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Chapter 1

Introduction

1.1 Phase Unwrapping

Phase unwrapping [1, 2] is an estimation problem of a continuous phase function from
its wrapped samples. In many signal and image processing applications, the continuous
phase function relates to some physical quantity, e.g., the surface profile of an object in
interferometry (3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13], in fringe projection [14, 15, 16, 17,
18, 19, 20], or in X-ray projection [21, 22, 23, 24], and the degree of the magnetic field
inhomogeneity in magnetic resonance imaging (MRI) [25, 26, 27, 28]. However, since
there exists the arbitrariness of 271 ( € Z) in the phase of any nonzero complex number,
we can detect only up to the principal value, wrapped into the interval (—m, 7], of the
continuous phase function at every sampling point. Therefore, we must unwrap (noisy)
samples of the principal phase function! (the so-called wrapped phase) to obtain the con-
tinuous phase function (the so-called unwrapped phase) relating to the physical quantity.

First of all, in order to make the following discussion clear, we classify phase unwrap-
ping problems treated in this thesis into two types.

Problem 1 (Phase Unwrapping Problem of Type I) Suppose that a continuous complex-
valued function F' : |a,b] — C, s.t. F' is continuously differentiable almost everywhere on
[a, b], is given (or a continuous complex-valued function f : Q — C, s.t. f is continuously
differentiable almost everywhere on ), and a piecewise C'-path Y : [a, b] — Q are given,
and define F := f o T). Compute the unwrapped phase of F' (or the unwrapped phase of

falong Y):
)
dt 1.1
) b
for t* € [a, b, where O (a) := Vg s.t. F(a) = |F(a)|e" is given as the initial phase.*

Or () = Op(a) +/t*%

a

Problem 2 (Phase Unwrapping Problem of Type II) Suppose that there exists the unique
unwrapped phase O : () — R of an unknown continuous complex-valued function f :
Q — C\ {0}, and finite noisy samples of f are observed at x € G (C Q) as

f(x) +e(x) € C\ {0}, (1.2)

where G is the set of finite sampling points and e(x) € C is additive complex noise at .
Estimate the unwrapped phase O¢(x) at every € G from the noisy samples of f (or
samples of the wrapped phase® O (x) := W(0y(x) + v(x)) € (—x, |, where v(x) €
(—m, | is phase noise at x) and the given initial phase O ¢(xo) = Uy for some x, € G.

'The name “principal phase function” is used following [29, 30].

?In this thesis, 99 € R denotes the given initial phase, and ¥, € R (s.t. ¢ € C \ {0}) denotes the phase
of a nonzero complex number c (see Section 2.2).

3See (2.4) and (2.5) in Section 2.2 on the definition of the wrapping operator W : R — (—, 7).



Problem 1 is especially important when f is a complex polynomial. This is because,
in this case, the unwrapped phase has a close relation to the stability of a certain digital
filter [31, 32, 33, 34]. Moreover, the unwrapped phase is needed to compute the com-
plex cepstrum [35, 36] which plays a key role in spectral factorization [37, 38, 39]. In
Problem 1, since F' is known, we can compute the value of /' at any point on the interval
[a, b]. Therefore, the integral in (1.1) are computed by using numerical integration tech-
niques proposed, e.g., in [40, 41, 42]. However, there is no guarantee that such numerical
integration techniques give the exact unwrapped phase even if f is a complex polynomial.

The exact closed-form solution of Problem 1 for a complex polynomial can be given
by algebraic phase unwrapping [43, 44, 45]. Algebraic phase unwrapping along the unit
circle was first established in [43] by extending the discovery of direct relation between a
real polynomial and its unwrapped phase along the unit circle [46]. As its continuations,
algebraic phase unwrapping along the imaginary axis [44] and along the real axis [45]
have been developed. These methods [43, 44, 45] do not require any numerical root find-
ing or numerical integration technique, and are essentially based on the computations of
certain Sturm sequences* generated by polynomial division type algorithms. However, in
the computations of the Sturm sequences, we encounter numerical instabilities due to co-
efficient growth [49], which also happens in the computation of the polynomial remainder
sequence, to derive the greatest common divisor of a pair of polynomials, by the Euclidean
algorithm. As a result, direct implementations of algebraic phase unwrapping sometimes
fail to compute the exact unwrapped phase, especially for complex polynomials of high
degree, which restricts the practical applicability of algebraic phase unwrapping.

