
論文 / 著書情報
Article / Book Information

題目(和文)

Title(English) New frameworks of high resolution schemes for Euler equations

著者(和文) SunZiyao

Author(English) Ziyao Sun

出典(和文)  学位:博士(理学),
 学位授与機関:東京工業大学,
 報告番号:甲第10429号,
 授与年月日:2017年3月26日,
 学位の種別:課程博士,
 審査員:肖 鋒,青木 尊之,奥野 喜裕,末包 哲也,長﨑 孝夫

Citation(English)  Degree:Doctor (Science),
 Conferring organization: Tokyo Institute of Technology,
 Report number:甲第10429号,
 Conferred date:2017/3/26,
 Degree Type:Course doctor,
 Examiner:,,,,

学位種別(和文)  博士論文

Type(English)  Doctoral Thesis

Powered by T2R2 (Science Tokyo Research Repository)

http://t2r2.star.titech.ac.jp/


TOKYO INSTITUTE OF TECHNOLOGY

DOCTORAL THESIS

New frameworks of high resolution

schemes for Euler equations

Author:

Ziyao SUN

Supervisor:

Dr. Feng XIAO

A thesis submitted in partial fulfilment of the requirements

for the degree of Doctor of Science

in the

February 2017

http://www.titech.ac.jp/english/
http://www.johnsmith.com
http://www.jamessmith.com


1

Abstract

Godunov-type method has been well-accepted as the main-stream numerical approach

to solve Euler equations. The reconstruction is the core issue for the development of the

new numerical schemes. For existing Godunov-type methods, the numerical dissipation

and numerical oscillations brought from reconstruction errors are two critical problems

in the computation of Euler equations. In this thesis, we have made following efforts to

solve the above problems.

1. We proposed a new guideline to construct high-resolution Godunov type schemes

to resolve both smooth and discontinuous solutions. The basic idea, so-called

BVD (boundary variation diminishing), is to reconstruct the solution functions

so that the jumps at cell boundaries are minimized, which effectively reduces the

numerical dissipation in the resulting schemes. We have implemented the BVD

algorithm with the existing schemes as the building-block schemes, i.e. WENO

(Weighted Essentially Non-Oscillatory) /TENO (Targeted Essentially Non-Oscillatory)

and THINC (Tangent of Hyperbola INterface Capturing) schemes. Excellent nu-

merical results have been obtained for both scalar and Euler conservation laws,

which show a substantial improvement in comparison with the existing methods

including the high-order and less-dissipative methods.

2. We developed a new WENO-type limiter for MCV3 (3-point Multi-moment Con-

strained finite Volume) scheme under MMC-FR (Multi-Moment Constrained Flux

Reconstruction) framework. The new scheme, so-called MCV-WENO4 (MCV

with WENO limiter of 4th order) scheme, distinguishes itself from the previous

schemes by using the sub-grid information in the WENO reconstruction, which

is better suited for the local high-order reconstruction schemes. Also, the present

scheme has much less numerical dissipation, and thus doesn’t use the ad hoc

TVB (Total Variation Bounded) criterion needed in nearly all-existing schemes.



2

Furthermore, the present scheme is algorithmically simple and computationally

efficient. The numerical results of the widely-used benchmark tests have verified

that our scheme can get expected convergence rate and high quality solutions for

both discontinuities and smooth profiles.

3. We devised a novel WENO limiter for CIP/MM FVM (Constrained Interpolation

Profile/Multi-Moment Finite Volume Method), which leads to a new scheme, so-

called CIP-CSL-WENO4 (Constrained Interpolation Profile-Conservative Semi-

Lagrangian scheme with WENO limiter of 4th order). The new WENO lim-

iter uses the local DOFs (Degrees of Freedom) available in the target cell and

its immediate neighboring cells, which minimizes the WENO interpolation sten-

cil. The proposed scheme is free of the ad hoc TVB criterion that is needed in

nearly all-existing schemes to control excessive numerical dissipation. The semi-

Lagrangian formulation is more accurate and of better computational efficiency

in comparison with the Eulerian scheme. The numerical results indicate that our

scheme is capable of resolving the sharp jump discontinuity while essentially

eliminating numerical oscillations.

4. We proposed a new version of BVD algorithm that can use the HLR (High or-

der numerical method with Local Reconstructions) as the building-block scheme.

We extended the BVD concept to the difference of the derivatives at cell inter-

faces, where the reconstruction minimizes the BV of both PV and derivative val-

ues, which is compatible with the reconstructions in the multi-moment method

and other HLR methods. We implemented the new BVD scheme using MCV-

WENO4 scheme and THINC reconstruction as the building block schemes. The

resulting scheme, BVD-MCV-WENO4 scheme, shows the possibility of imple-

menting the BVD reconstruction under the HLR formulation. The numerical

results demonstrate that the new BVD algorithm is capable of minimizing the

numerical dissipation near the discontinuous solutions.
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As mentioned above, the presented numerical formulations have been verified and vali-

dated by a wide range of benchmark tests, including analysis of errors and convergence

rates as well as evaluation of robustness and computational cost. We have obtained

expected numerical results for all the proposed schemes.
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Chapter 1

Introduction

1.1 Background

Compressible flow is a kind of fluid which moves as Mach number is significantly

larger than zero where the compressibility of the fluid can’t be ignored. Compressible

flow occurs in a wide spectrum of mechanical and aerospace engineering practices.

The application of compressible flow mostly lies in design of high-speed aircraft, while

in some devices such as gas turbine, stream turbine, reciprocating engine, natural gas

transmission line and combustion chamber, the compressibility effect is so significant

that the knowledge of compressible fluid flow is required [57].

To analysis the compressible flow, traditionally we can choose either theoretical or ex-

perimental approach [2]. However, for the theoretical approach, it can be virtually

impossible to mathematically analyze the problem including both supersonic and sub-

sonic area because of the change in mathematical behavior of governing equation [2].

About the experimental approach, normally the wind tunnel has limited functions that

make the simulation of the conditions with both very high Mach number and high flow

field temperature happened in transatmospheric vehicle impossible. Due to the above

reasons, computational fluid dynamics (CFD) is needed as a growingly important tool

to solve fluid mechanic problems in scientific research and engineering applications that

19
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can’t be solved by theoretical or experimental approach, especially for the ones includ-

ing compressible flow [2]. CFD started with some pioneer works of Richardson around

early 1900s, and has experienced a rapid growth with the advancement of computer

technology since the middle of last century. After near one century of development,

with high speed super computers and various of numerical methods, CFD has been so

far widely used in compressible flow simulation.

The core issue of CFD is to devise reliable numerical algorithms with high efficiency.

Recently, high-order numerical methods have been accepted as the favorable methods

in fluid simulation [90]. Compared with low order methods (Second order or below),

high order methods are more efficient in solving the physical problems with compli-

cated structured regions [2]. For example, the simulation of delta wing vertical flows

shows that high order accuracy schemes can yield better resolution of the vortices with

lower grid resolution compared with low order schemes [22]. Exploring new numeri-

cal schemes of high accuracy and high efficiency is one of the current trends in CFD

research. Our thesis mainly focuses on the development of novel high order numerical

schemes in the compressible flow simulation. In the following sections, we introduce

the current status of the development in high order numerical methods, along with the

unsolved problems that we are going to tackle in this thesis.

1.2 Euler equations

The Euler equations are the system of non-linear hyperbolic conservation laws that gov-

ern the compressible flows without viscosity and heat transfer effect [84]. In compress-

ible flow simulation, the key problem is to get proper numerical solutions to the Euler

equations because of the complexity in the numerical computation of Euler equations.

The 1D Euler equations for ideal gas are given by

Ut + F(U)x = 0, (1.1)
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where

U =


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ρv
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







. (1.2)

Here ρ is density, v velocity, p pressure and E total energy. We use the equation of state

(EOS) of ideal gas, i.e.

E =
p

γ − 1
+

1

2
ρv2, (1.3)

where γ = 1.4. Due to the hyperbolic characteristic of Euler equations, the interaction

between the characteristic lines generates shock waves, which are the small transition

layers of very rapid changes of physical quantities such as pressure, density and tem-

perature. Mostly, the width of shock wave is the same order of mean-free path of the

molecules, which is about 10−7 m. This property makes the simulation of shock wave

an difficult task, therefore it is important to find the mathematical replacement for these

waves. Despite, wave-steepening and rarefaction wave is other distinguished features

for hyperbolic systems like Euler equations, which adds difficulties to the numerical

simulation of Euler equations.

The Euler equations with the ideal-gas EOS satisfy the homogeneity property. Thus it

can be quasi-linearized into the following form [84]

Ut +A(U)Ux = 0, (1.4)

where A(U) is the Jacobian matrix whose eigenvalues are the characteristic speed of

the Euler equations. The definition of A(U) is given in the Appendix B.
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1.3 Godunov-type method

The high-resolution shock capturing schemes, which are now well-accepted as the

main-stream numerical approach to solve Euler equations for compressible gas dynam-

ics, can trace back to Godunov’s scheme [25]. The original Godunov scheme is a con-

servative finite-volume method (FVM) with piece-wise constant reconstruction, and the

fluxes at the cell boundaries are computed by solving the exact Riemann problem from

the piece-wise constant reconstruction of the physical fields in two neighboring cells,

which usually results in a jump at the cell boundaries. In general, Godunov schemes

are consist of two essential steps in solution procedure, i.e. (I) reconstruct the physical

fields to find the values at the left- and right- sides of cell boundaries, and (II) evaluate

the numerical fluxes at cell boundaries that are needed in the FVM formulation to up-

date the cell-integrated values to next time step. We introduce these two parts separately

in the following subsections.

1.3.1 Reconstruction

Firstly, we consider the initial value problem (IVP) that consists of a partial differential

equation (PDE) together with the initial condition (IC) as follows







PDEs : Ut + Fx = 0,−∞ < x < ∞, t > 0

IC : U(x, 0) = U0(x).
(1.5)

The spatial domain [a, b] is discretized into N control volumes or finite volume as Ii =

[xi− 1

2

, xi+ 1

2

], i = 1, 2, . . . , N and the size of each cell ∆xi is give by ∆xi = xi+ 1

2

−
xi− 1

2

= b−a
N

. Inside each cell, we define the volume integrated average (VIA) of the

control volume as

Ūn
i =

1

∆xi

∫ x
i+1

2

x
i− 1

2

U(x, tn)dx (1.6)

Thus, we have the piecewise constant distribution of solution at t = tn spanning

the whole computational domain. Integrating the PDE in (1.5) over x in cell Ii =
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[xi− 1

2

, xi+ 1

2

] gives

dŪi

dt
= −

(f̃(Ui+ 1

2

)− f̃(Ui− 1

2

))

∆x
. (1.7)

and further we integrate above equation over time from t = tn to t = tn+1, which gives

the finite volume formulation for conservation law as

Ūn+1
i = Ūn

i −
∆t

∆x
(f̃(Ui+ 1

2

)− f̃(Ui− 1

2

)). (1.8)

It shows that the piece-wise constant can be updated to next time step by using the

numerical fluxes calculated at cell boundary. For original Godunov method, the point

value (PV) at the cell interface is reconstructed using the piece-wise constant value, i.e.

U−
i+ 1

2

= Ūi, U
+
i+ 1

2

= Ūi+1. (1.9)

which assumes a discontinuity at the cell boundary. The interaction between adjacent

cells can be resolved by solving the Riemann problem exactly or approximately at each

cell interface. Some successive works of Godunov-type method still follow this manner

by assuming the discontinuity at cell boundary, while Riemann problem is solved along

each cell interface to guarantee the upwind property of wave propagation. However,

the reconstruction is not limited to the piece-wise constant but extended to higher or-

der reconstructions such as monotonic upstream-centered scheme for conservation laws

(MUSCL) [87, 88] of linear reconstruction, piecewise parabolic method (PPM) [18] of

parabolic reconstruction, essentially non-oscillatory (ENO) [23, 31, 73, 74] as well as

weighted essentially non-oscillatory (WENO) [45, 53, 72] scheme of 5th order or higher

reconstruction. Apart from the single degree of freedom (DOF) method (namely the tra-

ditional FVM formulation), the reconstruction can also be conducted locally by using

multi-moments inside each cell, such as Runge-Kutta Discontinuous Galerkin (RKDG)

method [13–15, 17], spectral volume (SV) [89, 92, 93] /difference (SD) method [90] and

flux econstruction (FR) [37–39]/ correction procedure via reconstruction (CPR) method

[91].
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1.3.2 Riemann solver

As mentioned above, to obtain the numerical flux at the cell boundary, the following

Riemann problem needs to be solved

PDE : Ut +AUx = 0, −∞ < x < ∞, t > 0

IC : U(x, 0) =







UL, x < 0,

UR, x > 0.

(1.10)

For scalar conservation law, it is trivial to get the solution of above Riemann problem

by simply selecting the upwind side according to the wave speed at the cell boundary.

For example, the numerical flux for advection equation ut + aux = 0 can be written as

f̂i+ 1

2

=
1

2

(

f(uL
i+ 1

2

) + f(uR
i+ 1

2

)
)

− 1

2
|ai+ 1

2

|
(

uR
i+ 1

2

− uL
i+ 1

2

)

(1.11)

The first term of the right hand side represents the central difference while the second

term represents the numerical dissipation that is essential for yielding the upwind prop-

erty. We can see that the magnitude of the numerical dissipation term is connected with

the difference of the PV reconstructed from left and right side of the cell boundary.

For Euler equations, the original Godunov scheme uses exact solutions of Riemann

problem to acquire the numerical flux, which is usually time consuming. Several ap-

proximated Riemann solvers are presented in the literature to reduce the computational

cost. Some widely used approximate Riemann solvers include the Roe’s Riemann

solver, Osher’s Riemann solver, Harten, Lax and Van Leer (HLL)-type Riemann solver

[84] and Constact HLL (HLLC) developed by Toro et al [84].

It should be noticed here that even though Riemann solver is an essential part for

Godunov-type method to resolve the interaction between neighboring cells, the recon-

struction is still the core problem for the development of new numerical schemes, for

it can fundamentally influence the numerical property of the resulting scheme. As a

consequence, we focus on the reconstruction part and investigate several possibilities in

the development of new numerical scheme in this thesis.
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1.3.3 Conventional finite volume method (FVM)

In FVM, the computational domain is discretized into several non-overlapping control

volumes, and the construction of FV scheme is based on the cell-averaged value of each

control volume. Just as mentioned in the previous section, Godunov-type method with

single DOF for each cell is actually equivalent to FVM.

The great advantage of FVM is that conservative discretization is automatically satis-

fied because of the direct discretization of the integral form of the conservation laws.

Despite, FVM is easy to be implemented to arbitrary meshes, where several options are

open for the definition of control volume. In fact, FVM is the most widely used method

in CFD society. The original Godunov method introduced in the previous section is

belonging to FVM.

Instead of the piece-wise constant approximation which leads to a first-order scheme,

higher order polynomials have been used to improve the accuracy (convergence rate

for smooth solution). In order to get around the so-called Godunov barrier for linear

schemes which states that any monotonic linear scheme can be of only first order, non-

linear numerical dissipation has been introduced to high-order schemes to suppress the

spurious oscillations in the vicinity of discontinuities. The non-linear numerical dissi-

pation has been devised in different forms seen in the literature as either flux limiters in

flux-corrected transport (FCT) scheme [7, 111] and total variation diminishing (TVD)

scheme [30, 81] or the slope limiters in MUSCL scheme [87, 88]. The later gives a

more straightforward interpretation of the polynomial-based reconstruction for high-

order schemes, and shows a clear path to design high-resolution schemes using mod-

ified high-order polynomials. Representative schemes of this kind are PPM method

[18], ENO [23, 31, 73, 74] and WENO scheme [45, 53, 72]. WENO concept pro-

vides a general framework to develop high-resolution schemes that are able to reach the

highest possible order of accuracy over a given mesh stencil for smooth solution, and

effectively stablize the numerical solutions which include discontinuities. Successive

works on WENO scheme are found in designing better smoothness indicators and non-

linear weights [5, 6, 32, 35, 70] to improve solution quality, as well as implementing

the WENO concept to different discretization framework [19, 54, 59, 66].
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Starting from the piecewise constant approximation in the original Godunov scheme,

the development of the high-order shock capturing schemes have evidenced a history

of the efforts to reduce the difference between the reconstructed left- and right-side

values for smooth solutions. This observation, however to our knowledge, has not been

paid enough attention, nor explored further as a prospective guideline to construct new

schemes.

1.3.4 High order numerical method with local reconstructions (HLR)

It has been a trend for the past decades in the field of CFD to make use of locally

(cell-wisely) increased DOFs to construct high-order schemes. The major advantages

of a scheme using loca recontructions lie in the spectral-like convergence rate and the

adaptivity to unstructured grids. It has been proved in [90] that p-refinement (polyno-

mial refinement) produces a variable convergence rate, which is increased with number

of DOFs, while the h-refinement (the mesh size refinement) only produces a constant

rate of convergence rate. Clearly that the variable convergence rate which increases ex-

ponentially is much faster than the algebraic convergence rate, which means the local

increase of DOFs can help reduce the numerical errors. Some representative meth-

ods of this sort for CFD applications are spectral element method [58], discontinuous

Galerkin (DG) method [12, 15–17, 33, 48, 65], constrained interpolation profile (CIP)

method [106, 108], staggered-grid (SG) Chebyshev multidomain method [47], spectral

volume (SV) method [89, 92], spectral difference (SD) method [90] and multi-moment

(constrained) finite volume (MV or MCV) method [10, 40, 41, 103, 104].

Although apparent differences are seen among the aforementioned methods in the de-

tails of reconstruction and solution procedures, all of them realize high-order accuracy

via locally reconstructed polynomials and guarantee the numerical conservation by in-

troducing an FVM-like constraint condition on the continuity of the numerical fluxes

across cell boundaries, while the numerical fluxes are computed through exact or ap-

proximated Riemann solvers. From this observation, a general framework for construct-

ing high-order spectral-convergent schemes, so-called flux reconstruction (FR) method,

was proposed in [37–39]. FR formulation treats the point values as the computational
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variables at the solution points located within each cell, which facilitates local recon-

structions of high order. An FR scheme computes the point-wise solution via the dif-

ferential form of the governing equation, and the flux function must be reconstructed so

as to satisfy the continuity on the cell boundaries. As shown in [37], nearly all exist-

ing nodal-value based high order schemes can be interpreted as the subset cases of FR

framework where the correction functions involved in the flux reconstruction procedure

makes the difference among the schemes. FR method was extended to unstructured

grids under the name of CPR (correction procedure via reconstruction) [91].

We show in the multi-moment constrained flux reconstruction (MMC-FR) method [102]

that the flux function can be reconstructed more flexibly with a wider variety of con-

straint conditions. We demonstrate that stable and more efficient schemes can be de-

vised by making use of not only the point values but also the derivatives of different

orders at different constraint points. The class of MCV schemes [41] can be devised

straightforwardly from various constraint conditions under the MMC-FR framework.

An alternative way to increase the local DOFs was introduced in the constrained inter-

polation profile (CIP) scheme [106, 108], where two types of moments, i.e. the point

values (PVs) and the first-order derivatives, are simultaneously treated as the model

variables and separately updated in time. The successive studies include the interpolated

differential operator (IDO) scheme developed by Aoki [3] which is also based on multi-

moments reconstruction but using the Eulerian method instead of semi-Lagrangian

method in updating the moments. A series of conservative CIP schemes, called CIP-

conservative semi-Lagrangian (CIP-CSL) schemes, was presented in [83, 96, 99, 107]

for scalar conservation laws. In CIP-CSL schemes, volume integrated average (VIA)

is treated as a new model variable that is updated in the same manner as the traditional

FVM, thus the scheme has exact numerical conservativeness. In line with the IDO

scheme mentioned above, a conservative version of IDO scheme was also devised in

[43]. CIP-CSL scheme has been used to solve the global shallow water equations in

[50] under the semi-Lagrangian semi-implicit (SLSI) framework, among other imple-

mentations of the conservative semi-Lagrangian schemes in geophysical fluid modeling

[24, 29, 52, 86]. In the SLSI framework, the advection is solved separately from the

geopotential gradient forcing (or equivalently the acoustic effect in gas dynamics). The
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later is computed by implicitly solving a Helmholtz equation for geopotential or pres-

sure. To our knowledge, implementation of the semi-Lagrangian schemes to hyperbolic

systems with the complete characteristic theory has not been adequately explored.

Despite the superiority of HLR method in resolving complex structures of smoothness,

numerical oscillation associated with discontinuity turns out to be an important prob-

lem. Using some special interpolation functions, such as the rational function in [97–

99], proves to be effective in suppressing numerical oscillations. Being a more general

approach, nonlinear limiting projection can be used to prevent the spurious oscillations

in the presence of discontinuities or large jumps. In the next section, we will give a deep

discussion about the widely used methods for limiting projection.

1.4 Limiting projection

For the HLR schemes, the significant oscillations or even non-linear instabilities are

generated when dealing with the problems with strong discontinuities because of the

Gibbs phenomena. To handle the problem, flux limiter is one of the widely used ap-

proaches that has been successfully implemented in several high resolution schemes to

avoid the numerical oscillations. The flux limiter can automatically detect the oscilla-

tion in the simulation procedure and thoroughly eliminate the oscillations .

1.4.1 TVD/TVB type limiter

One of the popular flux limiter is the Total Variation Diminishing (TVD) Limiter [30,

33, 84]. To introduce the TVD limiter, we firstly give the definition of the Total Variation

(TV) [30] of the function u(x, t) at fixed time t = tn, as

TV (un) =

∞
∑

i=−∞
|un

i+1 − un
i |, (1.12)
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and the scheme is of TVD property if

TV (un+1) 6 TV (un), ∀n. (1.13)

So a flux limiter is called TVD limiter if the limiter that can guarantee TVD property of

the numerical scheme. There are several limiters belonging to TVD limiters, including

min-mod limiter [68], superbee limiter [68] and Van-Leer’s MUSCL limiter [88]. For

TVD limiter, the numerical scheme can reduce to a monotone scheme at the area where

the oscillation appears, which is identified by the flux limiter function depending on the

smoothness of the solution. Because of the TVD property, TVD limiter can essentially

suppress the oscillation. There is another limiter called Total Variation Bounded (TVB)

limiter [71] that can control the increase of the TV, which is possible to achieve higher

order of accuracy than TVD limiter. The definition of the TVB is that: the scheme is of

TVB property in 0 6 t 6 T if

TV (un) 6 B, ∀n, (1.14)

where B > 0 is a fixed value depending only on TV (u0) and all possible n and ∆t such

that n∆t 6 T .

However, both TVD and TVB limiter can only achieve as high as third order accuracy.

For schemes with more than 3rd order of accuracy, the use of TVD/TVB flux limiter

destroy the expected convergence rate.

In order to eliminate the oscillation as well as keep the high order of accuracy, the

WENO limiter is proposed by borrowing the idea of WENO method. As the WENO

method is possible to achieve arbitrary order of accuracy, it is not hard for WENO lim-

iter to keep the original accuracy of the high order scheme. In addition, compared with

TVD/TVB limiter, WENO limiter is more robust, especially for high order schemes. In

the next subsection, we will take a brief introduction of WENO limiter.



Chapter 1. Introduction 30

x
i+

1

2

x
i−

1

2

x
i−

3

2

x
i+

3

2

x
i+

5

2

x
i−

5

2

S0
S2

S1

S3

FIGURE 1.1: The calculation stencil for 5th order finite-volume WENO scheme

1.4.2 WENO limiter

WENO limiter is based on the idea of WENO scheme [34, 44–46, 53, 72]. So firstly

we show the basic idea of WENO scheme. The WENO scheme stems from the ENO

method developed by Harten et al in 1987 [31, 73]. The basic idea of ENO is to devise a

mechanism to automatically choose the locally smoothest stencils that can avoid cross-

ing discontinuities stencil as much as possible. In 1994, Liu et al [53] firstly proposed

WENO by replacing the smoothest stencil of ENO by a convex combination of recon-

structions from all candidate stencils. In 1996, Jiang and Shu [45] provided a general

framework to achieve arbitrary accurate order finite difference WENO scheme, which

makes WENO method popular. Generally the fifth order finite volume WENO scheme

is the most widely used version of WENO scheme. For the convenience of understand-

ing, we will give a brief introduction of 5th order WENO construction.

1.4.2.1 WENO reconstruction

The basic idea of WENO scheme is to choose the smoothest function from three candi-

date stencils. The division of the stencil is shown in Fig. 1.1. We have three sub stencils

S0, S1, S2, and one large stencil S3. Then we can construct the solution functions by

using the VIAs of each cell inside three sub stencils S0, S1, S2 and approximate the

PV at the xi+ 1

2

with 3rd order accuracy. The solution function of each stencil can be

recovered from the following conditions
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ūi+j+k−2 =
1

∆xi+j+k−2

∫ x
i+j+k−3

2

x
i+j+k− 5

2

u(j)(x)dx, j = 0, 1, 2, k = 0, 1, 2, (1.15)

where ∆xi+j+k−2 is the mesh size. For simplicity, we assume a uniform grid spacing,

i.e. ∆xj−i = xi+j+k− 5

2

− xi+j+k− 3

2

= ∆x. Thus the third order approximation of ui+ 1

2

is given respectively from solution function u(j)(x), j = 0, 1, 2 as

u
(0)

i+ 1

2

=
1

3
ūi−2 −

7

6
ūi−1 +

11

6
ūi, (1.16a)

u
(1)

i+ 1

2

= −1

6
ūi−1 +

5

6
ūi +

1

3
ūi+1, (1.16b)

u
(2)

i+ 1

2

=
1

3
ūi +

5

6
ūi+1 −

1

6
ūi+2, (1.16c)

where u
(j)

i+ 1

2

is the abbreviation of u(j)(xi+ 1

2

). Similarly, we can construct a 4th degree

polynomial using VIAs in large stencil S3 , and retrieve the PV at the xi+ 1

2

with fifth

order accuracy, by

u
(3)

i+ 1

2

=
1

30
ūi−2 −

13

60
ūi−1 +

47

60
ūi +

9

20
ūi+1 −

1

20
ūi+2. (1.17)

Then we find that the fifth order approximation can be written through a convex combi-

nation of the three third order approximation (1.16a),(1.16b) and (1.16c),namely

u
(3)

i+ 1

2

= γ0u
(0)

i+ 1

2

+ γ1u
(1)

i+ 1

2

+ γ2u
(2)

i+ 1

2

, (1.18)

where {γ0, γ1, γ2} =
{

1
10
, 3
5
, 3
10

}

. In order to eliminate the oscillation at the discontinu-

ities, we should replace the coefficient γ0, γ1, γ2 by the weighted parameter ω0, ω1, ω2,

which should meet the following conditions:

1. ω1 + ω0 + ω2 = 1,

2. ωj, j = 0, 1, 2 should be close to zero for a non-smooth stencil and close to one for

a smooth stencil.

To achieve the above properties, Jiang and Shu [45] introduced a measurement for

smoothness in each sub-stencil, so-called smoothness indicator, defined by

βj =

2
∑

l=1

∫ x
i+1

2

x
i− 1

2

(∆x)2
[

∂luj(x)

∂xl

]2

dx, j = 0, 1, 2. (1.19)
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Having the smoothness indicator, the weighted parameters are given by

ωJS
j =

αj

α0 + α1 + α2
, αj =

γj
(ǫ+ βj)2

, j = 0, 1, 2. (1.20)

Here ωJS
j means the modified weighted parameters derived by the smoothness indicator

of Jiang and Shu [45], and ǫ is a small number that is used to avoid the condition that

the denominator equals to zero. In Jiang and Shu’s paper, ǫ is recommended to be equal

to 10−6.

Regarding the WENO reconstruction, some successive works have been conducted to

improve the accuracy of the classic WENO [45] by using different nonlinear weights

and smoothness measurements in the WENO reconstruction, such as WENO-M [32]

and WENO-Z [6] scheme. Shen and Zha [69, 70] provided a careful analysis about how

these scheme behaves over a transition cell where smooth region and discontinuity con-

nects, and proposed the optimal estimation of the first-order derivative for the transition

cell.

