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Abstract

Statistical learning is now widely used in various fields of sclence and engineer-
ing. It is important in practice to design a statistical model or a learning ma-
chine so that it attains good generalization performance, hence it plays a central
role in model selection problem to estimate generalization loss from obtained
samples. The Akaike information criterion, AIC, is the seminal work for this
problem, which provides an asymptotically unbiased estimator of generalization
loss under a regularity condition. However, it has been pointed out that many
learning machines with hierarchical structure, such as layered neural networks,
normal mixture, hidden Markov model, Bayes network, do not satisfy this regu-
larity condition, resulting that maximum likelihood estimator is not subject to
normal distribution even asymptotically and Bayes posterior distribution does
not converge to normal distibution in law. Thesc learning machines are called
non-regular or singular and conventional information criteria, such as AIC, BIC
or DIC, do not have theoretical foundation for them.

Recently, a learning theory which also holds for these singular learning ma-
chincs has been constructed based on algebraic geometrical method. That the-
ory is called singular learning theory. In singular learning theory, it has been
clarified that the asymptotic behavior of expected Bayes gencralization loss and
training loss can be described by two birational invariants, real log canonical
threshold and singular fluctuation. Besides. an information criterion, WAIC, has
been proposed as an asymptotically unbiased cstimator of Bayes generalization
loss which can be used even in singular cases.

The goal of this thesis is to study this unbiased estimator of gencralization
loss in statistical learning from both theoretical and practical viewpoints. From
theoretical perspective, we focus on singular Huctuation, which is a birational
invariant firstly discovered in singular learning theory and its mathematical
propertics are left totally unknown. In this thesis, we proposc a new concept in
statistical learning theory, quasi-regular case, in which the exact value of singular
fluctuation is firstly clarified for non-regular cases. Quasi-regular case is charac-
terized ag a class of singular cases which has similar properties as regular cases.
From practical perspective, we propose a method to apply WAIC for model sc-
lection problem in variational Bayes learning. Variational Bayes learning gives
the accurate statistical estimation as Bayes learning with smaller computational
cost. However, it has been difficult to estimate its generalization loss, because
learning machines used in variational Bayes are not regular but singular. Then
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we propose a new information criterion for variational Bayes learning, WAIC-
VB, which is an unbiased estimator of Bayes generalization loss for both cases
when the posterior distribution is regular and singular. We show the theoretical
support of the proposed information criterion, and its effectiveness is illustrated
by numerical experiments.

This thesis consists of six chapters. In chapter 1, we overview the back-
ground, purpose and the main contribution of this research. In chapter 2, we
introduce the framework of Bayes learning and review the essence of singular
learning theory. In chapter 3. we describe the statistical learning theory in
quasi-regular cascs. In chapter 4, we propose an information criterion WAIC-
VB for variational Bayes learning. In chapter 5, we discuss some related topics
and left problems for a future study. In chapter 6,-we conclude this thesis.

ii
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Chapter 1

Introduction

In this chapter, we briefly introduce the contents of this research. In section
1.1, the background of this rescarch is explained. In section 1.2, the purpose of
this rescarch is explained. In scction 1.3, the main contribution of this rescarch
is summarized before discussing in detail in the subsequent chapters.

1.1  Overview of Background

Statistical learning is now being used in broad engineering fields, such as pat-
tern recognition, bioinformatics, robotic control, artificial intelligence and so
on. When samples X := {X, X». - X, } arc obtained independent and iden-
tically, it is one of the fundamental problems in statistical learning to estimate
the probability distribution ¢(z) from which samples are generated. The prob-
ability distribution g(z) is called the truc distribution.

Evaluating the result of learning is an important problem from both theo-
retical and practical points of view. Two concepts are essential in evaluation
of the lca1 ning result, one is generalization error G and the other is training
error Tn . Generalization error is defined by Kullback-Leibler distance from the
true distribution ¢(z) to the estimated distribution p(x]X™). Training crror is
defined by empirical Kullback-Leibler distance from the true distribution ¢(z)
to the estimated distribution p(z|X™). That is,

G z‘/q(:zr)loga—g—%%%d:r, T = Zl p(\gY‘X?”‘)

i:l

In practice, generalization loss G, and training loss T, are often used, which
are defined by adding entropy terms to generalization and training errors.

1 n
Go == [ al)ogp(elX")do, Ty = =3 S logp(XlX").
i i1



1.1. OVERVIEW OF BACKGROUND 4

From the viewpoint of prediction for unknown samples, it can be said that the
goal of statistical learning is to construct estimated distribution p(x]X™) so
that gencralization error or loss gets smaller. However, we cannot calculate the
generalization loss G, from samples directly, since generalization loss includes
the unknown true distribution ¢(x) in its definition. Hence, if we can estimate
the generalization loss only using samples, it would be very useful in evaluation
of learning result.

The classical and the first result for this problemn was given by Akaike’s sem-
inal work [1] in 1974. Let us assume the true distribution is realizable by a
statistical model. Then, Akaike showed that, if the model satisfies regularity
condition, which are called regular model, and we construct p(z|X™) by maxi-
mum likelihood estimation, then the following relation holds.

E[G.) = E(T,] + % +o(2),
n n

where E[ | represents expectation over samples X%, d is the dimension of the
parameter space and n is the number of samples. This result is the theoretical
foundation of the famous information criterion AIC, which is an asymptotically
unbiased estimator of the generalization loss under regularity condition. In fact,
under regularity condition, it can be proved that this result also holds when we
construct p(z]X™) by Bayes method or maximum a posteriori estimation.

On the other hand, many learning machines used in information engineering
fields, such as layered newral networks, normal mixture, hidden Markov model,
Bayes network, do not satisfy this regularity condition. That is, the parameter
of a learning machine does not correspond to probability distribution one-to-
one and Fisher infomation matrix is degenerate in their parameter space. These
learning machines or statistical models are called singular. For siugular learning
machines, Akaike’s AIC does not have theoretical foundation as an unbiased
estimator of generalization loss.

Recently, Watanabe has constructed a learning theory which can be also
applied to singular learning machines based on algebraic geometrical method
[25, 26, 28, 29]. Watanabe has clarified that, if we construct p(w|X™) by Bayes
method, Baycs generalization loss and Bayes training loss have the following
asymptotic expansion.

. . A—-v 1 1
BlGn] = S+ (5= +v), +ol3),
- 1 1
BT = s+ (C2Y o0t o(),
T T

where $ is the entropy of the true distribution g(z), 8 is the inverse temparature
and X and v are birational invariants called real log canonical threshold (RLCT)
and singular fluctuation (SF), respectively. From this resulf, the following rela-
tion holds,

EIGa) = B[] + 2 + o)

4



5 CHAPTER 1. INTRODUCTION

Then it is shown that the functional variance V,, defined by
Vo= 3 {Eu[log p(Xtw))?] ~ Eulog p(Xi )’}
g
can be calculated only from samples and satisfies
BE[V,] — 2uv.
Hence the following relation holds,

Vo, 1,

E[G.]

I

T
This asymptotically unbiased estimator of G, has been proposed as an infor-
mation criterion WAIC (A Widely Applicable Information Criterion) and could
be considered as a gencralized AIC for singular learning machines. It should
be emphasized that Watanabe’s theory is not a specialized theory for singular
learning machines but is a generalized theory which even holds for regular mod-
els. That is, for regular models, A = v = ¢ and BE[V,] — d hold as a special
case. (In fact, SV, converges to d in probability in regular cases.)

1.2 Purpose of the research

The purposc of this rescarch is to investigate the property of unbiased estimator
of Bayes generalization loss from both theoretical and practical perspective.

Firstly, we explain the theoretical purpose of research. In section 1.1, we
stated that asymptotic behavior of Bayes generalization and training losses could
be described by two birational invariants, A and v. In particular, the asymptotic
difference between two losses was determined by singular fluctuation v. In the
literature, many researches [2, 3, 16, 19, 20, 32, 33, 34, 35] have been done
on the the property of RLCT A, because A appears also as the leading term
of the asymptotic Bayes free energy. In singular learning theory, the concrete
value of A has been discussed for many learning machines, such as layered neural
networks [2], normal mixture [32], Bayes network [20, 33], hidden Markov model
[34], veduced rank regression [3] and so on. In addition, the concept of log
canonical threshold, complexification of RLCT, plays an important role also
in the field of high-dimensional algebraic geometry [21]. On the other hand,
it is considered that singular fluctuation, SF, is a birational invariant firstly
recognized in singular learning theory and the mathematical property of SF
has not been clarified yet totally. In particular, the concrete value of singular
fluctuation has not been known for any singular learning machines. Therefore,
one of the purpose of this research is to gain insight in singular fluctuation
theorctically.

Secondly, we explain the practical purpose of rescarch. In section 1.1, we
stated that WAIC has been proposed as an asymptotically unbiased estimator of
Bayes generalization loss even in singular cases. To compute the value of WAIC,

5



1.53. OVERVIEW OF CONTRIBUTION 6

we have to realize Bayes posterior distribution using, for example, Markov chain
Monte Carlo (MCMC) method. However, for singular learning machines, it re-
quires higher computational cost than the regular model case because Bayes
posterior distribution is also singular for such learning machines. Therefore,
approximate inference, such as variational Bayes learning, is also important
in practice. For model selection in variational Bayes learning, minimization
of variational free energy is often employed, however, it is desired to select a
model based on generalization performance from the viewpoint of prediction
for unknown samples. It has been difficult to construct an unbiased estimator
of Bayes generalization loss in variational Bayes learning, since a learning ma-
chine to which variational Bayes learning is applied often has hidden variables,
resulting that it is a singular learning machine. Therefore, another purpose of
this rescarch is to propose an unbiased estimator of Bayes generalization loss in
variational Bayes learning based on WAIC.

1.3 Overview of Contribution

In section 1.2, we stated that this rescarch has both theoretical and practical
purposes.

Rescarch for theoretical purpose will be discussed in chapter 3. Through
investigating the property of singular fluctuation v, we propose a new concept
in singular learning theory, a quasi-regular case. Quasi-regular case is generally
included in singular cases but has similar properties as regular cases. That is,
in quasi-regular casc, it will be proved that two birational invariants, A and v,
arc equal to cach other as they are in regular cases, but they does not take a
value of % in general. Quasi-regular case provides the first example of singular
cases for which the conerete value of singular fluctuation is clarified.

Research for practical purpose will be discussed in chapter 4. For the practi-
cal purpose, we propose a computational method of WAIC in variational Bayes
learning, which method is called WAIC-VB. In WAIC-VB, WAIC is computed
by the importance sampling from a proposal distribution constructed based on
variational poscterior distribution. Since it is easicr to sample from such a
proposal distribution than from the original Bayes posterior distribution, we
can compute WAIC at lower computational cost compared to the method us-
ing MCMC. To validate the proposed method, we conduct some numerical ex-
periments on WAIC-VB and compare its performance with generalized DIC
proposed in [18].

In summary, through the research conducted in this paper, we will gain
new insight in unbiased cstimator of gencralization loss in statistical learning.
Details on the research will be discussed in the subsequent chapters.



Chapter 2

Framework of Bayes
learning

In this chapter, we introduce fundamental concepts in Bayes learning and review
its basic theory. In section 2.1, we introduce some fundamental concepts in
Baycs learning theory and fundamental assumptions in this rescarch. In section
2.2, we review the general thoretical framework of Bayes learning based on
cumulant generating functions of two losses. In section 2.3, we introduce the
concepts of regular case and singular case and briefly review its learning theory
for each casc. Lastly, in scction 2.4, we review “Equation of States in Statistical
Learning” and introduce a widely applicable information criterion, WAIC, as
an unbiased estimator of Bayes generalization loss in general singular case.

2.1 Fundamental concepts in Bayes learning

2.1.1 Fundamental concepts and assumptions

Here we introduce some fundamental concepts and assumptions. Let N, n and
d be natural numbers, Let X1, Xs, ..., X,, be random variables on RY which are
independently subject to the same probability density function as ¢{x), which is
called the true distribution below. Let p(z}w) be a probability density function
of x for a paramecter w € W C R?, which is called a lcarning machine or a
parametric model below. The prior distribution is represented by the probability
density function ¢(w) on W. In this research, we assume

e W is compact and its open kernel W?, where open kernel is the maximal
open subset included in W, is not empty.

e There exists a parameter wy € W which satisfies ¢(z) = p(z|wo).

e p(w) >0 for Yw e W.



2.1. FUNDAMENTAL CONCEPTS IN BAYES LEARNING 8

Definition 1 For a given pair of the true distribution ¢(z) and a parametric
model p(x|w), the log density ratio function and Kullback-Letbler distance are
respectively defined by

R (C.))
f(x»‘ U/) - loo p(liw) s

_ op A1)
K(w) - /Q(CC>1 g])(-”?t"l!) dz.

In this research, the log density ratic function f(z,w) and Kullback-Leibler
distance K (w) are required to satisfy the following fundamental assumptions to
develop the theory rigorously.

