about a mean value 6 of Gaussian distribution given as f(z|f) = e~ #=0%/(27*) /\/2742,
Here we set the two testing problems: the one-sided test Hy : 6 = 0 vs. Hy : 6 > 0
(and also Hy : 0 < 0 vs. Hy : 0 > 0) to consider the UMP test and the two-sided test
Hy:0=0vs. H :0 %0 to consider the UMPU test.

Here we see the one-sided test. To obtain the UMP test, we calculate the likelihood-ratio

as
f(z]0) 67(1_9)2 zf
202 92
= — = e 202 exp | — 4.34
@)~ & E (434
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the rejection region

the acceptance region

(1) the UMP test <
(2) the UMPU test ¢

< >

Figure 4.1: The illustration of the rejection region and the acceptance region for (1)
the UMP test and (2) the UMPU test.

Setting the test statistics T'(z) = x, we can find that the likelihood-ratio is the monoton-
ically increasing function of 7'(z). Hence we propose the test function for the one-sided
test [Fig. 1)(1)] as

0 forz <ec,
di(z) =< r forz=c, (4.35)

1 for xz > c,

which gives the power calculated as
1 [ w0 1 1 [V 1 0
z—0 2 2 C —

(0) = / e 207 :———/ 7 e_xd:t:—(l—erf{ ]), 4.36
B, (0) V2ro? Je 2 V7o 2 V2072 (4.36)

where

erf [z] := % /Ox dte™"" (4.37)

is the error function®. Now we consider the two-sided test, in which the appropriately
test function is given by the Lemma 4.1l To find the UMPU test, we firstly look at the
candidate of the UMPU test and check that the candidate meets the Lemma. Here we

3The error function satisfies erf [—2] = —erf [2] and ‘Lerf [z] = %e
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propose the test function [Fig. [ET)(2)] as

0 for |z|] < e,
da(x) = r for |z| =c, (4.38)
1 for |z| > ¢,

which gives the power

o) — 1 ¢ _(z—gﬁ’d 1 e _(z—efd
Ba, (0) = s _006 202 dx + = e 22 dx

202 V202

1 c—0 c+0
=1l——|ef | —| +erf | —]| |. 4.39
2 ( {\/202} {\/%QD e
We can confirm that Eqs. ([@22]), ([423]) and (£24)) are satisfied as

1 _(c=0)? _(c+0)?

2m2_(6 Vel — e Veo? ), (4.40)

/dg(as)%f(ﬂe)dx - /dQ(x) “‘; 9 t(x10)dz

e (/_C( e 5 d +/Oo( e 5 d >
= — X — e 20 X Tr — (& 20 xXr
0% /27052 o c
2 & 2 & 2
_\/ﬁ(_/cw e dx—l—/ce ze dx)

0
%de (9) =

Var? V2o
2 { 1 _ﬂ‘” +[ 1 _mgr
= —|—=e ——e
_ (c—6)? _(c40)?
L (e _e ) (4.41)
V2mo? ’
ﬁdz(O):l—erf{ ¢ ] (4.42)
202

and (3, (0) = 0 is obvious by Eq. (@40). In Eq.[#42), by choosing a proper ¢, we have
,Bd2 (0) = .

Next we choose the adequate parameters ¢; and c. We evaluate Eq. (4.20) as

F 20— 0>
(z) T c1 — CQ%. (4.43)
o
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Figure 4.2: Plots of the powers of (4, (0) given by the UMP test and S4,(0) by the
UMPU test. The significance level is fixed as a« = 0.05 and the critical points ¢ are
tuned for which, respectively. The variance of the Gaussian probe is fixed as o = 2.

We can find ¢; and ¢y which gives x = 4c as the solutions of F(x)/f(x]|0) = 0 below,

2 2
ec979 + 670979

¢ = 5 = ¢ cosh co, (4.44)
ec0—02 _ 6—00—02 0_6—92 )
cy = 2/ = sinh co. (4.45)

Due to the convexity of the function e*®~% | the test function gives UMPU test because

0 for F(z) <0< |z| <,
dz) =4 r for F(z) =0 & |z| =c, (4.46)
1 for F(z) >0« |z| > c.

Hence we have found the UMP and the UMPU tests for the one-sided test and the

two-sided test, respectively. Here we see the difference of the powers between S, () and

Bd2 (ZL’)

Figure 4.2 displays the plots of the powers (4, (0) and 54,(0), which show that the UMP
test for the one-sided test gives the power such as G4, (6 < 0) < «, while the UMPU test
for the two-sided test gives the power f4,(6 = 0) < « and f4,(6 # 0) > « as stated in
the previous sections. In each test, the powers are lower than the significance level a at

the respective null hypotheses. Furthermore, we can see 34, (0) > B42(0) in the region of
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0 > (4.

We remark the reason why a UMP test does not exist in the two-sided test by exem-
plifying the testing problem considered in this section. As we shown in Eq. (@35).
the rejection region of the UMP test is © > ¢, when the alternative hypothesis is
Hy:0=20; (f; > 0). On the other hand, z < —c is the rejection region of the UMP test
for the alternative hypothesis H; : § = 0y (01 < 0). We want to find the test function for
the two-sided test Hy : € =0 vs. Hy : 8 # 0, which gives a UMP test for the alternative
hypotheses, #; > 0 and 6; < 0. simultaneously. However, the test functions of the UMP
test are difference between these two case, ; > 0 and #; < 0. Therefore the UMP test

does not exist in the two-sided test.

Consequently, the UMP test is an appropriate test for the one-sided test Hy : 8 = 0 vs.
Hy:0 >0 (and also Hy : 0 <0 vs. Hy : 6 >0), and the UMPU test is appropriate test
for the two-sided test Hy : 6 = 0 vs. H;y : 8 # 0 to consider the UMPU test. In other
words, we should consider the UMPU test for the two-sided test rather than the UMP
test or the likelihood-ratio test.

4.6 Summary of this chapter

In this chapter, we have seen the standard theory and process of the hypothesis testing
method. In the hypothesis testing, we determine which hypothesis is true and obtain the
information about a research objective. To proceed a good testing, we should prepare
the appropriate test function corresponding to the testing problem, which enables us to
reduce the probabilities of the two-type error, i.e., the misjudging. We consider the three

types of testing problems and introduce the test function for each testing problem.

In the next chapter, we evaluate the hypothesis testing in the weak measurement for
the testing problem to distinguish whether the interaction between a measured system

and a measuring probe is presence or not.

4At § — oo, the powers converge 1.






Chapter 5

Weak-Value Amplification for

Detection Problem

5.1 Preface

In this chapter, we consider the application of the hypothesis testing reviewed in the
previous chapter to the interaction detection problem in the weak-value amplification.
Here, we compare detection capabilities of the weak measurement and the conventional
measurement. As stated below, the interaction detection problem should be treated as
the two-sided test. For a fair comparison, we propose the test function which gives the
UMPU test in each measurement case. By evaluating the probabilities of the type-1
and -2 errors and the statistical power, we can find that the weak measurement has
an advantage to reduce the probability to miss the presence of the interaction when the
weak value is outside the range of the eigenvalues. Additionally, we consider the proposed

testing method under a typical noise. This chapter is based on Ref. [60].

5.2 Hypotheses and Test function for interaction de-
tection
At first, we assume that the interaction Hamiltonian is given as the von Neumann type

H = g6(t) A®p, the observable of the measured system is A = |+)+|—|—)—] for the two-

state system, and the initial distribution of the measuring probe is given as the Gaussian

%)
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profile ¥ (z) = (270?%) Y4 exp[—2?/(40?)] with the variance o2. Following the previous
chapter, we assume that an obtained data is enough for statistical processing with the
hypothesis testing method. More precisely, we consider the case that the number of the
obtained data is infinitely large and the data loss by the failure of the post-selection is

neglected.

To carry out the hypothesis testing method, we fix the two contradictory hypotheses,
the null hypothesis and the alternative one. For the interaction detection, the following

hypotheses are reasonable;

the null hypothesis Hy: the interaction is absent, i.e., g = 0,
the alternative hypothesis Hi: the interaction is present, i.e., g # 0.

Therefore we regard the interaction detection problem is the two-sided test. Here the
type-1 and -2 errors mean as below®; the type-1 error represents that the interaction
is really absent but we incorrectly guess the interaction exists, and the type-2 error
shows that the interaction actually exists but we wrongly suppose there is no interaction,
namely, we miss the presence of the interaction. The statistical power indicates the
probability that we correctly judge the presence of the interaction when the interaction
really exists. To calculate the probabilities of the errors and the power, we need the
position distributions of the final probes after each measurement and the test function to
determine from now on. Here we recapitulate the position distributions of the final probe

given by the conventional measurement as

x

felxlg) = (\(+Ii>\2€(2ag?)z + !<—!i>l26@;'g2)2) : (5.1)

1
vV 2mo?

and the one observed in the weak measurement as

oz o AR
Fulily) = [(1 (AP + 2RelA))e
(1 + [(Au? — 2Re(A)y)e™ 52 +2(1 - |<A>w12>e”zg2] . (5:2)
2 =1+ [(A) P + (1= [(A)u[2)e 2. (5.3)

Next, on the basis of the Lemma [£.4.] introduced in the previous chapter, we consider

the test function d(z) which gives the UMPU test for each measurement. Firstly, we need

!The type-1 and -2 errors equal to the false alarm and the false negative, respectively.
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to prepare the appropriate test function as the candidate of the UMPU test, which does
not contain the unknown coupling constant g. Here we aim to propose the test function
from the physical intuition on the basis that the initial measuring probe distribution is
the Gaussian, the variance of which is ¢2. If there is no interaction, i.e., the null hypoth-
esis is true, we will obtain the measurement result x such that inside the initial probe
fluctuation |z| < o rather than the outside |z| > . On the other hand, if the interaction
is present, i.e., the alternative hypothesis is correct, we will observe the position data x
such as outside the initial fluctuation |z| > ¢ and the probability of |z| < ¢ becomes com-
paratively small. This picture holds in both the measurements, the weak measurement

and the conventional measurement. Therefore, we propose the following test function as
the candidate of the UMPU test:

0 if |z|/o < ¢,
dw) = itlelfo = 54)
1 if |z|/o > ¢,

where ¢ is a critical point. We confirm that this test function gives the UMPU test or
the UMP test in Sec. (.41

5.3 Comparison of the probabilities of the errors and

the powers

Here, we calculate and compare the probabilities of the type-1 and -2 errors and the
statistical power. First, we consider the probability of the type-1 error when the coupling
constant is ¢ = 0 and the measurement result is |z| > co [Fig. 5.I(a)]. When the inter-
action is absent, the two distributions (5.1)) and (5.2]) correspond to the initial Gaussian

distribution

1 22
fe(z|lg =0) = fu(z[g=0) = WB_W- (5.5)

Therefore, the probability of the type-1 error of the each measurement are the same as

Pr&y] = B(0) = 1 — et [%} : (5.6)
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(a) fe(@0) = fu(zl0)  (b) o 7\
1 G WD
1 \ | |
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] \ I '
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the ;'ejection fégion the accepta:mce region

Figure 5.1: The schematic diagram of (a) the initial position distribution and (b) the
final ones given by the conventional measurement and the weak measurement with the
critical point. Also shown are (a) the rejection region and (b) the acceptance region to
see the probabilities of the type-1 and -2 errors.

which is calculated by integrating the function (5.5) over the rejection region. Since
Pr[&;] can be at any significance level by choosing ¢ which is an arbitrary value, the test

accommodates the standard strategy of the hypothesis testing.