1.4.2.2 Development of WENO limiter

The WENO limiter was designed originally for finite volume and finite difference meth-

ods [72] and implemented to DG method in [64], where the fifth order WENO scheme

of FVM type was constructed by using the cell average values over a wide stencil. The

WENO reconstruction is then used to project the point values (PVs) at the Gauss quadra-

ture points in the target cell. This formulation only uses the cell averages even though

more information (DOFs) are available in the local reconstructions of DG. An effort was

made by the same authors to use more local information from the cell-wise high-order

polynomial by devising a Hermite-type WENO limiter (HWENO) [61, 63], which uses

the derivatives as another moment in the reconstruction and looks better suited for the

local reconstructions used in DG, and thus makes the stencil more compact. But still,

the information inside each cell has not been fully used in WENO reconstruction. For

example, the fourth order DG scheme has three DOFs in each cell, while HWENO can

only use as much as two DOFs. Also, as the WENO methodology already includes a
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smoothness indicator that can detect the smoothness of the flux function, the “trouble

cell” indicator seems to be unnecessary if a proper WENO limiter is designed.

Among other successive works, a more general formulation that maps different mo-

ments to cell averages or point values for making use of the conventional WENO recon-

structions is developed in [36]. Recently, a simple WENO limiter has been proposed

in [112] for DG and applied to FR/CPR in [20]. This scheme minimizes the stencil for

WENO reconstruction and only uses the target cell and its immediate neighbors.

1.5 Tangent of Hyperbola for INterface Capturing (THINC)

reconstruction

Being a sigmoid function, hyperbolic tangent function is a differentiable and mono-

tone function that fits well a step-like discontinuity. A class of VOF (volume of fluid)

schemes, so-called THINC, has been devised to compute moving interfaces in multi-

phase flow simulations. The original THINC scheme is used as an algebraic reconstruc-

tion for VOF method to remedy the deficiencies of traditional geometrical type method

such as strong numerical dissipation and complex coding process. Some development

of THINC can be found in [42, 110] to improve the multi-dimensional solutions when

using 1D solver as building-block scheme. These THINC schemes are very simple and

can be used as normal advection schemes. In spite of the simplicity, these schemes

can obtain high-quality numerical solutions comparable to the conventional geometri-

cal VOF methods in multi-phase flow calculation. By using a continuous analytical

function, a THINC scheme can reconstruct the interface uniquely with high resolution

from given volume fraction values. A sophisticated version of THINC scheme, so-

called MTHINC (multidimensional THINC) method [42], has been proposed by using

a multidimensional hyperbolic tangent function for reconstruction, which significantly

improves the numerical accuracy due to the multi-dimensional reconstruction.
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1.6 Unresolved problems

The Godunov-type method has been widely used in the simulation of Euler equations.

For Euler equations, the existence of shock wave can make the simulation difficult due

to the strong discontinuity. Among the existing Godunov-type methods, the following

problems have been noticed.

1. The excessive numerical dissipation is a significant problem for FVM of Godunov-

type method. The traditional FVM always assumes a jump at the cell boundary

in reconstruction procedure which is remedied by solving the Riemann problem

along each cell interface exactly or approximately. To some extent, the develop-

ment of FVM is the effort to minimize the reconstruction difference at cell inter-

faces for smooth solutions by using high order polynomial reconstruction. How-

ever, this can be problematic when the solutions include discontinuities, which

will be discussed in detail in the next chapter. Anyway, the conventional high

order polynomial can not reduce the reconstruction difference with the increase

of the polynomial order, thus it is not suitable to reconstruct the discontinous so-

lutions. As shown in (1.11), the reconstruction difference at the cell interface is

connected with the magnitude of numerical dissipation term. As a results, in or-

der to reduce the numerical dissipation near the discontinuous area, we need find

a new way to build up the FVM.

2. For HLR method, numerical oscillation is an inevitable problem. Even though

several strategies of limiting projection have been proposed in the literature, most

of the existing methods simply follow the flux limiter of FVM without consider-

ing the local DOFs defined inside each cell element. Thus, the traditional limiting

projections such as WENO limiter for DG destroy the geometry flexibility of

locally reconstructed methods. Due to the above reasons, we want to find a new

flux limiter based on WENO methodology that can fully take advantage of locally

defined DOFs.
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1.7 Purposes of current study

In this paper, we want to explore the new formulation of the numerical scheme to solve

Euler equations based on Godunov-type method. For Euler equations, the strategy in

dealing with the discontinuity is important to the quality of the numerical solutions

due to the existence of shock wave. Based on the existing problems discussed in the

previous section, we give the purposes of our study from the following two parts.

1. Firstly, we hope to propose a new guideline to design high-resolution schemes that

can reduce the excessive numerical dissipation error existing in traditional FVM.

The target numerical method should be consistent with the observation gained for

smooth solutions that the development of high-order shock capturing schemes is

in reality an effort to reduce the reconstructed difference at cell interfaces. Thus,

we come up with the following principle

(a) The reconstruction of the new method should be based on the principle that

the reconstructed jump at the cell interface can be minimized;

(b) The new method needs to automatically realize the highest possible order of

polynomial interpolation for the smooth profile;

(c) More importantly, it can recover the discontinuous solutions with high ac-

curacy by using the reconstruction that is of better monotonicity.

In other words, we want to develop a switch procedure between a high order poly-

nomial reconstruction and a low order reconstruction that can better represent the

discontinuity on the basis of minimization of the reconstructed difference at the

cell interfaces. The switch procedure should be reliable that it can reconstruct the

solution function for both smooth profile and discontinuity with high resolution.

Based on the above requirements, we develop the boundary variation diminishing

(BVD) reconstruction in this thesis that can efficiently mitigate the reconstructed

discontinuities appeared at the cell interfaces. We want that our the new guideline

can be applied to both FVM and HLR method.
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2. Furthermore, in order to deal with the numerical oscillations of HLR method, we

want to present a better-matched WENO limiter for MMC-FR scheme. The new

WENO limiter should fullfill the following properties.

(a) The new WENO limiter must be able to eliminate the oscillation at the dis-

continuity, which is the basic requirement for the WENO limiter;

(b) The new WENO limiter should be able to recover the original order of ac-

curacy of MMC- FR scheme;

(c) The new WEON limiter is better to use the PVs instead of the VIAs in

the WENO construction so that the size of the reconstruction stencil can be

reduced, which preserves the locality of the MMC-FR scheme and realizes

the geometrical flexibility;

(d) The “trouble cell” indicator [62] used in traditional WENO limiter is need-

less under the WENO methodology. So the new WENO limiter should be a

“trouble cell” indicator free limiter which doesn’t generate excessive dissi-

pation at the discontinuities.

In this thesis, we present a new WENO limiter to MCV3 scheme of MMC-R

formulation. The resulting scheme, MCV-WENO4 (Multi-moment Constrained

finite Volume with WENO limiter of 4th order) method meets all the above re-

quirements.

We also extend the new WENO limiter to CIP multi-moment finite volume method

(CIP/MM FVM) of semi-Lagrangian to solve the Euler conservation laws by im-

plementing the characteristic theory. The new WENO limiter will be built on the

CIP-CSL scheme [40], while the reconstruction of the WENO limiter should use

the PVs within mesh elements instead of the cell VIAs. Also, the new scheme

should be less dissipative so that it can be free of the TVB criterion that was orig-

inally used to control the superfluous numerical dissipation for traditional WENO

limiter.

Finally, we apply the BVD reconstruction to the MCV-WENO4 scheme as a prac-

tice to introduce the BVD algorithm in HLR-type method. As the reconstruction

of MCV method requires the continuity of not only the PV but also the first order
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derivative, the BVD reconstruction should also include the derivative values in

the build-up of the scheme.

1.8 Outline of thesis

The remainder of this thesis is arranged as follows. In Chapter 2, we introduce our

original BVD scheme. Initially, we discuss the influence of boundary variation for the

characteristic of high order FVM, to induce the fundamental idea of our BVD method.

Then, an instance of BVD scheme by using the WENO/ Targeted ENO (TENO) pre-

sented in this chapter. A gross analysis of the computational efficiency of BVD method

is also discussed. Finally, we show the numerical solutions for both scalar conservation

law and Euler equations computed using BVD scheme.

In Chapter 3, the problem of the existence of numerical oscillations near the discon-

tinuities for HLR method is introduced. Then we take a brief review of MMC-FR

construction. As the 4th order WENO limiter is performed on the 3-point MCV scheme

with slope constraint (MCV-SC) scheme, the reconstruction procedure of the MCV-SC

scheme is given in detail aforehand. Then we propose the construction of the MCV-SC

scheme using the WENO limiting (we call the resulting scheme MCV-WENO4 scheme)

in scalar conservation law. In this part, the stencil discretization, the polynomial inter-

polation and the WENO reconstruction in the MCV-WENO4 scheme is introduced sep-

arately. In addition, the issue on applying the MCV-WENO4 scheme to Euler equations

is discussed. Also, the computational cost of WENO limiter is analyzed. Finally, the

numerical results of the widely used benchmark tests in one and two dimensions are

given to verify the proposed scheme.

In Chapter 4, the CIP-CSL3 scheme is reviewed under the formulation of CIP/MM

FVM, including the implementation to scalar conservation law as well as the Euler

equations. Then, we describe the application of the 4th order nodal-value based WENO

limiter to CIP-CSL3 method, where the resulting scheme is called CIP-conservative

Semi-Lagrangian with WENO limiter of 4th order (CIP-CSL-WENO4) scheme. The

comparison between the Eulerian and semi-Lagrangian schemes based on the error
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measurements are given in this chapter, which demonstrates the superiority of the semi-

Lagrangian scheme. In the end, the numerical results of some widely-used benchmark

tests are presented to verify the accuracy and robustness of the proposed scheme.

In Chapter 5, we present a new version of BVD reconstruction that is suitable for HLR

method. The new BVD algorithm includes the derivative values in the selection pro-

cedure, which is compatible with the multi-moment reconstruction of HLR method.

Based on the new BVD concept, we present a new scheme named BVD-MCV-WENO4

scheme that uses MCV-WENO4 scheme and a THINC-implemented MCV reconstruc-

tion as the building-blocks for BVD reconstruction. Finally, some numerical exper-

iments are done for BVD-MCV-WENO4 scheme to validate the effectiveness of our

new BVD method.

In Chapter 6, we review the previous chapters to provide a full picture of this thesis.

The major contributions of the current study are introduced along with the future works

extended from this thesis.
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Boundary Variation Diminishing

(BVD) reconstruction: a new approach

to improve Godunov schemes

2.1 The problem of existing high order finite volume

method

As mentioned in the previous chapter, the discontinuity is always assumed at the cell

boundary, where the L0 continuity is realized by solving the Riemann problem at each

interface. The discontinuity is caused by the biased stencil used in the reconstruction of

flux at cell boundary. The numerical flux at cell boundary can be given in the following

formulation for 1D advection equation ut + aux = 0, a is constant

f̂i+ 1

2

=
1

2

(

f(uL
i+ 1

2

) + f(uR
i+ 1

2

)
)

− 1

2
|ai+ 1

2

|
(

uR
i+ 1

2

− uL
i+ 1

2

)

(2.1)

Actually the numerical flux is a combination of central scheme 1
2

(

f(uL
i+ 1

2

) + f(uR
i+ 1

2

)
)

and numerical dissipation term 1
2
|ai+ 1

2

|
(

uR
i+ 1

2

− uL
i+ 1

2

)

. As the wave velocity a is con-

stant, the value of numerical dissipation term is mainly influenced by the reconstructed

39
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difference at the cell interface. The upwind property of hyperbolic equation is repre-

sented by the numerical dissipation term, so the scheme will become unstable if the

numerical dissipation term is omitted. However, the excessive numerical dissipation

will generate very dissipative numerical solutions. In this case, some weak disconti-

nuities such as the contact discontinuity of Euler equations will be strongly dissipated,

sometimes even vanish. Too much numerical dissipation can leave the numerical solu-

tions inaccurate, especially in simulation of compressible flow with multi-interaction of

discontinuities. Thus, even though the numerical dissipation is indispensable in solving

the hyperbolic system, it is still necessary to reduce the numerical dissipation as much

as possible.

Here, we give a new definition, boundary variation (BV) as

BV (u)i+ 1

2

= |uR
i+ 1

2

− uL
i+ 1

2

|, (2.2)

which can measure the quantity of the numerical dissipation. From the history of the

FVM introduced in tbe previous chapter, we can see that the development of FVM is a

history to reduce the BV. People try to use as high order polynomial as possible in the

innovation of FVM. By using higher order polynomial in the numerical reconstruction,

the BV can be significantly reduced for smooth solutions. This can be grossly verified

from the test in Fig. 2.1(b). Here, the profile is distributed following the sine wave,

a very smooth profile. The BV at the boundary plotted by green line is calculated by

growing order of polynomial. It can be seen from the Fig. 2.1(a), that with the increase

of polynomial order, the BV is consistently reduced. But is it true for discontinuous so-

lutions that the higher order polynomial reconstruction can still reduce the BV ? With

the above question, we do the following test. We assume a discontinuity located right

in the middle of computational domain as displayed in Fig. 2.2(b). The BV at boundary

which is marked by the vertical line is computed by using the polynomial of various

orders. The resulting BV is shown in Fig. 2.2(a) . We can notice an interesting phenom-

ena. With the increase of the polynomial order, the BV is not accordingly decreased.

On the contrary, if we take a close look at BV computed by even and odd order of

polynomial separately, we can see for each case, the BV is increased with the increase
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(a)
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(b)

FIGURE 2.1: The distribution of a sine wave on a 11-cell mesh (a) and the magnitude of

BV computed by different orders of reconstruction polynomials (b) at the cell interface

marked by the green line in (a).
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FIGURE 2.2: The distribution of a jump discontinuity on a 11-cell mesh (a) and the

magnitude of BV computed by different orders of reconstruction polynomials (b) at the

cell interface marked by the green line in (a).

of order of polynomial. This observation is totally in contrary to the case of smooth

profile. From this observation, we can conclude that it is not always true that the high

order polynomial can necessarily reduce the BV at the cell interface for discontinuous

profile.

Based on the above observation, we deem that the mere increase of the polynomial order

does not necessarily decrease the BV at the cell interface, i.e. the numerical dissipation

term. This is the reason why current FVMs always encounter large numerical dissi-

pation near the discontinuous solutions. Therefore, we propose a novel guideline for

reconstruction that adaptively chooses proper interpolation functions so as to minimize

the jump between the left- and right- side values, uL and uR, at each cell interface, i.e.
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BV. The new scheme is called boundary variation diminishing (BVD) method, and we

will elaborate the algorithm of BVD reconstruction in the following paragraphs.

2.2 Numerical algorithm

We use a scalar conservation law in the following form to present the BVD algorithm

∂u

∂t
+

∂f

∂x
= 0, (2.3)

where u(x) is the solution function and f(u) is the flux function. For a hyperbolic

equation, α = f
′

(u) is a real number, the characteristic speed.

We divide the computational domain intoN non-overlapping cell elements, Ii = [xi− 1

2

, xi+ 1

2

],

i = 1, 2, · · · , N . The mesh is assumed to be uniform across the computational domain

for simplicity, ∆x = xi+ 1

2
− xi− 1

2
, which is not essential and formulations on non-

uniform meshes can be constructed under the same concept.

Using an FVM framework, we define the VIA of a function u(x) for cell Ii as

ui =
1

∆x

∫ x
i+1

2

x
i− 1

2

u(x, t)dx. (2.4)

The VIA ūi of each cell Ii = [xi− 1

2

, xi+ 1

2

] is updated by

dūi

dt
= − 1

∆x
(f̃i+ 1

2

− f̃i− 1

2

), (2.5)

where the numerical fluxes at the cell boundaries are computed by a Riemann solver

f̃i+ 1

2

= fRiemann
i+ 1

2

(uL
i+ 1

2

, uR
i+ 1

2

), (2.6)

using the left-side value uL and right-side value uR obtained from the reconstructions

over left- and right-biased stencils. In spite of different variants, the Riemann flux is
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essentially upwinding and can be thus written in a canonical form as

fRiemann
i+ 1

2

(uL
i+ 1

2

, uR
i+ 1

2

) =
1

2

(

f(uL
i+ 1

2

) + f(uR
i+ 1

2

)− |α̃i+ 1

2

|(uR
i+ 1

2

− uL
i+ 1

2

)
)

, (2.7)

where α̃i+ 1

2

stands for a characteristic speed in a hyperbolic equation. The last term in

(2.7) can be interpreted as the numerical dissipation.

Our central task now is how to calculate the left-side value uL
i+ 1

2

and right-side value

uR
i+ 1

2

for all cell boundaries xi+ 1

2

, i = 1, 2, · · · , N .

2.2.1 Boundary variation diminishing (BVD) reconstruction

We propose a novel guideline for reconstruction that adaptively chooses proper interpo-

lation functions so as to minimize the jump between the left- and right- side values, uL

and uR, at the cell interface. We elaborate the algorithm of boundary variation dimin-

ishing (BVD) reconstruction for cell Ii as follows.

i) Prepare two piece-wisely reconstructed interpolation functions, Φ<1>
i (x) andΦ<2>

i (x),

of solution function u(x) for each cell from the VIAs ūi available over the compu-

tational domain. The existing reconstruction methods, such as WENO and THINC

described later, can be employed for this purpose. Without losing generality, we as-

sume that Φ<1>
i (x) is a higher-order polynomial-based interpolant, while Φ<2>

i (x)

might be of low-order but has better monotonicity (a sigmoid function is preferred

for step-like discontinuity, for example);

ii) Find Φ<p>
i (x) and Φ<q>

i+1 (x) with p and q being either 1 or 2, so that the boundary

variation (BV)

BV (Φ)i+ 1

2

= |Φ<p>
i (xi+ 1

2

)− Φ<q>
i+1 (xi+ 1

2

)|, (2.8)

is minimized;
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iii) In case that a different choice for cell i is made when applying step ii) to the neigh-

boring interface xi− 1

2

, that is, Φ<p′>
i (x) found to minimize

BV (Φ)i− 1

2

= |Φ<p′>
i−1 (xi− 1

2

)− Φ<q′>
i (xi− 1

2

)|, (2.9)

with p′ and q′ being either 1 or 2, is different from that found to minimize (2.8), we

adopt the following criterion to uniquely determine the reconstruction function.

Φ<p>
i (x) =







Φ<1>
i (x), if

(

Φ<p>
i (xi+ 1

2

)− Φ<q>
i+1 (xi+ 1

2

)
)(

Φ<p′>
i−1 (xi− 1

2

)− Φ<q′>
i (xi− 1

2

)

< 0,

Φ<2>
i (x), otherwise.

(2.10)

iv) Compute the left-side value uL
i+ 1

2

and the right-side value uR
i− 1

2

for each cell by

uL
i+ 1

2

= Φ<p>
i (xi+ 1

2

) and uR
i− 1

2

= Φ<p>
i (xi− 1

2

). (2.11)

Remark 1. The BVD algorithm reduces the reconstructed jumps at the cell inter-

faces, and thus the numerical dissipation term NDi+ 1

2

= |α̃|i+ 1

2

(uR
i+ 1

2

− uL
i+ 1

2

)

in Riemann solvers, which can be expected to effectively improve the numerical

solution.

Remark 2. For smooth solution, the BVD reconstruction naturally realizes the highest

possible interpolation because interpolants of higher order tend to find an inter-

face value closer to the continuous “true” solution.

Remark 3. For discontinuous solution, pursuing higher order polynomials does not

necessarily lead to the reduction of the reconstructed boundary jumps. It might

imply the limitation of the current practice to use high-order polynomials for

reconstruction.

Remark 4. By minimizing the jumps at the cell boundaries, the BVD algorithm

requires a reconstruction that is able to represent a jump within the cell where

a discontinuity exists. In this sense, the THINC reconstruction shown later is

preferred to a polynomial.
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Remark 5. The BVD reconstruction provides a practical and effective guidance to

construct high-fidelity schemes for resolving discontinuous solutions. As shown

later, excellent numerical results can be obtained if the candidate reconstructions,

Φ<1>
i (x) and Φ<2>

i (x), are properly chosen.

Remark 6. Another simpler alternative to (2.10) is

Φ<p>
i (x) =







Φ<1>
i (x), if (ūi − ūi+1) (ūi−1 − ūi) < 0,

Φ<2>
i (x), otherwise.

(2.12)

It does not make significant difference in our numerical experiments.

Remark 7. Other BV-equivalent quantities can be also used in the algorithm. For ex-

ample, we have tested to minimize the total boundary variation (TBV), TBV (Φ)i =

|BV (Φ)i− 1

2

|+ |BV (Φ)i+ 1

2

| for cell i, which gives quite similar results but is more

algorithmically complicated. For FVM, when we use the Lax-Friedrich flux as the

numerical flux, the update of VIA can be written as

ūn+1
i − ūn

i = −∆t

∆x

(

f̂(uL
i+ 1

2

) + f̂(uR
i+ 1

2

)
)

−
(

f̂(uL
i− 1

2

) + f̂(uR
i− 1

2

)
)

2

+
1

2
α∆x

(

uR
i+ 1

2

− uL
i+ 1

2

)

−
(

uR
i− 1

2

− uL
i− 1

2

)

∆x2
,

(2.13)

where

α = max
u

|f ′

(u)|. (2.14)

The second part at the right hand side of equation (2.13) represents the viscous

term that is in fact the second order derivative. From the numerical viscosity

(

uR
i+ 1

2

− uL
i+ 1

2

)

−
(

uR
i− 1

2

− uL
i− 1

2

)

∆x2
, (2.15)

we can see that current BVD reconstruction that minimizes the BV (Φ)i+ 1

2

and

BV (Φ)i− 1

2

is only the sufficient condition for the minimization of the numerical

dissipation. Being aware of that the numerical dissipation appears eventually in
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a numerical scheme as NDi+ 1

2

− NDi− 1

2

, we see another future option to min-

imize effective numerical dissipation (END), END(Φ)i = |NDi+ 1

2

− NDi− 1

2

|,
where NDi+ 1

2

= |α̃|i+ 1

2

(Φ<q>
i+1 (xi+ 1

2

)−Φ<p>
i (xi+ 1

2

)) is the numerical dissipation

term. The sufficient and necessary condition for the minimization of numerical

dissipation should be the minimization of END. Even though, we still believe that

the current BVD criterion provides an algorithmically simple and practical way

to reduce the numerical dissipation, which achieves a good balance between the

ability to reduce the numerical dissipation and computational complexity.

2.2.2 The building-block reconstruction schemes

As shown in the BVD reconstruction algorithm, we need two building-block schemes

to construct the candidate interpolation functions, Φ<1>
i (x) and Φ<2>

i (x). In order to

enable the resulting scheme to accurately resolve both smooth and discontinuous solu-

tions, we use two fifth-order WENO reconstructions, known as the WENO-Z scheme

[6] and the fifth-order targeted ENO (TENO5) scheme [23] to construct Φ<1>
i (x) , while

use the THINC scheme [100, 101] to construct Φ<2>
i (x). We give a brief description

for each of these algorithms as below.

2.2.2.1 The (W/T)ENO reconstructions for Φ<1>
i (x)

Both WENO-Z and TENO5 schemes compute the cell interface values by

Φ<1>
i (xi± 1

2

) = ω0u
(0)

i± 1

2

+ ω1u
(1)

i± 1

2

+ ω2u
(2)

i± 1

2

, (2.16)

where u(0), u(1) and u(2) are computed from the third-order polynomials constructed

separately over three slided 3-cell stencils. It is noted that an uniform grid is assumed

here for simplicity, but is not essential.

u
(0)

i− 1

2

=
1

3
ui+2 −

7

6
ui+1 +

11

6
ui, u

(1)

i− 1

2

= −1

6
ui+1 +

5

6
ui +

1

3
ui−1, u

(2)

i− 1

2

=
1

3
ui +

5

6
ui−1 −

1

6
ui−2;

u
(0)

i+ 1

2

=
1

3
ui−2 −

7

6
ui−1 +

11

6
ui, u

(1)

i+ 1

2

= −1

6
ui−1 +

5

6
ui +

1

3
ui+1, u

(2)

i+ 1

2

=
1

3
ui +

5

6
ui+1 −

1

6
ui+2.

(2.17)
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The computation of the non-linear weights, ωj , j = 0, 1, 2, depends on the smoothness

indicator which measures the smoothness of solution function u(x). Different formu-

lations are used in the WENO-Z and TENO5 reconstructions to compute the nonlinear

weights.

Interested readers are referred to [6] and [23] for details. We summarize the key for-

mulate to calculate the non-linear weights in both WENO-Z and TENO5 schemes as

follows.

For WENO-Z scheme, the non-linear weights is computed by

ωk =
αk

∑2
k=0 αk

, αk = dk

(

1 +

(

τ5
βk + ǫ

)q)

, τ5 = |β2 − β0|, k = 0, 1, 2, (2.18)

where dk is the optimal weight to recover the full 5th-order scheme with the values

d0 = 0.1, d1 = 0.6, d2 = 0.3. q = 1 is recommended to control the excessive

numerical dissipation in non-smooth region. The smoothness indicator βk is defined

following Jiang and Shu [45] as

βj =

2
∑

l=1

∫ x
i+1

2

x
i− 1

2

∆x2l−1

(

dluj(x)

dxl

)2

dx, j = 0, 1, 2. (2.19)

For the TENO5 scheme, the smoothness measure is defined as

γk =

(

C +
τK

βk + ǫ

)q

, k = 0, . . . , K − 3, (2.20)

where K = 5 is the maximum order for the TENO5 scheme. C = 1 and q = 6 is

suggested in [23] to balance between numerical dissipation and computation robustness.

The core of the TENO scheme is the ENO-like stencil selection procedure. Firstly, the

normalization of the smoothness measure is given by

χk =
γk

∑2
k=0 γk

, k = 0, 1, 2, (2.21)
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then the cut-off function is defined subjected to χk as

δk =







0, if χk < CT

1, otherwise

k = 0, 1, 2, (2.22)

where the CT is set to be 10−5. Finally, the nonlinear weight can be obtained from a

renormalization procedure as

ωk =
dkδk

∑2
k=0 dkδk

, k = 0, 1, 2, (2.23)

As discussed in [23], the TENO5 scheme is superior to the WENO-Z scheme in resolv-

ing discontinuities with less numerical dissipation. We compared the two schemes in

some numerical tests and observed that both work well under the BVD framework, and

the original properties of WENO-Z and TENO5 can be observed when implemented

with the BVD principle.

2.2.2.2 The THINC reconstruction for Φ<2>
i (x)

Being a sigmoid function, hyperbolic tangent function is a differentiable and mono-

tone function that fits well a step-like discontinuity. A class of VOF(volume of fluid)

schemes, so-called THINC (Tangent of Hyperbola for INterface Capturing), has been

devised to compute moving interfaces in multiphase flow simulations [9, 75, 100, 101]

based on the hyperbolic tangent function. In the present work, we use THINC recon-

struction as the second candidate interpolation function Φ<2>
i (x) in the BVD algorithm

Φ<2>
i (x) = umin +

umax

2

(

1 + γ tanh

(

β

(

x− xi− 1

2

xi+ 1

2

− xi− 1

2

− x̃i

)))

, (2.24)

where umin = min(ūi−1, ūi+1), umax = max(ūi−1, ūi+1) − umin and γ = sgn(ūi+1 −
ūi−1). Parameter β is used to control the jump thickness. We use a constant value of

β = 1.6 for most of the numerical tests in this Chapter. We need to notice that β can

also be given in a variable formulation. In some cases, the variable β can yield better
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numerical solutions. The variable β is defined by

β = βmin +
(umax − umin)

7

∆x

(βmax − βmin)

S
, (2.25)

where βmax and βmin is the given range where β is allowed to fluctuate, and S is a

constant scaling factor. In the numerical tests presented in this paper, without specific

indication, we use a constant β in our computation.

The unknown x̃i, which represents the location of the jump center, is computed from

the constraint condition, ūi =
1
∆x

∫ x
i+1

2
x
i− 1

2

Φ<2>
i (x)dx.