Fundamental assumptions

(1) It is said that ¢(z) and p(z|w) satisfy the fundamental assumption (1) with
index s if the following conditions are satisfied. In this research, we assume
s = 0.

For f(x,w), there exists an open set W(©) ¢ C¢ such that:

(1-a) W ¢ W©), :

(1-b) W 5w f(-,w) is a L¥(g)-valued complex analytic function,
(1-¢) M(z) = sup,,cwo |f(x,w)] is contained in L*(q),

where C? is the set of all d-dimensional complex numbers and L(q) is the sct of
functions whose s-th powers are integrable with probability distribution ¢(z)dx.
(2) There cxists € > 0 such that, for

Q(z)= sup p(zfw),
K(w)<e

the following integral is finite,
/]\/f(:r:)z(g(:z:)d:z: < o0,

(3) K(w) is an analytic function of w.

Definition 2 The empirical loss function is defined by

T

1 s . 1 q(X)
Kn('w) = —r; Z f(Xzs w) - —f? ZIOg p(XlllIJ) '

de=1 dz=1

Remark. It is clear that E[K, (w)] = K(w) holds, where E[ ] represents the
expectation over X",
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2.1.2 Bayes learning
Here we introduce Bayes learning. For a given training set

X" = {Xl,XQ: X”}7

the Bayes posterior distribution is defined by

p(w]X™) =

Z&,;) TT P ) (w),
i=1

where 0 < £ < oo is the inverse temperature and Z(X™) is the normalizing
constant. The case § = 1 is most important because it corresponds to the strict
Bayes estimation.

Remark. The posterior distribution can he represented using empirical loss
function as follows.

peAX") = Z'o(lX“) oxp(—nBK, (w))p(w),

where Zo{X™) is also the normalizing constant.

The expectation value over the posterior distribution is denoted by

B[ (w)] = / F(w)p(w| X",

where f(w) is an arbitrary function of w. The Bayes predictive distribution is
defined by
p(z]X™) = By [p(z|w)].

2.1.3 Generalization and training losses

From both theoretical and practical viewpoints, it is important to evaluate how
well the predictive distribution p(z|X™) approximates the true distribution ¢(z)
as a result of learning. In general, Kullback-Leibler distance plays a key role as
a measure of discrepancy of two probability distributions in statistical learning
theory. Generalization error is defined by Kullback-Leibler distance from g{(z)
to p(z|X™) and training error is defined by empirical Kullback-Leibler distance
from g(z) to p(x]X™).

Definition 3 Generalization error G§f’ ) and Training error T,§0) are defined by

649 = [ ata)ton e, 1 208 S

respectively.
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In practice, the concepts of generalization loss and training loss are often em-
ployed, which are obtained by adding entropy term or empirical entropy term of
the true distribution ¢(z) to generalization error or training error respectively.

Definition 4 Generalization loss G, and Training loss T,, are defined by

Gy = — / q(z) log p(z| X™)de = S + GO,

=—~Zlo (X)X = S + TV,

where S and S, are entropy terms defined by
N 1 7
§= —/ ¢(z)log g(z)dz, S = —— glog q(X:)

From the definition, it can be said that G,, is a loss for unknown samples and
T, is a loss for obtained samples. In statistical learning, it is desired that G,
gets smaller from the viewpoint of prediction, however, we cannot calculate G,
divectly from samples. Hence, it is very useful if we can cstimate G, using
quantitics which can be calculated from samples, such as 7T,,.

2.2 'Theoretical framework of Bayes learning

Omne of the main goals of Bayes learning theory is to clarify the asymptotic
behavior of G, and T,,. Here we introduce the common theoretical framework
for deriving the asymptotic behavior of two losses.

2.2.1 Cumulant generating functions for G, and T,

Firstly, we introduce cunulant gencrating functions for G, and 7,.

Definition 5 Let a be a real number. Then cumulant generating functions for
generalization loss and training loss, which is denoted by Gn(o) and T, (), are
respectively defined by

Gul(a) = Ex [log Eu[p(X]0)],, Tola) = > Zlogﬁ&w (X w)7].

z-1
Then, k-th cumulants are defined by their k-th derivatives at o = 0.

From the definition,
== "“gn(l)o Tn === _7;1(1)
clearly holds. Hence, it can be said that the behavior of G, and T, is clarified
by invostigating the cumulant generating funtion G, () and 7, (o). To describe
(M( ) and Tk ((y) in a unified way, we introduce the following notation.

10



11 CHAPTER 2. FRAMEWORK OF BAYES LEARNING

Definition 6 For a random variable A, 1;,(A) (k € N) is defined by

w[(log p(Ajw))* p(Alw)*]

E
Ik(A) = E,, [p(Ajw)e]

Then, following lemma holds.
Lemma 1

G () =Ex[l(X)], P (a) =Ex[la(X) - F(X)]

n

T = 2310, TE() =3 Y (k%) - HX)

t=1

Proof.

Since the first derivative of G, () is calculated as

'd(_lc? (B [p(X w)])
B [p(Alw)=]

=Ky [EwKIng(X]'U)))p(Xlw)a}} |

6(c) = Ex
()= Ex B [p(Aw)"]
gt (o) = Ex[l1(X}] holds. Note that, in general, for an arbitrary differentiable
function f(«) and a natural number k&, the following relation holds.

4 (f““')(a)) _ S5 fB(a) (e
da \ f(a) fle) fl@)  fla)

From the above relation, &2 (@) = Ex[la(X) — 1}(X)] clearly holds.
The second half of the lemma can be proved in the same way. (Q.E.D.)

2.2.2 Fundamental theorem for Bayes learning

Here we state the fundamental theorem for Bayes learning, which provides the
common theoretical framework for deriving asymptotic behavior of generaliza-
tion and training losses.

Theorem 1 Assume that

_fd’_)3g“((v)i = op(;li), 1(%)37;L((2)

do i

1

:"p<’5)

holds. Then generalization loss G, and training loss T,, can be calculated by the
following formula.

’ ]_ 1" 1
Gp = —Gn(1) = -G, (0) - :2‘gn(0) + Op(f,';):

T = ~Ta(1) = ~T2(0) ~ 57, (0) + (),

T2
11



2.2. THEORETICAL FRAMEWORK OF BAYES LEARNING 12

where
g;z (0> = =5 =By {I{(’U/‘)L
G, (0) = Ex[Eu[£(X,w)*] = By [£(X, w)]?],
7:;(0) = -8, — Ky [I n(“’)}
Z {Bu[f (X5, w)?] = Ey[f(Xs, w)]?} .
Proof.

From the definition of G,(a), G,(0) = 0 holds. Hence, from the mean-value
theorem, there exists 0 < |o*| < |a| such that

1

: 1 oo 1 . .
gﬂr((X) = CYg”(O) + SQQQn (0) -+ G(X&g (CV )
By substituting o = 1 to the above equation, we obtain

’ 1 ks 1
Gn = —g'n(l) = '—gn(o) - 'é'gn (O> + 02’7(7))

from the assumption of the theorem.

1]

Ty = ~Ta(l) = ~To(0) — 2T (0) + op()

n

l\D(t——*

can be proved in the same way.
From Lemma 1, the first order cimulants G, (0) and 7, (0) arc given by

G, (0) = Ex [11(X)]amo] = Ex [Eq [log p(X w)]],

1 I
= =3 h(Xdlamo = = 3 Euflogp(Xilw).
=1 i=1

On the other hand,

i

q(X) 0
p(X|w)”
= =5~ E,[Ex[logp(X|w)]] = -8 — Ex[E,[log p(X|w)]],

B[ K (w)] E,Ex[f(X,w)]] = E,[Exlog

B [ (w)] = Z F(&i,w Z] P(X 13’)]
= -5, — % Z B, [log p(X;jw)].

Hence,

G, (0) = =8 = Eu[K(w)], T, (0) = =Sy — Ey[Kp(w)]

12



13 CHAPTER 2. FRAMEWORK OF BAYES LEARNING

holds. Also from the Lemma 1, the second order cumulants G, (0) and 7, (0)
arc given by

G, (0) = Ex[la(X)a=0 — F(X)]a=o] = Ex[Ey [log p(X [w)?] ~ Eq [log p(X |w)]?],

] — 0o 1o, o o o
To (0) = = > {lo(Xe)lam0=E(Xi)|az0} = = 5 _{Eu{log p(X;fw)*]~Euw [log p(Xi]w)]*}.
i=1 iz=1
Then, since

By [/ (X, w)?] = By [f (X, w)]?

E,, [{log ¢(X) — log p(X |w)}?] — By [{log ¢(X) — log p(X |w)}]?
= logq(X)? - 2log g(X)Ey[log p(X |w)] + Ewllog p(X |w)?]
~ {logg(X)* — 2log q(X)E. [log p(X|w)] + Eq log p(X|w)]*}
= Bullogp(X|w)?] = Ey[log p(X|w)]?

holds, we completes the proof. (Q.ED.)

Remark. In Theorem 1, it is assumed that

4
dox

)37;1‘(0‘)

:077(%)

(

d .. 1
(P a(e)] = (),

holds, It is shown that these assumptions are really satisfied in Bayes learning
theory [29].

The next theorem holds only for Bayes learning aud plays an important role in
Bayes learning theory.

Theorem 2 Let K] | represents the expectation over samples X™. Then
ElGn-1(8)] = ~E[T.(=5)].

Hence, when third and over order cumulants go to zero faster than %; the fol-
lowing relation holds.

B[G,1(0) + 5,1 (0] = BIT,(0) ~ 57, (0)] + o).
Proof.

Here we denote a normalizing constant Z(X™) as Z,(8), where 0 < 8 <
represents the inverse temparature. Then, from the definition,

Z,(8) = / [T (X))

13
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Besides, we denote expectation over the posterior distribution p(w|X™) as B[]
in this proof. Then, the following relation holds,

Z (8)
1 JURY- ) . NS
bl = 2 ey
Then,
G2 (A) = B, log B p0a) )
(8) Zn-1(8)
= E Tt l MIE]‘ T
X [OgZ, 1(,3)1 {Og Zn(ﬁ) ]
= ~E%gZE5/ﬁuamYﬁ£b¢anwwMM
= —E[loglE&{p(anw)"ﬁ]]
Since

Eflog 7, [p(X1]w) 7)) = Eflog By [p(Xafuw) P[] = - - = Eflog Bl [p(X, w)~7]],

E[Ga-1( : ZlogE" [p(Xihw) ™)) = ~E[T,(~5)]

holds, which completes the pmoi of the first half of Theorem 2. Then, from the
mean-value theorem, there exists 0 < |a*| < |a| such that

11

Gu-1(a) = aG, (0) + £0°G, (0) + 5o’ ()
By substituting o = 3, we obtain
Gn1(8) = 5G,1(0) + 568G (0) +0,(=).
In the same way, we obtain
Ta(=8) = ~BT(0) + 587, (0) + 0p(-).
Hence, from the first half of Theorem 2,
E9G,-1(0) + 56°G-, (0)] = EIST, (0) ~ 57T, (O)] +o()

Then, by dividing by 8 s 0, we obtain the sccond half of the Theorem.  (Q.E.D.)

2.3 Regular and Singular cases
Here we introduce two important concepts, regular and singular, for the pair

of (g(x), p(z]w)). After that, we briefly summarize the fundamental result of
statistical learning theory in both regular case and singular case.

14
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2.3.1 Definition of regular and singular cases

Here we state the definition of regular and singular cases for the pair of (¢(z), p(zjw)).
Recall that we assume the true distribution g(z) is realizable by a parametric
model p(zjw).

Definition 7 Let W C R? be a parameter set and Wy be
Wo = {w € W;q(z) = p(zlw)},

which is called a set of true parameters. Then, a pair of the true distribution
and a parametric model (g(z), p(z|w)) is said to be in a regular case if and only
if the set Wy consists of o single element wg € W° and Hessian matriz of K(w)
at Wy

J = V2K (wp),

is positive definite, where V2K (uyg) represents a d x d matriz whose (i, ) com-
ponent is given by
. PK
(V2K (wo))iy = (m)(100)~

Otherwise, it is said to be in a singular case.

Remark. (1) Under the assumption that the true distribution is realizable by a
parametric modcl, it can be proved that Hessian matrix of K (w) at wp is equal
to the following Fisher information matrix I at wg. (cf. Lemma 5)

I = /Vlogp(:r,{wg)(v 10%7)(561100))%(:5)@:

where
15} & g \T
V=50 (o )

and ( )7 represents its transpose. Hence, on that assumption, we can use Fisher
information matrix I instead of Hessian matrix J in the Definition 7. However,
when the true distribution is unrealizable by a parametric model p(zjw), it
turns out that regularity of Hessian matrix J is more cssential than that of
Fisher information matrix I for the regularity condition of {¢(x), p(zlw)).