Next, we see the probability of the type-2 error when the coupling constant is g # 0
and the measurement result is |z| < co [Fig. BII(b)]. Since the interaction is present,
the distributions (B.I)) and (52) become different from each other. By integrating the
function (B.]) over the acceptance region, the probability of the type-2 error given by the

conventional measurement is calculated as

[520] - 1_6(:

—1-(/ ﬂxwm+/)ﬁ m)

(o[t e [22]). o
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Similarly the one in the case of the weak measurement is calculated as
Pl"[gzw]

=1- Bw(g)

1= ([ hltoe s [ utelayie)

1 [(1 + (AW ?) (erf [C" _ 9] +erf [“’ i QD +2(1 = |(A)u)e Bzert [

Y 202 902

2l

V2l
(5.8)

Because the probability of the type-1 error is the same in both measurements, we compare

the probabilities of the type-2 error to find which measurement is more advantageous.

We can obtain and arrange the error-probability ratio Pr[&,,]/Pr[&s,] as

Pr[Es. 1 A oo 2 2ert [75]
e 1= 3 @ )+ - e | ) 2
e erf [m] + erf [ 202]
. 2 2erf [L]
= 2711 - |(A)y[)e 32 2 1 (5.9)
erf [%] + erf [Cg;gg]
Here we prove that the inequality
2erf [i}
L > 1 (5.10)
erf [%} + erf [CUQUZ}

always holds.

Proof. we can assume g > 0 without the loss of generality because the left-hand side of
the inequality (B.10) is symmetric under the exchange g <» —g. In the case of 0 < g < co,
e~ (t=9v20%)* 5 o=t* holds when ¢ < ¢/v/2. Therefore, we obtain the inequality

co+g co+g

Vart i) gt > /F e, (5.11)
%

which becomes

_c_ cotg
e " dt > e Vdt & erf |—| —erf > erf —erf | —| .
/ 2y = V2 V202 V202 V2
202




60 Chapter

Thus, we have shown the inequality (5.10) for 0 < g < co.

Next, we consider the case ¢ > co. The inequality e~ (¢ V2T s et g given by
t>c/ v/2, which provides

\/50 c )2 \/ic 2 % 2 \/ic 2
/ e A > / e Cdt o / e dt > / e dt
< _c_ 0 c

V2 V2 V2

L} > erf [\/50] — erf {i (5.13)

<:>erf[

In addition, from e~ (t=V2)? 5 o=t for ¢ > V2¢, we obtain

co+g co+g co— co+g

9
/5‘ ~V2) dt>/\/; _tht@/ vaer _tht>/\/; e~ dt

o —ef [ \‘;ﬁ]] > orf {C\‘;%f} —erf [Vae] .

(5.14)

Combining these inequalities, we acquire

ST Rt R R

for g > co. To summarize, we have proved the inequality (B.10). H

From Eq. (5.9) with the inequity (5.10), we can find that the inequality

PI'[SQ w] P [(9276] (516)
“Pulg) = Be(g) (5.17)

holds for the weak value satisfying
[(A),| > 1, (5.18)

where “1” in the right-hand side is derived from the eigenvalue of the observable A. Hence,
the probability of the type-2 error can be reduced by the appropriate postselection. We

note that the ratio Pr[&;,]/Pr[€: ] is a monotonically decreasing function with respect
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0 |(A),|? because its derivative is negative,

OPr(Esu]/Pr(Ene] _ 4 o 2ot [%] 1]tz <o (5.19)
Ol(A)w|? erf [f}’%] + erf [C";;g]

Also the ratio of the powers (,,/0. is a monotonically increasing function with regard to

(Aol

We remark that the merit of the WVA is originally supposed to that amplifying the shift
of the expectation value by weak value larger than the eigenvalue. Here we additionally
give the implication of the WVA that reduces the possibility of missing the presence of
the interaction, which is mathematically well-grounded. We suppose that this is the one
of the essences of the WVA.

(a) c=1 (b) g/o=1
Y —— 5 Y
4 1 4
1.2
3 3
g/o 91.4 9
1 1
0 | o
01 2 3 4 5
[(A)w]
(c) N e 1
20
1
g/o 1 12
QL | ———
0 1 2A 3 4 b5
| (A)w| [(A)w|

Figure 5.2: The contour plots of (a), (b) the ratios of the two probabilities of the
type-2 error Pr[&; ,,]/Pr[€s ] and (c), (d) the ratio of the two powers 5,(g)/5.(g). The
horizontal axis of these plots shows the absolute value of the weak value |[(A),|. The
vertical axis indicate the interaction strength divided by the initial fluctuation g/o in
(a) and (c), and the critical point ¢ in (b) and (d). The darker blue (red) indicates the
small (large) values.
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Figure 5.3: The transition of the position distributions given by the conventional mea-
surement f.(z|g) (the orange solid curve) and the weak measurement f,,(x|g) (the red
dashed curve) to the interaction strength. In (c), the two plots are almost overlapped.
The parameters are fixed as Re(A)y, = 0, [(A)w| = 5, [(+]i)]? = [(=|i)]? = 1/2, and

oc=1.

We plot the probability ratio Pr[&;,]/Pr[€: .| and the power ratio 3,(g)/B.(g) for the
parameters |(A),|, g/o and ¢ in Fig. 5.2, which indicate that the inequalities (5.16)
and (5I7) hold for [(A),| > 1. We can see that the WVA works well when g/o and
¢ are relatively small, but are not zero. On the other hand, if the g/o is large, the
weak measurement is as helpful as the conventional measurement for the detection of the
interaction. This property comes from the difference of the distribution functions f.(z|g)
and f,(z|g), which can be explained in Fig. 53] that shows the transition of the position
distributions f.(x|g) and f,(z|g) to the interaction strength.

There is a big difference between f.(x|g) and f,(z|g) in the small |z| region for the
small g as shown in Fig. (a). Meanwhile f.(x|g) and f,(x|g) are almost same for
a large g as we can see from Fig. (b) and (c). As we know that the probability of
the type-2 error is given by the integration over the acceptance region, i.e., the interval
[—co, co]. Since f,(x|g) is smaller than f.(x|g) in the central region of z for a fixed small

g, the ratio Pr[&; ,]/Pr[&: ] becomes small, if we properly choose the critical point c. In

contrast, the ratio of powers (,(g)/8.(g) becomes large.

5.4 Confirmation that the test is UMPU or UMP

5.4.1 Proof of the UMPU test

We prove that the test function (5.4]) provides the UMPU test for the each measurement
according to the Lemma [L.4.1] Firstly we see Eqs. (£22)), ([4£23), and (£.24]). Here we
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check Eq. (£22)). In the weak measurement, we can obtain the equations

gﬁw( ) (1 - Pr[EQ w])

and

_(z—9)?

[ g oo = Z— [ate) - (=14 AP + 2Re(pa)e 5

~ ~ rTg 2
+(1+ ](A)w\2 — Re(A>w)e*( s ) dx

Z g X 2 3}
20 1P [ et |
oz
-z / A(2) fu (]g)de
z-1 .  (co—9)?  (cotg)?
= (1 AP - )
Z_lg

# 20 e (o | S]]} G2

which satisfy Eq. (£22). Similarly, in the conventional measurement, we obtain the

equations

1 (co—g)? (cot9)?
9gfe(g) = O (1_Pr[€2c])_\/—(€_ 207 —e 27 ) (5.22)
2w o2
and
a -\ 12 _M o\ 12 _(z+g)2
d(x)a—gfc(xlg)d \/W — [ —[(+]) e 2o+ [(—]i)Pe 207 ) da
(co— q>2 (co+g>2
= 27r0—2 (6 202 — 6 202 )7 (523)

which also satisfy Eq. ([@22]). According to Eq. (5.6]), the probability of the type-1 error
can be the significance level a by choosing a proper value for the critical point ¢, which
means that Eq. ([£23)) is satisfied in the each measurement. We can also see that the test
function d(z) satisfies Eq. (4.24]) in the each measurement from Egs. (5.20) and (5.20]).
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Next, we consider Eq. (£.26). In the case of the weak measurement which gives the

distribution f,,(z|g), the equation becomes

Fu(x) Re(A),
Fo@l0) = Gu(r) — 1w — Cow p x, (5.24)
Gu(w) = S (14 [(A)l? + 2Re( A )
(14 [{A)af? = 2Re(A)y)e™F +2(1 = () )] (5.25)
When ¢, ,, and ¢y, are
Guw(co) + Gy(—co 6_29722 - cqg .
1 = 22150 ; (er) _ —— 120+ (A cosh [F] + (1= [(A)u?)] , (5:26)
G- ~3 inh [
Gy = ng(ca) (Z;w( co) _ 20€ sinh [4] | (5.27)
’ 2Re(A),c cz

~

x = £co become the solutions of F,(x)/fu(2|0) = 0 for Re(A),, # 0. Since G,(z) is a

convex function, the following relation holds;

0 if Fu(z) <0< |z]/o <,
drx) =< r if Fy(z) =0< |z]/o =, (5.28)
1 if Fu(z) >0 & |z|/o > c

We can see that the test function (5.4)) gives the UMPU test for the weak measurement.

~

Even if Re(A),, = 0, the argument remains valid.

Next, we consider the case of the conventional measurement. With the distribution

fe(z|g), the equation becomes

Fe(x) (1) — [(= 1)
7(2]0) =G.(r) — 10— Cap g x, (5.29)
Ge() = €™ 3% (|(+i) e + [(—[i)[?e?). (5.30)
When ¢; . and ¢y are
Cle= Geleo) —|—2Qc(—ca) = 6_% cosh [%} : (5.31)
~ Geleo) = G(—co) ae_% _ g
= SRS e — et |5 ) (5.52)
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x = +co become the solutions of F.(x)/f.(x]0) = 0. Here, we have assumed |{+]i)|*> #
(—]i)]%. Even if [(+]i)]* = (—|i)|?, the discussion works. Because G.(x) is a convex

function, we obtain the following relation;

0 if Fo(z) < 0 & |z|/0 < ¢,
dz) =1} r if Fo(z) =0 |z|/o =c, (5.33)
1 if Fo(z) >0 < |z|/o > c

We have shown that the test function (5.4) provides the UMPU test in both measure-

ments.

5.4.2 The case of the UMP test

A

We can show that the our test function (5.4) gives the UMP test in the case of Re(A),, =0
for the weak measurement and in the case of |[(+|i)|> = [(—]i)|* for the conventional
measurement with the Theorem [£3.1] presented in Sec. [£3l With these conditions, the
final distributions (5.1I) and (5.2]) become even function of g. We cannot read out the sign
of g from the final position distributions. Thus, it is practically allowed to assume the
sign of g is positive without loss of generality. Because of it, we can interpret that the
hypotheses becomes Hy : ¢ = 0 and H; : ¢ > 0 which is the one-sided test. Therefore,
the Theorem can be applied to the derivation of the UMP test for the current interaction

detection problem with the particular conditions.