Rather than showing explicitly the formula to calculate x̃i, we give the expressions for

the reconstructed left- and right-end values of cell i by

Φ<2>
i (xi+ 1

2

) = umin +
umax

2

(

1 + γ
tanh(β) + A

1 + A tanh(β)

)

,

Φ<2>
i (xi− 1

2

) = umin +
umax

2
(1 + γA),

(2.26)

where A = B/ cosh(β)−1
tanh(β)

, B = exp
(

γβ
(

2 ūi−ūmin+ǫ
umax+ǫ

− 1
))

and ǫ = 10−20. It should be

noted that the THINC reconstruction applies only to cells where (ui+1 − ui) (ui − ui−1) >

0 hold.

Remark 8. We also experimented using piece-wise constant and MUSCL reconstruc-

tions for Φ<2>
i (x), and find that the BVD algorithm results in a less oscillatory

solution without noticeable increase in numerical dissipation in comparison with

the computations which only use WENO-Z or TENO5 reconstructions. Another

combination that uses MUSCL for Φ<1>
i (x) and THINC for Φ<2>

i (x) gives sig-

nificant improvement in resolving contact discontinuities in numerical solutions

as well.

We refer to the BVD algorithm using WENO-Z and THINC reconstructions as BVD-

WENOZ-THINC method, and the BVD algorithm using TENO5 and THINC recon-

structions as BVD-TENO5-THINC method in this paper. More explicitly, WENO-Z

reconstruction is used for Φ<1>
i (x) and THINC for Φ<2>

i (x) in BVD-WENOZ-THINC
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method, while TENO5 reconstruction is used for Φ<1>
i (x) and THINC reconstruction

for Φ<2>
i (x) in BVD-TENO5-THINC method.

For Euler equations, the (W/T)ENO and THINC reconstructions are implemented to

the characteristic variables, and the minimization in the BVD algorithm is conducted in

terms of the primitive variables separately, i.e. density, velocity and pressure. We use

Roe’s Riemann solver [67] to calculate the numerical fluxes.

The five stage fourth order strong stability preserving (SSP) Runge-Kutta method [27,

79] is used for time marching with a Courant-Friedrich-Lewy (CFL) number of 0.4 in

the numerical tests presented next.

2.3 Analysis of the computational efficiency and numer-

ical errors for BVD scheme

In this section, we measure the computational efficiency of BVD scheme by comparing

the computational time of the advection of a square wave on a 10000-mesh cell after

one period between the BVD scheme and FVM without BVD reconstruction. The initial

condition of test case is given as

u(x, 0) =







1, when|x| 6 0.4,

0, otherwise.
(2.27)

where the computation domain is x ∈ [−1, 1]. The computational is performed up to

t = 2.0.

In this quantitative measurement, we use THINC and WENO-Z reconstruction as the

building block for BVD scheme, while for FVM we use the WENO-Z scheme in our

computation. The elapsed time is given as follows







Time taken by BVD scheme : 1126.33s

Time taken by WENO− Z scheme : 937.25
(2.28)
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We can see that the BVD reconstruction brings in about 20% extra computational time.

Also, we compare the total error, dissipation error and dispersion error between the nu-

merical results computed by BVD-WENOZ-THINC scheme and only WENO-Z scheme.

The total error ETOT , dispersion error EDISP and dissipation error EDISS is measured

using the method presented in [82]. The total error ETOT is defined by the mean square

error for numerical solutions as

ETOT =
1

N

N
∑

i=0

(un
i − ue

i )
2, (2.29)

where un
i is the numerical solution of the VIA for cell i, ue

i represents the exact solution

and N the mesh number. The total error can be split into the dissipation error EDISS

and dispersion error EDISP

ETOT = EDISS + EDISP , (2.30)

where

EDISS = (σ(un)− σ(ue))2 +
(

un − ue
)2

,

EDISP = 2(1− ρ)σ(un)σ(ue).
(2.31)

Here σ(un) is the standard deviation of numerical solution un, σ(ue) is the standard

deviation of analytic solution ue and ue represents the mean value of ue while un is the

mean value of un. ρ is the correlation coefficient between un and ue defined by

ρ =
cov(ue, un)

σ(un)σ(ue)
, (2.32)

where cov(ue, un) is the covariance of un and ue. If ue and ue are exactly correlated,

i.e. ρ = 1, then the dispersion error defined in (2.31) will become zero, which means

that the numerical error is only from the numerical dissipation.

The three error measurements of numerical errors of advection of a square wave (2.27)

are given in Table 2.1. We can see that by using BVD reconstruction, both of the total er-

ror, numerical dissipation error and numerical dispersion error are significantly reduced.
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Compared to the results computed by just WENO-Z scheme, the total error and numer-

ical dispersion error is reduced by about 63%, while the numerical dissipation error is

reduced by more than 73%. This observation confirmed that the BVD reconstruction

can effectively reduce not only the numerical dissipation error but also the overall error

and numerical dispersion error for the solutions including jump discontinuity.

TABLE 2.1: Comparison of ETOT ,EDISS and EDISP between BVD-WENOZ-

THINC scheme and WENO-Z scheme for advection of a square wave

Scheme ETOT EDISS EDISP

BVD-WENOZ-THINC scheme 1.40e-03 2.55e-05 1.37e-03

WENO-Z scheme 3.81e-03 9.72e-05 3.71e-03

We also count the operations and instructions of our scheme. We use the method given

in [99]. The ratio of computational cost between different operations is given as

addition : min(x) : if : division : exponential function = 1 : 2 : 2.3 : 6 : 6 (2.33)

The operation counts of BVD-WENOZ-THINC scheme and WENO-Z scheme is shown

in Table 2.2. We can learn from the table that the BVD reconstruction introduces about

33.1% computational burden in terms of operation counts.

TABLE 2.2: Operation Counts of Different Schemes.

Operation BVD-WENOZ-THINC scheme WENO-Z scheme

if logic 14 5

+,-,*,ABS(x) 192 160

/ 14 12

MAX(x), or MIN(x) 2 0

Exponential function 2 0

Summation 324.2 243.5

From the above analysis, we deem that the slight increase of computational burden can

be acceptable in exchange for the significant reduction of the numerical dissipation near

the discontinuities, especially for the computation of Euler equations where the accurate

simulation of discontinuous solutions turns out to be an important issue.
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2.4 Numerical experiments

In this section, the numerical results of some benchmark tests for scalar and Euler con-

servation laws are presented to illustrate the performance of the BVD algorithm de-

scribed above.

2.4.1 Linear advection equation

Firstly, we consider the following 1D linear advection equation

ut + ux = 0. (2.34)

Example 2.1. Accuracy test for 1D advection equation. An initially smooth profile

defined by u(x, 0) = sin(πx), x ∈ [−1, 1] is advected. The L1 and L∞ errors of VIA

after one period are measured under different grid resolutions. Shown in Table 4.4,

the numerical errors of BVD-WENO-THINC are identical to that of WENO-Z for all

grid resolutions. It proves that the BVD-WENO-THINC scheme retrieves the 5th order

WENO schemes for smooth solution.

TABLE 2.3: Numerical errors and convergence rate for 1D advection equation, t = 2.0.

N BVD-WENO-THINC scheme WENO-Z scheme

L1 error Order L∞ Order L1 error Order L∞ Order

20 2.14e-04 3.65e-06 2.14e-04 3.65e-06

40 6.40e-06 5.07 1.03e-05 5.10 6.40e-06 5.07 1.03e-05 5.10

80 2.00e-07 5.00 3.18e-07 5.02 2.00e-07 5.00 3.18e-07 5.02

160 6.32e-09 4.99 9.96e-09 5.00 6.32e-09 4.99 9.96e-09 5.00

320 2.04e-10 4.00 3.20e-10 4.96 2.04e-10 4.00 3.20e-10 4.96
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FIGURE 2.3: Numerical results of Jiang and Shu’s test after one period (t = 2.0)

with 200 grid cells computed by WENO-Z scheme (left) and BVD-WENOZ-THINC

scheme (right).

Example 2.2. Jiang and Shu’s test. The initial condition of this test includes both

discontinuities and smooth profile. We set the initial condition as

u(x, 0) =























































1

6
(G(x, β, z − δ) +G(x, β, z + δ) + 4G(x, β, z)) , −0.8 6 x 6 −0.6,

1, −0.4 6 x 6 −0.2,

1− |10(x− 0.1)|, 0.0 6 x 6 0.2,

1

6
(F (x, α, a− δ) + F (x, α, a+ δ) + 4F (x, α, a)) , 0.4 6 x 6 0.6,

0, otherwise,

(2.35)

where the computation domain is [−1, 1]. The function F and G is defined by

G(x, β, z) = exp
(

−β(x− z)2
)

, F (x, α, a) =
√

max(1− α2(x− a)2, 0), (2.36)

and the coefficients to determine the initial profile are given by

a = 0.5, z = 0.7, δ = 0.005, α = 10.0, β = log 2/(36δ2). (2.37)

The numerical results are shown in Fig.2.3. Compared to the WENO-Z method (Fig.2.3

(left)), the BVD-WENOZ-THINC method (Fig.2.3 (right)) can resolve the sharp dis-

continuity with significantly improved quality while keeping the smooth profile with

good resolution.
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Example 2.3. Advection of jump discontinuity. In this test, we analyze the sharpness

of a single discontinuity for advection equation. Initially, the discontinuity is located at

x = 0.5, defined as

u(x, 0) =







1, 0.0 6 x 6 0.5

0, otherwise.
(2.38)

To demonstrate the ability of BVD-WENOZ-THINC in minimizing the numerical dis-

sipation, we display the numerical results at t = 0.25 on a 200-cell mesh computed by

WENO-Z, THINC and BVD-WENOZ-THINC scheme respectively in Fig.2.4. It can

be observed that the sharpness is thinner for both THINC and BVD-WENOZ-THINC

scheme than WENO-Z scheme, and THINC and BVD-WENOZ-THINC scheme has

almost the same resolution for jump discontinuity. To further examine the sharpness

quantitatively, we introduce the thickness measurement of a discontinuity proposed by

in [56] as

δthickness =
αjump

∆x

1

max( δu
δx
)
=

αjump

max(uj − uj−1)
(2.39)

where αjump = 1 for this test. The results are shown in Table 2.4. As expected,

the thickness of discontinuity for WENO-Z scheme is much larger than that of the

BVD-WENOZ-THINC and THINC schemes. Although the difference of thickness be-

tween BVD-WENOZ-THINC and THINC scheme is small, the BVD-WENOZ-THINC

scheme looks even better that the pure THINC computation in resolving a thin discon-

tinuity, which manifests the effectiveness of the BVD-THINC based schemes in mini-

mizing numerical dissipation.

TABLE 2.4: Comparison of discontinuity thickness for the advection of jump discon-

tinuity

THINC BVD-WENOZ-THINC WENOZ

δthickness 2.02722 2.01354 3.51015

2.4.2 Inviscid Burgers equation

We consider the 1D inviscid Burger’s equation

ut +

(

u2

2

)

x

= 0. (2.40)
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FIGURE 2.4: The advection of jump discontinuity computed by WENO-Z, THINC,

and BVD-WENOZ-THINC scheme at t = 0.25.

Here we will give two examples for inviscid Burgers equation.

Example 2.4. Burgers equation with an initial sine wave. In this test, a sine wave

is given as the initial profile, which will develop into a shock wave after t = 1.5/π

due to the convexity of the Burgers flux. Firstly, in order to measure the convergence

rate of the BVD-based algorithm, we carried out the computation with BVD-WENOZ-

THINC method up to t = 0.5/π. The numerical errors are shown in Table 4.8, which

demonstrate nearly the 5th order accuracy. As the profile is time-dependent for the

Burgers equation, the accuracy test can illustrate the time-depending accuracy of our

scheme. We also show the numerical results computed on a 100-cell mesh at t = 1.5/π

in Fig.4.7(left). We can see that the shock wave in this test can be resolved within only

two mesh cells.
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FIGURE 2.5: Numerical results of Burgers equation computed by BVD-WENOZ-

THINC scheme. Left: Solution at t = 1.5/π on a 100-cell mesh with a sine-wave

initial condition. Right: Solution at t = 0.2 on a 80-cell mesh with a square pulse

initial condition (2.41).
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TABLE 2.5: Numerical errors and convergence rates for 1D Burgers equation at t =
1/(2π).

N L1 error Order of Accuracy L∞ error Order of Accuracy

20 3.00e-04 2.07e-03

40 1.66e-05 4.18 2.15e-04 3.27

80 7.36e-07 4.49 9.94e-06 4.43

160 2.65e-08 4.79 3.56e-07 4.80

Example 2.5. Burgers equation with shock and rarefaction waves. The initial condi-

tion of this benchmark test is given by

u(x, 0) =







1, 0.3 6 x 6 0.75,

0.5, otherwise,
(2.41)

Both shock and rarefaction wave are included in this test. The numerical results at

t = 0.2 are shown in Fig.4.7(right). The BVD-WENOZ-THINC scheme can reproduce

both the shock and expansion fan with good accuracy.

2.4.3 Burgers turbulence

A well-known observation is that Godunov type methods using Riemann solvers, even

of high order, generates excessive numerical dissipation to high wave number range,

and might not be properly used in large eddy simulations for turbulent flows of high

Reynolds number. In order to examine the numerical dissipation of the proposed meth-

ods in simulating turbulent flows, we solved Burger turbulence problem introduced in

[4]. Burgers equation with viscosity is written as

ut +

(

u2

2

)

x

= νuxx, (2.42)

where ν = 1× 10−4 is the viscosity coefficient.

The computational domain is [0, 1] with periodical boundary conditions. The Fourier

representation of the velocity function is u(x, t) =
∑

q ûq(t)exp(ikqx). The energy of
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single model kq is calculated by E(kq, t) = |u(kq, t)2|. The initial condition is pre-

scribed in terms of energy spectrum in the same as in [4], i.e.

E(k, 0) = Aσk4exp(−0.5σ2k2), (2.43)

where constant A =
U2
0

3
√
2π

with U2
0 = 〈u0(x)

2〉 the mean kinetic at t = 0.0 and σ =

0.05/2π. The initial velocity field is given through the means of Wiener process. The

initial energy spectrum is reported in Fig. 2.6

The initial kinetic energy which is concentrated in the low wave number range is trans-

fered to the high wave number range. In the present paper, the numerical results from

WENO-Z scheme on a fine mesh (8192 cells) are referred to as the DNS (Direct nu-

merical simulation) solutions. We computed the Burgers turbulence for a truncated

spectral range on a mesh of 1024 cells by both WENO-Z and BVD-WENOZ-THINC

methods. Here the diffusing viscous term is solved by the 4th order central difference

scheme. The energy spectrum at t = 0.06 are plotted in Fig.2.7. It is found that the

BVD-WENOZ-THINC method effectively reduces the numerical dissipation in high

wave number range compared to the WENO-Z scheme. Also, the velocity distribution

in physical field from x = 0.15 to x = 0.35 is given in Fig.2.8. It shows that BVD-

WENZ-THINC scheme can achieve better resolution for velocity field than WENO-Z

scheme, although the difference is not so significant. Consistent to all other numerical

tests, significant improvement in numerical dissipation can be obtained by the BVD

algorithm, which thus are expected to be a general remedy also to other existing meth-

ods that are too numerically dissipative to simulate turbulence flows of high Reynolds

numbers.

2.4.4 Buckley Leverett equation

1D Buckley Leverett equation reads

ut +

(

4u2

4u2 + (1− u)2

)

x

= 0. (2.44)
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FIGURE 2.6: The prescribed energy spectrum at t = 0.
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FIGURE 2.7: The energy spectra of Burgers turbulence at t = 0.06 on 1024 cells

computed by WENO-Z and BVD-WENOZ-THINC schemes. The DNS results are

computed on 8192 cells by WENO-Z scheme. Displayed are the spectra for the whole

region (left) and the zoomed-in view of high-wave number region (right).

This equation was originally presented by Buckley & Leverett in [8]. The formulation

given here is deduced by assuming the relative permeability functions in fractional flow

rate are quadratic [78].

Example 2.6. Square pulse problem. The initial condition is set to be a square pulse,

u(x, 0) =











1, −1

2
6 x 6 0,

0, otherwise.

(2.45)

The solution to this test is a mixture of containing shock, rarefaction and contact dis-

continuity. We carried out the computation up to t = 0.4. The numerical results of

BVD-WENOZ-THINC method are given in Fig.2.9. We can see that the results are of

good quality even with such a low resolution grid.



Chapter 2. BVD reconstruction: a new approach to improve Godunov schemes 60

X

u

0.15 0.2 0.25 0.3 0.35

­0.4

­0.2

0

0.2

0.4

WENO

THINC
DNS

FIGURE 2.8: Velocity distribution at t = 0.06 computed by WENO-Z and BVD-

WENOZ-THINC schemes. The DNS results are calculated by WENO-Z scheme on
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FIGURE 2.9: Numerical solutions of Buckley Leverett problem at t = 0.2 with 80
cells.

2.4.5 1D Euler equations

In this subsection, we present the numerical results of some benchmark shock-tube tests

for 1D Euler equations to verify our new scheme for resolving the shock wave, contact

discontinuity and rarefaction wave in compressible gas flows

Example 2.7. Sod’s problem. The initial condition is given by

(ρ0, v0, p0) =







(1, 0, 1), 0 6 x 6 0.5,

(0.125, 0, 0.1), otherwise.
(2.46)
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The mesh number is 100 in this test. The results from both WENO-Z and BVD-WENO-

THINC are presented in Fig.2.10 for comparison. It is observed that BVD-WENOZ-

THINC scheme resolves better the contact discontinuity and the expansion front, while

the solution of WENO-Z looks more dissipative.
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FIGURE 2.10: Sod’s problem at t = 0.25 with 100 cells solved by WENO-Z (left) and

BVD-WENOZ-THINC method (right).

Example 2.8. Lax’s problem. This is another widely used benchmark test [49] with the

initial condition given by

(ρ0, v0, p0) =







(0.445, 0.698, 3.528), 0 6 x 6 0.5,

(0.5, 0, 0.571), otherwise.
(2.47)

We show the numerical results at t = 0.16 for both WENO-Z and BVD-WENO-THINC

are presented in Fig.2.11 for comparison. It can be seen again that our scheme can repro-

duce sharp contact discontinuity and shock wave, while maintaining the high accuracy

for smooth profile. We plot the t−x diagram in Fig.2.12 to demonstrate the cells where

the THINC reconstruction is implemented. It reveals that the discontinuities, both con-

tact discontinuity and shock, are properly identified by the BVD criterion. In this test,

we also use the variable β in our computation. The parameter for variable β is given as

βmin = 1.6, βmax = 3.0, S = 80.0. (2.48)

The numerical results are shown in Fig.2.13. We find that by using the variable β, we

can get better resolution for contact discontinuity solution. However, to strike a balance



Chapter 2. BVD reconstruction: a new approach to improve Godunov schemes 62

X

D
e

n
s
it
y

0 0.2 0.4 0.6 0.8

0.4

0.6

0.8

1

1.2

1.4

Numerical
Exact

X

D
e

n
s
it
y

0 0.2 0.4 0.6 0.8

0.4

0.6

0.8

1

1.2

1.4

Numerical
Exact

FIGURE 2.11: Lax’s problem at t = 0.16 with 100 cells solved by WENO-Z (left) and

BVD-WENOZ-THINC method (right).
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FIGURE 2.12: The mesh cells where the THINC reconstruction for density is imple-

mented based on the BVD principle corresponding to Lax’s problem in Fig.2.11.

between robustness and solution resolution, we deem that the constant β is enough to

get the solution with less numerical dissipation without damaging the computational

stability. A more robust variable β can be seen as a future choice for the development

of the BVD reconstruction.

Example 2.9. A shock-tube test with high Mach number. The initial condition of this

benchmark test is given by

(ρ0, v0, p0) =







(1000.0, 0.0, 10000.0), 0 6 x 6 0.2,

(1.0, 0.0, 1.0), otherwise.
(2.49)

The numerical results at t = 0.05 are presented in Fig.2.14. The mesh number is 800.

Here we give the results computed by both WENO-Z and BVD method. The density are

plotted using the log scale to better express the structure of the discontinuities. Through
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FIGURE 2.13: Lax’s problem at t = 0.16 with 100 cells solved by BVD-WENOZ-

THINC method with the variable β.

the comparison, we can clearly see that the BVD scheme can get better resolution for the

contact discontinuity near x = 0.65 than WENO-Z scheme. The contact discontinuity

computed by BVD scheme can be resolved by only about three cells, while the WENO-

Z results need more than seven points.
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FIGURE 2.14: Shock-tube test with high Mach number at t = 0.16 on a mesh with 800
cells solved by WENO-Z (left) and BVD method (right).

Example 2.10. Shock-turbulence interaction. The initial condition of this test is spec-

ified by

(ρ0, v0, p0) =







(3.857143, 2.629369, 10.333333), when x < 0.1,

(1.0 + 0.2 sin(50x− 25), 0, 1.0), when x > 0.1.
(2.50)

The computational domain is [0, 1] and we perform the calculation up to t = 0.18 on

a mesh of 200 cells. The numerical results of WENO-Z, BVD-WENOZ-THINC and
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BVD-TENO5-THINC are shown in Fig.4.12. It is observed that the BVD algorithm

does not make significant difference to the smooth solution where the polynomial-based

reconstructions are preferred as in the linear advection tests. The difference between

WENO-Z and TENO5 is clearly seen in the results.
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FIGURE 2.15: Numerical results of shock-turbulence interaction at t = 0.18 with 200
cells. Displayed are solutions of density computed by WENO-Z (left), BVD-WENOZ-

THINC (middle) and BVD-TENO5-THINC (right) method.

Example 2.11. Two interacting blast waves. This is a 1D benchmark test including

more complicated interactions and discontinuous structures. Initially we set the follow-

ing condition for state variables,

(ρ0, v0, p0) =























(1, 0, 1000), 0 6 x 6 0.1,

(1, 0, 0.01), 0.1 < x < 0.9,

(1, 0, 100), otherwise.

(2.51)

The reflection boundary is set to the left and right ends of computational domain. This

test includes the multiple interaction of strong shock waves, density discontinuities

and rarefaction waves. The numerical solutions of density computed by WENO-Z,

BVD-WENOZ-THINC and BVD-TENO5-THINC are given in Fig.4.14. The common

headache to nearly all existing shock-capturing schemes is the overly smeared density

discontinuities in the numerical solutions, as can be seen in the result of WENO-Z in

Fig.4.14 (a). The numerical results of BVD-WENOZ-THINC (Fig.4.14 (b)) and BVD-

TENO5-THINC (Fig.4.14 (c)) are among the best ones ever reported in the literature to

this benchmark test. Especially, the resolution of the left-most density discontinuity is

resolved within less than four cells, which is much superior to any other existing shock

capturing scheme without artificial compression steepening treatment.
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In this test, we also give the results computed by BVD-MUSCL-THINC scheme in

Fig.4.14 (d), which uses MUSCL scheme as the building-block scheme for smooth res-

olution. The MUSCL scheme is only 2rd order accuracy, so it will generate more nu-

merical dissipation than high order scheme such as WENO of fifth order accuracy. But

we notice from numerical results that after applying the BVD algorithm, the MUSCL

scheme can obtain the numerical solutions with the better resolution than those given

by fifth order WENO scheme presentd in Fig.4.14 (a).
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FIGURE 2.16: Numerical results of two interacting blast waves at t = 0.038 with 400
cells. Displayed are solutions of density computed by WENO-Z (a), BVD-WENOZ-

THINC (b) and BVD-TENO5-THINC (c) method and BVD-MUSCL-THINC scheme

(d)
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2.4.6 2D Euler equations

Implementing the BVD algorithm in multiple dimensions on structured grids is straight-

forward. In order to verify the proposed methods in multi-dimensions, we solved two

benchmark tests suggested in [94] for 2D Euler equations.

Example 2.12. Double Mach Reflection. This benchmark test contains both shock

wave and contact discontinuity, and is usually used to verify numerical schemes in

capturing strong shocks and vortical structures, which requires a numerical scheme to

be optimized in terms of suppressing both numerical oscillation and dissipation.

We computed the solution up to t = 0.2 on two meshes of different resolutions. The

numerical results of WENO-Z, BVD-WENOZ-THINC and BVD-TENO5-THINC on

a 100 × 320 mesh are shown in Fig.2.17 with the zoomed-in part in Fig.2.18, and

the results on a 200 × 640 mesh are displayed in Fig.2.19 with the zoomed-in region

in Fig.2.20. The vortex structures resulted from Kelvin-Helmholtz instabilities along

the slip line are the key features to evaluate the intrinsic numerical dissipation of the

tested scheme. The vortex is developed with the time-marching. On the coarse mesh of

100× 320 cells, the WENO-Z is not able to produce the vortex structures along the slip

line, while both BVD-WENOZ-THINC and BVD-TENO5-THINC methods resolved

adequately the vortex structures. On the 200× 640 mesh, the numerical solutions from

BVD-WENOZ-THINC and BVD-TENO5-THINC methods are of high quality com-

parable to those obtained using discontinuous Galerkin (DG) method with even more

degrees of freedom (DOFs) [21, 55, 64]. The favorable resolution of vortex structure

validates the good transient performance of our scheme.

Example 2.13. Mach 3 step tunnel. In this benchmark test, a right-moving Mach 3

flow in a tunnel with a forward step and reflective boundaries generates complex flows

due to the interactions among shocks, density disturbances and shear flows.

We show the numerical results of WENO-Z, BVD-WENOZ-THINC and BVD-TENO5-

THINC at t = 4.0 on a 100×300 mesh in Fig.2.21. All shock waves are well resolved by

three schemes without significant difference, while the vortex structures starting from

the front triple point look different. The vortex structures are more clearly resolved
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FIGURE 2.17: Numerical results of double Mach reflection at t = 0.2 with 100 ×
320 cells by WENO-Z (a), BVD-WENOZ-THINC (b) and BVD-TENO5-THINC (c)

method.

by both BVD-WENOZ-THINC and BVD-TENO5-THINC methods. The numerical

results on a finer mesh (200× 600 mesh) of BVD-WENOZ-THINC and BVD-TENO5-

THINC are shown in Fig.2.22. All shocks and vortex structures are well resolved,

and the numerical results are comparable to other high-order and less-dissipative meth-

ods, such as DG method. It is noted again that the BVD-WENOZ-THINC and BVD-

TENO5-THINC methods produce the competitive numerical results for the vortex struc-

tures, but on a relatively lower mesh resolution in comparison with existing methods.

Consistently, a striking feature in our numerical solution is that even the small dis-

turbances are preseved owing to the reduced numerical dissipation in the BVD-based

schemes used in the numerical experiments.
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FIGURE 2.18: The Zoomed-in parts of numerical results shown in Fig.2.17. (a):

WENO-Z method, (b): BVD-WENOZ-THINC method, (c): BVD-TENO5-THINC

method.

2.5 Summary

We have proposed a new guideline to construct high-resolution Godunov type schemes

to resolve both smooth and discontinuous solutions. The basic idea, so-called BVD

(boundary variation diminishing), is to reconstruct the solution functions so that the

jumps at cell boundaries are minimized, which effectively reduces the numerical dis-

sipation in the resulting schemes. The original idea of BVD reconstruction is based

on the observation that the development of high order numerical method is the effort

to reduce the reconstructed difference at the cell boundaries. The BVD reconstruction

automatically realizes the highest possible order of polynomial interpolation for smooth

profile, whilst prefers other forms of reconstructions in the presence of discontinuities.
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FIGURE 2.19: Numerical results of double Mach reflection at t = 0.2 with 200 ×
640 cells by WENO-Z (a), BVD-WENOZ-THINC (b) and BVD-TENO5-THINC (c)

method.

As a result, BVD reconstruction mitigates the questionable premiss that discontinuities

only appear at cell interfaces in the current paradigm of high-order Godunov schemes.

We have implemented the BVD algorithm with the existing schemes as the building-

block schemes, i.e. WENO-Z, TENO5 and THINC schemes. The BVD algorithm

provides a reliable switching mechanism to reconstruct the solution function for both

smooth profile and discontinuity. For smooth profile, we use the polynomial reconstruc-

tion, while for jump discontinuity, we use a step-like function for flux reconstruction.