(2) The terms such as ‘regular model’, ‘singular learning machines’, arc often
used. That is, the concepts of regular and singular are employed as a term not
for representing the property of the pair of (g(x),p(zjw)) but for the model
p(a|w). Roughly speaking, a parametric model or a learning machine is said to
be regular if and only if a parameter corresponds to a parametric model one-
to-one and there does not exist a parameter in the parameter space at which
Fisher information matrix is degenerate. Otherwise, it is said to be singular.

15



2.3, REGULAR AND SINGULAR CASES 16

2.3.2 Overview of Statistical Learning Theory

The goal in this scction is to summarize how to derive asymptotic behavior of
G,, and T, in both regular case and singular case. Before discussing in detail,
we explain our basic strategy which is common in both cases.

From Theorem 1, for deriving asymptotic behavior of G, and T,,, we have to
clarify the asymptotic behavior of the first and second order cuinulants, that is,

g;l(()) =-S5 ~E, [K(w)],

g;; (O) = ]EX [Ew {f(Xa w)Q} - Ew [f(X ,w)]2],

To(0) = ~Sn — B [, (w)],

T 0) = 3 (Bulf O 0] = Bul) (X w)]},

where

_ /( )52(‘11))6#(1)

Byl | = Towdw

Qw)dw = exp(—nf Ky, (w))p{w)dw.

Hence, the following is our basic strategy for deriving asymptotic behavior of
Gy and T,,.

Step 1: Clarify the asymptotic behavior of Q(w)dw and E,[ ].

Step 2: Clarify the asymptotic behavior of the first and second order cumulants

Gu(0),G,(0), 7,,(0), T, (0).
Step 3: Clarify the asymptotic behavior of &, and T, based on Theorem 1.
To derive asymptotic behavior of Q(w)dw, it is sufficient to consider the behavior

of I, (w) in the neighborhood of K (w) = 0 [28, 29].

2.3.3 Statistical Learning Theory in regular cases

Here we briefly summarize the statistical learning theory in regular cases.

We begin with Step 1, that is, clarifying the asymptotic behavior of Q(w)dw
and E,[ ]. Fivstly, we investigate the behavior of K, (w) in the neighborhood
of w = wp.

Definition 8 A stochastic process 1, (w) is defined by
1 7
, = —= K(w) — f(X;,w)).
(W) \/71_;( (w) = f(Xisw))

16



17 CHAPTER 2. FRAMEWORK OF BAYES LEARNING

Lemma 2 The mean function of n,{w) is the zero function and the corelation
Junction of np{w) is given by

Ex[f(X,w)f(X,w)] - K(w)K(w).

When n — oo, a stachastic process 1, (w) converges to a gaussian process n{w)
in low, which has the same mean and corelation function with m,(w).

From Definition 8, empirical loss function can be described as
Kn(w) 1’()_—‘172()
(alw) = K(w w).
1)\ L u \/.7—]: "

Note that
K(we) =0, VK(wg)=0, 7,(we) =20

holds. Then, from mncan-value theorem, there exist w*, w™ such that

K(w) = %(’w —wg) - J(wYw — wp), nelw) = (w—wy) Vi, (w™),

where J{w*) represents Hessian matrix at w = w”. Therefore, following equa-
tion holds.

nKp(w) = g(w —awp) - J(w* ) (w = wp) — vVr(w — wo) - Vi (w™)

&

= DI — T )|

N
5 w) ™ g ™)

Hence, in the neighborhood of w = wy,

. T 1 1., .1
nk, (w) = ’2“l|J‘3(w - Wy — ”’;J lvnn(w(i))HQ - §||J ‘ZV??n('wo)HQ

=

Here we introduce the following notation &, and én.-
Definition 9 Random variables &, and én are defined by
En = J”UQV?)n(wo),
En = J 'V (wo) = J~V2%,.
Hence, from Definition 9,
ko (0) 2 5174w = = S = Sl
holds in the neighborhood of w = wg.

Then, we can directly obtain the following lemma.

17



2.3. REGULAR AND SINGULAR CASES 18

Lemma 3 Assume that (q(z), p(z|w)) is in regular cases. Then, B[ | has the
following asymptotic behavior.

O (=222 (w - wo — &)[[F)dw

Euf | ; —
J exp(=2 172w — uo — $50) 1P

(1 + 0p(1)).

Next, as Step 2, we investigate the asymptotic behavior of the first and second
order cumulants.

We begin with introducing an important concept, Fisher information matrix
and showing some lemmas.

Definition 10 I{w) and I, d x d matrices, are defined by
I(w) = Ex[Vf(X, w)(VF(X,w))T] = VE (w)(VE (w))",
I'=I(wp) = Ex[Vf(X, w)(Vf(X,w))"]
A matriz I is called Fisher information matriz at w = wy.

Lemma 4 Assume that I(w) is positive definite. Then, following convergence
in law holds.

(1) For each w € W, a random variable Vi, (w) converges to N(0, I{w)) in law.
(2) A random variable £, converges to N(0,.J Y2112 in law.

(3) A random variable &, converges to N(0,.J 1T~ in law.

Proof.

(1) For cach w € W,
1 k13
Vi (w) = N ;(VK(QU) — V(X w))

holds. Hence, from the central limit theorem, Vi, (w) converges to N (0, I{w))
in law.

(2),(3) It clearly holds from the definition of &, and &,. (Q.E.D.)

Following lemima is an important property of realizable and regular case.

Lemma 5 Assume that the true distribution g(z) is realizable by o parametric
model p(xlw) and (¢(x), plahw)) is in regular cases. Then I = J holds.

Proof.
From the definition,
1= [ 4(a)V log plalun) (7 g plolwo)) dz, I = - [ a(a)V* log p(sluo)d

18



19 CHAPTER 2. FRAMEWORK OF BAYES LEARNING

holds. Then,
Vp(zlws)

V log p(a|wo) = plzlwe)

V2p(z|wo)plz|wo) — Vp(zlwo)(Vp(z|we))T

V? log p(zlwe) =

plafwo)?
Vep(zlwo) _ Vp(zlwo)(Vp(a|wo))™
p(x|wo) p(zlwo)? '

Thercfore, from the assumption of g(z) = p(z|we),

J = _/‘q(a:)v2 log p(x|we)dz = "/7)(531wo)vglogp(m|wg)d:c3

Vp(a|wo) (Vp(w|wo))”
pzlwy)?

= —/ Vgp(wlwo)da:—l—‘/- q(z) dz,

— [ 4(@)V ogplalun) (¥ ogp(afun)) "z = 1
which completes the proof. (Q.E.D.)

Now we prepare some formulae to derive asymptotic behavior of the first and
sccond order cumulants.

Lemma 6 Following equations hold.

N 1 - 1
Ep [w] = wq -+ “ﬁgn, -+ Op("\/-——,;;)

B [(w = wo)(w — w)"] = ';; + é;—fi + op(%),
Bulf (@, 0)] = S V(@ u0) + o0 72)
and
Eulf (2, w)?] = Bl (@, w)]?
= (I (Ve ) (Ve w0 ) + o0,
Proof.

Firstly, from Lemma 3,

S wexp(—22 [T (w — wo — 5)|1%)dw

Byfw] = - (L +o0p(1))
[ exp(=22 T2 (w — wo — %) [2Ydw ?
— 0 .E._ ¢ - ( 1 )
= W \/;;671 Op \ﬂ’— :

19



2.3. REGULAR AND SINGULAR CASES 20

Note that the following equation holds,

€n J!

npf 1/2 . én 2 __ 1 .
~—~§—H] (U) - Wy — \_/:7;)” 2(11) — Wy ~— :/—7;) . (7{5“) (w wo ‘\“7'{)
Hence,
Bul(w - o - S5 IR Y
w[{Ww — wy — w— Wy — —= — + 0,
0 \/’* 0 \/—— nB 1
That is,
T F £T -1
= . ™_ , "o &n NRYS én,fn J 1
B [(w—1wp ) {(w—1wg )} |~ By [ uo]ﬁ \/ﬁle[(w we)” 1+ i p(n)

Then, since
1 . 1
}Ew[’w - ’LU()] = ﬁén + Op(ﬁ):

we obtain

By [(w — wo)(w — wo)T] — §-I3—§’—’ = I +o (}—)
v 0 0 n n? Pn’

that is,
By [(w — wo)(w — wg)T] = é"f” p( )

n [3

Next, from mean-value theorem, there exists w' such that
f(@,w) = (w—wo) - Vf(z,w").
Thercfore,

Bl (2, 1)) = Bul(w — wo) - (V. (2, wo) + 0p(1))] = } V(2 wo) + <—§—»—>

Lastly, since

B (f(z, w)Q] = By [((w —wp) - V f(z, 'LL"F))Q]
= By tr((w - wo)(w — wo) " (Vf (2, w" ) (V[ (z,wh))")]

= tr(Euw[(w — wo) (w ~ w0) "} (Vf (z,w0))(V F (2, w0))") + Op(%)

— (ST w7 )+ 0p(D)
‘Hﬁ ! n 3 oy g y WO D H)

we obtain

1u [f(z, w)?] = By [f (2, w)]?
= ——~tx(J NV F (5 w0))(V £ (2, w0))T) + op(%),

20
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which completes the proof. (Q.E.D.)

Based on Lemma 6, we can derive the asymptotic behavior of the first and
second order cumulants and finally the asymptotic behavior of G,, and T, as
Step 3.

Theorem 3 Assume that the true distribution g(x) is realizable by a parametric
model p(z|w) and (g(z), p(z|w)) is in regular cases. Then, asymptotic behavior
of G, and T, can be described as

1 9 1 1 5 1
Gp =5+ %H‘EHH +0p(ﬁ)> Tn—Sn—%HénH +0p(n)~
Proof.

From Theorem 1, we can derive asymptotic bci/lavior of G,, and 7T}, by calculating
the first and second order cumulants G, (0), G, (0), 7,,(0), 7, (0) using Lemma, 5
and 6.

At first, we derive the asymptotic behavior of Gy, in regular cases.
Since there exists w* such that

K(w) = <(w—wg) - J(w" ) w — wg) = %tr(.](w*)(w —wo)(w — wo)T),

[N

the first order cumulant G, (0) can be calculated as

*_(7;,(0) = S+ E,[Kw)]=5+ —;—Ew [tr(J(w*)(w — wo ) (w — wo) ™))
= S+ %tr(J(w*)Ew[(w — wp)(w — wp) "))

,o 1 J ér éy{

= S —,‘Z—tl(](—’fl—;/; + "‘L""’)) + OP(;)

= S+ = (RN ENT) + 0L
2np 2n " v "n

< el 1

= Gt lsnil
+2n[3+ 2n to n

Similarly, from Lemma 5 and 6,

17

G,(0) Ex (B [f (X, w)?] = Bu[F (X, w)]?],

1 o ) 1
= ;EE«\ hr(*]nl(vf (X, wo){Vf(X, wODT)} N 0p< ),

T

i

I 141
- nﬁtr(I’] )+OP(;;> - ?Ir,[j’ - Op( )

n

21
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Therefore, from Theorem 1,

"

! 1
Gp = _gn(l) = ~'gn(o) - égn (O) + OP(;)?
d l€n1l? _d

Yop T Ton Tamp T

g el
= ! —) =84 -).
(=) =5+ +op(~)
Next, we derive the asymptotic behavior of T), in regular cases.
Then, since
1 1 50, 1 a 1
Kn(w) = 551'71/2(‘10 —we — *ﬁfn)”“ = 5 llGnll” +op(=)

and the integral formula

S I (w = wo = J26)II exp(= 14w = wo = Fe€)IP)du g

J oxp(= B2 (|72 (w — wy ~ J=£,)[2)du - np

the first order cumulant 7}, (0) can be calculated as

——7_/ (O) — ‘S"n + IE“,{]<”(/U])] —_ bpn + ____(_l._‘ . nglHQ ‘t. O}(‘];)
" ) i 2npB 2n i
Besides, from the law of large numbers,
" 7 1 d 1
7;L (O) = gn(o) + OP(;;) = ;{E -+ OZ’(E)'
Hence, from Theorem 1,
. . . i 1
Ty = ~T.(1)=-T,0)~ 57;1 (0) + Op(;;)u
g d ||'£n||2 d N 1. o ||&sz
Sn + 2np 2n 2np ' ()p(n) = 5 2n + Op( )

which completes the proof. (Q.E.D.)

Lemma 7 Assume that the true distribution g(z) is realizable by o parametric
model p(zjw) and (g(z), p(z|w)) is in reqular cases. Then, following holds.

E[|€u][*] = d + o(1)
Proof.
From Lemma 4, &, converges to N (0, J~Y21J~1/2) in law. Hence, when g(z)
is realizable by p(x|w) and (q(x), p(x|w)) is in regular cases, E[||£,[|?] converges
to tr(JJ 1), which is cqual to d from Lemma 5. (Q.E.D.)

From Theorem 3 and Lemma 7, we obtain the following theorem.