From Egs. (5.)) and (5.2)), the likelihood-ratio in each measurement case is given as

fw(z|g) 1 — (Im(A),)? + [1+ (Im(A)w)Q] cosh [%4]

- o 5.34

fw(l’|g = O) 1— (In1</i>w)2 + [1 + (Im(fl>w)2] 62!{7 ( )
_Jelzlg) 672% cosh |22

felzlg=0) h [gz} ; (5.35)

respectively. Here we have used Re(A),, = 0 and |(+]i)|> = |(—|i)|2. Because cosh is an

even convex function, the following holds;
cosh [%] = cosh {gh}—l} : (5.36)

o2 oo

Since the interaction strength g to be measured is the unknown parameter, the statistics
T'(x) does not have to contain the parameter. It is valid that the statistics is fixed as

T(x) = |z|/o. Because the statistics T'(x) is a monotonically increasing function, we find



66 Chapter

that T'(z) = |z|/o gives the UMP test for the weak measurement with Re(A),, = 0 and

for the conventional measurement with |(+]i)|? = [(—|i)|*.

5.5 Testing under additive white Gaussian noise

In this section, we discuss the testing method considered under the noise. We derive the
distributions of the measurement result z as (5.]) and (52) which can be obtained in
ideal experiments. Practically, the noise influence is inevitable and we should take it into
account. Here, we suppose the noise y which is added to x by passing through the device
circuit. The noise y takes the Gaussian probability N(y) := e~y /28 /2752, where s is
an arbitrary fluctuation. This noise model is known as an additive white Gaussian noise.

The noise occurs by the thermal noise or the shot noise in an electric device.

To discuss the noise influence, we derive the distribution z(:= = +y) from the moment-
generating function of  and y. The moment-generating function of the Gaussian function

N(y) is given as

Ele] = /etyN(y)dy — 7", (5.37)

where the E[-] represents the expectation value with the Gaussian function N(y). Also
we use the notation E,)[-] represents the expectation value with the distribution func-
tion fu () (x|g). The moment-generating function of the x distribution given in the weak

measurement is

Eale) = [ e fulolg)ds

eéﬁ A 2 A gt
=55 |1+ (A +2Re(A))e
2

(1 + [(A)p]? = 2Re(A)y)e 9 + 2(1 — [(A)y]P)e 207 | . (5.38)



Weak-Value Amplification for Detection Problem 67

Because the random variable z and y are independent, the moment-generating function

of z =z + y fulfills

Ey[e”] =Eu[e"|E[e"]

eI 1+ [(A)y]? + 2Re(A), e
T oz ( +|< >w| + e< >w)6

2

(14 [{A)W]> = 2Re(A))e % +2(1 — [(A)y e 22| . (5.39)

Because of the linearity of the expectation value, the distribution of z becomes

fu(z]9)
z—1 . R _ _(a—g)?
= 1+ [(A)y]? + 2Re(A),, e 2Z+:2)
T (U I+ 2Rt

2 2

A~ 9 ~ _ (CC+Q)2 ~ 9 _ g9 _ z
+(1+ [(A)w|” —2Re(A)y)e 2"+ +2(1 — [(A)y]?)e 20%e 207+s7)

(5.40)

Likewise, we can obtain the moment-generating function of the x distribution given in

the conventional measurement as

022

Ec[e”] = e (|(+]0) e + [(=]i)|*e™"), (5.41)
and the distribution function of z as
2 )2

1 N2 — (2—9) ) __(z+9)
(2 _ 13 Pe 204D 4 |(—]4 26 2(c2+52) , 5.42
Fe(elg) = s (1 (=1 L 642)

We have derived the distribution functions with the Gaussian noise (5.40) and (5.42),

from which we calculate the probabilities of the two errors.

The probability of the type-1 error given in the absence of the interaction are the same

in the two measurements as

co

NG e (5.43)

Pr[& . = Pr[& ] =1 —erf [
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The probability of the type-2 error given in the presence of the interaction is calculated

as
1 . co—g co+g
Pr[&] = — [(1+ [(A)]?) [ erf | ——— | + erf | ——F—
[27] 2% ( |< > ’)< 2(U2+S2) 2(0.2_|_52) )
A 9> co
+(1— [(A)plPe 2z erf | ——— 5.44
(1= (A P) [ || OW

for the weak measurement, while the one for the conventional measurement is

Pr[& ] = ! (erf [& ) . (5.45)

2 2(0? + s?2)
These probabilities with noise is almost the same as the ones considered in the previous
chapter. We can obtain the same inequality as Eq. (5.16) which holds for [(A),[?> > 1 by
comparing Eqgs. (5.45) and (5.45). Therefore, our conclusion is valid even if there is the

co—g

+erf | ———
2(0? + s?)

additive white Gaussian noise.

5.6 Summary of this chapter

We have studied the capability of the WVA to detect whether the interaction is present or
not in an indirect quantum measurement scheme with the statistical hypothesis testing.
As we introduced in Sec. 2.4, the amplification effect of the weak measurement cannot
enhance the estimation capability even if we have the infinitely large number of data. In
this chapter, we find the specific case that the amplification effect becomes significant for
the infinitely large number of data, which is the interaction detection. We have proposed
the test function, which represents the determination criteria, where we suppose that the
interaction is absent when the obtained data is inside the initial fluctuation of the probe
and the interaction is present when the obtained data is outside the initial fluctuation of
the probe. Consequently, if |<A)w| > 1, the WVA has the advantage for the reduction
of the type 2 error while keeping the type 1 error fixed, regardless of the value of the
coupling constant ¢, the initial fluctuation o and the critical point ¢. Namely, the weak
measurement can decrease the probability of missing the presence of the interaction more
than the conventional measurement when the weak value is outside the normal range of
the eigenvalues. Furthermore, in both measurements, the false alarm rate is the same.

We have also shown that our conclusion holds even if the additive white Gaussian noise is
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present. For our discussion, we assume that the measured system is the two-state system,
the initial wave function of the measuring probe is of the Gaussian probe, the number
of the obtained data is infinitely large, and further the data loss by the failure of the

postselection is neglected.

Our proposed test function gives the UMPU test for the interaction detection problem,
which should be treated as the two-sided test. In the specific case such that the detection
problem essentially behaves as a one-sided test, the proposed test can be regarded as a
UMP test. We remark that, generally speaking, a UMP test and a UMPU test do not
always provide an optimal solution and it is difficult to optimize the statistical hypothesis

testing.

Note that we give further discussion about the hypothesis testing for the weak mea-
surement in Appendix [Dl In Appendix [D.2] we consider the case that the range of null
hypothesis is a small interval such as |g| < e for small . This discussion is motivated by
Refs. [50, [57], the author of which mentions that one might care a point null hypothesis
such as g = 0. That is to say, with such a point null hypothesis, we will judge that the
interaction is present although the interaction strength is very small such as g ~ 10719,
Because of that, we suppose that the point null hypothesis does not always provide a
reasonable determination. There we see the general tendency that the weak measure-
ment becomes advantageous when the error of missing the presence of the interaction
is more serious than the misdetection. Additionally, one may want to discuss the case
including the data loss by the failure of the postselection. In Appendix [D.3] we alterna-
tively propose the makeshift decision function in order to discuss such a case, which has
a few defects in its physical interpretation. Using the Lagrange multiplier method, we
conclude that the measurement without the postselection gives the stationary solution to

the Lagrangian.

In next chapter, we apply the proposed testing method for the actual optical experi-

ment.






Chapter 6

Experimental description of the

testing method

6.1 Preface

In this chapter, we see the testing method with the weak-value amplification through the
experimental setup of the weak measurement. Among several experiments, we pick up
the classic experiment using a single birefringent crystal and two polarizers demonstrated
by Ritchie et al. [20]. This experiment was originally designed for measuring the weak
value. Here we regard it as the experimental setup for the testing problem to distinguish
whether the crystal used is birefringent or not. We conclude that the appropriate angle
of the polarizers gives the advantage of the weak measurement. This chapter is based on
the work [61].

6.2 Weak measurement experiment using a birefrin-

gent crystal

In this section, we see the experimental setup and its result demonstrated by Ritchie et
al. [20]. Figure (a) displays the optical setup, and the polarization and the position

distribution of the probe in each stage.

In this weak measurement experiment, the position x of the laser beam is regarded as

the measuring probe, the initial distribution of which is of the Gaussian shape (21 as
71
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(a) Optical setup and Beam trajectory (b) Polarization
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Figure 6.1: (a) Sketch of the optical setup. The tilted birefringent crystal plates is
set between the two polarizers, the angles of which are tuned almost orthogonal. On
the screen, we observe the beam position y and we decide whether or not the crystal is
birefringent. (a’) shows the refraction by the crystal plate. Also shown are (b) the beam
polarization and (c) the probe position distribution, in each stage. For the illustration,
the angles of the polarizers are taken as 6; = 7/4 and 0y = 37 /4.

shown in Fig. B1lc)(i). The beam waist used in the experiment is ¢ = 55 um. The
tuning of the two polarizers corresponds to the pre- and postselection of the initial and

final states of the measured system, which are described as

i) = cos 0;|H) + siné;|V), (6.1)
|f) = cosbf|H) +sinf|V), (6.2)

where |H) and |V') are the horizontal and vertical polarization states, respectively, and
6, and 0y are the angles of the first and second polarizers, respectively [Fig. 6.1l(c)(i)
and (iii)]. A birefringent crystal is fixed between the two polarizers, which gives the two
different refraction factors depending on the polarization of the injected beam. Because of
the different refraction factors, the injected beam is spatially separated into the two beams
with the different polarization [Fig. [6.I(b)(ii)], one of which is called an ordinary ray and
the other is an extraordinary ray. The birefringent crystal induces the correlation between
the measuring probe and the measured system. The refraction, which is the translation of
injected beam, is given by the von Neumann type Hamiltonian (Z3)). In this experiment,

due to the two different refraction factors, the observable A of the measured system
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becomes
A= Mg|HYH| + M [VXV], (6.3)

where Ay and Ay are the eigenvalues of the polarization states |H) and |V), respectively.
The birefringent crystal used in this experiment is a quartz plate, the refraction factors
of which are n, = 1.55165 for the extraordinary ray and ng = 1.54261 for the ordinary
ray when the wavelength of the injected laser is 633 nm as quoted in Ref. [20]. Now the

weak value is given as

(A, = ()\H - Av) cos(6; + 6y) 4 Am + /\V‘ (6.4)

2 cos(6; — 6y) 2

As we can see, the weak value can be arbitrarily large when the postselected state is

almost orthogonal to the preselection state.