Excellent numerical results have been obtained for both scalar and Euler conservation

laws, which show a substantial improvement in comparison with the existing methods
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FIGURE 2.20: The Zoomed-in parts of numerical results shown in Fig.2.19. (a):

WENO-Z method, (b): BVD-WENOZ-THINC method, (c): BVD-TENO5-THINC

method.

including the high-order and less-dissipasive methods. Especially, the BVD reconstruc-

tion displays superior performance in dealing with the problems including vortical flow

field that is sensible to numerical dissipation. For the numerical method with excessive

numerical dissipation, the vortex structure can be easily dissipated under low density

mesh. In order to fully resolve the vortex solutions, the mesh with high density is

needed for traditional FVM, which will decrease the computational efficiency. Under

the same grid, the BVD reconstruction can give the results with more details than tradi-

tional FVM.

Not limited to (W/T)ENO and THINC schemes, the BVD concept as a general platform

of more profound impact can be used with other candidate reconstructions to further

explore high-fidelity schemes for capturing both smooth and discontinuous solutions.

A preliminary analysis [1] of the BVD algorithm in the DG-WENO framework shows
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FIGURE 2.21: Numerical results of Mach 3 step test at t = 0.2 on a 100 × 300 mesh.

Displayed are the solutions of WENO-Z (top), BVD-WENOZ-THINC (middle) and

BVD-WENOZ-TENO5 (bottom) method.

that BVD provides a more reliable switching compared to the prevailing total variation

bounded (TVB) switching [61, 64].

For unstructured meshes, high order FVM always needs a large reconstruction stencil.

The low order method with better geometrical adaptability generates excessive numer-

ical dissipation that can easily dissipate the resolution for vortical flow field. The BVD

reconstruction can efficiently reduce the numerical viscosity for low order reconstruc-

tion, which gives a scheme with both high geometrical adaptability and low numerical
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FIGURE 2.22: Numerical results of Mach 3 step test at t = 0.2 on a 200 × 600
mesh. Displayed are the solutions of BVD-WENOZ-THINC (top) and BVD-WENOZ-

TENO5 (bottom) method.

dissipation. In other words, for low order FVM with better geometrical adaptability

such as MUSCL scheme, by using the BVD reconstruction, we can recover the nu-

merical results with the resolution that is comparable to those computed by high order

methods. An example of applying BVD principle on unstructured meshes has been

presented in [105].



Chapter 3

A Slope Constrained 4th Order

Multi-Moment Finite Volume Method

with WENO Limiter

3.1 Problem of existing HLR method: Numerical Oscil-

lation

For all exiting HLR methods, the numerical oscillations are unavoidable due to the

Gibbs phenomenon [26]. For most HLR method, the polynomial function is used in

flux reconstruction, which will inevitably generate the numerical oscillations when the

flux profile includes the jump discontinuity. When solving the Euler equations, the

oscillation will leave the fields of density or temperature to take unphysical values [33].

Furthermore, the oscillation will bring about the problem in the physical process where

a slight disturbance of field variable would change the solution dramatically.

To demonstrate the numerical oscillations, we compute advection equation ut + ux = 0

with the square wave as initial profile for one period by MCV3 scheme of HLR method.

The numerical results along with the exact solution is shown in Fig. 3.1. It can be ob-

served that near the jump discontinuities, the overshoots and undershoots are significant,

73
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about 5% of the discontinuity’s height. This can be disastrous in the computation of Eu-

ler equations because sometimes the density or pressure can be as low as almost zero,

where ever the tiny oscillations can result in the negative value for physical quantity,

which can blow up the numerical computation.

FIGURE 3.1: The simulation of the advection of a square wave by MCV3 method on

a 1000-cell mesh. The numerical oscillations are marked by the red circles.

3.2 MMC-FR formulation and 3-point MCV scheme with

slope constraint

Being an extension of the FR formulation of Huynh [37], the MMC-FR [102] is briefed

at first for completeness in this section. A new scheme is then devised under the MMC-

FR framework by adding a slope constraint to the 3-point MCV scheme.

3.2.1 Brief of MMC-FR formulation

We consider the following hyperbolic conservation law

∂u

∂t
+

∂f

∂x
= 0, (3.1)
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where u is the solution function, and f(u) the flux function.

The computational domain is divided into I non-overlapping cells or elements Ωi =

[xi− 1

2

, xi+ 1

2

], i = 1, 2, · · · , I , and K solution points xik, k = 1, 2, · · · , K, are set overΩi

where the solution uik, k = 1, 2, · · · , K, is computed. As shown in the FR formulation

of Huynh[37], given a properly approximated numerical flux function f̂i(x), we can

update the solutions within Ωi by the following point-wise semi-discretised equations

at solution points xik,

duik

dt
= −

(

df̂i(x)

dx

)

ik

, k = 1, 2, · · · , K. (3.2)

The above equation (3.2) is of differential form, which covers a wide range of schemes

including the collocation method, spectral element method and nodal DG method. The

central task left now is how to reconstruct the flux function f̂i(x). In principle, the way

to reconstruct f̂i(x) makes difference among the numerical schemes.

Given the solution uik at xik, k = 1, 2, · · · , K, a piece-wise Lagrange interpolation

polynomial of degree K − 1 for Ωi reads

ũi(x) =

K
∑

k=1

uikφik(x), (3.3)

where φik(x) is the Lagrange basis function,

φik(x) =
K
∏

l=1,l 6=k

x− xil

xik − xil

. (3.4)

Given flux f(u) as the function of solution u, we have the flux function fik at the so-

lution points xik, k = 1, 2, · · · , K, simply by fik = f(uik). The piece-wisely recon-

structed polynomial for flux function is then obtained as

f̃i(x) =
K
∑

k=1

fikφik(x), (3.5)

which is of degree K − 1, same as that for the solution function ui(x).
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We call (3.5) the primary reconstruction which is separately constructed over each cell

and thus broken from cell by cell. As shown later, the primary reconstruction is not

limited to (3.4) or (3.5). Other conditions might be also added so that the resulting

scheme have some desired numerical properties. In general, the primary reconstruction

cannot be directly used to calculate (3.2). Further modification is required to ensure

that the modified numerical flux function f̂i(x) is at least C0 continuous at the two ends

xi− 1

2

and xi+ 1

2

of cell Ωi, which is the necessary condition for numerical conservation

and computational stability.

In [102], we demonstrate that the modified flux function, f̂i(x), can be reconstructed

more flexibly with a wider variety of constraint conditions in a more straightforward and

intuitive way. The resulting formulation is called multi-moment constrained flux recon-

struction (MMC-FR), which provides a platform to devise new schemes. The numerical

procedure of MMC-FR to construct the modified flux function f̂i(x) is summarized as

follows.

1. Compute the primary reconstruction for the solution u or flux function f(u)

through (3.3) or (3.5) for all cell Ωi, i = 1, 2, · · · , I .

2. Compute the solution or flux function on the two sides of the cell boundary xi− 1

2

,

for example, by fL
i− 1

2

= f̃i−1(xi− 1

2

) and fR
i− 1

2

= f̃i(xi− 1

2

), as well as their deriva-

tives f
[m]L

xi− 1

2

= f̃
[m]
xi−1(xi− 1

2

) = dm

dxm

(

f̃i−1(xi− 1

2

)
)

and f
[m]R

xi− 1

2

= f̃
[m]
xi (xi− 1

2

) =

dm

dxm

(

f̃i(xi− 1

2

)
)

in case they are not continuous and to be used as the constraint

conditions;

3. Find the flux function, fB
i− 1

2

, and its derivatives, f
[m]B
xi− 1

2

, at the cell boundary by

solving

fB
i− 1

2

= Riemann
(

fL
i− 1

2

, fR
i− 1

2

)

,

f
[m]B
xi− 1

2

= DRiemann
(

f
[m]L

xi− 1

2

, f
[m]R

xi− 1

2

)

,
(3.6)

where “Riemann(· , ·)” and “DRiemann(· , ·)” denote the solvers for the Go-

dunov and derivative Riemann problems.
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4. The modified flux function f̂i(x) of degree K ′ (K ′ ≥ K) is then constructed

by properly choosing K ′ + 1 constraints including the continuity conditions of

flux function, as well as its derivatives if needed, at the cell boundaries. Other

constraint conditions can be chosen as the point values or derivatives directly

computed from the primary flux function f̃i(x) at the constraint points inside the

mesh cell.

5. Given the modified flux function f̂i(x), the numerical solutions are updated by

solving the semi-discretised equations (3.2) through time integration.

It is noted that there are options for a user to choose for which variable the primary

reconstruction is made, such as the conservative variable, the flux function or the char-

acteristic variable in the system equations.

In the MMC-FR formulation, we need to compute the derivatives of the flux function

at cell boundaries which are usually discontinuous and need to be evaluated from the

primary reconstructions of the neighboring cells. It is generally known as the derivative

Riemann problems. The high-order linear and homogeneous derivative Riemann prob-

lems are detailed in [84, 85] for the hyperbolic systems. As addressed in [84], since

the first-instant plays a leading role in the interaction of the two states, the derivative

Riemann problems with the linearization simplifications provide a reasonable accuracy.

The extension of MMC-FR method to two dimensional case on a structured mesh is

straightforward through the tensor product of 1D algorithm. We consider the conserva-

tion law of (3.7) in two dimensions,







ut + f(u)x + g(u)y = 0,

u(x, y, 0) = u0(x, y),
(3.7)

where f(u) is the flux function in x direction and g(u) in y direction respectively. The

flux reconstruction is conducted over each line segment, e.g. for target cell ij, in x

direction, we construct the flux function along line segments xi− 1

2

xi+ 1

2

⋂

yjk, k =

1, 2, · · · , K, while for y direction the flux function can be obtained by the reconstruc-

tions over line segments yj− 1

2

yj+ 1

2

⋂

xik, k = 1, 2, · · · , K. The solution points are
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updated from the summation of the spatial derivatives of flux functions for x and y

directions.

3.2.2 3-point MCV scheme with slope constraint

We describe the 3-point MCV scheme with slope constraint, referred to as MCV-SC

hereafter, as an example of the MMC-FR method. Three solution points xik, k =

1, 2, 3, are used over each cell Ωi. In the present scheme we locate the solution points

respectively at xi1 = xi− 1

2

, xi2 = xi = (xi− 1

2

+ xi+ 1

2

)/2 and xi3 = xi+ 1

2

. The solutions

uik, k = 1, 2, 3, can be updated through the semi-discretized equation (3.2).

It should be noted that because xi1 = xi− 1

2

and xi3 = xi+ 1

2

are the two ends of the cell

and ui1 is shared by cells Ωi−1 and Ωi, i.e. u(i−1)3 = ui1 = ui− 1

2

, only two of (3.2) need

to be computed.

Given the solutions uik, k = 1, 2, 3, the primary reconstruction is a quadratic Lagrange

interpolation built to approximate the flux function, which results in the MCV3 (Multi-

moment constrained finite volume method of 3rd order) scheme as shown in [41, 102].

Following the basic idea in [96], we add another constraint condition as the first-order

derivative (slope), f
[1]
x (xi), at the cell center and build the primary flux reconstruction

as a cubic polynomial f̃i(x) from the following conditions,



































f̃i(xi− 1

2

) = f(ui1);

f̃i(xi) = f(ui2);

f̃i(xi+ 1

2

) = f(ui3);

f̃
[1]
xi (xi) = f [1]

x (xi).

(3.8)

Here the first-order derivative f
[1]
x (xi) is obtained from an interpolation that may involve

cell Ωi and its immediate neighbors. For example, a fourth-order approximation is

obtained by using the nodal values f(ui± 1

2

) and f(ui±1) from two neighboring cells,

f [1]
x (xi) =

8f(ui+ 1

2

)− 8f(ui− 1

2

) + f(ui−1)− f(ui+1)

6∆xi
. (3.9)
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Using f
[1]
x (xi) as a constraint condition, we can make the scheme to have the desired

numerical properties. A 4th-order scheme can be constructed if approximation (4.7) is

used in (5.14). We refer it as the MCV-SC4 ( MCV-SC of 4th order).

As mentioned before, interpolation f̃i(x) cannot be immediately used in (3.2) to update

the nodal solutions, but is used to find the left and right-side derivative values of the flux

function at the cell boundaries. It is observed from (5.14) that the primary reconstruction

f̃(x) is continuous at the cell boundary, i.e. f̃i−1(xi− 1

2

) = f̃i(xi− 1

2

) = f(ui− 1

2

).

In the present scheme, we impose the following constraint conditions to the modified

flux reconstruction f̂i(x) in terms of both flux function and its first-order derivative,

same as the MCV3 scheme shown in [102],







f̂i(xi± 1

2

) = fi(ui± 1

2

),

f̂
[1]
xi (xi± 1

2

) = f [1]B
x (xi± 1

2

),
(3.10)

where fi(ui± 1

2

) can be calculated directly with ui± 1

2

updated every time step, and f
[1]B
x (xi± 1

2

)

are the approximations of the first-order derivatives of the flux function at cell bound-

aries, which need to be computed as the solutions of the Derivative Riemann problems

based on the left and right-side values at the cell boundaries as discussed before.

Constraint condition (3.10) yields a Hermite interpolation to determine the modified

flux function which is written in a cubic polynomial as,























f̂i(x) =
(

2
(

fi(ui− 1

2

)− fi(ui+ 1

2

)
)

+∆xi

(

f [1]B
x (xi− 1

2

) + f [1]B
x (xi+ 1

2

)
))

ξ3

+
(

3
(

fi(ui+ 1

2

)− fi(ui− 1

2

)
)

−∆xi

(

2f [1]B
x (xi− 1

2

) + f [1]B
x (xi+ 1

2

)
))

ξ2

+∆xif
[1]B
x (xi− 1

2

)ξ + fi(ui− 1

2

),

(3.11)

where ξ = (x− xi− 1

2

)/∆xi.
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The derivatives of the modified flux function at the solution points are obtained as















































(

df̂i(x)

dx

)

i1

= f [1]B
x (xi− 1

2

);

(

df̂i(x)

dx

)

i2

=
3

2∆xi

(

fi(ui+ 1

2

)− fi(ui− 1

2

)
)

− 1

4

(

f [1]B
x (xi− 1

2

) + f [1]B
x (xi+ 1

2

)
)

;

(

df̂i(x)

dx

)

i3

= f [1]B
x (xi+ 1

2

).

(3.12)

The solutions are then immediately computed by (3.2) with a proper time integration

algorithm. We note here again that the boundary values ui1 and ui3 are shared by the

two neighboring cells, and only following two semi-discretized equations need to be

solved for each cell,











dui1

dt
= f [1]B

x (xi− 1

2

);

dui2

dt
=

3

2∆xi

(

fi(ui+ 1

2

)− fi(ui− 1

2

)
)

− 1

4

(

f [1]B
x (xi− 1

2

) + f [1]B
x (xi+ 1

2

)
)

.
(3.13)

As discussed in [11, 51], the MCV method is more computationally efficient in compar-

ison with DG as well as other HLR based schemes regarding both memory requirement

and CPU cost.

3.3 WENO limiter

In this section, we present the details of the new WENO limiter for 3-point MCV

scheme. The resulting scheme is called MCV-WENO4 (Multi-moment Constrained fi-

nite Volume with WENO limiter of 4th order) method. The reason why our new WENO

limiter is applied for 3-points MCV scheme can be illustrated from the following three

parts. First of all, three points MCV (MCV-3) method is the most basic version of MCV-

type scheme, and it is a third-order accuracy scheme that averagely uses only two DOFs

inside each cell. Second, for unstructured meshes, the third order accuracy scheme can

achieve a balance between accuracy and computational robustness. Last but not least,
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for our new 4th order WENO limiter, under the three points MCV scheme, the width of

the reconstruction stencil can be minimized.

The basic idea of this WENO limiter is to reconstruct the 1st order derivative at the cell

center for the MCV-SC scheme described above. The WENO reconstructed 1st order

derivative is used in (5.14) to construct the primary flux reconstruction locally within

each cell. Then, the modified flux reconstruction procedure of MCV-SC scheme is ap-

plied without any change. It is noted that the present scheme has much less dissipation

error to the smooth solution. Unlike other existing WENO limiters for the DG method,

the present WENO projection applies to all cells not just limited to the so-called “trou-

ble cells” which is identified by the TVB criterion and involves artificial parameter.

Shown in the numerical results, the smooth solutions are accurately reproduced without

significant numerical dissipation.

x
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S2

S3

x
i−

1

2

x
i+

1

2
xixi−1

xi+1 x
i+

3

2
x
i−

3

2

FIGURE 3.2: Reconstruction stencils for the new WENO limiter.

3.3.1 WENO reconstruction for first-order derivative: Scalar case

We describe the WENO reconstruction of conservative variable u(x) for cell Ωi. For

MCV-WENO4 scheme, we have three small stencils Sj =
{

xi−1+ j

2

, xi− 1

2
+ j

2

, xi+ j

2

}

, j =

0, 1, 2, and one large stencil S3 =
{

xi−1, xi− 1

2

, xi, xi+ 1

2

, xi+1

}

. The distribution of the

stencil is shown in Fig.4.1. Then, we can construct a 2nd-degree polynomial through the

interpolation of three PVs inside each small stencil. Here the polynomial is denoted by

qj(x) associated with each of the stencils Sj, j = 0, 1, 2. The 1st order spatial deriva-

tive at the center of cell Ωi can be approximated with second order accuracy respectively
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from the derivative of the reconstructed polynomial in each stencil as

q
[1]
x0(xi) =

3ui + ui−1 − 4ui− 1

2

∆xi
,

q
[1]
x1(xi) =

ui+ 1

2

− ui− 1

2

∆xi

,

q
[1]
x2(xi) = −

3ui + ui+1 − 4ui+ 1

2

∆xi
.

(3.14)

Meanwhile, we have a fourth-degree polynomial reconstruction denoted by Qi(x) in

stencil S3 which has the first-order derivative at cell center as

Q
[1]
xi (xi) =

8ui+ 1

2

+ ui−1 − 8ui− 1

2

− ui+1

6∆xi
. (3.15)

Given (4.36), we can re-write the 1st order derivative at the cell center with 4th order

accuracy by the linear combination of the three 2nd order approximations, i.e.

Q[1]
x (xi) =

2
∑

j=0

γjq
[1]
xj (xi), (3.16)

where

γ0 =
1

6
, γ1 =

2

3
, γ2 =

1

6
. (3.17)

Following the spirit of existing WENO schemes, instead of (4.38) nonlinear weight-

ing can be designed to effectively suppress spurious oscillation near discontinuity and

maintain numerical accuracy in smooth region.

We define the smoothness indicator by

βj =
2
∑

l=1

∫ x
i+1

8

x
i− 1

8

∆x2l−1
i

(

∂lqj(x)

∂xl

)2

dx, j = 0, 1, 2; (3.18)

which measures the smoothness of the polynomial function in the target area. Compared

with the smoothness indicator of the conventional WENO scheme, we modify the upper

and lower limits of integral from xi− 1

2

and xi+ 1

2

to xi− 1

8

and xi+ 1

8

in order to match the

compact WENO reconstruction stencil used in the present scheme.
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Regarding the WENO reconstruction, some successive works have been conducted to

improve the accuracy of the classic WENO [45] by using different nonlinear weights

and smoothness measurements in the WENO reconstruction, such as the WENO-M [32]

and WENO-Z [6] schemes. Shen and Zha [69, 70] provided a detail analysis how these

scheme behave over a transition cell where smooth region and discontinuity connect,

and proposed an optimal estimation of the first-order derivative for the transition cell.

In the present study, we adopt the scheme in [69] and calculate the nonlinear weights

ωj, j = 0, 1, 2, as the functions of βj and γj by

{ω0, ω1, ω2} =































{

1

3
,
2

3
, 0

}

if τ 04 ≤ min(βj) and τ 14 > min(βj),

{

0,
2

3
,
1

3

}

if τ 04 > min(βj) and τ 14 ≤ min(βj),

{

ωZ
0 , ω

Z
1 , ω

Z
2

}

otherwise;

(3.19)

where

τ 04 = |β0 − β1|, τ 14 = |β1 − β2|, (3.20)

and
{

ωZ
0 , ω

Z
1 , ω

Z
2

}

are the nonlinear weights obtained from the WENO-Z scheme[6],

which are given by

ωZ
j =

αZ
j

∑2
k=0 α

Z
k

, αZ
j = γj

(

1 +
τ5

βj + ǫ

)

, j = 0, 1, 2. (3.21)

where ǫ is equal to 10−40 and τ5 = |β2 − β0|.

It is noted that our numerical experiments don’t show noticeable difference between

(3.19) and the WENO-Z scheme.

Finally, we can get the WENO reconstructed first order derivative Q̃
[1]
x (xi) by

Q̃[1]
x (xi) =

2
∑

j=0

ωjq
[1]
xj (xi). (3.22)

We assume that the WENO reconstruction is conducted for the conservative variable,

and summarize the MCV-WENO4 method as followings:
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1. Get the 1st order derivative at the center of the target cell, q
[1]
xj (xi), j = 0, 1, 2, by

(4.35) for each small stencil;

2. Calculate the smoothness indicator for each stencil by (4.39);

3. Obtain the nonlinear weights for each stencil using (3.19);

4. Compute the modified 1st order derivative at cell center by (4.41);

5. Replace the 1st order derivative at cell center f
[1]
x (xi) in (5.14) by that computed

from the WENO reconstruction;

6. Get the primary reconstruction from the constraint conditions (5.14);

7. Repeat the rest steps of the MCV-SC scheme.

For multi-dimensional structured grids which can be mapped to a Cartesian grid, the

WENO reconstruction is carried out along the line segment in each direction separately

with the 1D algorithm given above.

3.3.2 WENO reconstruction for first-order derivative: Euler equa-

tions

The 1D Euler equations for ideal gas are given by

Ut + F(U)x = 0, (3.23)

where

U =













u(1)

u(2)

u(3)













=













ρ

ρv

E













, F(U) =













f (1)

f (2)

f (3)













=













ρv

ρv2 + p

v(E + p)













. (3.24)

Here ρ is density, v velocity, p pressure and E total energy. We use the equation of state

(EOS) of ideal gas, i.e.

E =
p

γ − 1
+

1

2
ρv2, (3.25)
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where γ = 1.4. The Jacobian matrix of the flux function is defined by A = ∂F/∂U.

The explicit form of Jacobian matrix will be given in Appendix A.

For the Euler system, the WENO reconstruction is carried out in terms of the charac-

teristic variables. To this end, the vector of conservative variables is mapped firstly to

the characteristic variables W = (w(1), w(2), w(3))T using the left eigenvectors of the

Jacobian matrix Ai+ 1

2

computed from Roe averaging,

Wj = R
−1

i+ 1

2
Uj , j = i− 1, i− 1

2
, i, i+

1

2
, i+ 1, (3.26)

where R
−1

i+ 1

2
is a 3 × 3 matrix whose rows are the left eigenvectors of Jacobian matrix

Ai+ 1

2

. The Roe averaged expressions of Jacobian matrix and its corresponding eigen-

vectors can be found in Appendix B. Then, all the WENO reconstruction is conducted

for the characteristic variables Wj to get the 1st order derivative of characteristic vari-

ables, W
[1]
xi , at the cell center. After that, we project the derivative of characteristic

variable back to the conservative variables by

U
[1]
xi = Ri+ 1

2

W
[1]
xi , (3.27)

where Ri+ 1

2

is a 3×3 matrix of which the columns are the right eigenvectors of Jacobian

matrix Ai+ 1

2

. After obtaining U
[1]
xi , we make the primary reconstruction Ũi(x) from

the constraints (5.14) component-wisely for each conservative variable. Then, the 1st

order derivative at cell boundary xi+ 1

2

can be obtained from the reconstructed solution

function by U
[1]L

xi+ 1

2

= d
dx
Ũi(xi+ 1

2

). The derivative of the corresponding flux function is

then computed by

F
[1]L

xi+ 1

2

= Ai+ 1

2

U
[1]L

xi+ 1

2

. (3.28)

It is noted that we use the Roe-averaged Jacobian matrix at the right boundary xi+ 1

2

of

cell Ωi in the characteristic field decomposition. In this case, the WENO modified first

order derivative at the cell center is used to compute the 1st order derivative at the right

boundary xi+ 1

2

. When calculating the 1st order derivative at the left boundary xi− 1

2

,

we use the Roe-averaged Jacobian matrix, Ai− 1

2

, at the left boundary, which results in
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U
[1]R

xi− 1

2

= d
dx
Ũi(xi− 1

2

) and

F
[1]R

xi− 1

2

= Ai− 1

2

U
[1]R

xi− 1

2

. (3.29)

Having obtained the left and right values of the derivatives of the conservative variables

and flux functions at cell boundaries, the numerical approximation of the flux derivative

is computed by the Roe approximate Riemann solver [67], i.e.

F
[1]B

xi+ 1

2

=
1

2

(

F
[1]L

xi+ 1

2

+ F
[1]R

xi+ 1

2

−Ai+ 1

2

(

U
[1]R

xi+ 1

2

−U
[1]L

xi+ 1

2

))

. (3.30)

We have so far described the spatial discretization and obtained the semi-discretized

ordinary differential equations (ODEs) with respect to time. In the numerical tests

presented in this chapter, we use the five stage fourth order SSP Runge-Kutta method

(SSPRK(5,4)) developed by Spiteri and Ruuth [28, 79].

3.4 Analysis of the computational efficiency for MCV-

WENO4 scheme.

The computational efficiency of our scheme can be illustrated from the following three

parts. Firstly, we define a solution point at the cell boundary which is shared by two cells

in the space discretization of our scheme. This property can help us reduce the num-

ber of DOF while keeping the high order accuracy. Secondly, compared with original

DG scheme, our scheme is algorithmically simpler and doesn’t include any numerical

quadrature. Last, the implementation of the WENO limiter is quite efficient because

the WENO limiter is designed to reconstruct the first-order derivative at the cell center,

which can be directly used in the primary interpolation of MCV-SC scheme.
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To give a quantitative measurement, we evaluate the computational time of the advec-

tion of a square wave on a 1000-cell mesh after 10 periods (with the same initial con-

dition of Example 3.2 in this chapter) by using the MCV-WENO4 scheme and MCV-

WENO4 scheme without WENO limiting (i.e.the MCV-SC4 scheme). We get the fol-

lowing results







Time taken by MCV −WENO4 scheme : 4.75s

Time taken by MCV − SC4 scheme : 3.95s
(3.31)

We can see that the computational time only increases about 20% after the implementa-

tion of the WENO limiting projection.

We also analyze the computational efficiency in terms of the operation counts. Here

we count the operations using the same method as used in Section 2.3. The operation

counts of the MCV-SC and MCV-WENO4 scheme are given in Table 3.1. From the

summation of the operations, we find that the 4th order WENO limiter brings in about

39.2% extra computation burden.

TABLE 3.1: Operation Counts of Different Schemes.

Operation MCV-SC scheme MCV-WENO4 scheme

if logic 6 6

+,-,*,ABS(x) 61 103

/ 13 16

Summation 152.8 212.8

3.5 Numerical experiments

In this section, we give the numerical results for some widely used benchmark tests to

illustrate the performance of the MCV-WENO4 method presented in this chapter. The

largest allowable CFL number for MCV-WENO4 scheme with the SSP Runge-Kutta

method (SSPRK(5,4)) is 0.6. Here we use CFL= 0.4 in all numerical tests presented

here.
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3.5.1 1D linear advection equation

In this subsection, the numerical tests to advect the 1D profile are computed by the

MCV-WENO4 method with the linear advection equation defined by

ut + ux = 0. (3.32)

Example 3.1. Accuracy test. For this test, we use the grid refinement to check the

convergence rate of our scheme. The initial smooth distribution is given as

u(x, 0) = sin(πx), x ∈ [−1, 1]. (3.33)

The grid is refined by doubling the grid number for the computational domain, and the

TABLE 3.2: Numerical errors and convergence rate for 1D advection equation, t = 2.0.