22
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Theorem 4 Assume that the true distribution g(x) is realizable by a parametric
model p(zlw) and (g(x), p(zlw)) is in regular cases. Then, expected value of G,
and T, can be asymptotically described as

d 1 d 1
‘n] = — -}, E[T,]=8~--— 2.
ElGn] =S+ 5~ +0(=), E[l] =5~ 5 +o(=)
From this theorem, it is shown that
. d 1
E[Gn] = E[[‘n] -+ ‘7; + O(E)

holds. Hence, when ¢(z) is realizable by p(z[w) and (¢(z), p(zjw)) is in regular
cascs, Ty, + % can be used as an asymptotically unbiased estimator of general-

ization loss G,,.

2.3.4 Statistical Learning Theory in singular cases

Here we briefly summarize the statistical learning theory in singular cases.
Firstly, we state three fundamental theorems in singular learning theory without
proof.

Theorem 5 (Hironaka’s theorem) Let K (w) > 0 be an nonnegative analytic
function on an open set W C R? and assume that there exists w € W which
satisfies K(w) = 0. Then there exists a d-dimentional manifold M and an
analytic map g+ M — W such that, on each local coordinate,

K(gw) = u* = g b,

lg' (w)] = c(wut| = c(w)lul* ul® - ul],

where |g (u)| represents Jocobian of w = g(v), that is,

Ow;
— )

du;

lg ()] = | det(

and c(u) > 0 is a positive analytic function.

Remark. (1) A pair of a manifold M and a mapping g, (M,g), is called res-
olution of singularities.

(2) In general, resolution of singularities (M,g) is not unique.

(3) In singular learning theory, Hironaka’s theorem is applied to Kullback-
Leibler distance K (w).

(4) A map g: M — W and multi-indices k, h depend on cach local coordinate.
When we emphasize such dependence on each local coordinate «, the notation
such as kg, e is caployed.

The next theorem shows that, on ecach local coordinate in M, the log density
ratio function f(z,g(u)) can be divided by uF.

23
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Theorem 6 Assume that the log density ratio function f(x, g(u)) is an analytic
function of u. Then, there exists an analytic function a(wx,u) such that

f(z, 9(w) = uta(,u).

Remark. Note that f(z,w) is assumed to be a L*(g)-valued complex analytic
function of w in the fundamental assumption in this rescarch.

From this theorem, following empirical process is well-defined, which plays an
important role in singular learning theory.

Definition 11 An empirical process £,(u) is defined by

6alt) = = }j{’ (%o w)

Remark. This empirical process is a stochastic process determined by a sample
X7 Its mean function is zero function and covariance function is

Elgn (u)én(v)] = Ex[a(X, w)a(X,v)] - uF o,

When n - oo, &,(u) converges to an gaussian process £(u) in law which has the
same mean function and covariance funciion with &, {u). We denote averaging
operation with respect to £(u) as E¢| | below.

The third fundamental theorem is on the asymptotic expansion of Schwartz dis-
tribution, in which onc of the important birational invariants, real log canonical
threshold (RLCT) firstly appears. Before discussing the theorem, we introduce
the concept of real log canonical threshold.

Definition 12 (Real log canonical threshold) Let us consider the values

(ﬁﬁiﬂ) (G=1,2-,d

2k

with respect to multi-indices ko = (kaj), ha = (ha,j) for each local coordinate
. When ko = 0, we define the above value as +oo. Then, we define real log
canonical threshold X as

d A 1
A = min min {%‘m}

o J=1 2 "a,j

and define its multiplicity m as

ha.j -+ 1 }

77’L=111§Xﬂ{j A= Do

where § represents the number of elements included in the set.

24
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Remark. (1) In the above, the concept of RLCT is defined by resolution of
singularitics of Kullback-Leibler distance K{w). RLCT also can be defined by
the zeta function of statistical learning as follows. The zeta function of statistical
learning is defined by

) = [ Kwipt)io (z<0),
where C is a set of the complex variables. Then ((z) is a holomorphic function
on the region Re(z) > 0, which can be analytically continued to the unique

meromorphic function on the entire complex plane [25]. All poles of the zcta
function are real, negative, and rational numbers [25].

Definition 13 (Real Log Canonical Threshold) If the largest pole of ((z)
is (=) (A > 0), then the real log canonical threshold is defined by N. The order
of the pole z = — X\ is referred to as the multiplicity m.

(2) The real log canonical threshold is invariant under a birational transform

,UJ == g(w,)7
plalw) = plelg(w’),
p(w) = wlg(w)ly (W),

where |¢'(w')] is the Jacobian determinant. Such constants arc called birational
invariants.

(3) The real log canonical thresholds for several learning machines were clarified
[2, 3, 16, 19, 20, 32, 33, 34, 35] using resolution of singularities.

(4) The real log canonical threshold is a well known birational invariant in al-
gberaic geometry, which plays an important role in higher dimensional algberaic
geometry [21].

Based on the concept of RLCT, we obtain the following theorem, which is the
asymptotic expansion of Schwartz distribution.

Theorem 7 When t — 0, there exists an integral elements du* such that
§(t — u)|ub(w)du = t* 71 (= log t)™ " Fdu* + o(t* " (~logt)™ ),

where we define du” as

1
Ju¥ = (5Lul N
o ((m — 1)12m H;”:l kj) (wa)up b(u)du

p={p;;j=m+1 -, d} is a multi-index which is defined by p; = —2Xk;-+hj.

Remark. (1) (uq,us) € R™ x R¥™™ swhere u, corresponds to variables u;
whose suffix j satisfies
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and up corresponds to other variables, respectively.

(2) In application, the term }u"|b(u)du corresponds to transformed prior distri-
bution, that is, [u”|b(u)du = @(g(w))|g (u)|du = [u*|c(uw)p(g(u))du.

(3) The proof of this theorom is conducted by using Mellin transform and in-
verse Mellin transform, which is one of the most basic techniques in singular
learning theory [28, 29].

Based on the three fundamental theorems, we can clarify the asymptotic behav-
ior of

Qw)dw = exp(—nBK, (w))p{w)dw.
Firstly, we introduce the standard form of empirical loss function K, (w).

Theorem 8 For Kullback-Leibler distance K(w), there exists o resolution of
singularities (M, g), that is, on each local coordinate in M, there exists a map-
ping w = g(u) such that
. ok 1 4
Kulg(u) = 2 = —=u6n(w),

p(w)dw = p(gu)lg (wldw = [u"]b(u)du.

Proof.
K, (w) = K(w)—(K{w)- Ky(w))
= K(w) - %Z(K(w) — F(Xsw))
= K(w) - Z (K(w) — f( X, w))

Then, from Theorem 5, there exists an analytic manifold M and a mapping
w = g(u) such that, on cach local coordinate in M,

Kn(g(u) o '\/'Z{U” a(X;,u)}

T R —
n
= ok - L. 2 WZ{U - a{X;,u)}
\'/ﬁ i1
.1 .
= g2k —= ~uf e, (),
Vi

which completes the proof. (Q.E.D.)

From Theorem 8, integral element Q(w)dw can be represented as

Qwdw = 3 exp(~nfu2t + v/afuk & (u))lu [gu(u)du,

26
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where Y represents the summation over local coordinates in M, and kg, ha
arc multi-indices on cach local coordinate in M and

ba (1) 1= ba(1)palu),

where ¢, {u) represents partition of unity. Then, from Theorem 7, it turns out
that integral element (2(w)dw has the following asymptotic behavior.

Theorem 9
S 1 m-—1
Q(w)dw = M__ Z/(]ﬁ}‘ Lexp(~ /j'H-ﬁ\/—En(u) du* oy (W( og:z ) )

where du* represents

. 1 »
du' = ((m — 1)tam Hm . ]{:7-> ) 5“““)“’5) dalu)du

and o is local coordinates which satisfy

¢ [hay+: e + 1
A:minmin{ﬁﬁ"—%—ﬁ}, mzmaxﬁ{j;)\: tayj }

o G=1 b 2ke

Proof.

Qw)dw = Zcxp —npue + /&, (w)[u | da(u)du

il

Z/ dr 8(r — u¥ Yl exp(—nBT + T B (1)) ba (u)du

s [T 6(t wZhe NVl g (w)du exp(— Bt 4+ BV, (1))
= Oy U | o > n iU
LJ./O n i) p M

n

Then, from Theorem 7,

¢

¢ o N i, log n)™?
(s(_rzw,u?lm)uhx a(u)du:(;)’\ 1(_1Ogn)n Ldu* 4 L,.______

nA—1

Hence,

1 m 1 1 -1
N w)dw = ng_%__ﬁy /dtt’\ L exp(— B4Vt (w))du* +o <(Og::,)\ )’

7
which completes the proof. (Q.E.D.)
From Theorem 9, we can derive the asymptotic behavior of By, | .

27

A
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Definition 14 For a given function F(t,u), an everaging operator { ) is defined
by

Ve S e du” fg dLF ()t exp(—pt + fv/i€n (1))
Za* f[og]d du* IQOO ditr—1 CXp(~ﬁt + L?\/ién(u))

(F(t,u)) =

Remark. E,[ ] = () {1+ 0,(1)) holds.
Between the parameter w and the variables (u, £), the following relation holds.
w=gu), Kw)=u"=—.

From this relation, it turns out that

Iz, 9(u)) = walw,v) = ﬁ()

Kalg() = 1 = —=ut (1) = = (0= Vigu(w)

holds.

Theorem 10 When n — oo, for an arbitrary positive real number s > 0,
o1 o 1 I
Eulf(z,0)") = = ((Via(e,w)*) +o,(=), (1) =5+ 5 (Viga(w)

holds.

Proof.

We can directly obtain the first equation from the relation

. . t
Flr, g(w)) = uFa(r, ) = [ =alz, u).
T
Let us prove the second equation. From the definition,

) = Za* f[(),l}ti du” [()OO di £ exp(—/5t + 6\/&:71(?1))
Yoo f[O.,I]d du* j;o dt t=1 exp(—Bt + B/t (1))

Then, since
oG
/ o B8 VTR (1)
0

_ L [o e pvien ] * 1 / T e pvisay
B ’ 0 Jé) 0 dt ’
_ j\_/oc e~ BlyA=1BViEn (W) _}_/OC o Bt BVEEn (u) §n(u>’
B Jo 0 2Vt

28



29 CHAPTER 2. FRAMEWORK OF BAYES LEARNING

we obtain the second equation. (Q.ED.)

Before discussing the asymptotic behavior of G,, and T, we introduce the con-
cept of functional variance.

Definition 15 For an cmpirical process &,(u), functional variance V (&, (v)) is
defined by

V(&n(u) = Ex[{ta(X,u)?) - (Vta(X, u))?].

Finally, we have completed the preparation for deriving the asymptotic behavior
of G,, and T, based on Theorem 1.

Theorem 11 Asymptotic behavior of G, and T, can be described as follows.

1A 1 ! =
Gn =5+ 25+ 5 (ViEatw) = 5V(60) + (),

-5 (Vg () = 5V(6) + 0,

Proof.

Firstly, we derive the asymptotic behavior of Bayes generalization loss Gy,. Ac-
cording to Theorem 1, it is sufficient to clarify the asymptotic behavior of the
first and second order cumulants. Then, from Theorem 10, following holds.

G,(0) = ~S-Eu,[1\'(w)}=-sm.1.<t>+0p(%)
= —S—l(; +2 <\/—§n(u> +op(1)
g;; 0) = Ex[E,[f(X,w) J E,[f(X, w)] ]
= ~B\ [(ta(X,u)*) = (Via(X, u))*] + o (-i—) = %V(én)+0p(%)

Hence, from Theorem 1,

i3 1 1" 1
Gy = ”gn (O) - :cz_gn (O) + 0[’(5)

= 5435+ 5 (Vi W) - 3V + o).

29
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Secondly, we derive the asymptotic behavior of Bayes training loss T,. Also
from Theorem 10, following holds.

T0) = —8, ~By[Kn(w)] = ~Sn — % <7f - \/Zﬁn,('u,)> n op(%)
= Sy = %(% - % <\/an( >>) T Op( )
T/0) = %Ejmw(&wﬁl WL F(X 0))2}

= %Z{(m(){ u)?) — (Via(X,u))? }+OP(;%)

Then, since

n
% Z al Xy, wal Xy, v) = Ex{a(X, w)a(X, 0} + 0,(1)

" i=1

holds, the difference between ng,, (0) and n7,, (0) converges to zero in probabil-
ity. Hence, from Theorem 1,

I

~T.(0) - 5ﬁm+%§>

1 1 1 1
= S, + E(E - 72“ <\/-ifn(u)> - ‘Q“V(fn)) + Op(;)a

T?I

which completes the proof. (Q.E.D.)

Then, from Theorem 2, we obtain the following lemma.

Lemma 8 For an gaussian process £(u), the following equation holds.

Ee[(VEEW))) = BBV (©)]

Proof.