After refraction by the birefringent crystal, the position distribution function of the

probe becomes

Lo 1 (z—gXg) (z—gAy)
folx) = [(z|e 4P [y) i) |* = W(COSQ e 202 +sinfe 202 ) (6.5)

which is obtained as the output of the conventional measurement [Fig. [6.1)(c)(ii)]. This

distribution has two Gaussian functions. Here we evaluate the refraction shifts gA\y and
Av. Figure [61l(a’) shows the refraction by the crystal plate. In this figure, A, is the
refraction angle for the refraction factor n, the length of DE is the refraction shift. Using
Snell’s law,we can obtain siny = nsin~,. According to Fig. [6.Ia’), the length of DE is
calculated as

sin(y — )

DE = CDsin(7/2 — ) = [BD — BC] cosy = AB[tany — tan~,] cosy = dT.
Tn

(6.6)

The thickness of the crystal plate is d = 331 nm and the injected angle is v ~ 30°
according to Ref. [20]. The refraction shifts are

g>\H — d81n<7 — 76)
COS Ve
sin(y — )
COS Yo

~ 67.92 um, (6.7)

g\ =d ~ 67.28 i, (6.8)
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100 250 30 100 150 200 L M 155 250 30 100 150 200L nm

Figure 6.2: Plots of the position distribution f,,(x) obtained by the weak measurement
in three cases:(a) 6; = 7/4 and 0y = 7/4, (b) §; = 7/4 and 0y = 37/4 + 2.2 x 1072,
(c) 6 = m/4 and 6§y = 3m/4. The other parameters are fixed as gA\y ~ 67.92um,
gA\y =~ 67.28um, and ¢ = 55um.

where sin v, = sin~y/n. and sin~y, = sin~y/n,. Here we have assumed that the horizontal

and vertical polarized beams are the extraordinary and the ordinary rays, respectively.

The position distribution is altered from f.(x) by postselection of the second polarizer,

which is given as

[(z|(fle”"<Pl) ) 2
[(flemroAer|)|4) 2
(z=grp)? (r—gry)?
cos® ; cos® Oe” = + sin® 6; sin® e~ o7
1 [y (rutv 2}_i Ay )
+%Sln281 Siﬂ29f€ 202 {x g( 2 ) 202< 2 )

. 9 . 9 1 . . —i(AH_AV)Q (
V2mo?| cos? 0; cos? 0 + sin” 0; sin” 0y + 5 sin 20; sin 20 207\ 2

fuw(z) =

This position probability distribution is obtained by the weak measurement. The third

term of the numerator is generated by postselection.

Figure depicts f,(x) in the three cases which the experimental results shown in
Ref. [20]. In this experiment, Ritchie et al. tuned the angels 6; and 6, in the three cases:
(a) 0; = m/4 and 0y = m/4 which can be almost regarded as the case of the conventional
measurementl, (b) 6; = 7/4 and 0 = 37/442.2x1072, i.e., the case of weak measurement,
(c) 6; = m/4 and 0y = 3n/4, ie., the weak measurement with postselection which is
completely orthogonal to the preselected state. We can see that the peak of distribution
in (b) is shifted larger than the one in (a). In the case (b), because the angles of polarizers

meet the AAV approximation g[(fl)w| < 1, the distribution is shifted while keeping the

IThe second polarizer slightly changes only the polarization of the nonoverlapped region, but not the
one of the overlapped region.
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single Gaussian. On the other hand, in the case (c), the AAV approximation brakes
down so that the final distribution becomes the two-peak distribution. We remark, as
the actual experimental results shown in Ref. [20] that the intensities of the distributions

in (b) and (c) are smaller (~ 107°) than the one in (a).

6.3 Testing the birefringence of the crystal

In this section, we see the hypothesis testing by the WVA through the experiment by
Ritchie et al. [20]. We consider the testing problem to distinguish whether the crystal is
birefringent or not in the optical setup. We have mathematically described the birefrin-
gence by fixing the observable A = \y|H)H| + \y|VXV| with the eigenvalues such as
Ay # Ay which means the refraction factors are different between the horizontal and the

vertical polarization. We can set the hypotheses as

the null hypothesis Hy: the crystal is not birefringent, i.e., Ay = Ay,
the alternative hypothesis H;: the crystal is birefringent, i.e., Ay # Ay.

We note that, in both hypotheses, the interaction, i.e., the refraction itself is still present
(g9 # 0), which is different point from the previous problem considered in Chap. 5. To
compare the detection capabilities of the conventional measurement and the weak mea-
surement, we calculate each testing power (L3) from the distributions f.(x|Ag, Ay) =
fe(x) for the conventional measurement and f,(z|Ag, \v) = fu(z) for the weak mea-
surement. In this experimental setup, the power is given as the probability to determine

exactly when the crystal is indeed birefringent.

Above all, we consider the test function. In the previous chapter, we have employed

0 if |z|/o < ¢,
d(z) =< r if |z|/o =, (6.10)
1 if |z|/o > c.

as the test function for the testing problem to investigate whether the interaction is
present (g # 0) or not (¢ = 0). However, we have to pay attention that this test function
is not suitable for the current test problem as it is because the beam position x can be
deviated from the range of the initial beam waist wg by the refraction, although the null

hypothesis test is true. To apply this test function to the current testing problem, we
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need to adjust the final probe distribution by shifting g\, := g(Ag + A\v/)/2. When the
null hypothesis is true, for example, g\, is the medium of a single Gaussian distribution
for the final probe state. On the other hand, when the alternative hypothesis is true, g,
coincides with the mean of the two peaks of the final probe distribution. We can obtain
the value of g\, by the preparatory experiment without postselection to just monitor the
refraction by the crystal. Thus, we can adjust the final probe distribution by a translation

such as y — y + g\, in practical cases.

This adjustment can be given as the unitary operator exp[ig/\+f ® p|, where I is the
identity operator of the measured system. The total unitary operator combining the two

unitary operators given by the Hamiltonian (2.3)) and by the adjustment becomes
U, = expligh ] @ p| exp[—igA @ p| = exp[—ig(A — A1) @ p|] = exp[—igA; ® p|, (6.11)

where A, := A_ (|[HYH| — |V)V]) is the total observable and A_ := (Ag — Ay)/2 is its

eigenvalue. The total weak value becomes

by Al | cos(6+0))

(Ao = 10y~ " cos(0; — ;) (6.12)

Furthermore, we can rewrite our two hypotheses as

the null hypothesis Hy: the crystal is not birefringent, i.e., A\_ = 0,
the alternative hypothesis H;: the interaction would be present, i.e., A\_ # 0.

To calculate the testing powers of each measurement, we use the adjusted distributions:

(y—gr_)? (y+gx_)?

<Cos2 O; e 207 +sin’f; e 207 >,

fgdj(y|)\—) = fnps(y + g)‘+|)\H7 )‘V) =

1
V/ 2Tw3

(6.13)
for the conventional measurement and
Fa8(y[A2)
= fos(y + 92| Am, Av)
(y—gr_)2 (y+gr_)2 y2+g222

cos?0;cos? By €7 27 +sin®0;sin*fy e 27 4 1sin26;sin26p e 22

9222

V22 ( cos? 0, cos? 6, + sin® 0, sin® 0, + L sin 26, sin 20, e 2.2
f L) f
(6.14)
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for the weak measurement.

In the previous chapter, we have proved that the test function (6.I0) gives the UMPU
test for the previous testing problem of Hy : ¢ = 0 and H; : g # 0. Because the
distribution functions (6.13]) and (6.14]) are functions of the product g\_, the test function
(610) is also the UMPU test for the current testing problem Hy : A_ = 0 and Hy : A~ # 0.

The testing power of the conventional measurement is calculated as

and the one of the weak measurement is

(cos? 0; cos® 0y + sin® 0; sin* 0) (erf [00—9/\—] i |:ca+g)\,i|>

9oL
+sin 20, sin 20 e 207 erf [L}
‘ V2
ﬂw<)\7) = 1 - 92)\27
2(cos? 0; cos? 0y + sin® 0; sin® 05) + sin 26, sin 20; e~ 2.2
(6.16)
From these powers, we can obtain the relation
. . _ﬁ 2erf[c/\/§]
1 — 6111()\—) S 20@ sin 20f e 2* (erf[(ca—g)\)/\/ﬁ]-‘rerf[(ca—kg)\)/\/ﬁ] - 1) (6 17)

—1=

9222

1—B.(A_
Be(A-) 2(cos? 6; cos? 0 + sin? 0, sin? 6r) +sin26;sin26; e” 27

which implies the inequality
Bu(A) = Be(Ao), (6.18)
under the condition that the pair of 0; and 0; satisfies that
C(0;,0f) :=sin26;sin26; < 0. (6.19)

Here we have used the inequality

2erf [c/\/i] B
erf |(co — g)\,)/\/rﬂ} + erf [(ca + g)\,)/\/rt?]

1> 0, (6.20)

which holds for gA_ # 0 and has been shown in Sec. 5.3l We note that the condition
(619) coincides with negativity of the third term in the numerator of Eq. (6.14]) generated
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Table 6.1: Condition C'(6;, ;) and the weak value are displayed with the assigned values
of 0; and 67 used in the actual experiment [20]. In each case, 0; = 7 /4.

R 2
2 C(607)  |(Anu/r-|

(a) /4 1 0

(b) 37/4+22x10"2 —0.999 2065

(c) 3 /4 -1 indeterminate

¢
4

Figure 6.3: Powers (3,, (solid line) and b. (dashed line) plotted with the critical points
c as the horizontal axis in the two cases: (b) 05 = 37/4+2.2x 1072 and (c) 0 = 37 /4.
The other parameters are fixed as 0; = 7/4, wg = 55 um, and gA_ = 0.32, ym.

by postselection which induce the amplification effect. We also remark that condition
(6.19) is related to the inequality of a weak value (5.18)) derived in the previous chapter

s [(A)wl> > |A_]> & C(6;,6;) < 0. Thus we have shown that the angles of the two
polarizers in this experimental setup are the important factor that determines the case
when the weak measurement is superior to the conventional measurement in terms of the

testing power.

Table represents the value of the condition C(6;,0¢) and the total weak value
[{Ay)w/N_|? for the angles of the two polarizer §; and §; which were used in the actual
experiment [20]. In Fig. [6.2] we see two cases: (a) the roughly conventional measurement
and (c) the weak measurement with the postselected state completely orthogonal to the
preselected state. In case (a), the single Gaussian distribution is shown, so it is diffi-
cult to distinguish whether the crystal is birefringent or not. In contrast, the two-peak
distribution appears in case (c), which enables us to clearly recognize that the crystal

is birefringent. We compare (b) and (c), the both of which are the weak measurement
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cases and the inequality (6.I8]) holds for the condition (6.I9). Since the case (b) meets
the AAV approximation g|(A),| < 1, the final probe distribution is virtually a single
Gaussian distribution shifted from the initial state as considered in Ref. [I7]. On the
other hand, the case (¢) which does not satisfy the AAV approximation gives significant

amplification in the point of view of the peak-to-peak distance [19].

Figure shows the plots of powers given by the conventional measurement and the
two weak measurement cases, (b) and (c¢). As shown in Fig. 3] the case (c) gives a
remarkable effect to detect the birefringence of a crystal, whereas the plots of bys and by

are almost overlapped in the case (b).