Problem 2 is more challenging because f is not given differently from Problem 1, and
we can use only finite noisy samples of f. In particular, if Q C R?, Problem 2 is called a
two-dimensional (2D) phase unwrapping problem [1, 2], which is required to be solved in
many applications such as terrain height estimation and landslide identification by inter-
ferometric synthetic aperture radar (InSAR) [3, 4, 5, 6, 7, 8, 9], seafloor depth estimation
by interferometric synthetic aperture sonar [10, 11, 12, 13], three-dimensional (3D) mea-
surement by fringe projection [14, 15, 16, 17, 18, 19, 20] or X-ray [21, 22, 23, 24], and
water/fat separation in MRI [25, 26, 27, 28]. All commonly used 2D phase unwrapping
methods [5, 27, 28, 50, 51, 52, 53, 54, 55, 56, 57, 58] assume that O (Z,y) — O (z,y) €
(—, 7] for most pairs of neighboring sampling points ((x,y), (Z,7)) € G x G, and hence
these methods try to construct O(z,y) at every (x,y) € G, as an estimate of ©(z,y),
5.t. O(Z,7) —O(z,y) = W(OF (z,7) — O} (x,y)) for as many as possible pairs of neigh-
boring sampling points ((z,y), (Z,7)) € G x G. Despite tremendous efforts made so far,
a widely used 2D phase unwrapping method, for various applications, has not yet been
established. This is because many existing methods are based on NP-hard optimization
problems [53] or do not check the consistency W (O(z,y)) ~ O} (z,y) at (z,y) € G.

One of the main goals of this thesis is a significant expansion of the application range of
algebraic phase unwrapping [43, 44, 45]. For this purpose, we resolve the numerical in-
stabilities of algebraic phase unwrapping by avoiding the computations of the inductive
polynomial division. To be concrete, we generate new Sturm sequences by modifying the
polynomial division type algorithms, and the redefined Sturm sequences can be expressed
with the use of the subresultant [49, 59, 60, 61], which is a polynomial defined as the

4On the standard Sturm sequence, which is used to compute the number of zeros of a real polynomial
on a given real interval, see, e.g., [47, Section 6.3.11I] and [48, Section 38].



determinant of a certain matrix. Therefore, in order to escape from the numerical insta-
bilities due to the coefficient growth, we propose to replace inductive computations of the
redefined Strum sequences with direct numerical computations of the determinants of the
matrices. By the proposed replacements, algebraic phase unwrapping can stably compute
the exact unwrapped phase even for complex polynomials of high degree.

Moreover, for solving 2D phase unwrapping problems, we propose a completely novel
approach using algebraic phase unwrapping. The key of the proposed algebraic approach
is spline smoothing introduced in the next section.

1.2 Spline Smoothing

Spline is a function which is piecewise-defined by polynomials, and which possesses
certain-times continuous differentiability at the places where the polynomial pieces con-
nect, 1.e., spline is a p-times (p € Z.) continuously differentiable piecewise polynomial.
Spline functions have been widely used for interpolation and smoothing of data in many
signal and image processing applications [62], e.g., super-resolution [63, 64], computer
aided design [65, 66], and regression analysis [67, 68]. The most commonly used spline
functions are cubic splines, i.e., univariate spline functions which are expressed, on subin-
tervals, as polynomials of degree 3 at most. This is because cubic splines are the unique
solutions of the following one-dimensional (1D) variational problems [69, 70, 71, 72].

Problem 3 (Variational Problem on 1D Interpolation) Find f* € C?(R) minimizing

177 @) da

subject to

Problem 4 (Variational Problem on 1D Smoothing) Find f* € C?*(R) minimizing
16 = @)+ [ 1" @) da,
i=0

where the smoothing parameter A > 0 controls the trade-off between the data fidelity and
the smoothness.

Problem 3 is called (1D) spline interpolation and it is especially effective when noise-free
data are available [63, 64, 65, 66]. Problem 4 is called (1D) spline smoothing and it is
often used for design of continuous functions from noisy samples [67, 68].

However, even if an unknown continuous function to be estimated is smooth,> spline
interpolation and spline smoothing not always work well. For example, design of non-
negative continuous functions such as probability density function [73, 74] and power
spectral density [75, 76] is also required in many applications, e.g., pattern recognition
[77, 78], quantization [79], filtering [80], data analysis [81], speech enhancement [82],
speech recognition [83] and sound source separation [84]. In such situations, spline inter-

3In this thesis, the word “smooth” means the Ly norm of the second order (partial) derivative is small.



polation and spline smoothing have been hardly applicable because the nonnegativity of
f* is not guaranteed in general, even if ; > 0 (¢ =0, 1,...,n), as shown in [85].