From Theorem 2,

E[G, _,(0) + %an:mﬁm% (%+d

.717

holds. Then, since the differences between g;,_l(o) and Q;L(O) and between
G._1(0) and G, (0) arc smaller than op( ),

%

B[G,(0) + 26,(0)) = EIT,(0) ~ 57,/ 0] + o).

2
30



31 CHAPTER 2. FRAMEWORK OF BAYES LEARNING

holds. Hence,

1A 1
-5 = 22— B (Vi ()] + e, V6] =

1A 1 3 1
-5 = 22+ GrEe (Vi )] ~ ZBe, [V(E)] + ol

that is,
Ee, (Vg (w))] = BEe, [V (€x)] + o(1).

Then, since &,(u) — £(u) in law,
Ee[(Vi£(w))] = BB [V (S)],
which completes the proof. (Q.E.D.)
From the above lemma, we can iutroduce the concept of singular fluctuation.
Definition 16 The constant v defined by
w = Be[(VEE(w)) = BE[V(£)]
is called singular fluctuation.

Remark. (1) In general, singular fluctuation v depends on 3.
(2) It is known that singular fuctuation v is also a birational invariant.

By introducing the constant v, we can describe the expected Bayes generaliza-
tion loss and training loss using two birational invariants A and v as follows.

Theorem 12 Ezxpectation values of G, and T, can be asymptotically described
as follows.

oL A—w 1
EWJ—6+5(ﬁ +v)+o(~),
L1 A—vw 1
LE{T,,}=5+—7;( 5 —-l/)—%—o(;).

2.4 Unbiased estimator of Bayes Generalization
Loss

2.4.1 Equation of States in Statistical Learning

Definition 17 We define a random variable V,, as

Vo = Z{wa(logp(}fifw))z} e IEU)Ung(fY?T]w)}Q}

g=x]

and call it also as functional variance.

31



2.4. UNBIASED ESTIMATOR OF BAYES GENERALIZATION LOSS 32

Lemma 9 When n — oo, the following holds.

lim BE[V,] = 2v

n—ro0
From Lemma 9, the following thcorem holds.

Theorem 13 For an arbitrary triple (¢(a), p(ziw), p(w)), the following relation
holds among G, T, and V.

BV 1
E[Gn} = }E[Tn + - } + 0(5)

n
Remark. The above cquation is called Equation of States in Statistical Learn-
ing, which always holds in both regular and singular cases.
2.4.2 A Widely Applicable Information Criterion : WAIC

From the Equation of States in Statistical Learning, the following asymptotically
unbiased estimator of Bayes gencralization loss is proposed [26].

Definition 18 A widely applicable information criterion (W AIC) is defined by
BV,

n

WAIC =T, +

Remark. From the Fguation of States in Statistical Learning,
1

E[G,] = E[WAIC] + o~)

n

holds.
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Chapter 3

Statistical Learning Theory
of Quasi-Regular Cases

In this chapter, we introduce a new concept in statistical learning theory, quasi-
regular case and cxplain its basic theory. Quasi-regular casc is included in
singular cases in general but has similar properties as regular cases. The concept
of quasi-regular case was discovered through investigating singular Huctuation
defined in chapter 2. In section 3.1, we explain our motivation for developing
the concept of quasi-regular case. In section 3.2, we define quasi-regular case
and show some examples. In section 3.3, we describe theoretical foundation of
quasi-regular case. In section 3.4, we prove the main theorem in this chapter,
which provides the first example of singular cases for which the exact value of
singular fluctuation is clarified.

3.1 Motivation for Quasi-Regular Cases

In chapter 2, we explained that asymptotic behavior of expected Bayes gen-
cralization loss and training loss was determined by two birational invariants,
real log canonical threshold A and singular fluctuation v. As stated in chapter
2, real log canonical threshold, RLCT, is a well known birational invariant in
algcbraic geometry. Also in singular learning theory, the exact value of RLCT
has been discussed for many learning machines. However, in contrast, singular
fluctuation, SF, is considered to be firstly discovered in singular learning theory
and its mathematical properties are left totally unknown. It is no doubt that
SE is an important birational invariant for singular learning theory, because
it determines the asymptotic difference between expected Bayes gencralization
loss and training loss, that is,



3.2. DEFINITION OF QUASI-REGULAR CASES AND ITS EXAMPLES 34

Hence, it is a challenging problem in singular learning theory to investigate the
mathematical properties of singular fluctuation, in other words, to clarify what
the singular Aluctuation is mathematically. In this thesis, we focus on clarifying
the exact value of singular fluctuation in singular cases. Since it seems difficult
to consider on singular fluctuation v = v(8) in general singular cases, we begin
with a restricted class of singular cases. As the first step, we propose the concept
of quasi-regular cases.

3.2 Definition of quasi-regular cases and its ex-
amples

3.2.1 Definition of quasi-regular cases

Here we state the definition of quasi-regular cases and show some examples.
Note that we assume the true distribution g(x) is realizable by a parametric
model p(z|w). Then, we can assume ¢g(x) = p(x|0) without loss of generality.

Definition 19 (Quasi-Regular Case) Let g be a natural number and
do,dy, -+ ,dy be integers satisfying

O=([()<Cll<"~<(lg:d.

We define a function u = (uy, ug, ..., uy) € RY of the paramater w € Re by

dy

Uy = H’Ll}j,
j=1
da

uy = H wy,
J=di 1
.

dy

Ug = H Wi

Jedg e+l
If there exist constants ¢y, ca > 0 such that, for arbitrary w € W,
2 2 2 2
er(ui + - +ug) < K(w) < caluj + - +uy),

then the pair (g(x), p(zlw)) is said to be in a quasi-regular case.
Remark. (1) If g = d, then

{wig(z) = p(zhw)} = {0}
8% K (0)

and Fisher information matrix at 0, which is equal to V2K (0) = (m%)li“ F<ds
is positive definite, hence the quasi-regular case corresponds to the regular case.

34
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‘We can prove positive—deﬁniteness of V2K (0) as follows. Firstly, from the as-
sumnption of ¢(x) = p(x]0), K(0) = 0 holds. In addition, since K{(w) is non-
negative in the neighborhood of w = 0, VK (0) = 0 holds and V2K (0) is positive
semi-definite. Then, from the Taylor’s theorem, there exists 0 < 8 < 1 such that

Z)gli (Ow)
O 0w Owy,

1 2
K(w) = §wTY7“K(O)w + é Z

1<igksd

W Wi W«

Assume V2K (0) is not positive definite, that is, V2K (0) has cigenvalue 0 and
corresponding eigenvector v = (v;)%., # 0. Then, for arbitrary ¢ # 0,

. 3 SK(0(tr
K(tv) = 7 —é-‘)—fw\é(——(,—;@-'uwjv;ﬁ.
1<i T k<d w; OW Wy

Since (g{xz), p(zjw)) is in a quasi~rogula1' case,

P K(O(tv
£y (tv))

2
cit“iv e Y U,
[l Ow; w0y,

1<4,4,k<d

By dividing both sides by t* # 0, we obtain

¢ PPE(O(tv))
C1HUH 6 1<”2,:<d (‘)wif)wja wp ViV Uk

When ¢ - 0, we obtain ¢]|v]|? < 0. Since v # 0, this is a contradiction.
Therefore, a quasi-regular case contains a regular case as a special one.

(2) If g 5 d, then “K{(w) = 0 <= w = 0" docs not hold, because, for at least
one variable wy, K(0,0, .., w;,0,..,0) = 0. Hence a quasi-regular case with g 5 d
is not a regular case but a singular case.

(3) There arc singular cases which are not contained in quasi-regular cases.
Therefore,

Regular ¢ Quasi-Regular ¢ Singular
holds. We show in Theorem 14 that a quasi-regular case is not a regular case,
however, it has the same property as a regular casc.
3.2.2 Examples of quasi-regular cases
In this section, we show some examples of (g(x), p(zjw)) included in guasi-

regular cases.

Example.1 Let a parametric model

(' ~ atanh(bz))?},

_ @),
p(:ﬂ,yiil))—- \/5“
35



3.2. DEFINITION OF QUASI-REGULAR CASES AND ITS EXAMPLES36

where w = (a, b) is the parameter and r(zx) is the probability density function
of z. If the true distribution is given by ¢(z, y) = p(z, y|0,0), then

1 o i -
K(w) = 5 /{atanh(bx)}‘r(w)da:
holds and there exist constants ¢, ¢o > 0 such that
e1(ab)? < K(w) < ealab)?.
Hence, this case satisfies the condition for a quasi-regular case with g = 1.

Example.2 Let a parametric model be

pla, ylw) = :/(*g———)‘- cxp{—é—(y — az? — btanh(cz))?},

wherc w = (a, b, ¢) is the parameter and (2) is the probability density function
of . If the true distribution is given by ¢(z, y) = p(z, 3]0, 0,0), then by using

Uy =, u2 = be,

it follows that .
K(w) = 5 /{anfz + btanh(ex)}?r(z)dzs

satisfies the condition for a quasi-regular case with ¢ = 2, because 2 and
canh(cex)/c is lincarly independent. In fact there exist ¢, ¢a > 0 such that

cr(a® + (be)?) < K(w) < eoa® + (be)?).
Hence the set of true parameters consists of the union of two lines,

{w;q(2,y) = p(z, ylw)} = {a=0,bc = 0}.

Example.3 Let a parametric model be

plz, ylw) = % oxp{——%(y — ax — btanh(cz))?},

where w = (a,b,¢) is the paramcter and the true distribution is given by
gz, y) = p(x,y|0,0,0). Then because & and tanh(ez)/c is not lincarly inde-
pendent as ¢ — 0, hence this case does not satisfies the quasi-regular condition.
In this casc

ci{(a+be)* + 28} < K(w) < ep{(a+ be)* + b2}

Example.3 resembles Example.2, however, from the viewpoint of statistical
learning theory, they are different.
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Example.4 Let X = (X, X3) and Y are random variables which take values
in {-1,1}. Then, a parametric model p(z, ylw) is given by

1
plwylw) = 7= 5] cxp(az1y + bray),

where w = (a, b, ¢) and Z{a, b) is a normalizing constant. The true distribution

is given by ¢(xz,y) = p(x,y|0,0) = % Such a model is often called naive Bayes

network model. In this case, it is shown that there cxist ¢q, ¢ > 0 such that
er(ab)® < K(w) < ealab)?,

Hence, this case satisfies the condition for a quasi-regular case with g = 1.

Example.5 Let a paramctric model be

r{w, 1 1 .
ey, 2he) = 5 ol - (2 = fa,p.w)),
i “
where
flz,y,w) = arsin(biz) + aszsin(bex)

“Fag sin(bay) + aqay sin{byy),

and w = {(a;,b;)}}_, is the parameter and the true distribution is given by

g(z,y,z) = p(a,y,z|0). Then (¢(z,y, ), p(z,y, z|w)) is in a quasi-regular case
with g = 4.

3.3 Theoretical foudation of quasi-regular cases
In this scction, we explain the theoretical foundation of quasi-regular cases.

Note that we assume the true distribution ¢(z) is rcalizable by a parametric
model p(xjw). The following lemma shows that the log density ratio function
of the quasi-regular case is represented by g linearly independent functions.

Lemma 10 Assume that the pair (¢{z), p(z|w)) is in a quasi-reqular case. Then
there exists a set of functions {e;{z,u);j = 1,2, ..., g} which are analytic func-
tions of u and

g
fle,w) = Z uje; (e, u)

J=1
in an open neighborhood of u= 0.
(Proot) Let us define a function

Flty=t+e ' ~1

37



3.3. THEORETICAL FOUDATION OF QUASI-REGULAR CASES 38

for ¢ € R'. Then F(0) =0, F'(0) = 0, and F(0) = 1, resulting that F(t) > 0
and that F(¢) = 0 if and only if ¢t = 0. Then,

Kw) = /(a,)F(log G )da

p(zlw)
= / g2} P (f(x,w'))dx
_;_/f(;v,wl)zcmt*f(g;,w’)q(:,,)dw’ (3.1)

I

where 0 < t* < 1 holds. Morcover,

/f(7 w')2e I g () da

pzlw’) ]
3 /M( ) ma\{l ) 2 g(a)de

IA

1
= 3 / M (z)? max{g(z), p(zfw’)}dz
1 2
< 3 M(x)*Q(x)dx
holds in the neighborhood of w’” = w such that K(w) = 0. From the fundamental
assumption (2), M (x)?Q(x) is an integrable function, hence eq.(3.1) is bounded

by the integrable function. By using Lebesgue’s convergence theorem for w’ — w
such that I{w) = 0, we obtain

1 .
=3 /]‘(:1:,'z,u)zq(:z:)u’,:iz. (3.2)
Hence, by the asswmption of the quasi-regular case, K{w) = 0 if and only if
Uy = Uy = -+ = uy = 0, which is equivalent to f(z,w) = 0. That is to say,

F{z, w) is contained in the ideal of analytic functions generated by s, ug, ..., ug.
Hence there exist a set {e;(z,u)} of analytic functions of u, which satisfies

g
w) = Z’U.jej(l‘, ).
Jj=1

Therefore, we obtained the Lemma. (Q.E.D.)