6.4 Summary of this chapter

In the current task, we have studied the classic experiment [20], regarding it as testing
the birefringence of the crystal. The experiment is a helpful example to consider the
hypothesis testing with the WVA [60] because it is investigated outside the validity of
approximation, especially the case of postselection completely orthogonal to preselection.
We have shown that the weak measurement can be more powerful than the conventional
measurement in the hypothesis testing to distinguish whether or not the crystal is bire-
fringent for the specific experimental set-up. When the total weak value given by the
angles of the two polarizers is larger than the eigenvalues of the total observable, the
WVA has the advantage for the present problem. In particular, the pair of angles, which
does not satisfy the AAV approximation g|(A),| < 1, gives the really powerful testing.
According to the authors of Ref. [19], the amplification effect is rather striking when the
approximation breaks down. Our conclusion obtained through the statistical analysis

supports their view on the WVA.

In this chapter we have essentially treated the testing problem for the eigenvalue (Hj :
A_ =0and H; : A_ # 0), not the interaction strength (Hy : ¢ = 0 and H; : g # 0) that
was treated in the previous chapter. In both cases, the testing function (GI0) gives the
UMPU test and works well.

We note that we observe no data with a completely orthogonal pair of angles when the
null hypothesis is really true. Practically, it is important to keep the two angles almost

orthogonal but not quite, while the AAV approximation is not valid.
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Concluding remarks

7.1 Summary of this thesis

Throughout this thesis, we have studied the weak measurement and the weak-value am-
plification (WVA) proposed by Aharonov, Albert, and Vaidman (AAV) [I7]. Especially
the WVA is a promising technique for a precision measurement due to the amplification
of the output of the probe[I4HI6]. In the original proposal, by assuming a weak coupling
constant, they found that the weak value larger than eigenvalues of the measured system
leads to the amplification. By this amplification effect, we suppose that the WVA will
be usefull for extracting the information of the interaction between a measured system
and a measuring probe in the indirect quantum measurement model. Some researchers
have investigated a merit of the WVA in theoretical and experimental studies and have
suggested the validity of the WVA. In this thesis, we have proposed and examined the
two possibilities of merits for further developing the WVA.

First, we have derived the optimal probe wave function by the Lagrange multiplier
method. In conventional discussion [32H34], the shift of the expectation value by the
WVA with the Gaussian probe has an upper bound. We have shown that the optimal
probe can maximize the amplified shift, which can be arbitrarily large as the weak value

is, and gives the zero variance of final probe with a certain weak value, in principle.

Second, we have considered the WVA from the viewpoint of the statistical inference.

Some researchers have already pointed out that the weak measurement is worse for the

81
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parameter estimation that the conventional measurement due to the failure of the postse-
lection. [40H44]. Especially, in this thesis, we have focused on the fact that the amplifica-
tion effect dose not enlarge the Fisher information regardless of the success probability of
the postselection. Therefore, we turn to another problem, statistical inference problem.
Here we have considered the detection capability of the weak measurement through the
problem that we determine whether or not the interaction is present. To address this
question, we have used the hypothesis testing method [53H55]. The hypothesis testing is
completely different from the parameter estimation as a task, although we are motivated
by the dispute on the amplification effect in the parameter estimation problem. The stan-
dard strategy in the hypothesis testing is to make the probabilities of the type-1 and -2
errors small. The type-1 error represents the false alarm rate and the type-2 error is the
false negative. In Chap. Bl we have established the appropriate test function for the cur-
rent problem, which is classified as a UMPU test or a UMP test in a certain case. The test
function is produced from the physical intuition that the interaction will be present if the
output data is outside the initial probe fluctuation. Under the test function, without any
approximation, we find that the weak measurement can be superior to the conventional
measurement. It is shown that the merit of the WVA is the reduction of the possibility
to miss the presence of the interaction more than the conventional measurement while
keeping the probability of a misdetection, when the absolute value of the weak value is
outside the range of the eigenvalues. Throughout discussion, we have considered the case
that the number of the obtained data is infinitely large and we neglect the data loss by

the failure of the postseleciton.

7.2 Discussion

The key property of the optimal probe wave function is the denominator of the function
B1). Since the denominator cancel out the higher-order terms of the coupling constant
in the unitary operator, which is understood as a back action of the measurement, the
optimal probe wave function can give an arbitrarily large amplification. In practice, as
we can see in Eq. (3I), we have to know the coupling constant and the weak value before
the experiment for realizing this optimal probe. To engineer the optimal probe, we use
the pre-guessed value of the coupling constant and the calculated weak value from the

experimental setup.

In the study of the weak measurement and the hypothesis testing, we have found that

the WVA reduces the possibility to miss the presence of the interaction with a fixed false
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alarm rate when the absolute value of the weak value is greater than the eigenvalues.
We emphasize that our result provides a different physical intuition of the WVA from a
conventional one that the weak value can be a figure of merit for the detection power.
Eventually, the merit of the WVA is the increase of the detection power, which agrees
with the previous intuition from the AAV [I7]. Additionally we have shown that this
conclusion remains true even if the measurement data suffers the additive white Gaussian
noise. Also we have considered the situation that the null hypothesis has a small interval
in Appendix [D.2l There we have shown that when the type-2 error is more serious than
the type-1 error, the weak measurement with a certain weak value has an advantage. In
this discussion, we have supposed that the measured system is the two-state system and

that the initial wave function of the measuring probe is Gaussian.

In Chap. [6l we have exemplified the optical experiment using a single birefringent
crystal demonstrated by Ritchie et al. [20], which can be regraded as the testing problem
for distinguishing whether or not the crystal has birefringence. Consequently, we have
shown that the weak measurement is advantageous for this testing problem as well as
the discussion in Chap. Bl Especially, we have found that when the AAV approximation
(9](A)w| < 1) breaks down by the large weak value, the WVA can be more beneficial.
This fact supports the view of the authors of Ref. [19].

7.3 Outlook

Recently, researchers dispute about a technical utility of the WVA. Some of them criticize
the WVA for the demerit by the postselection. On the other hand, there are theoretical
supports for the WVA and several experiments have shown the WVA.

Through the discussion of the optimal probe wave function, we find that the preparing
initial probe other than Gaussian would be significant. To experimentally do it, the spatial
phase and amplitude modulation are needed, which has been studied [65]. It might be
possible to realize the optimal probe wave function in the future. Also some researchers
have researched the weak measurement with the Laguerre-Gaussian [66H68] and found
effectiveness. An alteration of initial probe is the one of the methods for developing
the weak measurement. The optimal probe wave function is a one of the proposal for
probe engineering in the WVA. In practice, it is one of the means to make appropriate
probe wave function corresponding to the experimental environment and the purpose in

reference to the optimal one.
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In Chap.[Blwe have found that the WVA is advantageous for the interaction detection by
using the hypothesis testing. Throughout this thesis, we assume that the number of the
obtained data is infinitely large. In a real experiment, the number of the obtainable data
is finite. Then we should establish the formalism for the testing in the finite data with
the weak measurement to more practical study. Meanwhile, there are many methods of
the statistical inference other than the hypothesis testing. For instance, the Bayes factor
has been studied as the alternative method of the hypothesis testing |69, [70]. In the
hypothesis testing, we postulate that the tested parameter is completely unknown. In
the Bayes factor, we use a prior probability distribution, which expresses our preliminary
knowledge of the parameter that we want to test. In actual experiment, we have somewhat
knowledge of the parameter on ahead. The weak measurement with the Bayes factor will

be give a more powerful tool for a precise testing in a experiment.

While we have shown its validity thorough the optical experiment with a single bire-
fringent crystal in Chap. [0 this result suggests a possibility that the proposed hypothesis
testing method with the weak measurement can apply for other experiments, for example,
the observation of the spin Hall effect of light [21], the accurate sensing of the tilted mirror
in the Sagnac interferometer [22]. Here we note that to apply the proposed hypothesis
testing method, some assumptions are needed to be satisfied that the initial probe is of
the Gaussian profile, the measured system is two-state system, and an experiment is for
measuring probe position. We need to set up the proper testing method corresponding
to each experiment. In addition, the discussion about the data loss problem due to the
postselection remains, which is partially studied in Appendix [D.3l Furthermore, we have
to care a case that we cannot obtain any data, which leads to the problem of the null
result. This problem remains an open problem. We know how to treat the null result in
the projective measurement [71], [72]. As for the null result in the weak measurement, the
measurement protocol named the null weak value is proposed in Refs [73H75] for improved

the signal-noise ratio, which will be of some help to address the problem.

The author hopes that the two theoretical proposals, the optimal probe wave func-
tion and the hypothesis method with the weak measurement, will contribute not only
to develop the WVA and the precise measurement but also to discover a new physical

phenomenon.



Appendix A

Derivation of amplified shift

depending on initial probe

Here we derive Eq. (2.35]), which shows that the expectation value depends on the initial
prove wave function. For simplicity, we assume that the initial probe wave function 1/?(]9)
is an even pure real function and converges to 0 at x — 4o00. For the calculation, we use

the calculation formula as
B'(p)B'(p) = ~igRedu + 5 [ BG)I]'. (A1)
where the prime represents the differentiation of p, which is given by

[IB(p)I*)" = B”(p)B(p) + B*(p) B'(p)
—(—gsin gp + ig(A);, cos gp)(cos gp — i{A),, sin gp) + B*(p) B'(p)
— — gsingpcos gp + ig(A)% (1 — sin® gp)
+ig(A)w(1 — cos” gp) + gl(A)w|* sin gp cos gp + B*(p) B'(p)
=2igRe(A)., + (cos gp + i(A);, sin gp)(—g sin gp — ig(A)., cos gp) + B*(p) B'(p)

~

—2igRe(A),, + 2B*(p) B'(p). (A.2)

We see the expectation value of the final probe position which is

iy, = Waliln) _ o (i2) wlew) i J o [Bo)Ow)] [BEIG)] "
YT e Tl i) J dpl B(p)¥(p)? o
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The denominator is

[ arBGIEIE = S04 D)+ 50~ AP [ dpeos2zapli) (A

The numerator of this equation becomes

i [ an [Biw)] [Beie)] =i [ db[BGBEEE -+ BEP ) 0)
(IB(p)IQ)/} [$(p)|” +i/dp!B(p)l21ﬁ*(p)t/~/(p)
—gRe(Ap, [l + 5 [ b (BWEY GGE+i [ ablBo)P )3 o)

& (p)d (p) — 0 (p)¥(p)
2

—gRe(dp, + [ dplBOIF i

+5 [ o [IBoIwE]

~ 7 /

—oReld), +Re i [ @B @] + 5 [ a[BoiP] . (A5)

Because the initial probe wave function QZ(p) is a pure real function and converges to 0

at © — +o00, the numerator is gRe(A),,. Thus the expectation value of the final probe

position is given as

~

2Re(A)w
(L4 [(A)ul?) + (1 = [(A)u?) [ dpcos 2gpld (p)|>

(T)w =g (A.6)
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Cramér-Rao Inequality and Fisher

Information

B.1 Derivation of Cramér-Rao inequality

Here we show the Cramér-Rao inequality
((0(x) = 0)%) > 1/1,(6), (B.1)
where 1(#) is the classical Fisher information defined as
1) = [ da [oplog F(2I0)f () (B.2)

and n means the number of the data. In the following, we use the notations ((z|0) :=

log f(z|0) and a prime as a differentiation by the 6.