The other main goal of this thesis is development of some novel spline smoothing tech-
niques, including a combination with algebraic phase unwrapping. For this purpose, we
propose nonnegative spline interpolation/smoothing as optimization problems to design
nonnegative continuous functions from nonnegative samples. To guarantee the nonneg-
ativity of spline functions, we derive some sufficient conditions by generalizing the idea
presented, for quartic splines, in [86]. Under the proposed sufficient condition, nonnegative
spline interpolation/smoothing are expressed as convex quadratic programming problems,
and numerical experiments show that we can construct satisfactorily smooth spline func-
tions within the the proposed sufficient condition. Moreover, for 2D phase unwrapping,
we propose other spline smoothing formulations, by relaxing the interpolation condition
of spline interpolation, and combine them with algebraic phase unwrapping as follows.

In the spirit of functional data analysis [70, 71, 72], we consider the situation where
the unknown continuous complex-valued function f :  — C\ {0} is approximated from
its noisy samples in (1.2) by f* := [, + of{, through a certain smoothing technique,
where f(*k) : 0 - R (k = 0, 1) are continuous functions having no common zero on (2.
In this situation, if the unwrapped phase of f* is uniquely defined independently of the
integration path, it is natural to estimate the unknown unwrapped phase Oy by

F*/(t>
F (1)

where Y : [a,b] — Q is any piecewise C'-path s.t. T(a) := (zg,y0) and Y () := (z,y),
F*:= f*oX,and O 4 (z0,yo) = O+ (a) := Yo (= O4(20,%0)) s.t. F*(a) = |F*(a)]e™ is
given as the initial phase. In particular, motivated by the great success in the use of spline
smoothing [62, 69, 87, 88, 89, 90, 91, 92, 93, 94] in functional data analysis, in this thesis,
we construct f(,) € C?*(Q) (k = 0, 1) as bivariate spline functions through the proposed
spline smoothing formulation. In such a case, by choosing a suitable piecewise C''-path T
and dividing the interval [a, b] into finite subintervals, we can exactly compute the integral
in (1.3) by using repeatedly algebraic phase unwrapping along the real axis [45] because
f* is a piecewise complex polynomial. Furthermore, if f* interpolates the observed value
f(z,y) + e(z,y) # 0 at some sampling point (z,y) € G, then the desired consistency
W (Oy-(z,y)) = ©F (x,y) is guaranteed at (z, y) without solving the NP-hard optimiza-
tion problems. Numerical experiments for InNSAR terrain height estimation demonstrate
the effectiveness of the proposed 2D phase unwrapping scheme, and hence, the applica-
tion range of algebraic phase unwrapping can be expanded, by the combination with the
proposed spline smoothing formulation, to practical signal processing applications.

As related works, in this thesis, we also treat the single-frame fringe projection profilom-
etry [95, 96, 97, 98, 99] and probability density estimation [73, 74, 100]. For the single-
frame fringe projection profilometry, in order to estimate the signs of the wrapped phase
on 2D lattice points before 2D phase unwrapping, we propose a branch cut type algorithm
which is inspired by Goldstein’s combinatorial approach to 2D phase unwrapping [5]. For
probability density estimation, by modifying the idea of the proposed nonnegative spline
smoothing, we estimate an unknown smooth probability density function (PDF) from its
histogram as a nonnegative spline function. Numerical experiments show the effective-
ness of the proposed branch cut type algorithm and the proposed PDF estimation.

b
9M%M=®W@M=&MM=%&@+/%{ }@ (1.3)



1.3 Organization

In Chapter 2, as preliminaries, first we give the notation used in this thesis, and define the
unwrapped phase of a complex-valued function mathematically. Second, we introduce
algebraic phase unwrapping along the real axis [45] (Fact 1) and along the unit circle [43]
(Fact 2) which can exactly solve phase unwrapping problems of Type I for univariate com-
plex polynomials (Problems 5 and 6). Third, we indicate spline functions treated in this
thesis, including their optimality (Facts 3 and 4), and formulate 2D spline interpolation
and smoothing (Problems 13 and 14) as certain 2D extensions of Problems 3 and 4.

In Chapter 3, in order to firmly establish the application of algebraic phase unwrapping
to spline functions, we mention the conditions, on the starting point of the integral in (1.1),
required in [43, 45] and the numerical instabilities in the direct computer implementations
of algebraic phase unwrapping. At first, we modify the original polynomial division type
algorithms (Algorithms 1 and 2) in [43, 45] and generate new Sturm sequences. The mod-
ified algorithms (Algorithms 3 and 4) enable us to compute the exact unwrapped phase, as
refined algebraic phase unwrapping (Theorems 1 and 3), without the conditions required
in [43, 45]. Moreover, we show that the redefined Sturm sequences have close relations
to the subresultant [49, 59, 60, 61] and the newly defined subresultant, the self-reciprocal
subresultant, which are polynomials defined as the determinants of certain matrices. Then,
after explaining typical numerical instabilities observed in the computer implementations
of algebraic phase unwrapping, we propose to replace the inductive computations of the
redefined Strum sequences with the direct numerical computations of the subresultants
and the self-reciprocal subresultants, i.e., the computations of the determinants of the ma-
trices (Theorems 5 and 6). Numerical experiments show that algebraic phase unwrapping
can be significantly stabilized by the proposed replacements.