N MCV-SC4 scheme MCV-WENO4 scheme

L1 error Order L∞ Order L1 error Order L∞ Order

10 7.45e-04 1.15e-03 7.60e-04 1.31e-03

20 4.94e-05 3.91 7.65e-05 3.91 4.95e-05 4.05 7.72e-05 4.08

40 3.12e-06 3.99 4.88e-06 3.97 3.12e-06 3.98 4.88e-06 3.98

80 1.96e-07 3.99 3.07e-07 3.99 1.96e-07 3.99 3.07e-07 3.99

160 1.23e-08 4.00 1.92e-08 4.00 1.23e-08 4.00 1.92e-08 4.00

320 7.67e-10 4.00 1.20e-09 4.00 7.67e-10 4.00 1.20e-09 4.00

L1 errors and L∞ errors at t = 2.0 (after one period) are calculated with different grid

resolutions. We show the numerical errors and the convergence rate for MCV-WENO4

scheme as well as MCV-SC4 scheme in Table 4.4. We can see that our scheme uni-

formly converges to 4th order accuracy. We also notice that the new WENO limiter

can maintain not only the convergence rate but also the magnitude of the errors of the

original MCV-SC4 scheme.
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Example 3.2. Advection of a square wave. This test is used to verify the ability of the

MCV-WENO4 scheme to capture the jump discontinuities. The initial profile is set as

u(x, 0) =







1, when|x| 6 0.4,

0, otherwise.
(3.34)

In Fig. 4.2, we show the numerical solution by the open squares which is computed

by the MCV-WENO4 scheme with 200 cells over [−1, 1] at t = 2.0 (after one period).

We can clearly see that after one period, the numerical solution doesn’t cause spurious

oscillations in the vicinity of the jump discontinuities located at x = 0.4 and x = −0.4.

Example 3.3. Jiang and Shu’s test. This test was proposed in [45]. Here we use it to

evaluate the ability of the MCV-WENO4 scheme in resolving both discontinuities and

smooth solutions. The initial profile is set by

u(x, 0) =























































1

6
(G(x, β, z − δ) +G(x, β, z + δ) + 4G(x, β, z)) , −0.8 6 x 6 −0.6,

1, −0.4 6 x 6 −0.2,

1− |10(x− 0.1)|, 0.0 6 x 6 0.2,

1

6
(F (x, α, a− δ) + F (x, α, a+ δ) + 4F (x, α, a)) , 0.4 6 x 6 0.6,

0, otherwise,

(3.35)

where the computation domain is [−1, 1]. The function F and G is defined by

G(x, β, z) = exp
(

−β(x− z)2
)

, F (x, α, a) =
√

max(1− α2(x− a)2, 0), (3.36)

and the coefficients to determine the initial profile are given by

a = 0.5, z = 0.7, δ = 0.005, α = 10.0, β = log 2/(36δ2). (3.37)

The numerical solution computed over a 200-cell mesh after one period (t = 2.0) is

shown in Fig. 4.3. Here we use the periodic boundary condition. The numerical results
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show that the MCV-WENO4 scheme can effectively suppress the oscillations near the

discontinuities while keeping the high order accuracy for a smooth profile.

x

y

­0.5 0 0.5

0

0.2

0.4

0.6

0.8

1

Exact
Numerical

FIGURE 3.3: Advection of a square wave after one period (t=2.0) with 200 grid cells.

The solid line indicates the exact solution and the open squares the numerical solution.

3.5.2 1D inviscid Burgers’ equation

In this subsection, we consider the 1D inviscid Burgers’ equation

ut +

(

u2

2

)

x

= 0. (3.38)

In the examples of the 1D inviscid Burgers equation, the derivative Riemann problem is

computed by a pure upwinding scheme at the cell boundary xi+ 1

2

as

f
[1]

xi+ 1

2

=
1

2

(

f
[1]L

xi+ 1

2

+ f
[1]R

xi+ 1

2

− sgn(αi+ 1

2

)(f
[1]L

xi+ 1

2

+ f
[1]R

xi+ 1

2

)
)

, (3.39)

where αi+ 1

2

=
ūi + ūi+1

2
, and ūi is the integrated average value for cell Ωi. The WENO

interpolation is performed in terms of the flux function f(u) =
u2

2
.
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FIGURE 3.4: Numerical results of Jiang and Shu’s linear advection test at t = 2.0 with

200 grid cells.

TABLE 3.3: Numerical errors and convergence rate for 1D Burgers equation at t =
1/(2π).

N L1 error Order of Accuracy L∞ error Order of Accuracy

40 1.11e-05 9.03e-05

80 8.13e-07 3.86 7.37e-06 3.61

160 5.61e-08 3.86 5.33e-07 3.79

320 3.79e-09 3.89 3.61e-08 3.88

640 2.52e-10 3.91 2.35e-09 3.94

Example 3.4. Accuracy test. This test starts with a smooth initial condition, u(x, 0) =

0.5 + sin(πx). The exact solution remains smooth up to T = 1.0/π, and then a moving

shock and a rarefaction wave develops. To evaluate the order of accuracy in respect

to grid refinement, we run computation to t = 0.5/π, and calculate the L1 and L∞

errors with different grid resolutions. A periodic boundary condition is imposed and

our computation domain is set to be [0, 2]. The numerical errors and convergence rate

are shown in Table 4.8.

We see again that the MCV-WENO4 scheme uniformly converges up to 4th-order ac-

curacy for this nonlinear test. Due to the interaction between the characteristic lines

in Burgers eqution, the profiles of the numerical solutions are changing with the time.
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FIGURE 3.5: Numerical results of Burgers equation with a shock and rarefaction at

t = 0.2 with 80 cells.

Thus, the accuracy test for Burgers equation can help us validate the time-depending

accuracy of our scheme.

Example 3.5. Test with shock. This test for 1D inviscid Burgers equation includes both

shock and rarefaction wave. The initial profile is given by

u(x, 0) =







1, 0.3 6 x 6 0.75,

0.5, otherwise.
(3.40)

The numerical solutions at t = 0.2 is displayed in Fig. 4.8. We can see that the numer-

ical solution well resolves the shock wave without spurious oscillation, as well as the

expansion wave without significant dissipation.

3.5.3 Buckley-Leverett equation

We show in this subsection the numerical solutions of the Buckley-Leverett equation,

ut +

(

u2

u2 + (1− u)2

)

x

= 0. (3.41)
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FIGURE 3.6: Numerical results of 1D Buckley-Leverett equation at (a) t = 0.1, (b)

t = 0.2, (c) t = 0.4, (d) t = 0.5 with 80 cells.

This equation was derived by Buckley & Leverett in [8] with the assumption that the

relative permeability functions are quadratic [78]. The upwinding scheme Eq.(3.39) is

used as the approximate solver for the derivatives of the flux function at cell boundaries.

Example 3.6. Two pulse interaction test. Initially, we set the following conditions

u(x, 0) =























1− 20x, 0 6 x 6 0.05,

0.5, 0.25 6 x 6 0.4,

0, otherwise.

(3.42)

The computation is carried out up to t = 0.5 using 80 cells, and we show the results at

t = 0.1, t = 0.2, t = 0.4 and t = 0.5 in Fig. 3.6. It is clear that the MCV-WENO4



Chapter 3. A Slope Constrained 4th Order MM FVM with WENO Limiter 94

scheme can reproduce the merging of two pulses well and recover good resolution for

rarefaction wave.

3.5.4 1D Euler equations

Example 3.7. Sod and Lax’s problems. These two tests are the 1D shock tube problem

proposed in [49, 77]. For Sod’s problem, the initial distribution is given by

(ρ0, v0, p0) =







(1, 0, 1), 0 6 x 6 0.5,

(0.125, 0, 0.1), otherwise.
(3.43)

For Lax’s problem [49], the initial profile is given by

(ρ0, v0, p0) =







(0.445, 0.698, 3.528), 0 6 x 6 0.5,

(0.5, 0, 0.571), otherwise.
(3.44)

We use a 100-cell mesh for both of these tests, and at the boundary we use the Dirichlet

boundary condition given with the constant value of initial distribution. In Sod’s test,

the computation is carried out up to t = 0.25, while in Lax’s problem we conduct the

computation to t = 0.16. The numerical results are shown in Figs.4.9 and 4.10. In both

of the two tests, an expansion wave, a contact discontinuity and a shock is generated.

We can see that our results can suppress the oscillations near the shock and resolve both

contact discontinuity and expansion wave with good accuracy.

We also give the results computed with reflective boundary condition for Sod’s problem.

The reflective boundary condition used in this test problem is defined in Fig. 3.9. For

the left boundary, the density and pressure at solution points of cell −1 and cell 0 are set

to be the mirror reflection of those at solution points of cell 1 and cell 2 with x = x0+ 1

2

to be the axis of the symmetry, i.e.

(ρi,k, pi,k) = (ρ1−i,4−k, p1−i,4−k), i = −1, 0, k = 1, 2, 3, (3.45)
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and the velocity at solution points of cell −1 and cell 0 are defined by the equation

vi,k = 2vLwall − v1−i,4−k, i = −1, 0, k = 1, 2, 3. (3.46)

where the vLwall is the moving speed of the left wall. In our computation, the velocity

of the left wall is set to be zero. Thus, at the point x0+ 1

2

we impose the condition

vLwall = v0+ 1

2

= v0,3 = v1,1 = 0. To define reflective boundary at right side, we do the

same manipulation as we have done for left boundary, i.e.

(ρi,k, pi,k) = (ρ2N+1−i,4−k, p2N+1−i,4−k),

vi,k = 2vRwall − v2N+1−i,4−k, i = N + 1, N + 2, k = 1, 2, 3.
(3.47)

Also, in our calculation the right moving wall is defined with zero velocity, i.e.

vRwall = vN+ 1

2

= vN,3 = vN+1,1 = 0. (3.48)

The numerical results after the shock wave is reflected by the boundary condition is

shown in Fig.3.10. Here we use a mesh of 200 cells. We give the numerical results at 5

steps, 10 steps, 100 steps and 200 steps after the shock wave is reflected by the boundary

condition respectively. From the numerical results, we can see that the reflective bound-

ary condition doesn’t have significant impact on the effectiveness of our WENO limiter,

which means the numerical oscillations can still be suppressed near the discontinuities

after the shock wave and constact discontinuity is reflected by the boundary condition.

Example 3.8. Symmetry expansion wave[84]. For this test problem, the initial condi-

tion is given by

(ρ0, v0, p0) =







(1.0,−2.0, 0.4), 0 6 x 6 0.5,

(1.0, 2.0, 0.4), otherwise,
(3.49)

This test describes an isentropic process. Both density and pressure are uniform in the

whole domain, while a divergent velocity field split the flow field with an initial velocity

having opposite directions at the center of computational domain. Our computation is
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FIGURE 3.7: Numerical results of Sod’s problem at t = 0.25 with 100 cells.
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FIGURE 3.8: Numerical results of Lax’s problem at t = 0.16 with 100 cells.

carried out up to t = 0.15 with 200 cells over [0, 1]. We show the numerical solutions

of density, velocity, pressure and internal energy in Fig. 4.11. We find that the MCV-

WENO4 scheme can accurately reproduce all the physical fields.

Example 3.9. Shock-turbulence interaction. This test problem is proposed in [73] to

simulate a Mach 3 shock interacting with a density wave. The initial profile is given by

(ρ0, v0, p0) =







(3.857143, 2.629369, 10.333333), when x < 0.1,

(1.0 + 0.2 sin(50x− 25), 0, 1.0), when x > 0.1.
(3.50)



Chapter 3. A Slope Constrained 4th Order MM FVM with WENO Limiter 97

Cell−1
Cell

0
Cell

1
Cell

2
Cell

N−1 Cell
N

Cell
N+1 Cell

N+2

Computational Domain 

Right Wall 
Left Wall 

ρ
R
i,k, v

R
i,k, p

R
i,k ρ

R
i,k,−v

R
i,k, p

R
i,kρ

L
i,k,−v

L
i,k, p

L
i,k ρ

L
i,k, v

L
i,k, p

L
i,k

FIGURE 3.9: The reflective boundary condition for MCV-WENO4 scheme.

A Mach 3 shock is initially located at x = 0.1 and moves to the right. The initial density

in the right part to the shock is generated by superimposing a sine-wave perturbation.

The final results contain both the shock and smooth solutions. We perform the calcu-

lation until t = 0.18 with 200 cells over [0, 1]. The numerical solutions are shown in

Fig. 4.12. The reference solution plotted by the solid line is computed by a fifth order

WENO scheme of Jiang and Shu[45] with 2000 grid points. Our results show that there

are no visible oscillations near the shock. Meanwhile, the density perturbation has been

resolved accurately.

Example 3.10. Two interacting blast waves. This test problem was introduced by

Wooward and Colella in[94]. Multiple interaction of strong shocks and rarefactions are

included in this test problem. The initial condition with only the pressure difference is

given by

(ρ0, v0, p0) =























(1, 0, 1000), if 0 6 x 6 0.1,

(1, 0, 0.01), if 0.1 < x < 0.9,

(1, 0, 100), otherwise.

(3.51)

The computation is conducted with 400 cells and reflective boundary condition. We

give the numerical solutions of density ρ at t = 0.038 in Fig. 4.14, where the reference

solution is computed by the finite volume scheme with MUSCL reconstruction on a grid

of 4000 cells. We can see that our numerical solution fits well with the exact solution.

Given the fact that only two local DOFs per cell is used in the present scheme, we may

conclude that the numerical results of examples 3.9 and 3.10 are among the best ever

seen in the existing literature.
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FIGURE 3.10: Numerical results of Sod’s problem with reflective boundary condition

at (a) 5 steps, (b) 10 steps, (c) 100 steps, (d) 200 steps after he shock wave is reflected

by the boundary condition.

3.5.5 2D linear advection equation

In this subsection, we consider the 2D linear advection equation,

ut + v1ux + v2uy = 0, (3.52)

where (v1, v2) are the velocity components in x and y directions. For 2D linear advec-

tion equation, all our computation is performed on uniform Cartesian grid.
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FIGURE 3.11: Numerical results of symmetrical expansion problem at t = 0.15 with

200 cells.

Example 3.11. Accuracy test. The accuracy test for 2D linear advection equation is

conducted by using the mesh refinement. The initial smooth profile is given by

u(x, y, 0) = sin (π(x+ y)) , x ∈ [−1, 1], y ∈ [−1, 1]. (3.53)

Here the velocity is set to be the constant value (v1, v2) = (1, 1). The computation is

carried out up to t = 2.0 (after one period), and the periodic boundary condition is spec-

ified for this problem. From Table 3.4, we can see that the expected order of accuracy

TABLE 3.4: Numerical errors and convergence rate for 2D advection equation, t = 2.0.

Nx ×Ny L1 error Order of Accuracy L∞ error Order of Accuracy

10× 10 1.55e-03 2.90e-03

20× 20 9.79e-05 3.98 1.54e-04 4.24

40× 40 6.21e-06 3.98 9.77e-06 3.98

80× 80 3.91e-07 3.99 6.15e-07 3.99

can be achieved by MCV-WENO4 scheme.
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Example 3.12. Transport of complex profile. In this test, the 2D complex initial profile

is given by

u(x, y, 0) =























































1

6
(G(r1 + δ, β) +G(r1 − δ, β) + 4G(r1, β)) , |r1| 6 0.2,

1, |x| 6 0.2, −0.7 6 y 6 −0.3,

1− |5r2|, |r2| 6 0.2,

1

6
(F (r3 + δ, α) + F (r3 − δ, α) + 4F (r3, α)) , |r3| 6 0.2,

0, otherwise,

(3.54)

where

r1 =
√

(x+ 0.6)2 + y2, r2 =
√

(x− 0.6)2 + y2, r3 =
√

x2 + (y − 0.6)2,

and G(r, β) = exp(−βr2), F (r, α) =
√

max(1− α2r2, 0). The coefficients are set to

be δ = 0.01, α = 5 and β = log 2/(36δ2). The rotational velocity field is defined by

(v1, v2) = (−2πy, 2πx) and the computation domain is [−1, 1] × [−1, 1]. Our compu-

tation is executed up to t = 1.0 on two grids of 50 × 50 and 100 × 100 respectively.

The numerical results are shown in Fig. 4.6. We can see that there are no visible oscilla-

tions near the jump discontinuities, and the numerical solution resolves all the structures

adequately even on a grid of low resolution.

3.5.6 2D Euler equations

In this subsection, we solve the 2D Euler equations

∂u

∂t
+

∂f(u)

∂x
+

∂g(u)

∂y
= 0, (3.55)
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FIGURE 3.12: Numerical results of

shock-turbulence interaction at t =
0.18 with 200 cells.
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FIGURE 3.13: Numerical results of

two interacting blast waves at t =
0.038 with 400 cells.
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FIGURE 3.14: Numerical results of 2D rotation test at t = 1.0 on 50 × 50 (left) and

100× 100 (right) grids.

where

u =



















ρ

ρu

ρv

E



















, f(u) =



















ρu

ρu2 + p

ρuv

u(E + p)



















, g(u) =



















ρv

ρuv

ρv2 + p

v(E + p)



















, (3.56)

and (v1, v2) are the velocity components in x and y directions.
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Example 3.13. Accuracy test for 2D Euler equations. To test the convergence rate of

the MCV-WENO4 scheme, we use the following initial condition [61]



































ρ(x, y, 0) = 1 + 0.2 sin (π(x+ y)) ,

u(x, y, 0) = 0.7,

v(x, y, 0) = 0.3,

p(x, y, 0) = 1.0.

x ∈ [−1, 1], y ∈ [−1, 1] (3.57)

With the velocity and pressure fields specified uniformly over the whole computation

domain, only the perturbation of density is transported. The convergence rate is evalu-

ated via the grid refinement. The L1 and L∞ errors of density are shown in Table 3.5.

Here the Nx and Ny are the mesh number in x direction and y direction. We can clearly

see that the MCV-WENO4 scheme can achieve the convergence rate of 4th order for 2D

Euler equations as expected.

TABLE 3.5: Numerical errors and convergence rate for density perturbation test of 2D

Euler equations at t = 2.0.

Nx ×Ny L1 error Order of Accuracy L∞ error Order of Accuracy

10× 10 1.61e-04 3.00e-04

20× 20 1.04e-05 3.95 1.64e-05 4.20

40× 40 6.66e-07 3.97 1.05e-06 3.97

80× 80 4.20e-08 3.99 6.60e-08 3.99

Example 3.14. Isentropic vortex. This test is a 2D vortex evolution problem[34, 109],

which is used to examine the order of accuracy of a scheme for the 2D Euler equations

(3.55) when solving flows of strong nonlinearity. In this test, an isentropic vortex is

propagated by a mean flow defined by (ρ∞, u∞, v∞, p∞) = (1, 1, 1, 1). The perturbation

is given as

(δu, δv)T =
ǫ

2π
exp

(

1− r2

2

)

(−y, x)T , δT = −(γ − 1)ǫ2

8γπ2
exp(1− r2), (3.58)

where r2 = x2 + y2, T =
p

ρ
is the temperature and ǫ = 5.0 the vortex strength. The

solution of this test is the advection transport of the initial vortex along the diagonal
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direction. The computational domain is [−5, 5] × [−5, 5] with periodic boundary con-

ditions. The L1 and L∞ errors of density at t = 10.0 is shown in Table 3.6. We can see

that convergence rate got from this test problem is not as uniform as the previous test.

This phenomenon has also been observed for traditional WENO in [34]. It can be ex-

plained by the fact that in a coarse grid the smoothness indicator of WENO construction

may incorrectly identify the smooth solutions with steep gradient as discontinuities. We

can see from Table 3.6 that the our scheme tends to eventually converge to 4th order

accuracy when the grid is sufficiently fine.

Also, to visually illustrate the convergence rate of the numerical solution, we compute

this test on a computation area [−5, 5] × [−5, 5] up to t = 10.0 and t = 100.0 with the

periodic boundary condition. We use a mesh of 32 × 32. The density distribution of

numerical solutions on y = 0 cross section is plotted in Fig. 3.15. We can see that the

numerical solutions maintain visually identical to the analytical solutions at t = 10.0,

while at t = 100.0 there is a slight accumulation of numerical dissipation which is ac-

ceptable for such a long term computation on a low resolution grid.

TABLE 3.6: Numerical errors and convergence rate for isentropic vortex of 2D Euler

equations at t = 10.0

Nx ×Ny L1 error Order of Accuracy L∞ error Order of Accuracy

20× 20 7.55e-03 9.93e-02

40× 40 5.57e-04 3.76 5.57e-03 4.15

80× 80 1.67e-04 1.75 2.80e-03 9.95

160× 160 2.02e-06 6.36 6.09e-04 2.20

320× 320 4.48e-10 5.50 3.99e-06 7.25

Example 3.15. 2D explosive test. This test, as shown in [84], is an axi-symmetric two-

dimensional explosion problem. Initially, the region inside a circle of radius R = 0.4 is

set with high pressure and density while the region out of the circle is of low pressure

and density as,

(ρ, u, v, p) =







(1.0, 0.0, 0.0, 1.0), if r 6 R,

(0.125, 0.0, 0.0, 0.1), if r > R,
(3.59)
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FIGURE 3.15: The density distribution of numerical solutions on y = 0 cross section

at t = 10.0 and t = 100.0 with 32× 32 cells.

where r =
√

x2 + y2 is the radius. So the fluid inside the circle will spread out to form

a shock, a contact discontinuity and a rarefaction wave of cylindrical symmetry.

Our computation is run up to t = 0.25 on a 200 × 200 grid. We show the bird’s eye

view of density and pressure in Fig. 3.16. It is observed that the MCV-WENO4 scheme

can well reproduce all the shock wave, contact discontinuity and rarefaction fan with

perfect symmetry.

X Y

Z

X

Y

Z

FIGURE 3.16: Numerical results of 2D explosive test at t = 0.25 with 200×200 cells.

Displayed are density (left) and pressure (right).

Example 3.16. Double Mach reflection. This is a widely used test problem [94] to

evaluate the ability of a scheme to capture both shock and vortex structures.
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As detailed in [94], the computation domain is set to be [0, 3.2]× [0, 1]. A right-moving

Mach 10 shock positioned at (1
6
, 0) initially makes a 60◦ angle to the bottom bound-

ary where a reflective boundary is imposed from x = 1
6

to x = 3.2. In the region of

x ∈ [0, 1
6
] on the bottom boundary, as well as the left boundary, we impose the exact

post shock condition. At the right boundary we set all the gradients to be zero. At the

top boundary, the values of the flow are set to describe the exact motion of right moving

Mach 10 shock. We carried out the computation up to t = 0.2. In Fig. 3.17, we give

the numerical solutions calculated respectively by 120× 384 cells and 250× 800 cells.

We see that with the refinement of the mesh resolution, the vortex structure between

two strong shocks can be resolved adequately, which indicates the good transient per-

formance of the MCV-WENO4 scheme. Also, we show the “blown-up” portion around

the double Mach region in Fig. 3.18. It is found that our scheme can clearly recover the

structure of the vortex with a reasonable high resolution.
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FIGURE 3.17: Numerical results of double Mach reflection at t = 0.2 with 120× 384
cells (top), 250 × 800 cells (bottom).

Example 3.17. Shock-vortex interaction in two dimensions. This test which was

originally presented in [45] describes the interaction between a Mach 1.1 stationary

shock and an isentropic vortex. The computational domain is set to be [0, 2] × [0, 1].



Chapter 3. A Slope Constrained 4th Order MM FVM with WENO Limiter 106

X

Y

2 2.2 2.4 2.6 2.8
0

0.1

0.2

0.3

0.4

0.5

0.6

X

Y

2 2.2 2.4 2.6 2.8
0

0.1

0.2

0.3

0.4

0.5

0.6

FIGURE 3.18: Numerical results of double Mach reflection at t = 0.2 with 120× 384
cells(left), 250× 800 cells(right).

Initially, a stationary shock is defined along the line x = 0.5, with next jump conditions

(ρ, u, v, p) =







(1.0, 1.1
√
γ, 0.0, 1.0), if x 6 0.5,

(1.169082121, 0.940909094
√
γ, 0.0, 1.244999994), if x > 0.5.

(3.60)

Given the left side state, the right state of stationary shock is calculated from Rankine-

Hugoniot condition.

The vortex is located at the center of the super-sonic area (xc, yc) = (0.25, 0.5). The

initial structure of the vortex is generated from the following perturbation,

(δu, δv)T = ǫτeα(1−τ2)(sin(θ),− cos(θ))T , δT = −(γ − 1)ǫ2

4αγ
e2α(1−τ2), δS = 0,

(3.61)

where τ = r/rc, r =
√

(x− xc)2 + (y − yc)2 and rc = 0.05 is the critical radius of the

vortex. ǫ = 0.3 is the strength of the vortex, and α = 0.204 is related to the decay rate

of the vortex. θ represents the angle between the angular velocity and the horizontal

axis. The top and bottom boundaries are set to be reflective walls.

We compute this test problem on a grid of 50× 100 in order to compare with the results

in [45]. We show the pressure contour at t = 0.05, 0.2, 0.35 and 0.6 in Fig.3.19. For

t = 0.05, 0.2 and 0.35, the reflective wall does not significantly affect the flow field,

while at t = 0.6, the bifurcation of shock is reflected by the top and bottom walls. It
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can be observed that our results can well resolve the interaction between the vortex and

shock with competitive quality in comparison with the previous works.
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FIGURE 3.19: Numerical results of shock-vortex interaction problem at (a) t = 0.05,

(b) t = 0.2, (c) t = 0.35 and (d) t = 0.6 on a 50× 100 mesh. The number of contours

is 30 for (a)-(c) and 90 for (d) respectively.
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3.6 Summary

In this chapter, we have presented and tested a new WENO-type limiter for MCV3

scheme under the MMC-FR framework. The basic idea is to reconstruct the first order

derivative at the cell center of the MCV-SC scheme using the WENO methodology.

Compared with other existing methods, the MCV-WENO4 scheme presented here has

at least following advantages. 1) The WENO reconstruction is based on the sub-grid

solution structures from the nodal values at the solution points within the target cell

and its immediate neighbors. The stencil for reconstruction is minimized. Thus, the

scheme is better suited for the local high-order reconstruction schemes where sub-grid

information is available. 2) The present scheme has much less numerical dissipation

to the smooth solution, and thus doesn’t use the ad hoc TVB criterion (or so-called

“trouble cell” indicator) that is needed in nearly all existing schemes. 3) The present

scheme is algorithmically simple and computationally efficient.

The numerical results for the widely used benchmark tests show that our scheme can

get the 4th-order uniform convergence rate as expected and high quality solutions for

both discontinuities and smooth profiles.



Chapter 4

A Semi-Lagrangian Multi-Moment

FVM with 4th-order WENO

Projection

In this chapter, the PV-based WENO limiter proposed in previous chapter is applied

to an conservative CIP semi-Lagrangian method, i.e. CIP-CSL3 scheme, with proper

modification. The merit of the semi-Lagrangian approach lies in its larger allowable

CFL number and less numerical dissipation. With theoretically infinite CFL restriction,

we can acquire better computational efficiency compared with the Eulerian method.

Because the semi-Lagrangian method updates the quantity by tracing back the charac-

teristic line, the numerical solutions can be obtained with less numerical dissipation for

hyperbolic partial differential equation.

The introduction of new scheme starts from the review of CIP multi-moment finite

volume method (CIP/MM FVM) scheme in the following paragraph.

4.1 Review of CIP/MM FVM scheme

In this section, we will introduce the numerical formulation of CIP/MM FVM for both

scalar conservation law and Euler equations. For Euler equations, we adapt the method

109
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proposed in [40], which computes the PV using the semi-Lagrangian solution in terms

of Riemann invariants along the characteristic curves, while the VIA is updated in a

conservative formulation where the numerical flux is evaluated from the quadrature of

PVs at Runge-Kutta sub-steps.

4.1.1 Scalar conservation law

We firstly consider the following 1D conservative transport equation

∂u

∂t
+

∂au

∂x
= 0, (4.1)

where u(x, t) is the solution function, and a(x) the velocity. The computational domain

is divided into I non-overlapping cells or elements Ωi = [xi− 1

2

, xi+ 1

2

], i = 1, 2, · · · , I .