We assume that the integration and differentiation are commutable, which means

(?g/dxf(IW) = /dmf)gf(x|9) = 0. (B.3)

From this equation, we can see

/dm Ol (x|0) f(x|0) = Q/dxﬁgf(ﬂe) =0. (B.4)
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Here we use an unbiased estimator 6(z) that
0= (0(a)) = [ doblo)f(alo). (B.5)
which gives
1= 89/dx 0(x)f(x]0) = /d:v 0(x)l'(2]0) f(x]6). (B.6)
From Egs. (B) and (B), we obtain
- /d:c (6(x) — 0)0'(2]0) F (2]0). (B.7)

By using the Cauchy-Schwarz inequality, we can show the Cramér-Rao inequality (B.I])

1= (/ dz (0(z) — 9)1’(.@!9)]‘(3:]9))2

([t~ 025010)) ([ aslvtalontscern)

((B(z) — 0)) 1.(6). (B.8)

IA

Here we see ["(z|0) as

" (x]6) = B (%{%?) = 3;30{39')9) — [I'(2]0)]*. (B.9)

Again, we use the assumption that the integration and differentiation are commutable,

which gives
8§/dxf(x|0) :/dxagf(xw) — 0 (B.10)

for Eq. (B.3). From Egs. (B.9) and (B.10), we get another form of the Fisher information

as

[asrioslo - [ a a;{i@f)f(xlﬁ) - [ ar il sas)

= I,(0) = —/dxl”(m|0)f(m|0). (B.11)
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Next we show I,,(0) = nly(f) when the n samples x1, - - - , 2, comes from the indepen-

dent identical distributions. We can see the joint probability distribution function

i=1
which implies
(@, xal0) = 1 (21]6), (B.13)
i=1

Because of Eq. (B.II), the Fisher information I,,(6) for the joint probability distribution

function can be denoted as
L,(0) = — / . -/dxl coedan U (w0 20|0) fr(n, - x,|0)
—— [+ [ do-aa, S 1 Gealo) [T Au(edo)
i—1 i=1
=Y [an o )
im1

= nl,(0). (B.14)

Combining Eq. (B.I) with Eq. (B.14)), we can probe Eq. ([243).

B.2 Calculation of Fisher information

B.2.1 Probe in position space

First we calculate the Fisher information for the conventional measurement providing the

final probe distribution (2.45]):

1 _ (z—g)?

e 202 B.15
V2mo? ( )

fe(zlg) =
Because the logarithmic of f¢(z|g) is

c 1 r—4g 2
log f<(z|g) = ~5 log 2mo? — %, (B.16)



90 Appendix B

the derivative of which becomes

;1;' —
9, log f(2lg) = . (B.17)

Thus the Fisher information for the conventional measurement is

N | r—g\° _@=g? 1
I(g)—W/d:v< p ) e == (B.18)

Next we consider the Fisher information for the weak measurement giving the final

probe distribution (2:47):

1 _a=g? i _(atg)? 49 _alig?
e 20 e 20 €e 20
fi(alg) = —— 7 (B.19)
2V2mo? 1+ 66_%
where € = £1. The logarithmic derivative of f*(x|g) is calculated as
)2 - 2,2 2
w %6_< 25%) xjge_( ;g?) + 26(—%)6_ Q:Qq 6%6_#
ag log fﬁ (x|g) = (z—g)2 (z+g)2 12+g2 + 92
e 202 +e 202 + 2ee 202 1+ ee 202
)2 ot a)2 2
1 x(ef( e ) L fE 20
- o2 a2 - —g9gTg 2
o e_(Zo%) +e_<2+ag2) + 2ee 2;25,2 1+ ce 202
1
= $gh(a¢|g) —al, (B.20)
go® | f¢(xlg)
where
1 _(==9)® _ (z+9)?
e 20 — e 20
h(alg) = , (B.21)
2V 2702 1+ 66—%
e
Q= ——"—"07". (B.22)
1+ ee 202
The squared one is
1 g°h*(zlg) gh(zlg) =
[0, 1og f*(z]9)]> = {xQ — 2ax +a“|. (B.23)
! gt | (f&(z]g))? fe(xlg)
Therefore we obtain the equation
h2
g*o'I¥(g) = g2/dxx2f (($||g)) - 2ag/dxxh(x|g) + a®. (B.24)
&\xlg



Cramér-Rao Inequality and Fisher Information 91

The integration of the second term is

(z—9)? (z+9)° a

/dxxh(m|g) = ﬁ/dmx((f 202 —e 2027 )= 2—92[9— (—9)] = g. (B.25)

Because of € = £1, the integration of the first term is calculated as

(z—g)? _ (z+9)?

h2 - o2 — o2 2
/dxe w(w|g) /d{L’[L’ (x—(q?Q : (ac-HfQ : )z2+2
fe(zlg) 242 v27r02 207 4 e 202 4 Qee 20t
2ig? (e — e )2

drale” 2t —
zg _Zg
29 \/27?02/ e +e o2 4 2
zg _x9 zg _x9
_ 22192 (€207 — e 202 )%(e202 + € 207 )2
202

a
= [ dxz’e = =
292\ 2mo? / (62792 + 66_2792)2

a a2 442 zg zg
= ——— [ dva’e” 2% (207 —ee 27 )?
2%\ 2102 /
_(z—g)? _(z+9)? _2?44?
2(3 202+ e 202 — 2ee 202 )

a
=——— [dxx
2g2\/ 2mo? /

2 22
(z+9)% + (. — ¢°) — 2ee 22 %) 207

29 V2mo? /
= ———F [ dz|
g2V 27‘(‘0’2 /

2
g
a(l —ee 207) 1 / g _a?
drxz“e 22> +a
9> V2mo?
2
g
1—ec 307
Sz ) o (B.26)
g

22

2
(1 —ee” 307 Yo + g?le” 207

Hence the Fisher information for the weak measurement becomes

M

1 (1— e i2) |1+ eLetn
— 20 €55€ 20° — €

I(9)= 5 |9 | P va| — 209" +a?| = 5
g0 g g (1 4ee i)

(B.27)

QM‘IQ

B.2.2 Probe in momentum space

When the interaction Hamiltonian is given as Hy,, = g8(t)A®p, the probe distribution in
the momentum space does not change by interaction without postselection. We cannot
obtain the information of the coupling constant from the final probe distribution in the
momentum space given by the conventional measurement. Therefore we consider only the

case of the weak measurement. Here we fix 0; = 0y = 7 and ¢ = ¢y — ¢; for analytically
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calculation. The probe distribution in the momentum space after the postselection (2.21))

becomes

1 2p — ) (202\7 . o
+COS( gp Qb) < o ) 6—20' p <B28)

_ 9% ’
1+ cospe 202 g

f(plg) =

and the success probability of the postselection (241]) is

92

_ 1+cosge 2?2

P - (B.29)
The logarithmic derivative of f(p|g) is calculated as
92
—2psin(2gp — ¢) —FHcosge 27
,log f(plg) = 25200 — ) _ il
1+cos(2gp—¢) 1 +cospe i
i _
_ V2| —V20psinQgp — ) | i 059 >
o 1+ cos(2gp — ¢) 1+ cosqﬁe_%
2 [ —v20psin(2gp —
o 1 + cos(2gp — @)

where

g2

_9 252
39 cospe 20

G:= - (B.31)

1+ cospe 202

The Fisher information multiplied by the success probability of the postselection is
—V20psin(2gp — ¢)

2
Pl = | dp—
/ Poz | 717 cos(2gp — @)

[ dp 2 { —psin(2gp — ¢) ]2 1+ cos(2gp — ¢) V20 -
) V2002 [1+cos(2gp — ¢) 2 Nz

1 [ p*sin®(2gp — ¢) - B §
- Vmo? /dp {1 +cos(2gp — ¢) 2Gpsin(2gp — ¢) + G* (1 + cos(2gp — ¢))} c

+G

2 1

14 cos(2gp — @) (20°\2 _ypo0

e
2 T

(B.32)

Here we have defined p = v/20p, § = g/v/20. The first term of the integrand becomes

sin®(2gp — ¢) 1 cos*(2gp — ¢)

[ +cos(20p—0) _ Trcos(gp—0) =~ cos(29P — ¢). (B.33)




Cramér-Rao Inequality and Fisher Information 93

Thus Eq. (B.32)) is arranged as

VaatPL= [ dpp? (1~ cos(2gp - é)) e 7
- 2G / dppsin(2gp — ¢)e ™ + G? / dp (1 + cos(2gp — ¢)) e
= /dﬁﬁe‘ﬁQ — cosgzﬁ/dﬁﬁ2 cos(2gp)e ™ — 2Gcos¢/dﬁﬁsin(2§ﬁ)e"_’2
+ G2 [/ dpe ™ + coscﬁ/dﬁcos(Qgﬁ)epQ}

= /dppze_p2 _COS¢€_g2/dpp2€_(p_ig)2 —2GCOS¢€_92IHI/dppe_(p_ig)2

+ G? {/ dpe_ﬁQ + Cosgbe—£72 /dpe—(ﬁ—ig)Q} ' (B.34)
Since
o 1 o o
/dpp2€—(p—lg)2 _ ﬁ (§ o 92) , /dppe—(p_zg)2 _ Zgﬁ, /dpe_(p_lg)2 _ \/%’
(B.35)

we can calculate the integration as

(1—cosgpe ™)+

1 o (1 _ _
o?PI = 3~ cos¢e‘g2 (5 — gz) — 2G cos ¢e_g2§ + G? (1 + cos¢e‘g2>
1 1 2 2 G2cos2pe 2 GPcos?pe 2
=_— ——cospe ¥ +g’cospe T —2 - _
2 2 e g ge 1+cospe 9 1+ cospe 9
1 G2cosge® + gicospe 2 g2eos?pe 2
2

1+ cospe9° 1+ cospe9°
_ 1—cos?¢ e™2° 4252 cospe 9
B 2(1 + cos pe=9%)

(B.36)

Fig. Bl plots PI in three cases, ¢ = 0 for the postselection parallel to the preselection,
¢ = 3 for the postslection almost orthogonal to the preselection, and ¢ = 7 for the
postslection completely orthogonal to the preselection. As we can see from the figure, to
measure the small coupling constant g, we should tune the postslection almost orthogonal

to the preselection, not completely. This result includes the failure of the postselection.
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Figure B.1: Plots for the Fisher information multiplied by the success probability of
the postselection PI in the three cases, the blue curve for ¢ = 0, the red curve for
¢ = 3, and the yellow curve for ¢ = . The vertical axis is normalized by 1/02, and
the horizontal axis represents g.



Appendix C

Shot Noise in Optical Experiment

C.1 Preface

In the main part of this thesis, we focus on the utility of the WVA in the aspect of the
theoretical statistical inference. However, in practical experiment, various noises disturb
the measurement. For example, in optical phase measurement, there is a photon shot
noise derived from a photon number fluctuation. Here, we see that the shot noise is always
larger than the variance of the probe distribution. Because the weak measurements are
often demonstrated in optical experiment, we should take account of the shot noise when
we consider the measurement accuracy. This topic was discussed in Ref. [36] which also

showed a measurement limit of interaction in the WVA with the shot noise.