In the following lemma, we show that the quasi-regular casc has the generalized
Fisher information matrix. - or (- ) denote the inner product of vectors below.

Lemma 11 The g x g matriz I{u) is defined by
Iiji(u) = / g(@)ei(z, we;(z, u)dz.
Then I{u) is positive definite in an open neighborhood of u = 0.
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(Proof) By Lemma 10 and ¢q.(3.2), in the neighborhood of u =0

K(w) = %(u - I(w)u).

By the condition of the guasi-regular case,
g
c1 z uf < K(w).
=1

Hence the minimum cigenvalue of I(w) is positive, which shows I{u) is positive
definite. (Q.E.D.)

Remark. When (g(z), p(zw)) is in regular cascs, analytic functions {e;(z,u)}

corresponds to {—52-logp(x|w)}, hence I(u) is equal to Fisher information
J

matrix defined in Definition 10.

The following definition and lemma show that the empirical loss function of

the quasi-regular case has the same decomposition as that of the regular and
realizable case.

Definition 20 A random process &,(u) € RY is defined by

|
Enlu) = 7 ;{'2—](’11,)11, —e(Xi,u), }

where
e(z,u) = (e1(z,u), ealz, w), ..., eg(z, 1)) .

Lemma 12 The empirical loss function defined by

1 n
KK (w) = - Z f(Xi,w)

dm=]

is represented by
K ( )“ 1( I( ) ) : s ( )
LplW ~—2 u u)u m\/ﬁ u - Enlu

in the neighborhood of w = 0. Moreover, the random process &,(u) converges to
the gaussian process £(u) that satisfies

E[g(0) - 1(0)"¢(0)] = g-

(Proof) The empirical loss function is given by
. . I, .
Kp(w) = K(w) ~ - ;{I\’ (w) — f(X;,w)}
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By combining this equation with the definition of &,(u), the first half of the
Lemma is obtained. For the second half, the convergence of &, (u) is derived from
Theorem 5.9 and 5.10 in [28] under the fundamental assumption (1). Moreover,

E[éﬂ (O) ! I(D)*l'gn(o)]
= E{tl‘(](())”167,,(0)5,,,(0)7‘)} =4

where we used the covariance matrix of &,(0)

E[6. 0)6,0)7] = | alalelz,0)e(z, 07z = 1(0),

which completes the proof of the Lemma. (Q.E.D.)

In the quasi-regular case, the relation between w = (wy,wa, ..., wq) and u =
{11, Uz, ..., tg) is important. The following lemma shows the essential property
of the quasi-regular case. This lemma does not hold in general singular cases.

Lemma 13 When n tends to infinity,

d

dj

] u“"j o . m—1 $(ars.

* I (\/ﬁ - H w’\‘) = c3(logn) H 5(rwy)
1 ke=d; 141 e

q
g

where m = d — g+ 1 and ¢z > 0 is a constant.

(Proof) Firstly, we prove that the delta function with vaxiables x = (21,23, ..., 24)
in M = [0,1]*
D(,x) = 0(l — 122 - 2q)

has asymptotic expansion for ¢ — 0,
yd-=t d

1T d@e) + o((—log £)*=2). (3.3)
k=1

D([, X) = %

Let ¢(x) be an arbitrary C®-class function of x whose support is contained in
M.

Do) = /M D(t,x)p(x)dx.

Then its Mellin transform is
. . d
/ Dy(p)tdt = / H(zi)zq‘)(x)dx‘
. J A i=1

From the mean-value theorem, there exists x* such that
d(x) = ¢(0) +x - Vo(x"),
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where x* = 6x for some 0 < 8 < 1. Then,

d
/| IR
d

) /w [T (0(0) +x - Volx))ax

d d .
»(0) / . 0o,
= et (z;) 2 =——(x")dx. (3.4)
(z+1)4 ?;—; M g ! O;
Let us describe the second term as ©(z). Then we can prove that the maximal
pole of &(z) is (—1) and its multiplicity is not larger than d — 1. Note that all
poles of ®(z) is on the real axis from the property of zeta function. Then, for
real z > —1,

,‘?_?_(X*) y 1
dx; I+ Dz 4+2)

[®(z)| <d max
@reM1<j<d

Hence, the maximal pole of the function (3.4) is (—1) with multiplicity d. There-
fore, we have the asymptotic expansion,

d
" N 1 -
/ Dt(f, Xt dt = m lg ()(.‘17;) A+

for x € [0, 1]*. By using inverse Mellin transform, we obtain cq.(3.3). Sccondly,
let us prove the Lemma. By using eq.(3.3), for cach u;,

dj d;
Ug

O(—= — wy,) o (logn)b—di-1-1 S{wy
(\/77 k:rl]_;[1+l k) o (logn) T s

when n — oo, By summing up these relations for j = 1,2,..., ¢, Lemma is
obtained, (Q.E.D.)

j:dj 11

Remark. In the proof of asymptotic expansion of D(t,x) as ¢ — 0, we con-
strained the set M to be [0, 1}‘1. It is enough to prove the asymptotic expansion
when M = [0, 1]? from the following reason. Firstly, since w(w) has the support
which is compact, we can assume that there exists a posive constant M > 0
such that the support of ¢(x) is contained in [-~M", M']4. Then

D) = /° +/ D(t, x)(x)dx
Ji-1,19 [=M MJE\[-1,1]9

holds and the second term has the lower order value than the first term asyvinp-
totically (Example 4.7 in [28]). Secondly, since §(x) = d(—x) holds, it is enough
to consider the asymptotic expansion of D(¢,x) on [0, 1]4.
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3.4 Two Birational invariants in quasi-regular
cases

The following is the main theorem in this chapter.

Theorem 14 (Main Theorem). Assume that the pair (q(), p(zlw)) is in
a quasi-regular case and that ¢(w) > 0 on W. Then the real log canonical
threshold and the singular fluctuation are given by

and
m=d-—g+1.
Corollary 1 Assume that the pair (q(x), p(zw)) is in o quasi-reqular case and

),
that w(w) > 0 on W. For arbitrary 0 < § < oo the symnetry of the generaliza-
tion and training errors holds,

GO = ().
E[Gn ) In ! O( n ):
1
RO = 9 =),
[I,n ] 2n + 0( n )

Remarks.(1) The above theorem shows the generalization and training errors
for Bayes estimation. In the quasi-regular case, they have the samce property
as those in regular cases, however, the generalization and training crrors of the
maximum likelihood estimation is different from regular case in general.

(2) In the maximum likelihood method, the training crror of a singular casc is
far smaller than that of a regular case, whercas the gencralization crror of a
singular case is far larger than that of a regular case. From the viewpoint of the
maximum likelihood method, the quasi-regualr case is contained in the singular
case. Here we prove that the quasi-regular case has the same property as the
regular case from the viewpoint of the Bayes estimation.

In this section, we prove Theorem 14. At first, we derive the real log canonical
threshold of the quasi-regular casc.

Lemma 14 Assume that the pair (g(x), p(z|w)) is in a quasi-regular case. The
real log canonical threshold and its multiplicity are given by A = ¢g/2 and m =
d — g+ 1 respectively.

(Proof) Firstly, since (g{a), p(a}w)) is in a quasi-regular case, in other words,

er(uf + -+ U:;) SKw) < eui+-+ul),
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holds for some ¢y, o > 0, it is enough to consider the function
/(uf A+ ud) o(w)dw

as zeta function ((z) (Remark 7.2 in [28]). Hence we consider uf + -+ + u2
instead of the original K(w). We assumed that o(w) > 0 Vw € W and that
W is compact, therefore, ¢(w) can be bounded by constants. Hence we can
replace @(w) in the definition of zeta function by a constant without changing
its maximal pole and multiplicity. Then, in general, if w = (w,, wp) and K (w)
can be represented by

K(w) = K(w,) + K(wy),

then the maximal pole (—A) of ((z) and its multiplicity m satisfy

A= Aa + A,

m=mg-+mp—1,

where (=g, me) and (~X;, my) are the maximal poles and multiplicities of zeta
function corresponding to K (w,) and K {wy) respectively (Remark 7.2 in [28]).
Since each function {u;;7 = 1,2, ..., ¢} does not have common variable wy,, the
real log canonical threshold is given by the sum of individual real log canonical
thresholds for zeta function (;(z) defined by

d

CJ(Z) = / H ((wi)zzd?.l)d.jml“lﬁ T dw.:lj .

i::dj ~1-1

The maximal pole of cach ¢;(z) and its multiplicity are —1/2 and d; — d;1.
Hence M is equal to g times 1/2, that is, A = g/2. The multiplicity is also given
by
m = di+do—di+- +dg—dy—{g—1)
= d-g-+1,

which shows the Lemma. (Q.E.D.)

Let us return to the proof of the Main theorem.
(Proof of Main Theorem) It was proved by ¢q.(6.4) in [28] that the cxpec-
tation value of /(,,(w) is given by two birational invariants,

E(Ey, [Kn(w)]] = % - O(?lf,)'

n n

Since we have alrcady obtained the value of X in Lemma 14, that is to say,
A = g/2, we can derive the value of v by calculating E[E,,[K,, (w)]]. The posterior
distribution is represented by the empirical loss function by

p(w]|X™) o< exp(—nfKn(w))p(w)dw.
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The integration of the outside of the neighborhood of u = 0 with respect to
the posterior distribution goes to zero with the smaller order than exp(—+/n)
as Lemma 6.3 in [28], hence we can restrict the integrated region to the neigh-
borhood of « = 0. The cmpirical loss function is rewritten as

K, (w) = %”](’U,)'}E(?I.‘“](U)Mlél\/(%_)>”2

ﬂ__‘zl;;(gn(u) ’ ](u)*l&l(u))‘

In the neighborhood of u = 0, we obtain

14

Raw) = 5110)% (u— 10y )2

N
“zﬂ@myum”&mﬁ

By using Lomma 13, for an arbitrary function F( ),

/ F(v/n u)dw

. g d;

= / F(v/nu) H J <'u, - H 'mk> dwdu

* J=1 k"dj 1+1
= /F ) l_I ] H w )(]u du

\/ﬁ k= 9/
=g

ea(log n)’" 1 (10gn)’” ! ‘

= cloen) / L (3.5)

On the other hand,

nEa(w) = IO (Viru - 10)760) P
~56(0)-10)6,(0)

K,.(Vnu).

I

Therefore,

J Kn(w) exp(—nSK,(w))e(w)dw
[ exp(—=npK, (w))p(w)dw
_ lffx’n(\/ﬁ w) exp(— B, (7 u))o(w)dw
no o [exp(=BEa (v u)p(w)dw

44
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Then, by using eq.(3.5),

_1 [ Ko (u) exp(~ BEK,(u))du

T n foxp(-—ﬁ[&’,,,,(u))du

_ L JIO0)F (u— &) 2 exp( =B (u))du
2n [ exp(—B Ry (u))du

— é%(gn(()) . [(O)rlfn(o))a

where the notation
f:z = [(0)_1571,(0>

is used. Finally, by the integral formlula

SO 2ull? exp(— 21 1(0)/2uf?)du g

/ cxp(—-g“I(G)l/gu[(?)du B

and by Lemma 4, we have

Then, because A = g/2 holds from Lemma 14, we obtain the Theorem.  (Q.E.D.)

3.5 Conclusion

A new concept in statistical learning theory, quasi-regular case, has been pro-
posed. Quasi-regular case is included in singular cases in general but has similar
properties as regular cases, that is, two birational invariants, A and v are equal
to each other.
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Chapter 4

WAIC-VB : an information
criterion for variational
Bayes learning

In this chapter, we propose an information criterion for variational Bayes learn-
ing based on WAIC. We call the proposed information criterion as WAIC-VB.
In section 4.1, we explain our motivation for developing WAIC-VB. In section
4.2, we briefly review variational Bayes learning for Gaussian mixture and a con-
ventional method for model sclection. In scction 4.3, we propose WALC-VB and
explain its algorithm. In section 4.4, we conduct some numerical experiments
on WAIC-VB. Lastly, in section 4.5, we discuss and conclude this chapter.

4.1 Motivation for WAIC-VB

Variational Bayes learning was proposed by the mean field approximation of
the Bayes posterior distribution [5, 6, 8, 17, 23]. It was shown that accurate
estimation can be realized with small computational cost as the expectation
and maximization algorithm. It is important to design a learning machine also
in variational Bayes learning, so it is desired to estimate generalization loss of
learning result. However, it has been difficult to estimate generalization loss for
variational Bayes, because learning machines used in variational Bayes are not
statistically regular but singular.

A lot of methods have been proposed for model selection in variational Bayes
learning. In practice, minimization of variational free encrgy is often cmployed,
however, this method does not evaluate generalization performance of learning
result, Besides, for variational Bayes learning, the generalized DIC was proposed
[18], however, DIC [22] is not an unbiased estimator of the generalization loss in
singular cases [27]. In fact, the effective number of parameters defined in DIC
does not correspond to the difference between the generalization loss and the
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training loss. For singular statistical models, ncither AIC, BIC, nor DIC can
be applied because the posterior distribution does not satisfy the asymptotic
normality condition.