Inside each element, we define the following two types of moments respectively

• the volume integrated average (VIA) over each cell element

ui =
1

∆xi

∫ x
i+1

2

x
i− 1

2

u(x, t)dx, (4.2)

where ∆xi = xi+ 1

2

− xi− 1

2

, and

• the point value (PV) at the cell boundary

ui+ 1

2

= u(xi+ 1

2

, t). (4.3)

Here both VIA and PV are simultaneously treated as the model variables, and we can

build up the interpolation function inside each element by using both VIA and PV.

Several Conservative semi-Lagrangian CIP (CIP-CSL) schemes [83, 96, 99, 107] have

been proposed in the literatures. We introduce the interpolation procedure of the CIP-

CSL with 3rd order polynomial function (CIP-CSL3) [96] as an example of deriving

the CIP-CSL schemes.
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4.1.1.1 CIP-CSL3 reconstruction

In each cell element [xi− 1

2

, xi+ 1

2

], we can construct a cubic interpolation function in a

form

ũ(x) = a3(x− xi)
3 + a2(x− xi)

2 + a1(x− xi) + a0, (4.4)

where xi is the cell central point, and the unknown coefficients are computed by impos-

ing the following constraint conditions















































ũ(xi+ 1

2

) = ui+ 1

2

,

ũ(xi− 1

2

) = ui− 1

2

,

1

∆xi

∫ x
i+1

2

x
i− 1

2

ũ(x)dx = ui,

(

dũ(x)

dx

)

i

= u[1]
x (xi),

(4.5)

where u
[1]
x (xi) is the first order derivative of the interpolation function at the cell center.

The coefficients of the interpolation function can be given explicitly by











































a3 =
4

∆x3
i

(ui+ 1

2

− ui− 1

2

− u[1]
x (xi)∆xi),

a2 =
3

∆x2
i

(ui− 1

2

+ ui+ 1

2

− 2ui),

a1 = u[1]
x (xi),

a0 = −1

4
(ui+ 1

2

+ ui− 1

2

) +
3

2
ui.

(4.6)

Here the first-order derivative u
[1]
x (xi) can be obtained from an interpolation that in-

volves the VIA and PV from neighboring cells . For example, a fourth-order approx-

imation can be obtained by using the VIAs ui+1, ui−1 and PVs ui+ 1

2

, ui− 1

2

from two

neighboring cells

u[1]
x (xi) =

10ui+ 1

2

− 10ui− 1

2

+ ui−1 − ui+1

8∆xi
. (4.7)

With different choices to approximate the first order derivative u
[1]
x (xi), we can modify
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the interpolation function to reach some desired properties for the resulting numerical

scheme. It will be shown later that the u
[1]
x (xi) can be reconstructed by WENO method-

ology to yield the essentially non-oscillatory (ENO) property.

4.1.1.2 Time integration

We have constructed the interpolation function inside each element in the previous sub-

section. The next problem is how to use the interpolation function to update the so-

lutions un
i and un

i+ 1

2

from time tn to next time step tn+1 = tn + ∆t with ∆t being

the time-step increment. We will introduce the time integration procedure of CIP-CSL

scheme for moment VIA and PV respectively in the followings.

Update the PV

For CIP-CSL scheme, we compute the semi-Lagrangian solution ui+ 1

2

by firstly finding

out the departure point for each cell boundary. The departure point can be obtained by

solving the initial value problem











dX

dt
= −a(X, t),

X(t0 = tn) = X0 = xi+ 1

2

.

(4.8)

The ordinary differential equation (ODE) (4.8) can be solved by a third-order Runge-

Kutta scheme as


























X1 = X0 − a(X0, t0)∆t,

X2 =
3

4
X0 +

1

4
X1 −

1

4
a(X1, t1)∆t,

X3 =
1

3
X0 +

2

3
X2 −

2

3
a(X2, t2)∆t,

(4.9)

or equivalently



























X1 = X0 − a(X0, t0)∆t,

X2 = X0 −
1

4
(a(X0, t0) + a(X1, t1))∆t,

X3 = X0 −
1

6
(a(X0, t0) + a(X1, t1) + 4a(X2, t2))∆t.

(4.10)
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The governing equation (4.1) can be re-written in a non-conservative as

∂u

∂t
+ a

∂u

∂x
+ u

∂a

∂x
= 0, (4.11)

where the second term a∂u
∂x

represents the advection part and the third term u ∂a
∂x

rep-

resents the divergence correction part. For advection part, we can compute the semi-

Lagrangian solution of PV at each substep of Runge-Kutta integration

u
〈l〉
i+ 1

2

= ũi(Xl), l = 1, 2, 3, (4.12)

where l represents the lth substep of the third order Runge-Kutta method. ũi(x) is the

piece-wise interpolation function in the form of (4.4) constructed at t = tn over the

mesh where the departure point Xl falls in.

For non-advection part, we can obtain the solution u by integrating the equation du
dt

=

−u ∂a
∂x

along the trajectory. The right-hand side can be approximated by the summation

D̂i+ 1

2

= −∆t
∑l−1

l′=0
αl′ ũi(Xl′ )

∂a
∂x
(Xl′ ) where αl′ represents the Runge-Kutta weight

coefficients.

Finally, the PV at cell boundary of time t = tn+1 can be given as the sum of the contri-

butions from advection part and non-advection part

un+1
i+ 1

2

= u
〈3〉
i+ 1

2

+Di+ 1

2

. (4.13)

Update the VIA

To update the VIA to the next time step, we adopt an FVM approach by integrating (4.1)

over the interval [xi− 1

2

, xi+ 1

2

], which yields the following conservative formulation

un+1 = un − ∆t

∆xi
(Fi+ 1

2

(a, u)− Fi− 1

2

(a, u)), (4.14)

where F (a, u) = au for the transport equation (4.1) is the numerical flux which can
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be computed either by the exact integration of the interpolation function along the tra-

jectory or through a quadrature from the values sampled at the sub-steps of the Runge-

Kutta method. In this work, we use the latter for its simplicity and adequate accuracy.

The approximated numerical flux is then given by

Fi+ 1

2

(a, u) ≈ F̂i+ 1

2

(a, u) =
F (a(X0, t

n), u
〈0〉
i+ 1

2

) + F (a(X1, t
n), u

〈1〉
i+ 1

2

) + 4F (a(X2, t
n), u

〈2〉
i+ 1

2

)

6
,

(4.15)

and the VIA is updated by

un+1 = un − ∆t

∆xi

(F̂i+ 1

2

(a, u)− F̂i− 1

2

(a, u)). (4.16)

4.1.2 Euler conservation laws

The implementation of CIP/MM FVM scheme for Euler conservation laws is based

on the hyperbolicity of Euler equations by computing the semi-Lagrangian solution in

terms of the characteristic variables. The VIA can be updated through a flux-form for-

mulation, while the numerical flux is approximated from the semi-Lagrangian solution

of PV at each Runge-Kutta substep. Here, we also use the TVD third-order Runge-Kutta

time integration method to update the semi-Lagrangian solutions.

4.1.2.1 The characteristic equations for 1D Euler equations

The conservative form of 1D Euler equations for ideal gas is given by

Ut + F(U)x = 0, (4.17)

where

U =













u(1)

u(2)

u(3)













=













ρ

ρv

E













, F(U) =













f (1)

f (2)

f (3)













=













ρv

ρv2 + p

v(E + p)













. (4.18)



Chapter 4. A Semi-Lagrangian MM FVM with 4th-order WENO Projection 115

Here ρ is the density, v the velocity, p the pressure and E the total energy. We use the

equation of state (EOS) of ideal gas in our calculation, i.e.

E =
p

γ − 1
+

1

2
ρv2, (4.19)

where γ = 1.4.

The 1D Euler equations can also be formulated in terms of primitive variables in a

quasi-linear form

Wt +AWx = 0, (4.20)

where

W =













ρ

v

p













, A =











v ρ 0

0 v 1/ρ

0 ρc2 v











, (4.21)

and c =
√

γp
ρ

is the sound speed. The Jacobian matrix A can be diagonalized by using

the left and right eigenvectors

A = RΛL. (4.22)

Here Λ is the diagonal matrix of eigenvalues which are the propagation speeds of the

characteristic variables. L and R denote the matrices of left and right eigenvectors

respectively, which satisfy R = L−1.

Then, the equations (4.20) can be recast into the characteristic form

LWt + ΛLWx = 0, Λ =











v 0 0

0 v + c 0

0 0 v − c











, L =





























1 0 −1
c2

0 1 1
ρc

0 1 −1
ρc





























. (4.23)
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For each characteristic direction dX
dt

= λm, we have the following characteristic equa-

tion

LmdW = 0, m = 1, 2, 3. (4.24)

Lm is the mth row vector of matrix L. By expanding (4.24) for each left eigenvector

L1, L2 and L3, we can get the following characteristic equations

dρ− 1

c2
dp = 0 along θ1 :

dX

dt
= λ1 = v, X(t = 0) = X0, (4.25a)

dv +
1

ρc
dp = 0 along θ2 :

dX

dt
= λ2 = v + c, X(t = 0) = X0, (4.25b)

dv − 1

ρc
dp = 0 along θ3 :

dX

dt
= λ3 = v − c, X(t = 0) = X0, (4.25c)

where θm, m = 1, 2, 3 represents each characteristic curve. Then the primitive variables

at t = tn+1 can be found through the following coupled equations

ρ(X0)
n+1 − ρ(X(θ1))−

1

c2
{p(X0)

n+1 − p(X(θ1))} = 0, (4.26a)

v(X0)
n+1 − v(X(θ2)) +

1

ρc
{p(X0)

n+1 − p(X(θ2)} = 0, (4.26b)

v(X0)
n+1 − v(X(θ3))−

1

ρc
{p(X0)

n+1 − p(X(θ3)} = 0, (4.26c)

where X(θm), m = 1, 2, 3 indicates the solution point computed from the interpolation

function on each characteristic curve.

4.1.2.2 The update of the multi-moments for 1D Euler equations

As mentioned in the previous sub-section, we have defined two types of moments inside

each cell element, i.e.

PV : Wi+ 1

2

= W(xi+ 1

2

, t),

VIA : Wi =
1

∆xi

∫ x
i+1

2

x
i− 1

2

W(x, t)dx.
(4.27)
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The departure point can be found by solving the following trajectory equations along

the characteristic curves











dX

dt
= −λm(X, t),

X(t = 0) = X0 = xi+ 1

2

,

m = 1, 2, 3. (4.28)

Here λm(X, t) is the characteristic speed of each characteristic curve. Same as in the

scalar case, we solve the above ODE by the third-order Runge-Kutta method



























X1(θm) = X0 − λm(X0, t0)∆t,

X2(θm) =
3

4
X0 +

1

4
X1(θm)−

1

4
λm(X0, t1)∆t,

X3(θm) =
1

3
X0 +

2

3
X2(θm)−

2

3
λm(X0, t2)∆t,

m = 1, 2, 3, (4.29)

where θm denotes the mth characteristic curve. By solving the linear system (4.26),

we have the semi-Lagrangian solution of the primitive variables at each Runge-Kutta

substep as follows,

p
〈l〉
i+ 1

2

=
1

2

(

p(Xl(θ2)) + p(Xl(θ3)) + p
〈l−1〉
i+ 1

2

c
〈l−1〉
i+ 1

2

(v(Xl(θ2))− v(Xl(θ3)))
)

,

v
〈l〉
i+ 1

2

=
1

2



v(Xl(θ2)) + v(Xl(θ3)) +
1

ρ
〈l−1〉
i+ 1

2

c
〈l−1〉
i+ 1

2

(v(Xl(θ2))− v(Xl(θ3)))



 ,

ρ
〈l〉
i+ 1

2

= ρ(Xl(θ1)) +
1

(c
〈l−1〉
i+ 1

2

)2

(

p
〈l〉
i+ 1

2

− p(Xl(θ3))
)

,

(4.30)

where ρ(x), v(x) and p(x) denote the interpolation functions for the primitive variables

ρ, v and p respectively. ρ(Xl(θm)), v(Xl(θm)) and p(Xl(θm)), m = 1, 2, 3; l = 1, 2, 3,

are the semi-Lagrangian solutions to the primitive variables along characteristic curve

θm at the lth Runge-Kutta sub-step.
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Consequently, we can update the PVs of the primitive variables at cell boundary x =

xi+ 1

2

to the next time step tn+1 directly by

pn+1
i+ 1

2

= p
〈3〉
i+ 1

2

,

vn+1
i+ 1

2

= v
〈3〉
i+ 1

2

,

ρn+1
i+ 1

2

= ρ
〈3〉
i+ 1

2

.

(4.31)

The update of the VIA for the conservative variables U simply follows the traditional

FVM method as

U
n+1

i = U
n

i −
∆t

∆xi

(F̂i+ 1

2

− F̂i− 1

2

). (4.32)

Here the numerical flux F̂i+ 1

2

can be obtained by the numerical integration of the PVs

from the Runge-Kutta substeps as

F̂i+ 1

2

=
F(W

〈0〉
i+ 1

2

) + F(W
〈1〉
i+ 1

2

) + 4F(W
〈2〉
i+ 1

2

)

6
. (4.33)

4.2 WENO limiter

In this section, we will introduce the WENO limiter built from the local information

available in the CIP-CSL3 scheme. The basic idea of our WENO limiter is to recon-

struct the first order derivative at the cell center for the interpolation function of CIP-

CSL3 scheme. As the local information of both PV and VIA is used in the WENO

interpolation, our WENO limiter is more suitable for multi-moment reconstruction of

CIP/MM FVM. Moreover, the limiting projection of the present WENO limiter can be

applied to all cells without causing excessive numerical dissipation, unlike other exist-

ing WENO limiters which work only for the so-called “trouble-cells” identified by an

ad hoc TVB criterion.
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x

S0

S1

S2

S3

x
i−

1

2

x
i+

1

2
xixi−1

xi+1 x
i+

3

2
x
i−

3

2

FIGURE 4.1: Reconstruction stencils for the WENO limiter.

4.2.1 WENO limiter for scalar conservation law

The present WENO reconstruction uses the information of both PV and VIA. For the

sake of simplicity, instead of direct use of the VIA we use the PV at the center of cell

Ωi for interpolation, which is computed by

ûi =
3

2
ui −

1

4
(ui− 1

2

+ ui+ 1

2

). (4.34)

Given the PVs at the cell center ûi and the cell boundaries ui± 1

2

, we can set the WENO

interpolation stencils as shown in Fig. 4.1. Here we have three small stencils Sj =
{

xi−1+ j

2

, xi− 1

2
+ j

2

, xi+ j

2

}

, j = 0, 1, 2, and one large stencil S3 =
{

xi−1, xi− 1

2

, xi, xi+ 1

2

, xi+1

}

.

Over each small stencil, we can construct a 2nd-degree polynomial with three PVs. The

polynomial obtained from each stencil, Sj , is denoted by qj(x), j = 0, 1, 2. Then, we

can compute the first order derivatives at the cell center with second order accuracy

respectively from the derivatives of polynomials qj(x), j = 0, 1, 2 as

q
[1]
0 (xi) =

3ûi + ûi−1 − 4ui− 1

2

∆xi

,

q
[1]
1 (xi) =

ui+ 1

2

− ui− 1

2

∆xi
,

q
[1]
2 (xi) = −

3ûi + ûi+1 − 4ui+ 1

2

∆xi

.

(4.35)
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Similarly, we can construct a fourth degree polynomial in the large stencil S3, denoted

by Qi(x), and approximate the first order derivative at the cell center with 4th order

accuracy by

Q
[1]
i (xi) =

8ui+ 1

2

+ ûi−1 − 8ui− 1

2

− ûi+1

6∆xi
, (4.36)

which can be expressed as a linear combination of the 2nd order approximations from

the three small stencils

Q
[1]
i (xi) =

2
∑

j=0

γjq
[1]
j (xi), (4.37)

where

γ0 =
1

6
, γ1 =

2

3
, γ2 =

1

6
. (4.38)

By replacing the linear weights γj by nonlinear weights ωj using the WENO methodol-

ogy, we can achieve the essentially non-oscillatory property for the numerical scheme.

For the WENO reconstruction, we define the smoothness indicator by

βj =
2
∑

l=1

∫ x
i+1

8

x
i− 1

8

∆x2l−1
i

(

∂lqj(x)

∂xl

)2

dx, j = 0, 1, 2. (4.39)

The smoothness indicator measures the smoothness of the reconstructed polynomials in

the target cell Ωi. In order to match the compact WENO reconstruction stencil of the

present scheme, we adjust the upper and lower bound of integration from xi− 1

2

and xi+ 1

2

as used in the conventional WENO scheme to xi− 1

8

and xi+ 1

8

in this work.

In the literature, there are several variants proposed to compute the WENO nonlinear

weights following the classical WENO scheme of Jiang and Shu [45], such as WENO-

Z scheme [6], WENO-M scheme [32] and the WENO procedure of Shen and Zha [69,

70]. According to the analysis in [6], the classical WENO has accuracy loss in the

smooth area near the discontinuity. The WENO-Z and WENO-M scheme are proposed

to improve the accuracy of the classic WENO by using different nonlinear weights and

smoothness measurements in the reconstruction. Especially, WENO-Z scheme shows

good balance between numerical accuracy and algorithmic simplicity. Thus, we adopt

the WENO-Z scheme in our WENO reconstruction and calculate the nonlinear weight
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ωj by

ωj =
αj

∑2
k=0 αk

, αj = γj

(

1 +

(

τ5
βj + ǫ

)p)

, j = 0, 1, 2, (4.40)

where ǫ equals to 10−40 and τ5 = |β2 − β0|. The value of p can be chosen flexibly to

optimize the numerical property of the scheme. According to [6], increasing the value

of p can make the scheme closer to the optimal central scheme for smooth function,

but cause larger numerical dissipation near the discontinuities due to the less weighting

of the discontinuous sub-stencil. In our numerical experiments, we use p = 1.0 in the

computation unless stated explicitly. Finally, we can get the WENO reconstructed first

order derivative Q̃[1](xi) by

Q̃
[1]
i (xi) =

2
∑

j=0

ωjq
[1]
j (xi). (4.41)

Remarks: As discussed above, the present WENO reconstruction is implemented in

terms of the first-order derivative, and only projects the gradient at the cell center, which

is substantially different from other existing limiting projections. Shown in our previous

works [40, 95, 95, 96], the CIP-CSL3 formulation [96] provides a general framework to

design new schemes by modifying the first-order derivative at the cell center. Desired

numerical properties, such as oscillation-less and diffusion-less, can be easily obtained

by projecting the first-order derivative with existing approximations, like the WENO in

the present study as the most updated variant. We have explored to use this convenience

in other approaches, such as the finite volume method and the standard DG method, but

not reached a conclusion yet. In spite of the success of the CSL3 formulation, limiting

projection for high-order local reconstructions still remains an unsolved issue.

It should be also noted that even though the present WENO scheme can effectively sup-

press numerical oscillations, it does not guarantee the positivity of the solution. Thus,

slight under- or over-shoots may be observed in the numerical solutions. We examined

the global maximum and minimum values in the numerical results of the following two

advection tests.
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Case 1: Advection of a square wave: The initial profile is given by

u(x, 0) =







1, |x| 6 0.4,

0, otherwise,
x ∈ [−1, 1]; (4.42)

over a 100-cell mesh.

Case 2: Advection of a triangle wave [82]: In this test, an initial cone-shaped distur-

bance with a half-width of 10 cells is defined by

u(x, 0) =







1− 20|x− 0.35|, 0.3 6 x 6 0.4,

0, otherwise,
x ∈ [0, 0.7]; (4.43)

over a 70-cell mesh.

We carried out computation for one period advection, and show the global maximum

and minimum values in Table 4.1. It can been seen that there is no overshoot for both

cases even with discontinuities, whereas small undershoots are observed.

TABLE 4.1: Global min/max values in the numerical tests for CIP-CSL-WENO4

scheme.

Scheme case 1 case 2

Max value Min value Max value Min value

CIP-CSL-WENO4 1.0 -1.74e-22 1.0 -1.48e-16

In some applications, the positivity-preserving property becomes crucial [60], which

should be able to be applied to CIP-CSL-WENO4 scheme as well.

As discussed above, the implementation of the present WENO limiter is efficient be-

cause the WENO limiter only needs to compute the first-order derivative at the cell

center. To give a quantitative comparison, we measured the computational time of case

1 on a 1000-cell mesh for 10 periods by using the CIP-CSL-WENO4 scheme and the

CIP-CSL3 scheme respectively. The elapse time on a PC with an Intel core-i5 proces-

sor (4 cores) for CIP-CSL-WENO4 scheme is 7.43s, while that for CIP-CSL3 scheme

is 5.42s. It shows that the WENO limiter projection causes about a 27% overhead in the

computational cost.
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4.2.2 WENO limiter for 1D Euler equations

For the Euler system, the WENO reconstruction is carried out in terms of the charac-

teristic variables. Firstly, we recover the PV of the primitive variables (ρ, v, p) at the

cell center through equation (4.34). Then, the primitive variables W = (ρ, v, p)T at

the solution points used for the WENO reconstruction is mapped to the characteristic

variables C = (c(1), c(2), c(3))T using the left eigenvectors of the Jacobian matrix Ai

computed from the VIA of the target cell Ωi by

Cj = LiWj , j = i− 1, i− 1

2
, i, i+

1

2
, i+ 1, (4.44)

and Li is a 3 × 3 matrix whose rows are the left eigenvectors of Jacobian matrix Ai.

The explicit form of Li has been given in (4.23). The WENO reconstruction procedure

introduced in previous subsection is then applied component-wisely to compute the 1st-

order derivative c
(m)[1]
i , m = 1, 2, 3, of the characteristic variables Ci at the center of

the target cell. The WENO-limited 1st-order derivatives of the characteristic variables

are remapped back to the primitive variables using

W
[1]
i = RiC

[1]
i , (4.45)

where Ri is a 3×3 matrix whose columns are the right eigenvectors of Jacobian matrix

Ai.

Having obtained W
[1]
i , we can construct the CIP-CSL3 interpolation function for each

primitive variable by using the WENO-limited 1st-order derivatives as the constraint

conditions. Finally, the moments are updated using the same procedure as given in

section 4.1.2.2.
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4.3 Comparison between Eulerian and semi-Lagrangian

schemes

It is known that the semi-Lagrangian method has some advantages in comparison with

the Eulerian method [76, 80], such as less restrictive CFL condition and superior nu-

merical dissipation. Different from the conventional semi-Lagrangian schemes, the

present scheme has rigorous numerical conservation. With both the trajectory and nu-

merical flux being evaluated with the third-order Runge-Kutta method, we expect that

the present scheme has a numerical accuracy comparable to the Eulerian variant in [95].

To demonstrate this, we compare the total errors, dissipation errors and dispersion er-

rors between Eulerian MCV-WENO4 scheme [95] and the present CIP-CSL-WENO4

scheme through some benchmark tests for linear advection equation (4.1). The calcu-

lation of total errors, dissipation errors and dispersion errors are given in section 2.3 of

Chapter 2

We compared three error measurements between MCV-WENO4 scheme and CIP-CSL-

WENO4 scheme by the following benchmark tests for linear advection equation.

1. Advection of a square wave (case 1): This initial profile of this test is given in

(4.42). The three measurements of errors are computed after one period (t = 2.0)

on a mesh of 100 cells.

2. Advection of a triangle wave (case 2): We have introduced the initial structure of

this test in (4.43). The numerical errors are computed up to t = 0.7.

3. Extrema of various smoothness (case 3): This test problem was proposed in [31].

The initial profile is given by

u(x+ 0.5, 0) =



























− x sin(
3

2
πx2), −1 6 x 6 −1

3
,

| sin(2πx)|, |1
3
| 6 x,

2x− 1− sin(3πx)/6, otherwise,

x ∈ [−1, 1].

(4.46)

The errors ETOT , EDISS and EDISP are computed at t = 2.0 on a 100-cell mesh.
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4. Jiang and Shu’s test [45] (case 4): This test for linear advection equation has been

widely used to verify the scheme’s ability to capture the jump discontinuity while

keeping the smooth profile with high accuracy. Initially, we have a profile defined

by

u(x, 0) =























































1

6
(G(x, β, z − δ) +G(x, β, z + δ) + 4G(x, β, z)) , −0.8 6 x 6 −0.6,

1, −0.4 6 x 6 −0.2,

1− |10(x− 1)|, 0.0 6 x 6 0.2,

1

6
(F (x, α, a− δ) + F (x, α, a+ δ) + 4F (x, α, a)) , 0.4 6 x 6 0.6,

0, otherwise,

(4.47)

where the computation domain is [−1, 1]. The function F and G is defined by

G(x, β, z) = exp
(

−β(x− z)2
)

, F (x, α, a) =
√

max(1− α2(x− a)2, 0),

(4.48)

and the coefficients to determine the initial profile are given by

a = 0.5, z = 0.7, δ = 0.005, α = 10.0, β = log 2/(36δ2). (4.49)

We compute this test for one period (t = 2.0) on a 100-cell mesh.

In all these tests , we use the CFL = 0.4 for both MCV-WENO4 scheme and CIP-

CSL-WENO4 scheme. We show all the error measurements ETOT , EDISS and EDISP

of advection tests from case 1 to case 4 in Table 4.2 and 4.3. All the results show that

the CIP-CSL-WENO4 scheme of Semi-Lagrangian type is more accurate in comparison

with the Eulerian MCV-WENO4 scheme.

TABLE 4.2: Comparison of ETOT ,EDISS and EDISP between MCV-WENO4

scheme and CIP-CSL-WENO4 scheme for case 1 and case 2.

Scheme case 1 case 2

ETOT EDISS EDISP ETOT EDISS EDISP

MCV-WENO4 2.97e-03 1.37e-04 2.83e-03 1.32e-04 2.70e-06 1.30e-04

CIP-CSL-WENO4 1.85e-03 6.59e-05 1.78e-03 3.33e-05 5.06e-07 3.28e-05
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TABLE 4.3: Same Table 4.2, but for case 3 and case 4.

Scheme case 3 case 4

ETOT EDISS EDISP ETOT EDISS EDISP

MCV-WENO4 8.52e-03 9.54e-04 7.57e-03 3.62e-03 4.88e-04 3.13e-03

CIP-CSL-WENO4 6.23e-03 7.51e-04 5.48e-03 2.14e-03 1.78e-04 1.95e-03

In order to compare the computational efficiency of the two schemes, we measured

the elapse times using the same case as in (4.42) on a 1000-cell mesh by both CIP-

CSL-WENO4 scheme and MCV-WENO4 scheme on a PC with with an Intel core-i5

processor of four cores. The elapse time of CIP-CSL-WENO4 scheme for 10-period

computation is 7.43s, while that of MCV-WENO4 is 10.63s. It is seen that the load for

semi-Lagrangian approach is smaller than Eulerian approach. We may owe this in part

to the fact that even though the three-step Runge-Kutta time stepping is used in both

schemes, the WENO reconstruction is conducted for only once in CIP-CSL-WENO4

but three times in MCV-WENO4. More importantly, the CIP-CSL-WENO4 can use

larger CFL number. Theoretically, the maximum CFL number of CIP-CSL-WENO4

scheme can be infinite. In our computation, the maximum allowable CFL number for

CIP-CSL-WENO4 scheme is 1.0, while for MCV-WENO4 scheme, it is 0.6. It reveals

the significant advantage of CIP-CSL-WENO4 in computational efficiency.

It is noted that even though the present CIP-CSL-WENO4 scheme uses only the neigh-

boring cells as the stencil to build the spatial discretization, which limits the CFL num-

ber being less than one for computational stability, a scheme that allows CFL>1.0 can

be devised straightforwardly in the spirit of semi-Lagrangian scheme. Meanwhile, at-

tention must be paid when the characteristic speeds are variable. In this case, new stabil-

ity condition has to be built in terms of the so-called Lipschitz number or deformational

CFL number [76].