C.2 Example of experimental setup

Here we exemplify the optical phase measurement in the Mach-Zehnder interferometer
as shown in Fig. [C Il We attempt to measure the frequency shift of the probe caused by
slightly moved mirrors on corners, which is treated in momentum space as in the main
part. The injected laser is separated into two optical paths, upper one and lower one, by
the 50:50 beam splitter. We regard the which-path state as the measured system, then we
note |1) and |} ) as the states that the photon goes the upper and lower paths, respectively.
We set a phase shifter on upper path, which induces the phase difference between the
two states. We can fix the preselected state as |i) = (/21 + e7%/2||))/+/2, where

the phase shift ¢ is symmetrized for convenience. By tuning the phase shiftier, we can
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Beam splitter Phase shifter

Laser [0)

=

)

§

7 $
Photo detector tj‘

~X

D

Figure C.1: Mach-Zehnder interferometer with slightly displaced mirrors which give the
interaction

control the orthogonality between the pre- and postselected states. In both paths, we set
slightly displaced mirrors which gives the interaction between the paths and the phase of
beams. /¢ represents a small displacement of the mirrors . We can see that the interaction
Hamiltonian is given as H = gé(t)fl ® @, where the interaction strength g = v/2/, the
observable A = 1)1 — [{)X!], and & is a frequency operator. After the interaction and
second beam splitter which makes the postselected state as |f) = (1) — [1))/V2, we
observe the probe at a photo detector on an asymmetric output port. The port becomes
almost dark by tuning the phase ¢ ~ 0. The weak value in this optical setup is (A)w =
—icot ¢/2 and the frequency shift is given by the expectation value of the final probe
(w). calculated as well as Eq. (2.24]). From the shift, we can obtain the displacement of

2 which

the mirrors ¢. However, the final probe distribution has a variance (w?),, — (w)?2,

can be regraded as the frequency noise. Also, in optical experiment, the photon shot noise
appears, which is the photon number fluctuation at the output port. Next, we evaluate

the photon shot noise.

C.3 Evaluating shot noise

Here we use the notations |¥) as the final normalized probe state and n(w) as a number
of the photon at the output port for photon frequency w. We assume that the output

state is coherent in each frequency mode. From these, the frequency shift for a single
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photon can be described as

(W) = /dww|<w|\11w)|2. (C.1)

When we have N photons at output port in total, the averaged photon-number distribu-

tion for the frequency is given as
n(@) = N(wlW,) . (C2)
The expectation value of the frequency shift is

W)y = %/dwwm. (C.3)

Here we take the fluctuation of the photon number noted as An(w) into account, because

the photon number n(w) observed in a experiment fluctuates around its average n(w),

e, n(w) =n(w)+ An(w). The measured frequency shift becomes

Wineasured = %/dw wn(w) = (W)w + Aw, (C.4)

where

1
Aw = N/dwwAn(w) (C.5)

is the shot noise derived from the fluctuation of the photon number. For the coherence of
the output probe, the photon number fluctuation An(w) conforms the Poisson distribu-
tion. Thus the expectation value of the frequency shift fluctuation is (Aw), = 0, where

the subscript p represents the averaging over the Poisson distribution. The variance is
Var[Aw] = ((Aw)?), = Nz /dw/dw ww' (n(w)n(w")),

Nz/dww n(w) = N Ve (C.6)

Here we use the equation

(n(w)n(w))p = n(w)d(w — o). (C.7)
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Hence the signal-to-noise ratio is given as

_ @)l _ (W)l
SNR = Ao = VN e (C.8)

which means that the shot-noise is always larger than the frequency noise.

This discussion can be applied for other optical setup, e.g. the Sagnac interferometer
and the Michelson interferometer. Consequently, when we discuss the improvement of
the signal-to-noise ratio or measurement accuracy of the weak measurement in an optical
experiment, we need to consider the fluctuation of the photon number rather than the

variance of the final probe distribution.



Appendix D

Further Study of Testing Method
with Weak-Value Amplification

D.1 Preface

In Chap [0 we see the basic situation of the testing method with the weak-value ampli-
fication for the interaction detection problem. Here, we further discuss some extended
situation. In Sec. [D.2 we discuss the hypothesis testing in a small interval null hypoth-
esis with the same physical setup considered in Chap. This discussion provides more
practical In Sec. [D.3] we consider the proposed testing method with the data loss by
postselection which is sometimes argued as the disadvantage of the weak-value amplifi-
cation. Here we produce the makeshift model of the test function which include the risk

of the data loss and analysis with the Lagrange multiplier method. This section is based
on the Appendix C of Ref. [60].

D.2 Testing in small interval null hypothesis

In the previous chapter, we have set the null hypothesis (that the interaction is absent) as
g = 0. However, there is following criticism for such a hypotheses set-up of the two-sided
testing, i.e., Hy: g =0 and Hy : g # 0. J. O. Berger (1985) said in his text book [56] that

“Now it is unlikely that the null hypotheses is ever exactly true. Suppose, for

instance, that = 107!, which nonzero is probably meaning less difference
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form zero in most practical contexts.” “What we are really interested in
determining is whether or not the null hypothesis is approximately true (see
Subsection 4.3.3). In Example 8, for instance, we might really be interested
in detecting a difference of at least 10~ from zero, in which case a better null
hypothesis would be Hy : |6] < 10737

In response to this claim, here we suppose the following hypotheses;

the null hypothesis Hy: the interaction would be absent, i.e., |g| < ¢,

the alternative hypothesis H;: the interaction would be present, i.e., |g| > ¢,

where ¢ is the real value depending on the experimental set-up, which will be small in
practical case. Because the null hypothesis contains g # 0, the probabilities of the type-1
error are not same between the weak measurement and the conventional measurement.
So, we need to produce a different way for comparison from the previous discussion. Here

we propose the following cost function T as
rPr[&] + (1 — r)Pr[&], (D.1)

where the real value (0 < r < 1) represents the weighting of the two error. In this section,

we argue which measurement can more reduce the cost function under the testing function

0 if |z|/o < ¢,
d(z) =19 r if |z|/o =c, (D.2)
1 if |z|/o > ¢,

which is same as one used in Chap. [l

We see the probabilities of the two errors in each measurement. Here, we introduce the
interaction strengths ¢g; and g, which satisfy 0 < |g1| < € < |go|. The probability of the
type-2 error in the weak measurement calculated in the previous chapter is still valid in

the current testing problem. The probability of the type-2 error for the interaction g

LA cost function represents the cost or risk that we have to pay in the process which we want to
evaluate. We can choose the cost function as we like.
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and the weak value (A),, is given by
Ex(ga, [(A)u]?) := Pr[&)]

:%%P1+M@M%(mfr3%?}+afr3%?}>+2O—KAMFkSﬁmfk%ﬂ,
(D.3)

which is derived by the integration of the distribution function (5.2) over the region
|z| /o < ¢. We should newly evaluate the probability of the type-1 error because the
nonzero ¢ case is included in contrast to the previous test in Chap. Bl We can calculate
the probability by integrating the distribution function (5.2) over the region |z|/o > c.

Namely, the probability of the type-1 error in the weak measurement is given by

Ev(g1, [(A)l?) == 1 = Es(g1, [(A)u ). (D.4)

For the conventional measurement, we can substantially treat the probabilities of the type-
1 and type-2 errors by substituting [(A),[> = 1 into Egs. (D.4) and ([D3), respectively.

For convenience, we uses the notations

~er co— g or co+g

o) =it | 0 went | 7] (D-5)
5= 14 |(A),]% D.6
ti=1—[(A),|" (D.7)

Hereafter, we attempt to calculate the condition for the weak value which satisfies the

inequality
rE1(g1, (A)w) + (1 = 1) Ea(g2, (A)w) < 1E1(g1,1) + (1 — 1) Eas(go, 1). (D.8)

To solve this problem, we consider the function

~

CUAY] = 7B (g1, (A)w) + (1 — 1) Balga, (AVw) — [rEi(g1,1) + (1 — 7) Ba(g2, 1)]
= r[E1 (91, <A>w) — Ei(g1,1)] + (1 = 7)[Ea(ge, <A>w) — Ey(g2,1)]

= —7r[Ez(g1, <A>w) — Ey(g1, )] + (1 — 7)[E2(ge, <A>w) — Ey(go,1)]. (D.9)

We find the weak value such as the solution of ( ((A)w) = 0. Because we can easily see

that £ = 0 < [(A),|?> = 1 is the trivial solution, hereafter we assume ¢ # 0 to find another
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solution. 2¢[(A),] = 0 becomes

- Sh(gl;: ttee —gg://;; U hgr)| + (1 —r) [Sh(gi) j: tt: _://22; MO _ h(g2)| =0
& —r[sh(g) + te_9%/2”2](s + te‘gg/%Q)
+ (1 = r)[sh(ga) + te /27 h(0) (s + te 91277
— [=rh(gr) + (1 = r)h(g2))(s + te /> ) (s + te /") = 0
& —s[—re %27 n(g) + (1 = r)e %7 n(gy)]
— te" VTR (g) + (1= r)n(g2)] = 0, (D.10)

where 1(g) := h(g) —h(0)2. From the equation, we can find the weak value of the solution

candidate as

[(A)w?
[—re 27 (1) + (1 — r)e 9127 y(go)] + e~ 6927 [—pp(gy) + (1 = r)n(g2)]
—[—re=9i2%n(g1) 4+ (1 — r)e 912y (gy)] + e~ +92)/2° [—rp(gy) + (1 — r)n(ga)]
—rn(g) (1 + e%/%") + (1 — r)n(ga) (1 + e9/%7)

T (g1 — €2 4 (1= r)n(ga) (1 — e7207) As. (D.11)

A can be a solution of ( = 0, if it is a positive real value. Especially, the solution such
as |(A),| > 1 is expedient. The denominator of A, can be not only positive but also
negative. At first, we consider the case of the positive denominator, which provides the

inequality

— rgn) (L — 27" + (1= r)p(ga) (1 — /27" > 0

1— g%/202
S0<r< nlg)(1 — e ) =:r]. (D.12)

T (g (1 — e93/27%) 4+ n(go) (1 — e91/27%)

And the condition for 7 to obtain the solution such as |(A),| > 1 is given by

Ag> 16 —rn(g)(L+e7) 4 (1= r)n(gs) (1 + e /*77)
> —rn(g)(1 = e%/27") 4 (1= r)n(ga) (1 — e1/27)

1(go)esi/ 2’

& o=
L n(g1)esB2 4 ny(gy)esi /2

r<l. (D.13)

2n(g) satisfies n(0) = 0 and —1 < n(g2) < 1(g1) < 0. n(g1) and n(ga) are zero simultaneously only

when ¢ — oo, which gives ( =0
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However the magnitude relation between r; and 79 is ro > ;. There is no r region such
that the denominator of Ay become positive and the solution of ( = 0 which satisfies

|(A),| > 1 at the same time.