Recently, as stated in chapter 2, a new information criterion, a widely appli-
cable information criterion (WAIC) has been introduced, which is an unbiased
cstimator of Bayes generalization loss in both cases when the posterior distri-
butions are regular and singular [26]. It was also proved that WAIC is asymp-
totically equivalent to the leave-onc-out Bayes cross validation [27], even if the
true distribution is not realizable by the learning machine. In other words, the
cxpectation value of WAIC is cqual to that of Bayes generalization loss for an
arbitrary set of a true distribution, a statistical model, and a prior distribution.

In this chapter, we propose a new information criterion for variational Bayes
learning by combining the importance sampling with WAIC, and show its cf-
fectiveness experimentally. The proposed information criterion, WAIC-VB, is
calculated by the following procedures.

1. The variational Bayes learning is performed and the variational posterior
distribution ig realized.

2. The Bayes posterior distribution is approximated by the importance sam-
pling method based on the variational posterior distribution.

3. WAIC-VB is numerically calculated.

The proposed information criterion, WAIC-VB, has two advantages comparcd
to other criteria.

1. WAIC-VB is an unbiased estimator of Bayes gencralization loss cven if

the posterior distribution is singular and even if the true distrbution is
not realizable by the learning machine.

2. WAIC-VB can be calculated with smaller computational cost than WAIC.
In general, computing WAIC requires to realize Bayes posterior distribution by
Markov chain Monte Carlo (MCMC) method, so it takes considerable computa-

tional cost. By contrast, we can compute WAIC-VB with lower computational
cost because we can sample from variational posterior distribution easily.

4.2 Variational Bayes learning

In this section, we briefly introduce variational Bayes learning for Gaussian
mixture.
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4.2.1 Gaussian Mixture Model

In this rescarch, Gaussian mixture is defined by a probability density function
of x € RM for a parameter w = (a,b) = {(ar, br)}H,,

K

plajw) = Z —"gf—;ﬁ Cxp(_ﬂl" ;GZ;EHH)’

k=1 V27O
where || - || represents M-dimensional Euclidean norm, o > 0 is a constant,
ar >0, b, € RM, and

ay +az+ - +ag =1

Note that ¢ is not a paramecter but a hyperparameter. In variational Bayes
learning, we employ the conjugate prior

ow) = p@al)
o _ ]\.G)Q) ff)()‘
pi(a) = T (o) K H(
K
oat) = (G M2 T oxp(— L ),

k=1

where ¢g > 0 and By > 0 are hyperparameters. Note that the Fisher information
matrix of a Gaussian mixture has zero cigenvalue, to which we can not apply
information criteria AIC, BIC, or DIC. It is convenicnt to represent Gaussian
mixture model by using a competitive random variable y = (y*, 9%, - - -, y%)
which takes value in

¢ = {(1.0,..,0), (0,1, ...,0), (0,0, ..., 1)}.

Then, by introducing a probability distribution of (&, y),
K

o) = [ (-0

Dyl
k=1 o =0
we can represent p(z|w) as the marginal distribution,

plehw) = 3 pla,ylo).
yel
4.2.2 Algorithm of variational Bayes learning

For a given set of training samples X", Bayes posterior distribution p{y™, w]X™)
is given by

" wlX™) = (o) T (o).

q=1
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where Z,, is the normalizing constant. In variational Bayes learning, we ap-
proximate Bayes posterior distribution p(y™, w|X") by assuming y™ € C" and
w are independent of each other. For a given set of training samples X™, the
variational posterior distribution ¢(y™)r(w) is given by

T

K
ay™) = T[1]@w"".

f==1 f=1
r(w) = @i(al@)p2(blH)

1 ap)PE 77/.. 'f)l;
H( )A c‘cp(—2 I s

M2

),

where §ir. and (¢, 77) = (¢, 1.7 ave optimized so that Kullback-Leibler distance
from ¢(y")r(w) to p(y", wlX™),

K(g,r) = Z /q(f (w) log aly"): }(Xi)b)(lw,

T
7/11 QC?L (fl

is minimized. Such minimization is realized by the following recursive formula.

T
G = Y G+ oo,
j==1

n
77/;1 = § @ikxi:
iz=1

n

M2 = Z?M, + fo,
(=3}

— 77m
Lic = (d) = p(n+ Ko) - ')n - s - =
. exp(Lig
Yik = p( A)

I ;
Zlc‘:l exp( L)

where ¥( ) represents the digamma function. In this research, we set the initial
values as follows.

b0 = tf; + ¢o,

- = . r .

flor ~ Z @ + N (0, Iv),
=1

N TL

oz = 7=+ Bo,

where T represents N X N unit matrix. By using these iterative equations, g
and (¢, 7)) converge to some values and then the variational posterior distribution
g(y™)r(w) is obtained.
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4.2.3 Method of model selection

Here we introduce a method for model selection in variational Bayes learning.
That is a method which minimizes generalized DIC proposed in [18]. In this
thesis, we call this generalized DIC as DIC-VB for comparison. In section 4.4,
we experimentally compare DIC-VB with a proposed method.

Deviance information criterion (DIC) was proposed in [22] for model selection
in Bayes lcarning.

DIC = =23 logp(X:[Ey[w]) +2De sy,
i=1

i

2 Z{ —IEy, [log p(X;|w)] + log p(X:|Ew[w])},

==l

Deyy

where D,y represents effective number of paramecters. In fact, it was shown that
DIC/2n provided asymptotically unbiased cstimator of Bayes generalization loss
in regular cases. In [22], DIC was applied to cxponential-family models and little
was said about other scenarios such as models for imcomplete data. For this
problem, Mcgrory ct.al. [18] derived an analytical formula which approximately
calculate DIC for mixture model by approximating Bayes posterior distribution
using variational posterior distribution.

The analytical formula is given as follows in the sotting of this rescarch.

Lemma 15
n n K g)k 1 1 ﬁk
log p(Xi[Eu [w]) 2 3 log ( O ) 7 exp{ =311 — Ly
; ; ; S b ) Vom Y 2777 e
i n ‘ re ) 1 K 7 (5&
Duss =2 {z@ IRICCRRRT) SR I I] FEY) ply gt mg<——§—a>} |
k=1 i=1 =1 = k=1 d=1 =1 Pk

where () represents the digamma function.

In this rescarch, we calculate
1 1
— % 1 Xi|Epl ~D
n;;%MZI“MHUL”f
for comparison with other criteria and we call this criterion as DIC-VB.

4.3 Proposed method

In this section, we propose a new method to estimate Bayes generalization loss
in variational Bayes learning based on the importance sampling technique and
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WAIC. To estimate Bayes generalization loss, that is, to calculate WAIC, we
have to calculate the expectation over Bayes posterior distribution E,,[ ], which
requires in general to sample from p(w|X™) using the Markov Chain Monte
Carlo method. In the proposed method, we usc a technique proposed in [6] to
approximately calculate E,,[ | in variational Bayes learning.

Firstly, we prepare pg(w) and py p(w) which satisfy

1.
plw]X™) = ‘Z—‘PB(U))’
B
7-(“]) = ZiB~

where Zp and Zy g arc the normalizing constants. For instance, we can cmploy

n
Pu(w) = plw) []p(xiw),
g1
X } N2 Ty ||
i) = flet-ton(-E2lu-21)
pve(w) H(a/») CXP\ 5,3 ||k T

In what follows, we represent p{w|X™) and r(w) as pp(w|X™) and pyvp(w]X™),
respeetively. Let f(w) be an arbitrary function of w and {w®, ... w(#} be
independent samples from variational posterior distribution py g{w]X™). Then,
since

B )] = [ flwps(elX")dv
= [ 22wl X

])VB w Y")

holds, we can approximately calculate By, [f(w)] by

By f(w) Z wlf (l)

where w; represcnts an importance weight

pe(wh) /By p(w?)
Zm pB( (m) /pVB(w<1n))

Note that all parameters in variational posterior distribution arc independent
of cach other though they are not independent in the original Bayes posterior
distribution. Hence, we can easily generate samples {w(l), oy w)Y from varia-
tional posterior distribution.

uy =

Now, we propose WAIC-VB algorithm by which we can estimate Bayes gener-
alization loss.
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WAIC-VB algorithm

Input: X" = {X;, Xo, ..., X, }, hyperparameters: o, dp,5-
Output: WAIC-VB.

Stepl: Calculate ( (,‘), 7)) in variational Bayes lcarning.

Step2: Sample {w, ..., wM)} from a proposal distribution constructed based
on variational posterior dlbtubutlon

Step3: Calculate importance weights wy (I =1, ..., L) for {w™, .., wP}.
Step4: Calculate

WAIC-VB =T, + —‘]/Tn
where
7 L
T, WMZIOg(Z (Xiw®) )
n wL =
Vv, = E{Zwl(log;‘p()ﬁiwm)) {Z wy log p(X; Iw(”)‘)}
i=1 I=1

Basced on Theoram 13, the expectation value of WAIC-VB is asymptotically
cqual to that of the Bayces gencralization loss.

Remark. Although WAIC-VB is an asymptotically unbiased estimator of Bayes
generalization loss theoretically, there are several problems in application. In
Step 1, variational Bayes learning may converge to local minima, resulting that
variational posterior distribution would be a poor approximation of the original
Bayes posterior distribution. Besides, in Step 2, it is known that samplimg from
variational posterior distribution tends to be localized compared to the original
Bayes posterior distribution. For this problem, we construct another proposal
distribution for importance sampling based on variational posterior distribution
obtained in Step 1 so that we can sample from broader region. In this research,
we make a proposal distribution by converting (¢, 71, 772) to (¢/50, 71, 7j2/50)
after Step 1.

4.4 Numerical Experiments

In this section, we evaluate the WAIC-VB algorithm through nmmerical exper-
iments. We conduct three types of experiments, from Experiment 1 to Exper-
iment 3. Iu Experiment 1, we compare E[WAIC-VB] with B[G,,] for Gaussian
mixture. In Experiment 2, a model selection task for Gaussian mixture with
o = 1 is studied, in which the number of components that minimizes WAIC-VB
is sclected. We perform mnodel selection under two different situations. One
is under the same setting as Experiment 1 where each component of Gaussian
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mixturce is well separated, the other is under a ’delicate’ situation where each
component of Gaussian mixture is not clearly separated. In Experiment 1 and
2, the value of DIC-VB is also calculated for comparison. In Experiment 3, hy-
perparameter sclection for Gaussian mixture is analyzed. The hyperparameter
o which minimizes WAIC-VB is chosen. In all experiments, hyperparameters,
¢o and By, are set to be ¢g = 1 and By = 1.

Experiment 1: Comparison of E| WAIC-VB] with E[G,,]

In Experiment 1, we set the true distribution ¢(z) as follows.

o 0 012
aj, x—b)
(1(;1;) = Z AA[ CX}_)(* H 5 k|| ),
k=1 27
where Ky = 3 and the true paramecters are
a® = (0.3,0.3,0.4),
o= (3,3), ¥ =(-3,1), b3 =(2,-2).

A sample set from the true distribution ¢(z) is shown below.

Figure 4.1: A sample set from g(z)

The learning machines were set to be a Gaussian mixture p(x|w) with o = 1
and K = 3,4. When K = 3, the learning machine had the same number of
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components as the true distribution ¢(z), hence the posterior distribution was
regular, whereas, when K = 4, it had a redundant component compared to the
true distribution, hence the posterior distribution was singular. In a regular
case, the posterior distribution can be approximated by a normal distribution
and the number of effective parameters is equal to the dimension of the pa-
rameter set. However, in a singular case, the posterior distribution cannot be
approximated by any normal distribution and the number of effective param-
eters is different from the dimension of the parameter set. Training samples
(n = 200) were taken from g¢(z) and the valucs of WAIC-VB and DIC-VB werc
calculated using these samples, and the Bayes generalization loss &, was cal-
culated by using 5000 test samples. For caleulating WAIC-VB, the number of
samples L from variational posterior distribution was 2000 in this experiment.
The expectation value E[ | was approximated by the average over 100 sets of
training samples.

Gn T, Vi WAIC-VB | DIC-VB
MEAN | 3.9326 | 3.8902 | 7.7793 3.9291 3.9290
. STD | 0.0178 | 0.0736 | 0.4723 0.0758 0.0747

Table 4.1: comparison of E| WAIC-VB] with E[G,,]

i

: Case K =3

Gn Th Vo WAIC-VB | DIC-VB
MEAN | 3.9389 | 3.8978 | 8.0642 3.9381 3.9479
STD | 0.0161 | 0.0648 | 0.5653 0.0673 0.0661
Table 4.2: comparison of E[WAIC-VB] with E[G,,] : Case K =4

The results of the experiment are shown in Table 4.1 and 4.2, where MEAN’
and ’STD’ are respectively the expectation value and the standard deviation.

