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COMPREHENSION OF ELASTO-PLASTIC BEHAVIOR AND EVALUATION METHOD OF MAXIMUM 
SEISMIC RESPONSE IN LOW-RISE STEEL STRUCTURES WITH ROOF FLEXIBLE IN PLANE 

 
 

 *  ** 
Kensaku KANEKO and Shojiro MOTOYUI 

 
This paper proposes the method to reduce the MDOF system to the equivalent SDOF system for low-rise steel structures with a 
flexible roof. The target structure has two braced frames and some moment resisting frames. Evaluation methods of the maximum 
seismic forces acting on frames are presented with dimensionless parameters. The envelope curve and the equivalent damping ratio 
of the SDOF system is formulated. It is confirmed that the roof deformation potentially magnify the maximum ductility factor at the 
side braced frame. Finally, the maximum elasto-plastic responses are predicted based on the response spectrum method. 
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This paper proposes the method to reduce the MDOF system to the equivalent SDOF system for low-rise steel structures with a flexible 

roof. The target structures have two braced frames and some moment resisting frames. The former frames are arranged at the both sides. The 

latter ones are uniformly arranged between both sides. The horizontal stiffness of the moment resisting frames is assumed to be smaller than one 

of the braced frames. The present structural style is the most popular among gymnasia or manufacturing buildings. The deformable roof is 

ideally replaced by a beam having uniform in-plane shear rigidity. The structure is modeled as the beam resting on elastic foundations of which 

rigidity represents the story stiffness of the vertical frames. The objective of this study is to find proper distribution profile of a static seismic 

load prescribed to the roof, the equivalent viscous damping factor and the envelope curve of the equivalent SDOF system by solving the 

differential equation governing the continuum model. Firstly, seismic behavior of the structure in elastic range is discussed. The derived 

solution concludes that values of displacement and the stress acting on the both side vertical frames by using a uniformly distributed load, 

which is usually used in the actual design process, become smaller than ones obtained by a spatially variable load proportional to the first 

vibration mode shape. The fact leads to underestimating the equivalent damping factor of the equivalent SDOF system because the yielding 

behavior of the side frames mainly dissipates the input energy. Convenient hand calculation methods of predicting story shear forces and roof 

brace forces are presented with dimensionless parameters consisting of the frame rigidity in elastic range. This method is based on the seismic 

load proportional to the first vibration mode. The estimated maximum forces show excellent agreement with the forces obtained by a direct time 

history analysis of the MDOF system. Next, the elasto-plasitc behavior of the structure is assessed. Many results of time history response 

analysis of the MDOF system show the following helpful results to formulate the equivalent SDOF system. The distribution profile of the 

maximum horizontal displacement can be expressed as a half sinusoidal curve which amplitude is governed by the maximum underwent 

ductility factor at the side frames. The elongation of the equivalent natural period in elastic-plastic response becomes smaller than one in the 

structure with a rigid roof in terms of the same ductility factor in the side frames. The equivalent SDOF system is formulated in view of these 

facts. The envelope curve of the equivalent SDOF system is represented as a normal bilinear type using time-dependent mode shape varying 

according to the ductility factor. This envelope curve is applicable even if the mode shape is dramatically varied after some part of the vertical 

frame yields. The procedure to determine this curve is presented with the previously introduced dimensionless parameters. Variation of the 

envelope curve explains that the equivalent damping factor of the structure may decrease with the schematic illustration of the 

load-displacement curves. The possibility of this decrease is also explained through complex eigenvalue analysis for the non-classically damped 

system. Finally, a procedure of computing maximum response is formulated based on the response spectrum method. The maximum 

displacements for many combination of the stiffness are well predicted in comparison with the MDOF system using the equivalent SDOF 

system. It is actually confirmed that defamation of the roof magnify ductility factor of the side frames. On the other hand, the accuracy of the 

maximum acceleration prediction is not so good because higher modes contribute in elasto-plastic response, which is not considered in the 

formulation.  
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eqĥ  

 
pp

pheq
/1
11112ˆ  (A3) 

ep 1 (16a)  

 a
ee

eq
ee

ee

eq hYh
v

112
/1

/1ˆ  (A4) 

(A4) (32b)
 

 

4.2 1
(31) 2 12 /KKp 1

(46) eqh (32) Biggs
(36) e v

eq
e

eq
v

5

e e

0e (31)
(36)

 

0 0.2 0.4 0.6 0.8 1.

0.2

0.4

0.6

0.8

1.