4.4 Numerical experiments

To illustrate the robustness and accuracy of the CIP-CSL-WENO4 method, we compute

the numerical results for some widely used benchmark tests in this section.
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4.4.1 1D linear advection equation

The linear advection equation has been given in (4.1). We set a = 1 in all our numerical

examples. The numerical tests with different initial profiles to verify the convergence

rate and oscillation-suppressing property of CIP-CSL-WENO4 scheme are given in this

subsection. The CFL number equals to 0.8 in all our examples. In some cases, we have

tested the numerical scheme on both uniform and nonuniform meshes. The nonuniform

meshes are created in the same way as introduced in [112], i.e. a random variation d

was specified to the size of each mesh cell by adjusting the cell boundaries as xi+ 1

2

+

d(ri+ 1

2

−0.5)∆x, where xi+ 1

2

and ∆x are the cell boundaries and spacing of the uniform

grid. ri+ 1

2

is a random number of uniform distribution ranging from 0 to 1.

Example 4.1. Accuracy test for 1D advection equation. In this test problem, we

examine the convergence rate of our scheme by using the grid refinement. Initially, the

smooth profile is set to be u(x, 0) = sin(πx), x ∈ [−1, 1]. The L1 and L∞ errors of

VIA at t = 2.0 (after one period) are calculated with different grid resolution. The mesh

number is doubly increased from 20 to 320.
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(a) Uniform meshes
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(b) Nonuniform meshes

FIGURE 4.2: Numerical results of the advection of a square wave on a uniform (a) and

nonuniform (b) meshes. Part of the region is enlarged to clarify the difference in two

meshes.

In Table 4.4, we show the numerical errors and convergence rates of CIP-CSL-WENO4

scheme and Eulerian MCV-WENO4 scheme. Also, we give the numerical results with
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and without WENO limiter in Table 4.5. It can be clearly observed that our scheme

perfectly converges up to 4th order accuracy, and the use of WENO limiter can maintain

both the convergence rate and magnitude of numerical errors. Moreover, the magnitude

of both L1 and L∞ errors for CIP-CSL-WENO4 scheme are less than 10% of the MCV-

WENO4 scheme which uses a smaller CFL number of 0.4.

TABLE 4.4: Numerical errors and convergence rates for 1D advection equation, t =
2.0.

N CIP-CSL-WENO4 scheme MCV-WENO4 scheme

L1 error Order L∞ Order L1 error Order L∞ Order

20 4.39e-06 6.65e-06 4.95e-05 7.72e-05

40 2.74e-07 4.00 4.29e-07 3.95 3.12e-06 3.98 4.88e-06 3.98

80 1.72e-08 4.00 2.69e-08 3.99 1.96e-07 3.99 3.07e-07 3.99

160 1.07e-09 4.00 1.69e-09 4.00 1.23e-08 4.00 1.92e-08 4.00

320 6.73e-11 4.00 1.06e-10 4.00 7.67e-10 4.00 1.20e-09 4.00

TABLE 4.5: Numerical errors and convergence rate for 1D advection equation at t =
2.0.

N CIP-CSL-WENO4 scheme CIP-CSL3 scheme

L1 error Order L∞ Order L1 error Order L∞ Order

20 4.39e-06 6.65e-06 4.43e-06 6.93e-06

40 2.74e-07 4.00 4.29e-07 3.95 2.74e-07 4.02 4.31e-07 4.01

80 1.72e-08 4.00 2.69e-08 3.99 1.72e-08 3.99 2.69e-08 4.00

160 1.07e-09 4.00 1.69e-09 4.00 1.07e-09 4.00 1.69e-09 4.00

320 6.73e-11 4.00 1.06e-10 4.00 6.73e-11 4.00 1.06e-10 4.00

The results for nonuniform meshes are shown in Table 4.6. Here the random variation

d is set to be 0.2. We can see even though the magnitude of numerical error is sightly

larger than that on uniform meshes, the convergence rate can be maintained.

TABLE 4.6: Numerical errors and convergence rates of CIP-CSL-WENO4 scheme for

1D advection equation on nonuniform meshes at t = 2.0.

N L1 error Order of Accuracy L∞ error Order of Accuracy

20 4.45e-06 6.93e-06

40 2.83e-07 4.00 4.45e-07 3.96

80 1.77e-08 4.00 2.80e-08 3.99

160 1.11e-09 3.99 1.75e-09 4.00

320 6.92e-11 4.00 1.10e-10 4.00

To demonstrate the impact of CFL number, we give the numerical errors computed

with CFL = 0.2 and CFL = 0.4 in Table 4.7. We can clearly see that even though the
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magnitude of the numerical errors are different, the 4th order accuracy can be achieved

for these two cases.

TABLE 4.7: Numerical errors and convergence rates for 1D advection equation of

CIP-CSL-WENO4 scheme with different CFL numbers.

N CFL = 0.2 CFL = 0.4

L1 error Order L∞ Order L1 error Order L∞ Order

20 1.79e-05 2.72e-05 6.02e-06 1.03e-05

40 1.11e-06 4.01 1.73e-06 3.97 2.57e-07 4.55 3.97e-07 4.69

80 6.90e-08 4.00 1.08e-07 4.00 1.39e-08 4.20 2.19e-08 4.18

160 4.31e-09 4.00 6.77e-09 4.00 8.36e-10 4.06 1.31e-09 4.18

Example 4.2. Advection of a square wave. As the test to examine the capability to

capture jump discontinuities, we computed the advection of a square wave. The initial

profile is given by

u(x, 0) =







1, |x− 1| 6 0.4,

0, otherwise.
(4.50)

The computational domain is set to be [0, 2]. The numerical results computed on both

uniform and nonuniform meshes of 200 cells at t = 2.0 are shown in Fig. 4.2. The

random variation is set to be 0.5 in this example. We can see that our scheme is able to

accurately resolve the jump discontinuities.

Example 4.3. Jiang and Shu’s test [45]. The set-up of this benchmark test has been

defined in (4.47). The numerical results after one period are given in Fig. 4.3. Here the

mesh number is 200. It can be observed that our numerical solutions are free of spurious

oscillations near discontinuities and preserve the high accuracy for smooth profile.

In this tests, we also give the numerical solutions computed with CFL = 0.2 and CFL

= 0.4 to verify the CFL-independent property of our scheme. The numerical results are

given in Fig.4.4. We learn from our numerical solutions given here that the value of the

CFL number only has minor influence on the resolution of the computational results.

Example 4.4. Extrema of various smoothness. The initial profile of this test has been

given in (4.46).
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FIGURE 4.3: Numerical results of Jiang and Shu’s test at t = 2.0 on a 200 cell-mesh.
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FIGURE 4.4: Numerical results of Jiang and Shu’s test computed with CFL = 0.2
(left) and CFL = 0.4 (right).

We transport the initial irregular profile until t = 8.0 (after 4 periods) on a 100-cell

mesh. Compared with the numerical results in [40], our results in Fig. 4.5 show well-

resolved extrema without numerical oscillations near the discontinuities.

4.4.2 2D implementation

The implementation of semi-Lagrangian schemes in multi-dimensions can be carried

out by the Strang splitting for simplicity and computational efficiency using the 1D

scheme as the building block. We show the numerical results of transporting a complex

distribution by the 2D linear advection equation with a solid-rotating velocity field.
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FIGURE 4.5: Numerical results of the extrema of various smoothness at t = 8.0 on a

100-cell mesh.

Example 4.5. 2D Rotation test. In this test, the 2D complex initial profile is given by

u(x, y, 0) =























































1

6
(G(r1 + δ, β) +G(r1 − δ, β) + 4G(r1, β)) , |r1| 6 0.2,

1, |x| 6 0.2, −0.7 6 y 6 −0.3,

1− |5r2|, |r2| 6 0.2,

1

6
(F (r3 + δ, α) + F (r3 − δ, α) + 4F (r3, α)) , |r3| 6 0.2,

0, otherwise,

(4.51)

where

r1 =
√

(x+ 0.6)2 + y2, r2 =
√

(x− 0.6)2 + y2, r3 =
√

x2 + (y − 0.6)2,

and G(r, β) = exp(−βr2), F (r, α) =
√

max(1− α2r2, 0). As in [41], the coefficients

are set to be δ = 0.01, α = 5 and β = log 2/(36δ2). The velocity field is defined by

(v1, v2) = (−2πy, 2πx) on a computation domain of [−1, 1]2. Our computation was

executed up to t = 1.0 on a grid of 100× 100 cells. The numerical results are shown in

Fig. 4.6.

It can be observed that the shape of the solid body is well resolved, and there are no
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visible oscillations near the jump discontinuities. The geometric shapes of the distribu-

tion have been faithfully preserved as a result of the superior dispersion property of the

CIP-CSL-WENO4 scheme.

(a) Initial profile (b) Numerical results

FIGURE 4.6: Numerical results of the solid-rotation of a complex profile on a mesh of

100 × 100 cells.

It should be notified that semi-Lagrangian scheme which relies on the dimensional split-

ting for multi-dimensional implementation has substantial difficulty for unstructured

grids. Moreover, implementing a semi-Lagrangian scheme for the full Euler equations

in multi-dimensions meets other complexities, such as the computation of Mach cone.

Nevertheless, the strength of semi-Lagrangian method in numerical accuracy and CFL

stability makes it attractive in some particular applications.

4.4.3 1D inviscid Burgers equation

The 1D inviscid Burgers equation is defined as

ut +

(

u2

2

)

x

= 0, (4.52)

which can be written in an advection form

ut + a(u)ux = 0, (4.53)
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where a(u) = u is the characteristic speed. In order to avoid the “entropy problem” at

the sonic point, we modify the characteristic speed at the cell boundary xi+ 1

2

by

a(u)i+ 1

2

=











sgn(max)max(|ui+ 1

2

|, |1
2
(ui+1 + ui)|), for sonic point,

ui+ 1

2

, otherwise.

(4.54)

We tested the performance of our scheme to solve Burgers equation for benchmark tests

with different initial conditions. Example 4.6. Burgers equation with a sine wave

TABLE 4.8: Numerical errors and convergence rates for 1D Burgers equation at t =
1/(2π).

N L1 error Order of Accuracy L∞ error Order of Accuracy

10 3.91e-04 2.62e-03

20 4.28e-05 3.19 2.70e-04 3.28

40 3.44e-06 3.63 3.03e-05 3.15

80 2.53e-07 3.77 2.25e-06 3.75

160 2.01e-08 3.66 2.27e-07 3.31

initial condition. The initial smooth profile is given by u(x, 0) = 0.5 + sin(πx). The

solution remains smooth up to t = 1.0/π, and then the shock wave starts to develop and

becomes a full discontinuity at t = 1.5/π. Firstly, we carried out the computation up to

t = 0.5/π with different grid resolutions. The L1 and L∞ errors of VIA are shown in

Table 4.8, along with the convergence rate. It is clear that for 1D Burgers equation, our

scheme can achieve 4th order accuracy as expected, which can demonstrate the time-

depending accuracy of our scheme. We also give the numerical solutions on a 100-cell

mesh at t = 1.5/π in Fig. 4.7. We can see that our scheme can resolve the whole

solution with high quality, and there is no oscillation near the shock, which verifies the

effectiveness of the presented WENO limiter.

Example 4.7. Burgers equation with shock and rarefaction waves. This benchmark

test for 1D inviscid Burgers equation contains both shock and rarefaction waves. The

initial profile is a square wave given by

u(x, 0) =







1, 0.3 6 x 6 0.75,

0.5, otherwise,
(4.55)



Chapter 4. A Semi-Lagrangian MM FVM with 4th-order WENO Projection 134

X

Y

0 0.5 1 1.5

­0.5

0

0.5

1

1.5

Exact

Numerical

FIGURE 4.7: Numerical results of Burgers equation at t = 1.5/π on a 100-cell mesh.

on computational domain [0, 1]. The numerical results at t = 0.2 computed on a mesh

of 80 cells are shown in Fig. 4.8. Our numerical solutions can well resolve the shock

wave without generating any spurious oscillation, and for the expansion wave there is

no significant dissipation.

FIGURE 4.8: Numerical results of Burgers equation with a shock and rarefaction wave

at t = 0.2 on a 80-cell mesh.
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4.4.4 1D Euler equations

In this section, we report the benchmark tests to verify the performance (convergence

rate, stability and oscillation-suppressing property) of our scheme for 1D Euler equa-

tions.

Example 4.8. Accuracy test for 1D Euler equations. Firstly, we check the convergence

rate of the scheme for 1D Euler equations through the propagation of a smooth density

perturbation. The initial condition is given by

ρ(x, 0) = 1 + 0.2 sin(πx), v(x, 0) = 1.0, p(x, 0) = 1.0, x ∈ [0, 2]. (4.56)

Here we impose the periodic boundary condition. We show the L1 and L∞ errors of VIA

of density with the grid resolution refined from 20 to 320 in Table 4.9. As expected,

our scheme is uniformly converged to 4th order accuracy for the Euler equations with

variable characteristic velocities.

TABLE 4.9: Numerical errors and convergence rate for 1D Euler equations, t = 2.0

N L1 error Order of Accuracy L∞ error Order of Accuracy

20 3.14e-04 5.41e-04

40 1.94e-05 4.02 3.04e-05 4.16

80 1.10e-07 4.14 1.72e-06 4.14

160 5.57e-08 4.30 8.74e-08 4.30

320 2.21e-08 4.66 3.47e-09 4.66

Example 4.9. Sod’s and Lax’s problem. Here we show the numerical results for two

shock tube problems originally proposed in [49, 74, 77]. For Sod’s problem, the initial

distribution is given by

(ρ0, v0, p0) =







(1, 0, 1), 0 6 x 6 0.5,

(0.125, 0, 0.1), otherwise.
(4.57)

For Lax’s problem, the initial profile is given by

(ρ0, v0, p0) =







(0.445, 0.698, 3.528), 0 6 x 6 0.5,

(0.5, 0, 0.571), otherwise.
(4.58)
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FIGURE 4.9: Numerical results of

Sod’s problem at t = 0.25 with 100
cells.

FIGURE 4.10: Numerical results of

Lax’s problem at t = 0.16 with 100
cells.

For both tests we use a mesh of 100 cells. In Sod’s problem, the computation is carried

out up to t = 0.25. The numerical results shown in Fig. 4.9 reveal that our scheme can

capture the contact discontinuity and shock wave with correct position and satisfactory

sharpness. In Lax’s problem, we conducted the computation until t = 0.16. Similar to

Sod’s problem, our numerical results in Fig. 4.10 can resolve the contact discontinuity

with high resolution, while the oscillations near the shock wave and discontinuity are

effectively eliminated.
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Example 4.10. Symmetry expansion wave. This test problem describes an isentropic

process where the flow field is split by a divergent velocity field [84]. Initially, we have

the following state condition

(ρ0, v0, p0) =







(1,−2, 0.4), 0 6 x 6 0.5,

(1, 2, 0.4), otherwise.
(4.59)

(a) Density (b) Pressure

(c) Velocity (d) Internal Energy

FIGURE 4.11: Numerical results of symmetrical expansion wave at t = 0.15 with 200
cells.

The numerical solutions of density, velocity, pressure and internal energy at t = 0.15

with 200 cells are shown in Fig. 4.11. For such a test with very low density and pressure,

our scheme successfully reproduces all the physical fields with high quality.

Example 4.11. Shock-turbulence interaction. This benchmark test proposed in [73]

includes the interaction of a Mach 3 shock with a density perturbation. The initial profile

is given by

(ρ0, v0, p0) =







(3.857143, 2.629369, 10.333333), 0 6 x 6 0.1,

(1.0 + 0.2 sin(50x− 25), 0, 1.0), otherwise.
(4.60)
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For this test, a shock wave initially located at x = 0.1 moves right and interacts with the

density perturbation superimposed by a sine wave. The numerical results at t = 0.18 are

shown in Fig. 4.12. The mesh number for this test problem is 200. The density distur-

bance in the numerical solution has been resolved correctly without obvious diffusion.

For the shock wave near x = 0.75, there are no visible spurious oscillations thanks to

the WENO limiter.

Example 4.12. Stationary contact discontinuity. The initial condition of this test is

given by

(ρ0, v0, p0) =







(1.4, 0, 1), 0 6 x 6 0.1,

(1, 0, 1), otherwise.
(4.61)

The contact discontinuity defined at the initial condition will remain stationary during

the whole computational time. For some high resolution schemes, it is not a trivial issue

to keep the sharpness of the discontinuity for this benchmark test [84]. Here we carried

out the computation up to t = 2.0. The mesh number is 100. The numerical results are

shown in Fig. 4.13. We can see that our scheme is able to keep the density jump with

the initial sharpness.

FIGURE 4.12: Numerical results of shock-turbulence interaction at t = 0.18 with 200
cells.
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Example 4.13. Two interacting blast waves. This test was originally proposed by

Wooward and Colella in [94]. The initial profile is given by

(ρ0, v0, p0) =























(1, 0, 1000), 0 6 x 6 0.1,

(1, 0, 0.01), 0.1 < x < 0.9,

(1, 0, 100), otherwise.

(4.62)

Reflection boundary conditions are imposed on the two ends of the computational do-

main to generate multiple interactions of different waves, which result in complex struc-

tures in the solution.

As in [40], we modified the characteristic velocities at the cell boundary by a weighted

averaging between the values of the PVs λm(xi+ 1

2

) and the values computed by the

Roe’s average [67] based on the VIAs of two neighboring cells, i.e.

λ̂m(xi+ 1

2

) = βλm(xi+ 1

2

) + (1− β)λ
Roe

m (ui, ui+1). (4.63)

We set the weight parameter β to be 0.5 for current example as recommended in [40].

The value of p in (4.40) is set to be 1.5 to introduce more numerical dissipations around

the strong discontinuities. The numerical results of density at t = 0.038 on a 400-cell

mesh are plotted in Fig.4.14 against the reference solution computed by an FVM with

MUSCL reconstruction on a grid of 4000 cells.

The numerical results shown in Fig.4.14 accurately capture the shock wave and contact

discontinuity with correct positions. The numerical solutions look superior to most

existing finite volume WENO schemes on 400-cell mesh and other high-order local

reconstruction-based schemes of equivalent DOFs. More importantly, there is no any

TVB switching in the present computation to control the numerical dissipation.
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FIGURE 4.13: Numerical results of stationary contact discontinuity at t = 2.0 with

100 cells.
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FIGURE 4.14: Numerical results of two interacting blast waves at t = 0.038 with 400
cells.

4.5 Summary

In this chapter, we present a nodal value based WENO limiter for CIP/MM FVM

scheme. The WENO limiter uses local DOFs available in the target cell and its imme-

diate neighboring cells, which minimizes the WENO interpolation stencil. The present

method is substantially different from other existing implementations of WENO projec-

tion to local high-order reconstructions that only use the VIA in WENO reconstruction,

while ignoring other available sub-cell information, and thus result in wider stencils.
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The proposed scheme, which is called CIP-SCL-WENO4 scheme, is free of the ad

hoc TVB criterion which is needed in nearly all existing schemes to control the exces-

sive numerical dissipation. Moreover, the present scheme is algorithmically simple and

computationally efficient.

As substantiated in the chapter, the semi-Lagrangian formulation is more accurate in

terms of both dissipation and dispersion errors in comparison with the Eulerian scheme.

Of more practical significance in applications, the presented scheme allows a large CFL

number in principle for the computational stability.

The 4th order convergence rate has been verified for both scalar and Euler conservation

laws. Furthermore, the numerical results of some widely used benchmark tests show

that the present method is able to get the high-quality solutions among the best ever

reported of the numerical schemes with similar number of DOFs.

The present scheme can been seen as a more consistent formulation that well balances

different requirements for a high resolution scheme, such as local high-order recon-

struction and limiting projection, numerical accuracy and computational efficiency.



Chapter 5

BVD algorithm for MCV-WENO4

method

In this chapter, we combine the BVD reconstruction with the MCV-WENO4 scheme of

MMC-FR formulation presented in Chapter 3 as a trial to employ the BVD concept to

the HLR method. The modified version of BVD algorithm for MCV-WENO4 scheme

will be discussed at first, followed by the building-block schemes for new scheme,

which is called the BVD-MCV-WENO4 scheme in this Chapter. Finally, we will give

some preliminary numerical results and end the chapter with the summary of this work.

5.1 Numerical algorithm

We start from the following scalar conservation law

∂u

∂t
+

∂f

∂x
= 0. (5.1)

Here u(x) is the solution function, and f(u) is the flux function. We divide the com-

putational domain into I non-overlapping cells Ωi = [xi− 1

2

, xi+ 1

2

] and 3 solution points

xik, k = 1, 2, 3 are equidistantly located inside cell Ωi, i.e xi1 = xi− 1

2

, xi2 = (xi− 1

2

+

xi+ 1

2

)/2, xi3 = xi+ 1

2

. As introduced in Chapter 3, the solution points can be updated

142
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by the following semi-discretized equation

duik

dt
= −

(

df̂i(x)

dx

)

ik

, k = 1, 2, 3. (5.2)

By using the quadratic Lagrangian interpolation in primary reconstruction of flux func-

tion, we can get the MCV3 scheme. Additionally, the first order derivative at the cell

center f
[1]
x (xi) can be added as another constraint condition in primary reconstruction,

which is referred as the MCV-SC scheme in Chapter 3. The f
[1]
x (xi) can be also re-

constructed using a PV-based WENO limiter originally presented in Chapter 3 , which

leads to the the MCV-WENO4 scheme.

The flux reconstruction of MCV-WENO4 scheme is implemented by imposing the fol-

lowing constraint conditions, just as introduced in Chapter 3







f̂i(xi± 1

2

) = fi(ui± 1

2

),

f̂
[1]
xi (xi± 1

2

) = f
[1]B
xi (xi± 1

2

)
(5.3)

As the primary reconstructed flux function is continuous at the cell boundary, we only

need to approximate the first order derivative value at the cell boundary, which is the

solution of the Derivative Riemann problem. Because continuity of PV at cell boundary

is naturally satisfied for MCV-WENO4 scheme, i.e. BV ≡ 0 during the computation,

the original FVM-type BVD reconstruction is not applicable for MCV-type method. As

a result, we want to develop a new version of BVD method that is suitable for MCV-

type method. The algorithm of BVD reconstruction will be discussed in the following

paragraph.

5.1.1 BVD algorithm for MCV-WENO4 scheme

In order to apply the BVD algorithm for MCV-WENO4 scheme, firstly we extend the

the definition of BV by including the high-order derivatives as

BV (u)
[m]

i+ 1

2

= |uR[m]

i+ 1

2

− u
L[m]

i+ 1

2

|, m = 0, 1, · · · , n. (5.4)
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Here the superscript refers to the mth derivative of solution function at the cell bound-

ary. When m equals to zero, we can get the original definition of BV used in FVM.

Then the BVD algorithm for MCV-WENO4 scheme can be proceeded as follows

i) Initially, we have two interpolation function Φ<1>
i (x) and Φ<2>

i (x), of solution

function u(x) which is reconstructed from the solution points uik inside cell i

Suppose Φ<1>
i (x) to be MCV-WENO4 method that uses high-order polynomial

reconstruction, while Φ<2>
i (x) should be the reconstruction that can better repre-

sent the step-like solutions. The building-block scheme for BVD algorithm will be

discussed in the next section.

ii) Select from Φ<p>
i (x) and Φ<q>

i+1 (x) with p and q being 1 and 2, to make sure that

the boundary variation of first order derivative

BV (u)
[1]

i+ 1

2

= |Φ<p>[1]
i (xi+ 1

2

)− Φ
<q>[1]
i+1 (xi+ 1

2

)| (5.5)

is minimized.

iii) The same selection procedure is also applied to the neighboring interface xi− 1

2

, that

is, q
′

and p
′

is found to minimize

BV (u)
[1]

i− 1

2

= |Φ<p
′

>[1]
i (xi− 1

2

)− Φ
<q

′

>[1]
i−1 (xi− 1

2

)| (5.6)

If the choice for left and right side of cell i is different when applying step ii),

i.e. for Φ
<p>[1]
i (xi+ 1

2

) and Φ
<p

′

>[1]
i (xi− 1

2

), p 6= p
′

, then the following monotonicity

criterion is needed to uniquely determine the reconstructed 1st order derivative as

Φ<p>
i (x) =



















Φ
<1>[1]
i (x), if

(

Φ<p>
i (xi+ 1

2

)− Φ
<q>[1]
i+1 (xi+ 1

2

)
)(

Φ
<p′>[1]
i−1 (xi− 1

2

)− Φ
<q′>[1]
i (xi− 1

2

)

< 0,

Φ<2>
i (x), otherwise.

(5.7)

iv) The left- and right-side value for each cell i can be given by

u
L[1]

i+ 1

2

= Φ
<p>[1]
i (xi+ 1

2

) and u
R[1]

i− 1

2

= Φ
<p>[1]
i (xi− 1

2

). (5.8)
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Remark 1. The derivative of flux function at the cell boundary can be expressed in

terms of the derivative of solution function through the linearizion procedure as

follows

f [1] = Au[1] (5.9)

where A is the Jacobian matrix obtained by A = ∂f
∂u

.

Remark 2. The numerical approximation of flux function at the cell boundary xi+ 1

2

can be calculated by

f̃
[1]

i+ 1

2

=
1

2

(

f
[1]L

i+ 1

2

+ f
[1]R

i+ 1

2

− Ri+ 1

2

|Λ|Li+ 1

2

(u
[1]R

i+ 1

2

− u
[1]L

i+ 1

2

)
)

(5.10)

From above equation we can see that the minimization of BV [1] can effectively

reduce the numerical dissipation term Ri+ 1

2

|Λ|Li+ 1

2

(u
[1]R

i+ 1

2

− u
[1]L

i+ 1

2

), which means

the numerical viscosity of the scheme can be minimized.

5.1.2 The Buiding-block reconstruction schemes

For BVD reconstruction algorithm, we need two reconstruction methods Φ<1>
i (x) and

Φ<2>
i (x). In this study, we use the MCV-WENO4 scheme developed in Chapter 3 to

recover the smooth solution, while the THINC reconstruction is used as the candidate

reconstruction method Φ<2>
i (x) to resolve the sharp discontinuity.

5.1.2.1 The MCV-WENO4 reconstruction for Φ<1>
i (x)

The reconstruction of MCV-WENO4 scheme follows what has been described in Chap-

ter 3. The primary reconstruction is performed inside each side by using PVs at three

solution points and 1st order derivative at the cell center, where the 1st order derivative

is reconstructed by using the PV-based WENO limiter presented in the same Chapter.

Then, the 1st order derivative at the cell boundary can be obtained from the derivative of

the primary reconstruction function, which will be used in step ii) of BVD algorithm for

MCV-WENO4 scheme as one candidate reconstruction Φ<1>
i (x) that is of high order

accuracy for smooth solutions.
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5.1.2.2 The THINC reconstruction for Φ<2>
i (x)

For the reconstruction of Φ<2>
i (x), the use of THINC reconstruction is slight different

from the one presented for FVM-type BVD scheme. Here the THINC reconstruction is

not used to get the value at the cell boundary directly, instead, the THINC reconstruction

is used to calculate the first order derivative at the cell center as

Φ
[1]
i (xi) =

γβumax

2

(

1.0− tanh (β (0.5− x̃i))
2) /(xi+ 1

2

− xi− 1

2

), (5.11)

where umax = max(ūi−1, ūi+1) − min(ūi−1, ūi+1) and γ = sgn(ūi+1 − ūi−1). The

parameter β is used to control the jump thickness. In numerical experiments of this

Chapter, we use a constant β = 1.3 in our computation. The center position x̃i of

tangent hyperbolic function can be given by

x̃i =
1

2
log(

1− A

1 + A
)/β, (5.12)

where

A = (
B

cosh(β)
− 1)/ tanhβ, B = exp(γβ(

2(ūi −min(ūi−1, ūi+1))

umax
− 1)). (5.13)

Then the reconstructed first order derivative is treated as an constraint condition that

is used in primary reconstruction of MCV-SC method, i.e. we use three PV values

at solution points and 1st order derivative at the cell center to build up the primary

interpolation as a cubic polynomial, i.e.







































Φ<2>
i (xi− 1

2

) = ui1;

Φ<2>
i (xi) = ui2;

Φ<2>
i (xi+ 1

2

) = ui3;

Φ
<2>[1]
i (xi) =

γβumax

2

(

1.0− tanh (β (0.5− x̃i))
2) /(xi+ 1

2

− xi− 1

2

).