Next, we consider the case that the denominator of A, is negative, which gives the

inequality
—rn(g1)(1 — 695/2"2) + (1 —r)n(g2)(1 — eg%/%z) <0er<r<l. (D.14)
And the condition for r to obtain the solution such as [(A),| > 1 is

Ay > 1 —rn(g) (1 +e22) 4 (1= r)n(gs) (1 + 917777
< —rn(gn)(1 — /%) 4 (1 — r)n(ga) (1 — e91/27°)
S0<r<nr. (D.15)

Thus we conclude that the region of r for giving the solution of ¢ = 0 such as [(A),| > 1

isry <r <rs.

Here we evaluate the limiting value of ¢[(A),] at |(A),| — co. Using

lim ¢/s= lim (1—|[(A)u])/(1+ [(A)]) = -1, (D.16)

[{A)w| =00 [{A)w| =00

the limiting value can be calculated as

lim  ¢[(A),]

(4|00
—g%/202
~ g 0| Me) £ Ws)e - Qh(o)—h(gl)
(A)ulsoo 2 1+ (t/s)esi/2
L1 [ hg2) + (t/s)e=h(0)
2 1+ (t/s)e9:/20°

- h(92)]

—r y) — e 93/20°
- h(gl)] + ! 5 [h(g i — e_g%/%zh(O) - h(gz)]

— %_ o n(g2) B n(g2) T
_7“2(1_eg%/202) (1 )2(1—695/202) = 2(1—693/202) (7"1 1) . (Dl?)

2 1 — e—9i/20?

__r [h<gl) — e /2" h(0)

Because 7(gs) /(1 — €93/27°) is always positive, we find that r such as r; < r < 1 gives the

positive limiting value of (.
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Totally, we conclude that the the weighting factor r» and the absolute value of the weak
value |(A),|determine the case that the weak measurement is advantageous. We note the

consequence as following.

e When 0 < r < ry, the weak measurement with the weak value such as |(A),| > 1

is superior to the conventional one.

e When ry < r < ry, the weak measurement is advantageous with the weak value
such as 1 < [(A),| < V/A4,.

e When ry < r <1, the weak measurement has no advantage in any weak value.

Thus, we find that the weak measurement tends to be significant for the experiment such
that the type-2 error, i.e., missing the interaction is more serious than the type-1 error,
i.e., the false alarm. This conclusion is consistent with that given in the previous chapter,

where we have evaluated the probability of the type-2 error of the two measurements.

D.3 Hypothesis Testing including data loss by post-

selection

In Chap. 5l we assume that the data loss due to the failure of the postselection is neglected.
However, some researchers strongly argue that the data loss by the postselection can
cause the technical demerit of the WVA. Here, we discuss the data loss problem with the

makeshift test function and we derive the optimal case with the Lagrange multiplier.

To consider the no data case which results from the failure of the posetselection, we

propose the different test function from Eq. (B4) as

0 if (f and |z|/o < ¢;) or (f and |z]/0 < ¢j),
d(z) =14 1 if (f and |z|/o > ¢;) or (f and |z|/o > cj), (D.18)

r otherwise,

where f and f represent success and failure of the postselection, respectively. With this
test function, we can include the result of the postselection and the measurement result

x. The critical ¢y and ¢y are different in response to the results of the postselection.
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Next, we evaluate the probabilities of the two types of the error. The probability of the

type-1 error is

Pr[gl]
= Pr[d = 1|g = 0]
= Pr(f, |z|/o > ctlg = 0] + Pr[f, |z]/o > cflg = 0]

=1 (et | L] st et | E ) (D.19)

and the probability of the type-2 error is given as

PI‘[(C:Q]
= Prld = 0lg # 1]
= Pr[f.[al/o < eslg # 0] + Pr[f, zl/o < c7lg # O]

= LGP+ 1A (enf |72 et | 220

AP + 1A ) (et [ L2 et 27201

(I8P = (1A F= et [7%}

+5UTE = AP et [ L] 0.0)

Here we tentatively set c¢; = cf(= c) and the probability of the type-1 error becomes

|

+

+

N —

Pr[&y] = 1 — erf [%] , (D.21)

and the probability of the type-2 error becomes

Pr(&;) = % <erf {C;%} +erf [C\‘;%ﬂ) . (D.22)

Both the probabilities are independent on the postselection results |f),|f). Also, we find

that these probabilities are same as the ones given by the conventional measurement [Egs.
(5.6) and (5.7)]. We can virtually treat the conventional measurement case by setting
¢y = ¢j with the revised decision function (D.IS).

Next we examine the errors of the weak measurement in the decision function (D.Ig]).
First, we consider the case of that we cannot obtain a measurement result due to post-

selection failure. In such a case, we cannot distinguish whether or not the interaction
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is presence. For the moment, we simply presume that the interaction will be absence.
Because we are interested in the detection of the interaction with obtained data in an
usual experiment, the decision with no data is worthless. Setting cy = oo, we can handle
this situation in our decision function for convenience. With cf = oo, the alternative
hypothesis is always rejected by the test (D.I8]) when the postselection fails. Hence, the
decision function (D.I18]) would cover the case with or without postselection including the

data loss by failure of the postselection.

Here we have to pay attention the following matters. There will be an experimental
problem that we want to detect vanishment of an interaction which usually exists. In
such experiment, the treatment of cf as stated above is inconsequent. Also we note that
if the ¢y and cj take the other value as presented above, we cannot give an obvious
interpretation what the experimental situation means. Thus, it is often difficult to find
out the physical meaning of the optimization of the ¢y and cy. While such problems are

remaining, we try out this Lagrange multiplier method.

From here, we calculate the critical points and the initial and final states of the measured
system which optimize the test (D.I8)). To optimize the probability of the type-2 error
Pr[&;] while keeping the probability of the type-1 error Pr[& ] at the significance level «

which is an arbitrary constant, we fix the Lagrangian as

L(p1, p2, ¢y, Cr, A)
= Pr[&] + A(Pr[&] — )

o (o[22 e [ 2222
+(2—p1—p2)(erf[ci(/72;]+er [f V202 D
+2(py — p3) (eff {\/5] et {TfD }

+A [pl (1 — orf {%D +(1—p) (1 —erf {ED - a] , (D.23)

where ) is the Lagrange multiplier and the constraint condition comes from the standard

strategy of the hypothesis testing as stated in Sec. Here we have denoted p; := |(f|i)|*
and py := |(f|Ai)|? for convenience. We note that A> =1 and 0 < p;,p, < 1. Varying

the Lagrangian £ with respect to A, the constraint condition reappears as

0= gf p (1 - [%D (1—p) (1 —erf {%D —a (D.24)
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Next, varying the Lagrangian £ with respect to p; and ps, we obtain the equations,

oL
0= ——
Op1
_1 cro—g crotg| cjo—g| cjo+g
_4{erf{m]+erf[m] erf[m erf P
+2 (erf [%} —erf [%]) 6_2902:| + A <—erf {%} + ert [%]) (D.25)
and
oL
0=—
Opa
1 cfa—g] |:Cf0'+g:| {cfa—g] [cfaJrg]
=— |erf | ——| + T f —erf
4 [e [ V202 V202 “ V202 “ 202
—2 (erf {%] —erf {C—J;l) e 202] , (D.26)
which lead the relation
oL oL cy Cf }) _ %
0=——— = f|—=| —erf | —= 207 — )\). D.27
oy Ops (er [\/5} . {\/5 (€ ) (D-27)

So, we require either or both of A = ¢79°/2°" and ¢; = c5 for Eq. (D.27) . Varying £ with

respect to ¢y and cf, we obtain the equations

oL
0=—
aCf
1 2 (Cfo'—g)2 (Cf0'+9)2 92 0%02-&-92
=1V (p1+p2)(e” 207 e 202 )4 2(p; — p2 — 2Ap1e2e? ) 202 (D.28)
and
oL
0=—
dcy
1 /2 (cjo—9)? (cot9)?
N P
T

2 cZo?+g?

+2( = p1+po — 201 — pr)ex? e "7 | (D.29)
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Here, we consider the case ¢; = c7(=: ¢), where Eqs. (D.23)) and (D.26) are fulfilled.
The constraint constant (D.24]) becomes

0= (1 — erf {%D —a (D.30)

Because the « is a constant, the c¢ is fixed. Egs. (D.28)) and (D.29) give

e” 5 /2 _® e _ci\o _9 e _ca\9
0= 1 — |p1qe 202 (e + e 20)° — 4\ p + poe 202 (e20 — e 20) (D.31)
T

and

e 2 8 _cg
0= 1 \/;[2{6 22 (e +e 7 ) —2\}

2 2
—pl{e_zg?(e% +e27)2 — AN} — poe 2% (€20 — 6_2(9’)2] , (D.32)
respectively. The sum of Eqs. (D.31]) and (D.32) is

1 2 c2 92 cg cg
0==y/=e z{e22(ev +e =) —2A}. (D.33)
2V w
Thus, we obtain

1 92 cg cg

A= §e_ﬁ(e7 +e 7). (D.34)

Substituting ¢; = ¢; = ¢ and Eq. (D.34)) into Eqs. (D.28) and (D.29), we have

_520'2+g2

202 2 cg cg
0= 2o (e o 2) (0.55)

Therefore we can find that ¢y = ¢; = ¢ = 0 or p; = py is needed. If ¢ = 0, we obtain
a=1and A\ =e /% from Egs. (.30) and (D.34). Because the significance level a is
not always 1, the ¢ = 0 is not consistent. Thus c¢; = ¢; # 0 and p; = p, is a solution of

the Lagrange multiplier problem.

Next we discuss the case A = e™9°/27" which is derived from Eq. (D.27). Because we

have already seen the case that A = e=9*/20°

hereafter we assume c; # cg. Substituting A\ = e=9/2"" into Eqs. ([D.28) and (D.29), we

and c; = cj are satisfied simultaneously,
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obtain

1 /2 cra. g _cfoite®
0=2 2+ (e E - E YT (D.56)

and

1 /2 i i gt
0 :Z\/j(Q - D1 — p2) (6% — 6_%)267 202 | (D37)
™

From these equations, we can find that we need either condition as follows: the condition
such that ¢y = 0 and p; = p» = 1, or the condition such that c; =0 and p; = p, = 0. In
both cases, the constrain condition (D.24) becomes 0 = 1 — . As stated in above, the

significance point « is not necessarily 1. So, the condition A = e¢=9°/27" is not proper.

Eventually, we conclude the solution is ¢y = c¢; # 0 and p; = py. From p; = py, we

derive

0= (/11" = WSIARDE = GANST = AINIANE, . £1f) = Alf) (D.38)

or

0= [(f1a)|* = |(FIAID| = CFIxEN Gl — ALy A) f), . £1i) = Als). (D.39)

p1 = po implies that the preselected state |i) or the postselected state |f) equals to an
eigenstate of A. The case ¢y = c¢f corresponds to the conventional measurement which
does not have postselection, which intend the result of the postselection has nothing to do
with the test under the solution of the variational problem. The state of the postselection
|f) is not essential. Consequently, the derived condition is that the preselected state is

an eigenstate of the measured observable A and that we do not postselect.

Again we have to care that this concussion is deduced from a makeshift decision function
(D.18)) as we noted the some defect in above. We also note that the Lagrange multiplier

method gives the stationary point to the utmost, and they might not be the minimum.
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