In Chapter 4, we propose a novel smoothing technique, nonnnegative spline smooth-
ing, to estimate a nonnegative continuous function from its noisy nonnegative samples.
The proposed nonnegative spline smoothing, including nonnegative spline interpolation,
(Problems 15, 16, 19, and 20) are formulated as natural extensions of the standard spline
interpolation and smoothing in Chapter 2. Since it is very difficult to give useful criteria
which are necessary and sufficient conditions for guaranteeing the nonnegativity of spline
functions for any point in their domains, we generalize the sufficient conditions derived
in [86] for univariate spline functions and bivariate spline functions on rectangular grid
(Theorems 7 and 8), and newly derive some sufficient conditions for bivariate spline func-
tions on triangular grid (Theorem 9), as linear inequalities on the coefficients of the spine
functions. In consequence, under the proposed sufficient condition, nonnnegative spline
interpolation and smoothing are expressed as convex quadratic programming problems
(Problems 17 and 18). Numerical experiments demonstrate that we can construct nonneg-
ative and satisfactorily smooth spline functions within the proposed sufficient condition.

In Chapter 5, for solving phase unwrapping problems of Type I s.t. Q C R?, i.e., 2D
phase unwrapping problems [1, 2], we propose an algebraic approach based on algebraic
phase unwrapping and spline smoothing. After clarifying the condition for guaranteeing
the path independence of the 2D unwrapped phase (Theorem 10), we estimate an un-
known continuous phase function as the unwrapped phase ©- of a twice continuously
differentiable complex-valued function f* := f) + ¢f3) s.t. f,) : @ = R (k = 0,1).
f(*k) (k =0, 1) are constructed by 2D spline interpolation (Problem 21) or the generalized



2D spline smoothing formulations (Problems 22 ans 23), and O 4~ is exactly obtained by
algebraic phase unwrapping along the real axis [45] if f(*k) (k = 0,1) have no common
zero on (). To avoid the occurrence of common zeros due to phase noise in the observed
wrapped phase, we also propose a denoising step, as preprocessing, which selectively
smooths unreliable samples by using convex optimization (Problem 24). The smoothness
of © ¢« is guaranteed globally over the domain without losing the desired consistency with
any reliable wrapped sample. Numerical experiments for InSAR terrain height estimation
exemplify the effectiveness of the proposed 2D phase unwrapping scheme.

In Chapter 6, as a related work, we treat the single-frame fringe projection profilometry
[95, 96, 97, 98, 99] for 3D measurement of moving objects. In this application, differently
from the standard fringe projection profilometry [14, 15, 16, 17, 18, 19, 20] where we can
use at least three fringe images and detect the wrapped phase values on 2D lattice points,
we can detect only up to the absolute values of the wrapped phase because we can use
only a single fringe image. Therefore, before 2D phase unwrapping, we have to estimate
the signs of the wrapped phase on 2D lattice points. For this purpose, we newly formulate
a certain energy minimization problem (Problem 25) so that we use a minimizer of the en-
ergy as an estimate of the signs of the wrapped phase. To approximately solve this binary
combinatorial optimization problem, we propose a branch cut type algorithm which is
inspired by Goldstein’s combinatorial approach to 2D phase unwrapping [5]. Numerical
experiments demonstrate that the proposed method provides a remarkable improvement
over an existing path-following method [101] especially around the edges of objects.

In Chapter 7, we estimate smooth PDFs with the use of nonnegative spline functions. In
this situation, nonnegative spline interpolation and smoothing proposed in Chapter 4 are
hardly applicable because the data points to be interpolated (or to be approximated) are
not available, and we can only achieve finite observed values, of a random variable, which
are generated from an unknown PDF. By slightly changing the idea of nonnegative spline
smoothing, we regard a histogram constructed from the observed values as known noisy
data, and hence, the proposed (1D and 2D) PDF estimation (Problems 27 and 29) are
formulated by replacing the data fidelity terms in nonnegative spline smoothing with the
square error between the ratio of the observed values belonging to each bin of the his-
togram and the integrated value of a spline function over each bin. Numerical experi-
ments, in the situation where unknown smooth PDFs are Gaussian mixtures, show the
effectiveness of the proposed PDF estimation by comparison with kernel density estima-
tion [73, 74] which has been widely used as a nonparametric PDF estimator.

Finally, in Chapter 8, we conclude this thesis.
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