(5.14)

The first order derivative at the cell boundary can be deduced from the primary recon-

structed function Φ<2>
i (x), which will be used in the selection procedure described in
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subsection 5.1.

Remark 3. For Euler equations, the THINC reconstruction for 1st order derivative

at the cell center is implemented to the characteristic variables, while the selec-

tion procedure in the BVD algorithm is also conducted in terms of characteristic

variables. In addition, the BVD reconstruction can be conducted on primitive

variables, i.e. density, velocity and pressure. We haven’t noticed significant dif-

ference between above two ways in terms of numerical results.

Remark 4. We use the five stage fourth order SSP Runge-Kutta method [79], the same

method used for MCV-WENO4 scheme, for time integration.

5.2 Numerical experiments

In this section, we will give some preliminary results of our presented scheme, BVD-

MCV-WENO4 scheme. In our numerical experiments, we use CFL = 0.2 throughout

our computation.

5.2.1 1D scalar conservation law

Example 5.1. Accuracy test. We test the convergence rate of our new scheme in this

example. The initial condition is given by a sine wave distribution as

u(x, 0) = sin(πx), x ∈ [−1, 1]. (5.15)

We show the numerical results at t = 2.0 under growing mesh resolution in Table 5.1.

In the same table, we also give the results computed by MCV-WENO4 scheme. In can

be observed that the results computed by BVD-MCV-WENO4 reconstruction is exactly

same to the ones of MCV-WENO4 scheme, which means BVD-MCV-WENO4 scheme

will return to MCV-WENO4 scheme for the smooth solution.



Chapter 5. BVD-MCV-WENO4 scheme 148

TABLE 5.1: Numerical errors and convergence rate for 1D advection equation, t = 2.0.

N BVD-MCV-WENO4 scheme MCV-WENO4 scheme

L1 error Order L∞ Order L1 error Order L∞ Order

20 4.95e-05 7.72e-05 4.95e-05 7.72e-05

40 3.12e-06 3.98 4.88e-06 3.98 3.12e-06 3.98 4.88e-06 3.98

80 1.96e-07 3.99 3.07e-07 3.99 1.96e-07 3.99 3.07e-07 3.99

160 1.23e-08 4.00 1.92e-08 4.00 1.23e-08 4.00 1.92e-08 4.00

Example 5.2. Advection of a square wave. The initial profile of this test is as follows

u(x, 0) =







1, when|x| 6 0.4,

0, otherwise.
(5.16)

The numerical results on a 200-cell mesh after one period are given in Fig.5.1. From

the presented numerical results, it can be noticed that the BVD-MCV-WENO4 scheme

can get better resolution for discontinuous area near x = ±0.4. This numerical test

can numerically prove that our new BVD-MCV-WENO4 method is able to reduce the

numerical dissipation for the jump discontinuity.

Example 5.3. Jiang and Shu’s test. The initial condition of this test is set to be

u(x, 0) =























































1

6
(G(x, β, z − δ) +G(x, β, z + δ) + 4G(x, β, z)) , −0.8 6 x 6 −0.6,

1, −0.4 6 x 6 −0.2,

1− |10(x− 0.1)|, 0.0 6 x 6 0.2,

1

6
(F (x, α, a− δ) + F (x, α, a+ δ) + 4F (x, α, a)) , 0.4 6 x 6 0.6,

0, otherwise,

(5.17)

where the computation domain is [−1, 1]. The function F and G is defined by

G(x, β, z) = exp
(

−β(x− z)2
)

, F (x, α, a) =
√

max(1− α2(x− a)2, 0), (5.18)

and the coefficients to determine the initial profile are given by

a = 0.5, z = 0.7, δ = 0.005, α = 10.0, β = log 2/(36δ2). (5.19)
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We carry out our computation until t = 2.0, i.e. one period on a 200-cell mesh. The

numerical results computed by both BVD-MCV-WENO4 scheme and MCV-WENO4

scheme are given in Fig.5.2. We can see that by using the BVD reconstruction, the res-

olution for the jump discontinuity is improved compared with original MCV-WENO4

scheme. Even though the vertex of the cone near x = 0.5 is slighted distorted when

using BVD-MCV-WENO4 scheme, the deformation is limited to an acceptable level.
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FIGURE 5.1: The numerical results of the advection of a square wave after one period

(t = 2.0) with 200 grid cells. Here we show the numerical solutions computed by

BVD-MCV-WENO4 (left) and MCV-WENO4 (right) schemes.
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FIGURE 5.2: Numerical results of Jiang and Shu’s test at t = 2.0 with 200 grid cells

computed by BVD-MCV-WENO4 (left) and MCV-WENO4 (right) schemes
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5.2.2 1D Euler equations

Example 5.4. Lax’s problem. This shock-tube test was originally presented in [49].

The initial profile is given by

(ρ0, v0, p0) =







(0.445, 0.698, 3.528), 0 6 x 6 0.5,

(0.5, 0, 0.571), otherwise.
(5.20)

The numerical results computed by both BVD-MCV-WENO4 and MCV-WENO4 scheme

are given in Fig.5.3 . We can see that the BVD-MCV-WENO4 scheme can reproduce

sharp contact discontinuity and shock wave, while still keeping the high accuracy for

smooth profile.
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FIGURE 5.3: The numerical solutions of Lax’s test at t = 0.16 with 100 grid cells. The

numerical results shown here are separately computed by BVD-MCV-WENO4 (left)

and MCV-WENO4 (right) schemes.

Example 5.5. A shock-tube test with high Mach number. This is another shock-tube

test. The initial profile is given by

(ρ0, v0, p0) =







(1000, 0, 10000), 0 6 x 6 0.5,

(1, 0, 1), otherwise.
(5.21)

The computation is carried out up to t = 0.05. We use a mesh of 400 cells to capture

the accurate position of shock wave. The numerical results of both BVD-MCV-WENO4

and MCV-WENO4 scheme are shown in Fig.5.4. It is obvious that the BVD reconstruc-

tion can significantly improve the solution quality near the contact discontinuity. The
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results validate the effectiveness of BVD-MCV-WENO4 scheme in the reduction of

numerical dissipation.
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FIGURE 5.4: The numerical results of the high Mach number test on a domain of 400
grid cells. Here we show the numerical solutions computed by BVD-MCV-WENO4

(left) and MCV-WENO4 (right) schemes.

Example 5.6. Two interacting blast waves. This test [94] describes the multiple inter-

action between strong shock wave and rarefaction wave. The initial condition for this

test can be described by the following equations

(ρ0, v0, p0) =























(1, 0, 1000), if 0 6 x 6 0.1,

(1, 0, 0.01), if 0.1 < x < 0.9,

(1, 0, 100), otherwise.

(5.22)

We execute the computation up to t = 0.038 on a mesh of 400 cells. The numerical

results are plotted in Fig.5.5. It can be noticed that the contact discontinuity around x =

0.6 can be resolved within 5 cells, which is better than the MCV-WENO4 scheme that

needs about ten cells. This test provides sufficient evidences that the BVD algorithm

presented here can efficiently reduce the numerical dissipation near the discontinuous

solutions.

5.3 Summary

In this Chapter, we develop a new version of BVD algorithm that can use HLR methods

as building-block schemes. As the HLR method includes more than one DOF inside
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FIGURE 5.5: The numerical results of the two interacting blast wave a 400-cell mesh.

Here we show the numerical solutions computed by BVD-MCV-WENO4 scheme (left)

and MCV-WENO4 scheme (right).

each cell, we extend the definition of BV to the difference of derivative values at the

cell interface, and BVD reconstruction minimizes not only the BV of the PV but also

the derivative values, which is compatible with MCV-type method that always keeps the

C0 continuity at the cell boundary while assumeing jumps of high order derivatives.

In order to provide a building-block scheme for BVD reconstruction that can better rep-

resent the discontinuity as well as make full use of the local DOFs, we develop a new

THINC-implemented reconstruction in this Chapter, which uses THINC reconstruction

to obtain the 1st order derivative at the cell center, and the solution function is recon-

structed by the constraint conditions of MCV-SC scheme introduced in Chapter 3. Then,

our new version of BVD method equips MCV-WENO4 scheme developed in Chapter 3

as one building-block scheme and THINC-implemented MCV-SC scheme as the other

one. The resulting scheme, i.e. BVD-MCV-WENO4 scheme, is treat as a trial to the

full implementation of BVD reconstruction in HLR method.

The numerical results presented in this chapter demonstrate that the new BVD algorithm

is capable of minimizing the numerical dissipation near the discontinuous solutions, es-

pecially for jump discontinuities, at the same time, the smooth solutions can be resolved

with high accuracy.



Chapter 6

Conclusions and future work

6.1 Full picture of this thesis

In the numerical simulation of Euler equations, the numerical dissipations and numer-

ical oscillations are two critical problems that highly limit the development of high

resolution scheme. To reduce the numerical dissipation for Godonuv-type method, we

present a new direction to devise the high resolution scheme, which is called BVD

method. On the other hand, in order to suppress the numerical oscillations around the

jump discontinuity caused by Gibbs phenomenon for high resolution method with local

reconstructions, we design a new WENO-type limiter that creatively uses PV instead of

the VIA in the WENO reconstruction, resulting a scheme of better geometrical compact-

ness and computational efficiency. The new WENO limiter is applied to MCV3 scheme

of MMC-FR method, and the resulting scheme is named MCV-WENO4 scheme in this

thesis. Also, the new WENO limiter is successfully applied to the semi-Lagrangian

type method, CIP-CSL3 scheme, which gives the CIP-CSL-WENO4 scheme proposed

in this thesis. Finally, we extend BVD algorithm to HLR method by using MCV-

WENO4 scheme and THINC reconstruction as building-block schemes, which leads

to the BVD-MCV-WENO4 scheme that is treat as the preliminary research to apply the

BVD principle on a HLR scheme.

153
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The BVD reconstruction is developed based on the observation that the numerical dis-

sipation of numerical scheme is controlled by BV (i.e., the absolute difference of recon-

structed quantities) at the cell boundary, and the increase of the order of reconstruction

polynomial can not guarantee the reduction of BV when the solutions contain jump dis-

continuities. Inspired by the this observation, we put aside the idea of using high order

polynomial reconstruction throughout our computation but introduce a selection pro-

cedure that can switch to the reconstruction method with better monotonicity based on

the principle of the minimization of the BV. In this study, we use WENO-Z scheme as

one building-block scheme of high resolution polynomial reconstruction while THINC

reconstruction as another building-block scheme that can better represent the discon-

tinuous solutions. The numerical results presented in this thesis strongly validate the

numerical dissipation minimization property of BVD algorithm. Some of the numerical

results are among the best in the literature.

The MCV-WENO4 scheme presented in this thesis focuses on eliminating the numer-

ical oscillations for the high order numerical method with local reconstructions. The

traditional WENO limiter for DG follows the original FVM-type WENO method by

using the VIA in WENO reconstruction, which ignores the locally defined DOFs of

HLR method. As a result, we present a new WENO limiter that can effectively use

the local information inside the cells, which can maintain the geometrical adaptability

of HLR method. The new WENO limiter is developed based on MCV3 method, and

the polynomial interpolation of WENO limiter uses only three solution points at the

target cell and two center points from neighboring cells. We use Shen’s WENO recon-

struction in our new WENO limiter. The new WENO limiter also distinguishes itself

from the traditional WENO limiter by discarding the TVB criterion that was used to

control the excessive numerical dissipation. In other words, the WENO reconstruction

of MCV-WENO4 scheme has much less numerical dissipation to the smooth solutions.

The numerical results of MCV-WENO4 scheme show our new limiter can efficiently

diminish the numerical oscillations, while keeping the high order accuracy for smooth

solution.

We also develop a new oscillation-free semi-Lagrangian type method, CIP-CSL-WENO4

scheme, where numerical oscillations are suppressed by our original nodal value based
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WENO limiter . Because the space discretization of CIP-CSL3 scheme includes both

PV and VIA, we firstly map the cell VIA into the PV at the cell center, then the WENO

reconstruction follows the idea of the WENO limiter in MCV-WENO4 scheme devel-

oped in Chapter 3, i.e. using three solution points of the target cell and the cell center

points from the neighboring cells to construct the WENO reconstruction stencil. In

order to highlight the merit of semi-Lagrangian method, we compare the numerical

dissipation and numerical dispersion errors between MCV-WENO4 scheme of Eule-

rian and CIP-CSL-WENO4 scheme of semi-Lagrangian. The numerical results of CIP-

CSL-WENO4 scheme indicate that our scheme is capable of resolving the sharp jump

discontinuity while essentially eliminateing numerical oscillations.

Finally, we present a new type of BVD algorithm specifically for HLR method. The

new BVD reconstruction realizes not only the minimization of BV for PV but also

for high order derivatives at the cell interface. We also present a new instance, the

so-called BVD-MCV-WENO4 scheme, for the new version of BVD reconstruction that

uses MCV-WENO4 scheme as one building-block scheme. For the other building-block

scheme of better monotonicity, we develop a new reconstruction that is based on the

primary interpolation procedure of MCV-SC scheme while the first order derivative at

the cell center which is needed as a constraint condition is reconstructed by THINC

reconstruction. The numerical results of both 1D scalar conservation law and Euler

equations is consistent with our expectation of BVD algorithm in the minimization of

the numerical dissipation.

6.2 Major contributions of current study

The novelty of our scheme can be categorized into the following two parts.

1. We totally innovate the traditional Godunov-type method that always assumes a

discontinuity at the cell interface while pursuing the high order reconstruction

inside cell. This can work well for smooth solution because of the Weierstrass

Theorem, which indicates that high order polynomial reconstruction can simu-

late a continuous equation with high accuracy. However, for the discontinuous
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solutions where Weierstrass Theorem is not applicable, the circumstances will be

totally different. In fact, from the numerical experiments in section 2.1 of Chap-

ter 2, we notice that the increase of the polynomial order can not reduce BV,

i.e. reconstructed difference at the cell boundary for discontinous solutions. This

observation has not been paid enough attention in the literature. However, we

notice this phenomenon, and in order to solve this problem, we develop the BVD

algorithm which can be seen as a generalized principle that totally reforms the

traditional Godunov-type method by introducing more than one reconstruction

method for each cell, and a selection procedure is introduced to switch between

different methods based on the criterion of the minimization of the BV at the cell

interface.

To our opinion, the BVD reconstruction has overturned the traditional way to

build up the numerical schemes. Excellent numerical results validate its possibil-

ity in the development of new scheme with superior property.

2. We provide a trial in the development of WENO limiter under HLR formulation.

The new WENO limiter can make full use the sub-grid information by introducing

the solution points within the cell in the WENO reconstruction, which is superior

to the traditional WENO limiter for DG that uses only one VIA for each cell.

Compared with traditional WENO limiter, our original WENO limiter is of better

geometrical adaptability and algorithmical simplicity. We also give up using the

ad hoc TVD criterion, or so-called the “trouble cell” indicator in our WENO

limiter and still obtain ideal solutions, which overturns the traditional procedure

in performing the WENO limiting procedure.

With the booming development of HLR method, especially nodal value based

HLR method such as FR method [37–39], MMC-FR method [102] or Nodal DG

method [33], the WENO limiter that can make full use of sub-grid information is

necessary for applying the HLR method in the computation of Euler equations.

We believe that our work leads a new direction in constructing the WENO limiter

that is much more suitable for HLR method.
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6.3 Future work

We will introduce our future work from the following two aspects.

1. We hope to extend our BVD principle to other HLR methods, such as DG method

and FR method, to make it a true generalized platform that is available for high

order methods of not only FVM-type but also HLR formulation. However, For

most schemes of HLR-type, there are more than one DOFs inside each cell. The

only minimization of the BV may not be able to reduce the numerical dissipa-

tion. A possible way to apply BVD reconstruction for HLR method is to perform

the BVD reconstruction locally inside each cell. Following the work of Dumb-

ser in [21], each control volume can be divided into several subcell piece-wise

constants. Then the BVD reconstruction can be imposed for each sub-cell just as

being done for FVM.

Also, it is important to prove the effectiveness of BVD algorithm in the reduction

of the numerical dissipation mathematically, which can provide some theoretical

fundamentals for our scheme.

We also hope to apply the BVD reconstruction in solving the Navier-Stokes equa-

tions to resolve the incompressible flow. In the computation of the Navier-Stokes

equations, for high-Reynolds-number flow with small real viscosity, the presence

of excessive numerical viscosity will cast doubt on accuracy of the numerical

solution. By using the BVD reconstruction, the numerical viscosity can be min-

imized, thus the physical viscosity will dominate the viscous effect, which could

give the much more accurate results when applied with turbulence model.

2. To demonstrate the geometrical flexibility of our scheme, we hope to extend

MCV-WENO4 scheme to unstructured meshes. As our 4th order WENO limiter

only uses the PVs from the target cell and its nearest neighboring cells in WENO

reconstruction, for unstructured meshes, the stencil can be minimized, which can

yield a scheme with high geometrical adaptability. Also, we believe that the prin-

ciple of using PV in the WENO reconstruction is possible to be applied to other

nodal value based HLR method such as FR and nodal DG method. However, the
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location of the solution points for other HLR methods is not the same as MCV-

type method, which means that our WENO limiter needs necessary modification

when applied to other HLR methods.



Appendix A

Eigenstructures of 1D and 2D Euler

equations

A.1 1D Euler equations

As mentioned in Chapter 3, the 1D Euler equations is defined by

Ut + F(U)x = 0, (A.1)

where

U =













ρ

ρv

E













, F(U) =













ρv

ρv2 + p

v(E + p)













. (A.2)

Here ρ is the density,v is the velocity, p is the pressure and E is the total energy. For the

ideal gas, the total energy is given by

E =
p

γ − 1
+

1

2
ρv2, (A.3)

where γ is heat capacity ratio. The equations A.1 can also be written in quasi-linear

form

Ut +A(U)Ux = 0, (A.4)
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where A(U) is the Jacobian Matrix defined by

A(U) =













0 1 0
1

2
(γ − 3)v2 (3− γ)v γ − 1

1

2
(γ − 1)v3 − vH H − (γ − 1)v2 γv













, (A.5)

Here H is the total specific enthalpy defined by

H =
(E + p)

ρ
. (A.6)

The eigenvalues of Jacobian matrix A(U) are given by,

λ1 = v − a, λ2 = v, λ3 = v + a, (A.7)

where a is the sound speed, a =

√

(

∂p

∂ρ

)

s

. By using the the EOS of ideal gases, the

sound speed a can be given by

a =

√

γp

ρ
. (A.8)

The corresponding right eigenvectors of Jacobian matrix A(U) are

R =











1 1 1

v − a v v + a

H − va V H + va











, (A.9)

where each eigenvector is the column of the matrix R. The left eigenvectors of Jacobian

matrix A(U) are

L =





























1

2

(

V (γ − 1)

a2
+

v

a

)

−1

2

(

v(γ − 1)

a2
+

1

a

)

(γ − 1)

2a2

1− V (γ − 1)

a2
v(γ − 1)

a2
−γ − 1

a2

1

2

(

V (γ − 1)

a2
− v

a

)

−1

2

(

v(γ − 1)

a2
− 1

a

)

(γ − 1)

2a2





























, (A.10)
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where each row of matrix L corresponds to each left eigenvector. Here V =
1

2
v2.

A.2 2D Euler equations

The 2D Euler systems is defined by

Ut + F(U)x +G(U)y = 0, (A.11)

where,

U =



















ρ

ρu

ρv

E



















, F(U) ==



















ρu

ρu2 + p

ρuv

u(E + p)



















, G(U) =



















ρv

ρuv

ρv2 + p

v(E + p)



















, (A.12)

where ρ is the density, p the pressure, (u, v) the velocity component in x and y direction

and E the total energy. The equations (A.11) can also be written via a quasi-linear form

as

Ut +A(U)Ux +B(U)Uy = 0. (A.13)

The Jacobian matrix A(U) corresponding to flux F(U) is defined by

A(U) =





























0 1 0 0

−u2 + (γ − 1)V −(γ − 3)u −(γ − 1)v (γ − 1)

−uv v u 0

u (V(γ − 1)−H) H − u2(γ − 1) −(γ − 1)uv γu





























, (A.14)

where

V =
1

2
(u2 + v2),

H =
P + E

ρ
.

(A.15)
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The eigenvalues of Jacobian matrix A(U) are

λ1 = u− a, λ2 = u, λ3 = u, λ4 = u+ a, (A.16)

where a is the sound speed. For ideal gases EOS, the sound speed a and total enthalpy

H can be calculated by

a =

√

γp

ρ
,

H =
a2

γ − 1
+V.

(A.17)

The corresponding right eigenvectors are given by

Rx =

















1 0 1 1

u− a 0 u u+ a

v 1 v v

H − ua v V H + ua

















, (A.18)

where each column of the matrix Rx is corresponding to each right eigenvector. And

the left eigenvectors are given by

Lx =





























1

2
(γ − 1)

V

a2
+

u

2a
−1

2

(

u(γ − 1)

a2
+

1

a

)

−v(γ − 1)

2a2
(γ − 1)

2a2

−v 0 1 0

1− (γ − 1)
V

a2
(γ − 1)

u

a2
(γ − 1)

v

a2
−(γ − 1)

a2

1

2
(γ − 1)

V

a2
− u

2a
−1

2

(

u(γ − 1)

a2
− 1

a

)

−v(γ − 1)

2a2
(γ − 1)

2a2





























,

(A.19)

where each row of the matrix Lx is corresponding to each left eigenvector.
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The Jacobian matrix of B(U) corresponding to flux G(U) is defined by

B(U) =





























0 0 1 0

−uv v u 0

−v2 + (γ − 1)V −(γ − 1)u −(γ − 3)v (γ − 1)

v(V(γ − 1)−H) −(γ − 1)uv H − v2(γ − 1) γv





























. (A.20)

The eigenvalues of Jacobian matrix B(U) are

λ1 = v − a, λ2 = v, λ3 = v, λ4 = v + a, (A.21)

The corresponding right eigenvectors are given by

Ry =

















1 0 1 1

u 1 u u

v − a 0 v v + a

H − va u V H + va

















. (A.22)

Here the column of the matrix Ry is corresponding to each eigenvector of B(U). The

left eigenvectors of B(U) are given by

Ly =





























1

2
(γ − 1)

V

a2
+

v

2a
−u(γ − 1)

2a2
−1

2

(

v(γ − 1)

a2
+

1

a

)

(γ − 1)

2a2

−u 1 0 0

1− (γ − 1)
V

a2
(γ − 1)

u

a2
(γ − 1)

v

a2
−(γ − 1)

a2

1

2
(γ − 1)

V

a2
− v

2a
−u(γ − 1)

2a2
−1

2

(

v(γ − 1)

a2
− 1

a

)

(γ − 1)

2a2





























,

(A.23)

where each row of the matrix Ly is corresponding to each left eigenvector.
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Definition of Roe average for 1D and

2D Euler equations

B.1 1D Euler equations

For the 1D Euler equations, As mentioned in Chapter 3, the 1D Euler equations are

defined by

Ut + F(U)x = 0, (B.1)

where

U =













ρ

ρv

E













, F(U) =













ρv

ρv2 + p

v(E + p)













. (B.2)

Here ρ is the density, v is the velocity, p is the pressure and E is the total energy. We

use the ideal gases EOS, and the total energy is defined by E =
p

γ − 1
+

1

2
ρv2. Initially

we have a jump of conservative variable

∆U = UR −UL. (B.3)
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The Roe average[84] for velocity v, total enthalpy H =
(E + p)

ρ
and sound speed a is

given by

ṽ =

√
ρLvL +

√
ρRvR√

ρL +
√
ρR

H̃ =

√
ρLHL +

√
ρRHR√

ρL +
√
ρR

ã =

(

(γ − 1)(H̃ − 1

2
ṽ2)

)
1

2

,

(B.4)

where the ṽ, H̃ and ã is the Roe averaged value of v, H and a. vL, HL and ρL is given

from the left side conservative variables UL and vR, HR and ρR is given from right side

conservative variables UR. The Roe averaged Jacobian matrix A(U) of (A.5) is given

by

A(U) =













0 1 0
1

2
(γ − 3)ṽ2 (3− γ)ṽ γ − 1

1

2
(γ − 1)ṽ3 − ṽH̃ H̃ − (γ − 1)ṽ2 γṽ













, (B.5)

with the eigenvalues are defined by

λ1 = ṽ − ã, λ2 = ṽ, λ3 = ṽ + ã, (B.6)

The Roe averaged right eigenvectors are defined by

R =











1 1 1

ṽ − ã ṽ ṽ + ã

H̃ − ṽã
1

2
ṽ2 H̃ + ṽã











, (B.7)

and the left eigenvectors are given by

L =





























1

2

(

Ṽ (γ − 1)

ã2
+

ṽ

ã

)

−1

2

(

ṽ(γ − 1)

ã2
+

1

ã

)

(γ − 1)

2ã2

1− Ṽ (γ − 1)

ã2
ṽ(γ − 1)

ã2
−γ − 1

ã2

1

2

(

Ṽ (γ − 1)

ã2
− ṽ

ã

)

−1

2

(

ṽ(γ − 1)

ã2
− 1

ã

)

(γ − 1)

2ã2





























, (B.8)
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where Ṽ =
1

2
ṽ2. We can see that with only the Roe averaged variable v, H and a, the

whole Roe averaged eigenstructures of 1D Euler equations can be recovered.

B.2 2D Euler equations

For the 2D Euler equations

Ut + F(U)x +G(U)y = 0, (B.9)

where

U =



















ρ

ρu

ρv

E



















, F(U) ==



















ρu

ρu2 + p

ρuv

u(E + p)



















, G(U) =



















ρv

ρuv

ρv2 + p

v(E + p)



















, (B.10)

where ρ is the density, p the pressure, (u, v) the velocity component in x and y direction

and E the total energy. The Roe averaged velocity (u, v), total enthalpy H and sound

speed a is given by,

ũ =

√
ρLuL +

√
ρRuR√

ρL +
√
ρR

ṽ =

√
ρLvL +

√
ρRvR√

ρL +
√
ρR

H̃ =

√
ρLHL +

√
ρRHR√

ρL +
√
ρR

ã =

(

(γ − 1)(H̃ − 1

2
Ṽ2)

)
1

2

,

(B.11)

for the initial jump

∆U = UR −UL. (B.12)

where Ṽ =
1

2
(ṽ2 + ũ2). Then we can get the Roe averaged Jacobian matrix and its

eigenvalues and eigenvectors by replacing the variable u, v, H and a by the Roe aver-

aged value ũ, ṽ, H̃ and ã. For example, the Roe average of Jacobian matrix A(U) in
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(A.14) can be deduced by

A(U) =





























0 1 0 0

−ũ2 + (γ − 1)V −(γ − 3)ũ −(γ − 1)ṽ (γ − 1)

−ũṽ ṽ ũ 0

ũ
(

Ṽ(γ − 1)− H̃
)

H̃ − ũ2(γ − 1) −(γ − 1)ũṽ γũ





























.

(B.13)

The eigenvalues of A(U) are given by

λ1 = ũ− ã, λ2 = ũ, λ3 = ũ, λ4 = ũ+ ã, (B.14)

and the right eigenvectors are given by

Rx =

















1 0 1 1

ũ− ã 0 ũ ũ+ ã

ṽ 1 ṽ ṽ

H − ũã ṽ Ṽ H + ãũ

















, (B.15)

while the left eigenvectors are defined by

L
x
=





























1

2
(γ − 1)

Ṽ

ã2
+ 1

ũ

2ã
−1

2

(

ũ(γ − 1)

ã2
+

1

ã

)

− ṽ(γ − 1)

2ã2
(γ − 1)

2ã2

−ṽ 0 1 0

1− (γ − 1)
Ṽ

ã2
(γ − 1)

ũ

ã2
(γ − 1)

ṽ

ã2
−(γ − 1)

ã2

1

2
(γ − 1)

Ṽ

ã2
− ũ

2ã
−1

2

(

ũ(γ − 1)

ã2
− 1

ã

)

− ṽ(γ − 1)

2ã2
(γ − 1)

2ã2





























.

(B.16)

Similarly, we can get the Roe averaged Jacobian matrix A(U) in (A.20) and its eigen-

vectors and eigenvalues in a similar way.
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