Experiment 2: Model selection

In Experiment 2, we conducted two kinds of simulations of model selection for
Gaussian mixture. In the first simulation, we employed the same true distri-
bution ¢(z) and a learning machine p(x|w) as Experiment 1, respectively. The
values of WAIC-VB and DIC-VD were calculated for 100 fixed detasets for each
learning machine with K = 1,2, ---,10. The results of the experiment are shown
in Fig.4.2 and Fig.4.3. The solid line represents the mean value of WAIC-VB
and dotted line does that of DIC-VB, respectively. The orror bar represents
the standard deviation of each value. In Fig.4.3, we investigated the values of
WAIC-VB and DIC-VB for K = 3,---,10 in detail.
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Figure 4.2: Experiment 2 Figure 4.3: Experiment 2 (in detail)

In the second simulation, we performed model section for Gaussian mixture un-
der delicate’ situation. Let the true distribution g(z) and parametric models
1 (zjw), p2(z]w) be defined as follows.

- \

True distribution : g{z) = ﬂ\@g; cxp{~:—§} + L\ﬁ"; Oxp{—@:}

p AN
parametric model-1 : py (xjw) = \7%—[: cxp{wﬁ—z,i’—}

b )2 o)
parametric model-2 : pa(zjw) = 1—:—‘:‘- exp{—&‘—fufi‘—)—} + = cxp{-—(—‘l’——;—‘?)—}

/

The value of & determines the distance between the mean of cach component.
In this simulation, we increase the value of k from 0 to 2 by 0.2, When k = 0,
the true distribution consists of a single Gaussian distribution. As the value of &
increases, the true deistribution will be clearly separated into two components.
For both paramectric models, p; (z}w) and pa(z|w), we investigated the value of
Bayes generalization loss G,,, WAIC-VB and DIC-VB for cach & from 0 to 2.
For calculating WAIC-VB, the number of samples L from variational posterior
distribution was 5000 in this experiment. They were calculated for 100 fixed
detasets for cach k.

The results of the experiment are shown in Fig.4.4 and Fig.4.5. In Fig.4.4,
we compare the values of WAIC-VB and Bayes generalization loss G,,. The solid
line represents mean values of WAIC-VB and G, for (¢(2), p1 (z|w)) and dotted
line docs for {(¢(x), p2(x|w)), respectively. The error bar represents the standard
deviation of cach value. In Fig.4.5, we compare the values of DIC-VB and Baycs
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Figure 4.4: WAIC-VB and Generalization loss

generalization loss ;. The solid line represents mean values of DIC-VB and
Gy, for (g(x), p1(alw)) and dotted line does for (¢{x), pa(x|w)), respectively. The
error bar represents the standard deviation of cach value.

Experiment 3: Hyperparameter sclection

In Experiment 3, we employed the same true distribution ¢(z) as Experiment
1 and learning machines p(wjw) with K = Ky = 3 and ¢ = 0.6,0.7, ..., 1.5 were
compared.

K )
o ax e = oel?
plzw) = ; —— C-:xp( 3 ),

The values of WAIC-VB were calculated for 100 fixed detasets and a learning
machine with cach o. The results of the experiment are shown in Fig.4.6.
4.5 Discussion and Conclusion

In this section, we discuss the results of numerical experiment conducted in sec-
tion 4.4 and conclude this chapter.

Experiment 1: Comparison of ] WAIC-VB] with E[G,]

Table 4.1 and 4.2 show that WAIC-VB works well as an unbiased estimator both
for regular and singular cases. As stated in chapter 2, it is theoretically proved
that E{V,] converges to 2v, where v represents singular fluctuation. When
K = 3, since (¢(z), p(z|w)) is in regular cases, 2v is equal to the number of
parameter, which is 8 in this situation. This almost coinsides to the experimen-
tal result. On the other hand, when K = 4, since (¢{z), p(z|w)) is in singular
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cases, 2v is not equal to the number of parameter, which is 10. Although the
theoretical value of 2u in this case is still unclarified, the experimental result of
E[V,,] is cxplicitly smaller than 10. DIC-VB works well in regular cases (K = 3),
but it seems to overestimate Bayes generalization loss in singular cases (K = 4).

Experiment 2: Model selection

In the first simulation, the true distribution ¢(z) consisted of three components
and they were well separated. Fig.4.2 and Fig.4.3 showed that the model that
has the true number of components was chosen by both WAIC-VB and DIC-VB.
However, DIC-VB tended to take a bigger value than WAIC-VB and the more
singular learning is, the bigger the difference is. From this result, it may be
considered that DIC-VB works well cnough in practical model sclection tasks
cven though it does not provide an unbiased estimator of Bayes generalization
loss in singular cases. However, the difference between WAIC-VB and DIC-VB
becomes more important in delicate situation, where each component of Gaus-
slan mixture is not clearly separated and hence model selection task gets more
difficult.

In the second simulation, the true distribution ¢(2) depended on the value of k.
Hence, which model, py(zlw) or pa(zjw), was selected by WAIC-VB and DIC-
VB also depended on the value of k. Fig.4.4 shows that the values of WAIC-VB
for p1(z|w) and p2{z}w) indicates similar behavior as Bayes generalization loss.
On the other hand, Fig.4.5 showes that the values of DIC-VB for p;(z]w) and
pa2(zlw) indicates different behavior from Bayes generalization loss. Specifically,
when k is small, the value of DIC-VB for py(z]w) takes explicitly smaller value
than that for po(ajw). It is considered that this is because DIC-VB overesti-
mates Bayes gencralization loss in singular cascs.

To compare the difference between WAIC-VB and DIC-VB in delicate situa-
tion more precisely, we investigate the values of WAIC-VB-S,,, DIC-VB-S,, and
Bayes generalization error G for small k. Note that the entropy term S, which
is included in the values of WAIC-VB, DIC-VB and G,, depends on k, since the
truc distribution ¢(z) is different for each k. In this situation, when the value
of k is small, the model p;(z|w) is more appropriate than ps(zjw) to attain
good generalization error, but the appropriate model changes to pa(zjw) as the
value of k increases. Fig.4.7 shows that the model selected WALC-VB switches
from py(z|w) to po(zjw) around k = 0.6 and Bayces gencralization error Gt for
pi(xw) and pe(z|w) behaves similarly. On the other hand, Fig.4.8 shows that
the model selected DIC-VB does not switch from py (zjw) to pa(zfw) yet even
when k = 1.0. In other words, DIC-VB selects the model py(z]w) even though
the model pa(z|w) attains better Bayes gencralization crror. This result means
that, in delicate situation, WAIC-VB can sclect better model than DIC-VB on
average from the viewpoint of Bayes generalization error.
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Experiment 3: Hyperparameter selection

This result showed that the true standard deviation was chosen by minimization
of WAIC-VEB.

From the results of numerical experiment, it can be said that we can utilize
WAIC-VB as an information criterion for variational Bayes learning. As a con-
clusion, in this chapter, we proposed a new information criterion, WAIC-VB,
for variational Bayes learning and investigated its property by numerical exper-
iments. The effectiveness of WAIC-VB was shown through numerical experi-
ments although there are several problems in its implementation. It will be a
problem for a future study.
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Chapter 5

Discussion

In this section, we discuss some related topics to the results in chapter 3,4 and
left problems for a future study.

In chapter 3, we have proposed a new concept in statistical learning theory, a
quasi-regular case, and have constructed its basic theory. It has been shown
that, in general, a quasi-regular case is included in singular cases, but it has
similar properties as regular cases, that is, two birational invariants, A and v,
arc equal to cach other. In other words, symmetry between Bayes generaliza-
tion loss and Bayes training loss holds even in quasi-regular cases. In addition,
although singular fluctuation v depends on inverse temparature 8 in general sin-
gular cases, 1 = v(f) takes the constant value independent of 4 in quasi-regular
cases.

Here we discuss some properties of quasi-regular cases and left problems for
a future study. From theoretical perspective, it can be said that singularities
which appears in quasi-regular cases are relatively casy to handle. Lemma.13 is
a key property in quasi-regular cascs, but it is not so casy to extend this lemma
to more general singular cases. 1t will be an important and interesting problem
for a future study to clarify singular fluctuation v in more general singular cases.
From practical perspective, we can utilize the theory of quasi-regular cases in
two ways. For one thing, we can use the exact value of singular fluctuation in
the reserch of Markov Chain Monte Carlo method. In general, it is difficult to
check whether we successfuly realize Bayes posterior distribution or not, espe-
cially in singular cases. For this problem, it would be helpful to monitor the
difference between the value of functional variance and the theoretical value of
2v, because E[BV,] converges to 2v asymptotically. Another is an application
in Bayes hypothesis test. In Bayes hypothesis test, it is essential to clarify the
asymptotic distribution of Bayes free energy. In fact, we can clarify the asymp-
totic distribution of Bayes free energy in quasi-regular cases based on the basic
theory developed in chapter 3.
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In chapter 4, we have proposed an information criterion for variational Bayes
learning, WAIC-VB, and have conducted some numerical experiments. It has
been shown that WAIC-VB is an asymptotically unbiased estimator of Bayes
generalization loss and it is effective especially in ’delicate’ cases compared to
other imformation criteria such as generalized DIC.

Here we discuss some properties of WAIC-VB and left problems for a future
study. Firstly, from theoretical perspective, WAIC-VB estimates Bayes gen-
eralization loss in variational Bayes learning. In general, in variational Bayes
learning, we construct variational predictive distribution instead of Bayes pre-
dictive distribution. In a strict sense, Bayes generalization loss differs from the
generalization loss of variational predictive distribution. To develop an asymp-
totically unbiased estimator of generalization loss for variational predictive dis-
tribution is an important theoretical problem for a future study. Secondly, we
discuss the variance of WAIC and WAIC-VB. In chapter 2, we have stated that
expected value of WAIC is asymptotically equal to the expected value of Bayes
generalization loss (7, but nothing has been stated on the variance of WAIC
and WAIC-VB. In fact, it is known that WAIC-S,, has the same variance as
Bayes generalization crror asymptotically [29]. 1t is considered that the vari-
ance of WAIC-VB has the same property theoretically. However, in singular
cases, exact value of the variance has not been clarified yet. It will be an impor-
tant probrem for a future study. Thirdly, we discuss the computational cost for
WAIC and WAIC-VB. As stated in chapter 4, computing WAIC needs to realize
Bayes posterior distribution by Markov chain Monte Carlo method in gencral.
Oun the other hand, computing WAIC-VB utilizes samples from a proposal dis-
tribution which is based on variational posterior distribution and sampling from
such a distribution is casy, since cach parameter is conditionally independent.

Lastly, we discuss some problems in implementation of WAIC-VB.

(1) Variational Bayes learning may converge to local minima, resulting that
variational posterior distribution would be a poor approximation of the original
Bayes posterior distribution.

(2) Samples from variational posterior distribution tend to be localized com-
pared to the original Bayes posterior distribution. For this problem, in this re-
search, we constructed a proposal distribution for importance sampling based on
variational posterior distribution by converting (¢, 71,72) to (¢/50, 71, 72/50).
However, it is not clear how to construct this transformation for making an ap-
propriate proposal distribution. In practice, it is recommended to make a pro-
posal distribution through monitoring the distribution of imporatance weights.
(3) WAIC-VB tends to fluctuate depending on samples from proposal distribu-
tion. Especially, V,, tends to fluctuate much compared to Tj,.
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Chapter 6

Conclusion

In this thesis, we have discussed an unbiased cstimator of Bayes generalization
loss, WAIC, from theorcetical and practical viewpoints.

From theoretical perspective, we proposed a quasi-regular case, which is a new
concept in statistical learning theory. In singular learning theory, it has been
clarified that the asymptotic Bayes generalization loss and Bayes training loss
are determined by two birational invariants, rcal log caninical threshold A and
singular fluctuation v for a triple (g(x), p(z|w), p(w)). Especially, singular fluc-
tuation v determines the asymptotic difference of Bayes generalization loss and
Bayes training loss, however, the properties of singular fluctuation v was left
totally unknown except for regular cases. In this thesis, we clarified the value of
singular fluctuation v in quasi-regular cases, which was cqual to the value of real
log canical threshold A as it was in regular cases. In other words, quasi-regular
cases have the similar properties as regular cases from the viewpoint of singular
learning theory, although they are generally not in regular cases but in singular
cases.

From practical perspective, we proposed WAIC-VB, which is a new information
criterion for variational Bayes learning. WAIC-VB provides an unbiased esti-
mator of Bayes gencralization loss theoretically and it can be calculated with
small computational cost because sampling from variational posterior distribu-
tion is casier than that from Bayes posterior distribution. The effectiveness of
WAIC-VB was shown by numerical experiments.

These results will be a basis for more thorough understanding of unbiased es-

timator of generalization loss in statistical learning from both theoretical and
practical viewpoints.
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