 0 0.2 0.4 0.6 0.8 1.

0.2

0.4

0.6

0.8

1.

 
            (a) 1                       (b) 10  

0.1,5.0,3.0,2.0,1.0v

 

0.1,5.0,3.0,2.0,1.0v

 

1 (30)  
Biggs (36)  

e e

eY

eY

fa KSA
u

/

7  
5  

 

 5.0,2.0,1.0v

 5.0,2.0,1.0v

fa KSA
u

/

v v

7 
21 

1 10.11.0e 0.1ee

vN
 

1
8

3
8

5
8

7
8

0 1
vQ

cosvQ

 

x

dxdxdu
x

0
/

xxdx
du

2/1

x

 

x

vQ

 

 

 

 

 

 

COMPREHENSION OF ELASTO-PLASTIC BEHAVIOR  
AND EVALUATION METHOD OF MAXIMUM SEISMIC RESPONSE IN LOW-RISE STEEL 

STRUCTURES WITH ROOF FLEXIBLE IN PLANE 
 
 

Kensaku KANEKO* and Shojiro MOTOYUI** 
 

 

*Assist. Prof., Dept. of Built Environment, Interdisciplinary Graduate School of Science and Technology, 
Tokyo Institute of Technology, Dr. Eng. 

**Prof., Dept. of Built Environment, Interdisciplinary Graduate School of Science and Technology, 
Tokyo Institute of Technology, Dr. Eng. 

 

 

 

This paper proposes the method to reduce the MDOF system to the equivalent SDOF system for low-rise steel structures with a flexible 

roof. The target structures have two braced frames and some moment resisting frames. The former frames are arranged at the both sides. The 

latter ones are uniformly arranged between both sides. The horizontal stiffness of the moment resisting frames is assumed to be smaller than one 

of the braced frames. The present structural style is the most popular among gymnasia or manufacturing buildings. The deformable roof is 

ideally replaced by a beam having uniform in-plane shear rigidity. The structure is modeled as the beam resting on elastic foundations of which 

rigidity represents the story stiffness of the vertical frames. The objective of this study is to find proper distribution profile of a static seismic 

load prescribed to the roof, the equivalent viscous damping factor and the envelope curve of the equivalent SDOF system by solving the 

differential equation governing the continuum model. Firstly, seismic behavior of the structure in elastic range is discussed. The derived 

solution concludes that values of displacement and the stress acting on the both side vertical frames by using a uniformly distributed load, 

which is usually used in the actual design process, become smaller than ones obtained by a spatially variable load proportional to the first 

vibration mode shape. The fact leads to underestimating the equivalent damping factor of the equivalent SDOF system because the yielding 

behavior of the side frames mainly dissipates the input energy. Convenient hand calculation methods of predicting story shear forces and roof 

brace forces are presented with dimensionless parameters consisting of the frame rigidity in elastic range. This method is based on the seismic 

load proportional to the first vibration mode. The estimated maximum forces show excellent agreement with the forces obtained by a direct time 

history analysis of the MDOF system. Next, the elasto-plasitc behavior of the structure is assessed. Many results of time history response 

analysis of the MDOF system show the following helpful results to formulate the equivalent SDOF system. The distribution profile of the 

maximum horizontal displacement can be expressed as a half sinusoidal curve which amplitude is governed by the maximum underwent 

ductility factor at the side frames. The elongation of the equivalent natural period in elastic-plastic response becomes smaller than one in the 

structure with a rigid roof in terms of the same ductility factor in the side frames. The equivalent SDOF system is formulated in view of these 

facts. The envelope curve of the equivalent SDOF system is represented as a normal bilinear type using time-dependent mode shape varying 

according to the ductility factor. This envelope curve is applicable even if the mode shape is dramatically varied after some part of the vertical 

frame yields. The procedure to determine this curve is presented with the previously introduced dimensionless parameters. Variation of the 

envelope curve explains that the equivalent damping factor of the structure may decrease with the schematic illustration of the 

load-displacement curves. The possibility of this decrease is also explained through complex eigenvalue analysis for the non-classically damped 

system. Finally, a procedure of computing maximum response is formulated based on the response spectrum method. The maximum 

displacements for many combination of the stiffness are well predicted in comparison with the MDOF system using the equivalent SDOF 

system. It is actually confirmed that defamation of the roof magnify ductility factor of the side frames. On the other hand, the accuracy of the 

maximum acceleration prediction is not so good because higher modes contribute in elasto-plastic response, which is not considered in the 

formulation.  
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